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PROOF of Proposition 3: We show the detailed proof that A” is not an equilibrium when fixed
queue difference thresholds are greater than one, i.e. b > 1. Consider a strategy whose fixed
threshold is b > 1. We write out the steady state probability transition equations for all boundary

states under the A° strategy.

Tro(A + 1) = Th—1,0A + Trpr0p + Tpap Yk >0+ 2.

Te,o(A + 1) = Te—1,0Ag + Tepr,0p + Trap V1< E<b+ 1.

Adding the above equations for all values of k, and writing a similar equation for all states (0,n)

for all n, we have the following equations below:
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Since each customer follows his/her signal at the state (1,0), we have m 9 < ﬁwm. Now

consider equation 11:
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b
@ > ﬁ. There is some n such that at least for some n,1 < n < b we have
k=1T0,k

> ﬁ. There is some state whose queue difference is within fixed threshold where the best

Hence we have

Tn,0
T0,n

response of an arriving customer would be NOT to follow the signal if all other customers were to
follow the signal within this fixed queue difference. |

Before we prove Proposition 5, as a first step, we show that any mixing between threshold
strategies is not in equilibrium. Without loss of generality let server 1 be better than server 2
(i.e. v1 > v9) again. Given a strategy (set of actions at every state by all customers) we write
the steady state transition equations and then solve for stationary probabilities. When server 2
provides higher valuation than server 1 we can write the same steady state by suitably replacing g
with 1 —g. Strategy A%*? is the strategy in which all customers follow their private signal when the
queue lengths are equal. When the queue length difference is greater than one, the customers follow
the longer queue. When |n; —ng| = 1, i.e. when the queue lengths differ by one, the customers mix
between two strategies: following the longer queue and following their private signal. They follow
their signal with probability p or ignore their signal, and follow the longer queue with probability
1 — p. Consequently, they join the longer queue 1 with probability p’ = g+ (1 — ¢)(1 — p) and join
queue 2 with probability 1 —p’ = p(1 — g). Let 7, ,, be the long-run stationary probabilities of the

state (m,n) under some strategy when v; > vo.
Tho(A+ 1) = Tr—1,0A + T op + map V k>3
7T2’0(>\ + /L) = 71'1,0/\]9/ + w3 op + T2 14
T1,0(A + 1) = To,0Ag + Toop + T

Adding all the equations for k=1,--- , 00
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The above equation becomes,
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Writing a similar expression for mp; we have,
o0
(o' + Dmon = p(1 — g)mo0 + > _ Tk (18)
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From the balance equations, we note that the probability transition matrix when v; > wvg is a

transpose of the transition matrix when ve > v;. Hence, we have the likelihood ratio at (1,0) as
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where A =>"72, m,1 and B =37 m . Then under the AP we have,
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We provide a proof by contradiction. If A%*? is in equilibrium, we have one necessary condition

at (1,0) as I(1,0) = £,

[(1,0) = —

AGT0.0 + Y peq Tk < '+ ) g
ML= g)mo0+ pd pey Tk \ANL—p') +p
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(pgmoo0 + A)(pp" +1)(1 — g) = g(p(1 — g)mo0 + B)(p(1 —p') + 1)

we need A(pp’ + 1)(1 — g) + p°g(1 — 9)p'mo0 = By(p(1 —p') + 1) + p*g(1 — g)(1 — p')mo,0

But we have, 4 > 12; = A(l—g) = Bg. Further,p' =g+ (1—-g)(1-p) >g>1-g>1-p.
Therefore, pp’ +1 > p(1 —p’) + 1 and consequently, A(1 — g)(pp’ + 1) > Bg(p(1 —p') + 1).

Since p’ > 1 — p' we also have p?g(1 — g)p'mo0 > p*g(1 — g)(1 — p')moo. Therefore LHS =
Alpp’ +1)(1 = g) + p*9(1 — g)p'mo0 > By(p(1 —p') +1) + p*9(1 — g)(1 — p')mo,0 = RHS which

is a contradiction of the necessary condition. The necessary indifference condition for applying a



mixed strategy at (1,0) is violated at (1,0) if all other customers follow A°*P. So A%*P is not an
equilibrium strategy. Using similar arguments, it can be shown that a similarly defined modified

strategy AP is also not in equilibrium.

PROOF of Proposition 5:
Without loss of generality let server 1 be better than server 2 (i.e. v; > vy) again. Given a strategy
(set of actions at every state by all customers) we write the steady state transition equations and
then solve for stationary probabilities. When server 2 provides higher valuation than server 1 we
can write the same steady state by suitably replacing g with 1 — ¢

Consider the class of strategies where customers mix between following the signal and following
the longer queue, along all the recurrent states in A° strategy. In particular, at state (k,0) (and
(0, k)) they follow their signal with probability px (0 < pr < 1) or ignore their signal, and follow the
longer queue with probability 1 — p,. Consequently, they join the longer queue 1 with probability
P, =g+ (1 —g¢)(1 —pg) and join queue 2 with probability 1 — p) = pr(1 — g). Let my,n be the

long-run stationary probabilities of the state (m,n) under some strategy when vy > vs.

Teo(A+ 1) = Tp_1,0 g + Thrr,00 + Teap ¥V k> 2

moA+ 1) = mooAg+ T op + Tk

Adding all the equations for k = 1,--- , 00 and assigning p{ = g.

()\+/~L)Z7rk,0:)\Zp;gﬂk,O"":uZﬂ'k,O'f'NZTrk,l (19)
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The above equation becomes,

PZ (I-p 7Tk0+7710—P97T00+Z7Tk:1 (21)
k=1

Similarly, at states (0, k) V k, they join the longer queue 1 with probability p} = g+ (1 — g)px
and join queue 2 with probability 1 —p” = (1 — pg)(1 — g).

pZ (1—p 7T0k+7T01—p(1— 7T00+Z7T1k (22)
k=1

From the steady state balance equations, we note that the probability transition matrix when



v1 > v9 i8S a transpose of the transition matrix when vy > v7.

AD e (L =P mho +pmo AGT0,0 + 1D ey T,
A e (1= p")mok + pmo A1 = g)mo,0 + 1Y gl Tk
Agmo o + 1A

)\(1 — g)7r0,0 + ,U,B
where A =352 mp1 and B = 72| .
For mixing to be in equilibrium we require,

Py (L= p )0+ 710 _ pgmo,o + D et Tyl

= . 23
P2 (L= p")mok + w01 p(1—g)mo0 + 25ty Tk 23)
If customers mix at every indifferent state, we have I(k,0) = ﬁ Vk.
. . : 1— +
Consider the left-hand side of the equation A%k 1(( P )):'; 2 +‘; 7;1001 Suppose # > 1%;. Then
the customers join the longer queue, and we are done. Suppose ﬁ = 1149' We intend to show

that there is at least one state where customers would strictly prefer to deviate and always join the

longer queue. We have 7 g = gpmoo and w1 = (1 — g)pmo0. Hence, the equation (23) reduces to

P (L= D) Tho Dty Tha (24)
P e (L=p") ok Dpei Tk
If ZE'S 2; 12,V k, then we have 7§ Z:ZE:gg = 12, for some constants py. Using the result, 1 —p} =

pr(1 —g) and 1 — p} = prg, we then have
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From RHS of equation (24) we have, for g > 1/2, Z’“ LIRS % > 1, which would imply that

1Tk
P2 e (1=p )k 0
sz 1(1=p")mo,k

Therefore, there is at least one state where customers deviate and join the longer queue. |

PROOF of Proposition 6:

g

> 1. Hence we would require that there ex1st at least some k such that mz > L.

The proof to the first part of the proposition is similar to the Proof of Proposition 3 in the paper
where higher fixed queue difference threshold strategies are ruled out. Consider any threshold
strategy such that Ty > 1. Note that when Ty > 1 some interior states are recurrent. Writing the

steady balance equations for states on the outer arm, we have,

Te,0(A + 1) = Te—1,0\ + Tep10p + Trap Ve > To + 2.

koA + 1) = Th—1,0AG + Trg1,0i + Trap V1 <k <Tp+ 1.



Adding the above equations for all values of k£ and writing a similar equation for all states (0,n)

for all n, we have the following equations below:

(o.)
-9) Z Tk,0 + T1,0 = pgTo,0 + Z k1 (25)
To
pg Y mok+moa=p(l—g 7Too+27r1k (26)
k=1 k=1
To
Hence we have % > 17 for any Ty > 1. There is some n such that for some 1 < n < 7Tj
k 1 70,k
we have #0 > g. There is some state within the threshold at the outer arm, where the best

response of an arriving customer would be to NOT follow the signal if all other customers were to
follow the queue within the threshold.

For the second part of the proof, note that when Ty = 0, all the states (n1,n2) where ny > 0

and ng > 0 are transient for A\ < . Only recurrent states are (n1,0) and (0,n2) for any n; > 0
or ng > 0. When Ty = 0 the actions at all recurrent states are identical to the strategy A". Due
to the various values that Tj could take for any k& > 0, the strategies could be different only at
zero-probability (transient) states. This completes the proof. [
PROOF of Proposition 8:
We consider the likelihood of two servers being in the market. Let F' € {0,1,2} be the number of
servers in the market. Let us examine the strategy A° conditioning on the presence of two servers
in the market. We have to examine 7(ny,0|vy > ve, F = 2) and m(n1,0/v; < v, F' = 2). Also let
P(F) be the probability arriving customers see F' servers in the market. Since customers arrive
according to a Poisson process PASTA property (Wolff 1982) applies. Given the equilibrium .A°
and the customer arrival process, we can determine P(F = ilv; > vg) = P(F = i|v; < vg) provided
T is generated from ®(-) for all the servers in the market.

7'('(1,0’7)1 > v, F = 2)

I(1,0[F =2) =

ﬂ(l,O)(Ug >, = 2)
~ m(1,0|F =2)
- m(1,0|F =2)

7T1( ) ( —2|'Ul>'l)2)

7T2( ) ( —2|Ul<’U2)
9
1—g

Similarly, conditional likelihood properties for states [(k, 0| F = 2) = l’%g Vk and [(0, k| F = 2) =

Vk. This completes the proof that A" is in equilibrium conditional on customers observing two

servers in the market. ™



PROOF of Proposition 9: We aim to prove that A° is an equilibrium strategy for multi-server
queues with each service provider having NV servers. As before, we calculate the long-run equilibrium
probabilities under the strategy of always following the longer queue. The customer follows the
signal at (n,n) V n. At other states, she follows the longer queue. It is evident that states (ng,0)
and (0,n2) with ny,ne > 0 will be recurrent states.

Calculating the steady state probabilities when v1 > vo, we get

71 (n1,0) = nillpanVO<n1 < N.
= ﬁmeW\f <m
71 (0,ng) = 1n_2!gp”2KVO < ng < N.
_ 7]\”}229_ 0" KYN < ny
N-1 -1

k N
0y

71 (0,0) = Kwhere K = Z
k=0

Similar expressions exist for o when (v > v1). Considering likelihood ratios we again obtain:

1’%9 ny>1,n,=0

[(ni,n2) = 1 ny=0mn2=0
15%9 ny = 0, ng > 1
Following the signal at ny = 0,ny = 0 is an equilibrium action if 1%9 <l(ni,ng) < ﬁ, which is
satisfied since % <g<Ll
Consider all recurrent states along the outer arms, (n1,0) ny > 0 we have l(n1,0) = ﬁ, where

following the longer queue is consistent with the strategy .A°. Similarly, the condition of following
the longest queue when ns > 1,11 = 0 is also weakly satisfied. Therefore A® continues to exist as
an equilibrium strategy even when the providers have N multiple servers each. ]

PROOF of Proposition 13 Part (i): It is straightforward to show A is not an equilibrium strategy

: _omk0) _ gohkm(00) [ g\ ok g .
since lyo = w2 (k,0) (1—9§p1§7rz(0,0) - i <14 Suppose the customers follow a strategy A”.

Writing the steady state equations for the states when vy > vy, we have the following equations.

1-g



For k> 1,

A+ p1 +p2)Trrie = AgTrpio1k T AL — @) Thpik—1 + M Thiv1h + H2Thrikr1 VO<i< B—1
(A p1 4 p2)Thgie = ANgThpim1k + P1Thtip1 b + H2Thyikt1 for i =B
(A p1 + p2)Thpik = ANgThpio1h + M Thtit 1k + H2Thpiks1 fori= B+1
A4 g1+ p2)Thpik = ANGThpio1k + 01 Thtit1 ke + HoThyiky1 for i > B +1
A+ p1)mo = Agmi—10+ pamip1,0 +pemin VO<i<B41
A+ p1)mo = Agmi—1,0 + pmig1,0 + pomig fori > B +1

In the next steps, we sum up the probabilities of all the states along the i** diagonal. As py ~ 1
we have m; 0 — OVi. As the service rates are high, the process behaves asymptotically as a birth
and death process on both sides of the diagonal with each state being one of ‘diagonals’ (where i
state is defined as sum of the states Up(k + 4, k)). For example, under A!, the process moves from
the main diagonal to the lower diagonal with birth rate (gA+ p2) and death rate pp. Similarly, the
process moves from the main diagonal to the upper adjacent diagonal with birth rate (1 — g)A + 1

and death rate ps. Therefore let us consider the asymptotic limiting expression for first upper and

first lower diagonals.

(g\ + p2) imk

e}
Z Tk+1,k
k=0

M1 P
o [oe)
1—g)A+ 11
Yomn = DAL,
k=0 K2 k=0
We have,
> reo 7r1£+1,1<; _ > heo ”iﬂ,k _ (g + u2) 142 _ 13(gp2 + 1)
> heo W}%H,k > heo ﬂli,k-&-l H1 (=g + )  pi((1—=g)p1+1)
2 2
pilgp2 +1) pigr2 .
= < since gp2 > (1 — g)p1 always.
p3(L=g)p+1) ~ p3(1—g)m
_ _ Mg
p2(1—g)
g
<
(1-9)

1
Hence there is at least one state along (k + 1, k) such that % < L where the customers’ best
k+1,k

1—g
response is to follow their signal. So A! cannot be in equilibrium. A similar argument can show
that any strategy AP for finite B > 1 is not in equilibrium by considering the asymptotic steady

state probabilities at the corresponding diagonal.



Part (ii)) When p; = 0, we have p; << py. Then at all states 7(m,n) = 0 Ym > 1. Also,
consider the likelihood ratios at (1,0).

0,0
lop = Z;EO Oi —1 Follow Signal
- (1-9)
lip = e< Follow the shorter queue (or queue 2).
g
lo; > 9 Follow queue 1.

1—g
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