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“Kant already taught -and indeed it is part of parcel of his doctrine- that mathematics has at its dis-

posal a content secured independently of all logic and hence can never be provided with a foundation

by means of logic alone."

-David Hilbert, On the Infinity.
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ABSTRACT

CONTINUOUS LOGIC AND PROOF THEORY FOR FIRST-ORDER ŁUKASIEWICZ LOGIC

Jin Wei

Henry Towsner

Continuous model theory traces back to Chang and Keisler (1966) and was recently redeveloped by

Yaacov et al. (2008) to study complete metric structures with applications in operator algebras and

many other fields. The underlying logic is called continuous logic, which is a natural generalization

of first-order classical logic by extending the truth values to the continuous set r0, 1s. From a

syntactic point of view, continuous logic is an extension of (first-order) Łukasiewicz logic, one of the

famous fuzzy logics.

The motivations for continuous logic were mostly semantic, while Yaacov and Pedersen (2010) pro-

vided a Hilbert-style proof system with proofs of its soundness and (approximate) completeness.

In this thesis, we will discuss further about syntactic properties of continuous logic and proof the-

ory for first-order Łukasiewicz logic. We will present a hypersequent calculus GŁ@ for first-order

Łukasiewicz logic, first discovered by Baaz and Metcalfe (2010). The main result will be our proof

of approximate completeness of GŁ@ with respect to the r0, 1s-semantics for arbitrary first-order

formulas, while the original proof only applies to prenex formulas as pointed out in Gerasimov

(2020). We will also explore some of the consequences and potential applications to continuous

model theory, particularly in term of proof mining and extracting quantitative information from

proofs using continuous ultraproducts.
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CHAPTER 1

INTRODUCTION

1.1. Motivations

Model theory is a study of mathematical structures using first-order logic. It often applies to

algebraic structures, such as linear orders, graphs, algebraic closed fields, and etc (See examples

in Marker (2002)). Model theory is generally considered harder to apply to analytic structures,

such as Banach spaces and C˚-algebras, mainly due to the fact that metric completeness cannot be

expressed in first-order logic as first-order logic does not allow quantifying over subsets.

Another related phenomenon is the use of ultraproducts. Ultraproduct is a very effective tool in

model theory by the following theorem of Łos.

Theorem 1.1.1. (Łos) Given a language L, a collection of L-structure pMiqiPI , and an ultrafilter

U on the index I, the ultraproduct
ś

iPI Mi{U is a L-structure. Furthermore, for each L-formula φ

we have that
ź

iPI

Mi{U |ù φ ðñ ti P I |Mi |ù φu P U

In particular, ultraproduct gives a criterion to check if a class of mathematical structures is an

elementary class/axiomatizable.

Theorem 1.1.2. (Keisler) Given a language L, a class of L-structures C is axiomatizable if and

only if it satisfies the following conditions:

• C is closed under isomorphisms.

• C is closed under ultraproducts.

• The complement of C is closed under ultrapowers.

The class of complete metric spaces can not be axiomatizable since it is not closed under ultra-
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products: the reals R is metric complete while the hyperreals, viewed as an ultrapower of R, is not

complete by noticing the subset of infinitesimals does not have a least upper bound. It is consistent

with the above observation that metric completeness is not a first-order property.

Introduced first by Chang and Keisler (1966) and recently redeveloped by Yaacov et al. (2008),

continuous model theory is a natural generalization of classical model theory, specializing in dealing

with complete metric spaces. Rather than classical structures pM,“q with an equality predicate

“:M ˆM Ñ t0, 1u

we now consider continuous structures, which are complete and bounded metric spaces pM,dq with

a metric predicate

d :M ˆM Ñ r0, 1s

One can draw the analogy by either viewing d as a generalized equality, namely dpx, yq measures

how close x, y are being equal, or viewing the equality predicate as a discrete metric.

This viewpoint requires the underlying logic to admit arbitrary truth values in r0, 1s, hence the name

continuous logic. Furthermore, we generally axiomatize the equality predicate as an equivalence

relation together with the following congruence rules for function and relation symbols:

x “ y

fpx; z̄q “ fpy; z̄q

x “ y

φpx; z̄q ðñ φpy; z̄q

In continuous logic, the focus is less about the exact equality, but more about approximations.

Hence, we instead would expect for any ϵ P p0, 1s there exists δ P p0, 1s such that:

dpx, yq ă δ

dpfpx; z̄q, fpy; z̄qq ă ϵ

dpx, yq ă δ

|φpx; z̄q ´ φpy; z̄q| ă ϵ

which forces the interpretation of function and relation symbols in continuous logic to be uniformly

continuous functions for each argument.

This new formulation of model theory using continuous logic immediately inherits many nice model-

theoretic properties, such as the Compactness Theorem, a notion of ultraproduct and corresponding
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Łos Theorem, Löwenheim-Skolem, the Omitting Type Theorem, etc. See Yaacov et al. (2008) for

further discussions on the model-theoretic side of continuous logic. Importantly, complete metric

spaces now become an elementary class in continuous logic, which brings many applications. For

instance, continuous model theory was used in Goldbring (2022) to interpret a recent breakthrough

of the Connes Embedding problem, a classical open problem in the theory of tracial von Neumann

algebras. Boutonnet et al. (2017) is another example where the continuous version of Keisler-Shelah

Theorem was used to find uncountably many separable II1 factors with non-isomorphic ultrapowers.

1.2. Connections to Łukasiewicz Logic

From a syntactic point of view, continuous logic is an extension of first-order Łukasiewicz logic. First

introduced by Jan Łukasiewicz in 1917 as a three-valued logic, Łukasiewicz logic is the strongest

among the three fuzzy propositional logics where truth values are taken as any possible value between

0 and 1. The following key theorem explains the use of Łukasiewicz logic in continuous logic where

formulas are valid in r0, 1s if it is always evaluated as 0 in all possible interpretations:

Theorem 1.2.1. A proposition φ is valid in r0, 1s if and only if φ is provable from Łukasiewicz

logic.

Continuous logic extends first-order Łukasiewicz logic by adding an “equality" predicate d and corre-

sponding “equivalence" and “congruence" axioms. Simiar to classical first-order logic with equality,

continuous logic can be constructed through three stages and the following charts demonstrates the

analogy:
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Discrete Syntax Discrete Semantics

Propositional Classical Logic t0, 1u/Boolean Algebras

Predicate First-Order Logic First-order Structures

Predicate with Equality First-Order Logic with Equality First-Order Structures with Equality

Continuous Syntax Continuous Semantics

Propositional Łukasiewicz Logic r0, 1s/MV-Algebras

Predicate First-Order Łukasiewicz Logic Standard r0, 1s-Semantics

Predicate with Equality Continuous Logic Continuous (Pre)-Structures

1.3. Proof-Theoretic Investigations

A proof system for continuous logic was introduced by Yaacov and Pedersen (2010) based on a

Hilbert-style formulation of Łukasiewicz logic. They provided a proof of soundness and approximate

completeness, in the sense that any formula valid in all continuous (pre)-structures can be proved

in continuous logic to be arbitrarily close to the truth 0. However, one cannot expect to have a full

completeness and there are counterexamples where a formula is valid and does not have a proof in

continuous logic, only its approximations.

It is related to the fact that valid formulas in first-order r0, 1s-semantics are not recursively enu-

merable (in fact Π0
2-complete, see Hájek (1998)). Therefore, there is no reasonable set of axioms or

rules that is complete with respect to the r0, 1s-semantics. The approximate form of completeness is

optimal in that way and it is consistent with the philosophy of continuous model theory that exact

values of truth are replaced by approximations of truth.

Proof theory of (first-order) Łukasiewicz logic has been studied extensively in the past. In particular,

a cut-free Gentzen-style proof system for propositional Łukasiewicz logic GŁ was first introduced by

Metcalfe et al. (2005) in the form of hypersequent calculus, containing proofs of completeness and

cut admissibility. A syntactic cut elimination proof was also provided in Ciabattoni and Metcalfe

(2003).

Remark 1. The author of this thesis and his colleague, Eben Blaisdell, were searching for a Gentzen-
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style proof system for continuous logic and arrived independently at the system GŁ, both unaware of

the existing literature. A cut elimination procedure and a completeness proof are also independently

discovered. We include our work in this thesis to offer alternative proofs and expository details,

without the intention to make any claim for credit.

Baaz and Metcalfe (2010) extended the system GŁ to the first-order system GŁ@. They proved

its soundness and approximate completeness in the same paper. The proof takes any first-order

formula to its equivalent prenex formula. Then it utilizes Skolemization and an approximate form

of Herbrand’s Theorem to convert any given valid first-order formula φ to a valid quantifier-free

formula φ1 that roughly approximates φ. The propositional completeness of GŁ@ guarantees a

derivation of φ1 and we re-introduce quantifiers from it to derive arbitrary approximations of φ.

Gerasimov (2020) remarked that their completeness result only applies to prenex formulas, since

GŁ@ cannot prove equivalence between first-order formulas to its prenex form without the cut rule.

It thus remains open whether GŁ@ is complete with respect to r0, 1s-semantics for arbitrary first-

order formulas. In Wei (2024), we discovered a correct proof of approximate completeness of GŁ@

by generalizing the idea in Baaz and Metcalfe (2010). In fact, our result is even stronger since it

also applies to arbitrary hypersequents, not just formulas. We will present our proof as the main

result of this thesis.

Lastly, we will update our progress in finding a theory of proof mining in continuous logic. Proof

mining is a subfield in proof theory that focuses on extracting quantitative information lost in

mathematical proofs due to uses of non-effective principles. It often relies on interpreting proofs

with restricted means, typically some reasonable extension of first-order arithmetic, and uses tools

such as the double-negation translation and Gödel’s functional interpretation to extract computa-

tional content. This approach has been proven remarkably successful across various mathematical

disciplines. See Kohlenbach (2008) for more details.

In classical model theory, ultraproducts often obscure constructive information in proofs. Using

proof mining, Towsner (2024) gave a systematic approach to eliminate uses of ultraproducts in proofs
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and to yield quantitative information. There could be an analogy of this approach in continuous

model theory. In fact, proof mining and logical metatheorems for continuous model theory were

already investigated in Avigad and Iovino (2013) and Günzel and Kohlenbach (2016) in the form of

positive bounded logic where continuous predicates are treated as analytic judgments on bounded

metric structures. There were also individual applications, such as in Goldbring et al. (2018) where

explicit sentences distinguishing non-isomorphic McDuff’s II1 factors were extracted using proof

mining.

In the end, we hope to generalize existing proof mining methodologies to continuous model theory

by exploring proof-theoretic properties of continuous logic. Different from the earlier approaches

that represent continuous logic in analysis and first-order logic, we try to build up a native theory of

functional interpretation and proof mining whose transformations of proofs directly take place within

continuous logic. This new approach could enable direct applications of existing proof-theoretic

results in first-order logic to the continuous setting. This new direction requires developments of

Gentzen-style proof systems, cut elimination, an intuitionistic fragment, realizability, and proof

interpretations in the continuous setting.
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CHAPTER 2

CONTINUOUS LOGIC

W present the formal definitions for continuous structures. The definitions are mainly due to

Yaacov et al. (2008) and Yaacov and Pedersen (2010), while we also made some significant changes

as in Remark 2, 3, 5.

2.1. Continuous Structures

Definition 2.1.1. A continuous signature L (with a metric) is a collection of the following

objects:

• A binary relation symbol d.

• Function symbols f together with an arity nf P N and ∆f : p0, 1s Ñ p0, 1s.

• Relation symbols r together with an arity nr P N and ∆r : p0, 1s Ñ p0, 1s.

In addition, we say f is a constant symbol when nf “ 0 and r is a truth constant when nr “ 0.

Remark 2. Yaacov and Pedersen (2010) distinguish between continuous signatures and continuous

signatures with a metric. Since all structures of interest contain a metric, we assume unless state

otherwise all continuous signatures contain a distinguished metric symbol.

Definition 2.1.2. Given a continuous signature L, a continuous L-pre-structure M is a

nonempty set M together with the following interpretation of L-symbols:

• dM :M ˆM Ñ r0, 1s is a pseudo-metric.

• fM :Mnf ÑM satisfies that for each i ă nf and ϵ P p0, 1s:

p@x, y, z̄qpdMpx, yq ă ∆f pϵq ùñ dMpfMpx̄; z̄q, fMpȳ; z̄qq ď ϵq

The function ∆f is thus referred as a modulus of uniform continuity for f .
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• rM :Mnr Ñ r0, 1s satisfies that for each i ă nr and ϵ P p0, 1s:

p@x, y, z̄qpdMpx, yq ă ∆f pϵq ùñ |rMpx; z̄q ´ rMpy; z̄q| ď ϵq

The function ∆r is called a modulus of uniform continuity for r.

A continuous L-structure M is a a continuous L-pre-structure whose interpretation of d happens

to be a complete metric.

One can verify that classical first-order structures can indeed be recovered by taking a discrete

metric d.

Remark 3. The function ∆f (∆r) are external moduli witnessing uniform continuity of f (r) with

respect to the metric in any interpretation and they are not syntactic objects in continuous logic (see

the later Definition 2.2.9). One could also assign individual moduli of uniform continuity δf,i (δr,i)

for each argument i ă nf (i ă ni). Both were discussed in Yaacov and Pedersen (2010).

The definition of L-terms and L-formulas is very similar to classical first-order logic (see Avigad

(2022) for instance), except that the logic connectives are tK,Ñ, 12 ,@u.

Definition 2.1.3. The collection of L-terms is defined inductively as:

• A countable collection of variables V “ tvi | i P Nu as L-terms.

• If f is a function symbol and t̄ is a tuple of L-term with |t̄| “ nf , then fpt̄q is also an L-term.

The collection of L-formulas is defined inductively as:

• K is an L-formula.

• For any L-term t1, t2, we have that dpt1, t2q is an L-formula.

• If r is a relation symbol and t̄ is a tuple of L-term with |t̄| “ nr, then rpt̄q is an L-formula.

• If φ and ψ are L-formulas, then φÑ ψ and 1
2φ are also L-formulas.

8



• If φ is an L-formula and x is a variable, then p@xqφ is also an L-formula.

Definition 2.1.4. Given a continuous L-pre-structure M, an M-assignment is a mapping σ :

V ÑM . Fixing a M-assignment σ, we define the interpretation of L-terms, denoted as tM,σ, as

the following:

• If v P V is a variable, then vM,σ :“ σpvq.

• fpt̄qM,σ :“ fMpt̄M,σq where t̄M,σ :“ ptM,σ
1 , . . . , tM,σ

k q.

We define the interpretation/value of L-formulas, denoted as φM,σ, in r0, 1s as the following:

• KM,σ :“ 1.

• dpt1, t2q
M,σ :“ dMptM,σ

1 , tM,σ
2 q.

• rpt̄qM,σ :“ rMpt̄M,σq.

• pφÑ ψqM,σ :“ ψM,σ ´ φM,σ “

$

’

’

&

’

’

%

ψM,σ ´ φM,σ ψM,σ ą φM,σ

0 ψM,σ ď φM,σ

,

and p12φq
M,σ :“ 1

2φ
M,σ.

• pp@xqφqM,σ :“ supmPM pφrm{xsq
M,σ where φrm{xs denotes the substitution of x in φ by m.

When φM,σ “ 0 for all assignments σ, we say M is a model of φ and denote it as M |ùQ φ. A

L-formula φ is called valid, denoted as |ùQ φ, if M |ùQ φ for all continuous L-pre-structure M.

For an L-theory Γ, namely a set of L-formulas, we say M is a model of Γ or M |ùQ Γ, if M |ùQ φ

for all φ P Γ. We say Γ entails φ or Γ |ùQ φ if whenever M |ùQ Γ, we have that M |ùQ φ. A

L-theory Γ is called satisfiable if there exists a L-pre-structure M such that M |ùQ Γ.

If L-pre-structures in the above definitions are replaced by L-structures, we have a notion of com-

plete model M |ùQC φ, complete entailment Γ |ùQC φ, complete validity, and complete

satisfiability respectively.

9



Remark 4. Different from the traditions, valid formulas in continuous logic have truth value 0 while

truth value 1 is considered a total falsity. It is consistent with the interpretation of d as a metric:

the predicate dpx, yq takes value at 0 when x, y are indeed equal to each other.

The interpretation of φÑ ψ is defined such that φÑ ψ is valid if and only if φM,σ ě ψM,σ for all

possible assignments and pre-structures.

Using K,Ñ,@, we can define more familiar logic connectives.

Definition 2.1.5. We have the following definitions of logic connectives:

• ␣φ :“ φÑ K.

• J :“ K Ñ K.

• φ_ ψ :“ pφÑ ψq Ñ ψ and φ^ ψ :“ ␣p␣φ_␣ψq.

• φØ ψ :“ pφÑ ψq ^ pψ Ñ φq.

• φ‘ ψ :“ ␣φÑ ψ and φd ψ :“ ␣p␣φ‘␣ψq.

• pDxqφ :“ ␣pp@xq␣φq

Connectives _ and ^ are called weak disjunction and weak conjunction and they can be viewed

as the additive fragment based on the connection to affine logic as discussed later in Section 3.1; ‘

and d are called strong disjunction and strong conjunction as the multiplicative fragment.

Through some calculations, we can derive the following equalities, which also explain their meanings:

• p␣φqM,σ “ 1´ φM,σ.

• JM,σ “ 0.

• pφ_ ψqM,σ “ minpφM,σ, ψM,σq and pφ^ ψqM,σ “ maxpφM,σ, ψM,σq.

• pφØ ψqM,σ “ |φM,σ ´ ψM,σ|.
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• pφ‘ ψqM,σ “ maxpφM,σ ` ψM,σ ´ 1, 0q and pφd ψqM,σ “ minpφM,σ ` ψM,σ, 1q.

• ppDxqφqM,σ “ infmPM pφrm{xsq
M,σ.

Remark 5. Yaacov and Pedersen (2010) define φ^ψ :“ pφÑ ψq Ñ ψ to accompany the exchange

of truth value 0 and 1. It brings some undesired consequences, since _ would then behave like a

conjunction while ^ would behave like a disjunction. For instance, they define φ Ø ψ as pφ Ñ

ψq _ pψ Ñ φq.

We decide to keep the syntactic definition of _ and ^ unchanged, since the exchange of truth value

0 and 1 only happens to the semantic level. The advantages will be more clear once we introduce

the Gentzen-style proof system later in Definition 3.2.4 where _ will have the same admissible

introduction rules as _ in classical logic.

Definition 2.1.6. The dyadic truth values D :“ t k
2n | k ď 2nu can also be defined by using 1

2 :

• 1 :“ K and 0 :“ K Ñ K.

• 1
2k`1 :“ 1

2p
1
2k q.

• k
2n :“

k
hkkkkkkkkikkkkkkkkj

1

2n
d ¨ ¨ ¨ d

1

2n
for k ď 2n.

One can verify that the interpretation of boldface formulas are exactly the underlying truth value.

2.2. Continuous Logic

We now present the syntax of continuous (pre-)structures, namely a Hilbert-style proof system for

continuous logic. First, we clarify some definitions.

Definition 2.2.1. Given a (Hilbert-style) logic L, namely a set of axioms, we say a formula φ is

provable in L, denoted as $L φ if it can be obtained through the following two rules:

φ is an axiom in L
$L φ

$L φ $L φÑ ψ
modus ponens

$L ψ

We extend the provability relation to Γ $L φ or Γ proves φ in L to express that $LYΓ φ.

11



We say Γ is consistent if Γ &L K.

Definition 2.2.2. (Łukasiewicz Logic) Given an infinite collection of propositional variables and

connectives tK,Ñu, Łukasiewicz logic Ł consists of the following axioms:

A1 $ φÑ pψ Ñ φq.

A2 $ pφÑ ψq Ñ ppψ Ñ χq Ñ pφÑ χqq.

A3 $ ppφÑ ψq Ñ ψq Ñ ppψ Ñ φq Ñ φq.

A4 $ p␣ψ Ñ ␣φq Ñ pφÑ ψq.

We also present the standard r0, 1s-semantics for Łukasiewicz logic:

Definition 2.2.3. (Standard r0, 1s-Assignment) A r0, 1s-truth assignment is a mapping v from

the set of propositional variables to r0, 1s. We extend v to all propositions by the followings:

• vpKq :“ 1.

• vpφÑ ψq :“ vpψq´ vpφq.

We say a proposition φ is valid if vpφq “ 0 for all r0, 1s-truth assignments. We also extend the

notion of entailment relation |ùr0,1s accordingly.

Theorem 2.2.4. (Soundness and Completeness of Ł) For any proposition φ, we have that

$Ł φ ðñ |ùr0,1s φ.

Proof. Soundness essentially reduces to verify that the corresponding inequalities hold in arbitrary

r0, 1s-assignments. For instance, A3 is equivalent to the inequality minpvpφq, vpψqqq ď minpvpψq, vpφqq.

Completeness is more involved. The usual proof makes use of completeness of Ł over MV-algebras

and the fact that valid formulas in r0, 1s coincide with valid formulas in all MV-algebras. See Hájek

(1998) for details.
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Remark 6. Notice that we only include soundness and completeness of Łukasiewicz logic in terms

of validities. Strong completeness in terms of provability Γ $Ł φ does not hold for Łukasiewicz logic,

unless Γ is finite. See further discussions in Montagna (2007).

Now we move to the first-order setting:

Definition 2.2.5. (First-Order Łukasiewicz Logic) Given a classical signature L, first-order Łukasiewicz

logic Ł@ consists generalizations of all axioms in Ł, where propositional variables are replaced by

L-formulas, together with generalizations of the following:

A5 $ @xpφÑ ψq Ñ p@xφÑ @xψq.

A6 $ @xφÑ φrt{xs.

A7 $ φÑ @xφ where x is not free in φ.

Definition 2.2.6. (Standard r0, 1s-Structure) An r0, 1s-structure is similar to a first-order L-pre-

structure except that the interpretation of function symbol f is an arbitrary function Mnf Ñ M

and the interpretation of relation symbol r is an arbitrary function Mnr Ñ r0, 1s. Entailment

relation, validity, and satisfiability are defined accordingly. Without ambiguity, we also denote the

entailment relation as |ùr0,1s.

Theorem 2.2.7. (Soundness of Ł@) For any first-order formula φ in a language L,

$Ł@ φ ùñ|ùr0,1s φ.

Proof. It reduces to simple computations to show that the inequalities defined by A5-A7 are satisfied

by the interpretation of @x by supm in all r0, 1s-structures.

As discussed earlier, we can only have an approximate form of completeness for first-order Łukasiewicz
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logic. The following observation defines a notion of approximation:

|ùr0,1s A‘

n
hkkkkkkkikkkkkkkj

pφd ¨ ¨ ¨ d φq if and only if AM,σ ď
1

n` 1
for all r0, 1s-interpretation M, σ.

Theorem 2.2.8. (Approximate Completeness of Ł@) For any first-order formula φ,

|ùr0,1s φ ùñ$Ł@ φ‘

n
hkkkkkkkikkkkkkkj

pφd ¨ ¨ ¨ d φq for all n P N.

Proof. See the proof in Hájek (1998).

To reach continuous logic, we add axioms related to the metric predicate d. The connective 1
2 is

needed to express uniform continuity.

Definition 2.2.9. Continuous logic CŁ is first-order Łukasiewicz logic together with operator 1
2 and

metric d and generalizations of the following axioms:

Defining axioms for 1
2 :

A8 $ p12φÑ φq Ñ 1
2φ.

A9 $ 1
2φÑ p12φÑ φq.

Equivalence axioms establishing that d is a pseudo-metric:

A10 $ dpx, xq, where we use dpx, yq to denote dxy.

A11 $ dpx, yq Ñ dpy, xq.

A12 $ dpx, yq Ñ pdpy, zq Ñ dpx, zqq.

Congruence axioms expressing uniform continuity for function and relation symbols:

A13 $ pdpx, yq Ñ qq _ ppÑ dpfpx; z̄q, fpy; z̄qqq.
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for each f P F , ϵ P p0, 1s, and p, q P D with p ą ϵ and q ă ∆f pϵq.

A14 $ pdpx, yq Ñ qq _ ppÑ prpx; z̄q Ø rpy; z̄qqq.

for each r P R, ϵ P p0, 1s, and p, q P D with p ą ϵ and q ă ∆rpϵq.

Remark 7. In A13 and A14, we made use of equivalence in classical logic between φ Ñ ψ and

␣φ _ ψ to translate the uniform continuity condition. We cannot directly translate the uniform

continuity condition in the following way

pq Ñ dpx, yqq Ñ ppÑ dpfpx; z̄q, fpy; z̄qqq

because Ñ has different semantic interpretations for classical logic and continuous logic, which are

not equivalent.

2.3. Completeness of Continuous Logic

Notice that we have two notions of semantics for continuous logic, continuous L-pre-structures and

continuous L-structures. It is not hard to predict completeness of continuous logic over L-pre-

structures since the syntax precisely defines a pseudo-metric space along with uniform continuity

of function and relation symbols. To express conditions for a complete metric in the syntax level is

impossible similarly to first-order logic.

Fortunately, we will see that L-pre-structures and L-structures are indistinguishable in continuous

logic by the following key theorem due to Yaacov and Pedersen (2010):

Theorem 2.3.1. [Existence of Metric Completion] Let M be a continuous L-pre-structure. Then

there exists a continuous L-structure xM such that M is elementarily equivalent to xM. In other

words, for any L-formula φ

M |ùQ φ ðñ xM |ùQC φ.

Proof. The proof is essentially using the fact that metric completion of a pseudo-metric space

respects L-pre-structure evaluations. See more details in Yaacov and Pedersen (2010).
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For a start, we have a strong soundness result.

Theorem 2.3.2. (Strong Soundness of Continuous Logic) Fix a continuous language L, an L-theory

Γ, and an L-formula φ. If Γ $CŁ φ then Γ |ùQ φ and Γ |ùQC φ.

A weak form of completeness does hold:

Theorem 2.3.3. [Weak Soundness and Completeness of Continuous Logic] Given a continuous

language L and an L-theory Γ, the followings are equivalent:

• Γ is consistent.

• Γ is satisfiable.

• Γ is completely satisfiable.

Proof. Given a consistent theory Γ, we extends Γ to a theory ∆ that is maximally consistent and

Henkin complete in the sense of continuous logic. One can build a pseudo-metric space using ∆,

namely a term L-model for Γ. Theorem 2.3.1 is used to obtain a complete L-model for Γ.

In first-order logic, weak completeness and strong completeness are equivalent. It is unfortunately

not the case for continuous logic and Łukasiewicz logic due to the failure of the deduction theorem.

We will discuss further in Section 3.1.

Theorem 2.3.4. (Approximate Strong Soundness and Completeness of Continuous Logic) For a

continuous language L, an L-theory Γ, and an L-formula φ, the following are equivalent:

• Γ |ùQ φ.

• Γ |ùQC φ.

• Γ $CŁ φ‘

n
hkkkkkkkikkkkkkkj

pφd ¨ ¨ ¨ d φq for all n P N.

• Γ $CŁ
1
2n Ñ φ for all n P N for all n P N.
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Proof. We make use of Theorem 2.3.3 and a weak form of the Deduction Theorem in continuous

logic. See Yaacov and Pedersen (2010).

2.4. Connective 1
2

and Definability of Rationals

The only logic connective in continuous logic that does not have a counterpart in first-order logic is

the 1
2 operator. There are two motivations for adding this operator in continuous logic:

• We need a collection of truth values dense in r0, 1s to express uniform continuity axioms A13

and A14.

• Furthermore, we expect our choice of connectives to be complete, in the sense that all possible

operations on truth values are expressible in some way.

Indeed, we cannot explicitly express any truth value other than 0, 1 in Łukasiewicz logic by the

following result of McNaughton (1951).

Theorem 2.4.1. (McNaughton) A function Φ : r0, 1sn Ñ r0, 1s is explicitly definable by composing

connectives tK,Ñu iff Φ is uniformly continuous and piecewise linear (McNaughton functions). In

other words, Φ is uniformly continuous and there are finitely many ΦipĀq “
řn

j“1paijAj ` biq with

integer aij , bi such that for all Ā P r0, 1sn there exists an i such that ΦpĀq “ ΦipĀq.

Corollary 2.4.2. The only truth values in r0, 1s explicitly definable as functions t˚u Ñ r0, 1s in

Łukasiewicz logic are 0 and 1.

However, we can implicitly define all rational truth values in Łukasiewicz logic, namely as unique

solutions to certain propositional equations. This establishes that Łukasiewicz logic does not have

the Beth definability property. See more discussions in Haniková (2019).

Theorem 2.4.3. A truth value t in r0, 1s is implicitly definable in Łukasiewicz logic if and only if

t is rational.

Proof. For the forward definition, if t is implicitly definable, then t is a solution to a linear polynomial
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with rational coefficients by applying Theorem 2.4.1. Hence, t has to be rational.

For the backward definition, we provide the following construction: for value 1
n`1 , consider the

formula

Φ 1
n`1
pφq :“ p␣φq Ø

n
hkkkkkkkikkkkkkkj

pφd ¨ ¨ ¨ d φq

Notice that v |ùr0,1s Φ 1
n`1

if and only if vpφq “ 1
n`1 for any assignment v.

For value m
n`1 with m ď n` 1, consider the formula

Φ m
n`1
pφ,ψq :“ Φ 1

n`1
pφq ^ pψ Ø

m
hkkkkkikkkkkj

φd ¨ ¨ ¨ d φq

We have that v |ùr0,1s Φ m
n`1
pφ,ψq if and only if vpφq “ 1

n`1 and vpψq “ m
n`1 for any assignment.

The above result can extend to continuous logic by noticing 1
3 is implicitly definable but not ex-

plicitly definable in the normal sense. In fact, Yaacov et al. (2008) extended the notion of explicit

definability so that the Beth definability property still holds for continuous logic.

Definition 2.4.4. A predicate P : Mn Ñ r0, 1s is definable in M if and only if there exists a

sequence of formulas pφipx̄q | i P Nq such that φM
i px̄q converges to P pxq uniformly.

We can utilizes Theorem 2.4.3 to reformulate A13-14 without using 1
2 , provided that there are

infinitely many unused relation symbols in the language:

A13´ $ Φppr1, r2q ^ Φqpr3, r4q ^ ppdpx, yq Ñ r4q _ pr2 Ñ dpfpx; z̄q, fpy; z̄qqqq.

for each f P F , ϵ P p0, 1s, and p, q P Q with p ą ϵ and q ă ∆f pϵq.

A14´ $ Φpps1, s2q ^ Φqps3, s4q ^ ppdpz, wq Ñ s4q _ ps2 Ñ prpx; z̄q Ø rpy; z̄qqqq.

for each r P R, ϵ P p0, 1s, and p, q P Q with p ą ϵ and q ă ∆rpϵq.

where ri, sj are fresh new relation symbols and Φp denotes the defining equation for rational p as

in Theorem 2.4.3.
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The second motivation for using 1
2 is related to expressibility of arbitrary logic connectives. In

classical logic, tK,Ñu is a complete set of connectives in the sense that any n-ary function t0, 1un Ñ

t0, 1u is expressible by composing tK,Ñu.

In the continuous setting, we expand logic connectives to all uniformly continuous functions r0, 1sn Ñ

r0, 1s and there are continuum many such. It is thus impossible to give a countable list of basic

connectives since logic compositions have to be finite (see Baratella (2015) for discussions of infini-

tary continous logic). Instead, we choose tK, 12 ,Ñu, whose compositions form a dense subset of

all possible logic connectives and we refer it as a full set of connectives.

By combining Theorem 2.4.1 and Theorem 2.4.3, we can require all continuous signatures to include

an infinite set of relation symbols and obtain a full set of connectives using rational linear functions

à la Stone–Weierstrass.

The benefit of replacing 1
2 with unnamed relations symbols is that there are less axioms and rules

to include when exploring different proof systems of continuous logic. Furthermore, the analogy

between first-order logic and continuous logic now becomes stricter. Alternatively, one can in-

clude all rational values as basic logic connectives to obtain a conservative extension of (first-order)

Łukasiewicz logic, which is referenced as Rational Pavelka logic. See Hájek et al. (2000) for further

discussions.
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CHAPTER 3

PROOF THEORY FOR PROPOSITIONAL ŁUKASIEWICZ LOGIC

3.1. Preliminary

The Deduction theorem is an important property of classical first-order logic and makes Gentzen-

style proof systems possible. See Avigad (2022) for general details.

Definition 3.1.1. (Deduction Theorem) A logic L with a Hilbert-style proof system has the De-

duction Theorem if the followings are equivalent:

• Γ, φ $L ψ

• Γ $L φÑ ψ

As discussed earlier, the Deduction Theorem fails in Łukasiewicz logic and continuous logic by the

following example.

Example 1. Consider φ,φ Ñ pφ Ñ ψq $ ψ. We have a derivation in Łukasiewicz logic with a

simply proof tree iterating the mp rule:

$Ł φ

$Ł φ $Ł φÑ pφÑ ψq

$Ł φÑ ψ

$Ł ψ

On the other hand, φ Ñ pφ Ñ ψq $Ł φ Ñ ψ is not derivable since φ Ñ pφ Ñ ψq *r0,1s φ Ñ ψ.

For instance we can pick a r0, 1s-assignment v where vpφq “ 1
2 and vpψq “ 1. We have that

v |ùr0,1s φÑ pφÑ ψqq but v *r0,1s φÑ ψ.

A weak form of the Deduction Theorem for Łukasiewicz logic and continuous logic does hold.

Theorem 3.1.2. (Weak Deduction Theorem) Given a theory Γ and formulas φ,ψ, the followings

are equivalent for both Łukasiewicz logic and continuous logic:

1. Γ, φ $ ψ.
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2. Γ $

n
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pφÑ pφÑ ¨ ¨ ¨ pφÑ ψq ¨ ¨ ¨ q for some n.

Proof. See Yaacov and Pedersen (2010).

While $ (external implication) and Ñ (internal implication) behave the same in the presence of the

Deduction Theorem, they depart from each other in Łukasiewicz logic: $ allows uses of the same

premise any number of times as seen in Example 1 while Ñ requires a record of times a premise

being used. This difference is also suggested by their interpretation:

• φ |ùr0,1s ψ means if φ is evaluated at 0 then ψ is also evaluated at 0.

• |ùr0,1s φÑ ψ means vpψq´ vpφq “ 0 for all valutations v.

In order to preserve the Deduction Theorem for the sake of a Gentzen-style proof system, we will

alter the provability relation $Ł and consequentially the entail relation |ùr0,1s so that they also keep

track of the number of times premises being used. It is equivalent to give up the following structural

principle:

Definition 3.1.3 (Contraction). A proof system has contraction if the followings are equivalent:

• Γ, φ $ ψ

• Γ, φ, φ $ ψ

Both classical logic and Łukasiewicz logic have contraction by how the provablity relation is defined.

Classical logic without contraction is called affine logic, one of the substructural logics. The

underlying difference between classical logic and affine logic is that a theory Γ is viewed as a set of

formulas in classical logic while it is viewed as a multiset in affine logic.

Example 1 in the affine setting will have a derivation of φ,φ, φÑ pφÑ ψq $ ψ while φ,φÑ pφÑ

ψq $ ψ will not be provable due to lack of contraction. The example will no longer counter the

Deduction Theorem and we actually obtain a natural Gentzen-style proof system in this setting.
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3.2. Hypersequent Calculus for Propositional Łukasiewicz Logic

Towards a Gentzen-style proof system of Łukasiewicz logic, we first define the notation of sequents

and hypersequents in affine setting. To avoid confusion, we tend to use Greek letters φ,ψ, ¨ ¨ ¨ in the

case of Hilbert system with contraction and Latin letters A,B, ¨ ¨ ¨ in the case of Gentzen system in

affine setting.

Definition 3.2.1. (Affine Sequent and Hypersequent) A sequent is of the form Γ ñ ∆ where Γ

and ∆ are finite multisets of formulas. A hypersequent is a finite multiset of sequents, denoted

as Γ1 ñ ∆1 | ¨ ¨ ¨ | Γn ñ ∆n, while a sequent can be viewed as a singleton hypersequent.

For simplicity, we also adopt the following notations:

• nA denotes the multiset t

n
hkkkikkkj

A, . . . , Au where A is a formula.

• nΓ denotes the multiset

n
hkkkkkikkkkkj

ΓY ¨ ¨ ¨ Y Γ where Γ is a multiset of formulas.

• A formula is atomic if it is either a propositional variable or K.

We first add affine features to the standard r0, 1s-semantics.

Definition 3.2.2. (Affine r0, 1s-Semantics) Similar to the standard r0, 1s-semantics, we define an

assignment v mapping from propositional variables to r0, 1s and extend v to include all propositions

in the same way. Furthermore, we extend v to include all sequents and hypersequents whose values

are in R.

• vpKq :“ 1.

• vpAÑ Bq :“ vpBq´ vpAq.

• vpΓñ ∆q :“
ř

AP∆ vpAq ´
ř

BPΓ vpBq.

• vpΓ1 ñ ∆1 | ¨ ¨ ¨ | Γn ñ ∆nq :“ min1ďiďn vpΓi ñ ∆iq

22



We say a hypersequent H is valid if vpHq ď 0 for any assignment v and we denote as |ùr0,1s H.

Informally, H is valid if and only if some of its component sequent represents an inequality valid in

all possible assignments.

Theorem 3.2.3. We can connect the affine r0, 1s-semantics and the standard r0, 1s-semantics in

the following way:

1. If Γ (r0,1s A with set Γ, then there exists a mutliset ∆ such that |ùr0,1s ∆ñ A and the support

(removing duplications) of ∆ is exactly Γ.

2. If |ùr0,1s ∆ñ A with multiset ∆, then Γ |ùr0,1s A where Γ is the support of ∆.

Proof. The forward direction is an application of the Weak Deduction Theorem in the semantics.

The backward direction can be simply inferred by noticing that there exists a unique correspondence

between a standard r0, 1s-assignment and an affine r0, 1s-assignment.

Now we are ready to present the hypersequent calculus GŁ for propositional Łukasiewicz logic, due

to Metcalfe et al. (2005).

Definition 3.2.4. (GŁ) A hypersequent H is provable from GŁ, denoted as $GŁ H, if it is derivable

using a proof tree constructed from the following rules.

Initial sequents:

id
Añ A

ññ Kñ
K ñ A

Structural rules:

G | Γñ ∆ | Γñ ∆
ec

G | Γñ ∆

G | Γñ ∆
ew

G | Γñ ∆ | Γ1 ñ ∆1

G | Γ0,Γ1 ñ ∆0,∆1 split
G | Γ0 ñ ∆0 | Γ1 ñ ∆1

G | Γ0 ñ ∆0 G | Γ1 ñ ∆1
mixG | Γ0,Γ1 ñ ∆0,∆1
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G | Γñ ∆
wlG | Γ, Añ ∆

Logical rules:

G | Γ, B ñ A,∆ | Γñ ∆
Ññ

G | Γ, AÑ B ñ ∆

G | Γ, Añ B,∆ G | Γñ ∆
ñÑ

G | Γñ AÑ B,∆

Remark 8. GŁ is a two-sided (hyper)-sequent calculus. Different from classical two-sided sequent

calculus LK where the left side is interpreted conjunctively and the right side disjunctively, both sides

of ñ in GŁ are interpreted conjunctively, as suggested by its affine r0, 1s-semantics.

Remark 9. The disjunctive feature of GŁ appears in the hypersequent level where each component

sequent is interpreted (additively) disjunctively. For instance, A ñ B | B ñ A is derivable, in

comparison to $LK A,␣A in classical logic. It indicates GŁ is a non-constructive logic. Combined

with the later Lemma 3.3.3, GŁ allows proofs by case analysis without knowing precisely which case

actually holds.

Theorem 3.2.5. (Strong Soundness of GŁ) For any hypersequent H, if $GŁ H then |ùr0,1s H.

The cut rule in GŁ takes a simpler form, which is equivalent to the familiar cut rule.

Definition 3.2.6 (Cut). We have the following rule additional to GŁ.

G | Γ, Añ A,∆
cutG | Γñ ∆

The following theorem establishes that the notion of validity is preserved among the standard and

affine proof systems and semantics.

Theorem 3.2.7. (Completeness of GŁ) For any formula A, the followings are equivalent:

1. $Ł A.

2. |ùr0,1s A.

3. $GŁ`cutñ A.
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4. |ùr0,1sñ A.

5. $GŁñ A.

Proof. The equivalence between 1 and 2 is exactly Theorem 2.2.4. The equivalence between 2 and

4 is a consequence of the above Theorem 3.2.3 between the affine r0, 1s-semantics and the standard

r0, 1s-semantics.

3 ùñ 4 and 5 ùñ 4 are exactly the Soundness Theorem 3.2.5 plus soundness of the cut rule. We

will present the proof 1 ùñ 3 by showing all axioms and rules in Ł are derivable in GŁ:

A1

A ñ A
B,A ñ A

ñ AÑ pB Ñ Aq

A2

A,B,C ñ A,B,C

A,B Ñ C,AÑ B ñ C

ñ pAÑ Bq Ñ ppB Ñ Cq Ñ pAÑ Cqq

A3

A ñ A
B Ñ A,A ñ A

A ñ pB Ñ Aq Ñ A B ñ B

B,A ñ B, pB Ñ Aq Ñ A

A,B ñ A,B

B,B Ñ A ñ A

B ñ pB Ñ Aq Ñ A

B ñ AÑ B, pB Ñ Aq Ñ A

pAÑ Bq Ñ B ñ pB Ñ Aq Ñ A

ñ ppAÑ Bq Ñ Bq Ñ ppB Ñ Aq Ñ Aq

A4

25



A,K ñ A,K

A,AÑ K ñ K B ñ B

A,AÑ K, B ñ K, B

K ñ B A ñ A
A,K ñ A,B

A,AÑ K ñ B

A,AÑ K ñ B Ñ K, B

A, pB Ñ Kq Ñ pAÑ Kq ñ B

ñ ppB Ñ Kq Ñ pAÑ Kqq Ñ pAÑ Bq

Modus Ponens

ñ A

A,B ñ A,B

A,AÑ B ñ B

A,AÑ B ñ A,B

AÑ B ñ B ñ AÑ B
AÑ B ñ AÑ B,B

cut
ñ B

It remains to show 3 ùñ 5, namely cut elimination for GŁ. Since it is rather involved, we will

provide its formal proof in the next Section 3.3.

Remark 10. Notice that hypersequents and related rules in GŁ are never needed if only validity

problem is considered. However, hypersequents, especially the ew and ec rules, are essential to show

cut elimination and strong completeness of GŁ. Metcalfe et al. (2005) also describes a pure sequent

calculus GŁs for Łukasiewicz logic, which is an interesting topic on its own.

3.3. Cut Elimination

We will show proofs in GŁ with the cut rule can be transformed into proofs in GŁ without cut.

Similar proof can also be found in Ciabattoni and Metcalfe (2003).

First, we will show that both ñÑ and Ññ are invertible rules.

Lemma 3.3.1. (Inversion Lemma for ñÑ) The following rules are admissible in GŁ and GŁ`cut.

G | Γñ AÑ B,∆

G | Γ, Añ B,∆

G | Γñ AÑ B,∆

G | Γñ ∆

Furthermore, no new cut is introduced in the derivation.

Proof. A standard proof by induction on the proof tree of G | Γñ AÑ B,∆.
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Different from classical logic, we also have an inversion lemma for Ññ by utilizing hypersequent

rules and the following lemmas.

Lemma 3.3.2. (Weakening) Suppose that we can derive H from assumption hypersequents tGiu in

GŁ. Then for any hypersequent L, we can derive L | H from assumptions tL | Giu.

Proof. Proof by induction where the ew rule by L is used in the main cases.

Lemma 3.3.3. (Proof by Case) Assume we have the following derivations in GŁ:

G | L0 G | R
G | H

G | L1 G | R
G | H

Then we have:

G | L0 | L1 G | R
G | H

Proof. It is a consequence of Lemma 3.3.2 and external contraction.

G | L0 | L1

G | R
G | L0 | R

G | L0 | H
G | R

G | R | H
G | H | H
G | H

Remark 11. Lemma 3.3.3 can be viewed as a disjunction elimination rule.

Equipped with the above lemma, we can obtain the invertibility of Ñ on the left.

Lemma 3.3.4. (Inversion Lemma for Left Ñ) The following rule is admissible in GŁ and GŁ`cut.

G | Γ, AÑ B ñ ∆

G | Γ, B ñ A,∆ | Γñ ∆

Furthermore, no new cut is introduced in the derivation.

27



Proof. A proof by induction. The only difficult case is when the immediate rule is a right Ñ

introduction:

G | Γ, AÑ B,C ñ D,∆ G | Γ, AÑ B ñ ∆

G | Γ, AÑ B ñ C Ñ D,∆

By inductive hypothesis, we have derivations for two hypersequents G | Γ, C,B ñ A,D,∆ | Γ, C ñ

D,∆ and G | Γ, B ñ A,∆ | Γñ ∆.

Applying Lemma 3.3.3 twice, it suffices to derive G | Γ, B ñ C Ñ D,A,∆ | Γñ C Ñ D,∆ for the

following four cases:

1. G | Γ, C,B ñ A,D,∆ and G | Γ, B ñ A,∆.

2. G | Γ, C,B ñ A,D,∆ and G | Γñ ∆.

3. G | Γ, C ñ D,∆ and G | Γ, B ñ A,∆.

4. G | Γ, C ñ D,∆ and G | Γñ ∆.

Case 1 and case 4 can be easily resolved by applying ñÑ and ew to the given assumptions.

In case 2, we combine the two assumptions to obtain the following:

G | Γ, B, C ñ D,A,∆ G | Γñ ∆

G | Γ,Γ, B,C ñ D,A,∆,∆

G | Γ, B ñ A,∆ | Γ, C ñ D,∆

Then by Lemma 3.3.3 again, it suffices to derive G | Γ, B ñ C Ñ D,A,∆ | Γñ C Ñ D,∆ for the

following two cases:

1. G | Γ, B ñ A,∆. We combine with the assumption G | Γ, C,B ñ A,D,∆ to derive:

G | Γ, B,C ñ D,A,∆ G | Γ, B ñ A,∆

G | Γ, B ñ C Ñ D,A,∆

G | Γ, B ñ C Ñ D,A,∆ | Γñ C Ñ D,∆

2. G | Γ, C ñ D,∆. We combine with the assumption G | Γñ ∆ to derive:
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G | Γ, C ñ D,∆ G | Γñ ∆

G | Γñ C Ñ D,∆

G | Γ, B ñ C Ñ D,A,∆ | Γñ C Ñ D,∆

Case 3 can be resolved by an argument similar to case 2.

Theorem 3.3.5. (Cut Elimination for GŁ) If hypersequent H is deriable in GŁ with cut, then H

is also derivable in GŁ without cut.

Proof. Without loss of generality, we may assume that the cut rule appears as the last inference

rule and the cut formula is of the form AÑ B:

G | Γ, AÑ B ñ AÑ B,∆

G | Γñ ∆

Apply the left inversion Lemma 3.3.4, we obtain a derivation of G | Γ, B ñ A,A Ñ B,∆ | Γ ñ

AÑ B,∆. Applying the right inversion Lemma 3.3.1 twice, we obtain the derivable hypersequent

G | Γ, B,Añ B,A,∆ | Γñ ∆

By performing two cut on formulas A and B with lower rank, we have

G | Γ, B,Añ B,A,∆ | Γñ ∆

G | Γ, B ñ B,∆ | Γñ ∆

G | Γñ ∆ | Γñ ∆

G | Γñ ∆

Now it suffices to consider the case G | Γ, A ñ A,∆ when the cut formula A is atomic. Through

some case analysis, we can reduce to the following three scenarios:

• The formula A on the right side of ñ is introduced by the id rule. We obtain the resulting

hypersequent G | Γñ ∆ by not mixing with Añ A from the top of the proof tree.
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• The formula A on the right side of ñ is introduced by the K ñ rule and A on the left is

introduced by wk. We obtain G | Γñ ∆ by not mixing with K ñ A and an internal weakening

with K instead of A.

• The hypersequent G | Γ, A ñ A,∆ is obtained from G by ew. We obtain G | Γ ñ ∆ by an

external weakening of G with Γñ ∆.

3.4. Strong Completeness of GŁ

Here we present our proof of strong completeness of GŁ with respect to the affine r0, 1s-semantics.

Similar ideas were already hinted in Colacito et al. (2021) and Metcalfe et al. (2005).

Lemma 3.4.1. If Γ ñ ∆ is a valid sequent consisting only of atomic formulas, then we have a

deduction of Γñ ∆ from GŁ.

Proof. If the sequent is of the form Γ, Añ A,∆, then Γñ ∆ remains valid. Combing it with the

following derivation:

Γñ ∆
id

Añ A
mix

Γ, Añ A,∆

we may assume without loss of generality that ΓX∆ “ H.

If ∆ is empty, we are done either by the ñ rule if Γ is empty or iterating wl if Γ is not empty.

Otherwise, the sequent is now the form Γ ñ n1A1, . . . , nkAk (see Definition 3.2.1 for notations).

Suppose there are n ă n1 ` ¨ ¨ ¨ ` nk-many K in Γ, we define an interpretation v where vpAiq “ 1

for each i and vpBq “ 0 otherwise. Then vpΓ ñ n1A1, . . . , nkAkq “ n1 ` ¨ ¨ ¨ ` nk ´ n ą 0, which

contradicts with validity of Γ ñ n1A1, . . . , nkAk. Therefore, we must have n ě n1 ` ¨ ¨ ¨ ` nk and

we now construct a deduction of Γ ñ n1A1, . . . , nkAk by n1 ` ¨ ¨ ¨ ` nk-many K ñ rules together

with wl and mix.
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We will prove completeness of GŁ by a bottom-up proof search. We need the following variant

of Farkas’ lemma from linear programming to construct the leaf hypersequents. The proof of this

variant can be found in Ball (2023).

Lemma 3.4.2. (Farkas Lemma) Given matrices M P Rm1ˆn and N P Rm2ˆn and vectors a P Rm1

and b P Rm2. Exactly one of the following holds.

• There exists x P Rn satisfying

Mx ď a

Nx ! b

x ě 0

• There exist λ P Rm1 and µ P Rm2 satisfying

λ ě 0

µ ě 0

λTM ` µTN ě 0

λTa` µT b ď 0

λTa` µT b ă 0 or µ ą 0

where v ď w means vi ď wi for all i and v ! w means vi ă wi for all i.

Theorem 3.4.3. (Strong Completeness of GŁ) If H is a valid hypersequent, then H is derivable

from GŁ.

Proof. We construct a search tree for a deduction of valid hypersequent H.

• H is the base node.
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• At node G | Γñ ∆, AÑ B, search for deductions of G | Γ, Añ B,∆ and G | Γñ ∆.

• At node G | Γ, AÑ B ñ ∆, search for deduction of G | Γ, B ñ A,∆ | Γñ ∆.

• At node G | Γ, Añ A,∆ where A is either K or atomic, search for a deduction of G | Γñ ∆.

By applying the Ñ introduction rules and mix with identity sequents, it suffices to deal with

valid hypersequents consisting of only atomic formulas. Let A1, . . . , Am enumerate all propositional

variables appearing in H and say H “ Γ1 ñ ∆1 | . . . | Γk ñ ∆k. Since H is a valid hypersequent,

the following system of inequalities of mˆm-matrix M and k ˆm-matrix N

vpA1q ď 1

...

vpAmq ď 1

´a11vpA1q ´ . . .´ a1mvpAmq ă ´c0

...

´ak1vpA1q ´ . . .´ akmvpAmq ă ´ck

has no nonnegative solution for any interpretation v where aij represents the multiplicity of Aj in

Γi ñ ∆i with negative aij if xj P Γi, positive if xj P ∆i, and zero otherwise; ci represents the

multiplicity of K in Γi ñ ∆i with the same parity definition as aij .

Applying the Farkas lemma 3.4.2 to the above system of inequalities, we obtain some λ ě 0 and

µ ě 0. We may further assume λ and µ are vectors of integers since all coefficients of the system

are integers. We obtain the following inequalities:

λj ´
k

ÿ

i“1

µiaij ě 0 for each i

´

m
ÿ

j“1

λj `
k

ÿ

i“1

µici ě 0
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Hence the following holds for all interpertation v:

p

m
ÿ

j“1

λj ´
k

ÿ

i“1

µiciq ¨ 1` p´λ1 `
k

ÿ

i“1

µiai1q ¨ vpA1q ` ¨ ¨ ¨ ` p´λm `
k

ÿ

i“1

µiaimq ¨ vpAmq ď 0

Adding λi-many inequalities vpAiq ď 1 for each i, we simplify it into the following inequality holding

for any interpretation v:

p

k
ÿ

i“1

µiciq ¨ 1` p
k

ÿ

i“1

µiai1q ¨ vpA1q ` ¨ ¨ ¨ ` p

k
ÿ

i“1

µiaimq ¨ vpAmq ď 0

Now we construct a sequent Γ ñ ∆ where we add µi|aij |-many Aj in Γ if aij is positive and to ∆

if aij is negative; similarly, we add µi|ci|-many K to Γ if ci is positive and to ∆ if ci is negative. By

definition, Γ ñ ∆ is a valid sequent consisting only of atomic formulas since the above inequality

holds for all interpretation v. We then have a deduction of Γ ñ ∆ by Lemma 3.4.1. Since Γ ñ ∆

essentially contains µi-many copies of Γi ñ ∆i by design, we can recover the original hypersequent

Γ1 ñ ∆1 | ¨ ¨ ¨ | Γk ñ ∆k by the following derivation where the last steps are ew if µi “ 0 and ec if

µi ‰ 0.

Γñ ∆ split
Γ1 ñ ∆1 | ¨ ¨ ¨ | Γ1 ñ ∆1
looooooooooooooomooooooooooooooon

µ1

| ¨ ¨ ¨ | Γk ñ ∆k | ¨ ¨ ¨ | Γk ñ ∆k
looooooooooooooomooooooooooooooon

µk
ec{ew

Γ1 ñ ∆1 | ¨ ¨ ¨ | Γk ñ ∆k
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CHAPTER 4

PROOF THEORY FOR FIRST-ORDER ŁUKASIEWICZ LOGIC

4.1. Preliminary

In this chapter, we will extend the hypersequent calculus to first-order Łukasiewicz logic and present

our approximate completeness result.

Remark 12. For simplicity of the Approximate Herbrand’s Theorem 4.4.5 later on, we choose D as

the primitive quantifier and define

@xA :“ ␣pDxp␣Aqq

despite the inconsistency with the name GŁ@.

4.2. Hypersequent Calculus for First-Order Łukasiewicz Logic

Definition 4.2.1. GŁ@ is obtained from GŁ by adding the following two rules and replacing propo-

sitions with first-order formulas:

G | Γ, Apcq $ ∆
D ñG | Γ, pDxqArx{cs ñ ∆

G | Γñ Art{xs,∆
ñ DG | Γñ pDxqA,∆

where c does not appear in the conclusion G | Γ, pDxqArx{cs ñ ∆.

Now we also introduce the affine semantics for first-order Łukasiewicz logic accordingly.

Definition 4.2.2. (Affine r0, 1s-Structure) An r0, 1s-structure M is a set M together with its in-

terpretation for function and relation symbols.

• If f is an n-ary function symbol, then fM is a function Mn ÑM .

• If r is an n-ary relation symbol, then rM is a function Mn Ñ r0, 1s.

• KM “ 1.

• pAÑ BqM “ BM ´AM.
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• ppDxqAqM “ infmPM pArm{xsq
M.

• pΓñ ∆qM :“
ř

AP∆A
M ´

ř

BPΓB
M.

• pΓ1 ñ ∆1 | ¨ ¨ ¨ | Γn ñ ∆nq
M :“ min1ďiďnpΓi ñ ∆iq

M

We say H is valid if H contains no free variable and HM ď 0 for all r0, 1s-structures M. We denote

it as |ùr0,1s H without causing any ambiguity.

Theorem 4.2.3. (Strong Soundness of GŁ@) For any hypersequent H, if $GŁ@ H then |ùr0,1s H.

The benefit of the affine setting is that approximations of formulas can now be expressed very

naturally and effectively.

Definition 4.2.4. We adopt the following notations for any given formula A, multisets Γ,∆, and

natural number n:

• Γñ 1
n
∆ denotes the sequent

K, nΓñ n∆

whose intended meaning is that Γ ñ ∆ is valid up to an 1
n error in all interpretations, since

K has truth value 1.

• We generalize the above notation to hypersequents H. Say H is of the form Γ1 ñ ∆1 | ¨ ¨ ¨ |

Γk ñ ∆k. Then H 1
n

is the hypersequent

Γ1 ñ 1
n
∆1 | ¨ ¨ ¨ | Γk ñ 1

n
∆k

• Art̄{x̄s,Γrt̄{x̄s,Hrt̄{x̄s represent substitutions of free variables x̄ by terms t̄ on formula, sequent,

and hypersequent levels.
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4.3. A Motivating Example

The proof of the Approximate Completeness of GŁ@ is rather complicated. The following serves as

a motivating example from which the actual proof generalizes.

Example 2. (Drinker Paradox) Let φ :“ DxpApxq Ñ @yApyqq where A is a unary predicate symbol.

With some computation, we have that |ùr0,1s φ and $GŁ@`cutñ φ. However, φ is not provable in

GŁ@ as indicated in Baaz and Metcalfe (2010). Instead, we have derivations of arbitrary approxi-

mation of the form ñ 1
n
φ for each n. To search for such derivations, we perform Skolemization and

invert the connective Ñ from bottom up. We implicitly assume the admissible introduction rules

for @.

Apxq ñ Apfpxqq

Apxq,K ñ Apfpyqq,K

Apxq, Apfpyqq Ñ K ñ K

Apxq, DypApyq Ñ Kq ñ K

Apxq ñ DypApyq Ñ Kq Ñ K

Apxq ñ @yApyq

ñ Apxq Ñ @yApyq

ñ DxpApxq Ñ @yApyqq

Unfortunately, the top sequent Apxq ñ Apfpxqq may not have any term witnesses. Instead, for

each n, there are approximate Herbrand terms x, fpxq, fpfpxqq . . . , fn´1pxq such that the following

is valid

Apxq ñ 1
n
Apfpxqq | Apfpxqq ñ 1

n
Apf2pxqq | ¨ ¨ ¨ | Apfn´1pxqq ñ 1

n
Apfnpxqq

Since the above hypersequent is quantifier-free, we guarantee to have a derivation of the above valid

hypersequent by the Strong Completeness Theorem 3.4.3 of GŁ, which is presented below:

nK ñ nApfnpxqq

nK, nApxq ñ nApfnpxqq

nK, nApxq, nApfpxqq, . . . , nApfn´1pxqq ñ nApfpxqq, . . . , nApfnpxqq

K, nApxq ñ nApfpxqq | K, nApfpxqq ñ nApf2pxqq | ¨ ¨ ¨ | K, nApfn´1pxqq ñ nApfnpxqq

Apxq ñ 1
n
Apfpxqq | Apfpxqq ñ 1

n
Apf2pxqq | ¨ ¨ ¨ | Apfn´1pxqq ñ 1

n
Apfnpxqq
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Then we will follow the initial search tree down from top to recover ñ 1
n
DxpApxq Ñ @yApyq by

re-introducing connectives in the reverse order for all the n component sequents. We also need to

admit a 1
n -version of connective introduction rules for doing that.

Ultimately, we have the following derivation:

nK ñ nApfnpxqq

...
Apxq ñ 1

n
Apfpxqq | Apfpxqq ñ 1

n
Apf2pxqq | ¨ ¨ ¨ | Apfn´1pxqq ñ 1

n
Apfnpxqq

...
ñ 1

n
DxpApxq Ñ @yApyq | ¨ ¨ ¨ |ñ 1

n
DxpApxq Ñ @yApyq

ec
ñ 1

n
DxpApxq Ñ @yApyq

Hence, we obtain derivations of the arbitrary approximations $GŁ@ñ 1
n
φ for the given valid formula

φ, which is the expected result from the Approximate Completeness Theorem for GŁ@.

The following section generalizes the above proof-search argument to arbitrary valid hypersequents.

4.4. Approximate Strong Completeness of GŁ@

Given a valid hypersequent H in first-order Łukasiewicz logic without free variables ( universalizing

if necessary), we will construct a search tree for a derivation of $ 1
n
H.

Definition 4.4.1. (Skolemization Tree) Given a hypersequent H, we build a binary tree TH of

hypersequents with free variables x̄ to remove quantifiers and Ñ. The order can be taken arbitrarily

if multiple conditions of the followings are satisfied.

Base case: H is the base node.

Right Ñ case: If the left-most leaf G has the form

L | Γñ AÑ B,∆

we attach to G a left node L | Γ, A ñ B,∆ and a right node L | Γ ñ ∆. We associate sequent

Γ, A ñ B,∆ in the left L | Γ, A ñ B,∆ with sequent Γ ñ ∆ in the right L | Γ ñ ∆ and
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also associate the remaining component sequents in L between L | Γ, A ñ B,∆ and L | Γ ñ ∆

accordingly.

For any other leaf R in the tree, there are two cases:

• R has the form L˚ | Γ˚ ñ A Ñ B,∆˚ where sequent Γ˚ ñ A Ñ B,∆˚ in R is previously

associated with sequent Γ ñ A Ñ B,∆ in G. We attach to R two nodes L˚ | Γ˚, A ñ B,∆˚

and L˚ | Γ˚ ñ ∆˚. Both new nodes are associated with the new left-most leaf L | Γ, Añ B,∆

accordingly with both Γ˚, Añ B,∆˚ and Γ˚ ñ ∆˚ associated with Γ, Añ B,∆.

• R has the form L˚ | Γ˚ ñ ∆˚ (with A Ñ B absent on the right of ñ) where Γ˚ ñ ∆˚ is

previously associated with Γñ AÑ B,∆ in G. We attach R itself in this node and associate

it with L | Γ, Añ B,∆ accordingly such that Γ˚ ñ ∆˚ is associated with Γ, Añ B,∆.

Left Ñ case: If the left-most leaf G has the form

L | Γ, AÑ B ñ ∆

we attach to G the node L | Γ, B ñ A,∆ | Γñ ∆.

For any other leaf R,

• R has the form L˚ | Γ˚, A Ñ B ñ ∆˚ where Γ˚, A Ñ B ñ ∆˚ is previously associated

with Γ, A Ñ B ñ ∆ in G. We attach to R the node L˚ | Γ˚, B ñ A,∆˚ | Γ˚ ñ ∆˚. We

carry over the associations with the new left-most node L | Γ, B ñ A,∆ | Γ ñ ∆ such that

Γ˚, B ñ A,∆˚ is associated with Γ, B ñ A,∆ and Γ˚ ñ ∆˚ is associated with Γñ ∆.

• R has the form L˚ | Γ˚ ñ ∆˚ (with A Ñ B absent on the left of ñ) where Γ˚ ñ ∆˚

is previously associated with Γ, A Ñ B ñ ∆ in G. We attach R itself in this node and

associate it with L | Γ, B ñ A,∆ | Γ ñ ∆ accordingly such that Γ˚ ñ ∆˚ is associated with

Γ, Añ B,∆.
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Right D case: If the left-most leaf G takes the form

L | Γñ pDyqA,∆

we attach to G the node L | Γñ Arx{ys,∆ where x is a new variable symbol.

For any other leaf R,

• R has the form L˚ | Γ˚ ñ pDyqA,∆˚ where Γ˚ ñ pDyqA,∆˚ is previously associated with

Γñ pDyqA,∆ in G. We attach to R the node L˚ | Γ˚ ñ Arx{ys,∆˚ with the same variable x.

We carry over the associations with the new left-most node L˚ | Γ˚ ñ Arx{ys,∆˚ such that

Γ˚ ñ Arx{ys,∆˚ is associated with Γñ Arx{ys,∆.

• R has the form L˚ | Γ˚ ñ ∆˚ (with pDyqA absent on the right of ñ) where Γ˚ ñ ∆˚ is

previously associated with Γ ñ pDyqA,∆ in G. We attach R itself in this node and associate

it with L˚ | Γ˚ ñ Arx{ys,∆˚ such that Γ˚ ñ ∆˚ is associated with Γñ Arx{ys,∆.

Left D case: If the left-most leaf R takes the form

L | Γ, pDyqAñ ∆

we attach to G the node G | Γ, Arfpx̄q{ys ñ ∆ where f is a new function symbol and x̄ enumerates

all free variables appearing at the current stage of the tree.

For all other leaf R,

• R has the form L˚ | Γ˚, pDyqA ñ ∆˚ where Γ˚, pDyqA ñ ∆˚ is previously associated with

Γ, pDyqA ñ ∆ in G. We attach to R the node G˚ | Γ˚, Arfpx̄q{ys ñ ∆˚ with the same f and

x̄. We carry over the associations with the new left-most node L˚ | Γ˚, Arfpx̄q{ys ñ ∆˚ such

that Γ˚, Arfpx̄q{ys ñ ∆˚ is associated with Γ, Arfpx̄q{ys ñ ∆.

• R has the form L˚ | Γ˚ ñ ∆˚ (with pDyqA absent on the left of ñ) where Γ˚ ñ ∆˚ is
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previously associated with Γ, pDyqA ñ ∆ in G. We attach R itself in this node and associate

it with L˚ | Γ˚, Arfpx̄q{ys ñ ∆˚ such that Γ˚ ñ ∆˚ is associated with Γ, Arfpx̄q{ys ñ ∆.

Remark 13. The idea of the tree construction is rather simple while it is painful to give a precise

definition: we have branching when inverting connectives because of the ñÑ rule combines two

assumptions. We work backward using the left-most branch with the requirement that the other

branches synchronously copy the exact reversing steps from the left-most branch and skipping if the

principle formula is missing. Notice that hypersequent in right nodes are “sub-hypersequents" of the

left-most one.

Let h denote the max length of paths in TH. We define level sets collecting all nodes sharing the

same depth.

Definition 4.4.2 (Level Sets). For each i ď h, define

Xi :“ tσpiq : σ is a path in THu

The following lemma justifies Remark 13.

Lemma 4.4.3. Given hypersequent H and its tree TH with max depth h, we have the following

facts:

• The left-most path ends with a hypersequent with only atomic formulas.

• All paths in TH has length h.

• For each i ď h, say G and R are in Xi where G is in the left-most path. Then any formula

appearing in R also appears in G.

Proof. We prove by an induction on i. The tree construction terminates exactly when the left-

most leaf consists no Ñ and quantifiers. Tree construction on other branches always follow the

construction on the left-most branch, except missing certain formulas due to the Right Ñ case.

40



Given a valid hypersequent H, the level set Xi of TH keeps an approximate form of “satisfiability",

namely the following meta-judgment for all n:

“Dx̄p
ľ

GPXi

G 1
n
px̄qq"

Lemma 4.4.4. Say H is a valid hypersequent and i ď h. Then for any structure M and any natural

number n, the following inequality holds

inf
m̄PM

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

where x̄ are the free variables appearing in Xi.

Proof. We proceed by induction on i.

In the base case for i “ 1, we have that X1 “ tHu. Since H is valid and contains no free variable,

we have for each M and n that:

inf
m̄PM

pH 1
n
rm̄{x̄sqM “ pH 1

n
qM “ npHM ´

1

n
q ă n ¨HM ď 0

In the inductive case for i` 1, there are four cases based on the left-most node in Xi`1. Let M and

n be arbitary.

Right Ñ case: When the left-most node in Xi`1 takes the form L | Γ, Añ B,∆ with parent node

L | Γñ AÑ B,∆ in Xi, the induction hypothesis give

inf
m̄

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

It implies for each ϵ ą 0 there are m̄ PM such that

max
GPXi

pG 1
n
rm̄{x̄sqM ă ϵ
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In particular, we have that

pL 1
n
| Γñ 1

n
AÑ B,∆qrm̄{x̄sM ă ϵ

Since pAÑ BqM “ BM ´AM “ maxpBM ´AM, 0q, we have

maxppL 1
n
| Γ, Añ 1

n
B,∆qrm̄{x̄sM, pL 1

n
| Γñ 1

n
∆qrm̄{x̄sMq ă ϵ

and thus obtain two inequalities

pL 1
n
| Γ, Añ 1

n
B,∆qrm̄{x̄sM ă ϵ

pL 1
n
| Γñ 1

n
∆qrm̄{x̄sM ă ϵ

The first inequality covers L | Γ, A ñ B,∆ in Xi`1 and the second inequality covers the element

L | Γñ ∆ in Xi`1.

For the rest of elements in Xi`1, notice that there are two possibilities due to the definition of TH.

1. Nodes L˚ | Γ˚, Añ B,∆˚ and L˚ | Γ˚ ñ ∆˚ in Xi`1 have their parent node L˚ | Γ˚ ñ AÑ

B,∆˚ in Xi. We then also have

pL˚
1
n

| Γ˚ ñ 1
n
AÑ B,∆˚qrm̄{x̄sM ă max

GPXi

pG 1
n
rm̄{x̄sqM ă ϵ

In a similar proof, we derive the two desired inequalities pL˚
1
n

| Γ˚, A ñ 1
n
B,∆˚qrm̄{x̄sM ă ϵ

and pL˚
1
n

| Γ˚ ñ 1
n
∆˚qrm̄{x̄sM ă ϵ.

2. Node L˚ | Γ˚ ñ ∆˚ in Xi`1 has its parent node L˚ | Γ˚ ñ ∆˚ in Xi. We simply obtain

pL˚
1
n

| Γ˚ ñ 1
n
∆˚qrm̄{x̄sM ă max

GPXi

pG 1
n
rm̄{x̄sqM ă ϵ

Together, we have that pG 1
n
rm̄{x̄sqM ă ϵ holds for any G P Xi`1. Therefore, for any ϵ ą 0 there are
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m̄ such that

max
GPXi

pG 1
n
rm̄{x̄sqM ă ϵ

It implies the promised inequality

inf
m̄PM

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

Left Ñ case: When the left-most node in Xi`1 takes the form L | Γ, B ñ A,∆ | Γ ñ ∆ with

parent node L | Γ, AÑ B ñ ∆ in Xi, the induction hypothesis give

inf
m̄

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

Pick m̄ for each ϵ ą 0 such that

pL 1
n
| Γñ 1

n
AÑ B,∆qrm̄{x̄sM ď max

GPXi

pG 1
n
rm̄{x̄sqM ă ϵ

Since pAÑ BqM on the left of ñ and the hyper-connective | are both interpreted as minimum, we

compute

pL 1
n
| Γ, Añ 1

n
B,∆ | Γñ 1

n
∆qrm̄{x̄sM

“ minppL 1
n
| Γ, Añ 1

n
B,∆qrm̄{x̄sM, pL 1

n
| Γñ 1

n
∆qrm̄{x̄sMq

“ pL 1
n
| Γ, AÑ B ñ 1

n
∆qrm̄{x̄sM

ă ϵ

For other element R in Xi`1, we have pR 1
n
rm̄{x̄sqM ă ϵ by a similar argument as before. Thus, we

have for each ϵ there exists m̄ such that

max
GPXi

pG 1
n
rm̄{x̄sqM ă ϵ
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and consequently

inf
m̄PM

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

Right D case: When the left-most node in Xi`1 takes the form L | Γ ñ Arx{ys,∆ with parent

node L | Γñ pDyqA,∆ in Xi, pick m̄ for each ϵ ą 0 by induction hypothesis such that

pL 1
n
| Γñ 1

n
pDyqA,∆qrm̄{x̄sM ď max

GPXi

pG 1
n
rm̄{x̄sqM ă

ϵ

2

Since pDyqA is interpreted as an infinimum, there exists some m PM satisfying

Arm{y, m̄{x̄sM ă pDyqArm̄{x̄sM `
ϵ

2

We then compute

pL 1
n
| Γñ 1

n
A,∆qrm{y, m̄{x̄sM ă pL 1

n
| Γñ 1

n
pDyqA,∆qrm̄{x̄sM `

ϵ

2

ă
ϵ

2
`
ϵ

2

“ ϵ

For other element R in Xi`1, there are two possibilities.

1. Node L˚ | Γ˚ ñ Arx{ys,∆˚ in Xi`1 with its parent node L˚ | Γ˚ ñ pDyqA,∆˚ in Xi. We

have by induction hypothesis that

pL˚
1
n

| Γ˚ ñ 1
n
pDyqA,∆˚qrm̄{x̄sM ď max

GPXi

pG 1
n
rm̄{x̄sqM ă

ϵ

2

By using the samem, we similarly yield the desired inequality pL 1
n
| Γñ 1

n
Arx{ys∆qrm{x, m̄{x̄sM ă

ϵ.
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2. Node L˚ | Γ˚ ñ ∆˚ in Xi`1 has its parent node L˚ | Γ˚ ñ ∆˚ in Xi. We simply obtain

pL˚
1
n

| Γ˚ ñ 1
n
∆˚qrm̄{x̄sM ď max

GPXi

pG 1
n
rm̄{x̄sqM ă ϵ

Together, we conclude that pG 1
n
rm{x, m̄{x̄sqM ă ϵ holds for each G P Xi`1. Therefore, for any ϵ ą 0

there are tuples pm̄,mq such that

max
GPXi

pG 1
n
rm{x, m̄{x̄sqM ă ϵ

It implies the promised inequality

inf
mPM

inf
m̄PM

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

Left D case: When the left-most node in Xi`1 takes the form L | Γ, Arfpx̄q{ys ñ ∆ with parent

node L | Γ, pDyqAñ ∆ in Xi, the induction hypothesis give

inf
m̄

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

Pick m̄ for each ϵ ą 0 such that

pL 1
n
| Γ, pDyqAñ 1

n
∆qrm̄{x̄sM ď max

GPXi

pG 1
n
rm̄{x̄sqM ă ϵ

Since pDyqA is interpreted as a supremum on the left of ñ, we have that

pG 1
n
| Γ, Arfpx̄q{ys ñ 1

n
∆qrm̄{x̄sM ď pG 1

n
| Γ, pDyqAñ 1

n
∆qrm̄{x̄sM ă ϵ

For other element R in Xi`1, we have pR 1
n
rm̄{x̄sqM ă ϵ by a similar argument. Thus, we have for

each ϵ there exists m̄ such that

max
GPXi

pG 1
n
rm̄{x̄sqM ă ϵ
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and consequently

inf
m̄PM

max
GPXi

pG 1
n
rm̄{x̄sqM ď 0

Notice that Xh consists of hypersequents with no quantifiers. For any given n, the above Lemma

4.4.4 applying to Xh yields

sup
M

inf
m̄PM

max
GPXh

pG 1
n
rm̄{x̄sqM ď 0

It can be viewed as a meta-Σ0
1-judgment stating

“pDx̄qp
ľ

GPXh

G 1
n
px̄qq”

where
Ź

GPXh
G 1

n
px̄q is quantifier-free. We will adopt an approximate version of Herbrand’s Theorem

to find Herbrand witnesses.

Theorem 4.4.5 (Approximate Herbrand Theorem). Suppose X is a finite set of quantifier-free

hypersequents with shared free variables x̄ and n is a natural number. Then there are terms t̄1, . . . , t̄k

such that

sup
M

min
1ďiďk

max
GPX

pGrt̄i{x̄sMq ă sup
M

inf
m̄PM

max
GPX

pGrm̄{x̄sMq ` 1

n

If we additionally have that

sup
M

inf
m̄PM

max
GPX

pGrm̄{x̄sMq ď 0

then the hypersequent

G1
1
n

rt̄1{x̄s | ¨ ¨ ¨ | Gk
1
n

rt̄k{x̄s

is valid for each G1, . . . ,Gk P X.

Proof. We generalize the proof appearing in Baaz and Metcalfe (2010). Let P collect all formulas of
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the form rpt̄q where r is a relation symbol and t̄ are terms in the language. Notice that a structure

M is uniquely associated with a map vM P r0, 1sP . For simplicity, let

d :“ sup
M

inf
m̄PM

max
GPX

pGrm̄{x̄sqM

Given arbitrary term t̄, we define

Spt̄q :“ tvM P r0, 1sP : max
GPX

pGrt̄{x̄sMq ě d`
1

n
u

“
ď

GPX

tvM P r0, 1sP : pGrt̄{x̄sMq ě d`
1

n
u

All Spt̄q are closed subsets of r0, 1sP because Ñ, ñ, and | are interpreted as continuous functions

on R with absence of quantifiers in G and finite unions of closed sets are still closed. Define

S :“ tSp⃗tq | t̄ is a termu Ď Ppr0, 1sP q

Suppose towards a contradiction that there are no finite list of terms t̄1, . . . , t̄k satisfying

sup
M

min
i

max
GPX

pGrt̄i{x̄sqM ă d`
1

n

Then for any given list of terms t̄1, . . . , t̄k, there exists a structure M such that

max
GPX

pGrt̄i{x̄sqM ě d`
1

n

for all 1 ď i ď k. Hence, vM P
Ş

i Spt̄iq and we have shown that S has the finite intersection

property.

Since S is a collection of closed subsets of r0, 1sP with finite intersection property and r0, 1sP is a

compact space by Tychonoff’s Theorem,
Ş

S is nonempty and thus there exists a structure M such
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that maxGPXpGrt̄{x̄sMq ě d` 1
n for all terms t̄. It would particularly imply that

inf
m̄PM

max
GPX

pGrm̄{x̄sMq ě d`
1

n

“ sup
M

inf
m̄PM

max
GPX

pGrm̄{x̄sqM ` 1

n

ą sup
M

inf
m̄PM

max
GPX

pGrm̄{x̄sqM

which itself is a contradiction. Therefore, there must exist a list of Herbrand terms t̄1, . . . , t̄k as

promised.

If furthermore we have supM infm̄PM maxGPXpGrm̄{x̄sqM ď 0, then for any given G1, . . . ,Gk in X we

have that

pGi
1
n

rt̄i{x̄s
Mq ď max

GPX
pG 1

n
rt̄i{x̄s

M

Therefore,

sup
M

min
1ďiďk

pGi
1
n

rt̄i{x̄s
Mq ď sup

M
min
i

max
GPX

pG 1
n
rt̄i{x̄s

Mq

“ sup
M

min
i

max
GPX

pn ¨ pGrt̄i{x̄sMq ´ 1q

“ n ¨ sup
M

min
i

max
GPX

ppGrt̄i{x̄sMq ´
1

n
q

ă n ¨ sup
M

inf
m̄PM

max
GPX

pGrm̄{x̄sqM

ď 0

which exactly means that G1
1
n

rt̄1{x̄s | ¨ ¨ ¨ | Gk
1
n

rt̄k{x̄s is a valid hypersequent.

Applying the above Theorem 4.4.5 to Xh, we arrive at some Herbrand witnesses t̄1, . . . , t̄k such that

the following hypersequent consisting of only atomic formulas

G1
1
n

rt̄1{x̄s | ¨ ¨ ¨ | Gk
1
n

rt̄k{x̄s
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is valid for each G1, . . . ,Gk in Xh. From now on, we omit x̄ and denote it as

G1
1
n

pt̄1q | ¨ ¨ ¨ | Gk
1
n

pt̄kq

to simplify the notation.

The hypersequents G1
1
n

pt̄1q | ¨ ¨ ¨ | Gk
1
n

pt̄kq are derivable by Strong Completeness Theorem 3.4.3 for GŁ.

We will recover H 1
n

by re-introducing connectives following the reverse order of the Skolemization

tree TH. For that purpose, we need the following admissible rules that handle introduction rules for

connectives in the sense of ñ 1
n
.

Lemma 4.4.6. The followings are derivable rules in GŁ and GŁ@ for any n.

G | Γñ ∆
mulG | nΓñ n∆

G | nΓñ n∆
divG | Γñ ∆

Proof. The mul rule is simply an application of mix of n-copies of G | Γñ ∆. The div is the result

of applying split and ec.

Lemma 4.4.7. We have left and right introduction rules for Ñ in the sense of ñ 1
n

for any n.

G | Γ, B ñ 1
n
A,∆ | Γñ 1

n
∆
Ññ 1

nG | Γ, AÑ B ñ 1
n
∆

G | Γ, Añ 1
n
B,∆ G | Γñ 1

n
∆
ñ 1

n
Ñ

G | Γñ 1
n
AÑ B,∆

Proof. The Ññ 1
n

rule can be derived by iterating the following derivable rules and apply ec.

G | Γ, B ñ A,∆
ew

G | Γ, B ñ A,∆ | Γñ ∆
Ññ

G | Γ, AÑ B ñ ∆

and

G | Γñ ∆
wlG | Γ, AÑ B ñ ∆

For the ñ 1
n
Ñ rule, we first notice that G | K, nΓ, iAñ iB, n∆ is derivable for any 0 ă i ă n.
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G | K, nΓ, nAñ nB, n∆
mulG | iK, niΓ, niAñ niB, nk∆

G | K, nΓñ n∆
mulG | pn´ iqK, npn´ iqΓñ npn´ iq∆
mix

G | nK, n2Γ, niAñ niB, n2∆
divG | K, nΓ, iAñ iB, n∆

For each i and j, we have

G | K, nΓ, pi` 1qAñ pi` 1qB, jpAÑ Bq, n∆ G | K, nΓ, iAñ iB, jpAÑ Bq, n∆

G | K, nΓ, iAñ iB, pj ` 1qpAÑ Bq, n∆

We thus have a derivation of G | K, nΓñ npAÑ Bq, n∆ by a recursion on j.

Lemma 4.4.8. We have left and right introduction rules for D in the sense of ñ 1
n

for any n. For

the left rule, we require that c is not free in Γ, ∆, and G.

G | Γ, Apcq ñ 1
n
∆

D ñ 1
nG | Γ, pDxqArx{cs ñ 1

n
∆

G | Γñ 1
n
Aptq,∆

ñ 1
n
D

G | Γñ 1
n
pDxqArx{ts,∆

(This lemma and a similar proof also appeared in Gerasimov (2020)).

Proof. In the case of D ñ 1
n
, take fresh new variables x1, . . . , xn. We have deductions G | K, nΓ, nApxiq ñ

n∆ for each i by substituting x with xi. We thus have the following derivation for G | K, nΓ, npDxqAñ

n∆.

n
hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

G | K, nΓ, nApx1q ñ n∆ ¨ ¨ ¨ G | K, nΓ, nApxnq ñ n∆
mix

G | nK, n2Γ, n2Apx1q, . . . , n2Apxnq ñ n2∆
split

G |
n

hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

K, nΓ, Apx1q, . . . , Apxnq ñ n∆ | ¨ ¨ ¨ | K, nΓ, Apx1q, . . . , Apxnq ñ n∆
ec

G | K, nΓ, Apx1q, . . . , Apxnq ñ n∆
D ñG | K, nΓ, npDxqAñ n∆

The ñ 1
n
D rule can be derived by simply iterating ñ D, since there is no eigen-conditions.

Now we are ready to present the main result. We need a few definitions to label hypersequents to

keep track of the order of connective introductions.
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Definition 4.4.9. Let a valid hypersequent H with no free variables, its tree TH and leafs Xh defined

as above, Herbrand witnesses t̄1, . . . , t̄k for x̄ from Lemma 4.4.5, and arbitrary natural number n be

given.

A labeled hypersequent is of the form Gσ where G is a hypersequent and σ is a path in TH such

that the following holds

• G “ L 1
n
pt̄iq where L is the last node of σ and t̄i is some Herbrand witness.

A multi-labeled hypersequent G is a multiset of labeled hypersequents of the form

Gσ1
1 | ¨ ¨ ¨ | Gσl

l

where 0 ď l ď k. We also refer Gσi
i as a component of G.

We say a labeled hypersequent Gσ is derivable if G is derivable; a multi-labeled hypersequent Gσ1
1 |

¨ ¨ ¨ | Gσk
k is derivable if G1 | ¨ ¨ ¨ | Gk is derivable.

The stage of a multi-labeled hypersequent Gσ1
1 | ¨ ¨ ¨ | Gσk

k is the tuple p|σ1|, . . . , |σk|q where |σi| is the

length of path σi in tree TH. The size of Gσ1
1 | ¨ ¨ ¨ | Gσk

k is
ř

1ďiďk |σi|.

Definition 4.4.10. Given a finite set X of multi-labeled hypersequents, we say X is well-formed

if the following conditions hold:

1. There exists some element G such that each label in G is an initial segment of the left-most

path in TH. We call G the left-most element.

2. For any element G | Lσ | L in X where σ extends some path η " pG | Γ ñ A Ñ B,∆q "

pG | Γ, A ñ B,∆q in TH, there exists some element G | Rτ | L in X such that τ extends

η " pG | Γñ AÑ B,∆q" pG | Γñ ∆q.

3. Every element of X has the same number of components and the same stage.

4. Every element of X is derivable in GŁ@.
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We define µpXq the size of X to be the size of its left-most element.

The prototype of a well-formed set is the following:

Definition 4.4.11. Define the following set of multi-labeled hypersequents

X0 :“ tpG1
1
n

pt̄1qq
σ1 | ¨ ¨ ¨ | pGk

1
n

pt̄kqq
σk : Gi P Xh and σi is the maximal path ending with Giu

and a left-most element in X0

G0 :“ pG 1
n
pt̄1qq

σ | ¨ ¨ ¨ | pG 1
n
pt̄kqq

σ

where σ is the left-most maximal path in TH ending with G.

Lemma 4.4.12. The set X0 is well-formed.

Proof. We verify each condition in Definition 4.4.10.

1. G0 is by definition a left-most element.

2. X0 enumerates all paths in TH with any combination of witnesses. Hence, for any G | Gσ in

X0 where σ extends some left branch at a split in TH, say τ is a path in TH extending the

right branch and ending with R. Then G | Lτ is also in X0 by design.

3. Elements of X0 all have the same stage ph, . . . , hq by Lemma 4.4.3 and k-many components.

4. Since X0 consists of valid quantifier-free hypersequents by Lemma 4.4.5, its elements are

derivable in GŁ by Theorem 3.4.3 and thus also derivable in GŁ@.

Starting from X0, we will iteratively perform a reduction of labels in X0 until all labels are of the

shortest form pHq.
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Definition 4.4.13. We define a function F on well-formed sets of multi-labeled hypersequents X

with left-most element G by the following. The order can be arbitrarily chosen if multiple conditions

are satisfied.

(1): If G contains a component of the form Lσ where

σ “ η " pG | Γ, AÑ B ñ ∆q" pG | Γ, B ñ A,∆ | Γñ ∆q

L “ pG 1
n
| Γ, B ñ 1

n
A,∆ | Γñ 1

n
∆qpt̄iq

For simplicity, we write G as L | Lσ since multi-labeled hypersequents are multisets of labeled

hypersequents.

By well-formedness of X, L | Lσ is derivable. Now consider the following proof using Lemma 4.4.7

(without labels)

L | pG 1
n
| Γ, B ñ 1

n
A,∆ | Γñ 1

n
∆qpt̄iq

Ññ 1
nL | pG 1

n
| Γ, AÑ B ñ 1

n
∆qpt̄iq

We first replace G in X with the derived hypersequent with a shorter label

L | ppG 1
n
| Γ, AÑ B ñ 1

n
∆qpt̄iqq

η"pG|Γ,AÑBñ∆q

For other elements R in X with component pL˚qσ
˚ associated with Lσ in G, we denote R as L˚ |

pL˚qσ
˚ . There are two cases due to the construction in TH in Definition 4.4.1.

• When pL˚qσ
˚ takes the following form

σ˚ “ η˚ " pG˚ | Γ˚, AÑ B ñ ∆˚q" pG˚ | Γ˚, B ñ A,∆˚ | Γ˚ ñ ∆˚q

L˚ “ pG˚
1
n

| Γ˚, B ñ 1
n
A,∆˚ | Γ˚ ñ 1

n
∆˚qpt̄iq
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We derive the following from L˚ | L˚ similarly to the case for G

L˚ | ppG˚
1
n

| Γ˚, AÑ B ñ 1
n
∆˚qpt̄iqq

η˚"pG˚|Γ˚,AÑBñ∆˚q

and replace R in X with it.

• When pL˚qσ
˚ takes the following form L˚ | pL˚qσ

˚ where

σ˚ “ η˚ " pG˚ | Γ˚ ñ ∆˚q" pG˚ | Γ˚ ñ ∆˚q

L˚ “ pG˚
1
n

| Γ˚ ñ 1
n
∆˚qpt̄iq

We replace R with

L˚ | ppG˚
1
n

| Γ˚ ñ 1
n
∆˚qpt̄iqq

η˚"pG˚|Γ˚ñ∆˚q

Now we define F pXq to be the result of substituting G and other elements in X. We check F pXq is

still well-formed.

• Property (1) is clear as the replacement of G is still a left-most element.

• The only way Property (2) fails is when we remove labels on the right branch of a split while

keeping the left branch. Since we do not remove any label of a split at this stage, Property (2)

holds for F pXq given that it holds for X.

• Elements in F pXq are kept with the same number of components and the same stage.

• Elements in F pXq are all provided with a derivation.

(2): If the condition in p1q fails and G is of the form L | Lσ where

σ “ η " pG | Γñ DyA,∆q" pG | Γñ Arx{ys,∆q

L “ pG 1
n
| Γñ 1

n
Arx{ys,∆qpt̄iq
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By well-formedness of X, L | Lσ is derivable. Consider the following proof using Lemma 4.4.8

L | pG 1
n
| Γñ 1

n
Arx{ys,∆qpt̄iq

ñ 1
n
D

L | pG 1
n
| Γñ 1

n
DyA,∆qpt̄iq

We then replace G in X with the derived hypersequent with a shorter label

L | ppG 1
n
| Γñ 1

n
DyA,∆qpt̄iqq

η"pG|ΓñDyA,∆q

For other elements R in X, we similarly replace it with either

L˚ | ppG˚
1
n

| Γ˚ ñ 1
n
DyA,∆˚qpt̄iqq

η˚"pG˚|Γ˚ñDyA,∆˚q

or

L˚ | ppG˚
1
n

| Γ˚ ñ 1
n
∆˚qpt̄iqq

η˚"pG˚|Γ˚ñ∆˚q

according to its cases.

Define F pXq to be the result of substituting G and other elements in X. By a similar argument as

in p1q, F pXq remains to be well-formed.

(3): If conditions in p1q and p2q fail and G is of the form L | Lσ where

σ “ η " pG | Γñ AÑ B,∆q" pG | Γ, Añ B,∆q

L “ pG 1
n
| Γ, Añ 1

n
B,∆qpt̄iq

Notice that σ cannot be the right branch of a split due to the choice of G being the left-most element.

Since X is well-formed, L | Lσ is derivable. Furthermore, the multi-labeled hypersequent L | Rτ

where

τ “ η " pG | Γñ AÑ B,∆q" pG | Γñ ∆q

R “ pG 1
n
| Γñ 1

n
∆qpt̄iq
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exists in X by condition (2) and (3) of X being well-formed. Therefore, L | Rτ is also derivable.

Now consider the following proof using Lemma 4.4.7

L | pG 1
n
| Γ, Añ 1

n
B,∆qpt̄iq L | pG 1

n
| Γñ 1

n
∆qpt̄iq

ñ 1
n
Ñ

L | pG 1
n
| Γñ 1

n
AÑ B,∆qpt̄iq

We then replace both L | Lσ and L | Rτ in X with

L | ppG 1
n
| Γñ 1

n
AÑ B,∆qpt̄iqq

η"pG|ΓñAÑB,∆q

For other elements R in X with pL˚qσ
˚ associated with Lσ, there are two cases.

• R is of the form L˚ | pL˚qσ
˚ where

σ˚ “ η˚ " pG˚ | Γ˚ ñ AÑ B,∆˚q" pG˚ | Γ˚, Añ B,∆˚q

L˚ “ pG˚
1
n

| Γ˚, Añ 1
n
B,∆˚ | Γ˚ ñ 1

n
∆˚qpt̄iq

By well-formedness again, X contains some unique element L˚ | pR˚qτ
˚ such that

τ˚ “ η˚ " pG˚ | Γ˚, AÑ B ñ ∆˚q" pG˚ | Γ˚ ñ ∆˚q

R˚ “ pG˚
1
n

| Γ˚ ñ 1
n
∆˚qpt̄iq

We similarly derive the following

L˚ | ppG˚
1
n

| Γ˚ ñ 1
n
AÑ B,∆˚qpt̄iqq

η˚"pG˚|Γ˚ñAÑB,∆˚q

and replace both L˚ | pL˚qσ
˚ and L˚ | pR˚qτ

˚ in X with it.

• R is of the form L˚ | pL˚qσ
˚ where

σ˚ “ η˚ " pG˚ | Γ˚ ñ ∆˚q" pG˚ | Γ˚ ñ ∆˚q

L˚ “ pG˚
1
n

| Γ˚ ñ 1
n
∆˚qpt̄iq

56



We replace R with the following

L˚ | ppG˚
1
n

| Γ˚ ñ 1
n
∆˚qpt̄iqq

η˚"pG˚|Γ˚ñ∆˚q

Define F pXq to be the result of substituting G and other elements in X. Now we check well-

formedness of F pXq:

• Property (1) is clear as the replacement of G is still a left-most element.

• The only way Property (2) fails is when we remove labels on the right branch at a split while

keeping the left branch. Since we simultaneously remove both branching labels, Property (2)

for F pXq is preserved.

• Elements in F pXq are kept with the same number of components and the same stage.

• Elements in F pXq are all provided with a derivation.

(4): If conditions in p1q, p2q, and p3q fail, then components of G must have labels either pHq or of

the form

η " pG | Γ, DyAñ ∆q" pG | Γ, Arfpx̄q{ys ñ ∆q

Assume not all labels are pHq and say G is of the form

Lσ1
1 | ¨ ¨ ¨ | Lσk

k

and let fipx̄iq be the corresponding Skolem function (add a dummy function in the case of pHq label).

Then each Li is either H 1
n

or of the form

ppGiq 1
n
| Γi, Airfipx̄iq{yis ñ 1

n
∆iqrt̄i{x̄s

By construction, x̄i enumerates all free variables in Li before substitution and thus t̄i enumerates

57



all unbounded terms in Li except fipx̄iqrt̄i{x̄s. Hence, fipx̄iqrt̄i{x̄s does not appear elsewhere in Li

otherwise fipx̄iqrt̄i{x̄s would be a subterm of t̄i.

We now take m such that fmpx̄mqrt̄m{x̄s is not a proper subterm of any fipx̄iqrt̄i{x̄s. If there exists

j ‰ m such that

fmpx̄mqrt̄m{x̄s “ fjpx̄jqrt̄j{x̄s

then we must have σm “ σj and thus Lm “ Lj since the witness t̄m and t̄j are identified at the label

σm. Let j1, . . . , jl enumerate all such j ‰ m and write

G “ L | Lσm
m | Lσj1

j1
| ¨ ¨ ¨ | Lσjl

jl

We remove all such identical labeled hypersequents from G by using ec since Lm “ Lj1 “ ¨ ¨ ¨ “ Ljl .

L | Lm | Lj1 | ¨ ¨ ¨ | Ljl ec
L | Lm

Now we have that fmpx̄mqrt̄m{x̄s does not appear elsewhere in the entire L | Lm. We can introduce

Dym by using Lemma 4.4.8 and add back Lj1 , . . . ,Ljl by ew.

L | ppGmq 1
n
| Γm, Amrfpx̄mq{yms,ñ 1

n
∆mqpt̄mq

D ñ 1
nL | ppGmq 1

n
| Γm, DymAm,ñ 1

n
∆mqpt̄mq

ew
L | ppGmq 1

n
| Γm, DymAm,ñ 1

n
∆mqpt̄mq | Lj1 | ¨ ¨ ¨ | Ljl

In comparison to the initial label σm in G

σm “ ηm " pGm | Γm, DymAm ñ ∆mq" pGm | Γm, Amrfmpx̄mq{yms ñ ∆mq

we replace G with

L | pppGmq 1
n
| Γm, DymAm,ñ 1

n
∆mqpt̄mqq

ηm"pGm|Γm,DymAmñ∆mq | Lσj1
j1
| ¨ ¨ ¨ | Lσjl

jl

For other elements R in X, there are two cases.

58



• R is of the form L˚ | pL˚
mq

σm
˚ where σ˚

m has the form

η˚
m " pG˚

m | Γ
˚
m, DymAm ñ ∆˚

mq" pG˚
m | Γ

˚
m, Amrfmpx̄mq{yms ñ ∆˚

mq

Applying ec to components j that are identical to component m and notice that then fmpx̄mqrt̄m{x̄s

now still satisfies the eigen-condition because R does not contains more terms than G due to

Lemma 4.4.3. Hence, we can apply D ñ 1
n

and ew to obtain

L˚ | pppG˚
mq 1

n
| Γ˚

m, DymAm ñ 1
n
∆˚

mqpt̄mqq
η˚
m"pG˚

m|Γ˚
m,DymAmñ∆˚

mq

and replace R with it.

• R is of the form L˚ | pL˚
mq

σm
˚ where σ˚

m has the form

η˚
m " pG˚

m | Γ
˚
m ñ ∆˚

mq" pG˚
m | Γ

˚
m ñ ∆˚

mq

We replace R with the following

L˚ | pppG˚
mq 1

n
| Γ˚

m ñ 1
n
∆˚qpt̄iqq

η˚
m"pG˚

m|Γ˚
mñ∆˚

mq

Define F pXq to be the result of substituting G and other elements in X. Similar to the case in (1)

and (2), F pXq remains to be well-formed.

(5): If all previous conditions fail, then F pXq “ X. Notice that by the construction of TH, the

left-most element G in X must have all its labels to be pHq in this case.

Lemma 4.4.14. Given any well-formed set X, either µpF pXqq ă µpXq or the left-most element in

X only has labels taking form of pHq.

Proof. Proof by induction on the construction of F , since F always reduce labels except in case (5)

where the left-most element in X only has labels as pHq.
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Theorem 4.4.15 (Strong Completeness of GŁ@). If H is a valid first-order hypersequent sequent,

then H 1
n

is derivable in GŁ@ for all n.

Proof. Let H and n be given. We consider its tree TH with free variables x̄ and its leaf set Xh. By

Lemma 4.4.4 and Lemma 4.4.5 applying to TH and Xh, there exist terms t̄1, . . . , t̄k such that

G1
1
n

pt̄1q | ¨ ¨ ¨ | Gk
1
n

pt̄kq

is valid hypersequent for any G1, . . . , Gk P Xh.

Define X0 as in Definition 4.4.11 and it is well-formed by Lemma 4.4.12. We now apply F as in

Definition 4.4.13 recursively to X0. By Lemma 4.4.14, there exists some finite t such that the left-

most element G of F tpXq has only labels as pHq. By well-formedness of F tpXq, we have a derivation

of

G “ pH 1
n
pt̄1qq

pHq | ¨ ¨ ¨ | pH 1
n
pt̄kqq

pHq “ HpHq
1
n

| ¨ ¨ ¨ | HpHq
1
n

since H has no free variables. We then derive H 1
n

by ec.

H 1
n
| ¨ ¨ ¨ | H 1

n ecH 1
n

The main claim in Baaz and Metcalfe (2010) is now a corollary by noticing ñ A ‘

n
hkkkkkkikkkkkkj

Ad ¨ ¨ ¨ dA is

derivable from ñ 1
n
A.

Corollary 4.4.16. The followings are equivalent for arbitrary first-order formula A:

1. A is a valid formula in the standard r0, 1s-semantics.

2. ñ A‘

n
hkkkkkkikkkkkkj

Ad ¨ ¨ ¨ dA is derivable in Ł@ for all n.

3. A is a valid formula in the affine r0, 1s-semantics.

60



4. ñ 1
n
A is derivable in GŁ@ for all n.

5. ñ A‘

n
hkkkkkkikkkkkkj

Ad ¨ ¨ ¨ dA is derivable in GŁ@ for all n.

Corollary 4.4.17. GŁ@ together with the following infinitary rule

H 1
n

for all n
apx

H

is complete with respect to the affine r0, 1s-semantics.

Corollary 4.4.18. If H is derivable from GŁ@ with cut, then H 1
n

is derivable from GŁ@ without

cut for all n P N.

Proof. The cut rule is sound with respect to the affine r0, 1s-semantics.

Corollary 4.4.19. The infinitary GŁ@ with the apx rule admits cut.
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CHAPTER 5

FURTHER DIRECTIONS

We end this thesis by pointing out a few future research directions.

First, we can generalize the affine r0, 1s-semantics and hypersequent calculi to continuous logic to

obtain similar approximate completeness, as well as other proof-theoretic results. It might also

show directions to other desired properties for continuous logic, such as Herbrand’s Theorem and

Skolemization. We might expect a stronger form of Herbrand’s Theorem since an infinimum over a

compact metric space is always attained.

Second, it should be possible to strengthen the cut admissibility in Corollary 4.4.18 to a cut elimi-

nation procedure. The main obstacle is that Herbrand witnesses from Theorem 4.4.5 are obtained

from a proof by contradiction and Tychonoff’s theorem, an equivalent form of countable Choice,

and thus bear no information. We might be able to find an more effective proof of this theorem by

the means of proof mining similar to Gerhardy and Kohlenbach (2005).

Lastly, Łukasiewicz logic and continous logic are non-constructive logics in the sense that pA Ñ

Bq _ pB Ñ Aq is derivable. Another source of non-constructiveness comes from contraction in the

Hilbert-style system and the ec rule in Gentzen-style system. One might expect an “intuitionistic"

Łukasiewicz logic by removing ec from GŁ. A development of the intuitionistic proof system and

semantics, together with some form of the double-negation translation and realizability might be

possible and have great potentials in proof mining for continuous model theory. Notice that a system

of intuitionistic Łukasiewicz logic was already investigated in Arthan and Oliva (2019) where their

removed the double-negation elimination from Ł, which is a rather different approach.
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