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Abstract

When motions of linkasdges such 35 the human body must be srecified
in terms of Joint angle chandesy considerable effort is reauired
to acheive 38 rarticular dozl. We review some technicues useful
for the azutomatic generation of Jdoint angle adiustments from a

goal srecified in terms of a8 world coordinate sustem.

Introduction

As comruter animation sustems achieve dreater drarhics realism
arnid highley interactive interfscesy 1t becomes 8 challenge to
animate articulated figures such as the human bodwe. Allowasble
motions of linkasges such as an arm or leg are governed bz well
kriowri rotation trarmsformations. Howevery +the design of a8
rarticular movement such a8s takind 3 ster or reaching for an
obdect maw reauire consideratle trizl and errory if srecified at
the level of individual Joint adiustments. For rurroses of
convenient animationsy it is clear thaty at 32 minimumy one must
surrly a3 movement rFrimitive to achieve a2 dgosl rosition with a

linked structure L[A41].
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Ferallel research in robotics can shed lignt on comrutationsl
solutions to the »roblem of achieving a3 rarticular rosition and
orientation in srace. The rroblem of Hosl-directed motion will be
cast in terms of robotics and linkade kirematics: the studw of

rosition (disrlacement) and its time derivatives (velocitws and

acceleration).

Considerations of force and mass (duenamics) [23:,25546]y balance

L36,37] and obstacle asvoidance [34r35] are bevond the score of

this rarer.

We rroceed bw establishing the necessary terminolodgwysy describing
lirked structures such zs the human bodyy discussing constraints

and outlining aldgebraic and numerical methods for doal

acheivement.

Rigid Obdect Fosition and Orientation

The relative rosition of a3 ridid 2~0D obdect with resrect +to 3
givernn Cartesizn reference frame is diven bw 38 translation iy o)
and a8 rotation (r), Hernce» a ridgid obdect in the rlane is said to
have three dedrees of freedom (de.eo.f.), In 3-I» six variasbles are
necessars and sufficient to srecifw the rosition (Mewrz) and
orientation (riyr2yr3) of 8 rigid obdect. Thereforer a ridgdid

obJdect in srpace is said to have six d.o.f.
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Interrolation

Consider ang dedree of freedom in rosition or oriemtation of an
obJdect (xy for examrle)., It maw be exrressed as 2 functiorm of
time which will be dernoted (t). The » comronents of velocitw and
acceleration are the first and second time derivatives. Given 3
temroral secuence of values for xr a8 function (L) maw be
obtained by any of & nrPumber of interrolation methods. Since
rhwsical obdects cannot achieve infinite accelerationy realistic
simulation reauires that the acceleration be everswhere finiter
hence that #(t) be everuwwhere twice differentisble. This
reauirement rrohibits use of linear interrolation schemes common
in comrputer animation sustems, Quadratic methods have been
discussed by Faul [441 and Herbison-Evams L[223., Finkel L[171
discusses +the use of cubic srline interrolation for comeutins
rotot a2rm tradectories. Seversal interrolation schemes are

comrared bw MuJdtaba [381.

Joints and Chains

Joints which connect rigid links may be divided into those with 3
single d.o.f.» such as revolute and sliding (erismatic) Jointsy
and those with mores such as srherical (ball and socket) Joints.
A srherical Joint has three dedrees of freedom. Surrosge that the
rosition and orientation of one of the 1links connected by a3
srherical Joint is fixed, Two varisbles suffice to dgive the
direction in which the axis of the free link is rointing, and a3

third to dgive its rotational #osition about that asxise. For



. /\ o

a, SIn qA

. e e e e = : —

Q.Cos q, : Q,_COS(q’&q}) { Q',COS(q\+q'2+q'3)

__-___Jr

Ft%uv—e_ 1



Korein and Badler Goal-Directed Motion

rurroses of analuesisy multirle dio.f. Joints maw be decomrosed
into “kirnematically eaquivilent® secuences of one d.o.f. Joints.
For examrler 2 srhericasl Joint maw be decomrosed into 2 secuence
of three revolute Joints serarated by =zero lendgth links, 311 of
whose axes intersect at a3 roint. Further discussion of Joints and
kLinematic eauivalence maw be found in texts bw Suh and Radcliffe

L343y Didksman L1473y Hunmt £2461 anmd Paul L4117,

A linear secuence of links conmected reirwise by Joints is cslled
8 (kimematic) chain. We will consider chains whose Joints have
beern decomrosed into one d.o.f. Joints. A chain has 8 free
(distal) end and a8 fixed (rroximzsl) end., It is useful to think of
the rroximgl end a3s being asttached by a8 Joint to a reference
links rossible imbedded in the world coordinate swustem. A concise
notation for the descrirtion of such chains was develored by
Nermavit amd Hartenberg C123y and is widelw used in robotics
arrlicationsy [A452446,5381: In the Demavit-Hartenberg notationmy 2
chain with n Joints arnd n limks: and its current configuration is
described by n four-element vectors. Each vector contzins a Joint
variable wvalue and three *link deometre® values relsting the
rosition and orientation of two comnsecutive Jdoints. The sustem
arrlies to both revolute and rrismatic Jdoints. This information
is sufficient to defime a3 +tramnsformation between a8 coordinate
sustem embedded in one link and one embedded in 3 consecutive
link, Srecification of Joinmt limits recuires two additionsl

values rer Joint.

We srecifw the the configurstion of a3 chain with n one d.o.f.

~

Joints as 8 vector (@C1d» +s4¢ ¢ @Lnl)y or simrlew o7, Given 2
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temrorzl sequence of configurations for 2 chain we canr by
interrolating each variasble of the comfiguration vectorr obtain
the configuration of the suystem as a vector function of timers

(L),

Arrlication to Humasrn RBodue Andimation

The human bodg maew be described a3 a3 +tree structurer where
*arrroximstely rizgid" sedments of the body are taken as nodess
connected by Joints rerresented as arecsy [29354»5561. The rmumber
of arcs imringindg on each node n is twricalle twor a3s in the case
of the urrer z2rm segmentr or threer a3s in the case of the relvis.
If +the rosition of some sesgment is constrainedr and 3 second
sedment is to be moved with resrect to the first» then the Joints
and links relevant to the motiom form a3 simrle rath through the

tree. A rath throudgh the tree may be abstracted as a3 chain.

Some arrrodimetions are imherent in this rerresentation. Comrlex
Joimts such as wrist and shoulder are first arerroximated as
srhericel  Jointsy which are then decomrosed into a kinematicslly
eauivalent secquence of ore d.o.f. Joints, (In factr the sctusl
motion of the shoulder involves 2 center of rotation which
derends on the rosition of the urrer arm). It is further sssumed
that each Jdoint msw move inmderendentlw of anw others and that the
rosition of orme Joint does not effect the rande of motion of anw
other. A refinement to this model is the direct rerresentation of
srherical Joints, This avoids inaccuracies inherent in modelling

8 srhericasl Joint by 3 8 secuence of lower rairs with inderendent
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Joint limitss a3t the cost of introducing a Joimt limit function.
A simrle arrroach is to restrict the rosition of the distal link
of a srherical Joint to lie within some andle of a3 srecified
center rositiony therebw 3llowind it to move within 8 cone. The
rotation of the distal Joint asbout its awxis is modelled

inderendentlw [21.

The rumber of dedgrees of freedom to be controlled when moving
sedments relative to ore another is Just the number of Joints
after each srherical Joint has been decomrosed. Once 2ll Jdoint
variasbles are srecifieds the bods is effectivelw made rigid,
Thusy there are six additionsl degrees of freedom reauired to
srecify  the rosition amd orientation of the bodys with resrect to
the world coordinate sestem. Note that esch bodys sedment is
defined in terms of its own coordinate ssstem..One of theses
called the rootr must be chosen to srecifw the relstion of the
ridid bodw +to the world coordinate system. Once the root is
srecifiedy 3 rosition vector for 2 human body consists of Joint
angles for each Jointy and six variables relating the root and
world coordinate swstems, If each of these variasbles is diven as
2 function of timer as might be denerated by interrolsating
between kew rosition vectorsr the motion of the bodws is entirelu

srecified L[651.,

Goals

For many rurposess we wish to srecifw the actions to be rerformed

by & bodwe or lirnkager, without the burden of having to srecify
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motion of 2ll dedgrees of freedom exelicitly [41, The first ster
towards this end is to rrovide a3 facility by which sedments of
the bode maw be rositioned with resrect to the world coordinate
swstemy and other obdects within it. Most of the work done on
this ture of eroblem has been in the contex of industrial

robotics 18,461,

We define &8 dHosl as a8 set of comstraints on the rosition or
orvientation of a hodys sedment, For examrler we might require 3
certain roint on the tie of +the right forefinger to be at 3
certain rosition #7 ={(kxskarkz) in the world coordinate sustem.
Alternativelsr we might receuire that the coordinate sus}em
imbedded in the left forearm be rositiomed 8t =2 ®=articular
Frosition and orientation in the world coordinate swsstem. The doal
0 for the forearm would be srecified a3s a constant
rosition~orientastion vector (lkatskugskzskrlskr2skr3): To require
that s foot sedment be flat on  the surrort #laner we would

srecify reauired values for heidght (kwy) and two rotationss (s3y

krl and kr2)y leaving the others unsrecified.

These sets of cornstraints mag be written as eguationss For the

first examrley we havel
o= kg

(1) g om g

Clearlu, restrictions of the ture discussed sbove may Froduce ur

1o six such ecuations.
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More comrlex ecuations may he used +to describe more comrlex
constraints, For examrle:rs we might restrict the fingdertir to lie

on a8 circle in the x-g rlamne by the following constraints?

(2) K2+ owk¥2 = k2

where kr and, kz are constants, Im the examrles sbover we have
considered onlw ecualits constraints, We might 8lso wish to
constrain one or more dedgrees of freedom to lie is 8 srecified
range of values., For examrler we might constrain the findertir to
lie within 8 rectandgular boxs bw srecifying maximum and minimum

value for ¥y 9 and =z, Six inecuality constraints result?

kxmin <= 3 <= kxmax
(3)  bkomin <= g <= Lkuman
Lzmin o= 2 <= homax

Additionsl constraints may arise from conditions imrosed on the
body sedments. For examrley the feet mayw be rimned to the floory
the waist restrained by 23 seatbelt or the urrer torso buw 3
harness [531. Constraints on the rosition and orientation of the
body maw be treasted Just as dosls are, The onlw distinction is
that bodw comstraints usuzlly refer to conditiomns which held in s

rrevious configurationr» 82s orrosed +to dgoalss which must be

scheived., The term ‘constrained sedment® will be used +to

encomrass both sedmernts for which 2 go3l is srecified and those

which are to maintzin their rrevious rosition with resrect to the

-
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world coordinate sustem.

Fositionzal Cormstraints amd Joinmt Variables

Consider two comstrained segments belonging to a8 common chain. In
considerind their relative rositions we maw take the coordinate
sustem embedded in one (Froximazl) segment as the world coordinste
system, The constraints constitute a (rossiblw rartial)
srecification of the rosition and oriemtation of the distal link

in the coordinate swstem of the sroximal link.

Nows the coordinate swstems embedded in each consecutive rair of
links in the chain are related bw a rigid transformations
including translstion and rotation. Since the Joint between the
lirks has only one d.o.f.r the tramsformation derernds on 2 single
Joint variable, The comrosition of these tramsformations from
link to link dives a3 vector exrression for the rosition and
orientation of +the distal limk in the rFroximal link coordinste
swstem. This exrressiony in condunction with the srecified doals
and body constraintsy describes imrlicitly the set of chain

confidyrations that will satisfw those constraints.,

Let us consider 2 simrle examrle E15-25j. Consider the three-link
lanar chain showrn in figure 1. The rroximsl end is constrained
tec the oridin, The link lendgths are aC11y 2C21 and aL31. The
Joint variables (311 andular) are 11y @C21 and ol3]. For
conveniencer we will dive each Joint the same name as its Joint

variasbley and call the chain’s distal terminal cC4]. Similarluy
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the ith lirk from the =roximal end is labelled sCil.

The rosition of ang Joint cLCi) maw be obtzired bw examining the

rroJections of more sroximal links on the » and w9 axess marked

off in the figure., Lettimngd L1l and 4Lil be the ¢ and g

comronents of the rosition of Joint eLilr we see from the figure

that?

(4) #L21 = gLll%cos(alll)

(3) «w[2]1 = 8L1XXsin(elC11)

(4) wl31 = alCll%cos{(alf1l1) + a3l21%cos(alll+cl21)

(72 w31 = al1l%sin(eC1]) 4+ 2[2I%sin(all11+al2])

(8) #£41 = alid%cos{(alll) + al2l%cos(alll+cl21)
+ al3d%kcos(eLl114+al21+al3])
(?) wl41 = asCl1i%sin{elfl1]) + 3L21%ksin(all1l1+al21)

+ 3L31%sin(al11+al21+al3 1)

The orientations rCily of link afil is Just the accumulation of

more sroximal Joint andglest

(10) L1131 aC11

#

(11> »L21 alf1] + alC2]
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(12) rL33 = @C1] + @C21 + cL3]

Eauations for rosition and orientation for linmks of a8 w®lanar
chain of arbitrare length maw be comruted in exactly the same way

£15,2513.

Let us now consider several differemnt classes of dgoals for the
dericted chainy 2nd their imrlicstions for the confiduration of
the chain. It will be useful to defimne the worksrace of 3 chain
as the set of roints which maw be reached buy its distal end. In
rarticulary the worksrace of the chain with distal end afil will

be dernoted WLil.

Let the H#oal be that Joirmt alL3] (rnot the +tir «l4]1) move to 2

roint (kxr k), This imroses two constraints!

(13) =C31 = |bku

(14) w31 = Ky

Combining these constra3ints with the equations for rosition of

al3] (eq. 6 arnd 72 we set!

[y
&}
~
x
L]

all1l¥cos(al11) 4+ al23%cos(alll+al2])

(16) hy allil¥sin(all11) + sl2X%ksin(alll+al2])

#
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We have two ecustions in two urknownsy namels eC1] 2nd eC21y so
the +two 1limk subchain ending a8t @l3] is rerfectls constrained.
These rarticular equations maw be solved zaldebraicalle for 11
and 21 [251. The worksrace of this subchain is either a
disk—-shared or arnular rediony derending om relative link lengths
L2333y and that there are a finite riumber of solution
configurations (orne or two) at each roint in the worksreace. This
is characteristic of &8 rerfectluw constrained sustem. The
worksraces of sgstems which are overconstrained have a lower
dimensionalitw than the srace in which thew lie. For examrles the
one link subchain ending 3t el2] can only resch roints 1lwing on
the wrerimeter of 28 circle. Underconstrained systems are of
centrsl imrortarce in animation arrlicationsy and will be

discussed im a8 subseacuent section.

Returning to the examrler we mas add to the doal a constraint on

the orienmtation of the last limk?

(17 rCL31 = Lkr

Thern combining with ea. 12y we have:l

(18) kr = [11 + e[2] + alL3]

Sirmce al1] and oC2] are aslreadw constrainedy this dHives the

solutiorn for orientations so that the entire chain is rerfectlwu

constrained.

The concert of a worksrace for rurelw rositional goasls may be
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extended to that of & doslserace for dgozls of other tures. For
examr~le the doaslsrace for rositiorn—orientstion gozsls (kyy kge kr)

is a3 set im the 3-srace with a3xes My Yy T

If Joirmts 3re limitedr the Hoalsrace will be a subset of that of
the same chain with wunlimited Joinmts. 1In the rerfectlu
constrained casey if an aldebraic solution is availasbler 811
solution configurations maw be found. If rione of them satisfy
doint limitsy it is immediatelw clear that the gosl is not in the

goalsrace of the restricted chain.

Three Dimensions

The eeuations for the rosition of Joints of 8 3-II chain may be
obtained Just 8s in the rlansr caser by considering the
srodections of those roints on My 8 and = axes L[151. Obtzining
orientation eauations directly recuires that we obtain the
contribution to each of the three rotatiomn angles by each link
arnd Joint of the chain [15]1. Rather than sroceeding directly
slong these linesy the wusual arrroach is to use homogenous

transformation matrices.

The relationshir between the ith and itlst links of 8 chain may
be written as 2 homodgerieous transformation matrix ALily which is
a8 function of +the ith set of rarameters for the chain. For a
given chainy ALLIl is 8 functiorn of Joint wvariable «lil only.
These matrices mas be multirlied to obtain new matrices relating

ang two non~consecutive links: The first and last lirnks are

L e 4
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related by the rroduct of z3ll the matrices AL11 through ALCM1. But
the rosition and orientation of the distal link in the world
coordinate sustem maw 8lso be ederressed as 3 homodgeneous
transform matrix 7T defimned in terms of the sHoal. Thus we obtain

the matric ecuation?

(19) T = AC11XAC2D%...¥ALN]

for & chsin with n d.o.f. Since each of the matrices in ee. 19 is
4 by 4y it rerresents 16 scalar eauations. The number of these
which are linearlw inderendent corresrond to the rumber of dHoal
constraints embodied in the matrix T. These equations dive a
(rossibley rartizl? srecificstion of rosition and orientation of
the distal link in terms of the Joint angles «Cll through alnl

CASy446547].,

Aldepbraic Solution

Whern the svustem of ecuations arising from the srecification of 3
doz2l for a chain is rerfectly constrasineds, it is sometimes the
case that an slgebraic solution mas be found. The situation that
has received the most attention in robotics is that where the
goal is a comrlete srecification of rosition and orientation for

the distal link of a sratial chain with six degrees of freedom.

It was first shown by Fierer [47] that if the axes of three

consecutive revolute Joints intersect st 8 roint» 3 six d.o.f.

sestem maw be decomrosed and solved for the Jdoint wvariasbles
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alids...ralél., Such chains 3re called "kinematically simerle"

An aldebraic solution to the MIT Vicarm robot is described by
Horm £241 in an intuitiver deometric waw, FPaul solved the
Stanford Schierman robot arm C[421y and has recentls rublished
descrirtions of derneral sldgebraic technigues for the solution of
kinematicaslley simerle robot arms [44y461. Other accounts of

aldebraic solutions maw be found im [32+43,52].

Aldgebraic solutions have two rrimare advantages over numericsasl
techniques. Firsty thew can be rerformed more euickly, This sreed
is imrortant for real-time robotic arrlications. Secondy all
solution configurations are foundy Froviding greater flexibility
than an iterative technicues» which converde to = sindle

solutior.

Numerical Solutions

Fierer [471 evaluated two methods of mnumerical solution for six
d.o.f. sustems?! the first method uses Newton-Rarhson iterations
the second method is bassed on the use of velocity screws. Pierer
ohtained solutions faster with the latter method. The wuse of
these numerical methods is not restricted to kimnematically simrle
chains, Whitrnes [60,611 gsrorosed 38 numerical method called
*resolved rate control® usind velocitys, rather than rositiony
since the relationshir between the comronents of velocity of the

distal link and fhat of the Jdoint angles is lirnear.

—_—i =
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The fact that rumerical methods converge on onls one solution
rresents 2 Fractical sroblem! it is necessary to insure that the
solution reached is not rrohibited bw Joint limits. Which
solutions if anw» an iterative method will converdge to derends on
the initial estimate of the solution. The use of the initisl
rasition of the chain has been rrorosed for this rurrose L4603, If
this choice is not sufficientls close to the final confidurstion
to rrovide converdencey an intermediate <ozl rartuway between
initisl and fimel rositions mes be chosens and the =rocess
rereated recursivelw, This rrocedure still does not duarantee
corversence to = configuration satisfwing Joint limit
restrictions (discussed subsecuentlws). A more deneral discussion
of numerical methods for the solutiom of non-linear suystem of

eauations maw be found in Ortedga [401.

Underconstrained Sustems

If a2 sustem has more desrees of freedom than the rnumber of
constraints imrosed b the goal rarametersy it is
underconstrained or redundant. The difference between the dedrees
of freedom and the dHoal-imrosed constraints is the dedree of

redundancyg.

We returrns for examrles to the three linmk rlaner chain in figure

1, Consider the goal of roasitionind the distal terminal el41 at a

specified rosition (kirkw), From equations 8 and 9 we det!?
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(200 kx = alil%cos(aC11) + al2l%cos(alll+al21)
+ a8L3T%cos(el1l+al2]+al3])
(21 kg = alll¥sin(eCll) + 2C2W%sin(eClil+aC2])

+ 3l33%sin(alll+el21+al3]

That isr we have two eauationss or ecuality constraintsey in three
variablesy all1lly alC23y @C3J. The dedree of redurndancy of the
sYstem is omes intuitivelwy the solution set is +the locus of

oints luing on 38 srace-curve in confiduration srace.

Ladrandean Methods

Orne method for dealing with redundant sustems is to srorose an
obJective function to be minimized and to arrly the method of
Ladgrande Multirliers L6017, This results in 3 rerfectly
constrained swtem which will both satisfw the constraints and

minimize the obdective [(192:63+641.

Surrose we are given an obdective function?

(22 fa™)

where a™ is the vector (allls...alrnl)y subdect to constraints?

cl(a™) = O

(23)

>

e



Korein and Eadler Goal-llirected Motion
cm(@™) = 0

We introduce a2 vector of variables u™ = (UL1ly +eevr UEml)s called

Ladrande multisliersy and write the Ladgrangezn?

(24) L(a™»u™) = f(a™)

= (uL1d¥cl(a™) + ul23%c2(a™) + +ve + ulmdkem(a™))

We then denerate n new comstraintsy by settindg to zero the

rartial derivatives of L with ressect to L1l throush clnls

resrectivelu?

dl./dalfll = 0
(25>
dl./delnl = 0

This results in a system of min ecuations (eas. 23 and eas. 29)
in mtr urnbrnowns (‘s and W/g)y which usually must be solved

numerically.
It is sometimes rossible to avoid solvind such 2 lardge sustem of
eauations by rerformind slgebraic manirulation directlw on vector

valued functions.

We rewrite the constraints as 3 sindgle vector valued function?

(26) c™ (") = 07

1 Qe
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The Ladrandeany which is scalar-valuedy maw z2lso be rewritten asi

(27) L(a™u™) = Ff(@T) - u”™ %" (™)

where u™’ is Jdust u™ writtern 3s 3 row vector. We row set to 07
the derivative with resrect to the vector &7y obtaining the

vector ecuation

(28) dL/de”

d/de”™( f{(@™) ) - d/de”™( u™ XcT(x™) )

Ecuations 26 and 28 asbove constitufe two vector ecuations in  two
vector urkrowns (@7 and u™)., Working with velocitiesy rather than
rositiony and wusing a suitable obdective functiony Whitney
L6062] has demonstrated that u™ maw be eliminated from these two
equationss resulting in 3 single vector eauation consisting of n
scalar equations in the oridinal n unkrnownsy @Lidy 44y @CNl. The
manirulation recuires the use of the generalized or
Frsuedo—-inverse for rectamdgular matricesr which has been the
subJect of books by Roullion asnd Odell [101 and Ben-Israel [81.
Similzr techrniieues have been srorosed for robot hand control by

dsads [11.

Exterisions for Inecuality Constraints

The techmniaques for handling redundant sgstems which have been
discussed do rnot asccount for ineeualitw constraints. Those
arising from Joint limits asre of rarticular concern. Lagrandean

methods maw be made to core with irnecualite conmstraints in

L Y - T



Korein and Radler Goal-lirected Motion

several different waus.

The Lagrande arrroach discussed earlier will find all minima for
the obdectiver subdect to the eauality constraints onlw. Those
which do not satisfw +the Joint limit imecualities maw be
discarded immedistelw. Ang new minima which arise from the
ineeualities must lie on the boundarw of the redion defined bw
those limits? that is» when one or more of the Joint variables
tzke extreme values. Thereforer these minima maw be found by
solving 2n smaller rroblemss each involving orme fewer wvariables
tharn the originzl. The number of levels of recursion to solve a
#roblem in this mamrmer is Just the desgree of redundancs of the

origdinal sustem.

Arother method is to introduce 2 new "slack" varisble for each
ineaualitsy transforming it into an ecuality comstraint. If 211 n
Joints have urrer and lower limitsy the resulting sustem contains

2n sdditiormal variables L6411,

A somewhat different method is the use of a2 renalty function
which is imcorrorated into the obdective funmction. The rpenalty

causes the obhdective to increase ss Joints areroach their limits.
The desired result is that +the obdective function itself
effectivelw rFrrohibhits Jdoimt 1limit wviolations. Discussions of

renalty functiorns may be found in Gill £19] and Wismer L6641,

Ariother method is to ignore the inecualities until an  iterative
saolution rrocedure run into one of the bhoundaries of the solution

srace., The bourdare is then followed in the feasible direction
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closest to that of the obJdective function gradient [647.

Ob.Jective Functions

The choice of obdective function is arrlication derendent. Some
rossible obdectives are minimization of discomforts time» work:
disturbance to the linkage. We must bear in mind that if 23
Lagrandean method is to be usedy the obdective function must be
differentisble. Moreovery functioms of desree larsger than
auadratic carry a larder comrutational cost for numerical methods
such &8s Newton—-Rarhson [641. Whitnes [60r61] chose to minimize
instantamneous kinetic enersgdy exrressed as a function of
velocityy which rroved comrutationzallys exredient for the resolved

rate control method.

Reach Hierarchy

A rathef different arrroach to the srecific rroblem of reaching a
~oint ozl has been srorosed by Korein [281. The rrocedure relies
on rrecomruted worksraces for the chain and each of its distal
subchains. A distal subchain is a8 chain extending from any Joint

irn the chain to its distal end.

Let the chain be ChiCll and its workseace WL1l. Let the subchain
with Just the most sroximal Joint and link deleted be ChiLC2] with

worksrace WL21y etc. Given these workseacesy the aldorithm

rroceeds as follows?
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- If the doal is rot inm WL1dy it is rmot reachable! dive ur,

- Btherwisey adJust alll only a3s much 2s is neccesary to bring

the doal into WCL21,

~ Proceed dowr the chairn» 38t each ster adiusting cLil onlw as

much as is necessary to brind the doal into aCi+1l.

This slgorithm will work with exsct worksrace descrirtionsy and

with with aserroximations which satisfwy the condition that
(29) arerrox(llil) is & subset of sweer(arerrox(Wlit+l1D)syalil)

where the sweer is the wvolume dHenerated by sweering the

arrroximation to WLi+l1ll sbout Joimt eCil.

This method reauires srecomrutation and storade of worksrace
descrirtions. wgile it is theoretically extensible to
rogsitiomn—orientation =oalsy the cost of storing high dimensional
worksraces is rrohibitive. A number of rearers on the nature and

construction of worksraces have been rublished in the context of

robotics [13y 21y 29y 30, 50y 54y 5951,

The imrlicit ‘“obJdective function® minimizes adJustment of
eroximal Joints. This maw be advantadeous for chains imbedded in

tree structuresy since disturbasnce to the tree is minimized.

With resrect to time efficiencws each adliustment reauires findins

- e
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the intersection betweer 8 worksrace surface and 2 lire or circle
C283. The fimal links of the chainy which comrrise & rerfectlws

cornstrained sustemr may be solved aslsebraically.

Cormclusion

A mumber of technicues relevant to doal directed motion of
kinematic linkadges have been discussed, The intent has been to
Fublicize linkade rositioming tools which mas be useful for the
develorment of comruter animastion sustems which are easier +to

use.
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