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ABSTRACT

ON THE STABILITY OF STEADY-STATE SOLUTIONS OF A TWO-PHASE STOKES
PROBLEM WITH SURFACE TENSION

Jae Ho Choi
Robert Strain

Yoichiro Mori

In this work, we study the well-posedness of a system of partial differential equations (PDE) that
model the dynamics of a two-dimensional Stokes bubble immersed in two-dimensional ambient
Stokes fluid of the same viscosity that extends to infinity under the effect of surface tension. We
assume that the two fluids are immiscible and incompressible and that there is no interfacial jump
in the fluid velocity. For this PDE system, a circular fluid bubble is a steady-state solution. Given
an initial contour for the fluid bubble which is sufficiently close to a circle, we show that there exists
a unique, global-in-time fluid bubble satisfying the given initial contour and the PDE. This unique
solution decays to a circle exponentially fast, which means that circular fluid bubbles are stable
steady-state solutions. We also obtain a result concerning the regularity of the unique solution,
that although the initial perturbation around a circular contour is assumed to be of low regularity,
any later perturbation becomes real analytic, hence smooth. Lastly, we devise a boundary-integral
type numerical scheme to computationally verify that the fluid bubble does indeed decay to a circle

at the exponential rate predicted by the analytical results.
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CHAPTER 1

Introduction

1.1. Relevant Literature

A system of partial differential equations (PDE) constrained by an initial condition gives rise to the
natural yet fundamental question of whether there exists a solution and, if so, whether it is unique.
This ubiquitous question is referred to as that of “well-posedness” of the PDE. In this work, we
study the well-posedness of a PDE system arising in fluid mechanics, which models the dynamics of
a two-dimensional fluid bubble immersed in two-dimensional ambient fluid of the same viscosity that
extends to infinity under the effect of surface tension. We assume that the two fluids are immiscible
and incompressible and that there is no interfacial jump in the fluid velocity. The fluids are driven
internally by the Stokes equation and interact with one another via surface tension around their
interface. As there are two fluids that constitute the system, such a system is commonly referred to
as a two-phase Stokes problem with surface tension in fluid mechanics. The Stokes equation is an
approximation of the Navier-Stokes equation in the limit of the diminishing low Reynolds number,
in which the fluid is exceptionally slow, exceedingly viscous, or minuscule in size. Mathematically,
the Stokes equation is obtained from the Navier-Stokes equation by dropping terms that account for
inertial effects due to fluid motion while keeping the other terms, which include terms that account
for fluid viscosity. The Stokes problem is sometimes called a quasi-stationary approximation of the
Navier-Stokes problem because the Stokes equation, which is blind to inertial effects due to fluid

motion, is being employed to describe the motion of slow yet non-stationary fluids.

For our two-phase Stokes problem with surface tension, a circular fluid bubble is a steady-state
solution. Given an initial contour for the fluid bubble which is sufficiently close to a circle, we show
that there exists a unique, global-in-time fluid bubble satisfying the given initial contour and the
PDE system. This unique solution decays to a circle exponentially fast, which means that circular
fluid bubbles are stable steady-state solutions. We also obtain a result concerning the regularity of

the unique solution, that although the initial perturbation around a circular contour is assumed to



be of low regularity, any later perturbation becomes real analytic, hence smooth.

The Navier-Stokes problem with surface tension has attracted mathematicians’ attention since the
1980s, starting with the one-phase problem in which an isolated liquid is driven by capillary forces
acting on its boundary. The one-phase problem was pioneered in a series of papers published between
1984 and 2003 by Solonnikov (Solonnikov, 1987b, 1986, 1987a,c, 1989, 1991; Ambrosio et al., 2003;
Solonnikov, 2003) and by Mogilevskii and Solonnikov (Mogilevskii and Solonnikov, 1992), in which
short-time existence for arbitrary data and long-time existence for small data were established in
Hoélder and anisotropic Sobolev-Slobodetskii spaces. Since then, well-posedness for the one-phase
problem has been established in a multitude of settings, such as the case in which the fluid domain
is either bounded, a perturbed infinite layer, or a perturbed half-space (Shibata and Shimizu, 2007,
2008, 2011); and the case in which an infinite viscous incompressible fluid layer is bounded below
and above by a solid surface and a free surface, respectively, experiencing surface tension and gravity

(Allain, 1987; Beale, 1984; Beale and Nishida, 1985; Tani, 1996; Tani and Tanaka, 1995).

The two-phase problem gained traction in the 1990s. The first well-posedness results were estab-
lished by Denisova (Denisova, 1990, 1994) and Denisova and Solonnikov (Denisova and Solonnikov,
1994, 1995). Since then, well-posedness for the two-phase problem has been established in a number
of settings, such as the case in which the system is driven by thermo-capillary convection in bounded
domains (Tanaka, 1995); and the case in which the free boundary is given as the graph of a function
on a hyperplane (Priiss and Simonett, 2010; Anger and Simonett, 2010; Priiss and Simonett, 2011),

sometimes with gravity (Priiss and Simonett, 2010, 2011).

As for the quasi-stationary approximation of the Navier-Stokes problem, the first well-posedness
results for one-phase Stokes flow were established by Giinther and Prokert (Giinther and Prokert,
1997) and Prokert (Prokert, 1999). A handful of results concerning the regularity of solutions
exist. Escher and Prokert (Escher and Prokert, 2006) obtained joint spatial and temporal analyticity
of the moving boundary for one-phase Stokes flow with surface tension. Gilinther and Prokert
(Giinther and Prokert, 1997) proved short-time existence and uniqueness of a solution for one-phase

Stokes flow with a free boundary driven by surface tension in Sobolev spaces of sufficiently high



order. Friedman and Reitich (Friedman and Reitich, 2002) proved joint analyticity of solution for

three-dimensional one-phase Stokes flow.

In this literary backdrop, our work makes novel contributions on two fronts. First of all, instanta-
neous analyticity of solutions is established for two-phase Stokes flow, which is the first regularity
result of its kind for two-phase Stokes flow. Secondly, the analytical framework used to establish
this work had not been used before to study the Navier-Stokes problem with surface tension or the
quasi-stationary approximation thereof. The majority of aforementioned studies of these problems
make use of the so-called direct mapping method, where the original free boundary problem, i.e., an
initial value problem on an a priori unknown domain, is transformed into an abstract PDE problem

on a fixed manifold.
1.2. Connections to Muskat and Peskin Problems

For our two-phase Stokes problem, the force driving the system is surface tension, i.e., a Newtonian
stress imbalance across the interface which depends exclusively on its geometry via curvature. Since
it has a low Reynolds number, it can serve as a rudimentary model to study the behavior of an oil
droplet inside water, which is often added as an emulsifier to oil fields to reduce the viscosity of
crude oil to facilitate its extraction. However, the Muskat model is a more refined and established

model in this setting (Gancedo et al., 2023a,b).

Having its roots in petrochemical engineering, the Muskat model is a PDE system describing the
dynamics of incompressible fluids of different nature (e.g., oil and water) permeating porous media
(e.g., tar sands) under gravity. The fluids’ motions are governed by a momentum equation called

Darcy’s law, which relates the fluid velocity and the pressure like the Stokes equation.

Also closely related to my model is the Peskin model, which is a fluid-structure interaction
(FSI) model describing the dynamics of a one-dimensional closed elastic string immersed in two-
dimensional Stokes fluid. Originally, it emerged as a model for blood flow through heart valves
(Cameron and Strain, 2024). Being one of the simplest FSI models, it has since been used for other

kinds of physical modelling and for building numerical algorithms.



Both the Muskat and Peskin problems have interesting connections to our two-phase Stokes problem

with surface tension, which will be explained in depth in Subsections 1.2.1 and 1.2.2.
1.2.1. Spectral Decomposition of Linearized Operator

Recently, there has been a flurry of mathematical activity on the Muskat model studying its well-
posedness. During this process, a multitude of techniques have been devised and employed. Of
particular interest to our Stokes problem is called spectral decomposition of the linearized operator,
which has been applied by Gancedo, Garcia-Juarez, Patel, and Strain to establish global regularity
of a two-dimensional Muskat bubble which is unstable under gravity (Gancedo et al., 2023a). The
same technique has also been employed to show global-in-time well-posedness of the Peskin model
(Garcia-Juarez et al., 2023). The main idea behind this technique is to linearize the dynamics
equation of interest around a steady state solution, which separates the equation into a linear part,
which in principle is a Fourier analytically well-understood operator, and the remainder part, which
is “small” in some appropriate sense that depends on a clever selection of the solution space. This
linearization is valid only for a small neighborhood around the steady state. For example, the

dynamics equation considered by Gancedo, Garcia-Juarez, Patel, and Strain is written in the form

dhg + (~A)%g = R, (L1)

where R denotes the part of the equation consisting of terms that are superlinear in g. We note

1/2

that the principal linear part, (—A)'/#g, is the Hilbert transform acting on the spatial derivative of

g. In the Fourier space, this equation becomes

Og(k) = — k| §(k) + R(k),

which clearly reveals that the principal linear part is “diagonalized.” This explains why the technique

is often called spectral decomposition of the linearized operator.

The family of Banach spaces used by Gancedo, Garcia-Juarez, Patel, and Strain that witness the



remainder part R to be “small” are

Al — { FiT o R| Y OM g
k40

f(k‘)) < OO}, (1.2)

where v(t) = vp for some vy > 0. The second superscript, 1, is simply to indicate that the '

_t
T+t
norm is taken with respect to the wave number k. The first superscript, s, measures the space’s
critical-ness with respect to an intrinsic scale invariance of the equation for g. Let us illustrate the

meaning of this statement for the Peskin model. Suppose that X (¢,0) is a solution to the Peskin

model, where X (¢,0) is the closed elastic string at time ¢ in the Lagrangian coordinate 6. Then
X\(t,0) = A LX (M, \0)

is also a solution to the Peskin model. We say that, with respect to X, the space with s = 1 is

critical; the space with s > 1 is sub-critical; and the space with s < 1 is super-critical.

Given a sufficiently small initial datum of low regularity describing the initial perturbation of the
interface from a circle, which is a steady-state solution, we used spectral decomposition of the
linearized operator to establish global-in-time existence and uniqueness of a two-dimensional bubble
that satisfies the initial datum and our Stokes problem. The result is formulated using a sub-
critical member of the family of spaces in (1.2). The dynamics equation for our Stokes problem is
written in the form (1.1), as in the Muskat model studied by Gancedo, Garcia-Juérez, Patel, and
Strain. The Peskin model, which bears much similarity with ours, can also be written in that form

(Cameron and Strain, 2024).

The time-dependent exponential weight in the norm associated with (1.2) leads to the remarkable
property that even though the initial perturbation from a circle is of low regularity, it becomes
instantaneously analytic. This is the first regularity result of its kind for two-phase Stokes flow

driven by surface tension.



1.2.2. Unconventional Parametrization

At face value, the mathematical formulation of the Peskin model looks similar to that of ours. After
all, the only difference is the nature of the force driving the system. The Peskin model is driven by
the elasticity of the string, which obeys the following general law of elasticity:

0p X

9 <T<|89X|> o

> Ay X |t (1.3)

If we let T(a) = «, then this law reduces to Hooke’s law, which is commonly adopted for the
analytical study of well-posedness for the Peskin problem. Unlike the Peskin model, our PDE model

is driven by surface tension. This difference, however, begets an important analytical consequence.

In the Peskin model, the closed elastic string is parametrized using the Lagrangian coordinate.
As the elastic force is critically dependent on this parametrization of the string, it is impossible
to choose an arbitrary parametrization to aid in the analysis without fundamentally altering the
physical system. This is a major point of difference for the Peskin model from both the Muskat
model and our PDE model. In the Muskat model, the normal velocity at the free boundary is well-
defined, while the tangential velocity is ill-defined. As the dynamics of the boundary are completely
determined by the normal velocity, one can take advantage of the degree of freedom “in the tangential
direction” and choose a parametrization that yields nicely to one’s analytical framework. In our
PDE model, the sole force driving the system is surface tension, which depends exclusively on
the geometry of the interface. Therefore, one can employ any convenient parametrization for the

interface without affecting its actual dynamics.

To prove our results, we deployed a particular parametrization (Hou et al., 1994) of the fluids’ in-
terface that yields nicely to spectral decomposition of the linearized operator. This parametrization
is unusual in the sense that the boundary of the fluid bubble is parametrized not by its x- and
y-positions, but by the direction of its tangent vector and the length of the boundary. We adopted
a certain change of frame in this parametrization that gives way to our analytical framework, in

which the tangent vector is independent of the spatial variable and depends only on time. The same



parametrization and change of frame had also been used for a Muskat problem (Gancedo et al.,

2023a).

Intriguingly, this particular frame emerged out of a strictly numerical context. Roughly twenty-
five years before this frame found its use for the analytical study of well-posedness of the Muskat
problem (Gancedo et al., 2023a), Hou, Lowengrub, and Shelley devised it to improve numerical
simulation of the motion of the free boundary driven by surface tension between two-dimensional,
irrotational, incompressible fluids. Using their novel numerical scheme in which the tangent vector’s
lack of dependence on the spatial variable removed “numerical stiffness,” they computed flows that
had been unobtainable, such as the motion of the Hele-Shaw interface moving under the competing
effects of gravity and surface tension, and discovered new singularity formations, such as the roll-up

and collision of vortex sheets with surface tension in two-dimensional Euler flow.

As a matter for thought, it is worth mentioning that, in fact, it is possible to cast our Stokes
problem as a Peskin model whose force satisfies the general law of elasticity in (1.3) with 7'(«) = 1.
However, since the most general setting in which well-posedness has been established for the Peskin
problem is when 7'(«0) > 0 and T"(«) > 0, our Stokes problem corresponds to a degenerate case for
which no well-posedness results are available. This implies that none of the techniques that have
been successfully used as of now to establish well-posedness of the Peskin model can be used for our

Stokes problem, which highlights the significance of our analytical framework.
1.2.3. Problem Formulation

Let T' be a time-dependent simple closed curve in R? that represents the interface between two

immiscible fluids. Then the model is given by

pAu —Vp=0 onR?\T, (1.4)
V-u=0 onR2\T, (1.5)

[u] =0, (1.6)

[X(u, p)n] = —yn, (1.7)



where u and p denote the fluid velocity and the fluid pressure, respectively; u is the fluid viscosity,
which is a constant within each fluid but may differ across the two fluids; ¥ (u,p) represents the
stress tensor for a Newtonian fluid of viscosity p; n is the outward-pointing unit normal vector to
the interface I'; 7y is the surface tension coefficient which is a constant; x is the signed curvature of
the interface; and the notation [-] means the limit value for the boundary as it is approached in the
normal direction from the interior fluid minus the limit value for the boundary as it is approached in
the normal direction from the exterior fluid. We assume that the two fluids share the same viscosity

1, which we normalize to 1.

In words, this model says that the interior and exterior fluids are incompressible Stokes fluids
with no interfacial jump in the fluid velocity and that they are driven by a stress imbalance along
the interface given by —vykn. The observation that the interfacial force depends exclusively on the
geometry of the interface via curvature x is important, because it allows us to introduce a convenient

parametrization for the interface without affecting the physical dynamics of the system.

In this model, there are two unknown variables to solve for: the two-dimensional fluid velocity w
and the scalar pressure p. In the remainder of this work, we study the well-posedness of this model
in terms of the fluid velocity by imposing a certain ansatz on it satisfying the specified model.
Using the ansatz reduces the original problem to that of well-posedness for the PDE system for the
interface dynamics. The latter is summarized in the main theorem of this work stated in Section 3.
Throughout the rest of this work, we may suppress certain expressions’ dependence on time ¢ for

readability.



CHAPTER 2

Preliminary Work

2.1. Key Function Spaces

In an analytical study of well-posedness, function spaces provide an essential framework to formulate
results and can induce interesting properties of solutions by imposing sufficiently strong constraints
on its functions, such as analyticity. In this Section, we introduce families of function spaces for our

work. For a 2m-periodic function f : R — R, its Fourier transform is defined as

FHHR =L [ fla)e*da.

:27r o

We may sometimes write f (k) to denote the Fourier transform of f with no intended difference in

meaning. Then
fla) =Y flk)e™e. (2.1)
keZ

In our work, we use families of Banach spaces Fol and fﬁ’l, s > 0, equipped respectively with

norms
1 lpgn = D2 e f|
kEZ
1l = S e O kg £
k#£0
where
t
v(t) = 1 (2.2)



Observe that if 19 > 0, then 0 < /(t) < 9. We also use Banach spaces F%! and Fsl g >0,

equipped respectively with norms

1 llpos = 3 |F R (2.3)

keZ

1 lgen = D01kl F)]
k=0

The space F%! equipped with the norm in (2.3) is the classical Wiener algebra, i.e., the space of

absolutely convergent Fourier series.

Proposition 1. (Embeddings.) For 0 < s1 < s2,

Hf”j:;bl < Hf”]:jzl .

Proposition 2. (Estimates.) Let n > 1. Then

1o fall por < TR_y [ frll 2o -

For s >0,
n
[fifa - Fallpn < b, ) S s T gy el
j=1
where
1 0<s<1

Remark 3. The estimates in Proposition 2 hold with Fol and Ft replaced by FO' and F51,

respectively. For proof of Proposition 2, see Lemma 5.1 of Gancedo et al. (2023a).

10



Proposition 4. For s > 0,

longel sz < 062.) (ol el + ol Dol ).

where

Proof. The case in which s > 0 follows from Proposition 2. Let us consider the case s = 0.

lorgall zou = 37 e OH | F(g1g2) (k)
k=0

= 3OS ik — j)gal)

k=£0 JEL

<> M gi(k = )] [g205)

k0 jeZ

<> OOl gy (k — )] |62 ()]

k#0 jEZ

< lgall zor lgall zor + llgall zor llg2ll 2.1 -

The last inequality holds because

lgull z0.1 lg2ll zo1 + llgall o1 [lg2ll 201

:Ze I Gy (k) Ze(t)ljl|92 )|_|_Ze I Gy ()

k40 jez kez

=373 e OM 0l gy (k)] g ()] + 303 e Okl
k0 jEL keZ j#0

=357 el Ol gy (k — )| |ga ()] + 3D e
k#j jEZ k€EZ j#k

11

-3 el g,

J7#0

Dl g1 (k)| |g2(7))

)El v

OIk=31 |, (k)| g2 (k —

Pl

(2.5)



The first term in (2.5) contains all but terms of the form

ey(t)‘j‘ ‘gAl(O)’ |§2(])‘ 3 .7 €L

while the second term in (2.5) contains terms of the form

e’ O1=31 |G (0)] |g2(—3)| , 5 # .

The only term that is not covered between these two terms is |¢1(0)|[¢g2(0)|. However, this term is

not covered by the sum in (2.4), either. This completes the proof. |

We define the following frequently used operator

™

M) = [ foan 5= [ snn (2.0

—T

We note that

FM()(H) = | (27)

For N > 0, we also define high frequency cut-off operators Jx and Jy as

F(INS)(k) = Lp<nF(f)(K), (2.8)

FINFI k) = Lpga g <n F () (K).- (2.9)

2.2. Boundary Integral Formulation

We mentioned at the end of Section 1.2.3 that a certain ansatz that satisfies our model will be

imposed on the fluid velocity. We adopt

uj(@) = — /F (—y(s)n($))iGij (@ — y(s))ds, @ € B2, (2.10)



where u(x) = (u1(x),u2(x)) and G = (Gjy;) given by

w;w

Gij(w) = —d;5log |w| + ’w‘;

is the Green’s function for two-dimensional unbounded incompressible Stokes flow (Pozrikidis, 1992).
Being a Green’s function, GG can be used to represent a solution of two-dimensional incompressible
Stokes flow driven by a concentrated point force of some strength in the plane. In our model,
there is a force density —ykn along the interface as opposed to a concentrated force at a single
point. In this case, the solution can be represented via (2.10), which will henceforth be referred
to as the single-layer potential. In general, the Green’s function for two-dimensional unbounded
incompressible Stokes flow suffers from the so-called Stokes’ paradox of logarithmic growth of the
fluid velocity at infinity. However, the fluid velocity in our model does not suffer from this paradox
because the force density —vxn along the interface integrates to 0. The single-layer potential ensures
that the fluid velocity satisfies equations (1.4) through (1.7). In particular, its analytical form
guarantees continuity across the interface. The representation of the fluid velocity as a single-layer
potential provides a convenient framework to study well-posedness of our model both analytically

and numerically.
2.3. Interface Parametrization

In our model, the fluids are driven exclusively by a stress imbalance along the interface given by
—~kn, which can be derived explicitly from first principles of physics by assuming that surface
tension along the interface be proportional to the unit tangent vector to the interface. The fact that
this force differential depends exclusively on the geometry of the interface, via curvature x, ensures
that whatever parametrization we choose for the interface will have no bearing on the physical
dynamics of the system. We will adopt a parametrization in which the unit tangent vector and the
interface length provide coordinates for the interface instead of its z- and y-coordinates. A detailed

derivation of this parametrization is in order.

Due to continuity of the fluid velocity across the interface as stated in (1.6), the interfacial fluid

velocity is well-defined. We note that the interface’s shape is determined entirely by its normal

13



velocity; the tangential velocity can only alter the frame of parametrization. This means that the
tangential velocity can be entered into the equations without affecting the interface’s shape. Let us

write the interfacial fluid velocity as
u=-Un+TT, (2.11)

where 7 is the unit tangent vector. There is a minus sign in front of the normal term, because n
is by definition the outward-pointing unit normal vector to the interface. We first represent the
interface with some parametrization z(c,t) where av € [—m, ). Let us define a tangential angle

variable 6 by writing the tangent vector z,(«,t) in complex variable notation
Zalon t) = |za(a, t)] o0t (2.12)
Using the parametrization, we can rewrite (2.11) as
zt(a,t) = =U(a, t)n(a,t) + T(a, t)7(a, t), (2.13)
which in complex variable notation becomes
zi(ont) = Ulay t) - ie!@H0@D) L 7 (q,t) - eilatolen) (2.14)
keeping in mind that in complex variable notation

T(Ck,t) _ ei(aJrG(oz,t))7

n(a,t) _ _iei(a-i-b?(a,t))_

After differentiating (2.12) with respect to ¢ and then differentiating (2.14) with respect to «, we

equate their real and imaginary parts to derive evolution equations for the interface in terms of 6
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and |zq (o, t)|:

|za(o,t)], = =U(a,t) = U, t)0a(a, t) + To(a, t), (2.15)
1
O (v, t) = (el <Ua(oz7t) +T(a,t) + T(a, t)0a (v, t)) (2.16)

Of all possible frames of parametrization, a particularly useful one can be selected by requiring the

tangential speed T'(«a, t) to be of the form

™

T(a,t) = /Oa(l + 0y(n,1))U(n, t)dn — % (1 +0,(n,1))U(n,t)dn +T1(0,1), (2.17)

—T

where T'(0,t) is a number that depends on ¢, which allows for a change of frame. The frame chosen

by the imposition of (2.17) ensures that |z, (a,t)| is independent of «, i.e.,
1 (7 L(t)
’Za(Oé, )‘ o /_W‘ZOZO% )| n or ’

where L(t) is the length of the interface at time ¢. This can be checked by integrating (2.15) with
respect to time from 0 to ¢ and then differentiating with respect to a. Using this tangential speed

formula, (2.15) and (2.16) can be rewritten as

Li(t) = — /ﬂ (14 0a(a))U(a)da (2.18)
By (1) = LQ(Z)UQ(Q) + LQ(Z)T(a)(l +0a()). (2.19)

The use of this particular frame of parametrization for a fluid interface was pioneered by Hou et al.
(1994) in the context of removing numerical stiffness from interfacial flows with surface tension.
In their honor, we will refer to it as Hou-Lowengrub-Shelley (HLS) parametrization from now
on. For our analysis, HLS parametrization is useful because it lays a natural foundation for a
powerful analytical and numerical principle for solving interfacial fluid problems called small-scale
decomposition. Under this principle, the principal linear operator of the evolution equation of 6 is

extracted and the remainder terms are shown to be of lower order in some sense under the choice of
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an appropriate function space (Mori et al., 2019). In the Fourier analytic viewpoint, the principal
linear operator acting on 6 corresponds to the part of the operator for the evolution equation of
0 in which every Fourier mode of 6 is multiplied by a multiplier of the form — |k|%, where « is
the highest possible power on |k|. The idea behind this principle is to have a “good” analytical
control over the principal linear operator, as it helps to control the terms with the most penchant
for unbounded growth. A good analytical control entails a proper analytical treatment for large
values of k, i.e., “high-frequency” Fourier modes of the principal linear operator. In the physical
space, such Fourier modes encode the finest detail of the interface which is close in shape to the
steady state about which the evolution equation of # is linearized. This explains why this principle
is called small-scale decomposition. Gancedo et al. (2023a) contains an application of this principle
for an analytical study of the two-dimensional Muskat problem with two immiscible fluids under
gravity in which one fluid is completely surrounded by the other. While Mori et al. (2019) does
not use HLLS parametrization, it employs small-scale decomposition to address the well-posedness of
the Peskin problem in which the model is set up identically to our own except the force differential

driving the system is of elastic nature, not surface tension.
2.4. The Interface Length L(t)

We can derive an analytical expression for L(¢) from the incompressibility of the internal fluid. In
fact, this analytical expression and (2.18) are equivalent provided that L(t) > 0 for all time ¢. The
following proposition, whose proof can be garnered from Gancedo et al. (2023a), summarizes these
observations. As we shall see later in the paper, a careful estimate of the analytical expression itself
shows that it is bounded above and below by certain expressions in terms of an appropriate norm
of a tangential angle variable, which is useful for deriving a key a priori estimate for the tangent

angle variable.

Proposition 5. Let Vy = 7R? be the initial volume of the internal fluid. For any t > 0 such that

L(t) >0,

(LZ(;))Q - <1 " 217rfm/7; /00‘ DD f%(ﬂ(a) - 9(n))”dnda> N (2.20)

n>1
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implies

Li(t) = — /” (14 0a(a))U(a)da.

—Tr

Remark 6. That Vy = mR? is not to say that the internal fluid is initially a circle of radius R.

We can derive (2.20) from the incompressibility condition on the internal fluid. To see this, let D

be the region enclosed by the fluid boundary I". Then the volume of the region D is given by

V= / dx A dy (2.21)

D
1

= / d(—ydx + zdy) (2.22)
2Jp
1

= / —ydx + xzdy (2.23)
2Jr
1 ™

=3 /,r<—zz<a>, 21() - za(a)da, (2.24)

where A in (2.21) is the wedge product of differential forms; (2.22) results from the exterior derivative
of the differential form; (2.23) is due to the generalized Stokes’ theorem; and (2.24) follows from the
definition of the line integral. Taking z(«) and z,(«) to be complex numbers instead of vectors, we

can express the volume in complex-variable notation

T / " Im <z(oz)za(a)>da - T @) za(a)da.

2 - -7

Using that

rala) = 2 gitaot@)

2
2(a) = 2(0) + /0 2o(n)iln,

17



we can write

—_

V:Im/ z(a)zo () dav

( 2 ) tm /_W/ et dnda (2.25)
(Lz(t)> 2m Im(” /_ W / e n,(@( a) - 9(n))”dnda>
:7r<g(;)> <1+I / / i(a— n)zn' ))”dnda>.

Since the internal fluid is incompressible,

\)

l\D\»—t

DN | =
=)

Vo =7R*=V, (2.26)
which implies

(LQ(;))Q e <1 +5-Tm /_7; /Oa eita=n) g:l = (B(a) - H(n))”dnda> B

This reveals that the converse to Proposition 5 holds without the condition L(t) > 0. Now, we

commence the proof of Proposition 5.

Proof. Setting (2.25) and (2.26) equal to each other, we obtain

2 T ra
TR? = L(L®) Im/ / et i 0()=0() g gy
2 21 —xJo

After differentiating this equation with respect to ¢ and then using L(t) > 0, we can rearrange the
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equation to obtain

, 1 (L))’ T[T e i) -6(m)
L'(t) =— A Im ie 2 (0:(a) — 0:(n))dnda
m —m J0
1 (L)\? T e i ¥ i i
—— — (=2 (1m i i (@) / in —i0(n)
2R2< o > ( (/_ﬂ 1e"%e 0 () ; e e dnda

Observe that

/ ieiaew(a)ﬁt(a)/ e~ Me= 0 dndo
- 0

:i/ eiaeie(a)gt(a)/ e e 00 dnda
s 0
/ (‘9/ ei"ew(”)ﬁt(n)dn-/ e*inefw(n)dnda
_z Oa Jy 0
_l/ <8</ eineib’(n)gt(n)dn./ einew(n)dn)
- 8@ 0 0
_/ emeie(n)gt(n)dn,;/ e—me—i@(”)dn>da
0 @ Jo
:z</ einew(n)gt(n)dn./ e_i"e_ie(")dn—/ ei"eio(")&:(n)dn-/ e~ e 00 dp
0 0

0 0
— / einew(")Gt(n)dn . e_iae_w(o‘)da> .
-7 J0

=1

Using that

/ !0 g — 0, (2.27)
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we can write

—Tr

s s 0 s
—z(/ eMe® Mg, (n)dn - / e—ine—iG(n)dn+/ eineie(n)gt(n)dn./ e e~ gy
0 -7 0
/ / mezG d77 e iaefiH(oz) dOé)
=i (/ e M=) gy . / e Mg, (n)dn — / / e, (n)dny - e e (O‘)da>.
0 — —T

Due to (2.27),

™ o
/ ie" @@ g, () / e e 00 dndo
0

LA L 9 ™ . .
in ,i0(n) - in 2 g0 gy — _; 2 inoi0(n) 4y, —
/_ﬂe e\, (n)dn z/_ﬂe 526 dn i /_We e”"Mdn = 0.

Hence,

/ it )Qt(a)/ e M0 dpdo = —i/ / e, (n)dny - e e dq.
0 0

—T —T

Therefore,

1 (L))® ﬂ a
L'(t) = — <(t)) Im </ zew‘eze(a)/ e_me_w(”)ﬁt(n)dnda)
R 2 —r 0
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Using (2.19), we obtain

[0}
L) / e~ e MY, (n)dn
0

2T
:/ e~ e=10(n) (Un(n) +T(n)(1+ 677(77))> dn
0
:/ e e YU, ()dn + / e e DT () (1 + 0, (n))
0 0
@ a ) . 8 . . @ 8 ;
_ g —in _—i6(n) Y —in —i0(n) - T . —i(n+0(n))
/0 o <e e U(n)) o <e e >U(77)d17 + 2/0 (n) an <e >d77

=IO (a) < OU(0) 4 [ O L, ) U )y

0
@ b ]
] | =t n+6(m)
+ 1/0 T(n)a77 <e )dn.

Using that

Ty(n) = (1 + 6, (n)U(n) — — / (1 +6,(£)U(E)de,

2 J_,

we obtain

a B ]
m 2 el(n+9(n))> p
/o () an ( !

“ 0 —i —i

_ /0 877(T(77)€ (n+9<n))> T ()00 g
(0%

_ ()= 0+0@) _ ()it _ /0 T, ()e 0r000) gy

:T(a)efi(oH»G(a)) _ T(O)efiG(O)

- /Oa ((1 0,V () — - /ﬂ (1+ 05(5))U(§)d§>ei(ﬂ+9(n))dn'

2 J_,

21



Therefore,

T(n)— 6—1(774-9(77))) d
/o W < !

:T(a)efi(oﬂr@(a)) _ T(O)efif)(()) _ / (14 Hn(n))U(n)efi(n+9(n))dn
0

o [ Qo @V [y,
2 0

Hence,

L(t a . .

et 719 )U(Oé) _ fZG(O)U(O) (a)iefi(a+9(a)) _ T(O)iefiG(O)
t oo / (14 6, () U (n)dn - / i) gy
0

Then, using (2.27), we obtain

3
L/(t) :R12<L2(t)> Im</ Zezaeze a)/ e Mg~ 19(77 )dnda>
™

_ 1 L(t) 2 " ta 16 () e~ la —if(a) —i60(0)
_R2<27T> Im(/ ie"%e e U(a) —e U(0)

—T

+ T(a)ie="e0() _1()je=?0O)

t o [ s @i ["e 0 )aa)

0

1 (LN ([T . —i6(0) " iai(a) "
Y N Y ety

+ T(O)e—iG(O) / ia zQ(a)da

—T

1 ™ U « i
~ o eiveif(@ )/ (1—&-977(77))U(77)dn-/0 e_’("w(”))dnda)

Z% <L2(7?>21m <z /: U(a)da — /7; T(a)da

™ T

— 2i (1—}—077(17))U(77)d77/ ezaeze(a)/ e_i("+0(’7))d77da).
Q 0

—Tr —Tr
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By the divergence theorem,

/DV-u:/Fu-n:/_ZU(oz)|za(a)|da:l;g?/j;U(a)da.

Using the incompressibility of the internal fluid, V - u = 0, we obtain

/ﬂ U(a)da = 0.

—Tr

Hence,

L) :% <L2(;)) I (— /7; T(a)da

1 T T o )
o [ emvtnan [ aeere [ o)
Q0 0

-7 -7

2 ™ ™ (o4
___L (LD Im / (1+46 (n))U(n)dn/ eiaeia(a)/ e~ ) dndo
27R2\ 27 _ K 0

™ -7

- /7r (1 + 6n(n)U (n)dn,

—T

as needed. [ |

Remark 7. The incompressibility of the interior fluid combined with the isoperimetric inequality

ensures that L(t) > 0 is satisfied for all t > 0.
2.5. The Circular Interface under HLS Parametrization

The following proposition characterizes the circular interface under HLS parametrization.

Proposition 8. Let R > 0. The interface at time t is a circle of radius R if and only if

(0(av, t), L(t)) = (6(0, ), 27 R),

where the parametrization is HLS.

Proof. First, we check that (6(a,t), L(t)) = (8(0,t),2nR) is a circle of radius R for fixed ¢. It suffices
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to show that the curve has a constant curvature ’% of 1/R. Observe that

ieila+0(0,t))

d?z d (dz da\da d*z 9
(0 t)| 7 =

02 " da\da ds)ds — daz P

Since (0, ) is a real number,

=
ds?

_ !
==

as needed. To prove the converse, suppose that the interface at time ¢ is a circle of radius R. Then

L(t) = 27R. That ‘fl%

= & shows that |1+ 6q(,t)] = 1. Due to the periodicity of 6, we have

Oa(a,t) =0, i.e., O(a,t) depends only on time ¢. Then é(O,t) = 0(a,t), as needed. |

In Section 5, we remark on whether circular interfaces can solve our model.
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CHAPTER 3

Statement of the Main Theorem

We are now ready to state the main theorem of our work. To study the simple two-dimensional
model given by (1.4) through (1.7), we have adopted the single-layer potential form (2.10) for the
fluid velocity. As a result, the fluid velocity anywhere in the plane can be obtained by convolving
the interfacial stress imbalance against the Green’s function for two-dimensional unbounded incom-
pressible Stokes flow along the interface. To completely describe the dynamics of the fluid velocity,
it is therefore sufficient to study the dynamics of the interface itself. To that end, we take HLS
parametrization of the interface to obtain a pair of dynamics equations, (2.18) and (2.19), for the
interface. Lastly, we have reformulated the dynamics equation (2.18) for the length of the interface
into (2.20). The main theorem of our work is that the equations (2.20) and (2.19) for the dynamics
of the interface have a unique solution that is global in time, provided that the initial datum is
sufficiently small as measured by the norm of F&!. The unique solution also decays exponentially
in time in the norm of F,"', where v is given in (2.2) and v > 0 is dependent on the initial datum.
In view of Proposition 8, this implies that the initial perturbed interface decays exponentially to a

circular shape.

Theorem 9. Fiz v > 0. If the initial datum 6° € FY' such that | F(6°)(0)| and HHOHFJ are

sufficiently small, then for any T € (0,00) there exists a unique solution
6(a,t) € C([0,T]; Ft) N LY([0, TT; F2)

to the equations (2.20) and (2.19), where v is given in (2.2) and vy > 0 is dependent on 6°. The

solution becomes instantaneously analytic. In particular, for any t € [0,T]

t
10()]1 521 + (A(»»@OH i) — ) /0 107 z2 dr < [[6°]] 11

where A(HHOHf-M) is given in (12.31). Moreover, ||0(t)|| 1.1 decays exponentially in time.
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Remark 10. The assumption that the initial datum be “sufficiently small” can be made explicit in
the sense that for any ~v > 0, there is an analytical constraint that places an upper bound on the

magnitudes of | F(6°)(0)| and HQOHJ-ﬂ,p
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CHAPTER 4

The Interfacial Fluid Velocity

To even speak of the interfacial fluid velocity, we need to ensure that it is well-defined. Fortunately,
the single-layer potential form imposed on the fluid velocity satisfies the stipulation (1.6) that the
fluid velocity be continuous across the interface, making the interfacial fluid velocity a well-defined
quantity.

4.1. Formulation in Complex Variable Notation

We set out to rewrite (2.10) using complex variable notation, which is more conducive to calculation

than vector notation. The signed curvature s that appears in the single-layer potential is defined

by, in vector notation,

7'(s) = —k(s)n(s), (4.1)

where s denotes arclength parametrization. Letting 7 = (71,72) and z = (21, 22), we use the

Jacobian between arclength parametrization and HLS parametrization to obtain

ds  dp?

: |z,3(67t)|_2a

- ds :%%ds

= T A (dn _d (de dBY dB_
W ds ds
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which yields, in vector notation,

- 412/ = (9)Gij (@ — =(9)) |z5(8.0)| " dp
2 ™
- 1,25) DD /_ 2 (B)Gy(@ — =(8))dp

where

G.j(x —2(B)) = (Gij(x — 2(B)), G2j(z — 2(B)))-

Let € = z(a) € I'. To rewrite the current expression for uj(x) = u;(z(«)) in complex variable

notation, we use the following complex variable expressions

G.j(z(a) — 2(8)) = Gij(z(a) — 2(B)) + iG2;(z(a) — 2(B))
J(8) = L2(;)ei(ﬁ+9(ﬁ))’

which yields, in complex variable notation,

wieta)) = L [ Re(FEGat0) — 2(9) ) a5

o [ re( 5 (78 )Guteta) - 209 ) as
. e

= o [ re(FE 1 (Gatete) -2 ) s
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where

wlela)) = = [ cost+0(8)) 55 (Gnye(@) - 290 )

sin(5 -+ 0(3) 17 (Gay(o(a) — 23) ) .

By changing the variable of integration from 3 to 8’ = a — 8 and rewriting the sine and cosine in

complex variable notation, we obtain

wze) = 1 [ cos(a— B + (o — B))~ (Glj<z<a> —a- 6’)))

+sin(a — B +0(a — 5’))6% <G23(z(04) z2(a — B')))dﬁ'
1/ . - d
2 [ Yot e & (60 < sta— ) 0
1/ . ~ d
+ 5 <eZ<a—5+9<a—5>> - e—w—ﬂw(a—ﬁ))) B <02j(z(a) — z(a — 5))) dg. (4.3)

4.2. The Normal Speed U

To obtain the normal speed in complex variable notation, we take the dot product of (2.11) and —u

to get
U=u- (_n)7
which can be rewritten in complex variable notation as

Ula) = Re((ul(a) — iug(a))iei<a+9<a>>>.
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To obtain an analytical expression for U(«) in complex variable notation, we first simplify (4.2) and

(4.3). We note that

Gua(a(e) — 2l — §)) = ~log |+(a) — #(a— )| + LU =2 = D)

(
() — (0~ )P |
(o)~ 20— B)(za(w) — 2= )
Go1(z(a) — z(a — = ,
A e 2 (0) — =(0 — )P

Letting

we can write

z(@) ﬂ/ Zo(a+ (s B)ds = ﬁ;(r)w(a,ﬁ).

Denoting the complex conjugate of w by w, we then obtain

0
33 (- log |z(a) — z(a — ﬁ)|)
1 0
=5 550 |2(@) — 2(c = B)?

1

2

1 1 o ((Lt)\* 5
2 0,00y %<<2> 52”“’)
11 )

2 Fuw %(5 >

= om— <2ﬁww + BH(wpw + wwﬁ))
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Similarly,

2(w + W) (wg + Wg) (ww) ! — (w + W) (ww) " (waw + wwﬁ))

(w + w)(wf + W) (w+ W) (wpw + wivg)
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Lastly,

Hence,

(21(a) = z1(e = B)) (22(a) — za2(r — B))

BL 1
w+ > 23

|2(@)) = z(a — B)?
BL®)

N———

1 (ﬂ
2

BL(t) BL(t
21 w 2

(w+ ) (w - w))

>>

—z(a—ﬁ)|> +3<(Zl(04)—zl(04—5))2>

(a—B)f
1 1

1 _ P
—ﬁ_2w_210+2<w+w)(WB+w5)—4<w+w> (wgw—i-wwﬁ),
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886 <G22(z(a) — (o B)))
g (st o) o (e )
SRR B CR) [R R CR Kl

and

886 <G12(z(a) —z(a - B))) - ;5 (Gﬂ('z(“) e B)))

_9 <(21(0é) — z1(a = B))(z(@) — z2(a = 6)))
op |2(a) = z(a = B)[?

1 wg @5 1 /w w wg @5
== \—= ) \=—— — + == ).
21\ w w e \w w w w

For notational convenience, let us write

w=Ci+ L1 + Ny,
wil:CQ+L2+N27

’lUgZC/g—l—L/g—l—N/g,

where C1, L1, and N7 are the parts of w which are constant, linear, and superlinear in the variable
¢ =0-— é(O), respectively; Co, Lo, and Ny are the parts of w™! which are constant, linear, and

superlinear in the variable ¢, respectively; lastly, Cg, Lg, and Ng are the parts of wg which are
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constant, linear, and superlinear in the variable ¢. We note that

_¢ila=B)¢iB(0)5(_1 4 ¢iB)

Ch =

B
) 1
L1 —iei(@=8)¢i(0) / €8 (o + (s — 1)B)ds
0
. 1 s _ n
N, :ei(a—ﬂ)ew(m/ 93 (Z¢(Oé+(3' 1)3)) ds
0 o n:

—pila—p) ,i6(0)

1 . b i -
) (/ elsﬁez¢(a+(571)5)ds — Z/ 628'8(25(04 + (8 - 1)6)d8 + Z(:lg_e))’
0 0

e—z‘é(())e—mw
1—eB
o—i6(0) e—ila+8); 32

1 5
Lo = 1= ) /0 eola+ (s —1)B)ds
N, =& e / s 3 (0 F (= DH"
0 m=2

Cy =

(1 —e)2 — m!
00 - o\n41 1 o0 . m n

—i(0) —iax o @3 i(s—1)8 (ig(a+ (s —1)B))
+e e 222( 1) A= cmri\ J, e 221 - ds
e—i@(O)e—i(a—&-ﬁ)ﬁQ

(1 — e—ih)2

o L i(—1 4 '8

. </ ezsﬂezqi)(a—l—(s—l)ﬁ)ds _ Z/ ezsﬁ¢(a + (S . 1),8)d8 i Z( ;‘6 ))

0 0

—i0(0) ,—icr ,—2iB (; 3\3 1 . i 2
L e €,-5 Z(Zﬁ) </ ¢isB gid(a+(s=1)8) 7o 1 Z(—1+€6))

(1—e) 0 B

—iBe™ ([N i ivtat(s-1)8) gy, HLEED V)T
.<1—1_eiﬂ</oe e dS+T ,
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and

Cy _ze’(a 8)i0(0) (2 —if—1)
B
NS
Lg = — e'(@=h)¢it(0) / (s = 1)p(a + (s — 1)B)ds
0

A 1
+ i/ (@B i0(0) / P (s — 1) pala + (s — 1)B)ds
0

Nﬁ :iei(a—ﬁ)eié(o) /1 eis,@(s N 1) i (2¢<O‘ + (S - 1)6))n ds

|
0 o n:

n!

+Z~€i(a—ﬂ)eié(0)/1 ZS,B Z Z¢a+(8_1)5)) Bo (Oé+(8*1)ﬁ)d8
0

n=1

N 1 1
_iei(a—ﬁ) 10(0) </ isﬁ( 1) i(j)(a—i—(s—l)ﬁ)ds - Z/ eisﬁ(s o 1)d)(05 + (S o 1)ﬁ)d8
0

15—16—1

1
+ ei(a=5) i0(0) < / i85 — 1)@= D8 g (0 4 (s — 1)8)ds
0

/ ¢85 — 1)gala (s—l)ﬁ)d)

Similarly, let us write

;ﬂ <G11(z(a) —2(a — 5))) =Cu + L + Ny,
;ﬁ <G12(z(a) —z(a— 5))) 885 <G21( (a) = z(a — ﬁ») = Ciz + L1z + Nua,
;ﬁ <G22(z(a) — 2(a — ﬁ))) Caa + Laa + Nao,

where C1, L11, and Nq; are the parts of % <G11(z(a) —z(a— ﬁ))) which are constant, linear, and

superlinear in the variable ¢; C1o, L19, and Npo are the parts of % <G12(z(a) —z(a — B))) which
are constant, linear, and superlinear in the variable ¢; lastly, Coa, Loo, and Ngo are the parts of

% (G22 (2(a) = z(a — ﬁ))) which are constant, linear, and superlinear in the variable ¢. We note
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that

1 1 1—— 1 _ __
Cii=—-=-— 70205 — *CQCB + *(02 + 02)(05 + Cg)

6 2 2 2

1 __ __ __

— Z(CQ + 02)2(0501 + Clcg),

1 1 -
L1 =-— §(CgLﬂ + CBLQ) — 5(02[15 + LgCﬁ)

1

+3 <(Cz + C2)(Lg + Lg) + (L2 + L2)(Cg +C@)>

1 . . . . .
— Z ((CQ + 02)2(05[41 + LgCl + Cng + L1C5)

- 2(Co+ To)(Ln + T2)(CsTh + clcm)
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Nip=— <C2N/3 + La(Lp + Np) + Na(Cp + Lg + Nﬁ))

<02N5 + Lo(Lg + Ng) + No(Cs + Lg + N5)>

— N~ N

+ 5 ((Cot Qs+ Wa) 4 (Lo + L)L+ s+ Ny + W)
+ (N2 + No)(Cp +05+L5+L5+N5+N5))
- i<(02 +Cg)2<cgN1+Lﬂ(L1+J\fl)+Nﬁ(Cl+L1+N1)
+ OV + LT3+ W) + NG+ T + ) )
+2(Co + e + Ta) (o1 + LG + oL + LiCi + Ol
+ Lg(L1 + N1) + Ns(Ci + Ly + Ni) + C1Ng + Li(Lg + Np)
NG+ L5+ )
+ ((Cg + C3)(Na + No) + (L2 + Lo)(La + Ly + N2 + No)
+ (N2 + Np)(Co + C2 4 Lo + Lo + Ny +Nz)>
: (Cgcl+0105+ch1+L501+01L5+L10g+05N1+LB(L1+N1)
+N5(Cl+L1+J\71)+01N5+L1(Lg+J\Q;)+N1(q3+L5+J\Qg)>>,
Chz :% (CECQ - C'502> - 411.(016'2 - C'1C2> <C502 +C5C2>,
Lis 22%. (C,3L2+ LgCy — CgLy — L,BC2> - ;((0102 — C1C2)(CLa + LgCo + CgLa + LzCh)

+ (C1Lg + L1Cy — C1Ly — L1C5) (CpCs + C502)>,
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Niz = <C,6N2+L5(L2+Nz) T Ny(Ch + T + VD)

1
2
— (CENQ + Lg(La + No) + Ng(Co + Ly + N2)>>

- % ((0102 _CiCy) (Cﬁz\r2 4+ Ly(La + No) + Ny(Ca + Lo + No)
+CBJ\72+L5(L2+N2)+NB(CQ+L2+J\Q)>

+ (0T + 1 - @2+ i)

: <05L2 + LgCy + CyLy + LgCs + CgNa + Lg(La + No)
+N5(02+L2+N2)+613M)+L5(L2+1\6)+J\75(02+L2+Z\72)>
+ (01]\72+L1(L2+]\72)+N1(C2+L2+NQ)

- (CINQ + Li(Ly 4 Na) + Ni(Co + Lo + NQ))>

. (CBCQ + CgCs + CgLla + LgCs 4 CgLa 4 LgCs + Cg N3 + Lﬁ(LQ + No)

+ Ng(Ca + Ly 4+ Na) + CgNo +LB(I/2+NQ)+NB(C'2+[Q+]\72))>,

and

1 roreidren s

Coy = — E — *CBCQ Cgc — 5(02 - 02)(0,3 - Cﬂ)
1 . —
j@f@M%Q+@%%
1

Lz = = 5(Cpla + LCs) — *(CﬂLQ + LpC2)

—_

-5 (@G- Ta) + (T - L)€ - T)

1/ . - . .
1 <(02 — C2)*(CyLy + LgCy + C1Lg + L1Cp)

1 2(Cy — ) (s — L) (CCr + clqn),
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Nog =— = ( CsNa + Lg(La + No) + Ng(Co + Lo + Nz))

(Cy — Ca)(Ng — Ng) + (Lo — L2)(Lg — Ly + N — Np)

(
(CﬁNg + Lg(Ly + N3) + N(Cy + Lo + Nz))
(

NI~ N~ N =

+ (N3 = N)(Ca — Ty + Ly~ Lo+ Na — 3)|

+ i((Cz— 02)2<05]V1+Lﬂ(-[11+]vl) + Ng(Cy1 + Ly + Np) + C1Ng

+ LT3+ ) + NG + T + ) )

+2(C3 — Co) (Lo — L2)<CBL1+ LsCh + C1Lg + L1Cs + CsNy

+ Lg(L1 + N1) + Ng(Ch + L1 + Nq)

+ C1Ng + Li(Ls + Np) +N1(CB+L5+NB)>

+ ((02— Cy)(Ny — No) + (Lg — Lo)(Ly — Ly + Ny — Ny)

+ (N2 — Np)(Cy — Cy + Ly — Ly +N2—N2)>

: (Cﬂcl‘f‘ C1Cs + CsLy + LgCy + C1Lg + L1Cs + CgNy + Lg(L1 + Ny)

+Nﬁ<cl+L1+N1>+01N5+L1<L5+N5>+N1<cg+Lﬁ+N5>)),
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where X denotes the complex conjugate of X. It is clear from these expressions that C11, Li1, N1,

Clo, L1a, N12, Cao, Loo, and Noo are all real. Using these expressions, we can write

u1(z())
T ) ; 0
:% 3 5 <ez(a—,3+9(04—5)) + e—z(a—ﬁ-{—@(a—ﬂ))) 86 <G11( ( ) Z(O{ - ﬂ))>

1/, ; 0
+ 5 (ez(a—ﬂ+9(a—5)) _ e—z(a—ﬁ-i—@(a—ﬁ))) 95 <G21( () — z(a — l@)))dﬁ

1 (eié(O)ei(a—ﬁ)ew(a—ﬁ) N e—z‘é(O)e—z‘(a—me—iwa—ﬂ))
4 2

0
i) 2 (%(Gn )= Q_B))>
0
+ 185(6;21( () >>
—i0(0) g—i(a—B) p,—id(a—P)
+ 5 € <8 <G11 —Z 04—5)))
_ 1885 G21(z(a) — z(a — B) )))dﬂ
v [T eibeila—p) (ig(e — B))"
= 5 <1+Z¢(0<—5) +n;2 ol )

- (C11 + L11 + N1p —i(Ca1 + Lot + Nayp))
e—ié(()) -

i(a—p)
+625<1—Z<Z>oe— +Z iglo ﬁ))

- (C11 + L11 + Ni1 +i(Ca1 + Loy + Nap))dp,
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and

uz(z())
_ 0 [T Y ia-proa—p)) . —ila—p+0(a—5) ) O e
=i _W2<e +e a5 Gi2(z(a) — z(a — B))
1/ ' B
1 ( ita—B+0(a—p)) _ —ila—B+0(a—p)) | O e
Fi(e : ) (Giae(@) st - 3 ) as
-2 " % (eié(mei(amew(am N eiéw)ei(aﬂ)ew(aﬁ))
m —T

_ % _’; ew(0>ez(a2ﬂ)ez¢>(a/3) ( ;)ﬁ <G12(Z(a) e 5)))
N 188 <G22(z(a) —z(a— 6))))
N o~ i0(0) o—i 25>€i¢<a5> ( aaﬁ <G12 (2(0) — (o — B)))
_ 1;6 (Ggg(z(a) — 2(a - B))))dﬁ

—T

- (Ci2+ L12 + Nig —i(Ca2 + Loz + Na2))

eiié(o)efi(affg)

+2<1z‘¢(aﬁ)+§j(_i¢<o‘_ﬁw>

- (C12 + Li2 + N1g + i(Caz + Lo + Nag))df.
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Therefore,

u1(z(@)) — iug(z(a))
_ ”‘W(1+i¢(a_ﬁ)+iw>

4 2 !
T J—x n—2 n

: <(Cn + L11 + N11) — (Ca2 + Loz + Nag) — 2i(Ch2 + L1z + N12)>

o—i0(0) p—i(a—p) wﬁ o —B)"
e (1 —ig(a — B) + Z )

: <(Cn + Li1 + N11) + (Co2 + Loo + N22)) dg.

Let
u(a) — iug(e) = €(a) + £(a) + N(a),

42

(4.4)



where €, £ and 91 are the parts of u; — ius which are constant, linear, and superlinear in the

variable ¢, respectively. Then

N 10(0) i(a—B) ' o—10(0) p—i(a—B)
C(a) = 4/ ————(C11 — Oy — 2iC12) + ———— (C11 + C)dp,
g - 2 2
7 7 i0(0) si(a—B); —i6(0) ,—i(a—p) ;
_ l (& [ 1 . _ . . e (& 7
La) = in /ﬂ<2 (C11 — Caa — 2iC12) 5 (Cr1 + CQQ))
(o — B)dp (4.5)
T/ ¢i0(0) gia—p) ' e—10(0) —i(a—p)
+ E <2(L11 — Loy — 2iL12) + f(Ln + L22)>d5,
N v [T O N, — 2N 46
(04)—47T/_7r2<( 11 — Nag — 2iN12) (4.6)

+i¢(a — B)(L11 — Lag — 2iL12 + N11 — Nag — 2iN12)
— (i¢(a — B))"
+ Z n!
n=2
- (C11 — Cag — 2iC192 + L11 — Lag — 2iL19 + Nijp — Nag — 2iN12))

efié(o)efi(afﬁ) .
t— <(N11 + Nog) —ip(a — B)(L11 + Loz + N11 + Nao)

+Z zqﬁa— )(C11+022+L11+L22+N11+N22)>d5-

In particular,

v [T i) gila—B) ' o—0(0) g—i(a—pB)
C(a) = 471_/ f(cn — Oy — 2iC12) + f(cn + C2)df
= 0.

Let U = Uy + Uy 4 Usg, where Uy, Uy, and Usg are the parts of U which are constant, linear, and

superlinear in the variable ¢, respectively. Then

Us(a) = Re <ieiaeié<0>¢(a)) = 0. (4.7)
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To find expressions for U; and U2, we rewrite

U(a) =Re <(u1(a) — iu2(a))iei(a+9(a))>

= Re( (£(a) + m(a»ie«awwwéw»)

i) (2(a) + N(a)) <1 + i W))
2

(
(
(

= e (2(a) + 2o >i“¢§j”” <a>(
( . |
(
(

n=1 n=1
— Re( ie?ci?O) @ < )+ Lo ’¢(a)>>
— Re Zewzeze(O)S( )_|_ et z@(O)( ) z¢(a)>>
n=1
= Re zew‘ew(o)i}( )> + Re <zew‘ i6(0) (2(a —1) + M) W(O‘)))
Then it is clear that
U(a) = Re (z’emeié(o),ﬂ(a)), (4.8)
Us2(a) = Re (ieio‘eié(o) (2(04)(ei¢(a) -1+ m(a)ei¢(a)> ) (4.9)

4.3. The Tangential Speed T’

Let us rewrite the right hand side of (2.19) as

2

w(Ua(a) + T()(1 +¢a(a))> — Cla) + L(a) + N(a),

where C, £, and N are the parts of the right hand side of the evolution equation for # which are
constant, linear, and superlinear in the variable ¢ = 6 — é(O), respectively. We will completely

determine the frame of parametrization by specifying the analytical expression for T'(«) such that
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C = 0. To begin, let us rewrite the right hand side of (2.17) as

| @ eatmvnan =5 [+ sulinundn+ 70

=To(a) + Ti(@) + T>a(a),

where T, T, and T>2 are the parts of T which are constant, linear, and superlinear in the variable

¢, respectively. We note that

To(a) = /0 Ut — o [ Uotmyn + T(0) = 7(0), (4.10)

—Tr

Ti(a) = /0 " Us()dn + /0 " So(mUo(n)dn

s

_ % 3 Uy (n)dn — % . ba(m)Uo(n)dn,
Tso(ax) :/o U22(77)d"7+/0 Pa(n)U=1(n)dn
— % - U22(77)d77 - % . ¢a(ﬁ)U21(77)d777

where we define Us1 = Uy + Usg. Let T(0) = 0. Then using (4.7), we obtain

Cle) =17y (<U0>a<a> n To<a>) — 2 Th(@) = 25 T(0) = 0.

It is important for our analysis that C = 0 because we want the leading order term of the evolution
equation for 0 to be £, which we show in Chapter 6 to be the Hilbert transform of the first spatial

derivative of 6 up to the £1 Fourier modes.
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CHAPTER 5

Steady-State Solutions

In Section 2.5, we characterized the circular interface under HLS parametrization. In particular,
we know from Proposition 8 that (6(cv, t), L(t)) = (0(0,t), 27 R) corresponds to a circle of radius R.

We note that

@ « . Lt « i
/ zn(n, t)dn = / |2 (1, )] 00D gy = 2() / HH010) g
0 0 T Jo

under HLS parametrization. Plugging in (6(cv, t), L(t)) = (8(0,t), 27 R), we obtain

z(ayt) — 2(0,t) = R/ ei("Jré(O’t))dn = Reié(o’t)/ edn = —iReié(07t)(em —1).
0 0

Rearranging the equation, we obtain
2(a,t) = Ref(at000-5) 4 (z(O, t) + Rei(‘?(vaH%)) . (5.1)

As expected, this expression reveals that the interface is a circle of radius R for any fixed time ¢.

A~

Since ¢(a,t) = 6(a,t) — 6(0,t) = 0, it follows that £(a,t) = N(e,t) = 0. Then, Uj = Us2 =0
by (4.8) and (4.9). Combined with (4.7), they imply U(«,t) = 0. Due to the analytical expression

chosen for T'(«) in Section 4.3, T'(ar,t) = 0. Then
zi(a,t) = =U(a, t)n(a,t) + T(a, t)T(a, t) = 0.

This means that z(0,t) appearing in (5.1) is in fact identically equal to a constant. We can then

rewrite (5.1) as

z(a,t) = Rei(ot00.0-5) (2(0, 0) + Rei(é(o’t)+%)) , (5.2)
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which describes a circle of radius R whose center is bounded in time. It turns out that the circular
interface becomes a solution to (2.18) and (2.19) if A(0,¢) is constant in time. In this case, the
interface is stationary. The following proposition summarizes the existence of steady-state solutions

to (2.18) and (2.19).

Proposition 11. For any constant c, the circle defined by
(0(a, 1), L(t)) = (¢, 27 R)

is a time-independent solution of (2.18) and (2.19) in which T(c,t) is given by (2.17) and U(a,t)

is given by
Ula,t) = R€<(u1(a,t) — iu2(a7t))iei(a+9(a,t)>>
with uy (o, t) —iug (e, t) given by (4.4). This solution corresponds to a stationary circle of radius R.

Proof. Let (6(a,t), L(t)) = (6(0,t),27R) be a circle of radius R such that 6(0,¢) = ¢ for some

constant c¢. Since U(a,t) = T(a,t) = 0, the right hand sides of (2.18) and (2.19) vanish. Since
(0¢(cr,t), Le(t)) = (0,0), (2.18) and (2.19) are indeed satisfied by (0(a,t), L(t)) = (¢,27R). That
this solution is stationary follows from the fact that 6(0,¢) = ¢ makes the right hand side of (5.2)

independent of ¢, i.e., the circle is stationary, as needed. |
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CHAPTER 6

The Principal Linear Operator for the 6 Equation

In Section 4.3, we completely determined the frame of parametrization by specifying the analytical
expression for T'(«) such that C = 0 to ensure that the linear operator £ appearing in the evolution
equation for 6, which acts on ¢ = 0 — é(O), is the Hilbert transform of the first spatial derivative of ¢
up to the £1 Fourier modes. In this Subsection, we prove this claim about the operator £ through

explicit calculation in the Fourier space. We note that

2T 2T

£le) = 1 ((U%(a) T To(a)gala) + T1<a>) - ((U%(a) n T1<a>)

by (4.10). By (4.7),

1) = [ indn+ [ oatUotndn =5 [ titmin— 3= [ atmUataan

2 J_, 27
™

—/OaUl(n)dn—a Ui (n)dn.

27 J_,
Using (2.6), we can write

£l = 1 ((an(a) n M(Ul)(a)>- (6.1)

6.1. The Fourier Modes of £

In this Section, we confirm that £ is the Hilbert transform of the first spatial derivative of # up to
the +1 Fourier modes by checking that its Fourier multiplier is |k| for |k| > 1. Ultimately, we will
calculate F(L)(k), the kth Fourier mode of L(«), for all kK € Z \ {0}. Using (2.7), we obtain that
for k # 0,

FOW) = o (P 0 - £FE0) ). (6:2)
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First, we set out to find the expressions for U; and (U;),. From (4.8), we obtain
Ui(a) = Re (iemeié(o)) Ref(a) — Im (iemeié(o)) Im&(a),

where £(«) is given by (4.5). In the expression for £(«), we have inside the first integral

eié(o)ei(o‘_ﬁ) ) ) e_ié(o)e_i(a_ﬁ)i
5 Z(Cn — O — 2iC13) — 5 (C11 + C)
. i6(0) Li(a—B) - i0(0) Li(a—B)
= <Re <Ze;> + 2Im (w;> ) (CH — (99 — 2i012)
_je—10(0) ,—i(a—pB) _je—10(0) ,—i(a—pB)
+ (Re( ve 26 ) + iIm( ' 26 >> (011 + 022).
Since Ci1, L11, Ch2, L12, Cos, and Loy are all real, we obtain
i0(0) pi(a—P); —i0(0) g—i(a—B);
Re(eezz(cn — Cp —2iCy2) — ‘ 62 Z(Cu + CQQ))
ieié(o)ei(a—ﬂ) i010(0) gi(a—p)
=Re (2> (CH — CQQ) + Im (ZQ> 2C19
_je—10(0) ,—i(a—pB)
+ Re( e 26 > (C11 + Ca2)
and
¢i0(0) i(a=B); _ ¢—i0(0) g=i(a—B);
1111(2(011 — Oy — 2iCh2) — 5 (Cu+ C22)>

- i6(0) i(a—p) 010(0) pi(a—B)
:Re(w;> (—2C12) + Im(w;> (Cr1 — Co)

—je—10(0) p—i(a—p)
—|—Im( s c )(Cn + C92).

2
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Similarly, we have inside the second integral

eié(o)ei(afﬁ) . eiié(o)efi(afﬁ)
f(lzn — Loy — 2iLq2) + 5 (L11 + La2)

i0(0) ,i(a—p) i6(0) yi(a—pB)
- <Re<662> + zIm<682>> (L11 — Lag — 2iL1)

—i0(0) ,—i(a—p) —i0(0) ,—i(a—p)
(e Y (Y Y 0y

Since 011, L].].v 012, L12, 022, and L22 are all real,

eié(o)ei(af/o’) . 67ié(0)671‘(a75)
Re<2(L11 — Lop — 2iL12) + f(Ln + L22)>
eié(o)ei(afﬁ) eié(o)ei(afﬁ)
:Re(2) (L11 — L22) + Im(2) 2L12
e_ié(o)e_i(a_ﬁ)
+ Re <2> (Lll + L22)
and
eié((]) cila—p) . efié(o) e—ia—p)
Im( (L1 — Lo — 2iL12) + f@n + L22)>
eié(O) cila—p) eié(O) cila—p)
=Re <2> (—2L12) + Im<2> (LH — L22)
eiié(o)efi(afﬁ)
+ Im(2> (L11 + Lao).
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Therefore,

Ref(a)
7r 10(0) gi(a—B); . e—10(0) p—i(a—B);
24’; - R6<2(011 — Oy — 2iC12) — 5 (C11 + C22)>
¢(a —B)dB
o 10(0) gi(a—p) ' o—0(0) g—i(a—pB)
+ % Re<2(L11 — Loy — 2iL12) + f(Lll + L22))dﬂ

- - i0(0) i(a—p) 10(0) gi(a—p)

_0 _ e ¢ 7 _ e -

e
. i0(0) ,i(a—p)

+ Re(w;> (Ci1 + 022)> dp

™ (i0(0) yi(a—p) 10(0) i(a—B)
(e

eié(O)ei(af,B)
+ Re<2> (L11 + L22)> ag

. i6(0) i(a—pB) 010(0) pi(a—p)
e e ()

™ i0(0) i(a—B) i6(0) pi(a—B)
+ L / (Re(ee) 2L11 + Im<H>2L12)d5
ir | 2 2
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and

Im&(a)
m ¢10(0) yi(a—B); . o—0(0) g—i(a—pB);
:% » IHI< 5 (C11 — Cop — 2iC12) — 5 (Ci1 + C'22)>
- p(a— B)dp
m ¢10(0) i(a—B) . e—10(0) p—i(a—p)
+ % I (2(L11 — Loy — 2iL12) + f(Ln + L22)>d/3

ieié(O)ei(a—B)

:% - dla=Ph) (RG(Z) (=2C12)
- i0(0) i(a—B) —ie—10(0) ,—i(a—p)
+ Im<w;> (Cll — 022) + Im( e 26 )(Cll + CQZ))dB

™ £i0(0) yi(a—p) 10(0) gi(a—B)
= T L

efié(o)efi(afﬁ)
+ Im <2) (L11 + L22)> ag

w . i6(0) Li(a—B) 110(0) pi(a—p)
- o(a—B) (Re<w;> (—2C12) +Im<266> (_2022)>dﬁ

4 2
™ i0(0) i(a—p) i0(0) yi(a—p)

AT J_,
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Plugging (6.4) and (6.5) back into (6.3) and then simplifying, we obtain

Ui(a)

_a [
dm J_,

b —(—1 7 PV (—1 — 2618 L 218
/ e85+ B(=1 + 8))ds - — T EF A1~ 27 + )
0

L AR
+ /01 P pla+ B(~1+s))ds - e P14 2615(2615255); i(—1+¢?))
+/1 P51+ s)pla+ B(—1 + 8))ds - —<—1+ef()_ﬁ£—+1€76)2;iﬁ+e%ﬁ)
+/01 8521 4 s)g(a+ B+ 5))ds - o +4ii_5)16£—636;2eiﬂ+e2i6)
+/01 “83(—1 4 5)¢f (o + B( 1+s))d3.—(—1+e1'2261(116%)226w+e2i5)
€1+ 5)¢'(a + B(— 1+5))ds.e_iﬁ(—1+i(ﬁzilﬁi—€1iﬁ%)—226iﬁ+62iﬁ)
ol =) T

93

(6.6)



Differentiating (6.6) with respect to o, we obtain

(U1)a(a)
-2

/1 e ¢ (a+ B(—1+s))ds - —(=i+ (i+ B)e”) (=1 — 2e" + eP)
0

4(—1+ ef)?
1 —iB(_ i o218 1 (— B
iBs 11 _ P (=1 426" + ) (B +i(=1 4 7))
+/0 ¢ (o + B(—1 + 5))ds 15 o)
. o iB 1 9B 2if3
—iBs _ (=1 +eP)B(=1 = 26 + e77)
+/ (=14 9)¢'(a+ B(=1+s))ds 4(—1 + eif)2
) B iB B i 2i3
¢ifs e (=14 eP)B(—1+2e" + )
+/0 —1+38)p a-l—ﬁ( 1+s))ds 4(_1+eiﬁ)2
. s B\l 1 _ i3 23
_7,,38 // . ( l+e )Zﬁ( -2V +e )
+/0 —1+5)¢"(a+ B(—1+ s))ds 4(—1 + eB)2
1
+/ e (—1+5)¢"(a + B(—1 + s))ds
0
= P14 ¢P)i(—B) (=1 + 2 + €¥P)
A(—1+ etf)?
: —emB(—1 + €B)i(1 + € + €28 4 ¢3i8)
+¢'(a—B) - A(—11 By >dﬁ'
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Now, taking the Fourier modes of U; and (U;), and plugging them into (6.2), we obtain that for
k¢ {0,+£1},

27 v
FOR) = Wf(@(k)(
/ i—( z—i—ﬂ )(_1_26i5+62iﬁ)6—iﬂ_e—iﬁkd5< k 1 )
1+ ei8)2 3 1T k1R
e P14+ 261’8 +e2P)(B +i(—1+€P)) el — e~k k 1
+/ 4(—1 + €iB)2 3 (1+k_k(1+k)>
—1 — 2¢" 4 2P = iB(LHR) (iBk _ ¢iB) —k? 1
+/ 4( L+ ) 8 ﬁ<<—1+k>2+<—1+k>2>
—1- zelﬁ + 21 —iBk ik? i
+/ (=1 + ) ’8(—1+kz_—1+k>
e~ 4( 1 + 2¢P 4 218 =ik (_1 4 iF(1FR)) —k? 1
+/ (—1+07) 3 5((1+k>2+<l+k>2)
+/ e~ 1+2ezﬁ+em) Bk dﬁ< K1 )
-1+ €'f) 1+k 14k
1+ 2625 — 6225 e~ B+R) (giBk _ eiﬁ)d ik i
+/ (—1+eif) B B((—1+k)2 a k(—1+k)2>
(1+ 2elﬁ — e2iB) Bk k 1
+/ (—1+€if) <—1+k_k(—1+k)>
—e_"B —1 4 2€'8 4 e2i8) e=iBk(—1 4 B(1+h)) ik i
+/ (—1+eih) 8 ((1+k)2_k(1+kz)2>
*%6’ -1 + 2¢'8 - e2i8) =18k k 1
+/ (—1 1 e B<1+k I<:(1+k)>
+/ lﬁz 1+ erB 4 e2iB 6316) —ikfB a3 <Zk Z))
4(—1+ ) k))
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For k ¢ {0,%1}, we define

Ji(k) = (6.7)
/7r (i — (i—i—ﬂ)ew)(—l—2ei6+62iﬁ)e*iﬂ—e*iﬁkdﬁ k N 1
- 4(—1+€8)2 B k—1  k(1-k)
+/7r e (=14 2e + e2B) (B +i(—1 + eP)) e — 7Pk ko 1
- 4(—1 + €h)? 3 1+k k(1+k)
N /7r —i(—1 — 28  28) ¢~ BU+R) (giBk _ eiﬁ)dﬁ —k? N 1
o 4(—1 + eP) B (—1+ k)2 (=1+k)?
T _i(—1—92 iB 2i8\ ,—iBk 'k,2 ;
+/ i( e —I—ieﬁ )e 45 i o
o 4(—1+€eP) -1+k -1+4+k
N /7r e Bi(—1 4 28 4 ¥8) e= 1Bk (—1 4 BU+R)) —k? L1
. 4(—1+ ) B (14+k)2  (1+k)?
T ,—if3 -1 9 i8 2i8\ ,—iBk _k.2 1
+/ e "P(—1+2e te Je a5 N
. 4(—1+ €e') 1+k 1+k
N /7r 1+ 2€'8 — 218 = iB(1+k) (giBk _ ew)dﬂ ik B i
_r A(—1+€P) B (=14 k)?  k(-1+k)?
+/” (14 2" — e2if3)e_if8kdﬁ ko 1
. 4(—1 + €P) —1+k k(=1+k)
T e (1 4 26" 4 2B) Bk (1 4 £B0HR)) ik i
+ : 3 _
- 4(—1+€h) B (1+k)2  k(1+ k)2
n /7r —e7B(—1 4 268 + 218 ) ek ko 1
- 4(—1+ ') 1+k k(1+k)

and

T —eTPi(1 4 B 4 2B 4 318)emikB i
Jo(k) = . dgl ik — — ).
2(k) /_W 4(~1+cP) 5(2 k’)

Then for |k| > 1 we can write the kth Fourier mode of £ as

FOK) = 5 17 @) (5(0) + ) ). (639
Since (6.1) is real, for k € Z7,
F(L)(=k) = % _7; L(a)eda — % /_ 7; L(a)e-*ada = FIL)R). (6.9)
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Hence, it suffices to compute F(L)(k) only for k& > 1.
6.1.1. Computing Jo(k)

For Jy(k), it suffices to calculate the integral

” /7r _e—iﬁi(l+€iﬁ+€2iﬁ+e3iﬁ)e—ik,@dﬁ‘

4(—1+ eP)

—Tr

Using that

we obtain

" /” —e (1 + €l + €48 4 ¢31F)e~ih0 a8

- 4(—1 + e'P)
T o—iB(k+1) (] L B 1 o218 1 o3iB
Zk‘-pv/ € (I1+e +-5€ +e )dﬁ
r 4(—1+ e'P)
e=iB(k+1)(1 4 ¢iB 4 2B 4 ¢3iF)
e—0t \[77"’7"} 4(—]_ + 615)

dp

r—1-

:g im ﬁ_wﬂ lim _e—z‘ﬁ(k+1)(1+eiﬁ+62iﬁ+€3iﬁ) Z(T@iﬁ)ndﬁ
\(~ee) n=0

e}

=7t ; (o —e PETN(1 4 e 4 20 4 ) (re' ) d B

— E lim lLim Zrn ﬁﬂ- . e_i’B(k+1)(1 + ei/B + e?iﬁ + e3iﬁ)ei,3nd5.
=0 (e

e—~0t r—1—
n= 67 )
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To calculate the outer integral, we note that

/ﬂ— 6—iﬁ(k+1)(1 +6iﬂ + 621',8 + 63iﬂ)6iﬁndﬁ
:/7r B (1 | i | 2B | 3i8) 43
-7

0 ifn¢{k+1,kk—1k—2},

27 otherwise.

Then

k e T A A o
2 lim lim Z r”/ eTBEAD (1 4 B 4 218 4 318 eihngp
n=0 -

e—0t r—1-—

oo

k
=—— lim lim "2l o n
4 e—0t r—1- 7; {k=2,k 17k7k+1}( )

0 if b < —1,

27k if k> 1.
Moreover,

> —€
fg lim lim ZT"I/ e—lﬂ(k+1)(1 + ezﬁ + 621[3 + e3zﬁ)ezﬂndﬁ — k.
n=0 €

e—0t r—1-

Adding these two integrals together, we obtain

' 7r —e*iﬁz’(l 4 e 4 28 4 egiﬁ)eﬂ'kﬁ 7k if k< —1,
ik 4(—1 + eih) dp =
- —mk if k> 1.
Then
_1- /w e_w(k+1)(1 4+ eiB 4 208 4 63i,8)dﬁ B -7 itk <1,
PR A(—1 1 eB) - _
z if &> 1.
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Adding these two integrals together, we obtain

)~ 7r<k: — ,1€> if k < —1, 6.10)

—7r<k:—,1> if k> 1.

6.1.2. Computing J; (k)

In view of (6.9), we assume that & > 1. In this Subsection, we adopt the notational convention that
any summation Y in which the upper bound is strictly less than the lower bound is defined to be

0. For example, if kK = 2, then (6.13) vanishes. To begin, we simplify the first two integrals in (6.7).

The first integral can be written as

/7r (i — (i + B)eP) (=1 — 2 + 2i8) 71 — =Bk

- d
- 4(—1+ eh)? B p
/“ —i(—1 — 2" 4 e%F) e=F — e_iﬁkdﬁ
- 4(—1+ €ih) B
e as,
T 4(—1+ eP) B

while the second integral can be written as

/” e P (=14 2e" + e2P) (B +i(—1 4 €eP)) e — e~FF

- d
- 4(—1+ eh)? B p
_/7r e~ B(—1 4 2¢ + 28\ i — e*iﬁkdﬁ
) 4(—1+€8)2 B
N /’T (—1 + 2¢% +Ae2i'8)z' 1-— e‘iﬁ(kﬂ)dﬁ.
e A(=1+¢h) I6;
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For ease of notation, let us define

) — T (=1 — 2e" 4 e2iB) 7B e*iﬁkd
gl( )_ . 4(_1_1_615) ﬁ B)
T _Beiﬁ(_l _ 262'6 4 622'6) e—i,@ _ e—iﬂkz
g2(k) = | A(—1 + eh)2 5 %
T e B(—1 4 26 + e2B) B et — Pk
g3(k) — . 4(_1+€Zﬁ)2 B dﬁ?
T (—1+ 9268 + €285 1 — —iB(k+1)
gulk) = / : A(—1+ e'P) | CR
T —i(—1 — 2e' 4 2iB) ISk
T e—i,@(_l +26ZB +62i6)e—iﬁk

T (14 26 _ o2iB)e—iBk
sy = [ s,
- 4(—1+€P)
T e~ +92 i + 2ip\ ,—iBk
e e’ +e*Pe
sty = [~ = S
—T 4(_1 +e )

dB.
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Then we can rewrite

~1
+ (93(k) + ga (k) <1 4k— ko k(11+k)>

—k? 1
Cidk?  (—1+ k)2>

30 =) + 200 (27 + i) (6.11)

Simplifying this expression, we obtain

A =200+ E k) (6.12)
il 1)gs () + (1 Rhgs(k) + g7 (k) + L gs(h)

Let us first compute g2(k). Using that

1
1 - e 00 — gk — 1) / e~ iBs g
0
1 (o]

e — 200"

61



we obtain

e—0t r—1—

1 o
- lim lim / / (1 + 2" — ?P)get Blk—1)s Z 14 n)(re¥)"dsdp
T 7r] 0 =

ik —1)
4

o0

1
. lim lim Z(1+n)rn/ - ](1+2€i6—€2i6)Be_iﬁ(k_l)seiﬂndﬁds.
0 T
(—€€)

e—0t r—1-

n=0 \

To simplify this expression, we first calculate the integral

/ (1 + 26Zﬂ _ 62iﬂ)ﬁe—iﬂ(k—1)$eiﬁndﬁ

e—iTr(n—l-s(l—k))

~ TRy (_1 —im(n+s(1 — k)))

eiw(n—i—s(l—k))

R g (1 —im(n+ s(1 — k)))

% —im(1+n+s(1-k))

T arsa—Rn)y
2ez7r(l+n+s(1 k))
)

-
L TR " 2(
(
(-

1— —|—n+s(1—/~c)>
)
)
)

2 1+im(24+n+s(l—k >

1—im(l4+n+s(l—k

ef'm (24+n+s(1-k))

+(2+n+s 1—k))?
l7r2+n+sl k))

l+in(24+n+s(l—k

* 2+n+s(1-
For t € {1,2}, we note that

b _einlate(i—k) ) 1 n €™ (1 — ins)
/0 s g T sl =k)))ds = o e (1 —ims)

P _emtm ) ; 1 [t i1 — )
/0 (t+n+s(1—k))2(1_”(Hnﬂ(l—k)))ds_/ e (L —ims) |
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Using these identities, we obtain

ik —1 00
’L(k’4 )T;) 1+n / /_7T 1+2ezﬂ 215)56 B(k—1)s Zﬁndﬁds

. . k—1 00 1 s ) )
_Z(k‘4 1) ) [ Z+Z> (1+TL)7’”/0 7W/Be—z,3(k71)sez,8nd6ds

n=0 n=k
k—2 00 1,
+ <Z+ > > (1+n)r™ / / 28 BeBk=D)s 1B 13
=0 n=k-1 0 J—m
k-3 00 1 rr
—i—( + Z l—i-n)r"/ / — 28 ge= P k=D)s ifn g5
n=0 n=k—2 0 J—m
i(k—1)

k—1
|:Z _|_n / Bezﬁn/ —iB(k—1) Sdsdﬂ

MS*“

1
+ ) (1+ n)r”/ Be_w(k_l)seiﬁndﬁds
0 J—m

x> 3
N

+ (1+n)r”/ Zezﬁﬁe"g"/ e~ B3 dsdp

3

e L

+

Wk‘

-1

s 0
(14+n)r / / 28 e~ P k—1)scihn g3
™

> 3

1

+ (1+n)r”/ —eZiﬁﬁew"/ e~ P13 3548

n=0 - 0

+ )
—k—

n 2

1 pm
—i—n)r”/ / — 2B BemBh=sibrgg s
0 J—m
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After further simplification, we obtain

) — o0 1 ™ . . . .
’L(k’ 1) Z(l + n)rn / / (1 + 2ezﬁ - eQzﬁ)Be—zB(k—l)seandﬁds
4 0 J—m

n=0

1 /! ”
=i (Z(l + n)r"/ ew”(l — efiﬁ(k*l))dﬁ

n=0 -
+ Z(l + n)r”/ 262661’8”(1 — e_w(k_l))dﬂ
n=0 -
k—3 - o '
+ Z(l + n)r”/ —ezzﬁew"(l — e’ﬁ(kl))dﬁ)
n=0 -
ik—1) [ 1 /n e (1 — ims)
) 1 n(_~ A S L
i 4 LZ:;( g (k— 1 n—(k—1) 52 i
1 n —imSs 1 :
B e ' ( 2+ ms)ds>
k=1 Jo—-1) s
0 9 14n IS 1—3
+ Z (1+ n)r”( / Lﬁds
nho1 k=1 in-(-ny 8
9 1+n —iTs 1 -
B e ( 2—1— Z7T8)d8>
k=1 J1in—(k-1) $
0 1 2+n TS 1—3
+ Z (1+n)r" <— LQWS)ds
Nl k=1 Jorn—(k-1) $
N 1 2+n e—ms(12+ iws)ds>]
k=1 Join—(k-1) s
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PN

k—1 -
(Z(l + n)r”/ ew”(l — e*w(kfl))dﬁ

n=0 -
k—2 - o ‘
+) 1+ n)r”/ 2¢Pein (1 — e~ P=1)4p
n=0 -7
k—3 - o '
+ Z(l + n)Tn/ _622561,371(1 _ ezﬁ(kl))d/@>
n=0 i
1/ w [0 (€™ (1 —ims) e (1 +ims)
-+ Z Z(l + n)T’ (3 32 — 32 l[n—(k—l),n} (S)dS (614)
n=k -
- n o [e™S(1 —ins) e (14 ims)
+ n:k_l(l + n)?" -2 /_OO Z< &2 — 2 1[1+n—(k—1),1+n] (s)ds (6.15)

2
e (1 — ims e~ (1 +ims
( ( $2 ) - (82 )>1[2+n—(k—1),2+n](8)d5>- (6.16)
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We will further simplify the terms in (6.14), (6.15), and (6.16). The term in (6.14) becomes

® (e (1 —ins) e (14 ims) ) — n
/ l( (52 = ( 52 )> D (L) L)y (5)ds

n==k

—</loo_|_/12+..._|_/kk /k 1> ( e ( 1S—Z7TS) _e_i”5(22+i7rs)>

: Z(l + n)rnl[nf(kfl),n}(s)ds

n=~k
2 TS . —1i7s ; k
(e (1 —ims) e ™1+ ims)
:/ Z( s2 o 52 Z(l + n)r'ds
1 n==k
3 zrrs —ims ; ktl
' 1— 1+
+/ Z( ( > ) e g ZWS)) > (1 +n)rtds
2 S S ’I’L:k
k—1 ms(l _ Z7T8) @*”3(1 + i7rs) iy
+_“+/ Z< - > (1+n)r"ds
00 ‘ z7rs 1— —iTS 1414 >
k—1 8 y n=k
-2 z7rs 1 _ 717.(.5) e*iﬂ's(l + 2‘71'3) i
R ) "
X L feim (1 —ims) e (14 ims) | el
+ Z/k . ’L< 2 - 52 > Z (1+n)r"ds.
le +j n:k‘-i-(]—l)
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Next, the term in (6.15) becomes

(e (1 —ins) e (14 ims > n
2/_ Z< ( - ) _ ( > )> Z (I+n)r 1[1+n—(k—1),1+n](5)d5

S
n=k—1

:2<{;OO+/12+...+/I: /}C 1) ( ”8(18— ins) ei”(i;— iws))

(1 + n)rn1[1+n—(k—1),1+n} (S)ds

n=k—1
2 TS - _—y k—1
(€™ (1 —ims) e (1 +ims
:2/Z< pLL ) > (i mras
! n=k—1
3 e (1 —ims) e i™S(1 4 ims) i
+ 2/ { 5 - 5 (1+n)rds
2 5 5 n=k—1
k—1 TS . TS 2k—4
1-— 1
+--~+2/ i<e (52 ims) _ e +”s)> ST (1 +n)rds
k=2 n=k—1
00 » eiﬂs(l _ ’iﬂ'S) e—iﬂs(l + ’iﬂ'S) 00
2 - 1 "1 4n(b— d
* /k—12< s? 52 nzk:_1( )" 1 (k1,140 (8)ds
k—2 145 ms(l —ins) e—iﬂs(l + irs) k+j—2
2 — 1 "d
Jj=1 /J ( s* s* )n—zk—l( s
oo k+j—1 ' z7rs(1 _ ’L7I'S) e—iws(l + ’i7TS) 2k—3+(j—1) .
+2Z/k+‘2 ( UL/ ) > (s
J=1 J n=k—1+(j—1)
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Lastly, the term in (6.16) becomes

o) ' eiﬂ's 1 —47s efiﬂ's 1+ins 00 .
/ ’L( ( B )7 ( 2 )> Z ( +n)7“ 1[2+n—(k—1),2+n](5)d8

S
n=k—2

—(/_;+/f+~'+/i e

(14 n)r"Lig4n—(k—1),24n] (5)ds

n=k—2

2 z7rs —iTS 1 : k-2

z( —ims) _ e 2+ ms)) (1+n)r'ds
1 5 n=k—2
3 z7rs —iTs . k—1
1
z< —ims) e " 2—1— 2773)) (14 n)rds
2 s n=k—2
/k_l (€™ (1 —ims) e*i”(l +ims) 2kz:5 |+ n)rd
— e — 2 — ’I’l S
k—2 s?
n=k—2
(e (1 —ims) e ”5(1 +ims)
—/k X Z< 32 - Z (L + )" L2y (k—1),21n)(8)ds
- =k—
k— 2/1+J < ms(l_zﬂ.s> —iTs 1—|—Z7T8 > Jrz: nd
52 y
7=1 n=k—2
. . 2k—4 -1
i ktj—1 <e”r5(1 —ims) e "™(1 -|—Z'7rs)> i(f ) (14 n)rd
— n)r'ds.
2 2

j=1 k+j—2 § 5 n=k—2+(j—1)

Using that

k-1

1 T .

4< E (1+ n)/ elﬁ”(l — eflﬂ(k*l))dﬂ
n=0 -

k—2

+ Z(l +n) / 2e PP (1 — =Bk 43

n=0 -

k=3

—i—Z(l—Fn)/w e

n=0 -

2iBgifn (1 _ eiﬁ(kl))dﬁ> _ g — rk,
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we obtain

1) & 1w . . . .
lim lim ) Z(l + n)r”/ / (14 2¢" — e2B) e Bk—1)scibng 845
e—=0T r—1- 0 0 J—=n
k—2 1+j TS : —iTs . k+j-1
1 (e (1 —ims) e ™1+ ims)
=7 (Z/ z( 2 - 2 Z (1+n)ds
j=1"J n=~k
o0 k+j5—-1 eims(1 — —ims (] ; 2k—2+(j-1)
S e G B R e SO
j=1"k+j—2 5 5 n=k+(j—1)
k—2 1+j s (1 _ 4 —ims(q ; k+j—2
+22/ Z,(e ( 2Z7T8)_€ (2+Z7TS)) Z(l—i—n)ds
j=1 J s 5 n=k—1
0 ML feims (1 —dns) e (1 + ims) 2-8+=1)
+2 / i — 1+4+n)ds
Z k+j—2 ( 52 52 ) Z ) ( )
7=1 J n=k—14+(j—1)
k—2 1+5 TS 1—34 —ims 1 - k+j-3
N _/ Z,(e ( 2ms)_e (2+27r5)> Z (14 n)ds
j=1 I 5 5 n=k—2
2 (ML e (1 —dns) e (1 + ims) -1
Sy [ () SO ST )
j=1"k+j—2 n=k—2+(j—1)
+ g — 7k
k—2 145 eims —iTs ;
1 , T (1 —ims) e "™(1+ims)
= <(2k +1) ) I / z( 2 - 2 ds
j=1 7
k—2 145 iTS(1 _ 4 —ims(q .
N j2/ Z,(e ( . irs) e '( 2+ zws))ds
=1 j S S
L (L e (1 —ins e”mS(1 4 ims
+(1+k)(2+3k)2/ z< ( - ) _ (2 )>ds
j=1 k+j—2 S S
k+5—1 7,7rs 1 _ —ims 1 :
4R Z / < 227‘(’8)_6 (2—|—27r5))d8>
k+j—2 S S
+ — —7k.

2

Now, we calculate the integral

/ (1+ 2¢18 — eQiﬁ)Be_w(k_l)sew”dﬁ.
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We can use the same procedure to obtain that

- ik = 1) o w [t B 2iB\a.—iB(k—1)s ifn
eg%’l‘* rlil{l_ 1 T;)(l+n)r /0 /E (1+ 2" —e*'”) e e”"dBds
™

=—(k—-1).
k1)
Therefore,
(k)= —Zk+-((2k+1) S /HJ (L —ims) (1 kims) )
92 2 4 J 52 s2
7j=1
=2 o [T [e™(1 —ins) e T7(1 4 ims)
+ > J / i 3 — 5 ds
, ; s s
j=1 J
S k+j5—1 171'5 1— —ims 1 ;
+(—1+k:)(—2+3k:)2/ Z< ( . ins) e '( 2+ms)>d5
j=1 k+j—2 S S
k+j—1 z7rs 1 _ —1ims 1 ;
1+k2 / < 2Z7TS)_6 (2+Z7TS)>ds>.
k+j—2 s s

Next, we calculate gs(k). Using that

1
1— efiﬁ(l+k) — Zﬁ(l 4 k)/ ef’iﬁ(l+k)sd87
0

1 S iB\n
m :;(14-71)(7“66) ,
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we obtain

T 14 2eB 4 28 i
g3(k) :pv/ A(—1 + €iB)2 (1—e ﬁ(1+k))d5

: —142¢" 4P LBk
613&/[ < R P iB(1 + k)/o ¢ dsdp3
i8 2i3 —iB(1+k)s
1+k / / 1+2e + e*P)Be dsdp
Bty (A Tf] —1+4¢i)2
i1+ k)
4

o

e—0t r—1-

1
- lim lim . /0 (=1 +2¢" + e2¢5)56—iﬁ(1+k)sz(1 +n)(re

\(—¢,€) n=0
i1+ k)
4

[e.9]

e—0t r—1-—

Py\rdsdp

1
- lim lim (14 n)r" / ] (=1 4 26 4 28) getPU+R)s B g 5.
0 T,

n= \(—¢,€)
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To simplify this expression, we first calculate the expression
i1+ k) & L pm . . . .
Z( jl‘ ) Z(l +TL)T"/ / (71 + 2626 + 6226)56—26(1+k)sezﬂndﬁd8
0 -

n=0
1+k 00 1
i(1+k)
+ [(Z—i— Z ) —i—n)r"/ —BeBUHR)s i g3
- 0

n=2+k

1
) 1+7’L)Tn/ /ﬂ— 261ﬂ66_i5(1+k)56i6ndﬁd8
=0 n=1+k 0 J-m
1

o

(
(Z Z) (I+n)r //_7r €28 ge—1BO+k)s 1B g5

(1 k 1+k
. [Z(1+n) ﬁez,@n/o —iB(1+k) Sdsdf

+ Z (1+n)r / —Be~BU+R)siBr g3
T . . 1 .
+Z(1+n)r” / 2¢ BetBn / e~ BU+R)s 7548
n -n 0

1 pm
+ (1 +n)rn/ / 2ezﬁ66—zﬁ(1+k)sezﬁndﬁds
n=1+k 0 J-m
k—1

™ 1
+y A +np” / %8 et / e 19003 4sqg
™ 0

n=0

Z 1+7’l / / 215/86 1+ks lﬁnd,@ds]

Using the identity

1 —iB(1+k
/ piB(hys gy _ L= e
0 iB(L+k)
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we obtain

i(1 ° Lo . . . .
Z( + k) Z(l + n)rn/ / (71 + 261,8 + 621,8)56—1,8(1+k)sezﬂnd5d8
4 n=0 0 J-m

™

| Ltk ' .
= [Z(l + n)r”/ —e”B"(l — eﬂﬁ(lJrk))d,B

n=0 -
k: ™ . . .
3+ / 28 6i0n(1 — ¢~ 1BHR)) g
n=0 -

k-1 .
+ Z(l + H)T‘n/ eQi,Bei,Bn(l _ 6Zﬁ(1+k))dﬁ:|
n=0

—T

1 0 00 eiws e—z’7rs
+ Z [ Z (1 + n)r" (—7r/ ( + >1[n_(1+k)7n}(8)d8

_ S S
n=2+k o0

. 0o eiﬂs e—iﬂs
- Z/ ( 2 52> 1[n—(1+k),n](5)d5>

> nla. [ e (1 — ims e~ (1 4 ims
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We will further simplify the terms in (6.17), (6.18), (6.19), and (6.20). The term in (6.17) becomes
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Next, the term in (6.18) becomes
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Next, the term in (6.19) becomes
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Lastly, the term in (6.20) becomes
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Using that
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Now, we calculate the expression
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We are interested in how the terms in (6.21), (6.22), (6.23), and (6.24) behave as first r goes to 1

from below and then € goes to 0 from above. For the term in (6.21),
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For the term in (6.22),

</ ( ) S (L m)r L oy (5)ds

o0

n=2+k
1+j et e ise 1+k+j
:Ze/ ( - > Z (1+n)r'ds

j=1 77 n=2+k

JH1+k /i pisey UHDE2R
+ez/ ( ) ST (L4 n)ynds
=1 itk 5 5/ =(

=(j+1)+k

k 1+7 —1is€
r—1- (5 2k) J
—1 EZ] +]+ / (6 )ds
J=1 J 5

o j+1+k is€ —18€
+€(1—1—/{:)(4+3l’<:)Z:/ (e e >d5
j=1"7

2 itk s s

Jj+1+k 6—ise
e(1+k) d

82



For the term in (6.23),
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Lastly, for the term in (6.24),
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Using this simplification, we obtain

Next, let us calculate g5(k). We have
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To simplify this expression, we first calculate the expression
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and

we obtain
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Next, we calculate the expression
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Using that
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Next, let us calculate gg(k). We have
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Next, we calculate the expression
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To simplify this expression, we first calculate the expression
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4 e—0t+ r—1-

S hm lim <Z / eBn—k) g

4 e—0+ r—1-

—l—Zrn/ 2eiﬁei6(”_k)d5+2r”/ —eQiﬁew(”_k)d5>
:flhm lim <Z / PR gg 4 Z /_ BO=R B 41k - (~2¢)

4 -0t r—1- e €

—l—Zr” / 2eiﬁ(”’k“)d,8+2r” / 2e"0FD B 4 pF 1 (—de)
+Z / z nk+2d5+ Z / 1 nk+2d6+7_k 2(2€)>

n=k—1

T
5
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Therefore,

Nk

Lastly, let us calculate gs(k). We have

®) /7r —eTB(—1 4 2618 4 ¢2iF) Bk
gs =bv

. d
. 4(—1+ €'h) p
_ | —7,,3 i3 2B\ ,—iBk n
= 61_1>%1+ (] (—1+42e" +e*P)e Tl_lgl E re®Ydp
(_676)

1 00
_ -1 : E n _ B B ,i8(n—k)
N 4 6£%1+ rliril_ " ﬂ_m”] (2 € te )6 d/B

n=0 \(—ee)

To simplify this expression, we first calculate the expression

- hm lim Z / iﬁJreiﬂ)eiﬂ(n—k)dﬁ

4 -0t r—1-

=~ lim i 2¢"7( kg

e—1>%1+7”—1>1{1 (Z /ﬂ- ¢

+Z / z (n—k— Ddﬁ""z / if(n—k+1) d,@)

1

== lim li 2¢/7(n=Mq /215”’% 4
e~1>1(1)’l+ rigl <Z /_7r © B+ Z € /8+T ( 77)

n=k+1 T

_,_Z / 'L nkl)d6+ Z / z nkldﬁ+rk+1( 271_)

n=k-+2 -
n Zrn/ GiB—k+1) g3 | ZTn/ ew(n—k+1)dﬂ+rk—1<2ﬁ>>
n=0 - n=~k -

=Tr.
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Next, we calculate the expression

| 1 _E _ B 4 piB)iB(n—k) 4
L i 3 [T e ey
— lim i 2e0( k) g

“pt i (S [

+Z / 1 nkldﬁ‘i‘z / et nkJrldB)

1 —€
—- ] 1 2zﬂn kd / 2@,3(71 kd
;&T;?(Z e i 3 et it (g

n=k+1 €
+ ,rn/ B (n—k— 1d6+ Z / 'L (n—k— 1)d6+7'k+1(26)
n=0 n=k+2 €
k—2
+Zrn/ z (n— k—H)dﬁ‘i‘Z / 2 (n— k+l)dﬁ—|—7“k 1( 26))
n=0
__T
=-3
Therefore,
™

Plugging the calculated values of ga(k), g3(k), g5(k), g6(k), g7(k), and gs(k) into (6.12), we obtain

T
Using (6.9) and (6.10), we deduce that
-z k>1
Ji(k) = (6.25)
T k<—1
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6.2. Summary

Plugging the results of Sections 6.1.1 and 6.1.2 into (6.8), we obtain that for k > 1,

2y 2 vy

FL)(k) = === —F (@) (k)mk = —mgf(cb)(k')ﬂ |-

Since for k > 1

= T @Rk
= L T @Rk
we conclude that for |k| > 1,
2 v
F(L)(k) = —mgf(cb)(’f)ﬁ |- (6.26)

This concludes that proof that £ is the Hilbert transform of the first spatial derivative of 8 up to

the +1 Fourier modes. To calculate F(L)(k) for |k| = 1, we use that for k € Z
F((U1)a)(k) = ikF(Ur) (k)

to rewrite (6.2) as

FOW) = o (@)W - pF@m)

where k£ # 0. Then F(L£)(£1) = 0. That the +1 Fourier modes of £ are zero poses a technical
challenge in dealing with the term in the evolution equation for 6 that induces an exponential decay

in time of the initial perturbation of the interface. This challenge can be resolved by observing that

96



the identity

/7r zala, t)da =0 (6.27)

—T

provides a means to control the £1 Fourier modes of £ using the other nonzero Fourier modes.
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CHAPTER 7

Derivation of an a priori Estimate

Before embarking on the derivation of a key a priori estimate for ¢ = 6 — 6 (0), we first derive certain

upper and lower bounds of L(t), which tightly control it as long as ||¢(t)|| 0.1 is sufficiently small

for all ¢ > 0.

Proposition 12. If ||¢(t)|| zo.1 is sufficiently small for all t > 0, then

R? L(t)\? R?
T A Oon — 1) =\ 2r ) ST a(e2le@lon — 1)
1+§(6 -7'_’*1) 7T 175(6 -7:’*1)

Proof. By the definition of the Fourier transform,

}"(/Oa e M(p(a) — <75(77))"d77> (—1)
o). /0 e "(6(a) — 6(n)"dn - ¢ da

1 1 " “ —1 n 9 i
L B R ORI

Integration by parts yields

2 (07

1 1 (™ [* _. 0
s | et — oty an- e
1 (™ 0 @

([ e mota) = otmyan- ) da

55| a
u 0

:% (_/0 e M(p(m) — ()" dn — /_7r e M(p(m) — ¢(n))"dn>

T % " e () — o) d

=iF((p(m) — d(n))")(1).
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Then

n>1
= ﬁ a 0467;(04— ) o) — " N
n>1 n' /—W/O ! <¢( ) ¢(W)) dnd
=2mi ) Z—n']-"((gb(w) — )M (1)
n>1

Hence,

=5 <2m > DE(@m) — o)) +2mi Y S F (6 - ¢(n))")(1))
n>1 n>1
= (3 S — o)) + X S TG )
n>1 n>1

By Proposition 2,

I((m) = ¢()" 7o < llo(m) = ¢() 701 -
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Then

hn( [ eSSt - ¢(77))”d77doz> < 2p Yy 10 = 005

n>1 TLZ].

=2n (enas(w)—cb(-)nfo,l _ 1)
< Qﬂ(elqu(w)H;o,le||¢uf0,1 —1)

= 27r(6¢(7r)e||¢||]:0,1 —1).

By (2.1),
9(m) < 3600 = 16505
kez
Therefore,
" [ et o n 0,1
Im</_7r/0 e n);n!(éf)(a) —¢(n)) dnda> < (Ao 1), (7.2)

This estimate shows that

IN

R2 (L(t)>2 _ R?
1+ g(62||¢Hfo,1 —-1) 2T -1 g(€2H¢>||;o,1 —1)’

as needed. [ |

Using Proposition 12, we can also prove the following useful estimate.

Proposition 13. For sufficiently small ||¢|| zo.1,

21 T
R——-1|<1— 1— — 2|9l| 01 — 1),
‘ L(t) ’ = \/ g =)
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Proof. From Proposition 12, we obtain

\/1 _ g(eﬂ\(ﬁll;o,l -1)-1< 2rR _ 1< \/1 + g(e2l|¢\\;o,1 —1)—1.

— L(t)
Then
Zi - 1' < max{‘\/l - (el —1) 1, \/1 + G (el — 1) - 1‘}
_ ‘\/1 - el 1) - 1‘
N v
as needed.

We now derive a key a priori estimate for ¢ = 0 — é(O) In Chapter 6, we have shown that

0 if |k =1,
F(L)(k) =

2 L F () (k) (S (k) + Ja(k)) i [k] > 1,

where J; and Jy are given in (6.25) and (6.10). Let

Eo) = 2Dt (a),
Ne) = X pr(a)
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Then for |k| > 1,

o 2 = N7
SFO0 = 2o (AW + FOW)
_ LZ(:) @?r(z)(k) + F(WN )(k)>
— F(L)(k) + ;(7;) (N)(k)
2 FN)(k) =

= F(S) (R (1 (k) + Ja(k)) + 5 FWN) (k) if [k] > 1.
For convenience of notation, define Jy(k) = Ja(k) = 0 for |k| = 1 so that for k € Z\ {0},

SO 8) = 05 ORI () + Jah) + 7 F) ) (7.3

We observe that the principal linear term, i.e., the first term on the right hand side, has a time-
dependent coefficient. This dependence occurs, however, only through L(t). We choose an initial
circular interface of radius R to perturb around and make the principal linear term independent of

time by replacing L(t) with 2w R and keeping an error term. That is, we rewrite (7.3) as

S FO) = 3 LFORNE) + Rl0) + Lo FAD (7.4
+ LFOWAR) + A0 (5 + 7).
We note that for k > 0,
(k)| = [o(k)| = |o0)] (75)

since ¢ is real-valued. Then for s > 0,

ol 550 = 30 e O e o] = 2.3 e Okgs

k=0 E>1

o(k)|
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Differentiating this equation with respect to ¢, we obtain

d
T 1@ £
=237 R 1)k - k[ k)| + O 2 )|
k>1
ﬁzw%mw%whww;1%WWwHWWwﬂ
= ‘ ‘ 2 ot ot
(k)59 (k) + $(k) Z (k)
) ks—i—l +92 k:k,s : ot )
ZE #00) g% 2 | (k)|

Let us simplify the second term. Using (7.4) and that J; and Jo are real for £ > 1, we obtain

BUk) 5 6(8) + $(0) 0 (4
R WMW+iﬁﬂmWam

+47T(J1+J2)(k)<1}% 10 )‘Qb ‘

+;;@+bmﬂ¢]ZIUHNWWW

b eh+ R0 (< + o) oo
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Then

k>1 2 ‘(Z)(k)’
N ks 00 56(K) + 6(k) 5 0(k)
=T )
= Z kk8< —(J1+ J2)( ’</5 ‘
k>1
21 F(N)(k)o(k) + F(N) (k) )(k)
L) 6k

n 24l(J1 + J2) (k) (-; + LQ(:)) “Z’(k)‘)

~iae 2+ 20 o)

L 2F (t)kks]'_(/v)(k‘)é(k)+]-'(/\~/')(k)gz3(k)
= oo
w2 (gt 2 ) SR+ ) |60
k>1

Therefore,

Ly =2Ze”<t>ku’<t>ks“\é(k)h——ze PR+ o) (R) [ o8)|

RA4r
k>1
27 = ik s FN)(R)S(K) + FN) (k) (k)
Y e ks -
L(t) ; ‘qj ‘
+247W(—]1%+L )Ze Dk (1) + Jo)( )(qé(k)‘.

k>1
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First, let us estimate (7.8). Observe that

oY 1 (g2 vtk ]
_247TR< 1 +RL(t)> § "R (Jy + Jo) (k) ’qb(k)‘
:_W.Qll RQL_l ZeV(t)kkSH’qg(k)‘.
4 R\ L(t)
Using Proposition 13, we obtain

2T

<
R =1 < Alolo

where we define

1— \/1 — z(e2lllzor 1)
&1 0.1 '

= A9l 70) =

Then

2L (; + LQ(:)) > ORIy Ta) () [ ()|

k>1

e ) e

k>2

Z V(O ps+1 ’qg(k)’

k>2

2w
L(t)

<om LA 6l 0 30Ok [d(8)|. (7.9)

k>2

v 1
2r——=|R —1
- 7T47TR‘
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Next, let us estimate (7.6) and (7.7).

23 OG0 + 10 30 e Ok (1 4+ ) ) 018

<V () 16l 50 - wfl e”<t>kk8+1]¢3<k>\+2”\\;7}
>2

70 (7.10)

rs,1 "
Fu

Plugging (7.9) and (7.10) into (7.6), we obtain

Gz =23 O (4 [ )| + 2

Z e ORES (T 4 o) (k) ‘é(/@)’ (7.11)
k>1

Rar

L2 (k) +f(N)(k‘)<$(k)
L(t) & ‘és (k) ‘

+ 2% <_]1{ + L> Ze DEES (1 + o) (k) ‘Qg(k)‘

2 2 Vtk s+1
sy'@)\\qﬁuﬁﬂ,l—wRM% Okt gk + 7 H .

[\
=)
g
=
&
ES
V)
—
SN—
—~
S~—
<

(7.12)

Y 1 v s "
2L A9l Y e OR Gk
k>2

With the minus sign in front, the second term in (7.12) is associated with dissipation of the initial
interfacial perturbation. It is clear that the +1 Fourier modes of ¢ play no part in dissipation. This

presents a technical difficulty, because the norm of the function space that we intend to use involves
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all nonzero Fourier modes of ¢. To resolve this issue, we note that (6.27) and ¢(0) = 0 imply

0— / T it d)E B~ 1)+ oy GlR)eR) 5

This identity provides an implicit relation between the +1 Fourier modes and the other nonzero
Fourier modes of ¢, which allows us to control the former in terms of the latter. This observation is
summarized in Proposition 4.1 of Gancedo et al. (2023a). In particular, we use the following result

contained in the proposition.

Proposition 14. Let r € (O,%log%). Consider ||¢|| zo1 < r. Then

o(1)] +

(1 ’<CI Z‘(ﬁ

|k[>2

where

1 2e"(e" =1
CI(T)_T.l—AL((e%“—)l)'

Here, Cr(r) > 0 is a strictly increasing function of r where

lim Cr(r) =2

r—0t+

lim Cy(r) = oo.

r—log %_

Suppose that ||| z0.1 € (0, % log g) By Proposition 14, for all r € (||¢]| zo1 , % log %),

o(1)] +

sen] < cuor X fon-

|k[>2

Then

()| + 61| < Crlllgl o) 6lron Y [0k

|k|>2
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By (7.5), this simplifies to

2[(0)] < 20116 o) 8] 7oa D | ()]

k>2

Hence, for s > 0,

ol =23 e Ok (k)|
E>1

:2<ev<t> [(0)] + 37 ek ¢3<k>]>
E>2

<2C1 (|l 7o) l|0l] Fo.

+2Z kks n

k22 k>2

<2<CI(H¢H]-‘01 ||¢”]—'01+1 Z kks A
k>2

Replacing s with s 4+ 1, we obtain

)

16l 55+ gz(c[(wufo,l) 161l 70 + 1) S R 3(k)

k>2

which, when rearranged, yields

s 1
fz kk; +1 ‘ )‘ < — > ||¢||]~__3+1,1 .

= 2(Cull o) 10l + 1
Using this estimate in (7.11), we obtain

1 2 v
H¢er5+1J WEE
2(01<H¢ufo,1> 16l5os + 1)

d
7 19l <V @ 16l 00 = (7.13)

oL

s T ATy St O

k>2
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From Proposition 12, we have

27TRA1 S L(t) S QTI'RAQ,

where we define

1

¢1 (2lelz01 _ 1)

1

As =

Using this estimate in (7.13), we obtain

1

¢1_g@mwﬂ4_1y

dat ||¢H]:51 <V( )H(ZSH_¢3+1,1 —

11’
RA1

By Proposition 1,

2(cf<u¢ufo,1> 1l + 1

R

d
L ol
1 2
<(vo- ST
T
2<cz<||¢||fo,1> 16l + 1)
11 ~
+ RA, HN‘ For

109

v 1 v(t)k s+l | ]
2 Al e ol

Alolon ) ol

2 v
) H¢||ﬁ3+171 Wﬁﬂ
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CHAPTER 8

Estimating N
In Chapter 7, we derived an a prior: estimate containing the Fi! norm of N , where

N(@) = (Uz2)a(@) + Toa(@)(1 + ¢a(@) + Ti(@)da(). (8.1)

We consider the each of the three terms separately. In Sections 8.1 and 8.2, we will see that the
bounds for the second and third terms depend on the ]-'51 and .7-",9’1 norms of U; and Usg. In
Chapters 9 and 10, respectively, we will estimate these norms in terms of the corresponding norms
of ¢. Although the first term in (8.1) can be bounded above by the F! norm of Us2, the resulting
estimate is not strong enough for the purposes of our study. For this reason, we will estimate it

more carefully in Chapter 11.
8.1. Estimating T52(a)(1 + ¢u())

We prove the following estimate.

Lemma 15. For s > 1,
[T>2(1 + ¢a) | 51
< (1+6(2,5) 91 521)

(1022l g0+ 02,5 = 1) (191l g 101l p0r + 101 ] g1 6500 ))

+5(2,5) 91l g (211022l 51 +2 (Il 220 1011501 + 1l 10211501 ) )
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For (0 <s <1,

[T>2(1 + ¢a) | 51
< (1+02,5) 6] 51
: (||U>2||f8’1 +b(2,5) <H¢H s U1l o + (16 72 HU>1HF-3,1>>

+0(2,8) |6l gz (200220 700 + 2 (1911 z1r 101l por + 111 U111 201 ) )

Proof. Using Proposition 4, we obtain that for s > 0,

[T>2(1 + da)ll o0 < (T2l g50 + 1 T>200 | 50

< [[Toallon + b(2,5) (||T>2u o [dall o1 + Iball 3 ||T>2|fg,1)

< Ioal i+ 02.8) (Il 10530 + 100700 1750l 0 )

Note that

Tos(a) = /0 " Usa(n)dy + /0 " o (m)Us (n)ds

— g Uzz(ﬁ)dT] — g - ¢a(77)U21(71)d77

27 J_ . 27

=M (Us2)(a) + M(¢aUs1)(a).
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Hence for s > 1, using Proposition 4, we obtain

[ Ts2]l o = O E[* | F(Tss) (k)]
k£0

<> DR | F(M(Us2)) (k)|
k20

+ 7 Ok | F(M(daUs1)) (B)]
k#£0

=> O P F(Usg) (B)]
k0

+ Z el’(mk' |k‘571 |F(¢06U21)(k)|
k40

— U]l 311 + 6aUs1l 3511
<||Usall 13 + (2,8 = Dl all o1 [TUsll o + [Ustll o1 [ dall roa)

= Uzl -1 + 2,5 = DIl g0 U1l pgr + V1l -1 161 240
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Moreover,

ITo2]l o1 =D O F(To0) (k)]
keZ

= O FMU2)) (k)] + 3 O |F(M(gaUs1) (k)

keZ keZ
= |[F(M(U>2))(0)] + [ F(M(¢aU>1))(0)|

+ 3 O FEMUs2)) (k)] + Y " O F(M(paUs1)) (k)]
520 k0

<FM(U22))(0)] + [F(M(6aU>1))(0)]

+ 3 P OM F (U (k)] + Y O | F(palUs) (k)|

520 k0
<SS UTHFUs)G) + D1 F(@al=1)0)]
J#0 70
+ 3 e OFFUsg) (k)] + S e O | F(9oUsy) (k)|
<Z v(t)|4] | F(Us2)(5)] + Z t)lil | F(paU>1)(7)|
J#0 70
" Zev(t)lkl | F(Usa) (k)| + Ze W F(paUs1) ()]
k0 k=0

=2[|Ux2|| g0 + 2[|paUx1]] £0.1 -
Using Proposition 4, we obtain that

[T>2]| zo1 < 2|[Us2| g00 4 2[[¢aUs1]| 2o
< 2{[Usall o1 + 2([|@all g0 [[Us1]| o1 + [[¢all zoa |U1] z0.1)

= 2 [Usall 201 + 2016l 241 U1l 90 + 161l 7t U1 50):
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Now, let us consider the case in which 0 < s < 1. Then

122l pon =D O k[ | F(T22) (k)]

20
<> O R | F(M(Us2)) (k)]
20
+ ) /O B | F(M(¢aUsz1)) (k)|
k20
=3 O k= F(Usg) (k)]
J20
+) O P F(gaUst) (k)]
}20
<Z OIR F(Usy) (K]
20
+Ze W F(paUs1) (k)|
20

=1U>2]l z01 + [[@aUz1]l z0.1 -
Using Proposition 4, we obtain that

IT>2ll 21 < [|Us2l z01 + [[#aUz1 ] £01

< 10521 90 +62:5) (Wl g0 101100 + Wl 10112

< [Uz2]l 00 +b(278)<H¢H;;71 U1l 701 + || £1. ”UZIH}'-BJ)-

8.2. Estimating 7T} ()¢ ()

We prove the following estimate.

Lemma 16. For s > 1,
ITidall zs1 < (2, ) 1]l 2 [T 510+ b2, 8) [l 211 2 U] 2o
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For (0 <s <1,
[Ti¢all 21 < b(2,8) [l g1 (UL ]| z0.0 + b(2, ) [|@]] 522 2[[UL ]| 00 -
Proof. Using Proposition 4, we obtain that for s > 0,

ITiall 2ot < b2, 5) (Hmrﬁ@ el zon + ldal 201 \\Tlufga)

= 52:5) (il 1030 + 161550 Tl )
Recall that T (a) = M(U;)(«). Then for s > 1,

T[] 1 = Zey(t”kl || | F(T1) (F)|
k20

= 3 ek F M) R)

k40
= O |kt F(Uy) (k)|
k40

= V] -1

Moreover,

Tl zon =D " O | F (1) (k)|
kez

= 3 O () ()

kEZ

= |F(MU)O0)] + Y "D | FM(T)) ()]
k0

Z LRG|+ X0 O k| () (k)

i#0 7 k#0

<> O FU) () + Y e F(Un) (k)|
J#0 k#0

=2||Unll 0.1 -
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Now, let us consider the case in which 0 < s < 1. Then

Tl fsr =Y O R |F(T) ()
k0

= 3 OB [k | F M) R
k£0

= WP F () (k)]
k0

< Ul zo.1 -
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CHAPTER 9

Estimating U,

To estimate the ff’l and .7:19’1 norms of Uy, we first estimate the Fourier modes of Uj.
9.1. Estimating Fourier Modes of U;

For any norm ||-||, we can estimate (4.8) as
|U ]| < Hzemew )S(Q)H.

To estimate the F5' and F.! norms of (9.1), we can write

ieacig Z By,

where
By ) = LY 615)2(( = 1 14:25)5)  — / TG+ B(=1+5))ds,

:
Es(a, ) = i(_;(_ff ;gfjw) /0 g+ (-1 -+ 5))ds.
(o) = P [T eosin ot o+ 51+ o),

Bula ) = ~CpE D [yt -1+ s,
By(a,9) = “CHEEHBCCLE D) [ oon g (o 51+ ),
o(a,9) = “CEENEIREED) [ont )i ot g1+ )
pife ) = S GHEE o)

First, we calculate the Fourier modes of Ej(a, ).

—eB(i(=1 + ) + B(1 + €P))

‘F(El)(kaﬁ) = 2(—1+€lﬁ)
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Since

™ _ 1B 1
il T 8 i —iBs _ikB(—14s5)
47r/7r Cig ool e+ 4e ))/0 e dsdfs

T _ s if 1 ) )
Y / e / efzﬁsezkb’(flJrS)dsdB
47'(' - 2 0

T By By 1
i e )]
0

2(—1+ elﬁ)
— 7(/ / 7153 1k6( 1+s) d,BdS
i -
Belﬁ L+eP) s ikp—1ts)
/ /_7r 11 ) ——e e dpBds

)

1 s . i iB i3
/ < i3 ‘ _1+1> (1+€ ) ¢~ 1Bs ikB(=145) 1515
. _

1 s
g i 1
<L = - -
_47T<7r+ 0 /ﬂ — 1’ 2d5ds+// dﬂds)
=L +/1/ﬂ|ﬂyl 1+ 7 Lgas +
i \" Ty )P 12 "
_ LY P
—47T<27T+2 1+ 4 27T>7
we obtain
2 7-‘—2
‘ }'(E1)krﬁd5‘ <27r+4 1+4> F@) ).

Next, we calculate the Fourier modes of Es(a, 3).

i(—1 — 21 i 1
FE ) = G Foym [ e

118



Since

l / ( 1— 2@6 + 621B) / Zﬂseik‘,@(—l-i-s)dsdﬁ
4 2( 1 —+ elﬁ) 0
8l i(=1 4+ e*P) /1 iBs ,ikB(—1+s)
— _— dsd
e / 2—1t+eB2 ), ¢ € sdf
v [T i(—2if) ! iBs_ikB(—1+s)
Tar ) acirene ), OC dsdf
i T i(eiﬁ + 1) /1 iBs ,ikB(—1+s)
=|— _— dsd
4w /7T 2(-1+¢€P) Jg © sdp
[T (=288 1 [ s ikp—1ts)
T n m 3y e dsdf
i i 25( A + 1 zﬁs zk/o’ —1+s)
| L e ) Vdsd
471'/”2( 1—|—e’f35 sdp

+l 7l'< ZB. > _1/ ezﬂseik,ﬁ(—l—i-s)dsdﬁ‘
T 0

47 1—ef)
D A R zﬁ+1 B+/W i\ 141 Las
“4r |1 — e |ﬁ| 1— e ’5|

y Toom 1

. 2.2 21+ —

EETAV AR G 18]

v (1 72 9 vy T 1 72 9
=X (4 1+ 0 T2 T 21+ 0
a2V T 7T+7T>+47T< p Vit et

we obtain

= [ A

1 2 1 ?
o R e e M)

Next, we calculate the Fourier modes of E3(a, 3).

(14 6B\ BB (1 4 By 1 .
F(Ea)(h.§) = GO [ i e F ) 1),
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Since

T _(_ i8 iB8(_ i3 1 . .
7/ ( 1+e )Be .()1-1-6 ) / 6_268(*1+S)€Zkﬂ(_1+s)d8dﬂ
0

4T ) - 2(—1 + ¢8)2
™ 2
we obtain
v 2

4 J_

F(Es k,ﬁ)dﬁ‘ < % : % |F(o)(k)]| .

Next, we calculate the Fourier modes of Ey(a, 3).

—(=1+€P)B(1 + ')

‘F(Ell)(k’ﬁ) = 2(—1—|—6i5)2

: / 1 eP5(—1 + 5)e®P ) gs . F () (k).
0

Since

v [T = (=1+eP)BA+eP) [T, ikB(—1+s)
47T/—7r 31+ PP g e (=1 + s)e dsdf

(1+e’5)

2 as

/-y 7T2 ,7 T
< il L
<X Iﬂl \/1+ 4dﬁ+4w/ﬁdﬁ

we obtain

‘ _W}'(E4) (k.8 dﬁ‘ (;m-ﬁ +27r> [ F(@) (k)|

Next, we calculate the Fourier modes of Ej(a, 3).

F(Es)(k, B)
( +2€(_)1’Li€ei[g)2 +e ) ) A 6_268(*1 + S)ezkﬂ(—l-l-s)ds . Zk?./—"(gf))(k‘)
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Since

T [ iB\; 8 (_ i r )
’Y/ (=1 +eP)ipe(—1+e )‘/ B3 (_1 4 5)cB(-1+9) g5
0

Vi%s . 2(—1 + €i6)2
a 2
<z [ Bao-2- T
we obtain
27 FEs) ks8] < LT H - IF@)R)-
A | 4T 2

Next, we calculate the Fourier modes of Eg(c, 3).

F(Es)(k, B)
(14 €eP)i(—B) (1 +e#
N 2(—1+ etf)?

1
) / ¢35 (—1 + )P ds ik F(¢) (k).
0

Since

S il G i LU G [ X B S ikB(~1+s)
4%/# 2(—1 + €iB)2 )€ (=1 +s)e dsdp

v [T 8 1+¢éb /1 i3 ikB(—1+s5)
— —e =141 (-1 ¢ $ldsd
1 / (1_615 + ) /. ° (-1+s)e sdB

~1+1]as

,Y ™ 1 7T2 ,.Y /7r
<L /14— .
<1 _ﬂlﬁ!z\/ + A+ _Wdﬁ

1 2
:7<2 1+1-7T2+27r>,

we obtain

> T;F(Eﬁ)(k,ﬁ)dﬁ) < jﬂ(;m n2 +2w) [k IF (@) (k)]
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Lastly, we calculate the Fourier modes of E7(«, ().

— (=14 eP)i(—1 + 2" + 2P)

E7)(k,B) = : —tkb k).
]:( 7)( 76) 2(_1_1_616)2 € f(¢)( )
Since
7/” —(—1+ eP)i(—1 + 2¢ +62"5)6_md5
A J_. 2(—1+¢'8)2
B '7/” i3 141 (—1+2€i6+€2m)€7ikﬁdﬂ
Cam ) \1— e 23
v [T 1 w2 3 v /7r e HkB(—1 4 28 4 £28)
< ST 2 g L d
—47r/_ﬂ'5’2 T 2rﬁ|ﬁ+4w‘_n 23 ’
v o1 ™ 3 v 1 /7r e"HhB(—1 4 28 4 £28)
< . 21l 2.9 tz d
SV T T ) 3 p
v 1 ™ 3 v 1
< . 212209 Tz,
L I R e R
we obtain
v [T v (1 w2 3 1
— E7)(k, B)dB| < — 1+—-=-2 —-4-5 k)| .
L [ FEm | < L (514 5 2 g a05) 1K)
9.2. Estimating || Uy z0.
In Section 9.1, we observed that
7 s
il <[ Ej(a,ﬁ)dﬁ‘
= ™ J_ ]_-3,1
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Since

we obtain

|5 [z
vy
“7/ Es(a,

ar J_,

’y s
|5 [ e
vy
“7/ Ey(a,
ar J_,

i e

HZW/#EG(%B)CM’

i e

=Soe o | L [ Fmy i
keZ o

2\/7%2
a1+
M(g + o1 )Hé!;«m

=3 O | L
01

kEZ

~ 1\/7
< JR—
(47r< 1—|—4 27T—|—7r)

s

.F(E2) (k, S dﬂ‘

—T

dﬁ‘ 0.1 _Z IL ’7 ]:(E3) ]C ,8 dﬁ‘
keZ
gl - chsufg,l

s

_Zeu@ )k
0 1

z / i f(E4)(k,ﬁ)dB‘
keZ -

< 1\/? Tor) ol
S in 1 ? Q Fol

S S ST oy G
> kez T
<L. f||¢|rfn
BSPCL /fE6 kﬂdﬁ‘
Fo kEZ

) 1\/*7# )
<[ =4/1+—- 2
—47T<2 + 7w 2w ) ol

dﬁ‘ =Y e | L f(E7)(k,B)d6‘
>l kez o
y 1 7T2 3 1
Sin (2 Ty A lolze

|1U ]| 701 < Hz ||l zox + Ha [|6]] 711,
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where Hs and Hy are constants.

9.3. Estimating ||Uy]| zs.

In Section 9.1, we observed that

U1
Since
i [ 7
l ™
Ji [
= | Bs(a,p)ds
™ —T
| Bae,p)ds
7
/E50é/8
E WEﬁ(avﬁ)dﬁ
= | Era,p)ds
™ —T
we obtain

,y vy
TR ) oy MeTer
v ]71 47T —T .F’{j’l
g w? m v(t)|k| (1.8
§4— 2m+ o\ 1+ ) DO F () ()]
4 k40
v 7T2 7T2
<L L L g
_47T(27T+ V1T ) 6l
v (1 2 2
<(L(z1+Z 2
< 47r<2 + 1 7T+7T>
v m 1 [~ x? 9
Lo . D 2414222 .
+47r< 55 + ) T4+ H(;SH]_. 1
2
Yy s
<. .
s San 2 1] .1
7 (1 ™,
<L (Zy\1+2 2242 .
2
vy T
- <t o 19lga
" gZ( Z o +2w) 161l 2541
(A i3 s el
goa —dm\2 42T Fot

10l s < H 18l s+ FRz ] s

where Hy and Hy are constants.
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CHAPTER 10

Estimating Uso

For any norm ||-||, we can estimate (4.9) as

U2 <

iei@ei?(0) (s(a)(ei¢<a> —1)+ m(a)ew(a)) H
ietet®(0) <ei¢<a> (L(a) +N(a)) — 2((1)) H .

<

To estimate the F5' and 7' norms of (10.1), we can write

where

ze“"ew(o)< @) (2(a) + N(a) > Z ,8)dB,
et (B+d(a)) p—id(a—pB) L
Bi(a, ) = — ¢ . / =B HOletA-1+) (L1 4 g)ds
2 fo i(Bst+o(atB(=1+5)))ds Jo

(i(B+6(0)) g—id(a—B)

B R
2(a. ) 2f e—i(Bst+d(a+B(—1+s)))ds
1
: / e~ BstlatB=149)) (1 4 §)¢/ (o + B(—1 + ) )ds
0
i(B+8(a)+d(a—B)) L
Bs(a, 8) = c 5 / e~ i Bsto(atB(=149))) 4
2 (fol ei(55+¢(a+5(_1+5)))d5> 0
1
. / (B +Ole+B1+9)) (L] 4 g)ds
0
i(B+¢(a)+d(a—B)) L
By(a, B) = c 5 / e HBsto(atB(=149))) g
2 (fol ei(/35+¢(a+/3(_1+5)))d3> 0
1
: / ! PstolatB=1+9) (1 4 )¢/ (a + B(—1 + s))ds
0
ci(B+6(a)) gid(a—B) 1
B _ | emiBstelatB-1+)) (1 | g\g
5(a7ﬁ) 2]01 et(Bstd(a+B(—1+5))) dg /0 ‘ ( +8) i
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i(B+¢(a)) p—id(a—p) L
Bo(a, ) =i [ e 1 sy
2‘[0 et(Bs+o(atB(—1+s))) ds 0
. ciB+6(0)) gid(a—B)
7(0[, ﬁ) _2 fol el(Bs+o(at+B(=1+s))) dg
1
. / e—i(ﬁs+¢(a+,8(—1+s)))(_1 +5)¢' (a + B(—1+ s))ds
0
B ei(6+d)(a))6_i¢(a_ﬁ)
8(0[’ 6) _2 fol et(Bs+o(atB(—1+s))) dg
1
. / (B A1+ (|1 | )¢/ (a + B(—1 + 5))ds
0
¢if . ’ ’ b
By(a, B) REEraN (i(—14+€7)+p(1+e7))- /o e "Popla+ B(—=1+s))ds
26 +i(=1+e*%) [
Buola§) == 2o AT [ eita s a1+ o)
IBeiﬁ 1 )
Bu(a,8) =75+ [ (=14 5)o(a + H(-1+ »)ds
0
1 + eiﬁ 1 iBs
Bua(a§) ~ -k [ ot + B+ )i
_Z(_26Zﬂ + 26226)6“1)(&)6_14)(0‘_6)
Bl3(a75) - 2/8(_1 + e@ﬁ)
0 i 1
Bia(a, B) zzﬁg / e P (=14 5)¢ (a+ B(—1+ 5))ds
0
—iB(L+e?) [ s
Bis(a, ) :M : /0 P (=1 + s)¢/(a + B(—1+ s))ds
—i(B — 2BeP — B2

Using the Taylor expansion, we write

_Zﬂe?i/@ (_1)j1+j3ij1+j2+j3
Bl(oﬁﬁ):* Z 1—67‘5
J1,J2,J3,n=0

1
. /0 B B(ar+ B(—1 + 8)Y3 (—1 + 5)ds

(i i 1€_i(s_1>ﬂ<—z¢<a+(s—l)ﬁ))mds>”

1-— eiﬁ 0 m'

S0 B o)

m=1
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BQ(aaﬁ) =
1 —iﬁemﬂ (_1)j1+j32‘j1+j2+j3
2 Z 1—e J1lg2lys!

dla — B ¢(a)”

J1,J2,J3,m=>0
1
. / e p(a+ B(—1+ 8)) (—1 + 8)¢/ (o + B(—1 + 5))ds
0
. (i i3 16—1’(5—1)6 (—ip(a+ (s — 1)5))md8)n

= 1— elﬂ 0 m!

B3 (o, B) =

1 _R2e—iB  jiitietistis(_1)d3
2 Z (n+1) Befiﬁ2l .|-|-|(~|)
2 J1,92,J3:J4,m >0 (1 - ¢ ) J1:J2:73:74°

1 1
e ota s Bt s [ (o B+ ) -1+ s
0 0

[e.o]

. . 1 "
(3 T i I [ D0y s 1y
m)! 1—e ¥ J

¢(a) ¢(a — B)”

1 — B2 jirtiatiztia(_1)d3
z Z (n+1) ﬂe_w2z .'.‘.‘(.‘)
2j1,j27j37j4,n20 (1—e) J1:J2:)3:4¢

'/1 efiﬁs(ls(a—l—ﬁ(—l-i-s))j?’ds
0

$(a) d(a — B2

1
/0 P p(a+ B(—1+5)) (=1 +5)¢ (o + B(—1 + 5))ds

) <i —i" el i3 ! 6i(a+(s—1)5)¢(a + (5 — 1)ﬁ)mds>n
] m! 1—e P 0

B5(Oé,,8) =

1 i it (—1)5 o i

2 Z ol e” P jiljalys! ¢(a)” ¢l = B

J1,J2,93,n2

1

. /0 05 p(a+ B(=1+ 5)) (=1 + 5)ds
i [ enslidlat (s DA™ \"

'(21—6% O Gils—1)8 - ds>
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B6(aa ﬁ) =

;jl,j;j;,nzo 1 —if—iﬁ Zﬁ;itjj !Fy';!l)j2 P oo — B)*
. /01 e p(a+ B(—1+ 5))3 (=1 + 5)ds0

. (5: v 01 pomip (0t (o~ 1)/3>>md8>"
Br(a,p) =

PPt G

J1,J2,J3,n=>0
1
: / e Bp(a+ B(—1+ )3 (=1 + 5)¢ (a+ B(—=1+ s5))ds
0
. (i _ZiB [ jiensliglat (s = DE)" ds)”

1—e ), m)!

m=1

1 i3 Z'j1+j2+j3(_1)j2 . .
_ § J1 _ J2

J1,92,J3,n=>0

1
/ B30+ B(=1+ ) (—1 + 8)¢ (@ + B(—1 + 8))ds

0
—  —iB [ enplivla+ (s—=DB))™ \"
(S )
B13(a7/8) =
—i(—2e"0  2¢%) i1ti2 (—1)72

¢l pla — B)=.

26(-1+€¥) fgazo 1

For ease of notation, let B(a, 3) = Ejl-il Bj(a, 8). We now show that the part of B(«, ) which
is constant or linear in ¢ is zero. We observe that for i € {9,10,11,12,14, 15,16}, B;(«a,f) is
an expression linear in ¢. To prove that B(«, ) has no part linear in ¢, we first extract terms
from B;(«, ) for ¢ € {1,2,3,4,5,6,7,8,13} which contain the integrals that appear in B;(a, §) for

i€{9,10,11,12,14,15}. We first collect all terms containing fol €5 (=1 + 8)¢ (o + B(—1 + s))ds.
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In By, when j1 = j2 = j3 = js = n = 0, we have
1 _6267@8 ! —if ' i3 /
2(1_61-5)2/0 e st/O e (=1 + s)¢'(a+ B(—1 + s))ds.

In Bg, when j; = jo = j3 =n = 0, we have

1 B 1

21 —c 8 iﬁs(—1+8)¢'(a+6(—1+s))ds.

Next, we collect all terms containing fol e (=14 5)¢ (a + B(—1 + s5))ds. In By, when j; = jo =
j3 =n =0, we have

1 —zﬂe%ﬁ
21—e#

1
/ =85 (1 1 8)¢ (a + B(—1 + 5))ds.
0
In By, when j; = jo = j3 =n = 0, we have

1 B 1

5T | € 1+ s)d (ot B(=1+ 5))ds.

Next, we collect all terms containing fol ews(—l + s)p(a+ B(—1+ s))ds. In Bz, when j; = jo =

73 =n =0 and j4 = 1, we have

_ 2

1 |
: 1_6 . 21/ / —zﬂSds/ ¢ (o + B(=1+ 5))(—1 + s)ds.

In Bg, when j; = jo =n =0 and j3 = 1, we have

i i

1 .
21 —e B zﬂl/ e pla+ B(—1+ s))ds.

Next, we collect all terms containing fol e"P5(—1+45)p(a+B(—145))ds. In By, when j; = jo=n =0
and j3 = 1, we have

—i3e?B (—1)i
1—e# 2

1
/0 e P p(a+ B(—1+s))(—1+ s)ds.
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Inside Bs, when j; = jo =n =0 and j3 = 1, we have

1 i(—1) Y .
21_szz(1 )/0 e P p(a+ B(—=1+8))(—1 + s)ds.

Next, we collect all terms containing fol eBsp(a+ B(—1+ s))ds. In Bz, when j; = jo = jg = js = 0

and n = 1, we have

1 _ Q2 —iﬁ 1 ) 1
2]_/862,3)/ Zﬁst/ el'BS(_1+8)d5‘

0

2
1
—ia eilat(s—1)B) —
(e Bla+ (s — 1)B)ds
+

[o.¢] .m ) 2/8 1 . 1
> ¢ 1=, g+ (s - I)B)md8>'

In Bs, when j; = jo = j3 = 0 and n = 1, we have

1 — 1
1 ’LB — 6—1563(71 + s)ds <ZB ez(s—l)ﬁi¢(a + (5 _ 1)B)d3
21 —e 0 0

1—e i
. —if U ismng (io(a+ (s = DB)™
#3 [ ).

Inside Bg, when j; = jo = js = 0 and n = 1, we have

l1-e
I i —if 1ei(s+1)5 (ig(a+ (s — 1)B)>mds>.

oot 1-— 6_15 0 m)!

1 i ! % < —if8 L 1B
= e (=1 + s)ds| —— =DBig(a + (s — 1)8)ds
s [ et oas( o | (+ (s 1)8)

Lastly, we collect all terms containing fol e P5p(a+ B(—1 + 5))ds. In By, when j; = jo = j3 = 0

and n = 1, we have

_iBedif 1 1 : 1
_1f/32/ E_Zm(‘“s)ds(lfﬂew | e s+ (s - 1)

Vg (—igla+ (s—1)B)™
+Zlfezﬁ (s—1)8 (—ip(a+ (s —1)B)) ds).

m)!
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In B3, when j; = jo = j4s =n =0 and j3 = 1, we have

1 —B2e"8 i(—=1) [ . 1
2(15661'5)21(1 >/0 6_ZBS¢(Q+5(1+S))d’5/ 3 (—1 + s)ds.

0

When added with B;(a, ) for i € {9,10,11,12,14, 15}, the terms extracted above containing
fl Bs(—1+45)¢' (a+B(—1+85))ds, fo ~iBs(—1+45)¢' (a+B(—1+s5))ds, 1 ePs(—1+5)p(a+pB(—

s))ds, fo e (—148)p(a+p(—1+5))ds, fo ePp(a+B(—1+s))ds, and fo e P p(a+B(—145))ds
vanish. To complete the proof that B(«, 8) has no part that is constant or linear in ¢, we collect

all terms constant or linear in ¢(«) or ¢(aw — ). From By, we have

—iBe?® 1 [t .5
_<1_6l/3’2/0€ (—1+8)d$
_iBe2B  (—1)i L —iBe*P
+ 12?‘;6 A Q)Z -¢(a—ﬁ)/0 e s (— L+ s)ds + < Zﬁe = (o)

ZB 2
1 .
/ e Ps(—1+ s)ds).
0

From Bjs, we have

1 B2 [T L —B%e7
- R —108 108 _1 - - . _. .
2<<1_€_15)2/0 e ds/o e”s( +s)ds+(1_6_16)2 1 (@)
1 1
/ e_zﬁsds/ eP3 (=1 + s)ds
0 0

_/826—2'6 i 1 _igs 1 188
+(1—¢”ﬂ)2'1.¢(a_ﬁ)/o e ds/o e (—1+3)ds>_

From Bs, we have

1 ’Lﬁ ! —iBs 'L/B i ! —if3s
2<1€ iB e (-1+S)d$+]_“81¢(a)/(] e (—1+8)d5

. . 1 '
+ % : % ~p(a — ,B)/O e P (—1 + s)ds).
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From Bg, we have

1 . 1 . . 1
. (—1 1
+ 1 _Zfiw . i 1 ) co(a— B)/O 6268(—1 +s)ds).

From B3, we have

—i(—2€% + 2¢%F)
28(—1 + €P)

(1+ 700+ o).
From Big, we have

~i(8 - 2667 — pe)
28(—1+ )

“¢la—f).

Of these terms, those linear in ¢(a — ) add up to 0. When integrated with respect to 3, the terms
which are constant and linear in ¢(«) become 0. Setting zero all but summation variables j; and j2
in Bi(a, ) for i € {1,3,5,6,13,16}, we obtain a smaller sum Zj1+j220' Each of the above terms
that are constant or linear in ¢(a) or ¢(a — ) belongs to one of these smaller sums. From these

smaller sums, we take out these terms and add them up to obtain

) . gJiti2 . B eiB
Y ¢y éla— B ((—1)” : M -~ ;) (10.2)

111951
ji+ia22 S

Observe that

TR VNEED VD S VD M S

J1,32,j3,n>0 71,5220 j1,52>0 J1,J220 41,5220 j1,52>0
J3=n=0  j3+n>1 Js=n=0  j3=1 n=1
n>0 Jj3>0

71,5220 ji=je=n=0 ji+jo+n>1 j1=jo=j3=0 j1+j2+j3>1
jz3=n=0 J3=1 Jz=1 n=1 n=1
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sums of the form )

1 1 1
Bo==35 2. =3 2 3 2

J1,92,33,m=>0 Jj1=j2=Jjs=n=0 Jji+je+jz+n>1

33:% >

J1,J2,93,34,n>0

1 1 1 1 1
=5 D oty D2 =5 > oty 2 5 D
J1,j2=0 J1,5220 71,5220 J1=j2=0 J1tj2=1
J3=ja=n=0 J3tjatn=l J3=ja=n=0 J3tjatnz>l J3t+jatn=>1
1 1 1 1
=5 > 5 > D) > 5 >
_J1,J220 J1=7j2=0 J1=72=0 Jitj221

Jz3=ja=n=0 J3+jatn=1 Jj3+jat+n>2 Jj3+jat+n>1

1 1 1
Bi=; ). =3 Xtz X

J1,J2,J3,J4,n>0 J1=j2=jz=ja=n=0 J1+j2+iz+jatn>1

B 1 1 +1 1 +1 +1

5=y DL =5 2ty 2 =5 2.ty 2Lty D
2 & 2 < 2 & 2 < 2 & 2~
J1,J2,j3,n>0 J1,5220 J1,5220 J1,5220 Jj1=Jj2=0 Jitje2>1

Jz=n=0 Jzt+n>1 Jjz=n=0 Jst+n>1 ja+n>1

1 1 1 1
=5 2 T3 Xty 2 t3 2

71,4220 Jj1=3j2=0 Jj1=j2=0 Jitje2>1

Jja=n=0 Jjztn=1 Jj3+n>2 Js+n>1
B 1 1 +1 1 +1 +1
6=y D =5 Xty X =5 >ty >ty D
2 & 2 < 2 & 2 < 2~ 2~
J1,32,j3,n>0 J1,J220 J1,J220 J1,J220 Jj1=Jj2=0 Jitj2>1
73=n=0 Jj3+n>1 Jj3=n=0 Jj3+n=>1 Jjztn=>1

1 1 1 1
=5 2 T3 X 3 2t 2

J1,Jj220 J1=72=0 J1=72=0 J1tj221

Jjz=n=0 Jjztn=1 Jjztn>2 Jjstn>1
1 1 1
2 & 2 &= 2.
J1,J2,j3,n>0 Jj1=j2=Jjs=n=0 Jitjet+jst+n>1
1 1 1
BB =35 E =35 E +5 E )
2 & 2 & 2
J1,J2,j3,n>0 J1=j2=js=n=0 Jitje2+jst+n>1

D S S DD

J1,J220  ji+j2=0  ji+je=1  j1+j2>2

From these expressions for B; for i € {1,2,3,4,5,6,7,8,13}, we take out all the terms that are
constant or linear in ¢(«a) or ¢(a — ), or contain the integrals involving ¢ that had been identified

earlier because they have been shown to vanish. Once they are taken out, we add all the smaller

J1+j2>

jeieid(0) <ei¢(a)(£(a) + N(a)) — 2(04)) S /7r B(a, 8)dp,

—T

133

o, with that of Big, which is equal to (10.2). Then we can write



where B(a, 3) = Zf.:l Bj(a, B) + El/g(a,ﬂ), in which

_2-5621',8 (_1)j1+j3ij1+j2+j3

Blag)=- Y P oo — B) ¢(a)”

f1tiztn>1 2tz
Ja=1
1 .
/ B3+ B(=1 + 8)) (=1 + 5)ds
0
o) . 1 . m n
_ <Z B 6_1(3_1)5(—Z¢(04+ (s—1)B)) ds>
— 1— elﬁ 0 m'

_iﬂemﬂ (_1)j1+j3z'j1+j2+j3 . .
T2 T gy M)

Ji+ja+js>1
n=1

1
/0 eiiﬁsqﬁ(a—i—ﬁ(—l —|—s))j3(—1—i—s)d8
_ <i i3 ! —is—1)p (—igla+ (s — 1)5))md8>n

— 1 — B 0 € m!
—ife?® 1 1,
_ 1_61',3'2/0 e (—1—|—S)d8
. i i8 ! o—i(s=1)8 (—ig(a + (s — 1)5))mds
—= 1— 67:6 0 m'

N 1 _Zﬂemﬂ (_1)j1+j3z‘j1+j2+j3
BQ(OQB):_E Z 1 — ¢iB

Jitjetjst+n>1
1
. / "B p(a + B(=1 + 8))* (=1 + 8)¢ (o + B(—1 + 5))ds
0
. (i i ' o—ils—1)B (—igla+ (s — 1)6))mds>n

1-— eiﬁ 0 m)!

p(a — B ¢(a)”

J1lje!ss!

m=1

134



. 1 —52€_w Z-j1+j2+j3+j4(_1)j3
Bs(a, B) :i Z (n + 1) (1 — e_iﬁ)z

J1=j2=0
Jatjatn>2

1 1
' / e P ga+ B(-1+ s))j3d8/ P p(a+ B(=1+ 5))* (=1 + s)ds
0 0

0 m . 1 "
(s " a8 =D (o + (s — 1)8)"ds
— m) 1—e 8 ),

g1lg2173174! P(a) (o — B)”

1 *ﬁ2€_i’3 ij1+j2+j3+j4(f1)j3
+ 5 Z (n + 1) (1 o 6—1’,8)2

J1tj2>1
J3+jat+n>1

1 1
| / e P ¢(a + B(~1 + 5))"ds / P p(a+ B(=1+ )/ (—1 + 5)ds
0 0

$(a) ¢(a — B)”

J1lg2!g3!54!

Zoo —gm i ZB ! i(a—l—(s—l)ﬂ) m "
.<m1m!€ 1 — e iB plat (s —1)8)"ds
1 _ﬁ26_i6 ! —ifs ! ifs — —i" ] ip
22‘a_@%®24‘3 e I P

/ za—l—(s 1)6 a—i—(s—l)ﬂ)mds
N — B2 jirtjatiztia(_1)53
Ba(a, B) 25 Z (n+1) q —5:—15)2 i (-1

J1tj2+js+jatn>1

J1!je!js!ga! Playtola =)

1
- / e g(a + B(—1 + 5))ds
0

1
- / €30+ B(—1 + ) (=1 + 5)¢ (a + B(—1 + 5))ds

0
> —im ., B ! i(a+(s—1)B) _ ms)
<m2 T dla+ (s — 1)8)"ds
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ji1tja+is (_1)j3

By(a,) =2 3 Ble) oo — B

2 1272 =0 1-— e‘iﬁ ]1']2']3'
jz+n>2
1 . .
: / e Psp(a+ B(—1+ 8))2(—1 4 s)ds
0
(s SB[ enpliglat (s = DA™ ) "
- S
oot 1-— 6_1’8 0 m'

jJ1t+ja+ia (_1)j3

$la) p(a — B)”

1 iB
i) Z 1—e B

Jjitje>1
ja+n>1

1
. /0 e B(a + B(—1 + 8)) (—1 + 5)ds
. (i —ip_ [ Gis—n (ipla+ (s — 1)5))mds>n

— 1—eP J, m!

J1'j2!73!

1 i3 b s
+§ = Oe (=14 s)ds
(1—e m!

i it ()0

o) ol - B

1
-/eﬁwm+ﬁe1+@w«4+@w

0

L

1—e ), m!

m=1

1 i3 Z']'1+j2+j3(_1)j2 . .
T pla) ¢(a — B

2 4 1—e
Jitj2>1
jz+n>1

1
/0 eiﬁs¢(a+6(_1 +s))j3(—1+s)ds
‘ (i —ig (! Gits—ni(a+ (s — 1)5))mds>n

1-— €_i6 0 m)!

J1'j2!lgs!

m=1

1 ip L iss
—i—i.m ; e (=14 s)ds
3 B[ s liglat - VA",
m:21_eizﬁ 0 m!
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jJ1t+i2+is (_1)13

¢l ¢(a — B)”

Brlof)=y Y 0

Jitj2+jz+n>1 L-em? Jitiatiat
1
/ eiiﬁsgf)(aﬁ-ﬁ(—l 4 8))j3(—1 + 5)(]5/(&—4—5(_1 + 8))d8
0
. <i —if ' ei(s—l)ﬁ (Z(ﬁ(Oé + (S — 1)6))m d$>n

1— e_iﬁ 0 m)!

m=1
ji1tia+is (_1)j2

Bs(a, B) =5 > 1 _Zf_ig

Jit+jz+js+n>1
1
- / €B3(a+ B(=1 + 8)) (=1 + 8)¢ (@ + B(—1 + 5))ds
0
_ <§: —if ! Gis—p (ipla+ (s — 1)B)™ dS)"

1172175 d(a) p(a — B)7

1—e ¥ J, m!

, | GB(] 4 ¢iB
olapofa — oy (-1 E) - 5).

10.1. Estimating Fourier Modes of Uss

In our calculations, we adopt the notational convention that any product || in which the upper
bound is strictly less than the lower bound is defined to be 1. To calculate the Fourier modes of

Us2, we frequently use the identity

n—1
Flong k)= X (T 0~ basn) ) Flan) ). (104

k2,....kn€Z “d=1

We define
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For n > 0, let

In(klﬂ k;j1+17 kj1+j2+1a R kj1+j2+n7 kj1+j2+n+1a B)
n 0 iB 1
= H ipe’ : / o158 i (s=1)B(Kjy iy +d—kjy +igtdr1) gg | . g~ B(k1—kj 1)
e 1 — elﬁ 0

1
/ e~ B8 B(=1+9)ki1 riznt1(_1 4 5)ds
0
and

n 2
v T 1 m 9
=L - (2} i+ T w2 gon).
Ch 47T<(n—i— ) (2) 5 + LTt 7r>

The following estimate is used frequently.

Lemma 17. Forn >0,

y ™ _,L'BBQZ'B
i /_7r In(k1, kjis1s Ejijotts - - Kjitjotns Kjijotnt1, B) - Wdﬁ < Cy.

Proof. We note that

i(e~ B —e10F)

1 P S
/ o—isBi(s—1)Bk jg B(1—k)
0 e~iB if k= 1.

if k£ 1,

First let n > 1. Suppose that 0 < [ < n and [ elements of {kj, 1jo+d — Kji+jotd+1}y_q satisfy
ki +jo+d — kji+jo+d+1 = 1. Reordering the subscripts such that kj yj,4q — kjjo4rat1 # 1 for

d=1,...,n—1, we obtain

n—l _(1_6iﬁ(1+kj1+j2+dkj1+j2+d+1))< i3 >l

I, —e-i80 ki) . |
' dH1 (1= eP)(1 = kjisjord + Kjitjorasr) \1 — €

1
. / i3 giB (=1 k tig4nt1 (1 4 5)ds.
0
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! —24k. ke
—(1 — e_lﬁ(_l+kj1+]'2+d_kj1+j2+d+1)) i + j1+io+d—Fj1+jo+d+1 s
— et Z (6 ) )rd.

1 — e

rq=0
If Kjy+jotd — Kjy+jatd+1 < 1, then

_(k1'1+j2+d_kj1+j2+d+1)

—(1 — e Bk tip ta =Ry tiptat)) _ Z (),

1— e
rq=0
Suppose that kj, +j,+d — Kj,+jo+a+1 < 1 only for d = w,...,n —1[. Then
n—l —(1— e—iﬂ(—1+kn+j2+d—kj1+j2+d+1))
H 1— eiﬁ
d=1
—2+4Fkj1 o +1—Kjy +ia+2 =24k} g +w—1=Kj1 +jg+w
B (e Byt ... o—if 3 (e=B)ru
r1=0 Tw—1=0
— (k1 +ia+w—kjy +ia+w+1) ~(kjitipn—t =K +jptn—t+1)
(=1) ) (eP)re - (—1) ) (et
=0 Tn—1=0
—24kj i t1—Ritiat2 —24Ki i tw—1—Ki tigtw
r1=0 Tw—1=0
—(kji+i0+w—kj +ig+wt1)  — (ki +igtn—1—Kj1 +jotn—141)
7w=0 Tp—1=0

(B_Zﬂ)w_l (_1)n—l—w+1 (e—iﬂ)r1+--~+rw71 (eiﬁ)rw+~~~+rn_l )
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Hence,

n—l
L =]] !

1—- kj1+j2+d + kj1+j2+d+1

d=1
—24kj i +1—Ki a2 —2HKi i tw—1—Ki +iptw
r1=0 Tw—1=0
—(kjy +io+w—Ki +ig+wt+1)  —(Kjy+igtn—1—Kjy +ip+n—1+1)
7w =0 Tpn—1=0

(_1)n—l—w+1 (e—iﬁ)w—l (e—iﬁ)rl—l—m—l-'rw,l (eiﬁ)rw—s—m—o—rn,l

. l 1
. < i8 ) / e~ B(T1F ks tigint1 (—1 4 g)ds - e~ BF1Fi+1),
0

1—eB
Let
YT —isyottrtetra—ettra 0 (B N Zi—kye0)
__r —iB\w—14r1++ry 1 —(TwtFra_y —if(k1—kj; 41
Jn _47T /_ﬂ(e ) <1_€iﬁ> e J1+
_iRp2iB
—iBs iB(—148)ki 40 ifBe
i e85 ol ( s) j1+i2+ +1(_1+8)d5.md/8.
For all [ > 0,
. l -1
i T 1 2
— ] =1/ < R =1+ —.
() |t (3) %
Then
. +1
v ([T i3
J| < — . —1|d 2
‘n’_4ﬂ_(/ﬂ_ (1—€’ﬁ) ,B+ TI')
l 2
0 m 1 m 9
<7 — [— _
_47r((l+1) 2) l—i-4 7T+27T>
n 2
¥ 7'(' 1 s 5
< = 1 — —A/1+ —- 2
47r<(n+ ) 2> +m 77)
=C,.
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Thus,

g —wem

I / (klv k]1+1’ k]1+32+1a SR kj1+j2+n7 kj1+j2+n+1v /8) — zg dp

n— 1 =24k +io 1K)y +ig+2 *2+kj1+1'2+w*1*kj1+j2+w

]‘;[1 Kjtistd + Kt jpran| 7«12:0 ity

—( J1+J2+w_kn+]2+w+1) *(kh+j2+nfl*kj1+j2+nfl+l)
> Y
T =0 rp_1=0
<C,.
If n =0, then
s _ iRp218
y iBe
E /7r I()(kl, kj1+17 kj1+j2+17 5) : 1615(16‘

- .
<|t / e_w(kl—knﬂ)/ —iBs B4k i nt1 (—1 4 §)ds - (—e2P) _B 1+1)dp
- 471' —r 0 1— e’ﬁ

ol i 1 2
< - —1/14+ —d 2
_4F</_ﬂ|ﬁ! 2\/ +4 B+ 27
:C()7
where
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Let us calculate the Fourier modes of E(a, B). Let B = Z?:1 Eljj, where

_iﬁe%ﬁ (_1)j1+j3ij1+j2+j3

Bii(a,f)=— Y. . —— ¢ — B)1 o)
1, v RPN
izt 1T 20102175
Jz=1

1
/O e 5 (a+ B(—1+ 5))3 (=1 + 5)ds
(i if le_i(s_lm—w(aﬂs—1>5>>md5>"

_ B |
= 1 et 0 m!
- —’iﬂ€2i5 (_1)j1+j32‘j1+j2+j3 . .
Bia(a,f)=— Y ; —- P(a— B)" p(a)”
) ’ 1 — eiB 241142173l
j1+j2+f'321 € J102°93
n=

1
. /O e~ p(a + B(—1 + 8))*(~1 + 5)ds
| (fj I8 [* e (Zidla+ (s — 1>5>>mds>”

= 1— eiﬁ 0 m!
— —iBe® 1 [t
By s(a, B) = —ﬁﬁ ' 2/ e (=14 s)ds
- 0
00 . 1 . m
' Z L 3 e~ is=1)8 (zigla + (s = 1)B)) ds.
= 1—e 0 m!

First, we calculate the Fourier modes of é?l(a, B).

. _Z'B(Z?iﬁ (_1)j1+1ij1+j2+1
FBL)kB == > oo grmr
Jit+jz+n>1

. . 1 ;
f(¢(a — B) ¢(a)’? /0 e Pp(a+ B(—1+ s))(—1+ s)ds-
(i iB 1 is1)3 (—ip(a+(s—=1)B))™" ds) n) (Kk1).

= 1 — eiB 0 m!
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We can write

. . 1 .
f<¢<a _ B)ig(a)? / (et =1+ 8))(~1 + s)ds
0
> 1 —id(a+ (s — m "
. <Z i e—i(s—l)ﬁ( P+ ( 1)8)) d8> )(k1>

ol et J, m)!
J1 J2
- ¥ (H F(blo— B))(ka — kar) [T F(6) ks — ks asn)
ka,.. ,kj1+j2+n+1€Z d=1 d=1

00 1 .
Lits—nyp (il + (s = 1)B))™
HF<Z e ), ¢ m! ds)
(Kji+jatd — kj1+j2+d+1)>

. f(/ol e Ppla+ B(—1+s))(—1+ 5)d8> (Kjy+ja+n+1)

Bk X j1+j2 n Z/Bezﬂ
= Z e~ 1B(k1—kj; +1) H F(d) (kg — kay1) H <1—ei5
k2,...,kj1+]‘2+n+1ez d=1 d=1
1 ) ) > i m
. / e~ 188 ot(s=1)B(Kjy +jg+d—Kji+ig+d+1) g Z Y (kjytiotd — k'j1+j2+d+1)>
0

m=1

1
‘f(¢)(kj1+j2+n+1)/ e~ (=1 + s)eiriztn 1 A1) g
0
Jitj2
= > 11 @) (ka = kar1) F(6) (ki o tnin)

kQ,...,kjl+j2+n+1€Z d=1

: H P(kj+jotrd — kjrtgotrde1) - In(k1, ki1, K jot1s -5 Kjytjatns Kjitjatnt1, B)-
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Then

o [ F B s
(_1)j1+1ij1+j2+1
-~ >

Ji+je+n>1

211!
J1+j2
2. [T F@) (ki — kar ) F(@)(kjyjptnsr)

kg,...,kj1+j2+n+1€Z d=1

n T _ ;2,28
gl ife

I Pk sjova — kj1+j2+d+1)4ﬂ_/ T o

d=1 d

’ In(kla kj1+17 kj1+j2+17 ER) kj1+j2+m kj1+j2+n+17 ﬁ)dﬁ

By Lemma 17,

o[ f(%)(kl,/ﬂdﬁ’

ar J_,

C j1+j2
< > a2 TT 17 @) (ki = kar )| 1F (@) (kjsiopns)
]1+]2+n21 31.92.k27,k]1+]2+n+1ez d=1

n
T 1Py ssora — By tgavasa)]
d=1
Next, let us calculate the Fourier modes of B?Q(Oé, B).

F(B12)(ky, B)
- Z —iBe%B (—1)J1+isjiitiztis
a 1—eif 2711521 7s!

Jitj2tis>1
1
F( o= otar [ e ota -1+ )1+ 9
0
. i : iﬁelﬂ 01 e—i(s—l)ﬁ (_Z(Z)(Oé +7§j - 1)6))md8> (kl)
m=1 ’
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We can write

f<¢(a = B o(a)” /0 e p(a+ B(=1+5)) (1 + s)ds
. i i3 1e—i(s—1)5 (—ig(a+ (s — 1)5))md8) (k1)

m=1 1— e 0 m)
J1 J2
- Z (H F(ola = B))(ka — kat1) H F(@)(kjy+d — kjy+dr1)
k2,..skj +jo+2€Z ~d=1 d=1
— B b e (Figla+ (s —1)B)™
f(; T o oy ds ) (Kji-+js+1 = Kji+jo+2)

) _7:</01 e B pla+ B(—=1+5))3 (=1 + s)ds) (kjy+jp+2)

= Z Il(khkjrl-lakj1+j2+17kj1+j2+275)
k2,..skjy +jo+2€Z
Jitj2 .
T F@)(ka = kas)) F (@) (Rjrtjas2) P(Rjijo1 = Kjyjav2)-
d=1

Then

& | F(Bia), p)ds

- ¥

Jit+ia+is3>1

(_1)j1+j3ij1+j2+j3

271!72!73!
J1+j2 '
Z H ]:(d))(kd - kd+1)~7_—(¢J3)(kj1+j2+2)P(kj1+j2+1 - kj1+j2+2)
kQ,...,kj1+]'2+2€Z d=1
y ™ _iBeQiﬁ
g mh(k’h K15 gyt 1k, 1120 B)AB-
—TT

By Lemma 17,

l ™ ——
L[ A B
c J1+j2

< Y g 2 LIF@O 0= k)l | FE) i)

Jitjet+js>1 k)z,...,kjl+j2+26Z d=1

N P(kjytjot1 — Kjitjar2)] -
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Next, let us calculate the Fourier modes of E\l-;z,(oz, B). We can write

F(Bus)(k1, B)

30218 1 1
_ 166 / e—zﬁs(_l + s)ds
0

T1—¢f 2
f(z - iﬁelﬁ ) —i(s—1)B8 (—Z(;S(O[ +’r(rj B 1)5)) dS) (kl)

0213 1 . X iBeB (g m 1 . .
:ﬂ. 1/ eilﬁs(—l + 5)ds - Z iBe ' (=) F(¢™) (k1) / e~ 158 oi(s=1)Bk1 g4
0

721—626 m)! 0

2
828 1 (1 iBe’” b i P
22567' . 2/ 6—1,85(_1 +5)d8- ife ‘ / e—zsﬁez(s—l)ﬂklds . P(kfl).
0 0

Then

7 / " F(Brs)(k1, B)d

AT J_,
5 Ly [T aig B 2o —iBs B i(s—1)Bk
=P(ky) 5" Ir /_Tre (1 — ; e (=14 s)ds ; e e dsdp.

It follows that

X
i ) }_(31,3)(%17@615‘
f)(kjl)‘ ™ . 2
gl i3
< L _P )
-2 47r/_7r <1—e’f3> L+1)db
1 ~ (m T,
<. (X .
<3 4ﬂ<2 L+ +27r> ’P(kl)’
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Next, let us calculate the Fourier modes of Eg(a, B).

F(B) (k. 5)
1 Z —iBe%B (_1)j1+j3ij1+j2+j3

— B Liglis!
izt tn>1 J1+2°3

1
: f<¢(a — B ()’ /0 e o(a+ B(=1+5)) (=1 +5)¢(a + B(~1 + s))ds

' <§: : iﬂew 016_¢(5—1)5(—i¢(04+ (s — 1)ﬁ))mds>n> (k)

|
= m!
1 —i3e%B (—1)71tisiti2+is
) > 1— e i1 Ligljs!
J1tj2+js+n=>l JrJ2:93

S TIF@a—B) ki~ kasr)

ka,..., kj1+j2+n+1 €Z d=1

’ H ]:(qb)(kjl-i-d - kj1+d+1)

n 00 1

. H ;(Z — e—i(s—l)ﬁ (—ig(a+ (s — 1)ﬂ))mds> (ijosiord — Ky i)

m!

1 . .
: }-</0 e p(a+ B(=145))7 (=1 +5)¢/(a + B(-1+ S))d8> (Kj1+jatnt1)-

We can write

F(By)(k1, B)
1 Z (_1)j1+j32'j1+j2+j3
~— 5 NN
2 Jitiz+is+n>1 J1:92-33:

Ji+jo

> I F(@)(ka = kar)

k:g,...,kj1+j2+n+1 €Z d=1

n 0 iB 1
. H< Z,Bel . / e—isﬂei(s—l)ﬂ(kjl+j2+d—k¢j1+j2+d+1)d8>
1—e¢t

3

—Zﬂe%ﬂ
1— e

I Pjiasora = Ejyagprar) . e—iBUk1—kj, 1)

d=1

. / e 1/6( s tip (_1 + S)ds : "r(¢j3¢/)(kj1+j2+n+1)'
0

—_
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Then

S
— F(Bs)(k d
e (B2)(k1,B)dp
1 (_1)j1+j3ij1+j2+j3 J1+3j2
~ 2 > JATAPA > I 7(¢)(ka — kasr)
J1+je+js+n>1 K2reonkijy 4 gy tm i1 €L d=1

n
T PGjisova = By o as ) F (670 (B 4o i)
d=1
n . 3 1 _ iRL2i8
Y T Zﬁdﬂ —isB i(s—1)B(kjy +io+d—Kjy +io+d+1) ’l/BC —iB(k1—kj;+1)
E _WH<1—ei5 ; e e J1+iz+ J1tiz+d+1)dg | . 1—ei5€ 71

d=1

1
/ B iB(=148)kj tjatnt1 (1 4 5)dsd]S.
0

By Lemma 17,

L[ F B

1 C Ji+j2
n
Si Z JATAPA Z | | | F(¢)(ka — kay1)]
j1+j2+j3+n21 1:J25/3: k‘2,...,k:j1+j2+n+1€Z d=1

TP Eyssora = Fjy g iorar)] - [F(@2 ) (R g jpns)| -
d=1
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Next, let us calculate the Fourier modes of E,(a, B). Let gg = Z?Zl /B?;;j, where

. 1 —B2e—iB  jitietiztia(_1)J3 ) )
Bulad) =3 X ()L st U s g - gy

J1=72=0
Ja+jatn>2

1 1
' / e TP p(a+ B(—1 + 5))P*ds / P p(a+ B(=1+ 5)) (=1 + s)ds
0 0

. i - el s 1 e DD g 4 (s — 1)8)™ds '
m=1 m' 1- eiiﬁ 0
—B2e~iB jirtiztistis(—1)is

— 1 . .
Bs (o) = 5 Y (n+1) T e bl d(a) p(a — B

Ji+je=1
Jat+jatn=1

1 . . 1 . .

. / e P p(a+ B(—1+ s))73ds/ P p(a+ B(—1+ 5))1 (=1 + s)ds
0 0

— —i" —ia s ! i(a+(s—1)B) m "
(Tnzl oy R ; e dla+ (s —1)8)"ds
— 1 S T R L) o~ —0" e 0B
B3 3(a, )_2.2.W/0 e ds/o e (—1—|-s)dsm§:_2 o R W

First, let us calculate the Fourier modes of E),/J(a, B).

__ _R2,—iB ;iztia(_1)J3
]:(33,1)(k317ﬁ)=% Z (”Jrl)(l_ﬁ:m)zz -

J3tjatn>2

: ;(/01 e P p(a+ B(—1+ 5))2ds /01 e pla+ B(—1+ 8))7(~1 + s)ds
. <§: —i3 ! (iB(s=1) (ig(a+ (s —1)B))™ ds) n) (k1)

1-— eiiﬁ 0 m'

J3!Ja!

m=1
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We can write

1 1
]:(/0 e P p(a+ B(—1+ s))j3ds/0 ePip(a+ B(—1+ 5))* (1 + s)ds
>~ —i Ly ip(a+ (s — moN"

— 1—e 8 Jy m)!

= Z ﬁ ]:'(i —if3 ! etB(s=1) (Z¢(C¥ + (S - 1)5))md8> (ka — kgi1)

1— e_iﬁ 0 m)!
ko,....,kn42€Z d=1 m=1

: ]—“</01 e P p(a+ B(—1+ s))j3d5> (Knt1 — kn+2)

. }‘</1 ePp(a+ B(—=1+ ) (-1 + s)ds) (Kn+2)

0
m

- _ilge_iﬁ ! is8 _i(s— — . ? m
- Z H(l—e—iﬂ/o 158 gi(s=1)B(kd kd+1)dssz(¢ )(kd_derl))

k27..47kn+2€Z d=1 m=1

1
.f(¢j3)(kn+1 _ kn+2)/ e~ 1B5 gilknt1—kn12)B(=1+s)
0

1
'F(¢j4)(/€n+2)/ eiﬁs(—l + S)Gikn+2ﬂ(—1+s)d8
0

- —1 eiiﬁ ! isp i(s— - -
= Z H<1_ﬁew/0 5B gi(s—1)B(ka kd+1)ds)d1_[1Q(kdkd+1)

ka,....kn4+2€Z d=1

1
F () (k1 = b 2) F () (n2) - / em il TP g
0

1
/ 61'[35(_1+S)6ikn+25(—l+s)d8
0

Q(kq — kay1)

=

= Z I:L(kl,---ykn—&—%ﬂ)

ko,....,kn42€Z d

- F(7) (kng1 — kns2) F(¢7*) (knya),

1

where

n s ,—iB 1
_ <1 ZﬂZ—zﬁ / eisﬁei(s—l)ﬁ(kd—kd+1)ds> . ¢bp
d=1\" 0

1 1
/ e—iﬁseiﬂ(—l‘FS)(knﬂ—kn+2)d3/ ewseik”“ﬁ(_l""s)(—l—i—s)ds.
0 0
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Then

o F B s
1 iJ3tia(_1)J3 n )
2 Z (n+ 1)Z ; l(' 1 ) Z H Q(kg — kay1)F (%) (knt1 — kni2)
j3+iatn>2 I3 EmiecZd=1
. . _B2e—iB
- F(¢’ )(k?n+2)47T/_an(/ﬁ,---,kmz,ﬁ)(l_cwdﬁ-

Using an argument similar to Lemma 17, we obtain

ot ™ — 1 Cn+1
_ T < — E 1
(BgJ)(kl,B)dB’ S35 (n—|— )j3'j4'

T J_, L
J3+jatn=>2

Yo TT1QKa = kas )l [F(@) (knt1 = kns2)| |F () (k)|

k2,4..,kn+2€z d=1

Next, let us calculate the Fourier modes of Bgvg(a, B).

fﬁQQ—iﬁ jirti2+is+ia (f1>j3

— 1
f(BE]’Q)(kl, ,3) = 3 j1—§>1 (n + 1) (1 — 64/)’)2 J1'92153l44!
Jatjatn>1
. : 1 1 j
: f<¢<a>ﬂ<z><a - B)” / e o(a+ B(=1+ )y ds
0
1
‘ / eP5p(a+ B(—1 + 8))(~1 + s)ds
0
' i —m i 8 ! ei(aJr(sfl)ﬁ)d)(a + (3 — 1)ﬁ)md8> n> (k )
m! 1—e8 Jg v

m=1
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We can write

;(¢(a>j1¢(a - )
1 1
/0 e P P(a+ B(-1+ s))j3ds/ P pla+ B(=1+5))"*(~1 + 5)ds

0

— —i" —ia i ! i(a+(s—1)B) m "
-<Z e X dla+(s—1)B) ds) )(kl)

— m)! 1—e
Ji J2
= > 11 F(@)(ka = kayy) [ Flela = B)(Fjyra — kjirarr)
d=1

k2,....kj1 +jo+n+2€Z d=1

n [e’e) _ 1 ; —1 m
i8 i(s—1)8 (Z¢(@ + (3 )/8)) dS) (kj1+j2+d — k}j1+]’2+d+1)

H <Zl_ez6 ¢ ml

d= m=1

1
1
. ]:</0 —Zﬁs¢ (a+B(=1+ 5))J3ds> (Kjitjotnt1 — Kji4jatn+2)

"5 g+ B—1 4 5) (<1 + s)ds) (ks iyms2)

F
| j1+j2 n —’L/Be_ZB
_ Z eflﬁ(kj1+17k11+j2+1) H f(¢)(kd - kd+1) H <1_Z’8
—e
d=1 =1

k27-~7kj1+j2+n+2€z

' Z Ll]:(d)m)(kjﬂrjwrd - kj1+j2+d+1)A eZSﬂel(S1)B(kj1+j2+dkjlﬂﬁd“)ds)

1
F(¢]3)(kj1+j2+n+l - kj1+j2+n+2)/ 671586Z5(71+S)(kjl+j2+"+17kj1+j2+”+2)d8
0

1
/ et Mintiztns2 (1 4 s)ds - F (&™) (kjyjabns2)
0

Jl +J2

n
= > In(k, ... knyo, B H F()(ka = kar1) [ [ Qkjitsora = Kjitjova)
k:g,...,kj1+j2+n+2€z d=1

- F(¢7) (kjy4jotntt — Kjytgotns2) - () (kjy+josnta),
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where I, is defined in (10.5). Then

jirtiz+is+ia (_ 1 )j3

[ 5B _ !

e B CHICNOTEEE S SRR
Ji+j221
Jatjatn>1

J1!g2!3! 74!

Jit+j2 n
> 1T F@)(ka = ka) [T QKjitjova = kit sora)
k2,...,k‘j1+]’2+n+2€Z d=1 d=1
"F((ﬁh)(kjl-&-h-&-n—&-l - kj1+j2+n+2) : f(¢j4)(kj1+j2+n+2)

~ T _BQe—iﬁ .
O T k. ks, B)dB.
An . (1 — 6725)2 ( 1 +2 /6) B

Using an argument similar to Lemma 17, we obtain

y T o 1 Cn+1
- F(B32)(k1,B)dB| < = E n+l)———r——-
(Baz) (k1. ) ﬁ‘ 2 ( )31!12!13!.74!

A J_, =
Jitje2>1
Ja+jatn>1
J1+j2 n
> T 17(e)(ka = ka)l [T 1Q(Rj +jord — Kjitiora)]
kz,...,kj1+]'2+n+26Z d=1 d=1

NF () (Bjytjorntt — Kjitgoana2) | - [F () (K gjptn2)] -

Next, let us calculate the Fourier modes of B;Tg(a, B).

__ _B2e—iB L 1
F(Bs,3)(k1, B) 22/ e‘zﬁsds/ P (—1 + s)ds
0 0

(1 —e—h)
> i L 1p(a+ (s — m
]:(Zl_eﬁ_zﬁ ) ezﬁ(s—l)(¢( +(Tn' 1)/3)) dS)(k’l)
k=2

—B%e /1 i /1 8
= e "PPds e”?(—1+ s)ds
(1—e¥)2 Jy 0 ( )

—ife™ P (15 i(s—1)Bk — "
w/{; 6565 1d82%]:(¢ )(kl)

m=2
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Then

4 | 1—e i

1 1
/ ei’Bs(—l + s)ds/ eisﬁei(s_l)ﬁkldsdﬁ.
0 0

l " o l —21,8 _Zﬁ ’ 1 —zﬂs
F(Bs3)dB =Q(k1) - i ds

It follows that

v [T A = v i\’
'M/w]:(Bs,s)dﬁ‘ < ‘Q(’ﬁ)‘ : 47T< (1_6 1,3) d6+27r>

< ‘éj(k:l)‘ < <)2; +— n +27r>

Next, let us calculate the Fourier modes of By(a, 3).

_/326—2'5 jirti2+is+ia (_1)j3

FB)kB =5 >+

J1+je2+js+jatn>1

7 <¢<a>ﬂ‘1¢<a — By /0 e g+ B(—1 + ) ds

(1—e"#)2  jiljaljslia!

1
: /0 P p(a+ B(—1+ 8))4 (=14 8)¢ (a4 B(—1 + s))ds

(S T [ otk (s nynas) o)

m! 1—e B
m=1
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We can write

1
a) ' p(a — B)72 e B (a - s))3ds
F(st@ota - o [ Poat -1+ 9y

1
- /0 €75+ B(—1+ 5)) (—1 + )¢ (a + B(—1 + 5))ds
N S A R ey Cnaymal)

<Z 7 e dla+(s—1)p) ds> >(/~cl)

m! 1—e 8

J2

J1
= > 11 F(@)(ka = karr) [[ F(éla = B8))(kjyra — kjrar)
d=1

k2,...kj +jo+n+2€Z d=1

Tr(s~ B [P enslidlat (s — DB
dl_[ (g:l 1 — e—i8 (=7 m) ds (kj1+j2+d - kj1+j2+d+l)

1
-J-"( e P pla+ A1+ s))j3d5> (kjrsztns1 = Kjrjpene2)

: f(/ P pla+ B(=1+ ) (-1 +5)¢' (a+ B(-1+ 8))d5> (Kjition+2)

0
_ Z e~ B(kj+1=kjy +jp+1)
k2, ki) +jg+nt2€Z
j1+j2 n —zﬁe 1; Zm
] F(@)ka = karr) [ ] (Z T o= ? @) Kjitjord = Kjitjo+ar)
d=1 d=1 “m=1

1
/ 6“56“3Uﬁ(kh*”*dkh*”*‘”l)dS) - F(7) (kjitjaent1 = Kjitiaent2)
0

1 1
) / eiﬁsei(kj1+j2+n+1kj1+j2+n+2)ﬁ(1+3)ds/ eiﬁsew(*yrs)khﬂ?*"”(—1 + s)ds
0 0
F(¢"¢") (kjy 4 jsrns2)

Jitj2

= Z Lk, ..o kng2, B H F(@)(ka — ka+1)

k2, k) 4+ jotni2€L

n

T Qi tavd = Ky tsnrars) - F(&) (jy o inir = Kjysotnt)
d=1
- F(7¢) (kjy+jotnt2)-
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Then

™ N 1 ji1ti2tz+ia(_1)ds
L FBympas=1 Y mrpto U
- J1+ia+isHiatn>1 J1J2:93%4¢
J1+j2
> 1 F(¢)(ka = kara)
kz,...,kj1+j2+n+2€Z d=1
T Qjrssora = Ejyagnrars) - F(@) By totmir — ki tjotnta)
d=1
4 ! v T _/8264ﬁ g
’ }—(¢J4¢ )(kj1+j2+n+2)ﬂ /_ﬂ mln(kla SRR kn+27 ﬁ)dﬁa

where I,, is defined in (10.5). Using an argument similar to Lemma 17, we obtain

Y /ﬂ g 1 Cn—i—l
- ]:(34)(k175)d5’ <5 Z (n+ 1)y
‘47T - 2 jititssTitn>1 J1I2Is 8
Jit2 n
> [T 17(@)(ka = ka)l - TT1QKji1otd = Ky +sorasn)]
d=1

k2. ki 4jo4nt2€Z d=1

| F(87) (kjrjarntt — Kjytjosnt2)| - [F(@74 ) (kji4jotnra)| -
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Next, let us calculate the Fourier modes of E(a, B). We will write E;, = Z?:1 553, where

jd1tiz+is (_1)j3

__ 1 i
Bs (o, B) = 2 Z L—e 8 jiljslys!
Jj1=72=0
Ja+n>2

¢(a) p(a — B)"

1
/O e 5 (a+ B(—1+ 5))3 (=1 + 5)ds
(35 (5, [ mlisle o 00" )"

1—e 8 ), m!

m=1

jJ1tiz+is (_1)13

Boslep) =+ 3 2

— e iB ilijlial
2. 55, 1€ J1lgelys!
Jz+n>1

1
/0 e~ p(a + B(—1 + 8))*(—1 + s)ds
. (i —if3 161'(5—1)5 (ip(a + (s — 1)/3))mds>n

1-— e_iﬂ 0 m)!

¢l p(a — B)"

m=1
— 1 is 1
N 5 ' 1-— e_iﬁ 0
_ i —if} ! Gi(s—1)8 (igla+ (s =1)B)™

1-— 6_7:6 0 m!

e~ (—1 + 5)ds

ds.

m=2
First, let us calculate the Fourier modes of B?,l(oz, B).

f@;)(kl,ﬁ):% Z i i3 (—1)%

e 1€ !
1
: e P p(a —1+5))3(=1+s)ds
F([ e otat 14914 9
> i r igp(a+ (s — moN"

— 1 -7 ), m)!
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We can write

1
e P p(a — 5))73(— s)ds
([ e ota s 14 )14 9

m!

- o~ =i t ip(a+ (s — m
= Y Hf<z 1_66—1'6 i sits—1) (19 +(m! 1)8)) ds)(kd—kd+1)

ka,....,kn+1€Z d=1 m=1

1
0
— Z H <Z _7’_56_22 M (¢m)(kd _ kd+1) /1 eisﬁei(51)ﬁ(kdkd+l)ds>

ko,..., kn+1€Z d=1 0

n . nos_iBe—iB 1 . -
= Z HQ(kd—kd+1)f(¢’73)(kn+1)ﬂ<1_ﬁe_w/0 eis8 gils=1)B(ka kd“)ds)

ko,....kn+1€Z d=1 d=1

1
/ —iBs gif(—1+s)k nt1(—1 + s)ds
0
n

= > Lalkie kg, B) - ] QU — kar) - F(¢7) (Fnta)

ko,....,kn+1€Z d=1

where
n . —iB 1 ' '
In,l(k?h ooy knga, ﬁ) — H (1 Zﬁeiiﬁ / BZS,BeZ(Sl)B(k'dkd+l)d8>
a1\ € 0
1
. / e 185 g1 (=1+5)knt1 (=1 + s)ds.
0

Then

7 Q — 1 i93(—1)73
e B CEEE I SR
Jat+n>2

Z HQ(k‘d— kd+1)'f(¢j3)(kn+l);r/ In,l(klw--aknJrlaﬁ)%dﬁ-

1
ko,....,kn+1€Z d=1 -
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Using an argument similar to Lemma 17, we obtain

|

g 1
B

ar ) 1
n 2
v m 1 0 9
<L (=) 4/1+=- 2
_4ﬂ_<(n+ ) <2> 3 + 17 + 7T)
=C,.

It follows that

" FBan) (k1. B)dB

ar J_,

1 C, n )
<5 2 a2 ek = kae) |F(6#) (kasa)]
Jztn=2 J1:g2:78° ka,....kn41€Z d=1

Next, let us calculate the Fourier modes of B?Q(oz, B).

— 1 i3 it (—1)%
F(Bsa)(k1,8) =5 > : ——
’ ’ — e—iB Liglial
2 Jitg2>1 l—e J1:J2:73:
ja+n>1

.]:<¢(a)31¢(a _ 5)12/0 677’63¢(a + B(=1+ )3 (=1 + s)ds
(5 2 [ aermrlisa s DO 1) Y

1 1— e_iﬁ 0 m)!
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We can write

F <¢(a)11¢(a - B / e B p(a+ B(—1+ 5))3(—1 4+ s)ds
0
i r ip(a+ (s — moN"
. (Z B[ ie-ns id(at (s = 1)F)) ds) ) )

= l—e m!
Ji J2
= > [T 7 @) (ka = kasr) [] F (b = B)) (Bjy4d — kjyvara)
kz,...,kjl+j2+n+1€Z d=1 d=1
= = =i Y g liola+ (s —1)B)™
11 ]'-(Z T—e b J, ° oot (m! 7)) dS) (Kji+g2+d = Kjr+js+d+1)
d=1 m=1
1
F([ e otat B+ )14 98 Gins)
Ji+7j2
= Z e~ B(kjy 1=Ky +jp+1) H F(¢) (kg — kas1)
kg,...,kj1+j2+n+1€z d=1
S —ife B
11 <Z T o= ? @) Kjitiord = Kjija+ar)

1 “m=1
1 . .
e15B i (s—=1)B(Kjy tjp+da—Fk, +k2+d+1)ds>

1
BB 1H8)kj1 tiptni1 (1 4 §)ds - F () (kjy+jotn+1)

— —

Ji+72 n
= > I 7()(ka — kasr) [ Qkjisjora — Eijrtorasr)

kQ,...,k)j1+j2+n+1€Z d=1 d=1

']:((bjg)(kjl-i-h-‘rn-&-l)

. n _iﬂefiﬁ 1 . .
. e~ B ki +1—kj +jp+1) H (1 = / ezsﬁel(s—l)ﬂ(kn+j2+d—kn+j2+d+1)d3>
_ e*l 0
d=1

1
. / e—iﬂseiﬂ(—1+8)kj1+j2+n+1(_1 + 5)ds
0
Jjitj2 n
= > I 7@)(ka = karr) [ QB tgova — Fjirjorasr)
d=1

kg,.‘.,kj1+]'2+n+1 €Z d=1

: ‘F(d)js)(kjl-l—jz-i—n-&-l) : In72(kj1+17 kj1+j2+17 cee kj1+j2+n+1’ 5)’
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where

In,2(kj1+la k;j1+j2+17 ceey kj1+j2+n+1a B)
—e~Bkj1+1—kjy +ja+1) H(B/ 615561(51)5(’%1+a‘2+dkj1+j2+d+1)ds>
— —1,
de1 ]. e 0
1
. / 67i556i5(71+8)kh+j2+n+1(_1 + S)dS.
0
Then
™ . 1 ¢J1ti2+iz(_1)Js
1 ]~'(B572)(k1,5)dﬁ =3 %
A J_ 2 P J1192175!
jst+n>1
J1+j2 n
> [T 7@)(ka = kas) [T QKjitjava = kit saras)
k:g,...,kj1+j2+n+1€z d=1 d=1
- F(¢7*) (kjy tjotnir)
v [T i3
i) Lno(kjiv1, Kjytjotts oo kj1+j2+n+1:ﬁ)md5-

Using an argument similar to Lemma 17, we obtain

v [T i3
E / Invz(kjl+1’ kj1+j2+1a ce 7kj1+j2+n+1a ﬂ)mdﬁ

—Tr

n
v i 1 T,
< D(T) oy 1e T2
_47r<(n+ )<2> S\[1+ T2

=C,.
It follows that

v

T~ 1 C,
]:(352)(k17ﬁ)dﬁ‘§ Z —
: 1iolial
dr ). 2j1+j221]1-]2-,73-
j3+n>1
J1+72

> 1T 17(@) (kg = kar)| T 1Q(Rji4jord — Kjrtsotar)l

kQ,...,kj1+]'2+n+1€Z d=1 d=1

: |~F(¢j3)(kj1+j2+n+1)| .
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Next, let us calculate the Fourier modes of E:r,:z,(oz, B). We can write

__ : 1
F(Baa)n.6) = 5 s | €51+ 5)ds
;(Z 1 __fﬁw 01 Gis-n (ioa+ (;1'— 1)5))md8) (k1)

m=2 :

1 i8 1 —iBs —iﬁe_iﬁ L ~
= — . . _1 d . _ . ZS,B Z(S I)Bkld . k .
2 1_¢B ), © (=14 s)ds T— =5 /06 € s Q(k1)

Then

INA
DO | —

.‘cﬁj(/ﬁ)‘ : 4’;/_7; (1__2/:,6)2—1“
-‘@(/ﬁ)‘ ;(2(2) ~;\/1+ﬂj-7r2+27r>.

Next, let us calculate the Fourier modes of §6(a, B). We will write §6 = Z?Zl E\G/J, where

dap

L[ B

INA
N | —

1 Hi2 s (—1)72

¢(a) p(a — B)"

- 1 i3
Bs(a, ) = 5 Z 1—e B jiljalis!
J1=72=0
Ja+n>2

1
[ e olat -1+ P -1+ 5)ds

0

(3 o [ iolat SO,

1—e ), m!

m=1
— 1 i3 it (1)
Bea(a, f) = 5 > e

Jitj2>1
j3+n>1

1
/0 eiﬁsqﬁ(a—{—ﬂ(—l+8))j3(—1+8)d5
. (i =i " s liglat (s = 1)5))md8>n

ey ola— )

foopt 1-— e_zﬂ 0 m'
1 i t
B673(OZ, ) = 5 . % ezﬁs(_l + S)ds
- 0
i —if} i(s—1)8 (Z¢(a + (3 - 1)/8))md5
(1—e m! '
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First, let us calculate the Fourier modes of é\(;l(a, B).

— i 493 1 )
FE ) =y X o P ([ ot St -1 s

j3+n>21_e v J3 0
— =i [ enpligla+ (s =DB)™  \"
'(21—6—1‘5 0 pi(s—1)8 = ds> >(k1).

We can write

(| 540 + B+ )P (-1 -+ s)ds

0

. <§: _Zﬂ,~ ! 61’(3—1)6 (ig(a+ (s — 1)ﬁ))mds)n) (k)

1 — e m)!
m=1

00 1 . B m
- ¥ H;(z 1 —Zﬁzﬂ Jits—1s (id(a + (nsl! 1)8)) ds) (bt — huer)

ka,..., kn4+1€Z d=1 m=1

1
: ]—“(/ P pla+ B(—1+5))(—1+ s)ds> (Knt1)
0
- 3 0 7iﬁ 1 . .
= Z H <Z 1 Z_ﬁz_w : L' (Cbm)(kd — kd+1)/ ezsﬁez(s—l)ﬁ(kd—kd+1)ds>

Koy kngp1€Z d=1 “m=1 0

1
/ B3 B4 knt1 (1 1 g)ds . F(¢9) (K1)
0

B Z H <_l_ﬁe—zﬁQ (kq — kd+1)/ “ﬁei“l)ﬂ(kdkdﬂ)dS)

ko,....;kn+1€Z d=1

1
/ P eiB(148)knt1(_1 4 §)ds - F(¢7)(kps)
0

= Z H Q(kg — kay1)F (7)) (kpi1) Ina(k1 - .. knt1, B),

k2,....kn+1€Z d=1

where

In,3(k1 ey knJrl)B)

n . —q 1 1
_ H (—256 Z / eisﬁe’i(sl)ﬁ(kdderl)ds) / eiﬁseiﬁ(*lJrs)kn-s-l(—l + s)ds.
1—e" J

d=1 0
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Then

v [T 5 1 i3

- _W-F(Bﬁ,l)(klaﬁ)dﬁ =5 Z Tl
Jj3+n>2

> T Qkd = ka) F(¢7) (kng) - 41/ Lng(ky ... ko, 5)%055-

kaye.oskn+1€Z d=1 -

Using an argument similar to Lemma 17, we obtain

v iB
L sy e, B)—
/ 3(k1 +1,8) 1= 6’

ar J_,

n 2
¥ m 1 0 9
< 1) — .—1/1 — 2
_4ﬂ_<(n+ ) <2> 5\ + 17 + 7T)

=C,.

It follows that

2" FBan)ka, B8 g% )

4
- j3+n>2

Ch
Ja!

Z H 1Q(ka — kas1)| | F(¢7) (kny1)] -

ko,....kn+1€Z d=1

Next, let us calculate the Fourier modes of %(a, B).

jJ1+I2+73 (_1)j2

— 1 i8
F(Be2)(k1, 8) = 5 > e
Jitj221
Jz+n>1

J1lg2!g3!

' (i —ig [ Gits—ni(a+ (s — 1)5))mds> n> (k).

foopt 1-— e_i’B 0 m)!
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We can write

F <¢(a)11¢(a - B / P p(a+ B(—1+ 8))3(—1 + s)ds
0
(5o =B [ s lglat (s = 1B)™ "
(W; 1—e ), m! d ) )(kl)
J2

ka—kar1) [ [ F(la = B))(kjyra — kjirar)

J1
= > || ROl
d=1

kz,...,kjl+j2+n+1€Z d=1
1 .
its—1 gt + (s = 1)B))™
o8 Ghall )P) dS)(kj1+j2+d—’fjl+j2+d+1)

=1

1
: ]-“(/0 ePipla+ B(—1+8))3(—1 + 8)d8> (Kj1+jatnt1)
Ji+j2
e ki =hivizt) TT F(6)(ka — kata)

- Z d=1

K2, ki1 +jg+n+1€2
cn g 1
_iBe-if 1
< p /@%‘ﬁel(s1)5(kj1+j2+d’f11+j2+d+1)d3
0

— -

1—e B
1

IS
I
3

F(@")(Kjytjprd — kj1+j2+d+1)>

M
1k

!

i
==

(AL s (<1 4 5)ds - F(S) Ry a1

0
n

Ji+j2
1T F@)(ka = karr) [T Qi ova = Kjrtjoras)

- Z d=1

kg,...,kj1+]'2+n+1€Z d=1
) kj1+j2+n+la 5)’

’ ‘F(qus)(kjl-i-h-i-n-&-l) ) In,4(kj1+17 kj1+j2+la

where
B) = e~ B (ki +1=kj1 +jp+1)

In,4(kj1+17 kj1+j2+17 cee kj1+j2+n+17

noy oo gl
<W/ eisﬂei(s—l)ﬁ(kjl+j2+d—kj1+j2+d+1)d8>
0

H 1—e 8

d=1
1

/ eiﬂseiﬂ(—l+s)kj1+j2+n+l (_1 + S)dS.
0
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Then

T o 1 gditietis(_1)J2
41 F(Bg2)(k1,8)dB = 5 — ,(. ' )
™) _ . a1 J1:92:33"
Ja+n>1
Ji+j2

> I 7@ (ka = kas) [T QKjitjova = kit sorar)
d=1

k‘g,...,k]‘1+j2+n+1 €Z d=1

| . i3
F(07) (Bji+jatn1) / Ina(kji+1, Koty - Bjnjont1, B) T— 5 dB.

ar J_ .

Using an argument similar to Lemma 17, we obtain

v A
E /_7T In,4(k’j1+1a kj1+]'2+1, R ,kj1+j2+n+1a B)l—elﬁdﬁ‘

n 2
¥ m 1 0 9
< L D-(Z) - 24/1+=—. )
_47r<(n+ ) <2> S\ L1t Tt 71')

=Ch,.

It follows that

™ o 1 Cn
j;r/_wf(Bﬁ,z)(klaﬁ)dﬁ‘ < 2 Z

11351451
J14ja>1 J1:J2:33:
J3+n>1
Jj1+j2 n
Z H "F(¢)(kd - derl)‘ H ‘Q(kj1+j2+d - kj1+j2+d+1)’

k2,-~~,kj1+j2+n+1ez d=1 d=1

: |f(¢j3)(kj1+j2+n+1)| .
Next, let us calculate the Fourier modes of 3—\6:),(01, B).

— 1 i3 L s
F(Bes)(k1, B) = 5 - T © (—1+ s)ds

) ]:.<i —7/,8 ! ei(sfl)[g’ (Z¢(a + (5 — 1)ﬁ))mds> (kl)

1—e 8 J, m!

m=2
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We can write

[e.e]

. 1 . m
}-<Z 1 __foiﬁ 0 ci(s—1)8 (ig(a + (;'— 1)B)) ds) (k1)
m=2 :
_iﬁe_zﬂ ! 1883 _i(s— 1 > " m
:161‘,8/0 el Lak dSmZ::Zm!]:@ )(F1)

_—iBe™ [ s Bk
_l—e—iﬁ/o e*Pe ds - Q(ky).

It follows that

Next, let us calculate the Fourier modes of E(a, B).

ji1tj2+is (_1)j3

FBkf) =y Y

T—e B jilglisl
Jr+a+an>1 T2

. <i 1 __iﬁ—iﬁ ' Gils—npi9(a+ (s — 1)5))md8>n> (k).

|
ooy 0 m:
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We can write

1
f(cb(a)jlcb(a - B)” /0 e pla+ B(=1+9)) (=1 + 5)¢'(a + (=1 + 5))ds
i r ip(a+ (s — moN"
) (Z /6 ez(s—l),@( d)( + ( 1)&)) ds) )(kl)

= l—e m!
J1 J2
= > [T 7 @) (ka = kasr) [] F (b = B)) (Bjy4d — kjyvara)
kz,...,kjl+j2+n+1€Z d=1 d=1
- —  —iB8 [ enpligla+ (s = 1B)™
'df:[lf<n; T—ei8 ), © (=18 ey ds | (Kjy+ja+d = Kjy+jo+d+1)

1 . .
F([ ot ST+ L 9 0t B+ 0)ds ) ()

— Z e~ B(kj +1=kjy +jp+1)
k27---7k’j1+j2+n+1€Z
J1+j2 n 00 —zﬁe i 4m
T O ke TL(E T2 o F O™ v — )
=1 d=1 “m=1 ’

1
. / eisﬁei(s—l)ﬁ(kh+j2+d—kj1+j2+d+1)ds)
0

1
‘ / 67155615(71+s>kh+j2+n+1 (_1 + S)dS : f(gbjsqs/)(kjl-‘rh-&-n-&-l)
0
Jit+Jj2 n
= > 11 F@)(ka = karn) [T QR ova — kjutjoras)
d=1

k2,~~-7kjl+j2+n+l €Z d=1

}_(Ws(ﬁl)(kj1+j2+n+1)fn,5(kj1+1’ Kjtiatts - Kjijantt, B),

where

In5(kji+1: kjitjot 1o - - Kjitjotnt1, B)

. n 71:56_7;/3 1 . .
— e~ Bkj +1=kj1+55+1) H P iBei(s=1)B(Kjy 4iprd—Kiytigtdt1) dg
rirhN e

1
‘ / e~ B8 IB(=1H ki +igtnt1 (] 4 g)ds.
0
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Then

2" B _1
) TEIkAdE =5
Jitj2+jz+n=>1

gJ1ti2+i3 (_1)3'3
J1lg2!g3!
Ji+7J2 n
> [ F@)(ka = kasr) [ Qksiiova = Kjytjorar)
d=1

kz,...,kj1+j2+n+1 €Z d=1

. v [T i3
. .7:(¢]5¢/)(kj1+j2+n+1)7 / In,S(kj1+17 kj1+j2+17 ceey kj1+j2+n+17 B)mdﬁ

ar J_,

Using an argument similar to Lemma 17, we obtain

v [T i8
/ Lns(Kji+1s Kjitjatts s Kjptjant1s B)l_ezﬂdﬁ‘

dr ) .
n
0l T 1 T,
< D (T) o1+ T a2
—47r<(”+) <2> S\ 1+ ™ 2w
=C,.

It follows that

N~ 1 c,
ya < Z E
‘47T /—7r (Br)(k, 5)dB) < 2 J1'j2!lgs!

Jitj2tis+n>1
J1+72 n
> 1 17 @) (ka = kar)| [T 1Q(Kjy4jotd — Kjrsjprasr)]
kQ,...,kjl+j2+n+1€Z d=1 d=1
: |F(¢j3¢/)(kj1+j2+n+l)‘ .

Next, let us calculate the Fourier modes of Bg(a, ).

i3 Z'j1+j2+j3(_1)j2

FB)kLB) =5 Y

J1+j2+j3+n>1 jl!jQ!jZS!
1
| f<¢(a)j1¢(a - /0 (o + B(=1+ )Y (=1 + 5)¢' (o + B(—1 + 5))ds
° . 1 . . . .

m=1
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We can write

1
f<¢<a>j1¢<a e /0 £85$(ar + B(—1+ )P (—1 + 8)¢!(a + B(—1 + 5))ds
) <Z —if . ! ei(s—l)ﬂ (Z¢(a + (S — 1)6))m d8> n) (kl)

— 1—e ¥ Jy m!
Ji J2
= > 1 7 @) (ka — kasr) ] F(d(e = 8))(Ejy 4d — kjr+art)
k2,....kji +jo+n+1€L d=1 d=1
T (N~ [ iensliglat (s —1)B)™
g (Z T—e# ), ¢ ol oy ds ) (Kji+jo+d = Kjrtjotd+1)
-7:< e p(a+ B(—1 +8))j3(—1+5)¢/(0<+5(—1+5))d5> (Kjytjotn+1)
' Jj1+j2
= Z e~ Bk 11Ky 1o +1) H F(d)(kg — kas1)
k27...,k]'1+j2+n+1€z d=1

;m

X —ife” P g L

< E 17715 T F((bm)(kjl—i-jz—i-d - kj1+j2+d+1)/ ezsﬁez(s1)5(kj1+j2+dkj1+j2+d+l)d5>
—e m! 0

— m=1

d=1
1
. / eiﬁseiﬁ(*1+5)k11+j2+n+1(_1 + S)ds : f((ﬁjsél)(kjl-&-h-&-n-&-l)
0
Jit+j2

- Z H F(@)(ka = kat1) H Kjitjo+d — ]1+j2+d+1)

kQ,...,kj1+]‘2+n+1€Z d=1

F(3) (kjytjotnt1) - Ine(kjit1, Kjytgo+15 Kjrtjatnt 1, B),
where

—iB(k; ki s
L6 (Kjy1s Kjy g1, Kjytgptntn, B) = e P —kirean i)

H< iBe Zﬁ/ eiSﬁei(s1)ﬁ(kj1+j2+dkj1+j2+d+1)ds>
1—e

d=1

/ iBs 1/3( 14s)k Jl+j2+"+1(—1 +S)d8.
0
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Then

[T F(Bg)(k1, 8)dB = % Z i1t (—1)72

47 i1199193!
- htjatistn>1  J1I23

Jitj2 n
> [ F@)(ka = kasr) [ Qksiiova = Kjytjorars)
d=1

kz,...,kj1+j2+n+1 €Z d=1

-, v [T i3
'F(¢]d¢/)(kj1+j2+wl—1) ) / In76(kj1+17 Kjitja+1, kj1+j2+n+laﬁ)md6-

ar J_,

Using an argument similar to Lemma 17, we obtain

v iB
’471_/ In76(kj1+17kj1+j2+1’kj1+j2+n+17/8)1_eiﬁd/6’

—T

n 2
vy m 1 m 9
<L D-(Z2) -=4/1+ 2. )
_47T<(n—|- ) <2> SVt + 7T>

—C,.

It follows that

N~ 1 c,
L < Z E _zn
‘47T /—7r F(Bs) k1, )| < 2 J1'j2!lgs!

Jitj2tis+n>1
J1+72 n
> 1 17 @) (ka = kar)| [T 1Q(Kjy4jotd — Kjrsjprasr)]
d=1

kz,...,kjl+j2+n+1ez d=1

: |-F(¢j3¢/)(kj1+j2+n+l)‘ .
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Next, let us calculate the Fourier modes of Bng(Oé, B). We can write

FBu)hp) = 3

J1+722>2

jJ1+2 1/5’(1 + 6@6) 1
= > - .|<(—1) 21t eB) 2)

|
a2 I

i1tz LeP(1+ef) 1 3 '
o (VPSS - 3) et ot - 8 )

J1 Ja—1
Yo 7@ (ka = karr) T] F(éla = 8)(kjyra — kjyras1)
d=1

ka,.skj) 4o €L d=1

“F(d(a = B))(kjy+j2)

31+ i3 i3
= Z z‘jl ‘32 Z <(_1)j2M _ 1) e~ B ki1 +1=kj1 442 ) o= 1BKj +5o
J1+j2>2 il o i, €L 2(=1+e¥) 2
= ]I TI2
J1tj2—-1

I 7(6)(ka— kar1) F()(kjrtn)

iJ1+72 Jitja—1
1
- Z 110! Z Ing(kjit1s - Kjitga, B) - H F(@)(ka — ka+1)
J1+j2>2 Ji-g2: ko,....kj, 44y €Z
']:(qb)(kjl+j2),
where
B+ I\ sk k) iBhe
In,7(kj1+1, ... ,kj1+j2,,3) = <(_1)j22(_1+6l}3) — 2)6 B(kj;+1 k]1+]2)6 5k31+12‘
Then
i — ij1+j2
L[ F(Bis)(k1, B)dB = Z —
4m -7 . j1!j2!
J1+72>2
Jit+j2—1 . -
Z H F(@)(ka — kay1)F(9)(Kjy+4,) - . / I (kjigt, - Kjigge, B)dB.
ko, ki +jo €2 d=1 -

We note that for [ € Z,
1 T emifl
~ | = sl ~ 100,

1—e
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For proof, see (5.9) in Gancedo et al. (2023a). Then

fy s
E /_7T In,7(k;j1+1v SRR kj1+j27 ﬁ)dﬂ‘
<
“4r

w (_1)]’2eiﬁe—iﬁ(kjﬁl—k’jﬁjz)e—iﬂkhﬂz 1+ e’ﬂ)
/7r 2(—1 + eih)

™
+1’7/ e B i r1=hiy+42) e =1Bkj1 32 4 8
24m | J_,

dp

v 1| [T PRtk 4s) =Ky 4g) T B2 (kjy+1—=kjy i) =Ky +i2)
Y
+ 47 T
Y
<—(1
_471‘( +)

It follows that

o[ f(EE)(kl,mdﬂ‘

AT J_,

Jjitje2—1
gl 1
SpHm Y s D 1T 7@ (ka = kar ) [1F (@) (kjy4s0)] -
giri22 IV e el

10.2. Estimating ||Uss| o

We prove the following estimate for ||[Usa|| zo.1.

Lemma 18.

2
1Us2[l z01 < Di(l|é]l o) 1l 701 + D2(llgl] zo1) 10 por ||| ot

where Dy and Do are monotone increasing functions of ||¢|| zo.1.
v

Before commencing the proof of Lemma 18, let us introduce the setup for the proof. For ease of
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notation, we define the I} norm of a sequence a = a(k) defined on Z by

lally = 3" O fa(k)]

keZ

The following estimate of the I} norm of the convolution is frequently used.

Proposition 19. If ay,...,a, are sequences on Z whose I} norms are finite, then

n
lar s -+ s anll < T llaglly -
j=1

Proof. Tt suffices to show the case of n = 2 because the general case follows from repeated applica-

tions of this case. Indeed, we have

laxblly = 3 0¥ |(axb)(k)|

keZ
< Zzey(t)mﬂ'\eu(t)ljl la(k — 5)| [b(5)]
JEZ ke
= 3" Ol () 37 Okl a(k - j)|
jeZ kEZ
= llally 1ol ,
as needed. .

We note that

>, (18]
HPHll < }'—” = €”¢Hf8’1 —1, (10.6)
v m.
m=1
~ >, (18]l
J:u7 ||¢H 0,1
18], < > =2 = Mt g -1, (107
v m=2 '
>, (18]
Fo Il o,
IQlly <> Tl € -1, (10.8)
m=1 '
~ >, (18]
]:lf ||¢H 0,1
HQ p S > = 7 =l — 1. (10.9)
v m=2 '
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To begin the proof of Lemma 18, we observe that

" Bj(a.B)

—T

1U>2]| g0 <

H 313
—T

This means that it suffices to estimate each of the F'* norms on the right hand side. By Proposition

19 and (10.6), we obtain

3 ertolial | L

}'(Bl 1)(k1, 8 dﬁ‘

ar J_,
k1€Z
C

<Ol S O (F @) e [F(@)] Pl [P [ FO)) ()
ki€Z J1+j2+n>1 J1-J2;
= ||\ ()| 5+ % [F(Q)| * |P|* -+ % [P+ [F ()]l o
Jitj2+n>1

1
< Y S el el
J1+j2+n>1 J1:92

1, l#ll o,
< Y 2y1'],\|¢uﬂ+”+< 1),
Jjit+je+n>1

By Propositions 2 and 19 and (10.6), we obtain

ua f<31 2)(k1, B dﬁ'

3 ertolil

leZ 47T —T
J1t+ja+iz>1 ]1 YPAVEL hez
= z 914 1 1H| (¢)|*|P’*}}—(¢J3)‘Hz;
J14j2+i3>1 J1:J2:73:
Jitie+is (1ol 00
Jit+ja+iz>1

By (10.7), we obtain

3 erolhl

ki1€Z

/ F(Bis)hy, 0)as| < 272" ] a0 — 1)
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By Propositions 2 and 19 and (10.6), we obtain

" F(By) (k. B)dB

v(®)lka| |
>

™

k1€Z -
SHD> jl!?ﬁjg!
J1+j2+jgs+n>1
> ORI F (@) 5o [F(@)] % [Pl -+ x| P x| F(¢)]) (k)
k1E€Z
1 C, ,
<= S I IE@) ke # F @) % [Pk [P [ F (@)
2 J1'J2:3 v
Ji1+ja+jz+n>1
1 Cn Il o, n
S T Tl L e A L VA [ [PPR
2. = J1l2lys v
Ji1+j2+js+n>1

By Propositions 2 and 19 and (10.8), we obtain

v()lka] | Y
e g _Tr]-"(Bgl)(kl, dﬁ'
ki1€Z
1 C, . .
< el Yy e D2 (QN e x [Q1 [F(P)] x [F (M)
k1€Z j3+j4+N>2
1 n 1
=3 >, ) = HQHl ||¢||J3“4
Jatjatn>2
1 Cnt1, 4l 01 n || 4193 +j4
<— 1) —— v —1 .
Jatjatn>2

Next, recalling that

J1lg2!73!54!

Zr/wf(g,z)(kl,ﬁ)dﬂ‘ﬁi ORI

Jitj2=>1
J3+tjatn>1
J1t+j2 n
> 1 17 @) (ka = kar)| [T 1QKjy4jotd — Kjrssprasr)]
k’2,...,kj1+j2+n+2€z d=1 d=1

ANF () (kjitjarntt — Kjutjoint2) | - [F (@) (kjytjotn2)]
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we obtain by Propositions 2 and 19 and (10.8) that

™ —_—
Z PAOILEY 47%/ F(Bz,z)(klvﬁ)dﬁ‘
ki1€Z o
< Z e lk1] 1 Z (n+ 1)%
kieZ 2 e SIS
Jat+jatn>1

S(F(@) - % | F () %@L x - % QL [ F(¢7)| + [F(¢™)]) (k1)

1 Cn+1
<5 Y (D
- P laolanlg, 1
2 J1+ja>1 J1:72:73:]4-
Jja+jatn>1
NIF@)] -5 1F @) 1Q1 - 1@+ |[F(6#)| « | F (@),
! Cnt1 j1+j2-+i3+]
e D G e o L A SRl 2]
- Liglialigl 121 20, 1
2 J14ja>1 J1:J2:73:J4
J3+jat+n>1
1 1)C L
<= Z w ||¢||J}$i7-132+33+34 (e”(b”fg’l —yn
Jitga>1 J1:J2:73:J4- v
J3+ja+n>1

By (10.9), we have

L F(Bag) ke, B)dB| < Coe! ™" — ]| o — 1),

4

3 erlhl

ki1€Z

—T
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By Propositions 2 and 19 and (10.8), we obtain

v(t)k| |
Z © 41

k1€Z

g% > (n+1) Crtt LS ol

17517219
ji-tiatis Hiatn>1 Pisie (o

A(F(@) 5 x [F() % 1Q| 5 -+ Q| [F(¢7)| | F(¢7¢)]) (k1)

1 Ch
:i Z (n+1). ; —.H

IENENER
1ot iatjatn>1 J1J2:33:94:

ANF@)] - | F (@) %@L - % Q]+ [F(&™)] + [F(¢ ][]

| F B, B)dﬁ‘

L Cn+1 +j2+j3+]
<3 2 (R D O 6 e QU
J1+je+i3+jat+n>1 J1tg2!7s! 74!
1 Chni1 +j2+j3+ oIl 0,1
§§ Z (n+ 1)% H¢||J1 J2+j3+ja ”¢/”f3’1 (e 7 — 1)
Jitjet+jst+jatn>1 J1:J2:73: J4

By Propositions 2 and 19 and (10.8), we obtain

" F(Baa)(k, B)dP

—T

v(t)lki| |
>

™
kEZ

Z Z ORI(QL - |QL # | F(¢7)]) ()

]3 +7’L>2 kl €7

1
ST AT

J3+n>2

1 C ”d)” 01 n 73
S (O e

J3+n>2
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By Propositions 2 and 19 and (10.8), we obtain

vtk | T
Z € 47

/ " F(Ba) (k. B)dB

ki1€Z

< ¥ o
J1ja>1 J1lg2!gs!
J3+n>1

Y OB (F (@) 5w [ F (@) Q-+ 5 |Q [ F(67)|) (k1)
k1€Z

1 gt

§§ Z - , ,”QHzl chllj1 J2ras
j1+]2>1j 1172173
Gatn>1

1 C ll#ll o,

S D TGRS VAl L S
= J1lgelys!
Jit+j2>1
jz+n>1

By (10.9), we obtain

Z v(t) k1| |I¢H F01

k}léz

— [1¢ll o — 1).

/]—'353)(14:1, dﬁ'

By Propositions 2 and 19 and (10.8), we have

vtk | T
Z € 47

kEZ

Z Z O(QL - |QL + | F(¢7)]) ()

]3 +n>2 k: €7
1

| F B B)dﬂ’

<5 2 Sl el
J3+n>2 ‘73
1 Cn , lIgll 0. j
§§ Z - ,( =1t H¢H§§o,1 :
Jj3+n>2 J3: i
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By Propositions 2 and 19 and (10.8), we obtain

™ ——~—

> eomi 2 f<B6,2><k1,ﬁ>dﬁ‘

k1€Z -

1 Cn ;.
<5 2 i 2 COEFE@) « % [F @)+ 1Q1 % 1@+ [F(@)]) (k)

e 1R

J3+n>1

1
<5 D T ,ugsnmm QI

J1+J2>1‘] 1J2:J3

Jj3+n>1
=D Il (et — .
T2, 505 Jl']2']3

J3+n>1

By (10.9), we obtain

@
S ekl | [ Bk, ) dﬁ] (17— g pan — 1),
k1€Z T
By Propositions 2 and 19 and (10.8), we obtain
S ol L[ F By, as
ar J_ .
k1€Z
S
itiatiatn>1 128
> ORI F (@) - | F(@)] +1Q] % -+ % Q| * [ F (¢ ¢)]) (kn)
k1€Z
1
G X G IQI 1
Jjitje+js+n>1
1 Viatis (I8l 0.1
=3 > .71',72 j3! H¢HJ1 2t (1A =)™ |¢']] 0.1 -
Jitj2+js+n>1
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By Propositions 2 and 19 and (10.8), we obtain

" F(Be) i, )

S ertolial | L

ki1€Z Am -7
SR
< NFRPR]
2 itz J192478!
. Z ell(t)|kl‘(’]:(¢)| foox | F(Q)] *|Q) % --- % Q] * |-7:(<f>j3¢/)\)(k1)
ki1€Z
1 n
<3 > ] ,] ,] i H¢H”+Jm3 QL ||| 0
J1+jo+j3+n>1
1 Cn tjatgs (N6l 01 1 ip
=3 > G1'j2!73! Hd)H]l P (e 1) [¢'[| 2. -
J1+j2+js+n>1
Lastly, recalling that
I A=
— Bi3)(k d
o[ F B
,y 1 j1+j2_1
<Eem Y o X L IF@ G k)l IFO) k)]
Jit+j2>2 k27---,kj1+]'2€Z d=1
we have
Z RAGILY % -7:(313)(1451 3 dﬁ'
k1€Z -7
<SEO+m Y g 2 SORIF@) 1 [F(6)) (k)
0 = Jilge!
J1t+je>2 ki1€Z
< (1 ]1+]2.
Sp+m Y el
J1+je=>2

This completes the proof of Lemma 18.

10.3. Estimating ||Uss|

~s,1
E

We prove the following estimate for [|U>al| 5.1, s > 0.
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Lemma 20. For s > 0,

2
1Usallzer <Fi(I6l500) 61501 16l £ + Follol roa) 191 20n 16

+ F3(10l z00) €' ro 191151 + Falll o) 1651 [0

]'_-371 )
where F1, Fy, F3, and Fy are monotone increasing functions of ||| zo.1.
4

Before commencing the proof of Lemma 20, let us introduce the setup for the proof. For ease of

notation, we define the [$ norm of a sequence a = a(k) defined on Z by

lall, = Ok fag .
k=0

The following estimate of the IJ norm of the convolution is frequently used.

Proposition 21. Let s > 0. Ifay,...,ay are sequences on Z whose [, norms are finite, then

n n
lax % anlly, < b, ) S laglly, T Nl
j=1 k

=1
k#j

Proof. We note that for any ki,...,k, € Z,
k1|® < b(n, s)([k1 — ka|” + [k2 — k3| + - + [kn—1 — kn|” + [kn]*),

which follows from convexity of the function |-|* for s > 1 and the triangle inequality for 0 < s < 1.
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Then, using (10.4), we obtain

lar 5+ s anllyy = > /Oy | (a1 % - % @) (R1)

ki1€Z

n—1
<SS O T faatha — ki) Jan(ha)
k1€Z ka,....kn€Z d=1

<3 > O, ko — kyl?

J=2 k1E€Z ka,....kn€Z

n—1
T laatka = k)l lan (k)]
d=1
n—1
+ Z Z eu(t)““'b(n, s) ‘kn|5 H lag(kg — kasn)| |an(kn)] -
k1€Z ka,....kn€Z d=1
For j € {2,...,n}, we have
n—1
S ST e ORlpn,s) ki1 — kl° T laalka = kar)] lan (k)|
k1€Z k2a ,knEZ d—=1
<b(n, s) Z |an (k)| Il Z |an—1(kn_1 — kn)]e'/(t”k"*l*kﬂ
knEZ kn71€Z
Z |kj—1 - kj‘s ’aj—l(kj—l — k])] e’ O)kj—1—Fk;]
kj_1€Z
. Z |a2(k2 — k3)| eu(t)\ka—k:al Z |a1(k:1 o k2)| eu(t)\kl—k2|‘
ko€Z =

Changing the summation variables

Ky = ki — ks

Ky = kg — ks

k.= kn_1— kn
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in that order, we obtain

n—1
oY e OWlpn,s) (k1 —kl° [ laa(ka = kara)l |an(kn)|
k1€Z ka,....kn€Z d=1
<b(n, ) llaj-1llyy T llanll -
k=1
k#j
Similarly,
n—1
Yo > e OMlb(n,s) kol TT laa(ka — ki)l lan(kn)]
k1€Z ka,....kn€Z d=1
n—1
<b(n, s) ||an||lg H ||ak:||l,£ :
k=1
This completes the proof. |

We note that

1Pl = 37 e Ol |y | |P(ky)] < 37 e @lkal gy * 3 M
Y m
m=1

k1#£0 k17#0

b(m
—Z|r¢M||fsl<(Z A ol )||¢||fsl, (10.10)
m=1
o= 2 Ol [Pa] < 37 e 3 L)
U a0 e 20

o) 1 b
= Z — 8"l g0 < (Z m m )) H¢rfm> [ (10.11)
||Q||l _ Z e’ k1| \kl\ 1Q(k1)| < Z AGILY I | Z ‘]:

k:l;éO k10
b(m, —
= Z — 6™ g < (Z o Mom ), j))! ||<z>||f3,3> 16l 5 (10.12)
m=1
H@ :Ze 5 @(kl)‘ < ZBV(t)\k1||k1|8iw
k7o k1 £0 =2 m
S (Z LG )u«sn 1 (10.13)
m=2 m! F m:2( ) ]:S ‘ '
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To begin the proof of Lemma 20, we observe that

L[ B

This means that it suffices to estimate each of the 7' norms on the right hand side. By Proposition

H — 313
—T

1U>2]| 21 <

21 and (10.10), we obtain

S et

}'(Bl 1)(k1, B8 dﬁ’

k1#£0 -
C
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Cn o . .
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. X 2]1.]2.
Jitje+n>1
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< D
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(Z H¢>H ) oy e O G A e n)
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By Proposition 21 and (10.10), we obtain

|2 [ Bate =Y el | L [ (B, )i
T™J_x ! k170 TJ—r
01 j
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k170 Jitiatisz1 SIHIEIE

C . 3 o
< Y 2-'-1'-'b(h+32+2,s>(\|¢|!fslH¢H“+” 197 o 1Pl - G+ 72)
e

o
o IO 1Py + 1P N2 167

G +jatia—1 (1910, .
< E 00+ 2+ 2, 8)(\|¢|!¢sv1\|¢|!j}5752+” (e = 1) (j1 + ja)
Y S AN PINEL v v

Ji+je+j3>1

' 1810,
+b(]37 ) ”¢H]5s1 |’¢H}-01 j3 - ||¢|]1+]2 ( SO0 1)
00 b(m,s — -

+ <Z (m—l%‘ |¢||]:S’11> HCZ)H]_—g,l ‘|¢||;§fz+33)‘

m=1

By (10.11), we obtain
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By Proposition 21 and (10.10), we obtain
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By Proposition 21 and (10.12), we obtain
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By Proposition 21 and (10.12), we obtain
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By (10.13), we obtain
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By Proposition 21 and (10.12), we obtain

i [ B

— Y el f@)(kl,ﬂ)dﬁ}
-2 w/ﬂ

< Okl gy )5 %
klzaé:o 231+j2+j§j4+n21 Jilielatiat
S F (@) 5 - [F(@)] Q% -+ % |Q % | F(¢72)] % | F(¢7*¢)|) (k1)
1 (n+1)Cn+1

Si Ty .-y
j1+j2+j3¥j4+n21 Jitgatjatiat
F@) 5 -+ |F (@) % 1Q| % - -+ % |Q] | F(¢7)] = | F(¢”* 8],
1 (n+1)cn+l . .

<= %b(‘] +7 +n+2,8)
j1+j2+j§j4+n>1 jililialial T

<||<Z>||;:s1||¢>||”“2 el 7o |79 o1 (1 + j2)

1@ I177 1QU (167 5o (|67 | o

+ 167 | o 01727 1QUG 167 2o
60 g oI5 121 65 )
1 n+1)C, ) )
<= Z wb(]l +]2+n+2,8)
e J1!j2!53!74!
Ji+j2+jz+jat+n>1

(Hasnpl I (7t — 1y gl ¢ s - (it + 2)

oo
b(m. s _ i1 +jo+is+ia ¢ ol o, -
+ <Z M H(Zb‘%)ll) H(;bH]-__lfJ H¢H;§1]2+]5+]4 (e 7Ol " 1 H¢/Hf3’1 ‘n

—1)!
= (m—1)!
Il o,
b 8) [0l g0 01752 - s - I (e f91—1>"||¢'||f3,1
. ja—1
00+ 1,8) (ol 1 20 1917

i1 +i2+g3 , lloll o,
gt (M - 1)”).

191



By Proposition 21 and (10.12), we obtain
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By (10.13), we obtain
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By Proposition 21 and (10.12), we obtain
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This completes the proof of Lemma 20.

ey f(%)(kl,ﬂ)dﬁ'

>

j1+j2>2

[[F ()]

b(jl + j27 S)
J1lj2!

198

* | F(9)]) (k1)

— b1+ d2, 8) || 5 ||¢5||J1+J2 Y (1 + do)

(1 g2)



CHAPTER 11

Estimating (Us2)q

In Chapter 10, we derived that

Uso(a) = Re(; ’ B(a,ﬁ)dﬁ>,

—Tr

where

:ZB] —l—Blg( B)

Jj=1

To estimate the 5" norm of (Us2)q, we differentiate the right hand side with respect to o. Recalling

that

Bi(a, B) = Bra(a, B) + Bia(a, ) + Bis(a, B),

we note that

(B11)a ZB
(B12)a ZB
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1— ei/g 0 m)!

$la — B ¢(a)”

2j1!52!73!

m=1
(_1)j1+j3z'j1+j2+j3

d(a — B ¢(a)”

—iBe%B
BiQ(OQB) = - Z 1 — B )

27411451431
itiatgs>1 J102°93

' /1 e,iﬁsd)(a +B8(-1+ 8))j3(_1 + 5)ds
0

<Z 1 — e

m=1
. / s g m=id(a + (s = 1B (~i)pala + (s = 1)8) ds)
0 m! ’
Moreover,
N ;3218 I
(B13)alo, B) = — 1Zfii,8 : ;/0 e 5 (—1 4 s)ds
S Z/B ! —i(s— m(_i¢(a + (S — 1)6))m_1(_i)¢a(a + (S - 1)5)

'<Zl—eiﬁ e ml ds)'

m=2
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We note that
(B2)a(a, B) = Z B%(aa B),
i=1

J

where

—ife2ih (—1)d1+dzjgitiatis
BQI(O‘,B):_ Z 1_¢iB

J1+je+j3+n>1
1

-wwﬁ/’ewwm+ﬂe1+ﬁwv4+$wm+ﬁ@4+@m8
0

(i i 1_Z-(S_1>g(—z'¢(a+<s—1)ﬂ))md8>”’

- e
1-— elﬁ 0 m)!

271!72!53! jile =B gala = 5)

m=1
_Zﬂe?iﬁ (_1)j1+j3ij1+j2+j3
Bg(avﬁ) - - Z 1 _ i ’

Jitje+js+n>1

dla — B) jad(a)2 o (a)

2j1!j2!j3!
1
. / e g(a+ B(—1+ 8)) (~1 + )¢/ (a + B(~1 + 5))ds
0
. (i i ' o—ils=1)8 (—igla + (s — l)ﬁ))mds)n

— ¢iB !
m:11 e Jo m!
—ife2h (—1)d1+aajitiatis , ,
Bi(a,8)=— ) o ——— ¢ — B) ¢(a)”?
1—ef 241!42143!
Ji+je+jz+n>1

1
' /0 e P jsp(a+ B(—1+ )1 pala+ B(—1+5))

(=14 5)¢ (a+ B(—1+s))ds

0o . 1 o _ m n
. (Z B —its—p (Zid(a+ (s —1)5)) ds) 7
— 1— elﬁ 0 m'
—iﬁemﬂ — 1)1tz 51+I2+7s . .
Biaf) == >, 1—eh ( )2j1!j2!j3! Mo =By pta)”
Jitje+iz+n=>1

1
. /0 e P p(a+ B(—1+5)3 (=1 +5)¢" (a + B(—1+ s))ds
. (i i 1e—i(s—1)ﬁ (—ig(a+ (s — 1)ﬂ))md8>n7

1-— eiﬂ 0 m)!

m=1
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_2’5621}3 (_1)j1+j3z'j1+j2+j3
Bg(au@):_ Z 1 — ¢iB :

Jit+ja+is+n>1

¢l — B)" p(a)

2711213
1
: / e P pla+ B(—1+ ) (=1 + s)¢ (a + B(—1+ s))ds
0
. n<i i [ s (Ciglat (s = DB)™ ds) .

1—eb Jy m)!

. / oits—ypmU=id(a + (s = DB (~i)pala + (s — 1)8) ds)_
0

m!

Recalling that

Bs(a, B) = Bs1(a, 8) + Baa(a, B) + By s(a, ),

we note that
(Bs)a(a, 8) =Y Bj (e, B),
j=1

5
(Bsa)ala, ) =Y Bi,(a,B),
j=1
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where

_p2,—if S ER I -1 J3
By (o, 8) = Z (”+1)(1 f:iﬂp = =

J3+jat+n>2

273!j4!
1
. / e sl + B(—1+ 8))dala+ B(—1+5))ds
0

1
-/eﬁwm+ﬁ«¢+@w«4+@@

0
— =B [ enpliglat (s—1)B))™  \"
'<Z_:11_em 0 pils—1)8 " ds) :

—B2e~P i3t (—1)7s

Bialef)= D>, (D= o hn

Ja+jatn>2

'/1 6—Zﬂs¢(a+ﬁ(—1+8))j3d8
0

1
- /0 €5 jb(a+ B(—1 + 8)) L da(a + B(=1 + ))(—1 + s)ds
. <i —if ! Ci(s—1)8 (ip(a + (s — 1)ﬂ>)md8>n7

1— @_iﬁ 0 m!

m=1
32,18 jJstia(_1)J3
Bi(a,f)= > (n+1)(1 _ﬁeem)Q (1)

Ja+jatn>2

273!74!
1 )

. / (ot B(—1+ 5))sds
0

1
-/eﬁwm+ﬁe1+@w«4+@w

0

(512 [ttt ()

1— efi/B 0 m)!

m=1
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and

_6264/5 jitiatis+ia (— 1)13
Bis(a.B)= Y (n+1) (1—ei)2

Jitg221
Jatjatn>1

1) o (a)pla — B)
‘/1 e*ms(ﬁ(a—i-ﬂ(—l + S))j3d8
0

27152173 74!

1
~ / €95 (a+ B(—1+ 8)Y4(~1 + 5)ds

0
o —iB [ s ligla+ (s—1B)Y™  \"
(z_:ll_e_w 0 pi(s—1)8 = ds> :

—BZG_Zﬂ jJ1t+J2+i3+ia (— 1)j3
B§,2<0675) = Z (n+1) (1—e-B)2

J1tie>1
jatjatn>1

- jad(er = B2 ol — B)
1
[ e atat -1+ s)yids
0

J1

2711721731 74!

. /1 e p(a+ B(—1+ 5))M4 (=1 + 5)ds
0
. (i —iﬂ' ! pils—1)8 (igp(a + (s — 1)5))mds)n’

= 1— e_lﬁ 0 m)!

_626—1',8 jJ1+i2+g3+7a (— 1)j3
B3 o(, B) = Z (n+1) 1 _c-iB)2

J1ti2>1 (1-e)

J3+ja+n>1

- d() ¢(a — B)P

27172173 74!

1
' / e jad(a+ B(=1+5)) dala+ (=1 + 5))ds
0

1
/ B3 d(a+ B(—1 + )1 (=1 + s)ds

0
— i8N enplivla+ (s=1)B))™ "
'(2_311—ei6 0 pils—1)B " ds> ,
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_526—1'5 Z‘j1+j2+j3+j4(_1)j3
B§,2<O"B): Z <n+1)(1—6_i5)2 .

J1tie21
Ja+jatn>1

1
/ e P p(a+ B(—1+ 5))7ds-
0

qb(a)jl qﬁ(a _ 5)]’2.

25152153 54!

1
/0 P japla+ B(—1 + ) dala+ B(—1 + ))(—1 + s)ds

—  —iB [ enpligla+ (s—1B))™ \"
(le 0 pils—1)8 - ds) ,

_BQE_i’B Z’j1+j2+j3+j4(_1)j3

B35',2(aa 6) = Z (n + 1) (1 — 6715)2 ’

¢(a) p(a — B)”

P 27115273 74!
Jat+iatn>1
: / e Pipla+ B(—1 + s))JSds/ P p(a+ B(—1+ 8))4 (=1 + s)ds
0 0
= —iB [ s lglat (s—1)B)™ "
n(ﬂ; e ), eils—1)B — ds)
' (mz::l 1—eiB
1 m _ m—
/0 ei(s—l)ﬁl m¢(06 +1TE;9 1)6) lgba(a+(s—1),8)ds>

Moreover,

. _ 328 1 1
(B3,3)a(a; /B) = T _Zif2 . / €Zﬁsd8/ 61’85(—1 + s)ds
—eP) 0 0

(1
o~ B [T eenpi™ melat (s = 1)B)™ ga(a+ (s —1)B)
<Z1—e—ﬁ , m! ds)'
We note that
. 6
(Ba)a(e, 8) =Y Bi(a, B),
j=1
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where

_ p2,.—if jJ1ti2+iz+ia(_1)J3
Bl(a,8) = S g feeiw K (=1)

J1+j2+js+jatn>1

27117213!74!
- j16(a) L (@) pla — B)72
1
[ e ot B-1 5
0

1
' / P P(a+ B(=1+8))* (=1 + )¢ (a+ B(—1+ s))ds

0
' i —ig (! Lis-psigla+ (s —DE)™ "
= 1— e*iﬁ 0 m' ’
_ p2,—iB J1+J2+73+7ja -1 J3 .
Bi(a,B) = Z (n+1) ﬂe—ifm'l '|'|'|(‘|) "
PP (1 —e%P) 271'92193174!

(o — B)2 " pa(a — B)
: /1 e PP+ B(—1+ s))Hds
0
1
: /0 ePp(a+ B(—1+5))1 (=1 +5)¢ (a+ B(—1+ s))ds
. <i —ig ! Gils—p (9(a+ (s — 1)ﬁ))md8>n’

= 1— e_zﬂ 0 m!

_32,—iB jJ1tja+i3+ia(_1)73
B3(a,B) = Z (n+1) 0 —ﬁ:—mﬁ K (—1)

Jj1+je+iz+jatn>1

271152175174
- p(a) p(a — B)
1
| / e jsp(a+ B(—1+5))" " dala + B(=1+5))ds
0

1
/ ei65¢(a+ﬁ(—1+s))j4(—1—|—s)¢’(a—|—5(—1+3))d5'

0
— 8 [N s liolat (s =B \"
(Zl 1—e Jy e m! ds) ’
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_R32,—iB jJ1+i2+g3+a(_1)Js
Blad= ¥ gy —

Jit+j2+js+jatn>1

271172!73!74!
-Mwﬂwa—m”/1f”%m+6@l+$wﬁ
0
1
' /0 e jud(a+ B(—1+ ) pala+ B(—1+5))

(=14 58)¢ (a+ B(—1+s))ds
' (i —ig [ Gits—ni(a+ (s — 1)5))mds>n’

1-— e"ﬂ 0 m)!

m=1
f52€—i/3 Z'j1+j2+j3+j4(71)j3

Bj(a, B) = > (n+1)

Jit+je+is+jatn>1 (1 n eiiﬁ)Q ' 271121751 7at
1
-amﬁwa—mﬁ/eﬂ&wa+ﬁei+$Wm
0
1
- / B3 0(a+ B(=1 + 8))* (=1 + 8)8" (@ + B(—1 + 5))ds
0

. (i —iﬁ' ! pi(s—1)8 (ig(a + (s — 1)5))mds>n’

1—eB ), m!

—B2eiB  jirtiztiztia(_1)d3
Bi(a,B) = Z (n+1) 1 _5:_119)2 = =

J1+j2+j3+ja+n>1

$la) p(a — B)"

2j1!72'5374!
1

. / e B g(a+ B(—1 + 5))ds
0

1
. / €3 (0 + B(—1 + ) (=1 + )¢ (a + B(—1 + 5))ds

0
o~ =i [ ensliglat (s =AY\
.n<mZ:11_e_iB ; eils—1)B — ds)
./quw”“mda+®—1Wﬁl%Ja+®—1wwa'
0 m:

Recalling that

Bs(a, B) = Bs(a, B) + Bsa(a, B) + Bs 3(a, B),
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we note that

2
(Bs)a(a, B) = > _ Bl (. p),
j=1
4
(Bs2)a(a, B) = > Bl (. p),
j=1

where

1 _ i 73 (1)
B5,1(a;ﬁ) - Z 1 — e—iB : 2]3|

J3+n>2
1
' / e P jspla+ B(=1+ ) gala + B(=1 + 5) (=1 + 5)ds
0
. (i —if " ie-np (idla + (s - 1)5))md3>n,

1 1-— eilﬁ 0 m'

Bia- Y —o BED

J3+n>2 L—em? 2js!
1
. / e Pp(a+ B(—1+ 8))3 (=1 + s)ds
0
n(i —iB " iemns (0o + (s = DB)™ ds) "

1-— e_iﬁ 0 m)!

m=1

' (Z 1—eB

m=1

[ it msta - po
0

m)!

fala+ (s — 1>5>ds),
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and

B%Q(a’ B) _ Z i3 ij1+j2+j3(_1)j3

Jitj221
Jstn>1

1
/0 efiﬂsqﬁ(a—i—ﬁ(—l+S))j3(—1+8)d8
) (i —1,8 ‘ ! ei(s—l)ﬂ (Z¢(Oé + (8 — 1)6))mds>n’

— 1-— 6_15 0 m)!

L—e B 215! no(@)" ga(@)dler — B)"

2 o Z 1/8 ,l'j1+j2+j3(_1 s
Brale ) = 1—e i 2‘l‘|'|)
Jit+j2>1 J1:J2:73!
Ja+n>1

1 .
. /O e B(a + B(—1 + 8)) (—1 + 5)ds
. (i —i3 ! pils—1)8 (ip(a+ (s — 1)5))mds>n7

1—eB J, m!

¢(a)'jad(a = BY* " gala — B)

m=1
5 _ Zﬁ Z'j1+j2+j3(_1)j3
By, 8) = ) 1 _e B~ 95 litidl
Ji+da>1 J1°253’
j3+n>1

¢l p(a — B)"

1 .
. /O B3 jad(a+ B(=1 + 5)) L da(a + B(=1 + ))(—1 + s)ds
(i i lei(s_w(w(w(s_1>6>)md5>”’

— 1-— 6_7’5 0 m)!

A B i3 §J1tiz s ()78
Biy(e,8) = 1 _ B 2'|'|'|)
121 T2
jz+n>1

1
. /0 e P p(a+ B(—1+5))3 (=1 + s)ds
n(i —iB [ ienys(idla + (s = 1B)™ ds)

¢(a) p(a — B)”

L l—emP g m!
. - _iIB
(; 1— e 8
1 i(a im . ¢ 4 -1 m—1
/O 6( A m (Oé 775;9 )B) (ﬁa(a‘F(S—l)B)dS)-

210



Moreover,

— ; 1
(Bradale ) = 5 7o [ (-1 +9)ds
0o —if i(s—1)8 % md)(a + (3 _ 1)6)771—1
(3 =t [ e . bala+ (s~ 19)ds)

Recalling that
Bs(a, B) = Boa(a, ) + Bsz(a, B) + Bo (i B),

we note that

2
(EE/J)Q(OC, /8> = Z Bg,l(aa 6)7
J=1
4
(Bo2)a(a, B) = > Bl (. ),
j=1

where

i PE
1—e P 2j3!

Bfli,l(an@) = Z

J3+n>2
1

[ etinbta+ =14 9 gl B )1+ s)ds

. <i —if3 ! ci(s—1)8 (ip(a+ (s — 1)ﬂ))md8>n7

el 1— €_iﬁ 0 m'
9 B i3 373
Bg (o, B) = Z 1_c—B " 2ja!
Jjz+n>2
1
[ e atat -1+ P14 5)ds
0
00 . 1 . m n—1
(35 i [ slida DA )
— 1—e P J, m)!




and

; J1ti2+s (_1)J2
Blalas) = 3 o B

Jitg2>1
jz+n>1

1
/0 eiﬁs¢(a+5(_1 +3))j3(—1+s)d5
‘ (i —if3 ‘ ! Gils—1)8 (igp(a + (s — 1)5))mds>n’

1-— 6_15 0 m)!

L—e B 215! no(@)" ga(@)dler — B)"

, B i3 ij1+j2+j3(_1)j2
Bgo(a, B) = Z 1—e B 211503

¢(a)'jad(a = BY* " gala — B)

Jit+je>1
jz+n>1
1
. / ei58¢(a + B(=1+ 5))j3(—1 + 8)ds
0
—  —iB [ enplivla+ (s—=DB))™ \"

B3 (a B) _ Zﬁ . Z’J1+J2+33(_1)]2
6,2\ 1— efiﬁ

Jitj2>1

jz+n>1

1
. /O €% jad(ar+ B(=1 + 8))7 bl + B(=1 + 8))(—1 + 8)ds
. (i —iB [ ienpliglat (s—1)B)" ds)”’

1-— 6_7’5 0 m)!

¢l p(a — B)"

2j1!72!73!

; J1t+je+Js (_1)J2
Bl = Y 0 BT

J1+j2>1 L—e 2j11j21js!

¢(a) p(a — B)”

Jjaztn>1
1

. / P p(a+ B(=1+ 5))3 (=14 s)ds

0

o~ —iB (' s iglat (s=DB)™ "

.n(zll—e—iﬁ 0 e'm)? m) ds>
' (ﬂ; 1—e B

1 -m, o m—
/O ei(sfl)ﬁl . m¢(a —|-niz'9 1)ﬁ) l(ﬁa(a + (S o 1)ﬂ)d8>
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Moreover,

_ ; 1
(Bs,3)ala, B) = % 1 _Zfiw ; eP5(—1 4+ s)ds
(X 01 otop Lt O DOt s - DA ).
m=2 :
We note that
(Br)ale, 8) =) Bi(a, B),
j=1
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where

2‘]’1+]'2+j3(_1)j3

Blap= Y j16(@) " u (@)oo — B2

1tiatistn>1 211 247s!
1
' / e P p(a+ B(—1+ ) (=1 + 5)¢/ (o + B(—1 + 5))ds
0
—  —iB ' e_nslidla+ (s—DB)Y™ \"
'<z_:11—e”3 0 e m! ds) ’

Z‘j1+j2+j3(_1)j3

¢l jog(a — B)2 " gala — B)

B2 = o
H(a.5) j1+j2%;+n21 e ® 20
1
/ e B (a + B(—1 + 8))3 (=1 + 8)¢/ (a + B(—1 + s))ds
0

. <i —if ! Jils—np (19la+ (s - 1)5))md8>n’

_ ot |
=1 1 e i 0 m!
i Z'j1+j2+j3(_1)j3 , ,
B3 = E . Ji _ A\i2
7(0[7/8) 1 _ 6_15 2]1']2']3' (z)(a) ¢(a /8)

J1+j2+js+n>1

1
14 P jad(a+ B(—1 + )1 Lpa(a + B(—1+ 5)

(=14 5)¢' (a+ B(—1+s))ds

—  —iB [ jensligla+ (s —DB)Y™ \"
'(21—6—1‘606( 1B - ds>,

Z'j1+j2+j3(_1)j3

$(a) ¢(a — B)”

7(0[, ﬁ) j1+j2+zj3:+n>l 1— e*lﬁ 2]1 'jg'jg'
1

. / e oo+ B(=1+5))* (=1 +5)¢"(a + B(=1 + 5))ds
0

1— e*iﬁ 0 m!
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Bl (a, B) =

We note that

i3 Z’j1+j2+j3(_1)j3 ) )
Z 1 _ 6_iﬁ : 2 S O D | ¢(Oé)31¢(06 - 13)32
Jitio+jatn>1 J1:g2:J3°

1
. /0 e P p(a+ B(—1+5)3(—1+5)¢ (a+ B(—1+s))ds
n(fﬁ —if 1ei<s_1>ﬂ<i¢<a+<s—1>5>>md8>”‘1

=1 e~ J, m!
' <mZ:1 1—eB
yl L itsa i mda+ (s = 1)B)™ " da(a + (s~ 1)5) ds) |
0 m!
L 5
(Bs)a(,8) = Bl(a, B),
j=1
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where

1 ti2 s (—1)72

Blap= Y j16(@) " u (@)oo — B2

J1+ia+aa+n>1 2j14J2 473"
1
/ @iﬂs¢(o¢—|—5(—1—|—S))j3(—1+8>¢/(a+/8(_1 + s))ds
0
— =B [ enpligla+ (s—1B))™ "
'<Z_:11_ew 0 pils—1)8 " ds) ,

Z‘j1+j2+j3(_1)j2

¢l jog(a — B)2 " gala — B)

B2 _ i — .

8(057/8) j1+j2%;+n21 1— e—lﬂ 2]1']2']3'
1

' / P pla+ B(=1+ ) (=1 +5)¢'(a+ B(~1 + 5))ds
0

_ <i —if (! Jils—np (19la+ (s - 1)5))mds>n’

— et !
=1 1 e B 0 m:
i Z'j1+j2+j3(_1)j2 , 4
BB = >  {Tom o t@ela-5)”

Ji+j2+js+n>1

1
| /0 s+ B(=1+ )" gala+ B(=1+ )

(=14 5)¢' (a+ B(—1+s))ds

—  —iB [ ienpligla+ (s—DB)Y™ \"
'(21—6—1‘506( 1B - ds>,
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ji1tj2+i3 (_1)j2

$(a) p(a — B)*

Bg(avﬁ) = Z 1 _Zg_z‘g ’

Jj1+je+j3+n>1
1
: / o+ B(=1+ 5))* (=1 + 5)¢" (o + B(=1 + 5))ds
0
' <i —if 162‘(5—1)5 (ip(a+ (s — 1)5))md8)n7

271!72!53!

ol e J, m!
5 i3 Z'j1+j2+j3(_1)j2 ) .
Bef)= > =em g @) el -8
Ji+je+is+n>1

1
- /0 €550+ B(—1+ ) (—1 + 5)' (0 + B(~1 + 5))ds
' ”<§: —if ! Gis-pipla+ (s — 1)B)™ ds) o

1—e ), m!

. /1 s m(a + (s = 1)B)™ 'ga(a+ (s — 1)5) d3> |
0
Lastly, we note that

2
(Bis)alo, B) = > Bly(, B),

where

1 B itz - . . ew(l n eiﬁ) 1
Bis(a, ) _ﬁ%;» 6@ éa(e)é(a — B ((-w Tt P 2),
jJ1t72 - - . ef(14eh) 1
phle ) :jl+§j;>2 o) el = By 'pala—B) <(—1)J 2(—1+ ) 2)'

Of these terms, B3, B3, B‘%, and B§ contain the second derivative of ¢, which need to be re-expressed

in terms of lower-order derivatives of ¢ for the resulting estimate of the }"51 norm of (Us2)q to be
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useful. To re-express these terms, we use integration by parts to obtain

1
/0 (o + B(—1+ )Y (~1 4 8)¢" (o + B(—1 + 5))ds

= [[emera (2 (o et gy A D)

— jsp(a+ B(—=1+ )¢ (a+ B(-1+ s))2>ds
A PN N R G k)
[ (5 (e s )

5
(9 )ota+ s+ g HEEEELED g,

1
- /0 e85 (1 4 )jsdla + B(—1+ 8))* ¢ (o + B(—1 + 5))2ds

_d(a—p)ygl(a—p)
B

1 efiﬁs .
- /0 g ¢(a+B(—1+5))¢'(a+ B(—1+5))ds

1
- /0 e85 (1 4 )jsdla + B(—1+ 8))* ¢ (o + B(—1 + 5))2ds

1
+ 7,/0 e85 (Z1 4 )(ar+ B(—1+ 8))P6 (a + B(—1 + 5))ds
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and

1
A eiﬁs¢(a+ﬁ(f1+8))j3(fl+S)¢”(o¢+ﬁ(*1+s))d5

j3¢’(o<+5(—1+8)>)
3

_ /01 eP5(—1 + s) (aas <¢(a +B(=1+s))
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Then we can write B3(a, 8) = Z?:l Bg’j(a, B), where
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Moreover, we can write B} (a, ) = Z?:l Bi’j(a, B), where
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Moreover, we can write Bf(a, ) = Z?:l B?’j(a, B), where
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Lastly, we can write Ba(a, 8) = Z?:1 Bg’j (a, ), where
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11.1. Estimating Fourier Modes of (Us2)q

We use arguments as in Section 10.1 to estimate the Fourier modes of (Us2)q. First,
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Moreover,
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Moreover,
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We prove the following estimate for [|(U>2)al| £5.1, s > 0.
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where R1, Ra, R3, R4, and Rs are monotone increasing functions of || 4|l zo.1.
v

We use estimates from Section 11.1 to prove Lemma 22. We take the notational convention that if
a convolution of sequences on Z contains a sequence of the form ‘]—“ (gbj3)| in which j3 = 0, then we

simply ignore that sequence in the convolution. For example, in (11.2), if j3 = 0, then
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=|F() % # |F (@) * [F(&)] +|P].
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.Hl | | F ()] [Ql %+ 1Q] + | F(¢)]]],

13 u
J1+j2+j3+n>1 271172175
<16ll s ||| o > sl T i+ s +n+ 18+ 2 + s)
Jitiz+is+n>1 J1:92:33°

gl (A
v

+(Z 1 Il )uqsufswwfm

m=1
Dn b 1 ]1+]2+J3 ||¢H]:0’1 -1 n—1
g ST (G1+Jge+Jjs+n+ 5)””¢H (e 7 )
rtiatgatn>1 1208
D o o
+ [|¢'| o E CYRTREN] ,.n,. b1+ J2+js+n+1s) ||¢||§§,er+]3
Jitiz+iz+n>1 J1:92233:

. <6H¢”]_-,(J),1 o 1)77,

Moreover,

vo[T 42
e,

< Y S IF @ | F @)+ 1Q] -+ QL+ [ F(e )],

TP
el 2]1 1j2!73!
C . . . .
< 8ll s [|¢']] o > CYRIENIN] “==b(j1 + j2 + 0+ 1,8) (1 + ja)
1Hiatgatn>1 J1I27T8:

gl (A 1y
1%

+(Z ey ol )rwmwﬂl

‘ ' 1+g2+33 (10l 20, -
Z 2.|7.n|.|b(]1 +je+n+1,8)n ”¢HJ;S,L1]2+]3 ("Nt — qynt
Jitjetjst+n=>1 J1:2-]3: v
T Z ﬁn,-,b(h +j2+n+1,5)b(js+1,s)
Jitje+iz+n>1 J1:J2:)3:
' +2 (N9l 0.1
| (”qﬁ”fsyl 90502 16/[|zo s + (16 1 |¢||J301) ol ('t — 1y
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Moreover,

v [T L3
L /_ B (a,ﬁ)dﬁ‘

o
D .
< Y g IF@ e IF @) QL x-- %11 [F (6P )]
itiatjatn>1 “J1I2I8E
<ol ([0 on D bl + 2 +n+1,8) (1 + j2)
v v e 2711j2!73!
Jitj2+jz+n=>1
e G Ve
oo
b(m, s _
(S0 Ay e[|
(m—1)! Fu v v
m=1 ’
Dy, . . J1tja+is (1ol 0 n—1
Y. gt izt nt Lsnlolf e (e — 1)
iiatjatn>1 “J1I2N8 ’
+ Z 2.,7@,.,5(]'1 +Jj2+n+1,8)b(jz+1,s)
J1+j2+jz+n>1 J1:92°33°

i1 . j iv+j2 8l o,
(W VS5 19+ 10 0 ) Bl 1
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Lastly,

S Y
PR
JaCh N

< Z ]1']2']3' H’ *‘.F(QS)’*‘Q’**‘Q|*‘I'(¢J3 1¢/2)

Jitje+iz+n>1

2 ]30 . ) . .
Shollggr 9500 D2 tbUn+ a0+ L s+ o)
Jitje+jz+n>1

el a2 (M —qyn
1%

o0 b , m— /
N (Z Yom) H%,&) 61155 119/

m=1

O )
Z %b(]l +jo+n+1,8)n H¢H]1+]2+]3 e Ml zox 11
Jitje+iz+n>1 J1-J2:]3:

ji3C, ) ) )
Y S b Gt Ls)b(js + 1.5)
o 271192!73!
J1+j2+j3+n>1

(Hqﬁufsluqﬁuﬁ 2] 2 (s — 1) + 6]

ror W5 16150 -2)

il o,
ol A — 1y,

This completes the proof of Lemma 22.
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CHAPTER 12

Proof of the Main Theorem

12.1. Proof of the Main a prior: Estimate

To complete the estimate for the .7-"51 norm of N’ , we let s = 1. Recalling (8.1), we can use Lemmas

15 and 16 and the estimates of the Fo' norm of U; and Us2 in Sections 9.2 and 10.2, respectively,

to obtain

¥

s S [(U=2)allz10 + 1 To2(1 + da)ll g1 + [[T1¢al| £11
<Us2)allg1a + (Hs [0l gor + Ha ol z1.0) ([0l g1a + 2([8]] 2)
+ (D110l 701) 181150 + Da(llgll zo.1) 6l £o1 6] 1) (1 + 2 [|]] £1.0)

(Lol g+ 2[10ll z21)

+ 2|9l z20 (Ha lloll o1 + Hallgll 1) - (L4 Il z20 + 219 £21)-
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Using Lemma 22 and Proposition 1, we obtain

¥

i SR 101 220 191 52+ Rellloll z00) 101 01 9] 520
+ Ra(168]501) 161z 9] 220 161 g2 + RaCl6ll zo) 61300 161 52
+ Rs(18]501) 161 53 1] 2
+ (Hs 19l 29 + Hallol531) (16155 + 2116l 521 )
+ (D16l o) [9150s + Da(lléll o) 18] 7o 6]l 221 ) (1 +219l1z2)
(L N9l g + 201l 21 )
+ 2116l 10 (Halllor + Ha ol g ) (14116l 530 + 21160 20 )
< gl 2 (Rluwufg,l) 61l gz + Ra(l] z5:) 1]
+ Ra(16l501) 161 5o 191 31 + Ralll50) 161 5s
+ Rs(16]50) 161 52
+3 (Hy 6 0 + Hallol 721
+3(Di10ll 700) 91301 + Dol 00) 8] 50 6] 521 ) (142110l 1)
+ (D6l o) 6z + Da(llél o) 0l o) (14201l 22 )
6119l 10 (Hs 16 o1 + Ha ll9ll 1)

+2 (a6 00 + Hillol 30 )
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Using this estimate for the F'' norm of A, we obtain from (7.14)

d
2 16130
1 2 1
<(ver- w2 Lt L5 AU ) folon ) Bl 20
T 47 R v
2(Cullellzns) ol +1)
1 1

b o (FaCIola0) ol szs + Rallol ) 01

+ R3] 700) 6100 6] 221 + Ra(l6] 7o) 6] %0

+ Rs (1l z01) 6] 22

+3 (Hs 6 00 + Ha 6] 22

+3 (D116l 7o0) 161501 + Da(l6l o) 6l roa 61531 (14265 )
+ (D1(118l 790 161501 + Da(l9ll o) 6l zon ) (1+2 6l 22.)
616l 220 (Hs 6l 7o + Hall9ll 22 )

+2 (#0100 + Hulol31) ) 1ol 20

Since C, A, Al_l, Ri, Rs, R3, Ry, R5, Dy, and Do are all monotone increasing, we can use

Proposition 1 to obtain

d ,
G100 < ~(AlolLzgs) = v} ol (121)
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where

1

2<cf<||¢|| 1) 1l s +1

1
R A0l 521)

+ Ra(l9ll g2 16130 + RaCll ) 91120

+ Rs(19] 22:) 1] 22

+3 (Hy 6l 30 + Hallol 721

+3 (Dol g30) 19130 + Da(lgll ) 6150 ) (142119l z31)
+ (Dallgl £2) 19131 + DaClgll ) 6l ) (1 + 2116l 00 )

616l 22 (Hs il 220+ Hall9ll 22 )

A1l z10) =

29 1
>”R 1 1 g AUl g 19l £

(A1l 16l + Ballol ) o1

+2 (0l + Hallol32) ).

Integrating (12.1) with respect to time, we obtain

16(8) ] 72 + / AUle I 511) =/ (@) 6| 221 dr < lldoll s - (12.2)

We choose the initial datum such that A(||¢oll z1.1) > 0. Then we let vp € (0, A(|[¢o]| #1.1)). From

(2.2), it follows that for all 7 > 0,

14
0< (1) = q +°T)2 < .

Then

A(llgol £1.1) — v'(0) > 0.
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Let

T, = sup{tl PA([[¢(T))| g1a) — V(t)>0forall T e [O,tl]}.

Since A([[¢oll£11) — ¥'(0) > 0 and A([|p(-)[| £11) — /(+) is a continuous function, we have 71 > 0.

For any ¢, € [0,T1),
A(l|¢(T)]| g1.1) — v'(7) > 0 for all 7 € [0, 1]
Then by (12.2) for all ¢ € [0, #4],

o) 11 < lgoll 211 -

Fix t; € [O,Tl) and ty € [tl,Tl). Then

fotelzgs + [ (A1 520 =) ) Ntz dr < lotenlzgo - (123

t1 v

Since

/ <A<H¢<T>II;;J> - v’(T)) |é(r)l z2 dr >0,

it follows from (12.3) that [|¢(t2)|| z11 < [[¢(t1)[|z2.2. Since A is a monotone decreasing func-
tion of [[¢[| z1.1, this means that A([|¢(t2)]z1.1) = A(ll@(t1)] £10), Le., A(llo()]]z1.1) is a mono-
tone increasing function on [0,77). Suppose for contradiction that 77 < oo. We note that
A(ll¢(T1)]| z11) — V/(T1) = 0. Since A([|¢(-)[|z11) is monotone increasing on [0,7}) and is con-

tinuous on [0, 71], it is monotone increasing on [0, 77]. Then

o

vo =v'(0) < Allldoll z11) < AllO(T1)| gr1) = '(T1) = [Tk
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which is a contradiction. Hence, 77 = oo. Then for all ¢ € [0, 00),

t
6531 < ool 10 — | <A<||¢<T>|| ) - yf@) () g0 dr
t
< lonlza = [ (AUoal ) =0 ) 66 5 .

Therefore, for all ¢ € [0, 00),

t
16(6) L1 + (A(HqﬁoHp,l) - uo) [ 16 521 dr < lonl (12.4)

12.2. Boundedness of F(#)(0)

Using the a priori estimate for ¢ derived in Section 12.1, we now show that é(O) is bounded in time.

To that end, we first take the zeroth Fourier mode of (2.19). Plugging into it

FU0) = o [ Uala)da= 5 (U(m) - Ul-m)) =0,
we obtain
F(0),(0) = LZ(Z)(F(T) « F(1 4+ 00))(0).

Recalling that T = T1 + T>2, we obtain

8(0) — o(0) = /Ot L2<7;)]-'<T1(a)(1 + 6?&(04))> (0)dr
T /Ot L2<:).7:<T22(04)(1 4 9a(a))> (0)dr.
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Using that

‘]—"(Tl(a)(1+9a(a)))(0)’
= F(T1) (k) F (L + 0a(c)) (k)
keZ
<D IF@)R)F (L + bal@)) (k)]
kEZ
< \F(T1) (k)| [ F(1+ Oala))(=F)|
(S (2 )
~(S ) (170 -+ o)
keZ keZ
< \F(T) )| )1+ | F(0a) (k)|
(S (1 Sirem)
=il (143 170109

k#0

- HTIHJ-'OJ (1 + H(bH]-"lJ)a
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we obtain

[ F(6)(0)]

:‘ F(60)(0) + /0 t %I(Tl(a)(l + ea(a))> (0)dr

4 /Ot L2(7;)}'<T22(a)(1 + 9a(a))> (0)dr

<FwO)+ [ o 0"

t o L(7)
+ [ 2| (st + outen o)

F(Tua)1+ a6 ) 0

dr

<IFOIO) + [ £ Tl (1 0l 110
toor
+ [ o ITsallzos (14 6 1.0)ar

-; 6 O j 1 di 1 1 ¢ d7
0 ( ) 1|l Fo, ( ) 11| o, 2,1

toon toor
4 /0 e )\\T>z||f01d7+ / T Tzl 6] .

Recall that

\/1 (2ol 11 — \/1 2ol o1 -
) >

R R L(t)

304



Hence,

t 9 t 9
F(0)(0)] < |F(B0)(0)] + / T [Tl d+ /0 Tl on 6] 52 dr

I L(7)
b o t o
+/O Itr )||T>2H;01d7+/ i )||T>2H;ol 16| 1 dr
<|F(60)(0)]

\/1 4z 2”¢0||]—‘1 1 _
+ / T3 o dr

\/1 4 g(@2|\¢0||}'-1,1 —1) gt

- /0 ITill 701 16l 721 dr
\/1 + %(62H¢0||f'1,1 —1)

7 ; [T>2l Fo1 dT

\/1 + (ool 1)

t
[ el 1l
0

Using that

||T1||]-'0»1 <2 HUl”]':Bvl <2 ||U1H]:3»1 < 2(H3 + H4) H¢‘|]_-l}1
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and that

[T>2]l 701 < IMUz2)[l o1 + [M(PaU21)l| o1

<2(Wsallzn + 0aT1l 2

<2(Wsalzn + (1ol s 105500 + 0l s 10311501 ) )

<2(Wsall s + 219530 10511500 )

<210l + 20l 1010 + 216l 530 1052l

<2( DIl p00) 191201 + Dol r0) 10l 20 6]

#2600 (1000 + F 530 )

+20ollggs (Dol 61390 + Dallél ) 10lz01 ol )
<2(Dalollg30) 101y + Dallol ) o1y

20l (#0530 + s 530 )

206z <D1(II¢H 1) 161201 + Da(] 1 ||¢||§;,1)),

we obtain

[F(0)(0)] <[F(60)(0)]

\/1 (2doll 11 _
/ 1T o dr

\/1 (2dollzr _ 1) o

- JRLIEINY
\/1 (2ol 710 _ 1)

- | el dr

\/1 (2ol z10 _ 1)

t
/ | Toall o 1] 221 dr
0
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<[F(60)(0)]

\/1 + g(e2||¢>o||;‘1,1 —1)
+

t
2(Hy + Hi) [ ol 530dr
0

R
\/1 + g(e2||¢>0||;‘1,1 -1) ¢
. R 2l + 1) ool s [ 6] dr
\/1 + %(e2||¢0||f‘1,1 —-1)
* R

: 2(D1(!¢0H¢1,1) [P0l £1.1 + Da(l|doll £1.1) |¢ol] 1.1
+ 2<H3 ||¢O||]-"1,1 + H4 ||¢0||j:1,1>
; 2(D1<u¢on 1) [6ol%0s + Da(lldoll £1.) ||¢ou3-n,1))
t
[ 620 ar
0

. \/1 + g(62||¢0||f‘1,1 —1)
R

2 <D1(!¢ollp,1) 160[1%1 + D2l dol j10) b0l 51,0

+ 2ol 11a <H3 oll s + Ha llol f)

2o 11, <D1(||¢0|| 210) [60l%0s + Da(lldo] 11) ||¢o||§-n,1)>

t
~ / 1]l 0 d
0

<Y ([l¢oll £1.1),
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where

Y (lldol £1.1) 122
= | F(60)(0)

S 3@l ) Ioll 52

N 2(Hs + Hy) - -
i s+ Ha) K g0l200) — 70
\/1+g(62\\¢0“fla1 —1) 6]l
A . . ]:LI

+ R R Y A Py

\/1+%(€2\\¢0\\f1,1 -1)
. R

'2<D1(||¢0| ) olls1a + Da(ldol ) 160l 21
n 2(H3 160l + Ha 160l f>

n 2<D1(H¢0Hﬁ1,1) 160l121s + Da(lléoll 1) Hasoui-ﬂ,l))

ol
Aol 71.0) — 7o

. \/1 + (el — 1)
R

"2 <D1(|l¢o|fl,1) 160[1%1.: + Da(lldoll #1.1) b0l 51

2o s (H3 60l g1 + Hi ||<f>0Hf1,1>

2060l 51 <D1<r¢o\|f-1,1> 6010 + D(lldol51) u¢ouiﬂ,1))

 lgoll g
A(||¢0Hf‘1,1) -1

Hence, F(6)(0) is bounded in time.
12.3. Regularization Argument

In this Section, we present the details of the regularization argument that is necessary to construct
a proof of our main theorem. First of all, based on the original equations for the dynamics of the

interface, we define a collection of regularized equations for the dynamics of the interface, which is
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indexed by N. The sequence of solutions to these regularized equations produces what turns out
to be a solution to the original evolution equation for the interface. To obtain solutions to the
regularized equations for the dynamics of the interface, we employ Picard’s theorem in the Banach

space setting as stated in Majda et al. (2002), i.e.,

Theorem 23. Let O C B be an open subset of a Banach space B with norm ||-|| g and let F : O — B

be a nonlinear operator satisfying the following conditions:
1. F maps O into B.

2. F is locally Lipschitz continuous, i.e., for any X € O there exists L > 0 and an open neigh-

borhood Ux C O of X such that

HF(X) ~ F(X)

b= 2x -4
B B

for all X, X € Ux.

Then for any Xo € O, there exists a time T such that the ordinary differential equation

dX

— =F(X

o (X)

X(O):XQEO

has a unique local solution X € CY((=T,T);0). If F does not depend explicitly on time, then

solutions to the above ODE can be continued until they leave the set O.

To obtain a candidate for a solution to the original equation for the dynamics of the interface, we

use the Aubin-Lions lemma as stated in Gancedo et al. (2023a), i.e.,

Lemma 24. Let Xy, X, and X1 be Banach spaces such that

XoC X C Xy,
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with compact embedding Xo — X, and let p € (1,00]. Let G be a set of functions mapping [0,T] into
X1 such that G is bounded in LP([0,T]; X) N L}

loc

([0,T]; Xo) and 0;G is bounded in L}

loc

([0, T7; X3).

Then G 1is relatively compact in L4([0,T]; X), where q € [1,p).
12.3.1. Regularized Equations for Interface Dynamics

For each N € N, let us define regularized equations for the dynamics of the interface. We recall

that, under HL.S parametrization, the dynamics of the interface are governed by

0i(a) = L2(7;)(Ua(9)(04) +T(0) () (1 + 0a(@))), (12.6)

Z"I’L

L(t) = 27TR(1 + %Im /7r /Oa elemm Y- —(6(c) - e(n))"dnda>
_W =

N

As mentioned before, since the equations are written in terms of HLS parametrization, they satisfy

the identity
/ elleteat) go, = 0, (12.7)

which constrains ¢(a,t) to have its +1 Fourier modes be completely determined by the rest of its
nonzero Fourier modes at any given time. Therefore, we seek from the outset for a solution whose
+1 Fourier modes remain zero in time. Throughout the rest of this Section, we exploit the fact
that the analytical expressions for U and T written in terms of ¢ = 0 — é(()) are identical to their
respective analytical expressions written in terms of #. This means that the analytical expressions
for U and T in terms of 6 are obtained by simply replacing ¢ with 6 in the respective analytical
expressions for U and T in terms of ¢. For any fixed N € N, we define the regularized ordinary

differential equation for the interface

df
— = (Th 0 Gw)(6n)-
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Here, J4 is the high frequency cut-off operator introduced in (2.9) and

1
2

Gn(o) =r (14 5o [ [ etes 5 2 6v(a) ~ o) dda

- <<Ua)N<0N> T T (0y) (1 ; <9N)a)>,

where

(Ua)x(6)(0) = (I o Re) (W<9N><a>), (12.8)
Uy (0x)(a) = (T o Re) (va)(a)),
Ty (0w)(a) = M ((1 n <0N>a<a>) UN<0N><a>).

Here, Jn is the high frequency cut-off operator defined in (2.8). Recalling (4.8) and (4.9) as well
as (9.2) and (10.3), we define

7
Zj/ (03 (0, 3)d3
8 s

+Z”/ B;(0n)(a, B)dS + 41/ Bu3 () (e, B)d.
Lastly, we define

W(n)(@) =Va(On)(@)

7 T
-y / (E)a(0n) (e, B)dB

= -

1
8 T " oa
+ 3L [ Batowie.s)s + - [ (Br)atowia. s)ds.

j=1 -7 -7

In the expressions (E5)a(0n)(a, 5) and (Eg)o(0n) (e, B), the second derivative of 8 shows up. We

replace them with lower-order derivatives of 6y by applying integration by parts. For example,
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recall that

— (=14 e)iBeB(—1 + 'P)
2(—1+ €P)?

1
/O B3 (=1 + 8) (O )am(cx + B(—1 + 5))ds.

(Es)a(0n)(@, B) =

Using integration by parts, we obtain

1
/0 e (=1 4+ 9)(0n)aa(a + B(—1 + 5))ds

_(GN)a(a_ﬁ) . 11 efiﬁs i _ s efiﬁs o . s s
Sl = F) /OB< (—iB)(—1+ 5) + ¢ ) (O )alcr + B(—1 + 5))ds.

12.3.2. Applying Picard’s Theorem

We now specify an appropriate Banach space for Picard’s theorem. For any N € N, let

H]T\T}L = {f € Hm([—ﬂ'ﬂ"')) : SuPp(f) - [_N7 N]v f(:tl) =0, Im(f) - O}'

The space H}; contains the requirement that the &1 Fourier modes be zero, because we intend to
find a candidate for a solution to the original equations for the dynamics of the interface with this

property. The following proposition states that Hy' is indeed a Banach space.

Proposition 25. HYy; is a Banach space.

Proof. It suffices to show that H}} is a closed R-subspace of H"([—m,m)). It is straightforward
to check that HYy;, which is nonempty because 0 € Hy, is closed under addition and scalar mul-
tiplication. To check that the subspace is closed in H™([—m, 7)), consider a sequence {f,} in Hy/

converging to f in the H™ norm. We show that f € H}. Since

Tim Y (1 K™ F(fa — SR =0,

kEZ
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there exists a (non-relabeled) subsequence such that for all k& € Z,

lim F(fn)(k) = F(f)(k),

n—oo

which implies that supp(f) C [-N, N] and f(41) = 0. For any o € [—7, ),

[fala) = F@)| = D F(fa = HER)EF| <D |F(fu — )R
keZ keZ
= D NF(fa= DB D A+ R F(fn = HE)
|k|<N |[k|I<N
< ( Y \k|>M)2( ST (14 K F (o f)(k)|2)2
|[k|I<N [k|I<N
_ < S+ |k|>m>2 1= Fllim
|k|I<N

which shows that f,, converges to f pointwise. Thus,

Im(f) = lim Im(f,) =0.
n—oo
Therefore, Hy is a closed R-subspace of Hyf, as needed. |
For any M > 0, let

OM = {f € HY : | fll g < M},

We want to apply Picard’s theorem by setting B = Hyt, O = OM and F = ‘_’7]%, oG . To check the
first condition that jﬁ, o G'n maps OM into HY, let f € OM . It is immediate from the definition

of the regularized equations that supp F((Jx o Gn)(f)) C [-N, N] and F((Jx o Gn)(f))(£1) = 0.
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Since Gy (f) is real,

(Ty o GN)(F)@) = Y FGn(f)(k)e™e

N

= FGN O+ (HGN(f))(—j)e”a + f(GN(f))(j)e“"‘>

=2

N
= F(@Gn(MO0)+ ) (J—"(GN(f))(j)eija + f(GN(f))(j)eija> :
j=2

which is real. Hence, Im(J3 o Gn)(f) = 0. To check that (73 o Gn)(f) € H™([—m, 7)), we note

that it suffices to check the second condition that 7, ]%, o G is locally Lipschitz continuous. In
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particular, we show that one can choose Uy = OM for any X € OM. Let 9]1\,, 9]2\, € OM . Then

Gn(0y) — GN(0%)

S (= B AEED SETCIOR o))
() + 7ol (1+ (9}@@))
~ R <1+Im/_ﬁ/ (o= "7>Z eN (n))”dnda)

n>1

1
2

(@ + T (14 w%V)a))

= (1 gt [ [0 S ok - o))
((@awtoh) + 1wk (1 + (9}v>a>)
(][ o)

n>1

1
2

(@) + Tu(e) (1+ R0 )
R (=Y B A TGOV IRITY :
(@) + 1o (1 + (9%@&))

(e o [ - o)

n>1

(@) + Tu(e) (1+ (912v)a>>

1
2
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- <1 ! %Im /_: /oa e ; %(Q}V () - 9}v(n))”dnda) %
. <(Ua)N(0}V) — (Ua)n(03) + Tn(0y) <1 + (9}v)a> T (6%) (1 N (va)a»
(e (v g [ [ S ok - e :
_ R} (1 + %Im /_7; /Oa ei(a—n); %(GJQV(@) B 912v(n))”dnda>%)

(@ + () (14 60, ) )
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Thus,

16N (68) = Gn (6%)]| v

SR_1(1+Im [ [ e > > Do) - e}v<n>>“dnda)

o) - @ @) + 1o 1+ @0, ) <6N>< #6300 )]

1
2

H’!TL
-1 im " aei(a—n) f (o n o
+<R <1+27T1 /_W/O ;n!(e]v( ) — )"dnd >
—-RrR! 1+—Im ia=m) (9 (o) — 0% (n))"dndo
(1 [ [0S St~ )
- H(UM@%) LT (6) (1 n (912v)a>
.
-1 im " aei(af) i o) — 6L n Oéﬁ
<r (1 gt [ [0S S0h ) — o (129
- (Hwa)N(e}v) UGy + T (8N = T (62 o (12.10)
TN O (O3 )a — (B3)a) [ + [| (T (0% — TNw%v))(e%V)aHHm) (12.11)
+ (R 1—}——1111 (a=m) (65 0% (n))"dndo ’ (12.12)
(e (e gim [ [t 52 S0t~ okt
= (1 g [ S ) oyt (12.3
- (\\(U@M%)Hw ¥ HTNw%v)HHm ¥ HTNw%v)(e%V)aHHm). (12.14)

To check the local Lipschitz continuity of J ]%, o G, we need to derive an appropriate estimate

for the upper bound for HGN(G}V) - GN(HJQV)H shown in (12.9) through (12.14). We present in

Hm Y
detail the process of deriving such estimates for a select few terms in this upper bound, which are
typical of the terms making up the upper bound. These derivations will showcase all the techniques

that are necessary to derive estimates for the rest of the terms in the upper bound. First of all, we

consider the term ||(Uy)n(0}) — (Ua) N (63

N)HHm’ which appears in (12.10). Using the definition of
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(Ua)n in (12.8), we obtain

|(Ua) N (O8) — (Ua) N (03)]] 1ym (12.15)

< Jlow (W@ - @)

Hm™

<3|l (& [ @orresis - L [ )i sas)| (12.16)
+ i (% [ e nas- L [ Eudiiemis)| oz
w (% [ Bonore s - L [ G sas)| . oz

To obtain an appropriate estimate, it is necessary to build some groundwork. For any m > 0, we

define for a sequence a defined on k € Z

1/2

lallp = (Zu k2 |a<k>|2)

keZ

Lemma 26. Let N € N and m > 1. If a and b are sequences on Z, then

(HIRENCED] [

<r(m,N) Hl\-ISN“Hhm HlHSNthm ’

where

_ 92m 2\m/2 2\m 12
r(m,N) = 2>"(1 + N?) > @+ .

|k|<N
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Proof.

(IR CR] [P

1/2
(3 @)

[k|<N

2 12
S Jatk — )] b)) )

JEZ
2
>1/2

g( S (1+ k2™

k<N

S(Z

[k|<N

DK™ [alk = 5)] b()

JEZ.

Since m > 1, for any k,j € Z,

(14 kP < (1+2|k:—j|2+2|j|2>

< (204 p-sPy 200+ |j|2>)m

<o (20 =)+ (20417 )

=2 (@ k=P ).

Then

2
>1/2

<

s<| > (S (o= g™+ (4 B ) ot = )1 B0
kI<N |j€
<

2
)1/2

D L+ K™ alk = 3)] b()]

|k|<N |jEZ

2
>1/2

<( S22 + = S alk - I BG)
|k|<N |jez
212
(STt o - G| )
k<N |jez
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Letting (Fa)(k) = (1 + |k|*)™ - a(k), we obtain

(>

[k|<N

222m71(1 + ’k _j‘2)m ‘CL(]{? _])| ‘b(])|
JEZ

2)1/2
+ ( >

2 1/2
|k|<N >

1/2
§22m1( > \(3|ay*|b\)(k>l2> +22m1( 2 |(S|b|*‘a|)(k)|2)

k|<N [k|<N

222771—1(1 +1312)™ a(k — 5) [b()]

JEL

1/2

By Young’s inequality,

1/2 1/2
27 (S (@ lal« W) 2 (5 1G5 bl a1
<N k<N
1/2
<2 Y @ lah®)?) b(k)|
<k§<:N > <|7€|§<:N )
1/2
+ 221 (Flh®E)*) - (k)]
(|k|z§:N ) (IklzﬁzN >
1/2
_22m1< Z (1+ ’k‘2)2m |a(k)|2) . ( Z (1+ |k’2)m ’b(m‘)
k| <N [kl<N
1/2
N 22m_1< S (14 k)2 yb(k;)|2> : < > @+[EH™ Ia(k)|>
[kI<N Ikl<N
1/2 1/2
<2?m=1(1 4 N2)m/2< oA+ k™ !a(k)lz) : ( > 1+ ”“‘2)m>
<N Ikl<N
1/2
- (kzNu " 000
- 1/2 1/2
|k|<N [kI<N
1/2
(3 @y o)
k<N

1/2
=22"(1 + Ng)mﬂ( > 1+ |’f|2>m> 111l 12 <0
<N
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as needed.

Lemma 27. Let m > 0. If f is a periodic function such that supp F(f) C [—=M, M], then

[ foll g < F(M) [[f]] g

where
F(M) = (1+ M?)Y2
Proof.
1/2
Vol < (Zu TRy \F(f)(k)l2>
keZ
1/2
—( S (1t kB f(f)(k)\2>
k<M
1/2
<(1+ M) (Zu e |f<f><k>2)
keZ
(1 M2 [ f] e
as needed.

Using these lemmas, we present the derivation of an estimate for

I

Hm

173 [ Bhaebasas - L [ BLaeiesis)
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which is one of the terms making up the first term in the sum appearing in (12.17). We recall that

(_1)j1+1ij1+j2+1

328
B%,l(aN)(a,ﬁ):f Z iBe*”

1—¢iB 271195!
J1tjatn>1 J1:92

+(On)alo = B)On (a)-

F10n (o — B) 1

/1 B30 (a+ B(—1 + 8))(—1 + 8)ds
0

(i ip le—z’(s—nﬁ(‘“’N(“(s_1>B))md$>n'

1-— eiﬁ 0 m'

m=1

Using the telescoping sum, we obtain

Bil(ell\f)(a:ﬁ)_Bll,l(e%\fxaaﬁ)
_iBe2iB  (—1)ftlghtiat]
> (7

1—eif 271172!

On(a— B!

Ji+j2+n>1
(ON)a(o = B)Oy (a)”
1
/ =550 (o + B(—1+ 8))(—1 + 5)ds
0

' (i i ! o—i(s=1)8 (—ibp (o + (s — 1)5))md8>n

1—¢€b Jy m!

m=1
_Zﬂeﬂﬂ —1)Atlgntie+l .
N o= By

1-— eiﬁ 2]1']2‘

(0% )ala = B)0F ()
1

. / e 503 (o + B(=1 4 5)) (=1 + s)ds
0

' <§: 0 1 e—i(s=1)8 (—ib3 (o + (s — 1)5))mds> n>

1-— €i6 0 m)!

m=1
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(_1)j1+1z’j1+j2+1 .

>
- _ B N
jrgaanzt 1€ RUREY

(10 - B0t - B)8kla — B 20hala — D0k (1219)
: /1 ek (o + B(=1+ 5))(—=1 + s)ds
0

. <§: R Y Gl e Gl 1)5))mds)n

- e
1— e’ﬁ 0 m)!

m=1

+ 0% (a = BY 20y — 0%) (o = B) (O ) ol — B) 0 ()
'/le_iﬂs%(aw(—l +5)) (=1 + s5)ds
0

| <§: R e G 1 Y O Ol 1)6))mds>”

1—eb Jy m!

m=1

+ 0% (a = BY T H(ON)a — (6%)a) (@ — B)0(a)’ (12.20)
: /1 ek (o + B(=1 4 5))(—1 + s)ds
0

_ <i i ! —i(s—1)B (—i0x (o + (s — 1)5))md8>n

—_— e
1-— 61’8 0 m)!

m=1

+ 0% (0= B3 )ala — B)(Ok — 03 (@)0h ()
] e o+ (-1 + 5)) (<1 + a)ds
0

. <§: i ' —ils=1)8 (zifn (o + (s — 1)6))mds)n

1-— eiﬁ 0 m'

m=1
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+0%(a = BY 1R )ala — B)OF ()21 Oy — 63)(a)
. /1 e 50N (a4 B(—1+5)) (=1 + s)ds
0

(i i3 1e-i<3_1)5<—z-e}v<a+<s—1>ﬂ>>mds)”

1—eb Jy m!

m=1

+ 6% (a = B) 1 (0%)ala — B)OF ()
. /1 95 (0L — 02) (o + B(—1 + 5)) (=1 + 5)ds
0

' (i ip ! o—i(s—1)8 (—ifN (a+ (s — 1)5))md$>n

1— 67:6 0 m)

m=1

+ 0% (a = BY 10 )ala — B)6R () (12.21)
. /1 e P03 (a4 B(—1+s)) (=1 + s)ds
0

| (i iB[* iens (i (at (s = DA™ — (Zibi(at (s = DB ds>

1— eiﬂ 0 m!
m=1
00 . 1 ' il 1 m n—1
) <Z : i3 y efz(sfl)ﬁ( ZQN(a + (;g )6)) dS) (1222)
— e J, m!
m=1

+ 03 (= B (03 )ala — B)63 ()2
. /1 e 503 (a4 B(=1+s)) (=1 + s)ds
0

(i i le_i(s_DB(—w?v(aHs—1>5>>md5>"‘1

ol e Jo m
' (mzzl I fﬂem 01 A Gl G 1)’6))m7;!(_i9?v(04 + (s — 1)B)™ d))
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Let us consider the term starting in (12.19), defined as

Si(a, B) =(0k — 63 — B)0k (a — B "2(0))ala — B)0K (a) (12.23)
'/1 e P05 (a+ B(—1+ 9))(—1 + 5)ds
0

' (i B ! efz'(sfl)ﬁ(—wzlv(@ + (s — 1)5))mds>n'

1—eb Jy m!

m=1

Then

F(S1(-,8)) (k1)

Ji—1
= ST F(Oh - 03)( = B)(kr — k2) [ FOKC = B))(ka — kar1)
kQ,...,kj1+j2+n+1EZ d=2
J1+7J2
F(ON)al- = B)(kjy — kjyr) [] FON)(ka — kara)
d=j1+1
Jitjz2+n 00 1 -nl m
i —is—1)p (—ibx (- + (s —1)B))
! f<z el AL ! ds ) (ka = ka+1)
d=j1+7j2+1 m=1
1
f(/o e PON(-+ B(—1+s))(—1+ 8)d5> (Kj1+jatn+1)
Ji—1
= > FOx—03) (k1 — ko) [[ FO€M (kg — kasr)
ka,..., k‘j1+j2+n+1EZ d=2
J1+j2
F(ON)a) (kjy = Kji1) [ FON)(ka — kasa)
d=j1+1
Jjitje+n 00 (_Z)m
H (Z m! F((G}V)m)(kd_kd+1))f(ellv)(kj1+j2+n+1)
d=ji1+j2+1 “m=1 '

. o~ B(k1—k2) ,—iB(ka—kj; ) o —iB(kj; —kj; +1)

Jitje+n 20 i 1
' H (zﬁeé / eisﬁei(sl)ﬁ(kdkd+1)d8>
0

1—ef
d=j1+j2+1

1
/ e—iﬁs(_l+S)eiﬂ(—1+8)kj1+j2+n+1d8.
0
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We use arguments as in Section 10.1 to obtain

—z %8
2 [ st 25
<Cn<\f(91v = 0| |FON)] % [FOM] * [F(O8)a)]

[ FO)] - 5 | F(O4)] * [POY)] # - % | P(OY)] \f(e}v)D(kl).

Hence,

_ 2i8
HJN( / S1(-, 2/8661,8 5)

—z 62’5
(Zl|k|<N1+\k| ‘ / F(S1(, —ife™

keZ

>1/2

Lyen [FBN = 03)] * [FON)| - | FOR)] * | F(05)a)]

<Cp

x| F(ON)| % - = |F(Op)| = |[PON)] * - % |P(ON)] * | F(0y)]

hm

We can apply Lemma 26 to obtain

~y s _Zl@€215
o 5z Lm0

<C, - r(m, N)j1+j2+n

Hm

168 = 3l s 18 ™ ™ 1R g (1128 POR) -
Using Lemma 27, we obtain

l T *’Lﬁemﬁ
|5 [,

<C, -r(m, N)jl+]2+” -7(N)

163 = 6% g 1A 300" 24128 POX) [
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Now, let us consider the term starting in (12.22), defined as

=63 (0 — B)" 1 (0% )alor — B3 ()72
/ L0 (0 A1+ 5))(—1 + s)ds
0

< o—ils—1)8 (—ifx (o + (s — 1)5))md
11— e’ﬁ

m)

S

_ Z - ezﬁ 1 o—ils—1)8 (=63 (o + (s — 1)5))md8>

m!

| <i Pt DA )"

1-— ei'B 0 m!

We note that

1— e m)

]:(i _B ' e—i(s—l)ﬁ (—iby(a+ (s = 1)B)™ ds

m=1
1

_ Z — ezﬂ z(s—l)ﬁ (—2(9]2\[(04 + (S - 1)5))md5> (kl)

m!
(1—6’5/

1 7 / —i( —192 J(at+(s—1)8) _ 1)d8> (kl)

(e

(e= (e (s=18) _ 1)

1B (bl (at(s=1)8) _ iOJQV(a"'(S_l)’B))dS)(kI)a

where
Llat+(s—1)8) _ i012\,(a+(sl)6)> (k1)

< 2 (a+(s—1)B) ( i(0F (a+(s—1)B)—0% (a+(s—1)8)) _ 1)> (kl)
ko€Z

< —i6% (a+(s—1)B )) (k1 _k2)]:< (0 (a+(s—1)B8)—0% (a+(s—1)B)) _ 1) (k2).
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We have

}-<6_z(92 a+(s— 1)5) 1)

:]__<i —i62 (o 8—1)5)) )(k1)
(=

=y — F(0% (e + (s — 1)B)™) (k1)

N m—1

-y (_n?' ST T F@3(a+ (s = 1)B)) (ka — kas1) F (O3 (o + (s — 1)) (ki)

0 " kg, km€Z d=1

3

oo —i\)m _
= Z ( m)v Z s=1)B(k1— H (0%) (ka — kag1) - €7D0 F(03)) (kim)

m=0 ’ ka,..., km€Z d=1

i Dk N “ﬂi),mf((e%)m)(kl)
m=0 ’
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and
}_< —i(L (a+(s—1)8)—0% (a+(s—1)B)) _ 1) (k1)

:F( (<i(sha sl)ﬂ)emaﬂslm)))m)(kl)

m)!

— i ﬂi)!m}"<(6?}v(a +(s—1)B) — 0% (a+ (s — 1)ﬁ))m> (k1)

m=1
0 m m—1
S T (ke - 109) -Gt (- 19t b
m=1 " koyekm€Z d=1
-.F(H}V(a +(s—=1)B) — 0 (a+ (s — 1)5)) (Km)
oo \m m—1
_ Z (_772 Z H <ei(5—1)5(kd—kd+1)f(9]1v)(kd —kgi1)
m=1 " ko, km€Z d=1

— e D ka—us) F(63,) (kg — k:d+1)> T (F(0) (k) — F(6R) (ki)

00 m m—1
-y ( ni)' im0k NT T F(0) — 03) (ka — kar) - F(O — 03) (k)

m=1 ko,....km€Z d=1
i(s— - (—i)m m
=m0k S U F (0 — 63)™) ().
m=1 ’
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Hence,

_ Z ! elﬁ b ieens (St (a +ﬂ§;9 - 1)6))md8> (k)
el 3 (‘nﬁmf«e}v - e%v>m><kz>)ds
m=1

; 1
i 6—i(s—1)56i(3_1)ﬂk1d5

:1_67,18 ;

| ((i 7 <<9?v>m>> * < > O r ol - e%v>m>>)<k1>.

: m!
m=0 m=1
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Then

F(S7(-, ) (k1)
Ji—1
= > [T F6% (- = B)(ka = kar ) F(63)al- — B)) (ks — kjy11)

ka,..., k‘j1+j2+n+1EZ d=1

Ji+j2
- [ FO3) (kg = kara)
d=j1+1
— i b i (ZiON (o (s = 1)B)™
]:(mZ::ll—eiﬁ 0 ¢ m! ds

B i i1 i (ZiO (@ (s = 1)) ds)
m=1

1—eb Jy m!
(kj1+j2+1 - kj1+j2+2)

Jitje+n ) : 1 ) "
| H ]:<Z i3 e_i(s_l)ﬁ(—w]lv(oz—i—(s—1)5)) dS)(kd—kd—i-l)

. A 1 — €i6 0 m'
d=j1+j2+2
1
- f( [ e e+ 51+ o)1+ s>ds) G
0
J1—1

= > T F(63) (ka — kas) F((03)a) (kjy — kjri1)

kz,...,kj1+j2+n+1 €Z d=1

m=1

J1+j2
’ H f(e%v)(kd_kd—&-l)
d=j1+1
. <<Z (_T:L)'m}—((e?\[)m)> * <Z (_ni)lm]:((ellV - 9]2V)m)>>(kj1+j2+1 - k‘j1+j2+2)
m=0 m=1
Jitje2+n 00 (—z)m
- ]I (Z - F((OL)™) (kg — kd+1)>f(9?v)(kjl+j2+n+l)
d=j1+j2+2 “m=1

Ji+je+n ’iﬁei’g
. o~ 1B(k1—kj; ) g=iB(kj; —kjy 1) H

d=j1+j2+1

1
/ e_ws(—l +s)ew(_lﬂ)kh“ﬁ"“ds.
0

1
' / e—isﬂei(s—l)ﬁ(kd—kd+1)ds
— elﬂ 0
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Then

L / F(Sq(-, _Zﬁemdﬁ‘
<%v%\ « |FO30)] | F(030)a)| * |F 62| = - | F (63|
. ((mffo SO (@) - (:1 S -80m) )

# [PON)] - [PON)] = [FOR)] ) (k).

Hence,

v " —Zﬁew
HJN(M/_ S1(5) 1—¢B B)

H™

(k% Lg<n (1 + [K[5)™ ‘ /_Wf (S(. —z_ﬁew )1/2
<Col Lz [FO3)] 5 | F O3 # | F (8 o) | % | F(O3)] 5 | F(63)]
" ((é (;i)sz((e?v)m)) . (i 0 g — %)m)>>|

hm

<Co (o, NYH 63 165 Do | g

iev - (X S r@om) « (X G ron o) o

o
[t <n PO ||hm'
<C, - r(m!, Nyt 5(N) H9N‘31+32+1
|t ( i),mf )>*(Oo (_i),mf((e}v—f)?v)m)»(-)
— " me B!

'HIHSNP(GN Hhm/ .
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We note that

1111 < PON) |

) 1/2
(X a+ i rekiml))
|k|<N
e —pm 2 1/2
(X s | S Femm) )
|k|<N m=1
2 o ([FUOM) ™)V 2
<(Zasun (5
_< 00 1 oo .. 5 1/2
(3 e X 0 B F R )
m= k<N
:<§: : 1< n (FO)) % -« FOMD| )1/2
Pt (m!)2 <N N NI pm!
© - N2\ 12
(3 G (o 1oke) )
e’} 1 Tm/ - . 2 1/2
S(,;(m')Q(( Nyae) )

1 & (M r(m!, N))?\
S<r(m’,N)2m ‘ m! )
_(e(Mr(m’,N))2 1)1/2
N r(m/,N)

Moreover,
e (X S @m) « (X S rey - #m) )6
m=0 m=1
<r(m',N) |1, |<N<Z (;i),mf((efv)m)( )>
m=0 ’ hm

333




We note that

m=0 pm!
= )" gy )
=( k| S0 C FeRmn) )
|k|<N m=0 )
N2\ L2
<(>; ( NP 6 ) )
(6 2r( )1/2
r(m ,N)
and
e ( ﬁfj f«e}v—e%v)m)(-))
m=1 ’ hm
o0 2\ 1/2
(X sy F(ok — 0| )
|k|<N m=
- 1 / 1 1 2 ||™m 2 1/2
5(2_:1 (m)?2 <T(mvN)m HGN_QNHH’"’> )
</ (r(m!, N) |68 — 02|, )1\ 2 1/2
= 5 (32 (Y
m=1
1 2 1 r(m/,N)2(2M)? 2
SHHN—QNHHWLIW e ’ —1 .
Hence,

e (3 S #@m) + (3 S0 Fek - s0m) )0

m)!

m=0 m=1 hm!
M?%r(m/,N)2\1/2 1/2
/ (e ) 1 2 1 r(m/,N)2(2M)>?
sr(m’, N) r(m’,N) 105 = Ol me r(m/,N)-2M (e AT 1) '
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Thus,

s _ s Rp206
173 ( & [ sio75as)|

<o, NP ) 3

H™

(e(M-r(m’,N))2 _ 1)1/2 n—1
r(m/,N) )
M?r(m/,N)2\1/2
(e %) 'H91 _ 92 H ) 1
r(m/,N) N UNIE™ r(m/,N)-2M

/ 2 2 1/2
. (e'r(m N2 (2M)? 1> )

-r(m/,N) -
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Therefore,

- ( /BH"N s - L [ L6 nas)|

H™
_ 2i5
< = gl [ seniZes)|, o
Jl+J2+n>1 2j1!j2! !
—Z 62@5
< / Sq(- ﬂezﬁdﬂﬂ _|_>
H™
< Z —C, - T(m N)Jl+j2+".f(N)
|
J1+je+n>1 2]1']2'
J1+J2
4.
+ Z 5 .3'1. 'Cn . T(m’, N)j1+j2+n . f HQN‘ ]1+]2+1
J1+je+n>1 J1:J2:
(e(M'T‘(m’,N))2 _ )2\
' < r(m/,N) >
(eM2r(m/,N)2)1/ 1 (! N)2 (202 1/2
r(m, N) - T V) 6x = 0% | T NI (m',N)2(2M)? _
4
< 23 T C (! N ()
Ji+j2+n>1 J1:J2:
.y (Mer(m/,N)? _ 1)1/2\ "
[ — aC )
|08 = O% || g D7 J2< ) >
4
+ Z %Cn . r(m/’ N)j1+j2+n - F(N) - Nirtie+
Ji+j2+n>1 J1:J2:
(e(M'T(m’,N))2 _ 1)1/2 n—1
' ( r(m',N) >
(eMQT(m,’NV)l/Q 1 2 1 r(m! ,N)2(2M)?2 1/2
.T(m/,N)' T(m/,N) HGN_QNHHWL/W e ( ) ( ) _1

We choose M sufficiently small so that all the geometric series contained in the expression above

converge. We can similarly derive estimates for the rest of the terms represented by the - - - above.
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In fact, using the techniques that have been showcased here, one can derive estimates for the rest
of the terms making up the sum in (12.17) and the term in (12.18). Next, we present the derivation

of an estimate for

L [ Eaeh@nas- L [ (El)a(912v)(a7ﬂ)dﬁ‘

ar J_ . 4

)
Hm

which is one of the terms making up the sum in (12.16). Recalling (9.3), we have

(B1)a(0n)(, 8) = (B1)a(03)(, B)
=P (=14 €P)(i(—1+ €P) 4+ B(1 + €F))
N 2(—1+ ef)?

1
- /0 e=B5((0%)a — (63)a)(a + B(—1 + 5))ds.

Then

F((Ea(O8)(, 8) = (E1)a(03)(, 8)) (k)

:_ei’B(—l +eP)(i(-1+ ?iﬂ) + B(1 + €)) ) /1 o185 ikB(=1+s) 7.
2(—1 +615)2 0

'f((ejl\f)a - (g]zv)a)(k)

Using the estimate in (9.4), we obtain

‘41 _ﬂ F((EDa(O8) (- 8) = (B1)a(03) (-, 8) (k)dB
:% (271' + % 1+ 7;2 . ;Wz) ‘}‘((G}V)a — (H?V)a)(k)] )
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Therefore,

(S | [ F @m0 - EalR 9B

keZ

’7T
™

L / (B)a(03)(8) — (E1)a(03)(-, B)

2> 1/2

T2

1 1
_4W<2ﬂ+2 1+ )HHN (Bl

¥ 1 w2 1 -
_4ﬂ(2w+2 1+4.2ﬂ2) .

We can similarly derive estimates for the rest of the terms in the sum in (12.16). To derive estimates
for the rest of the terms appearing in the upper bound shown in (12.9) through (12.14), the following

lemmas are helpful.

Lemma 28. If Oy has finite support, then Tn(0n) has finite support.

Proof. Using (2.7), we obtain that for k£ # 0,

F(Tn(0n))(k) =f<M <(1 + (HN)Q)UN(HN)» ()
—_ ;.7((1 + (eN)a)UN(GN)> (k)
=— k;(]-"(UN(GN))(k) + f((HN)aUN(9N>)(k)>-

Since O and Uy (0y) have finite support, the product (On)q-Un(6n) has finite support. Therefore,

Tn(0n) has finite support as well, as needed. |

Lemma 29. If f is a periodic function such that supp f C [—M, M], then

1M g < 2% 1 F gy -
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Proof.

M g

1/2
S0 R (f))(k)l2>

kEZ

+Z 1+ k)™

k0

F(F)(k)

)

(%

(rg )
<(,§0| r'f ) + S 1<|k| aa)nr)
(

<

IN

k0

(& )+ Xty () Fer)
k<M

|k|<M
joy k0

1/2
<[ 92M—1 Z |]<;]2 \F(f) ()] + Z 1+ |k[H™ If(f)(k)b)

k| <M k|<M
k#£0 k#0
1/2
<(22 X P IE0R)
|k|<M
2 [ g

Now, we consider the term HTN(GN) Tn(0%) ”Hm which appears in (12.10). Using these lemmas,
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we observe that

Hm

M (030aUN (R~ Bh0uUNER) + v 60 - Gl (6R)) |
HM<UN<6N> Un(63) HM( O (Un(0}) UN<9N>>>
H’VTL
¥ M<<<e}v>a - <0%v>a>UN<e%V>>
Hm
<N ||UN(0) — Un (03| jym + 2" |[(O3)a(Un (O — Un(83)) |
+ 2" | ((0})a — (03)a)UN (03| ;ym
<N || UN(6}) = Un(03) || g + 20 (m, NYF(N) [|08]] o [UN(O) = UN(OR)]] o

<2N ||UN(8)) — Un(6%) || o + 2" )T(mvN)T N)M [|[Un (0x) = UN(O3)]| e

for some function I(N) of N. Hence, it suffices to find an estimate for ||Un(6}) — Un(6%) HHm To

do so, we first observe that for any periodic function f,

FRe(N)) =F (506 + 7)) )
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Then

Hence,

2

‘]—"<Re(V(0}V)) — Re(V(G?v))) (k)

:% (}f(V(Hzlv) - V(G?V))(k)‘z +|F(V (oY) - V(H?V))(—k)f)

Thus,

|UN(O) — Un(03)]| yom

:<Z(1 + |k[H)™ ’.F(UN(Q}V) — UN(912\/)> (k)

kEZ

2>1/2

(X iy |7 (Recvion) - retvis) ) o

k<N

2> 1/2

<(5 X a4 R (FvER) - VR
k<N

2\ /2

+FVOR) - VEN-hP)

<[V (0x) = V(63| gym

7 - 7r
B ~ ,
8 - _
i = ~ ~

. Hégr | Bate s - - [ Bu@emis

—T

Hm
The derivation of an appropriate estimate for HUN(H}V) - UN(HZZ\,)H gm can be completed us-
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ing the techniques that had been introduced earlier for ||(Ua)n(0}) — (Ua) N(G?V)H ym- More-
over, we note that using the techniques introduced thus far, appropriate estimates for the terms
|1 TN (03) (08 )a — (03)a)|| o and ||(Tn(0)) — T (%)) (03 )a|| e in (12.11) and the terms in

(12.14) can be derived. Lastly, we derive an appropriate estimate for

2

— 1 N ¢ (a— " n
R! (1 + 27TIm/ /0 elle=m Z H(Q}V(a) —0N(n) dnda)

n>1
1
—R Y1+ iIm i aei(a*") Z ﬁ(02 (o) — 6% (1)) dndo ’
which appears in (12.12) through (12.13). We note that for a concave function f,
fly) = f(@) < fi(2)(y — 2)

for all z,y € R. If y > x, then

f(y) — f(x) /
e =@
If f is also monotone, then
y—x |

Without loss of generality, we let

[ [ e ST 2 bh(a) - 6k(n)"dnda
-7 J0 n>1
e

m «
i(a—n) 2 2 n
>l /W/O ¢ Z nl (On () — Ox(n))"dnder.
n>1
Since the square root function is concave and monotone,

1/2 _ 1/2| < L
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for y > x. In particular,

=y / o 3 ek )~ 0yto) i)
(gt [ [T Bt - 912v(77))"d77da>1/2

<r”! ( +oim / / 5 563 63" ande

eila—n) i(Oy (a)— ON("))dnda

—Im/ / (=) i (O (@) =63 (1) g d oy

<R <1+Im | / ey > L) - 912v(?7))"dnda>_1/2

R™1

~1/2

.’Im / " / " gilemn) (0K (@)=0% (1) _ i3 (@)=0% (1)) g |
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We note that

/ / i) (@i0) (@) =04 () _ (83 (@)=0% () ) gy
— 0

1

7

_1

7

/ "9 / e~ (0N () =0 () _ (i(63(2) =03 ()Y g,

8a

_ / 2 < ae—m(e«e}v(a)—o}v(n))_eiwzzv(a)—e?v(””)dn)da
_x Oa

/ (10 (@)=0x (@) _ ‘(e?vm)e?v(a)))da)

:1 (ez‘ﬂ /7r e*m(ei(@}v(”)*g}v(n)) _ eiw?v(“)*"?v(")))dn
t 0
—iﬂ/ e (
0

™

— e

0 (0% (—m)—0% (m) _ ez’(%(—w—e%v(n)))dn)

— (/ e—m(g(@}v(ﬂ—ﬁ}v(n)) (0% (m)—0% (n)))dn>
i ;(ez‘(%(rr)—e}v(n)) _ ei(%(ﬂ)—@?\;(n))) W

ConiF <ei<e}v(w>—o}v<n» O 63 () 4 Ok ()0 () _ 6i<o?v<w>—e%v(n>>) )

—omiF <ez’9}v(w> (w’%(n) _ ei%(n)) i3 <ew}v<w> _ eww)) ) 1)

:m;(eie}v(w)e—ie?vm)( —i(0} () —0%, () _ 1))(1)
+ omi f<€—w%v<n>eze‘f‘v<w>< (0} (m)—0%, () _ 1)>(1),

where

f(eiezlv(ﬂ)e_w?v(”) (e_i(ell\’(n)_e?"(n)) - 1) ) (1)‘

=| 3 FVD)A — ko) F(eT VD) (ky — k3) F (e ONMDORI) 1) (ks)
ko,k3€Z

_ Z 67/911\](7")?(67@9?\7(77))(1 . kS)F(e—z(B}V(W)*GJQV(U)) — 1)(k3)
ks€Z

<y ‘ FeMONM=0X M) _ 1)(ky)
ks€Z
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and
f<e—z'0?v<n>eie?v<w> (ez‘w}v(w)—% (m) 1>) (1)‘

= 3 F(END)A — k) F(e %) (ky — k3) F (M OV WX 1) (k5)
ko,ks€Z

- Z N F (e ) (1 — kg) F (/O8N M08 (M) _ 1) (k)

k3s€Z
< Y |FECRERE) 1) (y)|
k3s€Z
Since
Fe IO =02 _ 1)1y :2i / " (O —0R ) _ 1)eihn gy
™ —T
_ 1 O (_i)n 1 2 n  —ikn
“or | 2 (Ox(n) = Ox(n) e " dn
=3 E0" 20kt - B
= ol N N ,
n=1 '
and

F(eO =03 _ 1) () == /7r (HOX(®=03 () _ 1)e=ikng,
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we have

‘Im/ / z(a 'r] 91 91( ) eiw?\;(a)—e?\z("])))dnda

f<eze}v<w) w?V(n)( i(65 (=63 (m) _ >>(1)’
]__<6_z’9?v(n)6w?v(7r) (ei((’zlv(“)—"?v(”)) - 1>) (1)‘

<o Z ’}“(e*i(%(n)*%(n)) _ 1)(k3)‘
k3s€Z

<27

+ 27

+2r Y | F( ORI 1)(‘?3)‘

ks€Z
1
o =R

n—1
<2 |08 — 0% || o Z (||ox ||f01 + HGNHFH

nl

9]2v

[ |05 (m (M) 0.0
+ 2 Z

n=1

= (108 () || o 02 (1) o 1
+2”H911V(”)_912V(”)Hfo,1z(H N (]| 0. +J‘ ()| o)
n=1 .

n—1

Since

|63 )| 7o =D [F(63) ()] (12.25)
keZ

<3 Len (L + K™ [F(O03) (K)|
keZ
2\ 1/2

(X (wmevasietre) ) " (S (0 wreireio))
(S arier) 1

|k|<N

(X ax rkF)m)l/zM,

[k|<N
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and

108 () = 0% (7)]| 00 = D |F (O (7)) — 63(m)) (k)|
keZ

= |0 () = 0% (m)]

> F(Oy = 0R) (ke
kEZ

< |05 = 6% 701

we have

‘Im / ﬂ / " gita=n) (¢i(Ok (@)=0k (1) _ (03 (@)=0% (1)) gy ey
-1 JO

/2 \ n-1
oo <2 : <Zkg1\/(1 + ’kQ)m> M)
<2m[|0 — 0% l| o D

n=1

n!

12\ n—1
o (2 (Swenr+7) " a1)
+ 27 [0k — 03] o Y |

n!
n=1
We note that
10} = 0% || por =D [F(Ox — 03) (k)]
kEZ
<3 (1 K™ [ F Ok — 03) (k)]
kEZ
< N @+ kP [ F(OY — 63) (k)|
|k|<N
1/2 1/2
<( @) (X asweyEe - goel)
|k|<N |k|<N
1/2
<( X aemEm) ok - el
|k|<N
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Hence,

'Im / " / ® gita=n) (X (@)=0% (1) _ 6= () gy ey
—m JO

1/2
(X wr i) ok - Al

k<N
1/2 n—1
. (2- (zwu ¥ rkP)m) M)
nz:l n!
1/2
ror( X M) 0k~ Gl

<N

n!

. (2. (Z < (1+|k’2)m>1/2M>"_1
nzz:l k<N |

As for

(1+Im / ] / ey _<9N< e 912v(77))”d77d0é>_1/27

which appears in (12.24), we use the estimate in (7.2) to obtain

(1+Im / / 0 ST o) - 912v(77))"d77da>_1/2

. , 12
S(l —3 <62H0NH#’«1 — 1>> .

Using the estimate in (12.25), we obtain

(1 wgrtm [ [ 3 B o) - 912\/(77))"617761@)_1/2
< (1 . g(: <Z'k<N(l+k2)m>U2M _ 1>>_1/2. (12.26)

We choose M sufficiently small so that (12.26) is well-defined. We note that an appropriate estimate
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for the expression in (12.9) can be derived similarly. This completes the proof that the operator
J ]%, oGy is indeed locally Lipschitz continuous. Therefore, by Picard’s theorem, for any 0y € oM,

there exists a time Ty > 0 such that the ordinary differential equation

dfn

e (In © GN)(On), (12.27)

On(0) = On o € OM (12.28)

has a unique local solution 0 € C1([0, Tv); OM).
12.3.3. Derivation of an a priori Estimate

For every n € N, define ¢ (a,t) = On(a, t) — On(0,t). We let

(Ua)N(On) =(Ua)no(ON) + (Ua) N1 (0n) + (Ua)n2(0n),

Tn(On) =Tno(On) +Tn1(On) + T 2(0n),

where (Uy)n,0(0N), (Ua)n,1(0n), and (Us)n2(0n) are the parts of (Uy)n(fn) that are constant,
linear, and superlinear in the variable 6y; and Ty o(0n), Tn1(0n), and T 2(0n) are the parts of

Tn(0n) that are constant, linear, and superlinear in the variable . We note that

do
diljfv = ﬁN(QN) +NN(9N),
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where Ly (fn) and Ny (0x) are the parts of the right hand side of (12.27) which are linear and

superlinear in the variable 6. In particular,

2T
L(On)(t)

2T

T LON) (1)
2

:W
=y (R <Z iz [ e us)
+M<(JN0RG)<Z;/_ Ej(QN)(a’B)dB»)
(¢N)( ) < (Jw o Re) (Z /_7r a(on)(a, ﬁ)dﬂ)

+ (o) <Z4’; [ Eiomais))).

Ly(On) = ((Ua)N,1(9N) +Tno(On) - (ON)a + TN,1(9N)>

(wa)N,l(eN) + TN,I(aN))
(@Waaton) + M (Um(eN)(a)))

Hence, for k # 0,

FEn (@) ) =7 )()<1k<N J—"<Re<z [ ® 6)d6)>()

~lpjen <Re(z / Ej(éw)(a 6))( )>

We note that this expression differs from that of F(L£)(k) in (6.2) only by the presence of 1<y

This means that for 1 < |k| < N, the analogue of the expression in (6.26) holds, i.e.,

0 [kl > N,
FLN(@N))(R) = § — 25 L F(en)(k)m k| 1< |k <N, (12.29)
0 k| = 1.
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Defining

Ly(Oy) = MEN(QN)v
Ny (On) = L(QQNWNNWN),

we note that

Nu(6n) =Ua)N2(dn) + T a(dn) (1 + (08)a) + Tni(dN) - (6N )a-

The analogues of Lemmas 15 and 16 hold for T 2(¢n)(14+(¢n)a) and Tn.1 (én)- (dN)a, respectively.
Hence, it suffices to derive estimates for the Foband F3' norms of Un,1(¢n) and Un2(¢n), as well
as the 75" norm of (Ua)N2(¢n). For these norms, we can use the estimates presented in Chapters

9, 10, and 11. Using (12.29), we obtain for 0 < |k| < N,

2T v

TN () = £ LF @) E) + (k) +

2T

where J; and Jy are the same as in (7.3). Since ¢y is real-valued, for k& > 0,
[on (k)| = |on (k)| = |onr)|.
Then for s > 0,

[l psn = ZQV(t)\k\ I&|® ¢}v(k)’ _ 2Z€V(t)kks

k#£0 k>1

¢}v<k)\ :
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The norm [|¢n|| zs.1 is differentiable with respect to time with

H¢>N||f91_2z vk () - K

on(k )‘+€t)kks ‘@N ‘

>1
:2Zey(t)kyl(t)k,s+1 ’Qb}v(k)‘
k>1
vt)kys L 9 ooy 0
+ vk ¢N( ) t¢N(k)+¢N(k)a¢N(k)

’ 2

-9 Z eu(t)kl//(t)ks-i-l ’¢N(k)‘

k>1

2 et kks (k) Zron (k) + on (k) G on (k)

)

k>1 ’¢N(k)‘

where %(ﬁ}v(k) is given in (12.30). In particular, |||z is continuous with respect to time. We

can use the calculations presented in Chapter 7 to obtain

d 2 ~
¢ o1 <V . V(t Ve p.s+1 T
It || N”].‘;Jal SV (75) HQZ)NHBH 1 71' — E k ‘ (k)‘ + (t) ’

_‘_27 A||¢N||]:01Ze kks+1’¢ (k)‘

k>2

Since ¢ (1) = 0, this is equal to

d 27|57
o HQZ)NH]}sJ <V(t) ||¢NH]_.S+11 _WEZ ||¢NH]_—5+11 + —= 70) H N’

R

+ ZEA [N [l Fox [|oN | 5411

1
< V{t)—m=—+ = ~s
_<V (t) TFR47T + 47rR H¢NH}'0 1) ”¢NH]_-U+1,1
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Now, setting s = 1 and using the estimates for the Fo and F5' norms of Un1(¢n) and Un2(én),

as well as the 75" norm of (Ua)N2(én), we obtain

d
= llgwll e < —<A<||¢N\ i) — u’(t)) lenl s

where

Aol ) =r =L = LAl ) o s

~ RA(lon]lz0)

- <Rl<||¢N|| ) lowl g + Ro(llénl 1) ]| s

+ Ra(llon )l 1) 1831520 + Ra(llon]l £21) on %

+ Rs([lon |l z11) [[én ]| 11

+3 (Hsllowlzza + Hallowll 520 )

+3 (Dr(llgwlg30) llonl e + Da(llonll ) llon] %)
(1+200wl50)

+ (Dallonllz) lonl sz + Dalllonllzaa) lénl 1)
(14206 220

+6llonl g (Hs lonl g + Hallgnll 1)

+2 (H3 [énll 11 + Hy H¢N|I;3,1)>.

We note that the above expression is well-defined only when |[¢n|| 21,1 is small enough for all the
geometric series with respect to n contained in this expression to converge. To ensure that this

expression is well-defined for all time, we need to choose an appropriate initial datum. We let
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00 € 11, Im(6°) =0

A0l 510) =

To make A(H@OHﬁJ)

series with respect to

, such that A(HQOHFJ) > 0, where

2 v 1
=1~ 1 g AU ) 1[0 21 (12.31)

1 1
~ F Ty ) 19+ B30 [

+ Ra([|6° | 1) 16150 + RaC6°] 2.0 16° 51

+ Rs(||0° ) ||6°

2.0 1611 1.

+3 (Hs [|6°] 210 + Ha[|6°] £1.0)

3 (D0 1) 1005+ D20 1) 100 ) (1 216°]1 510)
+ (D16 20 0% 210+ DaC(l6°] 210 161120 ) (L + 2161 1.)
+610°] s (Hs [16°]] 0.0 + Ha [[6%]] 22.0)

2 (Hy |6 1. + Hi Heoum).

well-defined, we choose HHOH 11 small enough so that all of the geometric

n contained in this expression converge. We further require that

FEO -+ ([]150) + 22 ] s < M,
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where the function Y is defined in (12.5). For each N € N, let Oy = J40° € HY. Then

1/2
|wanHm:=(§j<1+|m2w1uweNQan2)

keZ

1/2
_< > @+[EH™ |f(0N,o)(k)l2)

KI<N

< Z (1 + k2™ 2| F(On,0) (k)]
k<N

<|F(On0) O]+ 277 Y k™ [F (O 0) (k)]
1<[k|<N

< |FO)O)] + 272 [16°] £

f7n,1) + 2m/2 HGOH}.—"”Yl .

gu@mmm@w
Choosing m = 1, we obtain
16,0l 71 < M,
which ensures that the initial datum 6y lies in OM as prescribed by Picard’s theorem. Let

¢ = 6" —6°(0),

dno = Ono — Ono(0).

We note that [|¢n ol 1.1 < Hgi)o Since A(-) is monotone decreasing, for all n € N,

| £1.-
0< A(HQOHJLﬂJ) = A(HQSOH]‘HJ) < A(||¢N,0||]-"1,1)'

We choose vy such that 0 < vy < A(H¢0erl,1) < A(llonoll £1.1). From (2.2), it follows that for all

T2>0,

7
0<V(r)= a +07_)2 < 1.
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Then

A(llonollz11) —/(0) > 0.

Let
TN = sup{tl €[0,Tn] : A(l[on ()] £r1) — V(1) >0 forall T € [O,tl]}.

Since A([[¢noll 71.1) —+/(0) > 0 and A([lon()[| £11) — v/ (+) is a continuous function of time, we have

Tni1>0. Forany 7 € [0,Tn 1),
A(llon (7))l 72.0) = V(1) > 0.

If¢t; € [O,TNJ] and ty € [tl,TNJ], then

fon(else+ [ (Alloz) V0] oz dr < ontenlzpn . (1232)

t1

Since

/ <A<”¢N<T>Hrs’1> - v’(ﬂ) lén (7 2 dr > 0,

it follows from (12.32) that || (t2)[| 210 < [|én(¢1)] £11. Since A is a monotone decreasing function
of [|[¢n|| 1.1, this means that A([|¢n (t2)] z1.1) = A(l|on (t1)[| z1.1), i-e.; A(lon (-] £1.1) is a monotone
increasing function on [0, Tv,1]. Suppose for contradiction that Ty < Tn. If A(|lon(Tn)l[z1.1) —
V'(Tn;1) < 0, then since A(]|¢n(-)| £11) is monotone increasing on [0, Ty 1],

Vo

vo = v'(0) < A(llonollz11) < Alllon (Tl 1) < V/(Tva) = A+ 1)

< 1,

which is a contradiction. If on the other hand A(||¢n (Tn,1)|| 1) — v'(Tn,1) > 0, then the function

A([|¢n ()|l £1.1) —2/(+) is discontinuous at Ty 1 € (0,Tx), a contradiction as well. Hence, we conclude
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that Ty; = Tn. Thus, for all ¢t € [0, Ty),

lon (@) 210 < llonoll 10 — (A lén (7)) £1.0) — u’(T)) o (7) 2 dr
< lowallsna = [ (AClowallzna) =) [ox(rlsz0 dr
< lowallzos = [ (A0 )50 =0 ) o2 dr
suwuu—g( (100520 =) w1

Therefore, for all ¢t € [0, Ty),

t
lon(0)l 220 + <A(H90H ) - uo) /0 lon (Pl gz dr < (6] 50, - (12.33)

Moreover, for all t € [0, Tx),

d /
G lonlza <= (Aon@ll 20 -0 vz
<~ (A(loxall 1) = o) w20

<~ (A0xallz) = ) ol

from which we deduce that [[¢n|| z1,1 decays exponentially on [0, T ).
12.3.4. A Remark on the Solution Being Global in Time

The global-in-time nature of the solution to the original equations for the dynamics of the interface
is inherited from that of the solutions to the regularized equations. The latter is a consequence
of the continuation property of Picard’s theorem in the Banach space setting and the fact that

the zeroth Fourier mode of 6y is bounded in time. We fix € > 0 to be arbitrtarily small and let
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Onew = TN — € be the new initial time. Then

10N 0new g1 < 1 F(ON,0,0) OV + 2221105000 | 211
f
=|F(On(Tn — €)(0)] + 22|05 (Tv—e) || 1.
<|FOn(Tn — €)(0)] + 22 ||0n 0]l 21,1

<|F(On(Tw — €))(0)] + 2/ |6°

120

IA

ol ) + 272 6°) 1
115 ) + 222 0] 5

FEO+ 7 (10) + 22 1]

IA

:e
"

IN

<M.

This shows that the solution 6 € C1([0, Tiv); OM) can be continued in time indefinitely due to the

continuation property of Picard’s theorem in the Banach space setting.
12.3.5. Applying Aubin-Lions’ Lemma

To apply Aubin-Lions’ lemma, we set Xg = fg’l, X = ];"l}’l, X = ];"19’1, p = 00, and let
G = {91\7 N € N}

Let T' > 0. To show that G is uniformly bounded in LOO([O,T];].:Z}’I) NL

loc

([O,T];ff’l), we recall
(12.33), i.e., for all ¢t € [0,T],
0 t
(00 + (06500~ ) [ 10w} g0 dr
t
=llon ()]l 221 + <A(H90||¢3,1)—Vo>/0 o (T)]l 20 d7

<1611 -
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To show that ;G is uniformly bounded in L} ([0, T; FY), we observe that

T
/0 H(Jﬁ, o 671\7)(91\;)”?.31 dr

:/OT |74 (Gx (Ox))]| 2o dr
< [ 2t (wmion)
+/0le
T T

+/O L2(T)

T o
S/0 (r) [(Ua)n (@n) 0.0 dT

dr
‘F'O’l

dr
]_’-0,1

TN <TN(0N) . ((,N)a>

TN (TN(eN)>

dr
]_'—O,l

T on
T T

T on
+~/O m ||TN(¢N) : ((Z)N)aH]'_-B,:[ dr

T or
= /0 Ty W @n)lza dr
T or
+/O L(T)
T or
+ |, T

T or
S/0 m HW(¢N)H]'_—S,1 dr

<1 + (¢N)a> UN<¢N)H o 0T

EY

dr
ﬁ ,1

<1 + (¢N)a> UN(éN) - (oN)a

T on
+/0 WHV@N)H;LM dr

T or
+/O WH(QSN)“'UNWN)H;;JJ dr

T on
+ [ Z5 10N () - (onal g

T on
+ /0 i 108 (@n) - (@n)c] 590 dr
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Since

we obtain

IUN(¢N) - (0n)all zor <[V(On)] o lon ]l £

[UN(6n) - (o)l 2o < IV (o)l zo llon I

T
[Tk o GOm0 a7

T on
< /0 Lo W @n) o dr

T or
+ /0 s V@l g0 dr

+2/T2”Hv<¢ Mpon o 510 d
o L(r) O I

T or 5
+ 0 TT)HV(QbN)”}-SJ H¢N||]_—l}1 dr.

Using estimates from Chapters 9, 10, and 11 and then (12.33), we see that

is indeed uniformly bounded. Therefore, by Aubin-Lions’ lemma, G is relatively compact in
L2([0,T); '). This means that there exists a subsequence convergent in L2([0,T]; F''). For
notational convenience, we will continue to use 8y to denote the subsequence. That is, there exists
0 e L2([0,T]; F»'") such that Oy — 6 in L2([0,T]; F»'') as N — oo. It is crucial to bring to our at-
tention that even though our application of Aubin-Lions’ lemma provides a candidate for a solution
to the original problem, it remains silent on the dynamics of F(0(t))(0). Part of our task to show
that 6 is a solution is to specify its dynamics. We first articulate the sense in which 6 is to become

a solution.

Definition 30. We say that 6 € L>(0,T); F»'') n LX([0,T); F21) is a weak solution of (12.6)

T
100N Iy (o 700) = /0 1(Tx 0 GN)(Om)|| 20,0
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through (12.7) if F(0(t))(£1) = 0 for almost every t € [0,T] and for any ¢ € C3°(|—m,m) x [0,T7]),

/79“%Tﬁ“a¥”daL/ﬂ9ﬁ%®¢@%m¢1/C;ATHQwadmtmum

—Tr

T T 1 s a i 1/2
_ -1 - i(a—n) v o n
/—w/o R <1+ 27rfm/_ﬂ/0 e T; o (0(a,t) — O(n,t)) dnda)

-Omwxmo+wamwu+ﬁ¢mﬂ0¢m¢mwm

To show that 0 is a solution to the original problem in the sense of Definition 30, we use the following

standard lemma from real analysis frequently.

Lemma 31. For any sequence of measurable functions on a measure space, LP convergence, p > 1,

implies the existence of a subsequence convergent almost everywhere.

Applying Lemma 31 to the fact that [|fn(-) = 0(-)[z1 — 0 in L?, we obtain a (non-relabeled)
subsequence such that for almost every ¢ € [0,T], limy—oc |On(t) — 0(¢)] z12 = 0. That is, for
almost every t € [0,T], imn_y00 Y _pez |k [F(On(t) — 0(t)) (k)] = 0. Applying Lemma 31 again to
the fact that a(k,t) = |k||F(Ox(t) — 0(t))(k)| — 0 in I? for almost every ¢ € [0,7], we obtain a
(non-relabeled) subsequence such that for all k € Z \ {0}, imy_oc F(On(2))(k) = F(0(¢t))(k) for
almost every ¢ € [0, T]. In particular, for almost every t € [0,7],

FO())(£1) = lim F(On(t))(k)=0.

N—oo
Let ¢(t) = 0(t) — F(6(¢t))(0). Let us specify the dynamics of F(#)(0) by requiring that

d 2

GF00 =7 (25 (0@ + 0+ 00)) ) - 50 (1234

with the initial condition F(6(0))(0) = F(6°)(0). The initial condition is chosen this way because

for all N € N, F(0n,0)(0) = F(T50°)(0) = F(6°)(0). The dynamics equation (12.34) for F(6)(0)
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is equivalent to

%9 _ g (;&)) (Ua(gb) +T()(1+ %))) ,

which implies that € is indeed a solution to the original problem in the sense of Definition 30.
12.3.6. Inheritance of the a priori Estimate

At the end of Subsection 12.3.3, we obtained that for all ¢ € [0, 77,

t
HQSN(t)H]':,}’1 + <A(H90H}‘-1,1) - VO) /0 H¢N(7—)H]—‘31 dr < H‘go”j:l,l .

By Fatou’s lemma, for any ¢ € [0, 7],

t t
| tmint o (7 50 dr < mint [ o () g0
Then, using that
tin inf |63 (1) | 21 = 60 1.
tim inf [ (1) g2 = 16(0) ] g2

we obtain for all ¢ € [0,7]

t
o0l + (400500~ ) [ Il ar
t
<tinint o020 + (20100 —o0) tgnint [ w0
t
Sl}\rflﬁ;lj(H(ﬁN(t)H]l‘l},l—i— (A(HeoHﬁl,l)—uo>/0 ¢ (7)]] 721 d7>

<[16°[1 1.
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In words, ¢ inherits the a priori estimate uniformly held for ¢x. As a consequence,
0 € L([0, T]; ;1) n LY([0, T); 71

and ||(t)[| z1.1 decays exponentially on [0, 77.
12.3.7. Continuity in Time

Now, we show that in fact 8 € C([0,T]; F,'). That is, letting &(t) = 10(t)|| 711, we show that &
v(t)

is continuous on [0,7]. We assume that 7" > 0 is arbitrarily small. This assumption can be made
without loss of generality, because since the solution 6 exists globally in time, we can imagine that
the solution # is continued over intervals of some arbitrary fixed small length. Let 7 € [0, 7] and
fix € > 0. We prove the continuity of & at 7 € [0, 7] by showing left- and right-continuity at that

point. First, we suppose that 7/ > 7. Then

0() - 6(r)
~ |l Nz, =10z
< ’HH(T’)Hf;ﬁ,) - HWT)H;;&/)‘ - ’HQ(T)H;i&L) - HQ(T)”fVl&i)

<[|6() = 6 12, + ]uewn s, = 1051
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First, we consider ||6(7") — 6(7)|| z1.1 . We note that

(")
l6¢) =8| 511,

<

/ 00(r")dr"

~1,1
Fo

v(r!)

S/ H&g@(T”)Hﬁ,l dT”
T v(r/)

= [ (e @009 Yar

k0
- / (Z et || ’]:(ate(T”))(k)DdT”
T Nk#£0
g/ (Z 0T M |1 \f(ate(T”))(k)DdT”
T Nk#£0

Tl
= l H(?tH(T”) H]:;&j-//) dT//,

where vy < 1y such that VO# < VT)HLT for all 7/ € [, T]. Since T is arbitrarily small, 7y can be
chosen to be arbitrarily close to vy. We note that 9;0 € Ll([O,T];];";l’l), in which 7 indicates the

use of 1, instead of vy. For n € N, define

ap = /[7.77_*_711} Hate(TN)Hf;é//) dT//.

Since

v(r'")

e 1001, | < 10012

and

T
"
/0 H@QH;%H)W < o0,
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by the dominated convergence theorem, we have

lim a, = 0.
n—,oo

That is, there exists N* € N such that for all N > N*,

€

8t0 1,1 dT” <
\/[‘TvT—"_rlL] H Hf;(T”) 2

Hence, there exists 6 > 0 such that for all |7/ — 7| < 0,

/

T €
/7. | te”}g{i”) < 2

Next, we consider . We note that

10510, = 10531

)

0, = 16512

=TI F @) (E)| =Y e DI k| F0(r) (k)] -
k#£0 k#0

We define for 7 € [0, T]

H(r') =D TR IF(O0(7)) ()]

keZ

Then

=[9(r") = H(7)|.

0| 10 — 10(7)]| 2.
10z, = 10350
Let by (1) = "k E| | F(0(7))(k)|. Since

7_/

bk (r)| = €T M k| | F(0(7)) (k)| < 79 k[ | F(0(7)) (k)]
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and

> T k| [ FO(r) (k)] = [0 Dz < oo,

keZ

by the Weierstrass M-test,

> T k| |F(O(r) (k)|

keZ

converges absolutely and uniformly with respect to 7/ € [0,T]. Since for each k € Z,
bi(r') = eI k[ | F(0(7)) (k)]

is continuous, so too is $(7’) on [0, T]. Hence, there exists § > 0 such that |7 — 7| < § implies that

€
‘57)(7'/) — 53(7')‘ < 3
Now, suppose that 7/ < 7. Then
|B(7') — &(7)]
<|[|o(r) - G(T,)Hﬂilw + He(T)Hfiii/) — 0z
First, we consider [|6(7) — 6(7')|| z11 . We observe that
v(r!)
HO(T) — 9(7/)“731&1,)
= / 00(r")dr"
T/ ‘1,1

(’)

< [ o6, ar”

/ 06" 1, "

v(r
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We note that 8,0 € L'([0,T]; F,"'). For n € N, define

v(r!)

m:/l;@wm@me
[T_Hﬂ—]

Since

< 90"

v(t!")

L1 1 [ 00| 210

I/E‘r”)

and

T
/]@%ﬂwmdﬂ<m
0

v(r!)

by the dominated convergence theorem, we have

lim b, = 0.

n—0o0

That is, there exists N** € N such that for all N > N**,

/{TM 100" || 510 dr" < %

v(r!")

Hence, there exists 6 > 0 such that for all |7 — 7/| < 0,

lwwwwﬂlwk;

v(r!")

The second term |[|0(7)[| 211 — [|(7)]| £11 | can be estimated as in the case where 7/ > 7. Therefore,
v(r!) v(r)

we conclude that 6 € C([0,T); Fi').
12.3.8. Instantaneous Analyticity

Now, we show that 6 is instantaneously analytic. To prove this, we use the following result from

standard analysis.
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Lemma 32. The function f is analytic on T if and only if there exist constants K > 0 and a > 0

such that

IF(f)()] < KemeVl.

Let ¢ > 0. We claim that there exist C' > 0 and k* > 0 such that for all |k| > k*,
/O K[| F(o(2)) (k)] < C.
Suppose the contrary for contradiction. Then, for all k* > 0, there exists |k| > k* such that
e OW 1] | F( () ()| > 1.
This means that there is a sequence {k;} such that
Ol k|| F(6(1)) (kj)| > 1.
Hence,

00 > [[@(t)ll g = D "M K |F (1)) (k)| = Y el |k | F((2)) (k)| = oe,
j=1

k20

a contradiction, as needed. Thus, there exist C' > 0 and k* > 0 such that for all |k| > k¥,

M | F(p(1)) (k)] < ORI~ <

Hence, for all k € Z,
v()lk| ¢ v(t) k|
e |F(0(t)) (k)| < max et max e |F(O(t) (k)| ¢-

k| <k*

By Lemma 32, we can then conclude that 6 is analytic.
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CHAPTER 13

Uniqueness

Let 6; and 65 be two solutions to the original problem with the same initial datum, whose +1

Fourier modes remain zero in time. For k£ > 0,

F(Or — 05)(—F) :% / " (01 — 62) ()¢t da
:% ' (61 — 62)(a)e~kdo

—Tr

=F (01 — 02)(k).

Hence, we may write

101 = Ol 11 = D |K||F (01 — O2) (k)| = 2> || |F (01 — 02) (k)] -

k0 k>0

Then

d
= 161 = 05| £ (13.1)

=23 K 5 17 (6 — ) (h)
k>0

1/2
=2 k1 5 (#0000 70— 00

k>0

Ny
=S "Ik <]—“(91 — 02) (k) - F(61 — 92)(k)>

k>0

| (iﬂel = 02)(k) - F(61 = 62) (k) + F (61 = 02) (k) iw>

_ |k|
B ;0 | F (61 — 62)(K)|

: <ccllt}-(91 — 02)(k) - F(01 — 02) (k) + F (61 — 02) () - %]:(91 _ 92)(k)>
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Recalling that for a solution 6 to the original problem, ¢ = 6 — é(()) satisfies

GFOR) =+ LFOR ) + 2(k) + 2 FN@)E)
+ LFORE + )~ + o ).

where J; and Jy are the same as in (7.3), we have for k > 0

d

ST (00— 02) (k) = j (61— ¢2)(k)
% 5 F— B0 + JQ(k))+L?;1)f<N<¢1>><k>
L? SF(N(62))()
+ LT (@) (R) (k) + Ja(k)) (_]1% i Li;))
— L F @) () (T <>+Jz<k>>( ]1~2+L?;2)>
:%.;F(m ¢2) (k) (1 (k) + Ja(k))
(s - s ) F o)
+L?;) F(N(¢1) — N(¢2))(k)
41 (61— p2) (k) (J ()+J2(’f>>< ;+L?;1))
— LF @) (k) (i (k >+J2<’f))(L?;2>L?;>>'
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Substituting this expression into (13.1), we obtain

—_ HGl - 92”]_—1 1

_Z|]: 0, |_k’92 )‘(]1% 7T|]:(¢1_¢2)(k)’2<J1(k)+J2(k))

2 2w > T AN
i (Lwl) - M)f(N(qh))(k)]—"((m — ¢2)(k)

+ LZ;)JT(N(@) — N(62))(k) - F(d1 — d2)(F)

+ L 1F (01 = b)) R (Ja(k) + Ja(k)) <_fl% ’ LZl))

= LRI + 1) (s~ oo | For = o)

E 41\ <¢1 62) (k)| (J1 () + Ja(k))
2

) N(60) (k) - F(or — o) (k)

+m F(N(61) — N(62))(k) - F(o1 — da) (k)

#1761 = o O () + 20 (3 + 705 )

_ %W(Jl(k) + Ja2(k)) (LZ;) - L?;))]:(d)l - ¢2)(k‘)>
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2. }Zw (61 = 62) (k)] (Ju(k) + Ji (k) (13.2)
k>

+(?;Z>—?;;>>

L D) (B)F(p1 — 62) (k) + F(N(61)) (k) - Flo1 — ¢2) (k)
= | F(¢1 — ¢2)(k)|
27T Z‘ |
k>0
F(N(¢1) — N(¢2))(k)F (1 — ¢2) (k) + F(N(¢1) — N(¢2)) (k) F(¢1 — ¢2) (k)
[F(d1 — ¢o) (k)]
v2l(-z+ )gkw 61~ 6B (A (K) + (k)

¥ 27 27
dn (L(@) - L<¢1>>
. F(¢2) (k) F (o1 — ¢2)(k) + F(d2) (k) F(d1 — ¢2)(k)
];0 || (J1(k) + Ja(k)) oo . (13.3)

We will take a closer look at each of the five terms in (13.2) through (13.3) one by one. Since

F(p1)(£1) = F(p2)(£1) = 0, the first time can be written as

2 L SR (61— 62)(R)] (A R) + 1 (k)

k>0
- . .E.%ZW | F (o1 — ¢2) (k)|
k>2
I
— T kzw | F(o1 — ¢2) (k)|
1
== 7= L llé1 = dall e
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Next, the second term can be bounded above as follows.

G
.kgo,ﬂ 61)) (W) F (61 — cﬁiggl;)lt;()fzf(ﬁl))(k)-J-"(¢>1—¢2)(k)
= ( 6 <z>2> 61))(k)

- (Li;) ‘L¢2>)"HN 1| -

Similarly, the third term can be bounded above as follows.

2
ik 2K
F(N(¢1) — N(62)) (k) F(p1 — d2)(k) + F(N(¢1) — N(2)) (k) F(¢1 — p2) (k)
F (61 — d2) ()]

2 ~ .
e M2 F(N(é1) = N(62))(k)

27 ~ ~
= T(o9) HN(¢1) — N(¢2) S

The fourth term can be bounded above as follows.

e
47

(

1
2+ Alloalzo) [61] 5o, 10

1

R ( =0
o 1

4 R L(¢

ol 1

47\ R (

- )Dk F 61— 62)(k)

k>2

)

k>0
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[E[* |F (61 = ¢2) (k)]
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Lastly, the fifth term can be bounded above as follows.

v 27 27
‘M(L(@) - L<¢1>>
. F(p2)(k)F(P1 — ¢2)(k) + F(d2)(k)F(f1 — ¢2)(k)
2 (A8 + (k) (61— 62)(F)| |

:‘W . ’y( 2 2m >
Am \ L(¢2)  L(1)
3 F(P2) (k) F (91 — ¢2) (k) + F(d2) (k) F(¢1 — p2)(k) ‘
2, 61— 92)(0)

y 27 27 2
=" 0r | T(es)  Lion) é’k’ 2B
. _2m  2m N2l 2.1 -

4 |L(¢p2)  L(¢1)

We note that for a solution 6 to the original problem,

N((b) = (UZQ)a(¢) + TZQ((Z)) ’ (1 + ¢oz) + T1(¢) : ¢a>
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where ¢ = 0 — 6(0). Hence,

N(¢1) — N(2)
=(U>2)a(d1) = (U>2)a(d2) + T>2(01)(1 + (d1)a)
— T52(¢2)(1 + (¢2)a) + T1($1)(d1)a — T1(P2)(¢2)a

ke (Z L[ Batontasias+ - [ Bratonia,s)as)
ke <§; / W o+ - [ Braaoa)(e 5)a5 )

+ T5o(¢1) — T>2(d2) + T>2(h1)(P1)a — T>2(91)(92)a
+ T52(01)(d2)a — T>2(¢2)(92)a + T1(91)(91)a — T1(01)(d2)a
+ T1(¢1)(92)a — T1(P2)(d2)a

8 T T
=S Re(-L | (B)alé1)(a,B)dB — - [ (B))a(d2)(e, B)dB (13.4)
JZ_; (471' /,r ! 47 /,r 2 >

N Re@r / Z(Em(m)(a, BB = ¢ /

—T

(%>a(¢2><a,ﬂ)dﬂ> (13.5)

+ To2(¢1) — T>2(d2) + T>2(61)((91)a — (62)a) + (92)a(T>2(d1) — T>2(h2))
+ T1(¢1)((A1)a — (#2)a) + (P2)a(T1(d1) — T1(d2)).

To derive an estimate for this expression, we present in detail the process of deriving appropriate
estimates for a few select terms that make up the expression. The techniques used to estimate such
terms can be applied for the rest of the terms making up the expression. First, we consider the

term

= [ Blienemis - L [ Bluee.nas.

375



which makes up one of the terms in the sum in (13.4) (to be precise, the j = 1 term in the sum).

Let us derive an estimate for the integrand, i.e.,

Bi(¢1)(cv, B) = Bi 1 (¢2) (e, B).

In Subsection 12.3.2, we derived an estimate for an analogous expression, which is shown in (12.21).

Borrowing notation used in that part of Section 12.3.2, we write

(_1)j1+1 . gditg2+l

1 1 —ifBe?P
Bl,l(qbl)(ayﬁ) - Bljl(¢2)(o¢,ﬁ) = — Z .

— B i1170!
jiaarnz1 L€ 2j1j2!

'(Sl(avﬁ)+"'+S3(a75)+"'+S7(O‘76)+”'>7

J1
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where

S1(a. B)
=(¢1 = @2)(a = B) - d1(a = B 77 - (d1)ala = B) - $1 ()"
' /01 e g1(a+ B(=1+45))(~1+s)ds

— 1 —¢f ), m)!

Ss(a, B)
=p2(a = B) 1 ((¢1)a — (¢2)a)(a = B) - d1(a)”?
' /01 e P pr(a+ B(=1+9)) (=1 + s)ds
: (i B [T —ie-np (Figa(at (s = 1)B)™ d5>n’

1—eb [, m!

m=1

57(Oé,ﬂ)
1
=pa(a — B) N (d2)ala — B)d2(cr)? - /0 e P po(a+ B(—1+ 5))(—1 + s)ds
, (i i ! —is—ng (Zid(a+ (s = 1B)™

mll—e’ﬂ m!
—i(s— _‘(ZS + _1/8 "
—Z 1_616 1ys (Zida(a nif )B)) ds)

(i i 16_i<s_1>ﬁ<—i¢1<a+<s—1>5>>md5>”—1,

1 1-— €iﬂ 0 m!

and the --- represents the other finitely many terms making up Bil(qﬁl)(a,ﬂ) — B1171(<;52)(a,6).

First, we study Si(a, 8) and S7(«, 5) and then turn the attention to S3(c, 3). We note that

—zﬁe2Zﬁ
o /_ﬂ]—“ (S1(-, T dﬁ‘

<Cn<|f(¢1 = @) % [F(P)] * - % [F(d1)| % [F((¢1)a)]

# |F ()] 5 x |F (1) + [P(dr)] - - - % [Pgn)] If(¢1)|>(k1)-
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Then

l T —2.5621"3
477/—7r51(’ﬁ) 1_ewdﬁ

Fl,1

<0, S I (|f<¢1 = 62) * [F(@0)] -+ [F(60)] * | F((81)a)]

k0
# | F(pr)] 5 - [F(r) x [P(@1)] 5 - - % [P(r)| \f(¢1)\> (k).
Likewise,

~ T _Z'Be%ﬁ
o BRGSO

scn(|f<¢2>| woe w | F(62) [ F(62)a)]
| F ()| %% | F (o)
(3 S rm) « (X S Fon- @)W))‘
: m=1 ’

#|[P(@1)] 5 - % [P(@1)] + | F(d2)] | (ka),

from which we obtain

~ T _Z'Beﬂﬁ
x /WS““B) s

F11
<Cu 3 I (17 @a) 4+ 1700 ¢ (620
k40
CF(Ba)] 5+ | F ()
(X e )« (2 S A - ¢2>m>)|
m=0 m=1

# |P(@1)] 5 - - [P(pn)| + | F(@2)] ) (F).
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For a sequence a defined on Z, we define for s > 0

lallyen = 1K1 la(k)] -

keZ

Lemma 33. For sequences aq,...,a, defined on Z,

n n
lax 5 -+ s anfla < llagln [T larlon -
=1 k

=1
k#j

Proof. This lemma can be proved by modifying the proof of Proposition 21.
Using Lemma 33, we obtain
~y s _iﬁe%ﬁ
L B =4
H47r /_Wsl( BT

gcn(nqzn — Gl 1L 161 )all £oa 1P(01) s

Fl1
i io—2 . .
F ol g llor = d2ll o 1012722 (@0 all o 1P(@1) 151 - (1 + 2 — 1)

N
+ 1 @1)all 1 o1 — d2llzoa 1011707 I1P(d1) 10,

F 1Pl 161 = dalas 17 Nl 1P )
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and

l s _iBeZiﬁ
47T/_WS7(,ﬁ) 8

Fl,1

j14j2—1
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Now, we consider S3(a, ). We note that

_i8.2ip
/ F(Ss(, ’5 € dﬁ‘
477

<Cn <|J"(¢2)| #ok [F(g2) | * | F((91)a = (92)a)| * [F(dr)] + - - x| F ()]

«[P(61)] - % [P(én)] |f<¢1>|)<k1>

Then
s Ss(-, ) - —ie*”
ar J_, 1—ef

<C, I (msg)\ oo x| F(92) % 1 F(61)a — (B2)a)] # | F(@0)] % - | F(@0)]
k40

g

F1,1

IV« IPGD] < [F(60)] ) ()
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Combining these results, we obtain

H / Bl 1(én)(e, B)dB — - /_ Bil(ebz)(a,ﬁ)dﬁ‘

F11

J1 T
Z < <||¢1 ¢2||]‘:1,1 ||¢1"£;'112 H¢1H]’-‘lv1 (e||¢1||}-0,1 . 1)n

24419
Jitjarnz1 20l2!

o ‘ ‘
-+ H¢1”_71-1,1 ”(251 - 452”]30,1 H¢1||j]§:_52 ‘|¢1”f1,1 (e||¢1||f0,1 _ 1)n . (]1 +]2 i 1)
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where the - - - represents the finitely many terms making up Bil(gzﬁl)(a, B) — Bil(qbg)(oz, B) besides
S1(a, B), S3(a, B), and S7(a, B). If we collected all the coefficients for |[¢1 — @2]| 2., among the

shown terms, then we obtain as its coefficient

J1 _— -
S Sl Calldall il el 1y
2j11j2! F a
J1+je+n>1

We note that if we summed the coefficients for ||¢1 — ¢2|| 2.1 across all the terms appearing in (13.4)
1
L

and (13.5), then we can choose HGOHFJ small enough such that the sum is smaller than 7 - %.

Next, we consider the term

T>o(p1) — T>2(92),

where

T(¢) = M((1 + ¢a)U(9))-

Then

Tso(¢1) — T>2(¢2) =M <U22(¢1) - U22(¢2)> + M <(¢1)a -Us1(¢1) = (92)a - U21(¢2)>
=M <U22(¢1) — U22(¢2)> + M <(¢1)a - (Us1(¢1) — U21(¢2))>

M (U>1<¢2> (é1)a — <¢2>a>)-
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Hence,

[T>2(P1) — T>2(d2) | £11
<|[|U>2(¢1) = U>2(92)l| zo1 + [[(#1)a - (U>1(d1) — U>1(92)) || 700
+ [[U>1(62) - ((¢1)a — ($2)a) || 7o

<|U>2(¢1) = Us2(¢2) [l zoa

+ llpall 10 <||U1(¢1) — U1(¢2)ll por + [U>2(1) — U22(¢2)H;o,1>

+ ||U21(¢2)||]-‘0,1 : ||¢1 - ¢2||]—‘1,1 .

Next, we consider the term

T(¢1) - ((¢1)a — (d2)a)-

We have

IT@1) - (61)a — (B2))l 50
IG5 1€0)a = G2)allzns + 1(61)a = (@2)al 1 IT(61) 5o

<L+ (@1)a) - U@l s 161 = bl 1.1 + 61 = ol o 1L+ (@1)a) - U (@1l 01
< (1@ ros + lonlzs 101 ) o = G2l

T <||U<¢1>|fo,l T lpulps - ||U<¢1>||fo,1) 161 — dall o

Next, we consider the term

(#2)a - (T(P1) — T(92))-
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We have

1(¢2)a - (T(d1) — T(2))ll 510
<N @2)all 711 [1T(P1) = T(d2) | 7o + 1T (1) — T(P2)ll 1.1 1(#2)all £ou
= g2l 721 1T(P1) — T(d2)[| por + 1T(d1) — T(P2)l| 11 |2]| 71,1 -

We note that
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we have

1T (¢1) = T(d2)ll Foa

<2(|U(¢1) = U(@2)l poa + 2[[(d1)a - (U(¢1) = U(92))l| o
+2[|U(¢2) - ((01)a — (#2)a)l| o

<2(|U(¢1) = U(d2)ll o + 2 f1ll 711 [IU(01) = U(d2)] poa

+2[|U(d2)ll 7o [|61 = | 11 -

Moreover, since

M) 10 =D 1B F(M(f)) (E)]

k40

=D Ikl KTHF) R)]

k0

<D IFN®)

keZ

= [fll o1,

we have

1T(¢1) = T(P2)ll 1.0 <NU(d1) = U(d2)ll pox + [[(d1)a - (U(1) — U(d2))|l 7o
+[1U(¢2) - ((91)a = (#2)a) | 7o
<|U(¢1) = U(d2)ll pox + [l o1l pr1 [[U(d1) = U(g2) |l 0.1
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Therefore,

[(@2)a - (T(61) — T(62)) 51

< loaln (210(60) = U@lros + 201l 10(0n) = Un)lpus
+ 21050 o1 = bl
el (100n) = U@lLros + lorls 10(61) = Ua) s

U ()l o b1 — ¢2||F,1>.

Now, consider the expression

L(¢1)  L(¢2)

’ 2T 2T

Without loss of generality, let

™ a i(a—n) ﬁ B n
tw [ [T 3 p(@1(e) = u()"dnde
n!

™ « ( ) Z i
st [© [t
—7Jo n>1 n.

(2(cr) — ¢2(n))"dnda.
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Then

‘ 2r 2w
L(¢1) L(¢2)
—1/2
SR_ gy (1 + fIm /_ﬂ-/ i(a—n) 2 !(¢2(a) _ ¢2(77))nd77d04)
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Combining these results, we obtain

d
g 101 = O2ll 10

S_Wﬁﬂu(ﬁl (;52H}—21+’ (¢1) L(¢2) HN((ﬁl)‘}-l,l
~ 1
Ng2)|,,, +7 1= g AUl 01) 61] 700 161 = Gl o
x 2T 2 ol
ol L

L v
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L A1) (1] o 101 = G52

X
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g —1/2
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n—1
. (Z Ul 210l Y o, g,
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m=1

Ultimately, for sufficiently small HGOH FL1

d
o o1 — d2llp11 < ElP1 — b2l 7115

where € is a coefficient that may depend on |[¢1] z1.1, [[@2]| 711, |#1]] 2.1, and [[$2]| z2.1 in such a way
that it is integrable in time. By Gronwall’s inequality, since the two solutions share the same initial
datum, ¢1 = ¢2. Since the dynamics of F(01)(0) and F(602)(0) are determined completely by ¢; and
$2, respectively, with the shared initial condition F(6°)(0), we conclude that F(61)(0) = F(62)(0)

as well.
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CHAPTER 14

Numerical Verification

In this Chapter, we introduce a numerical scheme for our model based on the boundary integral
formulation (2.10) of the interfacial fluid velocity. In the end, we see that implementation of the

numerical scheme is in line with the analytical well-posedness result contained in this work.

For the purposes of this Chapter, we rewrite (2.10) in vector notation as

X (0,1) = 417T/FG(X(9,7§) — X(5,8))(=y - K(s) - n(s))ds, (14.1)

where X (0,t) denotes the interface at time ¢ in HLS parametrization. Computing interfacial fluid
flow based on such a boundary integral is known as a boundary integral (BI) method. Boundary
integral methods are among the most popular numerical methods for computing the evolution of
interfaces in water waves, Stokes flow, Hele-Shaw flow, and flows exhibiting Kelvin-Helmholtz and
Rayleigh-Taylor instabilities. The popularity of BI methods is mainly due to the fact that their
implementation entails only quantities that describe the interface, which effectively reduces the
dimension of the model under study. The reduction of the dimension facilitates the handling of
complex geometries and lowers the number of discretization points. The popularity of BI meth-
ods is also in part ascribed to their high accuracy. Since a BI method is based on the boundary
integral formulation of the model under study, it is able to accurately account for intricate in-
terfacial phenomena, such as discontinuity in normal stress due to surface tension. A number of
highly accurate numerical schemes based on BI methods have been introduced and implemented
for two-dimensional Stokes bubbles, two-dimensional elastic capsules, and even three-dimensional

axisymmetric flow problems.
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14.1. Preliminary Work

Let N be an even integer. For a discrete periodic function w, let us define the discrete Fourier

transform by

N-1
_ 2mikl
(wa)k = e N w;
1=0
and the discrete inverse Fourier transform by
N-1
—1 ]. 2mikl
(Fy wlk = ~v2.°¢r (FNw)i,
1=0

where k = 0,1,..., N —1. The discrete differential operator Dy is defined by Dyw = .7-";,1117, where

ik(Fyw), k# 5,

Wg =
0 k=

o2

For a function w defined on S*, the Hilbert transform of w is defined by

(Hw)(6) = 1pv/ cot<9 - 9/>w(9')9'.

For a discrete periodic function w, the discrete Hilbert operator Hy is defined by Hyw = .7-';,1711,

where

14.2. The Numerical Scheme

Our numerical scheme for (14.1) requires both spatial and temporal discretization. We discretize
the interface with N points for some fixed even integer N. For a fixed time step size dt > 0,

we let X' denote the position of the mth point of the discretized interface at time n - dt, where
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m=0,1,...,N —1, and let X" = (Xg,X7,...,X%_4). Let v = 1. For any fixed position X, of

the discretized interface, the boundary integral (14.1) can be written as

1 1 1 1
AX(6:1) = ~Tgyx,] 1% %) = 4H<<\69X| - \aexcr>‘%x) ©)
1 IAX] ) AX®AX> X
| e (—t0g[ 2214 : a9,
in /51 0 ( °g<2}sin(9—29) IAX ] |0 X|

where AX = X (0,t) — X (s,t). This formulation of the boundary integral serves as a template for

our numerical scheme.

Suppose that the initial position X of the interface is provided. We define our numerical scheme
recursively. Given X, we first ensure that any adjacent pair of the N points constituting the
interface have the same chordal length, which yields a discrete analog of HLS parametrization.

Next, we compute X"+ by numerically solving

xXnt+l/2 _ xn 1
- - - _ - D XTL+1/2 Xn
At/2 4|Dan|HN< N + Ra(XT)
Xt X7 1 DNX" + Dy X! . .
e (P ) e
+R2(Xn+1/2),

where

Rl(Xn+l/2 Xn) _ EHN DN(X’IZ-Fl/Q _ Xn) . DN(XTZ+1/2 —+ Xn) DNXTH-l/Q
) 4 ‘DNX”H/Z‘ .|'DNXn| . (‘DNXn+1/2‘+’DNXn|)
and Ry(X) is a numerical computation of the integral
1 AX AX 9 AX Opr X
Y PVEWE RN LT 05
At Jou 2 |sin(%5%) IAX]| 09 X |
where spatial variables § and 0’ are discretized as 0; = 0} = j - %” for j = 0,1,...,N — 1, the

spatial derivatives inside the integrand are replaced by the discrete differential operator Dy, and
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the quadrature rule

N-1

27r
W (0,0")do ~ Wi —
[ YW

is used to compute the integral. Now, using recursion, we can deduce the position X" of the

discretized interface for any n € N.
14.3. Computational Verification of Analytical Results

We recall that, according to our analytical result, the interfacial perturbation about a circular
steady-state solution decays at an exponential rate. In this Section, we implement our numerical
scheme for some computational evidence in line with our analytical result and some insight into the
magnitude of the exponential rate of decay. After the nth iteration of our numerical scheme, we
obtain the numerical position of the interface at time n - dt, where any adjacent pair of the N points
that make up the interface have the same chordal length. To compute the perturbation, we need
to devise a way to “project away” circles from the interface. To that end, we parametrize a circle of

radius A% + B? > 0 centered at (Cy, Cy) by

1 0 cos —siné
X(0)=C + Cy + A + B
0 1 sin 6 cos

Since |0y X| = VA% + B? is independent of 6, the points X (k - %r) for k = 0,1,...,N — 1 that
make up the discretized circle will be uniformly spaced as in the case of our numerical scheme. For

discrete periodic functions V' and W, the discrete inner product is defined by

N-1 2
=> (Vi Wy)-
k=0
Let )Y, e, e3N, and e}’ be the vectors
1 0 cos —sinf
€1 = ;€2 = ;€3 = €4 =
0 1 sin 6 cos 6
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evaluated at 0 = k - QW“ for k =0,1,..., N — 1, respectively. We define the discrete perturbation

operator by
[NV =V —PyV,
where
PNV = % < (V,el)yer+(V,ed ) ea+(V,eg ) es+(V.e) )y e4) .

We measure the size of the perturbation using the discrete L>° norm

1V loe = sup Vil
k
0 T T T T T T T T T
‘m\\ theoretical
I - dt=0.010000
5L ~x~‘“\ dt=0.050000 | 7
\RHH dt=0.100000
Aok ~— B
151 T~ 7
H_\\
-20 ~——
25 : ' ' ' ' ' ' ' I
0 5 10 15 20 25 30 35 40 45 50

t

Figure 14.1: The plot of log ||I1100(X™)||,, against n for d¢t = 0.1, 0.05, and 0.01, up to ¢t = 50.

In Figure 14.1, we plot log ||[II;00(X ™)., against n for d¢t = 0.1, 0.05, and 0.01 up to ¢ = 50 for the
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initial position of the interface specified by

cos(360
14 ¢ 4< )) cos 6

X0 =
1+ ecojw)) sin 6
The blue “theoretical” line has a slope of —%, where A is the area enclosed by the initial interface.

The plot in Figure 14.1 then suggests that the perturbation decays at an exponential rate of f%.

0 T T T E—— T T T T

zero line

. - dt=0.010000
dt=0.050000
’ : dt=0.100000

Figure 14.2: The plot of X - log % - <—2@> against n - dt for dt = 0.1, 0.05, and 0.01,

up to t = 50.

This observation can be made more explicitly in Figure 14.2, where the difference between the

VT i iomi _ VT 9
and N plotted. What is the significance of VL

According to our analytical result, the interfacial perturbation 6 about a circular steady-state solu-

difference quotient of log ||II100(X™)

oo

tion is governed by (2.19). The evolution of this perturbation is largely captured by the principal
linear operator £, whose £1 Fourier modes are 0 and whose higher Fourier modes coincide with

those of the Hilbert transform acting on the first spatial derivative. According to (6.26), Fourier
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modes of £ with a nonzero Fourier multiplier that is smallest in magnitude are

™

_ A
70 F(0)(£2) = ——=F(0)(£2).

F(L)(0)(£2) = o)

If we treated the perturbation as being governed exclusively by the operator £, then all nonzero
Fourier modes of the perturbation decay exponentially, with the +2 Fourier modes decaying the
slowest and therefore setting the rate at which the perturbation decays as a whole. The same

phenomenon is observed for the Peskin problem (Mori et al., 2019).
14.4. The Order of the Numerical Scheme

In Section 14.3, we generated computational evidence that the interfacial perturbation about a
circular steady-state solution decays at an exponential rate, as predicted by our analytical result.
In fact, the numerics there indicate that the exponential rate of decay corresponds to the smallest
nonzero Fourier mode of the principal linear operator £ that governs the dynamics of the pertur-
bation. In this Section, we provide computational evidence that our numerical scheme is first order
in time, provided that the boundary integral formulation of the interfacial velocity admits a unique

solution and our numerical scheme converges to it.

Let Xé\t]’T be the collection of N points that constitute the interface at time 7" computed by our

numerical scheme with time step size dt. Suppose that for sufficiently large n € N,

NT _ ||y NT — NT
B _HXT(H) x N

S 0.2—nk
[e.e]

for some constants C' > 0 and k > 0. If X7 is the unique analytical solution at time 7" sampled at
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N points such that the adjacent pairs of such points have the same chordal length, then

N,T T N,T N, T N,T T
ity =7 = et = x|+ e - X7
o0 o0 o0
N,T N, T N, T N, T
= HXQ—(n—l) - X5 + HXT" - Xz—(n+1) . + -

S C<2—nk + 2—(n+1)k + .. >

C

=12

Therefore, if we can fit a line through the points generated by plotting log, ENT against n, then

its slope would correspond to —k, where k is the order of convergence in time for our numerical

scheme.

I I I I I I I I I
2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7
n

Figure 14.3: The plot of logy E1L00:40 against n for n = 3,4, 5, 6.

Figure 14.3 shows that the line of best fit has a slope of —0.8037, which suggests that our numerical

scheme is first order in time.
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