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Since the introduction of the concept of topology into condensed matter physics, the investigation of
topological materials has been a thriving subject in physics. Described by various kinds of topological
invariants, these materials could host novel electronic and optical properties arising from their topological
nature, such as conducting surface states in topological insulators and chiral magnetic effects in Weyl
semimetals. Among these materials, zinc blende and wurtzite III-V materials are especially promising
materials for people to study these topological properties, not only due to the large spin-orbit coupling
strength of Bi, which can be used to induce band inversion and topological phase transitions, but also because
they could be realized in experiments. However, most previous work in this area studies the band structures of
GaAs, GaSb, and InSb; few work focuses on zinc blende and wurtzite structure GaBi and InBi. Therefore, this
Capstone project uses first-principles calculation approaches to study the topological properties of zinc
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GaAs0.5Bi0.5as strong topological insulators, wurtzite GaBi and InBi as Dirac-Weyl semimetal, and wurtzite
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be realized in experiments, and their novel electronic properties arising from topology could also offer new
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Since the introduction of the concept of topology into condensed matter physics, the
investigation of topological materials has been a thriving subject in physics. Described by
various kinds of topological invariants, these materials could host novel electronic and
optical properties arising from their topological nature, such as conducting surface states
in topological insulators and chiral magnetic effects in Weyl semimetals. Among these
materials, zinc blende and wurtzite III-V materials are especially promising materials for
people to study these topological properties, not only due to the large spin-orbit coupling
strength of Bi, which can be used to induce band inversion and topological phase transitions,
but also because they could be realized in experiments. However, most previous work in
this area studies the band structures of GaAs, GaSb, and InSb; few work focuses on zinc
blende and wurtzite structure GaBi and InBi. Therefore, this Capstone project uses firstprinciples calculation approaches to study the topological properties of zinc blende and
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GaAs0.5Bi0.5 as strong topological insulators, wurtzite GaBi and InBi as Dirac-Weyl
semimetal, and wurtzite GaAs0.5Bi0.5 as triple point semimetals. This work could enrich the
family of topological materials which can be realized in experiments, and their novel
electronic properties arising from topology could also offer new possibilities to integrate
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Introduction
The discovery of integer quantum Hall effect1 has provided new perspectives as to how
topology can play a key role in condensed matter physics. Later, this idea was
generalized to three-dimensional materials, leading to the introduction of topological
insulators,2-4 defined as insulating phases which cannot be tuned to the atomic limit when
adiabatically turning off the hoppings between atomic orbitals.5 Depending on the
presence of time-reversal symmetry and inversion symmetry, such topological invariants
as Chern number6,7 and Z2 invariant8,9 could be assigned to classify whether a given
insulating phase is topologically nontrivial or not. Despite the complexity of the materials
themselves, the topology of these materials, along with the physical consequences of
nontrivial topological nature, such as surface states and Fermi arcs,10,11 could be unveiled
through these invariants in a rather elegant way.
The connection between topology and condensed matter could also be extended to
topological semimetals; these semimetals could be viewed as the transition state between
topological insulators and trivial insulators. Dirac semimetals, characterized by four-fold
degenerate band touching points, at the vicinity of which, bands disperse linearly to
leading orders of momentum, can be described by the massless Dirac equation.12 Material
realizations of Dirac semimetals were first proposed in β-BiO213 and Na3Bi,14,15 and then
in Cd3As2.16 In these cases, band inversion is regarded as a key ingredient; inversion
between bands with different irreducible representations of certain double space group
symmetry could induce an allowed crossing along a high symmetry line in the Brillouin
zone.13 Dirac points which come from this mechanism are protected by both band
inversion and space group symmetry, and are robust against weak perturbations, thus the
corresponding materials being termed topological Dirac semimetals, in contrary to other
Dirac semimetals with Dirac points which could be easily gapped by external
perturbations. Topological Dirac semimetals provide a platform where other topological
phases, such as topological insulators and Weyl semimetals, could be realized by tuning
the symmetries and the spin-orbit coupling strength in these materials.12 Therefore, Dirac
semimetals have wide applications due to their nontrivial topological properties,17
including anomalous Hall effect and nontrivial electromagnetic response. Especially,
charge carriers in Dirac semimetals usually have low masses, and thus high mobility,
making them promising materials in the industry of electronics.18 To realize these
properties, it is essential to look for materials with Dirac points exactly on the Fermi
surface with no other states on it.19
Weyl semimetals, differing from Dirac semimetals only in that the bands which form the
point are both singly degenerate. These points are protected by topology in that each
point can be assigned with a nontrivial topological invariant, which in the case, is the
chirality.12 Due to the close relationship between Weyl points and topology, the physical
consequences originating from Weyl points, such as topology-protected surface Fermi
arcs, anomalous Hall effect, and chiral anomaly, are the foci of the studies of Weyl
points. Furthermore, recently it is found that nontrivial bulk photovoltaic responses could
arise in Weyl semimetals; in the vicinity of Weyl points, the Berry connection, and thus
the shift current responses, is divergent.20 These studies enriched the applications of Weyl
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semimetals and made it promising to find more material candidates hosting these
nontrivial topological properties.
The goal of the project is to identify nontrivial topological properties in III-V materials
with the structures of zinc blende and wurtzite. The target materials include GaAs, GaSb,
GaBi, InSb, InBi, and their alloy. These materials are widely used in optical and magnetic
devices.21 For instance, GaAs-based semiconductors play an important role in optical
fiber communications, infrared and visible LEDs, and high efficiency solar cells.22 One
of the important properties of these material is their small band gaps. Since materials with
nontrivial topological properties usually have small band gaps, these materials are
expected to be good candidates of topological insulators and topological semimetals.
Besides, the large atomic weight and strong spin-orbit coupling (SOC) effect in these
materials make them even more likely to have nontrivial topological properties.
Previous work in the area of first-principles studies on III-V zinc blende materials
focuses mostly on the structural parameters of them23,24 and the analysis of band
structures of GaAs, GaSb, InSb.24,25 In the latter studies, the irreducible representations of
the bands near the Fermi level and their orbital components are carefully studied, and this
analysis could also be applied to GaBi and InBi. However, little work about the band
structures of GaBi and InBi is presented,26 partly because these two materials are not
common to synthesize in experiments; for instance, InBi would naturally prefer lead
oxide structure instead of zinc blende structures.23 Nevertheless, these two materials are
shown to host nontrivial topological phenomenon due to the large spin-orbit coupling
strength of Bi, so they can be tuned into topological insulating phases by properly
alloying with other materials and applying external strain.26 In this work, the functional to
relax the crystal structures is GGA functional, which is a widely used exchangecorrelation functional in density functional calculations to simulate the exchange
interactions and correlation interactions between electrons, and this yields the lattice
constants far from the experimental value, for instance, the calculated lattice constant of
InBi is 6.853 Å, while the experimental value is 6.611 Å. Therefore, this project will
follow their ideas and try to obtain more accurate results.
For the studies of wurtzite crystal structures, the analysis of the band structures of GaAs,
GaSb, and InSb is mostly performed.25,27 But as shown in the stacked wurtzite material
SrHgPb,28 the bands near the Fermi level could be inverted and thus forming symmetryprotected Dirac points due to the large spin-orbit coupling strength of Hg and Pb.
Therefore, similar phenomenon could occur in GaBi and InBi, which have the same
space group symmetry as SrHgPb.
The report is organized as follows. The Methodology part describes the computational
software and essential calculation parameters used in this work. In the Results and
Discussions part, the introduction of zinc blende and wurtzite crystal structure is firstly
presented. Then the results of zinc blende crystal structure and wurtzite crystal structure
are subsequently presented, with each material categorized by their topological
properties. Finally, the Conclusion and Future Work part summarizes these results and
discusses the implications of them.

2

Materials and Methods
In this work, calculations were performed based on density functional theory
implemented in the software of Quantum Espresso.29 The lattice constants of zinc blende
crystal structures are relaxed with strongly constrained and appropriately normed
(SCAN) semilocal meta-GGA functional,30 which is proved to be a major improvement
over PBE functional, based on the lattice constants obtained through experiments.31-33 For
the wurtzite structure, its lattice constants are expected to be related to those of zinc
blende structure by aWZ =

1
√2
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aZB and cWZ =$3 aWZ,27 and their values are obtained by

structural relaxation with SCAN functional based on these relations. Furthermore, the
electronic band structures were calculated with Heyd-Scuseria-Ernzerhof (HSE) hybrid
functional,34 since GGA functionals are known to underestimate band gaps of
semiconductors. In the band structure calculations, a 6×6×6 k-point grid and an energy
cutoff of 50 Ry are shown to give the converged results and are thus used. The only
exception is the study, if needed, of the positions of Weyl points, where a denser k-point
grid must be implemented; for wurtzite GaBi and InBi, a 11×11×9 k-point grid could
give the converged results and is thus used. Moreover, phonon calculations are performed
to show the thermodynamic stability of the wurtzite materials. The phonon dispersion
relations of these materials were calculated with a 4×4×2 q-point grid and an energy
cutoff of 100 Ry. Specifically, since the wurtzite structure is a polar material, which
exhibits a macroscopic electric field along z-direction as a consequence of the long-range
characteristic of Coulomb interactions and is not compatible with translational invariance
requirements of crystals, the acoustic sum rules algorithm is implemented. In this
algorithm, the acoustic phonon modes ωA at Γ point are required to be ωA |Γ = 0 cm%& ;
this procedure will eliminate small negative modes at Γ point, which is due to numerical
error, and finally obtain the phonon dispersion relations along the high symmetry line in
the Brillouin zone.
In order to study the topological properties of the proposed materials, the Hamiltonian of
materials were firstly constructed based on maximally localized Wannier functions,
obtained in the software of Wannier90,35 with the projections of the bands around the
Fermi level chosen to be the s-orbital states of the cations and the p-orbital states of
anions, as used in previous work.24-27 The validity of this choice of projection is shown
by comparing the band structures obtained in Quantum Espresso and Wannier90.
Furthermore, the computational software of Wanniertools36 is used to obtain the
topological properties, such as the chirality of Weyl points and Berry curvature, of these
materials, based on the Hamiltonian obtained from the software of Wannier90.
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Results and Discussions
Crystal Structures
The zinc blende crystal structures occur naturally in materials such as ZnS, BN, GaAs,
GaP. This crystal structure, as shown in Figure 1(a), has a cubic cell with the space
group of F43' m. The positions of atoms in zinc blende crystal structure are similar to
those in the familiar diamond structure, but with alternating types of atoms at different
lattice sites.
The wurtzite structure occurs naturally in minerals such as AgI, ZnO, GaN, InN. It has
the space group of P63 mc generated by the point group of C6v and a fractional translation
1
(0, 0, 2) along the z-axis, shown in Figure 1(b). The sublattices of the hexagonal
wurtzite structure, which are formed by Ga2+ and As2- respectively, interpenetrate each
other, making each ion surrounded by the tetrahedron of four oppositely-charged ions.
Furthermore, the wurtzite structure is closely related to zinc blende structure in that the
view along the (111) direction of zinc blende structure is analogous to the top view of
wurtzite structure.

Figure 1. Crystal Structures of (a) zinc blende and (b) wurtzite GaAs, where light gray and dark
gray atoms are Ga and As, respectively.

Zinc Blende III-V Materials
Normal insulators – GaAs, GaSb, InSb
The electronic band structures of GaAs, GaSb, and InSb, with and without spin-orbit
coupling, are presented in Figure 2. From the upper panels of Figure 2, which
corresponds to the case without spin-orbit coupling, these three materials share similar
behavior. The conduction band, labelled by the irreducible representation Γ1 , is made up
of the s-orbital states of Ga or In, and the valence band, labelled by Γ5 , is made up of the
p-orbital states of As or Sb.
When spin-orbit coupling is turned on, the s-orbital states change to s1/2-orbital states,
corresponding to the Γ6 irreducible presentation, and the p-orbital states will split into
p1/2- and p3/2-orbital states, labelled by Γ7 and Γ8 irreducible representations, respectively.
Therefore, by comparing the band structures of each material with and without spin-orbit
coupling, it is clear that the spin-orbit coupling does not exchange the chemical
4

components of the conduction band and valence band; there are no band inversion in
these materials. Therefore, they are all normal insulators, with the band gap defined as
Egap = EΓ6 – EΓ8 . Furthermore, since spin-orbit coupling effect will split the p-orbital
states of anions, the energy difference of Γ7 and Γ8 bands, i.e., Esoc = EΓ8 – EΓ7 , could be
the indicators of the strength of this effect. The band gap Egap and spin-orbit coupling
strength Esoc of these materials could be found in Table 1.

Figure 2. The band structures of zinc blende (a) GaAs, (b) GaSb, (c) InSb without spin-orbit
coupling, and band structures of (d) GaAs, (e) GaSb, (f) InSb with spin-orbit coupling. The bands
are labelled by the double-valued irreducible representations of the point group Td. The dashed
line is the Fermi level.

Inverted band ordering – GaBi, InBi
The electronic band structures of GaBi and InBi, with and without spin-orbit coupling are
presented in Figure 3. Comparing their band structures with GaAs, GaSb, and InSb, it is
easy to see there are band inversion phenomenon in GaBi and InBi, in that Γ6 band is
lower than Γ8 band, contrary to the band ordering in GaAs, GaSb, and InSb. This band
inversion will exchange the chemical components of these bands, thus leading to
nontrivial topological nature. Thus, the energy difference between Γ6 band and Γ8 band,
defined as Ebis = EΓ6 – EΓ8 , can suggest the band inversion strength in material; if Ebis is
negative, the material could have nontrivial topological phases. This quantity, though
sharing the same definition as Egap , has different physical meaning from Egap . The spinorbit coupling strength Esoc and band inversion strength Ebis of GaBi and InBi can be
found in Table 1.
5

Despite the fact that there is band inversion in GaBi and InBi, they are not topological
insulators in that they are not insulating in the bulk. The L6 band, made up of the 6porbital states of Bi, has a lower energy than Γ8 band, leading to metallic bulk states, as
shown in the lower panels of Figure 3. The energy difference of these two bands, defined
as EL = EL6 – EΓ8 , can help determine whether these materials are insulators or not. If EL
is negative, the material is metallic. Therefore, a topological insulator should have a
negative Ebis which suggests band inversion phenomenon and the topological
inequivalence relations with respect to a normal insulator, and a positive EL , which
suggests that this material is an insulator, simultaneously. EL of GaBi and InBi could be
found in Table 1.

Figure 3. The band structures of zinc blende (a) GaBi, (b) InBi without spin-orbit coupling, and
band structures of (d) GaBi, (e) InBi with spin-orbit coupling. The bands are labelled by the
double-valued irreducible representations of the point group Td . The dashed line is the Fermi
level.
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Table 1. The relaxed lattice constants aZB, band gap Egap , spin-orbit coupling
strength Esoc , band inversion strength Ebis , and energy between L6 band and Γ8
band EL of zinc blende GaAs, GaSb, GaBi, InSb, and InBi
GaAs
GaSb
GaBi
InSb
InBi
5.692
6.104
6.482
6.521
6.696
aZB (Å)
Egap (eV)
1.40
0.65
0.10
0.39
0.81
2.42
0.85
1.93
Esoc (eV)
-2.44
-2.49
Ebis (eV)
-0.59
-0.31
EL (eV)
Furthermore, under strain on the [001] direction, the crystal point group changes to D2d ;
with this symmetry, the p-orbital states are expected to split into three sets of bands,
namely, Γ7 + Γ6 + Γ7 , with the presence of spin-orbit coupling. Since EL being negative
signifies the material being metallic, the EL of GaBi under different compressive strain
and tensile strain is investigated, as listed in Table 2. From Table 2, the effect of strain
on EL is very small, and it should take extreme strain to make EL positive, and this is not
practical in experiments. Therefore, GaBi and InBi, were they under strain or not, would
not be topological insulators.
Table 2. Calculated EL of GaBi under different straina
Strain
-5%
-3%
0%
-0.54
-0.55
-0.59
EL (eV)
a

3%
-0.65

5%
-0.70

Negative strain means compressive strain, and positive strain means tensile strain

Topological insulators – GaAs0.5Bi0.5
In order to realize topological insulators, materials with a negative Ebis , such as GaBi and
InBi, could be alloyed with materials with a positive EL , such as GaAs, GaSb, and InSb.
Therefore, the alloy GaAsxBi1-x, GaSbxBi1-x, and InSbxBi1-x are investigated, with the
alloying proportion 𝑥 to be 0.25, 0.50, 0.75. Since negative Ebis and positive EL suggests
the existence of topological properties, these two quantities are first calculated for the
proposed alloys, shown in Figure 4. Therefore, the proportion where the alloy could be
topological insulators are 0.39 < x < 0.61, 0.37 < x < 0.78, and 0.56 < x < 0.94,
respectively.
In order to verify the above statements, the band structures of GaAs0.5Bi0.5, taken as an
example, under 4% compressive strain on [001] direction are calculated, shown in Figure
5. The external strain serves to break the Td point group symmetry down to D2d
symmetry, and thus opens a gap at Γ point; in this case, the gap is 91 meV. Alternatively,
external strain could be applied to both [100] and [010] directions and changes the
symmetry to D2d symmetry. In this case, the strain needed to open the gap is smaller; it
takes 2% compressive strain to open the gap of 197 meV. Furthermore, Z2 invariants of
this alloy are also calculated to be (1;000), indicating that under 4% compressive strain
on [001] direction, GaAs0.5Bi0.5 is a strong topological insulator. Furthermore, alloys
GaSb0.25Bi0.75 and InSb0.25Bi0.75 are also shown to be weak topological insulators, with Z2
invariants to be (0;101).

7

Previous work also worked out the proportion where GaAsxBi1-x is in topologically
insulating phases to be 0.55 < x < 0.81 and they studied the topological properties of
GaAs0.75Bi0.25, instead of GaAs0.5Bi0.5.26 The difference between their results and the
above results, as mentioned before, stems from the functional to relax the lattice
structures; their work used PBE functional and obtained the lattice constants of InBi, for
instance, to be 6.853 Å, while this work uses SCAN functional, which is a meta-GGA
functional, and obtained the lattice constants 6.696 Å, which is closer to the experimental
value 6.611 Å.26

Figure 4. The calculated Ebis and EL of (a) GaAsxBi1-x, (b) GaSbxBi1-x, and (c) InSbxBi1-x with
respect to different alloying proportion x. The dots represent Ebis and the squares represent EL .

Figure 5. The calculated band structures of GaAs0.5Bi0.5 under 4% compressive strain on [001]
direction. The dashed line represents the Fermi level. The inset is the magnified view of the
boxed area, where band inversion is clearly shown.
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Wurtzite III-V Materials
Normal Insulators – GaAs, GaSb, InSb
The Brillouin zone of wurtzite structure could be obtained by folding that of zinc blende
structure; during this folding, the L point and Γ point of zinc blende structure will both be
folded back to the Γ point of wurtzite structure.27,37 Thus, in the absence of spin-orbit
coupling effect, one of the s-orbital states at the Γ point of the wurtzite structure will
belong to Γ3 irreducible representation, another one to Γ1 irreducible representation,
while both p-orbital states will split into Γ5 irreducible representation, spanned by px- and
py-orbital states, and into Γ1 irreducible representation, spanned by pz-orbital states .
Considering the spin-orbit coupling effect, the Γ1 and Γ4 irreducible representations will
change into Γ7 and Γ8 , and the Γ5 irreducible representations will split into Γ7 and Γ9
irreducible representations.
The above symmetry analysis follows the route to first introduce crystal field effect and
then spin-orbit coupling effect. Alternatively, the reverse route gives the same results and
could provide more insight into these band structures. According to angular momentum
addition rules, with only spin-orbit coupling effect, s-orbital states will change into s1/2states, and p-orbital states into p1/2- and p3/2-states. Here the subscripts represent the total
angular momentum of the states. Then taking C6v symmetry and previous Brillouin zone
folding results into consideration, the two s1/2-states will correspond to Γ1 and Γ3
irreducible representations, p1/2-states to Γ7(1) , and p3/2-states to Γ7(2) and Γ9 irreducible
representations, where the subscripts (1) and (2) are introduced to show that these two Γ7
representations have different origins. This result is consistent with the analysis in the
above text.
The calculated band structures of GaAs, GaSb, and InSb are listed in Figure 6. By
inspecting the space group symmetry and aligning its irreducible representations with the
corresponding band labels, it is known that the conduction band is mainly made up of the
s-orbital states of the cations, namely Ga and In, while the valence band is mainly
contributed by the p-orbital states of anions, namely As and Sb. Besides, the spin-orbit
coupling effect does not change the ordering of the bands; there is no band inversion in
these materials. Therefore, GaAs, GaSb, and InSb are normal insulators, with the band
gap defined as Egap = EΓ8 – EΓ9 . Similar to the zinc blende cases, the spin-orbit coupling
strength of the anions in these materials could be defined as the energy difference
1
between p1/2- and p3/2-states, i.e., Esoc = 2 (EΓ9 + EΓ7(2) ) – EΓ7(1) . The Egap and Esoc of
GaAs, GaSb, and InSb can be found in Table 3.

9

Figure 6. The calculated band structures of wurtzite (a) GaAs, (b) GaSb, and (c) InSb without
spin-orbit coupling, and (d) GaAs, (e) GaSb, and (f) InSb with spin-orbit coupling are shown
along the high symmetry line. The bands are labelled by the double-valued irreducible
representations of the point group C6v. The dashed line denotes the Fermi level.

Dirac-Weyl Semimetals – GaBi, InBi
The band structures of GaBi and InBi are shown in Figure 7. In these two materials, the
first crucial characteristic that makes them distinct from GaAs, GaSb, and InSb is the
inverted band ordering between Γ8 and Γ9 bands, as shown in the lower panels of Figure
7, and this results from the larger spin-orbit coupling strength of Bi than As and Sb.
Therefore, we could redefine the energy difference between Γ8 and Γ9 bands as band
inversion strength, Ebis = EΓ8 – EΓ9 , though in previous cases this energy difference is
related to the band gap. The Ebis and Esoc of GaBi and InBi can also be found in Table 3.
One of the consequences of the inverted band ordering in GaBi and InBi is the Dirac
-1
points along the Γ-A high symmetry line, located at (0, 0, ±0.248) Å and (0, 0, ±0.264)
-1
Å , respectively, shown as the black dots on the kz-axis in Figure 8(a). These Dirac
points are induced by band inversion and protected by C6v symmetry in that the bands
that cross belong to different irreducible representations of C6v symmetry. Note that
bands which transform as different irreducible representations of a space group have
mutually orthogonal basis functions, and consequently cannot hybridize with each other
and have to form Dirac points.
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Figure 7. The calculated band structures of wurtzite (a) GaBi and (b) InBi without spin-orbit
coupling, and (c) GaBi and (d) InBi with spin-orbit coupling are shown along the high symmetry
line. The bands are labelled by the double-valued irreducible representations of the point group
C6v. The dashed line denotes the Fermi level.

Table 3. Calculated lattice constants aWZ and cWZ, band gap Egap , spin-orbit
coupling strength Esoc , and band inversion strength Ebis of wurtzite GaAs, GaSb,
InSb, GaBi and InBi
GaAs
GaSb
InSb
GaBi
InBi
aWZ (Å)
3.866
4.428
4.498
4.397
4.657
cWZ (Å)
6.386
7.028
7.433
7.136
7.543
Egap (eV)
1.72
0.64
0.36
0.50
0.94
0.97
2.54
2.54
Esoc (eV)
Ebis (eV)
0.91
0.68
The second crucial characteristic of these two materials is the Weyl points on the kz = 0
plane, and the existence of both Dirac points and Weyl points makes these two materials
Dirac-Weyl semimetals, similar to the case of SrHgPb.28 GaBi will be taken as an
example to illustrate the properties of these Dirac-Weyl semimetals in the remaining part
-1
of this section. In GaBi, one pair of the Weyl points are located at (0.196, ±0.042, 0) Å ,
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with the energy of E – Ef = 0.15 eV, where Ef is the Fermi energy, and the other Weyl
points could be obtained through sixfold rotational symmetry, with their energy being the
same; their distribution pattern is shown as the violet and green dots on the kz = 0 plane
in Figure 8(a). The large separation between Weyl points is a consequence of the large
spin-orbit coupling strength of Bi, and this property makes GaBi a promising candidate to
study the properties of these Weyl points, such as the divergent bulk photovoltaic
responses and chiral magnetic effect in the vicinity of them.20
In order to verify the existence of Weyl points, the chirality of these points is first
calculated through the surface integral of Berry curvature on the sphere with the radius of
1
0.005 Å enclosing each Weyl point, i.e., C = 2πi ∮ dS ∙ B(k), where the Berry curvature is
defined as B(k) = ∇k × ∑occ.〈un (k)|∇k |un (k)〉, and |un (k)⟩ is the Bloch eigenstates of the
Hamiltonian H(k). The chirality of each Weyl point is shown in Figure 8(a), with the
violet dots to have chirality +1 and green dots -1. Besides, since Weyl points with
chirality +1 and -1 are the sources or sinks of Berry curvature, respectively, a plot of
Berry curvature could provide solid proof of the existence of Weyl points. The Berry
curvature on the kz = 0 plane is shown in Figure 8(b), with each arrow representing the
in-plane direction of the Berry curvature. The dots in the circles are the Weyl points with
chirality +1 and -1, with Berry curvature pointing outwards or inwards these circles
respectively, and this could verify the validity of these Weyl points.

Figure 8. The topological properties of Dirac points and Weyl points in GaBi. (a) The schematic
illustration of the distribution of Dirac points (black dots), Weyl points with chirality +1 (violet
dots) and chirality -1 (green dots) in Dirac-Weyl semimetals. (b) Calculated Berry curvature of
GaBi around two Weyl points on the kz = 0 plane; the arrow denotes the in-plane direction of
π
Berry curvature. (c) Calculated surface Fermi arcs of GaBi on the kz = 2 plane.

Furthermore, surface Fermi arc states of materials are the significant physical
consequences of Dirac points and Weyl points. However, in these Dirac-Weyl
π
π
semimetals, the Fermi arc states on kx = 2 or ky = 2 surfaces, originating from Dirac
points, are submerged into the bulk states due to the additional hole pockets on the Fermi
level; unless these hole pockets are removed, the Fermi arc states on these planes will be
π
trivial. Nevertheless, the Fermi arc states on kz = 2 plane, which come from Weyl points,
can be calculated by choosing the energy to be E – Ef = 0.15 eV, as shown in Figure 8I;
the central hexagon corresponds to the bulk states because the energy is not chosen to be
the Fermi energy Ef and the six lines around that hexagon, which connects Weyl points of
12

opposite chirality, correspond to the surface Fermi arc states, which, in the case of Weyl
points, are protected by topology and are robust against weak external perturbations.
Triple point semimetal – GaAs0.5Bi0.5
In order to remove the additional hole pockets along the high symmetry line in the band
structures of GaBi and InBi, we implement the alloying strategy, i.e., by replacing Bi
with As and Sb, and thus obtaining GaAs0.5Bi0.5, GaSb0.5Bi0.5, and InSb0.5Bi0.5. In the
remaining part of the section, GaAs0.5Bi0.5, whose crystal structure is shown in Figure
9(a), will be taken as an example to illustrate their properties.
GaAs0.5Bi0.5 is a triple point semimetal, where the original Dirac point breaks into two
triple points, formed by a set of doubly degenerate bands and a singly degenerate band.
Besides, being termed “semimetal”, this material has no additional hole pockets or
electron pockets on the Fermi level. The calculated band structure of GaAs0.5Bi0.5 is
shown in Figure 9(b), with the irreducible representations being labeled of the C3v
symmetry group of GaAs0.5Bi0.5, and a magnified view of the triple points is shown in
Figure 9(c). For C3v group, Γ4 , a two-dimensional irreducible representation, is spanned
1

by states | ± 23, while Γ5 and Γ6 , both being one-dimensional irreducible representations,
3

3

3

3

are spanned by states 4- 23 - i 423 and i 4- 23 - 423 respectively; the basis of Γ5 and Γ6
representations are not time-reversal counterparts. Therefore, the bands which belong to
Γ5 and Γ6 irreducible representations cannot be completely degenerate, thus forming a
pair of triple points instead of Dirac points.
However, the splitting between Γ5 and Γ6 bands is so small, i.e., ∆E ~ 3 meV, that it
might not affect the physical consequences of Dirac points significantly; these two
closely-spaced triple points could be considered as a “near Dirac point”. Furthermore,
since there are no additional hole pockets on the Fermi level, the surface states
originating from the “near Dirac point” will not be outweighed by bulk states. Therefore,
π
the surface Fermi arc states on the kx = 2 plane of GaAs0.5Bi0.5 is calculated, as shown in
Figure 9(d). These Fermi arc states are similar to that of Dirac semimetals built from
model Hamiltonian, where two endpoints correspond to the Dirac points.12
To show the thermodynamic stability of GaAs0.5Bi0.5, the phonon dispersion relations of
the unit cell is first calculated. Without using acoustic sum rules, the phonon modes at Γ
point has a small negative mode ω = -17.18 cm-1 . After applying the sum rules, the
negative mode is eliminated and the whole phonon dispersion relation is everywhere
positive, as shown in Figure 9(e), showing that GaAs0.5Bi0.5 is thermodynamically
metastable. Moreover, in a 2×2×1 supercell, GaAs0.5Bi0.5 could have seven different
alloying orders, as listed in Appendix 1, among which the order (Appendix 1(vii)) is the
desired triple point semimetal. The energies of these alloying orders are shown in Figure
9(f); the energy of order (Appendix 1(vii)) is lower than that of other orders by at least
0.18 eV, indicating that this order is much more likely to achieve in experiments. In
conclusion, these results show that the triple point semimetal structure of GaAs0.5Bi0.5 is
comparatively stable than other alloying orders and could be realized in experiments.
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Figure 9. The electronic, topological properties, and thermodynamic stability of GaAs0.5Bi0.5. (a)
The structure of the unit cell of alloy GaAs0.5Bi0.5, where light gray, dark gray, and brown atoms
denote Ga, As, and Bi, respectively. (b) The calculated band structure of GaAs0.5Bi0.5, labeled by
the irreducible representations of C3v point group, is shown along the high symmetry line. The
dashed line denotes the Fermi level. (c) The magnified view of the boxed area in (b), where the
bands with small splitting form two closely-spaced triple points instead of a single Dirac point.
π
(d) The calculated surface Fermi arcs of the kx = 2 plane of GaAs0.5Bi0.5. (e) The calculated
phonon dispersion relations of GaAs0.5Bi0.5 is shown along the high symmetry line of the
Brillouin zone of the hexagonal lattice. (f) The relative energies of different alloying orders of the
2×2×1 supercell GaAs0.5Bi0.5. The order (vii) is the triple point semimetal.
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Conclusion and Future Work
In this Capstone project, the band structures of zinc blende and wurtzite III-V materials,
namely, GaAs, GaSb, GaBi, InSb, and InBi, are carefully studied through first-principles
calculations, and moreover, their topological nature, if any, is unveiled from these
calculations. By implementing the alloying strategy, zinc blende structure materials can
be tuned into topological insulating phases, such as GaAs0.5Bi0.5 with 4% compressive
strain on the [001] direction, and wurtzite structure materials can be tuned into DiracWeyl semimetal phases, such as GaBi and InBi, and triple point semimetal phases, such
as GaAs0.5Bi0.5, GaSb0.5Bi0.5, and InSb0.5Bi0.5. The physical consequences of these
topological nature, such as Z2 invariants, nontrivial Fermi arcs connecting Weyl points of
opposite chirality, and Berry curvature around the Weyl points, are also studied; these
results not only serve as solid proof as to the existence of the nontrivial topological nature
of these materials, but also provide new platforms for people to study these properties
experimentally and to explore promising applications of these properties, such as
nonlinear optical responses around Weyl points.
One path for further study is to construct wurtzite structure supercells which take exact
C6v point group symmetry and study the properties of the Dirac points, if any, since this
symmetry group mandates that the bands which form Dirac points both be doubly
degenerate, and no splitting should occur as the case of wurtzite GaAs0.5Bi0.5. In this way,
the target material will be a Dirac semimetal, with only two non-tilting Dirac points on
the Fermi level, similar to the two-dimensional graphene. Another possible way for
further exploration is to construct the phase space with respect to different proportion of
anions and cations for wurtzite structure III-V materials; namely, by individually alloying
anions and cations, the band structures and possible topological properties could be
collected so that the exact value of the alloying proportion, where transitions into
topological phases occur, is found out.
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Appendices
Appendix 1. The different alloy ordering of 2×2×1 supercell of wurtzite GaAs0.5Bi0.5
In this appendix, the crystal structures of different alloying orders of GaAs0.5Bi0.5 in a
2×2×1 supercell are listed. There are in total seven inequivalent crystal structures, shown
with light gray, dark gray, and brown atoms represent Ga, As, and Bi, respectively.

The different alloying orders of 2×2×1 supercell GaAs0.5Bi0.5. The order (vii) is the
desired triple point semimetal.
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