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Abstract. We develop a dynamical systems approach to prioritizing multiple tasks in the
context of a mobile robot. We take navigation as our prototypical task, and use vector field planners
derived from navigation functions to encode control policies that achieve each individual task. We
associate a scalar quantity with each task, representing its current importance to the robot; this value
evolves in time as the robot achieves tasks. In our framework, the robot uses as its control input
a convex combination of the individual task vector fields. The weights of the convex combination
evolve dynamically according to a decision model adapted from the bio-inspired literature on swarm
decision making, using the task values as an input. We study a simple case with two navigation
tasks and derive conditions under which a stable limit cycle can be proven to emerge. While flowing
along the limit cycle, the robot periodically navigates to each of the two goal locations; moreover,
numerical study suggests that the basin of attraction is quite large so that significant perturbations
are recovered with a reliable return to the desired task coordination pattern.
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1. Introduction. A prototypical example of an autonomous system is a forag-
ing animal that achieves its basic needs for food and shelter by periodically revisit-
ing different locations in its environment at different times apparently governed by
some internal sense of relative urgency or satiety. In the vocabulary of psychology,
the animal can be said to have drives which motivate it to perform actions that re-
duce those drives [26, 10, 21]. Inspired by the flexibility and robustness of natural
autonomous systems, we seek a simple model of their seemingly non-deliberative,
drive-based decision-making mechanisms that might be robustly embodied within the
dynamical sensorimotor layers of autonomous physical systems — a motivational dy-
namics for robots.

Dynamical systems approaches have been successful in understanding mechanisms
for decision making in biological systems such as human choice behavior in two-
alternative forced choice tasks [3], migration behavior in animal groups [17], and nest
site selection behavior [24] in honeybee swarms. Often, these decision mechanisms
are value based in the sense that the organism can be interpreted as associating a
numerical value with each available alternative and selecting the alternative with the
highest value. Decision making in biological systems tends to be embodied in the
sense that animals implement their decisions by moving their bodies in some way.
In the standard two-alternative forced choice task, an animal registers a decision by
pushing a button or by looking at a particular point on a screen. In the context of
migration or nest site selection, the animal moves its entire body to a new location.
We take navigation, interpreted broadly as the task of steering a system to a desired
goal state while avoiding obstacles, as the prototypical task for a mobile robot.
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Vector field methods provide a natural way to encode the sensorimotor activ-
ity required to perform navigation tasks in dynamical systems language. When the
vector field arises as the gradient of a well-chosen function, such as a navigation func-
tion [22], the system dynamics readily admit performance guarantees, such as proofs
of convergence to the desired state while avoiding obstructions along the way. Fur-
thermore, such vector field methods naturally map to control inputs for mechanical
systems described by Lagrangian dynamics [13] and can be composed via linear com-
bination or more intricate sequential [4] and parallel [5] operations. There have been
exciting recent advances in logical approaches to dynamical task composition [14], but
they introduce hybrid (even-based) transitions and require derived logical representa-
tion of the underlying dynamics. Instead, we seek an intrinsically dynamical systems
approach to the composition and prioritization of potentially competing tasks that
interprets the coefficients of their representative fields’ linear combinations as a kind
of motivational state to be continuously adjusted in real time in a way that is flexible
and robust to perturbations.

The main result of this paper is captured in Figure 1 which summarizes a numeri-
cal study illustrating two central analytical insights stated as Theorem 1 and Theorem
2. The motivational feedback path has a gain parametrized by €, > 0 and a time scale
parametrized by €y > 0. Numerical studies summarized by the four subsequent plots
referenced by the numbered points of the figure indicate the presence of a stable limit
cycle for a wide range of these parameter values. Analysis reveals that €, plays the
role of an e)-dependent bifurcation parameter. Specifically, in the fast timescale limit
€x — 0, Theorem 1 establishes the existence of a Hopf bifurcation at a critical value
of the feedback gain parameter €}(0). Further numerical study confirms the value of
that formally-determined parameter, and suggests that the Hopf bifurcation persists
along a curve of critical values, €(ey) for positive €.

Seeking formal confirmation of the limit cycles suggested by those simulations at
the physically interesting parameter values where €, > 0, we next take recourse to a
singular perturbation analysis. Specifically, we consider the joint limit €, — 0,€) —
0 and carry out a dimension reduction of the system in this limit yielding planar
dynamics exhibiting a limit cycle established by application of the Poincaré-Bendixson
theorem. Arguments from geometric singular perturbation theory together with its
conjectured (numerically corroborated) hyperbolicity then imply that this limit cycle
persists for finite €,, €y > 0.

This work is related to prior literature on dynamical decision-making in biological
systems. Seeley et al. [24] studied nest site selection behavior in honeybee swarms and
discovered a mechanism called a stop signal, by which bees who were committed to
one nest site physically wrestled bees committed to other sites in order to get them to
abandon their commitment. Seeley et al. constructed a dynamical systems model of
this behavior and showed that the introduction of a stop signal allowed the system to
avoid the deadlock state where no clear majority emerges in favor of any given option.
We use the dynamical system from Seeley et al. [24] which models value-based nest
site selection in honeybee swarms to modulate the motivation state. We let the value
associated with each task be modulated by how far the agent is from the goal state
associated with that task. This introduces feedback into the motivation dynamics by
making the current system state influence the task values and thereby the motivation
state.

Pais et al. [20] studied Seeley et al.’s model [24] using singular perturbation theory
and showed that the stop signal also makes the model sensitive to the absolute value
of the alternatives, allowing the system to remain in deadlock if all alternatives are
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Fic. 1. In blue, we see the bifurcation value €};(ex) numerically computed for a variety of values
of €x. Simulations run with parameter values above the line exhibit a stable deadlock equilibrium,
while values below the line exhibit oscillatory behavior. The red circles represent the values taken in
the simulations displayed in succeeding figures with the corresponding number. Corroborating these
numerical observations we establish the following formal results. In the single limit €y — 0, Theorem
1 establishes a Hopf bifurcation at €,0 ~ 0.262, guaranteeing a family of stable limit cycles in a
small (one-dimensional) neighborhood of €, values (at the ex = 0 limit) around the red star. In the
joint limit €, €, — 0, Theorem 2 uses a singular perturbation argument to establish the persistence
of stable limit cycles in some neighborhood of the abscissa of this plot.

equally poor. Pais et al. suggested that this sensitivity is useful to avoid prematurely
committing to a suboptimal alternative, and show that it results in hysteresis as a
function of the difference in the value of the alternatives. These convincing accounts
of the utility and potential analytical tractability of such bioinspired decision models
provide a direct point of departure for our work. Specifically, [20, 24] studied one-off
decisions where the value of each option (i.e., task) is static. In contrast, we allow the
values of the tasks to change dynamically as they are completed by feeding back the
system state, which allows the agent to determine the status of each task.

Other authors, particularly in the evolutionary dynamics literature, have studied
systems with similar types of feedback. In evolutionary dynamics [9], which seeks to
formalize Darwin’s ideas about natural selection, a set of populations each represent-
ing different strategies interact with each other and the interaction determines the
level of fitness of each strategy. Fit populations thrive and grow, while unfit popula-
tions die off. Pais, Caicedo, and Leonard [19] studied the replicator-mutator equations
from evolutionary dynamics with a particular network structure to the fitness function
and showed conditions under which the dynamics exhibit Hopf bifurcations resulting
in limit cycles. Mitchener and Nowak [18] studied evolutionary dynamics as a model
of language transmission and showed conditions under which the dynamics of distinct
grammars can exhibit limit cycles corresponding to periodic changes in the dominant
grammar. The feedback model adopted by [19] and [18] captures the evolutionary pro-
cess in which the fitness of a given strategy is determined by the relative fractions of
the population adopting that strategy. Such a model is inappropriate for our robotic
application, where the value of a task need not arise from competitive interactions
between tasks. Our Hopf analysis in Section 4 is similar to that in [19], but we go on
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to show the existence of limit cycles in a two-dimensional region in parameter space
using tools from geometric singular perturbation theory.

The remainder of the paper is structured as follows. In Section 2 we lay out the
broad class of systems under consideration before specifying the instance of the model
which we study and stating our formal results. In Section 3 we show the result of
several illustrative simulations, which suggest the existence of a Hopf bifurcation. In
Section 4 we study the system in the limit €y — 0 and show the existence of a Hopf
bifurcation that results in stable limit cycles. In Section 5 we study the system in
the joint limit €y — 0,6, — 0 and show the existence of a stable limit cycle in the
resulting two-dimensional reduced system; in Section 6 we show that this limit cycle
persists for finite values of €, and €). Finally, we conclude in Section 7.

2. Model, Problem Statement, and Formal Results. In this section we
define our system model, state the problem we address and the formal results we
obtain.

2.1. Model. Our model consists of three interconnected dynamical subsystems:
states representing the navigation tasks and associated control actions (vector fields);
the motivation state m; and the value state v. Implicit in the definition of the navi-
gation tasks is the definition of the physical agent, which comprises the agent’s body
and its workspace, or environment.

2.1.1. Body, Environment, and Motivational States. We model the robot
as a point particle located at # € D, where the environment D C R? is a domain
within Euclidean space. In general, D may be punctured by obstacles, but in this
initial work we restrict ourselves to unobstructed domains.

We represent motivation by the state m € AN, where AN = {m € RN*! .
m; > 0, E?g{l m; = 1} is the N-simplex. We index the first N elements of m by
i €{1,...,N}: m; represents the motivation to perform task i. The last element we
label as my: this represents undecided motivation, i.e., the decision to not perform
any task.

2.1.2. Tasks. The agent has a set of N tasks. Each task i € {1,..., N} requires
navigating the agent to the location zj € D. For each task i, we assume the existence
of a navigation function [22] ¢; : D — [0, 1]. The navigation function yields a gradient
field —V; such that © = —V; obeys

t_lgrnoow(t) =z,

That is, the gradient field —Vp; is a vector field that accomplishes task 7. In the
following, where the domain is assumed to be unobstructed, we define the navigation
functions by the Euclidean distance

(1) pi(z) = [lz — 272,

Since the gradient field V; = (z —x})/||x — || is not Lipschitz in the neighborhood
of x = 7, we introduce the scaled navigation vector fields

(2) fn,z(x) = *Sat(%(x)m)v%(x)a 1€ {17 sy N}v

where sat is the saturation function

sat(y,n) == y/|yly == y/Vy* + 1,
4



where |z|, = \/x? +7? is a thresholded absolute value and 1 > n > 0. For the
remainder of the paper we set = 1075. It is clear that the scaling leaves the
asymptotic properties of the navigation dynamics unchanged.

Finally, we define the matrix-valued function consisting of the IV task navigation
vector fields plus the null gradient field associated with indecision

(3) P(z) = [fn,1(x) coe fun(z) O] c RIX(N+1).

By taking convex combinations of these vector fields we can assign the agent weighted
combinations of the instantaneous (“greedy”) task plans they represent; the motiva-
tion state, defined below, will specify the convex combination to be taken at any given
time.

The agent’s high-level mission is to repeatedly carry out each of the N low-level
tasks, i.e., visit each of the N locations, in a specified order. In the vocabulary of
the LTL hybrid systems literature, this corresponds to a recurrent patrol or coverage
mission. We now develop the detailed model, introducing its states and dynamics,
then finally present statements of the problem we address and the formal results.

2.2. Model Dynamics. Having specified the system model and its state space,
we now define its dynamics. The system has state (z,m,v) € D x AN x RY. The
state variables evolve according to the dynamics

(4) &= fu(x,m)
(5) m = fm(m,v)
(6) 0= fy(v,2).

The specific forms of the functions f,, f,., and f, are given in the following paragraphs.

2.2.1. Navigation dynamics. The body’s location dynamics are the convex
combination of the N navigation vector fields (plus the null field associated with
indecision), weighted by the motivation state:

(7) i = fo(x,m) = —mT®(z).

For example, when m = [1,0,---,0], the navigation dynamics are & = —m” ®(x) =
—sat(p1(x),n)Ve1(z), and when m = [0, --- ,0, 1], the dynamics are & = 0.

2.2.2. Motivation dynamics. We take the motivation state dynamics from
Pais et al.’s work [20] studying group decision making behavior in honeybee swarms:

(8) m; = Uymy — my; (1/17i—1~)imy+ai(1—mi—my)).

We set 9; = vfv;, where v; € [0, 1] is the normalized value of task ¢ and v} > 0 is a
gain parameter that scales v;. Equation (8) holds for each i € {1,..., N}, with the
dynamics for my following from the constraint that defines the simplex.

The dynamics (8) were derived for group decision making in [24] from a micro-
scopic individual-level Markov process model that incorporates commitment, aban-
donment, recruitment, and stop signal mechanisms. The term v;my represents spon-
taneous commitment of an uncommitted individual to option i at a rate which is
proportional to the value 9;, —m;/¥; represents spontaneous abandonment, ¥;m;my
represents recruitment of an uncommitted individual by one committed to option 4,
and —o;m;(1 —m; —my) represents a signal from individuals committed to options
other than 7 telling individuals committed to option ¢ to abandon their commitment.
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In our context where m represents a single decision maker’s motivation state, each of
these mechanisms can be interpreted as modeling specific processes between neurons
in the decision maker’s brain rather than between individuals in a group.

2.2.3. Value dynamics. We define the value state dynamics as

9) 0; = Ai(1—v;) = Ni(1 — pi(z))
= )\1(@1(56) — Ui),i S {1, .. .,N},

Each v; lies in the interval [0, 1]. Recall that the navigation functions ¢; are defined
such that they tend to unity far from the goal x} and take the value zero at the goal.
The first term causes the value v; to drift upwards towards unity, while the second
term causes the value to decay when the goal ] is reached (and ¢;(z) tends to zero).
Both dynamics are exponential with time scale A;. The dynamics (9) corresponds
closely to the concept of drive reduction theory in social psychology, where motivation
is thought to arise from the desire to carry out actions that satisfy various intrinsic
drives [26, 10].

2.3. Formal Problem Statement and Analytical Results. The foregoing
presentation introduces a broad class of models whose application to specific problems
of reactive task planning and motivational control of multiple competing tasks we
intend to explore empirically on physical robots. For the analytical purposes of this
paper we find it expedient to consider a severely restricted instance from that class
entailing only two, greatly simplified tasks and affording, in turn, a low-dimensional
parametrization through imposition of various symmetries. In this section we first
introduce the details of that restricted problem class and then state the analytical
results we obtain.

2.3.1. Two Tasks, Their Essential Parameters, and New Coordinates.
We have four parameters for each task 7 € {1,..., N}. Each task requires navigating
to a goal location =} € D. In the motivation dynamics (8), there is a positive stop
signal parameter o; > 0 and value gain v} > 0. Finally, in the value dynamics (9),
there is a time scale \; > 0. We show that the number of parameters can be greatly
reduced and that the system’s behavior can be largely understood by varying the
value of v}.

For many parameter values, the system (7)—(9) exhibits a stable limit cycle in
numerical simulations. To systematically study the system, we specialize to the case of
a planar workspace D = R? and N = 2 tasks. Then the state space of the system (7)—
(9) is R? x A? x [0, 1], for which we pick the coordinates & = (z1, z2, m1, ma, v1,v2).
Furthermore, we set the following parameter values.

We set the two goal locations to xzf = (1,0) € D,z5 = (0,1) € D. This choice
is made without loss of generality, as it amounts to a translation and rotation of the
coordinates = for D. The distance between the goal locations defines a length scale
|zt — x3|l2 = /21 := ¢ which remains a free parameter. We set the nominal value
of ¢ to unity; again, this results in no loss of generality since it amounts to a scaling
of the coordinates. For the stop signal o;, we follow Pais et al. [20] and impose the
symmetry o1 = g9 = . Pais et al. set 0 = 4, which we adopt as our nominal value.
Similarly, for ease of exposition and analysis we equate the value gain parameters
vy =v; = v* > 0 as well as the value time scale parameters \; = Ay = A > 0. With
these choices the set of system parameters is reduced to ¢, o, v*, and A, each of which
must be positive. Fixing ¢ and ¢ at their nominal values of 1 and 4, respectively, leaves
v* and A as free parameters whose values determine the behavior of the system.
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In the case N = 2 and assuming ; defined by (1), the equations (7)—(9) are
(10) &= fe(©),

where the components of f¢ are given by

* *
T — 2] T — 5

& = —my sat(e1(x),n) — masat(p2(z),n)

[ = 27l [ = @5l
my = (v v1)my — my(1/(v*v1) — (V*v1)my + oms)
vo)my — ma(1/ (v vy) — (v va)my + omy)

b1 = A(p1(z) —v1)

1')2 = )\(QDQ({E) — 1)2).

Let e; = 2} —2% and let e3 € R? be orthogonal to e;. Then P = {x € R?|z = 2} +
aep,a € R} is the line in R? that passes through the points o7, 235 € R2. Equivalently,
P can be expressed as the level set f,(x) = 0, where f,(z) := el (z — x}). For x € P,
we have el (z —x3) = ed (z — a5 + (2 —27)) = el (x — 2} +e1) = fp(x) +ele; = 0.
The set P is positively invariant, since for x € P, we have

’I’}’LQZ(U

fo =3 (&) = e3 (=ma(x —a7)/lp1(x) |y — ma(z — 23)/|2(2)]n)
= —e; (z —a})mi/lp1(@)]y — €3 (x — x3)ma/|2(2)]y = 0.

Therefore,  cannot cross the line P, which divides the plane, and z is constrained
to remain in the half of the plane where it was initially. We denote this closed half
plane by Hy C R2. The navigation functions (p1(x), p2(z)) are coordinates for the
plane. The transformation Hy — Ri defined by = +— (1, p2) is a bijection and it
is easily verified that it is a diffeomorphism. Therefore, without loss of generality
we can restrict the dynamics to the space Hy x A% x [0,1]? with the coordinates
¢= (@1,@2,771177712,111,?12)-

We make one further change of coordinates by transforming into mean and dif-
ference coordinates defined by

__ P11t p2
Ap=p1—p2Q="—7"
and likewise for Am,m, Av, and 9. Define the coordinates
(11) Z = (A@,@,Am,ﬁl,Av,T))

on the space [—1,1] x Ry x A% x [0,1]? and parameters ¢, = 1/v* and €y = 1/\. It is
easy to see that the transformation from ¢ to z is a diffeomorphism. (In fact (A, @)
are elliptic coordinates for Hy that are related to the standard elliptic coordinates
(o,7) [25] by ¢ = 0, Ap = c1.) In the mean-difference coordinates, the dynamics (10)
are

(12) 2= f.(2),
where the components of f, are given by
Ap? —1

(13)  Ap= fay(2) “ P — A2

X <(2m + Am)(2¢ + Ap)?sat (2¢ + Ay, 2n)

- (2m — Am)(2p - Ap)sat (26 - Ap,2) ),
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. 1 49?2 —1
(14) <P:f*(z):*§@¢f_w
X <(2m + Am)(2¢ + Ap)? sat (26 — Ay, 2n)

+ (2m — Am)(2¢ — Ap)?sat (2¢ + Ay, 277)>,

. 2m -+ Am  2m — Am
(15) Am = fam(z) = =€ ( 20+ Av 2U—Av>
+ 0Am(1 — 2m) /e, + Av(1 — 2m)(1 + m) /ey,

. 1 2m + Am 2m — Am
(16) m_f_(z>_2(_€“ 2w+ Av 20— Av
20 + Av B 2m + Am
20 — Av _ 2m — Am
—Z@m+&ﬂ@m—Am0,
(17) eAv = fav(z) = —(Av — Ayp),
(18) ext = fz(2) = — (v — @).

2.3.2. Formal Results. In this section we state the two theorems which con-
stitute the formal results of the paper. As can be seen in the simulations presented in
Section 3, the dynamics (12) appear to exhibit a Hopf bifurcation as the parameters
€, and €y approach zero, giving birth to stable limit cycles. We formalize this obser-
vation in two steps. First we consider the limit €y — 0 which reduces the dimension
of the system (12) and permits an explicit computation showing the existence of a
Hopf bifurcation.

In the limit €y — 0, the v dynamics are directly coupled to the ¢ dynamics, so
Av = Ay and © = @, which are fixed points of Equations (17) and (18), respectively.
Define 2z, = (Ap, @, Am,m) as the vector of the remaining state variables. Explicitly,
z and z, are related by the linear embedding z = h(z,) with left inverse given by the
linear projection hf, where

h(Zr15 2r2s 2r,35 2ra) 7= (201, 2r,20 208, Zras 21, 2r2); - BI(2) 1= (21, 22, 23, 21)
Then the dynamics (12) reduce to the restriction dynamics
(19) Zr = fr(zraev) := Dh! 'szh(Zr>7

The restriction dynamics exhibit a Hopf bifurcation, as summarized in the following
theorem:



THEOREM 1. Seto = 4. The system z. = f(2r, €,) defined by (19) has a deadlock
equilibrium z.q given by (22). For sufficiently small n > 0, the dynamics undergo a
Hopf bifurcation resulting in stable periodic solutions at (zrq,€y0(n)), where n K 1 is
the saturation constant. In the limit n — 0, €,,0(0) &~ 0.262 is the smaller of the two
real-valued solutions of (1 — 4€2)? — 2¢, = 0.

As we are ultimately motivated by the physically meaningful case of small but
non-zero values of €, and €y, we study the singular perturbation limit €,, €y — 0 under
which the system (12) can be reduced to a planar dynamical system and show the
existence of a limit cycle. We then employ tools from geometric singular perturbation
theory to show the persistence of this limit cycle for sufficiently small, but finite,
values of €, and €y:

THEOREM 2. Accepting Conjecture 21, below, for o = 4, there exists a stable limit
cycle of (12) for sufficiently small, but finite, values of ex and €,. Fquivalently, fixing
A, there exists a stable limit cycle of (12) for sufficiently large, but finite, values of

v*.

3. Illustrative Simulations. Figure 1 summarizes the behavior of the system
(12) as a function of the two parameters ¢, and ey. For large values of both param-
eters, the system exhibits a stable deadlock equilibrium, while for sufficiently small
values of both parameters the system exhibits a stable limit cycle composed of a
slow segment followed by a fast jump, which is characteristic of relaxation oscillations
[2, 7]. Section 4 studies the system in the limit €y — 0 and analytically shows the ex-
istence of a Hopf bifurcation at €, = €, o ~ 0.262. The blue line in Figure 1 shows the
numerically-computed bifurcation value € (ey) for €y > 0. The numerically-computed
limit lim,, 0 €5(€x) corresponds well to the analytical value €, o.

Figures 2-5 show simulations of the system (12) for four representative values of
the parameters €,,ex. We set ¢ = 4. In £ coordinates, the initial conditions were
x=0,m = 0,my =1/2,v1 = vy = 0.1. In the mean-difference coordinates z this
corresponds to Ap = 0,5 = 2/2,Am = —1/2,m = 1/4,Av = 0, and ¥ = 0.1.
This choice of initial conditions was made to avoid the deadlock equilibrium but was
otherwise generic.

Figure 2 suggests that for large values of €,, €y there is a stable deadlock equi-
librium in the system where no oscillations are present. Analyzing the dynamics, we
see that this equilibrium corresponds to the state zq4 = (Awq, @a, Amg, mq, Avg, U4),
where @g = 1/2,04 = ¢4 = 1/2, Apg = Amg = Avg = 0, and my solves the following
quadratic equation:

(20) —2(1 4 oe,)m3 — (462 + 1)mg + 1 =0,

which has the solution mg(e,) given by

—(4€2 + 1) + /(42 + 1)2 + 8(1 + 0e,)
4(1 + oey)

_ —(4€2 +1) + \/16¢} + 8e2 + 8oe, + 9
N 4(1 + oey) ’

(21)

which is clearly positive, as o and €, are both positive, which implies that the second
term under the radical in (21) is positive. Figures 2-5 suggest that the system under-
goes a Hopf bifurcation as the parameters €, and €) are decreased. In the following
sections we carry out a series of analyses to characterize the bifurcation and study
the resulting limit cycle.
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to a stable deadlock equilibrium and no oscillations are present.
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Fi1c. 3. Parameter values €, = 0.8,ey = 0.4 that are near the Hopf bifurcation but still in
the stable fixed point regime. The system displays damped oscillatory behavior that appears nearly
linear, as to be expected mear a Hopf bifurcation.

4. Hopf analysis in the limit ¢y, — 0. Motivated by the numerical evidence
of a Hopf bifurcation occurring at the deadlock equilibrium, we consider the system
(12) in the limit ey — 0 and analytically show the existence of a Hopf bifurcation in
this limiting case as ¢, is lowered through a critical value €, 9. We then numerically
consider the case of finite €y and compute the bifurcation value € (ey) for a range
of values of €y; the numerically-computed limit lim., _, €} (e») matches the analytical
result €,0, as shown in Figure 1.
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ble limit cycle regime. The system settles down to roughly “harmonic” oscillatory behavior whose
(nearly) linear appearance is consistent with its proximity to the Hopf bifurcation.
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F1G. 5. Both parameters €,, and €y taken to be small, represented by €, = 1073, ey = 1076, The
system displays oscillatory behavior that is suggestive of a relaxation oscillation. The ¢ variables
are tightly coupled to the v variables due to the small value of € in Equations (17) and (18). The
difference variables Ap, Av undergo oscillations with sharp transitions, while Am oscillates in a
nonlinear manner. Also note that the mean variables @,m, and v appear to stably converge to
a value of 0.5: this, combined with the coupling between Ay and Av, strongly suggests that the
dynamics can be reduced to a two-dimensional system.

4.1. Dynamics in the limit ¢y — 0. The limit dynamics (19) inherits the
deadlock equilibrium 2,4 := hf(z4) from the full dynamics (12), where
(22) zrd = W' (24) = (Apra, Bra, AMra, Mya),

@rda = 1/2, Aprq = Am,q = 0, and m,.q again solves Equation (20).
11



In Figure 6 we show the numerically-computed bifurcation diagram for the system
(19) with bifurcation parameter ¢,. For large values of €,, the deadlock equilibrium
is stable. As €, is lowered below the critical value ¢, o, the system undergoes a Hopf
bifurcation that results in a limit cycle. In Figure 6, we plot the amplitude of the
oscillations of Ay for the limit cycle. As can be seen from Equation (11), Agp is
constrained to take values in [—1, 1], so the limit cycle’s amplitude is bounded above
by 1.

0.5}

11 1] SR

[Ag|

—0.5

€y

Fi1Gc. 6. The numerically-computed bifurcation diagram for the system (19) with ex — 0 and
bifurcation parameter €,. The amplitude of the limit cycle is computed as the amplitude of the
amplitude of the oscillations in Ap. We clearly see a supercritical Hopf bifurcation, with bifurcation
value €y,0. The free parameters were set to c = 1,0 = 4.

4.2. Analysis of the ¢y, — 0 dynamics. Inspired by the bifurcation diagram,
we now seek to show the existence of the Hopf bifurcation suggested by Figure 6. The
following theorem from [8] summarizes the conditions under which a system undergoes
Hopf bifurcation.

THEOREM 3 (Hopf bifurcation, [8, Theorem 3.4.2]).  Suppose that the system
2= f(z,p),z € R", u € R, has an equilibrium (29, po) and the following properties
are satisfied:

1. The Jacobian D2f|(20,uo) has a simple pair of pure imaginary eigenvalues

Mpo) and Auo) and no other eigenvalues with zero real parts,

2. d(Re Ap)/dpl,_,, = d #0.
Property 1) implies that there is a smooth curve of equilibria (z(p), 1) with z(po) = 2o-
The eigenvqlues M), AMp) of sz|(z(ﬂ0)7ﬂ0) which are imaginary at p = po vary
smoothly with p.

If Property 2) is satisfied, then there is a unique three-dimensional center manifold
passing through (zo, po) in R™ xR and a smooth system of coordinates (preserving the
planes p=const.) for which the Taylor expansion of degree 8 on the center manifold is

given by [8, (8.4.8)]. If 61\(20#0) # 0, there is a surface of periodic solutions in the cen-

ter manifold which has quadratic tangency with the eigenspace of AM(po), A(po) agreeing

to second order with the parabaloid p = —(l1|,, 0, Jd)(z? +y?). If Ol g o) < 05

then these periodic solutions are stable limit cycles, while if ¢4 ) > 0, the periodic
12
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Ap

Fia. 7. The numerically-computed bifurcation diagram for the system (19) with €y — 0 and
bifurcation parameter €,. The x-axis is the bifurcation parameter €,, while the y and z-azes are
Am and Ay, respectively. As the bifurcation parameter is lowered below €,,0, the deadlock equilib-
rium becomes unstable and gives birth to a limit cycle which approaches the boundary of the space
(Am, Ay) € [-1,1]? as €, — 0. The free parameters were set to c = 1,0 = 4.

solutions are repelling.

The formulae for ¢, , the first Lyapunov coefficient, are given in Appendix A.

|z0,00)

REMARK 4. In the statement of Theorem 3 we used u as the bifurcation parameter
for consistency with the notation of [8]. In the analysis in this paper, €, plays the role
of bifurcation parameter.

The Hopf bifurcation theorem applies to our system, as summarized in Theorem
1 stated in Section 2.3.2 and repeated below.

THEOREM 1. The system Z,. = f.(2r,€,) defined by (19) has a deadlock equilib-
rium zrq given by (22). For sufficiently small n > 0, the dynamics undergo a Hopf
bifurcation resulting in stable periodic solutions at (zrq,€y,0(n)), where n < 1 is the
saturation constant. In the limit 1 — 0, €,0(0) ~ 0.262 is the smaller of the two
real-valued solutions of (1 — 4€2)? — 2¢, = 0.

Proof of Theorem 1. Let €, ~ 0.262 be the smaller of the two real-valued solu-
tions of (1 —4€2)? — 2¢, = 0. By Lemma 5, in the limit n — 0, the Jacobian Jy of the
system 2, = f(z,,¢€,) evaluated at the deadlock equilibrium z,4(€,) has a simple pair
of pure imaginary eigenvalues when €, = €, ¢ that are shown to persist for sufficiently
small n > 0 as well. Therefore, the first condition of the Hopf bifurcation theorem is
satisfied for all sufficiently small 0 < n < 1.

Lemma 6 establishes that d(Re A(e,))/de],, | # 0 for sufficiently small 7 so the
second condition of the Hopf bifurcation theorem is satisfied for 0 < n < 1. The
result then follows: the system (19) undergoes a Hopf bifurcation as the parameter
€, is lowered through its critical value €, 0(n).

The first Lyapunov coefficient €1|(zrd7€w) is negative, as summarized by Lemma
7. This implies that the resulting limit cycles are stable. 0

13



The following two lemmas, corresponding to the two properties required by The-
orem 3, contain the detailed arguments behind the proof of Theorem 1.

LEMMA 5. Let Jo := D, fr(2rd,€) be the Jacobian of the system 2, = f.(zr,€y)
defined by (19) evaluated at the deadlock equilibrium z.q given by (22), considered as
a function of €,. Then, for sufficiently small n > 0, Jo has a simple pair of two pure
imaginary eigenvalues \(e,) and \(e,) when €, = €,0(n). In the limit n — 0, €,0(0)
is the smaller of the two real-valued solutions of (1 — 4€2)? — 2¢, = 0.

Proof. The characteristic polynomial of .Jy is computed in (45) in Appendix B.1
and can be expressed as

pa(A) = |Jo = M| = (A = j22) (A — jaa)p2(A),
where the final factor is given by coefficients arising directly from specific entries of
the (sparse) Jacobian as

p2(A) = A% — (ji1 + jas) A + Jirdss — Jisdst

and the components jg; of the Jacobian are as given in Equations (38)—(44) of Ap-
pendix B.1.
The roots of ps are given by

{j22 = 78mrd/ 1 —+ 47]2,j44 = 72(61} + 47’7er) — (1 —+ 4mrd)/(2€v)} U {A‘pQ(}\) = O}

It is clear that the first two roots are negative for all €, > 0, so the stability properties
of the deadlock equilibrium are determined by the roots of ps.

The roots A+ of py are purely imaginary if j11+733 = 0. The condition j11+j33 =0
implies
B 1—4é?
2+ 3202, /(1 +n?2)3/2"

(23) Mg

Inserting this expression into the expression (20) for mg/(e, ), one finds that ji11+j33 = 0
implies that
2

(24) (16n2¢, + (1 + n2)3/2)2

(8612}(1 + 772)3 + 26,(1 4+ 37]2 + 677]4 + 776)
— 1+ + 0+ 922 - 121 +n2))
— 1621+ )1+ +n%2—-4 1+n2))> =0.

Discarding the leading term, which is positive for all 7 > 0, (24) can be written as

gl(eva 77) =0.
In the limit n — 0, (24) reduces to
(25) g1(€y,0) = (1 — 4€2)? — 2¢, = 0.

This equation has two real-valued solutions, of which only the smaller one, €, = €, ¢ =
0.262, also solves js3 = 0. Therefore the smaller solution is the relevant one defining
the bifurcation value.

The derivative 0g1/0€,(€y,0,0) = —646%70 + 16€,0 + 2 = 5.04 > 0, so the im-
plicit function theorem implies that there exists a continuously differentiable family
of solutions €, o(n) of gi1(€,,n) = 0 such that €,0(0) = €,,0 = 0.262. d

14



LEMMA 6. Let A(e,) and X(e,) be the simple pair of pure imaginary eigenval-
ues and let €,0(n) be as defined in Lemma 5. Then, for sufficiently small n > 0,
d(Re A(ey))/de, m <0

€u,0(

Proof. Let €0 and pa(X) = A\? — (j11 + j33) A + j11733 — j13J31 be defined as in the
proof of Lemma 5, where ji; are defined in Appendix B.1. Let A, = (ji1 + js3)? —
4(j11733 — J13731) be the discriminant of po with respect to .

At the bifurcation value €0, j11 + j33 = 0, so the discriminant A, = —4(j11J33 —
J13js1), which is negative, as can be shown by substituting in the expressions for jg;
and grouping terms. This implies that the real part of the roots Ay are given by
(j11 +j33)/2. Therefore, since the coefficients of ps are continuous functions of €,,, the
sign of the derivative d(Re A(ey))/de€yle,=e, , is given by that of (ji; + Jj3)(€v,0) =
d(j11 + jz3)/dey]e, =, - Computing the derivative, we get

16n*m!, 1—2m.q M,
Co=€v.0 92(6717 /'7) = 2)3/2 e 2 -
: (1+4n?) 2¢€? €y

(J11 + J33)

€y =€y,0

_ o, 20+ n?)¥ 2+ 8n%fen - 1672 L1
(1+n?)3/2 + 16€,n? NP2 e,

)
€y =640

where m/ , represents the derivative with respect to €, of the solution (21) and we
have used the value of m,.q from (23) that holds at the bifurcation value.
The series expansion of ga(€y, ) in the neighborhood of (e,,n) = (€,,0,0) is

m! 0g2(€40,0
poenn) = —4— ot 020D o),

where 8ga(€y,0,0)/0ey = (1 — 2mq) /€5 o + 24/ €2 o + My /€p0 and O (e2,1?) rep-
resents second order and higher terms in €, and 7. By the argument at the end of
the proof of Lemma 5, €, 0(n) is a continuously-differentiable function of 1 such that
€5,0(0) = €y,0. It is clear that gy is analytic for all €,,7 > 0, so for small n > 0, the
sign of g2 (ey, n) is dominated by the sign of the constant (in 1) term —4 —m. ; /€, and
we proceed by studying it.

Consider Equation (21) defining 1m,4(e,) and define A = (1+4¢2)?+8(1+4e,) as
the discriminant of (20) which appears under the radical in (21). Direct computation
shows that

o~ 20— 566, + 3263 + 64t VA(4 — 8¢, — 16€2)
r 4VA(1 + 4e,)? 4VA(1 + 4e,)?

so that jis(ey) = —4 —m. /€, is equal to

1
(26) AT (nl(ev) — \/KnQ(ev)) ,

where ny and ns are the polynomials
ni(x) =5+ 14y — 83 — 16x%;  ma(x) := 14 2x + 28x% + 64x>.

The denominator is strictly positive, so it suffices to check the numerator of (26).
The following argument shows that the numerator is negative, i.e., ni(€,0) —

\/ A(Gmo)ng(ev,o) < 0. This holds if

n1(€p,0) < \/mw(%,o)-
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It is clear that y/A(e,0) > 4 and that na(e, o) > 0, so it suffices to show that
n1(€y0) < 4na(€v),

which is equivalent to (using the relation (1 —4e; () —2€,,0 = 0 from (25) that holds
at the bifurcation point)

6+ 1260 — 8€5 o — 8€n o < 4(1+ 2€,0 + 286, o + 64el ()
which holds if
2+ dey0 — 12065 o — 264€; o = 2(1 + 2,9 — 60€, o — 132€) ) < 0.

This last inequality clearly holds at the bifurcation value €, ¢ ~ 0.262 since €, ¢ > 0.2
implies that 1 4 2¢,,9 — 60612)70 < 0.

Thus, the numerator of (26) is strictly negative and therefore ga(€,,0,0) # 0. By
the series expansion argument, this also holds in a neighborhood of n = 0. This
implies that the derivative d(Re A(e,))/de€yle, =, , 7# O for sufficiently small > 0. O

LEMMA 7. Let ¢1 = €1|(207€0) be the first Lyapunov coefficient of the dynamics
(19) evaluated at the deadlock equilibrium z,q given by (22). Then 1], . <O0.

Proof. See Appendix B.2. ]

Theorem 1 then follows as a consequence of Lemmas 5, 6, and 7.

The implication of Theorem 1 is that the system (19) resulting from the limit ey —
0 has a Hopf bifurcation at €}(0) = €, 9 = 0.262. However, as can be seen in Figure 4,
limit cycle behavior persists for finite €). One can numerically compute the eigenvalues
of the linearization of the system (12) evaluated at the deadlock equilibrium z4 and
numerically show that a Hopf bifurcation occurs at a value €(ey). Figure 1 shows the
numerically-computed values of €(ey) for a range of values of €y. It is clear that the
numerical value for the limit lim., _,¢ €}(€x) coincides with the analytical value €, o.

5. Reduction to a planar limit cycle in the joint limit €),e, — 0. The
results from Section 4 strongly suggest the existence of a stable limit cycle for finite
€y, €x- In this and the following section we make this conclusion rigorous by performing
a series of reductions collapsing the dynamics (12) to a planar system in the joint
limit €y — 0,¢, — 0. A Poincaré-Bendixson argument affords the conclusion that
the planar system exhibits a stable limit cycle. Then, in the next section, we show
that this limit cycle persists for small but finite € by applying results from geometric
singular perturbation theory.

5.1. A four dimensional attracting invariant submanifold. In our first re-
duction, we note that ¢ and ¥ must asymptotically converge to ¢/2 independent of the
other states’ behavior. This observation reveals an attracting invariant submanifold
of dimension four whose restriction dynamics we then study.

We begin by considering the dynamics of ¢ independently of the other five dynam-
ical variables, which gives us a nonautonomous system ¢ = f5(¢, ). The following
results from [16] concern the asymptotic behavior of a nonautonomous system

(27) &= f(t )

defined on G C R™. Let G* be an open set of R™ containing G, the closure of G. We
assume that f : [0,00) x G* — R™ is a continuous (nonautonomous) vector field.
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DEFINITION 8. Let V : [0,00) X G* — R be a continuous, locally Lipschitz func-
tion. The function V is said to be a Lyapunov function of (27) on G if

i. given x in G there is a neighborhood N of x such that V (t,x) is bounded from
below for allt > 0 and all x in N NG.

ii. V(t,x) < —Wi(x) <0 for allt >0 and all x in G, where W is continuous
on G. For t where V(t,x(t)) is not differentiable, V is defined using the
right-hand limit.

If V is a Lyapunov function for (27) on G, we define

E={x;W(x)=0,r € G} and E,, = EU {x}.

DEFINITION 9 ([23, Section 6.4]). A real-valued function f on a closed, bounded
interval [a, b] is said to be absolutely continuous on [a, b] provided for each ¢ > 0, there
is a 6 > 0 such that for every finite disjoint collection {(ar,br)}n_, of open intervals
in (a,b),

if Z[bk —ag] < 4, then Z |f(bg) — f(ag)| <.

k=1 k=1
Lipschitz continuity implies absolute continuity, as follows:

PRrOPOSITION 10 ([23, Section 6.4, Proposition 7]). If the function f is Lipschitz
on a closed, bounded interval [a,b], then it is absolutely continuous on [a,b].

THEOREM 11 ([16, Theorem 1]). Let V be a Lyapunov function for (27) on G,
and let z(t) be a solution of (27) that remains in G for t > tg > 0 with [tg,w) the
mazimal future interval of definition of x(t).

a. If for each p € G there is a neighborhood N of p such that | f(t,x)| is bounded
for allt >0 and all x in N NG, then either x(t) — 00 ast — w™, orw = 00
and z(t) — FEo ast — oo.

b. If W(xz(t)) is absolutely continuous and its derivative is bounded from above
(or from below) almost everywhere on [to,w) and if w = oo, then z(t) = Ex
as t — 0.

The following lemma shows that convergence of @ implies convergence of v.

LEMMA 12. If, for the dynamical system (12), ¢(t) — 1/2 ast — oo, then v(t) —
1/2.

Proof. Let x1 = v—1/2 and u; = ¢—1/2. Then the dynamics (18) can be written
as 1 = —A(x1 —uy). It is easily shown that this system is input-to-state stable (ISS)
with uy as its input. It is a well known result [12, Exercise 4.58] that if the input
to an ISS system converges to zero as t — 0o, then its state converges to zero also.
Therefore, @(t) — 1/2 as t — oo implies 0(t) — 1/2 as t — oo. O

We now show that ¢ converges which, by the preceding lemma, implies the con-
vergence of v. For clarity of exposition, we write the argument as a series of lemmas.

LEMMA 13. Lete > 0 and M = Hy x A? x [0,1]2, and let the set G be defined by
G:={zeM|v>1/2,m > ¢€}.

The set G is positive invariant under the dynamics z = f.(z) defined by (12).
Proof. Let z = (Ap, ¢, Am,m, Av,?) be coordinates for M = Hy x A2 x [0,1]?
and consider the dynamics 2 = f,(z) defined by (12).
17



Recall that p1(x) = ||z — x}||, p2(z) = ||z — z5||. Writing (z — z}) + (25 — z) =
x} — o3, the triangle inequality implies that 1 = ||z} — z}|| < ||z — 23| + ||z — || =
¢1(x) + @2(x). Therefore ¢ = (¢1(x) + @2(x))/2 2 1/2.

Furthermore, recall from (18) that v = —A(6—@), so 9(0 =1/2) = =A\(1/2—¢) >
0 by the lower bound on @. Therefore the set {z € M|t > 1/2} is positive invariant.

Similarly, note that m > 0 by definition and that —2m < Am < 2m, so m =0
implies that Am = 0. Therefore, from (16), m(m = 0) = v/e,, so v > 1/2 implies
that m(m = 0) > ¢/2¢, and therefore that m > 0. Therefore, the continuity of the
m dynamics implies that for o > 1/2, there exists an € > 0 such that m < e implies
that m(m) > 0. This implies that G is a positive-invariant set. 0

LEMMA 14. Let ¢ be defined by (14), which can be written as
(28) ¢ = fo(t, ) = —a(t)(¢® - (1/2)%),
where the leading coefficient is

t
(29) a(t) = M8 _ mgilptly + magslaly

d(t) w102|P1]nlP2ly

Then a(t) > 0 and ¢(t) < ¢(0) for any t > 0.

Proof. Write the dynamics (14) in the form (28). We proceed by showing that
n(t) and d(t) in the definition of «(t) are non-negative.

Note that mi, ma, 1, and @9 are all non-negative by definition. Now, consider
n(t) = mip1|ei|y + mapa|pal,. Each term is non-negative by definition, so n(t) > 0.
Similarly, d(t) = p192|¢1]y|e2|y > 0 since it is the product of non-negative terms.

Therefore, a(t) > 0, since it is the ratio of two non-negative numbers. The
quantity (¢%—(1/2)?) > 0 since ¢ > 1/2. Thus, ¢ < 0, which implies that ¢(¢) < ¢(0)
for any t > 0. ]

LEMMA 15. On G, the following lower bound holds:

2ne

0 > ZOY R0 + )

>0,

where a(t) is defined in (29).

Proof. Recall from the proof of Lemma 14 that a(t) = n(t)/d(t). We proceed by
developing a lower bound on n(t) and an upper bound on d(t).

Note that the fact that m; > 0 for ¢ = 1,2 and the definitions of m and Am
imply that —2m < Am < 2m. Consider n(t) and recall that |¢;|,, > n for i = 1,2.
The following series of inequalities holds

n(t) > mip1n + mapan
- g((ml +m2) (01 + @2) + (my —ma) (1 — 2)) = g(

> 2nm (29 — Ap) > 2ne(2¢ — Ap) =: n(t),

4me + AmAyp)

where the second inequality follows from the fact that Am > —2m and the third from
the fact that m > ¢ on G.
Now we turn to d(t). Note that o1, > 0 implies that ¢1(¢), p2(t) < 2¢(t) <
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2%(0). Then the following series of inequalities holds

A1) < $192120(0)F2 = o102/ AFOF + 72 v/AROP 7
< (20(0)) 2222 (4(0)” +?)
= ¢(0)(2 — Ap)(45(0)* + n*) =: d(t).

A lower bound on «(t) can then be stated as

alt) > n(t) _ 2ne(2¢ — Ap) _ 2ne
dt)  2(0)(2¢ — Ap)(4p(0)2 +1%)  @(0)(42(0)? +n?)’
which is clearly positive. O

Let W(@) = ne(@ — 1/2)2/(5(0)(4%(0)% +n?)). Then the following holds.
LEMMA 16. The function V = %( —1/2)2 is a Lyapunov function of ¢ = f5(t, )
obeying V< —W (). The function W () takes its unique zero at @ = 1/2.

Proof. Let V(¢,t) = 2(¢ — (1/2))2. Note that V > 0, so it satisfies condition i of
Definition 8. Computing V, we find

V =0V/0p ¢ = —a(t)(¢* - (1/2)*)(p — (1/2))
=—a(t)(® —1/2)*(¢ +1/2)
< —2e(p — 1/2)(@ +1/2)/(¢(0)(46(0)* + n?))
< —2ne(@ — 1/2)*/(2(0)(48(0)* +n*)) = =W (),

where the first inequality derives from Lemma 15 and the second from the bound
@ > 1/2. Therefore condition ii of Definition 8 is satisfied and V is a Lyapunov
function for fs.

It is clear that W (@) > 0, with equality only if g = 1/2. O

LEMMA 17. The function W (@(t)) is absolutely continuous in t.

Proof. Proposition 10 shows that Lipschitz continuity implies absolute continu-
ity. It is well known that a function is Lipschitz continuous if it has bounded first
derivative, so we proceed by bounding the derivative dW (@(t))/dt. We require the
following bounds on parts of the derivative.

Define s+ = [2¢ &+ Aypls, and rewrite a(t) as n(t )/d(t), where the factors 7 and
d are defined as n(t) = 2 ((2m + Am)(2¢ + Ap)s, + (2m — Am)(2¢ — Ag)s_) and
d(t)=(4@> — Ap?)sys_. Finally, rewrite d(t) as d(t) = (49> — Ap?)/4)|@1n] @2l

Consider the quantity (4¢> — 1)/(4¢? — Ag?) and recall that ¢ > 1/2. Two
applications of the triangle inequality similar to the one in the proof of Lemma 13
show that —1 < Ay < 1, which implies that Ap? < 1. Taken together, these facts
imply that

(30) 0<

Furthermore, recall from the proof of Lemma 15 that ¢; < 2¢(0) and that |¢;|, > 7
for i = 1,2. Taken together, these facts imply the following bounds on ;:

(31) N < lpily <[20(0)]p, i =1,2.
19



Defining 8 = ne/(¢(0)(44(0)? + n?), where 3 is clearly finite, W can be written
as W (@) = B(p — 1/2)%. Then the time derivative is

% - %%5 = 28(3 — 1/2)(—a(t)(@* — (1/2)2))

Ble—1/2)n(t) 4¢* -1
|§01|17|902|n 402 — Ap?

Then (30) implies that

(32) AW/ dt| < ‘5(@1/2)”(’5)‘.

|1 |n|<P2|77

Now we bound the components of (32). The lower bound of (31) implies that
l11n]02]n > n*. The upper bound of (31) implies that

n(t) = mipi|p1ly + mapa|paly
< (mip1 + maw2)[2¢(0)],
< 2¢(0)(m1 +m2)[26(0)],,
< 25(0)[2¢(0)1y,

where the second inequality follows from the fact that ¢; < 2¢(0), and the third
inequality follows from the fact that mq + ms < 1 from the definition of the simplex
AZ?. Finally, Lemma 14 allows us to conclude that ¢ — 1/2 < ¢(0) — 1/2.

Putting together the bounds on the components, we arrive at the bound

AW _ B(e(0) = 1/2)(20(0)[26(0)1,)
dt n?
_2e(p(0) — 1/2)
n12¢(0) |,
which shows that |dW/d¢| is finite for all ¢. This implies that W (¢) is Lipschitz on
[0, T7] for all finite T with Lipschitz constant at most 2e(¢(0) — 1/2)/(n/2¢(0)],). O

Lemmas 13-17 imply that ¢ — 1/2, which implies that v — 1/2, as formalized
in the following lemma.

LEMMA 18. The variables ¢ and © asymptotically converge to 1/2. Therefore, the
four-dimensional submanifold My defined by My = {z = (Ap, p, Am,m, Av,v) €
M|g = v = 1/2} is an attracting invariant submanifold under the (autonomous)
dynamics (12).

Proof. Lemmas 16 and 17 show that V is a Lyapunov function for the dynamical
system ¢ = fz(@) whose total derivative V is upper bounded by —W (). Therefore
condition b for Theorem 11 holds.

Applying Theorem 11, we get that @ converges to the unique root of W (@),
which is located at @ = 1/2. Now, applying Lemma 12, we conclude that v — 1/2.
Therefore, M, is an attracting set. d

5.2. A two-dimensional slow manifold in the limit ¢y — 0,¢, — 0. We
now proceed to eliminate Av and m by taking the singular perturbation limit ey —
0,6, — 0. The first limit couples Av to Agp, as in Section 4, while the second limit
pushes m to a slow manifold m(Ap, Am). This results in a planar “singular” system.
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We study the dynamics (12) restricted to My defined in Lemma 18 by singular
perturbation in the small parameter €,. Further, let £ > 0 be a positive number
such that €y, = 1/\ = fle,. For a given value of ¢, this links €y to €,. Defining'
r = (Ap,Am) € X = [-1,1]? and y = ((1 — 2m)/ey, Av) € Ry x [—1,1], the
restricted dynamics can be written in the standard form for a singular perturbation
problem:

(33) T = fm(%y’%)
(34) €Y = 9y (.%', Y, 6v)7
where the slow dynamics is given by

(1 —eyr —w2)(1 —21)ry — (1 — ey +22) (1 +21)r

jf'l - fz,1($7y7€v) =

T+T_
L _ l—eyi+x2 1—€y1—a
x2_fa:,2($7y76v)__€v 1+:C1 - I—Il
T2 1
+ 2R+ 2B - ayan,

with r4 = |1 £ @12y, and the fast dynamics is given by

l—ey1+x2  1—6€y1 — 2
1+£L’1 1—1’1

l—€ey1+
—1’21((1+x1) (1+§12>

+(1—a1) <1 + m’;”))

g
+ (- em)? - o)

6'uy'l = gy,l(xayvev) = €&y (

. 1
col2 = gy2(2,y, €0) = = 5 (42 — 21).
It can be easily verified that the vector field f, points inward on the boundary of
X = [-1,1]%, so X is positive invariant.
The slow manifold M, is given by the implicit function solution y = hy(x) of the
limiting fast dynamics g(x, hy(x),0) = 0:

_o(l— x?) .
(35) Yy = 3 n Z1a = hy’l(.’lf)

Yo = I1 = hy’g(a'}).

Figure 8 compares the analytically-computed slow manifold hy i(z(t)) to the value
of y1(¢) computed based on a numerical simulation of the full six-dimensional sys-
tem (12). The small value of the error between the two values shows that the low-
dimensional slow manifold is a good approximation to the trajectory of the high-
dimensional system. Figure 9 shows the analytically-computed slow manifold surface
hy.1(x) along with the trajectories hy 1(2(t)) and yi(t). The figure clearly shows the
relaxation oscillation structure of the limit cycle, which consists of alternating slow

IThis definition, which we make for consistency with the literature on singular perturbation
problems, overloads the definition of x € D from Section 2.
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and fast segments. The slow segments where Ag evolves correspond to the physical
dynamics of navigating from the goal z7 to x5 and vice versa, while the fast segments
where Am jumps correspond to the agent quickly changing its mind and deciding to
switch motivations after having achieved its task.

€= 10’3,9 =103

10°

102

10!

10°

Error y;(t) — hy,1(z(t))

F1G. 8. Error in the slow manifold approzimation (35) computed for e, = 1073, ey = 1073, plot-
ted on a logarithmic scale. The blue trace shows the error yy(t) —hy,1(x(t)) foryi(t) = (1—2m(t))/ev
computed from a simulated trajectory of the full siz-dimensional system (12) and hy 1(x(t)), the an-
alytical expression for the slow manifold evaluated along the same trajectory. The spikes correspond
to the fast transitions between sections of the slow manifold (corresponding to fast jumps of za = Am
between +1 and —1), which can be clearly seen in Figure 9. The small magnitude of the error shows
that the analytical slow manifold is a good approximation to the full system.

The planar reduced dynamics on the slow manifold are given by the restriction
of (33) to the slow manifold M, now expressed in the coordinates of X = [—1,1]?,

(36) & = fu(x, hy(x),0),

where the components are

(I—z1)(I—z2)ry — (L +21)(1 + x2)r—
ryr—

o(1-— z3) (w2 + 311)

Ty = fz,Q(xahy(x)’O) = 2 34+ x122 .

T = fx,l(x’h”y(‘r))O) =

As seen in Appendix C, the slow manifold M is hyperbolic if the initial layer
equation, (55), éy = Dyg,(x,0,0)dy (where dy = y — h(x)) has a hyperbolic equilib-

rium at the origin. The eigenvalues of the linearization %iyy : are equal to —1/¢
x,0,0
and —(3 + z122)/2. The slow variables (z1,z2) lie in X = [-1,1]> and £ > 0 by

definition, so both eigenvalues are strictly negative. Therefore they never intersect
the imaginary axis and the slow manifold M is hyperbolic.

5.3. Existence of a stable limit cycle in the planar system. Now, we study
the planar dynamics (36) and show by a straightforward application of the Poincaré-
Bendixson Theorem [8, Theorem 1.8.1] that they exhibit an isolated periodic orbit —

22



- - Trajectory
— Slow Manifold

F1G. 9. Orbits on the slow manifold My defined by (35) computed for e, = 1073, ey = 1076,
The blue trace shows y1(t) = (1 — 2m(t))/en computed from a simulated trajectory of the full siz-
dimensional system (12), while the magenta trace shows y1(t) = h1(x(t)), the analytical expression
for the slow manifold evaluated along the same trajectory. The shaded surface shows the slow man-
ifold surface hi(z). The close correspondence between the two traces shows that the analytical slow
manifold is a good approzimation to the full system. The structure of these orbits (alternation of arcs
nearly-embedded in Ms connected by departing near-line segments) arises from the concatenation
of slow evolution corresponding to navigation (and changes in Ay) and fast jumps corresponding to
the agent changing its prioritization (reflected in switching the sign of Am).

a limit cycle — attracting an open annular neighborhood of the origin. We conjecture
(and all numerical evidence corroborates) that this is an asymptotically stable limit
cycle comprising the forward limit set of the entire origin-punctured state space. For
present purposes it suffices to observe formally that an open neighborhood of initial
conditions around the origin must take their forward limit set on this limit cycle.

LEMMA 19. Let ¢ = 1. For o > 48n%/(1+4n?)3/2, there ewists a periodic orbit of
the reduced system (36) whose basin includes an open annular neighborhood excluding
the (unstable) origin.?

Proof. Note that the set X = [—1,1]? is invariant set under the reduced dynamics
& = fo(z, hy(x),0). Furthermore, note that the only equilibria in X are the origin and
the four corners (z1,x2) = (£1,£1). It is easy to see that the boundary of X is an
invariant set; each corner is a saddle, and each edge is a heteroclinic orbit connecting
two saddles. Let X be the interior of X. Then X is pre-compact, connected, and
contains a single fixed point at the origin.

The linearization of the reduced dynamics at the origin is given by

1 —8n%/(1+4n%) -2

/1 + 412 /2 a/6|"

The determinant det J,.o = (o/(1 + 4n?)3/2)(1 + 85?/3) > 0 for all o, > 0 and the
trace trJ, o = /6 — 8n?/(1 4+ 4n?)3/2 > 0 for all o > 4852 /(1 + 4n?)?/2. The trace

J’r,O -

2In the limit 7 — 0, the periodic orbit exists for all o > 0, as can be seen by taking the limit of
the expression in the Lemma.
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and determinant are, respectively, the sum and product of the two eigenvalues, so the
fact that they are both positive implies that the eigenvalues are themselves positive.
Therefore, for o > 48n2/(1 + 41?)3/2 the origin is an unstable focus. In the limit
n — 0, the condition becomes o > 0.

Since the entire annular region, X'\ {0}, is a pre-compact, positive invariant set
possessing no fixed points it follows from the Poincaré-Bendixson Theorem that its
forward limit set consists of proper (non-zero period) periodic orbits. In particu-
lar, in the neighborhood of the excluded repeller at the origin, there must exist an
isolated periodic orbit comprising the forward limit set for that entire (punctured)
neighborhood. O

6. Persistence of the limit cycle for finite ¢,,e). We now give conditions
(which were previously stated as Theorem 2 in Section 2.3.2) under which the limit
cycle whose existence was proven in the limit ey — 0,¢, — 0 in Lemma 19 persists
for finite values of €y,€,. The result depends upon the conjectured hyperbolicity of
that cycle, for which we establish numerical evidence below.

THEOREM 2.  Accepting Conjecture 21, below, for o = 4, there exists a stable
limit cycle of (12) for sufficiently small, but finite, values of €y and €,. Equivalently,
fizing X, there exists a stable limit cycle of (12) for sufficiently large, but finite, values
of v*.

Lemma 19 shows that the singularly perturbed system with € — 0, i.e., €,y — 0
exhibits a limit cycle 4. The following result due to Fenichel [6] then allows us to
show that this limit cycle persists for sufficiently small €,, €y > 0.

Two pieces of notation are required to state the result. The symbol £y represents
the open set on which the linearization of the dynamics normal to the slow manifold
has hyperbolic fixed points. In £ the reduced vector field Xy is defined by

Xp(m) =7°0/0eX(m)|c=o,

where 7€ is the projection onto & defined in Equation (57) of Appendix C. We can
now state the result.

THEOREM 20 ([6, Theorem 13.1]). Let M be a C™! manifold, 2 < r < co. Let
X e € (—e€p,€) be a C" family of vector fields, and let £ be a C" submanifold of M
consisting entirely of equilibrium points of X°. Let v € Ex be a periodic orbit of the
reduced vector field Xgr, and suppose that vy, as a periodic orbit of Xr, has 1 as a
Floquet multiplier of multiplicity precisely one. Then there exists e > 0 and there
exists a C"~1 family of closed curves Y., e € (—ey,¢€1), such that yo = 7 and v, is a
periodic orbit of e ' X¢. The period of Y. is a C"™~! function of €.

Theorem 13.2 of [6] states that, when g is hyperbolic, the stability of the family
v of periodic orbits for € > 0 can be deduced from the stability of 7y and the stability
of the linearization of f,, g, at € = 0.

CONJECTURE 21. Let 0 = 4. The periodic orbit, g, whose ezistence is guaran-
teed by Lemma 19 for the reduced dynamics & = f.(z,hy(z),0) defined by (36) is
asymptotically stable with Floquet multipliers p1 = 1, p2 < 1.

The Floquet multiplier associated with perturbations along the vector field is
always equal to 1, and the remaining n — 1 multipliers are the eigenvalues of the
linearized Poincaré map DP of the periodic orbit [8, Section 1.5]. We proceed by
computing the numerical approximation to P and DP for the case 0 = 4,¢ = 1 using
the Poincaré section ¥ = {(21,0)[0.1 < 27 < 1}. The results are shown in Figure
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10. From studying numerical solutions of the reduced dynamics, we know that the
periodic orbit crosses ¥ at a point p near the border at 1 = 1. To five decimal
digits, P(p) is constant for p > 0.45. This suggests that the linearized map DP(p)
has a value less than 107° < 1. This implies that the two Floquet multipliers are
=1, <107° < 1.

10° v v v vvvuw

Zr

"998}

0.996

0.994

0.992

0.99 . . . . .
101 0.99 0992 0.994 0.996 0.998 1)
10" 10°

o

Fic. 10. Poincaré map of (36) computed for the section ¥ = {(x1,0)|0.1 < z1 < 1}, plotted on
logarithmic axes. Inset: an enlarged view of the map for the section 0.99 < x1 < 1, plotted on linear
azes. In both cases, the blue line represents the identity map, so values above the line represent
stable behavior.

In Conjecture 21, we only make claims about the Floquet multipliers in the case
where o takes its nominal value ¢ = 4. However, numerical investigation suggests that
this result holds for generic positive values of o. Theorem 2 then follows from applying
Theorem 20 to the (now conjectured to be stable) limit cycle found in Lemma 19.

Proof of Theorem 2. Let « be a periodic orbit of the reduced system whose ex-
istence is shown in Lemma 19. By Conjecture 21, v has 1 as a Floquet multiplier
of multiplicity precisely 1. The eigenvalues i1, pio of the linearization dg, /0y can be
computed in closed form and take the values

__1 __(3+$133‘2)
H1 = 0’ H2 = 2 .
On the slow manifold (z1,75) € X = [—1,1]? these are bounded away from the

imaginary axis, so v € £g. Then, by Theorem 20, there exists ¢; > 0 and a family of
periodic orbits 7., € € (—ey, €1) such that 9 = 7.

Specifically, for each € € (0,¢€1), there exists a stable limit cycle v, with €, = €
and €y = fe. Equivalently, fix A > 0 and define v = 1/e; < +00. Then for v* > v7,
there exists a stable limit cycle v, for e = ¢, = 1/v*. O

COROLLARY 22. Theorem 2 establishes the existence of a stable periodic orbit ~y
of the reduced dynamics for (ex, €,) € Ry x[0,€1), i.e., the neighborhood of the € azis
for sufficiently small €, > 0 and generic €.

Proof. Note that the fast dynamics (34) defines €y = fe,, specifying only that
¢ > 0. Therefore, the result of Theorem 2 applies for parameter values (ey,¢,) €
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{(ley,€p)]€r €[0,€1),€ € R Y. |

7. Conclusion. In summary, we have developed a dynamical systems method
to managing motivations in physically-embodied agents, i.e., robots. This method
provides a novel way for a system to autonomously and continuously switch between
a set, of vector fields, each of which defines a possible dynamics for the physical state
of the system that corresponds to performing a navigation task.

We specialize to the case where the system has two vector fields defined on a
simply-connected subset of R2. By imposing several symmetries on our system, we
are able to analyze the system in the limit where first one, and then both, of two
parameters approaches zero. In the joint limit we reduce the system to a planar dy-
namical system by means of a singular perturbation analysis; a Poincaré-Bendixson
argument shows that this planar system exhibits an isolated periodic orbit corre-
sponding to the physical system state oscillating between two fixed points, one for
each of the two vector fields. By appealing to geometric singular perturbation theory,
we show that this periodic orbit persists for finite values of the two parameters.

A natural extension of this work is to consider cases where the system has more
than two navigation tasks and where the domain D is punctured by obstacles, i.e.,
not simply connected. One natural way to extend this work to the case of multiple
tasks is to decompose tasks into hierarchies encoded in binary trees; then, a variant
of the system studied in this paper can run in each node to manage the motivations
represented by each of its child nodes. By designing an appropriate method to feed the
information from the child nodes back to their parent, it will be possible to maintain
the limit cycle behavior for the larger number of tasks. Extending the analysis in this
paper to the case of non-simply connected domains may prove more complex, as the
analysis relies on several coordinate transformations that will be difficult to extend
the more general case.

The other natural extension of this work is to apply it by implementing the
motivational system on a physical robot. This implementation work is already in
progress and will be the subject of a future report.

Appendix A. First Lyapunov coefficient calculation. Kuznetsov [15,
Section 5.4] provides the following formulae for computing ¢; |(ZO760), the first Lyapunov
coefficient of the dynamics 2 = f(z,¢€). Let Jo = D.f|,, ). Property 1 of Theorem
3 implies that Jy has two pure imaginary eigenvalues A(eg), A(€g) = Fiwp, wo > 0. Let
g € C™ be a complex eigenvector corresponding to A(eg):

Jogq = iwoq, Jog = —iwoq.
Introduce the adjoint eigenvector p € C™ satisfying
Jo p = —iwop, Jo D = iwop

and satisfying the normalization condition (p,q) = 1, where (-, ) is the standard inner
product on C".
Then, Taylor expand f(z) = f(z,¢€p) to third order in z:

7(2) = 5Bz 2) + £0(z,2,2) + O (e

where B and C' are multilinear functions given by

n
k= g Bijrxjyr,

£=0 Jk=1

—~ *fi(& )
Z 0€;06),

k=
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n

DL€, )
()= 3 9€,06,06 |

fijkzz

Jyk,l=1

n

= E CijmTiyrn2i,

J,k, =1

which define the coefficients B, and Cjjx;. The coefficient ¢4
Equation (5.62) of [15]:

is then given by

|(z0,¢0)

(37) Ol = 2iwoﬁe [(p, C(q 0, D)) — 2(p, B(g, Jy B(g, 0)))

+<p7 B((j7 (27’(“]0] - JO)ilB(qv q))ﬂ s
where I is the identity matrix.

Appendix B. Analysis of the Hopf bifurcation of (19). In this section, we
report computations relevant to the results in Theorem 1.

B.1. Jacobian computation. The following claim, which can be verified by
direct computation, establishes the value of the Jacobian .Jy of the dynamics (19)
evaluated at the deadlock equilibrium z,.q4 given by (22).

Cram 23. Let Jo = D, fr(zr, €|, . , be the Jacobian of (19) evaluated at the
deadlock equilibrium defined by (22). Then

jiu 0 Jiz O

0 j 0 O
Jo=1. .

0 Jgs1 0 jaz O

0 Ja2o 0 Jaa

where the non-zero components are given by

. OAgp, B
(%) Jn= g5, = 161"/ (1 + )2,
Zr=2rd
: DA
39 = & = —2/\/1+ 41?2
(39) J13 aAm, [V 1+ 42,
Zr=Zrd
0 ] .
(40) Jo2 = 25 = —8mqa/\/1+ 4y
Tl zp=2pq
, dAm, B B B
(41) 73 = Fa =deymrq + (1 = 2mpq) (1 + Mpa) /ey
Zr=2Zrd
, dAm,. B
(42) Jas = G =26, + (1 — 2m,q)/(2¢,)
Zr=Zrd
. om, B - -
(43) Jaz = a@ = 46'umrd + (1 - 2mrd)(1 + mrd)/ev
T lzr=2rq
, om, _ _ _
(44) Jas = om. = _261/ + (1 - 2m7"d)/(26’u) - 8mrd - (1 + mrd)/ev
T zr=2prq

= —2(ey + 410pq) — (1 + 4172,4) / (26,).
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The characteristic polynomial py(N\) of Jo is given by the determinant |Jo — M|,
where I is the identity matrixz. This determinant can be computed directly using ex-
pansion by minors:

(45)  pa(N) =[Jo — M| = (A = ja2) (A — jaa) (A* = (j11 + Jss) A + ji1Jjss — jisgia1)-
Note that
0 0 -2 0
0 —-8m.q O 0
Ja1 0 Jaz 0
0 j42 0 j44

lim JO = J1 =
n—0

Similarly, ps(X) reduces to

%ig%m(/\) = (A= ja2) (A — jaa) (A* — fssA + 2jja1).

B.2. Criticality of the Hopf bifurcation in Theorem 1. The following
result concerns the the Hopf bifurcation whose existence is proven in Theorem 1. It
implies that the Hopf bifurcation is supercritical, so the periodic solutions created by
the bifurcation are stable limit cycles.

The remainder of this section constitutes the proof of Lemma 7. As in Appendix
A, write b1, ) = ﬁRe[Tl + Ty + T3], where, from (37),

T = <pa C(Q7 q, q»
T2 = 72<pa B(‘L J()_lB(qa (j)»
T3 = <p7 B((Z (27'(*}0] - JO)_lB(Q7 q))>7

I is the identity matrix, and wy, p, g, B, and C are as defined in Appendix A. We show
that Re[T;] < 0 for each i € {1,2,3}. Together, these imply that ¢; < 0, since wy > 0
by definition.

Let Jo = D fl,, ., be the Jacobian of the dynamics (19) evaluated at the
bifurcation point and let J; = lim,_Jo. As shown in (23), J; has two purely
imaginary eigenvalues when jsz3 = 4—(1—2m,.q) /€2 = 0. This implies that 1 —2m,.q =
4€% at the bifurcation point.

As shown in Claim 23, the limiting Jacobian lim, o Jo = J; can be computed in
closed form and takes the value

0 0O -2 0
0 j 0 O
Ji=1|. .
! Jsi 0 gsz O
10 Ja2 0 Jau
i 0 0 —2 0
. 0 —8Mrq 0 0
(46) = 18(1 - 2¢2)e, 0 0 0 ’
i 0 de, (14 2mrqg) 0 —8Mpg — (1 + Mra)/€v

where we have used the relationship established in (23) 1 — 2m,.q = 4¢2 that holds at
the bifurcation point in the final expression.
The eigenvalue problems J1q = iwgq, Jip = —iwep can be solved analytically,

yielding
wo = /2731,
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T . /92 T
a=la 0 @ 0" =[iy/Z 0 10,

Js1

T . - T
p=I[p1 0 ps 0] :{5\/% 0o 1 0} :

The eigenvectors satisfy the required normalization condition (p,q) = 1. The sparsity
of p and ¢ greatly simplifies the computations of 17,715, T3.

B.2.1. Computing 7). First, we compute T;. Recall from (37) that T3 =
(p,C(q,q,7)). Direct computation shows that C;(q,q,q) = 0 for ¢ € {1,2,4}. The
relevant components of C3jkl are 03111 = 2461,7717-65,03113 = 03131 = 03311 = —4€U.
Substituting in the values of p and ¢ then yields

de, 9 3/2
T =— i + 12¢,m9 () 1
J31 J31

4e, 1

= Re[T}] = — =
elTi] Jat 2 — 42’

which is negative for all €, < \/5/2 ~ 0.707, including €, = €, 0 ~ 0.262.

B.2.2. Computing T,. Next, we compute T5. Recall from (37) that Tp =
—2(p, B(¢, J; *B(q,q))). Direct computation shows that B;(q,q) = 0 for i € {1,2,3}
and that B4(q,q) has relevant terms Ba11 = —4€,Myq, Ba13 = Bas1 = 2¢€,, Bags = 2.

Then By(q,q) = —4eyMraqiqs + 2€,q1q3 + 26,4193 + 2¢3 = —86?3% + 2. The matrix

J; ! can be computed from (46) in closed form, and is equal to

0 1/431 0 0
1= 0 1/722 0 0
1 —1/2 0 0 0 ’
0 —jaz/(jo2jaa) O 1/jas

where j; are defined in (46), so the only non-zero component of J'B(q,q) is the
fourth one, which is equal to By(q,q)/jsa = (—22™ + 2)/j44. Direct computation

Js1

then shows that B;(q, J; ' B(q,q)) = 0 for i € {1,2,4} and that Bs(q,J; ' B(q,q)) =
(—1/e, +i(8€y — 2(1 — 1) /€y)\/2/31)(— 3™ + 2) /444 and therefore that

J31

_ 8eym
-1 _ J31 +2
Re[Ty] = Re [-2(p, B(q, J; ' B(q,7)))] = —2——
€v]44
4e2 — 3
(2€2 — 1)(32€3 + 4e2 — 8¢, — 3)

It is clear that the two quadratic factors are both negative for all €, < v/2/2 ~
0.707, including €, = €,9 ~ 0.262. The cubic factor can be shown to have one
real-valued root at €, ~ 0.582 and is negative for all values of €, less than the root,
including €, = €,,0. Therefore, all three factors are negative when €, = €, and
Re [Tg] < 0.
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B.2.3. Computing T3. Finally, we compute T3. Recall from (37) that T5 =
(p, B(g, (2iwgl — J1)"'B(q,q))). As in the case of Ty, direct computation shows that
Bi(g,q) =0 for i € {1,2,3} and that By4(q, q) has relevant terms By11, B3 = Buasi,
and Byzz. Then By(q,q) = 2 — 8My g€y /j31 + d€y\/2/j314-

Let T' = (2iwol — J1)~ !, which has the structure

71 0 3 0
0 v 0 O

1 0 3 0|’
0 v 0 yauu

where Y44 = 1/(—j44 +2i\/ 2j31) = (—j44 — 2’L.\/ 2j31)/(8j31 +]Z4) The first three com-
ponents (I'B(q, q)); = 0 for ¢ € {1,2,3} and the only non-zero component is the fourth
one given by v44B4(q, q). Then direct computation shows that B;(q,T'B(q,q)) = 0 for
i €{1,2,4} and that

B3(q,I'B(q, q)) = (B314q1 + B334)v14B4(q,q),
where Bs14 = 8¢, — 2(1 + Mq)/€, and Bszy = —1/€,. Therefore,

r=

(B314G1 + B3sa)v14Ba(q, q)
5 )

We proceed by bounding the real part of T3. Define the quantity d1 + 027 := (B314q1 +
Bss4)Ba(q, q), where 61,02 € R. Direct computation using (23) shows that

T3 = p3B3(q,I'B(q,q)) =

55— 48€2 + 256¢% — 640€8 + 512¢3
' e, (1 — 2€2) ’
3 — 2¢, — 60€2 + 480¢* — 153665 + 1536¢>
€vr/ €y — 263 .
It can be shown that 0 < ¢, < 0.580 implies that d; < 0 and that 0 < ¢, < 0.280
implies that d2 > 0. The bifurcation value of €, ~ 0.262 satisfies both of these
sufficient conditions.
Recall from above that

0o =

s = —Jaa — 21/ 231
M=
8731 + jia

Then the real part of T5 can be expressed as

—01Ja4 + 202v/2731
2(8j31 +73,)

It is clear that j3; > 0 for €, < v/2/2, so at the critical value €, ~ 0.262 the
denominator of (47) is positive. Therefore, Re(T3) < 0 if the numerator —d1j44 +
202+/2731 < 0. Using (23) to express the numerator in terms of €,, we get

f(€v)
—262(1 — 2¢2)’

v

(47) Re(T3) =

(48) — 01ja4 + 2027/2j31 =
where

(49) f(e,) = 15—8e, — 13262 + 51262 + 896€* — 6016€> — 29448
+ 26624€” 4 4096€5 — 49152¢2 — 2048¢1” + 32768¢!.
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It is clear that —2¢2(1 —2€2) < 0 for €, < v/2/2, so Re[T3] < 0 if f(e,) > 0. It can be
shown that f(e,) has one real-valued root at €, = —0.568 and is positive for all values
of €, greater than this root. Therefore, f(e,) > 0 for all positive €,, which implies
that Re(T3) < 0.

Combining the results for 17,75, and T3, we get that

Re(T1) + Re(Tz) + Re(T3) < 0,

which implies that

1
o o) = g R+ 1o+ 1)

= % (Re(Tl) + RG(TQ) + Re(Tg)) <0,

the desired result.

Appendix C. A tutorial on geometric singular perturbation theory.
Singular perturbation theory is a tool for studying dynamical systems characterized
by two time scales, slow time ¢ and fast time 7. The time scales are related by 7 = t/e,
where € > 0 is a small parameter. In the slow time scale, the dynamical system is
governed by differential equations that are singular at e = 0. By taking the limit
€ — 0, i.e., assuming that the fast dynamics are much faster than the slow dynamics,
one can often reduce a system to the slow dynamics.

Fenichel did fundamental work on this theory, for which [6] is a relatively com-
prehensive reference. Of particular interest to this paper is the theory he developed
that allows one to relate the behavior of (the invariant manifolds of) a system in
the limit € — 0 to the behavior with finite ¢ > 0. In order to do this globally on a
compact subset of the state space, Fenichel developed a geometric, or coordinate-free,
notion of singular perturbation. The remainder of the section constitutes a summary
of the relevant material in [6]. We begin by summarizing the local results, which are
expressed in a given set of coordinates, before introducing the more abstract global,
coordinate-free results.

C.1. Local results. Let M be an open subset of R¥ x R, and let £ = M N
(R* x {0}) be nonempty. We consider a system of the form

(50) & = fo(z,y,¢€)
€y = g(:r, Y, 6)

where * denotes differentiation with respect to ¢, defined for (z,y) € M, for small,
real e. When € = 0 the system (50) degenerates to the reduced system

(51) T = fO(‘Tayvo)
0=g(z,y,0).

The second equation of (51) is an implicit function that defines y as a function of z.
The relation can be expressed explicitly, at least locally, as a function y = h(z) [11].
The set {(z,y)|y = h(x)} is called the slow manifold. By translating the y coordinates
by —h(x), we can set y = 0 on the slow manifold, which we denote by £. Therefore,
we assume that

(52) g(x,0,0) =0 for all (z,0) € €&,
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so that (51) defines a flow in &£, and we assume that this flow has a periodic orbit
Yo : = p(t),y = 0. Fenichel’s aim is to describe the orbit structure of (50) for small
nonzero e.

By rescaling time to 7 = t/e, we can transform (50) to
(53) "= EfO('Iv Y, 6)

"=g(z,y,e),

where ' denotes differentiation with respect to 7. The set £ consists entirely of
equilibrium points of the system (53) in the limit € — 0.

The plan is to relate the orbit structure of (50) near g, for small nonzero €, to the
orbit structure of the reduced system (51) near 79 and to the linearization of lim._,o
(53) at points of 7g. The linearization of lim._,o (53) at (z,0) € £ is

(54) [?ﬂl - [8 DQg(g,O,O)} Bz]

where Dsg(z,0,0) denotes differentiation with respect to the second argument of g
evaluated at (z,0,0). The second component satisfies

(55) 6y’ = Dag(x,0,0)dy,

a linear equation parametrized by (z,0) € £. We refer to (55) (Equation (3.8) of [6])
as the initial layer equation.

The first qualitative question that Fenichel asks about (50) is whether it has a
periodic orbit 7. near 7 for € near zero. Fenichel [6] claimed that Anosov [1] obtained
the most general result in the literature. In particular [6, Section III], Anosov proved
that 49 can be continued to a family 7. if: (i) 79, regarded as a periodic orbit of the
reduced system (51), has 1 as a Floquet multiplier of multiplicity precisely one, and (ii)
for each (x,0) € 7, the initial layer equation (55) has a hyperbolic equilibrium point
at dy = 0. The first condition can be interpreted as a nondegeneracy requirement
on the periodic orbit 7 itself, while the second condition is sometimes called normal
hyperbolicity of the slow manifold defined by g(z,y,0) = 0. Theorem 13.1 of [6] makes
this result precise.

C.2. Global results. The definitions up to here have been in a given set of
coordinates. In order to properly account for limit cycles, Fenichel develops a global,
coordinate-free notion of the singular perturbation problem. Let M be a C"*! mani-
fold, 1 <r < oco. Let X¢: M — TM be a family of vector fields on M, parametrized
by € € (—¢€p, €0), such that X€ is a C” function of (m,e¢). Let £ be a C” submanifold
of M consisting entirely of equilibrium points of X°, and let z = ¢(m) be a CT*1
local coordinate in M. In z-coordinates the flow of X ¢ satisfies

(56) 7 =X 9(¢7(2))

subject to the condition

Xp(¢71(2)) =0 for z € 4(&).

Let i be the dimension of £ and let v be the codimension of £ in M. Because
X vanishes identically on &, T,,& is in the kernel of TX%(m) for any m € M. In
coordinates, then, Tz%(m) will have u eigenvalues equal to zero and v additional
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eigenvalues, which we call the nontrivial eigenvalues. The subspace T;,€ is invariant
under 7X%(m), and so TX°(m) induces a linear map

QX(m) : T,,M/T)n & — Ty, M /T, E

on the quotient space. The eigenvalues of QX°(m) are the nontrivial eigenvalues of
the linearization of lim._,o (56) at z = ¢(m).

Let Er be the open set where QX0 is invertible. For each m € &g, T),€ has
a unique complement N,, which is invariant under 7X%(m). Let ©€ denote the
projection on T'€ defined by the splitting TM|Ep = TE D N. Let £y C Er be the open
subset where @ X° has no pure imaginary eigenvalues; this is the normally-hyperbolic
component of the slow manifold.

In £i the reduced vector field Xy is defined by

(57) Xg(m) = 7€9/0¢X(m)]c—o.

Now we can state the main theorem that asserts conditions under which periodic
orbits of the reduced vector field X defined in the limit € — 0 persist for € > 0.

THEOREM 24 ([6, Theorem 13.1]). Let M be a C™' manifold, 2 < r < co. Let
X¢€ e € (—€p,€0) be a C” family of vector fields, and let £ be a C" submanifold of M
consisting entirely of equilibrium points of X°. Let v € Eg be a periodic orbit of the
reduced vector field Xr, and suppose that ~yy, as a periodic orbit of Xg, has 1 as a
Floquet multiplier of multiplicity precisely one. Then there exists e > 0 and there
exists a C"t family of closed curves v, e € (—e1,¢€1), such that yg = v and 7. is a
periodic orbit of e ' X¢. The period of Y. is a C"~! function of €.

For many applications, we are only interested in the case of small positive €. In
[6, Section V], Fenichel explains how he is able to obtain results for ¢ € (—¢g,€p).
Furthermore, the stability results of [6, Theorem 13.2] are stated for ¢ > 0. Let us
now discuss how the theorem is applied. The main conditions are 1) that the periodic
orbit vy be contained in £, the normally-hyperbolic component of the slow manifold,
and 2) that vy have 1 as a Floquet multiplier of multiplicity precisely one.

If one has a global coordinate system for &£, testing for normal hyperbolicity re-
duces to verifying that the eigenvalues of 9g/0y|s have non-zero real parts; if the real
parts are negative, £ is stable. The Floquet multipliers of 7 are the eigenvalues of B,
the linearized Poincaré map of 7g, so a multiplier of 1 corresponds to a fixed point of
the Poincaré map, and multipliers less than (greater than) 1 correspond to stability
(instability) of the orbit. There are u Floquet multipliers p;,i € {1, ..., u}, where u is
the dimension of €. It can be shown [8] that det(B) =[], p; = exp fOT tr(A(s))ds,
where T is the period of the periodic orbit and A(s) is the linearization of the reduced
dynamics D f(x,0,0)|,,(s). The existence of the periodic orbit means that there is one
Floquet multiplier equal to 1. In general, p; have to be found by numerically com-
puting B, unless one can bound the sign of tr A on the slow manifold. Alternatively,
if one can show that the limit cycle is asymptotically stable on the slow manifold, the
Floquet multiplier condition follows.
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