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ABSTRACT

EMPOWERING RCT WITH MULTI-SITE MULTI-SOURCE RWD: A STATISTICAL
LEARNING PERSPECTIVE

Dazheng Zhang

Yong Chen

Randomized controlled trials (RCTs) are recognized for their ability to minimize confounding
through randomization, thereby establishing robust causal inferences in clinical research. However,
the stringent protocols and limited sample sizes typical of RCTs can restrict statistical efficiency
and the scope of inference. In contrast, real-world data (RWD), such as electronic health records
(EHRs), capture broader and more representative populations but introduce challenges including
bias, missing data, and the lack of randomization. Integrating these data sources effectively can
enhance both statistical efficiency and external validity, yet it requires overcoming issues such as
heterogeneity across clinical sites, bias from unmeasured confounding, and model shifts between

trial and real-world populations.

The overarching goal of this dissertation is to develop and validate robust analytical frameworks
that address the limitations of using RWD in federated learning and its integration with RCTs.
This work is organized around three interconnected aims. The first aim focuses on the development
of one-shot distributed algorithms designed to analyze competing risks data across decentralized
distributed research networks, explicitly addressing data heterogeneity to generate high-quality real-
world evidence that informs clinical decision-making. In settings where event rates are extremely
rare, this aim further introduces a distributed Firth-corrected inference method utilizing a two-round

communication strategy to improve estimation accuracy.

The second aim addresses the challenge of time-varying effect of unmeasured confounding by propos-
ing a novel negative control-calibrated difference-in-differences (NC-DiD) methodology. By inte-

grating negative control outcomes, this approach systematically detects, quantifies, and corrects for

v



biases, thereby enhancing the validity of causal inferences drawn from EHR data. Its application to
evaluate racial and ethnic differences in post-acute sequelae of COVID-19 among pediatric popula-
tions demonstrates significant improvements in bias correction and estimation reliability compared

to conventional methods.

The third aim combines RCTs with RWD to enhance statistical efficiency and accelerate clinical
trials. This is achieved through the development of the Negative Control-Calibrated Digital Twin
framework, which constructs individualized digital twins from RWD-—calibrated via negative control
outcomes—to mitigate model shift bias between trial and real-world populations. Empirical vali-
dation using neuroimaging data from the SPRINT-MIND trial alongside data from the iSTAGING

Consortium confirms significant enhancements in statistical efficiency and robustness.

Overall, the contributions of this dissertation provide novel methodological insights and practical
tools that advance the integration of RCT and RWD, ultimately improving causal inference and the

external validity of clinical research.
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CHAPTER 1

INTRODUCTION

1.1. Motivation for Chapter 2

Federated research networks provide the potential for collaborative analysis of large-scale, decen-
tralized data without sharing individual-level information. However, the presence of heterogeneity
across clinical sites can significantly bias findings. Chapter 2 addresses the urgent need for com-
putationally efficient, privacy-preserving methods capable of analyzing competing risks data across
decentralized clinical sites. By developing a novel “one-shot distributed algorithm” (ODACoRH),
this chapter aims to improve the accuracy and efficiency of federated analyses. The practical rel-
evance and utility of this method are demonstrated through its application to pediatric Crohn’s

disease and otitis media, establishing its validity and broad applicability.

1.2. Motivation for Chapter 3

Although federated learning methods have advanced, biases remain problematic, particularly when
dealing with rare-event data. Rare diseases, despite low prevalence, demand accurate and unbiased
estimations due to their clinical severity and implications for patient care. Chapter 3 introduces
a bias-corrected federated learning framework employing the distributed Firth estimator, specifi-
cally tailored to rare-event contexts. This methodology significantly mitigates first-order bias in
distributed inference, enhancing the reliability of federated learning results in rare disease scenarios.
The practical relevance is demonstrated through a critical application to eosinophilic granulomatosis
with polyangiitis, showcasing improved accuracy and reduced bias compared to existing federated

learning methods.
1.3. Motivation for Chapter 4

Unmeasured confounding remains a critical obstacle when drawing causal inferences from obser-
vational RWD. Traditional difference-in-differences (DiD) analyses hinge upon the assumption of
parallel trends, which is frequently violated in practice, potentially compromising validity. Chapter

4 addresses this by proposing a novel Negative Control-Calibrated Difference-in-Differences (NC-



DiD) methodology. This approach uses negative control outcomes to systematically detect, quantify,
and correct for unmeasured confounding biases, significantly improving causal inference validity. Its
application to assessing racial and ethnic differences in COVID-19 sequelae among pediatric popu-
lations demonstrates substantial methodological improvement and its significant potential to inform

clinical and public health interventions.
1.4. Motivation for Chapter 5

Post-acute sequelae of SARS-CoV-2 infection (PASC), or "long COVID," significantly impacts pe-
diatric populations. Yet, limited knowledge exists regarding racial and ethnic differences in PASC
among children and adolescents. This chapter addresses this knowledge gap using data from the
RECOVER Initiative, encompassing diverse pediatric cohorts across multiple institutions. Employ-
ing a novel Negative Control-Calibrated Difference-in-Differences (NC-DiD) method, the research

identifies racial/ethnic differences in pediatric PASC attributable specifically to COVID-19.
1.5. Motivation for Chapter 6

RCTs, despite their robustness, often struggle with limited sample sizes and external validity. Inte-
grating RWD into RCTs can theoretically alleviate these limitations but introduces risks of model
shift and related biases. Chapter 5 innovatively proposes a Negative Control-Calibrated Digital
Twin framework, designed to rigorously combine RCTs with multi-site, multi-source RWD. By con-
structing individualized "digital twins" calibrated through negative control outcomes, this method
significantly enhances statistical efficiency and robustness against model-shift bias. Validation us-
ing neuroimaging data from the SPRINT-MIND trial and the iSTAGING Consortium demonstrates
remarkable improvements in efficiency and external validity, indicating strong potential for future

clinical trial designs.

Collectively, this dissertation not only presents novel statistical methodologies but also delivers
practical tools and insights for the effective integration of RCTs and RWD, ultimately enhancing

causal inference, efficiency, and generalizability in clinical research.



CHAPTER 2

ONE-SHOT DISTRIBUTED ALGORITHMS FOR ADDRESSING HETEROGENEITY
IN COMPETING RISKS DATA ACROSS CLINICAL SITES

2.1. Introduction

Real-world evidence (RWE) refers to data collected in environments outside of the controlled set-
ting of randomized clinical trials, including electronic health records (EHRs), claims databases, and
patient registries (Shea and Hripcsak, 2010; Sherman et al., 2016; Friedman et al., 2010). For ex-
ample, EHRs comprise digital records of patient clinical information that clinicians can use to make
informed decisions, generate knowledge, and predict future health risks (Sherman et al., 2016). In
recent years, there has been a surge in the development of RWE distributed research networks
(DRN), such as the Observational Health Data Sciences and Informatics (OHDSI) (Hripcsak et al.,
2015) and the Stakeholders, Technology, and Research Clinical Research Network (STAR-CRN)
(STAR Clinical Research Network, n.d.). These networks provide richer data sources and larger
sample sizes, allowing for better generalization and higher statistical power compared with using
the data from a single hospital. Additionally, the temporal information (i.e., time-to-event data)
of clinical outcomes or events presented in these networks enables the identification of disease
progression patterns over time, providing clinicians with valuable insights for timely personalized

medication, and assessing the timing and probability of adverse events in drug evaluation.

RWE offers a valuable opportunity to perform rigorous time-to-event analyses, serving as a crucial
resource to inform and guide clinicians in their practice. However, using data obtained from mul-
tiple clinical sites to study time-to-event outcomes can pose several statistical challenges. Firstly,
individual-level data cannot be shared across decentralized networks (e.g., OHDSI), and only aggre-
gated data are allowed to be shared between sites or hospitals. Secondly, transferring and retrieving
data across sites requires human intervention, which can be time-consuming and inefficient. To ad-
dress the two challenges above, a number of communication-efficient federated algorithms have been

proposed (Shu et al., 2020; Duan et al., 2018, 2020a,b; Edmondson et al., 2021, 2022; Liu et al.,



2022; Tong et al., 2022; Luo et al., 2022b; Wu et al., 2023; Tong et al., 2024; Zhang et al., 2024).
However, the third challenge which has not been addressed in the literature until recently is data
heterogeneity. In particular, patient characteristics such as age or ethnicity can vary based on factors
such as geographical location, cultural norms, and socioeconomic status, leading to biased results
if ignored (Tong et al., 2019; Duan et al., 2022). To overcome these challenges in data sharing,
communication cost, and heterogeneity, a new algorithm for time-to-event analysis called ODACH
has been developed (Luo et al., 2022a). It is a one-shot distributed algorithm for the Cox model
that accounts for between-site heterogeneous baseline hazard function without sharing patient-level

data.

Current algorithms used to study time-to-event outcomes in medicine have been focusing on a single
event. On the other hand, EHRs capture multiple types of events, where studying these events con-
currently offers a comprehensive understanding of patient care and informs better clinical decisions.
Ignoring multiple events and fitting a standard univariate time-to-event model can introduce bias
(Haneuse and Lee, 2016), making it important to study multiple events simultaneously. Pediatric
Crohn’s Disease (PCD) provides an exceptional example of why multiple events should be consid-
ered, as it has three different phenotypes: inflammatory, stricturing, and penetrating (Levine et al.,
2011). Patients with PCD often progress from the inflammatory phenotype to stricturing or pene-
trating disease over time. By studying all three phenotypes simultaneously, researchers can better

understand the full disease trajectory and the interplay of clinical events.

Rarely, children with PCD may experience both stricturing and penetrating phenotypes concur-
rently. The occurrence of the first stricturing or penetrating phenotype is often mutually exclusive,
and the two phenotypes can preclude each other. Therefore, it is necessary to use competing risk
models (Fine and Gray, 1999; Zhou et al., 2012) to account for the feature of multiple events in
the analysis. Ignoring the competing risks of multiple events can lead to biased estimates of the
cumulative incidence function for the primary event in survival analysis. (Austin et al., 2016) This
is because the occurrence of one event can affect the probability of experiencing another event. For

instance, if a patient experiences a penetrating phenotype, they may be less likely to experience a



stricturing phenotype.

To the best of our knowledge, no one-shot algorithms have been developed for multiple events,
especially for the competing risk data in heterogeneous multi-site settings. Therefore, we developed
a heterogeneous baseline hazard function inspired by the competing risks model for clustered data
(Zhou et al., 2012). Our proposed algorithm has several advantages as follows: (1) heterogeneity-
aware, different sites have their own site-specific subhazard baseline function, (2) capable of handling
multi-type events, enables analyzing multiple events simultaneously (3) communication-efficient,
only involves one round of communication, (4) aggregated data based, only the aggregated data is
transferred across different sites, (5) accurate, the ODACoRH achieves almost identical performance
compared to the results if the data were pooled together. Overall, our proposed method provides a
new way to handle the competing risks data in a communication-efficient and heterogeneity-aware

manner.

To validate the ODACoRH, we apply the algorithm to a cohort of 2,944 patients who experienced
PCD between January 2009 and August 2020 in the PEDSnet (Forrest et al., 2014), a national
pediatric health learning system involving eleven children’s hospitals. A unique strength of our em-
pirical evaluation of the ODACoRH algorithm is that a centralized dataset at PEDSnet is available
where decentralized data were pooled together so that the pooled analyses can be conducted as the
gold standard for comparison. We have applied the proposed algorithm to an otitis media (OM)
study, aiming to further validate the generalizability of the ODACoRH algorithm in handling the
between-site heterogeneity. In this OM study, the cohort in obtained within the PEDSnet on 51,365
pediatric patients with OM, who have been given the initial intervention of the tympanostomy tube

insertion (TTT).

The extensive simulation studies and the two real-world data cases for the PCD and OM demonstrate
that the ODACoRH has an identical performance on par with the pooled analysis in estimating the
subdistribution hazard ratio. The proposed algorithm is also highly generalizable, as it can be

applied to decentralized datasets and extended to other healthcare settings.



2.2. Methods

We assume a study involving J clinical sites and consider the relationship between risk factors Z
and the observed time-to-event outcome X, which may be censored at time C. Figure 2.1 illustrates

the data structure for our proposed algorithm ODACORH.

Under the competing risks setting, suppose that there are K types of events denoted by II, where
M=k (k=1,...,K) indicates that the type k event happens at time T}. We denote T as the time
of a composite time point encompassing multiple event types, represented as the minimum value
among 17 to Tx. The minimum value of T and C' is taken as the observed time X, while A is a

censoring indicator, with A = 1 indicating an event and A = 0 indicating censoring.

We observe n; patients for the jth site and the total number of patients across J sites is n = ijl n;.
The observed data for the ith patient from the jth site are denoted by {X;;, Ai;, L5, Zi5}, @ =

1,...,77,j, j:1,...,J.
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Figure 2.1: Data structure and notation for competing risks data. 77 and 75 denote the time of
event 1 and event 2 and compete for event time 7. T is potentially censored by C' and formulates
the observed time X. A is an indicator for censoring. Type II is an indicator to denote which event
happens. The data structure for the data we observed is (X, A, II).

Subdistribution Hazard Model. We assume that the model has the subdistribution hazard
Aijk(t) for the ith patient from the jth site experiencing the kth type of event, which is proportional
to the between-site heterogeneous baseline subdistribution hazard Xg;i(t) for the type k event.

Specifically, we have the equation:
Xijk (1) = Aojk(t) exp(Z;B). (2.1)

Here, we assume that the effect size of the kth type event, represented by (i, is constant across

sites. The vector [ can be interpreted as the logarithm of the subhazard ratio.



Gold Standard Method from Pooling Data. We can obtain the pooled estimate 5k by maxi-
mizing the likelihood L of Equation 2.1 for the type k event, if the data from J sites can be pooled
together. The exact form of Ly is provided in the Supplementary Materials. However, due to the
inability to share individual-level data from different sites, it is challenging to obtain the pooled
estimate. This estimate is referred to as the gold standard estimate, as it enjoys the best accuracy

and most efficient properties.

Meta-Analysis Method. When the data cannot be pooled together, a common solution is the
meta-analysis method (Borenstein et al., 2021; Lake et al., 2024; Liu et al., 2025; Tang et al., 2025).

The estimate obtained from the meta-analysis method, denoted by j;, is shown as

i) S (Vi B 22)

1 j=1

)

J
]:
where Bjk is found by maximizing the local likelihood function for the jth site’s type k event and

Vi is the variance of ﬁjk. The variance of the meta-analysis can be calculated from Equation (A.11)

in the Supplementary Materials.

Proposed ODACoRH Algorithm. Our proposed algorithm, ODACoRH, is designed to require
only one round of communication. We assume, without loss of generality, that the first site is the
lead site (j = 1). Inspired by the communication-efficient surrogate likelihood (Jordan et al., 2019),
we utilize a surrogate likelihood to approximate the likelihood function of Equation (2.1). The

surrogate likelihood function of the kth type of events is given by

Li(Br) = L1k (Br) + (VL (Br) — VL1k(Bk))T(5k — Br)
+ 2Bk — Be)T (V2Li(Br) — VEL11(Br)) (B — Br). (2.3)

where Ly (Bk) is the local likelihood function of the lead site, and V¢ denotes the eth-order gradient
of the likelihood functions. The term [ is the meta-analysis estimator shown in Equation (2.2).
During the first round of communication, the ODACoRH algorithm computes 3. In the second

round of communication, the ODACoRH algorithm calculates the estimate 3j, by maximizing Equa-



tion (2.3).

As shown in Equation (2.3), the construction of L;(8;) requires the individual-level data from the
lead site and the aggregated data (first-order gradient of the pooled likelihood function, V Ly (5%),
and second-order gradient, V2L (B), from the pooled likelihood function). The exact equations of
L1k (Br), VL1k(Br), V2L1x(Br), VLi(Br), and V2L (By) are shown in the Supplementary Materials.

From those equations, we have

J

VLy(Br) = Z VL;k(Br), (2.4)
j=1
J

V2LK(Br) = Y V2 Lk(Br)- (2.5)
j=1

This suggests that the first- and second-order gradients of the pooled likelihood function can be
viewed as the collection of the first- and second-order gradients of the local likelihood functions
from each site. Since the lead site has already calculated the first- and second-order gradients of the
likelihood function for itself, we only require the jth partner site (j = 2,...,.J) to transfer its first-
and second-order gradients of the local likelihood function to the lead site. The variance of Ek can
be calculated from Equation (A.10) in the Supplementary Materials. We ran the same procedure
for all event types from 1 to K. The workflow and the detailed pseudo-algorithm of the ODACoRH

are shown in Figure 2.2 and Algorithm 1.
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Figure 2.2: The working flow of ODACoRH. The first step is to find the initial value. Each site
calculates the local estimate and transfers it to the lead site. The lead site calculates the initial
value and sends it back to each site. The second step is to integrate the aggregated information and
obtain the surrogate estimate. The lead site collects the summary-level statistics from each site. It
assembles the Lj(f)) and obtains the estimate ), that maximizes Equation (2.3).

Simulation Settings. To cover a wide spectrum of real-world settings, we conducted extensive
numerical experiments to evaluate the performance of ODACoRH. Figure 2.3 displays the het-
erogeneity of the baseline distribution of type 1 and type 2 events on a discrete time scale. We
simulated a population of n = 10,000 patients distributed across J = 10 sites, where two types of

events (type 1 and type 2) occurred.

To mimic PCD data, we set the logs of subhazard ratios for type 1 and type 2 events to be 1 for two
covariates following uniform distributions, which represent population characteristics such as BMI

and age. The values of coefficients 51 and [y are set to be (1,1). We controlled the event rates of
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Algorithm 1 Pseudo-algorithm for the ODACoRH

1: Initialization:
2: for site j from 1 to J do
3 for type k from 1 to K do
4 Obtain local-site estimate Bjk.
5: end for
6 Transfer Bj = (le, e BjK) to the lead site.

7: end for

8: In the lead site (j = 1), calculate the initial estimate 3 from the meta-analysis method and

broadcast it to the other sites.

9: Integrate aggregated information:
10: for site j from 1 to J do
11: for type k from 1 to K do

12: Obtain local V¢L (Bk) fore=1,2.

13: end for

14: Transfer V¢L;(B) = (Vele(Bl), . ,VeLjK(BK)> to the lead site.
15: end for

16: In the lead site:

17: for type k from 1 to K do B

18: Assemble Ly, and then obtain the estimate §; from Equation (2).
19: end for

type 1 and type 2 to be equal.

To mimic the heterogeneity of the baseline subhazard function of the type 1 event, we generated
between-site heterogeneous baseline subhazard functions from the mixture Weibull distribution with
the scale parameter ranging from 100 to 200 and a probability mass of 0.5 at infinity, while the
shape parameter was fixed at 10. Similarly, the baseline subhazard function of the type 2 event was
generated from the Weibull distribution with the scale parameter ranging from 120 to 220, while

the shape parameter was fixed at 8.
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Figure 2.3: Survival probability for underlying heterogeneous subdistribution baseline hazard func-
tions. The left panel shows the type 1 event’s baseline subhazard function. The right panel shows
the type 2 event’s baseline subhazard function. Each color indicates each site. At each time point,
the survival probabilities vary much across different sites.

We investigated the performance of ODACoRH for total event rates ranging from the common case
(20%) to rare cases (2% and 1%), by generating time of censoring following the appropriate uniform
distributions. We compared ODACoRH with the meta-analysis method by calculating the relative
bias to the gold standard computed by pooling data together from 250 repetitions of the numerical
experiments. For simplicity, we presented the results for the second covariate subhazard ratio for

the type 1 event, but the results for other coefficients were similar.
2.3. Results

Simulation results. To cover a wide spectrum of real-world settings, we conducted numerical
experiments to evaluate the empirical performance of the ODACoRH algorithm including the set-
tings where the event rates of multiple types of events are relatively rare. To mimic the real-world

data, we simulated the time points of two events with two covariates. The details of the simulation
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setting were stated in the Methods Section. We compared the ODACoRH with the meta-analysis
method for the subhazard ratio for the type-1 event when the type-2 event presents. The pooled
estimate utilized the data pooled together from all the sites and thus can be considered as the gold

standard.

Figure 2.4 presents the relative bias of results from ODACoRH and the meta-analysis method for
the first component of the type 1 event at total event rates of 20%, 2%, and 0.5%. The results
from the ODACoRH and meta-analysis about the second component of the type 1 event are shown
in the Supplementary Materials. Our ODACoRH algorithm is superior in terms of relative bias,
compared to the meta-analysis method. Specifically, under all three scenarios, the relative bias of
ODACOoRH was close to 0%, indicating that it was equivalent to the gold standard. Conversely, as
event rates became rarer, the results from the meta-analysis method exhibited increasingly higher
bias. Specifically, at rare event rates, the results from the meta-analysis method had an average
relative bias of -11.4%. In contrast, the results from the ODACoRH algorithm had an average

relative bias of only -0.2%.

We also assessed the performance of the ODACoRH algorithm under the assumption of site homo-
geneity, wherein it is assumed that all sites have the same baseline subhazard distribution functions.
The results of this evaluation are presented in Supplementary Materials (Figures A.2 and A.3). Un-
der the homogeneous assumption, the meta-analysis exhibits a larger relative bias in comparison to
the gold standard (pooled data), as opposed to the ODACoRH algorithm. For example, when the
event rate is 0.5% for both type 1 and type 2 events, the meta-analysis of the coefficient for the
first covariate demonstrates a mean relative bias of -7.5%, whereas the ODACoRH yields a mean

relative bias of -0.7%.
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Figure 2.4: The relative bias for ODACoRH vs meta-analysis algorithms to the pooled estimate. In
reality, the data cannot be pooled together and thus the pooled estimate is considered as the gold
standard. The green boxplot shows the meta-analysis method. The blue boxplot is our proposed
algorithm ODACoRH.

Evaluation of Impacts of Risk Factors Associated with the Penetrating or Stricturing
Behaviors Among Children with PCD.

To evaluate the performance of our algorithms on real-world data, we conducted a study on PCD
using centralized data extracted from PEDSnet. Our study included a total of 2,944 patients from
four clinical sites in PEDSnet who experienced two mutually exclusive behaviors: stricturing and
penetrating behaviors. To be included in the study, patients needed to have been observed at least
once at a PEDSnet institution between January 2009 and August 2020 and be under 19 years
old at the start date of their pediatric Crohn’s disease. The event rate for stricturing behavior in
this cohort was 9.4%, and the event rate for penetrating behavior was 11.3%. The demographic

characteristics of the patients are summarized in Table 2.1.
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Table 2.1: Characteristics of patients for PCD stratified by sites.

A
(N=1128)

B
(N=343)

C
(N=613)

D
(N=860)

Overall
(N=2944)

BMI
normal
mild malnutrition

767 (68.0%)
211 (18.7%)

196 (57.1%)

79 (23.0%)

387 (63.1%)
119 (19.4%)

554 (64.4%)
156 (18.1%)

1904 (64.7%)
565 (19.2%)

moderate malnutrition 88 (7.8%) 31 (9.0%) 70 (11.4%) 98 (11.4%) 287 (9.7%)

severe malnutrition 62 (5.5%) 37 (10.8%) 37 (6.0%) 52 (6.0%) 188 (6.4%)
ESR (mm/h)

Mean (SD) 28.6 (23.4) 27.7 (25.1) 33.5 (25.3) 28.1 (24.2) 29.4 (24.3)

Median [Min, Max] 2400, 134]  18.0 [1.00, 115]  28.0 [1.00, 130]  21.0 [1.00, 133]  24.0 [0, 134]
Hemoglobin (g/dl)

Mean (SD) 11.4 (1.81) 12.3 (2.06) 11.5 (1.87) 11.6 (1.74) 11.6 (1.86)

Median [Min, Max] 11.6 [4.10, 17.6]  12.4 [4.60, 17.8] 11.4 [3.80, 17.8] 11.6 [4.60, 17.3] 11.6 [3.80, 17.5]
Albumin (g/dl)

Mean (SD) 3.85 (0.603) 3.88 (0.579) 3.79 (0.590) 3.78 (0.647) 3.82 (0.612)

Median [Min, Max] 3.90 [1.30, 5.40] 4.0 [2.10, 5.00] 3.80 [1.60, 5.40] 3.80 [1.60, 5.20] 3.90 [1.30, 5.40]
Age (Years)

Mean (SD) 13.0 (3.7) 13.0 (3.5) 13.6 (3.5) 13.4 (3.2) 13.2 (3.5)

Median [Min, Max]| 13.6 [2.0, 18.9] 135 [2.2, 18.8]  14.2 [2.5,18.9] 13.9 [2.3,18.9]  13.8 [2.0, 18.9]

Sex
Female
Male

472 (41.8%)
656 (58.2%)

141 (41.1%)
202 (58.9%)

263 (42.9%)
350 (57.1%)

388 (45.1%)
472 (54.9%)

1264 (42.9%)
1680 (57.1%)

Race
White
Black
Hispanic and others/unknown

817 (72.4%)
129 (11.4%)
182 (16.1%)

241 (70.3%)
18 (5.2%)
84 (24.5%)

491 (80.1%)
67 (10.9%)
55 (8.9%)

580 (67.4%)
105 (12.2%)
175 (20.3%)

2129 (72.3%)
319 (10.8%)
496 (16.9%)

We fitted the ODACoRH algorithm, as well as the meta-analysis method, and compared their

results to the pooled estimate. We first considered stricturing behavior as the primary outcome and

penetrating behavior as the competing risk outcome, and vice versa. Figure 2.5 displays the effect

sizes (in the log scale of subdistribution hazard ratio) for the risk factors associated with stricturing

behavior and their confidence intervals.
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Figure 2.5: The effect size of risk factors associated with stricturing behavior. The effect size is
shown in the log scale of the subhazard ratio. The red line indicates the pooled estimate from
pooling data together. The green line indicates the meta-analysis method. The blue line indicates
the ODACoRH. Each facet shows each potential risk factor. BMI is cut into four categories: normal,
mild malnutrition (baseline category), moderate malnutrition, and severe malnutrition. ESR refers
to the erythrocyte sedimentation rate. Dx Age means the age at the diagnosis. Race is separated
into the following categories: black, Hispanic, and white (baseline category).

Both the pooled estimate and ODACoRH identified four risk factors for stricturing behavior, includ-
ing normal BMI, lower albumin at diagnosis, older age at diagnosis, and male sex. The ODACoRH
yielded results that were identical to the pooled estimate. In contrast, the meta-analysis method pro-

duced a large relative bias, leading to misleading interpretations. For instance, the meta-analysis
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method suggested that BMI moderate malnutrition was statistically significant (p<0.001), while

both ODACoRH (p=0.83) and pooled estimate (p=0.73) found it to be not statistically significant.

Figure 2.6 displays the results of ODACoRH for penetrating behavior, where we identified the risk

factors to be higher ESR, lower hemoglobin, older age at diagnosis, and male sex.

yielded results that were almost identical to the pooled estimate.
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Figure 2.6: Effect size of risk factors associated with penetrating behavior. The effect size is shown
in the log scale of the subhazard ratio. The red line indicates the pooled method. The green line
indicates the meta-analysis method. The blue line indicates the ODACoRH. Each facet shows each
potential risk factor. BMI is cut into four categories: normal, mild malnutrition (baseline category),
moderate malnutrition, and severe malnutrition. ESR refers to the erythrocyte sedimentation rate.
Dx Age means the age at the diagnosis. Race is separated into the following categories: black,
Hispanic, and white (baseline category).
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To provide further clinical insights into the risk factors identified by the ODACoRH algorithm,
we present a comparison of effect sizes from the ODACoRH algorithm and the RISK study in
Table 2.2 (Kugathasan et al., 2017). The RISK study prospectively investigated newly diagnosed
PCD patients with an inflammatory phenotype at diagnosis to identify risk factors associated with
complicated disease behavior. As shown in Table 2.2, we found that increased age was a risk
factor for the development of penetrating phenotype, which is consistent with the findings of the
RISK study for stricturing phenotype. Our study also identified new clinical findings such as low
albumin as a risk factor for stricturing phenotype and lower hemoglobin as well as elevated ESR
as risk factors for penetrating disease activity. Hypoalbuminemia, anemia, and elevated ESR. are

indicators of increased disease activity, which could suggest a more severe disease course.

Table 2.2: Comparison of the findings from our study (PEDSnet) with the RISK study in PCD.
The results from the RISK study are from Table 2 in Kugathasan et al. (2017). The blank space in
the table indicates missing values from each study.

Stricturing behavior Penetrating behavior
RISK* (n=913) PEDSnet (n=2,944) RISK* (n=913) PEDSnet (n=2,944)
Age at dx in years 1.07 (0.97-1.17) 1.12 (1.08-1.16) 1.45 (1.17-1.80) 1.13 (1.09-1.17)
African American race 1.08 (0.52-2.22) 1.25 (0.91-1.71) 3.19 (1.39-7.31) 1.00 (0.71-1.41)
Isolated ileal location 1.60 (0.88-2.91) — 1.23 (0.51-2.95) —
ASCA IgA positive 1.69 (0.94-3.07) — 2.68 (1.19-6.04) —
Cbirl positive 2.30 (1.26-4.20) — 3.01 (1.31-6.93) —
Albumin 0.81 (0.67-0.99) 0.81 (0.651.01)
BMI
Severe malnutrition — 1.15 (0.75-1.74) — 1.05 (0.67-1.64)
Moderate malnutrition — 0.94 (0.65-1.35) — 0.94 (0.62-1.44)
Normal — 0.60 (0.46-0.77) — 1.00 (0.75-1.34)
ESR — 1.00 (1.00-1.01) — 1.01 (1.00-1.01)
Hemoglobin — 1.02 (0.95-1.09) — 0.93 (0.87-0.99)
Hispanic race — 1.49 (0.98-2.28) — 1.29 (0.84-1.97)
Male — 0.76 (0.61-0.95) — 1.53 (1.21-1.94)

— indicates the data source does not have the risk factors.

Additionally, male sex was found to be a risk factor for stricturing (0.76, 95% confidence in-
terval (CI) 0.61-0.95) and penetrating disease (1.53, 95% CI 1.21-1.94). This observation is in
line with Mazor et al. (2011), who reported a significant association between male sex and PCD

through multivariate logistic regression (odds ratio (OR) 2.60, 95% CI 1.17-5.75). It’s worth noting
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thatMazor et al. (2011) employed a multivariate logistic regression model distinct from the ODA-
CoRH algorithm on the Fine-Gray competing risks model. Additionally, the ODACoRH algorithm
revealed a correlation between low albumin levels and stricturing behavior (0.81, 95% CI 0.67-0.99).
This finding aligns with the results of a study by Kori et al. (2022), which identified low albumin
levels (OR, 3.97, 95% CI: 1.32-11.97) at diagnosis as a predictor of complicated disease in adulthood.
The unexpected finding of normal BMI as a risk factor for the development of stricturing phenotype
may be due to the exclusion of patients with severe malnutrition, who are more likely to present

with strictures at diagnosis.

Evaluation of impacts of risk factors for the recurrence of OM while concurrently
considering the subsequent TTI for OM study

We implemented the ODACoRH algorithm on the OM study across seven children’s hospitals within
the PDESnet. This application aimed to compare the results generated by the ODACoRH algorithm
with those obtained through the pooled data analysis and the meta-analysis. The study cohort
comprised 51,395 children under the age of 18 who had the OM and the initial TTI. Among this
cohort, the primary event of interest was the recurrence of the OM (34.4%) and the competing event

was the subsequent TTIs (10.0%). The time for the recurrence of the OM or the TTIs is recorded.

The ODACoRH algorithm successfully identified risk factors associated with the recurrence of the
OMs, which were age at entry, year at entry, the medical history of cleft palate, and delays in
speech and language acquisition. Notably, these findings aligned with those derived from the pooled
data analysis. However, differences emerged when comparing the results with those from the meta-
analysis, where the risk factor of male sex and the medical history of cystic fibrosis were misidentified
in contrast to the pooled method. Additionally, the meta-analysis failed to recognize the significance
of a risk factor related to the medical history of delays in speech and language acquisition. The
results of the risk factors associated with the recurrence of the OM from the ODACoRH algorithm,

the meta-analysis, and the pooled method are shown in the Supplementary Materials.

The validation process conducted across the PCD and OM real-world cases underscores the robust-

ness and generalizability of the ODACoRH algorithm in handling diverse data with competing risks
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and heterogeneity.
2.4. Discussion

The ODACoRH algorithm is a communication-efficient method that does not require sharing patient-
level data. It is capable of accounting for the heterogeneity of baseline subdistribution hazard func-

tions, resulting in more accurate results compared to models that do not account for heterogeneity.

From the extensive numerical experiments, we found out that the results from the meta-analysis
method possess a larger bias than the ODACoRH algorithm especially when the event rates for
multiple events are low. This is consistent with the findings of Duan et al. (2022) for the one-
shot algorithm for a single type of time-to-event outcome (Duan et al., 2020a). In situations of
low event rates, certain local sites may encounter either no events or very few occurrences, leading
to significantly biased local-site estimates (Heinze and Schemper, 2001; King and Zeng, 2001). The
meta-analysis, seen as a weighted average of individual site estimates, is severely impacted by biased
estimates from sites with limited or no events. Outcomes in this study are defined using medical
codes within the EHR system, which can be subject to misclassification and error. Recent literature
has focused on methods to address these issues (Jing et al., 2025; Lu et al., 2024). We plan to report

on such corrections in future work.

In contrast, the ODACoRH algorithm, as a likelihood-based approach, effectively mitigates this
bias. This is attributed to the pooled data inherently containing a sufficient number of events, even
in situations where events from specific sites are severely limited. By approximating the likelihood
from the pooled data through the utilization of summary-level statistics, the ODACoRH algorithm
consistently yields estimates with a smaller bias. For the relative efficiency of ODACoRH to the
meta-analysis method, the asymptotic variance of the ODACoRH and meta-analysis are equivalence
to the pooled method, when the number of patients per site increases and the number of sites is

fixed (Jordan et al., 2019; Lin and Zeng, 2010).

The algorithm can handle multiple types of outcomes and terminal events, allowing for a compre-

hensive understanding of disease progression. However, it is not suitable for semi-competing risk
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data, which involves multiple outcomes with both non-terminal and terminal events, such as time
from MCI to AD/ADRD and time from MCI to death. We plan to develop distributed algorithms
for semi-competing risk data in the future. Additionally, the ODACoRH algorithm can be extended
to accommodate time-varying covariates, but this will affect the interpretation of subhazard ratios

(Zhou et al., 2012).

One potential limitation of this study is that it only includes data up until August 2020, which
includes the first six months of the SARS-CoV-2 pandemic in the United States. While the pan-
demic may have caused some delays in patient care, there is currently no evidence to suggest that
COVID-19 infection worsens disease activity in patients with Crohn’s disease (Bezzio et al., 2023).
Therefore, the study period was kept through August 2020. Another limitation is missing data,
particularly regarding disease location. The RISK study identified disease location as a risk factor
for complicated disease behavior, but due to missingness in the dataset, this variable could not
be analyzed in the current study. Lastly, PCD may consist of distinct subphenotypes, and the
distribution of these subphenotypes could vary across sites. Recent literature highlights the use of
transfer learning to identify subphenotypes and estimate their proportions within target populations
(Wu et al., 2024a). We plan to apply similar approaches to characterize PCD subphenotypes and

report our findings in future work.
2.5. Conclusions

The proposed ODACoRH is a communication-efficient algorithm to effectively handle between-site
heterogeneity for the competing risks model. It enables to identification of the impact of the risk
factors on multiple types of events. The validation of the ODACoRH algorithm was conducted
through extensive numerical experiments and applied to two real-world cases concerning PCD and
OM within the PEDSnet. The results of the ODACoRH algorithm consistently demonstrated
superior performance compared to the meta-analysis, particularly when addressing rare event rates.
These findings underscore the algorithm’s robustness and efficacy in handling complex scenarios
involving multiple types of events and heterogeneity, making it a valuable tool for advancing research

in the field.
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2.6. Code Availability

The R codes of the ODACoRH algorithms are available at https://github.com/Penncil/ ODACoRH

and through our R package pda at https://github.com/Penncil/pda.
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CHAPTER 3

BIAS REDUCTION IN DISTRIBUTED INFERENCE FOR RARE EVENTS

3.1. Introduction

In a regular model indexed by parameters 6, it is well-known that the maximum likelihood estimates
6 can exhibit first-order asymptotic bias (Firth, 1993). Under rare event settings, this first-order
bias can be of the order of O(n_ '), where n, is the expected number of events (King and Zeng,
2001), leading to non-negligible biases. This increased bias is particularly significant in rare disease
analyses, including pharmacovigilance and drug safety studies, where the maximum likelihood es-
timator 6 can approach infinity with zero-event data (Heinze and Schemper, 2002). For instance,
quantifying risk factors for eosinophilic granulomatosis with polyangiitis is crucial due to its rapid
progression and potential for severe damage to vital organs. However, it is challenging given its low
incidence of approximately three to five cases per million annually (Gokhale et al., 2021), where
the maximum likelihood estimates can be significantly affected by the first-order bias. To reduce
this bias, a bias-corrected likelihood (Firth, 1993) is proposed by introducing a bias-reducing fac-
tor into the estimating equation of #. This method has been widely used (Heinze and Schemper,
2002; Joshi et al., 2022) and consistently yields improved estimates in the rare event scenarios

(Kosmidis and Firth, 2010, 2021; Wang, 2014).

The same bias issue arises in distributed learning with decentralized data when analyzing rare
events. In recent years, distributed research networks have emerged as a fundamental tool in the
study of rare diseases. For example, “Predictive Analytics via Networked Distributed Algorithms
for Multi-System Diseases" is a national research initiative that seeks to leverage electronic health
records across ten major national health systems within the OneFlorida+ Clinical Research Network
(Hogan et al., 2022) to facilitate the early diagnosis and treatment of multi-system rare diseases.
Due to practical and regulatory constraints, most distributed research networks do not permit
patient-level data to be shared among sites, necessitating the use of distributed algorithms, or

federated learning, which enables multi-center joint analysis by sharing only summary-level statistics
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(Wang et al., 2017; Jordan et al., 2018; Duan et al., 2022; Li et al., 2024). While methods like the
simple average estimator (Zhang et al., 2012) are popular, they have been primarily studied in
scenarios where the probability of event occurrence is moderate. Research on their performance in
rare event settings, where first-order bias can lead to inaccurate or infinite estimates, is limited.
Additionally, to the best of our knowledge, bias-reduction techniques for distributed inference in

scenarios with near-zero event probabilities have not been explored.

To tackle this challenge, we develop and study a novel distributed inference framework for bias
correction. Our algorithm requires only one or two rounds of between-site communication. Specifi-
cally, by averaging the bias-corrected local estimators obtained from each site, we get the one-round
distributed Firth estimator. Based on this, we further construct a novel surrogate likelihood to ap-
proximate the pooled data-based bias-corrected likelihood by utilizing the patient-level data from a
lead site and summary-level statistics from other sites. The two-round distributed Firth estimator is
obtained by maximizing the surrogate likelihood function. We situate our theoretical analysis within
a novel context concerning distributed inference for rare events where n., the expected number of
events per site, approaches infinity at a significantly slower rate as the site sample size increases,
leading to a zero-approaching probability of event occurrence. The number of sites is fixed in the

analysis.

To the best of our knowledge, this is the first rigorous investigation of systematic bias of distributed

estimators under a rare event setting. The contribution of this paper is threefold:

e We proposed a communication-efficient distributed learning approach, which not only effec-
tively eliminates the first- and second-order asymptotic biases in the estimates but also avoids

iterative communication between sites.

e We clarified why the simple average estimator, which is widely used for decentralized data,
performs poorly in the rare event setting by showing that its leading asymptotic bias terms

are tied to the number of events with the order of O(n_!).
e We showed that the proposed one-round distributed Firth estimator can reduce the leading

24



asymptotic bias to the order of O(n_?). Additionally, one more round of communication can

further reduce the leading asymptotic bias term to the order of O(n_??).

We conducted simulation studies to support our theoretical findings. In addition, we applied our
distributed Firth estimators to multi-center electronic health records data from the OneFlorida
Clinical Research Network to identify the risk factors for the rare disease, eosinophilic granulomatosis

with polyangiitis.
3.2. First-order bias of maximum likelihood estimation with distributed data

3.2.1. Setting

We focus on the asymptotic bias analysis of maximum likelihood estimation under the distributed
inference framework. Specifically, from a fixed number of m sites, we collect in total n x m obser-
vations, where each site contributes n independently and identically distributed observations. The
extension to unequal sample size across sites is straightforward, which is provided at the end of
Section 3 and demonstrated in the real data analysis in Section 5. Data from m sites are decentral-
ized, and individual-level data cannot be shared between sites, necessitating the use of distributed
learning algorithms. Additionally, since between-site communication often involves human effort
and can be time-consuming, algorithms that require only one or a few rounds of communication are

preferred for distributed inference.

We consider an association study between a binary outcome Y and a set of covariates X = (1, Z™)T €
RP*L and the dependence of Y on X is characterized by the generalized linear model with canonical

link

fY\X (ylr) = c(y) exp [{yl‘TQ —h (fUT@)} /¢] )

where § € RPT! is the unknown parameter of interest, h (-) is a known function, and ¢ is the known
dispersion parameter. We write § = (a, 87)7 with a € R being the intercept and 8 € R being
the regression coefficients, and the true value of 0 is 6y = («v, ﬂg ). To estimate the parameter

within the jth site, we can obtain the local maximum likelihood estimator éj by maximizing the
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local loglikelihood function L;(0) = n='>"7" | L(0; 24, yi;), where L(0; 24, yi5) = log { fy|x (yisl7ij) }
is the loglikelihood for the ith patient in the jth site. When individual-level data from all sites can
be pooled together, which is generally infeasible in practice, the global loglikelihood function based
on the pooled data is L(6) = (nm)_IZTZIZ?ZlL(G;xU, Yi;). By maximizing L(6), we can obtain

the maximum likelihood estimator  based on the pooled data.

In rare event analyses, when the event occurrence probability is extremely low, the asymptotic
behavior of the maximum likelihood estimator can be severely affected by the number of cases
and 6 can even be infinite (Owen, 2007). Among existing efforts of rare event analyses, although
in a totally different context, Wang (2020) proposed a setting that can properly characterize this
scenario. Specifically, to describe it in our context, as n — 0o, we let the observed number of events

ne; within the jth site to satisfy
noj/n=pr(Y =1){1+o(1)} = E [I'(ao + X" Bo)] {1 + 0(1)} — 0,

and

nej =npr (Y =1){1+o0(1)} =n.{1+0(1)} = o0,

for each j = 1,...,m. In this setting, at each site, the rate at which n,; (or n.) goes to infinity
is slower than that of n. This type of asymptotics is also considered in semi-supervised learning
settings, see Chakrabortty and Cai (2018). We adopt this characterization of rare event settings in

our investigation.
3.2.2. First-order Bias

In the following, we focus on logistic regression as an illustrating example, and the main results in
this paper can also be applied to other models when the required assumptions are satisfied. With
standard regularity conditions elaborated in the Supplementary Material, Lemma 1 characterizes
the first-order bias and the mean square error of the maximum likelihood estimator 0 obtained from

optimizing the pooled data-based likelihood function in rare event scenarios.
Lemma 3.2.1. Under Assumptions 1-3 in the Supplementary Material, the bias of the mazimum
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likelihood estimator 6 obtained from the pooled data satisfies | E(0 — 0p)|a < C1/(mne), where Cy is
a constant unrelated to n, m, and 0y. Moreover, the mean squared error of the maximum likelihood

estimator 0 satisfies E||(6 — 00)||3 < Co/(mn.), where Cy is a constant unrelated to n, m, and 6y.

Lemma 1 shows that the performance of maximum likelihood estimation heavily depends on the
sample size and the disease prevalence pr (Y = 1) explicitly through the expected number of events.

Therefore, when estimating the unknown parameters in a single site, the first-order bias of the local

maximum likelihood estimator éj, ie., ne 1/ 2, is related to the expected number of events within

the local site, which explains the potential of getting highly biased local estimates as a consequence
of having a small n. at a local site. By combining data across m sites, the pooled data-based
maximum likelihood estimator 6 can benefit from a larger event number to improve the first-order

—-1/2

bias rate to (mmn.) . However, in the distributed inference framework, pooling patient-level data

together to obtain the maximum likelihood estimate is usually not applicable. The simple average
estimator 6 is widely used to approximate 6 by averaging all local maximum likelihood estimators,
ie., 0 = Py f;/m. However, the next lemma reveals that the leading bias term of the simple

average estimator is still severely affected by n. via n;!.

Lemma 3.2.2. Under Assumptions 1-3 in the Supplementary Material,the simple average estimator

0 satisfies
C3  Cy

2 9
mne N

B8~ 60)|3 <

with Cg and Cy are constants unrelated to m, n, and 0.

Lemma 2 decomposes the mean squared error of # into the summation of its variance and the
squared bias, and it shows that the leading bias term of  is upper-bounded by a constant times
ng'. This indicates that, compared with the local estimator, the simple average estimator does not
reduce the bias and it can still lead to inaccurate estimates. Therefore, new methods are needed
and we introduce a novel distributed inference algorithm to reduce the bias and get a sharper upper

bound of the estimation error in the next section.
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3.3. Bias Correction using distributed Firth estimator
3.3.1. Firth estimator for pooled data

Within a single site, Firth (1993) modified the score function S (@), the first derivative of the log-
likelihood L(#), to correct the first-order asymptotic bias of maximum likelihood estimators by
adding (2n)~'r{1;(0)0I;(0)/96,} to the rth element of S (#), where I;(-) is the observed infor-
mation matrix obtained at the jth site and tr(-) denotes the trace of a matrix. For the logistic

regression model, the modified score function is equivalent to the penalized loglikelihood function

(Kosmidis and Firth, 2021)

Lr;(0) = L;(0) + (2n) ' log det{I;(6)}.

If the individual-level data could be shared across sites, with I (6) being the Fisher information

matrix of the pooled data, the pooled Firth-corrected loglikelihood function is
Lp (0) = L(0)+ (2nm) logdet {I (9)}, (3.1)

from which we obtain the bias-corrected estimator éF, which we will treat as a gold standard for
comparison with other candidate distributed estimators. In practice, however, ép is not available
as individual-level data sharing is often prohibited due to privacy concerns. To approximate éF,
in the next subsection, we develop a distributed inference algorithm that only requires sharing

summary-level data between sites.
3.3.2. Distributed Firth Estimator

We denote the one-round distributed Firth estimator by 6. To obtain 8, we simply apply
the divide-and-conquer strategy with two steps. The first step is to obtain the bias-corrected
local estimator ép,j = argmax L ; (#) by using local data within each site. The second step then

calculates the average of the local estimators as

0N =3 0 /m. (3.2)
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As we later show in Theorem 1, 61 still suffers from a small n, via O (ne_2), the leading bias term.
The estimator’s robustness to the impacts of rare events can be further improved by conducting one
more round of communication. Specifically, based on 5(1), we approximate the pooled data-based
Firth-corrected likelihood function in equation (3.1) using a surrogate function. We consider a
practical scenario in distributed inference where we have a lead site whose individual-level data are
accessible while other sites can only share summary-level statistics. Without loss of generality, we let
site 1 be the lead site and construct the surrogate function of the pooled data-based Firth-corrected

likelihood function as
Lr(0) = Lpi(0) + {VLp(0M) = VLr (61} 70, (3.3)

where V is the first-order gradient with respect to . Note that VLz(#()) in equation (3.3) can
be calculated by using only gradient information from other sites, which are summary-level statis-
tics. The details to obtain VLF(é(l)) are in the Supplementary Materials. By finding the root of

VLp(0) =0, we obtain the two-round distributed Firth estimator §(2).

Our distributed algorithm is summarized in Algorithm 1. We use T as a controller of the commu-
nication rounds with 7' =1 or T' = 2 corresponding to 1) or 82 with one or two rounds of com-
munications, respectively. In Algorithm 1, we use V¢ to denote the eth-order gradient (e = 1,2, 3).
Only summary-level statistics, including VL;, V2L;, and V3L; for the jth site (j = 1,...,m), are

shared across sites. There is no requirement to share patient-level data.
The next result characterizes the mean squared error of our proposed distributed estimators.

Theorem 1. Under Assumptions 1-3 in the Supplementary Material, the one-round distributed

Firth estimator 0 satisfies

Cs  C
5 L6

)
mne  nd

B0 — 00)|5 <

where Cs and Cg are constants unrelated to m, n, and ag. If one more round of communication is
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Algorithm 2 Algorithm for the Distributed Firth Estimator

1: Initialization:

2: In the lead site (j = 1), compute HAF’l by maximizing L (6).
3: for j =2 tom do

4 Compute épd by maximizing Lp ;().

5: Transfer éF,j to the lead site.
6

7

8

9

: end for

. In the lead site, calculate 611 using Equation (3.2).

: if T =1 then

Output: ) (one-round distributed Firth estimator).

10: else
11: Broadcast 1) to all sites.
12: for j =2 tom do
13: Compute VEL; (A1) for e = 1,2,3, the eth-order derivative of L;(0) at §(1).
14: Transfer VL;(0(D), V2L;(0M), and V3L;(0M) to the lead site.
15: end for

16: In the lead site, construct L F(f) using Equation (3.3).
17: Compute 0~(2) by maximizing Ly ().
18: Output: 6 (two-round distributed Firth estimator).

19: end if

conducted, then the two-round distributed Firth estimator 02 satisfies

Cr (g
+
mne  nd

E|[[(6® — 60)|3 <

where C7 and Cg are constants unrelated to m, n, and og.

Theorem 1 shows that our one-round estimator 61 has successfully reduced the rate of its leading
bias term to be O(n;?), a smaller term compared with that of the simple average estimator. Fur-
thermore, by one more round of communication, 6@ further reduces the rate of the leading bias

term to be O(n_%%), even sharper than that of the one-round distributed Firth estimator.

Remark 1. We can extend all the above results to the unequal sample size scenario and the order
of the leading bias terms for the proposed method are not changed. The leading bias term for 6(1)
is related to the expected number of events within the smallest site and the leading bias term for
62 is related to the expected number of events for the leading site. More details can be found in

the Supplement Material.
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3.4. Simulation Studies

We conduct simulations to demonstrate the performance of the proposed method. Logistic regression
is considered to characterize the association between an exposure Z; and an outcome Y while

adjusting for a confounding variable Z3. We generate Y;; from

pr(Yij = 1|Zij1, Zijo) = h(a+ Zij1 1 + Zij2P2),

where Z;;1 follows a Bernoulli distribution with probability p1, Z;;2 follows a Bernoulli distribution
with probability ps. To simulate the distributed inference setting, we let m = 10 and n = 1, 000.
The methods under comparison include the simple average estimator § and our proposed estimators
6 and 9. To validate our theoretical results, we change the value of # to simulate both the
rare event setting and the general setting where we have common outcomes. Moreover, to mimic
the subsequent real-world data analysis, the value of p; is also changed to get different levels of

prevalence of the exposure. Therefore, the following four scenarios are considered:
1. both the outcome and the exposure are common;
2. the outcome is common and the exposure is rare;
3. the outcome is rare and the exposure is common;
4. both the outcome and exposure are rare.

For each scenario, the values of § and p; are in Supplementary Material. Under each scenario, we

replicate the analysis 200 times and report the results in Figure 3.1.

Since the pooled data-based bias-corrected estimator Or is the gold standard in our setting, which
is normally not available in practice though, we measure the relative bias of the estimates of 5;
obtained from different methods to A as a metric in method comparison. From Figure 3.1, we
observe that the simple average estimator shows significant bias in all four scenarios, and the bias

is amplified in rare outcome settings. The one-round and two-round distributed Firth estimators
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Figure 3.1: Boxplot of relative bias of simple average estimator and distributed Firth estimators
to the gold standard estimator. The blue box represents the simple average estimator. The green
box represents the one-round distributed Firth estimator. The red box represents the two-round
distributed Firth estimator.

effectively eliminate the bias and achieve similar performance to the gold standard estimator in
rare outcome settings. As for the rare exposure, it may affect the performance of both the average
estimator and the one-round distributed Firth estimator, while the two-round distributed Firth
estimator is robust to the rarity of the exposure and can still effectively correct the bias. To
conclude, among three estimators, the two-round distributed Firth estimator can best approximate
the gold standard estimator across all four scenarios and is the recommended estimator in distributed

rare event analysis to obtain a bias-reduced estimator.
3.5. Data Analysis

We applied our approach to identify risk factors associated with eosinophilic granulomatosis with
polyangiitis, a rare autoimmune vasculitis characterized by inflammation of small to medium-sized

blood vessels (Wechsler et al., 2017). Electronic health records were extracted from eight clinical
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sites in the OneFlorida+ Clinical Research Network. Our study period spans from December 2012
to July 2022. The study population included individuals who aged greater than or equal to 18
and without pre-existing diagnoses of the eosinophilic granulomatosis with polyangiitis before the
study start date. Cases were defined as patients with diagnosis codes of eosinophilic granulomatosis
with polyangiitis during the study period, while controls were defined as patients without any such
diagnosis codes. We identified in total 129 cases, and 44,514 controls were randomly selected
from the eight clinical sites, resulting in a dataset where the overall prevalence of eosinophilic
granulomatosis with polyangiitis was 0.28%. For each clinical site, the sample size is 3959, 4471,
5435, 7047, 3652, 6999, 7222, and 5858, respectively. The considered potential risk factors include
age, sex, ethnicity/race, and medical history of asthma, glomerulonephritis, sinusitis, and alveolar

hemorrhage within 18 months before the diagnosis of eosinophilic granulomatosis with polyangiitis.

Since the OneFlorida+ Clinical Research Network operates as a centralized data network, which
enables us to access the pooled data, we get ép as the gold standard. We then obtained the simple
average estimator and the two-round distributed Firth estimator by using site 1 as the lead site.
Comparisons are made between these two estimators and the gold standard estimator. Specifi-
cally, three methods provide consistent conclusions for most variables (see estimation results in the
Supplementary Materials) except for the medical history of asthma and the history of glomeru-
lonephritis. We present the estimated coefficients along with their corresponding 95% confidence
intervals for these two variables in Figure 3.2. As for the medical history of glomerulonephritis, the
simple average method yields an estimated effect size of 21.87 in odds ratio with a 95% confidence
interval of [5.64,84.77], while the gold standard pooled analysis provides the odds ratio 2.28, with
95% confidence interval [0.80, 6.49]. On the other hand, our two-round distributed Firth estimator
(odds ratio 2.64 with 95% confidence interval [0.95,7.39]) provides a consistent result as the gold
standard. We observed a similar situation for the medical history of asthma. The discrepancy
between the results obtained by the simple average method and the gold standard analysis could
be caused by the low prevalence of the disease, as well as the low prevalence of medical history
for asthma (1.2%) and glomerulonephritis (1.3%). In this context, as demonstrated in simulations,

the bias of the simple average method becomes substantial while our estimator can provide a good
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Figure 3.2: Boxplot of estimates and 95 percentage confidence interval of the simple average esti-
mator, distributed Firth estimators, and the pooled estimator.

approximate to the gold standard estimator.
3.6. Discussion

We have presented a novel distributed learning framework aimed at reducing estimation bias, which
is particularly useful when dealing with rare outcomes. By only one or two rounds of communication,
our framework can yield estimates with significantly improved accuracy by reducing the first-order
asymptotic bias. The theoretical performance of the proposed framework is demonstrated via logistic
regression in a setting with a homogeneous rare outcome prevalence across sites. However, our
algorithm can also be extended to other models used in modeling the rare outcomes, such as the
Cox regression model for survival outcomes (Cox, 1972). Moreover, our method can be applied to
a more general setting where different sites can preserve different incidences of rare events. For
example, when the collaboration is in the global-level distributed research networks, the incidence
of eosinophilic granulomatosis with polyangiitis can differ between countries (Jakes et al., 2021).

Our future research will be focused on these topics.
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CHAPTER 4

NEGATIVE CONTROL-CALIBRATED DIFFERENCE-IN-DIFFERENCE ANALYSES:
ADDRESSING UNMEASURED CONFOUNDING IN REAL-WORLD DATA

4.1. Introduction

Difference-in-differences (DiD) analysis is a statistical method used to estimate causal effects by
comparing changes in outcomes over time between an intervention group and a control group
(Callaway and Sant’Anna, 2021; Abadie, 2005). In political science and biomedical research, DiD
analysis has been used to assess the impact of interventions (Dimick and Ryan, 2014; Wing et al.,
2018; Whittaker et al., 2016; Morris et al., 2014) or policy changes (Burden et al., 2014; Hansen,
2013; Neureiter, 2019; Malesky et al., 2014). For example, the DiD analysis assesses the racial /ethnic
differences in health insurance after Medicaid expansion for patients with diabetes (Angier et al.,

2019).

The rise of real-world evidence (RWE) has created significant opportunities for the application of
DiD analysis. RWE, which often utilizes large-scale real-world data, offers valuable insights into the
effectiveness and safety of interventions outside of controlled experimental settings (Sherman et al.,
2016; U.S. Food and Drug Administration, 2021). This includes data from insurance claims, elec-
tronic health records, digital mobile health, and more. For instance, the Observational Health
Data Sciences and Informatics (OHDSI) initiative captures a broader spectrum of patient popula-
tions and inter-country clinical practices, enhancing the findings’ external validity (Hripcsak et al.,
2015). DiD analysis, with its quasi-experimental design, is particularly advantageous for RWE,

providing high-quality evidence for clinical decision-making.

A critical challenge in DiD analysis is the reliance on the parallel trends assumption. This as-
sumption states that, in the absence of intervention, the intervention and control groups would, on
average, have followed a parallel trajectory over time. This means that the effect of the unmea-
sured confounders on the outcomes is time-fixed, or not changing over time. However, a frequent

issue arises when the effect of the unmeasured confounders varies with time (Pazzagli et al., 2018;
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Streeter et al., 2017). Such variation can lead to diverging trends between the control and inter-
vention groups and, if not accounted for, can introduce a systematic bias to the estimated effects
of the intervention. Consequently, failing to account for the time-varying effect of unmeasured con-
founders and resulting violations of parallel trends may affect the reliability and generalizability of

DiD analysis.

Many statistical methods have been proposed to solve the challenge of assessing and provid-
ing a statistical solution for violating the parallel trends assumption (Richardson et al., 2023,
Gibson and Zimmerman, 2021; Ye et al., 2023). One approach is to match the measured con-
founders during the pre-intervention period before conducting the DiD analysis, aiming to simulate
an environment where the parallel trends assumption is more likely to hold (Burden et al., 2014;
Stuart et al., 2014; Imai et al., 2023). With empirical evaluation from numerical experiments, such
a method mitigates the effect of the unmeasured confounders (Ham and Miratrix, 2024). However,
even after matching, it is still undecided whether the parallel trends assumption is statistically
valid. Performing valid hypothesis testing in this context is essential, as it would help evaluate the
robustness of the DiD analysis. Furthermore, another significant challenge arises when attempting

to address or correct systematic biases when the assumption does not hold.

In recent years, negative control outcome (NCO) experiments (Schuemie et al., 2018, 2014), which
assume no intervention effect on the NCO, have been used to calibrate the systematic confounding
biases related to the intervention effect. The NCO experiments are generally limited to outcomes
measured after the intervention period. However, applying the NCO assumption to both pre-
intervention and post-intervention outcomes offers a more accurate calibration of confounding biases.
Thus, developing methods to incorporate NCOs in DiD analysis to correct systematic biases is crucial

for ensuring the robustness of causal inferences drawn from DiD studies.

We propose a paradigm-shifting novel framework for DiD analysis, termed negative control-calibrated
difference-in-difference method (NC-DiD), including a hypothesis testing procedure for possible vi-
olation of the parallel trends assumption and a data-driven calibration process utilizing the NCO

experiments. This calibration procedure is structured to mitigate potential biases resulting from
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the violations of the parallel trends, thereby preserving the integrity of causal conclusions.

We conducted extensive numerical experiments on synthetic data and applied our method to a
study examining racial/ethnic differences in health outcomes following COVID-19 infection. Our
research aimed to assess whether minority racial and ethnic groups experienced worse long-term
outcomes after COVID-19 compared to Non-Hispanic White (NHW) groups. Previous research by
(Asch et al., 2021a) showed that Non-Hispanic Black (NHB) patients hospitalized with COVID-19
had higher 30-day mortality compared to NHW patients, but the long-term effects of COVID-
19 on NHB and other minority groups remain unclear. In our study, we evaluated racial and
ethnic differences in post-COVID outcomes among 15,373 patients under the age of 21 from eight
children’s hospitals. The numerical experiments and the real-world study demonstrate that NC-DiD
effectively detects and corrects systematic bias, offering a more rigorous and flexible methodology

for researchers across various disciplines, including biomedical and political sciences.

4.2. Results

Overview of the Proposed Calibration Method

Traditional DiD models rely on the parallel trends assumption, which posits that differences in
outcomes between treated and control groups would remain consistent over time in the absence of
an intervention. However, this assumption is often violated due to time-varying effects of unmea-
sured confounders, introducing systematic bias. This bias undermines the accuracy of causal effect
estimates, rendering the intervention’s true effect unidentifiable. To address this challenge, we devel-
oped a negative control-calibrated DiD (NC-DiD) approach, incorporating a three-step calibration

process to improve the robustness of causal inference.
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Figure 4.1: Workflow for the proposed NC-DiD method, consisting of three steps. First, implement
the DiD method without calibration to obtain the estimated intervention effect, Bg. Second, conduct
negative control outcome experiments to estimate the systematic bias, b. Third, calibrate the process
to obtain the calibrated intervention effect, 7.

As shown in the Figure 4.1, the first step involves implementing a standard DiD analysis, estimating
the intervention effect while accounting for measured confounders. Next, negative control outcome
(NCO) experiments are conducted under the assumption that the intervention does not affect these
control outcomes. By applying the DiD model to each NCO, systematic bias is estimated through
an aggregation process. We proposed two ways to aggregate the information from each NCO to
identify the systematic bias. The empirical posterior mean approach combines information from
all NCOs by taking their weighted average, consistent with empirical Bayes principles where we
assume the biases follow a normal distribution with unknown parameters. This approach is optimal
when all NCOs are valid and follow our modeling assumptions. In contrast, the median calibration

approach uses the median of the estimated biases across all NCOs, providing robustness against

invalid NCOs.

This systematic bias estimate from NCOs also enables testing the validity of the parallel trends
assumption. Finally, the intervention effect is calibrated by removing the estimated bias, providing
a corrected and more reliable estimate of the intervention’s true impact. This framework offers
a systematic and robust approach to addressing bias, with theoretical guarantees detailed in the

Supplement.
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Synthetic data numerical experiments

Synthetic data was used to evaluate the proposed calibration method through extensive simulation
studies. We first focused on the hypothesis testing for the parallel trends assumption. The sig-
nificance level for the two-sided statistical test of the parallel trends assumption was set to 0.05.
We simulated 40 NCOs and computed the empirical type-I error rate of the proposed test across

varying sample sizes —1000, 2000, and 3000.
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Figure 4.2: Results from 1,000 synthetic datasets. (a) Illustration of the Type-I error rate from the
proposed NC-DiD method. (b) Statistical power for systematic bias values of b = 0.05,0.1,0.15. (c)
Relative bias as the sample size increases from 1,000 to 3,000. (d) Coverage probability comparing
the proposed NC-DiD method to the baseline DiD method as sample size increases from 1,000 to
3,000.



In Figure 4.2(a), the results show that, if the parallel trends assumption holds (b=0), the type-I
error rate of the proposed test of parallel trends remains stable around 0.05 as the sample size goes
larger, specifically, 0.055 for sample size 1000, 0.059 for sample size 2000, and 0.057 for sample size
3000. Figure 4.2(b) illustrates an increase in statistical power for rejecting the null hypothesis of
parallel trends as the true value of b increases from 0.05 to 0.15. When b is increased to 0.1, the

statistical power for sample size 1000 is 84.8%.

We further examined the impact of b on the estimation of the average treatment effect on the treated
(ATT) in the post-intervention period using the DiD model when the parallel trends assumption was
violated. We evaluated our proposed NC-DiD method, showing the relative bias and coverage prob-
ability for a 95% confidence interval of ATT. The relative bias for estimating the ATT was calculated
as the ratio of the estimation error to the true ATT value. The coverage probability is defined as the
proportion of times that a confidence interval contains the true parameter. In addition, we reported
the mean square error (MSE), which was calculated as the average of squared differences between

the estimated treatment effects and the true treatment effect across 1000 numerical experiments.

With a true value of the ATT set at -1 and b at 0.5, results from Figure 4.2(c) indicate a relative
bias for the DiD model before calibration of 53.0%. This bias of the DiD model after the pro-
posed calibration method was reduced to 2.6%. Furthermore, Figure 4.2(d) shows that after the
calibration, the coverage probability was 95.6% near the nominal level of 95%, whereas without
calibration, it was only 21.2% when the sample size was 3000. We evaluated the mean squared error
(MSE) both before and after NCO calibration, with comprehensive results presented in Section C.3
across all simulation experiments. The results demonstrate substantial reductions in MSE following
calibration. For instance, at a sample size of 3,000, the MSE for our proposed calibrated method
was 0.039, compared to 0.331 for the baseline uncalibrated method, representing an 88% reduc-
tion in overall estimation error. This improvement in MSE, alongside the bias reduction, confirms
that our calibration approach enhances overall estimation accuracy rather than simply shifting the

estimation problem.
Handling Scenarios with Invalid Negative Control Outcomes (NCOs)
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We evaluated the performance of the proposed calibration approach when incorporating partially
invalid NCOs ((i.e., those not having a true treatment effect of zero). Figure 4.3 presents the
results of the calibrated approach using both the empirical posterior mean and the median. The
findings indicate that calibration based on the median outperforms the empirical posterior mean.
Additionally, both the empirical posterior mean and the median methods demonstrate superior
performance compared to the method without any calibration. For example, with a sample size of
1,000, the systematic bias using the median is -3.5%, compared to -19.8% with the uncalibrated
method, which exhibits approximately 50% bias relative to the true value. Therefore, we recommend

using the median-based calibration when the selected NCOs are not fully validated.

In summary, our simulations demonstrate that the proposed calibration method effectively maintains
the type-I error rate across varying sample sizes and substantially reduces the relative bias caused
by time-varying effects of unmeasured confounders in DiD models. This improvement in model
accuracy is essential for ensuring reliable estimation of treatment effects, particularly in scenarios

where the parallel trends assumption is violated.
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Figure 4.3: Results from 1,000 synthetic datasets under the scenario of partial validity of negative

control outcomes (NCOs), comparing the calibration methods based on the empirical posterior mean
and the median for estimating systematic bias.
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Application to Racial/ethnical differences during the post-acute phase of COVID-19
Post-acute sequelae of SARS-CoV-2 infection (PASC), or long COVID, includes symptoms like
fatigue, shortness of breath, and cognitive dysfunction persisting beyond 28 days after the initial
infection. PEDSnet, a national pediatric health learning system provides us with an opportunity
to understand, learn, and predict the PASC. Currently, PEDSnet includes data from over two
million children from eight children’s hospitals across the United States, including the Children’s
Hospital of Philadelphia and Stanford Children’s Health. A detailed list of these hospitals and their

corresponding abbreviations is provided in Supplementary Materials (Section C.1).

We investigate whether the infection of SARS-CoV-2 increases racial/ethnic differences in the PASC
symptoms and conditions for minor race/ethnicity population. We aim to quantify the racial /ethnic
differences attributable to COVID-19 infection. We defined the composite outcome as the presence
of any healthcare visits related to 24 predefined PASC symptoms and conditions. The diagnosis code
sets of the PASC symptoms and conditions are defined in Section C.2 of Supplement Appendix.
We grouped the 24 PASC symptoms and conditions into systematic (conditions) and syndromic
(symptoms) categories (Razzaghi et al., 2024). In addition, we used sixty-two NCOs with names of
these NCOs detailed in Section C.3. We defined documented moderate to severe COVID-19 infection
as cases where patients had positive PCR/antigen tests or a COVID-19 diagnosis, accompanied
by moderately severe conditions such as gastroenteritis, dehydration, and pneumonia, or severe
conditions requiring ICU admission or mechanical ventilation (Forrest et al., 2022). To illustrate
our proposed method, we utilize a dataset including any patients under the age of 21 who had
at least one documented moderate or severe COVID-19 infection. A total of 15,373 children and

adolescents were included.

Within the cohort, 45.9% are female. We define the racial/ethnic groups as follows: NHW, NHB,
Asian American or Pacific Islanders (AAPI), and Hispanic. The cohort composition was 53.7%
NHW, 19.7% NHB, 4.5% AAPI, and 22.0% Hispanic. The index date for COVID-19 patients, which
divides the two time periods, was defined by the first visit related to the documented COVID-19

infection between March 2020 and September 2023. We measured the three composite outcomes
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for two time periods, the pre-infection period (28 days to 179 days before the index date), and the
post-infection period (28 days to 179 days after the index date). We applied our proposed method

by estimating the racial/ethnic difference attributable to COVID-19 infection between NHW and

the three other racial/ethnic groups.

(a) NHB vs. NHW Hispanic vs. NHW AAPI vs. NHW
15 L 15 1 15 n
Systematic bias is 0.88, p-value = 0.013 ‘ Systematic bias is 1.02, p-value = 0.670 ‘ Systematic bias is 0.75, p-value = 0.044 ‘
5 o N g
o 7 o 2o 4
w / w - - i) .
e ! 2 B ° L4
& IS 7 & N . 5 -
° 7 ° . |2 5 ° .
§05 3 7 gos e . 505 -
@» N o v 4 @» N Iy 7] N p
T 2 e -
ped ) o[ 4
00 00 ~ 00
025 05 1 2 4 6 810 025 05 1 2 4 6 810 025 05 1 2 4 6 810
(b) Relative risk Relative risk Relative risk
At least one incident
ot Gl —o—i
Systematic H
Syndromic H H
- e —ei—
I T t T 1 I T T T 1 I T T 1
0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
Relative risk Relative risk Relative risk
® Before NCO After NCO

Figure 4.4: Results for the scientific question of investigating the racial/ethnic differences after
the COVID-19 infection by the proposed calibration method via the empirical posterior mean. (a)
showed the systematic bias in RR scale of the NHB, Hispanic, and AAPI compared with NHW. (b)

demonstrated the results of the NC-DiD.

From Figure 4.4a, we observe that the test of parallel trends assumption for NHB versus NHW
was rejected (p-value 0.013), and the estimated systematic bias was 0.88 on RR scale from the
unmeasured confounding variables. Similarly, the estimated systematic bias on RR scale for AAPI

versus NHW and Hispanic versus NHW were 0.75 (two-sided test p-value 0.044) and 1.02 (p-value

=0.67), respectively.

We also show the results from the DiD method (before calibration) and the proposed method (after
calibration) in Figure 4.4b. Among the AAPI group, we observe significant evidence of racial /ethnic
differences due to COVID-19 infection after calibration. Interestingly, the results before calibration
show moderate, though not significant, evidence for a difference in the opposite direction. After

calibration, the RR for the prevalence of any visit with PASC symptoms or conditions after COVID-
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19 infection comparing AAPI to NHW is 1.33 (95% confidence interval (CI) 0.98 to 1.81). Results
before calibration showed RR in 1.01 (95% CI 0.89 to 1.15). Similarly, for any visits with syndromic
PASC category after COVID-19 infection, the calibrated RR is 1.29 (95% CI 0.95 to 1.75) whereas
for visits with systematic PASC category the calibrated RR 1.11 (95% CI 0.73 to 1.68). On the other
hand, before calibration, comparing AAPI with the NHW group, the RR for visits with syndromic
PASC category is 0.97 (95% CI 0.85 to 1.11) whereas the RR for visits with systematic PASC
category 0.84 (95% CI 0.61 to 1.14).

Comparing the NHB and NHW groups, we found evidence of racial/ethnic differences for any visits
to PASC symptoms and conditions after the COVID-19 infection by using the proposed calibration
method. Specifically, the RR for the prevalence of any visits with PASC symptoms and conditions
after the COVID-19 infection is 1.14 for NHB compared to NHW (95% CI 1.01 to 1.30). The RR
in the syndromic PASC category for NHB compared with NHW is 1.16 (95% CI 1.02 to 1.32). No
evidence was found for the risk of systematic PASC between NWB and NHW (RR 1.04, 95% CI
0.85 to 1.26). Comparing the Hispanic group with the NHW group, no evidence was found in the
prevalence of any visits with PASC symptoms and conditions after COVID-19 infection (RR 1.00,
95% CI 0.90 to 1.11). However, the Hispanic group has a greater increase in the prevalence of the
systematic PASC category after COVID-19 infection (RR 1.19, 95% CI 1.01 to 1.41).

4.3. Discussion

We present a novel framework that directly addresses the significant challenge in DiD analyses,
that is, the parallel trends assumption may not hold due to the impact of unmeasured confounders
with time-varying effects. The conventional DiD approach relies on the assumption that the differ-
ence between the intervention and control groups would have remained constant over time in the
absence of an intervention. However, this assumption is frequently violated in practical scenarios,
particularly in complex fields such as public health and policy research, where external factors can
differ significantly between groups and over time. Through rigorous testing and calibration methods
incorporated in our NC-DiD framework, we demonstrate that our approach not only identifies when

the parallel trends assumption does not hold but also adjusts for this, providing a more accurate
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estimation of causal effects.

While our NC-DiD approach shares mathematical relationships with alternative formulations, our
framework offers distinct methodological advantages in RWD contexts. Our approach is particu-
larly valuable when researchers need to perform hypothesis testing on the estimated bias from NCOs
to evaluate the parallel trends assumption—a capability that would be bypassed in a single-step
approach that simply treats NCOs as control groups during the post-intervention period. Addi-
tionally, our method provides a structured calibration procedure that fully leverages available pre-
intervention data, enhancing estimation accuracy. Furthermore, our approach extends naturally
to settings with multiple NCOs, where researchers can systematically integrate information from
several negative controls to improve bias estimation through our framework. In these scenarios, the
explicit calibration procedure provides both analytical transparency and interpretability advantages

that enhance the method’s utility for researchers working with complex RWD.

Our simulation studies support the effectiveness of the proposed framework in maintaining statistical
power and reducing bias under various conditions, illustrating the robustness and adaptability of
our approach. The practical relevance of our methodology is highlighted through its application to
the study of racial/ethnic differences in PASC. Our results indicate significant differences in how
racial groups are impacted after the COVID-19 infection, which traditional DiD approaches might
have estimated incorrectly. By applying the NC-DiD method, we can offer more reliable insights
that are crucial for developing targeted health policies such as equitable distribution of medical

supplies and interventions such as community health outreach aimed at reducing these differences.

A notable innovation of our framework is its robust capability to handle partially invalid NCOs. In
real-world scenarios, some NCOs may exhibit treatment effects, introducing additional bias if treated
as entirely valid. Our framework mitigates this challenge by leveraging a robust calibration approach
using the median effect of the NCOs rather than the empirical posterior mean. Our simulations
demonstrate that this median-based calibration significantly reduces bias in the presence of invalid
NCOs, ensuring reliable estimation of treatment effects even when not all NCOs meet strict validity

criteria. This robustness is especially critical in complex observational studies where perfect NCO

45



selection may not always be achievable.

The robustness of our findings is supported by sensitivity analyses conducted across a subset of
sixty-two negative control outcomes manually reviewed by clinicians (Section C.3). By comparing
results between the full set and the subset NCOs, we demonstrate that our conclusions remain
consistent regardless of which specific controls are included in the analysis. This consistency across
different NCO configurations provides evidence that our method produces reliable causal estimates
that are not dependent on particular control selection choices. Such sensitivity analyses should be
considered standard practice when implementing the NC-DiD framework to ensure valid inference

in the presence of potentially imperfect negative controls.

Looking ahead, we envision several promising future applications and extensions of NC-DiD within
digital medicine. First, the framework can be integrated into healthcare systems’ analytic pipelines
to enable continuous monitoring of healthcare access across diverse populations. By implementing
NC-DiD within existing clinical data warehouses, healthcare organizations could establish auto-
mated surveillance systems that detect differences in care access, quality, and outcomes, particu-
larly following major healthcare disruptions or policy changes. Second, we anticipate that NC-DiD
could be incorporated into digital clinical decision support systems to provide clinicians with more
accurate estimates of treatment effects for specific patient subgroups. By adjusting for unmeasured
confounding that varies across time and populations, NC-DiD could help personalize treatment rec-
ommendations based on more reliable effect estimates derived from an institution’s own EHR data.
Third, the methodology could be extended for real-time monitoring of public health interventions
using streaming digital health data. As healthcare systems increasingly capture data continuously
through digital interfaces, NC-DiD could be modified to provide progressive updates to effect esti-

mates as new data become available, enabling more agile public health responses.

Our study has several limitations that warrant future research. First, the estimation of variance
(and therefore construction of confidence intervals and hypothesis tests) for the calibrated estimates
may be compromised by potential correlations among multiple NCOs. Nonetheless, our simulation

results demonstrate that our model, even without addressing this correlation, effectively controls
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the type I error rate and preserves the coverage probability of confidence intervals. Second, inter-
vention misclassification could further impact the DiD model’s accuracy. Recent studies36 propose
calibrating this misclassification by specifying a range for the misclassification rate. We plan to in-
vestigate and adjust for this bias in future reports. Furthermore, we assume that the effects of each
negative control outcome (NCO) share a common prior distribution, modeled as Gaussian. In the
context of hypothesis testing, this assumption has proven empirically effective in accounting for het-
erogeneity among NCO effects. Future work could explore relaxing this parametric assumption by
adopting non-parametric or semi-parametric approaches to model the distribution of NCO effects,
potentially improving robustness when NCO effects exhibit non-Gaussian patterns. Such exten-
sions might leverage techniques like kernel density estimation or Bayesian non-parametric methods
to better capture the true underlying distribution of systematic biases across different outcomes in

complex healthcare datasets.

In conclusion, this framework not only advances statistical methodology but serves as a practical
tool for healthcare systems striving to utilize their digital repositories to improve patient outcomes
across diverse populations. As healthcare systems expand their digital capabilities, NC-DiD enables
more reliable evidence generation from observational data to guide clinical practice and health
policy. Its ability to detect and adjust for time-varying unmeasured confounding transforms how
researchers can leverage existing digital health infrastructure to produce trustworthy insights for

clinical decision-making and health equity initiatives.
4.4. Methods

Notation

We consider an observational study conducted across two time periods denoted by 7', where T' =0
denotes the pre-intervention period and 7" = 1 denotes the post-intervention period. Let Z; represent
the treatment assignment indicator with the restriction that treatment is assigned only at time T' = 1
for the treated group, and Z7 = 0 for all units at 7' = 0. Additionally, we introduce the indicator
A to distinguish the treated group from the control group at 7" = 0, defined such that Zp = A x T,

where A =1 if and only if Z; = 1.
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We use the following counterfactual notation: Y;(z) denotes the potential outcome given treatment

Z = z at time T = t. Our target estimand is defined as:

which can be interpreted as the average treatment effect on the treated (ATT) in terms of the
RR. The primary distinction between the average treatment effect (ATE) and ATT lies in their
target populations. The ATE is concerned with the overall population, whereas the ATT focuses
specifically on those who receive the intervention. As our research aims to evaluate whether mi-
nority racial/ethnic populations experience worse long-term outcomes after COVID-19 infection,
our proposed method focuses on the ATT. However, the method can also be applied to estimate
the ATE. We use the RR because the outcome is binary, and RR is collapsible (Greenland et al.,
1999; Whitcomb and Naimi, 2021). This framework can potentially be adapted for other target

estimands, such as the odds ratio and risk difference, with corresponding adjustments.

Details of the proposed calibration method

The traditional difference-in-differences (DiD) model requires a parallel trends assumption, which
states that the average difference in the outcomes between the intervention and control groups would
remain constant over the two time periods if the treatment had not been applied. Typically, the
assumption of parallel trends is violated, often when the effect of the unmeasured confounders is
time-varying. This introduces a systematic bias, denoted by, to the model. Formally, the systematic

bias can be quantified by

=g (BBOLAZD) (B0 4=1)) m

Note that by = 0 represents that the parallel trends condition holds for the outcome of interest. We
refer to by as the unmeasured confounder bias for the outcome of interest. Similarly, we can define

the unmeasured confounder bias b; for the jth NCO. Specifically,
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As expected, the unmeasured confounder bias for different outcomes should be different. To account
for the heterogeneity, we assume that these biases b, by, ..., by ~ N(b,0?), that is, they follow the
normal distribution with mean b and variance ¢2. The parameter b = 0 can be interpreted as
that the parallel trend assumption holds essentially, and nonzero b;s occur by some random error.
The mean of the control counterfactual for the treated group during the after-intervention period

is not generally identifiable for unmeasured confounding bias b. Hence the target estimand 7 is not

identifiable, either.

To mitigate the systematic bias, we proposed the following calibration procedure, as illustrated in
Figure 4.1, consisting of three steps. In the first step, we adjusted the DiD model for measured
confounders X, using a logistic regression model to estimate the propensity score given the measured
confounders during the pre-intervention period. To implement the DiD method, we apply the log-

linear model to the matched cohort:
log (E(Y | A,T)) = Bo + 1A + BT + B3 AT. (4.3)

Here, (5 is a constant, and (31, 82, and B3 are coeflicients of A, T', and their interaction, respectively.
Notably, B3 represents the biased intervention effect in risk ratio (RR), which is related to the true
intervention effect 7, that is,

log(7) = B3 — bo.

The estimated ,5’3 is derived from this model. In the second step, we repeat this procedure with M
NCOs, under the assumption that the intervention has no effect on these outcomes. The intuition
behind our test is straightforward: if the parallel trends assumption holds, then applying our DiD
model to negative control outcomes should yield estimates centered around zero. Systematic de-
viation from zero would indicate violation of this critical assumption. Specifically, we fit the DiD

model for the mth NCO, W,,, (m=1,..., M):
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IOg (E(Wm | Av T)) = BO,m + Bl,mA + 52,mT + B3,mAT- (44)

Here, 33, is the coefficient of the interaction term, representing the systematic bias from the NCO

Wi, In addition, we assume that

BS,m ’ BS,m ~ N(ﬂ&mv &2,1)

The result Bg,m and &2, can be obtained directly from Equation (4). Applying this procedure across
all NCOs and taking the average of the values of 3377% provides an estimate l;, which serves as an
estimate of the systematic bias b. This approach corresponds to the empirical posterior mean within
the empirical Bayes framework. If b = 0, this suggests that the parallel trends assumption holds.
Thus, we derive a test statistic for the parallel trends assumption and a corresponding two-sided test
of the null hypothesis, Hy : b = 0. The test statistic is derived from the distribution of estimated
effects across multiple NCOs. The sign of b reveals the direction of bias in treatment effect estimates
and the magnitude of estimated bias b indicates the severity of the violation. The p-value < 0.05

provides statistical evidence against parallel trends.

In the final step, we calibrate s by subtracting off the estimated bias, yielding the calibrated

estimator:

7 =exp(fs —b).

In the Supplement, we illustrate the complete details such as the statistical assumptions in Section

C.5 and the theoretical guarantee of our proposed method in Section C.6.

Robust Estimation with Partially Invalid NCOs
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When the minority of NCOs (less than 50%) are invalid—for example, when a selected NCO has
some treatment effects, leading to additional bias in the estimation of 7—we adopt a more robust
approach. Specifically, we use the median of B&m (m=1,...,M) to compute b. This adjustment

ensures accuracy and robustness even in scenarios where the NCOs are not entirely reliable.

Data Generating Mechanism for Synthetic Data Experiments

We use Y; ;(2) to denote the potential outcome for the Z = z (2 = 0,1) group at the T' =1t (t = 0, 1)
for the ith participant (i = 1,...,n). We assume the dimension of X; is p, where the first p;
elements are continuous, following a standard normal distribution. The rest of the elements of X;
are categorical, following a multinomial distribution. The dimension of the unmeasured confounders
U is ¢q. Similarly, we allow the types of unmeasured confounders to be a mix of continuous and

categorical types.

The general data generation mechanism of the potential outcomes is displayed as:

log [E{Y3(0) | Ai, X3, Us}] = B(As, Xi) + 0 (Us), (4.5)

log [E{Y;1(1) | X, Ui} = B(Ai, Xi) + 7(X;) +71(Us), (4.6)

where 8(A4;, X;), 1(U;), and 7(X;) are individual-specific functions on X;. B(A;, X;) is a function
specifying the influence of measured confounders on the potential outcomes for the intervention and
control groups. 7(U;) captures the time-varying effect of unmeasured confounders on the potential

outcomes. The 7(X;) function specifies the treatment effect given time 7' = 1.

We conducted the simulation in two parts. The first part is about the type-I error rate and power
for hypothesis testing for the parallel trends assumption. We ranged the sample sizes at 1000, 2000,

and 3000. Similarly, for each sample size, the power is calculated for b = 0.05, 0.10, and 0.15.

The second part evaluates the bias and coverage probabilities for the proposed calibration method.
We fix E[v1(U;) — %(U;)] = 0.5 and set the true value of the treatment effect, E[Y;(1) — Y1(0)], to

be —1. We conducted method comparisons by calculating the relative bias with respect to the true
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value. In this scenario, where the effect size is one, the relative bias is mathematically equivalent to

the true bias, providing a direct assessment of estimation accuracy across all compared approaches.

The values for S(A;, X;) and ~(U;) used in the first and second parts are shown in the Appendix
(Section C.4). Additionally, for scenarios where a small proportion of invalid NCOs (10%) is in-

cluded, we provide details on the generation of these invalid NCOs in Section C.7.

The replication number of the numerical experiments is set to 1000.
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CHAPTER 5

RACIAL/ETHNIC DIFFERENCES IN LONG-COVID-ASSOCIATED SYMPTOMS
AMONG PEDIATRICS POPULATION: FINDINGS FROM
DIFFERENCE-IN-DIFFERENCES ANALYSES IN RECOVER PROGRAM

5.1. Introduction

The post-acute sequelae SARS-CoV-2 infection (PASC) has emerged as a significant concern

(Davis et al., 2023, 2021; Thaweethai et al., 2023), particularly among young individuals with a
previous diagnosis of COVID-19 (Organization et al., 2023; Morello et al., 2023; Selvakumar et al.,
2023; Rodriguez-Morales et al., 2023; Zhou et al., 2024; Shen et al., 2025; Zhang et al., 2025a). De-
fined by the World Health Organization (WHO) as the persistence of at least one physical symp-
tom for 12 weeks following initial testing without an alternative diagnosis and expanded by the
National Institutes of Health (NIH) to include ongoing, relapsing, or new symptoms four or more
weeks post-acute infection, PASC potentially affects a significant proportion of COVID-19 survivors
(Lopez-Leon et al., 2021; Groff et al., 2021; Nasserie et al., 2021). In pediatric populations, recent
studies show that PASC symptoms and conditions tend to be systematic and/or syndromic, with
higher incidence conditions such as abnominal pain, loss of taste/smell, myocarditis, and symptoms
associated with cold-like illness occurring in patients after the acute phase of COVID-19 (Rao et al.,
2022; Wu et al., 2025; Zhang et al., 2025b,c; Li et al., 2025; Lu et al., 2025; Chen et al., 2025). The
estimated prevalence of PASC symptoms and conditions in the pediatric population ranges from 23%
to 45% among those previously infected by SARS-CoV-2 (Twohig et al., 2023; Lopez-Leon et al.,
2022; O’Mahoney et al., 2023), depending on study designs and PASC definitions. These findings
highlight the urgent need for further research and comprehensive support to address the prevalence

of PASC in pediatric populations.

Prior investigations into potential racial/ethnic differences in PASC among adults have unearthed
important findings. For example, the Centers for Disease Control and Prevention (CDC) have shown

variations in PASC’s impact based on race/ethnicity (National Center for Health Statistics et al.,
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2022). A study by Khullar et al.16 reported that Non-Hispanic Black (NHB) individuals exhib-
ited a higher incidence of new PASC symptoms and conditions compared to Non-Hispanic White
(NHW) patients, a difference more pronounced in hospitalized than in non-hospitalized patients.
These findings suggest the existence of potential racial/ethnic differences in PASC among adults.
Importantly, it is crucial to note that race and ethnicity are social constructs rather than biological
ones (Ford and Kelly, 2005; Ford and Harawa, 2010). Concurrently, research indicates children’s
likelihood of testing positive for COVID-19 correlates with their race/ethnicity (Saatci et al., 2021;
Bandi et al., 2020; Swann et al., 2020; Lee et al., 2020). NHB, Hispanic, and multi-racial children
exhibited higher rates of COVID-19 positivity compared to their NHW counterparts, indicating
differences in infection rates across different racial/ethnic groups (Chisolm et al., 2022). However,
limited research to date has addressed potential racial/ethnic differences in PASC among children
and adolescents, making it a pressing area of study. Therefore, our study aimed to quantify such
racial /ethnic differences by conducting an association study involving children and adolescents, to
determine if the observed patterns are consistent with the findings from studies conducted among

adults.

Examining health outcomes through the lens of racial /ethnic differences in the context of COVID-19
runs the risk of pre-existing racial /ethnic differences being either overshadowed or underestimated.
To address this, we employed a difference-in-differences (DiD) approach to disentangle the shifts
in racial/ethnic differences before and after COVID-19. Our investigation centered on a pediatric
cohort from the RECOVER electronic health records (EHR) database across thirteen institutions.
This study focused on the pediatric population with six months of follow-up, aims to investigate
racial and ethnic differences in PASC symptoms and conditions attributable to SARS-CoV-2 infec-
tion. The study also included the Asian American/Pacific Islanders (AAPI) population, which was

absent in the prior research.

Our main aim is to ascertain whether COVID-19 status correlates with any racial /ethnic differences
across PASC symptoms and conditions. We use the term PASC symptoms and conditions to

include a broad spectrum of health issues observed following COVID-19 infection (Rao et al., 2022;
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Razzaghi et al., 2024), which are not exclusive to the post-COVID period. This includes systemic
manifestations such as fatigue and malaise, respiratory symptoms, cardiovascular complications,
and neurological disorders. Our definition, broader than the clinical diagnosis of PASC (ICD-10
code U09.9), enables us to investigate prevalence changes across different racial/ethnic groups before
and after COVID-19 infection. Importantly, we quantified the racial /ethnic differences linked with
COVID-19 by carefully accounting for pre-infection differences in PASC symptoms and conditions

through the application of DiD analyses.

Specifically, Figure 5.1a demonstrates how to use the DiD model to find the racial/ethnic differences
attributable to COVID-19. We measured the pre-infection racial/ethnic differences by comparing
PASC symptoms and conditions between minority racial /ethnic groups and the NHW group during
the pre-infection period. We then measured post-infection differences using the same metrics. The
racial /ethnic differences attributable to COVID-19 were determined by calculating the difference
between these post-infection and pre-infection differences. When COVID-19 may modify the effect
of unmeasured confounding variables, we applied a negative control method (Figure 5.1c) to adjust
for the shifted impacts of these potential unmeasured confounders. By addressing these questions,
our objective is to shed light on racial /ethnic differences in the relationship between COVID-19 and

PASC symptoms and conditions.
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Figure 5.1: Illustration of difference-in-differences (DiD) analysis. (a) The rationale for DiD with-
out the negative control outcome (NCO) calibration. It disentangles the racial/ethnic differences
related to COVID-19 infection in PASC symptoms and conditions from the pre-infection observed
racial/ethnic differences. (b) The directed acyclic graph (DAG) for the DiD without NCO calibra-
tion. Each node in the DAG represents each variable and the arrow symbol shows the causal effect.
The left panel illustrates the parallel trends assumption for DiD. The right panel demonstrates how
DiD without NCO calibration effectively blocks pathways from unmeasured confounders to PASC
symptoms and conditions, provided the parallel trends assumption holds. (c) The DAG for the DiD
with NCO calibration. The left panel illustrates a scenario where the parallel trends assumption
is violated. The middle panel demonstrates that DiD without NCO calibration fails to block the
pathway from unmeasured confounders to PASC symptoms and conditions. The right panel high-
lights that the DiD method with NCO calibration successfully eliminates the bias from unmeasured
confounding.
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5.2. Results

Study cohort and characteristics

The study involved 225,723 children and adolescents with COVID-19 (COVID-19-positive cohort)
from March 2020 to October 2022 (cohort entry month). The index date for the cohort was the
earliest date of documented SARS-CoV-2 infection, determined by a positive polymerase chain
reaction (PCR), serology, antigen test, or diagnosis of COVID-19 or PASC (U09.9). The COVID-
19-positive cohort comprised 109,022 NHW patients (48.3%), 45,823 NHB patients (20.3%), 60,012
Hispanic patients (26.6%), and 10,866 AAPI patients (4.8%) with SARS-CoV-2 infection from
March 2020 to October 2022 (Figure 5.2). Of these, 50.2% were female.

1 015 966 patients had at least one positive
test'/COVID-19 diagnosis/PASC
diagnosis during 2020-03-01 ~
2022-10-03, captured
in the RECOVER database

529 618 Excluded:
245 822 Patients had no visit during the baseline period?
232 071 Patients had no visit during the follow-up period®
51 725 Patients aged > 21 at cohort entry

486 348 Eligible for inclusion

': Including PCR, antigen, serology
tests.

B 2.7 days to 18 months prior to the
| 237032 E';(cluded. . | . o g’ate pri
atients with incomplete variables
a 3: 28 days to 179 days after the
index date

4: Complete records of BMI,
| race/ethnicity, and vaccine records

| . } !

| 249 316 Patients with complete variables*

109 022 45 823 60 012 10 866 6 896 16 697
Non-Hispanic Non-Hispanic Hispanic Asian American/ Multiple Other/Unknown
White Black Pacific Islander
( J
Y

| 225 723 Analysis cohort for COVID-19 positive patients |

Figure 5.2: Flowchart for COVID-19 positive cohort. Flowchart illustrating the selection process
for COVID-19-positive patients from March 2020 to October 2022. Abbreviation: BMI, body mass
index; PASC, Post-Acute Sequelae of SARS-CoV-2 infection; PCR, Polymerase Chain Reaction.

We stratified the COVID-19-positive patients at cohort entry into two groups based on the severity
during the acute phase (seven days before to fourteen days after the index date) of the COVID-19

infection (Forrest et al., 2022): the severe group (moderate and severe cases) and the non-severe
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group (asymptomatic and mild cases). Table 5.1 and Table D.4 present the baseline characteris-
tics of the cohort, such as age, sex, and Pediatric Medical Complexity Algorithm (Simon et al.,
2018)(PMCA), stratified by race/ethnicity and severity. The definitions for each variable are shown
in Table D.2.

Table 5.1: Baseline characteristics of COVID-19 positive patients by race/ethnicity and severity
status

Severe! Non-severe?

NHW AAPI Hispanic NHB NHW AAPT Hispanic NHB
(N=9,140)  (N=590)  (N=3,786)  (N-3346)  (N-99,882)  (N—10,276)  (N-56226)  (N—42,477)

Age categories

<1 year 1601 (17.5%) 122 (20.7%) 767 (20.3%) 733 (21.9%) 9655 (9.7%) 965 (9.4%) 6154 (10.9%) 4686 (11.0%)
1 to <5 years 2811 (30.8%) 197 (33.4%) 1174 (31.0%) 910 (27.2%) 22018 (22.0%) 2802 (27.3%) 11892 (21.2%) 9147 (21.5%)
5 to <12 years 1893 (20.7%) 133 (22.5%) 773 (20.4%) 568 (17.0%) 27547 (27.6%) 3191 (31.1%) 17205 (30.6%) 12991 (30.6%)
12 to <16 years 1243 (13.6%) 60 (10.2%) 489 (12.9%) 482 (14.4%) 18276 (18.3%) 1433 (13.9%) 10430 (18.6%) 7721 (18.2%)
16 to <21 years 1502 (17.4%) 78 (13.2%) 583 (15.4%) 653 (19.5%) 22386 (22.4%) 1885 (18.3%) 10545 (18.8%) 7932 (18.7%)
Sex

Female 4208 (46.0%) 255 (43.2%) 1728 (45.6%) 1580 (47.2%) 50682 (50.7%) 4968 (48.3%) 28412 (50.5%) 21408 (50.4%)
Male 14932 (54.0%) 335 (56.8%) 2058 (54.4%) 1766 (52.8%) 49200 (49.3%) 5308 (51.7%) 27814 (49.5%) 21069 (49.6%)
Obesity

No 6055 (66.2%) 422 (T1.5%) 2230 (58.9%) 1926 (57.6%) 62750 (62.8%) 6141 (59.8%) 21525 (38.3%) 21711 (51.1%)
Yes 3085 (33.8%) 168 (28.5%) 1556 (41.1%) 1420 (42.4%) 37132 (37.2%) 4135 (40.2%) 34701 (61.7%) 20766 (48.9%)
PMCA

No condition 4333 (47.4%) 311 (52.7%) 1938 (51.2%) 1552 (46.4%) 67424 (67.5%) 7594 (73.9%) 41204 (73.4%) 27868 (65.6%)
Non-complex chronic 1435 (15.7%) 79 (13.4%) 534 (14.1%) 524 (15.7%) 18614 (18.6%) 1564 (15.2%) 8820 (15.7%) 8692 (20.5%)
Complex chronic 3372 (36.9%) 200 (33.9%) 1314 (34.7%) 1270 (38.0%) 13844 (13.9%) 1118 (10.9%) 6112 (10.9%) 5917 (13.9%)
Negative tests prior entry

0 6038 (66.1%) 407 (69.0%) 2671 (70.5%) 2301 (68.8%) 73195 (73.3%) 7908 (77.0%) 45852 (81.5%) 32592 (76.7%)
1 1445 (15.8%) 97 (16.4%) 521 (13.8%) 497 (14.9%) 15999 (16.0%) 1440 (14.0%) 6650 (11.8%) 6233 (14.7%)
2 641 (7.0%) 32 (5.4%) 225 (5.9%) 238 (7.1%) 5875 (5.9%) 519 (5.1%) 2169 (3.9%) 2146 (5.1%)
>3 1016 (11.1%) 54 (9.2%) 369 (9.7%) 310 (9.3%) 4813 (4.8%) 409 (4.0%) 1555 (2.8%) 1506 (3.5%)

Vaccine dosage
7860 (86.0%) 469 (79.5%) 3347 (88.4%) 3015 (90.1%) 82136 (82.2%) 7256 (70.6%) 46760 (83.2%) 37252 (87.7%)
240 (2.6%) 22 (3.7%) 80 (2.1%) 71(21%) 2878 (29%) 474 (4.6%) 1667 (3.0%) 1159 (2.7%)
2 1040 (11.4%) 99 (16.8%) 359 (9.5%) 260 (7.8%) 14868 (14.9%) 2546 (24.8%) 7799 (13.9%) 4066 (9.6%)
Abbreviations: NHW: Non-Hispanic White; NHB: Non-Hispanic Black; AAPI: Asian American or Pacific
Islander; PMCA: Pediatric Medical Complexity Algorithm.
"Moderate/severe COVID-19; > Asymptomatic/mild COVID-19.

v = o

Statistical method overview

The PASC symptoms and conditions were defined using ICD-10-CM codes (shown in Table D.2)
and were measured during the pre-infection period (28 to 179 days before the index date) and the
post-infection period (28 to 179 days after the index date). We performed pairwise propensity score
matching for each minority racial/ethnic group (NHB, Hispanic, AAPI) to the NHW group based
on pre-specified covariates. To adjust for pre-infection racial/ethnic differences, we applied a DiD

model with negative control outcome (NCO) calibration (Figure 5.1¢) to the matched cohort.

Figure 5.1 illustrates the rationale and methodology of our difference-in-differences (DiD) with the
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NCO calibration approach. Figure 5.1b shows the rationale of the DiD model. The parallel trends
assumption in the DiD model within our study states that the racial/ethnic differences do not
change over time in the absence of COVID-19 infection. When the parallel trends assumption
holds, unmeasured confounding variables do not affect the racial/ethnic difference in outcomes be-
fore and after COVID-19 infection. This is represented by the absence of an arrow between the
unmeasured confounding variables and the differences in outcomes in Figure 5.1b. However, when
the parallel trends assumption is violated—specifically if COVID-19 modifies the effect of unmea-
sured confounding variables—the outcome estimates from the DiD may become biased without the
NCO calibration. To address this limitation, we implemented negative control experiments for each
minority racial/ethnic group compared to the NHW group, as illustrated in Figure 5.1c. This ap-
proach allows us to calibrate our estimates from the unmeasured confounding bias. We provide

details for explanations for Figure 5.1b and Figure 5.1c in the Methods Section.

Racial/ethnic differences in PASC symptoms and conditions

To investigate racial /ethnic differences attributable to COVID-19, we examined twenty-four PASC
symptoms and conditions. We grouped the PASC symptoms and conditions into two categories:
systemic and syndromic features (shown in Table D.3). Syndromic features encompass symptoms,
signs, and non-specific laboratory abnormalities, while systemic features are diagnosed health condi-
tions. We used thirty-one NCOs in this study, defined as outcomes assumed to have no racial /ethnic

differences attributable to COVID-19 (Table D.1).

After achieving the balance of standardized mean difference (SMD) by propensity score matching
and conducting the DiD model with NCO calibration, Figure 5.3 shows the racial/ethnic differences
attributable to COVID-19 in PASC symptoms and conditions stratified by the severity of acute
COVID-19 after the NCO calibration. Overall, we found evidence of an increase in composite
outcomes, i.e., at least one condition and any of the syndromic conditions, after SARS-CoV-2
infection among the AAPI group in both severe and non-severe COVID-19 group, but there was no

evidence of increased racial differences among Hispanic and NHB groups.
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Figure 5.3: Racial/Ethnic differences attributable to COVID-19 in PASC symptoms and conditions
Racial/Ethnic differences in risk ratio (RR) that are attributable to COVID-19 for the prevalence
of PASC symptoms and conditions among COVID-19-positive cohort (n=225,723 participants),
by race/ethnicity and severity status. Each minority group—Asian American/Pacific Islanders
(AAPI), Non-Hispanic Black (NHB), and Hispanic—was compared to the Non-Hispanic White
(NHW) group. The dots in the figure showed the estimated RRs for each minority group versus
the NHW group from the difference-in-differences (DiD) analysis with NCO calibration stratified
by severity status. The error bars showed the 95% confidence interval (CI) of the estimated RR.
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For patients with severe COVID-19, AAPI patients showed a higher increase in at least one condition
(risk ratio [RR| 1.24, 95% confidence interval (CI) 1.04 to 1.49, two-sided Wald test P=0.019) and
any of syndromic conditions (RR 1.22, 95% CI 1.01 to 1.47, P=0.042) compared to NHW after
SARS-CoV-2 infection. Both Hispanic patients (RR 0.99, 95% CI 0.91 to 1.08, P=0.804) and NHB
patients (RR 0.93, 95% CI 0.85 to 1.24, P=0.147) showed a non-significant decrease in at least one
condition as compared to NHW patients. For patients with non-severe COVID-19, AAPI patients
showed an increase in at least one condition (RR 1.08, 95% CI 1.01 to 1.14, P=0.015) and any
of syndromic conditions (RR 1.08, 95% CI 1.01 to 1.08, P=0.017) compared to NHW. Hispanic
patients showed a non-significant increase in at least one condition (RR 1.01, 95% CI 0.98 to 1.04,
P=0.498), while NHB patients had a similar non-significant risk (RR 0.99, 95% CI: 0.89 to 1.11,

P=0.915) in at least one condition.

However, there exist significant differences among all minority groups across several PASC symptoms
and conditions after SARS-CoV-2 infection. For example, for patients with severe COVID-19, the
increased prevalence of hair loss among Hispanic patients was greater (RR 2.62, 95% CI 1.06 to
6.49, two-sided Wald test P=0.038) than the increased prevalence among NHW patients. The
corresponding increase in the prevalence of fever and chills among AAPT was greater (RR 1.41, 95%
CI 1.01 to 1.97, P=0.045) than NHW. NHB patients had a smaller change in skin symptoms (RR
0.74, 95% CI 0.58 to 0.96, P=0.021) than NHW patients. For patients with non-severe COVID-19,
AAPI patients had a greater change concerning POTS /dysautonomia (RR 1.57, 95% CI 1.02 to
2.40, P=0.037) and respiratory signs and symptoms (RR 1.11, P=0.036) with 95% CI 1.00 to 1.23
(significant; rounded to two decimals) compared to NHW patients. NHB patients had an increase

in cognitive function (1.25, 95% CI 1.01 to 1.55, P=0.037) than NHW patients.

Furthermore, we observed that these racial/ethnic differences varied depending upon the severity
of the acute phase of COVID-19 as well as the specific PASC symptoms and conditions being
analyzed. For example, among the severe group, the differential increase in abdominal pain was

more pronounced for all three minority groups compared to those in the non-severe category.
Sensitivity analysis
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Figure D.3 showed the racial/ethnic differences using standard Poisson regression models. Among
COVID-19 patients within the severe group, NHB patients showed a greater incidence in at least
one condition (RR 1.16, 95% CI 1.02 to 1.32, two-sided Wald test P=0.024) and any syndromic
conditions (RR 1.14, P=0.042) with 95% CI 1.00 to 1.30 (significant; rounded to two decimals) as
compared to NHW patients. Hispanic patients also showed a non-significant greater incidence in at

least one condition (RR 1.12, 95% CI 0.99 to 1.27, P=0.075) as compared to NHW patients.

In Figure D.3, among COVID-19 patients with severe illness during the acute infection, Hispanic
individuals exhibited a greater incidence of respiratory signs and symptoms (RR: 1.16, 95% CI 1.02
to 1.33, two-sided Wald test P=0.024) and hair loss (RR: 1.84, 95% CI 1.02 to 3.31, P=0.043) as
compared with the NHW patient group. NHB had a greater incidence of respiratory signs and
symptoms (RR: 1.19, 95% CI 1.03 to 1.36, P=0.015) and heart disease (RR: 1.48, 95% CI 1.06 to
2.07, P=0.022), but a lower incidence of arrhythmias (RR: 0.73, 95% CI 0.57 to 0.94, P=0.013) and
headache (RR: 0.66, 95% CI 0.48 to 0.93, P=0.016) compared with the NHW group. Among those
with non-severe acute COVID-19, Hispanic patients displayed a higher incidence of myocarditis
(RR 4.28, 95% CI 1.53 to 11.98, P=0.006) and abnormal liver enzyme (RR 2.06, 95% CI 1.08 to
3.94, P=0.029) compared with NHW patients. Meanwhile, AAPI patients demonstrated a greater

incidence of hair loss (RR 3.32, 95% CI 1.43 to 7.72, P=0.005) compared with the NHW patient

group.

These findings revealed that our DiD approach identified fewer racial/ethnic differences compared
to standard regression models. It is worth noting that the DiD approach adjusted for the baseline
racial /ethnic differences before the SARS-CoV-2 infection, a step that a standard regression analysis
failed to take into consideration. Consequently, some of the observed racial /ethnic differences with
prior work might not be attributed to COVID-19. Nevertheless, given its adjustment for baseline

racial/ethnic differences, the DiD approach holds greater robustness.

To determine whether the defined set of twenty-four PASC symptoms and conditions accurately
reflect PASC, we conducted a crude incidence analysis comparing these symptoms and conditions

in the COVID-19-positive cohort to that in the COVID-19-negative cohort. A total of 677,448
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COVID-19-negative patients were included in the crude analysis. A random negative test date
was chosen as the index date for COVID-19-negative patients and the selection criteria for the
COVID-19-negative cohort are shown in Figure D.1. The results indicated that the incidence of
all PASC symptoms and conditions was higher in all COVID-19-positive patients compared to all
COVID-19-negative patients (Table D.6).

To further validate our definition of PASC symptoms and conditions, as well as to investigate
potential racial /ethnic differences in PASC symptoms attributable to COVID-19, we applied the
DiD approach with NCO calibration to the COVID-19-negative cohort (Figure D.2). This analysis
revealed no racial or ethnic differences in PASC symptoms and conditions attributable to COVID-
19 within the COVID-19-negative cohort. These findings suggest that the observed racial/ethnic
differences in PASC symptoms and conditions among COVID-19-positive individuals are unlikely to
be due to inherent differences in symptom and condition incidence patterns but rather may reflect
factors specifically associated with COVID-19 infection or its sequelae. This analysis validates that
the racial and ethnic differences in PASC observed in the COVID-19-positive cohort are related to

COVID-19 infection, rather than underlying population differences or unrelated health trends.
5.3. Discussion

We examined racial /ethnic variations in long-term consequences of documented SARS-CoV-2 infec-
tion across thirteen health institutions in the RECOVER study for 225,723 children and adolescents.
After accounting for pre-existing differences and potential confounding biases, we found evidence
suggesting differences attributable to COVID-19 for AAPI patients compared to NHW patients.
Notably, AAPI patients showed an increase in the risk of developing at least one PASC-related con-
dition and any syndromic conditions, both in severe and non-severe COVID-19 cases. We observed
specific symptom differences among minority racial/ethnic groups, despite no evidence indicating
differences in composite outcomes for NHB or Hispanic populations compared to NHW. For exam-
ple, NHB patients showed a smaller change in skin symptoms compared to NHW patients, consistent

with previous findings in adults by Khullar et al. (2023).

The increased cognitive function issues in NHB patients, the greater prevalence of hair loss in
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Hispanic patients, the higher risk of POTS or dysautonomia, and respiratory symptoms in AAPI
patients with severe COVID-19 all warrant particular attention in clinical settings. It is worth
noting that AAPI is the smallest racial /ethnic group, and for this group, the results show evidence
of differences compared to NHW. Therefore, this strengthens the findings of racial /ethnic differences

across PASC symptoms and conditions for the other minority groups compared to NHW.

While the observed racial /ethnic differences in RRs are subtle, they remain significant when applied
to large populations and may reflect broader systemic issues. For example, the observed differences
in PASC can primarily be attributed to differential healthcare access and the availability of special-
ized pediatric care, which vary significantly across different regions of the country, according to a
national report29. These variations are not due to biological reasons but are more closely linked to

socioeconomic factors, healthcare infrastructure, and regional healthcare policies.

This study examines PASC racial/ethnic differences among pediatric populations, providing valu-
able insights into the clinical relevance of these differences. Understanding these differences is crucial
for developing targeted interventions to ensure equitable healthcare access and outcomes for all pe-
diatric populations affected by PASC. The increased risk among minority racial/ethnic pediatric
patients may necessitate targeted follow-up care and support for the minority racial/ethnic popu-
lation. Healthcare providers should be aware of the potential for varied PASC presentations across
racial /ethnic groups in pediatric populations. This knowledge can inform more targeted screening
and follow-up protocols, potentially improving early detection and management of PASC symptoms

in different racial /ethnic patient populations.

The implications of this study on a broader public health level are significant. By utilizing data
from thirteen institutions, representing approximately 10% of the US children population and en-
compassing both urban and suburban health systems, this study offers a comprehensive national
sample. Public health strategies are suggested to prioritize the reduction of healthcare access and
the enhancement of specialized pediatric care availability across all regions. This will help in better
managing and treating PASC in children, ensuring that all affected patients receive the necessary

care regardless of their geographic location or socioeconomic status. Furthermore, these findings
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underscore the importance of continuous surveillance, research, and tailored public health policies

to address the evolving needs of this patient group.

The method utilized in our study has multiple strengths. First, we used propensity score match-
ing methods instead of standard linear regression models in our adjustment of the confounders,
which helped us reduce the non-linear effects of the confounders (Amoah et al., 2020). Second, we
accounted for the pre-infection racial/ethnic differences in PASC symptoms and conditions. This
approach enabled us to quantify racial/ethnic differences attributable to COVID-19 more accu-
rately. The DiD model is particularly powerful in the context of studying racial/ethnic differences,
as it helps to isolate the effect of COVID-19 from pre-existing ones. By comparing the change in
health outcomes before and after COVID-19 across racial/ethnic groups, we can more confidently
attribute observed differences to the impact of the virus rather than to the pre-infection racial/ethnic

differences.

A key strength of our study is the implementation of NCOs, which are outcomes not expected
to show racial/ethnic differences due to COVID-19. This approach enhances the reliability and
interpretability of our findings. By analyzing these alongside our primary outcomes, we enable the
detection of systematic bias from unmeasured confounding variables. This approach allows us to
calibrate results from the DiD model. Importantly, NCOs help mitigate the impact of unmeasured
confounding that may change before and after the infection. This is particularly crucial when
studying racial /ethnic differences, where many dynamic social and environmental factors may not be
captured in our dataset. Furthermore, we carefully addressed potential bias related to differences in
follow-up times. To ensure comparability, we standardized the follow-up period for all participants,
observing PASC symptoms and conditions over a consistent timeframe of five months (28 to 179 days
post-cohort entry). This approach mitigates any bias that might arise from variations in follow-up

duration across individuals.

This study has several limitations. First, socioeconomic differences may exacerbate racial/ethnic
differences in PASC symptoms and conditions, thereby acting as a mediator effect in the causal

pathway between race/ethnicity and clinical outcomes. Such influences have been suggested as risk
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factors for acute COVID-19 by Chisolm and colleagues in a RECOVER EHR study (Chisolm et al.,

2022). Future research on PASC outcomes is of interest to study such mediation effects.

Secondly, health-seeking behavior or healthcare access is an important consideration, known as as-
certainment bias (Asch et al., 2021b). Limited access to care and associated medical records among
certain minority racial/ethnic groups may contribute to potential bias in the observed racial/ethnic
differences. Related issues were recently described by Nasir et al. (2023) for the ascertainment
of PASC symptoms and conditions in adult populations through EHR. Nevertheless, we tried to
address the ascertainment bias by including healthcare utilization factors in the propensity score

model, such as the number of inpatient, outpatient, and ED visits during the baseline period.

Thirdly, confounding poses a significant bias threat in observational studies. To address this, we
extensively adjusted for potential confounders using a propensity-score-based matching method
and DiD analyses. We employed NCOs to reduce the residual bias, such as unmeasured confounder
bias. Additionally, EHR data completeness issues may lead to misclassification and loss-to-follow-up
bias. Some attempts have been made to mitigate the impacts of these biases (Duan et al., 2017,
Chen et al., 2019; Schuemie et al., 2014, 2018). The analysis used a combined set of patients, but
potential bias in racial/ethnic differences may vary between outpatients and inpatients. Addressing

these issues can help improve the reliability of evidence generated from these investigations.

Fourthly, asymptomatic cases are less likely to be captured in EHR as they are less likely to be
tested, impacting the findings for non-severe COVID-19. This study focused on diagnosed or treated
cases of PASC, reflecting children who sought healthcare services. The direction of bias can be
bidirectional, depending on whether asymptomatic cases are disproportionately missed in minority
or NHW groups. This could attenuate the DiD analysis for the non-severe COVID-19 group due to
potential misclassification bias, leading to conservative or inflated results (Wu et al., 2024b). Future

research should aim to capture a more comprehensive spectrum of COVID-19 severity.

Fifthly, our study design, requiring at least one healthcare visit within 28-179 days after the index

date, balanced selection bias against loss to follow-up bias (Howe et al., 2016). While this approach
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may overrepresent frequent healthcare users, especially during 2020-2021, we mitigated this by
incorporating diverse testing data to reduce COVID-19 status misclassification. Furthermore, in
the crude incidence analysis comparing COVID-19 positive and negative patients, the resulting
selection bias likely included sicker patients in the COVID-19 negative group, potentially biasing
our results towards the null. Nevertheless, we still observed a higher incidence of PASC symptoms
and conditions for COVID-19-positive patients compared to COVID-19-negative patients. Future
studies could explore alternative designs or data sources to enhance the external validity of these

findings.

In summary, we quantified the racial/ethnic differences in PASC symptoms and conditions and
the impact of SARS-CoV-2 infection on these differences. The impact of COVID-19 varied across

racial/ethnic groups, severity of acute COVID-19, and different PASC symptoms and conditions.
5.4. Methods

Ethics and inclusion

This study constitutes human subject research. Institute Review Board (IRB) approval was obtained
under Biomedical Research Alliance of New York (BRANY) protocol 21-08-508. As part of the
BRANY IRB process, the protocol has been reviewed in accordance with the institutional guidelines.

The BRANY waived the need for patient-informed consent and HIPAA authorization.

Data source
This retrospective cohort study is part of the NIH Researching COVID-19 to Enhance Recovery
(RECOVER) Initiative (https://recovercovid.org/), which aims to learn about the long-term effects

of COVID-19.

The data were contributed by 13 sites. Participating institutions in this study included: Children’s
Hospital of Philadelphia, Cincinnati Children’s Hospital Medical Center, Children’s Hospital of Col-
orado, Ann and Robert H. Lurie Children’s Hospital of Chicago, Nationwide Children’s Hospital,
Nemours Children’s Health System (in Delaware and Florida), Duke University, University of lowa

Healthcare, University of Michigan, University of Missouri, Oregon Community Health Informa-
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tion Network (OCHIN), University of California, San Francisco, and Vanderbilt University Medical
Center. All analyses were conducted using R version 4.1.2, with statistical significance set at a

two-tailed p-value threshold of < 0.05.

Cohort construction

We conducted a retrospective study from March 1, 2020, to October 3, 2022, with at least 6 months
of follow-up time. We included patients under the age of 21 who had at least one visit from 18
months before to 7 days before the index date (defined as the baseline period) and at least one
encounter within 28 days and 179 days after the index date (defined as the follow-up period). For
COVID-19-positive patients, we included the patients who had positive PCR, serology, or antigen
tests or diagnoses of COVID-19, or diagnoses of PASC (U09.9), which we defined as documented
SARS-CoV-2 infection. The index date for these patients was defined as the first time of SARS-CoV-
2 infection. We used patient race/ethnicity data included in the EHR and categorized patients into
six racial /ethnic groups: NHW, NHB, Hispanic, AAPI, Multiple, and Other/Unknown. Multiple
comprising less than 3% of the population in any COVID-19 and severity category were considered
small samples and excluded from the analysis. The Other/Unknown categories were also excluded
due to interpretability issues. The selection of participants for COVID-19-positive patients in real-

world data is summarized in Figure 5.2.

Defining outcomes

Our definition of PASC symptoms and conditions included 24 symptoms and conditions as shown
in Rao et al.11, including abdominal pain, abnormal liver enzyme, acute kidney injury, acute res-
piratory distress syndrome, arrhythmias, cardiovascular signs and symptoms, changes in taste and
smell, chest pain, cognitive functions, fatigue and malaise, fever and chills, fluid and electrolyte,
generalized pain, hair loss, headache, heart disease, mental health disorders, musculoskeletal pain,
myocarditis, myositis, Postural Orthostatic Tachycardia Syndrome (POTS) or dysautonomia, respi-
ratory signs and symptoms, skin symptoms, and thrombophlebitis and thromboembolism. We used
validated diagnostic codes (ICD-10-CM) confirmed by board-certified pediatricians, with details of

the code sets available in the Supplementary Materials Table D.2. Systematic and syndromic condi-
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tions related to PASC were grouped by the 24 PASC symptoms and conditions, which are detailed
in Table D.4.

Patient characteristics

The primary exposure was race/ethnicity, categorized into NHW, NHB, Hispanic, and AAPI. Vari-
ous patient characteristics were considered as confounders, including age at cohort entry date (<5,
5-12, 12-21), sex (female, male), cohort entry month (from March 2020 to October 2022), site
indicators, obesity (obese, non-obese), a chronic condition indicator as defined by the PMCA (no
chronic condition, non-complex chronic condition, complex chronic condition)(Simon et al., 2018),
healthcare visits (inpatient, outpatient, emergency department visits), medications (0, 1, 2, >3),
negative tests (0, 1, 2, >3), vaccine doses (0, 1, >2), and immunization duration during the baseline
period (no vaccine, <4 months, >4 months). The severity of COVID-19 at cohort entry date was
stratified into the following categories: asymptomatic, mild (symptomatic), moderate (involving
moderately severe COVID-19-related conditions such as gastroenteritis, dehydration, and pneumo-
nia), and severe (comprising unstable COVID-19-related conditions, ICU admission, or mechanical
ventilation)(Forrest et al., 2022). Patients exhibiting asymptomatic or mild symptoms were cate-

gorized into the non-severe group, while all other patients were classified into the severe group.

Propensity score matching

To quantify the racial/ethnic differences in the PASC symptoms and conditions, we use RR as
the comparative measure. The RR is known to be a collapsible measure, where collapsibility
(Greenland et al., 1999) refers to the measure of association conditional on some factors that remain

consistent with the marginal measure collapsed over strata (Whitcomb and Naimi, 2021).

To eliminate the impact of potential measured confounders, we used a propensity score matching
technique with the covariates detailed in the patient characteristics section. The propensity score is
calculated by the logistic regression model fitted by regressing the racial /ethnic groups on the co-
variates. We performed this matching separately for minority racial/ethnic groups (NHB, Hispanic,
and AAPI), each stratified by severity status, compared with the NHW group. After performing

the matching, we assessed the SMD between each covariate value for different racial/ethnic groups,
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with a difference of 0.1 or less indicating an acceptable balance (Austin, 2009).

DiD models

Subsequently, we quantified the differential increase in the prevalence of PASC symptoms and
conditions across different racial/ethnic groups using the DiD method on the matched cohort. Figure
5.1a provides a visual representation of the DiD method used to estimate racial/ethnic differences
in the increased prevalence of PASC symptoms and conditions related to COVID-19. We introduce
notation to illustrate the DiD method. For each minority racial/ethnic group (AAPI, NHB, or
Hispanic) matched with the NHW cohort, we use a binary indicator R to denote racial/ethnic
groups (R = 0 for NHW, R = 1 for NHB, Hispanic, or AAPI). We define T as the time period,
where T' = 1 represents the post-infection period (28 to 179 days after COVID-19 infection) and
T = 0 represents the pre-infection period (28 to 179 days before COVID-19 infection). Y is a binary
indicator denoting the occurrence of PASC symptoms and conditions, where Y = 1 indicates the
patient has been diagnosed with specific PASC symptoms and conditions, and Y = 0 indicates the
absence of such a diagnosis. For each participant, we observed the outcome Y in both pre-infection

(T = 0) and post-infection (7" = 1) periods.

We fitted a Poisson regression model by regressing each PASC symptom or condition on racial /ethnic

groups, time period, and the interaction between racial/ethnic groups and time period:

log (E[Y | R,T]) = o+ p1RR+ BT + Bs(R x T), (5.1)

where log(+) is the log link function. From Equation (5.1), the pre-infection racial/ethnic differ-
ence is found by the coefficient 51, as shown in the green part in Figure 5.1a. The post-infection
racial /ethnic difference is denoted by the sum of coefficients 81 + B3. Thus, the coefficient of the
interaction term, (33, represents the differential increase in racial/ethnic differences attributable to

COVID-19, shown in the blue part in Figure 5.1a.

To illustrate that the DiD model removes bias from the unmeasured confounder when the parallel

trends assumption holds, Figure 5.1b shows the directed acyclic graph (DAG) for the causal re-
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lationship (Pearl, 2009) when conducting the DiD model. We use Yj for the outcome during the
pre-infection period, Y7 for the outcome during the post-infection period, and U for the unmeasured
confounding variables. For simplicity, we present the DAG for the matched cohort of each minority
race/ethnicity-NHW pair after adjusting for measured confounding variables X using the matching

method.

Arrows between variables denote causal relationships. For instance, the arrow from R to Y; rep-
resents the racial/ethnic difference during the post-infection period, while the arrow from R to
Yy represents the difference during the pre-infection period. The DiD model aims to identify the
racial /ethnic difference in the outcome change between the post-infection and pre-infection periods,

AY (where AY =Y; —Y)), as shown by the arrow from R to AY.

The key advantage of the DiD model is its ability to adjust for unmeasured confounding variables U
under the parallel trends assumption. This assumption states that the effect of U remains constant
over time, meaning the effect of U on Yy and Y7 is equal. In the DAG, this is represented by the

paths U — Yy and U — Yj being equal.

Under this assumption, the DiD model, by taking the difference between Y7 and Yj, effectively
blocks the path from U to AY, allowing us to isolate the effect of R on AY without interference
from U. Notably, a specified model adjusting for pre-infection outcomes Y cannot adjust for the
bias from the unmeasured confounder U. Such a model effectively blocks the path R — Yy — Y}
but introduces new bias through the collider path R — Yy <~ U — Yj. Collider bias occurs when
two variables, such as R and U, influence a common effect, such as Yy, and controlling for this effect
inadvertently creates a spurious association, leading to biased results. This is why the DiD method

is more accurate than the model adjusting for the outcome during the pre-infection period.

Negative control outcome calibration
While we used propensity score matching to account for measured confounders and DiD analyses
to address pre-infection racial/ethnic differences, results can still be impacted by unmeasured con-

founder bias when the parallel trends assumption does not hold. To mitigate such bias, we collected
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thirty-one NCOs prespecified by pediatric physicians, not expected to show racial/ethnic differences
due to COVID-19. We fitted Equation (5.1) with each NCO as the outcome. Residual bias thus can
be estimated from the average of S3s from NCO models. By using these NCOs, the study calibrated

residual bias from unmeasured and systematic sources.

Figure 5.1c illustrates this using an expanded DAG. When the parallel trends assumption is violated,
a backdoor path from U to AY can emerge, potentially biasing our estimates. To address this, we
incorporate NCOs into our analysis, denoting each NCO during post- and pre-infection periods by
W1 and Wy, respectively. We assume the effect of U on AW (where AW = W7 —W)) equals its effect
on AY. By subtracting AW from AY', we effectively block the path from U to AY — AW enhancing
accuracy and robustness against unmeasured confounding. We conducted a two-sided Wald test
to evaluate racial/ethnic differences and reported corresponding p-values without adjustments for

multiple comparisons.

Sensitivity analysis

We conducted a list of sensitivity analyses to examine the robustness of our findings. To evaluate
how different statistical methods might influence the analytical results, we used an alternative ap-
proach, standard Poisson regression analyses, with RR as the comparative measure. Specifically, we
considered the incidence of PASC symptoms and conditions as outcomes, while controlling for the
same confounders that were used in the matching process within the DiD analysis. The p-values
are reported from two-sided Wald tests. In addition, we performed crude incidence analyses to
compare PASC symptoms and conditions between COVID-19 positive and negative groups, assess-
ing whether the prespecified outcomes accurately reflect PASC. We showed the p-values for the
statistical significance from two-sided two-proportion Z-tests. To validate racial /ethnic differences
attributed to COVID-19, we conducted DiD analyses with NCO calibration on COVID-19 negative

groups.

Code Availability
The code used for the analysis in this study is available and can be accessed in the Code Ocean

repository at https://doi.org/10.24433/C0.0460366.v1.
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CHAPTER 6

EMPOWERING TRIAL BY MULTI-SOURCE MULTI-SITE REAL-WORLD DATA: A
NEGATIVE CONTROL-CALIBRATED DIGITAL TWIN APPROACH

6.1. Introduction

Randomized controlled trials (RCT) offer high internal validity through randomization, minimizing
confounding and ensuring robust causal inference. However, their restrictive inclusion criteria and
controlled settings often limit generalizability, and their high costs constrain scalability. In contrast,
Real-world data (RWD) represent complementary sources of evidence in clinical research (Rothwell,
2005; Abernethy et al., 2017). RWD, encompassing electronic health records (EHR), insurance
claims, and patient registries, provides extensive population coverage and longitudinal follow-up
but is subject to selection bias and residual confounding due to the absence of randomization
(Sherman et al., 2016; Abernethy et al., 2017). RCTs provide structured and complete access to
predefined data attributes, whereas RWD often offers only partial access, particularly when derived
from EHRs (Cowie et al., 2017). Moreover, while RCTs typically have moderate sample sizes and
high costs, RWD enables large-scale analyses with lower financial constraints. Leveraging external
controls derived from RWD can significantly enhance statistical efficiency for RCT, potentially
reducing required sample sizes, shortening study durations, and lowering overall costs (Viele et al.,
2014; Schmidli et al., 2020). Therefore, the strategic integration of RCTs with RWD represents
a promising approach to achieve both methodological rigor and cost-effective, broadly applicable

clinical research.

Digital twin technology has gained attention as a promising solution for enhancing causal inference
in clinical research (Katsoulakis et al., 2024). Originally developed in engineering, digital twins
leverage machine learning and high-dimensional RWD to create individualized virtual representa-
tions of patients, allowing researchers to model counterfactual outcomes and simulate treatment
responses in real-world settings. This approach has been applied in biomedical research to predict

disease progression, optimize treatment strategies, and personalize interventions (Venkatesh et al.,
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2022). The PROCOVA method enhances RCTs by training digital twins from RWD to construct
a virtual control group for each participant, thereby increasing statistical efficiency (Schuler et al.,

2022).

Despite the promise of digital twins in strengthening RCTs, the validity of digital twin-based anal-
yses depends on precise calibration, as discrepancies between trial and real-world populations can
introduce systematic biases (Figure 6.1a). Existing methods, such as negative control outcomes and
synthetic control techniques, offer potential strategies for mitigating these biases, yet challenges

remain in ensuring accurate transportability of trial-based estimates to real-world populations.

To address these challenges, we propose a novel framework that systematically corrects for model
shift bias in RCT-RWD integration using a digital twin approach with negative control outcomes.
We introduce a data-driven calibration procedure that leverages negative control outcomes to quan-
tify and adjust for systematic biases, ensuring that treatment effect estimates remain robust across
different data sources. This approach offers a principled methodology for generating reliable real-
world evidence, facilitating more accurate and generalizable insights from combined RCT and RWD

analyses.
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Figure 6.1: The working flow of the proposed method. a) the indication of the scenario, that
is counterfactually, the outcome distribution given control for the RCT and RWD are different.
The difference between the distribution of the outcome for the RCT and the RWD are known as
the model-shift bias. b) negative control outcomes (NCOs) are those outcomes whose treatment
response are hypothetically zero. The difference between the RCT and RWD for the NCOs helps to
identify the model-shift for the outcomes of interest. ¢) The overview of the proposed method. The
model used to predict the digital twin (shown in the last column for the RCT data) can be trained
within the RWD data.

6.2. Results

Overview of Proposed Methods

Figure 6.1 (b) and (c) showed the overall working proposed method. Figure 6.1b introduces the
concept of NCOs, outcomes that are theoretically unaffected by treatment assignment, allowing
for an empirical estimate of the model shift bias. The observed discrepancy in NCO distributions
between RCT and RWD serves as a diagnostic tool for identifying systematic shifts in outcome
distributions. Finally, Figure 6.1c outlines our methodological framework: we utilize predictive
modeling within the RWD to construct a digital twin—an individualized outcome model for RCT

participants. More details about the proposed method can be found the Methods Section. By
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systematically calibrating for model shift, our method facilitates more robust and generalizable

treatment effect estimation in hybrid trial designs.

Empirical Evaluation of Proposed Method To evaluate the proposed method, we simulated
1,000 datasets combining RCT and RWD under two scenarios: (1) a linear relationship between

features and outcomes and (2) a complex non-linear relationship, as described in Chen et al. (2015).

(a) (b)
. [ ]
[
.
0.2 * ]

@ 0.21
=2
S
2 method
—
£ o0 018 — -
g w . ' Procova_UnlearnAl
m . Proposed
© 0.15
@ -0.2
o

|}

$

[} 0.12 Y
Anocova Procova_UnlearnAl Proposed Anocova Procova_UnlearnAl Proposed

Figure 6.2: The results of the evaluation for synthetic data experiments, conducted with 1,000
iterations, are presented. The red boxplot represents the ANCOVA method, the green boxplot
represents the PROCOVA method, and the blue boxplot represents the proposed method. (a)
Relative bias compared to the true value across different methods. (b) Standard error across different
methods.

Figure 6.2 illustrates the performance of the proposed method in comparison to baseline methods,
including PROCOVA—an approach that does not account for model-shift bias—and ANCOVA.
The ANCOVA method relies solely on RCT data, making its point estimates the gold standard due
to the inherent randomization in RCTs. First, the proposed method produces estimates that are
nearly identical to those from the ANCOVA method, with a relative bias of 10.2% compared to
the true value, whereas the PROCOVA method has a relative bias of 0.2%. Second, the proposed

method achieves a 39.9% relative efficiency gain compared to ANCOVA. In contrast, the PROCOVA
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method, which is affected by model-shift bias, shows minimal efficiency improvement over ANCOVA.
These results demonstrate that the proposed method effectively preserves the validity of ANCOVA
while significantly improving efficiency. By addressing model-shift bias, it provides a more reliable

approach than PROCOVA when integrating external real-world data with RCTs.

Combining SPRINT-MIND trial with iISTAGING Consortium

To evaluate the proposed method in real-world data, we applied it to a combined dataset from the
SPRINT-MIND trial and the iSTAGING Consortium. The SPRINT-MIND trial investigated the
effects of intensive blood pressure control on cerebral white matter lesions. Participants underwent
magnetic resonance imaging (MRI) to assess changes in brain structure. The study found that
intensive systolic blood pressure control was associated with a smaller increase in white matter
lesion volume compared to standard treatment. Table 6.1 presents the baseline characteristics
of participants in the SPRINT-MIND trial. The treatment group was defined as those receiving
intensive antihypertensive therapy targeting a systolic blood pressure (SBP) of 120 mm Hg, while

the control group received standard antihypertensive therapy targeting an SBP of 140 mm Hg.

The iISTAGING Consortium is an international collaboration that conducted studies across diverse
geographic locations between 1995 and 2020, utilizing various scanners and acquisition parameters.
For our analysis, we focused on cross-sectional scans from a subgroup of participants (n = 2,558)
within the iISTAGING dataset who had complete MRI measures available. The iSTAGING Con-
sortium integrates data from three sources: ADNI (n = 2,343), OASIS (n = 22), and Penn (n =
194). Baseline MRI data were missing for 633 participants (25.5%), leaving 1,905 participants for
training the digital twin models. Key covariates for training the digital twins included age, sex,
race, and education. The machine learning model used for digital twin construction was based on

random forests. Table E.1 in the Supplement listed the NCO outcomes used for the analysis.

Efficiency gain for proposed method in case of SPRINT-MIND plus iSTAGING con-
sortium

Figure 6.3 illustrates the estimated effect sizes across three brain regions—(a) deep cerebral white
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Table 6.1: Summary-level characteristics for the SPRINT-MIND trial.

Characteristic Standard Hypertension (N=200) Intensive Hypertension (N=245) Overall (N=445)
Sex

Male 131 (65.5%) 148 (60.4%) 279 (62.7%)
Female 69 (34.5%) 97 (39.6%) 166 (37.3%)
Age

Mean (SD) 66.4 (7.84) 67.8 (7.71) 67.2 (7.80)
Median [Min, Max| 65.0 [55.0, 89.0] 67.0 [55.0, 88.0] 66.0 55.0, 89.0]
Cardiovascular history

No 179 (89.5%) 216 (88.2%) 395 (88.8%)
Yes 21 (10.5%) 29 (11.8%) 50 (11.2%)
Race/ethnicity

Non-Hispanic Black 65 (32.5%) 68 (27.8%) 133 (29.9%)
Hispanic 13 (6.5%) 9 (3.7%) 22 (4.9%)
Other 4 (2.0%) 2 (0.8%) 6 (1.3%)
Non-Hispanic White 118 (59.0%) 166 (67.8%) 284 (63.8%)
Myocardial infarction

No 195 (97.5%) 236 (96.3%) 431 (96.9%)
Yes 5 (2.5%) 9 (3.7%) 14 (3.1%)
Stroke

No 200 (100%) 244 (99.6%) 444 (99.8%)
Yes 0 (0%) 1 (0.4%) 1 (0.2%)
Acute coronary syndrome

No 196 (98.0%) 238 (97.1%) 434 (97.5%)
Yes 4 (2.0%) 7 (2.9%) 11 (2.5%)
Now smoke

No 79 (39.5%) 104 (42.4%) 183 (41.1%)
Yes 21 (10.5%) 37 (15.1%) 58 (13.0%)
Missing 100 (50.0%) 104 (42.4%) 204 (45.8%)
Education level

Less than high school 16 (8.0%) 14 (5.7%) 30 (6.7%)
High school graduate 25 (12.5%) 40 (16.3%) 65 (14.6%)
Some college or associate degree 75 (37.5%) 81 (33.1%) 156 (35.1%)
College graduate or higher 80 (40.0%) 109 (44.5%) 189 (42.5%)
Missing 4 (2.0%) 1 (0.4%) 5 (1.1%)
Heart attack

No 196 (98.0%) 235 (95.9%) 431 (96.9%)
Yes 4 (2.0%) 10 (4.1%) 14 (3.1%)
Depression

No 172 (86.0%) 199 (81.2%) 371 (83.4%)
Yes 28 (14.0%) 46 (18.8%) 74 (16.6%)
BMI

Mean (SD) 20.5 (5.05) 2.5 (5.18) 20.5 (5.12)
Median [Min, Max] 29.2 [18.2, 46.4] 28.8 [19.4, 45.3] 29.0 [18.2, 46.4]
Missing 1 (0.5%) 0 (0%) 1 (0.2%)
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matter, (b) deep cerebral white matter left, and (c) deep cerebral white matter right—comparing
the proposed method with two baseline approaches, PROCOVA and ANCOVA. As ANCOVA relies
solely on RCT data, its estimates serve as the gold standard due to the benefits of randomization.
The PROCOVA method incorporates external real-world data (RWD) but does not account for
model-shift bias, leading to potential inaccuracies. The proposed method, by addressing model-
shift bias, produces estimates that align closely with ANCOVA while achieving notable efficiency
gains. Across all panels, the proposed method consistently yields more precise estimates, reflected
in its narrower confidence intervals compared to ANCOVA, and avoids the potential distortions

observed in PROCOVA.

(a) Deep cerebral white matter (b} Deep cerebral white matter |eft (c) Deep cerebral white matter right
Proposad Method - { - P —
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ARDCOVA & - L
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Figure 6.3: Estimated effect sizes and confidence intervals for three brain regions—(a) deep cerebral
white matter, (b) deep cerebral white matter left, and (c) deep cerebral white matter right—using

the proposed method (dark red), PROCOVA (gold), and ANCOVA (gray).

6.3. Discussion

The integration of RWD with RCTs has the potential to enhance trial efficiency, improve general-
izability, and optimize clinical decision-making. However, systematic differences between RCT and
RWD populations, known as model shift bias, pose significant challenges when leveraging external
data sources. In this study, we propose a NCO-calibrated digital twin approach that systematically
corrects for these discrepancies by quantifying and adjusting for systematic bias between trial and
real-world settings. Our results demonstrate that this method preserves the internal validity of

traditional ANCOVA while significantly enhancing statistical efficiency, thereby offering a robust
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framework for integrating multi-source, multi-site RWD into clinical trials. Through extensive sim-
ulation studies and real-world applications, we show that the proposed method effectively reduces

bias, improves treatment effect precision, and ensures robust causal inference in hybrid trial designs.

A key advantage of our approach lies in its ability to empirically adjust for bias using NCOs,
rather than relying on untestable assumptions of data exchangeability between RCTs and RWD. By
incorporating digital twin technology, our method constructs personalized counterfactual control
outcomes that better account for heterogeneity in patient populations. These findings suggest that
the digital twin framework, when properly calibrated, can serve as a powerful tool for leveraging
real-world evidence in regulatory decision-making, comparative effectiveness research, and preci-
sion medicine applications. Future work will explore the application of this method across diverse
therapeutic areas and broader patient populations, further refining its utility in real-world clinical

research settings.
6.4. Methods

Training the Digital Twin Model Using External Real-World Data

To enhance the robustness and generalizability of treatment effect estimation in Randomized Con-
trolled Trials (RCTs), we introduce a digital twin framework leveraging external Real-World Data
(RWD). A digital twin is a model-derived representation of an individual’s expected outcome under

a counterfactual condition—in this case, the untreated outcome for trial participants.

Prognostic Modeling with External Real-World Data
We leverage external RWD to estimate individual-level prognostic outcomes under control condi-
tions. Specifically, we train a predictive model using a machine learning algorithm (e.g., random
forest) to estimate a prognostic function W(X | D = 0), where X represents observed covariates
and D = 0 denotes untreated individuals from the external population. The prognostic function is
defined as:

U(X|D=0)=EY(0)|X,D=0),

where Y (0) represents the outcome under control conditions.
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This ensures that, conditional on U(X | D = 0), the outcome Y (0) is independent of covariates
X, reducing potential confounding. Random forests are particularly suitable due to their ability to

capture complex, non-linear relationships in high-dimensional settings.

Negative-Control Outcome Calibration
Direct application of the digital twin model to the RCT population may introduce model-shift bias

since distributions may differ between RWD and trial settings, expressed as:

P(Yy | X,D =1) # P(Y; | X,D = 0).

To mitigate this, we introduce Negative-Control Outcome (NCO) calibration. NCOs are outcomes
theoretically unaffected by treatment but share confounding structures with the primary outcome.

Leveraging M NCOs, denoted W,,, for m =1,..., M, we assume:
EY((0)|X,D=1)—-EY(0)|X,D=0)=EW |X,D=1)—-E(W | X,D =0),

illustrated here with one NCO, W.

For each NCO W,,, we estimate two parallel functions:

VO™ (X) = EW,, | X, D =0), W™(X)=E(W,, | X,D=1).

The discrepancies between W(0:m) (X) and gLm) (X)) calibrate the baseline digital twin function:

BO(X) = % [\1:“) m) (X)) — PlLm) (X)] .

m=1
This calibrated function ¥°(X) accounts for model-shift bias.

Generating Digital Twins within the RCT Population

After calibration, the refined digital twin generator provides a bias-adjusted control outcome for
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each RCT participant i:
Yio = UO(X;).

This individual-level digital twin enhances reliability and reduces biases from model shift.

Treatment Effect Estimation using Digital Twin-Augmented ANCOVA

We estimate the causal treatment effect via ANCOVA incorporating the digital twin predictions:

Y; = Bo + 1A + BuYio + ei,

where Y is the observed outcome, A; the treatment indicator (A; = 1 for treated, A; = 0 for control),

and e; the residual error. The coefficient 3; estimates the Average Treatment Effect (ATE).

Robust Uncertainty Estimation and Inference
We compute the standard error (SE) of 5 using a sandwich estimator to provide heteroskedasticity-
robust variance estimates, accounting for potential ANCOVA misspecification. This ensures robust

inference for treatment effects despite model shifts and unmeasured confounding.
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CHAPTER 7

CONCLUSION

This dissertation presents a cohesive and forward-looking framework to enhance the integration of
RCTs with RWD. Through three major aims, I introduced methodological innovations that bridge
the gap between the rigor of RCTs and the generalizability of RWD, ultimately empowering causal

inference in diverse healthcare settings.

The first aim tackled the complexities of federated learning in decentralized data environments
by developing a novel one-shot distributed algorithm, ODACoRH, for competing risks analysis.
This approach not only preserved patient privacy but also improved efficiency and accuracy across
heterogeneous clinical sites. The framework demonstrated superior performance to existing meta-
analytic techniques, especially in settings with rare events, such as pediatric Crohn’s disease and

otitis media, thereby expanding the utility of distributed research networks.

The second aim introduced the Negative Control-Calibrated Difference-in-Differences (NC-DiD)
framework within the RWD, addressing the problem of time-varying unmeasured confounding in
observational studies. By leveraging NCOs, NC-DiD allowed for systematic detection and cali-
bration of biases, improving the validity of causal inferences drawn from EHR. This methodology
was effectively applied to study of pediatric long COVID, producing more robust and interpretable

estimates compared to standard DiD models.

The third aim developed the Negative Control-Calibrated Digital Twin framework to integrate RCT
and RWD populations, mitigating model shift bias. By calibrating individualized digital twins with
NCOs, this approach enhanced statistical efficiency and preserved internal validity in clinical trials.
The empirical validation using SPRINT-MIND and iSTAGING datasets demonstrated its promise

for more inclusive and externally valid clinical trial designs.

Collectively, the contributions of this dissertation advance both theory and practice in biostatistics

and digital health. Methodologically, the proposed frameworks extend existing causal inference tools
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to accommodate the complexities of modern healthcare data, including site heterogeneity, unmea-
sured confounding, and population differences. Practically, the algorithms developed herein provide
scalable and privacy-preserving solutions ready for implementation in clinical research networks and

healthcare systems.

In conclusion, this work lays a foundation for a new era of methodological, data-driven, and inclusive
clinical research. By embracing the complexity of multi-site, multi-source RWD and addressing key
biases in observational studies, we move closer to realizing the full potential of learning health

systems that are both evidence-based and patient-centered.
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APPENDIX A

SUPPLEMENTARY APPENDIX FOR CHAPTER 2

A.1. Log-likelihood of Model for Competing Risk Data with Heterogeneity and Local-site
Competing Risks Model

If data from different sites can be pooled together, the pooled likelihood for the k-th type (k =

1,...,K)is

Lk(ﬁk) = — 1((5,']‘7'('1']‘ = k) log N T , (Al)
L ZseRj(Xij) wij7s€ﬂ’“ 7

where R;(t) is the risk set defined as R;(t) = {s : {Xy; > t} U{Xy < tNII # k}} and w5, =

_Gi(Xy)

Gj(XS]'/\Xi]').

the j-th site (j =1,...,J).

G;(-) denotes the Kaplan-Meier estimator of the survival function of censoring from

The local-site data log-likelihood for the k-th type on the j-th site is

1< ePi Zii
Ljk(Br) = — > 1(8imij = k) log , (A.2)
SERj(

b B2
7 i=1 X,;) Wij,s€7F7°

where R;(t) is defined similarly, and the local estimate Bjk: is obtained by

Bjx = argmax L (). (A.3)

k

A.2. Formulas for Vle(Bk), V2L1k(3k), VLk:(Bk)a and V2Lk(6k>

We need to calculate VL (Bk), V2L1x(Bk), VLi(Br), and V2L (B;) without sharing patient-level

data:

(A.4)

3 15 > se R (o) Wit,s €Xp(BL Z5) Zs
VLi(Bk) = - > I(6nmin = k) {Zn _ 2us€Ri(win) K 7
i=1

ESERl(Iﬂ) Wil,s eXp(/B];FZS)
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ZseRl (zi1) Wil,s eXp(Bng)ZL?Q
ZSER1 (zi1) Wilys eXp(,BEZS)
ZSERl (z41) Wil,s exp(/B]?Zs)Zs
ZSERl (zi1) Wil,s eXp(ﬁ]zZs)

V2L (Br) = — ZI((SNM = k) {

®2
} . (A5)

J SCR.: (z:.:) Wij,s €EXP BTZS Zs
ZZI(&']‘T(U = k) {Zij — Z ERj(wiz) ( ki ) s (Aﬁ)

VL(Be) =
] 1 =1 ZSERJ'(Z‘U) wijvs exp(’BlzZS)

1
n

ZSERJ'(:BZ'J‘) wijrs eXp(BgZS)Zs@Q
ESER]‘(Iij) wij,s eXp(ﬂ]{ZS)
ZSERJ' (.ZLJ) wij,s eXp(BgZS)ZS
ZSGR]'((JCU) wij75 exp(/BZ;ZS)

V2Li(Br) =

J nj
ZZ 5Z]7r”—k‘{

3\>—‘

®2
} . (AT)

Equations (A.6) and (A.7) using summary-level information are:

VLi(Br) = ZVLJk Br), (A.8)
V2L (Br) = Zv Lik(B)- (A.9)
7j=1

A.3. Estimator of Variance for ODACoRH and Meta-analysis
The variance for ODACoRH is calculated as:

ni 1

V(Br) = [VQle(Bk }71 (Z Vle(BMfil)Vle(BMfil)T) [V2L1k(ﬁ~k)} ; (A.10)

=1
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where

- eBr Zin
Lk (Br; i) = 1(dami1 = k) log .

. /BTZS
s€R1(Xi1) le’se k

The variance for the meta-analysis method is calculated by:

-1

J
V@) =D Vit | - (A11)
=1

A.4. Simulation Studies and Figures

10 sites each #site size = 1000

['ype 1 =Type 2 =10% [Type 1 =Type 2 =1%| [ype 1= Type 2 = 0.5%

Meta-analyis -
_t'g method
< B8 ODACORH
Q .
s - Meta-analyis
ODACoRH 4

IR &> 9 N O N
’Q. ,Q. g. Sb. Q- Q. ,Q. 'Q- 9. Sb. G. Q. ,Q. 9. D. D. Q. Q.
Relative bias to gold standard

Figure A.1: Simulation results for the second component of 5. Relative bias comparison between
ODACoRH and meta-analysis under homogeneous conditions.
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Type 1 =Type 2 = 10% Type 1=Type 2=1% Type 1 =Type 2 =0.5%

Meta-analyis
L
§ method
< I ODACORH
(]
= Bl Meta-analyis
ODACORH -

T T
N N N N N N
NN PN S NN N N I S A S LAY
Relative bias to gold standard

Figure A.2: Relative bias of ODACoRH and meta-analysis methods to the gold standard for the
first component of the coefficient for type 1 event under homogeneous conditions.
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Type 1 =Type 2 = 10%

Type 1=Type 2 =1% Type 1 =Type 2 =0.5%

Meta-analyis A

Methods

ODACOoRH A

o o v u © N a9 )
Relative bias to gold standard

method

Il ODACORH
- Meta-analyis

Figure A.3: Relative bias of ODACoRH and meta-analysis methods to the gold standard for the
second component of the coefficient for type 1 event under homogeneous conditions.
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A.5. Evaluation of Generalizability Using OM Study

Age at Entry Year at Entry Sex Male Adenoidectomy
1 1
1 1 1
ODACORH 1 1| opAcoRH A ODACORH 1 ODACORH - :
1 1 1
1 1 1
1 1 1
1 1 1
Meta 4 1 Meta o Meta Meta -
1 1 1
1 1 1
1 1 1
1 1 1
Pooled 4 1 Pooled ! Pooled 4 Pooled 4
1 1 I
1 1 ]
T — ——+ + T T T T T + T
-0.25-0.20-0.15-0.10-0.05 0.00 000 002 004 0.06 -0.2 =01 0.0 !
Atopic Dermatitis Cleft Palate Cystic Fibrosis
] ]
1 1
ODACORH 1 ! ODACORH 1 1| ODACoRHA ODACoRH -
1 [ method
1 1
| ~+— Pooled
Meta 4 Meta 4 1 Meta 4 Meta <
| —&— Meta
1
] ~#~ ODACoRH
1
Paoled 4 H Pooled 4 : Pooled 4 Pooled 4
1 1 1
I I I I
-0.4 -0.2 0.0 0.2 -12 -09 -06 -03 00 0.0 0.5 1.0 -0.1 0.0 0.1
Immunodeficiency SNHL Devel Delay Speech and Language
] ] ]
1
ODACoRH 1 : ODACoRH 4 ODACoRH 1 ODACoRH 4
1
Meta 4 Meta 4 Meta 4 Meta
Pooled 4 ! Pooled 4 Pooled Pooled 4
1
T + T v T v v 4 T + v T
-05 0.0 05 1.0 -03 -02 -01 00 -01 00 01 0.2

Effect size (log hazard ratio)

Figure A.4: Effect size of risk factors associated with recurrence of otitis media (OM). Effect sizes are
in log-scale of subhazard ratios. Lines represent pooled (red), meta-analysis (green), and ODACoRH
(blue) estimates. GERD indicates gastroesophageal reflux disease, and SNH indicates sensorineural
hearing loss.
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APPENDIX B

SUPPLEMENTARY APPENDIX FOR CHAPTER 3

B.1. Notation

We begin the proof by stating the technical lemmas, which has been stated in the federated
learning literature. We first examined these lemmas under the rare disease setting and explic-
itly show the modifications of these lemmas under rare disease setting. To help the illustra-
tion, we define the following mathematical calculation form. We define the Orlicz norm of Z
by |Z]lg, = supyegr-1 |[uTZ||y,, where SP~! denotes the unit sphere in RP. We define the
following norm: | Z||, := (35, |Z:|9)"7 and || 7]l = maX;epp |Z;]. also define the operator
norm of the kth order symmetric tensor T € RP*>P by [Ty := max|,,—; [|Tu®*V||, where
u®*) = 4y @ u @ ... ® u. Also, we define the tr(A) as trace of matrix A. Define A% as AA, the
matrix product of the matrix A and itself. Define a Vb = max(a,b). We also define the ith element

of the tensor product for the tensor T and vector = as
k—1
k—1
(T$® )i = Z LR - H Lyt
J1yeensdl—1 t=1

We also use < to denote the positive semi-definite ordering, for example, A < B means that A — B

is a semi-definite positive matrix. We define the Frobenius norm of a m x n matrix A by
N 1/2
2
1AllE = | DD 1Ayl
i=1 j=1
B.2. summary statistics for VLy(61))

From the main manuscript Equation (3), the formula for the surrogate Firth-corrected log-likelihood

L shows that Ll(é(l) can be found by the local-site data for the lead site. The problem is how to
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construct VL(6M) with the summary-level statistic. We found
VLp(6W) = VLEWM) + (M),

where the rth element for the b(A(")) can be denoted as b, (/™)) = (nm)~tr{I1(6M)dI1-1(8M)) /56, }.

The first part VL(A™M) can be seen as the sum of the first-order derivative from each site, that is
m

VLOW) =m™ > VL W)

=1

The second part VL(é(l)) can be decomposed as a function of the sum of the second or third-order

derivative from each site,

by (60) — (3 2L (B0)) (3 VL, G0)))
j=1 Jj=1

B.3. technical lemmas

We state the following assumptions:

Assumption 1. We assume [y is fixed and g goes to negative infinity. The vector Z, corre-
sponding to the coefficient [y, satisfies £(Z) = 0 and that || Z|y, < K with K > 1. Besides,
Amin {E(ZZ7)} > 0.

Assumption 2. Vn € R, g(Z;8) < M, |g(Z; )| < M, and with 1 < M < oo.

Assumption 3. There exists positive number p— and pq such that p_I, 1 S E{VQL(H;X)} <

~

Pt Ipy1-

From assumptions, we can define «,, = ng;(ap) where g1(ag) = exp(ay,) and thus we have «,, = ne.

Furthermore, we define go(Z;; ) = exp(Z1 3).

The assumption about parameters can be easy to find and is a standard regular condition. For
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example,
E(exp[t {Y — I'(XT0)}]|X) = exp[{h(X"0 + ¢t) — h(XT0) — ¢th'(X"0)} /¢] < exp(pMt?/2).

This implies that |Y —h/(X70)]4, < (M¢)'/2. Moreover, the second order gradient has the property
p-Ipi1 S E{VPL(0; X)} S psTpir.-

Lemma B.3.1. Under Assumptions 1 and 3, for jth site (j = 1,...,m) and for any & > 0 and any

6 € RPTL, when n > p? v (logn)?, we have with probability at least 1 — 2¢5 that

(v +1) vs}”? LAprDve,

n

IVL; (6) — E{VL;(6)} |2 < <¢M>1/2K[{

n

Proof. Without loss of generality, we let 7 = 1 to track the index notation. We start the proof by

finding the limit of sequence VL1 (f) as n — oo and ¢1(a) — 0 such that ng; (o) — co. Notice that

E{VL.(0)} = E{aglzn:VLl(ﬁ;Xn)}

i=1
- e gi(@)g2(Zin; B)
- ZE(X“[YM {1+ g1(@)g2(Zi1; B)Y

— ol g1()g2(Zi1; B)
N ZE albQalXa) = {1+91(0<)92(Zi1;5)}2])

_12 ()g2(Zi; B)  g1()g2(Zi; B) )
{1 +91( )92(Zi; B)Y {1+ g1()g2(Zin; B)}

)

= 0.

We show that the sequence of VL;(0) is related to «, and approach its expectation, which is 0.

The rest of proof can give the details about the error bound of this sequence.

IVL1(0)]] < 2 sup |<VLy(0),v>|
veEN(1/2)

< 2 swp |< 04;11 ZXil Y, — g1(a)g2(Zi; B) 2]71} > |
veN(1/2) p {1+ g1(a)92(Zin; B)}
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By v’s sub-Gaussian property, we have

91(2)g2(Zi1; B) JXE) |y < |[Yir— 91(a)g2(Zin; B)

. 125
(o (@)ga(Zs )Y (W gr(@)galzas gy il S (A0

1[Yir—

By Bernstein’s inequality, we have for any ¢ > 0,

ol et n , - g1()g2(Zi1; B) 12 2 1/2 v
P( R {Y“ {1+gl<a>gg<zﬂ;/ﬁ>}z]| - e K{<a> s

< 2exp{—(t —plog6)}.
Let £ =t — plog 6 into the bound, we have with the probability at least 1 — 2 exp(—¢&) such that

V

<p+1>v5}1/2+ {p+Dve

Qp

VL)) < <¢M>1/2K[{ ]

n

Lemma B.3.2. Under Assumptions 1 and 3, for jth site (j = 1,...,m) and for any & > 0 and any

6 € RPT we have with probability at least 1 — 2e¢ that

/
IV2L;(0) — E{V?L;(0)} |2 < MK2[{W}1 ’ + M]

Qn Qp

Proof. We begin the proof and let j = 1. Notice that

VPLi(0) = a,' ) VLi(6; Xa)
i=1

— o tola 92(2;5) X X7
ol );{1+91(0¢)gz(2;6)}2 ne

_ -1 92(Z; B) X X
" Z Y {1+ g1(a)g2(Z; 5)} e
= FE {92 Z B le } + Op

The last equality is found by Lemma 28 in Wang (2019). We show that the sequence of VL1 ()
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is related to «,, and approaches to E[g2(Z; 8)Xi1 X} ]. The rest of proof can give the details about
the error bound of this sequence, which can be found by using the similar arguments from Lemma

B2 in Wang and Zhu (2022).

Then, we have

V2L1(0) — E{V?Li(0)} |2 = max < [V?Ly(0) — E{V*L1(0) }u,u >

[[ull2=1

< 2 21.0) = E{V?%L,(0
< uerjr\}f(il)j4)<[v 1(0) {V 1( )}]u,u>

1 gila)g(Zu;B) )2
= 2uer?v?1}§4)|06 Z{1+91( )92(Zi1; B)}? 7 (i)
—E{92(Z; B)(XJu)?} |

From Lemma 2.7.6 in Vershynin (2010), we have

91()g2(Zi1; B)
H{1+g1( )92(21176)}2()(1‘1“ E{92 (Z;B)( X }Hzm

92(Ziv; B) (X u)? — E {g2(Z; B)(Xu)*} |l

ClMH(XiTlu)Qle

IN O IN

IN

CLM | Xjull,

CiMK?,

IN

where C is constant.
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By Bernstein’s inequality, we have

-1 (Zi; B) T2 . T2
uEN(1/4)| n Z {1+91 92(Z11;5)}2 (Xllu) E{QZ(Zvﬁ)(leu) }‘

> CoMK?> max{(p+ l)l/z/an,t/an}]

Z max |« nlz (Za; ) 5(Xw)? — E{g2(Z; B)(X{u)?} |

<

 weNGM “GN (1/4) {1+91 ) 2(Zi1; B)Y
> CyMK? max { (p + 1>1/2/an,t/an}]

< 2exp[—{t —9log(p+ 1)}].

With £ =t —9log(p+ 1), we can find a universal constant C'5 with probability at least 1 — 2exp(§)

and we have

<p+1>v5}1/2+ (p+1)VE

Qn

IV2L1(0) — E{V*L1(0)} |2 < MK2[{

n

Lemma B.3.3. Under Assumptions 1 and 3, for any & > 0 and any 6 € RPTY, for jth site

(j =1,...,m), we have with probability at least 1 — 2% that

/
I9°8,0) ~ B (VL) s < axer @ DVELT (e DVerT

n Qo

Proof. Let j = 1 without loss of generality and we start the proof by finding F {V3L1(9)}. Notice
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that

V3L1(0) = _IZV3L1 0; Xi1)
_ _1 ’L17ﬂ) _ 29%( ) Q(Z’Llaﬁ) X, X. X
Z {1-1-91 )92(21175)}2 {14 g1(0)g2(Zir; B)} g @ X X
— _p! Z (Zin; B) _ 291(c)g3(Zi1; B) X1 ® X1 ® Xi

{1+91 )92(Zi; B)Y {1+ g1(@)g2(Zin; B)}°

— —1 1176) . . . o
— Z{1+gl( ) ( » ﬁ)} X11®X21®X21+ p(l)

= —Eg2(Z;8)Xin ® Xi1 @ Xi1] + op(1).

The second last equality is by assumption, gj(a) — 0 as n — oo. The last equality is found by
Lemma 28 Wang (2019). We show that the sequence of V3L;() is related to a,, and approaches
to Elg2(Z; 8)Xi1 ® Xi1 ® Xi1). The rest of proof can give the details about the error bound of this
sequence, which can be found by using the similar arguments from Lemma B3 in Wang and Zhu

(2022).

IVEL1(0) = E{V3Li(0)} || < 2 sup [[VPL1(0) — E{V3Li(0)}jv@v v

vEN(1/8)
< -1 zlaﬁ) o 2gl(a)2.g%(zllaﬁ)
S 2 sl Z{Hgl 0 Z O [t on(@gZai BT

(X}0)? = E{g2(Zi1; B) (X} 0) } |

From the nature that v follows sub-Gaussian distribution, we have

TU3 2/3
E(exp[{‘gQ( 11];\45[)({5’[1 ) |} ]) <9

This gives us || g2(Zi1; B)(X{v)? a5 < MK?3. By using the bound from Equation (3.6) in Adamczak et al.
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(2011), we have for any ¢ > 0.

-1 2(Zu;8)  2g1(a)?g5(Za; B) T3 - r s
Z {1 +91 92(221,6)}2 1+ r(@)ge(Zuns )7 1Y) E {92(Zin; B)(X}0)°} |

> clMK3 {(t/anW? + 12 fan}) < 2exp {—(t - 3)}
where C] is a constant.
With the help of bound implied by v € N(1/8), we have

pr{|V3L1(8) — E{V3L1 9) } HQ > Oy MK® {(t/an)1/2 +t3/2/an}]

Z Zi1: B) 2g1()*g3(Zi1; B)

IN

[ sup |o, 5 3
IIvIIz 1 {1 +91 92(21'1,/3)} {1+ g1(a)g92(Zi1; B)}

(X70)° = B {ga2(Zun: B)(XAv)*} | = CoMlK* { (¢ ) + 672, |

< 2exp{—(t—3—plogl?)}

Let £ =t —3 — plog17 into the bound, we have with the probability at least 1 — 2exp(—¢) such

that

p+1) vs}”? A+ Ve

IV3L1(0) — E{V?L1(6)} |2 < MK3[{( a

n

Lemma B.3.4. Under Assumptions 1 and 3, for jth site (j = 1,...,m) and for any & > 0 and any

0 € RPT we have with probability at least 1 — 2e¢ that

b+ D vfs}” A=V’

Qn

IV4L;(6) — E{V*L;0)} 2 < MK‘*[{

n

Proof. We let j = 1 without loss of generality and start the proof by finding the limit of sequence
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V4L1(0) as n — oo and g1 (a) — 0 such that ng;(a) — oo. Notice that

VL (0) = _IZV4L1 0; Xi1)

- ot Z wB)  6g7(a)g3(Zin; B) . Gg3 ()93 (Zin; B)
{1 +91 )92(2117@}2 {1+ 91(0)g2(Zin; B)Y {1+ g1(@)g2(Zin; B)}
X ® le ® X1 ® le
! Z i1;8) _ 691()g3(Zin; B) . 697 ()95 (Zin; B)
T {1+ 91( )gz(Zﬂ; B)Y {1+ g1(a)g2(Zin: B)} {1+ g1(a)ga(Zin: B)}
X ® Xu ® X1 ® Xil

7]

]

,1 11 6)
= Xi1 ® X © Xi1 @ X1+ 0p(1)
Z 7 {1 +91 )92(Zir; B)}° ' ' ' ' .

= - [QZ(Z, B)Xi ® le ® X ® X + op(1).

We show that the sequence of V*L1(6) is related to o, and approaches to Elg2(Z;8)Xin @ X ®
Xi1 ® X;1]. The rest of proof can give the details about the error bound of this sequence, which can

be found by using the similar arguments from Lemma B4 in Wang and Zhu (2022).

IVALL(0) — E{V*L1(0)} |

IN

2 sup |[V'Li(0) - E{V'Li()}]v@vevam|
veEN(1/16)

su -1 Zil;ﬁ) . 69%(05)93(22'1;,3)

- QUEN(BM) Z{1+gl (@)g2(Zi; )Y {1+ g1(@)g2(Zin; )}
697 (a)g5(Zi; B)

{1+ g1(a)g2(Zia; B)}

(XA = E{g2(Zin; B)(Xv)*}

By v’s sub-Gaussian property, we have

- T4 12
Blexpl{ 2ZL AT T <

This gives us | g2(Zi1; 8)(Xv)* gy 0 < MK*. By using the bound from Equation (3.6) in Adamczak et al.
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(2011), we have for any ¢ > 0,

12 2(Zi; B) 693 (@) g3 (Zi1; B) N 693 ()95 (Zi; B)
{1+91 92(221,5)}2 {1+ 01(g2(Z1:8)Y {1+ a(2)g(Za; B)}

B {92(Zu: B)(Xv)' } ) 2 CLME{ (1) V2 4 20 }) < 2exp {~ (¢ = 3)).

J(X o)t

where C is a constant.

With the help of bound implied by v € N(1/16), we have

prllV*La(8) = E{V'Lo(0)} 2 2 CoM K" { (t/an)/? + 2o |

< 2exp{—(t—3—plog33)}

Let £ =t — 3 — plog 33 into the bound, we have with the probability at least 1 — 2exp(—¢&) such

that

(n+ 1>v5}”2+ {p+1vey

Qp

IV4L4(0) — B {V*Lo(0)} |2 < MKﬂ{

n

Lemma B.3.5. Under Assumptions 1 and 2, for any & > 0 and any 0 € RPYL, we have with

probability at least 1 — 2e¢ that

/
HV4LJ(0)H2 SMK4[1+ {(p—l—l)\/g}l 2+ {(p-{—l)\/f}Z]

Qp Qp

Proof. From the Lemma B.3.4, we have with the probability at least 1 — 2exp(—¢) such that

1/2 2
IV24(6) — BV Lal0)} o < st { LEDVELT, (r DVER,

n Qp

Notice that E {g2(Zi1; 8)(X}v)*} < MK*| B2, and

VL <2 - Zui p) XE0).
IV LB = velffulI;lﬁ Z{1+91( )gz(Zu;ﬁ)}2( ool
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Then we have the results. O

Lemma B.3.6. Under Assumption 1 to 3, for jth site, n > C(p + 1)? V log®n, with the following

event holding
1 n
= - § (Xfu)t < CK* S,
) {||um||3}=(1 n (Xiju)” <

=1

for a constant C, we have

IV2L;(61) — V2L;j(6a) |, S ME®(|61 — |2,

IV3L;(61) — VEL;(62)||, S ME2)16, — 6|2,

~

IVAL;(01) — VAL (62)||, S MEK*(|01 — 02]|2.
for any 01 and 6.

Proof. We let j = 1 without loss of generality, and begin the proof for VL?

V2L1(61) — V2L1(62)]]2 = Halngl(aﬁg 0 +gj2a(1Z);2;(BZli)1;ﬂz)}2 1 X3
_Oélngl(OQ) zzn; {1+ glg(i)é(zz)gf;z‘)l; 52)}2XﬂXiT1H2
< H% ggQ(Zﬂ; B)Xn X — % ;m(zﬂ; B2) Xi1 X112
= |l /Ol[i Zn:92 {Zin; B1 + v(B2 = B1)} Zi (B — B2) X X ]dvl|2
i=1
< | /Ol[i zn:gz {Zir; 1+ (B2 — B1)} Xin ® Xix @ Xia]dvl[2][6h — b2]|2,
i=1
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where the last equality is from the Taylor’s Expansion. We focus on the first part, which has

1 1 n
”/ - Zgz {Zin; Br +v(B2 = B1)} Xin ® X1 ® Xndv|l2

S 1/ Zgg{zﬂ,mﬂ(ﬂz—m)}a w)dul

< mox [ |—Zgz{zu, 1+ (B — A1)} (Xhu)*ldo
< mox [0 ZQQ{ZM,mU(ﬁQ—m)}( w22 S (X 2o
Lo 1/2 L& 1/2 -
T, \4
< Mlzngxl{n; } {n;(Xn“)}
Lo 3/4
: \U\\z 1{ ; }
< CMK®

With the similar arguments, we can prove that |[V3L;(61) — V3Lj(02)||2 < MK7/2||6; — 62 and

IVEL;(01) = VAL, (02) [, S ME|01 = Os|2. -

Lemma B.3.7. Under Assumptions 1 to 3, for the jth site (j = 1,..,m), the local estimator éj has

the probability 1 — 4exp(€) — 2n~8 that

A _ +1)ve?
16, = t0ll < Cu~t oy g { X DXELT

Proof. We begin to define the following events,

€F,0={| 1o Z SC1K4},
lu]l2= -
ert = {IV2Li;(00) — B {V2Lr;(00)} | < T}’

K
epy = {HVLFJ-(HO) E{VLr;00)} 2 < 32MK3}
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By applying the Lemma 6 from Zhang et al. (2012), we have
16; = 6olla < 2u="||VL1(60) — E{VL1(60)} |l2-
By applying the Lemma B.3.1, we have

1/2
16; — oll2 < CLuZ (oM)YV2K {W} _

Qn

Lemma B.3.8. Under Assumptions 1 to 3, the local estimator 6A?F7j has the probability 1—10 exp(—§)—

o2n~8 that
(p+1) V¢ }1/2

Qp

625~ 0ol < Cuu(oh0) 25 {

Proof. Without loss of generality, we let j = 1 and follow the proof of Lemma 6 from Zhang et al.

(2012). We first define the following events,

1 n
6F70 = max (X ) S ClK4 y
lull2=1 12

EF1 = Fj Fj 0 2 S ——
V2L — E{V?Lp;(6)} || <k 1
2
{HVLFJ (60) ~ B AV L (00)} 1 < 32MK3}
3= {|E{VT(00)} |2 < ==}

For any 6 € A, where A = {[|6 — 6p|l2 < p—(4C1MK?3)~1} where C) is a constant, we apply the

Taylor’s Expansion, which gives us

1
Lpa(0) — Lri(00) — (VLE1(60),0 —0o) = (0 — 90)T/0 V2Lp1 {0 +v(0y — 0)} dv

1
> Al / V2 Ly {60+ v(6o — 6)} dv][16 — 6ol
0
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Then, we look at the first item

Y

Y

Vv

Amin| /0 1 V2Lp1 {0+ v(00 — )} du]

Amin[E {V2L1(00)}] — || /01 V2Lpi {0 +v(0) — 0)}dv — E{V*L1(6o)} ||2

o[ L 04000~ ) o~ P L G0l ~ [V Lra 06) ~ B (P Lra00) |
—lE{V*Lpa(00)} — £ {V*Li(60)} Il2

1
p — | / V2Lpi {0 +v(0 — 0)}dv — V2LE1(00)|2 — |V2Lpi(00) — E{V*Lr1(60)} ||
0

—[1E{VT(00)} |2

_ K= B B
P=="r — 4~ 4
’UJ;

4

The first inequality is by Apin(A4) > Amin(B) — ||A — B||2 for two any symmetric and semi-definite

matrices A and B. The last step results from the application of Lemma B.3.6. Thus, by choosing

0 = 0p1 +v(0o — 0F1) we have under event € = ep g Nepy Nepa, we have

10F1 — Ooll2 < 4u=" |V LE1(60) — E{VLE1(60)} ||2-

From Lemma B.3.15, we have that

IVLE1(Bo) — E{VLE1(60)} 2 < Ci {(p+1) Vlog a,, }'/2 a1/,

This finishes the proof.

Lemma B.3.9. Under assumptions 1 to 3, for any £ > 0 and any § € RPTL, we have with probability
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at least 1 — 4ma;,® — 2mn=8 that

(p+1)Vv8loga, 1/2
ma,

16— Bollz < Cu_1(¢M)1/2K{

Proof. We begin to define the following events for each site,

1 n
£ = {max —Z(iju)‘l < C’1K4} N

=1n
fulla=1 1 &=

{IV2Lr(60) = E{VLrs(00)} |2 < 5 } 1

2 K
{19560 = B (TLes00} o < s |

By applying the Lemma 6 from Zhang et al. (2012), we have
16 = 6oll2 < 2u=" |V L(B0) — E{VL(00)} l2-

By applying the Lemma B.3.1 with choice of £ = 8log a,,, we have

(p+1)V8logay, 1/2
maoy, '

16~ 80l < o onr) 5 {
This completes the proof.

Lemma B.3.10. Under assumption 1, for jth site, with probability 1 — 2 exp(§), we have

n
max {n‘l Z(XiTju)4} < K1
i=1

l[ull3=1

Proof. By the triangle inequality, we have
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max {:L Z(X$U)4} < max|yj,—1 [y D (Xju)! — B {% Zzﬁzl(Xi;“)él}]

=1
Julla Pt

o may o B {3 0 (X u)'

1/2
Given any u, by sub-Gaussianity, we have F exp[{(Xg u)*K 4} ] <2, from which we deduce that
H(Xi;u)‘lel/2 < K%and E {(Xgu)‘l} < C1K* where C] is a constant. We can write u = v + § for

some v in N(1/16) and an error vector ¢ such that ||0]2 < 1/16.

n

(XJu)' ~ E {i Z(X;ur‘}] < 2max,en(ii (2 L (X o)t — B {50 (XJo)t .

1
max [—
llull=1"7 —

i=1

n
1=

1
Applying the bound above display (3.6) in Adamczak et al. (2011), we have for any ¢ > 0 that
PHl f:(XTU)‘l —E {(XTU)4} | > C,K* (3)1/2 + r ] < 2e (3 (B.1)
n < £ £ = n nf — ’ ’
where Cj is a constant. Applying a union bound over v € N(1/16), we deduce that
1 ¢ 1 ¢
P( max [=> (Xjv)*—E { Z(ngf}] >C3 K* {(%)1/2 + %})

d n n
vENT(1/16) N = P

< 26—(t—3—p10g 33)

— )

where Cs is a constant. Substituting £ =t — 3 — plog 33 into it with positive £ and combining the

equations, we derive that with probability at least 1 — 2e~¢ such that
1 n 1 n )
v
||3ﬁ?§1[ﬁ > (X' =B {n Z(X£“)4}] < K* {(%)1/2 n %} .
o=l i=1

Let ¢ = 2logn. For a sufficiently large n satisfied that n > max(p?, log® n), we have with probability
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at least 1 — 2n=2 that

Lemma B.3.11. Under Assumptions 1-3 and event €, the mean square error of By has the following

bound,
p+1)Vdlogay}?

B(|By3) < ALY

9

where

C = 6uZ’¢oM°K" +6p=%|07 3¢* M K® + (3/2)p_% |07 |3¢* M K®

+(3/2)[|07 2|32 > M3 KS + (3/2)u=0¢? M* K + (1/6)|| Y1 |34° M3 K©.

Proof. We used the index notation from McCullagh (2018) to define the components of By. Specially,
we used the G, to denote the rth element of VLi(0), G, s for the (r,s)th element of the matrix
V2L1(0) — 3, G5t to denote the (r,s,t) element of the tensor V3L, — O, and G, 5, to denote
the (r,s,t,u) element of the tensor R4 — Y. We use the the Equation (7.10) in McCullagh (2018),

which gives us the rth element of By,

(By), = LM G GuGu+0, 1 GGG+ (1/2)17 0 ) G 1GuG,

7,8 “t,u T v,w r,s,tu, ,s tu,v
(Ba1)r (Ba2)r (B43)r
+(1/2)0, 4,901 wltwGsGuGu + (1/2) 1 1 ) G Gi G
(Baa)r (Bas)r
+(1/6)Y; 4, ,GsGiGl - (B.2)
(Bas)r
Then we can have
6
E{|IBsl3} <D 6E {||Bu3} - (B.3)
t=1

We then investigate By for t =1, ...,6.
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We first show the bound of Byy,

E(|Bal3) < I7PI5(E {I(V?Li(80) = £)3}*E {IVL1(60)l3})"/?

IN

= SoMP KO (p v logay)3a;,®. (B.4)

n

As for Byo, we have

E(||Ba2l|3)

IN

I 3107 I3(E {I1(V>L1(8o) — D)2} [E{IVL1(60)[13}]) "2

IN

p207 536 MUK (p V log a)a,®. (B.5)

n

Similarly, for Bys, we have

E(||Bus|l3)

A

(L/HITHBIOHBE { (VL1 (00) — D)3} [B {IVL1(60)]13}]%)"?

IN

(/=07 56° MK (p V log an)’a,. (B.6)

n

We apply the Lemma B.3.1, Lemma B.3.2, Lemma B.3.3, and Lemma B.3.4 to By4, which gives us

A

E(|Bull}) < (1/4)1072IBILI5((E {IIVL1(60)[3}]*)/?

IN

(/D032 6* MPK (p v log o) e, . (B.7)

n

Similarly for Bys with Lemma B.3.2 and B.3.3, we have

E(|| Bus|l3)

IN

(/3B {IVL1(0) |13} BV L1 (60) — ©]13)"/*

IN

(1/4)u=C > MK (p v log o )3, 2. (B.8)

n
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By applying Lemma B.3.1 to Byg, which gives us

E(|Bwl3) < (1/36)I Y 3B {IVL1(60)[3}]1*)"/

IN

(1/36)| T [36* M3KS (p v log e, (B.9)

n

Combining the results from Equation (B.4), Equation (B.5), Equation (B.6), Equation (B.7), Equa-

tion (B.8), and Equation (B.9) by Equation (B.3), we have
E{|Bal3} < C{(p+1) Vv dlogay}’ a;”, (B.10)
where

C = 6u oMK +6|I 3107 30° M K® + (3/2)u=|©7"|30° M K®

+(3/2)|0721318 ¢° MPK® + (3/2)u=°¢* MUK + (1/6)[| T 3¢° M K°.

This suggests that the bound for the By; to Byg has the same order, and thus, we can rewrite the

bound for By as a constant times {(p + 1) V 4log ay, }* o, . O

Lemma B.3.12. Under Assumptions 1-3 and the event ¢, the bias of By has the following bound,

4
BBy < BT

4
ap,

where C = 6u—S¢MP K" + 6|07 1|32 2 M*K® + (3/2)ay,*u=¢* MAK® + (3/2)p2 u=* M2 K6 +
(3/2)u=° MK + (1/6)1T, 5, I5M>KC.

7,8,t,u

Proof. To prove the Lemma B.3.12, we can use the Equation (B.2), and thus we have

IE(B1)3 <D 61 E(Ba)3. (B.11)
t=1
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We will look at the bound for By, t = 1,...,6. To start, we first define the functions Us(X,Y) =
Vo, L(0o; X), with V§_g(6) indicating the eth order derivative of a function g with respect to the 0;.
We also define Us +(X) = g2(Z; Bo) Xs Xt — X and Us o (X) = g2(Z; B0) Xs Xt Xy — Os 4. These

functions are mapping the space of vector X to the RPTD*#+1) gnd RE+D*(p+1)x(p+1),

E{(Bn)} = E(; I ,1,4GstGunGu)

tau “v,w

= a,°F {Ir,if;;fv,iu > Ust(Xit) U (Xit) Ui (X1, Y )}
=1
= o E{L L LU (X)) U (X1 ) U (X1, Yir) }

t,u “v,w

Then, by Jensen’s inequality and Cauchy-Schwarz inequality, we have

IE{Bau)r} I3 = on*l|1E {1310 1w Ust(Xi1)Unw(Xi1 ) Un(Xi1, Yir) } |13

tau “v,w

< o BN T U f(Xit) U o (Xit ) U (X1, Yar) |2}
< oL LT BE {1 Us e (Xin) |3} E {1 Unw(Xa) |3}
E{||Un(Xa,Ya)ll5}
This will give us
IEBu)3 < o, 'n=¢M° K" (p+1)* (B.12)

We now examine the bound of the bias for Bys, which is

E{(B42)7~} = E(@;;ytIJ,},GsGt,uGU)

= o,°E {@;;,J;i > Us(Xit, Vi) Uy u(Xia U (X1, Y )}
=1

= a,2B{0;} I, U( X1, Yi)Upu(Xi) Uy (Xi1, Yir) }

7,8,
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We then apply the Jensen’s inequality and Cauchy-Schwarz inequality, which gives us

IE{(B2):} I3

ayY|E{O; ) I U(Xi1, Yi) ) Up (X ) Un(Xi1, Yir) } |13

r,s,t*u,

IN

a, [E{1058 IbUs(Xit, Vi) Uru(Xi ) U (X1, Yir ) |2 }]°

7,8,t
< 0, 10, LI IBE {1Us(Xin, YiD) 3} B {1 U u(Xin) |13}
E{|Us(Xa, Ya)ll3} -
This will give us
IE(Bi)|l3 < a, |07 |3u=2¢* M K®p*, (B.13)

We continue our investigation for Bys. Notice that

E{(Ba)} = E {(1/2)15;@;i,sz,tGqu}
= (1/2)a;°E {Iml@;iv > Ust(Xi))Uu(Xi1, Y )Us(Xit, Vi )}
=1

= (1/2)0n*E {1, ;0. Ust(Xi)Uu(Xi1, Yi)Uu(Xi1, Y1) } -

t,au,v'S,

And we have

IE{(Bs):} I3 = (/4o |E{L 100 Ust(Xit)Uu(Xi1, Yi1)Un(Xi1, Y1) } |13

t,u,v

IN

(1/49) 0, [E {11,307 4 oy Ust(Xi1 ) Uu(Xir, Yir) Uy (Xin, Yir) |2 }]?

t,au,v'S,

< (1/4)0‘E4HI7:51H§”9_1 I3E {|Use(Xi)l3} E {|Uu(Xi1, Yir) I3}

t,u,v

E{|Uu(Xa1,Ya)l3} -

The first inequality can be acquired by Jensen’s inequality and the second inequality can be achieved

via the Cauchy-Schwartz inequality.
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And this gives us

IE(Bs)3 < (1/4)an p=2 |07 |36* MK p. (B.14)

Note that for Byy, we show the bias of it, which is

E{(B44)T} = E{(1/2 @rst@u})wltwa GuGu }

= (1/2)an3E{@r5t@u1}wIthU Xi1, Y1) Un( zlinl)Uv(XﬂaYil)}
= (1/2) _ZE{Qrst v ltwUs(Xit, Vi) Uu(Xi, Vi) Uy (X1, Yir) }

= (1/2)0;,%0;, 0.4 WLt wE {Us(Xit, Yi)Uu(Xi1, Yi1 ) U (Xi1, Yir )}

= —(1/2)a,%0; 1,0, % W LwE {Usuo(Xi)} .

7,8, u,v,w

The last equality is found by the third Bartlett identity.

We take the norm of the bias, and give us

IE{(Baa)r} I = (1/4)a [|E {0500 0w tawUsuo(Xin) } 113
1/ 1B {110754O 0Lt Us o (Xi) |2}

< (1/4) _4”®rst uvw” ||Ith2E{||Usuv zl)”%}

IN

The first inequality can be acquired by Jensen’s inequality and the second inequality can be achieved

via the Cauchy-Schwartz inequality.

And this gives us

IE(Bua)|3 < (1/4)ar, 1072 (3M> K p*. (B.15)
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Similarly, we show the bound of the bias for Bys,

E{(Bss);} = E{(1/2)I; I 1;4GsuwGiGy}

t,u “v,w

= (1/2)a;,°F {Inslf@lfv,iZUs,u,w(Xil)Ut(Xﬂ,Yh)Uv(Xil,Yi )}
i1

= (1/2)a,*E {10 1y Us (X)) U (X1, Yin ) Un (X1, Yir ) }

tu fv,w

We then get bound by taking the norm of the bias for Bys, and give us

IE{Bss)r} I3 = /0oy |E{L 0 T 0 Us uw(Xi ) Un(Xit, Vi) U (X1, Yir) } I3

t,u - v,w

< (/D) B i Ty s B AUs (X)) Ue(Xit, Vi) Uy (X1, Yin) } 2}

t,u “v,w

< (U)o I3y L BE {1 Vs (Xi) I3} B {IU(Xi1, Yi) I3}

t,u “v,w

E{||Uy(Xi1, Y1)}

The first inequality and the second inequality can be found by Jensen’s inequality and Cauchy-

Schwartz inequality.

This implies that

IE(Bs)|13 < (1/4)aq, p° MAKOp*, (B.16)

Finally, for Byg, we show the bias of it, which displays as

E{(Bi)r} = E{(1/6)T,;;.GsGiGu}
= (1/6)a,’E {Tr,;,t,uzUS<XZ-1,1@1)Ut(Xﬂ,nl)Uu(Xﬂ,Y; )}
=1
= (1/6)a,’E {T;,;,t,uUs(Xﬂ,El)Ut(Xﬂ,Yu)Uu(Xﬂ,Yi )}

= (1/6)0,, Y, L, JE{Us(Xi1, Y )Ui( X1, Y )Uu(Xi1, Yir)

r,8,tu

= —(1/6)a;,° Y3, WE{Ustu(Xi1)}
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The last equality can be achieved by the third Bartlett identity.

We take the norm of the bias, and give us

IE{(Bie)r} 3 = (1/36)an 1B {7 uUstu(Xi) } I3
(1/36)05, 1B {11175 4 B {Us (X)) [12}17

< (1/36)a 15 ulBE {1 Us . (Xi) I3}

7,80,

IN

The first inequality can be acquired by Jensen’s inequality and the second inequality can be achieved

via the Cauchy-Schwartz inequality.

And this gives us

1E(Bag) |13 < (1/36)0r, (1 T2 1 I3 K 5p". (B.17)

7,8,t,U

Combining the Equation (B.12), Equation (B.13), Equation (B.14), Equation (B.15, Equation
(B.16), and Equation (B.17), we have

(p+1)V4alog(ay,) }4

Qp

IEBI3 < c{

where C' = 6o MO K0 + 6|0 Y3u2p> M*K® + (3/2)a, *u”*¢> MAKS + (3/2)M3_u:4M2K6 +
(32 MAK + (1/6)|[ 152, BM2KS.

7,8,t,u

Lemma B.3.13. Under Assumptions 1 and 8, we have that

IE(Bz + Bs + Bs)lI3 < [ [EM* K (p V o) ey,

n

where By = 172(V2L1(60p) — X)VL1(0y), Bs = 1/207'V L1(00) ® VL1(0o), Bs = I ta;b(6y), Oy

and Cs are constants.
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Proof. We use the index notation and define
(Bs1)r = I, 4174 Vo, 151 (60)
and
(Bs2)r = I, 3 or, " {110 (60) — andiy } Vo, Lo t(60)]

. We can decompose (Bs), into

(Bs)r = (Bs1)r + (Bs2)r-

We first show that E {(B2), + (Bs3)r + (Bs1)r} = 0 and then we show that E {(Bs2),} is as large
as 0(a?).

The first part of proof follows the proof from Firth (1993). We start to write down the By, Bs, and

Bs; in the index notation with G, G, s, and G, s defined in the Lemma B.3.11, which gives us,

(B2)r = EslltjulGS,tGu,

(B3)r = (1/2)@_1 GS,tv

r,8,t

(Bs1)r = —(1/2)1; 1 (Gt + O pu)-

We first take the expectation for Bsi, which gives us

E{(Bs1)r} = —(1/2) 11 Iy Os - (B.18)
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We then take the expectation for By + Bs, and we have

E{(B2)r + (Bs)r} = I I, E(GssGu) +1/20,,E(Gsy)
= _(1/2)17:51[;1} {E(GSGtGu) + E(GsGtu)}
= _(1/2)IgslltjulE(GsGtGu)

= (Y21, Os (B.19)

The second equality holds from the properties of maximum likelihood estimates shown in Page 210
of McCullagh (2018). The third equality holds by assumption 1-3 for the logistic regression model,

E(GsG,) = 0. The last equality holds because of the third Bartlett identity.
Combining Equation (B.18) and Equation (B.19), we get E {(B2), + (B3), + (Bs1),} = 0.

Then we define

Ur,s,t( = {1 o (00)(Xi1)r (Xi1)s — g1(c0) I } (Xin)s(Xin)e(Xit)u

and we find

IE{(Bs2)r} 13 = llaw* Elg3(Zins Bo) Iy Us e (Xi)]II3
< 0, Ellg5(Zin; Bo) ;3 Usu(Xi) |5
< —6M4K10 4 74
This completes the proof. O

Lemma B.3.14. Under Assumptions 1 to 8 and n > (p +1)? Vv log? n, with the following events
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hold,

1 n
Epo =14 max — Z:(XZ-Tlu)4 < CO1K* Y,
l[ull2=1 7 “=
EF1 = {HV2LF,](90) —F {VQLF’]'(H[))} H2 < %},
2
[T
cra = { IV L0y 00) ~ EAVLe, 00} 2 < g5 |
ek = { | E{VT00)} |2 < == .

we have the two-round distributed Firth and the pooled estimator satisfying that
16 = bpll2 < 4u= [ VLE(0)]l2

Proof. Under event € = e€po Nep1 Nepe, we can apply the Lemma B.3.7 and we will have the
results. This can be achieved by setting 6y = Or and substituting Ly by Lr. We then need to

check the following inequality holds,

A 3
IV2LE1(0F) — E{V*Li(6)} I3 < %,
A 1312
2
— < .
IVLp1(0F) — E{VLFp1(00)} |3 < NI

For any 6 € A, where A = {]|6 — 6|l < p—(4C1 MK?3)~'} | we start with the first inequality,

IV Lia(Op) = E{V’L1(60)} |5 < IIV*Lia(6r) = V*Lia(B0) 2 + IV L (o) — E{V*Lr1(60)} |z
HIE{V2Lr1(00)} — E{V2L1(60)} |I2
< IV Lia(Br) — VLea(00) Ia6r — ol + = + P
= UMK — folla + =+ 2=
S
- 4

The last equality is from the Lipschitz continuity of V3Lg;(6) for any 6 € A since it is a function

of the first to the fourth order derivative of the function L;(f) and they are continuous as shown in
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Lemma B.3.6.

For the second inequality, we apply the Taylor’s expansion, which would give us,
VILpi1(0p) — VLE1(6o) = Pi(6r — 60),
where matrix P, = fol V2L {9* + v(éF — 00)} dv satistifes
|PL — E{V?Lr1(00)} |2 < MK3||0F — 0)2.
By the triangle inequality, we deduce that

| VL1 (0F) = E{TLra(00)} |, < IVLr1(00) ~E{VLrs(00)}
+[|Pr—E{V?Lei(00)}|, - HéF - 90H2
RV Lra00)} ~B{T L)}, - [0 — 6],

+ ||E{V>L1(60) }], - HéF B 90”2

B =S S S

— 32MK3  16MK3 16MK3 AMKS3
13u2

- 32MK3

Then, similar to the proof of B.3.8, we have,

Amm[/ol V2L {0p + o0 — ) do]

1
= ] / V2L {0 + v(0 — ) } o]
0

1
> Amm[E{v?Ll(eo)}]—H/ VQLFJ{9F+v(00—HF)}dv—E{V2L1(00)}||2
0
3u_
_ B=
=
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The first equality is by using V2L(0) = V2Lg;(6).

This shall give us
109 = brlls < 4u= IV LE(8) — B{VLr®) } lls < 4u=* |VLr(0) |2

We complete this proof.

Lemma B.3.15. Under Assumptions 1 to 3, n > (p+1)2Vlog?n, and for any integer ko < 16, we

have
B[|VLp;(6o) — E{VLp;(00)} 5] < C{(p+1) Vlog o, }**/* a; R0/
B[|V2Lr,(00) — E{V?Lp;(00)} 5] < €' {(p+1) Vlog an }**/ a,*0/2,
where
C = 2k‘o (¢M)k°/2K2 + 3(2k0)(p + 1)k0/2+1u’ioMk0/2K3k0/2 + 3(2k0)(p + 1)k0/2+1
||C_)71H]2CO/2M2_]€0M]€0/2K]€0 4 3(2k0)(p 4 1)k0/2+1/,62_k0Mk0K5k0/2
and

C' = MPER 4 (28)(p 4 1)kot3/2 3k pko/2 2o
+3|]T_1 ||’2fo/2u2_koMk0/2Kk0 + 3Iu2_koMk0K2k:0
ko Nk 2 3k0/2 4 519 ”gouikoMkonKko
_}_5”971||’2€0/2M2_koMk0/2K3k0/2 + 5“972”50/2&%]\4%/2}(%

+55%0 ppho g3k
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Proof. We define the following events,

e1 = {IVLi(B0) 2 < (1) /2K A}
g2 = {|V?L1(6o) — E{V°L1(60)} |l < MK?A},
g3 = {HV3L1(90) —F {V3L1(00)} HQ < MK?)A} s

ex = {||V*L1(60) — E{V*L1(00)} 2 < MK*A} .
Under event € = g1 U ey U g3 U g4, we have

ElIVLra(00) — EAVLe(00)} 1] < 2B {|VL@0)5} +

2k Bl||T(6) — E{T(00)} 5] + P(e°)  (B.20)

By Lemma B.3.1, we have E {||VL(00)||’§°} < CR(¢M)R2K2(pv logn)ko/Qaﬁo/Q. Now we look at
the E[||T(60) — E {T(60)} ||5°]. With the vector and matrix notation, we can define a vector D with
the rth element (r =1,...,p+ 1), D, = oy, ' (¢r {1(60) 'V, 1(60)} — Eltr {I1(60) 'V, 1(60)}])

We can deduce that

2R E{T(0)} |5 = E(|D|5)
ko /2
< E 1 D,|?
< [{(p+ )19%?511)‘ !} ]

p+1
(p+ )2 " B(ID*/?).

r=1

IN

We then can only look at E(|D,|¥/2). Notice that

E(ID, ") < i ®otr(E[|[1(60) "' Vo, 1(60) — E {1(60) " Vi, 1(60) } [15°])-
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We denote D1 = Vg, I(6p) and Dy = I~1(fp), and we have

E{ID1Dy — E(DiDy)|5} = E(|{D1 — E(D1)} Dy + E(D1) {D; — E(D2)} -
E{D1D — E(D1)E(D2)} ||5")

SE[|{D1 — B(D1)} Do I5°] + 3E[ll E(D1) { D2 — E(D2)}] [15°]

Fy I

IN

+3||E { D1Dy — E(Dy)E(D>) Hl2€0

F3

For the item F}, by Jensen’s inequality and Holder’s inequality, we have

E(|F3)

IN

B {I1D:l|l2}]"/*[E {|| D1 — E(D1)|l2}]*/

u’iOMkO/QK?’kO/Z {(p+1)Vlog an}kO/Q a;kO/Q (B.21)

IA

Similarly, for F5, we have

E(|E]3) < [E{IED1)|23)"E{]| D2 — E(Dy)||2})*"

[©7 1520 2o 2 KR {(p 4 1) v log a0/ o2, (B22)

IN

For the bound of the bias for F3, we define
U(Xi) = 92(Bo; Zin) X X1 Xirr I 1 (00)92(Bo; Zin) X X {1 (60) — co,
where cg = E(D;)E(D3z) and we have

IE(F)lI5) < an™?|E{U(Xa)} |l5°

IN

a, "2 E|U(Xq)||5

12R0 ko KOk £ (p 4 1) V log an, YFO/% i Ro/2, (B.23)

IN
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Also, when the event ¢ does not hold, we can reach out by setting & = 8log«,, Lemma B.3.1,

Lemma B.3.2, Lemma B.3.3, and Lemma B.3.4. Thus, when the order ky < 16, the bound holds.

Combining the results from Equation (B.21), Equation (B.22), and Equation (B.23) by Equation

(B.20, we complete the first part of the proof.

For the bound for V2L (6y), we start with the item E[||V2Lp(60) — E {V2Lp(bo)} ||%]. Note that

under event e, we have

E[|V2Lp(0) — E{VLp(60)} 5] = 2ME[|V’L(6o) — E{V>L(60)} [I5°] +

2" B[[VT(00) — E{VT(60)} |I5°] (B.24)

The first part can be directly justified by Lemma B.3.2. We denote D, ; as the element for the sth

row and tth column of the matrix VT'(6p). The second part can be continued with

E[IVT(60) = E{VT(60)} |5"] < —ElIVT(8) — E{VT(60)} II}*]

p+1 p+1
- e{ 53 oner]

s=1t=1

ko ko
< e+l E{1<s€?§+1)1<{2?§+1)l)5’t}
(p+1) (p+1)
< (p+DPE(Y . D [Dolf)
s=1 t=1
(p+1) (p+1)
= (p+1P Y Y E(Do")
s=1 t=1

We denote matrices in the following way,
Gs,t =1t (GO)VGS VQtI(QO)

and

Hgy = Vo, I1(60)I " (00) Vo, I(00)I " (o)
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. Then, we have

p+1 p+1 p+1 p+1
P+ DY Y B(Dsl™) = (p+ D)%™) Y Elltr(Gag) — tr(Hsye)
s=1 t=1 s=1 t=1
—E{tr(Gu)} + E{tr(Hu)} )
p+1 p+1
< (p+1)Ra YN Elr {1Ga — B(Gaa)l)]
s=1 t=1
+Eltr{|H = E(Hy )|}
p+1 p+1
< (DR Y3 B{[1Ge — BGLIY
s=1t=1
+B{||Hos — E(H) | |
p+1 p+l
< (DRt arR S B{|Ga - B(GL)I)
s=1 t=1
+B {||Hy — B(Ho )l }
p+1 p+1
< (p+ 1)k0+3/2a;k0 Z Z E {HGS,t - E(G&t)HgO}
s=1t=1
+B { | Hoa — E(H) 5} (B.25)

Now from Equation (B.25), we can look at the F {HG&t — E(Gsy) H’;“} and F {||H57t — E(Hsy) Hgo}
We define the following matrics L1 = Vi, Vg, I(6p) and Ly = I-1(6y).

E{Gss ~ E@Glf'} < 3B {L1 = B(L1)} La 5] + 3Bl B(Ly) {L2 — B(L2)}] 5"

Fy Fy

+3||E{ LiLo — E(L1)E(Ly) p ||k

I3

We look at the bound of F;. By Jensen’s inequality and Holder’s inequality, we have

E(|F3) < [E{ILall2}*PE{]| Ly — B(Ly)||2}]*

IN

pko MFO /2R £ (p 1) V log i, }FO/% a Fo/2 (B.26)
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Similarly, for F», we have

E(|E]3) < [E{IED1)|23)"[E{]| D2 — E(Ds)||2})*"

IN

1715072 2o MR 2R {(p + 1) V log e 072 a0/, (B.27)

For the bound of the bias for F3, we define
U(Xi1) = 92(Bo; Zin) Xan X33 Xirs Xire 1 (00) 92(Bo; Zin) X XH T (8) — co,
where ¢y = E(D1)E(D2) and we have

IB(Es)5°) < a2 E{U(Xa)} |15°

IA

a, " PE|U(Xa)|5

IN

112R0 Nko Ko £ (p 4 1) V Tog o, }R0/2 o R0/, (B.28)

Combining the Equation (B.26), Equation (B.27), and Equation (B.28), we have

E {HGs,t - E(Gs,t)”go} <Ci{(p+1)Vlog an}ko/Z a;ko/Q’
where

c; = 3M’iOMko/2K2ko+3HT71H’2€0/2M2_I€0MI€0/2KI@0

320 ppko o 2ko,

Similarly, we can define Ny = Vg I(6p), No = I71(y), and N3 = Vg _I(6y).
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This would give us

E{|Hye— B I} < SB[ {N1 = E(N1)} NaNa Vs [[5]
+5E[| B(N) {zg — B(N2)} N3] |3
+5E| E(Nl)E(Nz)?Ns — E(N3)} Na [15°]
+5E]| E<N1>E<N2>Eﬁv3> {N> — E(No)} ||§")

Fy

+5]| B § NiNaN3No — E(N1) E(No) E(N3) E(Na) o ||5°. (B.29)

Fs

We look at the bound of F;. By Jensen’s inequality and Holder’s inequality, we have

E(|F)3) < [E{INa]l2})*[E {[Nsll2}]*2[E (| Ny = E(N) 2]/

IN

pRo N2 Rk /2 {(p 4 1) v log a YO ;o2 (B-30)

Similarly, for F5, we have

E(|F:)3) < [E{IEN)|2}*2[E{|[N2 — E(N2)[l2}]"/?[E {|| Nal|l2}]"/*[E {||N3]|2}]*2

IN

O[5 2o MR KFo {(p+1) V log @} 072 ag o/, (B.31)

For F3, we have

E(|F5]3) < [E{IEN)21*2[E{|[Ns — E(N3)[l2}]*/2[E {|| Nal|2}]"/*[E {|| Na]|2}]*2

1@ 15072 ko ppko/2 fe3ko/2 { (1 4 1) V log i, }¥0/% R0 /2, (B.32)

IN
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For Fy, we have

E(|Fd3) < [E{IBEWO) 2152 [E {|E(N2)[2}*/2[E {|| E(N3) 2}/

[E {|IN2 — E(Ny)||2}]*"?

IN

107252 R0 Arko/2 KMo { (p + 1) V log a } /% 0 R0/, (B.33)

For the bound of the bias for Fj, we define

U(Xn) = 92(Bo; Zin) Xin XA Xirs T 1(00)92(Bo; Zin) Xan X5 T (6p)

92(Bo; Zin) Xn X1 Xi1e 1 (00)92(Bo; Zin) Xn X5 1 (80) — co,
where c¢g = E(N1)E(N2)E(N3)E(Ny) and we have

1E(F5)]15°)

IN

o, | E{U(Xan)} 15"

IN

a, P B|IU (Xan) [15°

B8R0 Mko i3Ro £+ 1) V log an}3k°/2 o 3ko/2 (B.34)

IN

We use the Equation (B.29) to combine the Equation (B.30), Equation (B.31), Equation (B.32),

Equation (B.33), and Equation (B.34). We get
where

Cy = sutkopko/2 g3ko/2 o 5| @=L | ho 3ko pko/2 ko
T 2R -2 g

5 MR Ko,
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Thus, we have

Bl|V?Lp1(00) — E{VLri(60)} I5°] < CRoMPER {(p+ 1) Vloga,}/? ayko/?
+(p + DFoF3/2 2Ry (Ot 4 CF)

{(p+1)Vlog an}3k°/2 a;3k0/2.

B.4. Proof of Lemma 1

We start the proof with the bound of E(||6 — 6y||3). First, we define the following good events, for
the jth site,

e = {116~ 6olls < p=* (4M) K Ay} 1
{1V L8012 < (M) 2 KA} 0
{IIV2L;(60) — E{V*L;(60)} |l < MK*A} N

{IIV2L;(00) = E{V>L;(60)} |l2 < ME®A} 1)

{l|Rall2 < MK*}, (B.35)
where
1 ~
Ry = / VL {60 + 06— 0)} do
0
A=[{p+1)Viogan} /an]'?
, and

Apm=[{(p+1)Vlioga,} /(man)]l/z
. Then, the good event across sites can be defined as the combination of events, € = UL €5

These events describe the closeness between the true parameter 6y and the pooled estimator 6. We
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also defined the following expectation as ¥ = E {V?L;(6y)}, © = E{V3L;(6y)}, and T = E {R4;}
. We also defined the expected information matrix as [ = —F {VQL]-(HO)}. We also notice that

E(V°L;(6p) and E(VCL(y) are equal (e =1,2,3,4).

If the defined events hold, we can use the higher-order Taylor’s expansion on the VL(#) around the

true value 6. Denote A = 6 — 0y, we will have,
VL(01) = VL(6o) + VEL(60)A 4+ V3L(60)A ® A/2 + RiIA® A ® A/6,

where Ry = f01 VAL {90 +v(f — «90)} dv. With the 6; as the solution to VL(#) = 0, we have
VL(6;) = 0. This gives us

0= VL) + V2L(00)A + V3L(0) A ® A/2 + R4A ® A ® A/6. (B.36)

To further show the higher-order property of the pooled estimator é, we further define the © ! by

its index notation, shown as @;jl e =1, TII i 51] k. tl@ns’t, which can lower and raise indices. Similarly,

we can define Y~! from its index notation Ti_jlkl = I;:If;[,;}[f;Tns,t,u . Now we can solve the

Equation (B.36) by the Equation (7.10) in McCullagh (2018), which gives us

A = I7'WL(0) + 12 {V>L(6y) — £} VL(6y) + ©~'VL(6) @ VL(6p)/2

+O()I 'V L(6) ® VL(0p) ® VL(6p)/6. (B.37)

Here to preserve the simplicity of the Equation (B.37), we use the O(1) to indicate the five items
omitted, which has the same order as 1/6Y "'V L(6y) ® VL(0y) @ VL(fy). Thus, these five items
along with 1/6 Y"1V L(6y) ® VL(0y) ® VL(fy) would have the same bound. The details of showing

the bound of the mean square error and bias of these items will be shown in the Lemma B.3.12.
The rest of the proof is to find the bounds of ||E(A)||2 and E(]|A]2).

Now for the first part of the proof, define a random variable I(¢) as the indicator function whether
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the event & happens. We denote By = ["'VL(0y), By = I72(V2L(6y) — X)VL(0y), Bs =
1/207'VL(0y) ® VL1(6y), and By = O(1)1/6Y "'V L(0y) @ VL(6y) ® VL(p).

For the item ||E(A)||3, we have

B3 < 1E{I(E)A}Z+ P(°)

IN

|E{By + Bs + By + B} |2 + P(c°)
< A||E(By)|3 + 4| E(B2)||3 + 4| E(Bs)||5 + 4[| E(Ba) |3

+12may,® + 2mn (B.38)

The probability of event € that does not hold can be found by combining the event probability
for each site and using the Lemma B.3.9, Lemma B.3.1, Lemma B.3.2, Lemma B.3.3, and Lemma

B.3.4.

Now we investigate the bound of the bias from Bj to B4y when the event holds. First, we notice

that E{VLi(6y)} = 0 and thus, we have

I1E(B1)|3 = 0. (B.39)

For By, we first define the functions U(X) = g2(Z; 80) X XT — ¥, and then we can rewrite F(Bs) as
E(By) = E{I"*{V?L(6y) — £} VL(60)}

= (man)”E[i i 172 {V2L(00; Xi5) — B} VL(00; Xi5)]

j=1 i=1
= (may,) ' E[I?U(X;)VL(00; Xi5)]

The last equality holds from the Lemma B.3.2.
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Then, by the Jensen’s inequality and Cauchy-Schwarz inequality we have

IEBa)|l3 = (man) ?|E{I7U(Xn)VL(0; Xi5)} |13
< (maw) (B[ 2U(Xi)VL(60; Xij)ll2])

< (mapn) p E{|UXa)l5} E{IVL6; Xij)|l5}

Notice that
E{|UXa)l3} < M*K*(p+1)°

and

g1(a0)g2(Xi1; Bo)
{1+ g1(0)g2(Xi1; Bo

1/2
E{IIVL1 (6 X)[2) < {Euxﬂuémml - - u%} < oMK

Then, we have

2
IEB)E = MI4¢M3K8{p+1} | (B.40)

mao,

For the expectation of Bs, we can use the Jensen’s inequality and Cauchy-Schwarz inequality to get

IE(Bs)3 = (1/4)IIE{07'VL(00) ® VL(00)} II3

= (1/4)(men) " 07 E {=V2L(00; Xij) } |13

IN

(1/4)(ma) (B {]|©7 V2 L(00; Xij) |12 }]*

IA

(1/4)(maw) 2O BE| { VZL(0; Xij) } II3]

< (1/4)(man) "?|©7HIZMAE  (p + 1)%. (B.41)

The second equality is from the second Bartlett identity F {ZTzl S VL(0y; Xij) @ L(0o; Xij)} =
—E {7 S VAL (00 Xa) }.
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As for the expectation of By, we have
IE(BaI; = C"(p+1)"(man)™, (B.42)
where

O// _ 6u:6¢M5K10+6H(_)—1H%M:2¢2M4K8+ (3/2)/1,:4¢2M4K8
+(3/2)pi p= MPK® + (3/2)u=° MK + (1/6) || |3 M K°.

The details of bias of full items for By is shown by applying the similar arguments from the Lemma

B.3.12 to the pooled data.

Combining the results from Equation (B.39), Equation (B.40), Equation (B.41), and Equation

(B.42), we have

2 4
|E{A} H% < (Cil + Cé/) {(p+ 1()77\1/048 1)02gozn)} + C//{(p + lgn\:j ];g an)}
+12ma,® + 2mn”%, (B.43)

where C = u~*¢M3KS, C = |01 |ZM2K*.

From Equation (B.43), we find the dominated term is related to (CY+C%) {(p + 1) V 8log o) }? (ma,) 2,
so we can denote Oy = CY + C% and we have ||[E(A)|3 < C1{(p+ 1) V 8log ay,)}? (may)~2. This

completes the first part of the proof.

Then, to find the bound of E(||A]|2). Notice that

E(IAl3) = E{I(e)Al3} + E {I()|All3}

IN

E{I()||Al3} + pr(e)
4
E{I(e)|AlI5} + D pr(ef)
t=0

= E{I()|Al3} + 12ma;,® + 2mn~". (B.44)

IN
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Now under the event €, we investigate A.

E{IE)|AI2} < E{I(e)|By+ By + Bs+ Ba|3}
< 4BUE)|BiI3) +AB(I(E)|Bal}) + 4EU() | Bal)
B BaIB) s

By using the Lemma B.3.1 and Cauchy-Schwarz inequality, we have the bound for By,

E{I@)|Bi3} < I BE(IVL(@)3)

IN

p=2 (M) PE {(p+1) Vg an} (mam) ™. (B.46)

Also we have the bound for Bs,

E(I(e)[Ball3) < T I3E{II(V2L(6o) — Z)VL(60)l3}
< I2IBIE {I(V2L(6) — )15} E {IIVL(Bo)lI5}]"/
< p2pMPKS {(p+1) Viogay,}? (may,) "2 (B.47)

The first inequality and the second inequality are by using the Cauchy-Schwarz inequality. The last

one is by using the Lemma B.3.1 and the Lemma B.3.2.

For Bs, by using the Lemma (B.3.1), we have

E(I(e)IBsl3) < (1/9)[07HZE {IVL(00) ® VL(G0)l3}

IN

(/9107 3L {IIVL(@o)2}

(1/4)[07 36 M2 K2 {(p + 1) V log o, }* (mav,) 7. (B.48)

IN
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As applying the Lemma B.3.11 to the pooled data, we have
E(I(#)|Bal3) < C'{(p+1)Vlogan}® (may)~?, (B.49)
where

C' = 6u"oM° K"+ 6p=*||07 |56° MIK® + (3/2)p=% |07 |[36° M K® + (3/2)1 | ©72|3¢° MPK®

+(3/2)u=* MK + (1/6)| T~ |3¢° M7 K°.

Combining the results from Equation (B.46), Equation (B.47), Equation (B.48), and Equation

(B.49) by using the Equation (B.45), we have

(p+1)\/8logan / !
mon, + (Cy + C3)

3
+C,,{(;DﬂLl)\/Slogan} 7 (B.50)

mao,

(p+1) V8logan}2

maoy,

E{IE)|AlZ} < &

where C} = u_?(¢M)2K, Ch = n=?¢M3KS and C4 = (1/4)|07 |22 M2 K2,

)Vv8log an

From Equation (B.50), we find the dominated term is related to Cf ( +1man , 50 we can denote

Cy=C1+Cy+C4+C" and E {I(e)||Al3} < Co(may)t(p+ 1) V 8log a.
From Equation (B.44), we have

pV4dlogay

E(JA3) < G +12ma;® + 2mn 8, (B.51)

n

This completes the second part of the proof related to the bound of the mean square error for the

pooled estimator.
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B.5. Proof of Lemma 2

To identify the systematic bias of the distributed algorithms, we used the Equation (24) in Zhang et al.

(2012), which gives us

E(|6 — 60]13) < m™"E(|61 — 60]13) + | E(61 — 60)I3. (B.52)

From the Equation (B.52), the error bound of the mean square error of § can be seen as the sum of
two parts, which are the mean square error of a local site divided by the number of sites and the
expected bias for a local site. The second part is also called the systematic bias of the distributed
estimators as it is related to the performance of a local site. Our major contribution is to find the
error by studying the behavior of a local estimator under the rare disease setting. The assumptions

listed above gives conditions for the smoothness of the first to the fourth order derivatives.

We first define the following good events

co = {1161 = oll2 < =M (oM)2KAY,

er = {IVL1(80) 2 < (6M)'2 KA},

2 = {||V?L1(60) — E{V?L1(00)} |2 < MK*A},
e3 = {|V2L1(60) — E{VL1(60)} |2 < MK>A},

Eq4 = {HR4H2 S MK4} s (B.53)

where Ry = fol \Vad {90 + (0 — 9)} dvand A = [{(p+1) Vloga,} /an]'/?.

These events describe the closeness between the true parameter 6y and local estimator 0;. We define
a new event ¢ as the intersection of event €1 to g4, that is, ¢ = ﬂ?:o €¢. We also defined the following
expectation as ¥ = E{V?Ly(6y)}, © = E{V3L1(6)}, and T = E{Rs} . We also defined the
expected information matrix as I = —E {V2L(6p)} If the defined events hold, we can use the

higher-order Taylor’s expansion on the VL;(6) around the true value §y. Denote A = 6, — 0o, we
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will have,
VL1(0)) = VL1(60) + VZL1(00)A + V3L1(00) A @ A/2 + RyA @ A ® AJ6.
With the 6; as the solution to VL1 (#) = 0, we have VL1 (6;) = 0. This gives us

0= VLi(6) 4+ VZL1(00)A + V3L1(60)A @ AJ2 + RyA ® A ® A/6. (B.54)

The rest of the proof can be followed from the similar arguments for the proof of the Lemma 1 in

the main manuscript by applying the Lemmas on the local site.
Then we have
E(|0 = 6l13) < m™'Csa, {(p+1) V8logan} + Ca{(p+1) V8logan}® a,?
+120;,% 42078, (B.55)
where C3 = Cy and Cy = (.

This completes the proof.

B.6. Proof of Theorem 1

To begin the proof of the Theorem 1, we first show the bound of the one-round distributed Firth

estimator (1), Later we show the bound of the two-round distributed Firth estimator §(2).

For #(), we follow the definition of events shown in the Equation (B.53). This is because the one-
round distributed Firth estimator can be seen as the average of the local Firth-corrected estimator

across different sites. In other words, the following equation holds,

E(|6%) — 6o[13) < m™ (|01 — 60l13) + | E(Or1 — 60)]3. (B.56)

Thus, we can first prove the bound of ||[E(fr1 — 6o)||3 and E(||§z1 — 6o]|3). Then, we can use
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Equation (B.56) to finish the proof.

We define the following good event with respect to 6 £,
_fuh -1 1/2
ero = {[10r1 — Ooll> < Cru=l (M) 2K}

And we define the event ep = eppMNe; Nea MNez Ney.

When the event e holds, we can use the higher-order Taylor’s expansion on the VLp () around

the true value 6y. Denote Ap = HAFJ — 6y, we will have,
VLp1(0p1) = VL1(60) + VZL1(60)A + VPL1(00)A @ A/2 + RyA ® A AJ6 + T(6p),

where the rth element of T is T} (6p) = ., 1b,-(6p).

With the ép’l as the solution to VLg1(6) = 0, we have VLF71(9A1) = 0. This gives us
0= VLi(6) + VZL1(60)A + V3L1(00)A @ AJ2 + RiIA @ A @ AJ6 + T (6p). (B.57)
By solving the Equation (B.57), we have

Ap = I7'WLi(0) +I72{V?Li(6y) — £} VL1(0p) + © 'V L1(6p) ® VL1(0o)/2

+O()Y VL1 (6y) ® VL1 (0y) ® VL1(09)/6 + I T (). (B.58)

The rest of the proof for the one-round distributed Firth estimator would be to find the bound of

E(||AF||3) and ||E(AFr)||3 with the help of Equation (B.58).

Notice that

E(|AFl3) = E{I(E)AFl3} +120;° + 207" (B.59)
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We define Bs = I 1o, 'b(6p), B1 to By are defined in the Section of proof of the lemma 2.

We shall have

E{I(er)|Al3}

IN

E{I(e)||B1 + B2 + By + By + Bs||3}

IN

BE(I(e)|| Bull3) + 5E(1(e) || Ball3) + 5E(1(e)| Bsl13)

+5B(1(e)[|Ball3) + 5E(I(e) |1 Bs|3)- (B.60)

For Bs, we can have the following results,

IN

E{I(ep)|IBs3} (/DI HZE(as, " b(00)113)

IN

(/D B (BT (60) 1) E(IVI(60) |4}

IN

(1/H)p S MK (p V log a,)2a, 2. (B.61)

n

The last inequality is using the Lemma B.3.3 and Cauchy-Schwarz inequality, we have the bound
for Bg,‘

From Equation (B.46), Equation (B.47), Equation (B.48), and Equation (B.49) and Equation (B.61)

by using the Equation (B.60), we have

9 pV4dlogay, pV4dlogay, 2
E {I (&7) HAHQ} < (CF,l)ai + (CF,Q + CF,S + CF,4) 047
Vdlogan )®
+Crs {poga} : (B.62)
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where

Cr1 = b5u_*(¢M)'’K,
Cra = 5u_*¢M°K°,

Crps = (5/4)/1,:6M4K10,

Cra = 5/4)|07"[3¢°M?,

Crs = O(1)(5/36)| T "||5(¢M)*K°.

)

Then, we look at the bias term of Bs. As shown in the Lemma B.3.13, we have
|E(B2 + By + Bs)|l3 < n= M*KPpla, .
Combing the information that E(B1) = E{VL(0)} = 0, we may get

IE(AR)|3 = 21 E(B)|3 + 2| E(B2 + Bs + Bs)|[5 + 1205, + 207", (B.63)

From Lemma B.3.12, this shows that

{(p+1)Viloga,}
4

n

IE(AR)|I3 = Cre +120;% + 2n~ 8.

By using the Equation (B.56) this will give us
E(||6% — 6oll3) < Csm™ ' {(p+1) V8logan} o, + C{(p+1) V8logan} a*,  (B.64)

where C5 = CF,l + CF’Q + CF73 + CF74 + CF,5, and Cg = CF,G-
This finishes the proof related to the one-round distributed Firth estimator.

For the two-round distributed Firth estimator, we majorly follow the proof stated in Jordan et al.
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(2018). We define the good events for jth site (j = 1,..,m),

ei = {10r; — Oollo < 1= (oM)2KA}
{IVL;00)ll2 < (810)2KA | 0
{IRajll2 < ME*} N
{IV°L;(60) — E{V?Li(00)} [ < ME*A} 0

{IIV3L;(60) — E{V?L;(60)} l. < MK?A}

where Ry j = fol V4L, {00 +v(fy — 9)} dv.

When the event does not hold, from Lemma B.3.1, Lemma B.3.2, Lemma B.3.3, Lemma B.3.4, and

Lemma B.3.6, we have
_12m  2m

P(£°)

8 8"
fa%:4 n

Under the event € = U;"lej, from Lemma B.3.14 we have
16® = brllo < 4u= IVLr(8)|l2.
Now we are looking at the term VLp(0). Notice that VLp(0p) = 0, and thus we have

Vi(bp) = VLpi(bF)— VLp(6V) - {VLF(éF> - VLF(9”<1>)} . (B.65)

We use the Taylor’s Expansion on the V Lz (6) around the V Lz (6()), which gives us
VLFvl(éF) = vI/F,l(é(l)) + Pl(éF - 5(1)),

where P, = fol VQLF,J- {5(1) + v(ép - 5(1))} dv.

Notice that V2L 1(0) = V2L1(0) + VT (), where the sth row and tth column of VT'(#) is the sum
of traces for matrices Gs; = I 1(09) Vg, Ve, I(00) and Hgy = Vo 1(00)I 1 (00) Ve, I(60)I~(0p). As
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shown in the Lemma B.3.6, I(6p), VI(6p), and V2I(6) are Lipschitz continuous and thus V2L (6)

is Lipschitz. This gives us
1Py = VL1 (60) |2 < M (1B — boll2 + 16 = 6oll2)-,
where M’ is a constant. Similarly, we have for VLg(0),
VLp(bp) = VLp(0W) + P(Or — 61),
where P = f01 V2Lp {é(l) +v(0p — 5(1))} dv satisfies

|P = VLr(B0)ll2 < M'(|16r —boll2 + 0 — 6o]l2).

From Equation (B.65), we have

IVLOF)2 = ([P1—VLE1(60)|2+ |VLE1(0) — VLr(0o)|l2 + | P — VLr(6o)|2)

167 —6]2.

IN

(2M'||0F — Bol|2 + 2071|0) — Bo|2 + || VLF(00) — VLE1(60)]2)
107 — W],

AM (|0 — 0o|3 + 4M"[|0D) — 6013 + [V Lp(60) — VLp1(00)||2]10F — Oo]2

IN

+[VLp(B0) = VLE1(00)]216%) — o]l (B.66)
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Notice that from the triangular inequality, we have

IVLE(0o) — VLE1(60)ll2

IA

3IIVLE(60) = E{VLFp(60)} [l2+ 31 E{VLF(00)} — E{VLr1(60)} Il2
+3[[VLE1(00) = E{VLr1(60)} |2

3IVLp(6o) — E{VLE(00)} ll2 + 3| E{T(60)} — E{T1(60)} [|2
+3[[VLE1(00) = E{VLr1(60)} |2

3IVLr(60) — E{VLE(00)} |2+ 3[[VLE1(60) = E{VLF1(00)} |2

6| E{T(60)} [l2 + 6] E{T1(60)} [|2- (B.67)

With the help of the Equation (B.66), we have

E {110 - brl31(e)}

IN

IN

IN

1B {|VL@r)I3 |

64~ 21" { B0 — 60l13) + B8V — 6oll3) }

+16u=" E[|[VLF(00) — VLE1(00) 131107 — 6ol|3]

+16u= B[V Lr(00) — VLr1(00)]3]6%) — 6o)13]

64~ 21" { B0 — 60l13) + B(16V) — 6oll3) }

1657 (B {IVLe(00) — VLea(00) 11112 { E65 60l }

F67 (B {IVLp(60) — Ve (031 { EQED - a0}

From Lemma B.3.13 and Lemma B.3.15, we have

E{|IVLp(6o) — VLrp1(60)ll5} < C|

{(p+1)Viog(an)}*  {(p+1) Vlog(an)}®
(Kay)? a2

I, (B.68)

141



where

Cr o= 32Y(eM)2 K2 +92Y) (p + 1)2u2 MR 2K 192 (p + 1)°

"@71H§M:2M2K4_’_9(24)(p+1)3M:4M4K10_’_6M:12M8K20.

From the Lemma 2 in the main manuscript, we have

)

Cs(p+1) Vlog o, }2 L G {lp+1) Viegan}®

may, a

EII(BD — g) 14 < {

and

Ci(p+1) Vlogan}2

maoy,

Ell(6r — 0o)|lt < {

This would give us,

(p+1) Viogan  {(p+1)Vlogan,}’
+C3y E
may, al

E{18% - 6ol3} < E{10® — s I3} +E {1lfr - 60ll3} < Cx

)

where C7 = 16p~" {C1 + C5 + (C)Y/?}, and Cs = 16p=" {(C7)'/2Cs} .

This completes the proof.
B.7. Remark 1

Remark 2. We can extend all the above results to the unequal sample size scenario. Specifically,
for Theorem 1, if we denote the sample size at each site as n;, 7 = 1,...,m, then the mean squared

error of 81 and 02 satisfies

013 C'14

E é(l) — 0|2 < " + ’
||( 0) HQ = Zj:l n; exp(ao) {nmin eXp(OéO)}4

and
~ 015 C'16
E||(0® —6y)|? < -
1O =00 = S exp(an) T explan)
respectively, where nyin = min(nq,...,n,) and Ci3,...,Cis are constants unrelated to m,n; and

ap (j=1,...,m).
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B.&. Values for Simulation Studies

To mimic the rare outcomes or exposures, we varied the parameters py, po2, o, and 3.

Table B.1: Parameter Scenarios with Parameter Values.

Scenario Values
common exposure common disease p1=03,p2=03 a=-1,5=(-1,1
rare exposure common diseases p1 = 0.06, po =0.04, a = —1, B = (-3,-3)
common exposure rare disease p1=0.2,p2=0.7, a= -3, = (—4,-4)
rare exposure rare disease p1 = 0.04, po = 0.06, « = —4, B = (—4,—4)

B.9. Estimation results for real-case study

We showed the estimation results for other risk factors in Figure B.1.
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Figure B.1: Boxplot of estimates and 95 percentage confidence interval of the simple average esti-
mator, distributed Firth estimators, and the pooled estimator.
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APPENDIX C

SUPPLEMENTARY APPENDIX FOR CHAPTER 4

C.1. Sites in the PEDSnet Database

Participating institutions in the PEDSnet database included Cincinnati Children’s Hospital Medical
Center, Children’s Hospital of Philadelphia, Children’s Hospital of Colorado, Ann and Robert H.
Lurie Children’s Hospital of Chicago, Nationwide Children’s Hospital, Nemours Children’s Health

System (in Delaware and Florida), Seattle Children’s Hospital, and Stanford Children’s Health.
C.2. PASC Symptoms and Conditions

This study included 24 PASC symptoms and conditions: abdominal pain, abnormal liver enzyme,
acute kidney injury, acute respiratory distress syndrome, arrhythmias, cardiovascular signs and
symptoms, changes in taste and smell, chest pain, cognitive functions, fatigue and malaise, fever
and chills, fluid and electrolyte, generalized pain, hair loss, headache, heart disease, mental health
disorders, musculoskeletal pain, myocarditis, myositis, Postural Orthostatic Tachycardia Syndrome
(POTS) or dysautonomia, respiratory signs and symptoms, skin symptoms, and thrombophlebitis

and thromboembolism.

The ICD and SNOMED diagnosis codes are available in Razzaghi et al. (2024). The classification of
symptoms and conditions into systematic and syndromic groups are listed as follows: Systemic (di-
agnosed health conditions): acute kidney injury, acute respiratory distress syndrome, arrhythmias,
fluid and electrolyte, heart disease, myocarditis, myositis, POTS or dysautonomia, and throm-
bophlebitis and thromboembolism. Syndromic (symptoms, signs, non-specific laboratory abnor-
malities): abdominal pain, abnormal liver enzyme, cardiovascular signs and symptoms, changes
in taste and smell, chest pain, cognitive functions, fatigue and malaise, fever and chills, general-
ized pain, hair loss, headache, mental health disorders, musculoskeletal pain, respiratory signs and

symptoms, skin symptoms.
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C.3. Sensitivity Analysis of Different Sets of NCOs

The proposed method’s robustness is affected by the selection of NCOs. Table C.1 showed the
62 NCOs that were manually reviewed by the clinicians. Originally, we selected 30 NCOs as the
sensitivity analysis, which included acne, closed fracture of distal end of radius, closed injury of
head, concussion, contact dermatitis, diaper rash, displacements - bone, falls, foreign body in ear,
impetigo, inguinal hernia, injury of finger, injury of free lower limb, injury of head, injury of left
leg, injury of right foot, injury of right hand, injury of right leg, injury of upper extremity, insect
bite, plagiocephaly, scoliosis, snoring or obstructive sleep apnea, speech delay, speech dysfunction,
sprain of ankle, tinea capitis, tinea corporis, tongue tie, umbilical hernia, and wax in ear or impacted

cerumen.

Table C.1: The full list of 62 NCOs. The NCO list has been manually reviewed by medical clinicians.

NCO Name

Acanthosis nigricans
Acne

Alkalosis

Anemia neoplastic disease
Biliary calculus
Bronchiectasis

Burping

Cannabis abuse
Chalazion

Closed fracture of distal end of radius
Closed injury of head
Concussion

Contact dermatitis
Curvature spine

Cystic fibrosis
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NCO Name

Diaper rash
Displacements - bone
Epilepsy

Esotropia

Falls

Foreign body in ear
Hashimoto thyroiditis
Hemochromatosis
Hyperlipidemia
Hypoparathyroidism
Impetigo

Inguinal hernia
Injury of finger
Injury of free lower limb
Injury of head

Injury of left leg
Injury of right foot
Injury of right hand
Injury of right leg
Injury of upper extremity
Insect bite

Jaundice

Leukemia

Low back pain

Lump right breast
Myopia

Nystagmus
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NCO Name

Opioid dependence
Osteodystrophy

Perforation of tympanic membrane
Plagiocephaly

Postural kyphosis

Raynaud’s disease

Scoliosis

Secondary malignant neoplasm large intestine
Snoring or obstructive sleep apnea
Solitary nodule of lung

Speech delay

Speech dysfunction

Sprain of ankle

Tinea capitis

Tinea corporis

Tinea pedis

Tongue tie

Umbilical hernia

Vitamin D deficiency

Wax in ear or impacted cerumen

Table C.2 showed the systematic bias by using full list of NCOs or partial list of NCOs. From this

sensitivity analysis the estimation from the systematic bias does not change.

C.4. Simulation Setup And Performance in MSE

While our approach is a general method that could be used for both binary and Poisson outcomes,

simulation studies are performed with scenarios generating relative risk as examples. Assume that
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Table C.2: Sensitivity analysis for estimated systematic bias from the partial NCO list (30 NCOs)
versus the full list (62 NCOs).

Minority Group Systematic Bias (Full Systematic Bias (Par-

NCO List) tial NCO List)
AAPI 0.75 0.74
Hispanic 1.02 1.01
NHB 0.88 0.88

there are n patients in total. For the i-th patient, the observed confounding variables are denoted
as X;, which is of p-dimension. For X;, the categorical variables were generated by a uniform dis-
tribution and cut into different categories with cutoff values. The binomial variables were generated

with different probabilities of success.

The unmeasured confounders are denoted as U,;, which is of g-dimension. For Uj;, the binomial
variables were generated with different probabilities of success, and variables with a normal distri-
bution were generated with mean zero and standard deviation of 2. An intercept term was included
automatically in both X; and U;. We set p =7 and ¢ = 3. The average treatment effect 7 was set
to —1. M = 40 NCOs are generated.

To evaluate type I error rates, we generated the systematic error of the m-th NCO via the normal
distribution N'(b, 02), where b was set to 0 and o was set to 0.20. The function 8(4;, X;) of measured

confounders to the potential outcomes for the intervention and control groups was set to:

8(0,X;) =X (-1, 0.5, 0.3, 0.6, 0.5, —0.1, —0.5, 0.1, 0.5),

B(1,X;) =X/ (=2, 1, 0.6, 1.2, 0.8, —0.6, —1, 0.4, 1).

The function v;(U;) of the time-varying effect of unmeasured confounders on the potential outcomes
was set to:

(U = 71 (U;) = U/ (-2, 0.5, 0.3, —1).

We ranged sample sizes as 1000, 2000, and 3000.
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To evaluate statistical power, by ~ N (b, ?) was ranged as 0.05, 0.10, and 0.15. We set:

71(U;) = U/ (-2, 0.5, 0.3, —1) + by.

Other parameters were generated the same as in the previous paragraph. To show the estimated
bias and coverage probabilities for the proposed calibration method compared to the DiD method,
we set b = 0.5 and 7(X;) = —1. The other parameters were generated the same as in the previous

paragraph.

Table C.3 showed the mean square error for comparison of the proposed method with the baseline
method before the calibration.

Table C.3: The mean square error (MSE) across different sample sizes. The MSE is defined as the
average of squared differences between the estimated treatment effects and the true treatment effect
across simulation replicates.

Method N = 1000 N = 2000 N = 3000
Before calibration 0.425 0.352 0.331
After calibration 0.149 0.065 0.039

C.5. Details of Data Generation for Invalid NCOs

To evaluate the scenario that includes partially invalid NCOs, we generated the invalid NCOs as
follows. Specifically, we assume that the first My = %M are valid NCOs generated as described

previously. The remaining M — M; are invalid NCOs, denoted W ,,, and are generated as:

log [E(Witm | Ai = 0,X;,U;)] = B(Ai, Xi) + 7(U;),

log [E(Witm | Ai = 1,X;,Uy)] = B(Ai, Xi) + §(Xi) +71(Us).

Here, £(X;) = 4b,, where b, ~ N(4b,0?). We varied the sample sizes as 1000, 2000, and 3000.
We set b = 0.5 and 7(X;) = —1. All other parameters were generated as described in the previous

paragraph.
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C.6. Details about NC-DiD
DiD Method
A traditional difference-in-differences (DiD) model can be applied to estimate the target estimand.

It requires the parallel trends assumption. On the logarithm scale—appropriate for the risk ratio

estimand—the parallel trends assumption can be stated as:

E[Y1(0) | A=1] E[Yo(0) [A=1]\ _
oc (i A=) % (EmorTa=a) ~° e
Under this assumption, the following equation holds:
E[V1(0) | A=1] = <m> xE[Y; | A =0]. (C.2)
Assumption 1 (Consistency).
Y [(T =t)=2ZYi(1) + (1 — Z)Y3(0). (C.3)

By Assumption 1, the conditional treatment effect on the treated group, expressed as a risk ratio,

is identified by:

= (eirazn) * (emera=1) 4

We denote by 7* the right-hand side of the above equation, which corresponds to:

7 = exp(fs). (C.5)
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The quantity 7* is always identifiable from the observed data but may not be equal to the true
effect 7 if the parallel trends assumption does not hold. The effect of unmeasured confounders can

be quantified by:

by = log (E[Yl(o) I j - ]> — log <E§EE8§ : ﬁ z H) = log(7) — log(77%). (C.6)

We refer to by as the unmeasured confounder bias for the outcome of interest. Since the mean of
the control counterfactual for the treated group is not generally identifiable, the target estimand 7

is not identifiable either.
Negative Control Outcome

A negative control outcome (NCO) is a random variable that is not causally affected by the treatment
but is influenced by unmeasured confounding variables related to the main outcome of interest. In
other words, a statistical association between M NCOs and the treatment assignment would exist

only if unmeasured confounders are present.

In the absence of unmeasured confounding, it follows that for the m-th NCO, the systematic bias
b = 0 for m = 1,..., M. Thus, a nonzero b,, signals a violation of the unconfoundedness as-
sumption. Importantly, b,, is identifiable from the observed data, which is the foundation of our

proposed hypothesis testing method.

Proposed Negative Control-Calibrated Method for DiD (NC-DiD)
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Figure C.1: Illustration of systematic bias. The left panel showed the notation for the counterfactual
outcome Y changes over time. The right panel demonstrated the notation for the negative control
outcome W.

Figure C.1 illustrates the proposed calibration method NC-DiD. The bias by corrects for the biased
conditional treatment effect among treated subjects. Specifically log(7) = 3 — by. If the bias by

can be identified from negative control outcomes, then the target estimand 7 is also identifiable.
We consider the following problems:
e How can we perform hypothesis testing of the parallel trends assumption?

e How can we calibrate 7* by estimating the systematic bias b so that we can identify the target

estimand 77

We can solve the problem with the help of negative control outcomes (NCOs) at time 7' = 0 and
T = 1. Suppose we have access to M NCOs. We denote the m-th NCO at times 0 and 1 as Wy,o
and Wy,1 for m=1,..., M. We define the NCO-revealed confounding bias for the m-th NCO as:

_ E[W | A=1] E[Wio | A=1]
by, = log <]E[Wml A 0]> —log (E[Wmﬂ Az 0]> . (C.7)

As discussed above, a nonzero NCO-revealed confounding bias is a signal of the presence of unmea-
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sured confounding with time-varying effects. Note that unmeasured confounding for an NCO does
not necessarily violate the parallel trends assumption for the outcome of interest. In other words,
the unmeasured confounder U; (¢ = 0, 1) can cause heterogeneous effects on the association between

treatment and NCOs and the outcome of interest.

To adjust for this heterogeneity and to identify 7*, we posit Assumption 2 and Assumption 3 as

follows:

Assumption 2 (NCO and systematic bias). The NCO-revealed confounding biases {by, }M_,
are independent copies of a random variable 6 with 6 ~ N'(b, %), where b represents the systematic

bias and o2 the variance. The systematic bias from the outcome of interest also comes from 6.

Assumption 2 is a distributional assumption, implying that the systematic bias affecting the outcome
of interest follows a similar distributional pattern as the systematic bias observed in the negative
control outcomes. In this way, we are able to identify the value of by from the NCOs. The parameter
b = 0 can be interpreted as a scenario where the parallel trends assumption essentially holds, and

nonzero b, values occur due to random error.

Assumption 3 (Outcome regression model). The following underlying semi-parametric models

hold:
IOgE[YT ‘ A X, UT] =aqao0 + 061,014 + Ozg’()T + 043’0T x A+ VO(X) + n(UT), (Cg)
logEWy 1 | A, X, Ur] = aom + a1.mA + a2 mT + azmT X A+ v (X) + 0m(Ur), (C.9)
for some square integrable functions v, (X) and constants oy, for m =0,...,M and i =0,1,2,3.

By the definition of NCO, a3, =0, and agp = log(7).
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Recall from the main manuscript, the following equations represent the working models on the

matched cohort:

log E[Yr | A, X] = Bo + 1A+ BT + B3T x A, (C.10)

log E[Wm’T | A, X] = 50,m + ﬁl,mA + 527mT + B?;,mT x A. (Cll)

It is worthwhile to note that under Assumption 3, we have b,, = 33 p,.

Estimation Procedure

With the help of Assumptions 1, 2, and 3, we can estimate the target estimand. We first con-
duct propensity score matching on X. A logistic regression model is fitted using the measured
confounders, and treated individuals are matched to control individuals based on their estimated
propensity scores. In the matched cohort, we estimate the treatment effect. Let Bg be the estimator

for 7*, and let &%3 be its estimated asymptotic variance.

To calibrate the estimate of 7*, we fit the model for each m-th NCO (m =1,..., M). Let by, denote

the estimator of £33, = by,, and let 62, be its asymptotic variance.

From Assumption 2, we have:

b | b ~ N (b, 62), and by, bg ~ N'(b, 0?).

m

We then estimate b and ¢ by maximizing the likelihood after integrating b,, out. As a byproduct
of estimating b, we perform a hypothesis test for the parallel trends assumption using the null

hypothesis Hy : b = 0. The test statistic is:

o Yoo\
S = 7‘/, where V = (nlzl W) .
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The two-sided p-value for the hypothesis is given by:
p-value = 2 x {1 — ®(|S])},

where ®(-) is the standard normal cumulative distribution function. Finally, we obtain the calibrated

estimate 7 using the fact that, asymptotically:

The calibrated estimator is:

The 95% confidence interval for 7 is given by:

(exp (Bg ~b—1.96,/62 + &2> . exp (Bg —b+1.96,/62 + &2>> .

C.7. Theoretical Guarantee of NC-DiD

We provide the theoretical guarantees of our proposed method as follows. Proposition 1 considers
the validity for the hypothesis testing with respect to the parallel trends assumption. Proposition 2
characterizes the asymptotic behavior of the calibrated estimator. This is used to construct a valid

confidence interval for 7.

Proposition 1 (Asymptotic Normality for Bias Estimation). Suppose that estimators by,
are independent, and n — oo while M is fized. Then b and 62 converge in probability to the true

values b* and o*2, respectively; that is,

b2 b and 62 L o2
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Moreover, we have

VMV (b —b) % N(0,1).

Standard asymptotic theory yields that the maximum likelihood estimate from the model shown in
Equation (2) satisfies

91/2(3 - /6*) i> N(Ov 14)7
where I; denotes the 4-dimensional identity matrix, and

-1

0= (;wa(ﬁ;n,zi)) <;Zv2f(ﬁ;n,zi)>,
=1 =1

LN OB Y 2V B Y 2T
n;Vf(ﬁ,Y'“ZZ)Vf(ﬁ’Y;,ZZ)

where f is the loss function of the working model. Let x = (271), 4 be the fourth diagonal entry of
oL

Proposition 2 (Asymptotic Normality for NC-DiD Estimator). Under the assumptions

imposed in Lemma 1 and some reqularity conditions, we have

V1/E(F —7) % N(0,1).
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APPENDIX D

SUPPLEMENTARY APPENDIX FOR CHAPTER 5

D.1. Description of electronic health records (EHR) data

The real-world data utilized in our analysis is derived from electronic health records (EHRs), cov-
ering a wide range of healthcare interaction information routinely collected and stored by hospitals.
This includes clinical data such as diagnoses and treatments, laboratory and test results, and admin-
istrative data including patient demographics and billing information. The hospital-based EHR data
from the Researching COVID to Enhance Recovery (RECOVER) Initiative COVID-19 Database
served as the basis for defining and determining exposure, outcomes, and covariates. Unlike General
Practitioner (GP) data, self-reported data, or external data sources, our study used the structured,
standardized EHR entries made by healthcare providers within hospital settings. EHR data provides
a more detailed and integrated view of a patient’s health status, medical history, and healthcare

interactions across various providers and settings.
RECOVER population and generalizability

The National Institutions of Health (NIH) launched the new RECOVER initiative in 2021 to leverage
electronic health record (EHR) data to better identify and characterize patients with post-acute
sequelae of SARS-CoV-2 infection (PASC). RECOVER obtains EHRs from three large national
healthcare networks within the United States, covering regional catchment areas across 41 states.
These networks collectively hold the EHRs of over 60 million patients, including records from more
than 7 million individuals who have been affected by COVID-19. RECOVER collaborates with the
National Institutes of Health’s (NIH) All of Us Research Program, which contributes additional
health records to this vast database. Together, these sources comprise one of the world’s largest

collections of EHRs.

List of negative control outcomes
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Table D.1: The 31 Negative control outcomes used in the analysis.

Study Variables

No. Health Condition

1 Acne

2 Closed fracture of distal end of radius
3 Closed injury of head

4 Concussion

5 Contact dermatitis

6 Diaper rash

7 Displacements - bone

8 Falls

9 Foreign body in ear

10 Impetigo

11 Inguinal hernia

12 Injury of finger

13 Injury of free lower limb
14 Injury of head

15 Injury of left leg

16 Injury of right foot

17 Injury of right hand

18 Injury of right leg

19 Injury of upper extremity
20 Insect bite

21 Plagiocephaly

22 Scoliosis

23 Snoring/Obstructive sleep apnea
24 Speech delay

25 Speech dysfunction

26 Sprain of ankle

27 Tinea capitis

28 Tinea corporis

29 Tongue tie

30 Umbilical hernia

31 Wax in ear/impacted cerumen
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Table D.2: Confounding Variables Used in the Propensity Model and Other Variables for Eligibility

Criteria
Variables Functional form | Values Detail Codes/References
Age (years) Linear Numerical Records in person domain Age = integer(date-birth date)/365.25
Sex Indicator Male/Female Records in person domain NA
Measurement domain;
) ) Age < 24x30.5 days: NHANES weight z > 1.64
besity Indica Yes /N - y - E—— - NA
Obesity ndicator /o Age 24x30.5 to 240x30.5 days: NHANES BMI z > 1.64
Age > 240x30.5 days: BMI > 30 kg/m?
0: No chronic condition
PMCA 3 categories 1: Non-complex chronic Condition & visit domains Simon et al. (2018)
2: Complex chronic
Severity of acute COVID-19 4 categories Asymptomatic, Mild, Condition & visit domains Forrest et al. (2022)
Moderate, Severe
Number of ED visits 4 categories 0,1,2,>3 Condition & visit domains NA
Number of inpatient visits A categories 0,1,.2,>3 [npatient stay, ED admit inpatient, NA
Observation Stay
A latory visit,
Number of outpatient visits 4 categories 0,1,2,>3 mbu \Fox} visit . NA
Interactive telemedicine
Number of unique medications | 4 categories 0.1,2,>3 Drug exposure domain RxNorm code
Chronic condition clusters Indicator Yes/No 205 chronic clusters (condition /visit domains) Rao et al. (2022)
Other eligibility criteria variables
Prior encounter Indicator Yes/No Condition & visit domains NA
PCR, serology, antigen test, or .

SARS-CoV-2 . . o 8Y 2 s:/ /github.c Y e
Documented SARS-CoV Indicator Yes/No COVID-19/PASC diagnosis https://github.com /PEDSnet /PASC
Exposure variable
Race/Ethnicity [ 4 categories [ NHW, NHB, Hispanic, AAPT [ race_concept_id, ethnicity _concept_id [ https://github.com /PEDSnet/Data_Models_Public
Outcome variable

. . Abdominal pain, fatigue, myocarditis, | Condition/visit domains; .
PASC symptoms /conditions ‘ 24 categories cognitive dysfunction. ote. presence of relevant 1CD codes Razzaghi et al. (2024)

Note: All domains in the table above are based on the PEDSnet common data model (CDM). More

details are available through this link: https://data-models-service.research.chop.edu.

Classification of Symptoms and Conditions into Systematic and Syndromic Groups

Table D.3: Classification of Symptoms and Conditions into Systematic and Syndromic Groups

Syndromic (symptoms, signs, non-
specific laboratory abnormalities)

Systemic (diagnosed health condi-
tions)

Abdominal pain

Abnormal liver enzyme
Cardiovascular signs and symptoms
Changes in taste and smell
Chest pain

Cognitive functions

Fatigue and malaise

Fever and chills

Generalized pain

Hair loss

Headache

Mental health disorders
Musculoskeletal pain
Respiratory signs and symptoms
Skin symptoms

Acute kidney injury

Acute respiratory distress syndrome
Arrhythmias

Fluid and electrolyte

Heart disease

Myocarditis

Myositis

Postural Orthostatic Tachycardia
Syndrome (POTS) or dysautonomia
e Thrombophlebitis and thromboem-
bolism
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The distribution of COVID-19-positive patients by hospital and cohort entry time

Table D.4: The distribution of COVID-19 positive patients by hospital and cohort entry time

Severe! Non-severe?

Hospital NHW AAPI Hispanic NHB NHW AAPI Hispanic NHB

A 1459 (16.0%) 37 (6.3%) 154 (4.1%) 389 (11.6%) | 14323 (14.3%) 530 (5.2%) 1226 (2.2%) 6069 (14.3%)
B 1113 (12.2%) 95 (16.1%) 317 (8.4%) 646 (19.3%) | 24713 (24.7%) 1960 (19.1%) 4289 (7.6%) 9949 (23.4%)
C 1031 (11.3%) 57 (9.7%) 801 (21.2%) 163 (4.9%) 44lo (4.4%) 242 (2.4%) 3880 (6.9%) 848 (2.0%)
D 390 (4.3%) 29 (4.9%) 159 (4.2%) 257 (7.7%) 4647 (4.7%) 471 (4.6%) 2245 (4.0%) 4443 (10.5%)
E 420 (4.6%) 13 (2.2%) 60 (1.6%) 48 (1.4%) 7581 (7.6%) 322 (3.1%) 1094 (1.9%) 1047 (2.5%)
F 712 (7.8%) 71 (12.0%) 595 (15.7%) 250 (7.5%) 1907 (1.9%) 239 (2.3%) 1833 (3.3%) 661 (1.6%)
G 754 (8.2%) 28 (4.7%) 92 (2.4%) 103 (4.6%) 7547 (7.6%) 742 (7.2%) 768 (1.4%) 1314 (3.1%)
H 232 (2.5%) 1 (0.2%) 16 (0.4%) 35 (1.0%) 4529 (4. 5%) 109 (1.1%) 283 (0.5%) 710 (1.7%)
I 1156 (12.6%) 85 (14.4%) 183 (4.8%) ol? (15.5%) 8530 (8.5%) 1098 (10.7%) 1801 (3.2%) 5844 (13.8%)
J 882 (9.6%) 33 (5.6%) 643 (17.0%) 501 (15 0%) 8173 (8.2%) 526 (5.1%) 5824 (10.4%) 3404 (8.0%)
K 105 (1.1%) 25 (4.2%) 273 (7.2%) 64 (1.9%) 6783 (6.8%) 2568 (25.0%) 28574 (50.8%) 5440 (12.8%)
L 182 (2.0%) 88 (14.9%) 320 (8.5%) 100 (3.0%) 1942 (1.9%) 1151 (11.2%) 3170 (5.6%) 1057 (2.5%)
M 704 (7.7%) 28 (4.7%) 173 (4.6%) 223 (6.7%) 4792 (4.8%) 318 (3.1%) 1239 (2.2%) 1691 (4.0%)
Entry time

03/2020 - 06,/2020 136 (1.5% 17 (2.9% 163 (4.3% 122 (3.6% 907 (0.9% 190 (1.8% 1935 (3.4% 891 (2.1%
07/2020 - 10/2020 241 (2.6% 19 (3.2% 166 (4.4% 108 (3.2% 5454 (5.5% 433 (4.2% 4967 (8.8% 1760 (4.1%
11,/2020 - 02/2021 753 (8.2% 47 (8.0% 346 (9.1% 291 (8.7%) | 16011 (16.0%) 1240 (12.1%) 10089 (17.9% 5262 (12.4%
03/2021 - 06,/2021 720 (7.9% 32 (5.4% 277 (7.3% 309 (9.2% 7916 (7.9% 445 (4.3% 3007 (5.3% 4056 (9.5%

NONDINDISDIDISDICDIND)

) ) ) ) ) ) )
) ) ) ) ) ) )
) ) ) ) ) ) )
) ) ) ) ) ) )
37 (6.3%) 394 (10.4%) 485 (14.5%) | 13868 (13.9%) 818 (8.0%) 6095 (10.8%) 6477 (15.2%)
) ) ) ) ) ) )
) ) ) ) ) ) )
) ) ) ) ) ) )

07/2021 - 10/2021 | 1063 (11.6% (

11/2021 - 02/2022 | 3050 (33.4%) 193 (32.7%) 1320 (34.9%) 1136 (34.0%) | 33830 (33.9%) 3746 (36.5%) 19028 (33.8%) 16290 (38.4%
03/2022 - 06/2022 | 1662 (18.2%) 120 (20.3%) 577 (15.2%) 447 (13.4%) | 12030 (12.0%) 1951 (19.0%) 4939 (8.8%) 3739 (8.8%
07/2022 - 10/2022 | 1515 (16.6%) 125 (21.2%) 543 (14.3%) 448 (13.4% 9866 (9.9%) 1453 (14.1%) 6166 (11.0%) 4002 (9.4%

D.2. Supplemental Results: crude analysis comparing COVID-19 positive and negative pa-

tients

Definition of COVID-19-negative group

For COVID-19-negative patients, we included patients who had neither a documented SARS-CoV-
2 infection nor a diagnosis of multisystem inflammatory syndrome in children (MIS-C) within the
same study period, and who had at least one negative COVID-19 test result. A random negative
test was chosen as the index date for COVID-19-negative patients. The selection of participants
for COVID-19-negative in real-world data is summarized in Figure S13. The COVID-19-negative
patients were required to be members of the healthcare organization during the previous 18 months
and have at least one visit 28 to 179 days after the index date, as specified in the flowchart. These
included subjects come from ED visits or other visits (i.e., routine, physical), primary care, office

visits, and others.

For COVID-19-negative patients, we determined severity status based on the symptoms and con-

ditions observed during the acute phase (seven days before to thirteen days after the index date).
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Primary care settings typically provide a more comprehensive representation of the general popula-
tion due to their broader patient demographics and the nature of routine and preventive care they
offer. Thus, the presence of these major primary care-driven systems in our data source bolsters the

external validity and generalizability of our results to the broader child and adolescent population.

3 040 893 patients had at least one negative
test!, all virus tests are negative
and had no diagnosis of COVID-19,
PASC or MISC during
2020-03-01 ~ 2022-10-03,
captured in the RECOVER database

1 759 660 Excluded:
942 295 Patients had no visit during the baseline period?
713 239 Patients had no visit during the follow-up period*
104 126 Patients aged > 21 at cohort entry

A 4

1 281 233 Eligible for inclusion

1: Including PCR, antigen,

serology tests.

2: 7 days to 18 months prior
_ | 528 187 Excluded: to the index date
d Patients with incomplete variables 3: 28 days to 179 days after

the index date

4: Complete records of BMI,
race/ethnicity, and vaccine
| records

| 753 046 Patients with complete variables*

' I : ! !

365 113 130 465 149 686 32184 23 352 52 246
Non-Hispanic Non-Hispanic Hispanic Asian American/ Multiple Other/Unknown
White Black Pacific Islander
{ ]
[

| 677 448 Analysis cohort for COVID-19 negative patients ‘

Figure D.1: Selection of participants for COVID-19-negative patients.

Baseline characteristics of COVID-19-negative group
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Table D.5: Baseline characteristics of COVID-19 negative patients, by race/ethnicity and severity
status. Abbreviation: NHW: Non-Hispanic White; NHB: Non-Hispanic Black; AAPI: Asian Amer-
ican or Pacific Islander.

Severe Non-severe
Characteristic NHW AAPI Hispanic NHB NHW AAPI Hispanic NHB
N 87222 5709 26637 24024 277891 26475 123049 106441
Age <1 10895 (12.5%) 711 (12.5%) 3461 (13.0%) 3978 (16. 6”/) 24652 (8.9%) 2313 (8.7%) 11795 (9.6%) 10748 (10.1%)
Age 1-<5 24363 (27 ‘)%) 1692 (29.6%) 8024 (30.1%) 7646 (31.8%) | 75138 (27.0%) 7739 (29.2%) 32990 (26.8%) 31213 (29.3%)
Age 5-<12 23450 (26.9%) 1727 (30.3%) 7382 (27.7%) 5815 (24 2%) | 82081 (29.5%) 8493 (32.1%) 41893 (34.0%) 33954 (31.9%)
Age 12-<16 14085 (16.1%) 771 (13.5%) 4087 (15.3%) 3175 (13.2%) | 45195 (16.3%) 3128 (11.8%) 19255 (15.6%) 15311 (14.4%)
Age 16—<21 14429 (16.5%) 808 (14.2%) 3683 (13.8%) 3410 (14.2%) | 50825 (18.3%) 4802 (18.1%) 17116 (13.9%) 15215 (14.3%)
Sex Female 38451 (44.1%) 2374 (41.6%) 11735 (44.1%) 10568 (44.0%) | 138595 (49.9%) 13015 (49.2%) 60993 (49.6%) 52848 (49.7%)
Sex Male 48771 (55.9%) 3335 (58.4%) 14902 (55.9%) 13456 (56.0%) | 139296 (50.1%) 13460 (50.8%) 62056 (50.4%) 53593 (50.4%)
Obesity = 0 59812 (68.6%) 4299 (75.3%) 16878 (63.4%) 14958 (62.3%) | 190501 (68.6%) 17846 (67.4%) 54986 (44.7%) 59931 (56.3%)
Obesity = 1 27410 (31.4%) 1410 (24.7%) 9759 (36.6%) 9066 (37.7%) | 87390 (31.4%) 8629 (32.6%) 68063 (55.3%) 46510 (43.7%)
PMCA =0 48327 (55.4%) 3241 (56.8%) 15290 (57.4%) 13804 (57.5%) | 186253 (67.0%) 19569 (73.9%) 91266 (74.2%) 71779 (67.4%)
PMCA =1 16614 (19.0%) 1029 (18.0%) 4902 (18.4%) 4602 (19 2%) | 51283 (18.5%) 3952 (14.9%) 18525 (15.1%) 20753 (19.5%)
PMCA =2 22281 (25.5%) 1439 (25.2%) 6445 (24.2%) 5618 (23.4%) | 40355 (14.5%) 2954 (11.2%) 13258 (10.8%) 13909 (13.1%)
Vaccine = 0 79029 (90.6%) 4866 (85.2%) 23943 (89.9%) 22208 (92.4%) | 243699 (87.7%) 21074 (79.6%) 105725 (85.9%) 96004 (90.2%)
Vaccine = 1 1387 (1.6%) 149 (2.6%) 512 (1.9%) 401 (1.7%) 5670 (2.0%) 923 (3.5%) 3101 (2.5%) 2242 (2.1%)
Vaccine > 2 6806 (7.8%) 694 (12.2%) 2182 (8.2%) 1415 (5.9%) | 28522 (10.3%) 4478 (16.9%) 14223 (11.6%) 8195 (7.7%)

For COVID-19-negative patients, we determined severity status based on the symptoms and con-
ditions observed during the acute phase (seven days before to fourteen days after the index date).

The index date refers to the first visit with a COVID-19 negative test.

Raw incidence of PASC symptoms and conditions We calculated the incidence of PASC
symptoms and conditions in both COVID-19 positive and negative cohorts stratified by severity.
For each PASC symptom or condition, we calculated its incidence by dividing the number of patients
who experienced the symptom or condition during the follow-up period but not at baseline by the

total number of patients.

Rerun DiD method with NCO calibration on the COVID-19 negative cohort
In this sensitivity analysis, we rerun the DiD method with NCO calibration on the COVID-19

negative cohort. The results are presented in Figure D.2.
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Table D.6: Comparison of post-acute conditions between COVID-19 positive and negative individ-
uals

All Severe Non-severe
Pos (%) Neg (%) p-value! Pos (%) Neg (%) p-value? Pos (%) Neg (%) p-value?
(N=225,723) (N=677,448) (N=16,862) (N=143,592) (N=208,861) (N=533,856)

At least one condition 26.86 21.44 1.23e-279 34.17 19.80 1.56e-141 26.42 21.84 2.23e-180
Systematic conditions 2.69 1.87 6.33e-113 7.46 2.93 7.41e-166 2.37 1.61 2.05e-101
Acute kidney injury 0.22 0.15 1.35¢-09 1.32 0.42 9.38e-52 0.13 0.08 1.13e-08
Acute respiratory distress syndrome 0.03 0.01 1.01e-07 0.24 0.03 2.77e-26 0.01 0.01 0.01
Arrhythmias 1.43 0.95 9.93e-78 4.41 1.56 2.45e-131 1.21 0.79 1.86e-63
Fluid and electrolyte 0.56 0.39 2.32e-28 3.33 0.92 3.20e-152 0.36 0.24 2.92e-17
Heart disease 0.37 0.28 2.44e-10 1.67 0.62 4.16e-49 0.27 0.20 5.11e-10
Myocarditis 0.03 0.01 9.89%e-18 0.17 0.02 6.21e-21 0.02 0.002 1.72e-13
Myositis 0.02 0.02 0.01 0.08 0.02 8.39e-05 0.02 0.01 0.07
POTS/dysautonomia 1.03 0.71 1.65e-49 1.34 0.72 5.00e-17 1.01 0.71 8.49¢-39
Thrombophlebitis and thromboembolism 0.13 0.11 1.79¢-03 1.02 0.33 1.05e-40 0.06 0.05 0.01
Syndromic conditions 26.15 20.83 2.18e-282 32.48 18.77 4.17e-144 25.75 21.35 3.16e-173
Abdominal pain 3.04 2.27 8.55e-85 3.66 2.15 1.70e-31 2.99 2.31 4.47¢-60
Abnormal liver enzyme 0.32 0.24 1.11e-09 1.17 0.43 6.44e-36 0.25 0.19 3.87e-07
Cardiovascular signs and symptoms 1.16 0.88 4.62e-31 1.69 0.86 5.37e-25 1.12 0.89 2.37e-19
Changes in taste and smell 0.16 0.04 3.49e-69 0.08 0.02 1.62e-05 0.17 0.05 3.45e-55
Chest pain 1.39 0.74 2.27e-173 1.69 0.68 5.66e-43 1.37 0.75 4.97e-133
Cognitive functions 0.68 0.66 0.35 1.00 0.62 1.09¢-08 0.66 0.68 0.38
Fatigue and malaise 1.74 1.30 1.45e-50 3.22 1.74 7.60e-37 1.63 118 1.37e-49
Fever and chills 5.67 3.73 9.37¢-306 9.15 3.31 6.57¢-246 5.41 3.84 3.98e-177
Generalized pain 1.26 0.91 8.94e-47 1.78 1.02 2.67e-18 1.22 0.88 5.78e-40
Hair loss 0.24 0.14 1.50e-24 0.48 0.14 8.68e-23 0.22 0.14 1.36e-15
Headache 2.20 1.51 3.02e-99 2.33 1.23 2.45e-29 2.19 1.59 5.25e-65
Mental health 6.32 5.45 1.72¢-44 8.04 5.05 2.96e-46 6.19 5.55 1.03e-21
Musculoskeletal pain 3.53 2.79 1.32e-66 4.03 2.72 8.21e-20 3.50 2.81 1.63e-50
Respiratory signs and symptoms 9.68 7.25 2.25e-236 15.02 6.77 4.65e-221 9.31 7.38 6.20e-134
Skin symptoms 3.62 2.70 1.04e-101 4.99 2.66 1.26e-56 3.51 2.71 6.47e-70

1P-value for all: Two-sided Z-test comparing COVID-19 positive and negative cohorts.

2P-value for severe: Two-sided Z-test comparing COVID-19 positive and negative cohorts among patients with
severe cases.

3P-value for non-severe: Two-sided Z-test comparing COVID-19 positive and negative cohorts among patients with
non-severe cases.
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Figure D.2: The racial /ethnic difference in risk ratio (RR) across PASC symptoms and conditions
for COVID-19 negative cohort (n=677,448 patients). The dots in the figure show the estimated RRs
for each minority group versus the NHW group from the difference-in-differences (DiD) analysis with
NCO calibration stratified by severity status. The error bars showed the 95% confidence interval
(CI) of the estimated RR.
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D.3. Supplemental Results: sensitivity analysis using standard regression models

We conducted a sensitivity analysis using standard regression models, adjusting for demographic,

clinical, and healthcare utilization factors. Figure D.3 shows the results of this sensitivity analysis.
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Racial/Ethnic Differences that are attributable to COVID-19 estimated from

the difference-in-differences (DiD) analyses for prevalence of PASC symptoms and conditions
among COVID-19-positive patients (n=225,723 participants) using standard regression models, by
race/ethnicity and severity status. The dots in the figure show the estimated RRs for each minority
group versus the NHW group from the standard Poisson regression model stratified by severity

status. The error bars showed the 95% confidence interval (CI) of the estimated RR.
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APPENDIX E

SUPPLEMENTARY APPENDIX FOR CHAPTER 6

Table E.1 listed the used NCOs for the calibration of the digital twins.

Table E.1: The list of the negative control outcomes used for investigation in SPRINT-MIND and
iSTAGING data.

Category Examples

Frontal Lobe Right FO (frontal operculum), Left FO (frontal operculum), Right MFC
(medial frontal cortex), Left MFC (medial frontal cortex), Right MFG
(middle frontal gyrus), Left MFG (middle frontal gyrus), Right MSFG
(superior frontal gyrus medial segment), Left MSFG (superior frontal
gyrus medial segment), Right SFG (superior frontal gyrus), Left SFG
(superior frontal gyrus)

Insular Lobe Right CO (central operculum), Left CO (central operculum)
Limbic System Left PCgG (posterior cingulate gyrus), Right PCgG (posterior cingulate
gyrus)

Occipital Lobe Left Cun (cuneus), Right Cun (cuneus), Left LiG (lingual gyrus), Right
LiG (lingual gyrus), Right IOG (inferior occipital gyrus), Right MOG
(middle occipital gyrus), Left MOG (middle occipital gyrus), Right OCP
(occipital pole), Left OCP (occipital pole), Right SOG (superior occipital
gyrus), Left IOG (inferior occipital gyrus), Left SOG (superior occipital
gyrus), Right Calc (calcarine cortex), Left Calc (calcarine cortex)

Parietal Lobe Right PCu (precuneus), Left PCu (precuneus), Right PO (parietal op-
erculum), Left PO (parietal operculum), Left PoG (postcentral gyrus),
Right PoG (postcentral gyrus)

Temporal Lobe Right PP (planum polare), Left PP (planum polare), Right FuG
(fusiform gyrus), Left FuG (fusiform gyrus), Left ITG (inferior tem-
poral gyrus), Right MTG (middle temporal gyrus), Left MTG (mid-
dle temporal gyrus), Right PT (planum temporale), Left PT (planum
temporale), Right ITG (inferior temporal gyrus), Right PHG (parahip-
pocampal gyrus), Left PHG (parahippocampal gyrus)
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