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ABSTRACT

GENERALIZED SYMMETRIES IN SUPERGRAVITIES AND

SUPERCONFORMAL FIELD THEORIES VIA STRING THEORY

Hao Zhang

Mirjam Cvetič

Jonathan J. Heckman

In this Dissertation, we study the generalized symmetries in supergravities and superconformal field

theories from the string theory perspective. This thesis consists of two parts:

Part one is devoted to the study of string universality, namely the question of whether all consistent

quantum theories of gravity come from string theory. Answering this question requires us to combine

the “top-down” approach of string compactifications and the “bottom-up” approach of anomalies.

In the “top-down” approach, We focus on supergravity theories in 7, 8, and 9 dimensional spacetime

with 16 supercharges. We emphasize two discrete aspects of these theories: generalized global

symmetries (encoding the data of extended objects) and frozen singularities (capturing some non-

geometric regime of string compactification). We give an exhaustive classification of IIB supergravity

theory in 8D, particularly emphasizing these two discrete aspects. In the “bottom-up” approach,

we present a consistency condition of general 8D supergravity theories involving their higher-form

symmetries and see that they rule out many global structures of the gauge group in 8D supergravity

theory that do not admit a string theory construction. By combining these two approaches, our

study provides strong evidence of string universality in high spacetime dimensions.

Part two studies the generalized global symmetries of geometrically-engineered quantum field the-

ories via string theory. We analyze some concrete string compactification scenarios, where branes

wrapped on relative topological cycles give heavy defects in the quantum field theory that are

charged under generalized global symmetries. We can also obtain generalized symmetries of a ge-

ometrically engineered QFT using bottom-up analysis, which can then be used to construct new

viii



lower-dimensional theories. By investigating the string theory origin of the topological operators

(which are the definitions of generalized global symmetries), we provide a general construction of

these topological operators in the context of geometric engineering as branes wrapped on the homo-

logical cycles in the asymptotic boundary of the internal geometry. We illustrate this proposal by

determining non-invertible 2-form symmetries in 6D superconformal field theories. Furthermore, by

wrapping type IIB 7-brane on the entire asymptotic boundary of the internal manifold, we explic-

itly give a unified string-theoretic construction of two different types of field-theoretic non-invertible

duality defects.
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INTRODUCTION

0.1. Quantum Field Theories

Quantum Field Theory (QFT) is a comprehensive framework that describes our current understand-

ing of microscopic physics. QFT takes a spacetime and assigns a collection of quantum �elds to it.

(See Peskin and Schroeder (1995); Schwartz (2013); Weinberg (1995, 2013); Zee (2003) for standard

textbooks).

To explain the meaning of �elds, we step back and start with classical �elds. A crucial property of

a �eld is spin, which is a phase dependence of the �eld on spacetime rotations. In four spacetime

dimensions and above, spin can only be integers or half integers. Integer spin �elds are called

Bosonic �elds which are classically commutative. For example, the classical Maxwell theory of

Electromagnetism was phrased using classical bosonic �elds. In contrast, half-integer spin �elds

are called Fermionic �elds which are anti-commutative - one needs to express them in terms of

anti-commuting Grassmanian variables.

The procedure of uplifting a classical �eld to a quantum �eld is called second quantization. Con-

cretely, one decomposes the classical �eld into momentum eigenstates and promotes the coe�cient

of each coe�cient into creation and annihilation operators. Thus we can view the �vacuum" of a

QFT as a state without any excitation of quantum �elds, on top of which a creation operator acting

on the vacuum state would create a �particle".

Perturbatively, Feynman diagrams are very powerful at performing scattering amplitude computa-

tions of di�erent asymptotic states. For a speci�c combination of incoming and outgoing particles,

their scattering amplitude can be viewed as a summation of an in�nite number of intermediate pro-

cesses. This summation can be organized by the number of loops in the Feynman diagrams, where

each loop results in an extra factor of the coupling constant. Therefore, the tree diagram itself can

describe the scattering amplitude under the limit that the coupling constant goes to zero. However,
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one must honestly sum over this in�nite series of Feynman diagrams if the coupling constant is set

to a �nite value. Even evaluating every single diagram requires integration over the space of all

momenta �running over the loop", which would sometimes result in an in�nity. Ultimately, we are

summing over an in�nite number of in�nities. To resolve this issue, physicists came up with the

renormalization approach: to remove such an in�nite number of in�nities at the expense of intro-

ducing a �nite number of in�nities. The physical interpretation of renormalization is to view all the

masses and coupling constants as parameters that depend on the energy scale and then introduce

suitable counterterms to compensate for their divergence at the high energy limit, such that only a

�nite di�erence remains. Whenever such a prescription works, we de�ne the QFT as arenormal-

izable QFT - physicists can generate accurate predictions for expected experimental outcomes as

long as the perturbative approximation remains valid.

However, at a su�ciently large coupling constant (beyond the radius of convergence), the series of

loop diagram summation does not converge, and the perturbative approach breaks down. Such a

case is called the strong coupling scenario of a quantum �eld theory. We will soon see that a strong

coupling scenario is important even in real-world physics.

Within the framework of QFT, the Standard Model (SM) of particle physics has been constructed.

It successfully uni�es three out of four fundamental interactions: electromagnetism, strong interac-

tion, and weak interaction. The standard model of particle physics has sharp predictive power in

that it can be veri�ed down to a very high precision against collider experiments. However, there

are situations where an accurate theoretical prediction is not possible. Concretely, Quantum Chro-

moDynamics (QCD), as a component of the SM describing the strong force, exhibits con�nement

at low energies - it takes a huge amount of energy to separate pairs of quarks farther away than the

length scale of a baryon. So macroscopically, one can only see color-neutral states. Thus, QCD is a

strongly coupled theory at low energies, and Feynman diagram calculation breaks down. Physically

relevant quantities in QCD need to be computed numerically via lattice QCD. With these di�culties

in mind, it would be desirable to attempt full control of non-perturbative behaviors of QCD, which

could potentially bene�t from understanding non-perturbative QFTs in general.
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In addition to understanding the microscopic world, quantum �eld theory also has successful ap-

plications in other branches of physics. This includes condensed matter physics at the mesoscopic

scale and cosmology at the macroscopic scale.

Condensed Matter Physics

At a mesoscopic scale, QFT plays a fundamental role in understanding condensed matter physics,

especially in phase transitions and strongly coupled matter systems (see Wen (2004); Fradkin (2013)

for standard textbooks). To begin with, Landau's paradigm of second-order phase transition using

�eld theory applies to many di�erent systems. Later, Wilson and other physicists managed to

compute some universal classes of scaling coe�cients in phase transitions using renormalization

group �ows. QFT also underlies our theoretical understanding of the quantum hall e�ect - we

can use the system of 3D Chern-Simons theory with a gapped 2D boundary theory to explain the

integer quantization phenomenon observed in quantum hall systems (Tong (2016) for a pedagogical

review). On top of that, incorporating emergent degrees of freedom can also keep track of the more

intriguing behavior of fractional quantum hall systems with fractional quantization levels. More

recently, QFT has had more formal applications in studying topological phases that are non-local

systems with long-range entanglement. There, an important concept called Symmetry Protected

Topological (SPT) phases describes a set of topological quantum �eld theories. SPT provides a

general understanding of almost trivial phases of matter, except for having non-trivial boundary

conditions as another QFT living in one dimension lower.

Cosmic In�ation

At a macroscopic scale, QFT also �nds many applications in cosmology. A prominent example is

the theory of in�ation (see Mukhanov (2005); Weinberg (2008) for reviews), which is modeled by a

�uctuating scalar �eld (�the in�aton") with a potential (�the in�aton potential") that controls the

rate of in�ation.

The conception of in�ation stems from the observation that the Cosmic Microwave Background

(CMB) has a surprising homogeneity, namely a small temperature �uctuation (at order10� 5) from

all directions. Such homogeneity cannot be explained by causal correlation. Therefore, the most
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natural explanation of such homogeneity turns out to be cosmic in�ation, a rapid expansion from

10� 36 second to10� 32 second after the Big Bang. However, the microscopic mechanism of cosmic

in�ation is unknown. Physicists only have some phenomenological models as opposed to �rst-

principle understandings. Such phenomenological models are constructed under the framework of

�e�ective �eld theory" (viewing the theory at hand as an IR limit of an unspeci�ed higher-energy

theory, where some unspeci�ed massive �elds have already been integrated out to land on this

e�ective theory) in order to explain cosmic in�ation.

Most of such phenomenological models introduce a scalar �eld called thein�aton . In�ation is

a�ected by an in�aton potential, and di�erent in�aton potential results in di�erent behaviors of

in�ation. Within the framework of e�ective �eld theory, the power spectrum and many other

observable can be determined. By comparing these observables with cosmological observations, we

can, in turn, constrain various parameters in the models. In addition, QFT also plays a fundamental

role in other cosmological scenarios such as early-universe particle physics, cosmic re-ionization, and

many more.

0.2. Generalized Global Symmetries

Having introduced many phenomenological applications of QFTs, we move on to their formal prop-

erties. Of primary interest are those properties that are universal to any QFT, which do not depend

on any particular description (such as an explicit Lagrangian) of a QFT.

Global symmetry is a prominent property of a QFT. As we learned from Noether's theorem, every

continuous global symmetry gives rise to a conserved quantity. Discrete symmetries are equally

relevant in that they give rise to selection rules based on certain quantum numbers in scattering

processes. In general, continuous and discrete global symmetries are both intrinsic properties of a

QFT, which should remain identical even when one uses a di�erent description of the same QFT.

Regular global symmetries are assumed to act on point-like operators and excitations. However, the
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concept of symmetries has recently been rephrased in the language of symmetry operators, such that

the symmetry operator for a (regular) global symmetry is thus a codimension-1 topological operator.

Locally it can be deformed without any cost, but once crossing a charged point-like operator, the

topological operator imposes a group action onto the charged operator. Gaiotto et al. (2015)

Under this rephrasing, there is a natural generalization of global symmetries by considering topologi-

cal operators of higher codimensions. One can see such new topological operators acting onextended

charged operators/excitations, whose spacetime support has non-trivially linking with that of the

topological operator. These higher codimension operators are avatars ofglobal categorical symme-

tries/generalized global symmetries. Almost all properties of ordinary global symmetries have their

counterparts in generalized global symmetries - gauging, spontaneous breaking, Hooft anomalies,

and so on. Sometimes one uses the termhigher symmetries, especially when we want to refer to

not only generalized global symmetry but also their gauged version in a single term. (See Cordova

et al. (2022a) for reviews of generalized global symmetries).

Generalized global symmetries have many elegant applications. For example, the con�nement-

decon�nement phase transition in QCD can be rephrased in terms of (the existence and potential

spontaneous breaking of) center 1-form symmetries associated withSU(N )=Zk gauge group (where

k can be any factor ofN ). The Green-Schwarz anomaly cancellation can also be rephrased in the

language of 2-group symmetries, the simplest non-trivial examples of higher-categorical symmetries.

The perspective of higher symmetries often requires us to include extra data to specify this theory

fully, and di�erent speci�cations of generalized global symmetries are often related by various gaug-

ing operations and implementing duality transformations. Said di�erently, what we naively thought

of as a single QFT may now be a family of their QFTs after specifying their higher symmetries.

Higher symmetries can also have 't Hooft anomalies, which obstruct their gauging. Moreover, one

can use generalized global symmetries preserved along RG �ows to constrain properties of the IR

theory (such as their anomalies).
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0.3. Gravitational Physics

Returning to our original goal of unifying all fundamental interactions, we have seen up till now

that three out of four fundamental interactions can be incorporated by QFT. However, the fourth

fundamental interaction, gravity, has many distinctive behaviors compared to the other three. First

of all, only gravity would always accumulateon a macroscopic scale (as opposed to averaging out as

in electromagnetism), and thus eventually becoming the most prominent interaction on astrophysical

and cosmological length scales. The contemporary understanding of gravitation is Einstein's general

theories of relativity, which view gravity as the interplay between matter and geometry of spacetime.

See Misner et al. (2017); Wald (2010); Carroll (2019) for standard textbooks.

More concretely, general relativity re-examined the conception of (in�nitesimal) distance in space-

time. Previously in special relativity, spacetime is considered to be static, with the distanceds

de�ned such that ds2 = � dt2 + dx2 + dy2 + dz2. Equivalently, one could view it asds2 = � �� dx� dx�

by introducing the metric � �� that is a constant tensor. However, Einstein revolutionized such

conception on top of his own work of special relativity by promoting the constant metric� �� to a

dynamical tensor �eld g�� . This brings us to General Relativity (GR).

Within GR, the presence of matter �eld assigns a certain curvature to the spacetime according to

Einstein's �eld equation,

G�� =
8�G
c4 T �� : (1)

Namely, the Einstein tensorG�� is proportional to the energy-momentum tensor, with the numerical

coe�cient further proportional to Newton's constant G - the coupling constant of gravity. Here,

the Einstein tensor is a second-order tensor that solely depends (in a sophisticated way) on the

metric tensor g�� together with its derivative with the spacetime coordinates of �rst and second

order. Very roughly speaking, the Einstein tensor is the �acceleration" of the metric, whereas the

energy-momentum tensor can be viewed as �force exerted by matter onto the spacetime metric."

After having understood the dynamical behavior of the metric tensor, the next step is to consider the

behavior of probe particles. Such probe particles, whose energy and momentum are, by de�nition,
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too small to a�ect the spacetime metric, would exactly move along the geodesics (which should be

viewed as the analog of a �straight line" in curved spacetime). Taking a weak �eld limit in GR

would recover for us the (previously understood) special theory of relativity.

Early observational veri�cation of General Relativity includes the Mercury precession and de�ection

of starlight via solar gravitation, both of which took place soon after the discovery of general

relativity. Later on, all subsequent experimental and observational pieces of evidence con�rm general

relativity by increasingly high precision. The most mysterious prediction of general relativity is the

existence of black holes - which feature a singularity of spacetime surrounded by an �event horizon".

These objects gained indirect observational evidence in later 20th-century astronomy. A piece

of more direct evidence is the recent detection of gravitational waves. Gravitational waves are

propagating �uctuations of spacetime metric that can be created when a pair of black holes merge

into one. Their detection is made by LIGO (Laser Interferometric Gravitational Observatory) and

VIRGO (a European gravitational wave observatory). 1

0.4. String Theory as a Uni�cation

After having explained two theoretical frameworks of fundamental interactions: QFT and GR, it is

the utmost challenge and desire of theoretical high-energy physicists to consistently combine these

two frameworks. Since, after all, there are places in our Universe, such as the event horizon of a black

hole, where both quantum physics and strong-�eld gravitational physics become simultaneously

relevant.

If one attempts to incorporate GR into QFT, then one inevitably runs into a large number of in�ni-

ties which, furthermore, cannot be removed by renormalization. Said di�erently, it is impossible to

construct a quantum �eld theory that uni�es all four fundamental interactions. The most widely-

accepted resolution of this issue until now is string theory (see Green et al. (1988b,a); Polchinski

1Determination of theoretical predictions for Gravitational Wave signals of black hole merger events involves a
strong coupling phenomenon of gravitational �elds, where numerical computations are necessary.
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(2007a,b); Becker et al. (2006) for standard textbooks). String theory is a theory that involves spa-

tially 1-dimensional dynamical objects, the fundamental strings. Under a limit where one recovers

quantum �eld theory, di�erent �elds should come from di�erent vibration modes of the fundamen-

tal strings. In particular, the dynamics on the string worldsheet can be described by the following

sigma-model action:

S� = �
1
2

T
Z

d2�
p

� hh�� @� X � @� X: (2)

Here the dynamical metric tensorh�� can be pulled back to the metric tensor in the spacetime,

which is exactly the main object in general relativity. In addition, the coe�cients of di�erent

vibration modes of the fundamental string would correspond to �elds with di�erent spin values. In

this sense, string theory successfully uni�es general relativity and quantum �eld theory into di�erent

aspects of a single theory of fundamental strings.

There are many consistency conditions of string theory. To begin with, if we demand having stable

string theory vacuum, then the common prescription is to restrict ourselves to supersymmetric

string theories (i.e., superstring theories), whose worldsheet contains pair of Bosonic and Fermionic

degrees of freedom that are related by supersymmetric transformations.

We notice that consistency (namely conformal anomaly) of the string worldsheet requires that

superstring theory be de�ned in 10 spacetime dimensions. However, superstring theories are not

unique, and indeed multiple versions of superstring theories in 10D have been discovered: type I

string, type IIA and type IIB string, E8 � E8 heterotic string, and SO(32) heterotic string. Several

dualities among these string theories are later discovered, each stating that one string theory on a

certain type of spacetime background (possibly containing some compact dimensions) is equivalent

to another string theory on another type of spacetime background (also possibly containing some

compact dimensions).

Afterward, Witten proposed in 1995 (Witten (1995a)) that all of these �ve string theories (together

with a sixth theory of 11-dimensional supergravity) are various limits of a single 11-dimensional

strongly-coupled quantum theory, known as M-theory. M-theory is no longer a theory of strings
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Figure 1: Depiction of all �ve types of 10D superstring theories and the 11D supergravity as arising
from di�erent limits of the (11D) M-theory

but instead a theory of membranes. The relation of M-theory and all known string theories is

often illustrated via the �hexagon diagram" of string theory, with M-theory living in the bulk,

whose di�erent limits to a corner result in either one of the �ve 10D string theories or the 11D

supergravity. See Figure 1 as an illustration.

In string theory, a dimensionful parameter is the string tensionT, which is sometimes expressed

in terms of the Regge slope� 0 = 1
2�T , or string length ls such that l2s = 2 � 0 = 1

�T . The only

dimensionlessparameter is gs, the string coupling constant. Therefore, as a quantum theory that

incorporates GR and QFT, string theory is highly constrained.

In a small string coupling regime, one can also compute the scattering amplitudes of string theory

by Feynman diagrams. In this case, the worldsheet of the interpolating string worldsheet would

become a Riemann surface without any singular loci. The genus (number of holes) is now the

analog of the number of loops back in Feynman diagrams of quantum �eld theory! The Feynman

diagram of a string theory has a nice property that they are again renormalizable! This property

of renormalizability can be intuitively explained by noticing the absence of sharp turning on the

smooth Riemann surface. Such a property allows us to claim that string theory is a consistent

quantum theory of gravity.
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Another feature in string theory is that the spacetime coordinates can be reinterpreted as scalar

�elds on the worldsheet. For an open string, one can further examine the behavior of such Bosonic

�elds at the boundary of its worldsheet. For example, one could associate �xed (Dirichlet) or free

(Neumann) boundary conditions to each such spacetime coordinate. These boundary conditions

are well-understood, at least in a weak coupling regime. Nevertheless, it was later discovered that,

in the strong coupling regime, the boundary conditions would themselves (very surprisingly) turn

into dynamical objects. Such objects are called D-branes (Dai et al. (1989), see Johnson (2005)

for a standard textbook) since their spacetime spans come from the loci that are associated with

Dirichlet boundary condition of open strings. Looking backward, one notices that D-brane are

in�nitely heavy at weak couplings, which therefore appears to be �merely a boundary condition".

In contrast, at strong couplings, D-branes carry �nite mass and thus become dynamical.

Perturbatively, we know the worldvolume action of the D-brane, but the full non-perturbative

description of string theory incorporating D-brane physics remains unknown. Instead, M-theory (at

least the controllable aspects of it) is capable of describing several strong coupling phenomena which

cannot be accessed via perturbative string theories. In fact, to obtain M-theory, one has to take

the strong coupling limit of IIA string theory by sending the only free parameter gs to in�nity, and

then the spacetime would grow an extra dimension as a circle. Therefore, M-theory is intrinsically

strongly coupled, and it does not have any free parameters.

On the formal side of theoretical high-energy physics, looking for the correct physical principles and

their mathematical formulations of M-theory remains a long-term objective.

0.5. Geometric Engineering of QFT and Quantum Gravity via String

Theory

After many formal treatments of various string theories and extra spacetime dimensions, we remind

the readers that string theory was originally discovered as the theory of quantum gravity, which
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was, in turn, motivated by the objective of describing Nature. Unfortunately, string theories have

to live in 10 dimensions (and M-theory in 11 dimensions), but the physical world is 4-dimensional

instead. Therefore, one might wonder how string theory can say anything about reality.

Nonetheless, it turns out that we can still realize our 4-dimensional physics from 10-dimensional

string theory, using compacti�cation Candelas et al. (1985). Namely, we consider string theory on

R1;3 � M 6, where M 6 is a compact internal manifold - we require it to be a Calabi-Yau manifold

to preserve supersymmetry Argyres et al. (2022a). In this general setup, one can, in principle,

�nd suitable choices of this M 6 so that the 4D theory gives rise to a Minimally Supersymmetric

Standard Model (MSSM), reproducing the matter spectrum of the standard model of particle physics

together with their undiscovered �superpartners". In this sense, we see that string theory is indeed

a framework that is conceptually capable of unifying all four types of fundamental interactions in

our 4-dimensional spacetime.2

However, at the energy level currently measurable at particle colliders (TeV Scale), string theory

does not give rise to any measurable deviation from the combination of general relativity and particle

physics. Therefore, one needs to expect that experiments will not be capable of detecting signatures

that could prove or disprove string theory until the far future (such as a few centuries later).

Despite the absence of observational evidence, part of formal studies of string theory gradually

decouples from the objective of making predictions of real-world phenomena. Instead, such formal

studies of string theory are becoming increasingly intriguing and profound research objectives for

their own sake. A deep and clear understanding of string theory (or its certain limits that give rise

to QFTs) on di�erent spacetime geometries can help us better understand string theory as a whole,

especially its strong-coupling behaviors.

In addition, some aspects of string theory motivate mathematical research in an inspiring way. Some

�physically proven" statements are reformulated into mathematically surprising conjectures, some

of which can later be proven at the level of mathematical rigor. Among them, mirror symmetry

2One can also get supersymmetric theory by putting M-theory on a 7-dimensional manifold with G2 holonomy,
see Atiyah and Witten (2003).
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of Calabi-Yau manifolds is a well-known example. Namely, there are physical pieces of evidence

that type IIA string on one Calabi-Yau threefold is equivalent to type IIB string on a �mirror dual"

Calabi-Yau threefold. This condition is later reformulated as �homological mirror symmetry" by

Kontsevich in Kontsevich (1994), or alternatively via relation to T-duality as in Strominger et al.

(1996), and later proven physically in Hori and Vafa (2000) by applying T-duality to the linear

Sigma model (see Hori et al. (2003a) for a comprehensive review).

Mapping out the String Theory Landscape

String compacti�cations sit as the intersection between formal (down to any dimensions) and phe-

nomenological studies (down to 4 dimensions without extended supersymmetry) of string theory.

Speci�cally, dimensionally reducing string theory on a compactM gives rise to a quantum the-

ory of gravity, whereas reducing string theory on a non-compactM gives rise to a quantum �eld

theory. More restricted holonomy onM would lead to more preserved supersymmetry in the lower-

dimensional theory. Compacti�cations of string theory on lower-dimensional internal manifold folds

will produce higher-dimensional supergravity theories with a large number of supercharges. Notice

that one has fewer choices for a lower-dimensional internal manifold, corresponding to the fact that

string-constructed higher-dimensional quantum theories of gravity are tightly constrained. With all

possible choices ofM , the collection of low-energy e�ective theories is called the String Landscape.

For QFTs and quantum gravities in relatively high dimensions with a su�cient amount of super-

charges, we can classify all such theories constructed from string theory Argyres et al. (2022a).

The main idea is to translate the physical constraints in spacetime into geometric or topological

constraints of the internal manifold. One important remark is that this type of classi�cation of-

ten needs to be supplemented by torsional �uxes of higher-form �elds that exist in string theory,

producing the so-called frozen singularities. One must consider such a case with particular care

to ensure that one eventually reaches a complete classi�cation of all string compacti�cations in a

given dimension and number of supercharges. For example, there is a geometrical classi�cation of

6D superconformal �eld theories by putting F-theory on non-trivial elliptic �bration over C2=� U(2)

(Heckman et al. (2014, 2015), see Heckman and Rudelius (2019) for a review). We remark that
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worldvolume theories of extended objects in string theory on a certain background geometry also

lead to geometrically engineered quantum �eld theories Katz et al. (1997). For example, in M-

theory on R5;1 � R? � C2=� , putting some M5 branes along theR5;1 directions also results in 6D

superconformal �eld theories, which constitute a subset of those that can be engineered in directly

compactifying F-theory as mentioned above.

0.6. String Universality and the Swampland Program

In the end, the study of string theory is driven by the theoretical objective that not only is string

theory the most studied theory of quantum gravity, but it might also be the only theory that

underlies all supergravity theories. Therefore comes the question of whether string theory can be

proven to be the only consistent quantum theory of gravity and thus the unique underlying physical

theory of Nature.

One approach to answering this question is to determine the complete set of consistent QG theories

in our 4-dimensional spacetime and to see if they all come from string theory. Quite surprisingly,

studying the consistency of QG in more than four dimensions turns out to be an excellent starting

point since, to construct them in string theory, the internal manifold has fewer dimensions than

6 (=10-4). In 10 dimensions, it has already been shown that consistent QG all come from string

theory. So a natural way to proceed is to gradually go down in dimensionality and then attempt

the same set of strategies. Such an endeavor goes under the name of string universality.

String universality (see Adams et al. (2010) and Kumar and Taylor (2011) for early works) precisely

�ts into the broad paradigm of the Swampland program (see Palti (2019); van Beest et al. (2022)

for reviews), which is the quest for the complete set of consistency conditions of quantum theories

of gravity. We now have a collection of conjectures called �Swampland conjectures" with a varying

level of rigor and predictive power.

Among them, a fundamental and widely accepted conjecture is theno global symmetry conjecture
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Banks and Dixon (1988); Banks and Seiberg (2011), stating that there should not be any global

symmetries in a consistent quantum theory of gravity. The following thought experiment can help

explain the no global symmetry conjecture. If there were such a global symmetry, one could take an

arbitrarily large number of particles charged under this global symmetry and throw it into a black

hole. Then, one waits for a long time for the Hawking radiation of this black hole to take place, and

one will eventually end up with a remnant with an arbitrarily large charge of this global symmetry,

signifying the sickness of this theory. If one appears to have identi�ed a global symmetry in a theory

of quantum gravity, then it has to be gauged or broken in a complete description of this theory. We

remark that such a global symmetry could be either an ordinary or generalized global symmetry.

Furthermore, one can take no global symmetry conjecture and examine the particle spectrum of

any gauge symmetry. It turns out that for any possible gauge charge of gauge symmetry, there has

to be a state carrying that charge, where we allow the state to be either fundamental or compound.

Otherwise, there will be a global symmetry which is, in turn, forbidden by the no global symmetry

conjecture.

We remark that the no global symmetry conjecture implies that there should beneither ordinary

nor generalizedglobal symmetries in consistent quantum theories of gravities. From this, one can

also derive the cobordism conjecture McNamara and Vafa (2019), stating that all quantum theory

of gravity must be connected to the �bubble of nothing" via a domain wall, also called an end-of-

the-world brane. More formally, a quantum theory of gravity needs a trivial �QG bordism group"


 QG = 0 , where
 QG is de�ned such that it reduces to the geometric cobordism class of the internal

manifold for geometric compacti�cations of string theory.

String universality (and the Swampland program in general) remains an active area of research in

theoretical high-energy physics. Some primary goals include identifying more connections among

di�erent Swampland conjectures and, ultimately, looking for fundamental principles that underlie

all known Swampland conjectures.
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Generalized Symmetries in

Supergravities
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CHAPTER 1

STRING UNIVERSALITY AND NON-SIMPLY-CONNECTED GAUGE GROUPS IN 8D

1.1. Introduction

One of the important lessons from string theory is that consistency conditions of quantum gravity

are highly restrictive. In the low-energy limit, they result in a small and possibly �nite subset

of e�ective descriptions, leaving behind a vast �Swampland� of seemingly consistent quantum �eld

theories coupled to gravity Vafa (2005). Recent attempts to specify the Swampland's boundary

(cf. Brennan et al. (2017); Palti (2019) for reviews) have reinforced the idea of String Universality:

every consistent quantum gravity theory is in the string landscape.

Prototypical examples of String Universality appear in eleven and ten dimensions, where low energy

limits of M- and string theory give rise to the only consistent supergravity theories. In ten dimensions

(10d), this requires more subtle �eld theoretic arguments Adams et al. (2010), or the incorporation

of extended dynamical objects in the theory Kim et al. (2019), to �drain� the 10d supergravity

Swampland.

In lower dimensions, one observes a broader spectrum of string-derived supergravity theories, but

these nevertheless show some intricate structures not naively expected from �eld theory considera-

tions. For example, the rank rG of the gauge group in known string compacti�cations is bounded

by rG � 26 � d in d dimensions, and satis�esrG � 1 mod 8 and rG � 2 mod 8 in d = 9 and

d = 8 , respectively. Likewise, not all gauge algebras have string realizations. In particular, there

are no string compacti�cations to 8d with so(2n + 1) ( n � 3), f4 and g2. Again, novel Swampland

constraints Kim et al. (2020); Montero and Vafa (2021) and re�ned anomaly arguments García-

Etxebarria et al. (2017) reproduce these restrictions, thus downsizing the 9d and 8d Swampland

considerably.3

The goal of this work is to provide similar constraints for the global structure of the gauge group of

3As g2 does not su�er similar anomalies, it remains an open question if it truly belongs to the 8d Swampland.
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8d N = 1 theories, by deriving a �eld theoretic consistency condition for the gauge group to take

the form G=Z, with Z � Z (G) a discrete subgroup of the center ofG. Taking inspiration from F-

theory Vafa (1996); Morrison and Vafa (1996a,b), where the gauge group structure is encoded in the

Mordell�Weil group of the elliptically-�bered compacti�cation space Aspinwall and Morrison (1998);

Mayrhofer et al. (2014); Cveti£ and Lin (2018a), it appears that the allowed gauge groupsG=Z are

heavily restricted. For example, there are no 8d string compacti�cations, including constructions

beyond F-theory, that have gauge groupSU(n)=Zn , whereasSU(n) groups are ubiquitous.

These restrictions are mathematically well known from the classi�cation of elliptic K3 surfaces Mi-

randa and Persson (1989, 1991); Shimada (2005) (see also Hajouji and Oehlmann (2020)). Focusing

on G a simply-connected non-Abelian Lie group4, the geometry restrictsZ ; e.g., whenZ �= Z` , then

` � 8. Moreover, for each of the cases̀ = 7 ; 8, there is exactly one elliptic K3 on which F-theory

compacti�es to an 8d theory with G = SU(7)3=Z7 and [SU(8)2 � SU(4) � SU(2)]=Z8, respectively.

Analogous restrictions on gauge groups also appear in heterotic compacti�cations Font et al. (2020).

A natural question is, whether these restrictions re�ect limitations of string theory, or previously

unknown consistency conditions of quantum gravity in 8d.

In this chapter, we show that the latter is the case. The key is to realize a non-simply-connected

group G=Z by gauging the Z 1-form center symmetry Kapustin and Seiberg (2014); Gaiotto et al.

(2015). Thus, charting the Swampland of gauge groupsG=Z (in any dimension) can be equivalently

tackled by studying consistency conditions for gaugingZ in gravitational theories. As we will discuss

below, in 8d N = 1 theories, one such condition is the absence of a mixed anomaly between the

center 1-form symmetries and gauge transformations of higher-form supergravity �elds, which would

obstruct the gauging of Z . This rules out a vast set of seemingly acceptable 8dN = 1 theories

without known string constructions, and, in particular, reproduce the geometric restrictions in

models with F-theory realization, thus providing further evidence for String Universality in 8d.

4More precisely, the most general gauge group is G � U (1) r

Z � Z f
, with Z � Z (G), i.e., Z \ U(1) r = f 1g. In this chapter

we consider constraints for Z exclusively, leaving a more detailed study including Z f � Z (G � U(1) r ) �= Z (G) � U(1) r ,
based on Cveti£ and Lin (2018a), for future work.
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The anomaly originates from a generalization of the familiar� -term, � Tr (F 2), in 4d. There, the

fractional shift of the instanton density Tr (F 2), due to the presence of a background �eld for theZ

1-form symmetry, breaks the2� -periodicity of � Kapustin and Seiberg (2014); Gaiotto et al. (2015,

2017, 2018); Córdova et al. (2020a,b); Córdova and Ohmori (2019). In higher dimensions, Tr(F 2)

couples to higher-form �elds (e.g., to vector �elds in 5d and tensors in 6d), which themselves possess

gauge symmetries. These can lead to mixed anomalies with theZ 1-form center symmetry Apruzzi

et al. (2022b); Benetti Genolini and Tizzano (2021).5

The analogous coupling in 8d involves a 4-formB4. Crucially, while such a term is absent in a

pure 8d supersymmetric gauge theory (as there are no appropriate �eldsB4 in the N = 1 vector

multiplet), the coupling
P

i mi B4 ^ Tr (F 2
i ) necessarily exists if one includes a gravity multiplet,

which contains a unique tensorB2 that is dual to B4 Awada and Townsend (1985). Supersymmetry

further demands that mi 6= 0 , Salam and Sezgin (1985). A mixed anomaly involving the symmetries

of B4, which must be gauged, and the center 1-form symmetryZ can, therefore, obstruct the gauging

of the latter. The vanishing of this anomaly is, hence, anecessarycondition to obtain a non-simply-

connected gauge groupG=Z. Remarkably, in models with mi = 1 this condition turns out to

reproduce geometric properties of elliptic K3 manifolds! In combination with other Swampland

criteria that constrain the coe�cients mi , this anomaly restricts possible combinations of simply-

connectedG =
Q

i Gi and Z � Z (G) in 8d. With this, we can consequently �drain� large portions

of the 8d Swampland, and make predictions in corners of theory space where the global gauge group

structure in corresponding string models is yet to be explored.

1.2. Mixed anomaly for center symmetries in 8d supergravity

Let G =
Q

i Gi be a non-Abelian group, whereGi are simple simply-connected Lie groups with

algebra gi . In 8d N = 1 , the gauge potentialA i , with �eld strength Fi , of the gi gauge symmetry

comes in a vector multiplet with adjoint fermions. There are no other massless charged matter

states, so at low energies one expects a discreteZ (G) =
Q

i Z (Gi ) 1-form symmetry Gaiotto et al.

5See also Morrison et al. (2020); Albertini et al. (2020); Closset et al. (2021b); Del Zotto et al. (2020); Bhardwaj
and Schäfer-Nameki (2021) for recent treatments of higher-form symmetries in higher-dimensional setups and Dierigl
et al. (2020) for an analysis of the global gauge group in 6d SCFTs.
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(2015). Moreover, since the only massless fermions transform in a real representation, there are no

pure gauge anomalies Taylor (2011).

Besides the vector multiplets, 8dN = 1 supergravity contains the gravity multiplet with a 2-form

gauge �eld B2 as one of its component �elds Salam and Sezgin (1985). The �eld strengthH3 of

this 2-form �eld obeys a modi�ed Bianchi identity involving the gauge �elds of the theory,

H3 = dB2 +
X

i

mi CS(A i ) : (1.1)

Here, CS(A i ) are the Chern�Simons functionals for the gauge factorGi .

The positive integersmi associated with each gauge factorGi , which we will refer to as the �level� of

Gi , are a priori free parameters of the supergravity theory. They can be interpreted as the magnetic

charge of gauge instantons underB2 � more apparent in the dual formulation, with B2 replaced

by its magnetic-dual 4-form B4. The most general Lagrangian contains the coupling Awada and

Townsend (1985)

Z

M 8

X

i

B4 ^ mi Tr (Fi ^ Fi ) =:
Z

M 8

X

i

B4 ^ mi I 4(Gi ) ; (1.2)

where the trace is normalized such that the instanton densityI 4(Gi ) = 1 for a one-instanton

con�guration of a Gi -bundle on a 4-manifoldM 4.

The center 1-form symmetry of Gi can be coupled to a 2-form background �eldC(i )
2 which takes

values in Z (Gi ). When C(i )
2 is non-trivial, it twists the Gi -bundle into a Gi =Z(Gi )-bundle with

second Stiefel�Whitney classw2(Gi =Z(Gi )) = C(i )
2 Kapustin and Seiberg (2014); Gaiotto et al.

(2015) that contributes to (1.2),

I 4(Gi =Z(Gi )) � � G i P
�
C(i )

2

�
mod Z ; (1.3)

with P the Pontryagin square. This contribution is, in general, fractional due to the coe�cients

� G i derived in Córdova et al. (2020b), which we reproduce here:
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Gi Z (Gi ) � G i

SU(n) Zn
n� 1
2n

Sp(n) Z2
n
4

Spin(2n + 1) Z2
1
2

Spin(4n + 2) Z4
2n+1

8

Spin(4n) Z(L )
2 � Z(R)

2

� n
4 ; 1

2

�

E6 Z3
2
3

E7 Z2
3
4

Analogous to the situation in 6d Apruzzi et al. (2022b), the coupling (1.2) combines the fractional

instanton con�guration with a large gauge transformation B4 ! B4 + b4, with b4 a closed 4-form

with integer periods, into a phase2�i A (b4; C(i )
2 ) for the partition function

A(b4; C(i )
2 ) =

X

i

mi � Gi

Z

M 8

b4 [ P (C(i )
2 ) : (1.4)

While
R

M 8
b4 [ P (C(i )

2 ) 2 Z for arbitrary b4, the whole expression is, in general, fractional due to

� G i . By generalizing the arguments presented in Hsieh et al. (2022); Apruzzi et al. (2022b), the

electrically charged objects forB4 would acquire a fractional charge if this anomalous phase is non-

trivial. Since this violates charge quantization, the fractional shift (1.4) cannot be compensated and

can be understood as an anomaly between the large gauge transformations ofB4 and the center

1-form symmetries. As the former symmetry is gauged, one cannot allow for background �eldsC(i )
2

where (1.4) is non-trivial. Similar to the 6d setting Apruzzi et al. (2022b), we expect that the

violation of charge quantization is tied to the lack of counterterms that could absorb this anomaly.

Moreover, we expect that arguments developed in Córdova and Ohmori (2019) suggest that there

cannot be a topological Green�Schwarz mechanism that cancels the above anomaly.6

6Note that Córdova and Ohmori (2019) discusses precisely the 4d analog of the anomaly (1.4) involving the � -angle
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In general, while the individual centersZ (Gi ) are anomalous, there can be a non-trivial subgroup

Z �
Q

i Z (Gi ) that is anomaly-free. Assuming that there are no other obstructions to switch on

a background for this subgroupZ of the center, or other breaking mechanisms, this combination

should be gauged, in line with common lore that in quantum theories of gravity no global symmetries

(including discrete and higher-form symmetries) are allowed Brennan et al. (2017); Palti (2019);

Harlow and Ooguri (2021). In turn, this leads to the gauge groupG=Z.

1.2.1. Condition for Anomaly-Free Center Symmetries

In the following, we will discuss how to determine subgroupsZ`
�= Z � Z (G), for which a 1-form

symmetry background has no fractional contribution (1.4) � a necessary condition to gaugeZ .

Let Z (G) =
Q s

i =1 Zn i , and (k1; :::; ks) 2
Q s

i =1 Zn i be the generator forZ �= Z` . This means that

` is the smallest integer such thatki ` � 0 mod ni for all i . The generic background for theZ (G)

1-form symmetry consists of �eldsC(i )
2 for eachZn i factor of Z (G). Specifying a speci�c background

for a subgroup then amounts to correlating the a priori independentC(i )
2 's Córdova et al. (2020b).

In particular, the background C2 for Z �= Z` corresponds to settingC(i )
2 = ki C2.

For concreteness, letG =
Q s

i =1 SU(ni ). Then, the anomalous phase (1.4) in a non-trivialC2

background of the subgroupZ � Z (G) is

A(b4; C(i )
2 ) =

 
sX

i =1

ni � 1
2ni

k2
i mi

! Z

M 8

b4 [ P (C2) ; (1.5)

where we usedP (kC) = k2P (C). Thus, the anomaly vanishes if the coe�cient is integral.

Note that the anomaly contribution of non-SU groups can be written as a sum of contributions from

SU(n)-subgroups Córdova et al. (2020b). Therefore, by further restricting ourselves to rank(G) � 18

(which is the 8d bound for the total gauge rank Montero and Vafa (2021)), we can exhaustively scan

for all possible groupsG that have an anomaly-freeZ` � Z (G) with given `, by �nding s triples of

instead of B4 .
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integers (ni ; ki ; mi ) such that

sX

i =1

ni � 1
2ni

k2
i mi 2 Z ; with ki � ` � 0 mod ni : (1.6)

Clearly, the levels mi play an important role. From an e�ective �eld theory perspective, these are

free parameters that de�ne the theory. However, these parameters themselves are constrained by

Swampland criteria. By the Completeness Hypothesis Polchinski (2004); Banks and Seiberg (2011),

the 2-form �eld B2 couples to strings which carry localized degrees of freedom sensitive to the

gauge group. These left-moving, charged excitations on the string have to cancel the worldvolume

anomalies arising due to anomaly in�ow Kim et al. (2019); Katz et al. (2020). However, ind

dimension the left-moving central charge for such a string is bounded bycL � 26 � d. While each

U(1) gauge factor contributes tocL with cU(1) = 1 , each non-Abelian simple gauge factorGi with

level mi contributes ci = m i dim (G i )
m i + h i

, with hi the dual Coxeter number ofGi . Hence, we have

X

i

mi dim(Gi )
mi + hi

+ nU(1) � 18: (1.7)

Combined with the constraint that the rank of the total gauge group of the 8d supergravity theory

can be only 2, 10, or 18 Montero and Vafa (2021), themi are considerably restricted. In particular,

it is easily shown that in the rank-18 case, allmi must be 1 and all non-Abelian factors must have

simply-laced algebras (see appendix A.1 for more details). This is well-known in string compacti-

�cations, where mi are the levels of the worldsheet current algebra realizations of spacetime gauge

groups, and are allmi = 1 on the rank-18 branch of the N = 1 moduli space. As we will see

now, the anomaly matches known geometric limitations in the F-theory realization of 8d rank-18

theories, which restricts the possible global gauge group structures. In the lower-rank cases these

conditions can constrain gauge groups, whose algebras and levels �t in constructions such as the

CHL string Chaudhuri et al. (1995), but whose global structure is yet to be explored.
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1.2.2. Anomaly-Free Centers in Theories of Rank 18

All rank-18 N = 1 supergravity theories with a known string origin have a construction via F-theory

Vafa (1996), where physical features, including the global gauge group structure, are encoded in

the geometry of elliptically-�bered K3 surfaces Taylor (2011); Weigand (2018); Cveti£ and Lin

(2018b). In particular, there are beautiful arithmetic results Miranda and Persson (1989, 1991)

which asserts that F-theory compacti�cations with non-Abelian gauge groupG=Z, whereG consists

only of SU(ni ) factors, must satisfy

sX

i =1

ni � 1
2ni

k2
i � 0 mod Z : (1.8)

with (k1; :::; ks) 2
Q

i Z (SU(ni )) the generator of anyZ` � Z subgroup.

While we defer a more detailed explanation of the geometric origin to this formula to appendix

A.2, it is obvious that it fully agrees with the cancellation condition for every Z` subgroup of the

center 1-form symmetry (1.6), as for rank-18 theories all levels are �xed tomi = 1 . We therefore

�nd a deep connection between the mixed anomaly of the supergravity theory and the geometrical

properties of F-theory compacti�cations.

The constraint is particularly powerful when the order ` of the gauged center subgroup is the power of

a prime number. For such` � 9, one can show that there are no possible setsf (ni ; ki )g for which the

anomaly vanishes with gauge groups of rank� 18. For ` = 7 , there is exactly one con�guration with

three simple non-Abelian factors,n1 = n2 = n3 = 7 and (k1; k2; k3) = (1 ; 2; 3), corresponding to an

SU(7)3=Z7 theory. This agrees with the classi�cations of K3 surfaces Miranda and Persson (1991)

for F-theory constructions as well as possible heterotic realizations Font et al. (2020). Likewise, in

the casè = 8 = 2 3, the 1-form anomaly (1.8) allows for onlyG = SU(8)1 � SU(8)2 � SU(4) � SU(2),

into which the Z8 sub-center embeds as(k1; k2; kSU(4) ; kSU(2) ) = (1 ; 3; 1; 1). Furthermore, if we also

take inspiration from geometric properties of K3 surfaces � there always is oneSU(ni ) factor with

` dividing nj � we can show that there are no possible con�gurations (ni ; ki ) for all ` � 10. This

also matches the dual heterotic constructions Font et al. (2020).
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1.2.3. Predictions for Simple Groups

To further showcase the constraining power of the �eld-theoretic anomaly argument, we use (1.4)

to rule out 8d N = 1 theories with gauge groupG=Z, whereG is a simple Lie group andZ � Z (G)

a non-trivial subgroup. For G with m = 1 and rank(G) � 18, any G=Z is inconsistent except

SU(16)
Z2

;
SU(18)

Z3
;

Spin(32)
Z2

; (1.9)

Sp(4)
Z2

;
Sp(8)

Z2
;

SU(8)
Z2

;
SU(9)

Z3
; (1.10)

Spin(16)
Z2

;
Sp(12)

Z2
;

Sp(16)
Z2

: (1.11)

The groups (1.9) indeed correspond to the only cases with simpleG realizable via F-theory on elliptic

K3's. The groups in (1.10) are subgroups ofSp(10), which at m = 1 can be constructed from the

CHL string Chaudhuri et al. (1995). Note that this rules out all other Sp(k)=Z2(k < 10) theories,

which seemed consistent based on the perturbative CHL spectrum Mikhailov (1998). As we are

not aware of any systematic study of the global gauge group structure in CHL compacti�cations,

we view this as a prediction based on the 1-form anomaly (1.4), which is also consistent with

other Swampland arguments Montero and Vafa (2021). Groups in (1.11) have no known 8d string

realization at m = 1 . However, whileSp(12)=Z2 and Sp(16)=Z2 are excluded at anym due to the

bound (1.7)7, Spin(16)=Z2 does arise atm = 2 as a Wilson line reduction of theE8 CHL string.

More generally, at levelm = 2 , the center anomaly in conjunction with the bound (1.7) can rule

out all G=Z theories with simple G except for

SU(4)
Z2

;
SU(8)

Z2
;

SU(9)
Z3

;
Sp(2)

Z2
;

Sp(4)
Z2

;

Spin(8)
Z2

;
Spin(16)

Z2
; SO(2n) with 2 � n � 9 ;

(1.12)

all of which could, in principle, arise in CHL compacti�cations Mikhailov (1998). We will leave an

explicit veri�cation and analysis of the global gauge group in these types of 8d string models for

7 In particular, (1.7) provides a physical explanation to the limitation k � 10 for sp(k) gauge algebras known in
8d string constructions.
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future works. Note that SO(2n) (n odd) and Sp(2)=Z2 seem to be ruled out in 8d by independent

Swampland arguments Montero and Vafa (2021), indicating mechanisms beyond the anomaly (1.4)

that break the 1-form center symmetry. It would be interesting to �nd an explicit description for

these breaking mechanisms.

1.3. Discussion and Outlook

Using a mixed anomaly (1.4), we have presented a necessary condition for an 8dN = 1 theory

with given non-Abelian gauge algebrasgi at level mi to have a non-simply-connected gauge group

[
Q

i Gi ]=Z. In combination with a set of Swampland criteria that restrict the gauge rank and the

levelsmi , this condition rules out a vast set of possible gauge groups for 8d theories. The constraints

are especially powerful for theories of rank 18, where they reduce to known geometric properties

of elliptic K3 surfaces. As these properties control the global gauge group structure in F-theory

compacti�cations, the anomaly provides a purely physical explanation for the intricate patterns of

realizable gauge groups in F-theory. The anomaly can further make predictions for inconsistent

models in lower-rank cases, where the global gauge group structure in the corresponding string

compacti�cations is yet to be explored systematically.

We stress that the absence of the anomaly (1.4) is only a necessary, but not su�cient condition for

the gauge group to beG=Z. Indeed, for F-theory constructions of the non-simply-connected gauge

groups (1.9), there also exist K3 surfaces that realize the simply-connected versions in F-theory

Shimada (2005). There are also other instances where bothG and G=Z are realized in di�erent

compacti�cations; this is also con�rmed in the heterotic picture Font et al. (2020). As the center

Z in all these cases is non-anomalous, this is consistent with our �ndings. At the same time, it is

pointing toward additional breaking mechanisms, e.g., in terms of massive states charged underZ .

It would be interesting to investigate if these mechanisms are captured by an e�ective description

involving the 1-form center symmetry.

There are also non-anomalous cases that have no realization in known classes of 8d string models.

A particular set of such cases are productsG1
Z1

� G2
Z2

of anomaly-free factors, which would again be
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anomaly-free. For example, the anomaly-free gauge group[SU(5)2=Z5] � [SU(2)4=Z2] = [ SU(5)2 �

SU(2)4]=Z10 as the non-Abelian part of a rank-18 theory (and, thus, all mi = 1 ) has no string

realization. As we have mentioned above, the F-theory geometry would forbid this case, because

there is no SU(n) factor with 10 dividing n. Currently, we do not know an adequate physical

argument providing the same restriction. In terms of identifying gaugedZ` center symmetries, one

plausible possibility is the existence of some mechanism that forces the presence of aU(1) gauge

factor into which, similarly to the hypercharge in the Standard Model, that Z` embeds. Such a

theory would not be in contradiction to F-theory models, as center symmetries embedded inU(1)s

have a di�erent geometric origin Cveti£ and Lin (2018a) (see Cveti£ et al. (2015, 2018); Cveti£ et al.

(2019); Cveti£ et al. (2020) for direct implications for 4d particle physics models) not subject to the

restriction (1.8). Moreover, in 8d F-theory, there are additional sources forU(1) factors (harmonic

(1; 1)-forms on K3's that are not algebraic), whose center-mixing with non-Abelian gauge factors

needs further investigation. To complete the geometric picture from the �eld-theoretic side, one

must also extend the discussion of anomalies to includeU(1) gauge sectors, which we defer to

future studies.

We further suspect that other discrete symmetries of the theory can interact non-trivially with 1-

form center symmetries, leading to further constraints on the gauge group structure. For example, it

has been pointed out de Boer et al. (2002) that the gauge symmetry of theE8 � E8 heterotic string

should be augmented by an outer automorphismZ2 exchanging theE8 factors, so that the gauge

group is (E8 � E8)oZ 2. In fact, the 9d CHL string arises as theS1-reduction with holonomies in this

Z2. Such an identi�cation would also be possible for, e.g.,[SU(2)4=Z2] � [SU(2)4=Z2], all at mi = 1 ,

which in 8d is free of the anomaly (1.4), but not realized in terms of a string compacti�cation. If

one could establish other �eld theory / Swampland arguments for why theZ2 outer automorphism

must be gauged in this case, there could be other mixed anomalies involving the 1-form symmetries

such that only a diagonalZ2 center survives, leading to the realizable[SU(2)8]=Z2 theory.

Finally, to fully classify the global gauge group structure in 8dN = 1 theories based on the 1-form

anomaly (1.4), it will be important to have more stringent constraints on the possible levelsmi for
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given simple gauge factorsGi . While for rank-18 theories, (1.7) �xes all mi = 1 , they cannot be

fully determined by this method alone for rank-10 or -2 theories, and will require new tools and

concepts to predict these independently from concrete string realizations. Perhaps, new ideas can

arise by establishing a connection between higher-form anomalies and the Swampland ideas Montero

and Vafa (2021) that also rule out certain non-simply-connected gauge groups. These insights can

hopefully lead to a complete understanding of the global gauge group structure, and prove full

String Universality for non-simply-connected groups in 8d.
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CHAPTER 2

HIGHER-FORM SYMMETRIES AND THEIR ANOMALIES IN M-/F-THEORY

DUALITY

2.1. Introduction and Summary

Geometric engineering provides a powerful framework to study quantum �eld theories and their non-

perturbative aspects. Exploiting known features of a higher-dimensional theory on spacetimeM ,

one can uncover details of lower dimensional �eld and gravitational theories onM by �engineering�

a compacti�cation M = M D � Yd on an internal spaceYd. In this approach, physical data of the

D-dimensional theory on spacetimeM D are mapped, using a �dictionary� speci�c to the theory on

M , onto properties of the internal spaceYd.8 Yd can then be studied using geometric tools which are

not necessarily bound by limitations such as perturbative control. The success of this process clearly

hinges on the �completeness� of this dictionary, i.e., our ability to identify the relevant geometric

structures associated to a particular physical aspect.

One such aspect is the set of generalized, or higher-form symmetries Gaiotto et al. (2015) of a quan-

tum �eld theory. Formulating their corresponding �dictionary entries� in various compacti�cation

scenarios in string theory has attracted a lot of recent attention Del Zotto et al. (2016); García-

Etxebarria et al. (2019); Dierigl et al. (2020); Morrison et al. (2020); Albertini et al. (2020); Bah

et al. (2021); Closset et al. (2021b); Del Zotto et al. (2020); Bhardwaj and Schäfer-Nameki (2021);

Del Zotto and Ohmori (2021); Bhardwaj et al. (2021); Apruzzi et al. (2021b, 2022c); Hosseini and

Moscrop (2021). In this chapter, we extend the discussion to compacti�cations of F- and M-theory

on elliptically-�bered Calabi�Yau two- and three-folds Yd
�! B d� 2 Vafa (1996).

We will focus on discrete 1-form symmetries� that arise as the center symmetry of non-Abelian

gauge dynamics, and whose gauging enforces the non-trivial gauge group topologyG = Gsc=� ,

where Gsc is the simply-connected gauge group with centerZ (Gsc) � � Gaiotto et al. (2015). For

8Throughout this chapter, we denote by d the dimension over R of the internal space Yd .

14



B a compact base (and hence with gravity dynamical), the latter has a characterization in terms

of the Mordell�Weil group of � : Y ! B Aspinwall and Morrison (1998); Mayrhofer et al. (2014);

Cveti£ and Lin (2018a), or string junctions onB Fukae et al. (2000); Guralnik (2001). Using M-/F-

duality, we will establish the explicit connection of these descriptions to the asymptoticG4-�uxes

that encode the 1-form symmetries in M-theory compacti�ed onY Morrison et al. (2020); Albertini

et al. (2020).

We will approach this by inspecting the local geometry de�ning a non-Abelian gauge algebrag

associated to a simply-connected groupGsc. That is, Y ! B is a non-compact �bration, with

singular �bers realizing g in F-theory. Reducing the theory on anS1 yields M-theory compacti�ed

on Y . The topology of the asymptotic boundary @Y� which encodes the asymptotic �uxes, and

thus the 1-form symmetry in M-theory on Y � is determined by the SL(2; Z) monodromy around

the singular �bers in the bulk of Y , which in turn is related to the (local) Mordell�Weil group as well

as asymptotic string junctions. Physically, this identi�es the possible line operators charged under

the 1-form symmetry from M2-branes wrapping non-compact 2-cycles in M-theory, with asymptotic

(p; q)-string states in F-theory. A valid compact model can be understood as �gluing together�

several local patches along their boundaries. In general, only a subgroup of the 1-form symmetry in

each patch will survive, since new massive states break part of the 1-form symmetry explicitly. The

�compatible� boundary �uxes are then exactly captured by the global sections of the glued geometry.

Moreover, the cycles associated to the global sections of the geometry become compact, and one

has to sum over the distinct �ux con�gurations representing the modi�ed gauge backgrounds of

non-simply connected gauge groups. At the same time, the now dynamical magnetic states break

the dual (D � 3)-form symmetry explicitly.

An interesting aspect of 1-form symmetries is their 't Hooft anomalies. Speci�cally, for center 1-form

symmetries of gauge theories in spacetime dimensionD > 4, there is a potential mixed anomaly

involving the (D � 5)-form instanton U(1) symmetry Apruzzi et al. (2022b); Cveti£ et al. (2020);

Benetti Genolini and Tizzano (2021). This anomaly is a consequence of the fractionalization of the

instanton number in the presence of a non-trivial background �eld for the 1-form center symmetry
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Gaiotto et al. (2015); Kapustin and Seiberg (2014); Gaiotto et al. (2017); Córdova et al. (2020b). In

N = 1 compacti�cations of M-theory to D = 7 and D = 5 , we show that this anomaly arises from the

reduction of the eleven-dimensional (11d) Chern�Simons term in the presence of asymptotic �uxes

for G4: By expressing the boundary contributions as afractional linear combination of compactly

supported �uxes, we derive the fractional instanton shift on the Coulomb branch of the e�ective

gauge theory. We demonstrate that, in case the compacti�cation spaceY is elliptically �bered, this

anomaly matches that of the six- or eight-dimensional (6d/8d) F-theory compacti�cation Apruzzi

et al. (2022b); Cveti£ et al. (2020). Intriguingly, the M-theory computation reveals a mixed anomaly

between two 1-form symmetries in 5d, which uplifts to a mixed anomaly between the 6d center

symmetry, and a discrete 2-form symmetry of instanton strings Del Zotto et al. (2016). Moreover,

we �nd for 5d gauge theories with a genuine 5d UV �xed point, that the geometrically determined

instanton shift deviates from the value naively expected from the e�ective gauge description. This

indicates a non-perturbative correction to the 't Hooft anomaly from the superconformal dynamics

at the UV �xed point, which would be interesting to scrutinize in the future. It is important

to point out that there can potentially be counterterms, e.g., from topological sectors, cancelling

these anomalies �eld-theoretically, which in M-theory compacti�cations are not arising from the 11d

Chern�Simons term. We refer to a recent work Apruzzi et al. (2022c) where an example of such a

topological sector is discussed in the context of M-theory engineering of 5d SCFTs .

The rest of the chapter is organized as follows. In Section 2.2, we study the higher-form symmetries of

M-theory on elliptically �bered Calabi�Yaus in the framework put forward in Morrison et al. (2020);

Albertini et al. (2020). In Section 2.3, we then compare the results with known characterizations of

the gauge group in F-theory via the Mordell�Weil group Aspinwall and Morrison (1998); Mayrhofer

et al. (2014) and string junctions Fukae et al. (2000); Guralnik (2001). For simplicity, we focus mostly

on F-/M-theory compacti�cations to 8d/7d, where the correspondences between these di�erent

approaches can be made concrete. In Section 2.4, we analyze the dimensional reduction of the

M-theory Chern�Simons term with boundary �uxes that parametrize the center 1-form symmetry

of gauge theories, and derive their 't Hooft anomalies associated with instanton fractionalization for

M-/F-theory compacti�cations to 7d/8d as well as 5d/6d. Some computational details are collected
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in the appendices.

2.2. Center Symmetries of M-theory on Elliptic Fibrations

Yang�Mills theories with a �xed non-Abelian gauge algebra g can have di�erent topologies for its

gauge groupG, which generally takes the form

G =
Gsc

Z
: (2.1)

Here,Z is a subgroup of the centerZ (Gsc) of the simply-connected groupGsc associated tog. In the

context of generalized global symmetries Gaiotto et al. (2015), the non-trivial global structure (2.1)

arises from gauging the subgroupZ of the global Z (Gsc) 1-form symmetry, which act on electric

(Wilson) line charges ofGsc. The presence of dynamical charged particles in representationsR i ,

which in general do not need to be massless, explicitly breaks the center 1-form symmetry to the

subgroup of Z (Gsc) that leaves all R i invariant. This happens due to the fact that the objects

charged under the electric 1-form symmetries, i.e., Wilson line operators, can end on these charged

particle states, and cease to de�ne 1-form charges.

In D spacetime dimensions, ag gauge algebra also has a dual magneticZ (Gsc) (D � 3)-form

symmetry, which acts on magnetically charged objects. There is a mixed 't Hooft anomaly between

the electric and magnetic higher-form symmetries, which form a so-called �defect group structure�

Freed et al. (2007a,b); Del Zotto et al. (2016), and which is a generalization of Dirac's quantization

condition for electric and magnetic charges. In terms of the defect group, the global form (2.1)

can also be understood as a choice ofZ = � 1(G) magnetic higher-form symmetry, together with

a �mutually-local� electric 1-form symmetry. That is, the electric �ux operators present in the

G = Gsc=Z theory have integral pairing under the defect group pairing with the magnetic �ux

operators of the(D � 3)-form Z symmetry.

In string theory realizations of quantum �eld theories, the charged objects of higher-form symme-

tries generally arise from branes wrapping asymptotic cycles (more precisely, relative cycles with

respect to the asymptotic boundary) of appropriate dimensions in the non-compact internal space
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Y Del Zotto et al. (2016); García-Etxebarria et al. (2019); Morrison et al. (2020); Albertini et al.

(2020); Bah et al. (2021); Closset et al. (2021b); Del Zotto et al. (2020); Bhardwaj and Schäfer-

Nameki (2021); Del Zotto and Ohmori (2021); Bhardwaj et al. (2021); Apruzzi et al. (2021b, 2022c).

These wrapped branes generate �ux quanta, whose spacetime part represents the �ux operators as-

sociated to the charged objects, and whose internal pieces are characterized by cohomology classes

on the asymptotic boundary @Y. In gauging the electric 1-formZ symmetry, the Gsc=Z theories

include the magnetically charged objects from branes wrapping the corresponding relative cycles,

which transform under the (D � 3)-form Z symmetry.

In gravitational theories, global symmetries, including higher-form symmetries, are believed to be

inconsistent Banks and Dixon (1988); Kallosh et al. (1995); Banks and Seiberg (2011); Harlow and

Ooguri (2021). Since, in a theory with gauge groupGsc=Z , the defect group structure forbids the

simultaneous gauging of bothZ 1-form and (D � 3)-form symmetries, the magnetic one has to be

broken. Because the compacti�cation spaceY is compact in gravitational models, this breaking

happens explicitly due to the magnetically charged objects becoming dynamical (as the relative

cycles become compact themselves). As we will highlight below in the M-theory framework (and,

by duality, also in F-theory), one can think of the compact model arising from gluing together local

(non-compact) patches along their boundaries.

2.2.1. Higher-Form Symmetries in M-Theory

In M-theory compacti�cations on local (non-compact) Calabi�Yau manifolds Yd, the information

about the 1-form symmetries is encoded in terms of geometric data Morrison et al. (2020); Albertini

et al. (2020): The electrically charged objects (Wilson lines)� el. are associated to M2-branes that

stretch from the asymptotic boundary to the interior of Yd, and are classi�ed by classes in the

relative homology H2(Yd; @Yd).9 However, by an analog of 't Hooft's screening argument, their 1-

form symmetry charges are subject to an equivalence relation induced by the addition of M2-branes

9Note that unless otherwise speci�ed, all (co)homology groups H n (Y ; R) � H n (Y ) have coe�cients R = Z, which
is suppressed in the notation.
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wrapped over compact 2-cycles. Mathematically, this is encoded in the quotient

� el. � � =
H2(Yd; @Yd)

im(| 2)
�=

H2(Yd; @Yd)
ker(@2)

�= im(@2) � H1(@Yd) ; (2.2)

extracted from the long exact sequence of relative homology,10

: : : ! Hn (@Yd) {n! Hn (Yd)
| n! Hn (Yd; @Yd) @n! Hn� 1(@Yd) ! : : : : (2.3)

Similarly, by wrapping M5-branes over the relative(d� 2)-cycles one obtains extended magnetically

charged objects in the e�ective theory:

� mag. � � =
Hd� 2(Yd; @Yd)

im(| d� 2)
�=

Hd� 2(Yd; @Yd)
ker(@d� 2)

�= im(@d� 2) � Hd� 3(@Yd) ; (2.4)

The �defect group� pairing between the electric and magnetic charges is then given by the torsion

linking pairing

L : Tors(H1(@Yd)) � Tors(Hd� 3(@Yd)) ! Q=Z : (2.5)

As a generalization of the requirement of mutual locality, imposed by Dirac quantization condition,

in 4d, a choice of physical electric chargesf 
 g � � enforces the restrictionL(
 ; ~
) = 0 for allowed

magnetic chargesf ~
 g � � , and vice versa.

To compute (2.2) and (2.4), we assume thatHn (Yd) is torsion-free for anyn (which holds for all cases

relevant to the present discussion). Then Poincaré�Lefschetz duality and the Universal Coe�cient

theorem provide the identi�cation

Hn (Yd; @Yd) �= Hom(Hd� n (Yd); Z) : (2.6)

10 The map { is induced by the inclusion @Y ,! Y , and | n is induced by the quotient map onto relative n-chains.
As usual @n denotes the boundary map.
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Furthermore, Yd comes with an intersection pairing,

h�; �i n : Hn (Yd) � Hd� n (Yd) ! Z : (2.7)

Using the above isomorphism, the maps| n in (2.3) are then given by

| n (� ) = h�; �i n = h�; � i d� n 2 Hom(Hd� n (Yd); Z) : (2.8)

Picking a basis� a for Hd� 2(Yd) and a basis
 i for H2(Yd) de�nes the rd� 2 � r2 intersection matrix

M ai = h� a; 
 i i d� 2 � h � a; 
 i i , where r k = rank(Hk (Yd)) , with r2 � rd� 2 � f � 0. Then | d� 2(� a) =
P

i M ai � i , where � i 2 Hom(H2(Yd); Z) is the dual basis of
 i , i.e., � i (
 j ) = � ij . Similarly, | 2(
 i ) =
P

a(M T ) ia � a, with � a 2 Hom(Hd� 2(Yd); Z) dual to � a. Through a Smith decomposition,

M ai =
X

b;j

SabDbj Tji ; (2.9)

with S (rd� 2 � rd� 2), T (r2 � r2) invertible integer matrices, and

Dbj =

0

B
B
B
B
B
B
B
@

N1 0 : : : 0 0 : : :

0 N2 : : : 0 0 : : :
...

...
. . .

...
...

0 0 : : : N r d� 2 0 : : :

1

C
C
C
C
C
C
C
A

bj

; (2.10)

we have

� =
H2(Yd; @Yd)

im(| 2)
=

Hom(Hd� 2(Yd); Z)
im(D T )

�=
r d� 2M

k=1

ZN k ;

� =
Hd� 2(Yd; @Yd)

im(| d� 2)
=

Hom(H2(Yd); Z)
im(D)

�= � � Zf :

(2.11)

More precisely, the Smith decomposition tells us that we can de�ne new bases� a =
P

b(S
� 1)ab � b

for Hd� 2(Yd) and � i =
P

j Tij � j for Hom(H2(Yd); Z) such that | d� 2(� a) = Na � a (no sum over

a = 1 ; :::; rd� 2), and similarly for H2(Yd) and Hom(Hd� 2(Yd); Z). For an N t -torsional generator
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T 2 � mag., we thus have a representative~� t 2 Hd� 2(Yd; @Yd), satisfying

N t ~� t =
X

a

� a | d� 2(� a) ; (2.12)

with � a = ( S� 1)ta : (2.13)

There is a dual description of the higher-form symmetries in terms of boundary conditions for back-

ground �uxes. In this framework, the defect group structure arises from the non-commutativity of

general �ux operators at the asymptotic boundary of the compacti�cation space, measured precisely

by (the cohomological version of) the linking pairing (2.5) Freed et al. (2007a,b); Del Zotto et al.

(2016); García-Etxebarria et al. (2019). In the e�ective �eld theory, the boundary conditions for

background �uxes in the higher-dimensional theory parametrize allowed background gauge �eldsB

of higher-form symmetries. These restrict the possibilities to wrap M2- and M5-branes over ele-

ments in relative homology and in turn constrain the spectrum of extended operators, see Morrison

et al. (2020). In Section 2.4, we will discuss how the background gauge �elds enter the dimensional

reduction of the M-theory Chern�Simons term.

2.2.2. Higher-Form Symmetries on Elliptic Fibrations

F-theory describes non-perturbative vacua of type IIB string theory, whose spacetime-dependent

axio-dilaton �eld is captured by the complex structure of an auxiliary torus (see Taylor (2011);

Weigand (2018); Cveti£ and Lin (2018b) for reviews). Therefore, F-theory geometries are described

by elliptically-�bered Yd, whose baseB d� 2 is part of the physical type IIB spacetime:

T2 ,! Yd

#

B d� 2

(2.14)

By duality, F-theory compacti�ed on Yd � S1 is equivalent to M-theory compacti�ed on Yd, whose

higher-form symmetries we now examine.
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For non-compact backgrounds, i.e., whereB d� 2 is non-compact, this induces a �bration structure

on the asymptotic boundary as well:

T2 ,! @Yd

#

@B d� 2

(2.15)

In general, the �bration on B d� 2 has singular �bers over (complex) codimension-one loci, which

themselves extend to the asymptotic boundary@B d� 2. Their e�ect on the boundary homology

depends very much on the precise type of singular �bers. It would be important to study such

examples in more detail, e.g., in the context of F-/M-theory realizations of 6d/5d SCFTs.

Aiming for a more intuitive understanding in this chapter, we avoid these complications, and instead

focus ondimR(Yd) � d = 4 , i.e., F-/M-theory compacti�ed to 8d/7d. In this case, the base part of

the asymptotic boundary is a circle@B 2 ' S1. Moreover, for situations relevant for supersymmetric

F-theory backgrounds,11 B 2 itself can be identi�ed with a disc D2. We further demand that there

is non-trivial gauge dynamics in the e�ective theory. This requires the presence of a singularity

in Y4 that can be interpreted as a singular �ber of the elliptic �bration. It is the topology of the

asymptotic boundary to this �ber singularity that will determine the allowed �ux backgrounds and,

consequently, the gauge group in the M-theory setup. The internal �ber singularity induces a non-

trivial �bration on the boundary circle which is associated to a non-trivial SL(2; Z) monodromy,

see Figure 2.1.12

11 That is, backgrounds leading to a local Calabi�Yau 2-fold, i.e., a local patch of an elliptically-�bered K3, for
which the base is P1 .

12 The monodromy is not a�ected by local modi�cations in the interior such as a resolution of the �ber singularity
that corresponds to a Coulomb branch deformation of the e�ective action derived from M-theory on Y4 .
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Figure 2.1: Singular geometry with �ber singularity in the interior that induces an SL(2; Z) mon-
odromy around the boundary circle.

Boundary Geometry

The boundary13 @Yhas the structure of a mapping torus

@Y= T2 � [0; 1]= � ; with identi�cation (x; 0) � (K (x); 1) ; (2.16)

where K : T2 ! T2 is the overall SL(2; Z) monodromy around all singular �bers in the interior of

B 2. This description allows for an application of a generalized Mayer�Vietoris sequence (see, e.g.,

Hatcher et al. (2002)), which yields a long exact sequence for the homology groups of@Y. For our

interest the relevant section of this long exact sequence is given by

0 ! H3(@Y) ! H2(T2)
| {z }

�= Z

�! H2(T2)
| {z }

�= Z

! H2(@Y) ! H1(T2)
| {z }

�= Z� Z

�! H1(T2)
| {z }

�= Z� Z

!

! H1(@Y) ! H0(T2)
| {z }

�= Z

�
! H0(T2)

| {z }
�= Z

! H0(@Y) ! 0:
(2.17)

The maps from Hn (T2) (regarded as aZ-module) to itself, denoted by � , � , and � , are given by

(1 � K � ), where K � is the action on Hn (T2) induced by the SL(2; Z) monodromy K . Since any

SL(2; Z) monodromy induces the identify action onH2(T2) and H0(T2) (it maps the full T2, the

generator of H2, onto itself, and one point onto another, both being homologous, i.e., identical in

13 In the remainder of this section we restrict to the case d = 4 and will not denote the dimension of the various
spaces explicitly.
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H0), the maps � and � are 0. This �xes H3(@Y) �= Z, H0(@Y) �= Z, and leaves

0 ! Z ! H2(@Y) ! Z � Z �! Z � Z ! H1(@Y) ! Z ! 0: (2.18)

The remaining homology groups are determined by the monodromy induced map� on H1(T2) �=

Z � Z, whose generators(1; 0) and (0; 1) are the usualA - and B-cycle, respectively. The (co)kernel

of � splits (2.18) to

0 ! Z ! H2(@Y) ! ker(� ) ! 0 ; and 0 ! coker(� ) ! H1(@Y) ! Z ! 0: (2.19)

The last term in both of these sequences are free (Z is trivially free, and ker(� ) is a subgroup of a

free groupZ � Z), so both sequences split:

H2(@Y) = Z � ker(� ) ; H1(@Y) = coker(� ) � Z : (2.20)

From (2.17), we see that theZ factor in H2(@Y) originates from H2(T2), i.e., is generated by the

classf of the torus �ber. Meanwhile, the Z factor in H1(@Y) comes fromH0(T2), hence corresponds

to a marked point on the �ber, i.e., a section of the torus bundle which is a copy of the base circle.

We will identify this class with the restriction of the zero-section to the boundary S0j@Y.

With a list of �ber singularities provided by the Kodaira classi�cation, see e.g. Fukae et al. (2000),

and their inducedSL(2; Z) monodromy up to an overall conjugation, we can determine the respective

torsion groups, cf. Table 2.1. This coincides with the table given in García-Etxebarria et al. (2019);

Albertini et al. (2020) for M-theory on lens spaces, which realizes all ADE algebrasg, albeit not in

an elliptic �bration (and thus have no F-theory uplift). Moreover, we also �nd agreement between

the linking pairing on boundary torsion cycles, and the defect group of 7d gauge theories with gauge

algebra g, see Appendix B.1. This shows that the 7d theories that descend from an 8d F-theory

compacti�cation with simple gauge algebra g has the expected electric and magnetic higher-form

symmetries. The only di�erence is that these 7d theories further containU(1) global symmetry, the

Kaluza�Klein U(1), whose background �uxes / asymptotic charges are captured byZ � H1(@Y).
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�ber type brane content g � H1(@Y;Z)tors = coker(� )tors

I N AN su(N )

 
0 N

0 0

!

ZN

II AC �

 
0 1

� 1 1

!

�

III A2C su(2)

 
1 1

� 1 1

!

Z2

IV A3C su(3)

 
2 1

� 1 1

!

Z3

I �
2n A4+2 nBC so(4n + 8)

 
2 � 2n

0 2

!

Z2 � Z2

I �
2n+1 A5+2 nBC so(4n + 10)

 
2 � (2n + 1)

0 2

!

Z4

IV � A5BC 2 e6

 
2 � 1

1 1

!

Z3

III � A6BC 2 e7

 
1 � 1

1 1

!

Z2

II � A7BC 2 e8

 
0 � 1

1 1

!

�

Table 2.1: Simple algebrasg realized via Kodaira �bers / [p; q]-7-branes, and the corresponding
homology map� , as well as coker(� )tors

�= H1(@Y;Z)tors .

Bulk Geometry

Equipped with the boundary homology groupsHn (@Y), we can now examine the long exact sequence

(2.3), which encodes the extended charged objects under the higher-form symmetries. For our

investigation the relevant part of the long exact sequence above is given by

: : : ! H2(@Y)
{2! H2(Y )

| 2! H2(Y; @Y)
@2! H1(@Y)

{1! H1(Y ) ! : : : ; (2.21)

Let us focus on the case with a single �ber in the interior ofY , corresponding to a simple gauge

algebra g. Then the resolution of this singularity introduces rank(g) compact 2-cycles (divisors in
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Y) � a, which intersect according to the Dynkin diagram of g. Together with the generic �ber f,

these form a basis forH2(Y ). Since f is homologous also to the torus �ber on the boundary, i.e.,

the factor Z in (2.20), we see thatf 2 im({2) = ker(| 2). This agrees with (2.8): the generic �ber

f on elliptic surfaces satis�es the intersection propertieshf; fi = hf; � ai = 0 . On the other hand,

two di�erent resolution divisors cannot have the same intersection numbers with all 2-cycles, so

| 2(� a) = | 2(� b) if and only if a = b. Therefore, the long exact sequence splits into the piece

0 ! h � ai
| 2! H2(Y; @Y)

@2! Z � coker(� )tors � coker(� )free| {z }
H 1 (@Y)

{1! H1(Y ) ! : : : : (2.22)

We have already explained above that the factorZ � ZKK � H1(@Y) is in ker({1), as it en-

codes the background data for the KKU(1) that is universal in M-theory on elliptic �brations.

Since H1(Y ) is torsion-free14, the torsion part coker(� )tors cannot be mapped non-trivially into

it. Hence, coker(� )tors � ker({1) = im(@2) � � in (2.2). Therefore, for any N t -torsional element

T 2 coker(� )tors there is a ~� 2 H2(Y; @Y) with @2(~� ) = T. Then, N t ~� 2 ker(@2) = im(| 2). Since

H2(Y; @Y) �= Hom(H2(Y ); Z) is also torsion-free, this means there are non-zero integers� a such

that

~� =
1

N t

X

a

� a| 2(� a) 2 H2(Y; @Y) ; (2.23)

where the coe�cients � a can be understood moduloN t since one can always add an integer linear

combination of | (� a) which is in ker(@2). Of course, these are the same coe�cients as in (2.13),

determined via Smith decomposition of the intersection pairing onY . For example, as we will

compute in Section 2.4.2, the generator ofN -torsional boundary 1-cycles forY containing an I N

14 This assumption holds also for the elliptically �bered geometries we consider in this chapter. It would be
interesting to study the physics of higher-form symmetries in models with non-trivial torsion in H 1(Y ).
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�ber is represented by

~� = 1
N

N � 1X

a=1

a |2(� a)

= 1
N

N � 1X

a=1

a� N
N| {z }

(� C � 1 )1;a

| 2(� a) mod ker(@2) ;
(2.24)

where C is the Cartan matrix of SU(N ). In Appendix B.1, where we compute coker(� ) for all

Kodaira singularities, we see that only I N �bers have non-trivial coker(� )free
�= Z, and that it

further maps non-trivially under {1. Therefore, coker(� )free never contributes to the higher-form

symmetries.

In summary, we have seen that the higher-form symmetries (2.11) of M-theory compacti�ed on a

local elliptically �bered four-manifold Y4 � Y are entirely encoded in terms of the monodromy

K � 1 + � around the singular �ber in Y4:

� �= coker(� )tors � ZKK : (2.25)

In Section 2.3, we will connect this result with �established� methods to describe gauge groups

with di�erent center symmetries, namely via Mordell�Weil torsion, and string junctions, and show

that coker(� )tors indeed describes the higher-form symmetries of the F-theory model in one higher

dimension.

2.2.3. Semi-simple Algebras, Adjoint Higgsing, and Compact Models

So far, we have only discussed explicit examples with a single Kodaira �ber inY with monodromy

K , corresponding to a simple ADE Lie algebrag. In these cases, the boundary homology coker(� ) �

H1(@Y) perfectly captures the higher-form symmetry expected from �eld theory. However, since

� = 1 � K is an endomorphism onH1(T2) �= Z2, coker(� ) can have at most two torsion factors.

This begs the question how this can capture the center symmetries of a semi-simple algebra like,

e.g., g = su(N )3, which can be realized by threeI N �bers in Y .

27



The key missing component is dynamicalu(1) factors which generically arise in the presence of

multiple singular �bers. To see their importance, consider a model~Y with one I N � 1 and one I 1

�ber which are mutually local. That is, in an SL(2; Z) frame where the monodromy of theI N � 1

�ber is K N � 1 =
�

1 1� N
0 1

�
, the I 1 �ber induces K 1 =

�
1 � 1
0 1

�
. Therefore, the overall monodromy is

K = K N � 1K 1 =
�

1 � N
0 1

�
, with coker(� )tors = coker(1 � K )tors = ZN . But F-theory on ~Y naively

has only ansu(N � 1) algebra, whose center cannot possibly accommodate aZN 1-form symmetry.

Moreover, ZN does not have aZN � 1 subgroup, so the boundary homology seems to not capture the

higher-form symmetries ofsu(N � 1) at all.

However, there is also the additionalI 1 �ber. Because it is mutually local with the I N � 1 �ber, they

share the same the vanishing cycle, in this case theA-cycle. By �bering this 1-cycle between the

two singular �bers (see left of Figure 2.2), we obtain a compact 2-cycle� N , in addition to the N � 1

resolution divisors of the I N �ber, which gives rise to a dynamical u(1). This u(1) can be viewed

as the one arising in the adjoint Higgsingsu(N ) ! su(N � 1) � u(1), which geometrically precisely

corresponds to the deformation of anI N �ber into an I N � 1 and a mutually local I 1 �ber.

Figure 2.2: Cartoon of a Higgsing transition, where one of the singular �bers is moved outside of
the disk, thereby changing the monodromy.

In this Higgsing transition, the fundamental and adjoint representations of the original su(N ) de-
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compose as

N ! (N � 1)1 � 11� N ; adj (N ) ! adj (N � 1)0 + ( N � 1)N + ( N � 1) � N + 10 ; (2.26)

where the subscripts denote theu(1) charge, normalized such that every state has integer charge.

Therefore, the Wilson lines in the fundamental representation ofsu(N ), which are the charged ob-

jects under theZN 1-form symmetry in the theory prior to Higgsing, gives rise to line operators with

u(1) charges1 mod N . However, the bifundamental states from the decomposition of the adjoint

representation, which correspond to M2-branes wrapping the red 2-cycle in the left of Figure 2.2,

carry u(1) charge N . These screen theu(1) charges of line operators in the Higgsed phase, and

therefore break theU(1) 1-form symmetry of the u(1) gauge factor toZN . It is this ZN 1-form sym-

metry (and its magnetically dual 3-form symmetry) which is captured by the boundary homology.

The bifundamental states (N � 1)N also break theZN � 1 1-form symmetry of the su(N � 1) factor

explicitly. Their presence further forbids the charged objects of theZN � 1 magnetic symmetry, but

does allow for a linear combination between thesu(N � 1) and the u(1) magnetic charges which cor-

respond to M5-branes wrapping the 2-cycle� N . These have chargeN with respect to the magnetic

U(1) 3-form symmetry of the u(1) gauge factor, so that this is also broken to aZN . All this agrees

with the fact that the simply-connected group SU(N ) actually has [SU(N � 1) � U(1)]=ZN � 1 as a

subgroup, which can be interpreted as theU(1) gauging the center ofSU(N � 1).

The logic applies to any deformation of Kodaira �bers of ADE type g into multiple �bers of type

gi , corresponding to an adjoint Higgsing which also produces additionalu(1) gauge factors. The

boundary homology is not a�ected by such a deformation, and thus the higher-form symmetries

of the full system are still those of ang gauge theory, albeit embedded as a subgroup of theU(1)

higher-form symmetry of the Abelian factors.

To recover the higher-form symmetries of the individualgi factors, one has to decouple theu(1)s.

Geometrically, this can be easily achieved by pushing all other singular �bers to in�nity, or, equiv-

alently, restricting to the local neighborhood of the gi �ber with its monodromy at the boundary.

As an example, consider again the model with anI N � 1 and an I 1 �ber. As depicted schematically
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in the right panel of Figure 2.2, decoupling theu(1) sends theI 1 �ber to in�nity, which turns the

previously compact 2-cycle into a relative cycle. Physically, this turns the dynamical bifundamental

states into in�nitely massive probe particles in the fundamental representation ofsu(N � 1), whose

world-lines then constitute the correct charged objects of theZN � 1 1-form symmetry.

Note that not every con�guration with multiple �bers allows for an interpretation in terms of a

deformation / Higgsing of a single �ber / simple ADE algebra. In such cases, one has to study more

carefully the set of compact 2-cycles stretched between di�erent singular �bers. For example, if we

add an I 1 �ber to a mutually non-local I N � 1 �ber, there is no compact 2-cycle that one can form

by �bering a 1-cycle between them, because they have linearly independent vanishing cycles. Such

a con�guration would not have an additional u(1) factor, and consequently, no way to modify the

center symmetries as above. This can also be seen from the boundary homology. For concreteness,

consider, in an SL(2; Z) frame with K N � 1 =
�

1 N � 1
0 1

�
, an I 1 �ber with monodromy K 1 = ( 1 0

1 1 ),

such that the overall monodromy is K = K N � 1K 1 =
�

N N � 1
1 1

�
.15 Then, it is straightforward to

compute coker(� ) = coker
��

N � 1 N � 1
1 0

��
= ZN � 1.

If we have three or more singular �bers, then there can be at most two linearly independent vanishing

cycles, simply because any vanishing cycle can be represented as a vector inZ2. That is, given, e.g.,

k I N �bers, each of which has one vanishing cycleCi , i = 1 ; :::; k, there are (k � 2) linear relations
P k

i =1 n(` )
i Ci = 0 , ` = 1 ; :::; k � 2. If we �ber from the i -th singular �ber the vanishing cycle n(` )

i Ci

to a marked smooth �ber fp, we have a 2-chain with boundaryn(` )
i Ci in fp, which cancel out the

boundaries of the corresponding 2-chains from the other singular �bers due to thè-th relation.

This gives rise to (k � 2) compact 2-cycles. The resultingu(1) gauge factors then gauge parts of

the overall (ZN )k center symmetry, leaving a subgroup with at most two discrete factors.

Gluing Patches to Compact Models

We can use the above insights to describe the process of passing from local to global models.

E�ectively, this is done by �gluing� the local patches Yi of individual singular �bers along the

boundaries. In each pairwise gluing, relative 2-cycles inYi 1 , whose boundary 1-cycle is a vanishing

15 The reversed ordering is related to this one by an SL(2; Z) conjugation, so it is equivalent.
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cycle in Yi 2 , can be screened by additional compact 2-cycles that are formed between the singular

�bers; this corresponds to the situation in Figure 2.2, read from right to left. This modi�es the

higher-form symmetry charges, as seen from the boundary homology in terms of (torsional) 1-cycles

on @Y.

To obtain a compact geometry, we must demand that any 1-cycle in the torus �ber can shrink

(possibly after decomposing) on singular �bers, in accordance with the fact that there is no (non-

trivial) boundary. Equivalently, this means that the overall monodromy around all singular �bers

must be trivial. Additionally, for a valid F-theory geometry, Y4 must be a K3-surface, which further

limits the possible combination of singular �bers. A more subtle e�ect that becomes relevant in

compact models is that there might be certain linear relations between 2-cycles, such that the

physically distinct number of u(1)s can be reduced. Regardless, compact 2-cycles stretched between

several singular �bers gauges a diagonal subgroup of the corresponding center 1-form symmetry, as

in the su(N � 1) � u(1) example above. Phrased in the language of string junctions, whose local

picture we will discuss momentarily, these phenomena have been discussed in Guralnik (2001).

For example, a valid K3 can be obtained by gluing together four local patches with anI �
0 �ber, each

with monodromy K =
� � 1 0

0 � 1

�
. Since eachI �

0 �ber has two independent vanishing cycles, which

also generate the twoZ2 factors of Z (Spin(8)) , one would �nd 8 � 2 = 6 linear relations between

them, corresponding to six compact 2-cycles stretching between the four singular �bers. However,

from the compactness condition there are two additional relations among these, such that there are

only four independentu(1) gauge factors, which in total gives a rank 20 gauge group.16 Nevertheless

the six compact 2-cycles lead to the gauging of six independentZ2 subgroups of the full(Z2)8 1-form

symmetry Guralnik (2001). Two are orthogonal to the u(1)s, so that the non-Abelian part of the

gauge group isG = Spin(8)4=[Z2 � Z2], where the denominator is the �diagonal�Z2 � Z2 subgroup

of (Z2)8. As for the Abelian factors, one can choose an appropriate basis for them, such that the

Zdiagonal
2 � Z2 � Z2 subgroup of eachSpin(8) factor is embedded into one of theU(1)s. The full

16 Note that two of these u(1)s come from the 8d N = 1 gravity multiplet. These are always present, though the
embedding of the center from the non-Abelian gauge symmetry into them is model speci�c.
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gauge group is therefore

(Spin(8)4=[Z2 � Z2]) � U(1)4

(Z2)4
�=

Spin(8)4 � U(1)4

(Z2)6 : (2.27)

2.3. Center Symmetries in M-/F-theory Duality

In global, compact F-theory models, there are two equivalent ways to characterize the gauge group

topology: either via the Mordell�Weil group of rational sections Aspinwall and Morrison (1998);

Mayrhofer et al. (2014); Cveti£ and Lin (2018a) (see also Grimm et al. (2016)), or through so-called

(fractional) null junctions Fukae et al. (2000); Guralnik (2001). The purpose of this section is to

relate these ideas to the characterization of the gauge group via higher-form symmetries presented

above. We begin with the string junctions, since these have direct visualizations in terms of relative

cycles in the local setting.

2.3.1. String Junctions

We begin with a brief review of F-theory / type IIB in terms of string junctions. In this picture, the

gauge dynamics are associated to the world-volume of non-perturbative 7-branes, which are classi�ed

by their [p; q]-type. The gauge degrees of freedom on such branes are described by(p; q)-strings,

i.e., bound states ofp fundamental strings and q D1-strings, which can end on a 7-brane of type

[p; q] Gaberdiel and Zwiebach (1998); Gaberdiel et al. (1998). Much like the geometrization of the

axio-dilaton in terms of an auxiliary torus, the (p; q)-labels encode the transformation properties,

or charges, under theSL(2; Z) duality group of 7-branes and strings in type IIB string theory. The

induced SL(2; Z) monodromy around a general[p; q] 7-brane is given by

K [p;q] =

0

B
@

1 + pq � p2

q2 1 � pq

1

C
A : (2.28)

This monodromy transformation is implemented by a branch-cut that emanates from the brane

stack and stretches to in�nity. When an (r; s)-string stretches across this branch-cut its charges

change as indicated in Figure 2.3. This con�guration can be deformed across the brane. As in
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Figure 2.3: Transformation properties of a general(r; s)-string passing through the branch-cut of a
[p; q]-brane.

Hanany�Witten transitions, a new string connected to the brane stack appears, see Figure 2.3.

In F-theory a single [p; q]-brane corresponds to anI 1 �ber singularity. More general �ber degen-

erations can then be understood by stacking several 7-branes on top of each other. In the process

some of the strings stretching between the individual branes become massless and constitute the

gauge theory degrees of freedom on the eight-dimensional brane worldvolume. The overallSL(2; Z)

monodromy is given by the product of the constituents. In this way one can reconstruct the full

list of Kodaira singularities Gaberdiel and Zwiebach (1998); DeWolfe and Zwiebach (1999). This

determines the gauge algebra of the system, but is not enough to provide information about the

gauge group. In the following we will focus on the analysis of compacti�cations to eight dimensions,

where 7-branes are parallel, and in which case global tadpole cancellation requires 24 7-branes with

overall trivial monodromy, whose transverse positions is parametrized by aP1 �= B 2 that is the base

of an elliptically �bered K3-surface.

To gain access to the information of the gauge group one has to analyze the full lattice of string

junctions. Since Gauss' law forbids the presence of asymptotic charges oncompact spaces, all

junctions are either closed, or have prongs ending on 7-brane stacks. In other words, no junction

can be allowed to have a free prong, whose(p; q) label would be so-called asymptotic charges of the

junction. In determining the gauge group, a special role is played by the so-called null junctions.
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They are constructed by encircling all singularities of the compact model, and thus experience no

net monodromy. These junctions have vanishing pairing17 with all other junctions, and can be

viewed as a �trivial� physical state. More precisely, since the null junction encircles all 7-branes, one

can close the loop �on the other side� of theP1, thus removing the string completely. On the other

hand, using the Hanany�Witten transition discussed above one can pull the string through all of the

7-brane stacks, leading to a con�guration of a multi-pronged strings of vanishing asymptotic charge

that ends on the individual stacks. It is obvious that a global null junction can be thought of as

the sum of �local� null junctions, i.e., junctions that encircle one brane stack, and have a prong that

emanates from the circle to connect with other local null junctions. See Figure 2.4 for a schematic

depiction of local null junctions.

Figure 2.4: A local null junction (left) obtained from encircling a brane stack with a string. In
general, it carries an asymptotic charge. Via a Hanany�Witten transition, the null junction can
also be presented as joining prongs from the constituent branes of the stack (middle). One can
connect local null junctions via their asymptotic charges; the global null junctions on a compactP1

have no net asymptotic charge (schematically on the right).

Zooming onto the local patch around a single brane stack, realizing the algebrag with simply-

connected coverGsc, such local null junctions generally carry asymptotic (p; q)asymp charge, rep-

resented by the prong going o� to in�nity on the left of Figure 2.4. If the stack is encircled by a

17 A precise de�nition of the junction pairing is given in DeWolfe and Zwiebach (1999). For the present discussion,
it su�ces to note that this pairing can be identi�ed with the intersection pairing in homology in the dual M-theory
frame.
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(r; s)-string, this charge is

0

B
@

p

q

1

C
A

asymp

= ( K � 1)

0

B
@

r

s

1

C
A � � �

0

B
@

r

s

1

C
A ; (2.29)

where K is the monodromy of the stack. It turns out to be useful to considerall possible charges

(r; s) such that the asymptotic charges(p; q)asymp are integers. For integral(r; s), the resulting null

junction is called a proper, or integer null junction18, whose asymptotic charges are

integer null junctions =

8
><

>:
�

0

B
@

r

s

1

C
A

�
�
�
�
�
�
�

r; s 2 Z

9
>=

>;
= im(� : Z2 ! Z2) : (2.30)

However, with suitably fractional (r; s), one can generate all integer asymptotic charges(p; q)asymp,

if g 6= su(N ); if g = su(N ), then (2.29) generates all integer charges of the form(p;0)asymp, up to

SL(2; Z) conjugacy. If one performs a Hanany�Witten transition for these so-called fractional null

junctions, then the individual prongs on the constituent branes of the stack (as depicted schemati-

cally on the right in Figure 2.4) are in general fractional as well. Clearly, there is always an integer

which multiplies a fractional null junction into an integer null junction. Then, considering the

quotient, we �nd (fractional null junctions)/(integer null junctions) �= coker(� )tors .

For the various brane con�gurations that realize Kodaira �bers, we list the generators of local

fractional null junctions (also known as extended weight junctionsDeWolfe and Zwiebach (1999)),

as well as their fractional prongs ending on the brane constituents of the central brane stack, in

(2.31) DeWolfe and Zwiebach (1999); Guralnik (2001).19 As is evident from this table, we can

identify (fractional null junctions)/(integer null junctions) �= Z (Gsc).

In a global model, the requirement of vanishing asymptotic charge �selects� a subgroup of the

center Z (G(i )
sc ) of the i -th brane stack, represented by a local fractional null junction, which is then

18 Such a junction can be represented by the left panel of Figure 2.4; by making the circle in�nitely large, it is
obvious that integral null junctions decouple from the local gauge dynamics of the brane stack.

19 We denote the fractional prongs ending on the individual constituents according to their ordering in the second
column.
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Kodaira / g branes generating fractional junction(p;q)asymp

I N =su(N ) AN
� 1

N ; : : : ; 1
N

	
(1;0)

II = � AC �

III = su(2) A2C
� 1

2 ; 1
2 ; 0

	
(1;0) ;

� 1
2 ; 1

2 ; � 1
	

(0;1)

IV = su(3) A3C
� 1

3 ; 1
3 ; 1

3 ; 0
	

(1;0) ;
� 1

3 ; 1
3 ; 1

3 ; � 1
	

(0;1)

I �
n� 4 =so(2n) A4+2 nBC

f 0; :::; 0; 1
2 ; 1

2g(1;0)

f 1
2 ; :::; 1

2 ; � n� 1
2 ; 1� n

2 g(0;1)

IV � =e6 A5BC 2 f� 1
3 ; :::; � 1

3 ; 4
3 ; 2

3 ; 2
3g(1;0)

f 1; :::; 1; � 3; � 1; � 1g(0;1)

III � =e7 A6BC 2 f� 1
2 ; :::; � 1

2 ; 2; 1; 1g(1;0)

f 3
2 ; :::; 3

2 ; � 5; � 2; � 2g(0;1)

II � =e8 A7BC 2 f� 1; :::; � 1; 4; 2; 2g(1;0)

f 3; :::; 3 � 11; � 5; � 5g(0;1)

(2.31)

combined with the fractional junctions of other stacks into a global fractional null junction (cf. right

panel of Figure 2.4). The gauge groupGglobal of the full theory then satis�es � 1(Gglobal ) �= (global

fractional null junctions)/(global integer null junctions) Guralnik (2001).

It is important to point out that the null junctions are not actually physical junctions DeWolfe and

Zwiebach (1999), as, by construction, they have vanishing pairing with all other junctions.20 On

the other hand, the asymptotic charge (2.29) is a physical quantity. Hence, the triviality of the

fractional null junction implies that this asymptotic charge, which is carried by the prong stretching

to in�nity in Figure 2.4, must be generated by the prongs emanating from the individual branes.

The latter can be expressed in terms of a fractional linear combination of the root junctions, as we

will demonstrate now.

Let us consider a concrete example of a model withsu(N ) gauge algebra. This is realized by a stack

of N mutually local branes, whoseN � 1 simple roots � a are single-prong strings which stretch

20 Note that the local fractional null junctions have vanishing intersection with all root junctions f � a g in the interior,
hence, they can be thought of as trivial linear maps, f � a g ! Z, induced by the junction pairing.
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between two consecutive branes. In the notation of (2.31), these are

� a = f 0; :::; 0; 1|{z}
a-th

; � 1; 0; :::; 0g: (2.32)

Then, the fractional junction with asymptotic charge (p; q)asymp = (1 ; 0) is

� 1
N ; : : : ; 1

N

	
= f 1; 0; :::; 0g + 1� N

N f 1; � 1; 0; :::g + 2� N
N f 0; 1; � 1; 0; :::g + ::: + 1

N f 0; :::; 1; � 1g

= f 1; 0; :::; 0g +
N � 1X

a=1

a� N
N � a = f 1; 0; :::; 0g +

N � 1X

a=1

(� C � 1)1;a � a ;
(2.33)

whereC is the Cartan matrix of SU(N ). This shows the equivalence between di�erent presentations

of the asymptotic junction
� 1

N ; : : : ; 1
N

	
, as depicted in Figure 2.5 forN = 4 .

Figure 2.5: Schematic depiction of a local contribution to a fractional null junction in terms of a
physical asymptotic junction and a fractional combination of root junctions for A4 stack (which we
depicted as separated for convenience).

Because the null junction itself is trivial, we see that the integral prongs stretching to in�nity, and

which carry the asymptotic charge, are a fractional linear combination of the root junctions:

f 1; 0; :::; 0g '
N � 1X

a=1

(C � 1)1;a� a ; (2.34)

which, up to a sign, takes the same form as the representation (2.24) in terms of the relative
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homology of the elliptic �bration. Moreover, we claimed that the fractional null junctions, modulo

integer null junctions, represent the centerZN . That is, k 2 ZN is represented by the fractional null

junction
� k

N ; :::; k
N

	
. To rewrite this in a non-trivial manner, note that the inverse Cartan matrix

of SU(N ) is Wei and Zou (2017)

(C � 1)ab = min(a; b) �
a b
N

; (2.35)

which satis�es

k (C � 1)1;b = k
b
N

mod Z

= ( C � 1)kb mod Z :
(2.36)

Then, we have

f k; 0; :::; 0g '
N � 1X

a=1

k(C � 1)1;a � a

=
N � 1X

a=1

(C � 1)ka � a + ( root junctions) :

(2.37)

1-form Symmetry Charges from String Junctions

The correspondence between the junction picture and the M-theory description of Section 2.2 is on

the nose, if we identify string junctions with wrapped M2-branes Grassi et al. (2013): a(p; q)-prong

of a string junction corresponds, in the dual M-theory frame, to M2-branes wrapping a 2-cycle that

is the �bration of the 1-cycle

C = pA + qB (2.38)

in the torus �ber over a curve in the baseB . The splitting of this prong into other prongs (pi ; qi )

corresponds to a linear relationC =
P

i pi A + qi B in H1(T2). The prong can also end on a 7-brane,

in which case the cycleC is a vanishing cycle in the singular �ber corresponding to the 7-brane.
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Figure 2.6: The schematic relation, for anI 4 singularity, between string junctions and M2-brane
states that correspond to roots (red) and asymptotic charges (blue).

If a junction has only prongs ending on 7-branes, then these correspond to M2-branes wrapping

compact 2-cycles that stretch between �ber singularities inY , i.e., these de�ne elements inH2(Y ).

In a local model, we have the additional option for a prong to extend to in�nity, and thus leaving

behind an asymptotic charge(p; q)asymp. In the geometry, this then corresponds to a relative cycles

in H2(Y; @Y) whose boundary is given byC = pA + qB � @Y. Similarly, � a 2 H2(Y ) would

have vanishing asymptotic(p; q) charge, and correspond to the root junctions. See Figure 2.6 for a

schematic depiction of both types in case of anI 4 singularity.21

We can now easily identify the geometric counterpart of the local null junctions. The key is that

the asymptotic charges (2.29) of null junction are de�ned by the same monodromy-induced map

� that determines the boundary homology via (2.18). Since the set of possible asymptotic(p; q)

charges correspond to 1-cyclesC = pA + qB on the boundary torus �ber, we immediately see

that coker(� )tors
�= (fractional null junctions)/(integer null junctions). These boundary 1-cycles

are represented in the bulk by the relative 2-cycles (2.23), which mirrors the representation of the

asymptotic junctions in terms of fractional root junctions in (2.34) and (2.37).

Without specifying the exact brane content that is encircled by the null junctions, imposing the

21 Note that we are making use here of the equivalence on elliptic surfaces between blow-up resolution, where one
introduces 2-cycles into the �ber over a point, and deformation smoothing, where the new 2-cycles arise as �brations
of 1-cycles between theI 1 �bers into which a general Kodaira singularity has been deformed into.
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existence of speci�c fractional null junctions can restrict the possibleSL(2; Z) monodromy induced

by the stack. Suppose that one demands the existence of fractional null junctions of the form

0

B
@

r

s

1

C
A =

0

B
@

1
N

0

1

C
A : (2.39)

The requirement of integer asymptotic charge around a stack with monodromyK =
�

a b
c d

�
2

SL(2; Z) then reads

(K � 1)

0

B
@

1
N

0

1

C
A =

1
N

0

B
@

a � 1

c

1

C
A ; (2.40)

leading to the constraintsa = 1 modN , c = 0 modN . Similarly, one can consider the fractional null

junction with (2.39), which encircles the brane stack, and passes its the branch-cut in the opposite

direction. This corresponds to turning the arrow on the left-hand side of Figure 2.4 around. The

associated monodromy is generated byK � 1 and one has

(K � 1 � 1)

0

B
@

1
N

0

1

C
A =

1
N

0

B
@

d � 1

� c

1

C
A ; (2.41)

which yields d = 1 modN . Together with the constraints above this can be summarized as

0

B
@

a b

c d

1

C
A =

0

B
@

1 �

0 1

1

C
A mod N : (2.42)

This means that the allowed monodromiesK are in the congruence subgroup� 1(N ) of SL(2; Z).22

An elliptic �bration Y �! B with such a restricted monodromy is known to preserveN -torsional

points in the �ber Diamond and Shurman (2006), which form torsional sections of� that are also

known to characterize the gauge group topology in F-theory.

22 In compact models, there are interesting implications for the allowed congruence subgroups Dierigl and Heckman
(2021) imposed by the cobordism conjecture McNamara and Vafa (2019); Montero and Vafa (2021).
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2.3.2. F-theory and Torsional Sections

Sections of an elliptic �bration � : Yd ! B form the so-called Mordell�Weil group, with the zero-

section S0 being the neutral element. It is a �nitely generated Abelian group,

MW (� ) = Zs � ZN1 � ZN2 ; (2.43)

whose torsional part can only contain up to two independent generators, whose ordersN t are

bounded by 8 on compact elliptic �brations suitable for F-theory models Hajouji and Oehlmann

(2020) (see Park and Taylor (2012); Lee and Weigand (2019); Grassi and Weigand (2022) for discus-

sions on bounds fors in this context). In compact models, the gauge group is shown to be Aspinwall

and Morrison (1998); Mayrhofer et al. (2014); Cveti£ and Lin (2018a)

G =
� Y

i

Gsc;i � U(1)s
�

=(Zn1 � � � � � Zns � ZN1 � ZN2 ) ; (2.44)

whereGsc;i are the simply-connected non-Abelian groups associated with the gauge algebrasgi from

7-branes / singular �bers over (complex) codimension-one loci inB . The factors Zn i , associated

to one of the s free generators of the Mordell�Weil group, are always embedded in one of theU(1)

factors Cveti£ and Lin (2018a). We will ignore these factors, and focus on the �nite factorsZN t

generated by the torsional sections, which are embedded entirely in the non-Abelian factorsGsc;i

Aspinwall and Morrison (1998); Mayrhofer et al. (2014).

The divisors Ŝ(N ) 2 Hd� 2(Yd) associated to anN -torsional sectionS(N ) satisfy

N
�
Ŝ(N ) � Ŝ0 � � � 1(� )

�
=

X

a

� a� a �
X

i

rank (gi )X

b=1

� i;b � i;b ; with � i;b 2 Z ; (2.45)

where we have re-grouped the resolution divisors� a on the right-hand side into their corresponding

simple non-Abelian algebragi . The term � � 1(� ) denotes a vertical divisor (i.e., pull-back of a base

divisor � ) that depends on the intersection properties between̂S(N ) and Ŝ0, which will not a�ect

the discussion below. This shows that the elements
�
Ŝ(N ) � Ŝ0 � � � 1(� )

�
are torsional up to the
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contribution of the resolution divisors � i;b , which in general dimensions areP1-�bered, with �ber

class
 i;b , over a divisor in B . The coe�cients � i;b are determined by the so-called Shioda map Shioda

(1989); Wazir (2001); Park (2012); Morrison and Park (2012) as follows. The section̂S(N ) intersects

at most one of the rational �bers 
 i;b of the divisors � i;b , say, 
 i;k , once, i.e.,hŜ(N ) ; 
 i;b i = � k;b. Then,

we have

� i;b

N
=

rank (gi )X

c=1

hŜ(N ) ; 
 i;c i (C(i ) )
� 1
cb = ( C(i ) )

� 1
kb ; where (C(i ) )bc = �h � i;b ; 
 i;c i (2.46)

It is the existence of the element
�
Ŝ(N ) � Ŝ0� � � 1(� )

�
2 Hd� 2(Yd) that restricts the global realization

of the gauge group and accordingly the allowed spectrum of charged dynamical �elds. By M-/F-

theory duality, matter states in F-theory descend to M2-branes wrapping 2-cycles, which must have

integer intersection pairing with elements inHd� 2(Yd), the existence of the divisor

�
Ŝ(N ) � Ŝ0 � � � 1(� )

�
= 1

N

X

a

� a� a ; (2.47)

imposes, due to the fractional pre-factors� a
N , non-trivial constraints on the intersection numbers

of 2-cycles with the divisors� a, which in turn determine the g-representation in which the matter

transforms in. Hence, (2.47) can be interpreted as an element in the cocharacter lattice, which

enforces the non-trivial global structure � 1(G) �= cocharacters=coroots Mayrhofer et al. (2014).

While the above results are derived in compact models, the relationship between the monodromy

reduction and the invariant torsion points on the generic �ber exist also in local modelsY . If every

singular �ber induces a monodromy in a congruence subgroup ofSL(2; Z), then, as explained above,

Y has some torsional sections. In a local geometry, sections are non-compact divisors, i.e., sit in

Hd� 2(Y; @Y). A relationship of the form (2.47) then implies that Ŝ(N ) � Ŝ0 represents a torsional

element in Hd� 2(Y; @Y)=f | d� 2(� a)g � � in (2.4).23

23 We have suppressed the vertical part � � 1(� ) here to reduce cluttering. In general, this can be also decomposed
into a compact � � 1(� c) and non-compact piece � � 1(� nc ). The torsional generator for H d� 2(Y; @Y)=im(| d� 2) is then
Ŝ( N ) � Ŝ0 � � � 1(� nc ).
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This can be most easily seen ford = 4 , i.e., F-theory compacti�cations to eight dimensions. Con-

sider, for concreteness, a singleI N �ber, corresponding to g = su(N ). In this case,� a = 
 a, and the

generic �ber f, which satis�es hf; fi = hf; � ai = 0 , form a basis ofH2(Y4). The monodromy around

the �ber preservesN -torsional points, which in the (resolved) I N �ber are situated on one of theN

�ber components (� a and the a�ne component, � 0 := f �
P N � 1

a=1 � a) each. By ��bering� each point

over the non-compact baseB , we obtain a non-compact 2-cycleŜ(N )
k . That is, they each de�ne a

class inH2(Y4; @Y4) �= Hom(H2(Y4); Z), characterized by the �intersection� with � a, Ŝ(N )
k : � a 7! � a;k

for 0 � a; k � n � 1, which also impliesŜ(N )
k (f) = 1 for any k. Note that the zero-section is the one

meeting the a�ne node, i.e., Ŝ0 = Ŝ(N )
0 . With h� a; � bi = � Cab, it is straightforward to check that,

for k 6= 0 ,

N � 1X

b=1

(C � 1)kb h� b; � ai = � k;a =
�

Ŝ(N )
k � Ŝ0

�
(� a) ; a = 1 ; :::; N � 1;

N � 1X

b=1

(C � 1)kb h� b; fi = 0 =
�

Ŝ(N )
k � Ŝ0

�
(f) ;

(2.48)

showing that

Ŝ(N )
k � Ŝ0 =

N � 1X

b=1

(C � 1)kb| {z }
� � b=n

h� b; �i 2 Hom(H2(Y4); Z) �= H2(Y4; @Y4) : (2.49)

The coe�cients � b are precisely as de�ned in (2.46); since(� C) � 1 is the inverse Cartan matrix of

SU(N ), N -times any of its entries is integral, thus showing (2.45).24 Since h� c; �i = | d� 2(� c) in

(2.8), relations of the sort (2.45) directly identify the torsional section (more precisely, the linear

combination Ŝ(N )
k � Ŝ0) as a representative higher-form symmetry charges (2.24). Note that this

expression also agrees with the relationship between the asymptotic and root junctions (2.37),

serving as further proof that the two concepts are equivalent.

24 For non-compact elliptic surfaces, the vertical part � � 1(� ) �= m � f for some m 2 Z always de�nes a trivial map,
hf; �i = 0 2 Hom(H 2(Y4); Z).
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Torsional Sections in the Boundary Homology

A relationship of the form (2.49) implies that the 2-cycle Ŝ(N )
k � Ŝ0 maps to a torsion element in

H2(Y4; @Y4)=im(| 2) �= im(@2) � H1(@Y). To see this explicitly, consider the points,ztors and z0,

marked by the two sectionsS(N )
k and S0, respectively, on a referenceT2 �ber fp of the boundary

�bration @Y! @B �= S1. Then, ztors traces out the 1-cycle@2(Ŝ(N )
k ) = Ŝ(N )

k j@Y on @Y, as we move

it through the family of �bers over the base S1; the same applies toz0 tracing out @2(Ŝ0) = Ŝ0j@Y.

In any individual �ber, the two points are homologous. But, by encircling the base S1 once, the

monodromy K �twists� the section S(N )
k around the zero-section. This twist corresponds to the

1-cycle
�
Ŝ(N )

k � Ŝ0
� �
�
@Y = C 2 H1(@Y).

To quantify this twist, we can use the standard presentation of the torus asC=(m � p + n), with

z0 7! 0, where � p is the complex structure of the torus fp. Then, every point on the torus can be

represented as( x
y ) � x � p + y + ( m � p + n) with 0 � x; y < 1. The monodromy map K acts via

matrix multiplication, ( x
y ) 7! K ( x

y ), which �xes z0 = ( 0
0 ). In the covering spaceC of the torus, this

de�nes a translation by (K � 1) ( x
y ), which on the quotient C=(m � p + n) corresponds to a 1-chain

C.

Being preserved under the monodromy now precisely means thatztors � ( x t
yt ) maps onto itself in

C=(m � p + n). That is, the chain C = aA + bB is a 1-cycle on fp, expressed in terms of theA and

B cycles, with coe�cients given by (K � 1) ( x t
yt ) = ( a

b ) with a; b 2 Z. Finally, the fact that ztors

is an N -torsional point means that (x t ; yt ) = ( �=N; �=N ) for some�; � 2 f 0; :::; N � 1g (see, e.g.,

Diamond and Shurman (2006)).25 Therefore, we see fromN ( a
b ) = ( K � 1)

�
Nx t
Ny t

�
= ( K � 1) ( �

� )

that N C 2 im(K � 1) = im(� ). From (2.20), we see thatC =
�
Ŝ(N )

k � Ŝ0
� �
�
@Y indeed represents an

N -torsional element in coker(� ) � H1(@Y).

25 By de�nition, the Mordell�Weil group law for sections in elliptic �bration is just the �berwise addition of points,
the latter of which can be represented as the �usual� addition in C=(m� p + n). This makes the given presentation of
the torsion points apparent.
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2.4. Anomalies of 1-Form Center Symmetries in M-theory

The defect group structure represents an 't Hooft anomaly between the electric 1-form and mag-

netic (D � 3)-form symmetry Freed et al. (2007a,b); Albertini et al. (2020). Another such poten-

tial anomaly involving the 1-form center symmetry arises in spacetime dimensionD � 5 Apruzzi

et al. (2022b); Cveti£ et al. (2020); Benetti Genolini and Tizzano (2021), as a generalization of the

�anomaly in the coupling-space� Córdova et al. (2020a,b) inD = 4 , where a non-trivial background

�eld for the 1-form center symmetry a�ects the periodicity of the theta angle Aharony et al. (2013).

In D � 5 dimensions, this turns into a genuine mixed 't Hooft anomaly between 1-form center

symmetries and(D � 5)-form U(1)I instanton symmetries.26

In this section, we discuss the origin of the anomaly in gauge theories from M-theory compacti�ca-

tions on Calabi�Yau spacesYd (dimR Yd � d = 4 ; 6). As we will see, one way to derive the anomaly

is to reduce the 11d Chern�Simons term in the presence of boundary �uxes that parametrize the 1-

form symmetry background. Similar to the discussion in Section 2.2, the computation is performed

in the Abelian phase, i.e., on the Coulomb branch of theN = 1 gauge theory in 7d or 5d, which

corresponds to a desingularized internal spaceYd. We then interpret the result in the singular /

non-Abelian limit, as well as in cases that admit an 8d / 6d F-theory description. Note that there

could be counterterms / topological sectors which (partly) cancel this anomaly �eld-theoretically.

These will not be captured by our analysis of the Chern�Simons term in the presence of boundary

�uxes, but could manifest in other aspects of the M-theory geometry, see Apruzzi et al. (2022c) for

a recent discussion.

2.4.1. Background Fields for 1-Form Symmetries in M-theory

Consider M-theory on a spacetimeM = M 11� d � Yd, where the d-dimensional �internal� spaceYd

is non-compact with asymptotic boundary @Yd. Assuming that M 11� d has a topologically trivial

boundary, boundary �uxes of the M-theory 3-form potential C3 are then encoded in �uxes on@Yd.

26 The anomaly restricts possible gaugings of center symmetries � i.e., it a�ects physically allowed global gauge
groups � whenever U(1) I must be gauged for consistency Apruzzi et al. (2022b); Cveti£ et al. (2020).
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More precisely, dual to (2.3), there is a long exact sequence,

: : : ! H n (M ; @M )
|̂ �
n! H n (M )

{̂�
n! H n (@M ) ! H n+1 (M ; @M ) ! : : : (2.50)

involving the relative cohomology H n (M ; @M ). A non-trivial boundary �ux of C3 corresponds to

an element in im(̂{�4) � H 4(@M ), where {̂�n is the map on n-forms induced by the natural inclusion

{̂ : @M ! M , and is the cohomological version of{n in (2.3). With M = M 11� d � Yd and the

assumption that M 11� d is closed, i.e.,@M = M 11� d � @Yd, the boundary �uxes are encoded in the

map

H 4(M ) �=
M

p+ q=4

H p(M 11� d) 
 H q(Yd)
{�
4�!

M

p+ q=4

H p(M 11� d) 
 H q(@Yd) �= H 4(@M ) ;

F 
 ! 7! F 
 {�q(! ) ;

(2.51)

with {�q : H q(Yd) ! H q(@Yd) the analogous map in the long exact sequence (2.50) associated to the

relative cohomology for@Yd � Yd.

In the following, we focus onp = q = 2 , as gauge �eldsAa in M 11� d arise from the Kaluza�Klein

decomposition of the M-theory 3-form potential,

C3 = C(M )
3 +

X

wa 2 H 2 (Yd )

Aa ^ wa ; (2.52)

where C(M )
3 is a 3-form in M 11� d. If we only include wa = | �

2(! a) 2 H 2
cpt (Yd) � im(| �

2) = ker({�2)

with compact support, the associatedAa's correspond to the Cartan U(1)s of dynamical gauge

symmetries. The �ux, or the �eld strength, of such a con�guration is then

G4 = G(M )
4 +

X

! a 2 H 2 (Yd ;@Yd )

Fa 
 | �
2(! a) ; (2.53)

where Fa represents the �rst Chern-class of a line bundle inH 2(M 11� d), and corresponds to the

�eld strength of the gauge �eld Aa. In the following, we will assumeG(M )
4 = 0 , as we are only
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interested in contributions to 2-form backgrounds inM 11� d.

Non-trivial �boundary� �uxes are labelled by elements in H 2(Yd)=im(| �
2) = H 2(Yd)=ker({�2) �=

im({�2) � H 2(@Yd) Morrison et al. (2020). They can be represented by classes~! k 2 H 2(Yd) with

{�2(~! k ) 6= 0 . �Turning on� these boundary �uxes means that we include additional terms

G4 =
X

a

Fa 
 | �
2(! a) +

X

k

Bk 
 ~! k : (2.54)

These additional terms can be related to the electrically and magnetically charged objects, (2.2) and

(2.4), of the higher-form symmetry. By virtue of the commutative diagram via Poincaré�Lefschetz

duality (see, e.g., Hatcher et al. (2002)),

: : : H 1(@Yd) H 2(Yd; @Yd) H 2(Yd) H 2(@Yd) : : :

: : : Hd� 2(@Yd) Hd� 2(Yd) Hd� 2(Yd; @Yd) Hd� 3(@Yd) : : :

d1

�=

| �
2

�=

{�
2

�= �=

{d� 2 | d� 2 @d� k

(2.55)

we haveH 2(Yd)=im(| �
2) �= Hd� 2(Yd; @Yd)=im(| d� 2) = � mag.

�= Zf � � from (2.11).

Thus, the additional terms Bk 
 ~! k in G4 arrange into

H 2(M 11� d) 
 (Zf � �) �= H 2(M 11� d) 
 f � H 2(M 11� d; �) : (2.56)

Contributions in H 2(M 11� d) 
 f correspond to background gauge �elds of �avor symmetries inM 11� d.

As they are in the free part of H 2(@Yd) �= Hd� 3(@Yd), they have trivial linking pairing 27 with any

other boundary �ux, and hence commutes with any other �ux background. We will return to these

backgrounds later, and �rst focus on the torsional part H 2(M 11� d; �) , which physically correspond

to background �elds for global 1-form � symmetries in M 11� d.

Turning on a background �ux in H 2(M 11� d; �) 3 b � B 
 ~! corresponds to atorsional internal �ux

~! t 2 � � H 2(Yd)=ker({�2), i.e., {�2(~! t ) 6= 0 2 H 2(@Yd), but N ~! t 2 ker({�2) = im(| �
2) for someN 2 N0.

27 This is dual to the pairing (2.5) in the boundary homology.
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This means that there is an integer linear combination

N ~! t =
X

a

(S� 1)ta | �
2(! a) �

X

a

� a | �
2(! a) ; (2.57)

which is Poincaré-dual to the homology relation (2.12). Since~! t is only de�ned modulo ker({�2) =

im(| �
2), we can restrict � a 2 f 0; :::; N � 1g. Thus, we can formally write

G4 =
X

a

Fa 
 | �
2(! a) + B 
 ~! t =

X

a

�
Fa +

� a

N
B

�

 | �

2(! a) ; (2.58)

which can be interpreted as aN -fractional shift of the Cartan �uxes by the 1-form symmetry. This

interpretation agrees with the �eld theoretic description of 1-form symmetry transformation in the

Abelian phase of the gauge theory Hsin et al. (2019); Córdova et al. (2020b). Note that only the

N -fractional part of the shift to the Cartan �uxes in (2.58) is well-de�ned, since the boundary �ux

~! t is only de�ned modulo H 2
cpt (Yd).

The presentation (2.58) has the advantage that we can �straightforwardly� perform the usual KK-

reduction of the M-theory Chern�Simons term

1
6

Z

M
C3 ^ G4 ^ G4 : (2.59)

By that, we mean that the integral is strictly speaking only de�ned for compactly supported co-

homology forms on non-compact spaces. Presumably, a mathematically more rigorous de�nition

of this coupling in terms of di�erential cohomology classes Witten (1997, 2000); Belov and Moore

(2006a,b); Fiorenza et al. (2015, 2013), which we will not attempt to utilize here, can encompass

contributions from both compactly supported and boundary �uxes. For the N -torsional �uxes that

parametrize the 1-form symmetry backgrounds, (2.58) allows us to circumvent this process and eval-

uate the integrals of products of the compactly supported 2-forms| �
2(! a), albeit with the fractional

coe�cients. As we will see, this approach is su�cient to derive the fractionalization, i.e., a fractional

shift of the instanton density of gauge theories in the presence of a 1-form symmetry background

that matches �eld theory results.
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2.4.2. Compacti�cation to 7d

Let us apply the above results todim Yd � d = 4 , i.e., M-theory compacti�ed to seven dimensions.

In the case the ansatz (2.52) forC3 includes only compactly supported �uxes in Y4, the reduction

of the 11d Chern�Simons term (2.59) produces the term

1
6

Z

M 11

C3 ^ G4 ^ G4 =
1
2

X

a;b

Z

M 7

C(M )
3 ^ Fa ^ Fb �

Z

Y4

| �
2(! a) ^ | �

2(! b) ; (2.60)

where the factor of 3 comes from the assumption that the boundary of the 7d spacetimeM 7 is

trivial, allowing for Stoke's theorem on G(M )
4 = dC(M )

3 . If Fa are the Cartan u(1)s of a non-Abelian

gauge symmetryg in M 7, then
R

Y4
| �
2(! a) ^ | �

2(! b) � � Cab is the (negative) Cartan matrix of G.

Moreover, it coincides with the matrix M ai in (2.9), where the basis� a 2 Hd� 2(Y4) = H2(Y4) and


 i 2 H2(Y4) is formed by the 2-cycles dual to! a 2 H 2(Y4) in both cases. In the non-Abelian limit

(i.e., when we blow-down the compact curves dual to! a in Y4), this term produces the 7d-coupling

X

a;b

Z

M 7

(� Cab)
2

C(M )
3 ^ Fa ^ Fb !

Z

M 7

C(M )
3 ^ Tr (F 2) (2.61)

between the instanton density Tr(F 2)28 of G and the 3-form C(M )
3 .

Including an N -torsional boundary �ux ~! t , and its fractional shift (2.58) it induces on the Cartan

u(1)s, the coupling becomes29

X

a;b

(� Cab)
2

Z

M 7

C(M )
3 ^

�
Fa +

� a

N
B

�
^

�
Fb +

� b

N
B

�

=
X

a;b

Z

M 7

Cab C(M )
3 ^

�
1
2

Fa ^ Fb +
� a

N
Fb ^ B +

� a� b

2N 2 B ^ B
�

:
(2.62)

28 The trace is normalized such that a 1-instanton con�guration integrates to an integer over any integer 4-cycle in
M 7 .

29 We have implicitly used the �continuum description� Kapustin and Seiberg (2014); Gaiotto et al. (2015, 2017)
for the 1-form background gauge �eld B as an ordinary di�erential form, for which the wedge product makes sense.
Regarding B 2 H 2(M D ; �) as a di�erential cohomology class, one should replace B ^ B by the Pontryagin square
operation P (B ).

49



With � Cab � M ab in (2.9), we see from (2.13) that

X

a

Cab
� a

N
=

X

a;c;j

Sac Dcj Tjb
(S� 1)ta

N
=

X

j

D tj Tjb

N
=

nt

N
Ttb = Ttb 2 Z ; (2.63)

becauseN � nt is the torsion order of the boundary �ux ~! t that we turned on. This means that

the cross termsC(M )
3 ^ Fb ^ B in (2.62) actually have integer coe�cients.

SinceFa and B are all integer 2-forms (more precisely, 2-cocycles) inM 7, we see that a non-trivial

1-form symmetry background corresponding to~! t leads to a shift

X

a;b

� Cab

2
Fa ^ Fb +

X

a;b

(� Cab)
� a � b

2N 2 B ^ B + integer contributions : (2.64)

In the non-Abelian limit, the instanton coupling (2.61) thus becomes

Z

M 7

C(M )
3 ^ Tr (F 2) !

Z

M 7

C(M )
3 ^

�
Tr (F 2) +

1
2N

X

a;b

(� Cab)
� a� b

N
| {z }

= �
P

b Ttb (S� 1 ) tb 2 Z

B ^ B + integer 4-form
�

:

(2.65)

This fractional shift leads to an 't Hooft anomaly between the 1-form center symmetry, and the large

gauge transformations of theU(1) symmetry C(M )
3 ! C(M )

3 + � (M )
3 , where � (M )

3 is a closed 3-form

Apruzzi et al. (2022b); Cveti£ et al. (2020); Benetti Genolini and Tizzano (2021). WhileC(M )
3 is a

background �eld in 7d when gravity is decoupled, in supergravity, it becomes the dynamical �eld

dual of the anti-symmetric 2-tensor in the gravity multiplet, and as such must enjoy an unbroken

U(1) symmetry. A mixed anomaly with a 1-form symmetry thus prevents the gauging of this 1-

form symmetry, and thus restricts possible� 1(G), if the 1-form symmetry corresponds to a center

symmetry. It is straightforward to uplift this to term and the anomaly to 8d, where C(M )
3 now

becomes a 4-form gauge potentialB4 coupling to the instanton density, with analogous implications

for global gauge group structures in 8d supergravity Cveti£ et al. (2020).

50



Example Consider M-theory on Y4 = C2=ZN , which gives rise to a 7d theory withG = SU(N ).

The corresponding exact sequence in relative homology (2.55) collapses in this case to a short exact

sequence (see, e.g., García-Etxebarria et al. (2019)),

0 �! H2(Y )
| 2�! H2(Y; @Y)

@2�! H1(@Y) ! 0;

with H2(Y; @Y) �= Hom(H2(Y ); Z) ; H1(@Y) �= ZN :
(2.66)

For Y4 = C2=ZN , it is well-known that H2(Y ) is spanned byN � 1 P1's (P1
a, a = 1 ; :::; N � 1), which

intersect each other in the form of anSU(N ) Dynkin diagram, that is,

Cab = hP1
a; P1

bi =

0

B
B
B
B
B
B
B
B
B
B
@

� 2 1 0 : : : 0

1 � 2 1
. . . 0

0 1 � 2
. . .

...
...

. . . . . . . . .

0 0 : : : 1 � 2

1

C
C
C
C
C
C
C
C
C
C
A

: (2.67)

A Smith decomposition C = SDT yields

S =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 : : : 1 : : : : : : 1
... 2 2 : : : : : : 2

1 2 3 : : : : : : 3
...

... 3
. . .

...
...

...
... N � 2 N � 2

1 2 3 : : : N � 2 N � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

� 1

; T =

0

B
B
B
B
B
B
B
B
B
B
@

1 0 : : : 0 1

0 1
. . .

... 2
...

. . . . . .
...

0 0 : : : 1 N � 2

0 0 : : : 1

1

C
C
C
C
C
C
C
C
C
C
A

;

D = diag[� 1; � 1; : : : ; � 1; � N
| {z }

N � 1

] ;

(2.68)

con�rming Tor (H2(Y; @Y)=im(| 2)) �= ZN = H1(@Y) in (2.66), corresponding to the(N � 1)-th entry

in the diagonal matrix D . Hence, the coe�cients in (2.65) are

� a = ( S� 1)N � 1;a = a : (2.69)
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As a cross check, we �nd the standard identity forSU(N ) Cartan matrices,

N � 1X

a=1

(� Cab)
� a

N
=

N � 1X

a=1

(� Cab)
a
N

=

8
>><

>>:

0 2 Z ; b = 1 ; :::; N � 2;

1 2 Z ; b = N � 1:
(2.70)

Thus, a background �ux B for the ZN 1-form symmetry induces shift (2.58) of the Cartan �uxes

given by

Fa ! Fa +
a
N

B (2.71)

which agrees with the action of the 1-form symmetry in the maximally Abelian phase of the gauge

theory Hsin et al. (2019); Córdova et al. (2020b). Moreover, it also leads to the fractional shift

1
2N

N � 1X

a;b=1

(� Cab)
� a� b

N
B ^ B =

N � 1
2N

B ^ B ; (2.72)

to the instanton density (2.65). This agrees with the �eld theoretic results about the fractionality of

SU(N ) instantons in the presence of a 1-form center background �eld Kapustin and Seiberg (2014);

Gaiotto et al. (2015, 2017); Hsin et al. (2019); Córdova et al. (2020b).

Models with F-theory uplift The result (2.65) applies, mutatis mutandis, to M-theory on

elliptically �bered Y4. These models can be interpreted as anS1-reduction of F-theory compacti�ed

on Y4. If this 8d theory has gauge symmetryg, then, in 7d, there are rank(g) + 1 compact 2-cycles

� a 2 H2(Y4). The additional 2-cycle is the generic �ber f of � : Y4 ! B2, and gives rise to the

vector multiplet in 7d obtained by integrating the Ramond-Ramond 2-form �eld in 8d 30 over the

S1. Becausef has intersection number 0 with any compact 2-cycle inY4, it does not contribute to

the Chern�Simons term (2.60). In the presence of a boundary �ux, the shifted 7d Chern�Simons

terms (2.65) thus are equivalent to a fractional shift of theG-instantons inherited from an 8d 1-form

background �eld.

30 In a type IIB description, this 2-form �eld is the reduction of the 10d RR-�eld C4 on the baseB2 .
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As a concrete example, considerY4 the neighborhood of anI N �ber, which realizes an su(N ) gauge

symmetry in 8d F-theory. The set of compact curves,f � ag, a = 1 ; :::; N , intersect in the a�ne

SU(N ) Dynkin diagram:

h� a ; � bi =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

0

C
...

0

1

1 0 : : : 0 1 � 2

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
@

0

S� 1
...

0

� 1 : : : � 1

1

C
C
C
C
C
C
C
C
A

0

B
@

D 0

0 0

1

C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 2

� 3

T
...

1 � N

� 1

0 : : : 0 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; (2.73)

with the (N � 1) � (N � 1) matrices (S; D; T ) given in (2.68). As expected,| 2((S� 1)N;b � b) =

�
P N

a=1 � a = � f has trivial intersection with any compact 2-cycle� c. The remaining N � 1 2-cycles

gives rise to the same structure as thesu(N ) example fromY4 = C2=ZN above, with the N -torsional

boundary �ux given by ~� t = 1
N (S� 1)N � 1;c � c =

P N � 1
c=1

c
N � c. Analogously, the fractional shift of the

instanton density of the SU(N ) symmetry is (2.72), which is the same as the shift in 8d Cveti£

et al. (2020).

2.4.3. Compacti�cation to 5d

In compacti�cations on Y6 to �ve dimensions, a reduction analogous to (2.62) of the M-theory

Chern�Simons term with the ansatz (2.52) give rise to the 5d Chern�Simons terms Cadavid et al.

(1995); Ferrara et al. (1996a,b)

1
6

X

�;�;


Z

M 5

K ��
 A � ^ F� ^ F
 : (2.74)

When we only consider dynamical gauge �elds in 5d spacetime (for which we use Latin indices

(�; �; 
 ) ! (a; b; c)), the internal piecesw�;�;
 in (2.52) are all compactly supported 2-forms| �
2(! a).

In this case, the coe�cients K abc =
R

Y6
| �
2(! a) ^ | �

2(! b) ^ | �
2(! c) have a natural interpretation as the

integral of products of compactly supported 2-forms, or, dually, as intersection number of 4-cycles
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� a 2 H4(Y6). Physically, K abc encode the Coulomb branch dynamics of the e�ective 5d gauge theory

Morrison and Seiberg (1997); Intriligator et al. (1997).

In the following, we are interested in the terms with ! � � ~! I 2 H 2(Y6) �xed, such that {�2(~! I ) 2

Zf � H 2(@Y6) (cf. formula (2.56)), and let the indices(�; 
 ) ! (b; c) run over compactly supported

2-forms that span the Cartan subgroup of the gauge groupG. As stated above, ~FI 
 ~! I corresponds

to a background Cartan U(1)I �ux of the global 0-form symmetries. Since the Poincaré�Lefschetz-

dual 4-cycle is a relative homology class, PD(~! I ) = � I 2 H4(Y6; @Y6), that is not in the image

of | 4, it may be regarded as a non-compact 4-cycle inY6. In general, the corresponding Chern�

Simons coe�cients K Ibc encode mass parameters of theG gauge theory Je�erson et al. (2018).

Crucially, the global 0-form symmetry include U(1) factors that charge the instanton particles

of the G gauge theory, which can enhance the �avor symmetry (the part of the global symmetry

charging hypermultiplets of the e�ective gauge theory) at the UV �xed point Seiberg (1996). For our

discussion, we focus on the e�ective gauge theory phase, in which~! I corresponds to an instantonic

U(1)I global symmetry, rather than a Cartan U(1) of the (classical) �avor symmetry.

Passing, for convenience, to the Poincaré�Lefschetz-dual homology description, we have PD(! b;c) =

� b;c 2 H4(Y6), and we can form the intersection product� b � � c � 
 bc 2 H2(Y6), which yields a

2-cycle in Y6. On the other hand, ~! I 2 H 2(Y6)=im(| �
2) is represented by an element inH 2(Y6),

which we abusively also denote by~! I . Then PD(~! I ) = � I 2 H4(Y6; @Y6) �= Hom(H2(Y6); Z). This

now gives a straightforward way to �de�ne� K Ibc = � I (
 bc).

In the 5d Chern�Simons terms (2.74), turning on the 1-form symmetry background (2.58) leads to

1
6

X

�;�;


Z

M 5

K ��
 A � ^ F� ^ F
 �
1
2

X

b;c

Z

M 5

K Ibc A I ^ Fb ^ Fc

�!
1
2

X

b;c

Z

M 5

K Ibc A I ^
�

Fb ^ Fc +
2� b

N
Fc ^ B +

� b� c

N 2 B ^ B
�

:
(2.75)

To match this with the �eld theory results, one needs to show that the cross termsFc^ B again have

integer coe�cients. Arguing for the integrality analogously to the 7d case requires the intersection
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pairing between the basis of(d � 2)- and 2-cycles. However, the spacesH4(Y6) and H2(Y6) are in

general very di�erent, and the intersection product H4(Y6) � H4(Y6) ! H2(Y6) depends on details

of Y6. As such, it is di�cult to make a general argument that applies to all geometries. Instead, we

will look at concrete examples, where we can calculate (2.75) explicitly.

Examples with 5d UV Fixed Point

Let us illustrate this �rst in a simple example, namely, for the rank one 5dN = 1 theory with gauge

symmetry G = SU(2), theta angle � = 0 , and no matter. The latter two conditions ensure that the

1-form Z2 center symmetry is not explicitly broken by any matter or instanton particles Morrison

et al. (2020); Albertini et al. (2020). This gauge theory has as (continuous) global 0-formU(1)

instanton symmetry, which enhances to anSU(2) at the UV �xed point Seiberg (1996); Morrison

and Seiberg (1997); Intriligator et al. (1997). The (non-compact) Calabi�Yau threefold Y6 that

describes this theory via M-theory is local neighborhood of anF0
�= P1 � P1 � � surface, which

generatesH4(Y6) �= Z. Furthermore, H2(Y6) �= Z2 is generated by twoP1s, 
 1 and 
 2, inside � ,

with intersection pairing h�; 
 1i = h�; 
 2i = � 2. The corresponding Smith decomposition (2.9) is

simple,

(� 2; � 2) = (1)( � 2; 0)

0

B
@

1 1

0 1

1

C
A ; (2.76)

implying that � 1 = � 1 + � 2 = 1
2 | �

2(� ) is the generator of the� �= Z2 1-form symmetry backgrounds

(and so� b � � � = 1 and N = 2 in (2.75)). Meanwhile, the �non-compact divisor� � I 2 H4(Y6; @Y6) �=

Hom(H2(Y6); Z) corresponding to theU(1)I global symmetry is given by

� I = � 2 : H2(Y6) ! Z ; a1
 1 + a2
 2 7! a2 : (2.77)

Additionally, we need � � � = � 2(
 1 + 
 2). This means that K Ibc � K I;�;� = � I (� � � ) = � 2.

In the presence of theZ2 1-form symmetry background, the shifted Chern�Simons term (2.75) then
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becomes

1
2

Z

M 5

X

b;c

K Ibc A I ^
�

Fb ^ Fc +
2� b

N
Fc ^ B +

� b� c

N 2 B ^ B
�

= �
Z

M 5

A I ^
�

F� ^ F� + F� ^ B +
1
4

B ^ B
�

non-ab. limit�! �
Z

M 5

A I ^
�

Tr (F 2
SU(2) ) +

1
4

B ^ B + integer terms
�

:

(2.78)

The mixed 't Hooft anomaly between U(1)I and the center 1-form symmetry ofSU(2) resulting

from this fractional shift of the instanton density indeed agrees with expectations from �eld theory

Benetti Genolini and Tizzano (2021).

Note that this geometric computation is strictly speaking only valid on the Coulomb branch of the

5d theory. While the extrapolation to the sublocus, where we have an e�ective non-Abelian gauge

theory, agrees with previous work, our approach cannot preclude a cancellation of this anomaly

through a topological sector which is hidden on the Coulomb branch. Indeed, recent work Apruzzi

et al. (2022c) suggests the existence of such sectors on the Higgs branch, which geometricly can

only be accessed by passing through the strongly-coupled SCFT point via deformation. Because of

this, we do not make any claims about how anomaly lifts to the UV theory.

In general, there is no reason to expect that modi�cations from the e�ective �eld theory expectations

can only arise from the Higgs branch. Indeed, certain UV-e�ects can also be found on the Coulomb

branch, which indicates a more subtle e�ect of turning on 1-form symmetry backgrounds in the

SCFT. For that, we consider setups realizing pureSU(N � 3)k gauge theories with Chern�Simons

level 2 � N < k < N � 2. These theories have anZgcd(N;k ) 1-form symmetry, and rank f = 1

global symmetry given by the instantonic U(1)I Morrison et al. (2020); Albertini et al. (2020). A

possible M-theory geometry is a local Calabi�Yau neighborhoodY6 of N � 1 Hirzebruch surfaces

� a
�= Fna that intersect transversely in a chain. Leaving the detailed computation to appendix B.2,
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we present here the shift of the Chern�Simons terms by theZgcd(N;k ) -torsional boundary �ux:

1
2

X

a;b

Z

M 5

K Iab A I ^
�

Fa ^ Fb +
� a� b

gcd(N; k )2 B ^ B
�

=
Z

M 5

0

@
X

a;b

Q22

2
(� Cab)A I ^ Fa ^ Fb �

Q21(N + k)
2

A I ^ FN � 1 ^ FN � 1

1

A

+
Z

M 5

N � 1
2N

`2
�

Q22 � Q21(N + k)
N � 1

N

�
A I ^ B ^ B ;

(2.79)

where ` = N=gcd(N; k ) mod N is the generator of theZgcd(N;k ) � ZN subgroup of the center of

SU(N ). The coe�cients Q22 and Q21 are integers �xed by a Euclidean Algorithm on (N; k � N ):

gcd(N; k � N ) = gcd(N; k ) = Q22N � Q21(k � N ) : (2.80)

This result does not immediately agree with the expectations from the e�ectiveSU(N )k gauge

description. Neglecting the contribution proportional to Q21A I ^ FN � 1 ^ FN � 1 above, one would

interpret the �rst term,
P

a;b
Q22

2 (� Cab)A I ^ Fa ^ Fb, as the Coulomb branch expression ofA I ^

(Q22Tr (F 2)) . That is, instanton density of SU(N ) is coupled to U(1)I with charge Q22. Then �

again neglecting the term proportional to Q21 � the last line in (2.75) would precisely correspond

to the fractional shift of SU(N )=Zgcd(N;k ) instantons. Thus, the Q21-terms are expected to be non-

perturbative corrections to the e�ective SU(N )k gauge description. Furthermore, we have not fully

explored the invariance of (2.80) under
�
Q12; Q22

�
!

�
Q21 + m N

gcd(N;k ) ; Q22 + m k� N
gcd(N;k )

�
, though

this seems to be related to a rede�nition of the generator forU(1)I , cf. (B.26). To gain a better

understanding of these terms, it would be instructive to �nd a �eld theoretic description of such

non-perturbative corrections, and/or verify the geometric result from another construction of the

5d SCFT that is the UV-completion of the SU(N )k gauge theory.

5d KK-Theories and 6d Anomalies

If Y6 is elliptically �bered (over a Kähler manifold B 4), then M-theory on Y6 gives rise to a so-

called 5d KK theory. The UV-completion of such a gauge theory is not a genuine 5d SCFT, but

rather a 6d SCFT on an S1 (hence the name). In this reduction, the 5d 1-form symmetry receives
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contributions from both 1-form and 2-form symmetries in 6d Morrison et al. (2020). Moreover, the

instanton density of the 6d gauge symmetry couples via a Green�Schwarz mechanism to dynamical

tensor �elds, which on an S1 reduce to vector multiplets associated to additionalU(1) (0-form)

gauge symmetries in 5d. Therefore, in the 5d KK-theory, the 6d mixed anomaly between the 1-form

symmetry and the large gauge transformations of tensor �elds Apruzzi et al. (2022b) are encoded

in the Chern�Simons terms K abc involving three compact divisors.

For an example, consider the 6d non-HiggsableSU(3) theory. The corresponding 5d KK-theory is

M-theory compacti�ed on an elliptically �bered � : Y6 ! B 4, given by the Calabi�Yau neighborhood

of three intersecting F1 surfaces Del Zotto et al. (2017):31

� 1
�= F1 F1

�= � 2

� 3
�= F1

e

e e : (2.81)

The intersection � 1 � � 2 = � 2 � � 3 = � 1 � � 3 = e is the (� 1)-curve in each� a, which is the section

of the P1-�bration on � a with �ber f a. The generic elliptic �ber is f = f 1 + f 2 + f 3 in homology.

Thus, all � a are �bered over the same genus-0 curveC � B4, which has self-intersection number

� 3 inside B 4. Furthermore, � a � � a = � 2(e+ 3 f a).

A basis of H2(Y6) is given by 
 i 2 f f 1; f 2; f 3; eg. From the intersection matrix,

M ai = h� a ; 
 j i =

0

B
B
B
B
B
@

� 2 1 1 � 1

1 � 2 1 � 1

1 1 � 2 � 1

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

1 1 0

1 2 0

1 1 1

1

C
C
C
C
C
A

� 1

| {z }
S � 1

0

B
B
B
B
B
@

� 1 0 0 0

0 � 3 0 0

0 0 � 3 0

1

C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
@

1 1 � 2 2

0 1 � 1 1

0 0 0 1

0 0 1 � 1

1

C
C
C
C
C
C
C
C
A

| {z }
T

; (2.82)

we see that the surfaces� 1;2 form the Cartan U(1)s of the SU(3) gauge symmetry, whoseZ3 1-form

31 The basis of 2-cycles on eachF1 surface is f f; e g, which on F1 intersect as e � e = � 1; e � f = 1 ; f � f = 0 .
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center symmetry is encoded in the boundary �ux (cf. (2.12))

~� t =
1
3

X

a

� a| 4(� a) �
1
3

X

a

(S� 1)2;a| 4(� a) =
1
3

(| 4(� 1) + 2 | 4(� 2)) : (2.83)

The additional dynamical U(1)d gauge �eld is dual to � 3 = ( S� 1)3;a� a = � 1 + � 2 + � 3 = � � 1(C),

which is a vertical divisor in Y6, and hence corresponds to theS1-reduction of the 6d tensor �eld.

Thus, the coe�cients of the relevant Chern�Simons terms,

1
2

2X

a;b=1

Z

M 5

K dab Ad ^ F (SU(3))
a ^ F (SU(3))

b ; (2.84)

are K dab = h� 3; � a � � bi = 3( � C(SU(3)) )ab, with (� C(SU(3)) ) the Cartan matrix of SU(3). In the limit

where we collapse the �bersf 1;2 in Y6, and thereby enhancing the gauge symmetry toSU(3) � U(1)d,

these Chern�Simons terms become

� 3
Z

M 5

Ad ^ Tr (F (SU(3)) ^ F (SU(3)) ) ; (2.85)

indicating that U(1)d gauges the instanton symmetry ofSU(3) �with charge 3� Morrison et al.

(2020). This also agrees with the reduction of the corresponding 6d Green�Schwarz coupling with

tensor charge3. Furthermore, this charge prefactor also ensures that the 1-form center symmetry

has no mixed anomaly with the large gauge transformations ofU(1)d, since the fractional shift

induced by the boundary �ux (2.83) is

2X

a;b=1

K dab
� a� b

2 � 32 B ^ B =
1
6

2X

a;b=1

a b(� C(SU(3)) )ab B ^ B = B ^ B : (2.86)

This matches the absence of the corresponding 1-form anomaly in 6d Apruzzi et al. (2022b).

Let us further consider ~� := � 4 2 Hom(H2(Y6); Z) �= H4(Y6; @Y6), which from (2.9) satis�es

� | 4(� 3) = 3 � 4, i.e., is the generator of the secondZ3 factor in the 5d 1-form symmetry. Since

~� (f a) = 0 , ~� (e) = 1 , ~� can be interpreted as a non-compactvertical divisor in Y6, whose projection
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� (~� ) onto B 4 intersects the compact (� 3)-curve C once. In the 6d F-theory setting, wrapping

D3-branes on� (~� ) gives rise to string-like surface defects that are charged under the 6dZ3 2-form

symmetry Del Zotto et al. (2016); Morrison et al. (2020).

In 5d, we can now study the e�ects of turning on background �elds B for the Z3 1-form center

symmetry of SU(3), as well asBd for the Z3 1-form symmetry that descends from the 6d 2-form

symmetry. While the �rst corresponds to the shift Fa ! Fa + a
3B for the SU(3) Cartan �uxes,

the second shifts the �eld strength of the U(1)d as Fd ! Fd + 1
3Bd. The latter can be viewed

as a transformation Ad ! Ad + 1
3 � , where � is a �at Z3 connection Córdova et al. (2020a,b);

Benetti Genolini and Tizzano (2021). From (2.84), we would then obtain the term

1
2

2X

a;b=1

K dab
1
3

� ^
a
3

B ^
b
3

B =
1
3

� ^ B ^ B : (2.87)

This constitutes a mixed 't Hooft anomaly between the two Z3 1-form symmetries, which can be

written in terms of a 6d anomaly theory,

A [Bd; B ] =
Z

X 6

1
3

Bd ^ B 2 ; (2.88)

where @X6 = M 5 is an auxiliary manifold whose boundary is the 5d spacetime.

It appears natural to uplift this anomaly to the 6d gauge theory that corresponds to F-theory

compacti�ed on Y6. Here, this would be a mixed 't Hooft anomaly between the 6d 2-formZ3

symmetry for the instanton strings, and the 1-formZ3 center symmetry of the non-HiggsableSU(3)

gauge sector. One intuitive explanation for this anomaly is that, by turning on a background �eld

for the 1-form center symmetry, the instanton number fractionalizes, being now instantons of an

SU(3)=Z3 bundle. Compared to the instanton strings ofSU(3), which have charge0 mod 3 under

the Z3 2-form symmetry, the SU(3)=Z3 instantons have charge1 mod 3, and hence screen all

asymptotic charges of the 2-form symmetry. It would be interesting to investigate potential �eld

theoretic counterterms for this anomaly, and, if present, their imprints in geometry.
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CHAPTER 3

GAUGE GROUP TOPOLOGY OF 8D CHL VACUA

3.1. Introduction

Supersymmetric string compacti�cations on low-dimensional internal manifolds have seen a resur-

gence of interest within the Swampland program Vafa (2005); Ooguri and Vafa (2007). One of the

main reasons is that, thanks to the large amount of supersymmetry, one can essentially classify all

supergravity models that arise as the low-energy description of such compacti�cations. Therefore,

they provide an excellent �laboratory� to test our understanding of the physical principles that

separate the Landscape from the Swampland.

Given the profound role of gauge symmetries in our mathematical formulation of e�ective theo-

ries, principles that delineate the boundary between consistent and inconsistent gauge groups of

supergravity models are of particular interest. In the context of 8dN = 1 supergravity theories,

signi�cant progress in this direction has been made recently, which not only explains the absence

of speci�c gaugealgebrasGarcía-Etxebarria et al. (2017); Montero and Vafa (2021); Hamada and

Vafa (2021) in the 8d string landscape, but also some of the intricate patterns of the possible global

structures, i.e., topology, of the gaugegroup Cveti£ et al. (2020); Montero and Vafa (2021). In par-

ticular, the ideas pertaining to the gauge group topology have been mostly tested and con�rmed for

8d theories with total gauge rank32 20 in their F-theory realization Vafa (1996), where the relevant

geometric features Aspinwall and Morrison (1998); Mayrhofer et al. (2014); Cveti£ and Lin (2018a)

have been classi�ed Shimada (2005).

To lend further credence, but, more importantly, to collect additional �data� to eventually sharpen

these arguments,33 it would be desirable to also study other branches of the 8d moduli space.

32 Within the known 8d N = 1 string landscape, the total gauge rank can be either 4, 12, or 20; this limitation can
be understood as a quantum-gravitational consistency condition, by invoking Swampland arguments Montero and
Vafa (2021). Di�erent from the rank counting in that work, which organizes the theories into having rank 2, 10, or
18, we include the contributions of the N = 1 gravity multiplet which always contains two graviphotons, because the
associatedU(1) factors are generally involved in the overall gauge group topology.

33 The arguments of Cveti£ et al. (2020); Montero and Vafa (2021) provide necessary, but not su�cient criteria for
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Unfortunately, there does not exist a classi�cation of gauge group topologies in rank 12 or rank 4

theories as comprehensive as in the case of rank 20 theories Shimada (2005); Font et al. (2020).

With this motivation in mind, the purpose of this work is to provide the general framework to

determine the gauge group topology in 8dN = 1 string models, with a focus on rank 12 theories.

Rank 12 theories arise asS1-reductions of the CHL string Chaudhuri et al. (1995); Chaudhuri

and Polchinski (1995). The physical states, which are characterized by the winding numbers and

momenta of the CHL string, live in an even lattice � M of rank 12, the so-called Mikhailov lattice

Mikhailov (1998). Then, any non-Abelian gaugealgebra g that can arise in an 8d CHL vacuum

must have a root lattice � g
r that embeds in a speci�c way into � M . Such lattice embeddings can be

classi�ed Font et al. (2021) in an analogous fashion as for rank 20 theories based on their heterotic

realization Font et al. (2020), where the corresponding string momentum lattice is the rank 20

Narain lattice � N Narain (1986); Narain et al. (1987).

On the other hand, as we will elaborate in Section 3.2, the information about the global structure

of the gaugegroup G = eG=Z , with eG the simply-connected group with algebrag, is encoded in

the lattice dual to the string momentum lattice � S with � S = � N or � M . Roughly speaking, the

de�nition of the dual lattice � �
S � � S 
 R as having integer pairing with all vectors in � S can be

regarded as a constraint on the representations of the physical states in� S. More precisely, the

fundamental group,

Z = � 1(G) = � G
cc=� g

cr ; (3.1)

depends on thecocharacter lattice � G
cc, which is a sublattice of the coweight lattice � g

cw = � �
r .

This is the dual of the character lattice � G
c , which corresponds to the charge lattice occupied by

physical states,34 which clearly is the momentum lattice � S. From this perspective, the self-duality

of the Narain lattice (imposed by modularity of the heterotic worldsheet), together with the fact

that rank 20 theories only have ADE-algebras (whose (co-)root lattices� g
r = � g

cr agree), appear

a non-trivial global gauge group structure, see Cveti£ et al. (2020) for a detailed discussion.
34 Here, we adapt the notation from Gukov and Witten (2006). It is also common (see, e.g. Bump (2004); Hall

(2015)) to refer to � G
c (� G

cc ) as the (co-)weight lattice of the group G.
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as a coincidence that makes it straightforward to compute the fundamental groupZ = � 1(G) as

(the torsional piece35 of) � N =� g
r , as done in Font et al. (2020). This is con�rmed via duality by

F-theory geometries Shimada (2005), where the corresponding data are encoded in the Mordell�

Weil group Aspinwall and Morrison (1998); Mayrhofer et al. (2014); Cveti£ and Lin (2018a). In

the rank 12 case, this quotient is no longer the correct object to compute, due to� M 6= � �
M ,

as well as the appearance of non-simply lacedsp algebras with � sp
r 6= � sp

cr . Instead, as we shall

demonstrate explicitly in Section 3.2, the correct prescription for� 1(G) of CHL vacua is captured

by the �mismatch� between � g
cr and � �

M .

Moreover, our approach naturally computes the global gauge group structure including theU(1)

gauge factors. That is, given the embedding data� g
r � � S of the non-Abelian root lattice into the

momentum lattice, we can determine the entire gauge group topology, which takes the generic form

[ eG=Z ] � U(1)r F

Z 0 ; (3.2)

with rF = rank(� S) � rank(g). As we will explain, the quotient Z 0, which may be interpreted

as a constraint on theU(1) charges of states in certain representations ofg, arises due to lattice

generators of� �
S that are not in the plane containing � g

r . For rank 20 theories, our approach is

equivalent to methods based on string junctions that describe the dual F-theory model Guralnik

(2001); Cvetic et al. (2021a), and we will demonstrate its e�cacy also in a concrete CHL model

below.

An important consequence, which we prove in Section 3.2.4, is that the non-Abelian gauge group

topology eG=Z is consistent with a gauged 1-formZ symmetry Gaiotto et al. (2015), in both heterotic

and CHL vacua. That is, there is no mixed anomaly that would obstruct such a gauging, consistent

with the �ndings in Cveti£ et al. (2020). We verify this explicitly by computing Z = � 1(G) for all

maximally enhanced CHL models (i.e., those with rank(G) = 10 ), which is presented in Appendix

C.1. We also �nd a consistent cross-check for two of these models, which are subject to constraints

35 The free part corresponds to U(1) symmetries, which in fact can also have a non-trivial global structure with the
non-Abelian group; we will elaborate on this in detail below.
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posed in Montero and Vafa (2021). To facilitate the computation ofZ , we show, in Section 3.3, that

for any CHL model, speci�ed by an embedding� g
r � � M , the corresponding gauge group topology

can be directly inferred from that of a �parent� rank 20 heterotic model with Ghet = eGhet=Zhet .36

This then allows for an easy extraction ofZ via Zhet , the latter of which can be obtained from the

heterotic classi�cation Font et al. (2020); Cvetic et al. (2021a). We conclude in Section 3.4 with

some outlook to related topics.

3.2. Gauge Groups from Momentum Lattices

We begin this section by reviewing the group-theoretic de�nition of the global gauge group struc-

ture in terms of the various lattices. We then discuss how these structures emerge in root lattice

embeddings into the momentum lattice � S of string states. We will highlight the key di�erences

between rank 20 heterotic theories with� S = � N the Narain lattice, and rank 12 CHL theories

with � S = � M the Mikhailov lattice.

3.2.1. Lattices and Gauge Group Topology

Any non-Abelian gauge algebrag of rank r is speci�ed by a root system� g, which is a �nite subset

of a Euclidean vector spaceE �= Rr satisfying certain axioms (see, e.g., Bump (2004); Hall (2015)

for a broader introduction; we follow the conventions of Gukov and Witten (2006)). Relevant to us

in the following will be that the root lattice � g
r � � g � spanned by integer linear combinations of

simple roots � 2 � g � is a rank r lattice inside E. The spaceE comes equipped with a bilinear

pairing (�; �) : E � E ! R which induces a pairing on� g
r . The normalization is such that (� ; � ) = 2

for � 2 � a short root, and (� ; � ) = 4 for the long root of sp(n). The axioms also assert that

2(� 1; � 2)=(� 2; � 2) 2 Z for any two roots � 1; � 2 2 � g, ensuring that the coroots,

� _
g =

�
� _ :=

2�
(� ; � )

�
�
�
� � 2 � g

�
� E ; (3.3)

36 Via string dualities, the CHL model corresponds to IIB with an O7 + plane, or, equivalently, F-theory on a
K3-surface with a (partly) �frozen� singularity Witten (1998a); Tachikawa (2016); Bhardwaj et al. (2018). The same
K3, when interpreted without the frozen singularity, de�nes a rank 20 F-theory model that is dual to the �parent�
heterotic model.
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and their integer span � g
cr , the coroot lattice, have integer pairings with roots. For g an ADE

algebra, we have� g
r = � g

cr , because all ADE roots have length squared 2. One then de�nes the

weight and coweight lattices, � g
w and � g

cw, as their respective dual lattices:37

� g
w := (� g

cr)
� = f w 2 E j (w ; � _ ) 2 Z for all � _ 2 � g

crg � � g
r ;

� g
cw := (� g

r ) � = f w 2 E j (w ; � ) 2 Z for all � 2 � g
r g � � g

cr :
(3.4)

Note that all these lattices are of rank r , i.e., they spanE over R. If g = � j gj is a sum of simple

factors, there is an orthogonal decompositionE = � j E j , where E j are spanned by the roots� gj

and their associated lattices of the corresponding simple factorgj .

So far, all data are de�ned by the gauge algebrag with roots � g. The actual gauge groupG is

speci�ed by a third pair of lattices, the character lattice � G
c and the cocharacter lattice� G

cc, which

are intermediate lattices,

� g
r � � G

c � � g
w ;

� g
cr � � G

cc � � g
cw ;

(3.5)

that are dual to each other, (� G
c ) � = � G

cc, with respect to the pairing (�; �). A gauge theory with

group G can only have dynamical states whose weight vectors lie in� G
c , which is also often called

the weight lattice of the group G.38 In terms of the (co-)character lattices, the center and the

fundamental group of G are:

Z (G) = � g
cw=� G

cc
�= � G

c =� g
r ;

� 1(G) = � G
cc=� g

cr
�= � g

w=� G
c :

(3.6)

If G = eG is the simply-connected group with algebrag, then � eG
c = � g

w and � eG
cc = � g

cr . Elements

c in the center Z ( eG) = � g
cw=� g

cr , represented by a coweightv c 2 � g
cw, act on a weight by a phase

37 Given a lattice � with pairing (�; �), the dual lattice is de�ned to be � � = f a 2 � 
 R j (a; v ) 2 Z for all v 2 � g.
� � has the same rank as� .

38 One can show, see, e.g., Bump (2004), that� G
c is isomorphic to character group Hom(T; C� ) of the maximal

torus T � G of the group.
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exp(2�ic (w)) , where the fractional number

c(w) = ( w; v c) � (w ; v c + � _ ) mod Z for any � _ 2 � g
cr ; (3.7)

can be interpreted as the charge ofw under the center elementc represented byv c mod � g
cr . Note

that this center charge is invariant for all weights of an irreducible representationR of g, because

c(w + � ) = ( w + � ; v c) = ( w; v c) mod Z for roots � 2 � g
r .

Since � G
c � � g

w � � eG
c , we can regard a characterw 2 � G

c of a non-simply connected groupG as

weights of eG. Then we see that they are acted on trivially by� 1(G) = � G
cc=� g

cr � � g
cw=� g

cr = Z ( eG),

because they have center chargesc(w) = ( w; v c) = 0 mod Z for v c 2 � G
cc. Hence, we can also

view the �non-trivial global structure� G = eG=� 1(G) of a gauge group as imposed by requiring a

subgroup Z � � 1(G) � Z ( eG) to act trivially on all dynamical representations.

3.2.2. Gauge Group Topology from Lattice Embeddings

Compacti�cations of the heterotic or CHL string to 8d are characterized by a lattice � S with

a symmetric non-degenerate bilinear pairingh�; �i S : � S � � S ! Z of signature (2; R). For the

heterotic string, � S is the rank 20 Narain lattice � N with R = 18 Narain (1986); Narain et al.

(1987). For the CHL string, � S is the rank 12 Mikhailov lattice � M with R = 10 Mikhailov (1998).

In either case, we can linearly extend� S to vector spaceV with a symmetric non-degenerate bilinear

pairing h�; �i :

VS := � S 
 R ; h� 1v1; � 2v2i = � 1� 2hv1; v2i S for v1; v2 2 � S; � 1; � 2 2 R: (3.8)

Since � S � VS, we will identify the lattice pairing h�; �i S with the vector space pairing h�; �i in the

following. Then there is a dual lattice � �
S � VS de�ned with respect to h�; �i . The Narain lattice is

self-dual, � �
N = � N , but for the Mikhailov lattice, � �

M 6= � M .

By tuning the compacti�cation moduli, the gauge symmetry of the e�ective theory in 8d can change.

Roughly speaking, this tuning amounts to setting the masses of certain states to 0, which can furnish
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the W-bosons of non-Abelian gauge symmetries. The question of which non-Abelian gauge algebras

g are realizable in this way can be answered by cataloging all embeddings of the root lattices� g
r

into � S, whose roots� g satisfy the worldsheet conditions which guarantee their masslessness. This

process has been recently carried out in detail Fraiman et al. (2018); Font et al. (2020, 2021),

which in particular resulted in the full list of realizable gauge algebras with maximal rank (i.e.,

rank(g) = 18 for � g
r ,! � N , and rank(g) = 10 for � g

r ,! � M ).

The purpose of this chapter is not to reiterate the necessary and su�cient criteria to �nd such

embeddings, but to focus on the extraction of theglobal formof the gauge group from the embedding

data. To this end, our working assumption will be that any root lattice embedding � g
r

{
,! � S

we consider in the following satis�es these criteria, which guarantees that the corresponding 8d

compacti�cation (be it heterotic or CHL) has a non-Abelian symmetry algebra g. From this starting

point, let us now distill the properties pertaining to the gauge group topology.

At the level of vector spaces we introduced above, an embedding� g
r

{
,! � S extends to an injective

homomorphism{ : E ,! VS, with E = � g
r 
 R, such that

1. h({(v ); {(w)i = ( v ; w) for any v ; w 2 E;

2. {(� g
r ) is a sublattice of � S � VS;

3. {(� g
cr) is a sublattice of � �

S � VS.

The �rst and second points are just a careful restatement of �� g
r

{
,! � S is a lattice embedding�.

For heterotic vacua, the third point is equivalent to the second, since� N = � �
N , and � g

r = � g
cr for

an ADE algebra g. For the CHL string this is a non-trivial criterion, which however is satis�ed in

valid embeddings Mikhailov (1998), as we will discuss below. From criterion 1, it is straightforward

to show that {(� � ) = {(�) � for any lattice � � E . Then, the second and third conditions imply

{(� g
cw) = {((� g

r ) � ) � � �
S \ {(E ), and {(� g

w) = {((� g
cr) � ) � � S \ {(E ).
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Given such an embedding{ : E ,! VS, we naturally have an orthogonal decomposition

VS = {(E) � F ; where F = f v 2 V j hv ; {(w)i = 0 for all w 2 Eg; (3.9)

because the restriction ofh�; �i to {(E ) is the pairing (�; �) which is non-degenerate. For later conve-

nience, we de�ne the projections

� F : {(E ) � F ! F; (3.10)

� E : {(E ) � F ! {(E ): (3.11)

This decomposition determines the number of independentu(1) gauge factors to bedimR(F ) �

rF = 2 + R � rank(g).

The lattice points of � S � VS de�ne physical states, and lattice points of � �
S impose constraints

on the g-representations andu(1) charges of these states, because they have to pair integrally with

points in � S. These constraints can be interpreted as a non-trivial global structure of the gauge

group of the form

[ eG=Z ] � U(1)r F

Z 0 ; (3.12)

where eG is the simply-conncted version of the non-Abelian group with algebrag, Z � Z ( eG) a

subgroup of the center, andZ 0 embeds into bothZ ( eG) and U(1)r F .

Let us �rst understand the �purely non-Abelian� constraints, i.e., those that specify the non-Abelian

group G = eG=Z . These are restrictions on the physically realized weights that form the character

lattice � G
c � � g

w � E . In the string realization, any physical state corresponds to a lattice point

s 2 � S, which can be decomposed orthogonally ass = sE + sF 2 {(E) � F . The weight w 2 � w � E

of such a states under the non-Abelian part G = eG=Z is then the orthogonal projection of s onto

{(E ), i.e., sE = � E (s).39

39 More precisely, we identify sE = {(w ). Recalling that any weight is speci�ed by its Dynkin labels w i = ( w ; � _
i ),

where � _
i 2 � cr � E are the simple coroots, we havehs; {(� _

i )i = hsE ; {(� _
i )i = ( w ; � _

i ).
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In other words, the character lattice of G is the orthogonal projection of� S onto {(E ):

� G
c

�= � E (� S) � {(E ) : (3.13)

The vectors s 2 � S are subject to the constraint that they pair integrally with all points in � �
S.

Consider in particular a constraint associated with a pointc 2 � �
S \ {(E ) � {(� cw), and let v 2 � cw

be such that {(v ) = c. By orthogonality, we have

hs; ci = h� E (s); ci = h{(w); {(v )i = ( w; v ) 2 Z : (3.14)

This shows that � �
S \ {(E ) can be identi�ed with the cocharacter lattice � G

cc of G. So, from (3.6),

the non-Abelian gaugegroup G satis�es

Z (G) =
� G

c

� g
r

=
� E (� S)
{(� g

r )
; � 1(G) =

� G
cc

� g
cr

=
� �

S \ {(E )
{(� g

cr)
: (3.15)

Equivalently to (3.13), the projection of the lattice � S of physical states ontoF gives the �characters�

of the U(1)s, i.e., the possibleU(1) charges. Just as how the non-Abelian weightw(s) of a state

is speci�ed by the Dynkin labels w i = ( w; � _
i ) = hsE ; {(� _

i )i , where the simple coroots� _
i span E

(over R), the U(1) charges are de�ned by the pairing with basis vectors ofF . To �x the normalization

of the U(1)s, we use a lattice basis� ` , ` = 1 ; :::; rF , for � �
S \ F , i.e., the orthogonal complement of

{(� g
cr) inside � �

S (we will see momentarily that � �
S \ F 6= ; ):

q̀ (s) := hs; � ` i : (3.16)

In this normalization, states s 2 � S that are singlets under the non-Abelian gauge algebrag, i.e.,

� E (s) = 0 , s 2 � S \ F , clearly have integerU(1) chargesq̀ . The lattice points of � �
S that are not

inside{(E ) now constrain theU(1)-chargesqi (s) and the non-Abelian weightsw(s) of a physical state

corresponding tos 2 � S. To see this, we orthogonally decompose� �
S 3 c = cE + cF . Note that, in

general, neithercE nor cF are lattice points of � �
S! But, because for a root{(� ) 2 {(� g

r ) � � S \ {(E ),
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we haveZ 3 hc; {(� )i = hcE ; {(� )i , this guarantees that cE = {(v ) 2 {(� g
cw) for some coweightv of

g.

Then, since � g
cr � � g

cw are lattices of the same rank, we know that for anyv 2 � g
cw there is a

smallest positive integerk such that {(kv ) = kcE 2 {(� g
cr) � � �

S, so kcF = kc � kcE 2 � �
S \ F is

an integer linear combination of � ` . This means that hcF ; si =
P

` � ` q̀ (s) is a k-fractional linear

combination of the U(1) chargesq̀ (s) of s. Therefore, the vectorc 2 � �
S of the dual lattice imposes

that

X

`

� ` q̀ (s) + ( w(s); v ) 2 Z : (3.17)

Moreover, from the above considerations it is clear thatk� ` 2 Z and k(w(s); v ) = ( w(s); kv ) 2 Z.

Hence, the constraint is aZk constraint, in that it becomes trivial when it is multiplied by k. It

can be interpreted as identifying a Zk � Z ( eG) with a subgroup of U(1)r F , i.e., it de�nes a Zk

subgroup of Z 0 in (3.12). Just by counting dimension of � �
S=(� �

S \ {(E )), there are at most rF

linearly independent such constraints that are also independent of the �non-Abelian constraints� in

Z , i.e., Z 0 �=
Q r F

`=1 Zk` . Then, analogously to (3.15), we have

Z 0 �=
� 0

cc

{(� g
cr)

with � 0
cc := � E (� �

S) � {(� g
cw) : (3.18)

In general, g = � gi will be a sum of simple algebras, with a orthogonal decomposition of the lattice

� g
cw = � i �

gi
cw. Then, any lattice vector c 2 � 0

cc or c 2 � G
cc has a unique decompositionc =

P
i {(w i ),

where w i 2 � gi
cw de�nes an equivalence class[w i ] � ki 2 � gi

cw=� gi
cr = Z ( eGi ). Then, the equivalence

class ofc in � 0
cc={(� g

cw) (or � G
cc={(� g

cw)) � {(� g
cw)={(� g

cr) �= Z ( eG) can be represented by the tuple

(ki ) 2
Q

i Z ( eGi ) = Z ( eG).

In the following, we will exemplify the above structures in 8d heterotic and CHL vacua. To ease the

notation, we will from now on drop the explicit embedding map{, and regard all occurring lattices

and subspaces as embedded intoVS := � S 
 R = � �
S 
 R, with all pairings inherited from h�; �i on
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VS.

Global gauge group structure of 8d heterotic vacua

For 8d heterotic vacua with gauge rank 20, the topology of the non-Abelian gauge symmetryG =

eG=Z has been recently studied through lattice embeddings in� N in Font et al. (2020). There,

the crucial data were an overlatticeM of the root lattice � g
r , whose length-squared 2 lattice points

coincide with � g
r , that embeds primitively inside � N . Then, the identi�cation Z = � 1(G) = M=� g

r

was cross-checked with the classi�cation of Mordell�Weil torsion of elliptic K3-surfaces in Shimada

(2005), which is known to provide an equivalent characterization of the non-Abelian gauge group

topology of 8d heterotic vacua via F-theory Aspinwall and Morrison (1998).

Comparing with the general formula (3.6) for � 1(G), this identi�cation seems to be at odds at

�rst, since it is the coroot lattice � g
cr rather than root lattice � g

r that appears in the quotients

characterizing the fundamental group. Of course, this is remedied by the fact that, in 8d heterotic

vacua, only ADE algebrasg can be realized, which have� g
r = � g

cr . Then, to be consistent with

(3.6), the overlattice M should be identi�ed with the cocharacter lattice � G
cc. Indeed, becauseM

contains � g
r = � g

cr , the requirement that it embeds primitively into � N means that it contains all

points of � N \ E . Furthermore, asM=� g
r is of �nite order, M has the same rank as� g

r , which is the

same as the dimension ofE , so it cannot contain more points than � N \ E . Therefore, we indeed

�nd M = � N \ E = � �
N \ E to be the cocharacter lattice as in (3.15).

Our proposal can further determine the non-trivial constraints Z 0 between the non-Abelian group

and the U(1)s of the heterotic compacti�cation. Note that, through duality to F-theory, there is an

independent method to determine this structure via string junctions Guralnik (2001). While a full

proof of the equivalence between these two methods has been handled in a companion work Cvetic

et al. (2021a), we remark here that we indeed �nd identical results for 8d heterotic string vacua. We

will present, for completeness, an example of a heterotic model withg = su(2)2 � su(4)2 � so(20)
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in Appendix A.3, where we show that the global gauge group is

[SU(2)2 � SU(4)2 � Spin(20)]=[Z2 � Z2] � U(1)2

Z4 � Z4
: (3.19)

3.2.3. Gauge Group Topology of 8d CHL Vacua

Our main focus is to derive the gauge group topology of 8d CHL vacua. The important di�erence

from heterotic vacua is the fact that the string lattice � S is no longer self-dual in this case. As

found in Mikhailov (1998), the rank 12 momentum lattice is the Mikhailov lattice

� M = U(2) � U � E8
�= U � U � D8 : (3.20)

Here, E8 (D8) denotes the root lattice of the Lie group E8 (Spin(16)). The rank 2 lattice U =

f le + nf j (n; l ) 2 Z2g is de�ned by the Gram matrix

0

B
@

he; ei he; f i

hf ; ei hf ; f i

1

C
A =

0

B
@

0 1

1 0

1

C
A : (3.21)

In this basis, U(2) = f le + nf j l 2 2Z; n 2 Zg . The dual Mikhailov lattice is then

� �
M = U( 1

2) � U � E8
�= U � U � D�

8 ; (3.22)

with U( 1
2) = f le + nf j l 2 Z; n 2 1

2Zg.

The criteria for embeddings of root lattices into � M have also been studied in Mikhailov (1998).

One key novelty, compared to heterotic vacua, is that one can realize non-simply-lacedsp(n) gauge

algebras in 8d CHL vacua. Importantly, one criterion of the associated root lattice embedding

� sp(n)
r

{
,! � M is that a long root � L (with (� L ; � L ) = 4 ) of sp(n) must embed such that it haseven

pairing with all points in � M :

h{(� L ); v i 2 2Z for all v 2 � M : (3.23)
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This in turn means that the short coroots, � _
L = 2 � L =(� L ; � L ) = 1

2 � L , pair integrally with � M . In

particular, this means � _
L 2 � �

M . Since all other roots have length 2, and thus map to themselves

as coroots, the coroot lattice� sp(n)
cr is guaranteed to embed into� �

M , which is our condition 3 for

the embedding map{ : E ,! V . As a result, the methods outlined in Section 3.2.2 carry through.

To highlight the di�erence from the process for heterotic vacua, note that, in general, the �over-

lattice� � M \ E of the root lattice � g
r � E neither contains all points of actual cocharacter lattice

� G
cc = � �

M \ E , nor those of the character lattice� G
c = � E (� M ). For example, this discrepancy means

that the quotient (� M \ E )=� g
r generally gives only asubgroupof the center Z (G) = � E (� M )=� g

r ,

and is not directly related to the fundamental group � 1(G).

Example

To explicitly demonstrate our approach, we will consider a CHL model withg = su(2)2 � su(4)2 �

sp(2). To this end, we representv (` ) 2 VM := � M 
 R

v (` ) = ( l (` )
1 ; l (` )

2 ; n(` )
1 ; n(` )

2 ; � (` )
1 ; : : : ; � (` )

8 ) ; (3.24)

with pairing

hv (1) ; v (2) i = l (1)
1 n(2)

1 + l (2)
1 n(1)

1 + l (1)
2 n(2)

2 + l (2)
2 n(1)

2 +
8X

j =1

� (1)
j � (2)

j : (3.25)

Then, in the presentation � M = U � U(2) � E8 of the Mikhailov lattice, the U lattice is spanned

by (l1; 0; n1; 0; 0; :::) with l1; n1 2 Z, while the U(2) part is spanned by (0; l2; 0; n2; 0; :::) with l2 2

2Z; n2 2 Z (see also (3.21)). The E8 lattice is then generated by(0; 0; 0; 0; � ) with

E8
�=

(

� = ( � 1; :::; � 8) 2
�

1
2

Z
� 8

�
�
�
�
�

8X

i =1

� i 2 2Z and � i � � j 2 Z 8i; j

)

: (3.26)

For v 2 � �
M = U � U( 1

2) � E8 � VM , the only di�erence for the conditions on the coe�cients is

that l2 2 Z and n2 2 1
2Z.

The root lattice embedding which realizes the gauge algebrag = su(2)2 � su(4)2 � sp(2) has been
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computed in Font et al. (2021). � g
r is speci�ed by the embedding of the simple roots� into � M in

the above representation:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1

� 2

� 3

� 4

� 5

� 6

� 7

� 8

� 9

� 10

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 2 � 1 � 1 0 0 0 1 1 1 1 � 2

1 0 � 1 � 1 0 0 0 0 0 0 0 � 2

0 0 0 0 1 � 1 0 0 0 0 0 0

0 0 0 0 0 1 � 1 0 0 0 0 0

0 0 0 0 � 1 � 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 � 1 0

0 0 0 0 0 0 0 0 1 � 1 0 0

0 0 0 1 0 0 0 � 1 � 1 0 0 0

1 0 1 0 0 0 0 0 0 0 0 0

0 2 � 2 � 3 0 0 0 0 2 2 2 � 2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (3.27)

Here, the �rst two rows � 1, � 2 are the simple roots ofsu(2)2, the next groups of three are the

simple roots of the two su(4)'s, and the last two rows are simple roots ofsp(2), with � 10 being the

long root. The corresponding coroot lattice is spanned by� _
i = � i for i < 9, and � _

10 = 1
2 � 10. The

coweight lattice is then spanned byw i = ( C � 1) ij � j , with Cij = h� i ; � j i , which we re-express in

terms of the coroots:

su(2)2 : w i = 1
2 � _

i (i = 1 ; 2) ;

su(4)2 : w m+ i =

0

B
B
B
B
@

3=4 1=2 1=4

1=2 1 1=2

1=4 1=2 3=4

1

C
C
C
C
A

ij

� _
m+ j (m = 2 ; 5) ;

sp(2) : w 9 = � _
9 + � _

10 ; � 10 = 1
2 � _

9 + � _
10 :

(3.28)
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The orthogonal complementF of � g
r in � M 
 R is spanned by

� 1 = ( � 2; 0; 2; 0; 0; 0; 0; 0; 0; 0; 0; 2);

� 2 = (2 ; 4; � 2; � 5; 0; 0; 0; 1; 3; 3; 3; � 4)

h� 1; � 1i = h� 2; � 2i = � 4; h� 1; � 2i = 0 :

(3.29)

These give the generators of the two independentU(1)s.

As explained above, any vector ofv 2 � �
M can be written as an integer linear combination of

coweight and theU(1) generators:

v = ( l1; l2; n1; n1; � 1; : : : ; � 8) =
10X

j =1

kj w j + m1� 1 + m2� 2; kj 2 Z : (3.30)

To determine the gauge group data (3.15) and (3.18), we then need to express the basis of� �
M in

this fashion. This is a straightforward, but rather cumbersome exercise in linear algebra. Sparing

the details, the key step is to �nd the generators of� �
M that are linearly independent modulo the

coroots � _
i . For � �

M \ E , where E = � g
r 
 R, there are two such generators:

c1 = (1 ; 1; � 1; � 2; 0; 0; � 1; 0; 1; 1; 1; � 2) = w 2 + w 4 + w 10 ;

c2 = (1 ; 1; 0; 0; 0; 0; 0; 0; 1; 0; 0; � 1) = w 1 + w 7 + ( w 9 � w 10) :
(3.31)

These generate� 1(G) = (� �
M \ E )=� g

cr as follows. From (3.28), we see thatc1 projects onto

w 2 = 1
2 � _

2 2 � su(2)
cw of the secondsu(2) factor, which is an order two element in � su(2)

cw =� su(2)
cr �=

Z2. Likewise, the componentw 4 = 1
2 � _

3 + � _
4 + 1

2 � _
5 projects onto the order two element in

� su(4)
cw =� su(4)

cr �= Z4 of the �rst su(4) factor. Finally, the component w 10 = 1
2 � _

9 + � _
10 projects onto

the order 2 element in� sp(2)
cw =� sp(2)

cr �= Z2. Therefore, c1 itself projects onto an order 2 element in

� g
cw=� g

cr = Z (SU(2) � SU(2) � SU(4) � SU(4) � Sp(2)) = Z2 � Z2 � Z4 � Z4 � Z2. Moreover, this

analysis shows that this element must be

z(c1) = (0 ; 1; 2; 0; 1) 2 Z2 � Z2 � Z4 � Z4 � Z2 : (3.32)
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An analogous argument shows thatc2 also projects onto an order 2 element inZ ( eG), given by

z(c2) = (1 ; 0; 0; 2; 1) 2 Z2 � Z2 � Z4 � Z4 � Z2 : (3.33)

So the global structure of the non-Abelian gauge groupG is:

G =
SU(2)2 � SU(4)2 � Sp(2)

Z(1)
2 � Z(2)

2

; (3.34)

where the embedding of eachZ(i )
2 into Z ( eG) is given by z(ci ). Once more, notice the importance of

the dual momentum lattice in determining the global gauge group. Neitherc1 nor c2 are elements of

� M , sincel2 = 1 =2 2Z, so just inspecting points in � M would not have yielded this result. However,

c1 + c2 2 � M , from which one might be tempted to deduce that� 1(G) = Z2, which is the diagonal

Z2 � Z(1)
2 � Z(2)

2 . Note that this Z2 embeds trivially into Z (Sp(2)) .

We can explicitly verify, from the generators z(ci ), that the Z = Z(1)
2 � Z(2)

2 1-form symmetry is

free of the anomaly Cveti£ et al. (2020). Indeed, we will prove momentarily that this is guaranteed

for the non-Abelian gauge group topology of any 8d CHL vacua.

From the lattice embedding, we can also determine the gauge group structure involving theU(1)s.

Two generators of� �
M that are not contained in � �

M \ E are

c3 = (0 ; 0; 0; 0; 1
2 ; � 1

2 ; � 1
2 ; � 1

2 ; 1
2 ; � 1

2 ; � 1
2 ; � 1

2) = 1
4 � 1 + w 2 + w 3 + w 7 ;

c4 = (1 ; 2; � 1; � 1; 0; 0; � 1; 0; 1; 1; 1; � 2) = 1
4 � 2 + w 1 + w 4 + w 8 :

(3.35)

In � 0
cc = � E (� �

M ) � � g
cw, we then have� E (c3) = w 2 + w 3 + w 7 and � E (c4) = w 1 + w 4 + w 8, whose

equivalence class inZ ( eG) = Z2 � Z2 � Z4 � Z4 � Z2 are

z(c3) = (0 ; 1; 1; 2; 0) ; z(c4) = (1 ; 0; 2; 1; 0) ; (3.36)

which each generate aZ4 subgroup. The �rst Z4, generated by c3, is a subgroup of theU(1)

generated by� 1, whereas the secondZ4 generated byc4 is in the U(1) associated with � 2. So, in
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summary, the global form of the full gauge group is

[(SU(2)2 � SU(4)2 � Sp(2))=(Z2 � Z2)] � U(1)2

Z4 � Z4
: (3.37)

3.2.4. Absence of 1-Form Anomalies

A non-trivial global structure G = eG=Z for the non-Abelian gauge group can be interpreted as

having gauged the subgroupZ of the Z ( eG) 1-form center symmetry of the simply-connected group

eG Gaiotto et al. (2015). In supergravity theories of dimension �ve or higher, such a gauging may

be obstructed due to a mixed anomaly involving the large gauge transformations of the tensor �eld

in the supergravity multiplet Apruzzi et al. (2022b); Cveti£ et al. (2020); Benetti Genolini and

Tizzano (2021). For 8dN = 1 theories, this obstruction can be quanti�ed as follows Cveti£ et al.

(2020). Let eG =
Q

i
eGi , where eGi are simple factors, with Z ( eGi ) �= Zn i , or Z ( eGi ) �= Z2 � Z2

for eGi = Spin(4N i ). Then a generator z of Z �
Q

i Z ( eGi ) is speci�ed by a tuple (ki ), where ki

mod ni 2 Zn i .
40 The absence of the anomaly that would obstruct the gauging ofZ requires that

for any generatorz ' (ki ), we have

X

i

mi � eG i
k2

i = 0 mod Z ; (3.38)

where mi is the Kac-Moody level of the worldsheet current algebra realization ofeGi . The non-

triviality of this condition is due to the fractional numbers � eG i
; for eG with non-trivial Z ( eG) that

can appear in 8d supergravity, these are Córdova et al. (2020b):41

eG SU(N ) Spin(4N + 2) Spin(4N ) E6 E7 Sp(N )

� eG
N � 1
2N

2N +1
8

� N
4 ; 1

2

� 2
3

3
4

N
4

(3.39)

40 For eGi = Spin(4N i ) with Z ( eGi ) �= Z2 � Z2 , we would have two integers k(1)
i and k(2)

i modulo 2 specifying the
embedding of z into Z ( eGi ).

41 For eG = Spin(4N ) with Z ( eG) = Z2 � Z2 , there are two inequivalent anomaly coe�cients, (� (1) ; � (2) ). The �rst is
the same for both generators (1; 0) and (0; 1) of eachZ2 factor; the second coe�cient is associated with the generator
(1; 1) of the diagonal Z2 subgroup. In this identi�cation, the (co-)spinor representation is charged under (1; 0) and
(0; 1), respectively; hence, both are charged under(1; 1). The vector representation is charged under both (1; 0) and
(0; 1), but invariant under (1; 1).
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In the following, we show that for any non-Abelian gauge groupG = eG=Z realized via lattice

embeddings into the Narain or the Mikhailov lattice, as described above, (3.38) is satis�ed.

To do so, we �rst recall that any generator z ' (k1; k2; :::) 2 Z = � 1(G) may be represented by

a cocharacter vectorc = {(v c) 2 � G
cc = � �

S \ {(E ). If eG =
Q

i
eGi with simple factors eGi , then

E = � i E i , where E i = � gi
r 
 R, is an orthogonal decomposition ofE . So

v c =
X

i

v (i )
c ; with v (i )

c 2 � gi
cw representing ki 2

� gi
cw

� g
cr

= Z ( eGi ) ;

and (v (i )
c ; v (j )

c ) = 0 for i 6= j :

(3.40)

The key feature to prove (3.38) is that

hc; ci = ( v c; v c) =
X

i

(v (i )
c ; v (i )

c ) 2

8
>><

>>:

2Z for c 2 � �
N = � N ;

Z for c 2 � �
M :

(3.41)

Then, to prove (3.38) for heterotic vacua (i.e.,c 2 � N ), which only allows ADE-type groups eGi with

mi = 1 , we need to show that, for anyv (i )
c 2 � gi

cw � E i which representski 2 Z ( eGi ), its length square

satis�es (v (i )
c ; v (i )

c ) = 2 � eG i
k2

i mod Z. For CHL vacua with c 2 � �
M , we need(v (i )

c ; v (i )
c ) = 2 � eG i

k2
i

mod Z for ADE-type eGi at level 2, and (v (i )
c ; v (i )

c ) = � eGi
k2

i mod Z for eGi = Sp(N i ) at level 1.

For ADE-groups, this simpli�es due to � g
r = � g

cr being an even self-dual lattice. In this case,

Z ( eG) = � g
cw=� g

cr = (� g
r ) � =� g

cr = (� g
r ) � =� g

r is the so-called discriminant group of� g
r (see Nikulin

(1980) for more details). Via the pairing on � g
r 
 R, one can use

1
2(w + � ; w + � ) = 1

2(w ; w) + ( w; � ) + 1
2(� ; � ) = 1

2(w ; w) mod Z ;

for � 2 � g
r and w 2 � g

cw = (� g
r ) � ;

(3.42)

to de�ne a quadratic form q : Z ( eG) ! Q=Z, which is a quadratic re�nement of the so-called

discriminant pairing on Z ( eG). Then, if the vector v (i )
c 2 � gi

cw projects onto ki 2 (� gi
r ) � =� gi

r = Z ( eGi ),
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we evidently have(v (i )
c ; v (i )

c ) = 2 q(ki ) mod Z. The upshot of this detour is that the discriminant

form of ADE root lattices and its quadratic re�nements are well-known (see, e.g., Shimada (2005)),

and given by

su(N ) : Z ( eG) = ZN ; q(k) = k2 � N � 1
2N = k2 � SU(N ) ;

so(4N + 2) : Z ( eG) = Z4 ; q(k) = k2 � 2N +1
8 = k2 � Spin (4N +2) ;

so(4N ) : Z ( eG) = Z2 � Z2 ; q(k1; k2) = N
4 (k2

1 + k2
2) + N � 1

2 k1k2 ;

e6 : Z ( eG) = Z3; q(k) = k2 � 2
3 = k2 � E6 ;

e7 : Z ( eG) = Z2; q(a; b) = k2 � 3
4 = k2 � E7 :

(3.43)

Hence, for all simple ADE-type eGi , the quadratic form gives(v c; v c) = 2 q(ki ) = 2 k2
i � eGi

, as required

to show (3.38) for both heterotic and CHL vacua.42

For eGi = Sp(N i ), Z ( eGi ) = Z2 is no longer the discriminant group of the root lattice, since(� sp
r ) � 6=

� sp
cr . So we need to �nd an explicit representation ofk = 1 2 Z2 = � sp

cw=� sp
cr in terms of a coweight

v , and compute its length squared. One way to represent the simple roots ofSp(N ) inside E �= RN ,

with standard basis f em g, is � m = em � em+1 for m < N , and � N = 2eN (see, e.g., Hall (2015)).

Then, a basisw l for � sp(N )
cw = (� sp(N )

r ) � , which is the dual basis off � m g, i.e., (w l ; � m ) = � lm , is

given by

w l =
X

m

(M � 1) lm � m with M lm = ( � l ; � m ) =

0

B
B
B
B
B
B
B
B
B
B
@

2 � 1 0 : : : 0

� 1 2 � 1
. . . 0

. . . . . . . . .

0 : : : � 1 2 � 2

0 : : : 0 � 2 4

1

C
C
C
C
C
C
C
C
C
C
A

: (3.44)

42 For so(4N ), the generators ~k = (1 ; 0); (0; 1) 2 Z2 � Z2 both satisfy q(~k) = N
4 = � (1)

Spin (4 N ) mod Z, and ~k = (1 ; 1)

satis�es q(k) = N � 1
2 = 1

2 mod Z = � (2)
Spin (4 N ) . This agrees with the mixed 1-form anomalies with the individual

Z2 subgroups, see footnote 41.
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The inverse is

(M � 1)km = min( k; m) ; k; m < N ;

(M � 1)Nm = ( M � 1)mN = m
2 ; m < N ; (M � 1)NN = N

4 :
(3.45)

Now, because the coroot lattice� sp(N )
cr is spanned by� _

m = � m for m < N , and � _
N = 1

2 � N = eN ,

the coweight basis vectorsw k =
P

m (M � 1)km � m with k < N are actually integer vectors in� sp(N )
cr ,

and hence represent0 2 Z (Sp(N )) = � sp(N )
cw =� sp(N )

cr . The non-trivial element 1 2 Z2
�= Z (Sp(N ))

must therefore be the equivalence class ofw N =
P N � 1

m=1
m
2 � _

m + N
2 � _

N . Then, one can explicitly

compute that

(w N ; w N ) = N 2

2 � N
4 � 2N + 2 = N 2

2 � N
4 � N (N � 1)

2| {z }
2 Z 8N

mod Z

= N
4 mod Z

= � Sp(N ) mod Z ;

(3.46)

which indeed is the form needed to prove (3.38) for CHL vacua withsp gauge factors.

3.3. CHL Gauge Groups from Heterotic Models

In this section, we show how we can recover the data(Z ; Z 0) about the gauge group topology

(cf. (3.12)) of any 8d CHL vacua from the corresponding data of an 8d heterotic con�guration.

Physically, this is based on the duality between CHL vacua and heterotic compacti�cations �without

vector structure� Witten (1998a), or, equivalently F-theory with O7 + -planes encoded in �frozen�

singularities Tachikawa (2016); Bhardwaj et al. (2018). In either of these duality frames, an 8d CHL

vacuum with non-Abelian gauge algebrag = sp(n)� h, with h of ADE-type, arises from a heterotic or

F-theory model with gauge algebraghet = so(16+2n)� h (see also Hamada and Vafa (2021)). Indeed,

our CHL example in Section 3.2.3 withg = sp(2) � su(4)2 � su(2)2 can be obtained from the heterotic

example with ghet = so(20) � su(4)2 � su(2)2, whose global structure we compute in Appendix A.3.

A direct comparison shows that both examples have the same data,(Z ; Z 0) = ( Zhet ; Z 0
het ), which

speci�es the global structure of the gauge group. Though, in general, these two pairs need not
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be identical, the identi�cation of the CHL gauge group data (Z ; Z 0) is straightforward to obtain,

given the corresponding information about the heterotic/F-theory model. The information about

the latter can be extracted from various sources, e.g., from K3-data Shimada (2005) specifying the

F-theory setting, or the lattice embeddings of heterotic models Font et al. (2020). An alternative

way is to use string junctions Guralnik (2001), which will be explored in full detail in an upcoming

work Cvetic et al. (2021a).

To describe the procedure, let us assume that we have the explicit embedding of the subgroup

(Zhet ; Z 0
het ) into Z ( eGhet ) = Z (Spin(16 + 2n)) � Z ( eH ), where eGhet and eH are the simply-connected

groups with algebraghet and h, respectively. Then, any generatorz = ( zsp; zh) 2 Z (Sp(n)) � Z ( eH ) =

Z2 � Z ( eH ) of the group Z (or Z 0, respectively) specifying the CHL gauge topology arises from a

generator ẑ = ( ẑso; ẑh) 2 Z (Spin(16 + 2n)) � Z ( eH ) of Zhet (or Z 0
het , respectively), via the map

zh = ẑh 2 Z ( eH ) ;

zsp =

8
>><

>>:

ẑso mod 2; ẑso 2 Z4 = Z (Spin(16 + 2n)) ( n odd) ;

ẑ(1)
so + ẑ(2)

so mod 2; ẑso = ( ẑ(1)
so ; ẑ(2)

so ) 2 Z2 � Z2 = Z (Spin(16 + 2n)) ( n even) :

(3.47)

While we will provide a proof of the validity of this map momentarily, it allows us to readily

determine the gauge groups of all CHL vacua, given their heterotic �parent�. We illustrate this for

all maximally enhanced cases (i.e., where the non-Abelian algebrag has the maximally allowed rank

of 10) in Table C.1 in Appendix C.1. We �nd not only instances with Z = Z2, but also examples

with Z = Z2 � Z2. Moreover, as an explicit check of the claims of Section 3.2.4, all these center

embeddings correspond to anomaly-free 1-form center symmetries.

Proving the Validity of the Map

The proof of the validity of (3.47) proceeds in three steps. First, we review the embedding of

the Mikhailov lattice and its dual into the Narain lattice Mikhailov (1998), and highlight the role

of the so(16) � so(16 + 2n) subalgebra. Second, we construct the roots and coroots of the CHL

gauge algebrag from those of the parent heterotic algebraghet . Becauseg � sp(n), the coroot
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lattice of g will no longer be a sublattice of the heterotic con�guration. In the third step, we show

that the cocharacter lattice of the CHL con�guration is obtained from a suitable projection of the

cocharacter lattice of the heterotic model. Analogously to Section 3.2.4, each cocharacterĉ projects

onto coweights of each gauge factor, thereby specifying a generator of the fundamental group as

embedded into the center of the simply-connected cover. Then, by identifying the generators of

� g
cw=� g

cr in terms of those of� ghet
cw =� ghet

cr , we will establish the map (3.47).

Finding Mikhailov inside Narain

As argued in Mikhailov (1998), there is, up to isomorphisms, a unique embedding

� so(16)
r � D8 ,! � 16 � � 16 � U � U = � N (3.48)

of the root lattice of so(16) into the Narain lattice. Denoting by VM the subspace ofVN := � N 
 R

that is orthogonal to D8, with projection PM : VN ! VM , the Mikhailov lattice � M and its dual

� �
M are found as

PM (� N ) �= D�
8 � U � U �= � �

M ;

� N \ VM
�= D8 � U � U �= � M :

(3.49)

To give an �intuitive� argument for this, note that the lattice � 16 can be identi�ed with the character

lattice of Spin(32)=Z2, i.e., it is generated by the root lattice of so(32) together with the weights

of the spinor representationSso(32) . The embedding D8 ,! � 16 then corresponds to the embedding

of the roots of an so(16) � so(32) subalgebra. Conversely, the branchingso(32) � so(16) � so(16)

corresponds to an orthogonal decomposition� 16 
 R = ( D8 
 R) � (D8 
 R) � VD 8 � V 0
D 8

. We can

extend this decomposition to

VN = � N 
 R = VD 8 � V 0
D 8

� (U 
 R) � (U 
 R)
| {z }

=: VM

;

PM : VN ! VM ; s = sD + sM 7! sM :

(3.50)
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From this, the nature of the two lattices PM (VN ) and � N \ VM can be inferred from the group-

theoretic decomposition

so(32) � so(16) � so(16) ;

adj so(32) ! (adj so(16) ; 1) � (1; adj so(16) ) � (V so(16) ; V so(16) ) ;

Sso(32) ! (Sso(16) ; Sso(16) ) � (Cso(16) ; Cso(16) ) ;

(3.51)

whereadj , V and C denote the adjoint, vector, and co-spinor representations, respectively. At the

level of lattices, the lack of any non-adjoint representations that are charged under just one of the

so(16) factors means that the only lattice points in the hyperplaneV 0
D 8

correspond to adjoint weights,

i.e., � 16 \ V 0
D 8

�= D8.43 However, since the bi-charged representations project onto the (co-)spinors

and vectors of eachso(16), the projection of � 16 onto V 0
D 8

is � so(16)
w =

�
� so(16)

cr

� �
=

�
� so(16)

r

� �
= D�

8.

Since the copies ofU lattices in (3.48) and (3.50) are merely spectators in this argument, we �nd

the Mikhailov lattice � M and its dual as given in (3.49).

Constructing the CHL (co-)roots

Since the heterotic gauge algebrasghet = h � so(16 + 2n), which are of interest to us, contain an

so(16 + 2n) algebra, we can identify anso(16) � so(16 + 2n) subalgebra, whose root lattice may be

identi�ed with D 8 in (3.48). By orthogonality (3.50), the root lattice � h
r � � N of the ADE-algebra

h must then lie in the plane VM , and hence, by (3.49),� h
r = � h

cr � � M .

In order to obtain the sp(n), �rst consider a basis for � so(16+2 n)
r formed by the simple roots �̂ i ,

i = 1 ; :::; 8+ n, of so(16+2n), with �̂ n+7 and �̂ n+8 forming the �branched nodes� in theso(16+2n)

43 The symmetry between the two D 8 's is an isomorphism of � N . The results below would be the same if we
swapped their roles in the subsequent discussion.
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Dynkin diagram:

�̂ 1 � � � � � � �̂ n+5 �̂ n+6

�̂ n+7

�̂ n+8

(3.52)

Then, associated with the branchingso(16 + 2n) � so(16) � so(2n), the subspaceVD 8 in (3.50) is

spanned by theso(16) roots f �̂ n+1 ; :::; �̂ n+8 g. Orthogonal to that will be the root lattice � so(2n)
r of

so(2n) inside D8 � U � U �= � M , with simple roots

�̂ 1 = �̂ n� 1 ; �̂ 2 = �̂ n� 2; ::: ; �̂ n� 1 = �̂ 1 ; �̂ n = �̂ 1 +
n+6X

i =2

2�̂ i + �̂ n+7 + �̂ n+8 : (3.53)

At the level of lattices, we have� so(2n)
r = � sp(n)

r , but the simple roots di�er. In terms of the so(2n)

roots �̂ , the simple roots � of sp(n) are Hall (2015)

� 1 = �̂ 1 ; � 2 = �̂ 2 ; ::: ; � n� 1 = �̂ n� 1 ; � n = � (�̂ n� 1 + �̂ n ) ; (3.54)

where � n is the long root of sp(n). This modi�es to coroot lattice � so(2n)
cr 6= � sp(n)

cr � � �
M , with basis

� _
i = � i for i = 1 ; :::; n � 1, and � _

n = 1
2 � n . Under the projection PM : VN ! VM , we have

PM (�̂ i ) = 0 for i = n + 1 ; :::; n + 8 ;

PM (�̂ i ) = �̂ i = � n� i = � _
n� i for i = 1 ; :::; n � 1 ;

PM (�̂ n ) =
1
2

PM

 

�̂ n � �̂ 1 �
n� 1X

i =2

2�̂ i �
n+6X

i = n+1

2�̂ i � �̂ n+7 � �̂ n+8

!

=
1
2

 

�̂ n � �̂ n� 1 � 2
n� 2X

i =1

�̂ i

!

= �
� n

2
�

n� 1X

i =1

� i = � � _
n �

n� 1X

i =1

� _
i :

(3.55)

Note that, by our working assumption, the so-roots (3.53) satisfy the masslessness condition for

the heterotic string. A legitimate question is, then, if the sp-roots (3.54) satisfy the analogous
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conditions of the CHL string, i.e., whether the corresponding CHL vacuum indeed has ansp(n) � h

gauge symmetry. This is indeed the case, since the embedding above is directly related to the

realization of sp gauge algebras given in Mikhailov (1998).

CHL cocharacters from heterotic cocharacters

Having identi�ed the (co-)root lattices, we now need to show that every cocharacter of the CHL

con�guration arises from a cocharacter in the heterotic model. By de�ning bE = � ghet
r 
 R � VN

and E = � g
r 
 R � VM , we �rst want to show that

PM (� N ) \ E = PM (� N \ bE) : (3.56)

For this, we use the fact that the branching ghet = so(16 + 2n) � h � so(16) � so(2n) � h induces

the orthogonal decomposition

bE = VD 8 � (� so(2n)
r � � h

r| {z }
=� g

r

) 
 R = VD 8 � E � VD 8 � VM = VN : (3.57)

Combining this with the general decomposition (3.9) ofVN = bE � F , where F is the hyperplane

containing the U(1)s, (3.50) implies that

VM = E � F � VD 8 � E
| {z }

bE

� F = VN : (3.58)

Notice that, in particular, the number of independent U(1) gauge factors,rF = dim F , is the same

for the CHL and the heterotic vacuum. So, anys 2 VN can be written as s = sD + sE + sF with

sD 2 VD 8 , sE 2 E, and sF 2 F . Then,

s 2 PM (� N ) \ E , s = sE 2 E and 9 sD 2 VD 8 : sE + sD 2 � N

, 9 s0 = sE + sD 2 � N \ bE : s := sE = PM (s0)

, s 2 PM (� N \ bE) :

(3.59)
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The signi�cance of (3.56) is that we can identify the cocharacter lattice� G
cc of the CHL vacuum

as the projection of the heterotic cocharacter lattice� Ghet
cc under PM .44 Namely, from the general

prescription (3.15), we have

� G
cc = � �

M \ E
(3.49)

= PM (� N ) \ E
(3.56)

= PM (� N \ bE) = PM (� Ghet
cc ) : (3.60)

Analogously, we can infer the CHL cocharacters� 0
cc, that encode the constraints involving theU(1)

charges, from the corresponding ones of the heterotic model,b�
0

cc. Namely, at the level of vector

spaces, (3.58) implies that the projections� bE : VN ! bE and PM : VN ! VM commute, and in fact

compose to the projection� E : VN ! E . Then, from (3.18), we have

� 0
cc = � E (� �

M ) = � E (PM (� N )) = PM (� E (� N )) = PM (b� 0
cc) : (3.61)

In summary, we see that any cocharacterc of the CHL vacuum arises as the projection of a heterotic

cocharacterĉ under PM . Any such cocharacterĉ 2 � N can be written as ĉ = ĉso(16+2 n) + ĉh + ĉF .

If ĉF 2 F is 0, then ĉ 2 � N \ bE = � Ghet
cc speci�es an elementẑ of � 1(Ghet ) = Zhet = � Ghet

cc =� ghet
cr �

� ghet
cw =� ghet

cr = Z ( eGhet ). If ĉF 6= 0 , then ĉ de�nes an element ẑ of Z 0
het � Z ( eGhet ) � U(1)r F .

In particular, each component ĉh 2 � h
cw and ĉso(16+2 n) 2 � so(16+2 n)

cw speci�es a center element

ẑh 2 Z ( eH ) and ẑso 2 Z (Spin(16+2n)) , respectively, which is the restriction ofẑ to the corresponding

center subgroup.

To establish (3.47), all we need to determine is, given the generators ofZhet and Z 0
het in terms

of (ẑh; ẑso) 2 Z ( eH ) � Z (Spin(16 + 2n)) = Z ( eGhet ), what the corresponding center elementz =

(zh; zsp) 2 Z ( eH ) � Z (Sp(n)) = Z ( eG) is. For zh, this is easy to answer. Since the coroot lattice� h
cr

remains invariant when passing from the heterotic to the CHL model, the componentPM (ẑh) = ẑh

de�nes the same elementzh = ẑh 2 Z ( eH ) = � h
cw=� h

cr .

44 We can also determine the CHL group structure including the U(1)s, following (3.18), from the parent heterotic
theory. We will focus on the non-Abelian part, because the relevant data for its group topology are encoded in known
K3-data Shimada (2005).
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However, the same does not hold forzsp, since in the CHL vacuum, we have to comparePM (ĉso(16+2 n) )

to the coroots of sp(n), rather than those of so(2n) � so(16 + 2n). To this end, we �rst construct

the coweights bw of so(16 + 2n) which representZ (Spin(16 + 2n)) = � so(16+2 n)
cw =� so(16+2 n)

cr . As duals

of the roots �̂ i , i = 1 ; :::; 8 + n, a basis for these are given by

bw l = ( C � 1) li �̂ i with Cil = ( �̂ i ; �̂ l ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

2 � 1 0 : : : : : : 0

� 1 2
. . . . . .

. . . . . . . . .

0 : : : � 1 2 � 1 � 1

0 : : : 0 � 1 2 0

0 : : : 0 � 1 0 2

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(3.62)

The inverse of the Cartan matrix C of so(16 + 2n) is (see, e.g., Wei and Zou (2017))

(C � 1) ij = ( C � 1) ji = min( i; j ) for i; j < n + 6 ;

(C � 1)n+7 ;j = ( C � 1) j;n +7 = ( C � 1)n+8 ;j = ( C � 1) j;n +8 = j
2 for j < n + 6 ;

(C � 1)n+7 ;n+8 = ( C � 1)n+8 ;n+7 = n+6
4 ; (C � 1)n+7 ;n+7 = ( C � 1)n+8 ;n+8 = n+8

4 :

(3.63)

Since we are ultimately interested in the equivalence classes ofsp(n)-coweightscsp in Z2
�= � sp(n)

cw =� sp(n)
cr ,

we use (3.54) to compute, for later convenience,

PM ( bw n+7 ) =
n+8X

j =1

(C � 1)n+7 ;j PM (�̂ j )

=
n� 1X

j =1

(C � 1)n+7 ;j � _
n� j � (C � 1)n+7 ;n

0

@� _
n +

n� 1X

j =1

� _
j

1

A

=
n� 1X

j =1

(C � 1)n+8 ;j � _
n� j � (C � 1)n+8 ;n

0

@� _
n +

n� 1X

j =1

� _
j

1

A = PM ( bw n+8 )

=
n� 1X

j =1

j � n
2

� _
j �

n
2

� _
n :

(3.64)

Clearly, for any n � 1, at least one of the summands has a fractional coe�cient. And since
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2PM ( bw n+7 ) = 2 PM ( bw n+8 ) 2 � sp(n)
cr , this means that PM ( bw n+7 ) = PM ( bw n+8 ) map to 1 2 Z2

�=

� sp(n)
cw =� sp(n)

cr . Moreover, since�̂ _
i = �̂ i , we can easily verify that

bw n+7 + bw n+8 =
n+8X

j =1

((C � 1)n+7 ;j + ( C � 1)n+8 ;j )�̂ j

=
n+6X

j =1

j �̂ j +
2n + 14

4
(�̂ n+7 + �̂ n+8 )

=
n + 1

2
(�̂ _

n+7 + �̂ _
n+8 ) mod � so(16+2 n)

cr :

(3.65)

Now it is instructive to di�erentiate between even and odd n.

For odd n, for which we know � so(16+2 n)
cw =� so(16+2 n)

cr �= Z4, the above equation is bw n+7 + bw n+8 =

0 mod � so(16+2 n)
cr . At the same time, since 2(n + 6) and 2(n + 8) cannot be divisible by 4

with odd n, both bw n+7 and bw n+8 are order 4 elements modulo� so(16+2 n)
cr . The order 2 ele-

ment in � so(16+2 n)
cw =� so(16+2 n)

cr is then represented by2bw n+7 = 2 bw n+8 mod � so(16+2 n)
cr = bw 2j � 1

mod � so(16+2 n)
cr for 1 � j � n + 6 (as also evident from (3.63)). Then, if ĉso(16+2 n) projects onto

an order 4 element in� so(16+2 n)
cw =� so(16+2 n)

cr �= Z4, it must be in the same equivalence class as either

bw n+7 or bw n+8 , which by (3.55) both map onto the order 2 element in� sp(n)
cw =� sp(n)

cr �= Z2, con�rming

(3.47) for odd n.

For even n, we see from (3.63) and (3.65) that, in the quotient� so(16+2 n)
cw =� so(16+2 n)

cr �= Z2 � Z2,

the equivalence classes ofbw n+7 , bw n+8 , and bw n+7 + bw n+8 all de�ne order 2 elements. This means

that bw n+7 and bw n+8 represent the generators(1; 0) and (0; 1), respectively, while bw n+7 + bw n+8

represents(1; 1). Again, since PM ( bw n+7 ) = PM ( bw n+8 ) map to 1 2 Z2 = Z (Sp(n)) , this con�rms

(3.47) for evenn.

3.4. Summary and Outlook

In this chapter, we have presented an explicit identi�cation of the gauge group topology

[ eG=Z ] � U(1)r F

Z 0 (3.66)
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of 8d N = 1 compacti�cations of heterotic and CHL string theories, based on the embedding of

the root lattice � g
r of the non-Abelian gauge algebrag (with simply-connected cover eG) into the

momentum lattice � S of string states. For rank 20 theories, this agrees with known results from the

heterotic Font et al. (2020) or the F-theory duality frame Aspinwall and Morrison (1998); Guralnik

(2001); Shimada (2005); Cvetic et al. (2021a). For CHL vacua, we have highlighted the necessity

to distinguish between � S and its dual, as well as between the root� g
r and coroot lattice � g

cr . If

this is taken into account, the resulting non-Abelian gauge group topologyG = eG=Z is guaranteed

to have no anomalies for the correspondingZ � Z ( eG) 1-form symmetry Cveti£ et al. (2020). This

can be veri�ed explicitly for all 61 maximally enhanced CHL vacua, for which we have compiled the

non-Abelian gauge group topologyZ in Appendix C.1.

We have also demonstrated in an explicit example how to compute the subgroupZ 0 � Z ( eG), which

is identi�ed with a subgroup of the Abelian gauge factor U(1)r F . As we have argued for in Section

3.3, the global gauge group structure(Z ; Z 0) of any CHL vacuum can be in principle inferred from

the corresponding data(Zhet ; Z 0
het ) of a parent heterotic model. WhileZhet can be readily obtained

from existing data (e.g., from Font et al. (2020)), a comprehensive list of the partZ 0
het involving

the U(1)s has been covered in a companion work Cvetic et al. (2021a), from which we can then also

classifyZ 0 for CHL vacua. There, we will also extend the analysis to include 8dN = 1 theories with

gauge rank 4 Dabholkar and Park (1996a); Witten (1998a); Aharony et al. (2007). Additionally, it

should be straightforward to apply the machinery to 7d heterotic compacti�cations Fraiman and

De Freitas (2021).

Another interesting direction would be to understand the results about the global gauge group

structures involving geometrically engineeredsp gauge symmetries in the language of higher-form

symmetries Gaiotto et al. (2015). This would require a re�nement of the framework of Morrison

et al. (2020); Albertini et al. (2020) to M-theory compacti�cations with frozen singularities Witten

(1998a); Tachikawa (2016); Bhardwaj et al. (2018). Furthermore, it would be interesting to repro-

duce the sp(n)-contribution to the mixed 1-form anomalies from a dimensional reduction of the

M-theory Chern�Simons term in the presence of boundary �uxes which encode the 1-form symme-
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try background Cvetic et al. (2021b). Lastly, having a complete catalog of gauge group topology

including the U(1)s could provide a guideline to formulate �eld-theoretic constraints on allowed

topologiesZ 0, in similar fashion to Cveti£ et al. (2020); Montero and Vafa (2021).
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CHAPTER 4

ALL EIGHT- AND NINE-DIMENSIONAL STRING VACUA FROM JUNCTIONS

4.1. Introduction

Supergravity theories in a large number of dimensions form an ideal laboratory to investigate the

manifestation of quantum gravitational consistency conditions in the low-energy limit of string

theory. In particular, they provide a concrete class of models which corroborates the conjecture of

�string universality�, or �string lamppost principle�, stating that all consistent (super)gravity theories

arise from string theory.

Formulating and sharpening the relevant conditions on consistent e�ective theories of quantum

gravity are at the heart of the Swampland Program Vafa (2005); Ooguri and Vafa (2007). Arguably,

among the best motivated of these constraints is that quantum gravity theories should have no exact

global symmetries. This statement can also be applied to higher-form global symmetries, such as 1-

form center symmetries of non-Abelian gauge sectors. The condition demands that these symmetries

are either gauged or broken. However, if they are to be gauged, one needs to demand the absence of

obstructions/anomalies to turning on the gauge �elds of these generalized symmetries. This absence

of anomalies of center 1-form symmetries can lead to severe restrictions on the global topology of

the allowed gauge groups in supersymmetric theories Apruzzi et al. (2022b); Cveti£ et al. (2020).

Similarly, the absence of global symmetries requires certain topological invariants called bordism

groups to be trivial McNamara and Vafa (2019), once more leading to powerful constraints, in

particular on the total rank of the gauge symmetry, of consistent supergravity theories in more than

six dimensions Montero and Vafa (2021); Bedroya et al. (2022).

Being confronted with the set of supergravity models that pass the above consistency tests, the

remaining question is whether all of these can be realized in string theory. To answer this we

therefore need good control of the realization of the global form of the gauge groups, i.e., the

fate of the center 1-form symmetries in string theory constructions. In the chapter we focus on

91



compacti�cations to eight and nine dimensions (8d and 9d) with 16 supercharges (i.e.,N = 1 ).

A powerful approach that successfully utilizes the machinery of geometry is F-theory Vafa (1996),

which ties the algebraic and arithmetic properties of elliptic K3-surfaces to 8d gauge theories with

ADE gauge algebras of total rank (2; 18).45 In this context, the global gauge group structure

is encoded in the Mordell�Weil group of rational sections of the elliptic �bration Aspinwall and

Morrison (1998); Mayrhofer et al. (2014); Cveti£ and Lin (2018a). Under M-/F-theory duality, this

can be phrased in terms of gauging and breaking higher-form symmetries Gaiotto et al. (2015), that

is re�ected geometrically in the gluing of torsional homology cycles in local patches containing the

non-Abelian gauge dynamics Cvetic et al. (2021b).46 Moreover, through suitable deformations that

correspond to in�nite distance points in the 8d moduli space, the F-theory geometry also classi�es

9d N = 1 string vacua with gauge rank (1; 17) Lee and Weigand (2022); Lee et al. (2022). This

is consistent with the dual heterotic description, where the 9d moduli space � described via the

rank (1; 17) Narain lattice � is contained in that of the 8d moduli space, with a rank (2; 18) Narain

lattice description (see Font et al. (2020) for a recent comprehensive study).

However, the dictionary between geometry and physics is less understood in the presence of so-

called frozen singularities Witten (1998a); de Boer et al. (2002); Tachikawa (2016); Bhardwaj et al.

(2018). While these are known to be the necessary ingredient for an F-theory description ofsp gauge

algebras on the 8dN = 1 moduli branches of gauge ranks(2; 10) and (2; 2), the characterization of,

e.g., the gauge group topology is no longer purely geometric (i.e., given by the Mordell�Weil group)

Cvetic et al. (2021a). Likewise, it is not immediately clear how to identify decompacti�cation limits

on these moduli spaces. On the other hand, advances in the Swampland program Hamada and

Vafa (2021) strongly suggest, that all 8dN = 1 vacua should have a characterization in terms of

an elliptically-�bered K3.

45 Throughout this chapter, we collect the number a of independent gravi-photons, and the maximal non-Abelian
gauge rank r into a pair (a; r ), which we often refer to as the (total) gauge rank. At generic values of moduli, the
gauge algebra is henceu(1)a+ r .

46 The investigation of generalized symmetries within the geometric engineering framework has received broad
attention in recent literature Del Zotto et al. (2016); Morrison et al. (2020); Albertini et al. (2020); Dierigl et al.
(2020); Apruzzi et al. (2022b); Cveti£ et al. (2020); Bhardwaj and Schäfer-Nameki (2021); Del Zotto and Ohmori
(2021); Bhardwaj et al. (2021); Hosseini and Moscrop (2021); Cvetic et al. (2021b); Bhardwaj (2022b); Apruzzi et al.
(2022a, 2021a); Tian and Wang (2022); Del Zotto et al. (2022b).
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As we will demonstrate in this chapter, string junctions provide a uni�ed framework that encom-

passes all these features. In this description, the underlying elliptic K3 is encoded in the con�gura-

tion of [p; q]-7-branes of type IIB string theory, whose[p; q]-type are in one-to-one correspondence

to elliptic singularities characterized by an SL(2; Z)-monodromy M [p;q]. The junctions are then

(p; q)-strings or -5-branes stretched between the 7-branes. In their original formulation Gaberdiel

and Zwiebach (1998); Gaberdiel et al. (1998); DeWolfe and Zwiebach (1999) that is equivalent to

F-theory without frozen singularities, junctions describe the 8d gauge dynamics with ADE gauge

algebras,47 as well as their higher-form symmetries Cvetic et al. (2021b). To account for a junction

description of all 8dN = 1 vacua, we extend the discussion to include O7+ -planes, which are the IIB

avatars of frozen singularities, and have the same monodromy as an elliptic D8 singularity Witten

(1998a); de Boer et al. (2002); Tachikawa (2016).

A concept that will be key to this chapter are so-called fractional null junctions, which are certain

fractional (and hence, unphysical) ( p
q )-charges encircling all 7-branes, i.e.,loop junctions. In the

absence of O7+ -planes, these are known to be equivalent to Mordell�Weil torsion of the underlying

elliptic K3 Fukae et al. (2000); Guralnik (2001). To correctly account for the electric and magnetic

center symmetries and the gauge group topology for thesp gauge symmetries that arise in the

presence of O7+ , it turns out to be instrumental to study separately (p; q)-strings and -5-branes.

The key di�erence is, while any integer number of 5-branes can end on an O7+ , the number ofstring-

prongs there must be even. Indeed, with this modi�cation, we �nd that the junction description of

8d vacua with one O7+ is equivalent to so-called CHL vacua Chaudhuri et al. (1995); Chaudhuri and

Polchinski (1995) of rank (2; 10), including the characterization of the global gauge group structure

Cvetic et al. (2021a); Font et al. (2021). Moreover, it is straightforward to include two O7+ -planes,

thereby giving a junction-esque classi�cation of 8d string vacua with gauge rank(2; 2) including

their gauge group topology, for which there is no known heterotic or CHL string description.

In addition, we also propose a junction description for decompacti�cation limits to 9d including

47 String junctions have been also used to construct lower-dimensional theories, see Bonora and Savelli (2010);
Cvetic et al. (2011); García-Etxebarria et al. (2013); Grassi et al. (2014); Agarwal and Amariti (2016); Grassi et al.
(2018); Hassler et al. (2020); Heckman et al. (2021); Grassi et al. (2022).
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O7+ -planes. Parallel to the 9d uplifts of the rank (2; 18) setting Lee and Weigand (2022); Lee et al.

(2022) (see also Collazuol et al. (2022) for a related discussion of 10d uplifts of 9d heterotic vacua),

we identify the corresponding in�nite distance limits with O7 + -planes by the emergence of loop

junctions that a�nize the 8d gauge algebra. Again, the subtle di�erences from having modi�ed

boundary conditions for strings and 5-branes can be cross-checked with the momentum lattice

description of the CHL string for uplifting 8d rank (2; 10) theories to 9d rank(1; 9) theories. Like in

8d, the junction description naturally encodes the gauge group topology of 9d vacua. For the rank

(2; 2) theories without a momentum lattice analog, the 9d theories with rank(1; 1) that result from

the junction description live on two disconnected moduli branches that are only connected through

an S1-reduction to 8d, which matches other stringy constructions Aharony et al. (2007). This

further establishes junctions as a complimentary framework to sharpen aspects of the Swampland

Distance conjecture Ooguri and Vafa (2007) in string compacti�cations.

The rest of the chapter is organized as follows. After reviewing the junction framework with ordinary

[p; q]-7-branes in Section 4.2, we discuss, in Section 4.3, the modi�ed boundary conditions for strings

and 5-branes on an O7+ -plane that give rise to the correct higher-form symmetries ofsp gauge

algebras in 8d. In Section 4.4, we then describe global 8d models by �gluing� together local patches

with 7-brane stacks involving O7+ -planes. A particular focus will be on the gauge group topology

that is encoded in the fractional null junctions. We then examine, in Section 4.5, the in�nite distance

limits described via 7-branes and junctions that correspond to 9dN = 1 vacua, for which we will

also determine the global gauge group structure. The appendices contain some technical aspects, as

well as the full list of gauge group topologies for all 8d vacua with maximally-enhanced non-Abelian

symmetries in Appendix D.3.

4.2. String and 5-brane junctions

String junctions provide an e�cient way to classify electrically charged states with respect to gauge

symmetries localized on 7-brane stacks in type IIB string theory. Therefore, they also contain

information about the electric 1-form center symmetries and the global realization of the 8d gauge

group Fukae et al. (2000); Guralnik (2001); Cvetic et al. (2021b). The magnetically dual perspective
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is provided by 5-brane webs, which can also be described by junctions Aharony et al. (1998); Leung

and Vafa (1998); Kol and Rahmfeld (1998); DeWolfe et al. (1999a).

In this section we recall some properties of string and 5-brane junctions in the presence of a general

[p; q]-7-brane stack. This provides a local construction of the charged states. Importantly, the charge

under the center symmetry is related to the appearance of certainfractional junctions, the extended

weight junctions, that determine the global properties of the model Cvetic et al. (2021b). We then

generalize the discussion of string and 5-brane junctions to backgrounds containing O7+ -planes,

whose geometric interpretation in F-theory is more challenging Tachikawa (2016); Bhardwaj et al.

(2018). With the help of string junctions we can successfully extract the correct properties of these

con�gurations and identify the electric center symmetries also for symplectic gauge groups. This

analysis is repeated with 5-brane junctions, which, as opposed to the ADE algebras realized without

O7+ 's, have a subtle distinction from string junctions that is precisely needed to correctly account

for the magnetic center symmetry.

Basics of [p; q]-7-branes and junctions

In this section we will recall the basics of the junction description for 8dN = 1 dynamics from

type IIB compacti�cations Gaberdiel and Zwiebach (1998); DeWolfe and Zwiebach (1999). The

key players are spacetime �lling [p; q]-7-branesX [p;q], which we will denote with square brackets.

A single 7-brane must have coprimep and q. In the plane perpendicular to its worldvolume, X [p;q]

induces a singularity in the axio-dilaton pro�le � = C0 + ie� � , composed of the RR 0-formC0 and

the dilaton �eld � , which is characterized by anSL(2; Z) monodromy

M [p;q] =

0

B
@

1 + pq � p2

q2 1 � pq

1

C
A 2 SL(2; Z) ; (4.1)

which acts on � by a Möbius transformation, and in the doublet representation,

�
B 2
C2

�
7! M [p;q]

�
B 2
C2

�
; (4.2)
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on the NSNS- and RR-2-form �elds (B2; C2). This monodromy can be captured by a branch cut

in the perpendicular plane that emanates form the 7-brane. In the following it will prove useful

to introduce conventions for some special 7-branes, that will later appear in the construction of

non-Abelian gauge algebras

A = X [1;0] : M [1;0] =

0

B
@

1 � 1

0 1

1

C
A ;

B = X [1;� 1] : M [1;� 1] =

0

B
@

0 � 1

1 2

1

C
A ;

C = X [1;1] : M [1;1] =

0

B
@

2 � 1

1 0

1

C
A ;

N = X [0;1] : M [0;1] =

0

B
@

1 0

1 1

1

C
A :

(4.3)

In a local model, where the perpendicular plane is non-compact (i.e., isR2 = C 3 z), it is customary

to extend the branch cuts all downwards (meeting atz = � i1 , without crossing each other before).

Starting from a con�guration describing a certain 8d vacuum, we can obtain another one on the

same 8dN = 1 moduli space by moving the 7-branes. WhenX [p1 ;q1 ] crosses the branch cut of

X [p2 ;q2 ] from the left to right, the [p; q]-type changes according to:

X [p1 ;q1 ]
����!

X [p2 ;q2 ] ! X [p2 ;q2 ]X [p1+ D �p2 ; q1+ D �q2 ] ; (4.4)

where D � det ( p1 p2
q1 q2 ), and the arrow indicating the branch-cut-crossing 7-brane. Likewise, when

it crosses from right to left, one has

X [p2 ;q2 ]X [p1 ;q1 ]
 ����

! X [p1+ D �p2 ; q1+ D �q2 ]X [p2 ;q2 ] : (4.5)

For any concrete con�guration, we can arrange the 7-branes along a horizontal axis, and denote
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them as X [p1 ;q1 ]X [p2 ;q2 ] ::: by labelling from left to right. The SL(2; Z) monodromy around any

(connected) part of this chain is the product of the individual monodromies of the encircled branes

from right to left . To obtain a valid global con�guration (i.e., where the perpendicular plane isP1)

describing an 8dN = 1 supergravity model, tadpole cancellation requires exactly 24[p; q]-7-branes,

whose overall monodromy must be the identity. Note that, while theirrelative [p; q]-types are pivotal

for distinguishing di�erent physical con�gurations, an overall SL(2; Z) 3 g transformation,

[ pi
qi ] 7! g [ pi

qi ] ; M [pi ;qi ] 7! gM[pi ;qi ]g
� 1 for all i ; (4.6)

does not matter physically for a model (local or global) described by a collection of 7-branesX [pi ;qi ].

BPS-particles in 8d arise from(p; q)-strings � a bound state of p fundamental and q D-strings with

electric charge( p
q ) under

�
B 2
C2

�
� anchored on the 7-branes of the same[p; q]-type, and extending

as a directed line into the perpendicular plane. Their magnetically dual objects, which are four-

dimensional in 8d, are given by(p; q)-5-branes � a bound state of p NS5- and q D5-branes with

magnetic charge( p
q ) under

�
B 2
C2

�
� that share four common spatial directions as the 7-brane and

also project to lines in the perpendicular plane. Since strings and 5-branes can fuse and split, so

long as the overall( p
q )-charge is conserved at every vertex, they form junctions, see left of Figure

4.1. Note that, by �ipping the direction on any prong, its ( p
q )-charge acquires a minus sign.48

As charged objects of the 2-form �elds(B2; C2), strings and 5-branes also experienceSL(2; Z)

monodromies as they are transported around 7-branes. This action can be represented in the

perpendicular plane, after choosing the branch cuts, by an analogous transformation

( r
s ) !

�
r 0

s0

�
= M [p;q] ( r

s ) = ( r
s ) + ( qr � ps) ( p

q ) (4.7)

on the ( r
s )-charges of a junction-prong as it crosses the branch cut of a[p; q]-7-brane, see middle

of Figure 4.1. Finally, in analogy to Hanany�Witten transitions Hanany and Witten (1997), the

48 To make contact with the F-theory description of type IIB, note that (directed) junctions can be interpreted as
(oriented) 2-cycles in an elliptic K3, on which M2- and M5-branes can be wrapped, which are the objects dual to
strings and 5-branes under M-/F-theory duality. See, e.g., Cvetic et al. (2021b) for details of this correspondence.
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same junction can be expressed, by moving the branch-cut-crossing prong across the 7-brane, as a

junction with an additional prong on the 7-brane, see right of Figure 4.1.

Figure 4.1: Strings and 5-branes, which are represented as lines in the perpendicular plane, form
junctions, where the( p

q )-charge at each vertex is conserved (left). In the presence of 7-branes, they
undergo monodromy transformations (4.7) when they cross a branch cut (middle). By a Hanany�
Witten transition, the same junction can be represented as having a prong on the 7-brane (right).

To have non-Abelian gauge dynamics in 8d, we have to collide 7-branes to form stacks. Strings that

stretch between di�erent constituents of a stack then become light and form massless W-bosons of

the enhanced gauge symmetry. In terms of the 7-brane types (4.3), ADE-gauge algebras are realized
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when the following stacks form49:

Lie algebra brane constituents monodromy

sun A n

0

B
@

1 � n

0 1

1

C
A

so2n A nBC

0

B
@

� 1 n � 4

0 � 1

1

C
A

en� 1 A n� 1BC 2

0

B
@

� 2 2n � 9

� 1 n � 5

1

C
A

~en� 0 A nX [2;� 1]C

0

B
@

� 3 3n � 11

� 1 n � 4

1

C
A

(4.8)

where we have used exponents to group the same type of branes that are appear consecutively.

The overall monodromy of a 7-brane stack is the product of the individual branes from right to

left; e.g., M so2n = M [1;1]M [1;� 1]M n
[1;0]. The realizations of the exceptional algebras are physically

equivalent, i.e., equal up to 7-brane moves inside the stack andSL(2; Z) conjugations, for n � 2,50

while e1
�= su2 and ~e1

�= u(1); �nally, the ~e0 con�guration corresponds to a trivial gauge algebra.

There are additional strongly coupled versions of the Lie algebrasun with n 2 f 2; 3g of the form

A n+1 C. In the remaining part of this section, we will focus mainly on the �standard� casessun ,

so2n and en� 6, while ~en will be relevant in Section 4.5. Of course there is a beautiful relation

between the 7-branes stacks above with their inducedSL(2; Z) monodromies, and the classi�cation

of singularities in elliptic �brations by Kodaira, which is central in F-theory (see Weigand (2018);

Cveti£ and Lin (2018b) for recent reviews and additional references). In the following, we will focus

solely on the junction perspective.

49 We have chosen a particular SL(2; Z)-frame that is common in the literature, but any SL(2; Z)-conjugated
con�guration would obviously give the same gauge algebra.

50 We use the standard identi�cations e2 �= su2 � u(1), e3 �= su3 � su2 , e4 �= su5 , e5 �= so10 .
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The junction lattice

In the following, we give an abstract de�nition of junctions as lines in the plane perpendicular to the

7-branes satisfying the axioms above. In principle, one has to specify if they represent(p; q)-strings

or 5-brane webs to attach physical meaning to them.

Consider the junctions formed by a single prong extending from one 7-braneX [p;q], which we denote

with a lower case letter asx [p;q], and sometimes call a unit junction. In analogy to the di�erent

types de�ned in (4.3), there are then also junctions

a ; b ; c ; n : (4.9)

Since a general string or 5-brane junction takes the form of a linear combination of the indi-

vidual prongs, the set of all physical junctions (strings or 5-branes) on a 7-brane con�guration,

X [p1 ;q1 ]X [p2 ;q2 ] � � � X [pi ;qi ] � � � , form a Z-module,

Jphys =
�

j =
X

i

ai x [pi ;qi ] j ai 2 Z
	

: (4.10)

One important physical invariant is the net, or asymptotic ( p
q )-charge of a junction j , given by

( p
q )asymp =

P
i ai ( pi

qi ).

One further de�nes a symmetric bi-linear pairing (:; :) on this module as follows. For the basis

junction x [pi ;qi ] (note that the ordering of the 7-branes is important), one de�nes51

�
x [pi ;qi ]; x [pj ;qj ]

�
=

�
x [pj ;qj ]; x [pi ;qi ]

�
=

8
>><

>>:

� 1 ; if i = j

1
2 det

� pi pj
qi qj

�
; if X [pi ;qi ] is on the left of X [pj ;qj ] :

(4.11)

By linearly extending to the module Jphys, we endow it with a lattice structure, which will be called

the (physical) junction lattice. For example, consider an arrangement of onlyA , B and C branes

51 Here, we simply present the rules as stated in DeWolfe and Zwiebach (1999). It can be shown that they agree
with the geometric intersection pairing for the elliptic K3 of the dual F-theory description.
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which are ordered �alphabetically�,

A 1 � � � A � � � � B 1 � � � B � � � � C1 � � � C 
 : (4.12)

For this 7-brane con�guration, we have

(a� ; a� 0) = � � �;� 0 ; (b � ; b � 0) = � � �;� 0 ; (c
 ; c
 0) = � � 
;
 0 ;

(a� ; b � ) = � 1
2 ; (a� ; c
 ) = 1

2 ; (b � ; c
 ) = 1 :
(4.13)

An important property of the pairing (4.11) is that it is invariant under 7-brane motions. That

is, given a �xed set of 7-branesX [pi ;qi ], the lattice (Jphys; (�; �)) changes only up to a unimod-

ular transformation (i.e., change of basis) when we move the 7-branes. To see this it su�ces

to consider a two-branes con�guration X [p1 ;q1 ]X [p2 ;q2 ] with Jphys = f a1x [p1 ;q1 ] + a2x [p2 ;q2 ]g, for

which the pairing matrix is
�

� 1 D=2
D=2 � 1

�
, with D = det ( p1 p2

q1 q2 ). After moving X [p1 ;q1 ] across the

branch cut to the right, as in (4.4) (the other direction, (4.5), works analogously), the con�guration

X [p2 ;q2 ]X [p1+ Dp 2 ;q1+ Dq2 ] � X l X r has the lattice

Jphys = f al x l + ar x r g ; with (x i ; x j ) =
�

� 1 � D
2

� D
2 � 1

�
=

� �
� D 1

1 0

� � 1
� T

�
� 1 D

2
D
2 � 1

�
�

� D 1
1 0

� � 1 : (4.14)

The unimodular transformation
�

� D 1
1 0

�
precisely traces how the original unit prongsf x [pi ;qi ]g are

expressed in terms of the new basisf x l ; x r g after the 7-brane transition (4.4),

x [p1 ;q1 ] ! � Dx l + x r ; x [p2 ;q2 ] ! x l : (4.15)

Loop junctions and their self-pairings

A junction type that will be particularly important to our discussions are loop junctions. These are

formed by encircling a collection of 7-branes with an( r
s )-charge, that undergoesSL(2; Z) transfor-

mations as it crosses their branch cuts. As a convention for nomenclature, we use the( r
s )-charge it

starts out with to label the loop junction ` (r;s ) , even if its (p; q)-type changes after it comes back, see
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Figure 4.2. If the overall monodromy of the encircled stack isM , then such a loop has asymptotic

charge( p
q ) = ( M � 1 ) ( r

s ). For two loops, ` (r;s ) and ` (u;v ) , encircling the same 7-branes, one clearly

has ` (r;s ) + ` (u;v ) = ` (r + u;s+ v) . In principle, any such loop can be turned into the standard basis

4.10 with prongs on 7-branes by pulling the loop across the encircled 7-branes via a Hanany�Witten

transition, which allows to compute pairings involving loop junctions. However, since the loop does

not touch the encircled 7-branes, but only sees their overall monodromy, the self-pairing of a loop

should be computable just with this data.

Figure 4.2: A loop junction ` (r;s ) around a collection of 7-branes with overall monodromyM . The
asymptotic charge( p

q ) =
�

r 0

s0

�
� ( r

s ) = ( M � 1 ) ( r
s ) is in general non-zero.

To do so, �rst consider the junction j = x [p;q] + x [r;s ] as depicted on the left of Figure 4.3. According

to (4.11), we have

(j ; j ) = ( x [p;q]; x [p;q]) + ( x [r;s ]; x [r;s ]) + 2( x [p;q]; x [r;s ]) = � 2 + det

0

B
@

p r

q s

1

C
A : (4.16)

As pointed out in DeWolfe and Zwiebach (1999), this result can also be interpreted as the sum of the

contributions from the two end points of the 7-branes (each contribution� 1), and the contribution
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of the 3-pronged vertex. The latter must therefore be

det

0

B
@

p r

q s

1

C
A = ps � rq = det

0

B
@

r � (p + r )

s � (q + s)

1

C
A = det

0

B
@

� (p + r ) p

� (q + s) q

1

C
A ; (4.17)

i.e., the determinant of two of the three ( p
q )-charge vectors, arranged in their counter-clockwise

ordering (and all prongs either ingoing or outgoing).

Figure 4.3: The self-pairing of a 3-pronged junction (left) can be separated into contributions from
the ends on 7-branes and the vertex, see (4.16). When there are no prongs ending on 7-branes, such
as for loop juncions (right), the only contribution is that of the vertex.

This logic can now be easily applied to compute self-pairings of loop junctions. Since such a junction

has no endpoints on 7-branes, the only contribution to the self-pairing must come from the 3-pronged

vertex. For the junction ` (r;s ) in Figure 4.2, this contribution evaluates to (after accounting for the

signs necessary to have all prongs in- or outgoing)

(` (r;s ) ; ` (r;s ) ) = det

0

B
@

p r

q s

1

C
A = � det

0

B
@

r r 0

s s0

1

C
A : (4.18)

As a consistency check, consider a loop junctioǹ(r;s ) around a single[p; q]-7-brane such that the
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asymptotic charge is( p
q ) (see right of Figure 4.3), i.e.,

(M [p;q] � 1 ) ( r
s ) = ( qr � ps) ( p

s ) != ( p
q ) , (qr � ps) != 1 ; (4.19)

which always has a solution for(r; s) since the labels of a singleX [p;q] must be coprime. Then, the

self-pairing is (` (r;s ) ; ` (r;s ) ) = det ( p r
q s ) = ps � qr = � 1 = ( x [p;q]; x [p;q]). This was expected, since by

construction, this loop is equivalent, by a Hanany�Witten transition, to the unit junction x [p;q].

(Co-)weight lattices from junctions

For a single brane stack of ADE type (4.8), the physical junctionswithout asymptotic charges are

generated by

sun : � i = ai � ai +1 ; i 2 f 1; : : : ; n � 1g;

so2n : � i = ai � ai +1 ; i 2 f 1; : : : ; n � 1g; � n = an� 1 + an � b � c ;

en : � i = ai � ai +1 ; i 2 f 1; : : : ; n � 2g; � n� 1 = an� 2 + an� 1 � b � c1 ; � n = c1 � c2 ;

(4.20)

where we have indexed 7-branes and their associated unit junctions of the same[p; q]-type. Com-

puting their mutual bi-linear pairing of � i one �nds

(� i ; � j ) = A ij ; (4.21)

with A ij the negative Cartan matrix. Indeed, strings represented by the junctions above are asso-

ciated to the W-bosons which lead to the enhanced gauge symmetry on the 7-brane stack. We will

call them root junctions for obvious reasons, and they span the root junction lattice of the ADE

algebra � r � Jphys.

In complete analogy to representation theory (save for a minus sign for the pairing), the bi-linear

pairing allows the de�nition of the coroot junctions, whose span is the coroot junction lattice� cr ,
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as follows

� _
i =

2
� (� i ; � i )

� i : (4.22)

Since for ADE algebras all roots have length-square2, these coincide with the root junctions.

However, physically, these should be thought of as the magnetically dual states, and hence arise

from 5-brane webs represented by the junctions. We can therefore also identify the pairing between

two junctions, where one represents a string and the other a 5-brane, as the Dirac-pairing between

electric and magnetic operators of the 8d gauge theory.

One further de�nes the weight junctions w i , which are dual to the coroot junctions with respect to

(:; :) (or, more precisely, itsQ-linear extension),

(w i ; � _
j ) = � � ij : (4.23)

They span the weight junction lattice � w, and correspond to the electric states of the gauge sym-

metry if they represent a string. Similarly, one de�nes the coweight junctions w _
i and their lattice

� cw via

(w _
i ; � j ) = � � ij ; (4.24)

which, when representing a 5-brane, is a magnetic state.

Note that the (co-)weights and (co-)roots are in a very real sense localized degrees of freedom. For

any additional 7-brane X [r;s ] that is added to the system, we can explicitly compute from (4.20)

that (x [r;s ]; � (_ )
j ) = 0 . Therefore, any junction that has no prong on the 7-brane stack represents

an uncharged state under the gauge symmetry on that stack.

For ADE algebras the coweights and weights again agree, and there the distinction between string

and 5-brane junctions is only of formal nature. However, it will become important once we in-

clude O7+ -planes. Before that, we have to introduce the concept of so-called extended (co-)weight
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junctions DeWolfe and Zwiebach (1999).

Extended (co-)weights and higher-form center symmetries

In general, the (co-)weight junctions,

w _
i =

X

j

(� A � 1) ij � j ; w i =
X

j

(� ~A � 1) ij � _
j ; (4.25)

with eA ij = ( � _
i ; � _

j ), will have fractional coe�cients in front of the unit prongs x [pi ;qi ]. This implies

that they are not physical junctions on their own. However, they can be made physical by adding

certain other fractional junctions with non-zero asymptotic ( p
q )-charges, resulting in an integer

(i.e., physical) junction with a prong that extends away from the 7-brane stack. Equivalently, it

formalizes the intuition that non-adjoint matter states (carrying weights that are not roots) on a

7-brane stack arise from open strings that have ends on other 7-branes (possibly at in�nity).

As a simple example, considerg = su2, realized on anA 1A 2-stack. While the (co-)weight junction

w (_ ) = 1
2(a1 � a2) without any asymptotic (p; q)-charge is non-physical, we can consider the unit

string junctions a1 or a2, each of which carries an asymptotic( p
q ) = ( 1

0 ) charge. From(a1; � _ ) =

(a1; a1 � a2) = � (a2; a1 � a2) = � 1, we expect these (string) junctions to be fundamental matter

of the su2. Note that we can formally write

a1 = 1
2(a1 + a2) + w ; a2 = 1

2(a1 + a2) � w : (4.26)

Because1
2(a1 + a2) � ! has asymptotic charge( 1

0 ), and satis�es (! ; � ) = 0 , we can interpret the

above rewriting as separating thesu2 gauge charges of the unit junctions, captured by the summand

proportional to w, from the asymptotic SL(2; Z)-charges, captured by! . By linearity, this sepa-

ration can be done for any physical junctionj = n1a1 + n2a2. For su2, the state corresponding to

j = sw + k! 2 Jphys is a weight of an spin-s=2 representation, which has charges mod 2 under the

Z2-center. It is easy to see in this case, the physicality condition, i.e., forj to have integer number

of prongs on the 7-branes, relatess � k mod 2. Therefore, the coe�cient of any physical junction

in front of ! provides an equivalent way to encode the center charge of that corresponding state.
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Figure 4.4: Construction of extended weight junctions. Since the( r
s )-charges that appear in the

loop are in general fractional, the prongs ending on the 7-branes after pulling the loop across also
have fractional coe�cients.

This line of argument can be generalized to any ADE-stack DeWolfe and Zwiebach (1999).

First, notice that, by a Hanany�Witten transition, ! = ` (0;� 1=2) is a loop junction around theA 1A 2

stack. For a general stack with monodromyM , one de�nes ! , which are called extended weight

junctions, as the generators of all loop junctions̀ (r;s ) (with possibly fractional (r; s)) encircling the

stack that have integer asymptotic ( p
q )-charge, i.e.,

(M � 1 ) ( r
s ) 2 Z2 : (4.27)

For the ADE algebras realized via the stacks as given in (4.8), a standard basis for these are denoted

! p;q with asymptotic charges

! p : ( p
q )asymp = ( 1

0 ) ; ! q : ( p
q )asymp = ( 0

1 ) : (4.28)

For sun stacks, (M � 1 ) has only rank 1, so there is only one generator,! p with asymptotic ( 1
0 )

charge. Due to the generally fractional(r; s)-prong that crosses the branch cuts, the prongs that

end on the constituent branes of the stack are also fractional after a Hanany�Witten transition, see
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Figure 4.4. Explicitly, the extended weight junctions and their pairings are given by52

sun (A n ) : ! p = ` (0;� 1=n ) = 1
n

nX

i =1

ai ; (! p; ! p) = � 1
n ;

so2n (A nBC ) :

8
>><

>>:

! p = ` (� 1=2;0) = 1
2(b + c) ;

! q = ` (1� n=4;� 1=2) = 1
2(

P
i ai � b + c � n! p) ;

(! � ; ! � ) =

0

B
@

0 0

0 n
4 � 1

1

C
A

��

;

e6 (A 5BC 2) :

8
>><

>>:

! p = ` (0;1=3) = � 1
3

P 5
i =1 ai + 4

3b + 2
3

P 2
i =1 ci ;

! q = ` (� 1;� 1) =
P 5

i =1 ai � 3b �
P 2

i =1 ci ;
(! � ; ! � ) =

0

B
@

1
3 � 1

2

� 1
2 1

1

C
A

��

;

e7 (A 6BC 2) :

8
>><

>>:

! p = ` (1=2;1=2) = � 1
2

P 6
i =1 ai + 2b +

P 2
i =1 ci ;

! q = ` (� 5=2;� 3=2) = 3
2

P 6
i =1 ai � 5b � 2

P 2
i =1 ci ;

(! � ; ! � ) =

0

B
@

1
2 � 1

� 1 5
2

1

C
A

��

;

e8 (A 7BC 2) :

8
>><

>>:

! p = ` (2;1) = �
P 7

i =1 ai + 4b + 2
P 2

i =1 ci ;

! q = ` (� 7;� 3) = 3
P 7

i =1 ai � 11b � 5
P 2

i =1 ci ;
(! � ; ! � ) =

0

B
@

1 � 5
2

� 5
2 7

1

C
A

��

:

(4.29)

All physical junctions associated to a 7-brane stack, i.e., junctions with prongs of only integer( p
q )-

charge, can be written uniquely in terms of a linear combination of weight and extended weight

junctions

j =
X

i

ai w i + ap! p + aq! q ; ai ; ap; aq 2 Z : (4.30)

Physically, this means that a physical(p; q)-string/-5-brane is fully characterized by its asymptotic

electric/magnetic ( p
q )-charge under(B2; C2), and the weight/coweight charges under the 7-brane

gauge algebras.

In turn, it can be veri�ed that every possible weight junction w =
P

i ai w i (ai 2 Z) of the gauge

algebrag can be completed into a physical junction by the addition of an integer linear combination

j e = ap! p+ aq! q of extended weights DeWolfe and Zwiebach (1999). Such integer linear combination

52 Note that we can infer
�
! p ; ! q

�
from the self-pairing of ! p + ! q = ` ( r p ;s p ) + ` ( r q ;s q ) = ` ( r p + r q ;s p + sq ) , which can

be computed from the contribution of the single 3-pronged vertex, as in Figure 4.3.
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is not unique and is determined only up to multiplesnp! p + nq! q which have integer charges for

each prong. This non-uniqueness can be understood as the fact thatj e is determined by the charge

of w under the center Z ( eG) of the simply-connected group eG associated tog. Intuitively, this is

expected because the charge under the center of a speci�c statew is encoded in its prefactors of

the weight basisw i , which in turn introduces fractional prongs that can only be cancelled by the

extended weights. Analogously to how weights can be screened by the W-bosons for observers �at

in�nity�, there are multiples of speci�c asymptotic ( p
q )-charges that can be added and subtracted

without a�ecting the local gauge dynamics on the 7-branes.53

The precise connection between higher-form symmetries and extended weights have been described

in Cvetic et al. (2021b). Formally, we can de�ne the lattice,

Jext = f j e = ap! p + aq! q j ap; aq 2 Zg; (4.31)

whose elements are arbitrary integer linear combinations of extended weights that may be fractional.

Then, the screening arguments for the center symmetries, together with the junction characterization

of gauge degrees of freedom, translates into:

Z ( eGADE ) =
weights
roots

=
coweights
coroots

=
Jext

Jphys \ Jext
; (4.32)

where (Jphys \ Jext ) denotes extended weight junctions that are themselves physical, i.e., do not

contain fractional prongs. Note that, since! � = ` (r � ;s� ) are loop junctions of the form depicted on

the left of Figure 4.4, (Jphys \ Jext ) are precisely the loops̀ (r;s ) = np` (r p ;sp ) + nq` (r q ;sq ) with integer

53 Describing the gauge dynamics by F-theory on a non-compact K3, this is re�ected by the homology of the
asymptotic boundary exhibiting discrete torsion, associated to the fact that np � (A-cycle) + nq � (B-cycle) on the
generic torus �ber shrinks at the singularity Cvetic et al. (2021b).
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(r; s). Concretely, in terms of the extended weights summarized in (4.29), one �nds

g Jext =(Jphys \ Jext )

sun
f ap! pg
(n! p)

�=
�

ap mod n
	 �= Zn

so4n
f ap! p + aq! qg

(2! p; 2! q)
�= f (ap mod 2; aq mod 2)g �= Z2 � Z2

so4n+2
f ap! p + aq! qg

(2! p; 4! q; ! p + 2 ! q)
�=

�
2ap + aq mod 4

	 �= Z4

e6
f ap! p + aq! qg

(3! p; ! q)
�=

�
ap mod 3g �= Z3

e7
f ap! p + aq! qg

(2! p; 2! q; ! p + ! q)
�=

�
ap + aq mod 2

	 �= Z2

(4.33)

In the language of higher-form symmetries (see also Cvetic et al. (2021b)), a physical string/5-brane

junction j =
P

i ai w i + ap! p + aq! q carries an electric/magnetic Z ( eG) 1-form/5-form symmetry

charge prescribed by (4.33).

4.3. Junctions on O7 + and center symmetries of sp dynamcis

So far, we have reviewed the junction framework for ordinary[p; q]-7-branes, which succinctly encode

the 8d N = 1 gauge dynamics with simply-laced gauge algebras. However, �eld theoretically, one

can also havespn algebras. In the type IIB string constructions these are linked to the presence

of O7+ -planes, which was not considered systematically within the junction framework previously.

Therefore, we need to generalize the above analysis.

First, we note that the O7+ -plane, unlike the the O7� -plane, does not split, at �nite string coupling,

into constituents represented by ordinary[p; q]-7-branes. Therefore, we will represent it by a single,

albeit special, 7-brane. The monodromy generated by one O7+ -plane is in the sameSL(2; Z)

conjugacy class as a 7-brane stack withg = so16. In the following local analysis, we use the same
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presentation as in (4.8),

M O7+ =

0

B
@

� 1 4

0 � 1

1

C
A : (4.34)

There are multiple ways of arguing for this physically. The prevalent interpretation of an O7+ in

recent literature Witten (1998a); de Boer et al. (2002) is as the remnant of �freezing� theso16 gauge

dynamics on an ordinary 7-brane stack, see also Tachikawa (2016); Bhardwaj et al. (2018).

However, even after two decades, the freezing operation remains somewhat mysterious. In particular,

a geometric derivation of its e�ect on higher-form symmetries in the M-theory frame Morrison et al.

(2020); Albertini et al. (2020) appears to be challenging. However, as we will argue now, one can

obtain a complete picture, at least in the IIB duality frame, of the mechanism using junctions. The

key distinction to [p; q]-branes is that the physicality condition for prongs that end on an O7+ di�er

between strings and 5-branes.

From the perturbative IIB picture, only pairs of fundamental strings can end on an O7+ Imamura

(1999), which one can see in a perturbative picture via Chan�Paton factors. Via various dualities it

can also be argued that only an even number of D-strings can end on the O7+ -plane, see Imamura

(1999); Bergman et al. (2001). Thus, the physical string junctions emanating from the O7+ -plane

have( p
q )-charge restricted byp; q 2 2Z. In contrast, (p; q)-5-branes can end with any integer number

on O7+ . This is relevant, e.g., in the construction of 5d SCFTs via 5-brane webs Bergman and Zafrir

(2015). Hence, a prong of a physical 5-brane junction can end with arbitrary integer( p
q )-charge on

an O7+ . As we will see momentarily, these conditions naturally give rise to a consistent description

of spn gauge algebras, including their center symmetries, from the junction lattice. Moreover, once

we have set up the notation in Section 4.4, we can derive these conditions independently in global

models with one O7+ -plane that realize 8d rank (2; 10), by appealing to the dual description of

these models via the CHL-string (see Appendix D.1).

It is worthwhile to compare the boundary conditions for strings and 5-branes on O7+ with the un-
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frozen so16-stack. First, since both generate the same monodromy, the loop junctions that generate

all integer asymptotic ( p
q )-charges in the presence of a single O7+ are the same as for anso16 stack

(4.29),

! O7+

p = ` (� 1=2;0) ; ! O7+

q = ` (� 1;� 1=2) : (4.35)

We will call these the extended weight junctions of the O7+ , even though a single O7+ (unlike its

unfrozen cousin) has no gauge dynamics, and hence no root or weight lattice to begin with. By

collapsing the loop or, equivalently, performing a Hanany�Witten transition across the orientifold

plane, these extended weight junctions have a( 1
0 ) and a ( 0

1 ) prong, respectively, on the O7+ .

The set of junctions ending/emanating from one O7+ , which is entirely characterized by its total

( p
q ) =

�
ap

aq

�
-charge, can therefore be written as

j = ap ! O7+

p + aq ! O7+

q ; ap; aq 2 Z : (4.36)

Physical string junctions must then have (ap; aq) � (0 mod 2; 0 mod 2), which agrees with the

physicality condition for junctions on an so16-stack that has no (unscreenable) gauge charge, see

(4.33). Equivalently, any string loop ` (r;s ) that encircles the O7+ is physical if and only if r and s

are both integer. In contrast, a physical 5-brane junction with odd (ap; aq), which can end on an

O7+ , would not be admissible on anso16-stack without picking up (unscreenable) gauge charge.

In particular, this means that physical 5-brane loops` (r;s ) around the O7+ could havehalf-integer

valued r and s.

To fully incorporate O7+ 's in the junction framework, we also need to de�ne the bi-linear pairing.

It is hard to come up with a rule for prongs ending on the O7+ by appealing to any geometric

counterpart in a dual M-/F-theory picture, because of the presence of frozen singularities there.

However, since the extended weights can be viewed as loops which is only sensitive to the induced

SL(2; Z) monodromy M , but not the �microscopics� of a 7-brane stack, one would naturally expect

that the pairing of such junctions is insensitive to whether M is sourced by an O7+ , or an so16
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stack. Following the discussion around Figure 4.3, we can therefore directly compute (rather than

de�ne, which would require further justi�cations) from the loop junction representation:

�
! O7+

p ; ! O7+

p

�
= 0 ;

�
! O7+

q ; ! O7+

q

�
= 1 ;

�
! O7+

p ; ! O7+

q

�
= 0 : (4.37)

Considering O7+ -planes together with general[r; s]-7-branes (which we assume to be on the left of

the O7+ ), one further �nds

(! O7+

p ; x [r;s ]) = � s
2 ; (! O7+

q ; x [r;s ]) = r
2 : (4.38)

sp gauge algebras and their higher-form symmetries from junctions

From the perturbative IIB picture, it is well-known that we can generate 8d spn gauge dynamics on

a 7-brane stack formed byn A -branes on top of one O7+ . This 7-brane stack, of the formA nO7+ ,

has the same monodromy as anso16+2 n stack:

M spn
= M A n O7 + =

0

B
@

� 1 4 + n

0 � 1

1

C
A : (4.39)

This allows us to straightforwardly de�ne the extended weight junctions, as loops` (r;s ) around

the entire stack (including the O7+ ) such that an asymptotic ( 1
0 )- (for ! p) or ( 0

1 )-charge (for ! q)

remains. Then, after performing the suitable Hanany�Witten transitions, we �nd

! spn
p = ` (� 1=2;0) = ! O7+

p ; ! spn
q = ` (� 1� n=4;� 1=2) = 1

2

nX

i =1

ai � n
2 ! O7+

p + ! O7+

q : (4.40)

Since M spn
= M so16+2 n , the loop junctions look identical to those of so16+2 n . Hence, with Jext =

f ap! spn
p + aq! spn

q j ap; aq 2 Zg, the physicality condition on linear combinations of extended junctions
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is captured by

Jext =
�
Jext \ Jphys, strings ) =

8
>><

>>:

�
(ap mod 2; aq mod 2)g �= Z2 � Z2 ; n even;

�
2ap + aq mod 4g �= Z4 ; n odd:

(4.41)

On the other hand, for 5-brane junctions, we have

Jext =
�
Jext \ Jphys, 5-branes) =

�
aq mod 2g �= Z2 : (4.42)

Comparing to the discussion around (4.33), one might be tempted to identifyZ (Sp(n))electric =

Z2 � Z2 or Z4, and Z (Sp(n))magnetic = Z2, which is clearly not correct.

To rectify this, we must instead consider in detail the role of the extended weights as completing

weights and coweights into physical strings and 5-branes, respectively. In analogy to the ADE-

stacks, we �rst construct the spn roots � i as string junctions with no asymptotic ( p
q )-charge, that

stretch between the constituents of this stack. A basis for such junctions are

� i = ai � ai +1 ; i 2 f 1; : : : ; n � 1g; � n = 2an � 2! O7+

p ; (4.43)

see also Figure 4.5. With this and the bi-linear pairings in (4.37), one straightforwardly veri�es

(� n ; � n ) = � 4 ; (� i ; � n ) = 2 � i;n � 1 ; (� i ; � j ) =

8
>>>>>><

>>>>>>:

� 2 ; i = j ;

1 ; ji � j j = 1 ;

0; else;

1 � i; j � n � 1 ;

(4.44)

which precisely reproduces the negative of the Cartan matrix of anspn algebra. In particular, we see

that, while the short roots (those with length squared 2) arise from single-pronged strings between

the A -branes, just as for ADE-algebras, the long root� n is only a generator due to the evenness

condition for strings ending on the O7+ .
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Figure 4.5: Root junctions of sp algebra (the double arrow denotes the factor of 2 required by
evenness on O7+ ).

As a non-simply-laced algebra,sp has di�erent coroots than roots:

� _
i =

2� i

� (� i ; � i )
=

8
>><

>>:

� i ; 1 � i � n � 1 ;

1
2 � n = an � ! O7+

p ; i = n :
(4.45)

Since these are the magnetic objects in a gauge theory context, they arise from 5-brane junctions,

which, consistent with the boundary conditions, can have a single prong on the O7+ that is needed

to form the short coroot � _
n with length squared 1.

The distinction between strings and 5-branes are of course also important for the weights and

coweights. The weight junctions are obtained as dual to the coroot junctions. De�ning the matrix

eA ij =
�
� _

i ; � _
j

�
, these can be written as

w i =
�

� eA � 1�
ij � _

j =
X

j

minf i; j g � _
j =

n� 1X

j =1

minf i; j g � j + 1
2minf i; n g� n : (4.46)

Similarly, one obtains the coweight junctions as duals of the root junctions. With the negative

Cartan matrix A = ( � i ; � j ) one has

w _
i =

�
� A � 1�

ij � j =

8
>><

>>:

P n� 1
j =1 minf i; j g � _

j + i � _
n ; i < n ;

P n
j =1

j
2 � _

j ; i = n ;
(4.47)

expressed as fractional linear combinations of coroots.
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In terms of the junctions, the electric center symmetry,

Z
�
Sp(n)

�
= weights=roots �=

f k
2 � ng
(� n )

�= Z2; (4.48)

is precisely generated by multiples of12 � n = an � ! O7+

p , which is unphysical as a string junction

because of the odd prong on the O7+ . To obtain a physical junction with the same spn gauge charge,

we must therefore add linear combinations of the extended weights (4.40) with integer prongs on

A , and odd numbers of prong of( p
q ) = ( 1

0 )-charge on the O7+ . For even n, this requirement

is met by ap! spn
p + aq! spn

q with ap � 1 mod 2 and aq � 0 mod 2, whereas for oddn, we need

2ap + aq � 2 mod 4. Each of these generate aZ2-subgroup of the putative center (4.41), which is

the correct presentation ofZ
�
Sp(n)

�
electric

�= Z
�
Sp(n)

�
. The mismatch from (4.41) is because not

all integer linear combinations of extended weight junctions can be completed into a physical string

junction with an spn weight. For the magnetic center symmetry,

Hom(Z
�
Sp(n)

�
; Z) �= Z

�
Sp(n)

�
= coweights=coroots�=

f kw _
n g

coroots
; (4.49)

the unphysical 5-brane coweight junctions come from the half-integer valued prongs in

w _
n =

nX

i =1

i
2 � _

i = 1
2

nX

i =1

ai � n
2 ! O7+

p = ! spn
q � ! O7+

q ; (4.50)

which can be made physical by addingap! spn
p + aq! spn

q with aq � 1 mod 2.

In summary, for a physical string junction that ends on an spn stack, which can be uniquely

decomposed as

j =
X

i

ai w i + ap! spn
p + aq! spn

q (4.51)

in terms of the extended weights (4.40) and weight junctions (4.46), theZ2 charge of the corre-
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sponding state under the electric center symmetry is

8
>><

>>:

ap mod 2; n even,

ap + 1
2aq mod 2; n odd (then aq must be even).

(4.52)

For a physical 5-brane junction, decomposed into extended weights and coweights (4.47),

j =
X

i

ai w _
i + ap! spn

p + aq! spn
q ; (4.53)

its magnetic Z2-center charge is

aq mod 2: (4.54)

This completes the list of local building blocks of simple gauge algebras that can be combined into

a global model describing 8d supergravity. As we will discuss now, the consistent combination of

the individual brane stacks then determines the global structure of the gauge dynamics in these

models.

4.4. 8d string vacua and their global structure from junctions

In this section, we combine the above local descriptions of simple gauge algebras into a compact

setting, to classify all 8d N = 1 string vacua using junctions. These vacua fall into three moduli

branches, which have gauge rank(2; 18), (2; 10), and (2; 2), respectively. As shown in Hamada and

Vafa (2021), the gauge symmetries of the e�ective supergravity descriptions can be classi�ed by the

SL(2; Z) monodromies assoiated with each simple gauge factor, with a few additional consistency

conditions. In theories of rank(2; 18), which enjoy a description as F-theory on an elliptically-�bered

K3 surface, these restrictions are met by 24[p; q]-7-branes with trivial total monodromy Morrison

and Vafa (1996a,b); Douglas et al. (2014). Via the freezing procedure Witten (1998a); Tachikawa

(2016); Bhardwaj et al. (2018), one can further obtain all rank(2; 10) or (2; 2) vacua, if one replaces

any rank (2; 18) 7-brane con�guration with one or two so16+2 n stacks with the corresponding frozen

117



spn algebra that contains an O7+ Hamada and Vafa (2021). Based on this, junctions provide a

uni�ed description of the gauge dynamics, in particular, the gauge group topology, for all these

vacua.

Before we dive into the details, let us give a schematic description of this approach. For a given

7-brane con�guration (with or without O7 + ) in a global model, the set of characters or cocharacters

(i.e., a sublattice of the weight or coweight lattice that is occupied by dynamical states) correspond

to physical (string or 5-brane) junctions that have zero asymptotic ( p
q )-charge. Since the( p

q )-

charge of a prong ending on a stack is entirely captured by extended weight junctions, which in

turn encodes the center charge of the (co-)characters represented by the junction, enumerating all

linear combinations of extended weights from di�erent stacks that add up to zero( p
q )asymp also

enumerates the center charge of all dynamical gauge charges. In particular, computing the center

charges of all string junctions that have nou(1)-charges determinesZ (G), and those of 5-brane

junctions determine � 1(G) �= Z , where G = eG=Z is the physically realized non-Abelian gauge

group, with simply-connected cover eG.

For the rank (2; 18) branch, the information about Z has been shown to be conveniently encoded in

so-called fractional null junctions Guralnik (2001), which are certain fractional multiples of physical

loop junctions ` N
(r;s ) around all 7-branes (with trivial total monodromy). As we will see, this cor-

respondence continues in realizations of rank(2; 10) with one O7+ -plane, and rank (2; 2) theories

with two O7 + 's. While for rank (2; 10), we can crosscheck the results with those obtained from

a dual CHL string description Font et al. (2021); Cvetic et al. (2021a), the junction description

provides a prediction for the gauge group topology of rank(2; 2) vacua which are inaccessible via

the heterotic/CHL string. To illustrate the procedure we will explicitly work out an example for

each of the three branches of the 8d moduli space.

Gauge group topology from global null junctions

The construction of supersymmetric 8d theories with a dynamical gravity sector and rank(2; 18� 8k)

gauge sector requires the identi�cation of a set of(24 � 10k) [p; q]-7-branes andk O7+ -planes with

vanishing overall monodromy. These con�gurations can then be placed on aP1 which compacti�es
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the underlying type IIB theory from ten to eight dimensions54.

Following the conventions laid out in the previous section, we arrange the 7-branes along a horizontal

axis in the perpendicular plane (which is now a compactP1), and enumerate (from the left to

right) the ordinary [p; q]-7-branes and the O7+ 's separately. Within the vector space of all possible

junctions (which carries a pairing given by simply linearly-extending the rules (4.11) and (4.37)),

J =

8
<

:

24� 10kX

i =1

ai x [pi ;qi ] +
kX

j =1

�
bj !

O7+
j

p + ~bj !
O7+

j
q

� �
� ai ; bj ; ~bj 2 Q

9
=

;
; (4.55)

string junctions giving rise to the electrically charged states must have integral number of prongs on

7-branes, with �integrality� on the O7+ being de�ned as having even number of prongs. Analogously,

magnetically charged states are described by physical 5-branes with integral number of prongs on

all 7-branes, including the O7+ 's. However, since the 7-branes move on a compactP1, physical

junctions must have vanishing asymptotic( p
q )-charge, i.e., have no open ends. This means that the

physical string / 5-brane junction lattice, corresponding to dynamical electric / magnetic states of

the 8d supergravity theory, is

J el
phys =

8
>>>><

>>>>:

j =
P 24� 10k

i =1 ai x [pi ;qi ] +
P k

j =1

�
2bj !

O7+
j

p + 2~bj !
O7+

j
q

�
;

with ai ; bj ; ~bj 2 Z ;
P

i ai pi +
P

j 2bj = 0 ;
P

i ai qi +
P

j 2~bj = 0

9
>>>>=

>>>>;

;

J mag
phys =

8
>>>><

>>>>:

j =
P 24� 10k

i =1 ai x [pi ;qi ] +
P k

j =1

�
bj !

O7+
j

p + ~bj !
O7+

j
q

�
;

with ai ; bj ; ~bj 2 Z ;
P

i ai pi +
P

j bj = 0 ;
P

i ai qi +
P

j
~bj = 0

9
>>>>=

>>>>;

:

(4.56)

Obviously, these lattices are of rank24� 10k � 2 = 22 � 10k.

Furthermore, by Hanany�Witten transitions, di�erent elements in these lattices can represent the

same physical junction. Equivalently, we can add arbitrary multiples of so-called(global) integer

54 The number of branes in the setup can also be understood as the demand that their cumulative gravitational
backreaction in terms of the induced de�cit angle adds up to 4� as appropriate for the 2-sphere S2 � P1 .
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null junctions,

J N;el/mag
int =

n
� N

(r;s ) 2 J el/mag
phys

�
� � N

(r;s ) = ` (r;s ) loops aroundall 7-branes
o

; (4.57)

where it is understood that, a priori , there are di�erent integral null junctions for strings and 5-

branes. Because of the compactness, such a loop can be shrunk to a point �on the other side� of

the P1 without crossing any 7-branes, and thus are physically trivial. However, they would appear

as a non-trivial element in Jphys after pulling them through the 7-branes, which must therefore be

modded out before we can identify the junction lattice with the physical charge lattice. Note that, by

construction, � N
(r;s ) 2 J N

int has trivial pairing with any other � N 2 J N
int , as well as no asymptotic( p

q )-

charge (since they encircle a con�guration with trivial overall monodromy). Moreover,(� N
(r;s ) ; j ) = 0

for all � N
(r;s ) 2 J N

int if and only if j has zero asymptotic charge DeWolfe and Zwiebach (1999).

Hence,� N
(r;s ) 2 J N

int has trivial pairing with all physical junctions, explaining the pre�x �null�. As a

notational convention, we shall denote any loop junctions̀ (r;s ) with no asymptotic charge by � (r;s ) .

This allows us now to identify the (co-)character lattice � c (� cc), the lattice of all electrically

(magnetically) charged states present in the supergravity theory, as

� c
�= J el

phys=JN;el
int ; � cc

�= J mag
phys=JN;mag

int ; (4.58)

which are rank 20 � 8k lattices. Since we mod out a sublattice which is null, the junction pairing

on (4.55) induces a non-degenerate pairing on these lattices, whose signature can be shown to be

(2; 18 � 8k). For [j e] 2 � c and [j m ] 2 � cc with representatives j e; j m 2 J el/mag
phys , integrality of the

Dirac pairing requires (j e; j m ) 2 Z. Moreover, the Completeness Hypothesis for quantum gravity

implies that the two lattices are dual to each other,� c = (� cc) � , i.e., for any [j e] there is a[j m ] such

that (j e; j m ) = 1 and vice versa. This can be explicitly checked, as we will discuss later.

Now suppose that the 7-branes give rise to the full 8d gauge algebra

g =
M

�

g� � u(1) � r A ; with rA = 20 � 8k �
X

a

rank(ga) : (4.59)
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Since for each 7-brane stack with gauge factorg� , we have (co-)weight junctions w (_ )
� ;i �

, i � =

1; :::; rank(g� ), we can uniquely (up to global null junctions) decompose55

j e(m) =
X

�

 
X

i �

ai �
� w (_ )

� ;i �
+ ap

� ! �
p + aq

� ! �
q

!

+
X

s

bsxs 2 J el (mag)
phys ; (4.60)

where s labels the remaining 7-branes (including potential O7+ 's) that are not part of the non-

Abelian stacks, on which the prongs must be integral,bs 2 Z (or satisfy the corresponding integrality

condition on O7+ 's). Since gauge charges underg� are carried by the (co-)weightsw (_ )
� ;i �

, the states

with only Abelian charges live in the subspace orthogonal to the (co-)weights,

J el/mag
A :=

n
PA (j e(m) ) j j e(m) 2 J el (mag)

phys

o

phys
�

(
X

�

�
ap

� ! �
p + aq

� ! �
q

�
+

X

s

bsxs

)

\ J el/mag
phys ;

(4.61)

where PA is the projection onto the orthogonal complement of the non-Abelian (co-)weights.

In particular, since global null junctions have zero pairing with all physical junctions, we have

J N;el/mag
int � J el/mag

A .

Because the overall( p
q ) charge of any physical junction must be zero, only speci�c linear combina-

tions of extended weights, and therefore, only (co-)weights ofg� with speci�c center charges, can

be completed into a physical junction in (4.60) with the available singlet branes. If the resulting

string junctions give rise to representations that are all invariant under a subgroupZ of the center,

then the gauge group has some non-trivial global structure.

More precisely, the most general global gauge group structure is

G =
[
Q

�
eG� =Z ] � U(1)r A

Z 0 ; (4.62)

where eG� is the simply-connected realization of the gauge algebrag� . The �nite group Z embeds

55 Note that each stack � can appear with a monodromy that is conjugated by g� 2 SL(2; Z) compared to the
�standard frame� (4.8) or (4.39) chosen in the previous section, so that the extended weights have (p; q)-charges
g� ( 1

0 ) for ! �
p and g� ( 0

1 ) for ! �
q , respectively.
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into the overall center
Q

� Z ( eG� ) of the non-Abelian factors with trivial map to the Abelian groups,

whereasZ 0 does have a non-trivial map into the Abelian sector. We will now explain how to extract

these discrete groups from junctions.

We �rst focus on the factor Z , which demands that electric states can appear only in certain

irreducible representations under
Q

�
eG� that are invariant under Z . Equivalently, this can be

understood as the existence of magnetic states[j nA
m ] 2 � cc charged only under the non-Abelian

gauge factors, which via the Dirac pairing condition(j e; j nA
m ) 2 Z enforces the absence of electric

states that are not invariant under Z �
Q

� Z ( eG� ). Decomposing such a junction,

j nA
m =

X

�

 
X

i �

ai �
� w _

� ;i �
+ ap

� ! �
p + aq

� ! �
q

!

+
X

s

bsxs 2 J mag
phys ; (4.63)

the assumption that this junction is only charged under the non-Abelian factors implies that the

Abelian part,

X

�

�
ap

� ! �
p + aq

� ! �
q

�
+

X

s

bsxs 2 J mag
A 
 Q ; (4.64)

has also zero pairing with every junction inJ mag
A . However, this is only possible if it is proportional

to a linear combination of global integer null junction with rational coe�cients, i.e.,

PA (j nA
m ) =

X

�

�
ap

� ! �
p + aq

� ! �
q

�
+

X

s

bsxs = bm � N
(r m ;sm ) ; � N

(r m ;sm ) 2 J N;mag
int ; bm 2 Q : (4.65)

Considering such decompositions for all 5-brane junctionsj nA
m 2 J mag

phys with no Abelian charge, one

obtains the lattice

J N;mag
frac =

(

bm � N
(r m ;sm )

�
�
�
� j nA

m =
X

�

X

i �

ai �
� w _

� ;i �
+ bm � N

(r m ;sm ) 2 J mag
phys

)

� J N;mag
int ; (4.66)

of what is called (global) fractional null junctions Fukae et al. (2000); Guralnik (2001). Let us

further denote the smallest positive integernm such that nm bm � N
(r m ;sm ) 2 J N;mag

int . Since the prongs
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on X s are already integral, due to the physicality ofj nA
m , nm is also the smallest positive integer such

that nm (ap
� ! �

p + aq
� ! �

q ) 2 J �
phys, 5-branes is physical on every non-Abelian stack� . At the same time,

according to the discussions around (4.33) and (4.54), the coe�cients(ap
� ; aq

� ) specify an element

zm = ( z� ) 2
Y

�

J �
ext

J �
phys \ J �

ext

�=
Y

�

Z ( eG� ) : (4.67)

Since the set of all suchzm generate the discrete factorZ in (4.62), we �nd

Z �=
J N;mag

frac

J N;mag
int

: (4.68)

The main advantage of this formula is that we can conveniently computeJ N;mag
frac from pulling the

two generators� N
a of J N;mag

int across all 7-brane stacks, which yields

� N
a =

X

�

�
cp

a;� ! �
p + cq

a;� ! �
q ) +

X

s

ca;sxs 2 J mag
phys : (4.69)

Then J N;mag
frac is generated byQ-linear combinations,

� 1� N
1 + � 2� N

2 =
X

�

� �
� 1cp

1;� + � 2cp
2;�

�
! �

p +
�
� 1cq

1;� + � 2cq
2;�

�
! �

q

�
+

X

s

�
� 1c1;s + � 2c2;s

�
xs ;

(4.70)

such that
�
� 1cp

1;� + � 2cp
2;�

�
,
�
� 1cq

1;� + � 2cq
2;�

�
are integer, and

�
� 1c1;s+ � 2c2;s

�
satis�es the physicality

condition on X s. As advertised, this procedure applies indiscriminately to con�gurations with

or without O7 + -planes, as long as the integrality conditions on O7+ 's and spn stacks follow the

prescription in Section 4.3.

The second discrete factorZ 0 �
Q

� Z ( eG� ) � U(1)r A in (4.62) correlates the representations under

the non-Abelian factors
Q

�
eG� of electric states to theiru(1) charges, such that their transformation

under
Q

� Z ( eG� ) is compensated by aZ 0 subgroup in U(1)r A . Analogously as above, this subgroup

can be viewed as being enforced by the presence of magnetic states, now with non-trivialU(1)-
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charges, and hence have a junction representation[j m ] 2 � cc with

J mag
phys 3 j m =

X

�

 
X

i �

ai �
� w _

� ;i �
+ ap

� ! �
p + aq

� ! �
q

!

+
X

s

bsxs =
X

�

X

i �

ai �
� w _

� ;i �
+ j A;m ; (4.71)

where j A;m = PA (j m ) 2 JA 
 Q is no longer a null junction. Nevertheless, as the mismatch ofj A;m

from being a physical junction is still determined by the coe�cients (ap
� ; aq

� ), we have

Z 0 =
PA

�
J mag

phys

�

J mag
A

: (4.72)

Intuitively, this measures the �fractionality� of the u(1)-charges of all magnetic objects (living in

J mag
phys) with respect to the charges of those that are uncharged under any non-Abelian symmetry

(and hence live in J mag
A ). Note that, since PA (J N

int ) = J N
int , the null junctions do not a�ect these

quotients.

Duality to heterotic and CHL descriptions

Theories of rank(2; 18) and (2; 10) have a dual construction in terms of the heterotic and CHL string,

respectively, which provides a crosscheck for the junction description. In both cases, electrically

charged states are identi�ed as elements from a momentum lattice for perturbative string excitations.

For the heterotic string the momentum lattice is the so-called Narain lattice Narain (1986):

� Narain = ( � E8) � (� E8) � U � U ; (4.73)

with (� E8) the negative of the E8 root lattice and U the hyperpolic lattice de�ned by the bi-linear

form

U :

0

B
@

0 1

1 0

1

C
A : (4.74)
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The CHL string is determined by the Mikhailov lattice Mikhailov (1998)

� Mikhailov = ( � D8) � U � U = ( � E8) � U � U(2) ; (4.75)

with the negative Spin(16) root lattice (� D8). Here,U(x) denotes a lattice of rank two with bi-linear

form (4.74) multiplied by x.

Following the notation of Cvetic et al. (2021b), we will denote them collectively as� S. Then,

if the duality holds, we expect � S = � c. Equivalently, points in the dual momentum lattice 56

correspond to physical magnetically charged states and therefore must be associated to 5-brane

junctions (modulo null junctions) in � cc. The non-Abelian gauge factors are then speci�ed by an

embedding of the corresponding (negative) root lattice into� S; the coroot lattice then naturally

embeds in the dual lattice� �
S. It is worth noting that the computation of the gauge group topologies

from this data Font et al. (2020, 2021); Cvetic et al. (2021b) is in a sense complimentary to the

junctions approach outlined above. While in both scenarios, the setting is fully characterized by

the non-Abelian gauge algebras (by specifying either the 7-brane stacks or the embedding of the

(co-)root lattices), the gauge group is concisely encoded in the projection of the full physical lattice

onto the Abelian junctions (see (4.68) and (4.72)), the methods in Font et al. (2020, 2021); Cvetic

et al. (2021b) extract the gauge group from the projection onto the (co-)root lattice.

To corroborate the equivalence of the two approaches, we describe in the following the precise

identi�cation of the momentum lattices with string junctions on 7-brane con�gurations with zero

or one O7+ -plane.

Narain lattice from junctions

To construct the Narain lattice (4.73) from junctions, it is easiest to �nd a 7-brane con�guration

in which the two (� E8) factors are manifest via the root junctions on twoe8 7-brane stacks, and

make use of the fact that the lattice structure does not change as we move 7-branes. Each of these

e8 stacks contains ten 7-branes, leaving a remaining four branes to specify the compact type IIB

56 Note that � �
Narain = � Narain is self-dual while � �

Mikhailov 6= � Mikhailov is not.
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background. A convenient con�guration of this sort has been presented in Section 7 of DeWolfe

et al. (1999c), and takes the form

A (A 7BCC )X [3;1]A
0(A 7BCC )0X 0

[3;1] ; (4.76)

up to possible SL(2; Z) conjugations. In fact, the above con�guration has two identical parts,

consisting ofA (A 7BCC )X [3;1], each having a trivial SL(2; Z) monodromy.57 In addition, by pushing

the twelve branes onto a single stack, one enhances the symmetry to the so-called double loop algebra

ê9, whose signi�cance we will explain further in Section 4.5. In an F-theory description, one may

interpret this con�guration as a stable degeneration limit of the elliptically-�bered K3 into two dP9

surfaces.

Note that for e8, whose extended weights (4.29) are physical, roots and weights junctions agree, so

the span of all physical string prongs on eache8 stack (with decomposition as in (4.30)) contains two

copies of the(� E8)-lattice. Next we need to �nd the factor U � U in the orthogonal complement of

the e8 root lattices. A convenient set of generators for these two hyperbolic lattices can be expressed

as58

U :
�
� (1;0) ; � (1;0) + x [3;1] � x0

[3;1]

�
;

U :
�
� (3;1) ; � (3;1) � a + a0� :

(4.77)

Here � (r;s ) = ` (r;s ) denotes a(r; s)-string loop around oneA (A 7BCC )X [3;1] con�guration, which

has no asymptotic charge since this stack has no overall monodromy. Its orthogonality to thee8

root lattice is evident from the fact that this junction has no prongs on any of the two stacks. Note

that, as is evident from Figure 4.6, such a loop automatically encircles the otherA (A 7BCC )X [3;1]

con�guration. Using Hanany�Witten transition one can rewrite them in terms of integer strings

57 Note however that the Spin cover of the monodromy is non-trivial and given by (� 1)F 2 Mp(2; Z), see e.g.
Pantev and Sharpe (2016); García Etxebarria et al. (2020); Dierigl and Heckman (2021).

58 This is the same result as in DeWolfe et al. (1999c) (see their Figure 8).
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ending on the brane constituents in the interior (say, on the left in Figure 4.6), e.g.,

� (1;0) = 3 ! e8
p + ! e8

q � x [3;1] ;

� (3;1) = � a + ! e8
p ;

(4.78)

or equivalently for the primed stack.

Figure 4.6: String junction lattice for rank (2; 18) theories.

This accounts for a rank 20 sublattice(� E8) � 2 � U � 2 of the full string junction lattice J el
phys. The

remaining two directions are spanned by the global null junctionsJ N
int , for which the canonical basis

is

� N
(1;0) = � (3! e8

p + ! e8
q ) + x [3;1] � (3! e0

8
p + ! e0

8
q ) + x0

[3;1] ;

� N
(0;1) = � a + 10! e8

p + 3 ! e8
q � 3x [3;1] � a0+ 10! e0

8
p + 3 ! e0

8
q � 3x0

[3;1] :
(4.79)

Since these have trivial pairing with all physical junctions, the lattice pairing of the above generators

(including the e8 roots and those of theU-lattices) desecend, without modi�cation, to the quotient

� c =
J el

phys

J N;el
int

=
(� E8) � 2 � U � 2 � J N;el

int

J N;el
int

�= � Narain : (4.80)

Since there are no O7+ -planes, the 5-brane junction lattices are the same as their stringy counter-
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parts, so we immediately �nd

� cc = J mag
phys=JN;mag

int
�= J el

phys=JN;el
int

�= � Narain = � �
Narain : (4.81)

Mikhailov lattice from junctions

The Mikhailov lattice describing the momentum lattice for the 8d CHL string is obtained as follows.

We keep one of thêe9 con�gurations unchanged, which still leads to an(� E8) factor in the string

junction lattice. On the other side, we remove aC brane from the e8 stack, but add to it the singlet

A -brane, which leads to anso16 brane stack, which we then �freeze� into an O7+ -plane:

AE 8X [3;1] = A (A 7BCC )X [3;1] ! (A 8BC )CX [3;1] ! O7+ CX [3;1] : (4.82)

The resulting complete 7-brane con�guration,

O7+ CX [3;1]A
0(A 7BC 2)X 0

[3;1] ; (4.83)

and is depicted in Figure 4.7. The total rank of the junction lattice is now 14.

Figure 4.7: String junction lattice for rank (2; 10) theories.

Inside the string junction lattice J el
phys of this con�guration, we now need to identify U � U(2)

orthogonal to the e8 roots. Given the similarities to the rank (2; 18) con�guration, a natural choice
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for the generators would be a variation of (4.77). While the �rst set exists also for the frozen

con�guration, the second U-factor has a generator with a singlea-prong, which would become part

of the O7+ , and not be physical. Therefore, the set of generators orthogonal to the E8 root lattce

are

U :
�
� (1;0) ; � (1;0) + x [3;1] � x0

[3;1]

�
;

U(2) :
�
� (3;1) ; 2� (3;1) + 2 ! O7+

p � 2a0� ;
(4.84)

where the second generator ofU(2) is primitive because of the evenness condition for strings ending

on O7+ . These have an equivalent representation with

� (1;0) = 2 ! O7+

p + c � x [3;1] ;

� (3;1) = � 2! O7+

p � 2! O7+

q + 2c :
(4.85)

After quotienting out the global null junctions J N;el
phys, with generators

� N
(1;0) = � 2! O7+

p � c + x [3;1] � (3! e0
8

p + ! e0
8

q ) + x0
[3;1] ;

� N
(0;1) = 4 ! O7+

p � 2! O7+

q + 5c � 3x [3;1] � a0+ 10! e0
8

p + 3 ! e0
8

q � 3x0
[3;1] ;

(4.86)

one �nds

� c
�= (� E8) � U � U(2) = � Mikhailov : (4.87)

In this case it is interesting to also analyze the 5-brane junctions that correspond to the dual lattice.

Here, it is important to remember that 5-branes have di�erent physicality conditions, which allow

for an arbitrary integer number of them to end on the O7+ -plane. This does not a�ect the e8 root

junctions, and the U-factor in (4.84), but does imply that � (3;1) in (4.85) is no longer a primitive

5-brane junction. Instead, it is a multiple of

1
2 � (3;1) = � (3=2;1=2) = � ! O7+

p � ! O7+

q + c : (4.88)
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This implies that the there is an overlattice of U(2) in (4.84) inside the physical 5-brane junction

lattice, given by

U( 1
2) :

� 1
2 � (3;1) ; � (3;1) + ! O7+

p � a0� : (4.89)

Note that the null junction lattice spanned by (4.86) remain primitive as a sublattice of J mag
phys.

Therefore one has for the magnetic 5-brane junction lattice

� cc = ( � E8) � U � U( 1
2) = � �

Mikhailov ; (4.90)

which precisely coincides with the dual of the Mikhailov lattice (4.75).

A rank (2 ; 2) momentum lattice

8d rank (2; 2) string vacua have no known constructions asT2- or S1-reductions of the heterotic

or CHL string. However, using the junctions, we propose an analogue of a momentum lattice

description, which can be applied, in particular, to determine the gauge group topologies of these

theories. To this end, we start with a 7-brane con�guration with two O7+ 's, that we obtain from

further freezing an so16 stack on the primed side of (4.76). The overall brane con�guration is then

given by

O7+ CX [3;1]O7+ 0C0X 0
[3;1] ; (4.91)

and is depicted in Figure 4.8.

The string junction lattice in this case has rank 6, whose non-null directions are isomorphic to

U � U(2) : (4.92)
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Figure 4.8: String junction lattice for rank (2; 2) theories.

The explicit generators in terms of physical string junctions are given by

U :
�
� (1;0) ; � (1;0) + x [3;1] � x0

[3;1]

�
;

U(2) :
�
� (3;1) ; 2� (3;1) + 2 ! O7+

p � 2! O7+ 0

p

�
;

(4.93)

where the loop junctions satisfy the same relation as in (4.85). The string null junctionsJ N;el
phys have

generators

� N
(1;0) = � 2! O7+

p � c + x [3;1] � 2! O7+ 0

p � c0+ x0
[3;1] ;

� N
(0;1) = 4 ! O7+

p � 2! O7+

q + 5c � 3x [3;1] + 4 ! O7+ 0

p � 2! O7+ 0

q + 5c0� 3x0
[3;1] :

(4.94)

The full physical string junction lattice is therefore J el
phys = U � U(2) � J N;el

phys.

As for the rank (10; 2) case above, we �nd that for 5-branes theU(2) turns into a U( 1
2), i.e.,

J mag
phys = U � U( 1

2) � J N;mag
phys . A novel modi�cation that will a�ect the gauge group computation is

that also the null junctions are re�ned. Namely, the generators ofJ N;mag
phys are

1
2(� N

(1;0) + � N
(0;1)) = � N

(1=2;1=2) = ! O7+

p � ! O7+

q + 2c � x [3;1] + ! O7+ 0

p � ! O7+ 0

q + 2c0� x0
[3;1] ;

1
2(� N

(1;0) � � N
(0;1)) = � N

(1=2;� 1=2) = � 3! O7+

p + ! O7+

q � 3c � 2x [3;1] � 3! O7+ 0

p + ! O7+ 0

q � 3c0+ 2x0
[3;1] :

(4.95)
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In summary, after modding out the null junctions, we have

� c = U � U(2) ; � cc = U � U( 1
2) = � �

c : (4.96)

Examples

Using the techniques outlined in Section 4.4, we can determine the brane con�gurations and the

resulting gauge group topologies for all 8dN = 1 string vacua. This is done explicitly for all

maximally-enhanced cases on each branch of the moduli space, as summarized in Appendix D.3. In

the following we demonstrate the general procedure in speci�c examples. For convenience, we focus

8d theories that were discussed in Font et al. (2021); Cvetic et al. (2021a) from the perspective

of the heterotic or CHL momentum lattice. The generalization to rank (2; 2) theories is, to our

knowledge, the �rst time in the literature the global gauge group topology has been computed for

these string vacua.

A rank (2 ; 18) example

The non-Abelian gauge algebra of the model is given by

g = so20 � su4 � su4 � su2 � su2 ; (4.97)

which can be generated by the following brane con�guration:

(A 10BC )N 4X 4
[1;3]X

2
[2;5]C

2 : (4.98)

Note that for a consistent overall monodromy, thesu algebras are not associated to a stack ofA -

branes, but rather in someSL(2; Z) conjugated frame. Accordingly, the associated extended weight
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junctions summarized in (4.29) need to be conjugated, and are given by

so20 (A 10BC ) : ! p = 1
2(b + c) ; ! q = 1

2

10X

i =1

ai � 3b � 2c ;

su4 (N 4) : ! (0;1) = 1
4

4X

i =1

n i ;

su4 (X 4
[1;3]) : ! (1;3) = 1

4

4X

i =1

x [1;3];i ;

su2 (X 2
[2;5]) : ! (2;5) = 1

2

2X

i =1

x [2;5];i ;

su2 (C2) : ! (1;1) = 1
2

2X

i =1

ci ;

(4.99)

where ! (p;q) is the extended weight of the correspondingsu-stack with asymptotic ( p
q )-charge. In

terms of these extended weights the two linearly independent integer null junctions are given by

� N
(1;0) = � 2! p � 4! (0;1) + 4 ! (1;3) � 2! (2;5) + 2 ! (1;1) ;

� N
(0;1) = 6 ! p � 2! q + 24! (0;1) � 20! (1;3) + 8 ! (2;5) � 2! (1;1) :

(4.100)

Notice how, in both junctions, the greatest common divisor of the coe�cients is 2. Therefore, the

fractional null junctions are generated by

J N;mag
frac =

n
� N

(1;0) � N
(1;0) + � N

(0;1) � N
(0;1)

�
�
� � N

(1;0) ; � N
(0;1) 2 1

2Z
o

; (4.101)

and the global realization of the non-Abelian gauge group is determined by

Z =
J N

frac

J N
int

=
f x

2 � N
(1;0) j x 2 Zg

(� N
(1;0))

�
f y

2 � N
(1;0) j y 2 Zg

(� N
(0;1))

�= Z2 � Z2 : (4.102)
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Moreover, the coe�cients in front of the extended weights in 1
2 � N determine, according to (4.33),

the generators ofZ � Z (Spin(20)) � Z (SU(4))2 � Z (SU(2))2 to be

1
2 � N

(1;0) ' (1; 0; 2; 2; 1; 1)2 (Z2 � Z2) � Z4 � Z4 � Z2 � Z2 ;

1
2 � N

(0;1) ' (1; 1; 0; 2; 0; 1)2 (Z2 � Z2) � Z4 � Z4 � Z2 � Z2 :
(4.103)

Beyond the non-Abelian gauge factors, the theory contains two gravi-photons generating twou(1)

gauge factors. These arise from Abelian junctions (4.61) that are not null junctions, which for the

present model can be easily determined, from (4.99), to be linear combinations of

u1 = 4( ! (0;1) + ! (1;3) � ! (2;5) + ! (1;1)) � 4v1 ;

u2 = 4( ! (0;1) � ! q) � 4v2 :
(4.104)

va, while themselves non-physical, can be made physical by adding coweight junctions, so lie in

PA (J mag
phys). At the same time, there are no ��ner� coweights to make fractions ofva physical, sova

generatePA (J mag
phys). Then, the Abelian quotient Z 0, according to (4.72), is

Z 0 =
PA (J mag

phys)

J mag
A

=
f xv1 j x 2 Zg

(u1)
�

f yv2 j y 2 Zg
(u2)

= Z4 � Z4 : (4.105)

The generators ofZ 0 are

v1 ' (0; 0; 1; 1; 1; 1j ei�= 2; 1) 2 (Z2 � Z2) � Z4 � Z4 � Z2 � Z2 � U(1)1 � U(1)2 ;

v2 ' (0; 1; 1; 0; 0; 0j 1;ei�= 2) 2 (Z2 � Z2) � Z4 � Z4 � Z2 � Z2 � U(1)1 � U(1)2 ;
(4.106)

where we have used a vertical line to separate the �nite groups from theU(1)'s, whose trivial element

is 1.

Consequently, the global form of the gauge group is given by

��
Spin(20) � SU(2)2 � SU(4)2

�
=(Z2 � Z2)

�
� U(1)2

Z4 � Z4
; (4.107)
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in perfect agreement with the heterotic analysis in Cvetic et al. (2021a).

A rank (2 ; 10) example

Since the brane con�guration above already containes anso16 stack we can simply reinterpret this

as an O7+ -plane, leading to the brane con�guration

(A 2O7+ )N 4X 4
[1;3]X

2
[2;5]C

2 : (4.108)

This setup has a non-Abelian gauge algebra given by

g = sp2 � su4 � su4 � su2 � su2 ; (4.109)

leading to a model with rank (2; 10) dual to a speci�c CHL background. Except for the sp factor,

the extended weights are the same as in (4.99). For thesp algebra one has

sp2 (A 2O7+ ) : ! p = ! O7+

p ; ! q = 1
2(a1 + a2) � ! O7+

p + ! O7+

q : (4.110)

Formally, the global null junctions � N
(p;q) are the same as in (4.100), except that the! p;q appearing

there are now the extended weight junctions ofsp. Again, we can divide both by 2, obtaining the

fractional 5-brane junctions

J N;mag
frac =

n
� N

(1;0) � N
(1;0) + � N

(0;1) � N
(0;1)

�
�
� � N

(1;0) ; � N
(0;1) 2 1

2Z
o

; (4.111)

implying Z �= Z2 � Z2, with generators

1
2 � N

(1;0) ' (0; 2; 2; 1; 1)2 Z2 � Z4 � Z4 � Z2 � Z2 = Z (Sp(2) � SU(4)2 � SU(2)2) ;

1
2 � N

(0;1) ' (1; 0; 2; 0; 1)2 Z2 � Z4 � Z4 � Z2 � Z2 = Z (Sp(2) � SU(4)2 � SU(2)2) ;
(4.112)

where the entry for Z2 = Z (Sp(2)) is determined only by the coe�cient in front of ! q, see (4.54).

In a similar way, there are two u(1) generators that formally are the same as in (4.104). Since
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(u1; v1) have no prongs on thesp stack, we get aZ4 factor in Z 0, with generator

v1 ' (0; 1; 1; 1; 1 j ei�= 2; 1) 2 Z2 � Z2
4 � Z2

2 � U(1)1 � U(1)2 : (4.113)

Moreover, sincev2 has an order-4 prong that is not on the O7+ , physicality conditions do not

change the fact that we obtain anotherZ4 factor in Z 0, now with generator

v2 ' (1; 1; 0; 0; 0 j 1;ei�= 2) 2 Z2 � Z2
4 � Z2

2 � U(1)1 � U(1)2 : (4.114)

To summarize, the global gauge group of this rank(2; 10) model is

��
Sp(2) � SU(2)2 � SU(4)2

�
=(Z2 � Z2)

�
� U(1)2

Z4 � Z4
; (4.115)

agreeing with the CHL result computed in Cvetic et al. (2021a).

A rank (2 ; 2) example

The rank (2; 2) moduli branch has six special points with non-Abelian symmetry enhancements

Hamada and Vafa (2021). We have enumerated the 7-brane con�gurations for all of these, as well

as the resulting gauge group topologies in Appendix D.3.4.

It turns out that there is only one whose non-Abelian gauge group is non-simply-connected. For

illustration, we consider this example in more detail. The brane con�guration is

O7+ O7+ 0B 2C2 ; (4.116)

where the monodromy of theO7+ 0 is SL(2; Z) conjugated to be
�

7 16
� 4 � 9

�
.59 Notice that, since

the extended weights of O7+ generate all ( p
q )-charges, whose parity is invariant underSL(2; Z)

conjugation, we use the canonical basis! O7+ 0

p;q for the O7+ 0, which have ( 1
0 ) and ( 0

1 ) prongs,

respectively.

59 This can be viewed as freezing both so16 algebras of the rank (2; 18) con�guration
(A 8BC )(X 8

[2 ; � 1] BX [3 ; � 1] )B
2C 2 .
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The non-Abelian gauge algebra of (4.116) issu2 � su2, with extended weights

su2 (B 2) : ! (1;� 1) � ! b = 1
2(b1 + b2) ;

su2 (C2) : ! (1;1) � ! c = 1
2(c1 + c2) :

(4.117)

The physical 5-brane null junctions J N;mag
phys (see (4.95)) are then

� N
(1=2;1=2) = ! O7+

p � ! O7+

q + ! O7+ 0

p � ! O7+ 0

q � 2! b ;

� N
(1=2;� 1=2) = � 3! O7+

p + ! O7+

q � 7! O7+ 0

p + 5 ! O7+ 0

q + 8 ! b + 2 ! c ;
(4.118)

from which we �nd that the fractional null junctions J N;mag
frac is generated by

1
2

�
� N

(1=2;1=2) + � N
(1=2;� 1=2)

�
= � N

(1=2;0) = � ! O7+

p � 3! O7+ 0

p + 2 ! O7+ 0

q + 3 ! b + ! c : (4.119)

It corresponds to the generator

(3 mod 2; 1 mod 2) = (1 ; 1) 2 Z2 � Z2 = Z (SU(2) � SU(2)) (4.120)

of Z = J N;mag
frac =JN;mag

phys = Z2.

Together with the null junctions, the Abelian junction lattice J mag
A is generated by

u1 = 2v1 = 2
�

� ! O7+

p + ! O7+

q + ! b
�

; u2 = 2v2 = 2
�

� ! O7+

p � ! O7+

q + ! c
�

: (4.121)

Clearly, this leads to Z 0 = Z2 � Z2, with generators

v1 ' (1; 0 j � 1; 1)

v2 ' (0; 1 j 1; � 1)

9
>=

>;
2 Z2 � Z2 � U(1)1 � U(1)2 = Z

�
SU(2)B � SU(2)C � U(1)1 � U(1)2

�
:

(4.122)
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The full gauge group is thus

[SU(2) � SU(2)]=Z2 � U(1)2

Z2 � Z2
: (4.123)

4.5. 9d vacua via a�ne 7-brane stacks

Recently, it was argued that one can recover any 9dN = 1 string vacuum with gauge rank (1; 17)

from F-theory on a suitably degenerated K3 geometry that lies at in�nite distance in the complex

structure moduli space Lee and Weigand (2022); Lee et al. (2022). As shown in these works, such

decompacti�cation limits have a particularly convenient description in terms of [p; q]-7-branes and

junctions that realize a�ne algebras. In the following, we demonstrate how the methods from the

previous sections naturally apply also to these limiting con�gurations, and compute the 9d gauge

group topologies for rank(1; 17) vacua.

Since the a�nization is characterized entirely by the SL(2; Z) monodromy, a natural proposition

is that these con�gurations also describe 9d uplifts when we include O7+ -planes. Indeed, (after

resolving an ambiguity by string dualities) this straightforwardly reproduces the landscape of 9d

rank (1; 9) vacua Font et al. (2021), including their global gauge group structures. Moreover,

applying the same reasoning to con�gurations with two O7+ 's, we consistently �nd two branches of

9d rank (1; 1) vacua Aharony et al. (2007), which are only connected through circle-reductions to

8d.

The key ingredient that enters the description for all ranks are 7-brane stacks realizing ana�ne

Lie algebrabek , which we will now brie�y recall.

As found in DeWolfe (1999); DeWolfe et al. (1999b,c), theen and ~en algebras can be enhanced to
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their a�ne versions, by including a speci�c 7-brane on top:

bEn� 1 = A n� 1BC 2
| {z }

E n

X [3;1] = A n� 1BCBC ;

b~En� 0 = A nX [2;� 1]C| {z }
~E n

X [4;1] :
(4.124)

Note that for n � 2, these are equivalent up to 7-brane moves andSL(2; Z) conjugations DeWolfe

et al. (1999b). It is straightforward to check that, in this SL(2; Z)-frame, they have monodromy

M ( bEn ) = M ( b~En ) =

0

B
@

1 9� n

0 1

1

C
A : (4.125)

The hallmark of these stacks is the existence of a special loop junction� (1;0) � � around them (with

no asymptotic charge), satisfying(� ; � ) = ( � ; � i ) = 0 , with � i the root junctions of En or ~En . By

a Hanany�Witten transition, one �nds the equivalent presentation DeWolfe et al. (1999c)

� bE = x [3;1] � b � c1 � c2 = b2 + c2 � b1 � c1 ; � b~E
= x [4;1] � 2c � x [2;� 1] : (4.126)

Representation theoretically, � plays the role of the imaginary root required for the a�nization of

en or ~en . They generate an in�nite dimensional Kac�Moody algebra with roots f � + k� j k 2 Zg,

where � is any root of en or ~en . When we seperate the a�nizing X -branes in (4.124) from theen or

~en stacks, these junctions, as strings, give rise to BPS states with masses proportional tok. In the

a�ne limit, we thus obtain an in�nite tower of massless BPS states. Physically, string junctions of

these type give rise to an in�nite tower of massless BPS states.

A special extension exists forn = 8 . Here, by adding an A -brane from the left to the bE8 or

b~E8, the monodromy becomes1 � M ( bE9) = M ( b~E9). This would give rise to two independent

towers of massless BPS states from loops of( 1
0 ) and ( 0

1 ) string junctions, which lead to the double

loop enhancement ofe8. These special enhancements re�ect a decompacti�cation to 10d Lee and

Weigand (2022); Lee et al. (2022). For discussions of 9d vacua, we will not consider such double loop
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brane-stacks, but the necessary constituent branes form one half of the rank(2; 18) con�guration

(4.76) that correspond geometrically to the singular �bers of adP9 surface.

Among the various types of in�nite distance limits of F-theory compacti�ed on K3 surfaces, those

describing decompacti�cation from 8d to 9d are captured by so-called Kulikov models of type III.a

Lee and Weigand (2022); Lee et al. (2022). In these geometries, the complex structure moduli have

been tuned such that the K3 degenerates into a collection of intersecting elliptic and/or rational

surfaces. While we refer to those references for details, the relevant fact about these deformations is

that they correspond to brane motions which generate one or two 7-brane stacks carrying anben or b~en

algebra (with n � 8). The tower of massless states from the imaginary root may then be identi�ed

with the momentum states of a Kaluza�Klein (KK) tower on a circle whose size becomes in�nite at

the in�nite distance limit. In the case with two a�ne stacks, the individual imaginary root junctions

turn out to be identical in the global setting, consistent with having just one KK-tower Lee et al.

(2022).

Global structure of 9d vacua of rank 17

As for the classi�cation of 8d vacua, one can also categorize all brane con�gurations with such a�ne

stacks. Then, if the non-Abelian brane stacks correspond to the algebrah� bEn or h� bEn � bEm (where

E = e or ~e) for some �nite semi-simple, simply-laced algebrah, the associated non-Abelian gauge

algebra in 9d ish � E n or h � E n � E m , respectively Lee and Weigand (2022); Lee et al. (2022). This

reproduces, e.g., all the maximally enhanced non-Abelian algebras (i.e., with rank 17) determined

in the dual heterotic frame Font et al. (2020).

To also analyze the gauge group topologies in this description, we need to examine the full junction

lattice, including the branes away from the a�ne stack. An important detail here is that the overall

gauge rank reduces by 2 as we decompactify from 8d to 9d, corresponding to the re-interpretation

of the KK-states (which become massless) and the decoupling of the winding states (which become

in�nitely heavy) as we increase the size of the compacti�cation circle. In the momentum lattice
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description of the 8d and 9d theories of rank(2; 18) and (1; 17), respective, we have

� het
8d = � het

9d � U ) � het
9d

�= � het
8d =U ; (4.127)

with U the rank 2 hyperbolic lattice that is spanned by the KK and winding states. Since the

momentum lattice is equivalently described by junctionsJ el
phys = J mag

phys
�= � het

8d � J N
phys, with the

KK-tower being generated by the junction � , there must exist another non-null junction � that

generates thisU factor with � , i.e., satisfying

(� ; � ) = 1 ; (� ; � ) = ( � ; � ) = ( � ; j ) = ( � ; j ) = 0 ; (4.128)

for j any (co-)weight or (co-)root junction, or a non-null generator of the Abelian junctions JA .

Such a� -junction always exists, but the details depend on the speci�c con�guration.

Since the junction lattice reproduces the 9d momentum lattice, it must also encode the global

structure of the gauge group. In particular, it allows us to use the intuition in terms of fractional

null junctions to re-derive the results of Font et al. (2020). Let us demonstrate this for 9d models

with maximally enhanced non-Abelian symmetries, for which there are two classes of 8d brane

con�gurations Lee et al. (2022).

In the �rst class, the non-Abelian algebra (with the place holder E = e or ~e) is

g8d;1 = su18� m� n � bEm � bEn ) g9d = su18� m� n � E m � E n ; m; n 2 f 0; 1; 3; : : : ; 8g; (4.129)
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whose brane con�gurations (together with the U-lattice generators) are

m � n � 1 : A 18� m� n (

bE mz }| {
A m� 1X [n� 10;1]X

2
[n� 8;1]X [n� 6;1])(

bE nz }| {
A n� 1BC 2X [3;1]) ;

(� ; � ) = ( � R
(1;0) ; (n � 5)� R

(1;0) + ` R
(0;1) + x [n� 6;1] � x [3;1]) ;

(4.130a)

m = 1 ; n = 0 : A 17(

bE 1z }| {
X [10;� 1]X

2
[8;� 1]X [6;� 1])(

b~E 0z }| {
X [2;� 1]CX [4;1]) ;

(� ; � ) = ( � R
(1;0) ; � 17! A + x [10;� 1] + 2x [4;1] � c) ;

(4.130b)

m > n = 0; m 6= 1 : A 18� m (

b~E m 6=1
z }| {
A m X [11;� 1]X [8;� 1]X [5;� 1])(

b~E 0z }| {
X [2;� 1]CX [4;1]) ;

(� ; � ) = ( � R
(1;0) ; � � R

(1;0) + x [5;� 1] � 2x [2;� 1] � c) :

(4.130c)

where � R and ` R are loop junction that encircle counterclockwise around the second a�ne stack.

Note that, because the( 1
0 ) loop is mutually-local with respect to the A -branes, it is evident that,

by pulling � (1;0) across these, one obtains a loop junction around the other a�ne stack, showing

explicitly that imaginary roots of each a�ne stack are identical.

The second class has non-Abelian gauge algebras

g8d;1 = so34� 2k � bEk ) g9d = so34� 2k � E k ; 0 � k � 8; k 6= 2 ; (4.131)

whose brane con�gurations (andU-lattice generators) are

k = 1 ; 3; : : : ; 8 : (

D 17� k
z }| {
A 17� kX [k� 10;1]X [k� 8;1])X [k� 8;1](

bE kz }| {
A k� 1BC 2X (1)

[3;1])X
(2)
[3;1] ;

(� ; � ) = ( � R
(1;0) ; � R

(1;0) + x (1)
[3;1] � x (2)

[3;1])

(4.132a)

k = 0 : (

D 17z }| {
A 17X [10;� 1]X

(1)
[8;� 1])X

(2)
[8;� 1](

b~E 0z }| {
X [2;� 1]CX [4;1])X [3;1] ;

(� ; � ) = ( � R
(1;0) ; � 2� R

(1;0) + x (2)
[8;� 1] � 3x [2;� 1] � 2x [1;1]) ;

(4.132b)

again, with the imaginary root junction � R
(1;0) being the ( 1

0 )-loop around the a�ne stack to the
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right.

By separating the X -brane responsible for the a�nization from each a�ne stack, we obtain a

genuine 8d con�guration. For these con�gurations, we can apply the same procedure as in the

previous section, and construct the global fractional null junctions that encode to the cocharacters

of the 8d gauge symmetry. Since the a�nization (4.127) mods out by physical junctions that are

orthogonal to the root lattices of the 9d gauge factors, it does not a�ect the coe�cients of global

null junctions in front of the extended weights. Therefore, the fractional null junctions are the same

for the 8d con�guration as for its a�nized version.

As a concrete example, consider (4.132a) withk = 7 , which in 9d gives rise tog9d = so20 � e7.

Separating the singlet brane responsible for the a�nization,

(A 10X [� 3;1]X [� 1;1]| {z }
D 0

10

) X [� 1;1] (A 6BC 2
| {z }

E 7

) X (1)
[3;1] X (2)

[3;1] ; (4.133)

we �nd the so20-stack to have monodromy
� � 1 6

0 � 1

�
in this SL(2; Z) frame, with extended weight

junctions ! 0
p;q carrying asymptotic ( p

q )-charges as follows:

! 0
p : ( 1

0 ) ; ! 0
q :

�
� 2
1

�
: (4.134)

The two global null junctions � N
(1;0) and � N

(0;1) can be then expressed in terms of the extended weights

! 0
p;q of so20 and ! p;q of e7 as

� N
(1;0) = � 2! 0

p � x [� 1;1] � 5! p � ! q + x (1)
[3;1] + x (2)

[3;1] ;

� N
(0;1) = 2 ! 0

p � 2! 0
q + 5x [� 1;1] + 17! p + 3 ! q + x (1)

[3;1] + x (2)
[3;1] :

(4.135)

It is easy to see that the fractional null junctions are then multiples of

1
2(� N

(1;0) + � N
(0;1)) = � ! 0

q + 2x [� 1;1] + 6 ! p + ! q + x (1)
[3;1] + x (2)

[3;1] : (4.136)
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By (4.33), this corresponds to the central element

(0; 1; 1) 2 Z2
2 � Z2 = Z (Spin(20) � E7); (4.137)

which leads to the 9d non-Abelian gauge group[Spin(20) � E7]=Z2.

To determine the full gauge group, including the gravi-photonU(1), we must �rst �nd the non-null

generator of the Abelian junction lattice that is orthogonal to the U-lattice spanned by (� ; � ). In

this example, it can be easily determined (by avoiding prongs on thee7 stack or the X [3;1] branes),

u = 2v = 2( ! 0
p + ! 0

q � x [� 1;1]) ; (4.138)

which immediately givesZ 0 = Z2, with generator

v ' (1; 1; 0 j ei� ) 2 Z (Spin(20) � E7 � U(1)) : (4.139)

Therefore, the 9d gauge group is

[Spin(20) � E7]=Z2 � U(1)
Z2

: (4.140)

By analogous computations, we compute the non-Abelian gauge groups of all models with maximally

enhanced non-Abelian symmetry (summarized in Table 4.1), which agree with results from the

heterotic picture Font et al. (2020).

9d CHL vacua via junctions

Having reproduced the maximal rank branch of the 9d moduli space, we would like to extend the

junction method also to rank-reduced theories. We start by matching the known circle compacti-

�cation of the 9d CHL string in terms of junctions in the presence of a single O7+ -plane, focusing

again on the cases with maximal non-Abelian gauge rank.

A key assumption here is that the decompacti�cation limit of 8d vacua, even in the presence of
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(g9d; � 1(G9d)) FNJ (g9d; � 1(G9d)) FNJ

g8d;1 = su18� m� n � bem � ben

(e8 � e8 � su2; � ) - (e6 � su3 � su2 � su9; Z3) � N
(0;1)=3

(e8 � e7 � su3; � ) - (e6 � su2 � su11; � ) -

(e8 � e6 � su4; � ) - (e6 � su12; Z3) � N
(0;1)=3

(e8 � so10 � su5; � ) - (so10 � so10 � su8; Z4) � N
(1;1)=4

(e8 � su5 � su6; � ) - (so10 � su5 � su9; � ) -

(e8 � su3 � su2 � su7; � ) - (so10 � su3 � su2 � su10; Z2) � N
(1;� 1)=2

(e8 � su9 � su2; � ) - (so10 � su2 � su12; Z4) � N
(1;1)=4

(e8 � su10; � ) - (so10 � su13; � ) -

(e7 � e7 � su4; Z2) � N
(1;1)=2 (su5 � su5 � su10; Z5) � N

(1;2)=5

(e7 � e6 � su5; � ) - (su5 � su3 � su2 � su11; � ) -

(e7 � so10 � su6; Z2) � N
(1;� 1)=2 (su5 � su2 � su13; � ) -

(e7 � su5 � su7; � ) - (su5 � su14; � ) -

(e7 � su3 � su2 � su8; Z2) � N
(1;1)=2 ((su3 � su2) � (su3 � su2) � su12; Z6) � N

(3;1)=6

(e7 � su2 � su10; Z2) � N
(1;1)=2 ((su3 � su2) � su2 � su14; Z2) � N

(1;� 1)=2

(e7 � su11; � ) - ((su3 � su2) � su15; Z3 � N
(0;1)=3

(e6 � e6 � su6; Z3) � N
(0;1)=3 (su2 � su2 � su16; Z4) � N

(1;� 1)=4

(e6 � so10 � su7; � ) - (su2 � su17; � ) -

(e6 � su5 � su8; � ) - (su18; Z3) � N
(1;1)=3

g8d;1 = so34� 2k � bek

(e8 � so18; � ) - (su5 � so26; � ) -

(e7 � so20; Z2) � N
(1;1)=2 ((su3 � su2) � so28; Z2) � N

(1;1)=2

(e6 � so22; � ) - (su2 � so32; Z2) � N
(1;1)=2

(so10 � so24; Z2) � N
(1;1)=2 (so34; � ) -

Table 4.1: Non-Abelian gauge groupG9d of all maximally-enhanced 9d rank(1; 17) string vacua,
seen as dimensional uplifts of 8d string junction vacua. The generator of� 1(G9d) �= Z` is represented
as a fractional null junction (FNJ) � N

(p;q)=` = � N
(p=̀ ;q=̀ ) .

O7+ -planes, is characterized by the appearance of singularities in the axio-dilaton pro�le that in-

duce SL(2; Z) monodromy of a�ne type. Though we do not have a proof for this, we expect the

identi�cation of the resulting loop junctions as the only BPS-tower compatible with decompacti�-

cation to be valid also with O7+ -planes, given that the loop can be thought of as a(p; q)-string that
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is only sensitive to the monodromy, but not the details of the 7-branes. Moreover, as we will see

below, the results following this assumption agree with the momentum lattice description for the

8d and 9d CHL string Mikhailov (1998); Font et al. (2021).

Analogous to the procedure in previous sections of describing the O7+ as freezing aso16 stack in

an �ordinary� rank (2; 18) setting, we therefore focus on those brane con�gurations in (4.130) and

(4.132), whose non-Abelian stack can host aso16. This is only possible if the con�guration includes

a D n� 8 or bE8 brane stack. While for (4.130), there is only one rank(2; 18) con�guration, with

g8d;1 = su2 � be8 � be8, there is an ambiguity for the class (4.132), in that we can naively embed

the O7+ inside the be8 or the so stack. However, inspecting the set of allowed string and 5-brane

junctions reveals a striking di�erence between the two options.

If we embed the O7+ inside the so-stack, the freezing of theso16 subalgebra and the modi�ed

boundary conditions for the junctions do not a�ect the U lattice. This is made explicit in (4.132),

since � and � junctions only have prongs on the a�ne stack, which remains unmodi�ed. On the

other hand, if we would embed the O7+ inside an bE8, then the freezing procedure restricts the

set of allowed string junctions to be orthogonal to theso16 roots, and have even prongs on the

orientifold plane. As we will explain in detail in Appendix D.2, the result is that we can no longer

consistently de�ne a U-lattice from the allowed junctions. Instead, the evenness condition can at

most accommodate a stretched hyperbolic latticeU(2).

Based on the dual CHL string description, we propose that only the embeddings with amodi�ed U

lattice gives a consistent 9d uplift. Namely, unlike the maximal rank case, the momentum lattice

� CHL
8d

�= (� E8) � U � U(2) of 8d CHL vacua is no longer self-dual, whereas the corresponding 9d

lattice � CHL
9d

�= (� E8) � U is Mikhailov (1998). The additional U(2) in 8d arises from the winding

and KK-states of the CHL string, and must therefore be represented in terms of the imaginary root

junction around the a�ne stack, and another string junction that emanates from it. If we embed the

O7+ inside the D 17� k stack of (4.132) instead, we would have an unstretchedU-lattice for winding

and KK-states. Moreover, if we would naively identify the would-be 9d gauge algebra with that of

8d (replacing the a�ne symmetry with its non-a�ne version), this kind of embedding would lead
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to an sp algebra in 9d, which again is not compatible with the CHL string. While these arguments

provide strong evidence in favor of the proposal, we leave a rigorous proof for future works, and

discuss the resulting characterization of 9d CHL vacua in terms of string junctions.

Let us start from the 8d rank (2; 18) con�guration (4.130a) with n = 8 , which, if we moved X [2;1]

from bEm across the branch cut ofbEn=8 , becomes (4.132a) withk = 8 . Using the brane moves

described in Appendix D.2, we can turn thebE8 into an SL(2; Z)-conjugated E9 stack:

A 10� m (

bE mz }| {
A m� 1X [� 2;1]X

2
[0;1]X [2;1])

D 0
8z }| {

X 8
[0;1]X [1;4]X [1;2] X [1;2]

| {z }
E 0

9
�= bE 8

: (4.141)

The bEm stack can be conjugated byg = ( 1 1
0 1 ) to obtain the standard form from Section 4.2. In

particular, this means that the standard extended weight junctions now carry asymptotic( p
q ) charge

given as

! em
p : g� 1 ( 1

0 ) = ( 1
0 ) ; ! em

q : g� 1 ( 0
1 ) =

�
� 1
1

�
: (4.142)

The D 0
8 stack can be conjugated byg0 =

�
3 � 1
1 0

�
to the standard representation, g0M (D 0

8)g0� 1 =

M (A 8BC ). Introducing the O7+ , i.e., X 8
[0;1]X [1;4]X [1;2] ! O7+ 0 (where we use the prime to denote

the non-standard SL(2; Z)-frame), we obtain

A 10� m (

bE mz }| {
A m� 1X [� 2;1]X

2
[0;1]| {z }

E m

X [2;1]) O7+ 0
X [1;2]| {z }

� E 0
9
�= bE 8

: (4.143)

Compared to the standard presentations discussed in Section 4.2 (i.e., where the monodromy of

O7+ is M (O7+ ) =
� � 1 4

0 � 1

�
), the O7+ monodromy in this SL(2; Z) frame is

M (O7+ 0) = g0� 1M (O7+ )g0 =
� � 1 0

� 4 � 1

�
; (4.144)

147



and the standard extended weights! O7+

p;q have asymptotic ( p
q )-charges

! 0
p : g0� 1 ( 1

0 ) =
�

0
� 1

�
; ! 0

q : g0� 1 ( 0
1 ) = ( 1

3 ) ; (4.145)

for which the pairing relations (4.37) hold. We can pull the imaginary root junction � � � R
(1;0) across

the branch-cuts, and obtain the equivalence

� = 2( � ! 0
p � ! 0

q + x [1;2]) ; (4.146)

which consistently has only even number of prongs onO7+ 0. Moreover, the pairings are(! 0
p; x [1;2]) =

� (! O7+

q ; x [1;2]) = 1
2 , and assert, together with (4.37), that (� ; � ) = 0 . The � -junction from (4.130a)

cannot be realized as a string junction in the presence of the O7+ , because it requires a net( p
q ) = ( 3

1 )

charge to end onO7+ 0X [1;2] (see Appendix D.2 for details). Instead, the prongs of any physical

string junction on the O7+ 0X [1;2] stack must be

2� p! 0
p + 2 � q! 0

q + � x [1;2] ; � p;q; � 2 Z ; (4.147)

which necessarily has evenq-charge, as well as even pairing with� . This means that, orthogonal

to the su10� m � em weight junctions in (4.143), we must have aU(2) lattice, spanned by string

junctions � and � 0 = � � + 6 ! 0
p + 4x [1;2] � 2x [2;1].

In the magnetically dual picture, any integer number of 5-brane prongs can end onO7+ 0. In

particular, 5-brane junctions corresponding to 1
2 � and 1

2 � 0 are then physical, and would span a

squeezed hyperbolic latticeU( 1
2). This is consistent with the fact that in the 9d uplift of CHL

vacua, the momentum lattice �loses� aU( 1
2) factor Mikhailov (1998):

�
� CHL

8d

� � �= (� E8) � U � U( 1
2) ;

�
� CHL

9d

� � �= � CHL
9d

�= (� E8) � U : (4.148)

The remaining moduli available in 9d are then the deformations that move the 7-branes outside the

O7+ 0X [1;2] stack. The resulting maximal non-Abelian enhancements can be equally characterized
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by an 8d con�guration of type (4.130a) (with n = 8 ) or (4.132a) (with k = 8 ), but with bE8 frozen

via the embedding of an O7+ described above (as summarized in Table 4.2).

The null junctions for (4.143) are

� N
(1;0) = � 3! em

p � ! em
q + x [2;1] � 2! 0

p � 2! 0
q + 2x [1;2] ;

� N
(0;1) = ( m � 10)! su + (18 � m)! em

p + 3 ! em
q � 3x [2;1] + 4 ! 0

p + 2 ! 0
q � x [1;2] ;

(4.149)

from which one can straightforwardly determine the non-Abelian gauge group structure for speci�c

m. It so happens that they are all trivial in the maximally enhanced cases, which agrees with the

CHL-string computations Font et al. (2021).

gCHL
9d � 1(G9d) g8d;1 8d brane con�g.

su10 0 su10 + be8 (4:130c); n = 8

su9 � su2 0 su9 � be1 � be8 (4:130c); m = 1 ; n = 8

su7 � su2 � su3 0 su7 � be3 � be8 (4:130a); m = 3 ; n = 8

su6 � su5 0 su6 � be4 � be8 (4:130a); m = 4 ; n = 8

su5 � so10 0 su5 � be5 � be8 (4:130a); m = 5 ; n = 8

su4 � e6 0 su4 � be6 � be8 (4:130a); m = 6 ; n = 8

su3 � e7 0 su3 � be7 � be8 (4:130a); m = 7 ; n = 8

su2 � e8 0 su2 � be8 � be8 (4:130a); m = 8 ; n = 8

so18 0 so18 � be8 (4:132a); k = 8

Table 4.2: Maximal non-Abelian enhancements on the 9d rank(1; 9) moduli space that has a dual
description in terms of the CHL string, obtained from an a�ne 8d realization in which an be8 is
frozen. Note that all cases have trivial non-Abelian gauge group topology� 1(G9d).

Disconnected moduli branches for 9d rank (1 ; 1) vacua

The description of 9d rank (1; 9) theories presented above has a clear interpretation in terms of

�freezing�, i.e., introducing an O7+ -plane into the 7-brane system that describes a rank(1; 17)

theory. In parallel to the construction of 8d vacua discussed in Section 4.4, it then is natural to

propose that 9d rank (1; 1) theories arise by a further freezing. Moreover, the duality to the CHL

string strongly suggests that, in 9d, the freezing process requires anbe8 a�ne algebra, in which the

e8 root junctions, as well as odd multiples of the winding-state-junction (i.e.,� ) are projected out.
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Therefore, from the maximally-enhanced cases in Table 4.2, only the second to last (with brane

con�guration (4.143)), but not the last entry, can undergo a further freezing.

After repeating the brane motions discussed in Appendix D.2, now for the �rst a�ne stack in

(4.143), the corresponding (doubly) frozen con�guration looks like

AA ( ]O7+ X [1;� 2]) (O7+ 0X [1;2]) ; (4.150)

where theM ( ]O7+ ) =
�

3 4
� 4 � 5

�
is the monodromy of the left O7+ -plane in this SL(2; Z)-frame. We

obtain an enhancedg = su2 non-Abelian symmetry when the twoA -branes are moved on top of each

other, which is the maximal enhancement we can have in 9d. In fact, if one could separate the two

X -branes from their corresponding O7+ (making the KK modes massive), and move them next to

each other, they would be locally-mutual, thus allowing for anothersu2 enhancement � this would

be nothing but the 8d rank (2; 2) example (4.116) studied in the previous section, which had an

SU(2)2=Z2 non-Abelian gauge group. However, since for the 9d uplift, one of them must be broken,

the fractional null junction that generated this Z2 quotient no longer exists for the con�guration

(4.150). Hence, the 9d non-Abelian gauge group must beSU(2).

It is suggestive that this doubly frozen, rank (1; 1) moduli branch corresponds to M-theory on a

Klein-bottle Aharony et al. (2007). Namely, starting from the rank (1; 17) theories with heterotic

description, which is dual to M-theory on a cylinder, the �rst freezing led to CHL vacua in 9d,

which are equivalent to M-theory on a Möbius strip, or a cylinder with one cross-cap. Freezing once

more, i.e., adding another cross-cap on the other side, then produces a Klein-bottle.

However, as pointed out in Aharony et al. (2007), there is a second branch of 9d rank(1; 1) moduli

space that is disconnected from M-theory on a Klein-bottle. That is, it cannot be realized as

freezing 9d rank (1; 9) models. However, since after anS1-reduction, the 8d rank (2; 2) moduli

spaceis connected, there should exist a junction description for this 9d branch, as a suitable in�nite

distance limit in which KK-states become light.

In fact, starting from the general 8d con�guration with two O7 + 's, depicted in Figure 4.8, it is
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not hard to identify such potential limits. Starting from O7+ CX [3;1] O7+ CX [3;1], where both O7's

now have the standard monodromy, we can either push theC-branes from the left on top of the

orientifolds,

(O7+ C| {z }
a�ne

)X [3;1] (O7+ C| {z }
a�ne

)X [3;1] ; (4.151)

which is just a slightly rearranged version of (4.150), or we can generate abE1 = BCCX [3;1] stack,

by moving 7-branes as

O7+ C X [3;1]
���!

O7+ CX [3;1] �! O7+ C�! O7+ BCX [3;1]

�! O7+ O7+ X [3;� 1]
����!

BCX [3;1] �! O7+ O7+ (BCCX [3;1]| {z }
= bE 1

) :
(4.152)

First, notice that one cannot transition between (4.151) and (4.152) without separating branes

making up the a�ne stack. In other words, these con�gurations are connected only via the 8d

moduli space. Second, by the brane moveCX [3;1]
 ���

! BC inside the a�ne stack, we �nd that

bE1 = BCCX [3;1] ' (BC )(BC ) is the strong-coupling version of two O7� -planes on top of each

other. Therefore, (4.152) is T-dual to IIA on an interval with O8 � 's at each end, which further

dualizes to the 9d Dabholkar�Park background in type IIB Dabholkar and Park (1996b); Witten

(1998a). This is indeed the branch of 9d rank(1; 1) moduli space that is disconnected from M-theory

on a Klein-bottle Aharony et al. (2007).

4.6. Conclusions and outlook

In this chapter, we have extended the framework of string junctions on[p; q]-7-branes Gaberdiel

and Zwiebach (1998); Gaberdiel et al. (1998); DeWolfe and Zwiebach (1999) to include O7+ -planes.

The key di�erence is the distinction between physical(p; q)-strings and 5-branes that can end on the

O7+ : while the latter can end with arbitrary integer ( p
q )-charges on the O7+ , only even numbers of

integer (p; q)-strings may do so. When applied to the construction of 8dN = 1 gauge theories on

stacks including both ordinary [p; q]-7-branes and O7+ 's, this modi�cation consistently reproduces
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the root and coroot lattices of non-simply-lacedsp-algebras, as well as their electric 1-form- and

magnetic 5-form center symmetries. Furthermore, this provides a junction description for all 8d

rank (2; 10) string compacti�cations with a dual CHL-string description Font et al. (2021); Cvetic

et al. (2021b), including their gauge group topologies that are succinctly characterized by loop

junctions encircling all 7-branes. In addition, using junctions, we �nd a previously unknown lattice

description for 8d string vacua of rank(2; 2), that is analogous to the Narain lattice characterization

of 8d and 9d heterotic/CHL vacua. This establishes junctions as a unifying framework to describe

gauge enhancements (including the global gauge group structure) ofall 8d string vacua.

Moreover, in synergy with Swampland ideas Lee and Weigand (2022); Lee et al. (2022), we have dis-

covered a full classi�cation of 9dN = 1 string vacua, including their global gauge group structures,

by 7-brane con�gurations with a�ne stacks characterized by loop junctions for their imaginary

roots. Again, the consistent inclusion of O7+ -planes in the analysis of potential in�nite distance

limits on the 8d moduli space turns out to be vital to capture subtleties, such as the two components

of the 9d rank (1; 1) moduli space that are connected only through anS1-reduction to 8d Aharony

et al. (2007).

The 9d results motivate a string-independent classi�cation of the 9dN = 1 supergravity landscape

in a similar fashion to Hamada and Vafa (2021), where the 8d landscape was classi�ed based on

a Swampland �translation� of the SL(2; Z) characterization of 7-branes and O7+ -planes. While

perhaps unexpected from their direct constructions, this chapter shows that 9d string compact-

i�cations also admit a completely analogous characterization. Hence, it is suggestive that there

should also be a parallel story for the moduli space of 9d instantons that can be studied bySL(2; Z)

monodromies. In particular, such a bottom-up analysis could provide an explanation independent

of the CHL-string, for why the 9d analog of the freezing mechanism can only be performed with an

bE8, but not an D n� 8 stack.

Another useful insight from the junction perspective is on the stringy origin of center symmetries

in 8d gauge theories with non-simply-laced algebra. Via dualities, it would be interesting if one

can use this insight to generalize the geometric engineering framework for higher-form symmetries
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in M- and F-theory Morrison et al. (2020); Albertini et al. (2020); Cvetic et al. (2021a) to include

frozen singularities. This may have promising applications to the study of 6d SCFTs constructed

on such singularities Bhardwaj et al. (2018) as well as lower dimensional SCFTs, obtained either

from dimensionally reducing 6d theories, or directly engineering them with junction techniques

García-Etxebarria et al. (2013); Agarwal and Amariti (2016); Hassler et al. (2020); Heckman et al.

(2021).
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Part II

Generalized Symmetries in

Superconformal Field Theories
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CHAPTER 5

HIGHER SYMMETRIES OF 5D ORBIFOLD SCFTS

5.1. Introduction

Higher-form symmetries Gaiotto et al. (2015) provide a powerful way to constrain the non-perturbative

data of a quantum �eld theory Kapustin and Thorngren (2013); Sharpe (2015); Gaiotto et al. (2017,

2018); Córdova et al. (2019); Cordova et al. (2021); Brennan and Cordova (2022); Kaidi et al.

(2022a); Lee et al. (2021); Choi et al. (2022a); Kaidi et al. (2022c). This is especially valuable in

the case ofd > 4 superconformal �eld theories since all known examples are intrinsically strongly

coupled. Indeed, the main method to construct such examples proceeds by taking a singular limit

of a string / M-theory / F-theory compacti�cation. With this in mind, it is important to extract

the corresponding data of higher-form symmetries for such systems directly from the singular ge-

ometry of a string compacti�cation Del Zotto et al. (2016); Heckman and Tizzano (2018); Eckhard

et al. (2020); Garcia Etxebarria et al. (2019); Albertini et al. (2020); Morrison et al. (2020); Dierigl

et al. (2020); Closset et al. (2021b); Del Zotto et al. (2020); Apruzzi et al. (2022b); Bhardwaj and

Schäfer-Nameki (2021); Closset et al. (2021a); Heidenreich et al. (2021a); Del Zotto and Ohmori

(2021); Gukov et al. (2021a); Bah et al. (2021); Bhardwaj et al. (2021); Apruzzi et al. (2022a, 2021b);

Hosseini and Moscrop (2021); Apruzzi et al. (2022c); Bhardwaj (2022b); Bhardwaj et al. (2022d);

Closset et al. (2022); Heidenreich et al. (2021b); Buican and Jiang (2021); Cveti£ et al. (2022c);

Debray et al. (2021); Apruzzi et al. (2021a); Braun et al. (2021); Bah et al. (2022); Bhardwaj et al.

(2022c); Cveti£ et al. (2020); Cvetic et al. (2021b).

In this chapter we determine the higher-form symmetries for 5d superconformal �eld theories

(SCFTs) which originate from an orbifold singularity X � = C3=� for � a �nite subgroup of SU(3).

We denote the resulting 5d SCFTs asTX � . There is a full classi�cation of �nite subgroups of �

(including their group actions) which result in Gorenstein Calabi-Yau threefold singularities Yau

and Yu (1993) (see also Watanabe and Rotillon (1982)). It also gives rise to a large class of well-

known 5d SCFTs. For example, the trinion theory TN with �avor symmetry algebra su(N )3 arises
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from the singularity C3=ZN � ZN (see Benini et al. (2009)). Recently the physics and geometry of

many such singularities were studied in references Tian and Wang (2022); Acharya et al. (2022). For

further discussion of higher-form symmetries in 5d SCFTs, see in particular Albertini et al. (2020);

Morrison et al. (2020); Benetti Genolini and Tizzano (2021); Apruzzi et al. (2022c); Genolini and

Tizzano (2022). For additional background on geometric engineering and 5d SCFTs, see Seiberg

(1996); Katz and Vafa (1997); Witten (1996); Morrison and Seiberg (1997); Douglas et al. (1997);

Katz et al. (1997); Intriligator et al. (1997); Aharony and Hanany (1997); Aharony et al. (1998);

Diaconescu and Entin (1999); Bergman and Rodriguez-Gomez (2012); Bergman et al. (2013) as well

as Del Zotto et al. (2017); Je�erson et al. (2018); Closset et al. (2019); Bhardwaj and Je�erson

(2019b,a); Bhardwaj et al. (2020a); Apruzzi et al. (2020d, 2019, 2020c).

The higher symmetries of 5d SCFTs that have gauge theory phases can be determined directly from

the corresponding Lagrangian description, exploiting standard techniques Gaiotto et al. (2015) �

with the subtlety that it can happen that 5d instantons are charged with respect to the center

symmetry in the presence of a non-zero CS level. There are, however, many 5d SCFTs which do not

have a gauge theory phase, and instead are de�ned purely by singular geometry. A pivotal example

of this type is the famous E0 theory Seiberg (1996), which is realized as the singular limit of the

local Calabi-Yau threefold O(� 3) ! P2, namely the orbifold C3=Z3 Morrison and Seiberg (1997).

For these theories an alternative route to compute the corresponding higher form symmetries is

given by exploiting the defect group of M-theory on the corresponding singularity Del Zotto et al.

(2016); Albertini et al. (2020); Morrison et al. (2020). For instance proceeding in this way one can

show that for the E0 theory, the defect group is:

D(E0) � (Z3)(1)
e � (Z3)(2)

m ; (5.1)

where the subscripts and the superscripts refer to the fact that we have an electric 1-form symmetry

and a magnetic 2-form symmetry. The one-form electric symmetry arises from M2-branes wrapped

on two-cycles, and the two-form magnetic symmetry similarly arises from wrapped M5-branes on

four-cycles. The two are related to di�erent choices of global structures for theE0 theory Albertini
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et al. (2020).

So long as the singularity is isolated, it is straightforward to read o� the corresponding electric

one-form symmetry via the abelianization Ab[� 1(@C3=�)] , much as was done in the case of the

6d defect group in Del Zotto et al. (2016). If, however, the group action� results in a non-

isolated singularity, then the boundary @C3=� will also have singularities. For toric singularities,

this problem was resolved in Albertini et al. (2020). For more general orbifold singularities, however,

it is still an open question as to how to read o� the resulting higher-form symmetries directly from

the singularity.

Our aim in this chapter will be to present two complementary solutions to the computation of

higher-form symmetries for such 5d orbifold SCFTs. First of all, there is a well-de�ned notion of

the fundamental group � 1(@C3=�) = � 1(S5=�) even when the group action by� has �xed points.

We use this to directly extract the electric one-form symmetry of such theories.

Second of all, we can directly exploit the fact that the higher-form symmetries are closely related

to extended defects of the 5d SCFT and that the 1-form and 2-form symmetries above, upon circle

reduction, give both rise to 1-form symmetries for the corresponding 4d KK theory. The defect group

of the 4d KK theory is then captured by the screening of the latter by BPS particles, which is in

turn speci�ed by the BPS quiver of the 5d SCFT Closset and Del Zotto (2022), the supersymmetric

quantum mechanics (SQM) which encodes the dynamics on the worldline of the BPS particles of

the 4d KK theory. Indeed, since compacti�cation on a further circle takes us to type IIA on the

same singularity, the resulting quiver is just the one obtained from a D0-brane probingC3=� . From

the 5d BPS quiver analysis, we expect that the one-form symmetry part of the defect group of the

4d KK theory DS1 TX � has the form

D(DS1 TX � )(1) = G(1) � G(1) (5.2)

where

G '
rM

`=1

Zn ` ; : (5.3)
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In equation (5.2) there are two identical factors ofG that denote respectively the possible electric

and magnetic 1-form symmetries that are controlled by a choice of global structure for the 4d KK

theory. The positive integersn` can be completely determined by via a standard 't Hooft screening

argument 't Hooft (1978) � see e.g. Caorsi and Cecotti (2019a). Moreover, the quiver also captures

the Weyl pairing Caorsi and Cecotti (2019a) (or linking pairing Garcia Etxebarria et al. (2019))

from which the resulting Heisenberg algebra of non-commuting �uxes Freed et al. (2007a,b) that

governs the global structure of the theories Aharony and Witten (1998); Witten (2009) can be

reconstructed Del Zotto and Garcia Etxebarria (2022). Knowing the 1-form defect group of the 4d

KK theory, it is easy to recover the corresponding factors of the defect group of the associated 5d

SCFT:

D(TX � ) � G(1)
e � G(2)

m : (5.4)

Whenever the 5d SCFT has a global structure which allows for a 1-form symmetry as well as a

0-form symmetry, the two can mix, and this can result in a non-trivial global 2-group symmetry �

see e.g. Kapustin and Thorngren (2013); Córdova et al. (2019); Cordova et al. (2021).60 As a further

result in this chapter we begin exploring the 2-group symmetries of some orbifold 5d SCFTs with

a Lagangian description Apruzzi et al. (2022c), reproducing the known features of such systems

in terms of the abelianization of the orbifolding group � . Our result indicates that the 2-group

structure is indeed a feature of the 5d SCFT rather than an emergent IR artifact.

The result of this chapter is organized as follows. In section 5.2, after a brief review of the defect

group and its use in determining the higher-form symmetries of a 5d SCFT, we give a general

prescription for computing the higher-form symmetries of the 5d SCFT, both via a direct analysis

of � 1(S5=�) , and via the corresponding 5d BPS quiver. In section 5.3 we turn to a collection of

examples, illustrating how our method works in practice. In section 5.4 we turn to a preliminary

analysis of 2-group structures in such theories, and in particular its (conjectural) relation to the

abelianization of � . We present our conclusions and potential future directions in section 5.5. The

60 See also Sati et al. (2008); Baez et al. (2005); Fiorenza et al. (2014, 2012); Sati et al. (2012) for foundational work
on higher group gauge symmetries.
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appendices contain some additional technical details as well as instructions for reproducing the

relevant quiver and group theory computations.

5.2. Defect Groups and Higher Symmetries in 5d

In this section we discuss the interplay between the defect group and higher-form symmetries, with

a particular emphasis on 5d theories. Recall that the defect group is a general way to capture the

spectrum of defects with charges which cannot be screened by dynamical states of the theory. This

notion was �rst introduced in reference Del Zotto et al. (2016) in the context of 6d SCFTs, but

it has far wider applicability, especially when combined with �ux non-commutativity Freed et al.

(2007a,b), as exploited, for example in references Garcia Etxebarria et al. (2019); Albertini et al.

(2020); Morrison et al. (2020). It is especially helpful in the context of higher-dimensional quantum

�eld theories speci�ed by a compacti�cation of string theory, and we will mainly focus on this case

in what follows.

In the context of string compacti�cation, we obtain supersymmetric defects by wrapping branes on

non-compact cycles of a local geometry. Branes of the same codimension which are wrapped on

compact cycles amount to dynamical degrees of freedom which can screen the charges associated

with these defects. Indeed, in many quantum �eld theories, the corresponding collection of defects

needs to be supplemented by a choice of global structure which restricts the spectrum of extended

objects Aharony et al. (2013); Kapustin and Seiberg (2014); Gaiotto et al. (2015); Del Zotto et al.

(2016). This can happen whenever the corresponding torsional �uxes do not commute Aharony and

Witten (1998); Freed et al. (2007a,b); Tachikawa (2014); Monnier (2014); Del Zotto et al. (2016);

Heckman and Tizzano (2018); Monnier (2018). Our conventions and treatment will follow that

presented in Albertini et al. (2020), to which we refer the interested reader for further details.

In any geometric engineering setup, the BPS spectrum of the resulting quantum �eld theory is

captured by branes of various dimensions that are wrapping on shrinking cycles of a non-compact

geometry X , which in our case is a Calabi-Yau threefold singularity CY3. When a p-brane wraps

a compact k-cycle, it describes ap � k + 1 dimensional BPS excitation. While, p-branes wrapped
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on non-compact k-cycles describep � k + 1 dimensional defects operators. Branes are charged

with respect to �ux operators, which can be used to construct the corresponding quasi-topological

symmetry defects that describe the charges of the extended objects. Of course, we can have a

generalized 't Hooft screening, due to the possibility of defects to end on dynamical BPS objects,

which breaks the associated higher-form symmetry. The remaining symmetry is captured by the

defect group:

D :=
M

n

D(n) where D(n) =
M

p-branes

0

@
M

k s.t. p� k+1= n

�
Hk (X ; @X )

Hk (X )

�
1

A (5.5)

In other words, the defect groupD is the group of charges of higher symmetries acting on defects

modulo screening. Moreover, together with the corresponding Heisenberg algebra of non-commuting

�uxes, it encodes the quantum data of the Hilbert space at the boundary of the non-compact

geometry. This construction captures all possible global structures realized by the geometry of the

string compacti�cation. We note that in principle, there could be additional emergent higher-form

symmetries in the deep infrared of such a system, which would in turn signal the existence of

additional defects. Our operating assumption�which is well-supported in practice� is that such

subtleties will not arise in the analysis to follow.

In this chapter our focus is on the 1-form and the 2-form symmetry parts of the defect group in the

context of a geometric engineering of M-theory on a Calabi-Yau singularityX �

D(M=X � ) � D(1)
M 2 � D(2)

M 5 (5.6)

where the subscripts denote the associated branes, and the superscript indicates that the M2-branes

are associated with a one-form and the M5-branes with a two-form generalized symmetry.

Since M2s and M5s are mutually non-local and in general the singularityX � might have some

torsional �ux, one naturally expects to �nd examples with non-trivial higher symmetries and a

non-trivial global structure. To see this, consider a geometryM 11 = M 5 � X � where for ease of

exposition we takeM 5 compact and torsion free. The geometryM 11 has a boundary at in�nity
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given by @M 11 = M 5 � @X � , to which we associate an Hilbert spaceH(@M 11). The resulting

Hilbert space has selection sectors that can be thought of as states in a quantum mechanics where

the role of operators is played by torsional �uxes, organized by a generalized cohomology group,

E(M 11). The presence of a non-trivial torsion for the generalized cohomology,

Tor E(M 11) =
M

i

H i +1 (M 5) 
 Tor Di ; (5.7)

might cause the �ux operators to form a non-commutative algebra Freed et al. (2007a,b). Indeed,

�uxes corresponding to the M2 and M5-branes that contribute to the 1-form symmetry and the

2-form symmetry part of the defect groups satisfy the following relation

	 2� 5 = exp
�

2�iL (l1; l2)
Z

M 5

! 1 ^ ! 2

�
� 5	 2; (5.8)

where the term in the exponential is a pairing of cocycles inTor E(M 11), ! 1;2 represents the forms

dual to the cycle where the extended objects have supports,l1;2 are elements ofDi and L(�; �) is

the linking form on @X � . To fully specify the quantum system, we need to select a maximal set of

mutually commuting �uxes as a base for our Hilbert space.

This construction can be made more rigorous and general Albertini et al. (2020). In particular, it is

known how to compute the defect group from exact sequences in homology Del Zotto et al. (2016);

Albertini et al. (2020); Morrison et al. (2020). In the next section we will review this result and use

it to compute the defect group of orbifold singularities. Moreover, we will con�rm the same result

exploiting the corresponding 5d BPS quivers, building on Hosseini and Moscrop (2021); Del Zotto

and Garcia Etxebarria (2022).

The rest of this section is organized as follows. Again specializing to the case of 5d SCFTs obtained

from M-theory on an orbifold singularity X � = C3=� , we show how to extract the defect group

directly from the fundamental group of S5=� , which we refer to as the �algebraic topology approach�.

After this, we turn to a physical realization of the same data in terms of the 5d BPS quiver de�ned

by the 5d SCFT. The physical interpretation of the quiver in terms of the Dirac pairing for BPS
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particles of the 4d KK theory provides a complementary method for extracting the same data on

higher-form symmetries. We turn to examples later in section 5.3.

5.2.1. Algebraic Topology Approach

Let us now turn to a computation of the defect group directly via the corresponding singular

geometry speci�ed by the orbifold groupC3=� . We start by considering M-theory on M 5 � X � . In

order to capture the defect group one has to consider the long exact sequence of relative homology

of (X � ; S5=�) :

� � � ! H2(S5=�)
{2! H2(X � )

| 2! H2(X � ; S5=�)
@2! H1(S5=�)

{1! H1(X � )
| {z }

=0

! : : : : (5.9)

Strictly speaking, some of the quantities in the above exact sequence may not involve smooth spaces,

for example if � has �xed points. In the present context, we can always assume the existence of a

crepant resolution, and work in terms of the resolved geometry. Since, however, our answer will be

independent of a given choice of a resolution, there is a precise sense in which these objects ought to

make sense even without an explicit blowup, consistently with the remark of Morrison et al. (2020)

that the higher form symmetries are independent from �op transitions in the resolved geometry.

Indeed, we will shortly give a precise de�nition ofH1(S5=�) as the abelianization of� 1(S5=�) , even

when � has a �xed point locus on the S5.

Now, we expectH1(X � ) to vanish due to the fact that X � is a Calabi-Yau space, and, moreover,

by de�nition Albertini et al. (2020); Morrison et al. (2020):

D(1) �
H2(X � ; S5=�)
| 2(H2(X � ))

' H1(S5=�)

' Ab[� 1(S5=�)]

(5.10)

Using both Poincaré duality and the Universal Coe�cient Theorem it can be shown that D(1)
M 2 ' D(2)

M 5

wheneverH3(X � ) vanishes, which is indeed the case for the orbifold singularities we are considering.
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The defect group is then fully captured by � 1(S5=�) , since the abelianization of this group is

just H1(S5=�) . An important subtlety here is that in general, � may have a �xed point locus

which complicates the analysis. In the special case where there are no �xed points, we have

� 1(S5=� no� �xed ) = � no� �xed . To extend this to the more general case which can include �xed

points, we use a result proved by Armstrong in 1967 Armstrong (1968):

Let � be a discontinuous group of homeomorphisms of a path connected, simply connected, locally

compact metric spaceX , and let H be the normal subgroup of� generated by those elements which

have �xed points. Then the fundamental group of the orbit spaceX=� is isomorphic to the factor

group � =H.

In other words, to compute � 1(S5=�) , we just need to enumerate the generators of� which might

have a �xed point locus on S5. Specifying the particular group action induced via f � : � !

Homeo(C3), we denote byH � ;f � E � the resulting normal subgroup of � . The end result is that

� 1(S5=�) = � =H� ;f � , so the one-form symmetry part of the defect group is just:

D(1) = Ab[� =H� ;f � ]: (5.11)

This also shows that the higher-form symmetry is independent of a choice of resolution, and more-

over, provides a systematic way to determine this data without specifying a blowup. We give explicit

examples of this procedure in section 5.3.

5.2.2. Quiver Approach

A complementary way to extract the same information on the higher-form symmetry is to determine

the corresponding quiver associated with a given orbifold singularity. In physical terms, this arises

from the 5d BPS quiver of the theory Closset and Del Zotto (2022). 5d BPS quivers are the quiver

of supersymmetric quantum mechanics that capture the BPS spectrum of particles of the 4d KK

theory DS1 TX � . Exploiting the Kaluza-Klein (KK) circle as an M-theory circle, it is clear that

the 4d KK theory associated to X � is obtained from type IIA on the same Calabi-Yau threefold

Lawrence and Nekrasov (1998). The 5d BPS quivers are therefore captured from the BPS quivers
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of IIA on X � Closset and Del Zotto (2022) (see also Duan et al. (2021)). For the case at hand,

the structure of the quivers can be reproduced from the D0-brane probe of this singularity. The

resulting supersymmetric quiver quantum mechanics follows from the general prescription of Douglas

and Moore Douglas and Moore (1996). The resulting 3d McKay quivers were obtained in Hanany

and He (1999); Lawrence et al. (1998). For additional details on how to implement this procedure,

see Appendix E.3. In many of our quiver �gures, we present an explicit indexing of the nodes, and

in particular this does not refer to the rank of each gauge group.

The crucial part needed for our analysis is the physical interpretation of the BPS quivers (see

e.g. Fiol and Marino (2000); Denef (2002); Cecotti et al. (2010); Cecotti and Vafa (2011); Cecotti

and Del Zotto (2011); Alim et al. (2013, 2014)). The nodes of the BPS quivers are in one-to-

one correspondence with a basis of generators of the charge lattice of the theory. Let us denote

the corresponding charges
 1; :::; 
 N . The states corresponding to the charges of the generators

are viewed as a collection of elementary constituents, out of the bound states of which the whole

spectrum of the theory can be reconstructed. Since all the states in the spectrum are formed by these

bound states, their charges are integer multiples of the charges of the elementary constituents, and

we can completely determine the 't Hooft screening in terms of the latter Caorsi and Cecotti (2019a).

The charges of the line defects are in turn valued in a dual lattice of charges, where the duality

is determined by the Dirac pairing Gaiotto et al. (2013b); Aharony et al. (2013). For Lagrangian

theories, the relevant Dirac pairing is determined by a simple computation in the Coulomb phase

of the theory, for non-Lagrangian theories, however, geometry is needed. Here another aspect of

the structure of the BPS quiver quantum mechanics is crucial, namely that the adjacency matrix

which determines the structure of the BPS quiver quantum mechanics, is indeed captured by the

Dirac pairing among the charges of the elementary constituents

h
 i ; 
 j i D = B ij : (5.12)

For this reason the relevant quotient, which captures the defect group from the IR Del Zotto and

Garcia Etxebarria (2022), is also reproduced by the cokernel of the Dirac pairing. The 4d KK theory
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is obtained from type IIA on the same orbifold singularity X � and the torsional generators of the

defect group are:

Tor D(1) (IIA =X � ) = Tor(coker(B )) = G(1)
e � G(1)

m (5.13)

where

G(1)
e ' G(1)

m '
rM

`=1

Zn ` : (5.14)

By construction the integers n` can be recovered by the Smith normal form of the matrixB Caorsi

and Cecotti (2019a). The fact that B is antisymmetric entails that one gets the two identical electric

and magnetic factors in equation (5.13).

Whenever we choose a global form for the 5d theoryTX � with a magnetic 2-form symmetry, the

latter gives rise to a magnetic 1-form symmetry for the 4d KK theory, by wrapping the corresponding

surface defects on the KK circle. For this reason we identify

D(2) (M=X � ) ' G(1)
m (5.15)

above. This strategy gives rise to interesting consistency checks for the entire construction.

5.3. Examples

In section 5.2 we presented a general prescription for how to extract the higher-form symmetries

from 5d SCFTs de�ned by M-theory on the background C3=� . Our plan in this section will be to

show how this works in practice, illustrating with a number of examples that both methods produce

the same result, and agree with previously established results available in the literature, including

v1 and v2 of Tian and Wang (2022).

To frame the discussion to follow, we �rst divide the subgroups ofSU(3) into three main families:

ˆ Family 1: The abelian subgroups;

ˆ Family 2: The subgroups ofSU(3) induced from �nite non-abelian subgroups ofU(2);
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ˆ Family 3: The complement of families 1 and 2.

We proceed by way of example, illustrating how our method works in each of these cases. In the

case of �nite abelian subgroups ofSU(3), we �nd agreement with the results of Albertini et al.

(2020); Morrison et al. (2020) as well as those of Tian and Wang (2022) which involved a direct

analysis of the resolved geometry. The case of family 2 does not appear to have been treated in the

existing literature, but again we �nd examples which contain non-trivial higher-form symmetries.

In the case of family 3, all examples we considered have too many elements in� whose action onC3

contains a �xed point locus. The resulting normal subgroup generated by such elements is so large

that Ab[� 1(S5=�)] is trivial, and as such they all produce a trivial higher-form symmetry. This is

also in agreement with the results of v1 and v2 of Tian and Wang (2022).

5.3.1. Abelian Subgroups ofSU(3)

We now turn to the case of� a �nite abelian subgroup of SU(3). In this case, we have a diagonal

group action on the holomorphic coordinates(x; y; z) of C3. Since the maximal torus ofSU(3) is

just U(1)2, the most general orbifold action is given by

(x; y; z) 7! (! a1 � b1 x; ! a2 � b2 y; ! a3 � b3 z); (5.16)

with ! and � primitive mth and nth roots of unity, and integers ai and bi with
P

i ai = 0 mod m

and
P

i bi = 0 mod n.

We now consider two speci�c set of actions that highlight the main properties of these orbifolds.

More general actions can be considered, but a complete analysis is left for future work.

The �rst case we consider is whenn = 1 , thus � = Zm . Here, the generators are of the form

1
m (1; a2; a3), with 1 + a2 + a3 = 0 mod m. In this case the choice of group action dictates the �xed

point locus. For these examples we can state a general rule:

H � ;f � = Zgcd(m;a 2 ) � Zgcd(m;a 3 ) (5.17)
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Let us check this formula on few examples:

ˆ One generator for all �xed points.

The subgroup of �xed points is generated by some unique power of the generator of the full

group, i.e. gk has �xed points, with g the generator of� = Zm . In these cases,H � ;f � = Zm=k ,

and thus

D(1)
M 2 = Ab[� 1(S5=�)] = Zm =Zm=k

�= Zk (5.18)

Example 1 : For g = 1
10(1; 1; 8), only k = 5 gives gk = 1

2(1; 1; 0) with �xed loci jzj = 1 . So

we haveD(1)
M 2 = Z5.61

ˆ More generators for all �xed points.

If there are more powers of the generator of the orbifold that lead to a �xed point, the normal

subgroup is just the direct product of those factors.

Example 2 : For � = Z6 generated byg = 1
6(1; 2; 3), both k = 2 and k = 3 have �xed points.

k = 2 leads to a Z3 subgroup, while k = 3 to a Z2. So H � ;f � = Z3 � Z2 = � , and thus

D(1)
M 2 = 0 . We have also directly veri�ed this by constructing the corresponding 5d BPS quiver

� see Figure 5.1 (left).

Example 3 : For � = Z12 generated byg = 1
12(1; 2; 9), g4 generates aZ3 subgroup andg6

a Z2 one. SoH � ;f � = Z2 � Z3 � Z12 = � , and thus D(1)
M 2 = Z2. The corresponding 5d BPS

quiver can be found in Figure 5.1 (right).

The second case we consider is� = Zm � Zn , where we mainly consider the family of generators

1
m (1; m � 1; 0) for Zm and 1

n (0; 1; n � 1) for Zn that has been treated in Tian and Wang (2022). In

this case, we can rule out any non-trivial higher symmetry using the algebraic approach. Each of

these manifestly have a �xed circle (jzj = 1 and resp., jxj = 1 ). So they both have H � ;f � = � and

61 In particular, g = 1
10 (1; 2; 7) is also such that D(1)

M 2 = Z5 . We have con�rmed by quiver computation that the
statement of � � el. = Z2" in v1,v2 and v3 of Tian and Wang (2022) is a typo.
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so Armstrong's theorem tells us that � 1(S5=�) = 0 . This result can also be established using BPS

quivers. For example, forn = m, the 5d BPS quiver corresponding to models in this class all have

a box-product form Alim et al. (2014)62

bA(n; 0) � bA(n; 0) (5.19)

where bA(n; 0) is the quiver corresponding to a loop withn arrows oriented clockwise and superpo-

tential given by tr (
Q

i  i ). A direct case by case analysis for0 � n � 30 reveals that the cokernel is

trivial in all these cases. Similar considerations hold forn 6= m, though in this case we do not have

a single concise expression as in line (5.19), and the quivers have to be extracted from the general

procedure summarized in Appendix E.3.

In addition, we want to point out that there are more possible actions ofZm � Zn than those

considered above. Here we give an example of such action with a non-trivial 1-form symmetry.

Example 4 : For ! = 1
9(1; 1; 7) and � = 1

3(1; 2; 0). The �xed loci are generated by3! and 3! + � ,

spanning a group ofH � ;f � = Z3 � Z3. So we haveD (1)
M 2 = Z3.

5.3.2. Examples Induced from Subgroups ofU(2)

Let us now turn to subgroups ofSU(3) induced from �nite non-abelian subgroups ofU(2). These

groups are obtained by taking some �nite �̂ � U(2) and mapping the elementŝg 2 �̂ to

g =

0

B
@

ĝ 0

0 (det ĝ) � 1

1

C
A : (5.20)

62 Given two acyclic quivers Q1 and Q2 with adjacency matrices B i = St
i � Si where Si are upper triangular 2d/4d

S-matrices and i = 1 ; 2, the quiver Q1 � Q2 is a quiver with adjacency matrix B � = ( S1 
 S2) t � (S1 
 S2). If the
quivers are not acyclic, which is the case in equation (5.19), one can still de�ne a � operation at the level of the
corresponding path algebras: the path algebra of the quiver Q1 � Q2 is the tensor product of CQ1 and CQ2 with
extra lagrange multipliers which implements the commutativity relation on the corresponding squares � the quiver
Q1 � Q2 also comes with a superpotential, which to a �rst approximation is a superposition of the superpotentials
of Q1 and Q2 together with extra Lagrange multipliers which implement the commutativity of the tensor product
operation on the path algebra � see e.g. Cecotti et al. (2010) for a review of the � operation for Q1 and Q2 acyclic.
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Figure 5.1: Left: the orbifold quiver for the C3=Z6 theory generated byg = 1
6(1; 2; 3). Right:

The orbifold quiver for the C3=Z12 theory generated byg = 1
12(1; 2; 9).

The �nite subgroups of U(2) are well known (see Cohen (1976), for example) and given by certain

cyclic extensions of �nite SU(2) subgroups. In principle, this gives us an exhaustive method for

generating such �nite SU(3) subgroups.

The �rst set of U(2) derived groups we consider are those found in Tian and Wang (2022); Watanabe

and Rotillon (1982). These groups form a special subclass ofSU(3) groups in the sense that their

invariant subrings are complete intersection rings. Using the generators provided in Tian and Wang

(2022), we easily see that many elements have �xed points regardless of the group. In fact, in all of

these cases we get thatH �= � and hence

� 1(S5=�) = 0 : (5.21)

We list our �ndings in 5.1.

However, our approach means we can consider more general subgroups ofSU(3) derived from U(2).

An important class which we can consider are those derived fromsmall63 subgroups ofU(2) Yau

and Yu (1993). The �small-ness� condition restricts the number of elements with �xed points in� ,

63 A group G � GL (n; C) is small if there are no elements g 2 G with exactly n � 1 many eigenvalues equal to1.
In other words, G contains no re�ections.
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� j� j D(1)
M 2 Ab[�]

Gm 8m 0 Z2 � Z2 � Z2(2jm); Z2 � Z2(26 jm)
Gp;q 8pq2 0 Z2

2 � Z2q(2jp); Z2 � Z2q(26 jp)
G0

m 8m 0 Z2 � Z2(2jm); Z4 � Z2(26 jm)

E (1) 72 0 Z3 � Z3

E (2) 24 0 Z3

E (3) 96 0 Z2 � Z2

E (4) 48 0 Z2

E (5) 96 0 Z4

E (6) 48 0 Z2 � Z3

E (7) 144 0 Z2 � Z3

E (8) 192 0 Z2 � Z4

E (9) 240 0 Z2

E (10) 360 0 Z3

E (11) 600 0 Z5

Table 5.1: Data for orbifold theories derived from subgroups ofU(2) which have complete intersec-
tion invariant subrings Watanabe and Rotillon (1982).

� j� j D(1)
M 2 Ab[�]

Tm 24m Z3m (3jm) Zm (36 jm) Z3m

Om 48m Zm Z2 � Zm

I m 120m Zm Zm

Dn;q 4qm (m = n � q) Z2m (2jm); Zm (26 jm) Z4m (26 jq); Z2m � Z2(2jq)

Table 5.2: Data for orbifold theories derived from small subgroups ofU(2). Note that the entries
in this table depend are quite sensitive to the divisibility properties of m; n and q, as discussed in
E.2. To get a sense of the size of the normal subgroup with a �xed point locus, we have also listed
the abelianization of � .

and as such can potentially have a larger defect group when compared with a �larger� subgroup of

SU(3).

Our �ndings in Table 5.2 can be con�rmed again exploiting 5d BPS quivers. A more systematic

study of the properties of the BPS categories of 5d orbifold SCFTs will appear elsewhere. For all

these cases, we have a non-trivial defect group owing to the fact that they are built from smallU(2)

subgroups. The analysis of these cases is uniform, and we carried out many consistency checks in

this family. For the sake of brevity we report here only few salient examples. We refer to appendix
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E.2 for our conventions about the representations we exploit in the analysis.

The D5;3 orbifold SCFT . Let us consider the lowest rank theory we �nd with non-trivial defect

group � this happens to be the D5;3 orbifold SCFT, a rank r = 4 SCFT with �avor symmetry of

rank f = 3 . The group D5;3 is generated by

D5;3 =

*

0

B
B
B
B
@

� 6 0 0

0 � � 1
6 0

0 0 1

1

C
C
C
C
A

;

0

B
B
B
B
@

0 i 0

i 0 0

0 0 1

1

C
C
C
C
A

�

0

B
B
B
B
@

� 8 0 0

0 � 8 0

0 0 � � 2
8

1

C
C
C
C
A

+

: (5.22)

We can now use the age grading of Ito and Reid (2011) to understand the gauge and �avor ranks of

the theory. Explicitly, we �nd that the number of age-1 (or `junior') classes is 7, while the number

of age-2 classes is4. This then gives us

r = b4(X ) = 4 ; f = b2(X ) � b4(X ) = 3 ; (5.23)

where X is the crepant resolution of C3=D5;3, the bi (X ) are its Betti numbers. As such, we are

looking for a quiver of size2r + f + 1 = 12 with an intersection pairing possessing a kernel of

dimension 4. Indeed, we �nd the quiver in 5.2 which possess these properties.

The B -matrix we obtain is

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 0 1 � 1 0 0 1 � 1

0 0 0 0 0 0 � 1 1 0 0 1 � 1

0 0 0 � 1 1 0 0 0 � 1 1 0 0

0 0 1 0 0 � 1 0 0 1 � 1 0 0

0 0 � 1 0 0 1 0 0 1 � 1 0 0

0 0 0 1 � 1 0 0 0 � 1 1 0 0

� 1 1 0 0 0 0 0 0 0 0 � 1 1

1 � 1 0 0 0 0 0 0 0 0 � 1 1

0 0 1 � 1 � 1 1 0 0 0 0 � 1 1

0 0 � 1 1 1 � 1 0 0 0 0 1 � 1

� 1 � 1 0 0 0 0 1 1 1 � 1 0 0

1 1 0 0 0 0 � 1 � 1 � 1 1 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(5.24)

From which it is easy to check the defect group for the 4d KK theory is indeedZ4 � Z4 as expected.
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Figure 5.2: The orbifold quiver for the C3=D5;3 theory.

T3 orbifold SCFT. The T3 group can be given as

*

0

B
B
B
B
@

i 0 0

0 � i 0

0 0 1

1

C
C
C
C
A

;

0

B
B
B
B
@

0 1 0

� 1 0 0

0 0 1

1

C
C
C
C
A

; � 18 �

0

B
B
B
B
@

(1 + i )=2 (� 1 + i )=2 0

(1 + i )=2 (1 � i )=2 0

0 0 � � 3
18

1

C
C
C
C
A

+

;

where � 18 = e�i= 9. From this we see that jT3j = 72 and that there are 21 conjugacy classes64.

Furthermore, the age grading gives us

r = b4(X ) = 9 ; f = b2(X ) � b4(X ) = 2 ; (5.25)

where X is the crepant resolution of C3=T3, r is the rank of the theory and f is the rank of the

�avor group. Note that these match with the constraint 2r + f + 1 = � (X ) = 21 . Interpreting this

as quiver data, this means that we should �nd a quiver with 21 nodes whose intersection pairing

has a kernel of dimension3. Indeed, using our program to �nd the quiver, we obtain the quiver in

5.3 which satis�es these conditions.
64 By the 3d McKay correspondence, this is equal to the Euler characteristic of the resolved C3=T3 orbifold.
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The correspondingB -matrix is

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 1 � 1 0 0 0 0 0 0 0 1 0 0 � 1 0 0 0 0 0

0 0 0 0 0 � 1 1 0 0 0 0 0 0 1 0 0 � 1 0 0 0 0

0 0 0 0 0 0 0 � 1 1 0 0 0 0 0 1 0 0 � 1 0 0 0

� 1 0 0 0 0 1 0 0 0 0 0 � 1 0 0 0 1 0 0 0 0 0

1 0 0 0 0 0 0 0 � 1 0 1 0 � 1 0 0 0 0 0 0 0 0

0 1 0 � 1 0 0 0 0 0 0 0 1 0 � 1 0 0 0 0 0 0 0

0 � 1 0 0 0 0 0 1 0 � 1 0 0 0 0 0 0 1 0 0 0 0

0 0 1 0 0 0 � 1 0 0 1 0 0 0 0 � 1 0 0 0 0 0 0

0 0 � 1 0 1 0 0 0 0 0 � 1 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 � 1 0 0 0 0 0 0 1 0 � 1 0 0 1 � 1

0 0 0 0 � 1 0 0 0 1 0 0 0 1 0 0 0 0 � 1 0 1 � 1

0 0 0 1 0 � 1 0 0 0 0 0 0 0 1 0 � 1 0 0 0 1 � 1

� 1 0 0 0 1 0 0 0 0 0 � 1 0 0 0 0 1 0 0 � 1 0 1

0 � 1 0 0 0 1 0 0 0 0 0 � 1 0 0 0 0 1 0 � 1 0 1

0 0 � 1 0 0 0 0 1 0 � 1 0 0 0 0 0 0 0 1 � 1 0 1

1 0 0 � 1 0 0 0 0 0 0 0 1 � 1 0 0 0 0 0 1 � 1 0

0 1 0 0 0 0 � 1 0 0 1 0 0 0 � 1 0 0 0 0 1 � 1 0

0 0 1 0 0 0 0 0 � 1 0 1 0 0 0 � 1 0 0 0 1 � 1 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 � 1 � 1 � 1 0 1 � 1

0 0 0 0 0 0 0 0 0 � 1 � 1 � 1 0 0 0 1 1 1 � 1 0 1

0 0 0 0 0 0 0 0 0 1 1 1 � 1 � 1 � 1 0 0 0 1 � 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(5.26)

Taking the Smith normal form we �nd that

coker(B ) = Z3 � Ze
9 � Zm

9 ; (5.27)

giving us a Z9 electric one-form symmetry.

T5 and T7 orbifold SCFTs. These cases can be analyzed in a similar way as above, and we again

reproduce the defect groupsZ(1)
5 for the T5 orbifold SCFT and Z(1)

7 for the T7 orbifold SCFT. We

draw the corresponding quivers in Figure 5.4, in a slightly di�erent format to illustrate that these

have a box product form. We report the correspondingB matrices in appendix E.4.

O5 and O7 orbifold SCFTs. Also for these examples we report the relevantB -matrices in

appendix E.4, which can be used to reproduce the results in table 5.2 also in these cases. We draw

the corresponding quivers in Figure 5.5 to illustrate that also these examples have quivers in a box

product form.
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Figure 5.3: The quiver for the C3=T3 orbifold theory.

� j� j D(1)
M 2 Ab[�]

�(3 n2) 3n2 0 Z3 � Z3(3jn); Z3(36 jn)
�(6 n2) 6n2 0 Z2

C(1)
3l;l (3jl ) 9l2 0 Z3 � Z3

C(2)
7l;l 21l2 0 Z3 � Z3(3jn); Z3(36 jn)

D (1)
3l;l (2jl ) 18l2 0 Z2 � Z3

H36 108 0 Z4

H72 216 0 Z2 � Z2

H216 648 0 Z3

H60 60 0 1
H168 168 0 1
H360 1080 0 1

J 180 0 Z3

K 504 0 Z3

Table 5.3: Data for orbifold theories derived from transitive subgroups ofSU(3). We determined
the higher-form symmetry by direct computation of Ab[� 1(S5=�)] and from an analysis of the
corresponding 5d BPS quiver. In all cases, none of these theories exhibit any one-form symmetry.
For completeness, we have also included the abelianization of all these groups. HereJ and K follows
the notation of Yau and Yu Yau and Yu (1993), while we have followed the notation of Tian and
Wang (2022) in the remaining entries. See Appendix E.1 for the de�nitions of all of these groups.
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Figure 5.4: Left: The BPS quiver corresponding to the orbifold groupT5; Right: The BPS quiver
corresponding to the orbifold groupT7. Notice that we can recognize a box product-like structure
in the quiver with an a�ne Ê6 structure.

General form of quivers for TOI orbifold theories. All the other cases of orbifold 5D SCFTs

with TOI orbifold groups can be analyzed similarly by extracting the corresponding quiver using

the procedure of Appendix E.3. Based on these examples and further checks for the orbifold groups

Tm , Om and I m , we conjecture that, for suitable values ofm, the quivers for many of the theories

in this class can take the form of square tensor products too, leading to diagrams of the form

Â(m; 0) � Ê6 ; Â(m; 0) � Ê7 ; Â(m; 0) � Ê8; (5.28)

respectively for 5d orbifold theories of typeTm , Om and I m . We stress this will not be the case

for all values of m: for instance, in the case ofTm theories with 3jm, we expect to obtain quivers

similar to 5.3 consisting of an inner ring ofm-many nodes surrounded by two rings of3m-many

nodes connected appropriately. Moreover, these constructions will depend on choosing a suitable

representative in the mutation class of theÊ6;7;8 type. Of course, for all the examples we checked,

the 5d BPS quiver reproduces the result of Table 5.2.
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