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ABSTRACT

TOPOLOGICAL APPROACH TO QUANTUM GRAVITY AND STRING THEORY

Noah Lars Braeger

Jonathan Heckman

Quantum field theory (QFT) is a framework used to characterize and analyze a wide range of phys-

ical scenarios in particles physics, condensed matter physics, and cosmology. However, a persisting

difficulty in the study of QFTs is their analysis when interactions become strongly coupled. Gen-

eralized symmetries have proven to be a particularly fruitful avenue for the study of such QFTs.

Furthermore, by way of the conjectured absence of global symmetries in theories of quantum gravity,

we are interested in the fate of such symmetries in theories coupled to gravity. The work of this

thesis is rooted in these two ideas.

In Part I, we study the generalized symmetries with charges described by the cobordism groups

of spacetime manifolds with a spin structure and duality bundle given by the eight-dimensional

U-duality group. Furthermore, by way of the Swampland cobordism conjecture, a sharpening of

the theorem of no global symmetries, we determine the defects we must introduce into our theory

to trivialize such symmetries. Part II of this thesis studies the generalized symmetries of QFTs

engineered from the extra dimensions of string theory. In particular, we study the generalized

symmetries of the strongly coupled non-supersymmetric QFTs resulting from compactifying Type

II string theory on conical geometries.
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INTRODUCTION

With the possible exception of dark matter, the electromagnetic, strong, weak, and gravitational

forces govern all known interactions of the universe. The former three are described by the Standard

Model, which has a mathematical framework given by quantum �eld theory (QFT). In quantum

�eld theory, each particle is described in terms of a dynamical �eld which permeates through space-

time. The dynamics and kinematics of the theory are controlled by the Lagrangian. Just as with

most quantum �eld theories, the Standard Model can be constructed by �rst assuming a set of

symmetries of the system and then writing a renormalizable Lagrangian for the particles observing

these symmetries. Gravity, on the other hand, is described by general relativity, a framework de-

scribing spacetime in a geometric manner. However, it disregards quantum properties. In fact, the

Standard Model and general relativity are largely incompatible theories at high energies. One of

the great challenges of modern physics is unifying both frameworks to yield a theory of quantum

gravity.

To date, the most promising theory of quantum gravity is string / M- / F- theory, which replaces the

traditional notion of zero-dimensional point like particles with one dimensional �strings.� Beyond

serving as a unifying theory for the four fundamental forces, string theory can also be use in the

study of non-perturbative QFT physics. Indeed, strongly interacting lower-dimensional QFTs can

be generated using the extra dimensions of string theory. Consider, for example, 11-dimensional

M-theory. We obtain a D-dimensional QFT by considering an M-theory background of the form

R1;D � 1 � X , whereX is some(11� D )-dimensional manifold. Denoting such a D-dimensional theory

asTX , it is well known that if X is (non)compact, thenTX is a QFT (de)coupled from gravity. The

QFTs engineered in this fashion are strongly coupled interacting systems, and, as such, robust tools

are needed to study and constrain the dynamics of these theories. Generalized symmetries have

proven to be a particularly e�ective tool on this front.

An understanding of generalized symmetries is reached by �rst reviewing ordinary symmetries in a

framework that makes the generalization natural. Given this, consider ad-dimensional spacetime

1



and a group G of continuous symmetry transformations. For every continuous generator, there is

a conserved Noether current that can be written as a(d � 1)-form j . The conserved charge is the

integral

Q(M (d� 1)) =
I

M ( d� 1)
j; (1)

where M (d� 1) is a (d � 1)-dimensional manifold.

Alternatively, we can think of the symmetry transformation as a topological operator Ug(M (d� 1))

associated to the manifoldM (d� 1) , where g 2 G. We remark that M (d� 1) is commonly referred to

as the support of the topological operator. SinceG is continuous, Ug(M (d� 1)) can be obtained by

exponentiating Q(M (d� 1)). In this way, it is then clear that these operators obey the group law

Ug(M (d� 1))Ug0(M (d� 1)) = Ug00(M (d� 1)) (2)

where gg0 = g00for g; g0; g002 G.

Suppose now thatV is an operator charged under the symmetry group and thatM (d� 1) surrounds

a point P. Then,

Ug(M (d� 1))Vi (P) = Rj
i (g)Vj (P) (3)

where Rj
i (g) is the representation of the group elementg of V . In the case of the canonical quanti-

zation, with M (d� 1) taken to be the entire space, we have

Ug(M (d� 1))Vi (P) = Rj
i (g)Vj (P)Ug(M (d� 1)) (4)

The important property of our setup is that Ug(M (d� 1)) only depends onM (d� 1) topologically.

That is, if we deform M (d� 1) to someM 0(d� 1) , then Ug(M (d� 1)) = Ug(M 0(d� 1)). This fact carries

over to the case of higher form symmetries, de�ned later, and allows for the study of quantum

systems regardless of whether or not supersymmetry is present.

Before we move on to generalized symmetries, we illustrate the above discussion with examples.
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Example 5. Consider a (1 + 1) -dimensional spacetime with a continuous symmetry groupG.

Letting Ug(S1) be a topological operator andOi (p), for p contained in S1, an operator charged

under G. Then,

Ug(S1)Oi (p) = R j
i Oj (p) (6)

The graphical understanding as to why we follow Equation (3) in place Equation (4) is given in

Figure 1.

Figure 1: Graphical depiction of a 0-form symmetry in(1 + 1) -dimensional spacetime acted on by
a topoligical operator sypported onS1.

Example 7. (Electromagnetism in d-dimensions.) Consider theU(1) conserved current in d-

dimensional pure Maxwell theory,

d � F = j; (8)

Then,

Ug(M (d� 1)) = exp
�

i�
Z

M ( d� 1)
j
�

(9)

where g = exp( i� ) 2 U(1). We can use Stokes theorem to see that this operator is topological.

Indeed, let M 0(d� 1) be a small deformation ofM (d� 1) such that no point charges went through.

Then,
Z

M ( d� 1)
j �

Z

M 0( d� 1)
j =

Z

@D
j =

Z

D
dj = 0 ; (10)

where D is the volume given by the di�erence ofM (d� 1) and M 0(d� 1) .

The generalization to higher-form symmetries is natural with our setup. Indeed, aq-form symmetry

is a symmetry that acts on operatorsV (C(q)) supported on q-dimensional manifoldsC(q). As we
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have seen, global symmetries of local operators are 0-form global symmetries. Extended operators

such as Wilson and 't Hooft line operators in 4D gauge theories are typically charged under 1-form

symmetries.

Example 11. (Maxwell Theory) Consider pure U(1) Maxwell theory in a 4-dimensional spacetime.

The Lagrangian is given by

L = �
1
4

Fuv F uv ; (12)

where Fuv = @uAv � @vAu . It is widely known that this theory has a U(1)E � U(1)M 1-form

symmetry. Here we let U(1)E and U(1)M denote the electric and magnetic 1-form symmetries,

respectively.

By de�nition, to be a 1-form symmetry U(1)E must be generated by(4 � 1 � 1)-dimensional

topological operators that act on 1-dimensional objects. TheU(1)E 1-form symmetry is generated

by the topological operator

UE (S2) = exp( i�Q E (S2)) ; (13)

where g = exp( i� ) and QE (S2) is the total electric charge enclosed byS2

QE (S2) =
Z

S2
� F (14)

The operator UE (S2) acts on the Wilson loop:

W (
 ) = exp
�

i
I



A � dx�

�
; (15)

where 
 : [0; 1] ! M is a loop in the space.

To de�ne the U(1)M 1-form symmetry we follow an identical procedure, but include various Hodge

stars. Indeed,

UM (S2) = exp( i�Q M (S2)) (16)
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Figure 2: The action of aU(1) 1-form symmetry acting on a line operator.

Figure 3: The presence of a particle of chargep 2 Z breaks theU(1) symmetry down to Zp.

where

QM (S2) =
Z

S2
F (17)

De�ning eA such that d eA = � dA, we have that UM (S2) acts on the `t Hooft loop de�ned by

T(
 ) = exp
�

i
I




eA
�

(18)

What would happen to our U(1) 1-form symmetries if we were to introduce a chargep fermion

coupled to the gauge �eld? If the line operators were to terminate on this state, theU(1) symmetry

would be broken to a Zp symmetry. Topologically, we imagine our line operator being �pulled

o�,� see Figure 2 and Figure 3 for reference. The idea of introducing defects to break higher form

symmetries will be revisited later in this introduction and will play an essential role in this thesis.

Remark 19. Generalized symmetries have a variety of applications. For example, as with ordinary

symmetries, higher form symmetries can lead to selection rules on amplitudes. A typical example

arises in the functional integral over a compact spacetime with a charged loop wrapping a homolog-

ically nontrivial cycle. The one-form global symmetry under which the loop is charged makes this
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amplitude vanish.

A concrete example is aU(1) pure gauge theory on a compact manifold with non-trivial one-cycles.

A Wilson loop wrapping a nontrivial element in H1(X; U (1)) is charged under the one-form U(1)

electric symmetry, and therefore its expectation value vanishes.

Now, in the context of string realizations of quantum �eld theories, the main arena of applica-

tion has been primarily centered on systems which are supersymmetric. Indeed, the best studied

cases involve an extra-dimensional geometry whose compacti�cation spaceX is a conical geom-

etry. The degrees of freedom of the resultant QFT are localized at the tip of the cone. Heavy

defects of the QFT descend from branes wrapping relative cycles which stretch from the tip of the

cone to the conformal boundary@X. Topological symmetry operators are obtained from magnetic

dual branes which wrap cycles linking / intersecting with these heavy defects, see Apruzzi et al.

(2023a); Garcia Etxebarria (2022); Heckman et al. (2023b,a); Dierigl et al. (2024); Cveti£ et al.

(2024); Bah et al. (2023b); Heckman et al. (2024) for reference as well as Figure 4. In Part II

of this thesis, we produce methods for determining the higher form symmetries of the strongly

coupled QFTs given by these conical geometries without the assumption of supersymmetry.

Figure 4: Depiction of a generalized symmetry on a conical geometry realized via wrapped branes.

Our discussion thus far has illustrated how strongly interacting QFTs can be studied using the

extra dimensions of string theory and, in particular, generalized symmetries. It is important to

note, however, that there is an expectation for theories of quantum gravity that there are no global

symmetries. We are then faced with the question of what the fate of these generalized symmetries are
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once we couple our QFT to gravity. The end of Example 11 demonstrated one potential solution;

we can introduce defects that break the higher form symmetries. This approach is particularly

interesting when applied to the swampland cobordism conjecture, which we discuss next.

Due to McNamara and Vafa (2019), the theorem of no global symmetries was sharpenend to the

swampland cobordism conjecture, which asserts that the cobordism group of quantum gravity is

trivial:


 QG
k = 0 : (20)

Said di�erently, if a theory of quantum gravity were to have a nontrivial cobordism group 
 QG
k 6= 0 ,

then there would be a global(d � k � 1)-form symmetry, with charges labeled by classes

[M ] 2 
 QG
k : (21)

Some explanation is due for what is meant by the elements of
 QG
k . Consider the collection of

all con�gurations of a theory of quantum gravity with D spacetime dimensions. We declare two

con�gurations to be equivalent if they are connected to each other by a �nite energy domain wall.

Now, suppose that our theory arises as the compacti�cation of a theory ind total dimensions,

compacti�ed on a space of dimensionk = d � D . We have then that 
 QG
k denotes the corbordism

groups of k-dimensional compacti�cation spaces, and that a non-trivial cobordism between two

compacti�cation spaces behaves as a domain wall between two D-dimensional theories, and vice

versa. Equation (20), which arises from the fact that non-trivial bordism groups act as conserved

global charges, implies then that the landscape of all quantum gravity theories is connected via

�nite energy domain walls.

The fact that the landscape of all quantum gravity theories is connected via domain walls is appealing

when asking the question of whether or not string theory is a unique theory of quantum gravity.

Indeed, one of the hallmarks of the second string theory revolution was that all known string theories

are connected via a web of dualities. However, many of these dualities involve compacti�cation.

For example, Type IIA and Type IIB are equivalent theories once we compactify on a circle to
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Figure 5: Bordism generator for manifolds equipped with aG-structure given as the boundary of
some bulk spaceB equipped with a G-bundle. The cobordism conjecture predicts the existence of
a G-defect which allows the class to be trivialized.

yield 9 dimensional theories. Given this, it follows that in order to correctly regard string theory as

the unique theory of quantum gravity, we must have a fully compact space, leaving only time non-

compact. A natural question to ask, then, is how these theories are related before compacti�cation.

The cobordism conjecture tells us that these theories are connected via �nite energy domain walls

in the landscape of quantum �eld theories.

The power of equation (20) stems from the fact that for theories with a given symmetryG, it is

often the case that 
 G
k 6= 0 . The Cobordism Conjecture tells us in these instances that there must

exist someG-defect which allows the cobordism class to be trivialized. See Figure 5 for reference.

Hence, we can ask the question of whether or not the cobordism conjecture correctly predicts known

objects in string theory, and conversely, whether it can be used to predict new non-perturbative

objects.

It is often the case that G, in addition to a tangential structure � , includes information about an

internal symmetry G in the theory. The data of the bordism groups then contains a mapX ! BG,

where X is the spacetime manifold andBG is the classifying space ofG, and the relevant bordism

group is given by


 �
k (BG): (22)
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Remark 23. The discussion up unto this point has not included what is meant by two manifolds

being bordant. Bordism is an an equivalence relation on manifolds equipped with a given tangential

structure. Two k-dimensional manifolds are bordant if their disjoint union forms the boundary of

a (k + 1) -dimensional manifold. Elements in the trivial class correspond to those manifolds that

are the boundary of a manifold in one higher dimension. The simplest example of a cobordism is

the unit interval I = [0 ; 1], which serves as a cobordism between the pointsf 0g and f 1g. A far

more interesting example, demonstrating that topological properties such as genus are not always

preserved in bordism, is that the 2-torus and the 2-sphere are bordant. To realize this bordism,

take a solid torus in R3 and remove an open ball from the interior.

In Part I of this thesis, we apply the cobordism conjecture to supergravity theories in eight di-

mensions with maximal supersymmetry, i.e.,32 supercharges. In particular, we will be interested

in 11-dimensional supergravity, the low-energy limit of M-theory, compacti�ed on a T3, and 10-

dimensional Type IIA supergravity, the low-energy limit of Type IIA string theory, compacti�ed on

a T2. We further focus on the topological charges associated to the spacetime geometry, which we

take to be Spin, and the duality bundle, which is described by the duality. Including the quanti-

zation of �uxes, which can be seen as a requirement of the supergravity theory in the presence of

dynamical extended objects, the duality group is given by the discrete U-duality groups discussed

in Obers and Pioline (1999a). For the main part of this work we will focus on eight-dimensional

supergravity theories, in which case the U-duality group is given by

GU = SL(2; Z) � SL(3; Z) : (24)

Since con�gurations that are related via a duality transformation should be identi�ed, this group can

be regarded as a gauge symmetry. The associated deformation classes, which capture the potential

global charges of the theory, are hence given by


 Spin
d (BGU ) ; (25)
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the bordism group of compactd-dimensional Spin manifolds with a well-de�nedGU duality bundle.

In general, these are non-trivial and one needs to include con�gurations, which might appear singular

in the IR, which enable the deformations to nothing and therefore violate the conservations laws.

Hence, our work in Part I is two-fold. First, we need to compute the cobordism groups. Second, we

need to trivialize these non-trivial classes by introducing defects.
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Part I

U-Duality Defects and the Swampland

Cobordism Conjecture
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The work in Part I was done in collaboration with Arun Debray, Markus Dierigl, Jonathan Heckman,
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representatives, as well as the physical interpretation of the corresponding defects.
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CHAPTER 1

Introduction

Theories of quantum gravity do not allow for global symmetries Banks and Dixon (1988),

Banks and Seiberg (2011) and Harlow and Ooguri (2021), Hsin et al. (2021),

Harlow and Shaghoulian (2021), Daus et al. (2020), Bah et al. (2023a), Heckman et al. (2024). This

also includes global symmetries induced by conserved quantities associated to the topology of space-

time and gauge �eld con�gurations. For theories in D spacetime dimensions these are measured by

the non-trivial deformation classes encoded in bordism groups
 �
d(BG) in dimensionsd < D , where

� denotes data on the geometrical properties andBG includes gauge symmetries and their gauge

�elds. Thus, for a D-dimensional quantum gravity (QG) theory to be consistent, one needs


 QG
d = 0 ; 0 < d < D ; (1.1)

known as the Cobordism Conjecture McNamara and Vafa (2019), see also Montero and Vafa (2021);

Dierigl and Heckman (2021) and McNamara (2021); Blumenhagen and Cribiori (2022); Andriot et al.

(2022); Blumenhagen et al. (2023a); Velázquez et al. (2023) as well as Buratti et al. (2021),

Angius et al. (2022a),Blumenhagen et al. (2022), Angius et al. (2022b), Blumenhagen et al. (2023b),

Huertas and Uranga (2023), Angius et al. (2024), Angius et al. (2025), Fukuda et al. (2024) for a

dynamical approach. In particular, once this requirement is satis�ed, all compactd-dimensional

spacetimes become the boundary of a(d + 1) -dimensional manifold, i.e., can be deformed to noth-

ing and therefore cannot support conserved global charges.

One can use the Cobordism Conjecture to test potential low-energy e�ective descriptions for UV-

complete theories of quantum gravity, by determining the deformation classes with the gauge and

spacetime structure dictated by the e�ective theory. In general, these are non-trivial and one needs

to include additional objects, which might appear singular in the IR. These new con�gurations

enable the deformation to nothing and therefore violate the conservations laws breaking the global

symmetries of the e�ective description explicitly. Another option is to demand that the theory

13



can only be de�ned on the trivial deformation class, the trivial element in the bordism group,

which can be interpreted as a gauging of the global symmetry. The analysis of bordism group

for candidate theories therefore can lead to new insights into the existence of new non-perturbative

objects in the theory as well as a classi�cation of consistent backgrounds, providing new information

about the UV-completion. In this part we will focus on the breaking of these symmetries by the

inclusion of new objects in various codimension. Previous studies Dierigl et al. (2023); Debray et al.

(2023); Dierigl et al. (2024) have shown that this can lead to surprises even in the case of the well-

studied type IIB supergravity theory in ten dimensions, see also Kaidi et al. (2023a); Debray (2024);

Kaidi et al. (2025) for a discussion of heterotic theories.

In this part we apply this logic to supergravity theories with maximal supersymmetry, i.e., 32

supercharges. We further focus on the topological charges associated to the spacetime geometry,

which we take to be Spin, and the duality bundle, which is described by the duality. Including the

quantization of �uxes, which can be seen as a requirement of the supergravity theory in the presence

of dynamical extended objects, the duality group is given by the discrete U-duality groups discussed

in Obers and Pioline (1999b). For the most part, we will focus on eight-dimensional supergravity

theories, in which case the U-duality group is given by

G8d
U = SL(2; Z) � SL(3; Z) : (1.2)

Since con�gurations that are related via a duality transformation should be identi�ed, this group can

be regarded as gauged symmetry. The associated deformation classes, which capture the potential

topological global charges of the theory are given by


 Spin
k (BGU ) ; (1.3)

the bordism group of compactk-dimensional Spin manifolds with a well-de�nedGU duality bundle.

These are interesting groups to study since they have an interpretation within a UV completion of

supergravity, given by the torus compacti�cation of M-theory or type IIB. In these UV descriptions
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d 
 Spin
d

�
B SL(2; Z) � B SL(3; Z)

�

1 (Z2 � )Z3 � Z4

2 (Z2 � )Z � 3
2

3 Z � 3
3 � Z � 3

2 � Z � 3
8

4 (Z � )Z � 2
3 � Z � 3

2 � Z � 2
4

5 Z � 2
3 � Z9 � Z � 5

2 � Z4

6 Z � 2
3 � Z � 3

2 � Z � 2
4

7 Z � 2
3 � Z � 3

9 � Z � 6
2 � Z � 2

8 � Z � 2
16 � Z32

Table 1.1: Bordism groups for 8d supergravity theories with 32 supercharges (in parenthesis the
part originating from 
 Spin

d (pt ))

the U-duality group contains both; large di�eomorphisms of the compacti�cation torus as well as

T-dualities for the type II theories, implying a very stringy origin. Moreover, while some of the

U-dualities have a geometric description in the UV theory in certain duality frames this is not true

for the most general duality transformation, which means that one needs to go beyond a purely

geometrical description of the compacti�cation. Again, this underlines the stringy nature of the

symmetries, since strings do not necessarily need a smooth spacetime background to be well-de�ned.

For supergravity theories in 3 � D � 7 dimensions the U-duality groups are very complicated

impeding a full analysis. However, we �nd


 Spin
1 (BGD

U ) = 0 ; 3 � D � 7; (1.4)

which demonstrates that these theories do not require the introduction of new codimension-two

objects to break potential global symmetries. However, this is unlikely to be true for bordism

groups 
 Spin
d for d > 1, which are signi�cantly harder to access. In the caseD = 8 we can provide a

full analysis in dimension1 < d < 7, with the resulting groups given in Table 1.1. We see that they

are far from trivial, suggesting the existence of many conserved topological charges which have to

be taken care of.

This is not too surprising given that already in ten dimensions there are many non-trivial defor-

mation classes that require objects beyond the supergravity approximation Debray et al. (2023).
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There, we were able to show that most of the symmetries are broken, once one includes singular

spacetime con�gurations which are good string theory backgrounds. These include interesting con-

�gurations from non-Higgsable clusters over S-folds to topologically twisted compacti�cations (as

well as generalizations of these), which are worth to study in their own right. Additionally, one

also needs to include a novel object in codimension two, the re�ection 7-brane Dierigl et al. (2023,

2024). Since the maximal 8d supergravity can be derived as type IIB onT2, we expect some of

these backgrounds or their compacti�cations to appear in the present analysis as well. However, we

do expect that some of the con�gurations require an M-theory description for an interpretation as

geometric con�guration, and some might not describe geometric backgrounds in any duality frame.

Indeed, we will �nd that all these expectations are satis�ed, but there are several surprises, caveats,

and general features one can extract from our analysis, which we will highlight below.

The rest of the part is organized as follows: We provide a summary of the bordism generators

and symmetry-breaking defects Section 1.1 as well as a collection of general lessons and surprises

Section 1.2 in the remainder of the introduction. In Chapter 2 we review U-duality groups of

maximal supergravity theories as well as its full geometrization within the context of exceptional

�eld theory. We then focus on the particular U-duality group SL (2; Z) � SL(3; Z) for 8d supergravity

and its interpretation in torus compacti�cations of M-theory and type IIB in Chapter 3. Chapter 4

contains a detailed description of the bordism generators as well as a physics interpretation of their

associated defects. The remaining chapters are dedicated to the derivation of the bordism groups.

Some further details are relegated to the Appendices.

1.1. Summary of the bordism groups and generators

In this section we summarize the individual generators of the bordism groups in Table 1.1. The

groups and generators are provided in Table 1.2 and Table 1.3.

In more detail, the various generators are given by:

ˆ S1
+ : A circle, S1, with periodic boundary conditions for fermions.

ˆ S1
M : A circle with non trivial duality bundle speci�ed by the monodromy M 2 SL(2; Z) �
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SL(3; Z). For a detailed description of the appearing monodromies see Section 4.1.

ˆ L n
k;M : An n-dimensional lens space obtained via the quotientSn=Zk with the monodromy M

while traversing the torsion 1-cycle. In case the lens space admits for more than one Spin

structure we distinguish the two choices byL n
k and eL n

k .

ˆ K3: The K3 manifold.

ˆ E : The Enriques 4-manifold.

ˆ W4: There are two equivalent ways to constructW4; either one starts with L 3
4 � S1 and mods

out a Z2 acting as complex conjugation on the lens space (L 3
4 � @(C2=Z4)) and the antipodal

map on S1, or one starts with S3 � S1 and mods out aD8, whoseZ4 subgroup acts to generate

the lens spaceS3=Z4 and the re�ection Z2 as described above. The duality bundle is de�ned

via the embeddingD8 ,! S4 ,! SL(3; Z) together with the �bration D8 ,! (S3 � S1) ! W4.

ˆ A: The 4-manifold RP3 � S1 with duality bundle speci�ed by

ˆ A0: The 4-manifold RP3 � S1 with duality bundle speci�ed by

ˆ Q5
4: This space is given, as in Debray et al. (2023), by the total space of the lens space bundle

L 3
4 over CP1. The �bration is generated by regarding the coveringS3 of the lens space as the

sphere of constant radius in the sum of complex line bundlesL 1 � L 2 over CP1, where in our

case we always have

L 1 � L 2 = H � 2 � C ; (1.5)

with hyperplane bundle H �= O(1) and trivial line bundle C �= O(0). As opposed to the lens

spaceL 3
4 these spaces admit a Spin structure.

1.2. Highlights and surprises

During the (long) investigations leading to this work, we were able to learn some general lessons

about the nature of bordism defects and their interpretation. We will highlight these, and some

surprises in the following.
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d 
 Spin
d (BGU ) Generators

1 Z2 S1
+ circle with periodic boundary conditions for fermions

Z3 S1

 3

circle with 
 3 2 SL(2; Z) monodromy
Z4 S1


 4
circle with 
 4 2 SL(2; Z) monodromy

2 Z2 S1
+ � S1

+
Z2 S1

+ � S1

 4

Z2 S1
M 1

� S1
M 2

with M 1 and M 2 generatingZ2 � Z2 ,! S4 ,! SL(3; Z)
Z2 S1

fM 1
� S1

fM 2
with fM 1 and fM 2 generating di�erent Z2 � Z2 ,! S4 ,! SL(3; Z)

3 Z3 L 3
3 with 
 3 monodromy

Z3 L 3
3 with � (1)

3 monodromy

Z3 L 3
3 with � (2)

3 monodromy
Z2 S1

+ � S1
+ � S1


 4

Z2 S1

 4

� S1
M 1

� S1
M 2

Z2 S1

 4

� S1
fM 1

� S1
fM 2

Z8 L 3
4 with 
 4 monodromy

Z8 L 3
4 with � (1)

4 monodromy

Z8 L 3
4 with � (2)

4 monodromy
4 Z K3

Z3 S1

 3

� L 3
3 with � (1)

3 monodromy on lens space

Z3 S1

 3

� L 3
3 with � (2)

3 monodromy on lens space
Z2 W4 =

�
L 3

4 � S1
�
=Z2 acting as complex conjugation onL 3

4 and antipodal on S1

similarly
�
S3 � S1

�
=D8 with bundle de�ned by D8 ,! S4 ,! SL(3; Z)

Z2 A = S1 � RP3 with bundle Z2 ,! Z2 � Z2 � Z2 � Z4 � S4 via (M 1; M 2)
Z2 eA = S1 � RP3 with bundle Z2 ,! Z2 � Z2 � Z2 � Z4 � S4 via ( fM 1; fM 2)

Z4 S1

 4

� L 3
4 with � (1)

4 monodromy on lens space

Z4 S1

 4

� L 3
4 with � (2)

4 monodromy on lens space

5 Z3 L 5
3 with

�

 3; � (1)

3

�
monodromy

Z3 L 5
3 with

�

 3; � (2)

3

�
monodromy

Z9 L 5
3 with 
 3 monodromy

Z2 S1

 4

� A
Z2 S1


 4
� eA

Z2 Q5
4 with bundle de�ned via Z4 ,! Z4 � S4

Z2 Q5
4 with bundle de�ned via Z4 ,! Z4 � S4 and di�erent embedding

Z2 S1

 4

� W4

Z4 Q5
4 with 
 4 monodromy

Table 1.2: Bordism groups and generators
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d 
 Spin
d (BGU ) Generators

6 Z3 L 3
3 � L 3

3 with 
 3 monodromy on �rst and � (1)
3 monodromy on second factor

Z3 L 3
3 � L 3

3 with 
 3 monodromy on �rst and � (2)
3 monodromy on second factor

Z2 RP3 � RP3 with M 1 and M 2 generatingZ2 � Z2 ,! S4 ,! SL(3; Z)
Z2 RP3 � RP3 with fM 1 and fM 2 generating di�erent Z2 � Z2 ,! S4 ,! SL(3; Z)
Z2 W6 not speci�ed yet

Z4 L 3
4 � L 3

4 with 
 4 monodromy on �rst and � (1)
4 monodromy on second lens space

Z4 L 3
4 � L 3

4 with 
 4 monodromy on �rst and � (2)
4 monodromy on second lens space

7 Z3 L 7
3 with (
 3; � (1)

3 ) monodromy

Z3 L 7
3 with (
 3; � (2)

3 ) monodromy
Z9 L 7

3 with 
 3 monodromy

Z9 L 7
3 with � (1)

3 monodromy

Z9 L 7
3 with � (2)

3 monodromy

Z2 X 7 a L 3
4 bundle over EnriquesE with � (1)

4 monodromy

Z2 X 7 a L 3
4 bundle over EnriquesE with � (2)

4 monodromy
Z2 S1


 4
� RP3 � RP3 monodromies onRP3s as ind = 6

Z2 S1

 4

� RP3 � RP3 monodromies onRP3s as ind = 6
Z2 S1


 4
� W6

Z8 T4 � RP3 with Z4 � S4 bundle speci�ed in (14.38)
Z8 T4 � RP3 with Z4 � S4 bundle speci�ed in (14.38) by di�erent embedding

Z16 L 7
4 with � (1)

4 monodromy

Z16 L 7
4 with � (2)

4 monodromy
Z2 � Z32 (L 7

4; eL 7
4) with 
 4 monodromy two di�erent choices of Spin structure

Table 1.3: Bordism groups and generators ind = 7
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1.2.1. The completeness of string theory

The fact that supergravity theories do not know about all the objects of the UV-complete theory

certainly does not come as a surprise. All the D-branes, perfectly well-de�ned dynamical objects

in string theory, appear as non-perturbative singular objects in the supergravity description. What

is surprising, however, is that our knowledge of string and M-theory is complete enough to �nd

an interpretation of all the symmetry-breaking defects required by the many non-trivial bordism

groups in Table 1.1. In fact, as opposed to the ten dimensional analysis which required the R7-

brane Dierigl et al. (2023); Debray et al. (2023); Dierigl et al. (2024), we do not need to introduce

any fundamentally new object.

This does not mean that the backgrounds we encounter are uninteresting. In several situations we

are lead to studying con�gurations that host highly interesting worldvolume theories, including:

ˆ Interacting superconformal �eld theories (with various amounts of supersymmetry)

ˆ Twisted compacti�cations (with geometric as well as non-geometric twists)

ˆ Lower-dimensional T- and U-folds

Often these backgrounds go beyond what is studied in the literature, see, e.g., Kumar and Vafa

(1997); Liu and Minasian (1998), and motivate further investigation of these rather exotic back-

grounds. But they are not beyond the ingredients that are known to be part of string theory

compacti�cation.

This completeness and e�ciency reinforces the status of string theory as the natural candidate

of a UV-completion to supergravity theories and might even be used as an argument for string

universality, i.e., that all consistent theories of supergravity have a string or M-theory completion.

1.2.2. Twisted compacti�cations

In the analysis below we often encounter bordism generators whose geometry decomposes as a

direct product or �bration of two lower-dimensional pieces. These often appear on their own as
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Figure 1.1: Bordism generator in dimensiond as �bration of �ber Fp over the baseBd� p (left).
Associated bordism defect interpreted as the twisted compacti�cation of the defect associated toFp

compacti�ed on Bd� p with non-trivial action on normal directions (right).

generators of the lower-dimensional bordism group. As in Debray et al. (2023), we do not introduce

new defects for this type of generator but describe them as the compacti�cation of the already

included symmetry-breaking objects. In cases where the bordism group generator is a �bration it

will be a twisted compacti�cation, in the sense that the normal coordinates of the defect transform

as non-trivial vector bundles, see Figure 1.1. However, there also exist other twists of the defect

theories that we want to distinguish:

ˆ Topological twists: In these cases the �ber geometry undergoes rotations when moving around

the base. As in Witten (1991) this can be understood as mixing the rotations of spacetime

with rotations of an internal space that can be interpreted as R-symmetry transformation.

ˆ Monodromy twists: In certain cases the defects naturally split into individual building blocks,

such as SCFT sectors, which are compacti�ed on spaces with a non-trivial monodromy action.

These twists already appear at the level of the singular M-theory �bers as will be described

in Section 4.1.

ˆ Geometric duality twists: These con�gurations demand the presence of a non-trivial duality

bundle on the base manifold over which the defect is wrapped. Here, the full duality bundle

allows for a geometric description in one of the UV completions.
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ˆ Non-geometric duality twist: As above, the base manifold, over which the defect �lling the

�ber is wrapped, requires the presence of a non-trivial duality bundle. This time, however,

there is no duality frame in which both the defect as well as the twist can be lifted to a

geometric con�guration in string and M-theory.

While the �rst two twists are generally well-de�ned for wrapped defects, although they might modify

the number of preserved supersymmetries, the second two twists involving the duality require a case-

by-case analysis. This involves the worldvolume degrees of freedom on the wrapped defect, which

might be a�ected by the presence of a non-trivial duality bundle and are not always accessible to

us in the present analysis. As a consequence these issues have to be reexamined after the localized

�elds have been identi�ed and we hope to come back to this in future work.

1.2.3. Non-geometric defects

We already encountered one form of non-geometric backgrounds above, i.e., defects that are com-

pacti�ed on manifolds with duality bundle that does not have a geometric interpretation (at least

not in the duality frame where the defect does). Beyond that, we encounter defects that themselves

are non-geometric.

The prototypical example of such non-geometric backgrounds are T-folds Hull (2005), which involve

transition functions acting as T-duality on the internal space. These transition functions can end

on a codimension-two object which can be identi�ed with an exotic brane de Boer and Shigemori

(2010); Lüst et al. (2016), depicted in Figure 1.2. While �eld theories on such a background would

be ill-de�ned, the exchange of Kaluza-Klein and winding modes allows these con�gurations in string

theory. One can extend the analysis to include more general U-duality transformations leading to

whole orbits of exotic brane states de Boer and Shigemori (2010) at codimension-two.

In our work we encounter non-geometric defects in higher-codimension. At their location the moduli

�elds degenerate, as for example the torus �ber in F-theory. However, they a�ect the monodromies

and vacuum expectation values of moduli �elds that cant not all be related to an internal space of

a string or M-theory compacti�cation. Thus, these defects are intrinsically non-geometric.
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Figure 1.2: Non-geometric defect (red dot) as endpoint of a transition function that acts as T-
duality on an internal circle.

Figure 1.3: Sketch of symmetry-breaking defect in codimension(d + 1) and the conical structure of
the bounding spaceYd+1 .

Interestingly, such non-geometric defects seem to appear only in high codimension. In particular, for

eight dimensional supergravity theories we �nd non-geometric defects associated to
 Spin
d (BG8d

U ) for

d � 5. One of these defects is of codimension six, while another appears as a twisted compacti�cation

of a codimension-four defect. For lowerd, all defects have a geometric understanding in at least one

duality frame, but might be subject to non-geometric duality twists.

1.2.4. Dimensionality of the symmetry-breaking defects

Having a non-trivial deformation class X d in 
 Spin
d (BGD

U ) is associated to a conserved topological

charge carried byX d. To make sure that this charge is not conserved we include defects that allow

the description of X d as its asymptotic boundary. In this way X d becomes the boundary of a

(d + 1) -dimensional manifoldYd+1 with the defect included. In case the defect is a localized object

in Yd+1 it is naturally of (real) codimension (d + 1) . The extra coordinate can be understood as

radial direction with Yd+1 being conical, see Figure 1.3.
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We have already seen that this relation between the dimension of the bodism generator and the

dimensionality of the defect can be modi�ed in cases the generator splits into �ber and base, see

Section 1.2.2. If the �ber is given by a generator of the bordism group in lower dimension, the

�bration can be bounded by wrapping the defect on the base, see Figure 1.1.

One surprise that we will encounter in this work is that sometimes we also encounter new defects of

lower codimension. This happens if the generator of the bordism group splits as a direct product,

but neither of the two factors appeared as generator for bordism groups in lower dimensions. In

these situations it is natural to include new (singular) symmetry-breaking objects with codimension

smaller than (d + 1) and wrap these on the other factor.

In our case this happens ford = 2 with the generator given by a torus with duality bundle associated

to two commuting transition functions in the SL (3; Z) factor of G8d
U , i.e., the generator splits into

two circles with SL(3; Z) duality bundle. These are not generators of
 Spin
1 (BG8d

U ) since they can be

bounded by smooth 2-manifolds with duality bundle and do not require any singular defect. This

raises the immediate question, why the same con�gurations cannot be used to bound the generator

in d = 2 . The reason is that duality bundle of the gravitational con�guration is incompatible with

the SL(3; Z) transition function on the other circle and therefore does not lead to a well-de�ned

smooth 3-manifold with the torus as its boundary, see Section 4.2.3 for more details. We expect

that for other gauge groups a similar behavior can also appear in other dimensions.

We want to mention another possibility, which is that despite the fact that the bordism generator

splits into two factors the symmetry-breaking object might still be of codimension(d+1) , see Figure

1.4. However, in this case it is more complicated to think about the bounding geometryYd+1 as

a cone, as depicted in Figure 1.3, and it more likely has a more intricate internal geometry which

might involve topology changes, see also Ruiz (2024).

1.2.5. Deformations in supergravity

The relation between non-trivial bordism classes and symmetry-breaking defects also guarantees

that there are no deformations within the low-energy supergravity that trivialize the deformation
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Figure 1.4: Bounding one factor with lower codimension object (left). Bounding the entire product
with higher codimension defect (right).

class. Thus, all deformations that preserve the structure of the low-energy theory, which in our case

includes the duality bundle as well as the Spin structure of spacetime, are not able to desingularize

the symmetry-breaking object. Deformations might however change the speci�c realization and

interpretation of the object. To illustrate this we want to discuss two examples:

The �rst example is the geometrical con�guration which appears as one of the generators in


 Spin
3 (BG8d

U )

(T2
F � C2)=Z3 � T2 ; (1.6)

whereT2
F refers to the F-theory �ber torus. This con�guration is known as a non-Higgsable cluster

in the F-theory literature Morrison and Taylor (2012). The geometric singularity at the origin of

C2 does have a deformation, that even preserves part of the supersymmetry, and is associated to

the blow-up of a sphere,S2 �= CP1, with self-intersection (� 3). After this resolution spacetime

is smooth, without any singularities, nevertheless it is still not a good supergravity background.

The reason is that on the compact curve one has a stack of[p; q]-7-branes, which generate at

least a su(3) gauge algebra. Thus, we see that even though spacetime itself can be smoothened

out in a supersymmetric way, the �nal con�gurations is still not described by a pure supergravity

background. As in the discussion in Section 1.2.4 the deformation changes the dimensionality of

the symmetry breaking defect which instead of codimension-four is now give by a codimension-two

object wrapped over a compact two-dimensional submanifold, see Figure 1.5.

The second example is that of a seven-dimensional lens spaceL 7
4 with an SL(2; Z) bundle, which
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Figure 1.5: Deformation of the bounding manifold in the low-energy theory can change the speci�c
realization of the defect but cannot fully desingularize it.

can be described by type IIB on

(T2 � C4)=Z4 : (1.7)

Since theZ4 action does not preserve a(5; 0)-form in the type IIB geometry, this does not correspond

to a local singular Calabi-Yau geometry and supersymmetry appears to be broken completely, see

also the next Section 1.2.6. However, even if it was a local Calabi-Yau geometry, the centralC4=Z4

singularity does not allow for a deformation that preserves supersymmetry since it is a terminal

singularity Morrison and Stevens (1984). This, however, does not a�ect the topological bordism

discussion and we can, for example, describe the lens space as the asymptotic boundary of the

complex line bundle O(� 4) over CP3 following the discussion in Hsieh et al. (2022). Once more

the resolved singularity, the blown-upCP3, remains a singular locus, over which theT2 degenerates

into T2=Z4 and the background requires the inclusion of defects.

It is in this sense that the symmetry-breaking defects are necessarily singular in the low-energy

description. Also note that any allowed deformation should not change the bordism class of the

asymptotic boundary, there cannot be any objects that extend all the way to in�nity. It would be

a very interesting question to analyze what generalization of bordism groups might allow for such

singularities.

In general it becomes a dynamical question which of the bounding manifolds with defect is energeti-

cally preferred, e.g., whether theCP3 in the example above wants to contract to zero size. The only
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situation in which we can be sure to �nd a stable con�guration is whenever the singular backgrounds

preserve part of supersymmetry, and the symmetry-breaking defects are BPS. This is why in our

analysis of the bordism defects we focus on con�gurations that are most likely to preserve part of

the supersymmetry.

1.2.6. Spin-lift of defects and supersymmetry

Unfortunately the question whether the defects we introduce preserve part of the supersymmetry

is a di�cult one in our analysis. The reason is that we focus on the U-duality group acting on the

bosons of the supergravity theory.

That this cannot be the full answer, can for example be deduced from the description of maximal

supergravity from M-theory on T k for which an SL(k; Z) subgroup of the full U-duality is given

by the large di�eomorphisms of T k . The d-dimensional supercharges lift to the eleven-dimensional

supercharges that transforms as32 component Majorana fermion. At certain points in moduli

space there will be aT2 square sub-torus for which one can act with the usualS generator of the

associated SL(2; Z) subgroup:

S =

0

B
@

0 1

� 1 0

1

C
A : (1.8)

At these particular points S can be understood as a rotation by�
2 in the internal space, which makes

S4 a rotation by 2� . Of course this acts as the identity on the bosons in the eleven-dimensional theory

and their D -dimensional descendants. On fermions including the supercharges, however, it acts as

multiplication by (� 1). Moving away from the loci of moduli space where one has a square sub-torus

the transformation become more complicated and are in general moduli dependent. Nevertheless,

this reasoning shows that the full duality group should include a non-trivial Z2 extension of the

bosonic duality group, a Spin lift, see also Pantev and Sharpe (2016); Tachikawa and Yonekura

(2019b).

On top of that M-theory does not require spacetime to be oriented Freed and Hopkins (2021a) and

one can further include non-orientable internal spaces leading to a further extension of the duality

group. This M-theory data then suggest a Pin+ lift of the duality group for fermions. While this
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lift is known for type IIB in ten dimensions Tachikawa and Yonekura (2019b), and was used in

Debray et al. (2021, 2023) in the determination of bordism groups


 Spin-Mp (2;Z)
d (pt ) ; 
 Spin-GL + (2;Z)

d (pt ) ; (1.9)

as opposed to
 Spin
d (B SL

�
2; Z)

�
we do not know of a full generalization to U-duality groups of

interest here, see Pantev and Sharpe (2016) for partial results. This has an important e�ect on the

defects, which we want to illustrate in a simple example.

For this we focus on the Spin lift from SL(2; Z) to the metaplectic group Mp(2; Z), which describes

a non-trivial Z2 extension. Since everything happens at prime2 the essential features are captured

by


 Spin
d (B Z4) vs. 
 Spin-Z8

d (pt ) ; (1.10)

whose bordism groups can be found in Debray et al. (2023). TheZ4 is generated by theS generator

with the Spin-Z8 structure accounting for its non-trivial lift. For d = 3 one has


 Spin
3 (B Z4) = Z2 � Z8 ; 
 Spin� Z8

3 (pt ) = Z2 ; (1.11)

with both the Z8 summand and theZ2 for Spin-Z8 structure being generated by the lens spaceL 3
4.

However, the bundles are di�erent. While for the Spin generator one can choose aZ4 action

 ! e2�i= 4  ; (1.12)

when traversing the torsion 1-cycle ofL 3
4, the same is not possible for Spin-Z8 structure, since the

geometric action is linked with the `gauge' action and only

 ! �  ; (1.13)

is allowed. This di�erence is re�ected in the bordism groups, which can be determined using Dirac

� -invariants. Lifting back to the full duality group we see that the bosonic monodromy around the
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torsion 1-cycle is given byS for Spin and S2 for Spin-Z8 structure.1

In d = 5 the di�erence becomes even more drastic since the non-Spin manifoldL 5
4 is a generator

of 
 Spin-Z8
5 (pt ) it cannot be a generator of
 Spin

5 (B Z4) which would have to be Spin, and is rather

given by a L 3
4 bundle over CP1 denoted asQ5

4 above.

We see that the Spin lift of the duality group has an important in�uence on the bordism group

generators. While the Spin lift only a�ects the prime 2 part of the bordism group, the re�ections

in general lead to modi�cation for other primes as well. Since the BPS nature of defects associated

to non-trivial duality bundles clearly depends on the transformation properties of the fermions in

particular the supercharges, we need to postpone the discussion of the supersymmetric properties

of the bordism defects on a case-by-case basis until the appropriate lifts of the U-duality groups are

determined.

Since the derivation of the bordism groups and their generators requires some advanced mathe-

matical techniques, we �rst discuss the physical origin of the U-duality groups with a focus on

maximal eight-dimensional supergravity before we move to the interpretation of the supergravity

backgrounds and associated symmetry-breaking objects in Chapter 4 of the manuscript.

1 In the geometry of F-theory, where the S action is implemented on the auxiliary torus �ber, this statement
becomes that while the total space for the torus �bration constructed from the 
 Spin

3 (B Z4) generator is not Spin,
while the total space of the 
 Spin- Z8

3 (pt ) generator is.
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CHAPTER 2

U-duality

In this chapter, we brie�y review the U-duality of supergravity theories with 32 real supercharges in

ten to three spacetime dimensions. These dualities leave the supergravity action invariant and act

non-trivially on the states in the theory. Once charge quantization is included, the duality groups

are discrete. For a more detailed description see Obers and Pioline (1999b), which we mainly base

our discussion on, as well as references therein.

2.1. U-duality groups

Supergravity theories with 32 real supercharges inD dimensions can be obtained by compactifying

eleven-dimensional supergravity, the low-energy limit of M-theory, on a(11� D )-dimensional torus.

The �elds in the supergravity multiplet arise as zero modes of this compacti�cation. This further

has an interpretation as type IIA on a (10� D )-dimensional torus, where the radius of the remaining

circle parametrizes the string coupling in type IIA.

On the level of the supergravity action, the full U-duality is generated by the Lorentz transformations

on the M-theory compacti�cation torus as well as the T-dualities of the type IIA description. The

resulting group can be denoted as

GD
U;R = SL(`; R) ./ SO(` � 1; ` � 1; R) ; (2.1)

where we introduced` = 11 � D . Here, as in Obers and Pioline (1999b) the symbol./ describes

the knit product, with the resulting group being generated by the non-commuting subgroups (see

also Appendix B). In the range ` 2 f 1; 2; : : : ; 8g these are given by the Cremmer-Julia symmetry
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groups, see Cremmer (1980); Julia (1980),

D GD
U;R H D

U;R

10 R+ 1

9 SL(2; R) � R+ U(1)

8 SL(3; R) � SL(2; R) SO(3) � U(1)

7 SL(5; R) SO(5)

6 SO(5; 5; R) SO(5) � SO(5)

5 E6(6) USp(8)

4 E7(7) SU(8)

3 E8(8) SO(16)

(2.2)

which we reproduce from Obers and Pioline (1999b).2 The H D
U;R describes the R-symmetry group

in D dimensions, which is the maximal compact subgroup ofGD
U;R. The moduli spacesM D of the

associated maximal supergravity theories are parametrized by the coset space

M D =
GD

U;R

H D
U;R

; (2.3)

which further has to be modded out by the discrete duality action below. In the M-theory frame

these scalar �elds originate from the metric components ofT ` as well as internal components of the

M-theory 3-form CMNR and its dual 6-form. For example, for ` = 3 one has a single scalar �eld

from the 3-form and six scalar �elds from the metric parametrized by the seven-dimensional coset

space

M 8d =
SL(3; R) � SL(2; R)

SO(3) � U(1)
; (2.4)

and similarly for smaller dimensions.

Once one includes the �ux quantization conditions, these continuous groups of the supergravity

action are reduced to discrete subgroups that leave the charge lattices invariant obtained from the

2R+ denotes the real half-line.
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knit product

GD
U = SL(`; Z) ./ SO(` � 1; ` � 1; Z) ; (2.5)

with ` = 11 � D . These U-duality groupsGD
U are given by

D GD
U

10 1

9 SL(2; Z)

8 SL(3; Z) � SL(2; Z)

7 SL(5; Z)

6 SO(5; 5; Z)

5 E6(6) (Z)

4 E7(7) (Z)

3 E8(8) (Z)

(2.6)

In the following, we will focus on these discrete bosonic U-duality groups.3 The �elds and charges of

the supergravity theory will transform under U-duality according to certain representations, which

can be deduced from the transformation properties of the central charges in the supersymmetry

algebra, as discussed in Obers and Pioline (1999b).

2.2. A geometrization of U-duality: Exceptional �eld theory

Not all duality transformation have a geometric interpretation in terms of the internal T ` or T ` � 1

of the M-theory or type IIA/B lift, respectively. However, similar to the approach of F-theory Vafa

(1996); Weigand (2018) for SL(2; Z) duality in type IIB, there are approaches to introduce auxiliary

internal spaces to geometrize the duality action.

The geometrization of the T-duality subgroup SO(` � 1; ` � 1; Z) doubles the number of internal

dimensions Siegel (1993); Hull (2005); Dabholkar and Hull (2006); Hull (2007); Hull and Zwiebach

(2009) and is referred to as double �eld theory. It can be understood as a geometrization of the

3See Debray and Yu (2024) for a discussion of anomalies for the continuous group E7(7) .
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winding modes in the underlying string theory. The physical spacetime is then described by an

(` � 1)-dimensional subspace of this enhanced internal geometry, which depends on the choice of

the duality frame. The additional inclusion of dualities which correspond to the other part in (2.5)

requires an extension of this setup known as exceptional �eld theory (see, e.g., Berman et al. (2012);

Coimbra et al. (2014); Hohm and Samtleben (2013a,b)).

TheseD-dimensional exceptional �eld theories present a covariant formulation of eleven-dimensional

supergravity under the full U-duality group GD
U . Instead of a doubling of the coordinates one includes

even further auxiliary directions, for example, forD = 5 the internal space coordinates are given by

the fundamental 27-dimensional representation of the E6(6) duality group. The physical spacetime

is formed by a six-dimensional subspace, the choice of which corresponds to the chosen duality

frame. The chosen duality frame is also manifest in the solution to the so-called section constraint,

which ensures a closure of the algebra of symmetries in exceptional �eld theory and restricts the

dependence of �elds in the theory to a subset of coordinates. It can be written as

Y MN
P Q @M 
 @N = 0 ; (2.7)

which holds when applied to the �elds in the theory, and M; N; P; Q label the internal coordinates.

The tensor Y MN
P Q is an invariant of the U-duality group. It can be understood as a projection to

some particular representation of the duality group.

The bosonic �elds of the supergravity theory naturally appear in representations of the U-duality

group that can be phrased in terms of index structure of the internal coordinates. Again in �ve

dimensions this involves the duality invariant spacetime metricg�� , the 27 vectorsA � and 2-forms

B�� transforming in the (anti-)fundamental, and the scalar �elds which parameterize the moduli

space

M 5d =
E6(6) (R)

USp(8)
; (2.8)

whose dependence on the internal directions is restricted via the section constraint.
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We now want to focus on the realization of maximal eight-dimensional supergravity, which will be

the main subject of our investigation.
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CHAPTER 3

U-duality in eight dimensions

The (bosonic) U-duality group in eight dimensions is given by

G8d
U � GU = SL(2; Z) � SL(3; Z) ; (3.1)

that acts on the �elds in the supergravity theory. The bosons are given by

graviton: g�� ;

vectors: A �;a
� ;

2-forms: B �
�� ;

3-form: C��� ;

scalars: ' I ; I 2 f 1 ; : : : ; 7g:

(3.2)

The index � takes values inf 1; 2; 3g, and the index a in f 1; 2g, respectively, while� 2 f 0 ; : : : ; 7g is

the Lorentz index of the eight-dimensional theory. All of these �elds are contained in the supergrav-

ity multiplet, which further contains two gravitinos 	 i
� of opposite chiralities as well as six fermions

� n . The index structure above demonstrates that the �elds transform in certain representations

under the U-duality group, where � ; � can be regarded as SL(3; Z) and a ; b as SL(2; Z) indices

respectively. In particular, one has

A �;a
� : (3; 2) ; B �

�� : (3; 1) ; (3.3)

while the scalars transform in a more complicated way, which we will explore further below.

Since con�gurations related by duality transformations are physically equivalent, the U-duality

group appears as a gauge group in supergravity.4 As mentioned above supergravity theories with

maximal supersymmetry are closely related to superstring theory and M-theory compacti�ed on tori

4The �eld backgrounds can break these discrete gauge symmetries spontaneously.
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and hence some subgroups of the full U-duality can be realized as symmetries of the compacti�cation

spaces. We will discuss this in detail for type IIB onT2 and M-theory on T3 in the following.

3.1. U-duality from M-theory

Let us start with eleven-dimensional supergravity, the low-energy description of M-theory. It only

contains the bosonic �elds GMN , CMNR . The maximal eight-dimensional supergravity theory is

obtained via compacti�cation on a 3-torus T3, whose coordinates we label by� ; � ; 
 2 f 1 ; 2; 3g.

The lower-dimensional �elds arise as follows:

graviton : G�� ;

vectors : G�� ; C��� ;

2-forms : C��� ;

3-form : C��� ;

scalars: G�� ; C��
 :

(3.4)

Up to �eld rede�nitions, we �nd the exact same spectrum as in (3.2). The SL(3; Z) factor of GU

is realized as large di�eomorphisms ofT3 and acts on the internal coordinates labeled by� ; � ; 
 .

This demonstrates that the vector �elds transform as two three-dimensional representations under

SL(3; Z) and similarly the 2-forms transform in the three-dimensional representation. The scalars

split into a singlet under SL(3; Z) originating from the internal components of the 3-form and the

symmetric representation associated to the internal metric components that parameterize both the

shape and size of the 3-torus.

We can therefore understand pure SL(3; Z) duality bundles geometrically as aT3-�brations in an

M-theory framework, see Figure 3.1. If one of the circles ofT3 is trivially �bered we can reduce

to a type IIA framework, i.e., M-theory on a circle, see Figure 3.2. Type IIA on a 2-torus has a

T-duality group

SO(2; 2; Z) =
�
SL(2; Z) � SL(2; Z)

�
=Z2 ; (3.5)
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Figure 3.1: M-theory capturing SL(3; Z) � GU of the U-duality group geometrically.

Figure 3.2: Type IIA capturing SL(2; Z) � SL(3; Z) � GU of the U-duality group geometrically.
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the �rst factor being the remnant of the SL(3; Z) subgroup5 and the second factor giving rise to the

SL(2; Z) factor of GU . The second factor acts on the Kähler sector of type IIA, i.e.,

! IIA = B + i vol(T2) : (3.6)

One can lift that to a complexi�ed volume in M-theory by de�ning

! M = C + i vol(T3) ; (3.7)

which also transforms under Moebius transformation with respect to the SL(2; Z) factor. Transition

functions in the SL(2; Z) factor of GU thus connects M-theory torus compacti�cations of di�erent

volume and C-�eld and in general acts non-geometrically.

3.2. U-duality from type IIB

Similarly, starting with N = (2 ; 0), i.e., type IIB supergravity in ten dimensions, one obtains

maximal supergravity in eight dimensions after compacti�cation on a 2-torusT2. We will denote

the 10d bosonic �elds by gAB for the metric, BAB and CAB for the RR and NS 2-forms,C+
ABCD

for the chiral 4-form with self-dual �eld strength, as well as � for the axio-dilaton, which as usual

is given by

� = C0 + ie� � ; (3.8)

with RR axion C0 and dilaton � . The bosonic �elds in (3.2) arise from the type IIB �elds as follows:6

graviton: g�� ;

vectors: ga� ; Ba� ; Ca� ;

2-forms: C+
ab�� ; B �� ; C�� ;

3-form: C+
a��� ;

scalars: � ; gab ; Bab ; Cab ;

(3.9)

5This is not the same SL(2; Z) subgroup as the strong-weak coupling duality SL(2; Z)S in type IIB.
6Here we only keep track of the Lorentz structure. The connection to the actual 8d �elds (3.2) requires further

�eld rede�nitions.
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Figure 3.3: F-theory capturing SL(2; Z) � SL(2; Z)S � GU of the U-duality group geometrically.

where we label the internal coordinates witha; b 2 f 1; 2g. Notice that since the 4-form �eld

is self-dual it only gives rise to a single 3-form �eld in eight dimensions. The internal metric

componentsgab transform in the symmetric representation of SL(2; Z), while the scalars originating

from BAB and CAB transform in the antisymmetric, i.e., singlet representation. This �xes some of

the transformation properties of the scalar �elds.

We see that the internal SL(2; Z) index is given by the coordinates of theT2 compacti�cation torus

which acts for example on the two vector �elds originating from the same IIB �eld in ten dimensions.

This is to be expected since the SL(2; Z) subgroup of the full duality group GU is identi�ed with

the group of large di�eomorphisms of the compacti�cation torus. U-duality backgrounds that only

have a non-trivial SL(2; Z) bundle can therefore be understood geometrically as type IIB geometries

described as torus �brations, see Figure 3.3.

However, one can do even better by going to the non-perturbative description of type IIB provided

by F-theory Vafa (1996); Weigand (2018). This geometrizes the strong-weak coupling duality, which

appears as an SL(2; Z)S subgroup of the SL(3; Z) factor in GU . Thus, F-theory therefore allows for
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a geometric realization of

SL(2; Z) � SL(2; Z)S � GU = SL(2; Z) � SL(3; Z) : (3.10)

Bundles contained in this subgroup can be understood as F-theory backgrounds with itsT2
F torus

�bration encoding the SL(2; Z)S duality, whose base is given by anotherT2 torus �bration encoding

the SL(2; Z), see Figure 3.3. Note that only the torusT2 within the F-theory base is part of

spacetime and its volume is physical, whereas the volume of the F-theory �ber torusT2
F is not

physical and typically set to zero.

A non-trivial SL (2; Z)S bundle indicates the variation of the axio-dilaton in spacetime, typically

leading to regions of strong string coupling and therefore going beyond perturbative string back-

grounds. This action is captured by the Moebius transformations

SL(2; Z)S : � 7!
a� + b
c� + d

;

0

B
@

a b

c d

1

C
A 2 SL(2; Z) : (3.11)

Moreover, we know that BAB and CAB transform as a doublet under strong weak coupling duality,

which shows that their descendants in (3.9) transform accordingly. The full SL(3; Z) includes the

Kähler sector of type IIB and acts, for example, on the complexi�ed volume of the compacti�cation

torus

! IIB = B + i vol(T2) ; (3.12)

which combines the integral of the B -�eld with metric components, e.g., Basu (2008). In fact

this complex scalar is acted upon by Moebius transfromations under a di�erent SL(2; Z) subgroup

of SL(3; Z). This demonstrates that one can generate transition functions that connect di�erent

volumes of the compacti�cation torus and demonstrate the non-geometric nature of these type of

backgrounds in the type IIB duality frame.

3.3. M-/F-theory duality

Of course these descriptions are connected via M-/F-theory duality which we now describe brie�y.
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As we already discussed above we can single out a circle of the M-theory compacti�cation in order

to reduce to a well-de�ned type IIA description at small circle volumes, i.e., small string coupling.

The type IIA theory is compacti�ed on the remaining 2-torus. Performing T-duality along one of

the circle factors of this IIA compacti�cation leads to type IIB on T2, sending the IIA circle size

to zero lets the IIB circle grow and decompacti�es to a type IIB con�guration on a circle. Indeed,

following the transformation behavior of the �elds, see, e.g., Denef (2008); Weigand (2018), shows

that the 2-torus composed of the M-theory type IIA circle as well as the T-duality circle combine

into the F-theory �ber torus. This identi�es the SL (2; Z)S subgroup of SL(3; Z). In the following

we will choose it to be given by elements of the form

SL(2; Z)S � SL(3; Z) :

0

B
B
B
B
@

1 0 0

0 a b

0 c d

1

C
C
C
C
A

;

0

B
@

a b

c d

1

C
A 2 SL(2; Z) ; (3.13)

which is always possible using conjugations.

The remaining circle direction of the M-theory 3-torus is part of the type IIA compacti�cation

torus and was not participating in the T-duality to type IIB. It therefore corresponds to the type

IIB compacti�cation circle in the limit of zero �ber volume. This means that general SL (3; Z)

transformations mix spacetime directions in type IIB with the F-theory �ber directions, underlining

once more the non-geometric nature of these transformations in the type IIB duality frame. This

can be understood as the familiar fact that T-duality acts on the (axio-)dilaton �eld Polchinski

(1998). Vice versa, the SL(2; Z) factor in GU acts on the compacti�cation torus T2 in type IIB and

therefore is not realized as geometric SL(3; Z) element in M-theory which only has access to one of

the compacti�cation circles.

Of course one can also follow the various supergravity �elds and string and M-theory objects, such

as branes, under the duality chains, which is conveniently captured by the representations of the 8d

supergravity �elds under the U-duality group, see Obers and Pioline (1999b). In situations where

the compacti�cation tori are �bered over the eight-dimensional spacetime, one needs to perform the
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dualities above �ber-wise, which also allows one to track the e�ect of U-duality monodromies in the

various duality frames.

3.4. Exceptional �eld theory

We now want to discuss the geometrization of the 8d U-duality group within exceptional �eld theory

as described in the more general context in Section 2.2.

The 8d supergravity theory has six vector �elds which as shown above transform in the(3; 2)

representation of the duality group. This motivates the introduction of six extra internal coordinates

Y M , with M 2 f 1; 2; : : : ; 6g, which describe the action of the duality bundle. We can also introduce

a two index notation in analogy to the vector �elds Y �a , with � 2 f 1; 2; 3g and a 2 f 1; 2g, which are

acted upon by the SL(3; R) and SL(2; R), respectively. Including the eight coordinates of spacetime

x � one �nds a 14-dimensional space parametrized by(x � ; Y M ). To reduce to the physical spacetime

one needs to introduce the section constraint, which in eight dimensions takes the form, see, e.g.,

Hohm and Wang (2015),

� ��
 � ab@�a 
 @�b = 0 ; (3.14)

where � ��
 is the totally antisymmetric tensor acting on SL(3; R) indices and � ab its counterpart

acting on SL(2; R) indices. We see that this isolates the(1; 3) component.

There are several ways to satisfy the section constraint. For example, we can demand that �elds

only depend onY � 1 singling out the a = 1 direction. In this way we �nd

� ��
 @� 1 
 @� 2 = 0 ; (3.15)

since nothing depends on@� 2. This suggests the physical realization of three of the six coordinates,

which we expect to correspond to an M-theory framework. Similarly, we can choose that �elds only

depend onY 1a, �nding that

� ab� 1�
 @1a 
 @�b = 0 ; (3.16)

since@�b for � 6= 1 , which is enforced by� 1jk , acts trivially. In this frame there are only two physical
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coordinates and we expect to �nd the type IIB interpretation. Note that here one has a remaining

SL(2; R) action on the coordinates� and 
 , which encodes the S-duality and can be thought of as

the F-theory torus directions.7

With this one can reconstruct the �eld content depending on the solution of the section constraint

in the following way. One starts with the exceptional �eld theory �elds (g�� ; M MN ; A � ; B�� ; : : : ),

describing spacetime metric, internal metric, gauge �elds, and tensor �elds, respectively. All of these

�elds transform in certain U-duality representations. As we have seen from the particular duality

frames in eight-dimensional supergravity one has

A � � (2; 3) ;

B�� � (1; 3) ;

C��� � (1; 1) :

(3.17)

The choice of solution of the section condition then breaks the full U-duality group to a subgroup,

which is geometrically realized in the particular duality frame. This leads to a decomposition of

the full GU representations that can be matched to the original �elds. For example, picking the

coordinate dependence to be inY � 1 breaks to SL(3; R) and we �nd

(2; 3) ! 3 � 3 � f G�� ; C��� g;

(1; 3) ! 3 � f C��� g;

(1; 1) ! 1 � f C��� g:

(3.18)

As it should, this precisely matches our M-theory discussion (3.4) above. Similarly, we can pick the

7One can also demand the �elds to only depend on Y � 1 with i 2 f 1 ; 2g which solves the section constraint and
reduces to a type IIA framework.
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physical coordinates to beY 1a which leads to

(2; 3) ! 2 � 2 � 2 � f ga� ; Ba� ; Ca� g;

(1; 3) ! 1 � 1 � 1 � f C+
ab�� ; B �� ; C�� g;

(1; 1) ! 1 � f C+
a��� g;

(3.19)

i.e., the type IIB interpretation (3.9). Here, one could also resolve the unbroken SL(2; R)S �

SL(3; R) which describes the transformation under S-duality, acting for example on the two 2-forms

B �� and C�� .

By using the framework of exceptional �eld theory we can geometrize all duality bundles. One can

then reconstruct the non-geometric backgrounds by di�erent solutions of the section constraint. The

same should work for the associated duality defects, which one can formulate in the 14-dimensional

theory and then take appropriate subspaces for the M-theory or type IIB/F-theory realization. We

hope to come back to a detailed analysis of the duality defect in this framework.8

With the geometrical interpretation of the U-duality group in various duality frames at hand we

can now move to analyze the bordism defects and their string theory origin.

8Note that the geometrization within exceptional �eld theory is di�erent from S-theory Kumar and Vafa (1997) in
which one encodes the SL(2; Z) � SL(3; Z) bundle in terms of a T 2 � T 3 �bration leading to a 13-dimensional theory.
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CHAPTER 4

Supergravity backgrounds and defects

4.1. Monodromies and �ber degenerations

Decomposing the U-duality bundles using various subgroups of SL(2; Z) � SL(3; Z) according to its

stable splitting, see Section 5.4, we �nd a distinguished set of duality transformations which appear

as monodromies in the generators of the bordism group. In many cases these monodromies have a

geometric interpretation in terms of the T2 compacti�cation of type IIB, the T2
F of an F-theory �ber,

or the T3 in M-theory compacti�cations, as discussed in the UV realization of the U-duality group

in Chapter 2. The duality defects, that break the associated global symmetry, are singular objects

in the low-energy e�ective description at whose position the �ber geometry becomes singular. Since

we are interested in relating the singular duality defects of the eight-dimensional supergravity theory

with stringy objects, it will be important to have a good understanding of these �ber degenerations.

4.1.1. SL(2; Z)

The two relevant matrices for SL(2; Z) are given by


 3 = ( ST)2 =

0

B
@

� 1 � 1

1 0

1

C
A ; 
 4 = S =

0

B
@

0 1

� 1 0

1

C
A ; (4.1)

where we used the usual convention for the generators of SL(2; Z). These monodromy matrices act

on a 2-torus whose shape is parameterized by a single complex parameter� in the upper half-plane.

One can understand that as

T2 = R2=� 2 ; (4.2)

with the two-dimensional lattice � 2 spanned byh1; � i . For general SL(2; Z) transformations this

parameter transforms via Moebius transformations

� 7!
a� + b
c� + d

; with

0

B
@

a b

c d

1

C
A 2 SL(2; Z) : (4.3)
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Figure 4.1: The two relevant orbifoldsT2=Z3 (left), T2=Z4 (right), with fundamental domain given
by the shaded region, and �xed points marked with black circles (theC=Z2 is indicated by a further
circle).

For the degenerate �ber on the duality defect the monodromy should leave the parameter� invariant.

Thus, we �nd that � is �xed to special values


 3 : � = �
� + 1

�
) � = e2�i= 3 ;


 4 : � = �
1
�

) � = i :
(4.4)

For the 2-tori de�ned like that, 
 k acts via rotation by 2�=k in the complex plane forming the group

Zk . The degenerate �ber then takes the form of a torus orbifoldT2=Zk . For k = 3 and k = 4 these

are depicted in Figure 4.1. TheT2=Z3 orbifold has three conical singularities of the formC=Z3

located at the orbifold �xed points f 0 ; 1
3 + 2�

3 ; 2
3 + �

3g. The T2=Z4 orbifold has two singularities of

the form C=Z4 at f 1
2 ; �

2g and one of the formC=Z2 at the origin.

4.1.2. SL(3; Z)

For SL(3; Z) we need to consider the two order-three transformations

� (1)
3 =

0

B
B
B
B
@

1 0 0

0 � 1 � 1

0 1 0

1

C
C
C
C
A

; � (2)
3 =

0

B
B
B
B
@

0 1 0

0 0 1

1 0 0

1

C
C
C
C
A

: (4.5)

We see that � (1)
3 is block diagonal with 
 3 in the lower right corner. Therefore, it acts on a two-

dimensional sub-torus ofT3, which we choose to be the one corresponding to the F-theory �berT2
F

(see Section 3.3) and �x its complex structure toe2�i= 3 as above. Since one of the circles inT3 does
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Figure 4.2: The singular �ber T3=(Z3)
� (2)

3
as �bration of T2=Z3 over S1 (right), obtained by modding

out a Z3 rotation indicated in two di�erent perspectives on the left and in the middle.

not transform at all, which we take to be perpendicular to the transforming 2-torus, we �nd the

singular �ber is given by

T3=(Z3)
� (1)

3
= S1 � (T2

F =Z3) : (4.6)

Things become more interesting for� (2)
3 , which does not leave any individual circle inT3 invariant.

Since one has
�
� (2)

3

� T � (2)
3 = 1 ; (4.7)

it is an element of SO(3) and can be understood as rotation by2�= 3 in R3 along the axisv = (1 ; 1; 1).

Taking T3 = R3=Z3 and using translations by lattice vectors we �nd the action on T3, as shown

in Figure 4.2, given by a rotation along one of the diagonals. From this we expect a non-isolated

singularity of the form S1 � (C=Z3) given by the rotation axis. This is indeed the case and the

singular �ber can be described as

T3=(Z3)
� (2)

3
=

�
S1 � (T2=Z3)

�
=Zs

3 : (4.8)

The quotient by Zs
3 acts as a translation around the base circle and an action on the torus orbifold

that exchanges the three �xed points. For a technique to construct this singular �ber we refer to

Appendix A.
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Figure 4.3: The singular �ber T3=(Z4)
� (2)

4
as �bration of T2=Z4 over S1.

Other relevant SL(3; Z) transformations are of order four and given by

� (1)
4 =

0

B
B
B
B
@

1 0 0

0 0 � 1

0 1 0

1

C
C
C
C
A

; � (2)
4 =

0

B
B
B
B
@

1 1 1

� 1 0 0

0 � 1 0

1

C
C
C
C
A

: (4.9)

As above� (1)
4 is of block-diagonal form which only acts on a two-dimensional torus, which we choose

to be the 2-torus associated to the F-theory �ber under dualities. We �nd that the singular �ber is

simply given by

T3=(Z4)
� (1)

4
= S1 � (T2

F =Z4) : (4.10)

For � (2)
4 things are more complicated, especially since it is not an element of SO(3) and we need to

�nd a good basis for the torus lattice � 3. This is done in Appendix A. Similar to the situation above,

we �nd that the resulting singular �ber is given by a �bration of T2=Z4 over S1, see Figure 4.3.

The �bration structure is given by

T3=(Z4)
� (2)

4
=

�
S1 � (T2=Z4)

�
=Zs

2 ; (4.11)

where the translational symmetry Zs
2 shifts halfway around the base circle and acts on the �ber.

Going around the base circle this action exchanges the two local singularities of formC=Z4, while

the local C=Z2 singularity is mapped to itself.
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Finally, we will also encounter the SL(3; Z) monodromies give by the order two elements

M (1)
1 =

0

B
B
B
B
@

� 1 0 0

0 1 0

0 0 � 1

1

C
C
C
C
A

; M (1)
2 =

0

B
B
B
B
@

1 0 0

0 � 1 0

0 0 � 1

1

C
C
C
C
A

; (4.12)

and

M (2)
1 =

0

B
B
B
B
@

0 1 0

1 0 0

� 1 � 1 � 1

1

C
C
C
C
A

; M (2)
2 =

0

B
B
B
B
@

0 0 1

� 1 � 1 � 1

1 0 0

1

C
C
C
C
A

: (4.13)

It will be enough to discuss the singular �ber of one of each pair of monodromies which we will

choose to beM (1)
2 and M (2)

1 .

For M (1)
2 we see the same block diagonal form as for� (1)

4 , which acts non-trivially only on the F-

theory �ber T2
F � T3. The singular �ber, does not require a special value for the complex structure

and takes the product form

T3=(Z2)
M (1)

2
= S1 � (T2

F =Z2) ; (4.14)

with the usual 2-torus orbifold as the F-theory �ber.

For M (2)
1 there is no invariant sub-torus and be employ the same techniques as above, see Appendix

A, to obtain the singular �ber geometry which is give by

T3=(Z2)
M (2)

1
=

�
S1 � (T2=Z2)

�
=Zs

2 ; (4.15)

with Zs
2 given by a half-shift around a circle in combination with an exchange of the diagonal �xed

points on T2=Z2.

4.1.3. SL(2; Z)� SL(3; Z)

Finally, we want to describe singular �bers for simultaneous monodromies in both duality subgroups.

While pairs of the form
�

 3; � (1)

3

�
and

�

 4; � (1)

4

�
have a geometric interpretation in F-theory we will

focus on the pairs
�

 3; � (2)

3

�
and

�

 4; � (2)

4

�
, which will appear for certain bordism generators below,
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and do not act geometrically in any duality frame.

For that we �rst determine the form of the monodromy when acting on the six coordinatesY M

of the exceptional �eld theory description, which is simply the tensor product of the individual

monodromy matrices, for example

�

 3; � (2)

3

�
=

0

B
@

� 1 � 1

1 0

1

C
A 


0

B
B
B
B
@

0 1 0

0 0 1

1 0 0

1

C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 � 1 0 0 � 1 0

0 0 � 1 0 0 � 1

� 1 0 0 � 1 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (4.16)

Of course this is also an element of order 3. Imagining the six internal coordinates to be periodic,

i.e., described by aT6, the duality matrix acts on this T6 as an element of SL(6; Z). We can then

proceed to analyze the singular central �ber by using the same techniques as above, which we do

explicitly in Appendix (A.1)

With the structure of the singular �bers determined, we can now move to the discussion of the

U-duality defects, which are located at the point of �ber degeneration.

4.2. Duality defects

In this section, we analyze the non-trivial bordism generators in dimensiond 2 f 1; : : : ; 7g from

a physics viewpoint, and explore what kind of defects we need to introduce in order to describe

them as boundary of a(d+ 1) -dimensional space. The inclusion of the defects as dynamical objects

of the theory breaks the associated global symmetry. We then try to �nd an interpretation of the

necessary con�gurations within string / F-theory / M-theory and explore whether we need to include

new fundamental objects or allow for more exotic backgrounds. Whenever possible, we explore the

duality frame in which the U-duality bundle has a geometric realization, which simpli�es its string
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Figure 4.4: Bounding manifold ofS1 with transition function given by g = g1g2g� 1
1 g� 1

2 .

theory interpretation.

4.2.1. Codimension-two defects for supergravity ind < 8 dimensions

In Section 5.1, we will show that for maximal supergravity in dimension seven and below, one has

e
 Spin
1 (BGU ) = 0 ; (4.17)

which means that there are no defects of real codimension two necessary in order to break the

induced global symmetries. The reason for this is that the U-duality groups are perfect, which

means that their Abelianization is trivial and all elements can be phrased in terms of a commutator

g = g1g2g� 1
1 g� 1

2 ; (4.18)

for g ; g1 ; g2 2 GU . The smooth con�guration that bounds the potential generator given by a circle

with transition function g is given in analogy to several codimenion-two defects in type IIB. The

bounding manifold needs to have a non-trivial in topology9 and in the case at hand is a 2-torus

with a disc cut out, see Figure 4.4.

This bordism can in a sense be understood as a 'wormhole-like' gravitational soliton, McNamara

(2021), which changes the codimenion-one topological operator implementing the action of the

9For a discussion of topological properties of smooth bounding manifolds utilizing Morse theory see Ruiz (2024).
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duality group. These are typically what one would expect from the breaking of global symmetry in

quantum gravity. In particular the conservation of topological charge violation is already accounted

for by allowing for topology changes of the underlying spacetime manifold and does not require

extra elementary objects in the theory.

Next, we will focus on the duality defects in eight-dimensional supergravity with U-duality group

GU = SL(2; Z) � SL(3; Z).

4.2.2. Codimension-two defects

Besides the generatorS1
+ of 
 Spin

1 (pt ), the circle with periodic boundary conditions for fermions,

which requires the introduction of a codimension-two spin defect that we will not further explore,

see McNamara and Vafa (2019), there are two generators of

e
 Spin
1 (BGU ) = Z3 � Z4 : (4.19)

They are given by anS1 with the duality bundle speci�ed by the monodromies 
 3 and 
 4, i.e., only

the SL(2; Z) bundle is non-trivial. This is due to the fact that for 
 1 only the Abelianization of the

gauge group is relevant, which is trivial for SL(3; Z) since it is a perfect group. Note that one can

pick any Spin structure on the S1 since one can relate between the two choices by a disconnected

sum with S1
+ .

In the type IIB lift this translates into a non-trivial �bration of the compacti�cation torus over

the S1. Filling the circle induces a central �ber of the type discussed in Section 4.1.1, i.e., the

�ber torus becomes singular and degenerates to the torus orbifoldsT2=Z3 and T2=Z4 for 
 3 and


 4, respectively. Accordingly, the complex structure of the compacti�cation torus at the singular

�ber is �xed to � = e2�i= 3 and � = i . While this con�guration might be reminiscent of the F-theory

geometry with type IV � and type III � �ber, here the torus is part of spacetime and in particular
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Figure 4.5: Type IIB realization of the U-duality defects in codimension two (k 2 f 3; 4g).

has a �nite volume10. The geometry is conveniently described by

�
T2 � C

�
=Zk ; with k 2 f 3; 4g; (4.20)

which has the chosen generators of the bordism group as boundary, see Figure 4.5.

Given the singularity structure of the central �ber, see Section 4.1.1, we �nd that the geometry

(4.20) has several local singularities of the form

C2=Zn ; (4.21)

where n is inherited from the type of orbifold singularities in the �ber. Since we can describe

the total space as a patch of an elliptically-�bered, singular K3, the defects preserve part of the

supersymmetry.

The Z3 case leads to three singularities of the formC2=Z3, i.e., three A2 singularities. In general

an An singularity is given by C2=Zn+1 with the action on the local coordinates(z1 ; z2) given by

(z1 ; z2) 7! (!z 1 ; ! � 1z2) ; ! = e2�i 1
n +1 ;

0

B
@

! 0

0 ! � 1

1

C
A 2 Zn+1 � SU(2) : (4.22)

10 In F-theory the �ber volume is unphysical and typically set to zero.
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Type IIB string theory compacti�ed on such a singular space gives rise to anN = (2 ; 0) supercon-

formal �eld theory in six-dimensions . In the present defect they are assembled at the three orbifold

�xed points of T2=Z3 and lead to a codimension-two defect in the eight-dimensional supergravity.

For Z4 one �nds two singularities of type A3 and one of type A1, giving rise to the associated

N = (2 ; 0) SCFT sectors in the type IIB description. These are located on the orbifold �xed points

of T2=Z4. In the 8d supergravity these are located on the same codimension-two defect.

The fact that part of the string theory background is compact, given by T2=Zk , has interesting

consequences. In particular it is known that theN = (2 ; 0) theories possess states charged under

2-form global symmetries corresponding to D3-brane wrapped on relative 2-cycles. In our setup

the global symmetries of the individual sectors are correlated, due to D3-branes stretching between

the individual A n singularities, which should be regarded as excitations on the defect. These states

break the 2-form global symmetries at each of the orbifold points to a subgroup, which isZ3 for the


 3 defect andZ2 for the 
 4 defect. These remnant symmetries can related to the torsion cycles of

the asymptotic geometry (T2 � C)=Zk , see, e.g., Cveti£ et al. (2023); Gould et al. (2024)

We see that the UV lift of the eight-dimensional con�guration leads to an interpretation of the

symmetry-breaking defect in terms of a well-known string theory background, 6DN = (2 ; 0) SCFT

sectors. It further points toward a non-trivial world-volume theory of the defect which, here is

related to the string states coming from wrapped D3-branes. The string theory lift also allows for a

desingularization of the defect with the orbifold singularities resolved to curves of �nite size, which

for the SCFT sector corresponds to a certain tensor branch deformation. This phenomenon of the

singular supergravity defects giving rise to known non-singular string backgrounds of interesting

dynamics seems to be a general feature of the investigation of symmetry-breaking defects, and will

occur also in higher codimensions below.
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4.2.3. Codimension-three defects

The codimension-three defects break the global symmetries associated to

e
 Spin
2 (BGU ) = Z � 3

2 ; (4.23)

where once more we excluded the generator of Spin bordismS1
+ � S1

+ , which is trivialized by the

spin defect in codimension two, which is unrelated to the existence of a non-trivial duality bundle.

One of the generators can be chosen as a product ofS1
+ and the generator in dimension one with
 4

monodromy above. Since we already trivialized this, no more defects are necessary for this factor.

The resulting string theory background is simply given by the supersymmetry preserving circle com-

pacti�cation of the partially-compacti�ed combination of SCFT sectors discussed in Section 4.2.2.

The two remaining generators are given by a 2-torusT2 with non-trivial monodromies around the

two 1-cycles. These monodromies sit in two di�erent embeddings of the form

Z2 � Z2 ! S4 ! SL(3; Z) : (4.24)

We can choose the twoZ2 factors for the di�erent S4 embeddings in the same way, given by

M (i )
1 =

�
� (i )

4

� 2R(i ) � � (i )
4

� 2R(i ) ;

M (i )
2 =

�
� (i )

4

� 2 ;
(4.25)

with � (i )
4 in (4.9) and

R(1) =

0

B
B
B
B
@

0 0 � 1

0 � 1 0

� 1 0 0

1

C
C
C
C
A

; R(2) =

0

B
B
B
B
@

0 � 1 0

� 1 0 0

0 0 � 1

1

C
C
C
C
A

: (4.26)
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Figure 4.6: Two-dimensional generator given byT2 with monodromies M (i )
1 and M (i )

2 .

Indeed the two monodromy elements correspond to the even permutations ofS4, namely

M (i )
1 = (12)(34) ; M (i )

2 = (13)(24) ; (4.27)

where we identi�ed the order four element� (i )
4 with the cyclic permutation (1234) and the element

R(i ) with (12).

Since the topology of the bordism manifold is given by aT2, with two distinct monodromies around

the two 1-cycles, see Figure 4.6, it is natural to describe it as a boundary by �lling one of the

circles with the inclusion of a defect. However, this defect is a codimension-two defect rather than

codimension-three, and it raises the immediate question why we have not seen them from discussion

of 
 Spin
1 (BGU ), see also Section 1.2.4. Indeed the monodromiesM (i ) are part of the commutator

subgroup and hence are trivialized by gravitational solitons of the form depicted in Figure 4.4. So

why can we not bound one of the circles inT2 using this smooth con�guration?

The reason the singular defect works but the smooth gravitational soliton described in Figure 4.4

does not is as follows. Filling one of the torus cycles, which we choose to be the one with transition

function M (i )
1 , one has an action ofM (i )

2 implemented when going around non-trivial 1-cycle of the

solid torus. SinceM (i )
1 and M (i )

2 commute, this does not a�ect the singular codimension-two object

implementing the M (i )
1 monodromy, see right-hand side of Figure 4.7. For the gravitational soliton,

however, one has to expressM (i )
1 as a commutator of two SL(3; Z) elements. In order to generate

a valid, smooth con�guration both these elements have to commute withM (i )
2 in order to lead to a
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Figure 4.7: Bounding manifold of the generators in dimension-two using a gravitational soliton
(left), does not work since the remaining monodromy acts non-trivially on it (middle). Bounding
one of the torus cycles with a singular object (right) does work, since the remaining transition
function leaves it invariant.

well-de�ned con�guration, which we argue cannot be the case.

As a �rst hint we �nd that M (i )
1 already has the form of an element in the commutator subgroup

of S4

M (i )
1 = g1g2g� 1

1 g� 1
2 ; with g1 =

�
� (i )

4

� 2 ; g2 = R(i ) : (4.28)

While g1 commutes with M (i )
2 , g2 does not and thus this is not a valid choice for a smooth back-

ground. Next, we need to show that this is the case for all possiblegi 2 SL(3; Z).

For the particular realizations of monodromies indicated above we �nd

M (1)
1 =

0

B
B
B
B
@

� 1 0 0

0 1 0

0 0 � 1

1

C
C
C
C
A

; M (1)
2 =

0

B
B
B
B
@

1 0 0

0 � 1 0

0 0 � 1

1

C
C
C
C
A

: (4.29)

Commutation with M (1)
2 implies that gi 2 SL(3; Z) are of the form

gi =

0

B
B
B
B
@

a 0 0

0 b c

0 d e

1

C
C
C
C
A

: (4.30)
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Every commutator of such block-diagonal matrices has a0 in the upper left and therefore cannot

give rise to M (1)
1 . For the other embedding ofS4 the monodromies read;

M (2)
1 =

0

B
B
B
B
@

0 1 0

1 0 0

� 1 � 1 � 1

1

C
C
C
C
A

; M (2)
2 =

0

B
B
B
B
@

0 0 1

� 1 � 1 � 1

1 0 0

1

C
C
C
C
A

; (4.31)

and commutation with M (2)
2 �xes all but four elements in ~gi 2 SL(3; Z), the commutator of two

such elements does not allow for an expression ofM (2)
1 . Thus, we see that the singular defect given

by additional codimension-two objects cannot be resolved into smooth gravitational con�gurations.

It would be interesting to explore more generally when such additional defects of lower codimension

have to be added in dependence of the group structure of the gauge groupG.

One might also ask whether there is a genuine codimension-three objects that can trivialize the

elements above. For that it would be useful to have a bordism betweenT2 with the two monodromies

and a quotient of S2 which can naturally be identi�ed as the asymptotic in�nity of a codimension-

three defect. This seems hard to achieve since the two non-trivial monodromies require that one

takes a free quotient of the sphere with two factors, but the only �nite group with free action on

S2 is Z2, which is not su�cient.

Thus, surprisingly our investigation of non-trivial generators of 
 Spin
2 (BGU ) suggests the existence

new objects in codimension two. Since the monodromy matrices are elements of SL(3; Z) they have

a geometric interpretation in the M-theory description.

For monodromy M (1)
1 the M-theory geometry is described by the local elliptically-�bered K3 times

a circle, preserving half of supersymmetry,

S1 � (T2 � C)=Z2 ; (4.32)

with the central �ber giving T2=Z2 with four local C2=Z2, i.e., A1 singularities. M-theory on such
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a background gives rise to seven-dimensional super-Yang-Mills theory with gauge algebrasu(2),

which suggests that the defect hosts a six-dimensional gauge theory with gauge algebrasu(2) � 4.

Since all of them appear on the same central �ber the generalized symmetries are modi�ed by the

presence of M2-branes states stretching from one to another orbifold singularity.

Alternatively, on can �ll the circle with M (1)
2 monodromy which also has an F-theory interpretation.

The corresponding defect is the torus compacti�cation of anso(8) brane stack (consisting of four

D7-branes on top of an O7� ). This type IIB object is then further compacti�ed on a circle with

M (1)
1 monodromy, which involves the third torus direction and therefore will act as a non-geometric

twist. This is potentially dangerous since the SL(2; Z)S subgroup of SL(3; Z) acts on the brane

charges. For this to be well-de�ned it is necessary that the monodromiesM (1)
1 and M (1)

2 commute

which is indeed the case. This F-theory con�guration can be understood as the limit of vanishing

�ber volume of the M-theory background above, see Section 3.3. In this limit the shrinking of the

central curve leads to a gauge enhancement toso(8).

For monodromy M (2)
1 all three directions are involved and we can use the same techniques as

described in Appendix A, i.e., we �rst �nd a good basis for the three torus lattice in which the

duality action takes the form of an element in SO(3) and then describe the action on a multi-cover.

This shows that the central �ber in this case is given by

�
T2=Z2 � S1�

=Zs
2 ; (4.33)

where the additional quotient by Zs
2 encodes the a �bration structure of T2=Z2 that, going around

the base circle, exchanges two pairs of �xed points. This means that the resulting worldvolume

theory in the M-theory lift is given by a twisted circle compacti�cation of the su(2) � 4 theory, where

the twist relates two pairs of su(2) sectors, leaving a linear combination of twosu(2) gauge �elds

massless. Again, this con�guration can be smoothed by resolving the orbifold singularities, but now

the volume of some of the resolution curves are related via theZs
2 action.
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4.2.4. Codimension-four defects

The relevant bordism group for codimension-four defects is given by


 Spin
3 (BGU ) = e
 Spin

3 (BGU ) = Z � 3
3 � Z � 3

2 � Z � 3
8 : (4.34)

The Z3 and Z8 summands are generated by lens spaces, which we can interpret as the asymptotic

boundary of C2=Zk , and carry a non-trivial duality bundle, �xed by the monodromy around the

torsion 1-cycle of the lens space.

For the Z3 summands the three di�erent monodromies onL 3
3 = @

�
C2=Z3

�
are given by
 3, � (1)

3 , and

� (2)
3 . All of these backgrounds admit a geometrical interpretation within string theory or M-theory

and so do the necessary symmetry-breaking defects.

For 
 3 we can use the type IIB description and �nd that the defect is described by the singular

background
�
C2 � T2�

=Z3 ; (4.35)

which is of the form of a local Calabi-Yau 3-fold, and hence preserves one quarter of the supersym-

metry. At the location of the defect the T2 degenerates and we �nd three singularities of the form

C3=Z3. This space allows for a crepant resolution by blowing up aCP2 at the singular points. The

defect can therefore be understood as a partial compacti�cation of three such sectors in type IIB

string theory.

It might be tempting to try to describe this defect as a compacti�cation of the codimension-two

object related to S1 with 
 3 monodromy. For that one would resolve the singularC2=Z3 to the total

space ofO(� 3), a complex line bundle overCP1, and wrap the codimension-two object around

the CP1. However, this curve has self-intersection(� 3) and therefore, at least in the presence

of supersymmetry, demands a non-trivial axio-dilaton pro�le dictated by the discussion of non-

Higgsable clusters in Morrison and Taylor (2012). This would change the duality bundle and the

generator, and we are therefore guided towards this new genuinely codimension-four object.
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For � (1)
3 the interpretation is also geometrical in non-perturbative type IIB, i.e., F-theory, since the

SL(3; Z) monodromy only acts on a 2-torus which can be identi�ed with the F-theory �ber T2
F . This

leads to a F-theory background given by

�
C2 � T2

F

�
=Z3 � T2 : (4.36)

The �rst factor now precisely has the geometry of a non-Higgsable cluster, Morrison and Taylor

(2012). It can be resolved into a curve with self-intersection(� 3) over which the �ber develops

a type IV singularity, indicating the presence of 7-branes. Since the additional spacetimeT2 is

una�ected, the defect is given by the torus compacti�cation of the (� 3) non-Higgsable cluster. This

also con�rms the expectation that at least some of the brodism defects of the parent theory (here:

type IIB in ten dimensions) persist after compacti�cation. The resulting 4d theory has a strongly

coupled point in the moduli space where a 4d SCFT emerges. For the isolated(� 3) non-Higgsable

cluster this theory is given by an Argyres-Douglas theory of the formD3
�
SU(2)

�
, see Del Zotto et al.

(2015); Carta et al. (2023).11

The most interesting defect for the lastZ3 summand is given byL 3
3 with monodromy � (2)

3 , which

requires a discussion within M-theory for a geometric interpretation. Once more one �nds that the

defect contains singularities of the formC3=Z3, which combine the 8d geometry of the supergravity

theory with two of the three �ber coordinates in the M-theory lift. As mentioned above these can

be resolved by blowing up aCP2 at the singular point. This signals the appearance of a non-trivial

interacting SCFT in M-theory, see Witten (1996), with strings, coming from M5-branes onCP2,

becoming tensionless. As discussed in Section 4.1, there locally are three such singularities that get

exchanged when traversing the invariant �ber circle of the M-theory T3. We see that the duality

defect, with four-dimensional worldvolume, in the M-theory description has interesting dynamics

which consists of a twisted circle compacti�cation of three 5d SCFT sectors. From the central �ber

11 We thank Craig Lawrie for explaining which 4d SCFT emerges in this case.
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geometry in (4.8), we �nd the defect geometry

�
(T2 � C2)=Z3 � S1�

=Zs
3 ; (4.37)

where the action ofZs
3 exchanges the three local SCFTs sectors when going around theS1. In the

resolved geometry, this twist exchanges the threeCP2 resolutions of the blow-up, acting accordingly

on the string states.

The generators of theZ8 summands are very similar to the ones above with
 3 replaced by
 4 and

� (i )
3 by � (i )

4 , respectively.

The �rst Z8 is given by type IIB on a spacetime of the form

(T2 � C2)=Z4 : (4.38)

As opposed to the discussion of theZ3 quotients, however, there is no supersymmetric way of orb-

ifolding when the full Z4 acts on the torus �ber. This can be seen by considering the transformation

of the local (3; 0)-form composed out of theC2 coordinates(z1; z2) and the T2 coordinate y


 = dz1 ^ dz2 ^ dy ! e
2�i

4 (� 1� 1� 1)dz1 ^ dz2 ^ dy 6= 
 : (4.39)

The � 1 in the exponent corresponds to the allowed choices ofZ4 action on the individual coordinates.

Thus, it seems that the associated defect breaks supersymmetry. However, we believe this to be an

artifact of considering the duality group SL(2; Z) instead of its Spin lift Mp (2; Z). In fact for the

metaplectic group the Z4 element has a geometrical action of

y ! � y ; (4.40)

on the torus direction and there is a perfectly supersymmetric orbifold of the type (4.38). Again,

the same caveats of trying to relate the above backgrounds to a compacti�cation of theS1

 4

defect
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applies.

Similarly, the secondZ8 is given by

�
C2 � T2

F

�
=Z4 � T2 ; (4.41)

with the same issues concerning supersymmetry as above. Since, comparing to the analysis for

Z3, we expect this defect to be theT2 compacti�cation of (� 4) non-Higgsable cluster theory this

suggests again that the non-supersymmetric nature seems indeed to be an artifact of working with

the bosonic duality group. For the supersymmetric version, whereZ4 acts on T2
F by multiplication

with � 1, there is again a strongly coupled 4d SCFT at certain points of the moduli space, given by

SU(2) SQCD with four �avors Del Zotto et al. (2015); Carta et al. (2023).

The last Z8 summand needs an M-theoretic description to be geometric. With the description of

the central �ber as given in Appendix A, we �nd a geometry of the type

�
(T2 � C2)=Z4 � S1�

=Zs
2 ; (4.42)

where the Zs
2 action exchanges the twoC3=Z4 orbifold points. Again, we �nd that the quotient

is not compatible with supersymmetry, which should be resolved once one takes into account the

spin-cover of the duality group.

This leaves threeZ2 summands, given by the generators

S1
+ � S1

+ � S1

 4

; S1

 4

� S1
M (1)

1
� S1

M (1)
2

; S1

 4

� S1
M (2)

1
� S1

M (2)
2

: (4.43)

Each of them contains a direct factor ofS1

 4

and therefore the associated global symmetry is broken

by compactifying the associated codimension-two defect onS1
M ( i )

1

� S1
M ( i )

2

. Since the monodromies

M (i ) involve all coordinates of the T3 these compacti�cations will in general be non-geometric

twists, see Section 1.2.3, where the moduli �elds of the type IIB background will undergo non-

trivial monodromies. It is also reassuring that the defect we compactify does not contain any type
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IIB 7-branes which might not be invariant under the monodromiesM (i ) and therefore might not be

allowed in the compacti�cations. Thus, there are no actually new defects needed for this subset of

generators.

We see that in codimension four we obtain genuinely new defects that are associated to singular

type IIB geometries but also �nd situations in which the lower-codimension defects we found above

are compacti�ed. Once more this picture will be very common in the higher-codimension cases

discussed below. It is also the �rst time that we are confronted with non-geometry. However, not

the defects themselves are non-geometric, but rather they are compacti�ed on backgrounds with a

generally non-geometric action on the type IIB moduli �elds.

4.2.5. Codimension-�ve defects

The Z summand in the d = 4 bordism group is associated to the Spin manifold K3, and we will not

discuss it further. Instead we will focus on the reduced bordism group given by

e
 Spin
4 (BGU ) = Z � 2

3 � Z � 3
2 � Z � 2

4 ; (4.44)

which relies on the presence of non-trivial duality bundles.

The two Z3 summands are given by

S1

 3

� L 3
3 ; (4.45)

where the L 3
3 carries an SL(3; Z) duality bundle speci�ed by monodromy � (i )

3 . We see that these

are the direct product of two generators that were already known. Therefore, we can bound it

either by compactifying the codimension-two defects onL 3
3 or the codimension-four defects onS1


 3
.

As before we can ask whether this further compacti�cation is allowed. As above we note that the

defect associated to
 3 is a geometric background in type IIB without the presence of branes. Due to

this we expect that the compacti�cation on the three-dimensional lens spaces are possible, with� (1)
3

allowing for an F-theory description with varying axio-dilaton and � (2)
3 leading to a compacti�cation

with non-geometric twist, respectively. Alternatively, one can compactify the comdimension-four

defects onS1

 3

. For � (1)
3 this is the compacti�cation of the non-Higgsable cluster on a 3-manifold
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given by the torus �bration over S1, which presumably can be related to twisted compacti�cation

of the D3
�
SU(2)

�
theory discussed above (at least at scales where the volume of theT2 becomes

small). For � (2)
3 it is a circle compacti�cation of the theory discussed above, i.e., a twisted circle

reduction of the three copies of 5d SCFTs associated to M-theory onC3=Z3, with a non-geometric

twist. It would be interesting to study the e�ect of this twist on the worldvolume �elds at low

energy.

Since the compacti�cations of the higher-dimensional defects does not seem to lead to inconsisten-

cies, we do not need to include additional objects for these bordism generators.

An analogous story holds for the twoZ4 summands being generated by

S1

 4

� L 3
4 ; (4.46)

with SL(3; Z) bundle on L 3
4 determined by � (i )

4 . Again we have the choice of compactifying the

codimension-two defects onL 3
4 or the codimension-four defects onS1


 4
. Of course the same caveats

concerning supersymmetry as discussed in Section 4.2.4 apply.

One of the Z2 summands is generated byW4 which can be described as

W4 = ( L 3
4 � S1)=Z2 ; (4.47)

with Z2 acting as complex conjugation on theC2 which de�nes the L 3
4 and the anti-podal map

on S1. It therefore can be understood as the lens space �bered overS1. Filling in the �ber by

the inclusion of a codimension-four defect described above, see also the discussion in Debray et al.

(2023), the associated defect is naturally understood as a twisted circle compacti�cation of the

higher-dimensional defect. Since the complex conjugation �ips the sign of two of the normal co-

ordinates of the codimension-four defect it can be understood as a topological twist involving a

particular U (1) subgroup of the full R-symmetry group. This twist will likely project out some of

the massless localized degrees of freedom, but a detailed discussion goes beyond the scope of our
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investigation.

The remaining two Z2 are generated by disconnected sums ofS1

 4

� L 3
4 described above and a space,

which we call A. This A is given by the geometric con�guration

S1 � RP3 : (4.48)

The duality bundle is given by the monodromy elements when traversing the two non-trivial 1-cycles,

i.e., the S1 and the torsion 1-cycle ofRP3, respectively,

monodromy around S1 : M (i )
2 2 SL(3; Z) ;

monodromy around RP3 :
�

0

B
@

� 1 0

0 � 1

1

C
A ; M (i )

1

�
2 SL(2; Z) � SL(3; Z) :

(4.49)

Again, we can use the product manifold structure leading to two di�erent interpretations. We

can compactify the codimension-two defect associated to bounding theS1 factor, seen also form


 Spin
2 (BGU ), on the RP3 factor with its non-trivial duality bundle. Alternatively, we can de�ne a

new codimension-four object boundingRP3 with its bundle, which did not yet appear from lower

dimensional bordism groups and compactify it on theS1 factor. Since we already argued for the

inclusion of codimension-two defect the �rst possibility is more natural and we do not need to

include further defects.

4.2.6. Codimension-six defects

The relevant bordism group for codimension-six defect is given by

e
 Spin
5 (BGU ) = Z � 2

3 � Z9 � Z � 2
2 � Z � 2

2 � Z2 � Z4 ; (4.50)

where we already paired summands that are related by the di�erent embedding choices.

The Z9 summand has a geometric interpretation in type IIB string theory and is generated byL 5
3

66



with 
 3 monodromy. This can be understood as the asymptotic boundary of

(C3 � T2)=Z3 ; (4.51)

Moreover, by using theZ3 action of the form (!; ! � 1; !; ! � 1) with ! = e2�i= 3, we can interpret this

as a local patch of a singular elliptically-�bered Calabi-Yau 4-fold, containing three singularities of

the type C4=Z3 at the singular point. The singularities with Z3 action de�ned above are Gorenstein,

canonical, and terminal, so allow no crepant resolution. We hence �nd new (composite) string-like

objects.

The �rst Z3 summand is given by the lens spaceL 5
3 with monodromy

�

 3; � (1)

3

�
acting as the tensor

product 
 3 
 � (1)
3 and therefore requires a lift to F-theory. It can be interpreted as

(T2
F � T2 � C3)=Z3 ; (4.52)

which again seems to have a supersymmetric realization by choosing theZ3 action appropriately,

e.g.,

Z3 : (!; !; !; ! � 1; ! ) ; (4.53)

with ! as above. These localC5=Z3 singularities cannot be resolved while preserving supersymmetry.

These objects can be understood as being composite and consisting of three copies of S-strings. The

fact that there are three of them, due to the three singularities of the spacetime torus, also gives an

intuition why they only generate a Z3 summand and not a full Z9.

The secondZ3 summand is the �rst time that the tensor product of two monodromies appears on

the same 1-cycle which cannot be interpreted geometrically in any UV frame. Thus, this is the

�rst example of a non-geometric defect, i.e., a defect whose asymptotic boundary is not described

by a smooth geometry, but involves U-duality twists that involve spacetime moduli. They can be

understood as a non-perturbative generalization of T-folds in higher codimension.
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Two of the Z2 summands are generated byS1

 4

� A, with A carrying the two di�erent duality

bundles described in Section 4.2.8 above. Using the product structure, we can simply compactify

the codimension-two defects, asssociated toS1

 4

, on the spaceA. Since this carries duality bundles

in both factors of GU it is a compacti�cation with non-geometric twist, but it does not require the

introduction of further elementary objects.

We can proceed along the same lines for anotherZ2 summand generated byS1

 4

� W4, whose defect

is give by the codimension-two defect wrapped onW4. With W4 itself a �bration, this leads to a

double twisted con�guration with both topological and non-geometric duality twists.

The Z4 summand is given by a 5-manifoldQ5, which is described as aL 3
4 lens space bundle over

CP1. This can be understood as a compacti�cation of the defect associated to the �berL 3
4 on

CP1 with a topological twist associated to the non-trivial �bration. The duality bundle on L 3
4 is

provided by 
 4 and so one has the twisted compacti�cation of the codimension-four defect. Since

as for the defect itself the lift of this con�guration to type IIB does not lead to a spin structure for

the type IIB spacetime, it is highly questionable whether this con�guration survives after the lift

to the fermionic duality group. Instead it seems more likely that one encountersL 5
4 as a generator,

which is not spin itself, but the T2 �bration over it is.

The remaining two Z2 summands have the same spacetime geometryQ5
4 given by the lens space

L 3
4 �bered over CP1 as above, but the duality bundle over theL 3

4 �ber di�ers and is given by two

di�erent embeddings of Z4 into GU .

The �rst embedding corresponds to the tensor product
 4 
 � (1)
4 ; it represents an F-theory geometry

given by (T2
F � T2 � C2)=Z4 �bered over CP1. The symmetry-breaking defect is the defect of the

�ber, given by a new codimension-four object in the eight-dimensional spacetime wrapped onCP1

with a topological twist. Typically we would expect that such a defect does not survive the spin

lift to the duality group, because it does not lead to a spin structure for the type IIB spacetime.

Here, however, the F-theory duality bundle is non-trivial as well, which can allow type IIB to make
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sense on non-spin manifolds. Indeed there is a localZ4 action on C4, given by (!; !; !; ! ) which

has the potential to survive the lift, leading to a supersymmetric background. The corresponding

defects then have an interpretation as composite objects built out of the codimension-six objects,

compacti�ed on CP1 with twist. The fact that a multiplicity of these object is needed in the U-

duality defect, also explains why the associated bordism group summands are reduced. This is

another situation in which the codimension of the defect does not match the naive expectation from

the dimension of the bordism group generator.

The second embedding is given by the tensor product
 4 
 � (2)
4 , which is non-geometric. Pending

the lift to the fermionic bordism group, this suggests that one should include non-geometric defects

already in codimension four, with asymptotic geometryL 3
4 and monodromy above. The defect for

Q5
4 then corresponds to their twisted compacti�cation on CP1.

4.2.7. Codimension-seven defects

The defects in codimension seven associated to

e
 Spin
6 (BGU ) = Z � 2

3 � Z � 2
2 � Z2 � Z � 2

4 ; (4.54)

with one exception, given by the singleZ2 summand, are surprisingly simple. The reason is that all

of them are described by product manifolds.

The two Z3 summands are given byL 3
3 � L 3

3 with 
 3 monodromy on the �rst and � (i )
3 monodromy

on the second factor. This means that it is simply one of the corresponding codimension-four defect

described in Section 4.2.4 compacti�ed on the other lens space. No additional defects are necessary.

Very similarly, the two Z4 summands are given byL 3
4 � L 3

4 with 
 4 monodromy on the �rst and

� (i )
4 monodromy on the second factor. We can bound these spaces by the compacti�cation of the

codimension-four defects on the second lens space factor.

Two of the Z2 summands are generated byRP3 � RP3 with monodromy M (i )
1 and M (i )

2 on the

individual factors, respectively. Here, one has two possibilities to introduce symmetry breaking
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defects. Either one introduces new codimension-four objects, described by the singular geometry

M-theory geometry

(T3 � C2)=Z2 ; (4.55)

with the Z2 acting as multiplication by (� 1) on C2 and M (i )
1 or M (i )

2 on T3. These bound one of

the RP3 factors and are compacti�ed on the other one, which is twisted by the non-trivial duality

bundle on the second factor. Or one can resolve theC2=Z2 to the total space of the complex line

bundle O(� 2) over CP1, in which case one can wrap the codimension-two defects found in Section

4.2.3 over theCP1 and then compacti�es this con�guration on the other RP3 factor.

This leaves a singleZ2 summand with generatorW6 which we leave to future investigations.

4.2.8. Codimension-eight defects

The codimension-eight defects associated to the brodism group


 Spin
7 (BGU ) = Z � 2

3 � Z � 3
9 � Z � 6

2 � Z � 2
8 � Z � 2

16 � Z32 ; (4.56)

are given by both new objects as well as the compacti�cation of the defects introduced above.

The Z9 factors are given byL 7
3 with monodromy 
 3 or � (i )

3 . The �rst defect is geometric in type

IIB and described by the geometry

(T2 � C4)=Z3 ; (4.57)

which can be made into a local singular Calabi-Yau 5-fold by choosing the correctZ3 action, e.g.,

Z3 : (z1 ; z2 ; z3 ; z4 ; y) ! (!z 1 ; !z 2 ; !z 3 ; !z 4 ; ! � 1y) ; ! = e2�i= 3 : (4.58)

This geometry describes three local singularities of the formC5=Z3 with the action derived from

the one above. These singularities are Gorenstein, canonical and terminal. They therefore do not

posses a crepant resolution. Demanding supersymmetry to be unbroken one therefore obtains a

new fundamental defect, which is localized in the eight-dimensional spacetime, i.e., an instanton.
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From the type IIB con�guration one can actually see that it is a composite object formed of three

connectedC5=Z3 sectors.

Similarly, we can de�ne the defect with monodromy � (1)
3 with the same action as above, but now

with the torus interpreted as the F-theory �ber. The full geometry has the form

T2 � (T2
F � C4)=Z3 ; (4.59)

and we �nd the torus compacti�cation of a codimension-eight defect which has the potential to

lead to an exotic (8; 2) supersymmetry in two dimensions, which would further survive the torus

compacti�cation.

The last defect of this family is geometric only in the M-theory duality frame and given by the bulk

geometry
�
(T2 � C4)=Z3 � S1�

=Zs
3 ; (4.60)

with the �rst factor having the same singularity structure as above. Thus, one obtains the twisted

circle compacti�cation of three sectors associated to M-theory onC5=Z3.

The remaining generators at prime3 only generateZ3 summands and are given again by the lens

spaceL 7
3 but with monodromy given by the tensor product 
 3 
 � (i )

3 . For � (1)
3 one has the F-theory

geometry

(T2
F � T2 � C4)=Z3 ; (4.61)

which can be made into a local, singular Calabi-Yau 6-fold. It is associated to an instanton-

like object which can also be understood as the compacti�cation of string, also mentioned above,

on T2=Z3. This suggests that the exotic supersymmetry, if present might be reduced further as

also supported by the description as local Calabi-Yau 6-fold, which naively preserves only132 of

supersymmetry, i.e., a single real supercharge.

The last generator at prime3 is non-geometric. The geometric action in the M-theory frame is given
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by the generator of L 7
3 with � (2)

3 monodromy above. However, now there is also an action on the

moduli �elds when traversing the torsion 1-cycle. Thus, it can be called a non-geometric instanton.

Two of the Z2 summands are described geometrically by

(L 7
3 � K3)=Z2 ; (4.62)

where Z2 acts by the Enriques involution on K3 and complex conjugation onL 3
4. The resulting

space can also be understood as a �ber bundle over the Enriques surfaceE with �ber L 3
4. The

duality bundle is given by monodromy � (i )
4 when traversing the torsion 1-cycle of the �ber. Since

the Z2 acts on this monodromy has aD8 = Z4 o Z 2 bundle. The associated defects are obtained

by �lling the �ber with the with the codimension-four defect associated to L 3
4 with monodromy � (i )

4

and compactifying onE. However, this in itself would likely not be consistent, sinceE is not a spin

manifold. However, the �bration adds a topological twist in the compacti�cation which ensures the

consistency of fermions living on the defect with appropriate R-symmetry charge.

Two Z2 summands are generated byS1

 4

� RP3� RP3 with duality bundle on the RP3 factors as above,

i.e., given by M (i )
1 and M (i )

2 around the non-trivial 1-cycles. The associated defects are hence the

compacti�cation of the S1

 4

defect on the two copies of real projective space. Since the monodromies

M (i ) involve all three components of SL(3; Z) this compacti�cation contains a non-geometric twist,

with some of the type IIB moduli undergoing a non-trivial transformation.

Another Z2 summand is given byS1

 4

� W6 and the defect corresponds to the compacti�cation of

the S1

 4

defect on the spin 6-manifold with duality bundle described byW6.

The last Z2 summand combines with theZ32 summand to generate a copy of
 Spin
7 (B Z4) coming

from the SL(2; Z) factor of the full duality group. The generators are given by the seven-dimensional

lens spacesL 7
4 and eL 7

4, which di�er by the choice of spin structure and duality bundle determined

by monodromy 
 4 around the torsion 1-cycle. The defects have a geometric interpretation on type
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IIB given by the geometry

(T2 � C4)=Z4 : (4.63)

This geometry is a�ected by the same spin-lift issues as forL 3
4 in Section 4.2.4. We expect this to

be resolved by re�ning with the spin-lift of the duality group, for which the correct generator likely

becomes aL 5
4 bundle over CP1, similar to the Q5

4 in dimension �ve.

The two Z8 summands are constructed using the geometry

T4 � RP3 ; (4.64)

with non-trivial duality bundle. The monodromies around the four di�erent 1-cycles of the torus are

given by 
 4, M (i )
1 , M (i )

2 , and M (i )
2 , respectively. The monodromy around the torsion cycle ofRP3 is

given by the tensor product 
 2
4 
 M (i )

1 . Do to the appearance of various circles with monodromies

encountered before there are several possibilities for the symmetry breaking defect. For example,

we can �ll the �rst circle of the T4 factor by including the defect associated toS1

 4

, which then is

compacti�ed on the remaining 6-manifold. Since the monodromies on this 6-manifold involve the

full duality group this is a compacti�cation with a non-geometric twist. Equivalently, one could

�ll the circle with M (i )
2 monodromy using the codimension-two defect discussed in Section 4.2.3,

compacti�ed on the remaining factors involving the non-geometric twist.

The two Z16 summands are give byL 7
4 with monodromy given by � (i )

4 . For the F-theory generator

with monodromy � (1)
4 one encounters a geometry of the form

T2 � (T2
F � C4)=Z4 ; (4.65)

for which one �nds the same complications involving the spin-lift as discussed above. It is therefore

described by a torus compacti�cation of a new string-like object which is questionable to survive

the lift to the fermionic duality group.
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The other generator requires a lift to M-theory and corresponds to the geometry

�
(T2 � C4)=Z4 � S1�

=Zs
2 ; (4.66)

which contains 2 local C5=Z4 singularities, with the question about their fate after the spin-lift,

which are exchanged byZs
2 when going around the circle. The third singularity is also of type

C5=Z4, however, the action on theT2 �ber component is di�erent, re�ecting the C=Z2 singularity

in the �ber. This con�guration furnishes a twisted circle compacti�cation of a composite particle-like

object, whose fate after the spin lift is unclear.

We see that the breaking of global symmetries associated to non-trivial bordism classes for the

U-duality groups requires the introduction of many interesting string and M-theory backgrounds.

However, we also see that, in particular at prime2, the fate of these object in the full theory requires

a better understanding of the lift of the U-duality group to fermions.

74



CHAPTER 5

First calculations, and the plan

5.1. First spin bordism of U-duality groups

In this section, we determine
 Spin
1 (BG) for any given bosonic U-duality groupG. The calculation

amounts to determining the Abelianization of G, denoted Ab(G). Indeed, an easy application of

the Atiyah-Hirzebruch spectral sequence reveals that


 Spin
1 (BG) �= H1(BG; Z) � 
 Spin

1 (pt) �= Ab(G) � 
 Spin
1 (pt) : (5.1)

Lemma 5.2 (Abelianization of 10d to 7d U-duality groups). Consider the U-duality groups of 10,

9, 8, and 7 dimensional supergravity:

G10d
U = SL(2; Z) ; G9d

U = SL(2; Z) � Z2 ; G8d
U = SL(3; Z) � SL(2; Z) ; G7d

U = SL(5; Z) : (5.3)

Then,

Ab(G10d
U ) = Z12; Ab(G9d

U ) = Z12 � Z2; Ab(G8d
U ) = Z12; Ab(G7d

U ) = 0 (5.4)

Proof. The Abelianizations of SL(n; Z) are well-known:

Ab
�
SL(1; Z)

� �= 1; Ab
�
SL(2; Z)

� �= Z12 and Ab
�
SL(n; Z)

� �= 0 for n � 3 (5.5)

The claim then follows from the fact that Abelianization respects direct products.

The remaining U-duality groups require more machinery. In part, they require an identi�cation

of the groups SO(5; 5; Z), SO(6; 6; Z), and SO(7; 7; Z) with a certain class of Chevalley-Demazure

group schemes; see (Vavilov and Plotkin, 1996, Ÿ2-7) for an introduction.

Lemma 5.6. The groupsSO(5; 5; Z), SO(6; 6; Z), and SO(7; 7; Z) are perfect.
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Proof. Consider SO(5; 5; Z), where we takeO(5; 5; Z) consists of the matricesA satisfying

AT

0

B
@

0 1n

1n 0

1

C
A A =

0

B
@

0 1n

1n 0

1

C
A (5.7)

SO(5; 5; Z) is the group of Z-points of a Chevalley-Demazure group scheme of typeD5;

see (Vavilov and Plotkin, 1996, Ÿ8). LetEO(5; 5; Z) � SO(5; 5; Z) be the associated elementary

Chevalley-Demazure group. SinceZ is Euclidean, EO(5; 5; Z) = SO(5 ; 5; Z). The claim that

SO(5; 5; Z) is perfect then follows from the fact that EO(5; 5; Z) is perfect (Stein, 1971, Corollary

4.4). The same reasoning can be used to show thatSO(6; 6; Z) and SO(7; 7; Z) are perfect.

We also make use of the following lemma due to Obers and Pioline.

Lemma 5.8 (Obers and Pioline (1999a)). The D-dimensional U-duality groupED (D ) can be written

as

ED (D ) (Z) = SL( D; Z) ./ SO(D � 1; D � 1; Z) (5.9)

where .̀/ ' denotes the knit product.

A review of the knit product and why we should expect the U-duality group to be given as above

is given in Appendix B.

Lemma 5.8 and Lemma 5.6 allow us to determine the remaining Abelianizations.

Lemma 5.10 (Abelianization of 6d to 3d U-duality groups). Consider the U-duality groups of 6,

5, 4, and 3 dimensional supergravity:

G6d
U = SO(5; 5; Z); G5d

U = E6(6) (Z); G4d
U = E7(7) (Z); G3d

U = E8(8) (Z) (5.11)

Then,

Ab(G6d
U ) �= 0; Ab(G5d

U ) �= Z2; Ab(G4d
U ) �= Z2; Ab(G3d

U ) �= Z2 (5.12)
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Proof. The claim follows from Lemma 5.8, Lemma 5.6, and that the knit product of perfect groups

is perfect.

We now have everything we need to determine the �rst spin bordism group of the various U-duality

groups using (5.1). We summarize the results in Table 5.1.

Maximal supergravity U-duality group 
 Spin
1 (BG)

10d Supergravity SL(2; Z) Z2 � Z12

9d Supergravity SL(2; Z) � Z2 2Z2 � Z12

8d Supergravity SL(3; Z) � SL(2; Z) Z2 � Z12

7d Supergravity SL(5; Z) Z2

6d Supergravity SO(5; 5; Z) Z2

5d Supergravity E6(6) (Z) Z2

4d Supergravity E7(7) (Z) Z2

3d Supergravity E8(8) (Z) Z2

Table 5.1: First spin bordism group of U-duality groups

We remark that the generators of these �rst spin bordism groups are straightforward. Recall that

for a generalized homology theoryE and spaceX ,

E � (X ) �= E � (pt) � eE � (X ) (5.13)

Furthermore, recall that 
 Spin
1 (pt) = Z2 and is generated byS1

p , where S1
p is the circle with Spin

structure induced from the Lie group framing, i.e., periodic boundary condition for fermions. Since


 Spin
1 (BG) �= Z2 for the 7d, 6d, 5d, 4d, and 3d U-duality groups, we conclude that the generator

for these groups isS1
p . The �rst spin bordism for the remaining U-duality groups, those for 10d, 9d,

and 8d supergravity, have additional generators. Each group contains a factor ofZ12
�= Z3 � Z4;

the generators for which were determined in Debray et al. (2023). Finally, the group corresponding

9d supergravity has an additionalZ2 summand coming from
 Spin
1 (B Z2), which we leave to future

discussion to address.
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5.2. Reducing fromSL(2; Z) and SL(3; Z) to �nite groups

The most important step in our computations, and the reason we are able to go so much farther for

8d than for lower-dimensional theories, is a tool called astable splitting. This is an idea coming from

homotopy theory which expresses generalized (co)homology of a space as a direct sum of that of

simpler spaces. Stable splittings are known forB SL(2; Z), B SL(3; Z), and B SL(2; Z) � B SL(3; Z);

the existence of stable splittings for other U-duality groups would allow an extension of our methods

to lower-dimensional supergravity theories.

5.3. What is a stable splitting?

Recall that a pointed spaceis a spaceX equipped with a distinguished point x 2 X . A map of

pointed spaces is a continuous map that sends the basepoint to the basepoint. The homotopy theory

of unpointed spaces embeds into the homotopy theory of pointed spaces by sending a spaceX to

X + := X q f 0g, with 0 as the basepoint. Thus the unreduced (generalized) (co)homology ofX is

the reduced (generalized) (co)homology ofX + , and indeed this is often taken as a de�nition.

De�nition 5.14 (Spanier (1956)). Let f : X ! Y be a map of pointed spaces. We sayf is an

S-equivalenceif for every generalized homology theoryE � , the map f � : eE � (X ) ! eE � (Y ) is an

isomorphism.

One may just as well use generalized cohomology theories. Spanier's original de�nition looks di�er-

ent, but is equivalent to this one for all spaces with the homotopy type of CW complexes.

The wedge sumof pointed spacesX and Y , denoted X _ Y , is the quotient of X q Y identifying

the two basepoints into a single pointb. X _ Y is pointed, with basepoint b. For any generalized

homology theoryE � , the inclusion mapsi 1 : X ! X _ Y and i 2 : Y ! X _ Y induce an isomorphism

(i 1; i 2) : eE � (X ) � eE � (Y )
�=�! eE � (X _ Y); (5.15)

indeed, this is one of the Eilenberg-Steenrod axioms of a generalized homology theory. An analogous

fact is true for generalized cohomology theories.
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De�nition 5.16. A stable splitting of a pointed spaceX is data of mapsf : Y ! X and g: Z ! X

such that (f _ g) : Y _ Z ! X is an S-equivalence. A stable splitting of an unpointed spaceX is

de�ned to be a stable splitting of X + .

We de�ne stable splittings of spaces into three or more wedge summands analogously. Moreover,

in view of the suspension isomorphism on generalized (co)homology, we allowf and g to only be

de�ned after suspendingX , Y , and Z k times for somek � 0.

Thus a stable splitting of X realizes the generalized homology groups ofX as a direct sum of those

of Y and Z . We will be interested in this for E � = 
 Spin
� .

Example 5.17. For any nonempty spaceX , a choice of basepoint inX induces a stable splitting

of X + into S0 _ X . This realizes the splitting of unreduced (generalized) (co)homology into reduced

(generalized) (co)homology and the (generalized) (co)homology of a point:

E � (X ) �= eE � (X ) � E � (pt) ; (5.18)

sinceE � (pt) �= eE � (S0).

Example 5.19. For nonempty spacesX and Y with basepoints x0 2 X and y0 2 Y , Example 5.17

can be iterated to produce a stable splitting ofX � Y into the four piecesS0 _ X _ Y _ (X ^ Y), and

analogously with products of more than two nonempty spaces. HereX ^ Y is the smash product,

de�ned to be the quotient of X � Y in which we identify all points of the form (x; y0) and (x0; y)

with the basepoint (x0; y0).

Example 5.19 expresses a kind of distributivity of wedge sums/stable splittings over products.

For most spaces of interest in applications to physics,Hn (X ) is a �nitely generated Abelian group.

Thus we may study H � (X ), as well as many generalized (co)homology theories onX , by �working

one prime at a time:� tensoring with the ring Z(p) of rational numbers whose denominators are

coprime to a chosen prime numberp. For �nitely generated Abelian groups, this has the e�ect of

preserving free summands andZpk summands, and throwing out`-torsion for primes ` 6= p. This is
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a standard technique in homotopy theory; see (Debray et al., 2023, Ÿ10.2) for more information.

In particular, we may apply this philosophy to stable splittings.

De�nition 5.20. A p-local S-equivalenceis a mapf : X ! Y such that for all generalized homology

theories E � , the map f � : E � (X ) 
 Z(p) ! E � (Y ) 
 Z(p) is an isomorphism.

A p-local stable splitting is de�ned identically to De�nition 5.16, but with p-local S-equivalence in

place of S-equivalence.

Thus, if H � (X ) is �nitely generated in each degree, if we have ap-local stable splitting of X for

every prime p into pieces whoseE-homology we can calculate, we can recover theE-homology of

X .

Remark 5.21. The standard de�nition of stable splitting (as in, for example Mitchell and Priddy

(1984, 1983)) works with spectra: a stable splitting ofX into Y and Z is a stable homotopy

equivalence� 1 (Y _ Z ) '! � 1 X , and likewise with the p-localizations of these spectra andp-

local stable splittings. One may also allowY and Z to be spectra. We mostly do not need this

generalization and so chose to give the simpler de�nition.

5.4. Stably splitting BSL(2; Z) � BSL(3; Z)

The following result is well-known; see (Debray et al., 2023, Lemmas 12.2 and 12.7), for example,

for a proof.

Proposition 5.22.

1. There is a 2-local S-equivalenceB Z4 ! B SL(2; Z) induced from the group homomorphism

Z4 ,! SL(2; Z) de�ned by sending1 2 Z4 to the matrix S =

0

B
@

0 � 1

1 0

1

C
A .

2. There is a 3-local S-equivalenceB Z3 ! B SL(2; Z) induced from the group homomorphism

Z3 ,! SL(2; Z) de�ned by sending1 2 Z3 to the matrix (ST)2 =

0

B
@

� 1 � 1

1 0

1

C
A .
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3. If p � 5 is a prime number, B SL(2; Z) ! pt is a p-local S-equivalence.

We useD2n to refer to the dihedral group with 2n elements, with presentation

D2n =


r; s j r n = s2 = 1 ; srs = r � 1�

: (5.23)

De�nition 5.24. Let � 1; � 2 : D6 ! SL(3; Z) be the homomorphisms de�ned on generators by:

� 1(r ) =

0

B
B
B
B
@

1 0 0

0 � 1 � 1

0 1 0

1

C
C
C
C
A

� 1(s) =

0

B
B
B
B
@

� 1 0 0

0 1 1

0 0 � 1

1

C
C
C
C
A

(5.25a)

� 2(r ) =

0

B
B
B
B
@

0 1 0

0 0 1

1 0 0

1

C
C
C
C
A

� 2(s) =

0

B
B
B
B
@

0 0 � 1

0 � 1 0

� 1 0 0

1

C
C
C
C
A

: (5.25b)

The reader can check that the matrices in (5.25) have determinant1 and satisfy the relations

in (5.23), so that they de�ne homomorphismsD6 ! SL(3; Z) as claimed.

Proposition 5.26 ((Brown, 1976, Ÿ6), (Soulé, 1978, Theorem 4(iii))). For any prime p � 5, the

map B SL(3; Z) ! pt is a p-local S-equivalence.

Proposition 5.27 ((Brown, 1976, Ÿ6), (Soulé, 1978, Corollary (i) to Lemma 8), (Minami, 1994,

Ÿ0)). The maps B� 1; B� 2 : BD 6 ! B SL(3; Z) de�ne a 3-local stable splitting of B SL(3; Z) into

BD 6 _ BD 6.

Remark 5.28. Brown and Soulé expressed their results at the level of cohomology, and did not discuss

stable splittings. The stable splitting follows from their theorems and the Whitehead theorem

in a standard way; (Minami, 1994, Ÿ0) explicitly describes Soulé's theorem as a stable splitting.

Both Soulé and Minami describe Proposition 5.27 usingBS3 and BD 12 instead of BD 6 twice,

but S3
�= D6 and the standard inclusion D6 ,! D12 induces a3-local homotopy equivalence on
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classifying spaces (Debray et al., 2023, Ÿ14.1), so the result is the same.

The speci�c matrices come from those used by Soulé as follows: in (Soulé, 1978, Prop. 1, p. 9), he

gives explicit matrices generating aD12 subgroup of SL(3; Z) which he callsQ, and the image of

� 1 is the usual D6 � D12. For � 2, Soulé labels a certainS4 subgroup O, and the image of� 2 is the

usual D6
�= S3 � S4. Brown chooses di�erent matrices.

The 2-local stable splitting is slightly more complicated; unlike in the previous cases, the pieces of

the stable splitting are not all induced by inclusions of subgroups.

Mitchell and Priddy (1983) de�ne a spectrum L(2) (called Sp4(S0) in their earlier work

Mitchell and Priddy (1984), with no relation to the symplectic group). We will not need to know

much about L (2), but see (Mitchell and Priddy, 1984, Ÿ3) for a de�nition and basic properties.

Proposition 5.29 ((Minami, 1994, Theorem 3.4(iii))) . After 2-localization, there are maps

 1;  2 : B SL(3; F2) ! B SL(3; Z) and  3 : L (2) ! B SL(3; Z) such that

( 1;  2;  3) : B SL(3; F2) _ B SL(3; F2) _ L(2) �! B SL(3; Z) (5.30)

is a 2-local stable splitting ofB SL(3; Z).

Proposition 5.29 is complicated by the fact that the maps 1 and  2 are not to our knowledge

induced by group homomorphisms fromSL(3; F2) to SL(3; Z). We �nish out this subsection by

providing a description of these maps that works well for describing U-duality defects.

Recall that the symmetric group S4 admits a presentation

S4 =


c; � j c4 = � 2 = ( �c )3 = 1

�
: (5.31)

where c = (1 2 3 4) and � = (1 2) . Let � 3 : S4 ! SL(3; Z) be the homomorphism de�ned on
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generators by

� 3(c) =

0

B
B
B
B
@

1 1 1

� 1 0 0

0 � 1 0

1

C
C
C
C
A

� 3(� ) =

0

B
B
B
B
@

0 � 1 0

� 1 0 0

0 0 � 1

1

C
C
C
C
A

: (5.32)

The reader can check these matrices have determinant1 and satisfy the relations in (5.31); al-

ternatively, recall that the standard three-dimensional irreducible representation ofS4 consists of

matrices with integer-valued entries, so de�nes a homomorphisme� 3 : S4 ! GL(3; Z). There is an

isomorphismGL(3; Z) �= SL(3; Z) � GL(1; Z) de�ned by sending a matrix A to (det(A) � A; det(A)) ,

and � 3(x) = det( e� 3(x)) � e� 3(x).

Remark 5.33. Soulé's and Minami's arguments imply that we may let� 3 be any map S4 ! SL3(Z)

such that the composition S4 ! SL3(Z) ! SL3(F2) with mod 2 reduction agrees with the usual

inclusion S4 ! SL3(F2) given by the standard three-dimensional representation (permutation mod-

ulo trivial). This is because Minami's proof of the splitting in Minami (1994) ultimately only relies

on the structure of (Minami, 1994, Corollary 3.3), which only needs to know that, restricted toS4,

this map is a section of the mod2 reduction map. The representation� 3 satis�es this by de�nition;

alternatively, Minami chooses the matrices labeledO in (Soulé, 1978, Theorem 2).

Proposition 5.34 ((Mitchell and Priddy, 1984, Theorem B)) . Let q: SL(3; Z) ! SL(3; F2) be the

homomorphism reducing the entries of a matrix mod2, and let � : S4 ! Z2 be the sign homomor-

phism. Then there is a stable map 4 : BS4 ! L (2) such that

(B�; B (q � � 3);  4) : BS4 �! B Z2 _ B SL(3; F2) _ L(2) (5.35)

is a 2-local stable splitting.

Thus for any kind of bordism of B SL(3; F2), every bordism class can be represented by a manifold

with SL(3; F2)-bundle induced from anS4-bundle via q � � 3.12

12 In fact, one can pull back further to D 8 (Mitchell and Priddy, 1984, Theorems A and B), which we used to help
constrain the search space for generators of bordism groups.
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Proposition 5.36. There is a homotopy equivalence of stable maps

Bq ' ((  2;  3) � (Bq � � 3;  4)) : BS4 �! B SL(3; F2) _ L(2) �! B SL(3; Z): (5.37)

That is, in the isomorphism e
 Spin
� (B SL(3; Z)) �= e
 Spin

� (B SL(3; F2)) � e
 Spin
� (B SL(3; F2)) � 
 Spin

� (L (2))

induced by Proposition 5.29, the second and third summands can be realized by computinge
 Spin
� (BS4),

throwing out all classes which are nontrivial when pulled back to aZ2 re�ection subgroup of S4, and

then changing fromS4-bundles toSL(3; Z)-bundles viaq.

Proof. This almost completely follows by combining Remark 5.28 and Proposition 5.34, except that

we are also claiming that the factors ofL (2) match. Fortunately, (Minami, 1994, Corollary 3.3)

shows that the L(2) stable summand ofB SL(3; Z) is in fact pulled back to a stable summand of

BS4 via � 3, so we are all set.

See (Dwyer and Wilkerson, 1993, Theorem 4.1) for a2-adic analogue of this story, which may be

expressed directly in terms of a representationSL3(F2) ! GL3(Ẑ2).

Finally, we have to dispatch  1.

Proposition 5.38 (Minami (1994)). Let � 4 : S4 ! SL3(Z) be the homomorphism de�ned on gen-

erators by

� 4(c) =

0

B
B
B
B
@

0 0 � 1

� 1 0 � 1

0 1 1

1

C
C
C
C
A

� 4(� ) =

0

B
B
B
B
@

� 1 0 0

0 0 1

0 1 0

1

C
C
C
C
A

; (5.39)

and let i : S4 ! SL3(F2) be the usual three-dimensional representation. ThenB� 4 =  1 � Bi : BS4 !

B SL3(Z).

Thus  1 itself is transfer � 1
+ B SL3(F2) ! � 1

+ BS4 followed by i : BS4 ! B SL3(Z).

Remark 5.40. In (4.9), we replaced� 4(c) with a di�erent matrix � (1)
4 . The two matrices are conjugate
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in SL(3; Z) through the change-of-coordinates matrix

0

B
B
B
B
@

1 0 1

0 1 1

� 1 � 1 0

1

C
C
C
C
A

: (5.41)

Thus the two maps B Z4 ! B SL(3; Z) induced by � 4 and � (1)
4 are homotopy equivalent, so for the

purpose of studying bordism classes of manifolds with monodromy contained in thisZ4, we can

(and do) use� (1)
4 .

Analogously to the stable and/or cohomological splittings by Brown (1976), Soulé (1978), and

Minami (1994) that we used above, there is also related work studying theK -theory of B SL(3; Z)

and similar objects, including that of Adem (1992, 1993a,b), Tezuka and Yagita (1992), Juan-Pineda

(1998), Lück (2007), Sánchez-García (2008), Joachim and Lück (2013), Bárcenas and Velásquez

(2014, 2016), Hughes (2021), and Lück et al. (2024).

5.5. Our strategy: the Künneth map

At the only primes that matter for our computation, 2 and 3, we have similar-looking structure:

a �nite cyclic group C and a �nite non-Abelian group G containing C, and we need to determine


 Spin
� (BC ), 
 Spin

� (BG), and e
 Spin
� (BC ^ BG). For p = 3 , C = Z3 and G = D6 (6), and for p = 2 ,

C = Z4 and G = S4 (7).

In the degrees we are interested in,
 Spin
� (BC ) and 
 Spin

� (BG) are in the literature, and e
 Spin
� (BC ^

BG) is not: see (Bruner and Greenless, 2010, Example 7.3.2) for
 Spin
� (B Z3), (Bruner and Greenless,

2010, Example 7.3.3) for
 Spin
� (B Z4), (Debray et al., 2023, Ÿ14.1) for
 Spin

� (BD 6) at p = 3 , and

Bayen (Bayen, 1994, Chapter 3) for
 Spin
� (BS4) at p = 2 .13 We thus could have directly attacked

e
 Spin
� (BC ^ BG), but the computation becomes a bit messy, especially when it comes time to �nd

manifold representatives for a generating set of these bordism groups. We will instead do something

di�erent: there is extra structure present in this problem, and we will use it.

13 Bayen states the result for BD 8 , but also explains how it applies for BS4 .
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Theorem 5.42. Let C and G be as above andE � be a multiplicative generalized homology theory.14

1. The multiplication map m : C � C ! C induces the structure of a graded-commutativeE � (pt) -

algebra onE � (BC ), whose multiplication is called thePontrjagin product .

2. The mapm promotes the Künneth mapE � (BC ) 
 E � (BG) into the action map of anE � (BC )-

module structure onE � (BC � BG).

3. The map m induces the structure of a spectral sequence of algebras on both the Adams and

Atiyah-Hirzebruch spectral sequences computingE � (BC ): each Er -page has the structure of

a Z2-graded-commutative algebra over the respective spectral sequence computingE � (pt) , and

di�erentials satisfy the Leibniz rule

dr (xy) = dr (x)y + ( � 1)jx jxdr (y) (5.43)

for x and y in the spectral sequence forE � (C) or E � (pt) .

4. Likewise, m re�nes the Künneth map on the Er -page of the Atiyah-Hirzebruch and Adams

spectral sequences forE � (BC � BG) to the structure of aZ2-graded module over the respective

spectral sequence forE � (BC ), with di�erentials again satisfying the Leibniz rule (5.43).

5. All of this is natural in E � with respect to morphisms of homotopy-commutative ring spectra.


 Spin
� is a multiplicative generalized cohomology theory, with multiplication induced from the di-

rect product of manifolds. This implies the 
 Spin
� -algebra structure on 
 Spin

� (BC ) helps us �nd

generators: if M is a k-manifold representing a classx 2 
 Spin
k (BC ) and N is an `-manifold rep-

resenting y 2 
 Spin
` (BC ), then M � N representsxy 2 
 Spin

k+ ` (BC ). The analogous fact is true if

y 2 
 Spin
` (BC � BG). This informs our plan of attack:

1. Compute the ring structure on the Adams (if p = 2 ) or Atiyah-Hirzebruch (if p = 3 ) spectral

14 Precisely, we want E � to be the generalized homology theory associated to a homotopy-commutative ring spectrum
E . That is, the product on E -cohomology can be lifted to the point-set level, where it may or may not be commutative,
but on cohomology it is commutative.
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sequence for
 Spin
� (BC ), and all di�erentials, in low degrees. Then use this to determine the

ring structure on 
 Spin
� (BC ) itself in low degrees.

2. Run the same spectral sequence computing
 Spin
� (BG).

3. Combine these to determine the module structure on the spectral sequence for
 Spin
� (BC � BG)

in low degrees, and use this spectral sequence to compute all di�erentials in low degrees.15

4. Use this to compute the
 Spin
� (BC )-module structure on 
 Spin

� (BC � BG) in low degrees.

5. Determine manifold representatives for the low-degree generators of
 Spin
� (BC ) as a ring and


 Spin
� (BC � BG) as an 
 Spin

� (BC )-module; then take direct products of these generators to

obtain additive generators for these bordism groups (i.e. what we need for applications to

string theory).

15 We actually modify this strategy slightly: 
 Spin
� (BC � BG) and the spectral sequence computing it split into

the respective data for BC and for (BC + ) ^ BG. At this point in the calculation we already know 
 Spin
� (BC ) in the

degrees we need, so we focus on(BC )+ ^ BG. We will elaborate on this in Remark 6.16.
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CHAPTER 6

The calculation at p = 3

6.1. Calculations and generators forBZ3 and BD 6

6.1.1. Atiyah-Hirzebruch spectral sequence for
 Spin
� (B Z3)

Recall that H � (B Z3; Z) consists of aZ in degree0, Z3 in each odd positive degree, and0 in all

other degrees. By the universal coe�cient theorem, the same is true forZ(3) -homology, except with

Z replaced with Z(3) .

Lemma 6.1 (Cartan (1955)). The Pontrjagin product on H � (B Z3; Z(3) ) is trivial: there is a Z(3) -

algebra isomorphism

H � (B Z3; Z(3) ) �= Z(3) [y1; y3; y5; : : : ]=(3yi ; yi yj for all i; j � 1): (6.2)

Indeed, since all positive-degree classes have odd degree, the product of any two positive-degree

classes has even degree and therefore vanishes.

Corollary 6.3.

1. The E 2-page of the Atiyah-Hirzebruch spectral sequence for
 Spin
� (B Z3) is isomorphic as al-

gebras to

Z(3) [p1; p2; : : : ; y1; y3; y5; : : : ]=(3yi ; yi yj for all i; j � 1); (6.4)

with pi 2 E 2
0;4i and yi 2 E 2

i; 0.

2. This spectral sequence collapses on theE 2-page.

Proof. Part (1) is straightforward from the de�nition of the Atiyah-Hirzebruch spectral sequence,

except for the ring structure. This follows from the description of the ring structure in Lemma 6.1
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via the map � : B Z3 � B Z3 ! B Z3 induced by the group operation, then using the map of Atiyah-

Hirzebruch spectral sequences induced by� .

Part (2) amounts to showing all di�erentials vanish. From the relation yi yj = 0 , one learns that

every homogeneous element on theE 2-page (with respect to the bigrading) is either a polynomial in

the classespi or yj times such a polynomial, and the former case occurs only inE 2
0;� . All di�erentials

to or from E 2
0;� vanish, because they can be transferred along the mapspt ! B Z3 ! pt to the

Atiyah-Hirzebruch spectral sequence of a point, where they must vanish. The remaining classes,

those of the formyj times a polynomial in the classspi , all have odd total degree; since di�erentials

decrease total degree by1, all di�erentials must have domain or codomain a group in even total

degree, and the only nonzero even-degree elements are those on the linep = 0 , for which di�erentials

vanish.

Nevertheless, there are nontrivial extensions in this spectral sequence.

Theorem 6.5.

1. There is an isomorphism of
 Spin
� -algebras


 Spin
� (B Z3) �= 
 Spin

� [`1; `3; `5; `7; : : : ]=(` i ` j ; 3`1; 3`3; 3`5 � v1`1; 3`7 � v1`3; : : : ) (6.6)

where j` i j = i and all generators and relations not listed are in degrees greater than7.

2. The isomorphism in (6.6) may be chosen so that the image of` i in the E1 -page of the Atiyah-

Hirzebruch spectral sequence isyi .

Beware: the pattern suggested by (6.6) does not continue in the way one might guess:`9 generates

a group isomorphic toZ27, for example.

Proof. First we need to resolve extensions by3. To do so, we reduce from3-localized spin bordism

to Brown-Peterson homologyBP � in the manner described in (Debray et al., 2023, Ÿ10.5); this

determines3-local spin bordism as a graded Abelian group but does not determine the ring structure.
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The graded Abelian group BP � (B Z3) was computed by (Bahri et al., 1989, Theorem 1.2(a));

see (Debray et al., 2023, Ÿ12.2) for an explicit description of these groups in low degrees. In par-

ticular, gBP 1(B Z3) �= Z3, gBP 3(B Z3) �= Z3, gBP 5(B Z3) �= Z9, and gBP 7(B Z3) �= Z9, and all other

reducedBP -homology groups ofBP in degrees7 and below vanish.

The proof of the theorem then amounts to the observation that (6.6) is the only ring structure

compatible with both the ring structure on the E 1 -page of the Atiyah-Hirzebruch spectral sequence

coming from Corollary 6.3 and with the additive structure in the previous paragraph.

6.1.2. Generators

We now move to the generators of
 Spin
� (B Z3). We begin by recalling lens spaces and some of their

important properties.

Given an integer k > 1 and integersj 1; : : : ; j n relatively prime to k, we de�ne the lens space

L 2n� 1
k (j 1; : : : ; j n ) = S2n� 1=Zk (6.7)

to be the orbit space of the unit sphereS2n� 1 � Cn with the action of Zk generated by the rotation

(z1; : : : ; zn ) = ( e2�ij i =kz1; : : : ; e2�ij n =kzn ): (6.8)

The lens spaces which will be of primary interest to us are

L 2n� 1
k := L 2n� 1

k (1; : : : ; 1): (6.9)

Indeed, many of the generators for the spin bordism groups that we will encounter in this section,

as well as those in proceeding sections, will be lens spaces. It is a standard exercise to determine

which lens spaces admit spin structures (and that all of them are orientable).

Lemma 6.10. The lens spaceL 2n� 1
k is orientable for all k; n. Furthermore, if k is odd, thenL 2n� 1

k

admits a unique spin structure. If k is even, thenL 2n� 1
k admits a spin structure if and only if n is
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even.

With the above exposition in place, we are ready to state the generators of
 Spin
� (B Z3) 
 Z(3) , which

have already been considered in the literature.

Proposition 6.11. (Debray et al., 2023, Ÿ12.3) The isomorphism in Theorem 6.5 may be chosen

so that the lens spaceL 2n� 1
3 with its canonical orientation and unique spin structure re�ning that

orientation, together with the principal Z3-bundle S2n� 1 ! L 2n� 1
3 , represents the class̀ 2n� 1 2

BP 2n� 1(B Z3) for n = 1 ; 2; 3; 4. The K3 surface with trivial Z3-bundle representsv1 2 BP 4(B Z3).

(Rosenberg, 1986, Proof of Theorem 2.12) showed that lens spaces generate
 Spin
� (B Z3) as an


 Spin
� -module; these speci�c lens spaces were worked out in (Debray et al., 2023, Ÿ12.3) building on

Rosenberg's result.

6.1.3. Atiyah-Hirzebruch spectral sequence for
 Spin
� (BD 6)

The cohomology ofH � (BD 2n ; Z) was computed in Handel (1993), and his result together with the

universal coe�cient theorem tells us H � (BD 6; Z(3) ). To summarize:

Hk (BD 6; Z(3) ) �=

8
>>>>>><

>>>>>>:

Z(3) ; k = 0

Z3; k � 3 mod 4

0; otherwise.

(6.12)

We are then enabled to compute
 Spin
� (BD 6) using the Atiyah-Hirzebruch spectral sequence. This

has been previously considered in Debray et al. (2023).

Lemma 6.13. (Debray et al., 2023, Theorem 14.3)

1. The Atiyah-Hirzebruch spectral sequence computing
 Spin
� (BD 6) collapses on theE 2-page.

2. In total degree less than 8, theE 2-page is generated by the classesv1 2 E 2
0;4, z3 2 E 2

3;0,

z7 2 E 2
7;0, and p 2 E 2

3;4.
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Theorem 6.14.

1. There is an isomorphism of
 Spin
� -modules


 Spin
� (BD 6) �= 
 Spin

� f k3; k7; : : : g=(3k3; 3k7 � v1k3; : : : ); (6.15)

where jki j = i and all generators and relations not listed are in degrees greater than 7.

2. The isomorphism may be chosen so that the image ofki in the E 1 -page of the Atiyah-

Hirzebruch spectral sequence iszi .

Proof. The theorem follows from Lemma 6.13 and the fact thate
 Spin
3 (BD 6) �= Z3 and e
 Spin

7 (BD 6) �=

Z9, see (Debray et al., 2023, Theorem 14.3) for reference.

6.1.4. Generators

The generators of
 Spin
� (BD 6) are the same as those for Proposition 6.11. Indeed, surjectivity of

the map 
 Spin
� (B Z3) ! 
 Spin

� (BD 6) in the range we are interested in implies that the generators

for 
 Spin
k (BD 6), k = 3 ; 7, can be chosen to be the generators we found for
 Spin

k (B Z3) in Proposi-

tion 6.11.

6.2. Calculations and generators forBZ3 � BD 6

6.2.1. 
 Spin
� (B Z3 � BD 6) as a
 Spin

� (B Z3)-module

In this subsection, we determine the
 Spin
� (B Z3)-module structure on e
 Spin

� (B Z3 � BD 6) up to

degree seven.

Remark 6.16. As an 
 Spin
� (B Z3)-module, 
 Spin

� (B Z3 � BD 6) splits as a sum of
 Spin
� (B Z3) and


 Spin
� ((B Z3)+ ^ BD 6); the module structure on Atiyah-Hirzebruch spectral sequences also splits

in this way. Therefore in this section we will compute the latter summand and then add back in


 Spin
� (B Z3) at the end.

In the stable splitting of the product that we discussed in Example 5.19,B Z3 � BD 6 splits into pt ,
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B Z3, BD 6, and B Z3 ^ BD 6; we keep the latter two pieces.

We begin with the Atiyah-Hirzebruch spectral sequence computinge
 Spin
� ((B Z3)+ ^ BD 6). Recall

the homology ofH � (B Z3; Z(3) ) and H � (BD 6; Z(3) ) given in Lemma 6.1 and (6.12). TheE 2-page of

the Atiyah-Hirzebruch spectral sequence computinge
 Spin
� ((B Z3)+ ^ BD 6) can then be computed

using the Künneth theorem; see Figure 6.1 for reference. For the total degree we are interested in,

less than 8, all di�erentials vanish by degree reasons. Indeed, in the homological Atiyah-Hirzebruch

spectral sequence, di�erentials go up and to the left, and decrease total degree by 1. Furthermore,

the Atiyah-Hirzebruch spectral sequence computinge
 Spin
� (BD 6) collapses on theE 2-page.

q "
p !

0 1 2 3 4 5 6 7

0

1

2

3

4

5

6

7

y1z3 q y3z3

v1y1z3 v1q v1y3z3

z3

v1z3

z7;w

v1z7;v1w

Figure 6.1: The E 2-page of the Atiyah-Hirzebruch spectral sequence computinge
 Spin
� ((B Z3)+ ^

BD 6). Each named class generates aZ3.

Theorem 6.17. In the range p + q � 7, the Atiyah-Hirzebruch spectral sequence computing

e
 Spin
� ((B Z3)+ ^ BD 6) (6.18)

collapses on theE 2-page. As a module overAHSS(B Z3),

AHSS((B Z3)+ ^ BD 6) �= Z3f z3; q; z7; w; : : : g=(y1q = �y 3z3; : : : ) (6.19)
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for some � 2 Z3, with all unwritten generators and relations in total degree8 and above.

We will never need to know the precise value of� , so do not compute it.

Proof. A straightforward application of the Künneth map (Theorem 5.42) reveals that the classes

y1z3 and y3z3 generateE 2
4;0 and E 2

6;0, respectively. However, the Künneth map misses the generator

in degrees �ve and seven, leaving us with `new' classesq and w.

We draw this Atiyah-Hirzebruch spectral sequence in Figure 6.1.

Theorems 6.5, 6.14 and 6.17 allow us to conclude the
 Spin
� (B Z3)-module structure of
 Spin

� ((B Z3)+ ^

BD 6).

Theorem 6.20.

1. There is an isomorphism of
 Spin
� (B Z3)-modules:


 Spin
� ((B Z3)+ ^ BD 6) �= 
 Spin

� f k3; k7; n; m : : : g=(3k3; 3k7 � v1k3; 3n; 3m; ` 1n � � 0̀
3k3; : : : );

(6.21)

for some � 0 2 Z3, and all generators and relations not listed have topological degree greater

than 7.

2. The isomorphism can be chosen so that the images of the generators on theE 1 page of the

E 1 -page of the Atiyah-Hirzebruch spectral sequence are:ki 7! zi , n 7! q and m 7! w.

6.2.2. Generators

The stable splitting in Example 5.19, as well as Proposition 6.11 and the discussion in Section 6.1.4,

reveal that the only generators for 
 Spin
� (B Z3 � BD 6) we have yet to consider are those for


 Spin
� (B Z3 ^ BD 6). Fortunately, there are only four of such generators and two are in the im-

age of the Künneth map.

Proposition 6.22.
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1. L 1
3 � L 3

3 with its canonical orientation and unique spin structure, whereL 1
3 carries the principal

Z3-bundleS1 ! L 1
3 and L 3

3 carries the principal D6-bundle induced fromZ3 ,! D6, represents

the class`1k3 2 
 Spin
4 (B Z3 ^ BD 6).

2. L 3
3 � L 3

3 with its canonical orientation and unique spin structure, where the �rstL 3
3 carries the

principal Z3-bundle S3 ! L 3
3 and the right L 3

3 carries the principal D6-bundle induced from

Z3 ,! D6, represents the class̀ 3k3 2 
 Spin
6 (B Z3 ^ BD 6).

The classesn 2 
 Spin
5 (B Z3 ^ BD 6) and m 2 
 Spin

7 (B Z3 ^ BD 6) are missed by the Künneth map

and likewise are not represented as products of generators for
 Spin
� (B Z3) and 
 Spin

� (BD 6).

Proposition 6.23. Let � : Z3 ! Z3 � Z3 be the diagonal map.L 5
3 and L 7

3 with their canonical

orientation and unique spin structure, together with theZ3 � D6 bundle given by

Z3
��! Z3 � Z3 ,! Z3 � D6; (6.24)

represent the classesn 2 
 Spin
5 (B Z3 � BD 6) and m 2 
 Spin

7 (B Z3 � BD 6), respectively.

Proof. In Botvinnik and Gilkey (1997), it was shown that the bordism classes of
 Spin
� (B Zp � B Zp)

are represented by classifying mapsL 2n1+1
p � L 2n2+1

p ! B (Zp)2 or by the compositions L 2m+1
p !

B Zp
B�
��! B (Zp)2 for the various group homomorphisms� : Zp ! Zp � Zp. The theorem then follows

from the fact that the inclusion

B Z3 ^ B Z3 ,! B Z3 ^ BD 6 (6.25)

admits a section 3-locally using the transfer � 1
+ BD 6 ! � 1

+ B Z3, so that 
 Spin
� (B Z3 ^ BD 6) is

(3-locally) a summand of 
 Spin
� (B Z3 ^ B Z3).
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CHAPTER 7

The calculation at p = 2

7.1. Generalities for thep = 2 computation

The computation at p = 2 has a similar overall structure, but the details are more complicated. We

will �rst �nd the ring structure on 
 Spin
� (B Z4) in the degrees relevant for us, then use it to determine


 Spin
� (B SL(3; F2)) and 
 Spin

� (B Z4 � B SL(3; F2)) , so that we can obtain a complete generating set

of 
 Spin
� (B (SL(2; Z) � SL(3; Z)) in dimensions 7 and below. The action of 
 Spin

� (B Z4) on other

bordism groups will play a signi�cant role in systematically discovering many generators.

The �rst simpli�cation we make is to replace spin bordism with another generalized cohomology the-

ory called connective realK -theory, denotedko. This is because of a result of Anderson et al. (1967)

that implies for any space or connective spectrumX , the Atiyah-Bott-Shapiro (see Atiyah et al.

(1964)) map

bA : 
 Spin
k (X ) �! kok (X ) (7.1)

is an isomorphism fork � 7.16 The theory ko has better algebraic properties, so we will focus on

computing ko-homology, then return to spin bordism as we search for generators.

Another di�erence between the p = 3 and p = 2 cases is that because
 Spin
� and ko� both have

2-torsion, the Atiyah-Hirzebruch spectral sequence is harder to solve compared to a version of the

Adams spectral sequence, so we will use the latter.

Theorem 7.2. Let X be a space or spectrum homotopy equivalent to a CW complex with with

�nitely many cells in each dimension. Then there is a spectral sequence

E s;t
2 = Ext s;t

A (1) (H
� (X ; Z2); Z2) =) ko� (X ) 
 Ẑ2: (7.3)

We need to explain the notation in (7.3)! We will be brief � there are plenty of papers in the

16 In higher degrees, there is a more complicated decomposition due to Anderson et al. (1967).
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mathematical physics literature using this technique, and the reader wishing to dig into the de�ni-

tions and examples of these ingredients is encouraged to check out Beaudry and Campbell (2018);

Debray et al. (2023), both written with physics audiences in mind.

ˆ A refers to themod 2 Steenrod algebra, the Z-gradedZ2-algebra of all natural transformations

H � (� ; Z2) ! H � + k (� ; Z2) which commute with the suspension isomorphism. This is generated

by Steenrod squaresSqn of degreen, modulo some relations. ThenA(1) is the subalgebra

generated bySq1 and Sq2.

ˆ Ext is a functor which can be de�ned in terms of certain equivalence classes of extensions of

modules.

ˆ Ẑ2 denotes the2-adic numbers. For a �nitely generated abelian group, tensoring withẐ2

retains the same information as tensoring withZ(2) , so we will typically be implicit about the

appearance of the2-adics.

Remark 7.4. The Adams spectral sequence is considerably more general than what is given in

Theorem 7.2; we presented only what we need in this thesis. The application toko-homology by

working over A(1) �rst appears in work of Anderson et al. (1969) and Giambalvo (1973a,b, 1976).

The appearance of the Adams spectral sequence in physically motivated computations is a more

recent phenomenon: though there were some earlier works such as Rose (1988), Hill (2009), and

Francis (2011), the technique began in earnest following its use by (Freed and Hopkins, 2021b, Ÿ10)

in applications to invertible �eld theories.

For any spaceX , the ko� (pt) -action17 on ko� (X ) lifts to an action of the Adams spectral sequence

for ko� (pt) on the Adams spectral sequence forko� (X ):

Theorem 7.5. Let E := Ext A (1) (Z=2; Z=2), which by Theorem 7.2 is theE2-page of the Adams

spectral sequence computingko� (pt) .

17 Passing back to spin bordism, this action represents taking the product with a spin manifold with trivial map to
X .
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1. There is a Z2-graded commutativeZ=2-algebra structure onE converging to the algebra struc-

ture on ko� (pt) .

2. There is a natural E-action on the E2-page of the Adams spectral sequence forko� (X ) for any

spaceX which converges to theko� (pt) -action on ko� (X ). All di�erentials commute with this

E-action.18

Now we need to know whatE is.

Theorem 7.6. (Liulevicius, 1962, Theorem 3) The Z=2-algebra structure onE described in Theo-

rem 7.5 is isomorphic to

Ext A (1) (Z2; Z2) �= Z2[h0; h1; v; w]=(h0h1; h3
1; vh1; h2

0w � v2); (7.7)

wheredeg(h0) = (1 ; 1), deg(h1) = (1 ; 2), deg(v) = (3 ; 7), and deg(w) = (4 ; 12).

The four generators lift to represent classes in theko-homology and spin bordism of a point.

ˆ h0 lifts to 2 2 ko0(pt) and to the class ofpt+ q pt+ in 
 Spin
0 . Thus keeping track ofh0-actions

in an Adams spectral sequence is very useful � they provide information about multiplication

by 2 in ko-homology. This is one of the competitive advantages of the Adams spectral sequence

over the Atiyah-Hirzebruch spectral sequence; extension problems are usually harder for the

latter technique.

ˆ h1 lifts to � 2 ko1(pt) and S1
nb 2 
 Spin

1 .

ˆ v lifts to the K3 surface in 
 Spin
4

�= Z.

ˆ w lifts to the Bott class in ko8(pt) and the Bott manifold in 
 Spin
8 .

The bottom row of the Adams spectral sequence is nicely characterized using mod2 cohomology,

18 Most of this theorem works with ko replaced with an arbitrary commutative ring spectrum, but in general
di�erentials only obey a Leibniz rule � the stronger result here is because the Adams spectral sequence for ko� (pt)
collapses. This distinction matters if ko is replaced with tmf : see Bruner and Rognes (2021).
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which we will repeatedly use to �nd generators. There is a natural isomorphism%: Ext 0;t
A (1) (M; N )

�=!

HomA (1) (� t M; N ); using this, one can de�ne an �edge homomorphism�

� : E 0;t
1 ,! E 0;t

2 = Ext 0;t
A (1) (H

� (X ; Z2); Z2)
%

�! HomA (1) (H
� + t (X ; Z2); Z2): (7.8)

Proposition 7.9. Let c 2 H t (X ; Z2) and M be a closed,t-dimensional spin manifold with a map

f : M ! X . Let m 2 E 0;t
1 denote the image of[M; f ] 2 
 Spin

t (X ) in the E1 -page of the Adams

spectral sequence. If�( m) : H t (X ; Z2) ! Z2 evaluated onc is nonzero, then
R

M f � (c) 6= 0 .

In the case�( m)(c) 6= 0 , we say that [M; f ] is detected by the mod2 cohomology classc.

See (Freed and Hopkins, 2021a, Ÿ8.4) and (Debray, 2021, Ÿ3.3) for a more detailed discussion of

Proposition 7.9 and Bunke (2017) for an analogue of this result fors = 1 .

7.2. Calculations and generators forBZ4

7.2.1. Ring structure on the Adams spectral sequence forko� (B Z4)

In this subsection, we describe all classes, products (Theorem 7.45), and di�erentials (Proposi-

tion 7.47) in the Adams spectral sequence forko� (B Z2n ). We only need the casen = 2 in degrees

8 and below, but we found that the argument and general structure are cleaner in this generality.

To calculate the ring structure on the Adams spectral sequence computingko� (B Z2n ), we compare

it with two simpler Adams spectral sequences computing ordinary homology ofB Z2n . There the

ring structures converge to the Pontrjagin product (the product onko� (B Z2n ) induced by the group

operation in Z2n ; see Theorem 5.42, part 1) on the homology groups. Thus we can work backwards:

the Pontrjagin product is known, so we can work out the ring structure on theE2-pages of the two

simpler spectral sequences, and then compare with the spectral sequence we are actually interested

in.

For n � � 1, let A (0) denote the subalgebra ofA (1) generated bySqi for i � 2n ; thus A(� 1) �= Z2

and A(0) =


Sq1� �= Z2[Sq1]=(Sq1)2. These algebras govern Adams spectral sequences for ordinary

cohomology that are analogues of Theorem 7.2.
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Proposition 7.10. Let X be as in Theorem 7.2. Then there are spectral sequences

E s;t
2 = Ext s;t

A (0) (H
� (X ; Z2); Z2) =) H � (X ; Z) 
 Ẑ2 (7.11a)

E s;t
2 = Ext s;t

A (� 1)(H
� (X ; Z2); Z2) =) H � (X ; Z2): (7.11b)

The inclusions A(� 1) ! A (0) ! A (1) induce maps of spectral sequences in the other direction

converging to the (2-completions of the) usual mapsko� (X ) ! H � (X ; Z) ! H � (X ; Z2).

In addition, if X is the classifying space of an abelian Lie group, there are ring structures on the

pages of these spectral sequences which converge to the Pontrjagin product on the homology ofX ,

and the change-of-Ext maps fromA(� 1) to A(0) to A(1) are ring homomorphisms.

As A(� 1) = Z2 is a �eld, Ext s;�
A (� 1) is HomZ2 for s = 0 and vanishes fors > 0. Therefore the

spectral sequence (7.11b) is trivial: it always collapses without di�erentials or extension problems,

and its E2-page is exactly what it purports to compute. Oddly enough, this makes it useful for us!

The next step over A(� 1) is to recall the Pontrjagin product on H � (B Z2n ; Z2). While we're here,

we also recall a few important facts about the cohomology ofB Z2n . As always in this section,

n > 1.

Theorem 7.12. (Carlson et al., 2003, Proposition 4.5.1)

H � (B Z2n ; Z2) �= Z2[x; y]=(x2);

jxj = 1 ; jyj = 2
(7.13)

The Steenrod squares of the generators are

Sq(x) = x + x2; Sq(y) = y + y2: (7.14)
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Theorem 7.15 (Cartan (1955)). As a ring with the Pontrjagin product,

H � (B Z2n ; Z2) �= Z2[x; yi : i � 1]=
�

x2; yi yj =
�

i + j
i

�
yi + j

�
(7.16)

with jxj = 1 and jyi j = 2 i . The classesx, resp. yi are dual to the mod2 cohomology classesx, resp.

yi .

Cartan does not write this ring structure explicitly; see (Brown, 1982, Theorem V.6.6) for that.

Corollary 7.17. The ring structure on theE2-page of theA(� 1)-based Adams spectral sequence(7.11b)

computing H � (B Z2n ; Z2) is

E � ;�
2

�= Z2[x; yi : i � 1]=
�

x2; yi yj =
�

i + j
i

�
yi + j

�
(7.18)

with x 2 Ext 0;1 and yi 2 Ext 0;2i .

This is because, as noted above, thes = 0 part of the E2-page and the mod2 homology it computes

are isomorphic and the spectral sequence collapses.

Now we lift to A(0). We are not sure who �rst made the following computation; references in-

clude (Liulevicius, 1962, Ÿ2) and (Beaudry and Campbell, 2018, Example 4.5.5).

Lemma 7.19. There is a unique isomorphism ofZ2-algebras

Ext � ;�
A (0) (Z2; Z2)

�=�! Z2[h0]; (7.20)

with h0 2 Ext 1;1.

As for A (1), h0 detects multiplication by 2. We will describe the E2-page of (7.11a), the Adams

spectral sequence overA(0), for X = B Z2n �rst as a Z2[h0]-module, then as anZ2[h0]-algebra.
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Lemma 7.21. There is an isomorphism ofZ2[h0]-modules

Ext A (0) (H
� (B Z2n ; Z2); Z2)

�=�! Z2[h0]
�

eyj ; exeyj : j � 0
	

(7.22)

where eyj 2 Ext 0;2j and exeyj 2 Ext 0;2j +1 . Under the homomorphism

Ext 0;t
A (0) (H

� (B Z2n ; Z2); Z2) = Hom A (0) (H
t (B Z2n ; Z2); Z2) ,! HomZ2 (H t (B Z2n ; Z2); Z2); (7.23)

each classec is identi�ed with the dual of c 2 H t (B Z2n ; Z2).

Proof. Theorem 7.12 tells usSq1 acts trivially on H � (B Z2n ; Z2), and therefore the entire algebra

A(0) acts trivially. Therefore Ext A (0) (H � (B Z2n ; Z2); Z2) is, as aZ2[h0]-module, a direct sum of

copies ofExt A (0) (Z2; Z2) indexed by a basis ofH � (B Z2n ; Z2). This module is generated by its

classes on the lines = 0 , which are

Ext 0
A (0) (H

� (B Z2n ; Z2); Z2)
�=�! HomA (0) (H

� (B Z2n ; Z2); Z2)
�=! HomZ2 (H � (B Z2n ; Z2); Z2); (7.24)

becauseA(0) acts trivially.

Corollary 7.25. Under the isomorphisms in Corollary 7.17 and Lemma 7.21, the map

Ext � ;�
A (0) (H

� (B Z2n ; Z2); Z2) �! Ext � ;�
A (� 1)(H

� (B Z2n ; Z2); Z2) (7.26)

induced by the inclusionA(� 1) ! A (0) sendsex 7! x, eyj 7! yj , and exeyj 7! x � yj .

This is because, under the identi�cation Ext A (� 1) = Hom Z2 , the map (7.26) is identi�ed with the

map (7.23).

Proposition 7.27. There is an isomorphism ofZ2[h0]-algebras

Ext � ;�
A (0) (H

� (B Z2n ; Z2); Z2)
�=�! Z2[h0; ex; eyj : j � 1]=

�
ex2; eyi eyj =

�
i + j

i

�
eyi + j

�
: (7.28)
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Proof. Proposition 7.10 asserts (7.26) is a ring homomorphism, and Corollary 7.25 implies that (7.26)

is a vector space isomorphism restricted to the lines = 0 . This uniquely forces the products of

all classes on the lines = 0 , i.e. of all Z2[h0]-module generators except forh0. The products of

h0 with the other generators were already told to us as part of theZ2[h0]-module structure in

Lemma 7.21.

Now that we have the ring structures overA(� 1) and A(0), we return to A(1). First we want to

know Ext as an E-module, which means understandingH � (B Z2n ; Z2) as anA(1)-module.

For an A(1)-module M , � kM denotes the same ungraded module but with the gradings of all

homogeneous elements increased byk; we write � M for � 1M . Using the Steenrod squares in

Theorem 7.12, one can make the following calculation.

Proposition 7.29. Let C� denote theA(1)-module � � 2 eH � (CP2; Z2).19 Then, there is an isomor-

phism of A(1)-modules

H � (B Z2n ; Z2)
�=�! Z2 � � Z2 �

M

n� 0

� 4n+2 C� � � 4n+3 C�: (7.30)

The � Z2 summand is generated byx; the � 4n+2 C� summand is spanned byy2n+1 and y2n+2 , and

the � 4n+3 C� summand is spanned byxy2n+1 and xy2n+2 .

For n = 2 this result also appears in (Bárcenas et al., 2024, Lemma 3.8).

Proposition 7.31. (Bahri and Bendersky, 2000, Ÿ4) There is an isomorphism ofE-modules

Ext A (1) (C�; Z2)
�=�! (E=h1) f �; �; �; � g=(v� = h0�; v� = h0�; v� = h0w�; v� = h0w� ); (7.32)

where j� j = (0 ; 0), j� j = (1 ; 3), j� j = (2 ; 6), and j� j = (3 ; 9).

We draw this E-module in Figure 7.1.

19 This module is called the bow in (Bárcenas et al., 2024, De�nition 3.3).
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Figure 7.1: The E-module Ext A (1) (C�; Z2). Vertical lines represent h0-multiplication, so in this
picture h0� = v� , h0� = v� , etc. This is a picture of Proposition 7.31.

Combining Propositions 7.29 and 7.31 we obtain a complete description of theE2-page of the Adams

spectral sequence computingko� (B Z2n ) as anE-module.

Corollary 7.33. There is an isomorphism ofZ2-gradedE-modules

Ext A (1) (H
� (B Z2n ; Z2); Z2)

�=�! E
�

1; �; � i ; � 0
i ; � i ; � 0

i ; � i ; � 0
i ; � i ; � 0

i : i � 1
	

=R M ; (7.34)

where � 2 Ext 0;1, � i 2 Ext 0;4i � 2, � 0
i 2 Ext 0;4i � 1, � i 2 Ext 1;4i +1 , � 0

i 2 Ext 1;4i +2 , � i 2 Ext 2;4i +4 ,

� 0
i 2 Ext 2;4i +5 , � i 2 Ext 3;4i +7 , and � 0

i 2 Ext 3;4i +8 , and the submoduleR M of relations is

R M = ( h1� i ; h1� 0
i ; h1� i ; h1� 0

i ; h1� i ; h1� 0
i ; h1� i ; h1� 0

i ;

h0� i = v� i ; h0� 0
i = v� 0

i ; h0� i = v� i ; h0� 0
i = v� 0

i ;

h0w� i = v� i ; h0w� 0
i = v� 0

i ; h0w� i = v� i ; h0w� 0
i = v� 0

i ):

(7.35)

The action of h0 on Ext( C� ) is injective, which means that the action ofh0 on Ext( H � (B Z2n ; Z2)

is close to injective.

Corollary 7.36. h0-action, as a mapE s;t
2 ! E s+1 ;t+1

2 for the Adams spectral sequence overA(1),

is injective except in the cases(s; t) = (4 m + 1 ; 12m + 2) , (4m + 2 ; 12m + 4) , (4m + 1 ; 12m + 3) ,

and (4m + 2 ; 12m + 5) , m � 0.
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Now we can compare toA(0). First, just for C� :

Lemma 7.37. (Debray et al., 2023, Appendix D) There is an isomorphism ofA(0)-modules

j : C�
�= � Z2 � � 2Z2. The map

f 2 : Ext s;t
A (1) (C� ) �! Ext s;t

A (0) (C� )

j �

�!
�=

Ext s;t
A (0) (Z2) � Ext s;t+2

A (0) (Z2)

(7.19)
�!

�=
�= Z2[h0] � � 0;2Z2[h0]

(7.38)

sends� 7! (1; 0), � 7! (0; h0), � 7! 0, and � 7! 0.

The notation � p;q means to increase thes-grading by p and the t-grading by q.

Corollary 7.39. Under the isomorphisms in Lemma 7.21 and Corollary 7.33, the map

Ext � ;�
A (1) (H

� (B Z2n ; Z2); Z2) �! Ext � ;�
A (0) (H

� (B Z2n ; Z2); Z2) (7.40)

induced by the inclusionA(0) ! A (1) takes on the following values:

1 7! 1 � 7! ex

� i 7! ey2i � 1 � 0
i 7! exey2i � 1

� i 7! h0ey2i � 0
i 7! h0exey2i

� i 7! 0 � 0
i 7! 0

� i 7! 0 � 0
i 7! 0:

(7.41)

Finally we can compute products in the Adams spectral sequence overA(1) by comparing with the

ring structure over A(0) using that the map in Corollary 7.39 is a ring homomorphism. This time

things are a little more exciting because (7.40) is not injective.

Proposition 7.42. In Ext A (1) (H � (B Z2n ; Z2); Z2),
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1. � 2 = 0 ,

2. �� i = � 0
i ,

3. �� i = � 0
i ,

4. � i � j = 0 ,

5. � i � j =
� 2i +2 j � 1

2i

�
h0� i + j , and

6. � i � j =
� 2i +2 j

2i

�
h0� i + j .

Proof. The product � i � j vanishes for degree reasons.

The map (7.40) is a ring homomorphism, so we can use the ring structure ofExt A (0) (� � � ) to

compute the ring structure of Ext A (1) (� � � ) modulo the kernel of (7.40). Use (7.41) to compare the

remaining products in the theorem statement with the ring structure over A(0) as we proved in

Proposition 7.27; one sees that they are compatible, so the products in the theorem statement hold

modulo the kernel of (7.40).

To �nish the proof and deduce these products without having to quotient, observe that all products

in the theorem statement take place in �ltration at most 2, but using (7.41), we see that the kernel

of the map (7.40) consists solely of elements in �ltration3 and higher. Thus, restricted to the

sub-vector space consisting of elements in �ltration2 and below, (7.40) is injective, so the products

in the theorem statement hold unconditionally.

Remark 7.43. We can make a slight simpli�cation: � i � j =
� i + j

i

�
h0� i + j because of the identity

� 2(i + j )
2i

�
�

� i
j

�
mod 2 for i; j � 1.

Proposition 7.44. In Ext A (1) (H � (B Z2n ; Z2); Z2),

1. �� i = � 0
i and �� i = � 0

i .

2. � i � j = 0 and � i � j = 0 .
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3. � i � j =
� 2i +2 j � 1

2i

�
h0� i + j , � i � j =

� 2i +2 j � 1
2i

�
h0� i + j , and � i � j =

� 2i +2 j � 1
2i

�
h0w� i + j .

4. � i � j =
� i + j

i

�
h0� i + j and � i � j =

� i + j
i

�
h0w� i + j .

Proof. Recall from Proposition 7.42 that �� i = � 0
i , so �v� i = v� 0

i . The relations v� i = h0� i and

v� 0
i = h0� 0

i in Corollary 7.33 thus imply h0�� i = h0� 0
i . By Corollary 7.36, multiplication by h0 is

an injective map Ext 2;4i +5 ! Ext 3;4i +6 , so h0�� i = h0� 0
i implies �� i = � 0

i .

The remaining calculations in the theorem statement are completely analogous: take an equation

in Proposition 7.42, multiply both sides by v or v2, apply a relation in Corollary 7.33, then appeal

to Corollary 7.36 to cancel factors ofh0 o� of both sides of the equation and obtain the desired

result.

Combining Corollary 7.33 and Propositions 7.42 and 7.44, we get the main theorem in this section.

Theorem 7.45.

1. There is an isomorphism ofZ2-gradedE-algebras

Ext A (1) (H
� (B Z2n ; Z2); Z2) �= E[�; � i ; � i ; � i ; � i : i � 1]=R 1 (7.46a)

with generators in the following degrees:� 2 Ext 0;1, � i 2 Ext 0;4i � 2, � i 2 Ext 1;4i +1 , � i 2

Ext 2;4i +4 , and � i 2 Ext 3;4i +7 . The ideal R 1 of relations is

R 1 = ( h1� i ; h1� i ; h1� i ; h1� i ; v� i = h0� i ; v� i = h0� i ; v� i = h0w� i ; v� i = h0w� i ;

� 2 = 0 ; � i � j = 0 ; � i � j = A(i; j )h0� i + j ; � i � j = 0 ; � i � j = A(i; j )h0� i + j ;

� i � j = B (i; j )h0� i + j ; � i � j = A(j; i )h0� i + j ; � i � j = B (i; j )h0� i + j ;

� i � j = 0 ; � i � j = A(i; j )h0w� i + j ; � i � j = B (i; j )h0w� i + j );

(7.46b)

whereA(i; j ) :=
� 2i +2 j � 1

2i

�
mod 2 and B (i; j ) :=

� i + j
i

�
mod 2.

2. The class� is detected byx 2 H 1(B Z2n ; Z2), � i is detected byy2i � 1, and �� i by xy2i � 1. All
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other generators listed in(7.46a) are not detected by mod2 cohomology.

For n = 2 , we draw the E2-page and label these generators in Figure 7.2, left.

(a)
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1
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�� 1
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�� 2

Figure 7.2: Left: the E2-page of the Adams spectral sequence computingko� (B Z4). Generators and
some relations labeled. As we discussed in Proposition 7.47, the May-Milgram theorem establishes
d2 di�erentials between the h0-towers, which we display here. Right: the spectral sequence then
collapses atE3 = E1 .

Proposition 7.47. The di�erentials in the Adams spectral sequence forko� (B Z2n ) all vanish except

on the En -page, where they have the following values for anyi � 1:

dn (1) = 0 dn (� i ) = hn� 1
0 �� i � 1 (i 6= 1)

dn (� ) = 0 dn (� i ) = hn+1
0 �� i

dn (� 1) = hn
0 � d n (� i ) = hn� 1

0 �� i � 1 (i 6= 1)

dn (� 1) = hn� 1
0 v� d n (� i ) = hn+1

0 �� i :

(7.48)

For n = 2 , we draw these di�erentials in Figure 7.2, left. The Leibniz rule thus tells us the

values of di�erentials on all classes. Forn = 2 , Proposition 7.47 is proven in a di�erent way by

(Bárcenas et al., 2024, Theorem 3.15).

Proof. First, ds(1) = 0 for all s by degree reasons. Ifds(� ) were nonzero for anys, then there would

be �nitely many Z2 summands in topological degree0 on the E1 -page, which is incompatible with
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ko0(B Z2n ) containing a Z summand (namelyko0(pt) ). Thus ds(� ) = 0 .

The values of ds(� i ) and ds(� i ) follow from May and Milgram (1981), speci�cally from its incar-

nation in (Debray et al., 2023, Proposition D.13). For ds(� i ), use E-linearity of di�erentials to

compute vds(� i ) = ds(v� i ) = ds(h0� i ) = h0ds(� i ); then Corollary 7.36 shows there is a unique class

� 2 E 2+ n;4i +3+ n
r such that h0� = ds(v� i ), �xing ds(� i ) = � . The same argument worksmutatis

mutandis with (� i ; � i ) in place of (� i ; � i ).

7.2.2. Lifting to the ring structure on ko� (B Z4)

Now we describe theko� -algebra structure onko� (B Z4) in low degrees.

Theorem 7.49.

1. There is an isomorphism ofko� -algebras

ko� (B Z4) �= ko� [`1; `3; q5; `7; è7; : : : ]=R 2; (7.50a)

with j` i j = i , jq5j = 5 , and jè7j = 7 , and the idealR 2 of relations is

R 2 = (4 `1; 8`3; 4q5; 8è7; 2è7� 8`7; �` 3; �q 5; �` 7; � è7; `2
1; `2

3; `1`3; `1q5; `1`7; `1è7; `3q1; v`1� 2q5; : : : ):

(7.50b)

All generators and relations not listed are in degrees greater than8.

2. The isomorphism (7.50a) may be chosen so that the images of the generators on theE1 -page

of the Adams spectral sequence are:̀1 7! � , `3 7! �� 1, q5 7! �� 1, `7 7! �� 2, and è7 7! �� 1.

Proof. First compare the theorem statement with the E1 -page of this spectral sequence, drawn in

Figure 7.2, right: the E1 -page is generated as anE-algebra by � , �� 1, �� 1, �� 2, and �� 1. The

relation � 2 = 0 from Theorem 7.45 implies that, unless there are hidden extensions, all products of

pairs of these �ve generators vanish, and the relationsh1� i = 0 , h1� 1 = 0 , and h1� 1 = 0 (also from

Theorem 7.45) imply � times each of these classes vanishes unless there is a hidden� -extension.
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Thus if we choose lifts of� , �� 1, �� 1, �� 1, and �� 2 and label them as in part 2 of the theorem

statement, part (1) is the assertion that, even multiplicatively, there are no extensions on the

E1 -page in degrees8 and below apart from extensions by2 and the one implied by the relation

v`1 = 2q5. This is the form of the theorem we will prove.

Extensions by 2 are a consequence of the additive structure ofko� (B Z4), which is calculated by

Bruner-Greenlees (Bruner and Greenless, 2010, Example 7.3.3). First,ko1(B Z4) �= Z4 � Z2 shows`1

has order4, and ko3(B Z4) �= Z8 implies `3 has order8. Sinceko5(B Z4) �= Z4, but on the E1 -page

we see�� 2 and v� in topological degree5, which are not linked by an h0-action, we obtain a hidden

extension: 2q5 = v`1.

Next, extensions by � . On `1 this follows from the h1-action on the E1 -page; for the remaining

classes we need to argue there are no hidden� -extensions. Sincej� j = 1 and 2� = 0 , then if

kon+1 (B Z4) is torsion-free then � � kon (B Z4) = 0 : � times anything is torsion. Thus we deduce

�` 3 = 0 , �q 5 = 0 , �` 7 = 0 , and � è7 = 0 .20 The same argument works to show that̀ 1 times `1, `3,

q5, `7, or è7 is 0, as j`1j = 1 and `1 is torsion. Replacingkon+1 with kon+3 , the same argument also

applies to products of`3 with `3, q5, `7, and è7.

For extensions byv, we already havev`1 = 2q5. All other products of v with generators, and all

products of w, q5, `7, or è7 with generators that were not already addressed, are in degrees too high

to be relevant.

7.2.3. Generators

The generators ofko� (B Z4) have been previously considered in (Debray et al., 2023, Ÿ12.7). Be-

fore we state the result, we recall the notation of the lens spaceL n
k introduced in Section 6.1.2.

Furthermore, we introduce Q2k� 1
n :

De�nition 7.51. (Botvinnik et al., 1997, Ÿ4) LetV denote the complex vector bundleO(2) � Ck !

CP1 and Q2k� 1
n denote the quotient ofS(V ) by the Zn -action which acts diagonally by thenth roots

20 By contrast, in the closely related spin- Z8 bordism, there are many hidden � -extensions: see (Debray et al., 2023,
Footnote 50 and Ÿ13.4).
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of unity on each �ber.

Thus Q2k� 1
n is a closed manifold equipped with a canonical orientation, namely that arising as the

quotient of S(V ) by an orientation-preserving Zn -action. The canonical orientation on S(V ) is

induced from that on V coming from its complex structure, sinceTVjS(V ) and TS(V ) are stably

equivalent (see, e.g., (Debray et al., 2023, (14.84))). For alln and k, Q2k� 1
n is spin (Botvinnik et al.,

1997, Ÿ5).

Proposition 7.52. (Debray et al., 2023, Ÿ12.7) The following manifolds represent the generators

of ko� (B Z4) that we identi�ed in Theorem 7.49.

1. For n = 1 ; 3, L n
4 with Z4-bundleSn ! L n

4 and either of its two spin structures represents̀ n .

2. Q5
4 with Z4-bundleS(V ) ! Q5

4 and either of its two spin structures representsq5.

3. Let s� , � = 0 ; 2 denote the two spin structures onL 7
4 as classi�ed by� in (Debray et al., 2023,

ŸC.1). Then the isomorphism in Theorem 7.49 can be chosen so that(L 7
4; s0) represents`7

and 7[(L 7
4; s0)] � 5[(L 7

4; s2)] representsè7. In all cases we use theZ4-bundleS7 ! L 7
4.

The fact that lens spaces and lens space bundles of the sort in De�nition 7.51 su�ce to generate

ko2k� 1(B Z4) as an abelian group is due to (Botvinnik et al., 1997, Ÿ5); the speci�c generators we

use were worked out in (Debray et al., 2023, Ÿ12.3).

7.3. Calculations and generators forBS4

Here: ko� (B SL(3; F2)) and ko� (L (2)) and its Adams SS, and generators. Maybe a better section

title

Perspective to emphasize: we are really working withSL(3; F2) = PSL(2 ; F7), but for the purpose of

�nding generators, we restrict to S4 (or even D8) inside of it. See Debray (2021); Grigoletto (2021)

for prior work on 
 Spin
� (BS4).

Recall from Propositions 5.22, 5.34 and 5.36 that for obtaining generators of the2-local spin bordism

of SL(2; Z) � SL(3; Z), it su�ces to replace SL(2; Z) with B Z4 and to use SL(3; F2) and L(2) in
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place ofSL(3; Z), then useS4-bundles to describe classes coming fromSL(3; F2) and L(2).

7.3.1. Adams spectral sequences forko� (B SL(3; F2)) and ko� (L (2))

In this subsection, we describe all classes and di�erentials in the Adams spectral sequences comput-

ing ko� (B SL(3; F2)) and ko� (L (2)) in degrees 8 and below. Consider �rst the case ofko� (B SL(3; F2))

To begin, we recall previous results from Handel and Mitchell-Priddy.

Theorem 7.53. Handel (1968)

H � (BD 8; Z2) = Z2[x1; x2; w]=(x2
2 + x1x2);

jx1j = jx2j = 1 ; jwj = 2
(7.54)

Moreover, the Steenrod algebra action onH � (BD 8; Z2) is:

Sq(x1) = x1 + x2
1; Sq(x2) = x2 + x2

2; Sq(w) = w + x1w + w2 (7.55)

Theorem 7.56. (Mitchell and Priddy, 1984, Theorem 2.6)

H � (B SL(3; F2); Z2) = Z2[� 2; � 3; � 3]=(� 2
3 + � 3� 3);

j� 2j = 2 ; j� 3j = j� 3j = 3 :
(7.57)

The inclusion j : D8 ! SL(3; F2) induces a monomorphismj � : H � (B SL(3; F2); Z2) ! H � (BD 8; Z2)

given as follows:

j � (� 2) = x2
1 + w; j � (� 3) = x1w; j � (� 3) = x2w: (7.58)

Moreover, the Steenrod algebra action onH � (B SL(3; F2); Z2) is

Sq(� 2) = � 2 + � 3 + � 2
2 ; Sq(� 3) = � 3 + � 2� 3 + � 2

3 ; Sq(� 3) = � 3 + � 2� 3 + � 2
3 (7.59)

The Steenrod squares are not given inloc. cit. but can be worked out from the Steenrod squares in

H � (BD 8; Z2) and the fact that j � is injective.
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The �rst step in running the Adams spectral sequence forko� (B SL(3; F2)) is to determine the

A(1)-module structure on H � (B SL(3; F2); Z2). For this we must recall a few commonly occurring

A(1)-modules.

De�nition 7.60. For an A(1)-module M , � kM refers to the same underlying module withZ-

grading increased byk.

1. Z2 is an A(1)-module in which Sq1 and Sq2 act trivially.

2. Let J := A(1)=(Sq3). This module was named theJoker by Adams.

3. The upside-down question markis the A(1)-module Q := A(1)=(Sq1; Sq2Sq3).

4. There is a unique nonzeroA(1)-module map � � 1A(1) ! � � 1Z2; its kernel is denotedR2,

and called theelephant (Buchanan and McKean, 2023, Figure 1).

A straightforward calculation using Theorem 7.56 leads to the following.

Corollary 7.61. There is an A(1)-module isomorphism

eH � (B SL(3; F2); Z2) �= � 2J � � 3Q � � 6A(1) � � 7R2 � � 8Z2 � P; (7.62)

whereP is concentrated in degrees 10 and above.

We summarize (7.62) in Figure 7.3, left.

Now we need to computeExt of the summands appearing in (7.62), except forP, which lies in

too high of a degree to be relevant for our computations in degrees7 and below. Ext commutes

with direct sums so we may focus on the modules we named in De�nition 7.60. By de�nition,

Ext( Z2) �= E asE-modules, and Ext of a rank-one freeA(1)-module is a trivial E-module consisting

of a single Z2 summand concentrated in bidegree(0; 0) with trivial E-action. The other three

modules in De�nition 7.60 have more interesting Ext groups.
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Figure 7.3: Left: the A(1)-module structure on eH � (B SL(3; F2); Z2) in low degrees, as we calculated
in Corollary 7.61. This picture includes all classes in degrees9 and below. Right: the same but
for S4 in place of SL(3; F2), realizing the e�ect on cohomology of the Mitchell-Priddy mod 2 stable
splitting (Mitchell and Priddy, 1984, Theorem B) of BS4 into B Z2 (gray), L (2) (orange), and
B SL(3; F2) (everything else). See Proposition 5.34.

Proposition 7.63. There are isomorphisms ofE-modules as follows.

Ext( J ) �= E f a; b; cg=(h0a; h1a; va; wa+ h2
1c; h1b; vb+ h2

0c; vc+ wb); (7.64a)

wherea 2 Ext 0;0, b 2 Ext 1;3, and c 2 Ext 2;8,

Ext( Q) �= E f d; eg=(h1d; vd+ h2
0e; ve+ wd); (7.64b)

with d 2 Ext 0;0 and e 2 Ext 1;5, and

Ext( R2) �= E f g; h; j; k g=(h1g; h0h; h2
1h; vg + h0k; vh; wg + h0k; wh + h1k); (7.64c)

with g 2 Ext 0;0, h 2 Ext 0;1, j 2 Ext 2;6, and k 2 Ext 3;11.

See (Beaudry and Campbell, 2018, Figure 29) for pictures of theseE-modules.
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Remark 7.65. TheseE-modules are usually only presented as modules over the subalgebrahh0; h1i �

E; in this form, Ext( J ) and Ext( R2) were �rst described by (Adams and Priddy, 1976, Ÿ3).21 The

complete E-module structure on Ext( Q) is given by Bruner-Rognes (Bruner and Rognes, 2021,

Example 2.32), and that of Ext( R2) is given by (Bruner and Greenless, 2010, Figure A.4.4). We do

not know of a reference for the completeE-module structure on Ext( J ), but it is straightforward

to work out using the long exact sequence of Ext groups associated to a short exact sequence of

A (1)-modules; see (Beaudry and Campbell, 2018, Ÿ4.6) for examples of this technique.

Putting these together, we obtain the second page of the Adams spectral sequence computing

fko� (B SL(3; F2)) .

Corollary 7.66. In the range t � s � 8, the E2-page is generated as anExt A (1) (Z2)-module by nine

classes subject to some relations:

ˆ The submoduleExt(� 2J ) has generatorsa 2 Ext 0;2, b 2 Ext 1;5, and c 2 Ext 2;10 and relations

h0a = 0 , h1a = 0 , va = 0 , wa = h2
1c, h1b = 0 , vb= h2

0c, and vc = wb.

ˆ The submoduleExt(� 3Q) has generatorsd 2 Ext 0;3 and e 2 Ext 1;8 subject to the relations

h1d = 0 , vd = h2
0e, and ve = wd.

ˆ The submoduleExt(� 6A(1)) has generatorf 2 Ext 0;6 with h0f = 0 , h1f = 0 , vf = 0 , and

wf = 0 .

ˆ The submoduleExt(� 7R2) has generatorsg 2 Ext 0;7 and h 2 Ext 0;8 with relations h1g = 0 ,

h0h = 0 , and h2
1h = 0 (as well as additional generators and relations in topological degree

greater than 10).

ˆ The submoduleExt(� 8Z=2) has generatori 2 Ext 0;8 with no relations.

The following classes are detected in mod2 cohomology:a by � 2, d by � 3, f by � 3
2 , g by � 2

2 � 3, h by

� 2� 2
3, and i by � 4

2 . The classesb, c, and e are not detected by mod2 cohomology.

21 As just a bigraded vector space, Ext( J ) was computed earlier, by (Wilson, 1973, Figure 2).
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The convergence, though easily determined using the fact that di�erentials in the Adams spectral

sequence are equivariant for theE-action, was determined in Bayen (1994). Di�erentials are deter-

mined by their values on the generators, which ared2(b) = h3
0d, d2(c) = h3

0e, and d2(i ) = h2
0g; all

other di�erentials on the nine generators vanish. We summarize in Figure 7.4.

Figure 7.4: The Adams spectral sequence computingfko� (B SL(3; F2)) . Left: the E2 page. Right:
the E4 = E1 page, up to degree 8.

We are interested in (the 2-completion of) fko� (B SL(3; F2)) up to degree 7, which amounts to

resolving extension questions on theE1 -page. This has been done by Bayen.

Proposition 7.67. (Bayen, 1994, Theorem 3.6.1)

1. There is an isomorphism ofZ-gradedko� -modules

fko� (B SL(3; F2)) ^
2

�= (ko^
2 ) � f �; �; �; �; : : : g=R 3 � � 6Z2 � �; (7.68a)

where j� j = 2 , j� j = 3 , j� j = 6 , and j� j = j� j = 7 . The ideal R 3 of relations is

R 3 = (2 �; ��; v�; 8�; ��; 8�; 4� � v�; 4� � 2�; : : : ) (7.68b)

and in both (7.68a) and (7.68b), all unlisted classes are in degrees8 and above.

2. The above isomorphism can be chosen so that the images of the generators in theE1 -page of

116



the Adams spectral sequence are:� 7! a, � 7! d, � 7! f , � 7! e, and � 7! g.

In particular,

fko2(B SL(3; F2)) ^
2

�= Z2 � �; fko3(B SL(3; F2)) ^
2

�= Z8 � �;

fko6(B SL(3; F2)) ^
2

�= Z2 � �; fko7(B SL(3; F2)) ^
2

�= Z2 � (� � 2� ) � Z16 � �:
(7.69)

L (2), in fact, is very easy in the degrees we are interested in.

Lemma 7.70. (Bayen, 1994, Ÿ3.5.3) H � (L (2); Z2) is a free A(1)-module on a countably in�nite

basis consisting of a class in degree4 and other classes in degrees greater than7.

Proposition 7.71.

1. 
 Spin
k (L (2)) vanishes fork � 7 except for k = 4 , where it is isomorphic to Z2.

2. Recall the map 4 from Proposition 5.34. The map


 Spin
4 (BS4)

 4�! 
 Spin
4 (L (2))

�=�! Z2 (7.72)

is the bordism invariant
R

a2b.

3. 
 Spin
k (B Z4 ^ L(2)) is 0 for 0 � k � 4 and Z2 for 5 � k � 7. Analogously to (7.72), these

summands of
 Spin
� (B Z4 ^ L(2)) are detected by

R
xa2b,

R
ya2b, and

R
xya2b in degrees5, 6,

and 7 respectively.

Proof. Part (1) is a direct consequence of Margolis' theorem in Margolis (1974): freeA(1)-module

summands in cohomology lift to H Z2 summands after smashing withko. The same is true for

MTSpin becauseH � (MTSpin ; Z2) is isomorphic to A 
 A (1) M for some A(1)-module M , so the

change-of-rings trick used to apply Margolis' theorem toko-homology also works for spin bordism.

For part (2) , part (1) and Proposition 5.34 imply that H � (BS4; Z2) contains a � 4A(1) summand
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corresponding to L(2) as a summand ofko ^ BS4, and that this summand can be chosen to be

any � 4A(1) summand which is not in the image on cohomology of the maps� : BS4 ! B Z2 or

m � q: BS4 ! B SL(3; F2). Then a quick computation of the A(1)-module structure on eH � (BS4; Z2)

in low degrees shows thata2b generates a free summand satifying these criteria.

For part (3), begin with the fact that for any A(1)-module M , A(1) 
 Z2 M is a freeA(1)-module on

a basis of the formf � 
 � i g, where � is the generator ofA (1) and � i is a basis ofM as aZ2-vector

space. SinceeH � (B Z4; Z2) has a vector space basis
�

x; y; xy; y 2; xy2; y3; : : :
	

(Theorem 7.12), then

eH � (B Z4 ^ L(2); Z2) in degrees7 and below is a freeA(1)-module on the classesxa2b, ya2b, and

xya2b in degrees5, 6, and 7 respectively. Margolis' theorem then �nishes the proof for us.

7.3.2. Generators

Manifold Bordism class Image inE1 Dimension Char class Reference

T2 � a 2 � 2 Prop. 7.88
L 3

4 � d 3 � 3 Prop. 7.84
RP3 � RP3 � f 6 � 3

2 Prop. 7.88
L 3

4 � Z2 K 3 � e 7 n/a Ÿ7.3.4
L 7

4 � g 7 � 2
2 � 3 Prop. 7.84

W4 4 a2b Ÿ7.3.5

Table 7.1: Generators ofe
 Spin
� (B SL(3; F2)) . We also include the generatorW4 of 
 Spin

4 (L (2)) , which
we need for the spin bordism ofBS4.

We now move to the generators ofko� (B SL(3; F2)) and ko� (L (2)) for degree less than 8. A key result

by which we will determine these generators is the stable splitting ofS4 given in Proposition 5.34.

With this, we can study generators for ko� (B SL(3; F2)) and ko� (L (2)) by instead considering the

generators ofko� (BS4).

Theorem 7.73. (Nakaoka, 1962, Theorem 4.1), (Madsen and Milgram, 1979, Example 3.31)

H � (BS4; Z2) �= Z2[a; b; c]=(ac);

jaj = 1 ; jbj = 2 ; jcj = 3
(7.74)
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Figure 7.5: The permutation (1 2 3 4) generating aZ4 as an element ofS4 acting on a tetrahedron
(inside a cube).

The Steenrod squares of the generators are

Sq(a) = a + a2; Sq(b) = b+ ab+ c + b2; Sq(c) = c + bc+ c2: (7.75)

The cohomology ring is due to Nakaoka; Madsen-Milgram realized the generators as Stiefel-Whitney

classes, so that the Steenrod squares given here follow from the Wu formula.

Remark 7.76. Comparing Theorems 7.56 and 7.73 we see immediately that

� 2; � 3; � 3 2 H � (B SL(3; F2); Z2) correspond tob; ab+ c; c 2 H � (BS4; Z2), respectively. This is also

visible in the classes named on the two sides of Figure 7.3.

7.3.3. Generators coming fromko� (B Z4) and ko� (B (Z2 � Z2))

Many of the generators ofko� (BS4) can be determined by considering subgroups ofS4. Indeed,

consider the inclusionZ4 ,! S4 given by 1 7! (1 2 3 4). Thinking of S4 as the tetrahedral symmetry

group, this map can also be characterized as sending the generator ofZ4 to the tetrahedral symmetry

given by the composition of a90� turn in the R2
xy -plane with a re�ection in Rz, see Figure 7.5. The

inclusion induces a map onZ2 cohomology. For this, �rst recall the Z2 cohomology ofB Z4 from

Theorem 7.12.

With Theorems 7.73 and 7.12 in place, we can study the map onZ2 cohomology induced from the

inclusion Z4 ,! S4.
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Lemma 7.77. The inclusion Z4 ,! S4 given by1 7! (1 2 3 4) induces a map onZ2 cohomology

� : H � (BS4; Z2) ! H � (B Z4; Z2);

a 7! x; b 7! y; c 7! xy
(7.78)

Proof. The classesa; b; c2 H � (BS4; Z2) are the �rst, second, and third Stiefel-Whitney classes of

the representation ofS4 on R3 as the symmetries of the tetrahedron. Restricting toZ4, we obtain

a Z4 rotore�ection representation � , the direct sum of aZ4 rotation symmetry on the xy-plane and

a re�ection symmetry Z4 ! Z2 ! GL1(R) on the z-axis. This representation is not contained in

SO(3), sow1(� ) 6= 0 , and one can also showw2(� ) 6= 0 , e.g. becausew2 of the rotation representation

is nonzero and then using the Whitney sum formula. Thusw1(� ) = x and w2(� ) = y, since those

are the only nonzero options, and thereforea; b pullback to x; y, respectively. The fact that c 7! xy

then follows from the fact that Sq1(b) = ab+ c and Sq1(y) = 0 .

Lemma 7.79. Let

� � : Ext A (1) (H
� (B Z4; Z2); Z2) �! Ext A (1) (H

� (BS4; Z2); Z2) (7.80)

be the map of AdamsE2-pages induced by the inclusionZ4 ,! S4. Then

� � (� ) = 0 � � (�� 1) = 0 � � (�� 1) = h0e

� � (� 1) = a � � (� 2) = f � � (� 1) = h0c

� � (�� 1) = d � � (� 1) = 0 � � (� 2) = h0i:

� � (� 1) = b � � (�� 2) = g

(7.81)

The reader can check that, restricted to classes in degrees8 and below, the description of� � in (7.81)

extends uniquely to anE-module homomorphism.

Proof. In Theorem 7.12 and Corollary 7.61, we gave direct-sum decompositions ofH � (B Z4; Z2)

and H � (B SL(3; F2); Z2) asA(1)-modules; the map� � : H � (B SL(3; F2); Z2) ! H � (B Z4; Z2) mostly
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sends direct summands to direct summands. Speci�cally, using Lemma 7.77 to evaluate� � on an

additive basis ofH � (B SL(3; F2); Z2) in degrees� � 8, we obtain the following description of � � .

1. There is a unique nonzeroA(1)-module homomorphism� J : � 2J ! � 2C� ; it is surjective,

with kernel � 3Q.

2. There is a unique nonzeroA(1)-module homomorphism� Q : � 3Q ! � 3C� ; it is surjective,

with kernel � 6Z2.

3. There is a uniqueA(1)-module homomorphism� Z2 : � 6A(1) � � 8Z2 ! � 6C� which is nonzero

when restricted both to � 6A(1) and to � 8Z2; it is surjective, with kernel � 7R2.

4. There is a unique nonzeroA(1)-module homomorphism� R2 : � 7R2 ! � 7C� ; it is surjective,

with kernel � 8J .

Then, there is some map� P : P ! eH � 10(B Z4; Z2) such that, under the isomorphisms given in

Proposition 7.29 and Corollary 7.61,

� = � J � � Q � � Z2 � � R2 � � P : eH � (B SL(3; F2); Z2) �! eH � (B Z4; Z2): (7.82)

Thus it su�ces to compute the e�ects of � J , � Q , � Z2 , and � R2 on Ext. For this we use the fact

that each of these four maps is surjective, hence it and its kernel are a short exact sequence of

A (1)-modules, which induces a long exact sequence in Ext. In practice, knowing the Ext of each of

the three pieces of the short exact sequence usually dictates the maps on Ext by exactness, and that

is true in all four cases under study here. See (Beaudry and Campbell, 2018, Ÿ4.6) for information

on how to display and compute these long exact sequences; we run them in Figure 7.6, and from

those charts we can read o� the lemma statement.

Remark 7.83. The map � � of AdamsE2-pages sends� 7! 0 but does not kill �� i . This is an algebraic

manifestation of the fact that even though 
 Spin
� (B Z4) is a ring, and it has a map to 
 Spin

� (BS4),

the latter is not a module over the former; only over 
 Spin
� . This is similar to the situation we
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observed with Spin-Mp(2; Z) and Spin-GL+ (2; Z) bordism in (Debray et al., 2023, Ÿ14.4).

Proposition 7.84. The map ko� (B Z4) ! ko� (BS4) induced by the inclusionZ4 ,! S4 from

Lemma 7.77 sends̀ 3 7! � and `7 7! � , and therefore L 3
4 with either of its two spin structures

and S4-bundle induced from theZ4-bundleS4 ! L 3
4 represents� , and likewise for L 7

4 and � .

Proof. Recall from (7.81) that �� 1 7! d and �� 2 7! g. All four of these classes survive to the

E1 -page, so we can lift the map onE1 -pages to a map onko-homology using Theorem 7.49

and Proposition 7.67 and concludè 3 7! � and `7 7! � . Finally, using the generators forko� (B Z4)

we found in Proposition 7.52, we obtain the second part of the theorem statement.

Remark 7.85. Looking at (7.81), the classesa 2 Ext 0;2 and f 2 Ext 0;6 are also in the image of� � ;

speci�cally, a = � � (� 1) and f = � � (� 2). However, sinced2(� i ) 6= 0 for i = 1 ; 2, a and f are not

in the image of � � on the E1 -page, so the proof technique of Proposition 7.84 does not furnish

representing manifolds for� 2 ko2(BS4) or f 2 ko6(BS4). We will �nd generators using a similar

technique on a di�erent subgroup ofS4 in Proposition 7.88.

Similarly, there exists an inclusionZ2 � Z2 ,! S4 which helps determine the generator of

fko6(B SL(3; F2)) .

Lemma 7.86. The inclusion j : Z2 � Z2 ,! S4 de�ned by the transpositions(1 2)(3 4) and (1 3)(2 4)

induces a map onZ2 cohomology

H � (BS4; Z2) ! H � (B (Z2 � Z2); Z2)

a 7! 0; b 7! x2 + xy + y2; c 7! x2y + xy2
(7.87)

wherex; y 2 H 1(B (Z2 � Z2); Z2) are the generators corresponding to the �rst, res. secondZ2 sum-

mands.

Proof. The map Z2 � Z2 ! S4 factors through A4, so we can �rst ask howa, b, and c pull back to

A4, then restrict from A4 to Z2 � Z2.
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Figure 7.6: The map � � from the E2-page of the Adams spectral sequence forko� (B Z4) to the
E2-page for ko� (BS4) can be calculated summand by summand. This is a picture of the proof of
Lemma 7.79; see also (Debray et al., 2023, Figure 23). Each Adams chart is a depiction of a long
exact sequence in Ext, as in (Beaudry and Campbell, 2018, Ÿ4.6); color is the image of the quotient
map in the short exact sequence, and black is the kernel. Upper left: the map� J and its kernel,
and the resulting long exact sequence in Ext. Upper right: the same, for� Q . Lower left: the same,
for � Z2 . Lower right: the same, for � R2 . Names of cohomology classes are as in Theorem 7.12
and Theorem 7.56; names for Ext classes are as in Theorem 7.45 and Corollary 7.66 (drawn in
Figures 7.2 and 7.4, left), and the maps� � are as de�ned in the proof of Lemma 7.79.

For S4 ! A4, H 1(BA 4; Z2) = 0 , soa pulls back to 0. For the classb, note that it is the second Stiefel-

Whitney class of the representation ofS4 on R3 as the symmetries of a tetrahedron. Restricting to

A4, we obtain the orientation-preserving symmetries of the tetrahedron. This representation is not

spin (its spin lift is the binary tetrahedral group, which is not A4 � Z2), so w2 is nonzero. The only

option in H 2(BA 4; Z2) = Z2 is the nonzero element, which we will denote asu to match with the
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notation of Debray (2021). Finally, ab+ c = Sq1(b), so in BA 4, c pulls back to Sq1(u).

To get from A4 to Z2 � Z2, we recall that u pulls back to x2 + xy + y2; then c pulls back to

Sq1(x2 + xy + y2); see (Debray, 2021, Proposition 5.1) for reference.

Proposition 7.88. Let n = 1 or n = 3 . Give RPn � RPn the �tautological (Z2 � Z2)-bundle,� i.e.

the (Z2 � Z2)-bundle � : P ! RPn � RPn classi�ed by the map

id: � 1(RPn � RPn ) �= Z2 � Z2 �! Z2 � Z2: (7.89)

1. For n = 1 :
R

RP1 � RP1 j � (� 2) = 1 , so RP1 � RP1 �= T2, with any of its four spin structures and

with the principal S4-bundle induced fromP by j , represents the class� 2 ko2(BS4).

2. For n = 3 :
R

RP3 � RP3 j � (� 3
2) = 1 , so RP3 � RP3, with any of its spin structures and the principal

S4-bundle induced fromP by j , represents the class� 2 ko6(BS4).

Proof. That
R

j � (� 2) 6= 0 , resp.
R

j � (� 3
2) 6= 0 characterizes� , resp. � , follows from the fact that the

images of� and � on the E1 -page, which area and f respectively (Proposition 7.67), are detected

by the mod 2 cohomology classes� 2, resp.� 3
2 (Corollary 7.66). By Lemma 7.86,j � (� 2) = x2+ xy+ y2,

so

j � (� 3
2) = x6 + x5y + x3y3 + xy5 + y6: (7.90)

If we let z, resp. w denote the generators of the left, resp. right-hand copies ofH � (RPn ; Z2) inside

H � (RPn � RPn ; Z2), the Künneth formula tells us H � (RPn � RPn ; Z2) �= Z2[z; w]=(zn+1 ; wn+1 ), and

because the classifying map forP is the identity, x 7! z and y 7! w. First consider n = 1 : this

means that, pulled back toRP1 � RP1, x2 7! 0 and y2 7! 0, but xy 7! zw, the non-zero top-degree

cohomology class. Thus
R

RP1 � RP1 j � (� 2) = 1 .

Now n = 3 . The ring structure we just described forH � (RP3 � RP3; Z2) forces all of the monomials

in (7.90) to vanish except forx3y3, which is the nonzero class inH 6(RP3 � RP3; Z2), so as needed,
R

RP3 � RP3 j � (� 3
2) = 1 .
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Remark 7.91. How did we know to try �nding a representative of � for Z2 � Z2, rather than

some other subgroup ofS4? One helpful fact is that, after a straightforward computation, one

learns Sq2(Sq2(Sq2(j � (� 3
2))) 6= 0 . Thus j � (� 3

2) generates a freeA(1)-submodule of H � (B (Z2 �

Z2); Z2) (Freed and Hopkins, 2021b, ŸD.4), which by Margolis' theorem in Margolis (1974) means

there is some closed spin6-manifold M with (Z2 � Z2)-bundle P ! M such that
R

M j � (� 3
2) = 1 .

Thus this straightforward algebraic calculation guides us on the harder and less formulaic problem

of �nding generators.

7.3.4. The generatorX 7 in dimension 7

The next generator we address is the green triangleZ2 summand in E 1;8
1 , given by the generatore.

Under the inclusionsZ4 ,! S4 and Z2 � Z2 ,! S4 given in Lemma 7.77 and Lemma 7.86, this class

is not in the image of the induced maps on AdamsE2-pages. The following theorem of Mitchell

and Priddy will therefore be of use to us.

Theorem 7.92. (Mitchell and Priddy, 1984, Theorem A) There is a 2-local stable equivalence

BD 8
�= BS4 _ L(2) _ B Z2 (7.93)

Hence, part of our strategy will be to construct a seven dimensional spin manifoldX 7 with D8

bundle and then use Theorem 7.92 to get fromD8 to S4. Before we begin with the construction of

X 7, we recall theZ2 action on a lens spaceL 2n� 1
k by `complex conjugation'.

De�nition 7.94. (Debray et al., 2023, De�nition 14.72) Let � be a primitive kth root of unity

and L 2n� 1
k denote the lens space which is the quotient ofS2n� 1 � Cn by the Zk -action on Cn which

is multiplication by � , which preserves the unit sphere. Complex conjugation exchanges� with

another primitive kth root of unity, and therefore the image of a Zk -orbit of S2n� 1 under complex

conjugation is another Zk -orbit. Hence, this involution descends to an involution onL 2n� 1
k , which

is also referred to as complex conjugation.

Recall that the K3 surface is a closed, simply connected, spin4-manifold. Thus it has a unique
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spin structure; let B ! K3 denote its principal Spin4-bundle of frames. K3 has an orientation-

preserving free involution  : K3 ! K3 which does not lift to an involution on B; this means

that the quotient by the involution, the Enriques surface E, has a Spin-Z4 structure but is not

spin (García-Etxebarria and Montero, 2019, ŸC.4).

De�nition 7.95. Let Z2 act diagonally on L 3
4 � K3 such that the action on the lens space is by

complex conjugation and the action on the K3 surface is free. We de�neX 7 to be the quotient.

As usual for manifolds de�ned in this manner, quotienting by the lens space de�nes a �ber bundle

� : X 7 ! E with �ber L 3
4.

Notice that the complex conjugation involution passes to inversion on� 1(L 3
4) = Z4. Hence, since

K 3 is simply connected,� 1(X 7) = D8.

Theorem 7.96. X 7 has a Spin structure.

Proof. First we need to showX 7 is orientable, i.e. that the involution in De�nition 7.95 is orientation-

preserving. This follows because complex conjugation onL 3
4 is orientation-preserving (Debray et al.,

2023, Ÿ14.3.5) and the involution on K3 is orientation-preserving, as noted above.

In order to calculate w2 and assess whetherX 7 has a spin structure, we need more information on

TX 7. We can stably split this vector bundle in the same manner as in (Debray et al., 2023, ŸŸ14.3.3,

14.3.5, 14.3.6): speci�cally, following the same line of proof as in (Debray et al., 2023, Proposition

14.74), we obtain an isomorphism

TX 7 � R
�=�! V � V � � � (TE); (7.97)

whereV is the rank-two vector bundle associated to the principalD8-bundle which is the universal

cover S3 � K3 ! X 7 and the de�ning two-dimensional real representation ofD8.
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Apply the Whitney sum formula to (7.97) to deduce

w2(X 7) = w1(V )2 + � � (w2(E )) : (7.98)

We want to show this vanishes. SinceE is spin-Z4 but not spin, there is a nontrivial principal

Z2-bundle P ! E such that w2(E ) = w1(P)2,22 and since� 1(E ) �= Z2, there is only one suchP:

the double coverK 3 ! E . Thus w2(X 7) = w1(V )2 + � � (w1(P))2, and so to prove the theorem it

su�ces to show w1(V ) = � � (w1(P)) .

The classesw1(V ) and � � (w1(P)) are equivalent to group homomorphisms� 1(X 7) �= D8 ! Z2;

w1(V ) is identi�ed with the map D8 ! Z2 given by quotienting by rotations, and � � (w1(P)) is the

map � 1(X 7) � �! � 1(E )
�=! Z2. Thus it su�ces to know that the map � 1(X 7) ! � 1(E ) is exactly the

map D8 ! Z2 that quotients by the rotation subgroup, which follows from the long exact sequence

of homotopy groups of the �ber bundle L 3
4 ! X 7 ! E and the fact that the map � 1(L 3

4) ! � 1(X 7)

is exactly the inclusion of the rotation subgroupZ4 ,! D8.

Theorem 7.99. X 7 with its D8 bundle is nonzero in
 Spin
7 (BD 8) and linearly independent from

the generatorL 7
4 in 
 Spin

7 (BD 8).

Proof. Suppose thatM is a spin manifold with D8 bundle P ! M . The quotient of P by Z4 � D8

is a Z2-bundle fM which is a double cover ofM . The assignmentM 7! fM de�nes a homomorphism

T : 
 Spin
k (BD 8) ! 
 Spin

k (B Z4) (7.100)

The map T is commonly referred to as the `transfer.'

Applying the map T to X 7, we get L 3
4 � K3. The manifold L 3

4 � K3 is non-trivial in 
 Spin
7 (B Z4).

Indeed, the bordism invariant � D
1 � � D

0 of the lens spaceL 3
4 is � 3=8 (Debray et al., 2023, Table 17).

22 From (Tachikawa and Yonekura, 2019a, Footnote 13), we learn that a Spin- Z4 structure is equivalent to a P and
a Spin structure on E � � � 2

P , where � P is the real line bundle associated to P . To get the condition we claim, use
the Whitney sum formula.
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With this, and the fact that

� D (L 3
4 � K3) = IndexD (K3) � D (L 3

4); (7.101)

it follows that the bordism invariant � D
1 � � D

0 evaluated on L 3
4 � K3 is 3=4. In particular, the

manifold is non-trivial in bordism. Note here that we have used the fact that the K 3 has Dirac

index (� 2).

The other generator we have for
 Spin
7 (BD 8) is L 7

4, see Proposition 7.84 and Theorem 7.92 for

reference. This generator vanishes when we apply the mapT: its D8-bundle is induced from a

Z4-bundle (Proposition 7.84), and thereforeT produces the trivial double cover, which bounds

[0; 1] � L 7
4. Hence, we conclude thatX 7 is linearly independent from L 7

4 in 
 Spin
7 (BD 8).

7.3.5. The generatorW4 of ko4(L (2))

The generator ofko4(L (2)) is detected by theZ2 cohomology classa2b. Consider the inclusion ofD8

into S4. We have already considered the induced map onZ2 cohomology in the context of Theorem

7.56. Indeed, the inclusion ofD8 into SL(3; F2) induces a map onZ2 cohomology sending� 2; � 3; � 3

to x2
1 + w, x1w, and x2w. The following lemma then follows from Remark 7.76.

Lemma 7.102. The inclusion D8 ,! S4 de�ned by (1 2 3 4) and (1 3) induces a map onZ2

cohomology de�ned by

k : H � (BS4; Z2) ! H � (BD 8; Z2);

a 7! x1 + x2; b 7! x2
1 + w; c 7! x2w

(7.103)

The generator of fko4(L (2)) is detected bya2b (Proposition 7.71). Hence, it su�ces to determine a

four dimensional manifold W4 with D8 bundle such that
R

W4
k� (ab2) 6= 0 .

De�nition 7.104. Let Z2 act on L 3
4 � S1 by complex conjugation on the lens space, see De�ni-

tion 7.94, and the antipodal map onS1. We de�ne W4 to be the quotient.

We remark that W4 is can be equivalently regarded as the quotient ofS3 � S1 by the D8 action
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generated by two di�eomorphisms r and s: r is multiplication by i on S3 and the identity on S1

and s is re�ection on S3 and the antipodal map on S1.

Lemma 7.105. W4 is orientable and spin.

Proof. We �rst check that W4 is orientable, or equivalently, whether the involution we used to

de�ne it is orientation preserving. The antipodal map is orientation preserving onS1, and complex

conjugation is orientation preserving onL 3
4. Therefore, the combination of these two involutions is

orientation preserving.

Next we check that W4 is spin. We follow a similar approach as that used in the proof of

(Debray et al., 2023, Proposition 14.74). First, we remark that there is an isomorphism of vec-

tor bundles

T(L 3
4 � S1) � R2 �=�! L 2 � R2; (7.106)

where L ! L 3
4 is the quotient of C ! S3 by the Z4 action.

Letting Z2 act on L 3
4 � S1 by complex conjugation onL 3

4 and the antipodal map onS1, so that the

quotient is W4, there is an isomorphism of vector bundles

TW4 � R2 �=�! V 2 � � 2 (7.107)

where V and � are as follows: ifP ! W4 denotes the quotientS3 � S1 ! W4, which is a principal

D8-bundle, then � is associated toP and the sign representationD8 ! O(1) sending rotations to

1 and re�ections to � 1, and V is associated to the standard representationD8 ! O(2) as rotations

and re�ections on R2. Thus, � = Det(V ), sow1(V ) = w1(� ). Using that w2(� ) = 0 , an application

of the Whitney sum formula then reveals that w2(W4) = 0 .

All that's left to do is verify that
R

W4
k� (ab2) 6= 0 . To proceed, we need theZ2 cohomology ofW4.

Notice that W4 is obtained from L 3
4 � S1 by a further Z2 quotient. SinceZ2 acts as sign reversal in

the base the resulting spaces are given by the �ber bundleL 3
4 ,! W4 ! RP1.
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Lemma 7.108. The Serre spectral sequence for the �ber bundleL 3
4 ! W4 ! RP1 collapses, pro-

viding an isomorphism

H � (W4; Z2) �= Z2[x; y; w]=(x2; xy + y2; w2);

jxj = jyj = 1 ; jwj = 2
(7.109)

Proof. The spectral sequence computingH � (W4; Z2) is given in Figure 7.7. Clearly, the spectral

sequence collapses; there is no room for di�erentials.

q "
p !

0 1

0

1

2

3

1 x

y xy

w wx

wy wxy

Figure 7.7: The Serre spectral sequence computingH � (W4; Z2).

The multiplicative structure is clear except for the relation xy + y2 = 0 . This follows from the fact

that x and y pull back from BD 8, and x1x2 + x2
2 = 0 in H � (BD 8; Z2).

A straightforward application of Lemma 7.102 reveals that

k� (ab2) = w(x1 + x2)2 + ( x1 + x2)4 (7.110)

Lemma 7.108 tells us that all terms vanish exceptwx2
2. Hence,

R
W4

a2b = 1 , and we conclude that

W4 represents the unique nonzero class inko4(L (2)) .

7.4. Calculations and generators forBZ4 � BS4

Module structure of ko� (B Z4 ^ B SL(3; F2)) and its Adams SS, and generators (and same forB Z4 ^

L(2))
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7.4.1. Adams spectral sequences forko� (B Z4 ^ B SL(3; F2)) and ko� (B Z4 ^ L(2))

In this subsection, we run the Adams spectral sequence computingko� (B Z4^ B SL(3; F2)) in degrees

7 and below. At all stages we describe the structure forB Z4 ^ B SL(3; F2) as a module over the

corresponding structure forB Z4.

Our computation is front-loaded with algebraic calculations that will simplify the actual spectral

sequence later. First, in Lemmas 7.114 and 7.116, we study the Ext structure on some tensor

products of A (1)-modules. Using this, we describe theE2-page as a module overExt( H � (B Z4; Z2))

in Theorem 7.123. Using this and the di�erentials we calculated in Proposition 7.47 and Ÿ7.3.1,

we compute di�erentials in our spectral sequence in Theorem 7.126, then address extensions in

Theorem 7.132.

Remark 7.111. It would be nice to apply the stable splitting techniques we've used toB Z4 ^

B SL(3; F2). However, Martino-Priddy-Douma show that � 1 (B Z4 ^ B SL(3; F2)) is indecompos-

able (Martino et al., 2000, Example 5.3). Speci�cally, they show that the decomposition of� 1 (B Z4^

BD 8) into indecomposable summands can be found by taking the indecomposable summands of each

factor and smashing them together � the spectrum does not simplify further. Since � 1 B Z4 is in-

decomposable andB SL(3; F2) is stably an indecomposable summand ofBD 8 (Mitchell and Priddy,

1984, Theorem A),� 1 (B Z4 ^ B SL(3; F2)) is indecomposable.

Let M and N be A(1)-modules. Then there is a map

Ext A (1) (M; Z2) 
 Ext A (1) (N; Z2) �! Ext A (1) (M 
 N; Z2); (7.112)

which we call theKünneth map � often it arises by applying Ext to the Künneth map in cohomology

of a smash product of spaces. In this case, the Künneth map on Ext converges in the Adams spectral

sequence to the product map onko-homology groups. We will evaluate this Künneth map in a few

examples.

Recall from Proposition 7.29 that, as anA(1)-module, eH � (B Z4; Z2) is a sum of shifts ofZ=2 and
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C� . Tensoring with Z=2 does not change the isomorphism type of anA(1)-module, so we focus on

C� .

Remark 7.113. Determining the E-module structure on Ext( M 
 C�; Z2) is easy, thanks to a trick:

there is an isomorphismC� �= A(1) 
 E(1) Z2, where E(1) :=


Sq1; Sq2Sq1 + Sq1Sq2�

, so by the

change-of-rings theorem,Ext A (1) (C� 
 M ) �= Ext E(1) (M ). The reference Debray (2021) works

out Ext over E(1) for several commonly occurringE(1)-modules. However, we will not take this

shortcut: it does not provide any insight on the Künneth map, hence does not help much with the


 Spin
� (B Z4)-module structure on
 Spin

� ((B Z4)+ ^ B SL(3; F2)) . The reader may enjoy trying theE(1)

trick to compute the Ext groups we work out below more directly as a check of our calculations.

Lemma 7.114.

1. With notation for Ext A (1) (J ) and Ext A (1) (C� ) as in Proposition 7.31 and Corollary 7.66,

there is an isomorphism ofE-modules

Ext A (1) (J 
 C� ) �= (E=h1) f j; k; `; : : : g=(h0j; vj; : : : ); (7.115)

with j 2 Ext 0;0, k 2 Ext 0;2, and ` 2 Ext 1;5, and all generators and relations not listed are in

topological degree5 and above.

2. The Künneth map sendsa 
 � 7! j , b
 � 7! h0k, b
 � 7! h0`, and a 
 � 7! 0.

Proof. One can check by explicit computation that J 
 C� �= A(1) � � 2C� . Ext( A (1)) �= Z=2 in

bidegree(0; 0) with trivial E-action, and Ext( C� ) appears in Proposition 7.31 (drawn in Figure 7.1);

putting these together, we conclude the �rst part of the lemma.

For the Künneth map in the second part of the lemma, two of the classes are easy:� and a are

both represented by the classes inExt 0 = Hom( � ; Z2) which preserve the lowest-degree element

in an A(1)-module and kill all others. One can explicitly compute the tensor product of those

homomorphisms and see that it is non-trivial; since there is a unique nonzero class inExt 0;0(J 
 C� )
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by the �rst part of the lemma, we deduce a 
 � must be this nonzero class, which isj .

Sinceh0a = 0 , h0(a
 � ) 7! 0 under the Künneth map. Multiplying by h0, as a mapExt 1;3(J 
 C� ) !

Ext 2;4(J 
 C� ), is injective by the �rst part of the lemma, so h0(a 
 � ) 7! 0 under the Künneth

map forcesa 
 � to also map to 0.

The remaining two classes can be sorted by comparing with the Künneth map overA(0) :=


Sq1�

�

A (1). The forgetful map Ext A (1) (C� ) ! Ext A (0) (C� ) is injective in topological degree2 and below

by Lemma 7.37, so if we want to proveb
 � = h0k and b
 � = h0`, it su�ces to do so for extensions

of A (0)-modules.

As A(0)-modules,C� �= Z2 � � 2Z2, and under the isomorphismExt A (0) (Z2; Z2) �= Z2[h0], � pulls

back to h0 for the degree-0 Z2 and � pulls back to h2
0 for the degree-2 copy of Z2 by Lemma 7.37.

Thus, if we can show thatb 2 Ext A (1) (J ) is non-trivial when pulled back to Ext A (0) (J ), then b
 �

and b
 � are nonzero; since they each live in a one-dimensional Ext group, they must be equal to

h0k, resp. h0`. So we �nish the proof by showing an explicitA (1)-module extension representingb

is non-split as anA(0)-module extension.

Ext 1;3(J ) �= Z2, so any non-split extension0 ! � 3Z2 ! eJ ! J ! 0 representsb. For example, we

could let eJ := A(1)=(Sq2Sq1Sq2),23 with the map to J �= eJ=(Sq3) given by the quotient. We draw

this extension in Figure 7.8, left. The Adem relation Sq1Sq2 = Sq3 implies that as A(0)-modules,

the extension is also not split, as we draw in Figure 7.8, right: the image ofb 2 Ext A (0) (J ) is

nonzero.

Lemma 7.116.

1. With notation for Ext A (1) (Q) and Ext A (1) (C� ) as in Proposition 7.31 and Corollary 7.66,

there is an isomorphism ofE-modules

Ext A (1) (Q 
 C� ) �= (E=h1) f n; p; : : :g=(: : : ); (7.117)

23 Baker (Baker, 2018, Ÿ5) calls this A (1)-module the whiskered Joker.

133



(a)

� 3Z2 eJ J

(b)

� 3Z2 eJ J

Figure 7.8: Left: an A(1)-module extension representing the classb 2 Ext 1;3(J; Z2) de�ned in
Corollary 7.66. Right: the same extension asA(0)-modules is not split. This is an ingredient in the
proof of Lemma 7.114.

with n 2 Ext 0;0 and p 2 Ext 0;2, and all generators and relations not listed are in topological

degree4 and above.

2. The Künneth map sendsd 
 � 7! n and d 
 � 7! h0p.

Proof. The �rst part of the lemma can be computed using the E(1) trick (see Remark 7.113);

alternatively, by direct computation one �nds an A(1)-module isomorphism

Q 
 C� �= A(1) � x � � 2A(1) � y=(Sq1x; Sq1y; Sq2Sq3x = Sq3y); (7.118)

and the latter module is exactly the one studied by (Davighi and Lohitsiri, 2020, Appendix A) for

applications to Spin-U(2) bordism. They compute enough about its Ext to imply the �rst part of

the lemma.

The second part can be proven in exactly the same way as the second part of Lemma 7.114:d 
 k

has to correspond to a nontrivial homomorphismQ 
 C� ! Z2 and live in bidegree(0; 0), so isn,

and for d 
 � , one can check overA(0), where the relation is easier.

Lemma 7.119. There is an A(1)-module isomorphismA(1) 
 C� �= A(1) � � 2A(1); thus there is

an E-module isomorphismExt A (1) (A (1) 
 C� ) �= Z2 � f � 1; � 2g with � 1 2 Ext 0;0 and � 2 2 Ext 0;2. If

the A(1) is generated by a mod2 cohomology classg1 and C� is generated byg2, then � 1 is detected

134



by the mod2 cohomology classg1g2 and � 2 is detected byg1Sq2(g2). The image of the Künneth map

is the vector space generated by� 1.

Next, we want to understand eH � (B Z4 ^ B SL(3; F2); Z2) as an A(1)-module, as a �rst step to

understanding it as a module overExt( H � (B Z4; Z2)) . This amounts to plugging Proposition 7.29

and Corollary 7.61 into the Künneth formula:

Proposition 7.120. There is an isomorphism ofA(1)-modules

eH � (B SL(3; F2) ^ B Z4; Z2)

�= � Z2 
 eH � (B SL(3; F2); Z2) � � 2C� 
 eH � (B SL(3; F2); Z2)

� � 3C� 
 eH � (B SL(3; F2); Z2) � � 6C� 
 eH � (B SL(3; F2); Z2)

� � 7C� 
 eH � (B SL(3; F2); Z2) � M;

(7.121)

whereM is concentrated in degree� � 10.

Recalling the A(1)-module structure on eH � (B SL(3; F2); Z2) from Corollary 7.61, we see that as an

E-module, Ext( eH � (B Z4 ^ B SL(3; F2); Z2)) is a direct sum of the followingE-modules:

ˆ Coming from � Z2 
 eH � (B SL(3; F2); Z2) we have

Ext(� 3J ) � Ext(� 4Q) � Ext(� 7A(1)) � Ext(� 8R2) � Ext( M 1): (7.122a)

ˆ Coming from � 2C� 
 eH � (B SL(3; F2); Z2) we have

Ext(� 4(J 
 C� )) � Ext(� 5(Q 
 C� )) � Ext(� 8A(1)) � Ext( M 2): (7.122b)

ˆ Coming from � 3C� 
 eH � (B SL(3; F2); Z2) we have

Ext(� 5(J 
 C� )) � Ext(� 5(Q 
 C� )) � Ext( M 3): (7.122c)
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ˆ Coming from � 6C� 
 eH � (B SL(3; F2); Z2) we have

Ext(� 8(J 
 C� )) � Ext( M 4): (7.122d)

Each M i is concentrated in degrees9 and above, so we can and do ignore it. Therefore we need

to know Ext( J ), Ext( Q) and Ext( R2), which are given in Corollary 7.66, as well asExt( J 
 C� )

and Ext( Q 
 C� ), which we computed in Lemmas 7.114 and 7.116 respectively. Gathering these

together, we obtain a complete description of theE2-page of this Adams spectral sequence as an

E-module. Next, we want to upgrade this to anExt( H � (B Z4; Z2)) -module:

Theorem 7.123. There is an isomorphism ofExt A (1) (H � (B Z4; Z2)) -modules

Ext A (1) ( eH � (B Z4 ^ (BS4)+ ; Z2)) �= E f a; b; c; d; e; f; g; h; i; k; `; p; : : :g=R 4; (7.124a)

where a 2 Ext 0;2, b 2 Ext 1;5, c 2 Ext 2;10, d 2 Ext 0;3, e 2 Ext 1;8, f; k 2 Ext 0;6, g; p 2 Ext 0;7,

h; i 2 Ext 0;8, and ` 2 Ext 1;9, and where the idealR 4 of relations is given by

R 4 =( h0a; h1a; va; � 1a; � 1a; h1d; vd+ h2
0e; � 1d + h0p; h1b; vb+ h2

0c;

� 1b+ h0k; � 1b+ h0`; h0f; h 1f; h 1g; h0h; h1k; � 1k; h1p; : : : )
(7.124b)

and all unlisted generators and relations are in topological degrees9 and above.

Proof. We want to determine products of classes inExt( H � (B Z4; Z2)) and Ext( eH � ((B Z4)+ ^

B SL(3; F2); Z2). If the class in Ext( H � (B Z4; Z2)) comes from the� summand in degree0, that

is the identity in H � (B Z4; Z2), so these Ext classes act the same wayE does. The Ext classes

coming from � Z2 � H � (B Z4; Z2) are a cyclicE-module generated by� ; tensoring with � Z2 is the

same as shifting upwards by1, so for Ext(� Z2 
 eH � (B SL(3; F2)); Z2), we get � times the classes in

Ext( H � (B SL(3; F2); Z2)) that we computed in Corollary 7.66.

The remaining summands we need to understand are all of the form� kC� 
 eH � (B SL(3; F2); Z2)) .

136



The module structure follows from the description of the Künneth map in Lemmas 7.114, 7.116

and 7.119 applied to whatever classes inExt( H � (B Z4; Z2)) correspond to� and � of that particular

C� summand, namely� 1 and � 1 for � 2C� ; �� 1 and �� 1 for � 3C� , and � 2 and � 2 for � 6C� .

(a)

3 4 5 6 7 8

0

1

2

3

�a

�b + h 0 � 1 d

�d

�e

�f
� 1 a

�� 1 a

� 1 d p � 1 f
� 2 a

k

� 1 b
`

�� 1 d

�p
p + �k �g

(b)

3 4 5 6 7 8

0

1

2

3

�a

�b + h 0 � 1 d

�d

�e

�f
� 1 a

�� 1 a

� 1 f
� 2 a�� 1 d

�p
p + �k �g

Figure 7.9: Left: the E2 page of the Adams spectral sequence computingfko� (B Z4 ^ B SL(3; F2)) .
The di�erentials shown here are calculated in Theorem 7.126. Right: theE3 = E1 -page.

We draw the submodule coming fromB Z4 ^ BS4 in Figure 7.9, left. In particular, the relations

in (7.124b) imply that in topological degree 8 and below, every class is either part of an in�nite

h0-tower, or is annihilated by h0, and all of these classes except�e are annihilated by h1. We can

therefore account for all classes in those degrees:

Corollary 7.125. Ext( eH � (B Z4 ^ BS4; Z2) is generated as aZ2[h0]-module in topological degrees8

and below by the following classes.

3. �a 2 Ext 0;3 (annihilated by h0).

4. �d 2 Ext 0;4 (h0-tower) and � 1a 2 Ext 0;4 (annihilated).

5. �� 1a 2 Ext 0;5 (annihilated), � 1d 2 Ext 0;5 (h0-tower), �b 2 Ext 1;6 (h0-tower).

6. k 2 Ext 0;6 (h0-tower), �� 1d 2 Ext 0;6 (h0-tower).

7. �f 2 Ext 0;7 (annihilated), p 2 Ext 0;7 (h0-tower), �k (h0-tower).
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8. �p 2 Ext 0;8 (h0-tower), �g 2 Ext 0;8 (h0-tower), � 1f 2 Ext 0;8 (annihilated), � 2a 2 Ext 0;8

(annihilated), �e 2 Ext 1;9 (h0-tower), ` 2 Ext 1;9 (h0-tower).

Theorem 7.126.

1. In the Adams spectral sequence computingko� (B Z4 ^ B SL(3; F2)) , whoseE2-page is as given

in Theorem 7.123, the value ofd2 on the classes listed in Corollary 7.125 is

d2(�b) = h3
0�d d 2(p) = h2

0�� 1d

d2(� 1d) = h2
0�d d 2(�k ) = h2

0�� 1d

d2(k) = h0�b + h3
0� 1d d2(`) = h3

0�k + h3
0p

(7.127)

and is 0 on the remaining classes in Corollary 7.125.

2. For r > 2, dr vanishes in topological degrees8 and below.

Therefore this Adams spectral sequence collapses atE3 in topological degree7 and below.

Proof. We use the fact that Adams di�erentials satisfy a Leibniz rule for the module action: if

� 2 Ext( H � (B Z4; Z2)) and � 2 Ext( eH � ((B Z4)+ ^ B SL(3; F2); Z2)) , then

d2(�� ) = d2(� )� + �d 2(� ): (7.128)

Using the di�erentials we computed in Proposition 7.47 and Ÿ7.3.1, we can directly evaluate most

of the di�erentials we need.

In many cases,d2(� ) = 0 and d2(� ) = 0 , so d2(�� ) = 0 as well. This is the case for�� 2

f �a; �d; �� 1a; �� 1d; �f; �g; �e g.

In some cases,d2(� ) 6= 0 , but the relations in (7.124b) kill the di�erential anyways. Namely, because
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h0a = 0 and h0f = 0 ,

d2(� 1a) = h2
0�a + � 1 � 0 = 0

d2(� 1f ) = h2
0�f + � 1 � 0 = 0

d2(� 2a) = h0�� 1a + � 2 � 0 = 0:

(7.129)

Directly calculating with the Leibniz rule also nets us a few of the nonvanishing di�erentials:

d2(�b) = 0 � b+ h3
0�d = h3

0�d

d2(� 1d) = h2
0�d + � 1 � 0 = h2

0�d:
(7.130)

Now we tackle k, `, and p using h0-injectivity in a manner reminiscent of the proof of Proposi-

tion 7.44. For example, the Leibniz rule tells us

d2(� 1b) = h2
0�b + h3

0� 1d: (7.131a)

Sinceh0k = � 1b by (7.124b) and d2(h0) = 0 ,

h0d2(k) = h2
0�b + h3

0� 1d: (7.131b)

From Corollary 7.125, we know that h0 : Ext 2;7 ! Ext 3;8 is injective, so we can cancel a factor of

h0 and conclude

d2(k) = h0�b + h2
0� 1d: (7.131c)

In the same way, we haved2(� 1b) = h3
0�� 1b+ � 1(h3

0d) = h4
0�k + h4

0p from the Leibniz rule, together

with h0` = � 1b from (7.124b), and the action of h0 is once again injective here, so we deduce

d2(`) = h3
0�k + h3

0p. And lastly, d2(� 1d) = h3
0�� 1d and h0p = � 1d, and h0 acts injectively here, so

d2(p) = h2
0�� 1d.

Only �k and �p remain, and they can be dispatched directly by the Leibniz rule, now that we know

d2(k) and d2(p).

Thanks to these di�erentials d2, on the E3-page there are no classes in �ltration3 or higher in
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degrees7 and below (see Figure 7.9, right, for a picture). Thus in this range,dr vanishes for

r � 3.

Now we compute extensions to determine the complete structure as ako� (B Z4)-module.

Theorem 7.132.

1. There is an isomorphism ofko� (B Z4)-modules

fko� (B Z4 ^ (B SL(3; F2))+ ) �= ko� f �; �; �; �; �; A; B; C; : : : g=R 5; (7.133)

where j� j = 2 . j� j = 3 , j� j = 7 , j� j = 6 , j� j = 7 , jAj = 4 , jB j = 5 , and jCj = 7 . The ideal R 5

of relations is

R 5 = (2 �; �a; v�; q 5�; 8�; ��; 4� � v�; 8�; 2�; ��; 8� � 4�;

2A; �A; ` 1A � `3�; ` 3A; 2B; �B; ` 1B � 2`3�; 8C;

`3A � c1`1� + 4c2C; q5� � 4c3C; : : : )

(7.134)

and all generators and relations not listed are in degrees8 and above, wherec1; c2; c3 2 Z2 are

undetermined.

2. The generators listed in (7.133) may be chosen so that their images in theE1 -page of the

Adams spectral sequence are:

� 7! a; � 7! d � 7! f

� 7! e � 7! g

A 7! � 1a B 7! �b + h0� 1d C 7! p + �k:

(7.135)

Proof. The relations involving � , � , � , � , and � and elements ofko� (pt) were addressed in Propo-

sition 7.67. Next, one observes that on theE1 -page for fko(B Z4 ^ B SL(3; F2)) (Figure 7.9, right),

the only classes that cannot be written as a product of a class in theE1 -page forB Z4 (Figure 7.2,

right) and a class in theE1 -page forB SL(3; F2) (Figure 7.4, right) are � 1a, �b + h0� 1d, and p+ �k ,

together with multiples of those classes by powers ofh0. Thus there are classesA, B , and C in
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fko� (B Z4 ^ B SL(3; F2)) lifting those classes on theE1 -page, and as claimed� , � , � , � , � , A, B ,

and C generate fko� ((B Z4)+ ^ B SL(3; F2)) as a ko� (B Z4)-module. Now we must �gure out the

remaining relations.

For ko-homology classesx, y, and z, we say(x; y) is an extension problem (for multiplication byz)

if it is not clear from the E1 -page of the Adams spectral sequence whetherxz is equal to y.

Our �rst stop is multiplication by 2, i.e. z = 2 . The E1 -page tells us some extensions via the action

of h0 (e.g. h2
0(p + �k ) 6= 0 lifts to 4C 6= 0 ), and rules out some others because an extension by2

must preserve topological degree and raise the Adams �ltration by at least1. Looking at Figure 7.9,

right, this leaves four extension problems for multiplication by2: (A; 2`1� ), (`3�; B ), (`1�; 2C), and

(`1�; 4C). Only the second of these four extension problems can a�ect theko� -module structure

of the �nal answer, but all four a�ect the ko� (B Z4)-module structure. Fortunately, these four

extensions all split, and for the same reason: Margolis' theorem Margolis (1974) shows that classes

on the E2-page arising from Ext of a freeA(1)-module summand in the cohomology of a space or

spectrum cannot support nonzero di�erentials or participate in nonzero extensions by elements in

� � (S), such as2 and � . In this speci�c case, to use Margolis' theorem we need that the classes

� 1a, �� 1a, and �f all come from freeA(1)-module summands in eH � (B Z4 ^ B SL(3; F2); Z2). Since

Ext 0 = Hom , classes in Adams �ltration 0 can be represented byA(1)-module homomorphisms to

t : � t Z2 (see Proposition 7.9); to check that this homomorphism generates a free summand, compute

Sq2Sq2Sq2 on a classx with t(x) 6= 0 (see (Freed and Hopkins, 2021b, ŸD.4)).

ˆ Since� 1 came fromy 2 H 2(B Z4; Z2) and a came from� 2 2 H 2(B SL(3; F2); Z2), the classy� 2

detects � 1a, so to invoke Margolis' theorem one can check that, indeed,Sq2(Sq2(Sq2(y� 2))) 6=

0.

ˆ Likewise, � is detected by x 2 H 1(B Z4; Z2), and Sq2(Sq2(Sq2(xy� 2))) 6= 0 , preventing �� 1a

from participating in an extension.

ˆ Finally, f is detected by� 3
2 and � by x, so �f is detected byx� 3

2 , and Sq2(Sq2(Sq2(x� 3
2))) = 0 .
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Next, extensions by � . A priori, the possible pairs for hidden extensions by� are (`1�; 2`1� );

(c1`1� + c2A; B ) for somec1; c2 not both 0; (`3�; 2`3� ), and (`3�; c 3C) for C3 = 2 , 4, or 6. However,

from Proposition 7.67 we know�� = 0 and �� = 0 , which splits almost all of these hidden extensions,

leaving only (A; B ), which splits by Margolis' theorem.

Hidden extensions byv are ruled out by degree reasons: any such extension must increase Adams

�ltration by at least 3, but all classes in topological degree at most7 on the E1 -page have Adams

�ltration at most 2. And the Bott class is in too high of a degree to be relevant for us.

The relation `2
1 = 0 leaves very little room for there to be hidden extensions bỳ 1, since on the

E1 -page so many classes are products with� , or admit a nonzero product with � , lifting to provide

most of the information on the `1-action on fko� ((B Z4)+ ^ B SL(3; F2)) . The only ambiguity is what

`1A is in terms of the generators in degree5, but this can be solved by rede�ning B if necessary,

and such a choice does not a�ect the rest of the generators and relations. So there are no hidden

`1-extensions. (The relation `1B = 2`3� is not hidden, as it is visible from the � -action on the

E1 -page.)

For `3, degree reasons suggest the following hidden extensions:(��; c 1`3� ) for c1 equal to 1, 2, or 3;

and (c2�� + c3A; c4`1� + c5C) for c2; c3 2 Z2 not both zero and c4 2 Z2 and c5 2 Z8 not both zero.

The �rst class of hidden extensions are split by the fact�` 3 = 0 , as are the extensions in the second

class with c3 = 0 . We do not solve the second class of extensions in this theorem, though we note

that since 2A = 0 , c5 must be a multiple of 4.

The only remaining relation in topological degree less than8 is q5� , which we have left unresolved.

In a moment, when we search for manifold generators for the corresponding bordism groups, it will

be helpful to unspool the module structure in Theorem 7.132 into something more explicit.
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Corollary 7.136. There are isomorphisms

fkok (B Z4 ^ B SL(3; F2)) �= 0; k � 2;

fko3(B Z4 ^ B SL(3; F2)) �= Z2 � `1�

fko4(B Z4 ^ B SL(3; F2)) �= Z4 � `1� � Z2 � A

fko5(B Z4 ^ B SL(3; F2)) �= Z2 � `1A � Z2 � B

fko6(B Z4 ^ B SL(3; F2)) �= Z4 � `3�

fko7(B Z4 ^ B SL(3; F2)) �= Z8 � C � Z2 � ��:

(7.137)

Just as the Adams spectral sequence forko(L (2)) was simple in comparison toko� (B SL(3; F2)) , the

Adams spectral sequence forko� (B Z4 ^ L(2)) is much simpler than ko� (B Z4 ^ B SL(3; F2)) . Indeed,

an immediate consequence of Theorem 7.12 and Proposition 7.71 is that all nonzero classes in the

second page of the Adams spectral sequence computingko� (B Z4 ^ L(2)) lie in �ltration zero, and

for n � 7, all E 0;n
2 (B Z4 ^ L(2)) vanish except

E 0;5
2 (B Z4 ^ L(2)) ; E 0;6

2 (B Z4 ^ L(2)) ; E 0;7
2 (B Z4 ^ L(2)) (7.138)

Furthermore, the spectral sequence collapses atE2, giving us

ko5(B Z4 ^ L(2)) �= Z2; ko6(B Z4 ^ L(2)) �= Z2; ko7(B Z4 ^ L(2)) �= Z2; (7.139)

detected by the mod2 cohomology classesxa2b, ya2b, and xya2b respectively.

7.4.2. Generators coming from the Künneth map

The Adams Künneth map (7.112), X = B Z4 and Y = B SL(3; F2), can be used to determine

many of the generators forko(B Z4 ^ B SL(3; F2)) . Indeed, for those classes inExt( eH � (B Z4; Z2) 


eH � (B SL(3; F2); Z2)) that are in the image of the Adams Künneth map, the generators of the

corresponding elements infko(B Z4 ^ B SL(3; F2)) are products of generators fromfko� (B Z4) and

fko� (B SL(3; F2)) , which we determined in Sections 7.2.3 and 7.3.2.
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ˆ In dimension 3, the generator, detected by�a , is generated byL 1
4 � T2.

ˆ In dimension 4, the Z4 summand, detected by�d , is generated byL 1
4 � L 3

4.

ˆ In dimension 5, the Z2 summand detected by�� 1a is generated byL 3
4 � T2.

ˆ In dimension 6, the generator, detected by�� 1d, is generated byL 3
4 � L 3

4.

ˆ In dimension 7, the Z2 summand detected by�f is generated byL 1
4 � RP3 � RP3.

7.4.3. Generators coming fromfko� (B Z4 ^ B Z4) and fko� (B Z2 ^ B (Z2 � Z2))

As in the case offko� (B SL(3; F2)) in Section 7.3.2, we study the generators offko(B Z4 ^ B SL(3; F2))

using Proposition 5.34. That is, we instead consider the question of determining generators for

fko� (B Z4 ^ BS4). For this, subgroups ofZ4 � S4 will be of particular use.

Lemma 7.140. The inclusion Z2 � (Z2 � Z2) ,! Z4 � S4 given by(1; 0; 0) 7! (2; id) , (0; 1; 0) 7!

(0; (1 2)(3 4)), and (0; 0; 1) 7! (0; (1 3)(2 4)) induces a map onZ2 cohomology

H � (B Z4 � BS4; Z2) ! H � (B Z2 � B (Z2 � Z2); Z2)

x 7! 0; y 7! � 2; a 7! 0; b 7! � 2 + �
 + 
 2; c 7! � 2
 + �
 2
(7.141)

where

H � (B Z4 � BS4; Z2) �= Z2[x; y; a; b; c]=(x2; ac)

H � (B Z2 � B (Z2 � Z2); Z2) �= Z2[�; �; 
 ]
(7.142)

Proof. The claim follows from the Künneth theorem and Lemma 7.86.

Lemma 7.143. Consider RP3 � S1 with any of its four spin structures and the principal(Z4 � S4)-

bundleP ! RP3 � S1 speci�ed by the homomorphism

� 1(RP3 � S1) �= Z=2 � Z
f 1! Z=2 � Z=2 � Z=2

f 2! Z=4 � S4; (7.144)

where f 1(1; 0) = (1 ; 1; 0), f 1(0; 1) = (0 ; 0; 1), f 2(1; 0; 0) = (2 ; 0), f 2(0; 1; 0) = (0 ; (1 2)(3 4)), and
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f 2(0; 0; 1) = (0 ; (1 3)(2 4)). Then for some � 2 f 1; 3g, [RP3 � S1; P ] 2 e
 Spin
4 (B Z4 ^ BS4) is equal

to A + �` 1� .

The exact value of� could depend on the choice of spin structure, and in any case does not matter

to us; all we need from Lemma 7.143 is that this spin bordism class is linearly independent from

`1� , so that RP3 � S1 and L 1
4 � L 3

4 with their (Z4 � S4)-bundles generatee
 Spin
4 (B Z4 ^ BS4).

Proof. From Corollary 7.136, e
 Spin
4 (B Z4 ^ BS4) �= Z2 � A � Z4 � `1� , and from the images ofA and

`1� on the E1 -page (Theorem 7.132), we learnA is detected by the mod2 cohomology classyb and

`1� is detected byxc. Thus to prove the lemma it su�ces to show

Z

RP3 � S1
y(P)b(P) =

Z

RP3 � S1
x(P)c(P) = 1 : (7.145)

Under the inclusion Z2 � (Z2 � Z2) ,! Z4 � S4 described in Lemma 7.140, the classyb pulls back to

� 2� 2 + � 2�
 + � 2
 2 (7.146)

A straightforward characteristic class computation reveals that for the bundle speci�ed in the the-

orem statement, all terms in (7.146) vanish except� 2�
 , which is nonzero, so
R

RP3 � S1 yb = 1 . In a

similar way, Lemma 7.140 impliesxc pulls back to � (� 2
 + �
 2), and plugging in the bundle P in

the theorem statement, we have�� 2
 6= 0 but ��
 2 = 0 , implying
R

RP3 � S1 xc = 1 .

Lemma 7.147. Consider T4 � RP3 with any of its 32 spin structures and the principal(Z4 � S4)-
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bundleP ! T4 � RP3 speci�ed by the homomorphism

� 1(T4 � RP3) �= Z4 � Z2 �! Z4 � S4

(~e1; 0) 7�! (1; 0)

(~e2; 0) 7�! (0; (1 2)(3 4))

(~e3; 0) 7�! (0; (1 3)(2 4))

(~e4; 0) 7�! (0; (1 3)(2 4))

(0; 1) 7�! (2; (1 2)(3 4)):

(7.148)

Then there is an odd� such that [T4 � RP3; P ] = �C in e
 Spin
7 (B Z4 ^ BS4), so that

�
L 1

4 � RP3 � RP3; T4 � RP3	
(7.149)

generatese
 Spin
7 (B Z4 ^ BS4).

Again, we do not need to know the precise value of� , and said value could depend on the choice of

spin structure.

Proof. From Corollary 7.136, e
 Spin
7 (B Z4 ^ BS4) �= Z2 � `1� � Z8 � C, and from the images of̀ 1� and

C on the E1 -page (Theorem 7.132), we learǹ1� is detected by the mod2 cohomology classxb3

and C is detected byy2c + xyb2. Thus to prove the lemma it su�ces to show

Z

T 4 � RP3
x(P)y(P)b(P)2 = 1 ;

Z

T 4 � RP3
c(P)y(P)2 =

Z

T 4 � RP3
x(P)b(P)3 = 0 : (7.150)

1. There is a Fubini theorem for mod2 cohomology, so that

Z

T 4 � RP3
x(P)y(P)b(P)2 =

Z

S1
x(PjS1 )

Z

S1 � S1
b(PjS1 � S1 )

Z

S1 � RP3
y(PjS1 � RP3 )b(P jS1 � RP3 ):

(7.151)

Here the fourS1 factors in T4 appear in the same order as they did in (7.148). The �rst factor

of S1, with PjS1 , is exactly L 1
4, and

R
L 1

4
x 6= 0 (Proposition 7.52); P restricted to the next two
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factors of S1 coincides with the bundle onS1 � S1 = RP1 � RP1 appearing in Proposition 7.88,

so
R

S1 � S1 b 6= 0 ; and P on S1 � RP3 coincides with the bundle appearing in Lemma 7.143, so
R

S1 � RP3 yb = 1 . Therefore the product of these three integrals is also nonzero,

2. The homomorphism (7.148) factors through the inclusionj : Z4 � Z2 � Z2 ,! Z4 � S4. If we let

z and w denote the generators ofH 1(B Z2 � B Z2; Z2) and x and y denote the usual generators

of H � (B Z4; Z2), then j � (c) = xy + z2w + zw2 (Lemma 7.86) andj � (y) = y, so

j � (cy2) = y2(xy + z2w + zw2): (7.152)

In the rest of this part of the proof, y refers to the class inH � (B Z4 � B Z2 � B Z2; Z2). If

u denotes the generator ofH � (RP3; Z2), then (7.148) implies y(P) = u2, so y(P)2 = 0 , and

therefore the characteristic class (7.152) vanishes onT4 � RP3.

3. For xb3, we once again pull back toB (Z4 � Z2 � Z2); if x, y, z, and w refer to the same

classes as in the previous part of this proof, thenb pulls back to z2 + zw + w2. Thus b3

pulls back to a product of terms zi wj where i > 3 or w � 3. The Künneth formula implies

that for any class q 2 H 1(T4 � RP3; Z2), q4 = 0 , and (7.148) impliesw(P) pulls back across

the projection T3 � RP3 ! T4, and the cube of any class inH 1(T4; Z2) vanishes. Therefore
R

T 4 � RP3 xb3 = 0 .

Lemma 7.153. Recall the spin5-manifold Q5
4 and its Z4-bundle S(V ) ! Q5

4 from De�nition 7.51

and Proposition 7.52, classi�ed by the canonical identi�cation s: � 1(Q5
4)

�=! Z4. Let P ! Q5
4 denote

the principal (Z4 � S4)-bundle classi�ed by the homomorphism

� 1(Q5
4) s�! Z4

g
�! Z4 � S4; (7.154)

whereg(1) := (1 ; (1 2 3 4)). Then [Q5
4; P ] = B in e
 Spin

5 (B Z4 ^ BS4).

Proof. From Corollary 7.136, e
 Spin
5 (B Z4 ^ BS4) �= Z2 � `1A � Z2 � B , and from the image of`1A on
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the E1 -page we know that`1A is detected by the mod2 cohomology classxyb. It thus su�ces to

show
R

Q5
4

x(P)y(P)b(P) = 0 but that Q5
4 is not null-bordant.

One can show thatH � (Q5
4; Z2) �= Z2[x; y; t ]=(x2; y2; t2) with jxj = 1 and jyj = jt j = 2 using a Serre

spectral sequence argument similar to the one forQ11
4 in (Debray et al., 2022, Proposition D.29),

and that x(P) = x, y(P) = y, and b(P) = y(P) = y, since the image ofb 2 H 2(BS4; Z2) under the

pullback map to H � (B Z4; Z2) is y. Thus xyb = xy2 = 0 .

Let � D
k denote the � invariant of the twisted Dirac operator associated to the charge-k irreducible

complex representation ofZ4 (so that k 2 Z4). Then � D
k is a bordism invariant 
 Spin

5 (B Z4) ! R=Z

and � D
1 (Q5

4) = � 1=4 (Debray et al., 2023, Table 19), so� D
k (Q5

4; S(V )) = � k=4 mod 1. Because

the permutation (1 2 3 4) is an odd element ofS4, the charge 2 irreducible representation of Z4

extends to a complex representation ofS4, namely the complexi�ed sign representation. Therefore

� D
2 extends to aZ2-valued bordism invariant of S4-bundles, and the product(� D

2 ) left (� D
2 )right (�left�

and �right� for the Z4 and S4 factors) is a bordism invariant e
 Spin
5 (B Z4 ^ BS4) ! Z2 whose value

on (Q5
4; P) is nonzero.

This argument was e�ectively about the spin bordism ofB Z4 ^ B Z4, rather than B Z4 ^ BS4. The

spin bordism ofB Z4 ^ B Z4 is studied in detail by (Bárcenas et al., 2024, Ÿ5, Ÿ6), who show that the

class ofQ5
4 is nonzero ine
 Spin

5 (B Z4^ B Z4) using � -invariants, though they do not discuss extensions

to Z4 � S4.

7.4.4. Generators ofko� (B Z4 ^ L(2))

It is straightforward to show that the generators of fko5(B Z4^ L(2)) , fko6(B Z4^ L(2)) , and fko7(B Z4^

L(2)) are detected by the classesxa2b; ya2b; xya2 2 H � (B Z4 � BS4; Z2). It follows that fko5(B Z4 ^

L(2)) is generated byL 1
4 � W4, where W4 was described in Section 7.3.5. Similarly, if we letW6

denote the generator offko6(B Z4 ^ L(2)) , then L 1
4 � W6 generatesfko7(B Z4 ^ L(2)) .

To �nd this last generator, we can shrink the search space by replacingZ4 � S4 with a smaller

group.
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Lemma 7.155. Let ' : Z3
2 ! Z4 � S4 be the homomorphism sending(1; 0; 0) 7! (2; id) , (0; 1; 0) 7!

(0; (1 3)), and (0; 0; 1) 7! (0; (1 3)(2 4)). Then under the identi�cations H � (B Z4; Z � 2) �=

Z2[x; y]=(x2), H � (BS4; Z2) �= Z2[a; b; c]=(ac) and H � (B Z3
2; Z2) �= Z2[�; �; 
 ] given by Theorems 7.12,

7.73, and the Künneth formula respectively,

' � (x) = 0 ' � (a) = � + 


' � (y) = � 2 ' � (b) = � 2 + �
 + 
 2

' � (c) = � 2
 + �
 2 + 
 3:

(7.156)

Beware: ' is not the same homomorphismZ3
2 ! Z4 � S4 we used in Lemma 7.140.

Proof. The homomorphism' is the product of the usual inclusionZ2 ,! Z4 and the composition of

the homomorphisms appearing in (Debray et al., 2023, Lemma 14.38) (speci�callyi 4, not ~{4) and

Lemma 7.102; both of those lemmas also calculate the pullback map in cohomology, so we arrive at

the lemma statement here by composing those pullback maps.

The reader can then check that

' � (ya2b) = � 2� 4 + � 2� 3
 + � 2� 2
 2; (7.157)

and that Sq2Sq2Sq2 of this class is nonzero, so that, just as in Remark 7.91, there is a closed spin

6-manifold W6 with three principal Z=2-bundles classi�ed by �; �; 
 2 H 6(W6; Z2), such that the

characteristic class in (7.157) is nonzero. Thus, once the threeZ2-bundles are in�ated to a (Z4 � S4)-

bundle using' , W6 generates the �nal Z2 summand of
 Spin
6 (B Z4 ^ BS4) that we have been looking

for.

Despite the above simpli�cation, determining W6 has thus far remained elusive, and we leave its

determination to future work.
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Part II

Generalized Symmetries of

Non-Supersymmetric Orbifolds
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The work in Part II was done in collaboration with Vivek Chakrabhavi, Max Hübner, and Jonathan

Heckman. Braeger et al. (2024, 2025). In each work, my contribution included the quiver and

defect group calculations, the explicit resolution of the geometry, and the geometric and physical

interpretation of the defect groups.
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CHAPTER 8

Introduction

String theory has proven to be a powerful framework for constructing and studying novel interacting

quantum �eld theories (QFTs), especially at strong coupling. In many cases of interest, techniques

from holomorphic geometry have been leveraged to extract detailed properties of supersymmetric

observables in such systems. Conversely, techniques from QFT provide valuable insights into the

structure of string theory and quantum gravity, especially its supersymmetric sectors.

But life is not so simple.

Supersymmetry, for example, has yet to be experimentally observed. Additionally, it is an open

problem to characterize the extent to which geometric backgrounds of string theory provide an

accurate characterization of the full set of quantum gravity backgrounds. From this perspective, it

is natural to seek out complementary techniques to constrain and study broader classes of examples.

Symmetries provide a promising route towards addressing these issues. Indeed, recent work by

Gaiotto and Tomasiello (2014) has indicated the appearance of deep topological structures con-

nected with the generalized global symmetries of aD-dimensional QFT. In string theory back-

grounds where gravity in D dimensions is decoupled, it is natural to ask whether these topological

structures can still play a role in constraining such systems.

With the above aims in mind, in this part we develop techniques to extract the generalized symme-

tries in non-supersymmetric and non-geometric backgrounds. More precisely, we consider type II

string theory on orbifolds of the form R6=� , where � is a �nite subgroup of SU(4) �= Spin(6), and

the quotient need not preserve supersymmetry. Additionally, we allow for the possibility of mild

deviations from pure geometry by allowing for the presence of discrete torsion Vafa (1986). Type

IIA string theory on such backgrounds leads to interacting 4D quantum systems with D2-branes and

D4-branes wrapped on compact 2- and 4-cycles contributing particle-like degrees of freedom. Like-

wise, type IIB string theory with additional spacetime �lling probe D3-branes on the same closed
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string background leads to a broad class of 4D QFTs. As far as we are aware, M-theory on such

non-supersymmetry / torsional backgrounds has not been studied before, but one can implicitly

uplift statements about the symmetries of the type IIA case to this situation as well.

For supersymmetric backgrounds, a great deal of progress has been made in extracting the general-

ized symmetries from a wide variety of SQFTs. In this setting, one considers, for example, a type II

background of the formR3;1 � X with X a Calabi-Yau cone with a singularity at the tip of the cone.

The original approach of Del Zotto et al. (2016); Garcia Etxebarria et al. (2019); Albertini et al.

(2020); Morrison et al. (2020) entails studying the spectrum of heavy defects which extend from

the tip of the cone out to the conformal boundary@X. These can be screened by dynamical states

obtained from branes wrapped on compact, collapsing cycles, and the resulting �Defect Group�

captures the totality of possiblep-form symmetries. The speci�c realizing of an absolute QFT then

follows from selecting boundary conditions on@X, i.e., it selects the spectrum of extended defects.

One approach to calculating the defect group in this supersymmetric setting thus involves explicitly

resolving the singularities ofX to eX and then computing the quotient H j ( eX; @eX )=Hj ( eX ). This

technique assumes a great deal of additional structure such as the appearance of a holomorphic local

Calabi-Yau geometry, and so it is unclear whether it extends to non-supersymmetric and discrete

torsion backgrounds. At a practical level, these explicit resolutions can also become rather unwieldy.

At least for supersymmetric geometric backgrounds, one can instead characterize the relevant sym-

metry data purely in terms of the topology of @X, which is �far away� from the dynamics of the

QFT. Additionally, the electric-magnetic pairing of M-theory on X is captured by KK excitations

(namely D0-branes of type IIA) probing the singularity. As such, one expects on physical grounds

that all of the relevant physical data is captured both in the geometry of@Xand the relevant quiver

data, namely Tor Coker 
 X , where 
 X is the anti-symmetrization of the adjacency matrix for the

quiver quantum mechanics of a D0-brane probing the singularity ofX Del Zotto et al. (2022b).

This match was carried out successfully for 5D SCFTs engineered via M-theory on the orbifolds

X = C3=� SU(3) for � SU(3) a �nite subgroup of SU(3). Additionally, this technique can be ex-

tended to situations where there are also singularities which extend out to@XCveti£ et al. (2022);
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Del Zotto et al. (2022a); Cvetivc et al. (2024). An important feature of these methods is that at no

point it is necessary to resolve the geometryX .

In this part, we �rst extend this picture to non-supersymmetric type II backgrounds. In particular,

we show that for non-supersymmetric orbifolds of the formX = R6=� with a tachyon in a closed

string twisted sector, there is again a precise match between the singular homology groupsH � (@X)

and Tor Coker K F
X , with K F

X the anti-symmetrized adjacency matrix for fermions of the quiver

quantum mechanics of a probe D0-brane in the IIA setup. However, when@X has singularities,

this correspondence generically breaks down. This is in part due to the presence of new sorts of

non-supersymmetric singularities which directly touch the asymptotic topology.

The general expectation is that the quiver, as it is directly informed by the IR data of the singularity

in question, provides an accurate characterization of thep-form symmetries. Indeed, we �nd that a

suitable re�nement of the topological data of@Xcaptures this more singular structure. In particular,

we �nd that Chen-Ruan (CR) orbifold cohomology groupsH �
CR (S5=�) and quiver based methods are

able to detect the same symmetry data for both supersymmetric and non-supersymmetric orbifolds.

For supersymmetric orbifolds, Chen-Ruan orbifold cohomology is already an improvement from

singular homology, as the match then extends to include the rank of the0-form �avor symmetry

group (free part of the defect group). On the other hand, for non-supersymmetric orbifolds, we

show that Chen-Ruan orbifold cohomology is able to detect the full torsional contribution to the

symmetry data, including that which was previously missing.

Furthermore, we show that there is a natural extension for this framework to include backgrounds

that are not purely geometric due to the presence of a non-trivial NSNS 2-form potentialB2 in the

target space, namely backgrounds with discrete torsion Vafa (1986). We can still compute the defect

group both geometrically and via the quiver, albeit with certain changes to both approaches. In

particular, regarding Chen-Ruan orbifold cohomology theory, the �rst natural extension is to now

consider local coe�cients speci�ed by the discrete torsion Ruan (2000) instead of with global integer

coe�cients. 24 However, mixings between twisted sectors will correlate local coe�cient systems and

24 See Vafa and Witten (1995); Douglas (1998); Douglas and Fiol (2005); Feng et al. (2001a,b) for more work on
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instead specify a lifting of the closed string background with discrete torsion to a minimal covering

space without discrete torsion, allowing for direct application of machinery developed in purely

geometric settings. On the other hand, for the quiver approach, discrete torsion speci�es a preferred

covering group of the orbifold group � for which to compute the brane probe theory Feng et al.

(2001a,b). Quite remarkably we again observe anexact match between the two approaches, both

for supersymmetric and non-supersymmetric backgrounds.

This broader geometric perspective also allows us to extract many additional features of symmetry

structures in such theories. In particular, the appearance of additional singularities in@X leads

to a more intricate bulk symmetry theory (SymTh). We use the structure of canonical pairings in

Chen-Ruan cohomology to extract quadratic pairings in the corresponding bulk SymTh / SymTFT.

As a further generalization, we also show how similar considerations apply beyond the case where

@Xis �ve-dimensional, namely lower-dimensional systems decoupled from gravity.

8.1. 4D Quantum Systems via Orbifolds

In this section we introduce some of the relevant details of the backgrounds of interest. To frame

the discussion to follow, we primarily focus on the case of type II string theory on backgrounds of

the form R3;1 � X where X = R6=� is an orbifold space with a �xed point locus at the tip of a

cone. Here,� is a �nite subgroup of SU(4) �= Spin(6). We also allow for the presence of discrete

torsion, which in target space terms means the NSNS 2-form potentialB2 may have a non-trivial

period around some torsional cycles of the geometry. A broad comment is that there are natural

generalizations of the analysis we present here toX a more general non-compact background of the

form X = Cone(@X). That being said, we leave a complete analysis of such situations to future

work.

For type IIA string theory one thus expects to get a 4D theory which has particle-like excitations, as

well as line defects. Particles arise from D2- and D4-branes wrapping compact cycles in the geometry,

and line defects arise from these same branes wrapped on non-compact cycles. The best studied case

are supersymmetry preserving orbifolds of the formC3=� SU(3) for � SU(3) a �nite subgroup of SU(3).

orbifolds with discrete torsion.
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In this case, the closed string background preserves 4DN = 2 supersymmetry, and in a suitable

decoupling limit this can also engineer a 4D SCFT. Indeed, these sorts of backgrounds naturally

descend from M-theory onR3;1� S1� C3=� SU(3) which engineers a 5D SCFT compacti�ed on a circle.

Less well-studied is the case where the orbifold group action does not preserve supersymmetry. This

typically results in a tachyon in a twisted sector of the type II background, which in turn leads to

tachyon condensation and a dynamical resolution of the singularity.25 One can still consider branes

wrapping cycles in this setting, and even study the spectrum of D-branes by considering the quiver

gauge theory generated by probe branes. There should in principle be an M-theory characterization

of such situations, but as far as we are aware this has not been carried out. Lastly, one can also

consider backgrounds in which discrete torsion is switched on, either in a supersymmetric or non-

supersymmetric setting. The M-theory lift of this case involves the three-form potential with a

non-trivial period on S1 � R6=� . In any case, we leave the 5D uplift of many of our statements

implicit, focussing on the 4D situation.

Similar considerations hold for type IIB strings on the same backgrounds. In this setting, particle-

like excitations are realized by also including probe D3-branes at the tip of the coneX . In general

terms, the resulting open string degrees of freedom on the D3-brane worldvolume theory are captured

by a 4D quiver gauge theory. The �eld content and interaction terms all descend from the associated

representation theory for open strings propagating onX . In particular, the data of the quiver

gauge theory involves specifying a basis of fractional branes, i.e., the images of the D3-brane under

the group action � (when displaced from the origin), as well as the spectrum of open strings

between these fractional branes, i.e., both bosonic and fermionic bifundamental matter. We refer

to the adjacency matrices for the bosons and fermions asAB
ij and AF

ij , respectively, and their

anti-symmetrizations by K B
ij = AB

ij � AB
ji and K F

ij = AF
ij � AF

ji . For these we will also write

AF
X ; AB

X ; K F
X ; K B

X indicating that they are bulk data, depending explicitly on X . There is by now

an algorithmic procedure for reading o� the corresponding quiver gauge theory in orbifolds with or

without target space supersymmetry, and with or without discrete torsion. We present a summary of

25 See Adams et al. (2001); Martinec and McElgin (2002); Harvey et al. (2001); Dabholkar and Vafa (2002); Vafa
(2001); Morrison et al. (2004); Narayan (2010) for examples.
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this algorithm in Appendix G. Much as in the IIA case, there is a corresponding spectrum of defects

we can introduce from wrapped branes on non-compact cycles.26 Indeed, the same quiver data for

adjacency matrices arises from the type IIA setup via probe D0-branes. As far as determining the

structure of higher-form symmetries it su�ces to focus on the IIA setup, so we typically leave the

extension to the IIB case implicit.

Our interest will be in determining the generalized symmetries of these backgrounds. The basic phys-

ical object of interest will be the defect group, which was introduced in Del Zotto et al. (2016) and

was subsequently found to characterize higher-form symmetries in references Garcia Etxebarria et al.

(2019); Albertini et al. (2020); Morrison et al. (2020). The main idea in this setting is to introduce a

collection of heavy defects via branes which wrap non-compact cycles. In the 4D system, these spec-

ify non-dynamical objects because their mass / tension is formally in�nite. These branes are charged

under p-form potentials of the higher-dimensional system, and these can be partially screened by

dynamical states of the 4D theory. The choice of self-consistent27 boundary conditions at @Xspec-

ify the spectrum of extended objects. The physical quantity of interest will therefore be the defect

group. Physically speaking, this is speci�ed by a quotient of the schematic form:

D �
M

branes

M

cycles

Branes on Relative Cycles
Branes on Compact Cycles

: (8.1)

Here we have left implicit the dimension of the defect in the 4D spacetime, as this is dictated

by which directions of the branes are wrapped in the extra-dimensional geometry. Relative cycles

(relative with respect to the asymptotic boundary) contain both compact and non-compact cycles

(i.e., there's a natural mapping of the numerator into the denominator of (8.1)) and the quotient

aims to characterize branes wrapped on non-compact cycles resulting in unscreened defects. Our

primary task thus reduces to accurately encoding the spectrum of branes wrapped on relative cycles

modulo dynamical branes, i.e., to correctly identifying the summands appearing in line (8.1).

26 These include D5- and NS5-branes on non-compact 2-cycles and 4-cycles, leading to surface defects. Likewise,
one can introduce pointlike defects via wrapped D1- and F1- strings on non-compact 2-cycles, as well as constant
axio-dilaton 7-branes to generate duality defects Heckman et al. (2023a).

27 Namely, compatible with the constraints from anomalies.
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We shall pursue two complementary approaches to calculate the defect group on these type II back-

grounds. The �rst approach will center on giving a geometric characterization of branes wrapped on

compact and non-compact cycles, as speci�ed by appropriate (co)homology groups for the boundary

geometry @X.28 As a complementary approach, we shall seek to understand the bound states of

branes, and in particular the electric-magnetic pairing as speci�ed by heavy particles. In the IIA

setting this is encoded in the quiver quantum mechanics of a probe D0-brane.

28 Why not simply resolve the singularity X and extract all the cycles this way? There are a few reasons to prefer
a more intrinsic formulation of the defect group data. First of all, since the system is really de�ned with respect to
the singular geometry, it is important to check that the defect group data is really independent of such resolution
e�ects. Additionally, we shall also be interested in situations where the local dynamics may be non-trivial, as in the
case of non-supersymmetric backgrounds. In such situations, having a formulation �far away� from the singularity
will be quite helpful. Finally, the explicit resolution of singularities can become rather involved.
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CHAPTER 9

Type IIA on R3;1 � R6=�

In this chapter we determine generalized symmetries for type IIA strings on the backgroundR3;1 � X

with:

X = R6=� s (9.1)

where � is a �nite subgroup of SU(4) � Spin(6). Here, the superscripts indicates the group action

on the 4 spinor representation of SU(4) �= Spin(6); the group action on the vector representa-

tion 6 is induced from this. Supersymmetry is preserved when� embeds in theSU(3) factor of

(SU(3) � U(1))=Z3 � SU(4). Otherwise, we do not have a covariantly constant killing spinor, and

supersymmetry is broken. We assume that the group action is chosen so that all bulk tachyons (i.e.,

tachyons in the untwisted sector) are projected out, in accord with having a type II background.

The other possibility of a type 0 background is also interesting but will not be the focus of the

present work.

The rest of this chapter is organized as follows. We begin by brie�y reviewing some salient features

in the special case where we retain supersymmetry. We then explain how these structures extend

to the non-supersymmetric case. We present explicit examples illustrating these general points in

sections 10 and 11.

9.1. Supersymmetric Case

Consider �rst supersymmetric orbifold backgrounds. The 4D system retains eight real supercharges,

i.e., N = 2 supersymmetry. On general grounds, the 10D background consists of the closed string

modes, as well as localized �QFT modes� coming from branes wrapped on collapsed cycles of the

geometry. 4D gravity is decoupled since the extra dimensions are non-compact. The vacuum moduli

space matches to that of the orbifold geometry. Due to supersymmetry, we can start in the resolved

geometry and then proceed to the orbifold. Observe that in the resolved geometry the reduction

of the RR three-form potential on the various two-cycles yields a collection ofU(1) �electric� gauge

159



�elds of the Coulomb branch of this theory. We also have a magnetic dual basis of gauge �elds given

by reduction of the RR 5-form potential on the various four-cycles. We �nd D2-branes wrapped on

collapsing two-cycles and D4-branes wrapped on collapsing four-cycles. In the limit where mutually

non-local electric and magnetic degrees of freedom are both present we reach a strongly coupled 4D

N = 2 SCFT of Argyres-Douglas type (Argyres and Douglas (1995)). There is a natural lift of this

con�guration to M-theory. Indeed, starting from M-theory on R4;1 � X , we now get a 5D SCFT

(see e.g, Seiberg (1996); Morrison and Seiberg (1997); Douglas et al. (1997)). Reduction on a circle

takes us to a 4D Kaluza-Klein theory, and in the limit where the circle shrinks to zero size we reach

the 4D N = 2 SCFT.29

Our primary focus will be on the candidate 1-form electric and magnetic symmetries of the 4D

theory, and their M-theory origin as 1-form electric and 2-form magnetic symmetries in the parent

5D theory. The general idea for determining thesep-form symmetries is to �rst compute the

associated defect group (Del Zotto et al. (2016); Garcia Etxebarria et al. (2019); Albertini et al.

(2020); Morrison et al. (2020)) for the system. Given ap-brane which carries a conserved charge (and

so it cannot decay to �nothing�) one can consider wrapping it on a relative cycle ofHk+1 (X; @X).

This gives rise to a defect in the QFTD spacetime with support on a subspace of dimensionp � k.

This defect can be partially screened by dynamical states, i.e., branes wrapped on compact cycles

of X . Quotienting by this yields the collection of defects which cannot be screened. The end result

is the defect group:30

D = �
n

D(n) with D(n) = Tor

0

@
M

p� branes

M

p� k= n

Hk+1 (X; @X)
Hk+1 (X )

1

A ; (9.2)

where the degreen indicates the candidate n-form symmetry. Choosing a polarization (i.e., a

collection of mutually commuting �uxes) leads to a speci�cation of the spectrum of heavy defects,

i.e., it determines a choice of absolute theory.31 In what follows we take all singular homology

29 For further discussion of properties of the BPS spectrum, see references Closset et al. (2019);
Closset and Del Zotto (2022).

30 For some discussion on how to extend this to more general �ux backgrounds via twisted K-theory, see e.g.,
references Heckman et al. (2023a); Zhang (2024).

31 There can be obstructions to choosing some polarizations due to possible anomalies. While this is a complication
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groups to have coe�cients in Z unless otherwise stated.

In practice it can be somewhat involved to extract the defect group directly from an explicit reso-

lution of the geometry X . In reference (Del Zotto et al. (2022b)) (see also Tian and Wang (2022))

two complementary methods were developed to extract this data without recourse to such resolution

techniques. In these geometries, the defect group follows from:

Hk+1 (X; @X)
Hk+1 (X )

�= Hk (@X) = Hk (S5=�) ; (9.3)

where the group action on the boundaryS5 is induced from that on the bulk. Armstrong's theorem

(Armstrong (1968)) tells us that the fundamental group � 1(S5=�) �= � =H, whereH is the (normal)

subgroup of � which has a �xed point locus on the S5. So, the abelianization of this group yields:

H1(S5=�) = Ab[ � 1(S5=�)] = Ab[� =H]: (9.4)

This is the (Pontryagin dual) of the electric 1-form symmetries, A (1)
mag. Given a torsional cycle


 2 H1(S5=�) , wrapping a D2-brane over the cone which stretches back to the tip of the singularity

Cone(
 ) yields a line defect in the 4D theory. This line defect is charged underH1(S5=�) _ , the

Pontryagin dual of H1(S5=�) .32 The symmetry operator which acts on this line is given by a D4-

brane wrapped on a linking cycle inH3(S5=�) (Heckman et al. (2023b)). Similar considerations

hold for the magnetic dual symmetries via the computation ofH3(S5=�) , although there can be

some subtleties in situations where the singularityC3=� is not �xed point free, since this case leads

to ��avor symmetries� in the QFT (see Cveti£ et al. (2022); Del Zotto et al. (2022a) for further

details). Summarizing, in the supersymmetric case, then, we can expect to encounter:

ˆ Codimension 6 Singularities: Tip of the Cone

ˆ Codimension 4 Singularities: �5-Branes� of the formC2=� 0,

in 5D systems, in 4D it is less of an issue. In any case, unless otherwise stated we shall implicitly assume an electric
polarization.

32 Recall that the Pontryagin dual of a �nite abelian group G is given by G_ � Hom(G; U(1)) which is isomorphic
(though not canonically so) to the original group.

161



and in both cases, the boundary topology ofS5=� produces an answer for the resulting generalized

symmetries.

A complementary approach to extracting the higher-form symmetries is to directly construct the

basis of electric / magnetic charged states, and their associated Dirac pairing. As explained

in (Del Zotto and Etxebarria Garcia (2022)), the Dirac pairing for the 4D theory appears in the

SymTFT for the electric / magnetic 1-form symmetries:

S5D =
K ij

4�

Z

5D
C i ^ dCj ; (9.5)

where the C i are 2-form potentials which should be viewed as background �elds in the 4D system.

Here, we also allow for the possibility that some of theU(1)'s of the theory are associated with �avor

symmetries, i.e., their magnetic duals are absent. As found in (Del Zotto and Etxebarria Garcia

(2022)) (see also Tian and Wang (2022)), the data of the electric and magnetic 1-form symmetries

can be read o� directly from the torsion of the cokernel of this pairing:

D(1) = Tor(Coker( K )) = A (1)
elec � A (1)

mag: (9.6)

One reaches an absolute theory by choosing a polarization ofD(1) .33

How then do we determine the matrix K ij in practice? For 4D N = 2 theories (include their 4D

KK cousins) this data follows directly from the associated BPS quiver of electric / magnetic bound

states. One way to access this data is to consider the worldvolume theory of a probe D0-brane

near the singularity in question. This leads to a supersymmetric quiver quantum mechanics which

retains four real supercharges. We get a basis of �fractional branes� associated with irreducible

representations of� , and connecting �open strings� associated with bifundamental matter. The key

point for us is that the adjacency matrix for the quiver A ij is closely related to the matrix K ij of

33 It is worth noting that in the analogous computation for 5D SCFTs, the contributions split up in terms of
wrapped M2-branes and M5-branes, generating respectively candidate 1-form and 2-form symmetries. There can
be obstructions to choosing the magnetic polarization in the 5D system, but in the 4D theory obtained from circle
compacti�cation these complications are not present. For further discussion on subtleties with polarizations in 5D
theories, see e.g., (Cveti£ et al. (2023); Del Zotto et al. (2024); Cvetic et al.).

162



line (9.5):

K ij = A ij � A ji : (9.7)

So in other words, determining the adjacency matrix of the quiver is enough to compute the asso-

ciated higher-form symmetries. Let us comment here that while we have used the D0-brane probe

theory to access the Dirac pairing, we can of course entertain more general probe particle states.

In this more general setting we still get the same adjacency matrices but the ranks of the gauge

groups will be di�erent.

As one would expect, the geometric method based on computingH � (S5=�) and the quiver method

based on computingTor(Coker( K )) exactly match, and this was explicitly veri�ed in a number of

examples in reference (Del Zotto et al. (2022b)). The reason that one should a priori have expected

a match is that the matrix K ij is also a linear map on the basis of generators in the associated

relative K-theory group K 0(X; @X) with integer coe�cients. The resulting quotient of heavy defects

versus screened objects thus follows:34

0 ! K 0(X; @X)
K ij

���! K 0(X ) ! K 0(@X) ! 0: (9.8)

Our discussion so far has focussed on the 1-form symmetries of the 4D theory, but in many cases

there can be other symmetries which can also entwine with these structures. For example, precisely

when the group action of � SU(3) on C3 has a �xed locus on the boundaryS5, we �nd additional

non-isolated singularities which are locally of the formC2=� SU(2) with � SU(2) a �nite subgroup of

SU(2). This is interpreted as a 6D Super Yang-Mills theory sector. In general, there could be

multiple simple �avor group factors, with global form correlated via geometric e�ects. The global

34 Evaluating via the Chern character map and dualizing this sequence leads to an analogous expression in ho-
mology, but with all entries dualized and all arrows reversed. More precisely, the Chern character map only maps
to cohomology with rational coe�cients and annihilates torsion of the K-theory classes. However, for the spaces X
considered in this thesis both K 0(X; @X) and K 0(X ) do not contain torsional elements, and the Chern character
map therefore maps these strictly to integral representatives in (rational) cohomology. The corresponding integral
cohomology groups of the pair (X; @X) and X are also free of torsion, and therefore their lifts to integral cohomology
are unique. With two entries in the sequence thus mapped to integral cohomology, the mapping to cohomology of
the third, K 0(@X), which generally is torsional, can be inferred from exactness. This also implies that these are
isomorphic to the torsional integral cohomology groups (even though the Chern character map does not supply an
isomorphism).
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form of the �avor group is directly tied to the higher-form symmetries of the 4D system, as captured

via the long exact sequence:

0 ! A ! eA ! eG ! G ! 1; (9.9)

with A and G the true 1-form symmetry and 0-form symmetry, respectively, andeA and eG the �naive�

1-form and 0-form symmetry in which we neglect possible correlations between these structures, as

captured by the presence of a 2-group.35

In the context of 5D SCFTs (and thus implicitly their reduction to 4D SCFTs), 2-group symmetries

were investigated in (Apruzzi et al. (2021); Cveti£ et al. (2022); Del Zotto et al. (2022a)). As con-

jectured in (Del Zotto et al. (2022b)) and explicitly proved in (Cveti£ et al. (2022)), the existence

of a 2-group structure is directly tied to having a non-split short exact sequence (in line with the

analysis of (Apruzzi et al. (2021)):

0 ! Ab[� =H]_ ! Ab[�] _ ! C _ ! 0; (9.10)

where C is the kernel of the map on the centers of the Lie groups:

C = ker( Z ( eG) ! Z (G)) : (9.11)

9.2. Non-Supersymmetric Case

Let us now turn to the non-supersymmetric case, i.e., we now consider type IIA string theory on the

backgroundR3;1 � R6=� s. On general grounds, we do not expect this system to engineer a conformal

�eld theory simply because the absence of supersymmetry in such backgrounds is typically (i.e., in

all known examples) correlated with a tachyon in a twisted sector of the closed string Hilbert space.

So, whereas we have an exact moduli space of vacua in the supersymmetric setting, in the non-

supersymmetric setting we can expect some of these scalars to have a non-trivial potential which

35 For applications of 2-groups in QFTs, see e.g., references (Kapustin and Thorngren (2017); Córdova et al. (2019);
Cordova et al. (2021)) as well as (Sati et al. (2008); Baez et al. (2005); Fiorenza et al. (2014, 2012); Sati et al. (2012)).
For a helpful account of the interplay between 2-groups and line-changing operators in 4D QFTs, see references
(Bhardwaj (2022); Lee et al. (2021)).
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triggers a rolling / automatic (possibly only partial) resolution of the geometry. Precisely this issue

was studied in references (Adams et al. (2001); Harvey et al. (2001); Vafa (2001); Morrison et al.

(2004)) where it was found that in many cases the end result of tachyons condensing is the transition

to a locally supersymmetric background (which nevertheless might still have singularities).

Given this situation, we ought not expect to have an isolated QFT sector. Nevertheless, we can

still study the spectrum of charged objects such as wrapped branes by calculating the associated

global symmetries of this system. Indeed, 4D gravity is still switched o�, and in many cases the

candidate symmetry operators involve a collection of branes �at in�nity� far from the location of

the localized condensed tachyon. For these reasons we still expect to be able to reliably calculate

global symmetries in this non-supersymmetric setting. To organize our analysis, we shall �rst �x a

characteristic timescalet � . We begin by establishing some basic features of the early timet � t �

symmetries, returning to the late time behavior later.

We have two complementary approaches we can use to study the spectrum of defects and possi-

ble screening e�ects at each stage of evolution, namely quiver based methods and the topology

of the boundary spaceS5=� . Compared with the supersymmetric case, the structure of non-

supersymmetric backgrounds will generically involve three distinct singularity types:

ˆ Codimension 6 Singularities: Tip of the Cone

ˆ Codimension 4 Singularities: �5-Branes� of the formR4=� 0

ˆ Codimension 2 Singularities: �7-Branes� of the formR2=� 00.

Since the codimension 4 and 2 singularities extend to the boundaryS5=� , there can a priori be

localized tachyons on these subspaces.

A general issue we therefore face is that unless the tachyonic degrees of freedom are initially se-

questered near the tip of the coneR6=� , the geometric interpretation of �branes wrapping cycles

at in�nity� will also need to be treated with more care. On the other hand, when no tachyons are

initially present in the boundary S5=� we expect an exact match between the quiver and geometry
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based analyses.

With this in mind, we �rst develop the treatment of higher-form symmetries based on quiver based

methods, and then return to the geometric analysis. We then discuss further time dependent

considerations.

9.2.1. Defect Group via Quivers

To extract the defect group, we return to the Dirac pairing of electric / magnetic states in the

theory. The spectrum of possible charges is in turn obtained from the spectrum of possible quiver

quantum mechanics theories as realized by wrapped fractional branes of the IIA extra-dimensional

geometry. The special case of a D0-brane probe particle already detects the entire basis of fractional

branes, as well as the spectrum of open strings which stretch between these objects. As such, it

su�ces to study the D0-brane quantum mechanical theory;36 we obtain other particle-like states by

modifying the choice of gauge groups.

Now, the quiver quantum mechanics for a probe D0-brane follows from the general procedure given in

(Douglas and Moore (1996); Kachru and Silverstein (1998); Lawrence et al. (1998); Hanany and He

(1999)). We have a collection of gauge groups in correspondence with irreducible representations

of � , and connecting lines between the nodes indicating bifundamental matter. Because there is no

supersymmetry, we have two adjacency matrices, one for fermionic degrees of freedom, i.e.,AF
ij , and

one for bosonic degrees of freedomAB
ij . The interaction terms for these degrees of freedom follow

from orbifold projection of interaction terms present in the D0-brane probe ofR3;1 � R6=� .

We claim that the adjacency matrix for the fermionic degrees of freedomAF
ij encodes the Dirac

pairing:

K ij = AF
ij � AF

ji : (9.12)

Observe that this is in accord with the special case where we have a supersymmetric background.

36 We brie�y comment on the relevant time scales. Tachyon condensation is a stringy e�ect, and its characteristic
time scale tT � `s is set by the string length scale. In contrast, being a D-brane, the length scale of the D0-brane
is `D0 � gs `s . In the weak coupling limit gs � 1. Therefore, we have that `D 0 � gs `s � `s � `T . In this manner,
the D0-brane probe is sensitive to time-dependent features of the unstable background, and its quantum mechanical
theory can probe the symmetries of the resulting spacetime theory as a function of time.
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With this in place we can then extract the defect group for 1-form symmetries via the considerations

presented in reference (Del Zotto and Etxebarria Garcia (2022)):

D(1) = Tor(Coker( K )) = A (1)
elec � A (1)

mag: (9.13)

Dirac Pairing We now turn to a derivation of equation (9.12). To this end, we �rst (brie�y) review

how to extract the quiver quantum mechanics theory for probe branes of the type IIA singularity.

A helpful starting point is to actually begin in type IIB string theory with spacetime �lling branes

probing the singularity R6=� . Working on the 4D spacetimeRt � T3 and dimensionally reducing /

T-dualizing, we reach the quiver quantum mechanics for probe particles in the IIA background.

We extract the quiver following the general procedure. Each irreducible representation
 i 2 Rep(�)

speci�es a fractional brane, which in geometric terms we identify with a� -equivariant sheaf onR6.

For each irreducible representation we get a corresponding quiver node, i.e., a gauge groupU(ni ) as

associated with a representationR = Cn i 
 i , where � acts trivially on the Cn i factor. The special

case ofn mobile D3-branes corresponds to takingni = ndim
 i .

The connectivity of the quiver involves bifundamentals between the di�erent gauge groups. Fermions

between gauge groupU(ni ) and U(nj ) will be labeled as i;j and bosons will be labelled as� i;j .

By abuse of notation we shall often also have a multiplicity, which we explicitly indicate, as appro-

priate. The fermions and bosons descend from modes present in the unorbifolded parent theory.

In particular, fermions transform in the 4 of Spin(6) and bosons transform in the6 of Spin(6).

Consequently there is an induced group action of� � SU(4) on these representations. Indeed, for

a representationR of SU(4), we get an induced representation via the embedding of� on SU(4).

The adjacency matrix for the quiver follows from the tensor product:

R 
 
 i =
M

j

AR
ij 
 j : (9.14)

A helpful formula for extracting the adjacency matrices follows from the character formula (see e.g.,
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the discussion in Appendix C of reference (Del Zotto et al. (2022b))):

AR
ij =

1
j� j

X

�

r � � (R) � � (
 i ) � � (
 i )
�

(9.15)

wherer � counts the dimension of the� conjugacy class,� denotes the character, and the bar means

complex conjugate. The fermionic adjacency matrix is obtained by settingR = 4, and the bosonic

adjacency matric is obtained by settingR = 6:

AF
ij = A4

ij and AB
ij = A6

ij : (9.16)

Consider next the dimensional reduction on aT3. Each of the scalars directly descends to a scalar,

and each of the Weyl fermions descends to a complex doublet. The 4D gauge boson splits up as

a 1D vector potential and three adjoint-valued scalars which rotate as a vector of the spacetime

SO(3):

V 4D
j = vj � �! x j ; (9.17)

i.e., the �! x j specify adjoint-valued positions of the constituent probe particles of the IIA background.

Finally, the time dependent resolution parameters enter as dynamical �driving parameters� in the

quiver quantum mechanics (in the same sense as reference (Adams et al. (2001))).

We now derive equation (9.12). The main idea will be to consider a pair of particles, each with

its own quiver quantum-mechanics. Each such particle speci�es a worldline in the 4D spacetime,

so we can consider the e�ect of monodromy (see �gure 9.1). Consider one of these particles. The

position of each constituent fractional brane in this particle is speci�ed by the background value

of �! x j in the overall U(1) factor of U(nj ). Since we are assuming these fractional branes have all

coalesced at a single location, we refer to this whole con�guration as�! x , in the obvious notation.

By the same token, we can also introduce another particle with collective coordinate�! y . In general,

we can expect there to be non-trivial interactions between these particles. Some of these e�ects

can be captured by starting with a higher rank quiver quantum mechanics in which the collective
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Figure 9.1: Depiction of monodromy for a pair of worldlines for particlesP1 and P2.

coordinate appears as
�!
X = diag( �! x ; �! y ). Observe as we move�! x away from �! y , some of the open

string degrees of freedom will pick up a mass. In the limit where the separation�! r = �! x � �! y is very

large, we can therefore integrate out these degrees of freedom. Our plan will be to study the change

in this two-particle wave function 	[ �! r ] as we rotate the position �! r 7! M � �! r with M 2 SO(3).

We claim that under a full 2� rotation along a �xed axis, the wave function 	[ �! r ] can pick up an

overall Berry phase (Berry (1984)):

	[ M2� � �! r ] = ei� 	[ �! r ]: (9.18)

This phase encodes the Dirac pairing for electric / magnetic states, and single-valuedness of the

wavefunction enforces Dirac quantization.

The �! r dependence of the quiver quantum mechanics appears through the dimensional reduction of

the covariant derivative of the D3-brane probe quiver gauge theory. Indeed, for a fermionic degree

of freedom and a bosonic degree of freedom� , the 4D Lagrangian contains the mass terms:

L �  y� ar a + � yrar a� + :::; (9.19)
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wherea = 1 ; 2; 3 indexes the spatial directions and here we package the fermionic degrees of freedom

in terms of the dimensional reduction of 4D left-handed Weyl spinors. In fact, the Berry phase in

the supersymmetric case was implicitly determined e.g., in (Denef (2002)). The main issue we need

to address is how things might change in the absence of supersymmetry.

The main point is already visible from the interaction term of line (9.19): since this interaction

term is quadratic in the bosonic and fermionic �elds, the response to a rotation in�! r will follow

from the one-loop determinants of the massive modes. Note, however, that the bosonic mass term

has no dependence onM 2 SO(3) rotations at all (since it is a dot product). As such, the only

possible contribution to the monodromy can come from the fermionic degrees of freedom. This is

enough to establish the main claim, since we can now simply reapply the same reasoning used in

the supersymmetric context.

Nevertheless, it is also instructive to track through the Berry phase contribution more directly. By

inspection of line (9.19), we observe that the e�ective Hamiltonian is of the form:

bHe� = � �! r � �! � + :::; (9.20)

where the �...� are terms which do not contribute to the Berry phase. Focusing on just this �rst

term, we have the Hamiltonian for a two-level system with�! r playing the role of a magnetic �eld.

See (Tong) for a pedagogical treatment of the resulting Berry phase.

The upshot is that for a pair of particles with respective gauge groupsf U(ni )gi and f U(mj )gj the

resulting Dirac pairing is simply:

K ij ni mj = ( AF
ij � AF

ji )ni mj ; (9.21)

in the obvious notation. Consequently, we have established equation (9.12), as claimed.
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9.2.2. Defect Group via Geometry: Sequestered Tachyons

We now provide a complementary method for determining the defect group based on the topology of

the boundary spaceS5=� . From the general �branes at in�nity� for topological symmetry operators,

we expect that we can extract generalized symmetries provided the boundary is far away from the

dynamics of tachyon condensation, i.e., the case where all tachyons are sequestered. We turn to the

case of unsequestered tachyons after this.

Since we are assuming that all tachyons are sequestered, we are restricted to codimension 6 and

codimension 4 singularities, where the ��avor-brane� codimension 4 singularities are of the special

form C2=� 0 with some local supersymmetry preserved (otherwise there would be a tachyon present

in this con�guration as well). Indeed, in these cases� 0 must be a �nite subgroup of SU(2) of ADE

type, and this in turn speci�es the ADE type of a localized 6D Super Yang-Mills theory which wraps

a non-compact (relative) cycle inR6=� .

Let us now turn to the spectrum of defects. We focus on heavy defects realized by wrapped Dp-

branes forp even so that they carry a conserved charge. Observe that since we have a time dependent

resolution parameter (via tachyon condensation), a wrapped brane stretching from the boundary

S5=� to the tip of the cone will still persist, but the objects which can potentially screen this defect

might change as a function of time. Nevertheless, su�ciently far from such transition points, we

can still calculate the analog of a defect group. Doing so, we can still extract candidate electric and

magnetic 1-form symmetries. For example, we get electric line defects from D2-branes wrapped on

Cone(
 ) for 
 2 H1(S5=�) and so the electric 1-form symmetry follows from Armstrong's theorem:37

A (1)
elec = H1[S5=�] _ �= Ab[� =H]_ : (9.22)

Observe also that there is still a 2-group structure whenever we have a non-split short exact sequence:

0 ! Ab[� =H]_ ! Ab[�] _ ! C _ ! 0: (9.23)

37 In principle there could be other non-geometric contributions, but we neglect this in what follows.
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This interpretation holds because we have assumed that the codimension 4 singularities are locally

supersymmetric, i.e., they engineer 6D Super Yang-Mills sectors (��avor branes�).

9.2.3. Defect Group via Geometry: Unsequestered Tachyons

We now turn to the more general case where we have unsequestered tachyons. From the perspec-

tive of the boundary topology, we can again proceed to computeH � (S5=�) , much as we would in

the sequestered (as well as supersymmetric) case. That being said, the presence of twisted sector

tachyons in the boundary geometry means that this topology will itself undergo dynamical transi-

tions so we must exercise more caution in reading o� the data of the defect group in this case. In

principle these tachyons can originate from both the codimension 4 and codimension 2 singularities

since both stretch �out to in�nity�. 38 Let us brie�y discuss each possibility in turn.

In the case of non-supersymmetric codimension 4 singularities, the local geometry will now be of

the form R4=� 0 with � 0 a �nite subgroup of Spin(4) which does not embed in anSU(2) subfactor of

SU(2)L � SU(2)R
�= Spin(4). In these cases we cannot give a ��avor-brane� interpretation of this

singularity, but at least group theoretically we can still speak of a 2-group-like structure whenever

the short exact sequence:

0 ! Ab[� =H]_ ! Ab[�] _ ! C _ ! 0; (9.24)

does not split.

In the case of codimension 2 singularities the local geometry is of the formR2=� 00 and so the

geometry does not support a covariantly constant spinor. Indeed, in perturbative string theory

these backgrounds all have a tachyon.39 Observe that a codimension 2 singularity ofR6=� also

speci�es a codimension subspace of the boundaryS5=� . As such, once the tachyon pulse begins

to expand the resulting bubble will �ll out a codimension 1 subspace, partitioning the S5=� into

distinct sectors. For each connected component we can calculate a corresponding defect group and

ask whether this matches to the answer computed via the quiver based method.

38 See e.g., references (Adams et al. (2001); Harvey et al. (2001); Vafa (2001); Martinec and Moore (2002)) for some
analyses of these cases.

39 Contrast this with F-theory backgrounds where we can switch on an axio-dilaton pro�le to retain supersymmetry.
In the weakly coupled IIA setting, no such loophole is available.

172



Clearly, this analysis depends on the choice of group� as well as the choice of group action; for

multiple codimension2 loci the precise partitioning of the space will also involve determining which

tachyon grows most quickly. To bypass these subtleties, we now specialize to the case� = ZN , but

in which we allow for the possibility of a codimension2 singularity.

The result from considering a number of abelian examples is the empirically obtained formula based

on the quiver based method:

D(1) = Tor(Coker K ) �= (� =H)2 �

 
M

i

(� =HS i )
jH i j� 1

!

: (9.25)

Here H is the subgroup of � �= ZN generated by all elements with �xed points on S5 and we

have H1(S5=�) �= � =H. We label by S i the closure of a codimension 2 singular locus inS5=� , it

is an irreducible closed component of the full singular locus and in particularS i contains both a

generic codimension 2 locus together with possible enhancement loci along codimension 2 subloci

in S i . The subgroupH i � � is generated by all elements with codimension 2 �xed loci inS5. The

subgroup HS i � � is generated by all elements which lead to any of the singularities contained in

S i . In particular H i � HS i and HS i is obtained from H i by adding elements only associated with

the enhancement locus ofS i . The order jH i j is odd and consequently the sum always splits into

isomorphic electric and magnetic contributions, and we havejH i j = 1 in the absence of codimension

2 singularities. In the supersymmetric case codimension 2 singularities do not arise and the formula

reduces to the supersymmetric result (Del Zotto et al. (2022b)). A �nal comment here is that

we expect that for � non-abelian we expect a similar formula to hold where we instead take the

abelianization of all available groups.

Let us now provide some further motivation for equation (9.25). Reading from left to right, the �rst

contribution of line (9.25) derives from geometryH1(S5=�) �= � =H when � �= ZN and the corre-

sponding line defects are constructed via D2-branes wrapped over cones of cycles inH1(S5=�) . The

other contributions appear to arise from tachyon pulses �partitioning up� the geometry into individ-

ual pieces. Indeed, following the discussion of codimension 2 singularitiesS i given in (Adams et al.

173



(2001)), the orbifold R2=Z2`+1 decays via a series of dilaton pulses associated with the sequence of

de�cit angles

R2=Z2`+1 ! R2=Z2`� 1 ! : : : ! R2=Z3 ! R2 : (9.26)

Given the starting point 2` + 1 , there are` such transitions. The singularity of the initial geometry

R2=Z2`+1 is driven to a geometry containing ` concentric circles across which the de�cit angle

jumps. Each cylinder segment between two adjacent circles is modelled on a geometry in the above

sequence.

Let us discuss equation (9.25) whenS5=� contains an isolated codimension 2 singularity, folded

by say H1. Then the faithfulness of the action implies that jH1j and j� =H1j are coprime, and

consequently the following sequence splits

1 ! H1 ! � ! � =H1 ! 1 : (9.27)

This sequence governs how the singularity model / normal geometryR2=H1 is �bered over the

singular locusS 1. The local model for the codimension 2 singularityS 1 in S5=� is now:

R2=H1 � S 1 ; S 1 = S3=(� =H1) : (9.28)

The contribution to the electric 1-form symmetry not captured by singular homology can be sug-

gestively rewritten as:

(� =H1)(jH 1 j� 1)=2 = H1(S 1)`1 (9.29)

where we have reparameterizedjH1j = 2 `1 + 1 . We interpret this as noting that when R2=Hi

decays via dilaton pulses then each of the circles across which the de�cit angle jumps contributes

one torsional 1-cycle, a copy of the generator ofH1(S 1), which via a D2-brane wrapping results in

a electric line defect. This 1-cycle is �stuck� in the dilaton pulse. We refer the interested reader to

Appendix D for additional discussion and examples.
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9.3. Time Dependent Considerations

One of the important distinctions with the supersymmetric case is that there will inevitably be some

time dependence in our analysis. We turn to some general features of how this impacts our analysis.

At early times, i.e., t � t � , we have the original singularity. At late times, i.e., t � t � , tachyon

condensation has occurred and the singularity will have been (partially) resolved. In principle there

can be multiple stages to this resolution process so we indicate these characteristic timescales as:

tstart � t0 < t 1 < t 2 < ::: < t I � tend: (9.30)

The local neighborhood around the singularity will therefore have a similar sequence:

R6=� s0
0 ; R6=� s1

1 ; :::; R6=� sI
I : (9.31)

In the type II case this endpoint preserves supersymmetry (Morrison et al. (2004)).

In between each transition we can study the spectrum of defects and symmetry operators, and thus

extract a corresponding defect group. We denote this sequence as:

D0; D1; :::; DI : (9.32)

In each such regime, we can also introduce an auxiliary 5D Symmetry TFT with level matrixK (n)
ij

for tn� 1 < t < t n . As we cross fromK (n)
ij to K (n+1)

ij we get a 4D Euclidean interfaceT E
n;n +1 which

need not be topological. Indeed, this interface theory is given by the Euclidean path integral of the

4D system with boundary conditions dictated by the jump (see �gure 9.2).

It is instructive to compare this sort of interface with the �SymTrees� of reference (Baume et al.

(2024)). In the context of SymTree theories, one also has non-topological interfaces, but these are

localized in the extra dimensions of the bulk symmetry theory. Here, the junction theory is instead

a Euclidean theory localized at a particular timeslice.
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Figure 9.2: Depiction of the SymTFT layout for time t smaller and larger thantn . We approximate
the con�guration via a step function jump at tn , at which time the Euclidean interface theory,
T E

n;n +1 , and the late time Lorentzian theory T L
i +1 branch o� from the early time Lorentzian theory

T L
n . Sn and Sn+1 are the associated 5D SymTFTs.

The Euclidean theory on this timeslice simply consists of all the degrees of freedom of the IIA

con�guration which are in the process of decoupling due to decompacti�cation induced from tachyon

condensation. Indeed, with an explicit geometry in hand we can directly track how the basis of

fractional branes changes across a transition, and thus also determine which candidateU(1)(0)
elec and

U(1)(0)
mag gauge symmetries are no longer present. The junction theory simply enforces a boundary

condition which matches the two SymTFTs, much as in (Baume et al. (2024)). See �gure 9.2 for a

depiction of this matching.

The IIA con�gurations are purely geometric and as such much of the SymTree analysis carries over.

Consider for example the �rst step R6=� s0
0 ! R6=� s1

1 which is understood as partially resolving

R6=� s0
0 to a space which contains, among others, a singularity modelled onR6=� s1

1 , and subsequently

taking the local limit centered on R6=� s1
1 . From here, excise from the partially resolved geometry a

small ball centered on the singularity modelled onR6=� s1
1 . This results in a manifold with boundary

X 0;1, the boundaries areS5=� s0
1 and S5=� s1

1 , and as suchX 0;1 realizes a cobordism between �in�nity"

at early and late times. The junction theory T E
0;1 is the Euclidean relative theory obtained from IIA

on R3;1 � X 0;1. We defer much of the computational details of such construction to upcoming work

(Cvetic et al.).

We conclude this section by discussing one key feature ofT E
0;1, which demonstrates that, in general,
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there is no subgroup relation between the defect groupsD0; D1. We will comment later in section 12

on the defects and symmetry operators found in the initial local model and their fate at later times.

As mentioned above, the bordism characterizes the degrees of freedom ofT E
0;1 as those resulting from

compactifying IIA theory on X 0;1. For this compacti�cation, we would require the cohomology ring

H � (X 0;1). Of particular interest here, for example in the study of 1-form symmetries, would be

the group H 2(X 0;1), which contains classes to expand the RR-form potentialCRR
3 (which couples

to the D2-branes used to construct 1-form symmetry defects) to produce abelian spacetime gauge

�elds. This cohomology group can be computed from the Mayer-Vietoris long exact sequence for

the covering X 0;1 [ R6=� s1
1 . Here, we have presented the partially resolved geometry as a union of

the new local model and �the rest", which is the bordism. Setting up the sequence, note that the

partially resolved geometry (as we are dealing with toric resolutions) contains free 2- and 4-cycles.

In contrast, the new local modelR6=� s1
1 does not. By exactness, these free class must be associated

with free classes inX 0;1. From this, we learn that the bordisms we are considering carry away at

least oneU(1) �eld. We see that a line defect in D0 transitions to a line defect in D1, which is

dressed by a Wilson line of thisU(1) �eld. We are required to specify this dressing to relate lines

in D0 to those in D1, which we will discuss in the context of the IIB frame in section 12.
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CHAPTER 10

IIA Examples: ZN Orbifolds

In Section 9 we presented a prescription for determining the generalized symmetries for type IIA

strings on backgrounds of the form

R3;1 � R6=� s (10.1)

where � is a �nite subgroup of SU(4) � Spin(6). In this section we will show by way of example

how our method works in practice.

The examples we consider are mainly drawn from reference (Morrison et al. (2004)) (see also

Lee and Sin (2004)) where the tachyon condensation process is mapped to explicit partial reso-

lutions of the singular geometry. The examples studied there involve� = ZN , where a holomorphic

presentation of the geometry is chosen so as to make use of methods from toric geometry. Let

us emphasize, however, that the considerations presented in section 9 hold for general� ; the only

complication in studying examples in the non-abelian case is in performing all explicit resolutions

and tracking tachyon condensation in such cases, a task we defer to future work. Indeed, as we have

already emphasized, to extract the defect group both the quiver based method and the method

based on the boundary geometry ofS5=� do not require any knowledge of partial resolutions; it

is only when we turn to explicit time dependent phenomena that we require this more detailed

information.

To track the explicit evolution of twisted sector closed string tachyon condensation we need to

specify the group action on all of the worldsheet �elds. To this end, introduce a basis of four vectors

ei for i = 1 ; :::; 4 for the 4. Then, the basis for the6 (treated as a complex representation) isei ^ ej

for i 6= j . For � = exp(2�i=N ) a generator ofZN , the group action of weight s = ( s1; s2; s3; s4) on

178



the two representations is induced from:

4 : ei 7! � si ei (10.2)

6 : ei ^ ej 7! � si + sj ei ^ ej : (10.3)

Fixing a complex structure for C3 = R6 we can also specify an action on the3 of SU(3), i.e., the

vector representation. Introducing basis vectorsha = ea ^ e4 for a = 1 ; 2; 3 we also have an induced

group action:

3 : ha 7! � sa + s4 ha: (10.4)

These considerations su�ce to fully �x the worldsheet CFT, i.e., we simply gauge by� (with actions

as speci�ed above). This also su�ces to specify the worldvolume theory of probe D-branes in this

background.

An important subtlety with this procedure is that we still need to implement the GSO projection

to produce a worldsheet theory which has a modular invariant 1-loop partition function. In the

case of a supersymmetric background this is implicitly determined once we specify the action on

the holomorphic basis of line (10.4). Since we no longer have supersymmetry, we need to verify that

our GSO projection has eliminated bulk (i.e., untwisted sector) tachyons, namely, that we are in

type II string theory rather than type 0 string theory.

One way to establish this is to start from the action of line (10.4) on the holomorphic coordinates and

then build a suitable spin lift. Following (Adams et al. (2001)), let J i denote the spin1=2 generators

of rotations in the three directions. Then, the action on spacetime fermions are generated by:

r ferm = exp

0

@2�i
N

X

a=1 ;2;3

(sa + s4)Ja

1

A : (10.5)

The condition that we have landed in the type II rather than type 0 string means we do not gauge
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by (� 1)F
spacetime, i.e., we require(r ferm )N = 1 , namely:

exp (�i (s1 + s2 + s3 + 3s4)) = 1 : (10.6)

Choosing integer representatives for thesi , this amounts to the condition:

s1 + s2 + s3 + 3s4 = 0 mod 2: (10.7)

Observe, however, that the choice of integer representation super�cially appears to su�er from an

ambiguity; for N odd, the shift si ! si + N would seem to produce an inconsistent solution. All

that has happened, however, is that we have reorganized the Hilbert space and the GSO projection

now takes us to the type 0 theory where we have no spacetime fermions in the untwisted sector,

and we also have a bulk tachyon.

With this in mind, we shall opt to always pick integral weights si so that the conditions of (10.6)

and (10.7) explicitly hold, and to make this manifest we allow both positive and negative values. We

stress that at the level of extracting the quiver gauge theory and the geometryS5=� (where we work

mod N anyway) these distinctions play no role; it is really in tracking the tachyon condensation of

the type II theory that we need this further data.

To simplify the toric geometry analysis (and to closely follow the presentation given in (Morrison et al.

(2004))) it will prove useful, whenever possible, to present the target space geometry asC3=ZN with

holomorphic weights(1; p; q)hol namely the group action of line (10.4) is used to de�ne an equivalent

action on holomorphic coordinates(Z1; Z2; Z3) of C3:

(Z1; Z2; Z3) 7! (!Z 1; ! pZ2; ! qZ3); (10.8)

where ! = � m is �xed by the convention that the action on one of the holomorphic coordinates

(possibly after an SU(3) rotation) has weight one (namely, on Z1).40 Note that in making this

40 Sometimes this is not possible, but this choice will be available in all the examples we consider.
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change of basis the action on the spactime fermions (induced from the spin lift) is left implicit; it is

again �xed by the condition that the GSO projection eliminates all bulk tachyons.

Much as in (Lee and Sin (2004); Morrison et al. (2004)) we sort candidate tachyonic operators

according to chiral / anti-chiral rings. In the RNS formalism we can introduce three separate sectors

Z1, Z2 and Z3 and due to the structure of the orbifold theory correspondingly construct chiral /

anti-chiral rings for each coordinate separately, e.g.,c1 and c1 for the chiral / anti-chiral ring of Z1.

The operators of lowest scaling dimension dominate the �ow, and much as in (Lee and Sin (2004);

Morrison et al. (2004)) we assume that tachyon condensation can be analyzed sequentially by �rst

determining the endpoint of a given deformation before the other operator deformations dominate.

In a given unstable orbifold, the most relevant tachyon(s) as determined by the R-charge of the

operator will belong to one (or more) of the (anti-)chiral rings (see Appendix E for more discussion on

worldsheet considerations). We pick a convention where the most dominant tachyon is in the chiral

(c1; c2; c3) ring. This process can be somewhat elaborate, but as noted in reference (Morrison et al.

(2004)), the endpoint after all tachyons have condensed is a supersymmetric background. When

this background is a singular target space it admits marginal deformations which we can interpret

geometrically as resolution parameters.41

The explicit examples we analyze are chosen to exhibit di�erent possible phenomena associated

with tachyon condensation, and the generalized symmetries of these backgrounds with di�erent

codimension singularities:

ˆ Codim. 6: R6=Z(1;1;1;� 3)
N , for N > 3 odd,

ˆ Codim. 6: R6=Z(4;6;� 7;� 3)
17 ,

ˆ Codim. 6: R6=Z(2;3;� 4;� 1)
9 ,

ˆ Codim. 6 and 4: R6=Z(3;5;� 6;� 2)
9 ,

41 In the case of type 0 backgrounds the endpoint of tachyon condensation can sometimes result in a geometry with
terminal singularities, i.e., those which do not admit a crepant resolution (Morrison et al. (2004)).
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ˆ Codim. 6 (multiple tachyons): R6=Z(4;7;� 8;� 3)
23 ,

ˆ Codim. 6 and 2: R6=Z(� 4;� 2;1;5)
9

where in the above, the notation Zs1 ;s2 ;s3 ;s4
N indicates the action of the group ZN on the four

components of the4 spinor representation as in line (10.2). The use of negative weights is in accord

with our discussion of the GSO projection near lines (10.6) and (10.7).

For each case we compute the defect group both before and after tachyon condensation. We do this

via the quiver based method as well as the method based on the geometry of the boundary space

S5=� . As expected, we �nd an exact match when all tachyons are initially localized at the tip of

the cone. In the case with a codimension2 singularity there is a tachyon present in the boundary

S5=� we �nd a simple generalization which works this case as well (equation (9.25)).

10.1. Codim. 6: R6=Z(1;1;1;� 3)
N , for N > 3 odd

In this subsection, we consider orbifolds of the formR6=Z(1;1;1;� 3)
N , for odd N > 3. We begin by

determining the defect group of the 4D theory before the onset of any tachyon condensation.

Letting g denote a generator ofZN , and � the N th root of unity, we have the following action in

the 4 of SU(4):

r (gn ) = diag( � n ; � n ; � n ; � � 3n ) (10.9)

This yields the following action in the 6 of SO(6):

R(gn ) = diag( � 2n ; � 2n ; � 2n ; � � 2n ; � � 2n ; � � 2m ) (10.10)

The D0-brane probe results in a quiver quantum mechanics withN nodes. Along the boundary

of the quiver, we have bifundamental fermions i;i +1 for i = 1 ; :::; N (indexing mod N ) each with

multiplicity 3. There are also bifundamental fermions i;i � 3 for i = 1 ; :::; N (indexing mod N )

each with multiplicity 1. For the scalar sector, there are are bifundamental scalars� i;i +2 , each with

multiplicity 3. We illustrate this in the case of N = 5 in �gure 10.1.
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Figure 10.1: Left/Right: Fermionic/Bosonic quiver for R6=Z(1;1;1;� 3)
5 .

We are interested in the electric and magnetic1-form symmetries of the 4D theory. For this we

need only consider the fermionic quiver. Consider again the case ofN = 5 . The adjacency matrix

for the fermionic quiver in �gure 10.1 is given by

K =

0

B
B
B
B
B
B
B
B
B
B
@

0 3 1 � 1 � 3

� 3 0 3 1 � 1

� 1 � 3 0 3 1

1 � 1 � 3 0 3

3 1 � 1 � 3 0

1

C
C
C
C
C
C
C
C
C
C
A

(10.11)

The torsional generators of the defect group for the 4D theory are determined from Coker(K ). From

taking the Smith normal form of K , we �nd that

A (1)
elec � A (1)

mag
�= Tor(Coker(K )) �= Z5 � Z5 (10.12)

In the more general case ofR6=Z(1;1;1;� 3)
N , for odd N > 3, we follow an identical procedure and �nd

that the defect group is ZN � ZN .

This result is also predicted by the geometry. Indeed, consider the action of� = ZN on S5 induced
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by the bosonic action given in (10.10). It is clear that this action is �xed point free. Hence, using

Armstrong's theorem, we expect a factor in the defect group given by

H1(S5=�) �= Ab[� 1(� =H)] �= ZN (10.13)

That is, A (1)
elec

�= ZN , and we have agreement between the defect group computed by the quiver and

H1(S5=�) .

We now move to study the time dependent nature of our analysis. In line with our discussion near

line (10.8) we switch to a holomorphic coordinate system where we can track the toric geometry

explicitly, i.e., C3=Z(1;1;1� N
N ). The most relevant GSO-preserved tachyon isT1 in the chiral ring

(c1; c2; c3). Here we letTj denote a tachyonic operator in thej th twisted sector. Note that there are

other GSO preserved tachyons, butT1 is the most relevant and, as we will see, resolves our orbifold

to smooth space upon condensing. The condensation ofT1 is studied using the fact that C3=ZN

with weights (1; 1; 1 � N ) is a toric variety. Following the discussion in Appendix E, this orbifold is

a toric variety whose fan � is given by the vertices:42

� 1 = (( N; � 1; N � 1)); � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)) (10.14)

As a lattice point in the toric diagram, T1 corresponds toT1 = ((1 ; 0; 1)). Condensation of T1

corresponds to blowing up� by T1. This gives the residual subconesC[T1; � 1; � 2], C[T1; � 1; � 3],

and C[T1; � 2; � 3], all of which describe patches of the resolved geometry. The orbifold conformal

�eld theories described by each of these subcones correspond to smooth spaces. That is, there are

no residual singularities associated to the above subcones. Hence, the endpoint of the most relevant

tachyon sequence is smooth, as expected.

Using standard techniques in toric geometry (see e.g. (Hori et al. (2003))), we �nd that the geometry

of the resultant space afterT1 condenses isO(� N ) ! P2.

42 To distinguish the weights of the group action on the holomorphic coordinates from the three-component vectors
of the toric fan we adopt the notation (� ; � ; � ) and (( � ; � ; � )) , respectively.
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Figure 10.2: Left/Right: Fermionic/Bosonic quiver for R6=Z(4;6;� 7;� 3)
17 .

10.2. Codim. 6: R6=Z(4;6;� 7;� 3)
17

In this subsection, we consider the orbifoldR6=Z(4;6;� 7;� 3)
17 . We proceed in an analogous way as that

for the previous example. We begin by determining the defect group of our orbifold and then move

on to study how the geometry and defect group change as the tachyons of our theory condense.

Letting g denote a generator ofZ17 and � a 17th root of unity, we choose the following action in the

4 of SU(4):

r (gn ) = diag( � 4n ; � 6n ; � 10n ; � 14n ) (10.15)

This yields the following action in the 6 of SO(6):

R(gn ) = diag( � 16n ; � 14n ; � 10n ; � � 16n ; � � 14n ; � � 10n ) (10.16)

We �nd that the D0-brane probe results in a quiver quantum mechanics with17nodes. Furthermore,

there are bifundamental fermions (each with multiplicity one) given by  i;i +4 ,  i;i +6 ,  i;i +10 , and

 i;i +14 . For the scalar sector, there are bifundamental bosons (each with multiplicity one) given by

� i;i +16 , � i;i +14 , and � i;i +10 . The resultant fermionic and bosonic quivers are given in �gure 10.2.
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We are interested in the electric and magnetic1-form symmetries of the 4D theory. We need only

consider the fermionic quiver and its corresponding adjacency matrixK . Indeed, the torsional

generators of the defect group of the 4D theory are determined from Coker(K ):

D(1) = A (1)
elec � A (1)

mag
�= Tor(Coker(K )) = Z17 � Z17 (10.17)

This result is predicted by the geometry. Consider the action of� = Z17 on S5 induced by the

bosonic action in (10.16). It is clear that this action is �xed point free. Hence, through an application

of Armstrong's theorem, we �nd that

H1(S5=�) �= Ab[� 1(� =H)] �= Z17 (10.18)

That is, A (1)
elec

�= Z17.

We now move to study the time dependent nature of our analysis. In particular, we study how the

geometry and defect group of our theory evolve with tachyon condensation. As before, we follow

the procedure of (Morrison et al. (2004)). The orbifold we have been considering,R6=Z(4;6;� 7;� 3)
17 ,

is, in the notation of (Morrison et al. (2004)), given by C3=Z17, where Z17 acts in accordance to

the weights (1; 3; � 10)hol . The chiral ring (c1; c2; c3) of operators has two tachyonsT1 and T6 with

R-chargesR1 = 11
17 and R6 = 15

17, respectively, that survive the Type II GSO projection. Here we

made use of line (E.3) in Appendix E to determine the R-charges. While there are GSO-preserved

tachyons in the other rings, the most relevant tachyon in this theory isT1 from the (c1; c2; c3) ring.

Following the discussion in Appendix E, the orbifold C3=Z17 with weights (1; 3; � 10) is a toric

variety whose fan is described by the vertices:

� 1 = ((17 ; � 3; 10)); � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)) (10.19)

In terms of the toric diagram, the tachyons correspond to the lattice vectorsT1 = ((1 ; 0; 1)) and

T6 = ((6 ; � 1; 4)). The tachyons blow up the singularity in order of relevance, i.e. �rst T1 and then
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Figure 10.3: Left: Quiver for R6=Z(� 3;� 1;0;4)
7 . Right: Quiver for R6=Z(1;1;1;0)

3

T6. Condensation ofT1 corresponds to blowing up the toric fan by the lattice vectorT1. This gives

the residual subconesC[T1; � 1; � 2], C[T1; � 2; � 3], and C[T1; � 1; � 3], which corresponds toC3=Z7

with weights (1; 3; 4)hol , a smooth space, andC3=Z3 with weights (1; 1; 1)hol , respectively. Here

we have made use of the fact that each of our subcones represents a new orbifold conformal �eld

theory that are locally decoupled from the other theories corresponding to the other subcones. In

our notation we have:

C[T1; � 1; � 2] � R6=Z(� 3;� 1;0;4)
7 C[T1; � 1; � 3] � R6=Z(1;1;1;0)

3 (10.20)

We remark here that the orbifolds in line (10.20) are both supersymmetric and their singularities

are isolated (see �gure 10.4).

Before we consider the remaining tachyonT6, let us �rst brie�y describe the quivers associated with

the subconesC[T1; � 1; � 2] and C[T1; � 1; � 3]. We summarize in �gure 10.3 the content of the quivers.

Note that both C[T1; � 1; � 2] and C[T1; � 1; � 3] are supersymmetric, so their fermionic and bosonic

quivers are the same.

We can also study the defect groups for the subsystemsC[T1; � 1; � 2] and C[T1; � 1; � 3] by computing

the Smith normal form of the adjacency matrix for their respective quivers. In doing so, we �nd
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Figure 10.4: We sketch the initial geometry and blowups thereof as induced by tachyon condensation.
In (i) we show how the initial isolated singularity C3=Z17 resolves to aC3=Z3 and C3=Z7 singularity
via condensation ofT1. The resolved geometry realizes bordisms between the boundaries of various
local models as sketched in (ii).

that C[T1; � 1; � 2] has defect group

A (1)
elec � A (1)

mag
�= Z7 � Z7 (10.21)

and C[T6; � 1; � 3] has defect group

A (1)
elec � A (1)

mag
�= Z3 � Z3 (10.22)

It is straightforward to check that both of these defect groups match what is predicted by the

geometry.

We now return to the remaining tachyon T6. Notice that T6 is inside C[T1; � 1; � 3] since T6 =

1
3(T1 + � 1 + � 3). We recall from (Morrison et al. (2004)) that R-charges of the subsequent tachyons

remaining in the residual geometries get renormalized after a given tachyon has condensed; the spe-

ci�c renormalization of a particular subsequent tachyon depends on which of the three decoupled
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subcones it lies within. In our case, we �nd that T6 has a renormalized R-charge equal to one after

T1 condenses. That is, the operatorT6 becomes marginal afterT1 condenses. Further subdividing

our fan by T6 results in the subcones:C[T6; � 1; � 3], C[T1; T6; � 1], C[T1; T6; � 3], C[T1; � 1; � 2], and

C[T1; � 2; � 3]. Notice that the latter two were previously considered. Furthermore, it is a straight-

forward exercise to show that the �new� cones,C[T6; � 1; � 3], C[T1; T6; � 1], and C[T1; T6; � 3] are

smooth. The only non-trivial thing left to consider is C[T1; � 1; � 2]. However, this orbifold is super-

symmetric and resolves to a smooth space via generic metric blowup modes. See (Morrison et al.

(2004)) for further details. We conclude that the endpoint of the most relevant tachyon sequence is

smooth, as expected.

10.3. Codim. 6: R6=Z(2;3;� 4;� 1)
9

We next consider the orbifoldR6=Z(2;3;� 4;� 1)
9 . We begin by determining the defect group of the 4D

theory at early times. Letting g denote a generator ofZ9 and � a primitive 9th root of unity, we

choose the following action on the4 of SU(4):

r (gn ) = diag( � 2n ; � 3n ; � 5n ; � 8n ): (10.23)

This yields the following action on the 6 of SO(6):

R(gn ) = diag( � 8n ; � 7n ; � 5n ; � � 8n ; � � 7n ; � � 5n ): (10.24)

The resulting quivers are given in �gure 10.5.

We are interested in computing the defect group for the 4D theory. Hence, we need only consider

the fermionic quiver and its corresponding adjacency matrix. Taking the Smith normal form, we

�nd that the defect group is given by

A (1)
elec � A (1)

mag
�= Tor(Coker(K )) �= Z9 � Z9 (10.25)

The geometry accounts for this result. Indeed, consider the action of� = Z9 on S5 induced from
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Figure 10.5: Left/Right: Fermionic/Bosonic quiver R6=Z(2;3;� 4;� 1)
9 .

the bosonic action in (10.24). We see that this action is �xed point free. Through an application of

Armstrong's theorem, we then �nd that the bosonic data contributes a factor to the defect group

in (10.25) given by

H1(S5=�) �= Ab[� 1(� =H)] �= Z9 (10.26)

Consider next tachyon condensation. In the holomorphic presentation of the geometry this is given

by C3=Z9 where the action of Z9 is speci�ed by the weights (1; 2; � 5)hol . There is one relevant

tachyon in the (c1; c2; c3) ring that survives the chiral GSO projection, T1. While there are GSO-

preserved tachyons in the other rings, the most relevant tachyon isT1 in the (c1; c2; c3) ring.

The orbifold C3=Z9 with weights (1; 2; � 5)hol is a toric variety with fan generated by the vertices

� 1 = ((9 ; � 2; 5)); � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)): (10.27)

The tachyon corresponds to the lattice vectorT1 = ((1 ; 0; 1)). Condensation ofT1 gives the residual

subconesC[T1; � 1; � 2], C[T1; � 2; � 3], and C[T1; � 3; � 1], which correspond to C3=Z4 with weights

(� 1; 1; 2)hol , C3, i.e., �at space, and C3=Z2 with weights (1; 0; � 1)hol , respectively. Notice that the

orbifolds C3=Z4 and C3=Z2 exhibit a non-isolated singularity. In both cases, there is a non-compact
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Figure 10.6: We sketch the geometryR6=Z(2;3;� 4;� 1)
9 after the blow up. Here C3=Z2 = C � C2=Z2

and the C2=Z2 singularity is along all of C which compacti�es into a teardrop (red) and enhances
at in�nity (red dot).

curve supporting aC2=Z2 singularity. Gluing patches these loci compactify to a teardrops worth of

C2=Z2 singularities (see �gure 10.6).

After a suitable change in complex structure, we observe thatC3=Z2 with weights (1; 0; � 1) and

C3=Z4 with weights (� 1; 1; 2) are in fact supersymmetric backgrounds. We conclude then that the

endpoint of the most relevant tachyon sequence in this Type II theory includes �at and supersym-

metric spaces, for which the latter have singularities that are resolved by generic metric blowup

modes.

Consider next the quivers associated with the two subcones,C[T1; � 1; � 2] and C[T1; � 1; � 3]. In our

usual notation

C[T1; � 1; � 2] � R6=Z(� 2;0;1;1)
4 ; C[T1; � 1; � 3] � R6=Z(1;0;� 1;0)

2 (10.28)

We summarize the quivers in �gure 10.7, and we remark that the fermionic and bosonic quivers are

identical in these cases due to supersymmetry.

We now determine the defect group for the conesC[T1; � 1; � 2] and C[T1; � 1; � 3]. Taking the Smith

normal form, we �nd that the defect group for C[T1; � 1; � 2] is Z2 � Z2, and that of C[T1; � 1; � 3] is

trivial, in accord with geometric expectations.
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Figure 10.7: Left: Quiver for R6=Z(� 2;0;1;1)
4 . Right: Quiver for R6=Z(1;0;� 1;0)

2 .

In this case we also have a codimension 4 singularity which generates a ��avor brane� locus associ-

ated with an A1 singularity which is locally of the form C2=Z2. Much as in (Cveti£ et al. (2022);

Del Zotto et al. (2022a)), we �nd that in an electric polarization there is an SO(3) �avor symme-

try which combines with the 1-form symmetry to generate a 2-group via the non-split long exact

sequence:

0 ! Z2 ! Z4 ! SU(2) ! SO(3) ! 1: (10.29)

Summarizing, we see that at late times, the tachyon condensation generates an emergent2-group

involving a Z2 1-form symmetry and an SO(3) �avor symmetry.

10.4. Codim. 6 and 4: R6=Z(3;5;� 6;� 2)
9

In this subsection, we consider the orbifoldR6=Z(3;5;� 6;� 2)
9 . We �rst determine the defect group.

Let the action on the 4 of SU(4) be given by

r (gn ) = diag( � 3n ; � 5n ; � 3n ; � 7n ) (10.30)

where g is the generator ofZ9 and � is a primitive 9th root of unity. This determines the action in

the 6 of SO(6):

R(gn ) = diag( � 8n ; � 6n ; � 8n ; � � 8n ; � � 6n ; � � 8n ) (10.31)

The fermionic and bosonic quivers are given in �gure 10.8.
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Figure 10.8: Left/Right: Fermionic/Bosonic quiver for R6=Z(3;5;� 6;� 2)
9 .

Computing the Smith normal form of the fermionic adjacency matrix for the fermionic quiver in

�gure 10.8 yields the defect group of the 4D theory:

A (1)
elec � A (1)

mag
�= Tor(Coker(K )) �= Z3 � Z3 (10.32)

The geometry accounts for this result. Indeed, the action of� = Z9 on S5 induced from the bosonic

action in (10.31) has �xed points. By Armstrong's theorem, we �nd

H1(S5=�) �= Ab[� 1(� =H)] �= Z3 (10.33)

A summary of the geometric data which contribute to the defect group follows from the �bration

S5=ZN ! � as in �gure D.1. See �gure 10.9 for a summary of the salient features of the toric

geometry.

We now move on to study tachyon condensation in our orbifold. We follow the procedure presented

in (Morrison et al. (2004)). In their notation, our orbifold, R6=Z(3;5;� 6;� 2)
9 , is given byC3=Z9, where

the action of Z9 is de�ned by the weights (1; 3; � 8)hol . There is one relevant tachyon in the(c1; c2; c3)

ring that survives the chiral GSO projection, T1. We need not worry about the tachyons in the
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Figure 10.9: In (i) we give the subgroupsHk ; H ij and in (ii) singular loci for the quotient S5=� with
� = Z9 and weights (3; 5; � 6; � 2).

other chiral rings sinceT1 in the (c1; c2; c3) ring is the most relevant.

We remark here that the singularity for C3=Z9 with weights (1; 3; � 8)hol is a non-isolated singularity;

there is a codimension 6 singularity at the tip of the cone as well as a codimension 4 singularity

which stretches out to the boundaryS5=Z9. That being said, the singularity �at in�nity� does not

contribute any additional tachyons.

The orbifold C3=Z9 with weights (1; 3; � 8)hol is a toric variety with fan spanned by the vertices:

� 1 = ((9 ; � 3; 8)); � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)): (10.34)

The tachyon T1 corresponds to the lattice point T1 = ((1 ; 0; 1)). Condensation of T1 gives the

residual subconesC[T1; � 1; � 2], C[T1; � 1; � 3], and C[T1; � 2; � 3], which correspond to smooth space,

C3=Z3 with weights (1; 0; 1), and smooth space, respectively. Observe that the orbifoldC3=Z3

with weights (1; 0; 1) is supersymmetric, in a di�erent complex structure (complex conjugate the

Z3 coordinate), and can also be presented asC � C2=Z3, in the obvious notation. This singularity

realizes a 6Dsu(3) super Yang-Mills theory. The overall polarization, i.e., global form of the gauge

group is independent of the other boundary data in the model.
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10.5. Codim. 6 (multiple tachyons): R6=Z(4;7;� 8;� 3)
23

In this section, we consider the orbifoldR6=Z(4;7;� 8;� 3)
23 . We begin by determining its 4D defect

group. Letting g denote the generator ofZ23 and � a 23rd root of unity, the action on the 4 of

SU(4) is induced via:

r (gn ) = diag( � 4n ; � 7n ; � 15n ; � 20n ) (10.35)

which determines the action on the6 of SO(6):

R(gn ) = diag( � 22n ; � 19n ; � 11n ; � � 22n ; � � 19n ; � � 11n ) (10.36)

Extracting the quiver for a probe D0-brane, we extract the defect group via the adjacency matrix

for the fermionic degrees of freedom:

D(1) = Tor(Coker K ) = A (1)
elec � A (1)

mag
�= Z23 � Z23: (10.37)

The boundary geometryS5=Z23 has no singularities (the group acts freely onS5) and so

H1(S5=Z23) �= Z23: (10.38)

Thus, the quiver based method and geometry based method predict the same defect group.

We now turn to tachyon condensation. In this case, there is a sequence of tachyon condensations

which we track in stages. In the notation of (Morrison et al. (2004)), the orbifold we have been

considering, R6=Z(4;7;� 8;� 3)
23 , is given by C3=Z23, where Z23 acts with weights (1; 4; � 11)hol . The

(c1; c2; c3) ring tachyons T1, T2, T8, with R-charges R1 = 17
23, R2 = 11

23, and R8 = 21
23, respectively,

survive the chiral GSO projection. Although there are GSO-preserved tachyons in the other rings,

the most relevant tachyon isT2.
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The orbifold C3=Z23 with weights (1; 4; � 11)hol is a toric variety with toric fan spanned by:

� 1 = ((23 ; � 4; 11)); � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)): (10.39)

The tachyons correspond to lattice vectors in the toric diagram: T1 = ((1 ; 0; 1)), T2 = ((2 ; 0; 1)),

and T8 = ((8 ; � 1; 4)). We blowup by the order of relevance, i.e. �rst T2, then T1, and �nally

T8. Condensation of T2 gives the subconesC[T2; � 1; � 2], C[T2; � 2; � 3], and C[T2; � 1; � 3], which

correspond to C3, i.e., smooth space;C3=Z2 with weights (1; 0; � 1)hol ; and C3=Z8 with weights

(1; 1; 2)hol , respectively. Notice that there are non-isolated singularities. Furthermore, we note that

in our usual notation

C[T2; � 2; � 3] � R6=Z(1;0;� 1;0)
2 ; C[T2; � 1; � 3] � R6=Z(� 1;� 1;0;2)

8 (10.40)

We can determine the defect group of these cones by �nding their quivers. An interesting part of

this example comes from considering the defect group forC[T2; � 1; � 3]. From the quiver, we �nd

that the defect group is given by

A (1)
elec � A (1)

mag
�= Z4 � Z4 (10.41)

Again, in an electric frame, we �nd a 2-group symmetry characterized by the long exact sequence:

0 ! Z4 ! Z8 ! SU(2) ! SO(3) ! 1; (10.42)

as captured in the geometry. This essentially follows from the following short exact sequence (de-

tected in geometry via Mayer-Vietoris) being non-split (see (Cveti£ et al. (2022); Del Zotto et al.

(2022a)):

1 ! Z4 ! Z8 ! Z2 ! 1 : (10.43)

The other tachyons areT1 and T8, but after T2 condenses, it turns out that any remaining instabilities

are absent. As explained in (Morrison et al. (2004)), the R-charges ofT1 and T8 now shift so that

T1 is marginal and T8 is irrelevant. Since T1 is marginal we have actually landed on a geometry

196



with no instability. We can, of course, still blowup by T1. Further subdividing our fan by T1

results in the subconesC[T1; � 1; � 3] and C[T1; T2; � 1], which correspond to the orbifoldsC3=Z4

with weights (1; 0; 1)hol and C3=Z4 with weights (0; 1; 1)hol , respectively. Both of these are actually

supersymmetric, but in a di�erent complex structure (complex conjugate theZ3 coordinate).

10.6. Codim. 6 and 2: R6=Z(� 4;� 2;1;5)
9

We now turn to an example in which there are tachyons initially present at the boundary. The

geometry we consider supports a codimension 2 singularity in addition to the codimension 6 sin-

gularity at the tip of the cone. As such, the we expect the defect group to be somewhat more

intricate, as summarized by equation (9.25). We begin by studying the defect group before tachyon

condensation. The action on the4 of SU(4) is given by:

r (gn ) = diag( � 5n ; � 7n ; � n ; � 5n ) (10.44)

where here we letg denote the generator ofZ9 and � a primitive 9th root of unity. This determines

the action in the 6 of SO(6):

R(gn ) = diag( � 8n ; � 6n ; � 3n ; � � 8n ; � � 6n ; � � 3n ) (10.45)

The resultant quivers are summarized in �gure 10.10.

The defect group for the 4D theory is how this example distinguishes itself from those we have

previously considered. Taking the Smith normal form of the fermionic adjacency matrix, we �nd

that

A (1)
elec � A (1)

mag
�= Tor(Coker(K )) �= Z3 � Z3 � Z3 � Z3 (10.46)

Distinguished from our previous examples, this is only partially predicted by the geometry. Indeed,

the bosonic action from (10.45) induces an action onS5 that has �xed points. Letting � = Z9, we

�nd from Armstrong's theorem that

H1(S5=�) �= Ab[� 1(� =H)] �= Z9=Z3
�= Z3 ; (10.47)
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Figure 10.10: Left / Right: Fermionic / Bosonic quiver for R6=Z(� 4;� 2;1;5)
9 .

where H denotes the normal subgroup which sweeps out a �xed point locus on the boundary. A

summary of the geometric contributions to the defect group is given in �gure 10.11. The remaining

contributions to line (10.46) follow from an application of line (9.25).

We now study the tachyon condensation of our orbifold. In the notation of (Morrison et al. (2004)),

our orbifold, R6=Z(� 4;� 2;1;5)
9 is given byC3=Z9 whereZ9 acts in accordance to the weights(1; 3; 6)hol .

Figure 10.11: We sketch in (i) the subgroupsHk ; H ij and in (ii) singular loci for the quotient S5=�
with � = Z9 and weights (� 4; � 2; 1; 5).

198



Observe that in the holomorphic basis where theZ9 group acts via:

(Z1; Z2; Z3) 7! (!Z 1; ! 3Z2; ! 6Z3); (10.48)

the Z3 � Z9 subgroup generated by! 3 leaves invariant the entire X = 0 locus, namely we have a

codimension2 singularity. The model has one tachyon in the(c1; c2; c3) ring that survives the chiral

GSO projection, T3. We remark further that T3 in the (c1; c2; c3) ring is the most relevant tachyon.

Condensation ofT3 is treated through toric geometry. The orbifold C3=Z9 with weights (1; 3; 6)hol

is a toric variety whose fan is described by the vertices

� 1 = ((9 ; � 3; � 6)); � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)) (10.49)

The tachyon T3 corresponds to the lattice vectorT3 = ((3 ; � 1; � 2)). However, notice that 3T3 = � 1,

implying that blowing up by T3 does not change the geometry of our orbifold. SinceT3 was the

only relevant tachyon the (c1; c2; c3) ring, we conclude that C3=Z9 with weights (1; 3; 6)hol resolves

to a smooth space via non-chiral blowup modes.
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CHAPTER 11

IIA Example: Non-Abelian Orbifolds

In this chapter we provide a few examples of how to extract the defect group in the case of orbifold

singularities:

X = R6=� (11.1)

in which the group � is a non-abelian �nite subgroup of SU(4).43 Our aim here is not to be

exhaustive, but rather to just give a few illustrative examples of the general structure we expect to

�nd.

One way to generate examples is to �rst begin with a �nite subgroup ofSU(n) � SU(4) for n = 2 ; 3

and to then �twist� this embedding by an additional rephasing symmetry which commutes with the

original group action, i.e., a �stacking and twisting� procedure (see e.g., (Berenstein et al. (2001))

for a general approach). This provides a way to generate many examples of non-supersymmetric

orbifolds where we can then read o� the associated defect group. We illustrate this procedure for

the ADE series of �nite subgroups ofSU(2) � SU(4).44 See Appendix F for another example.

It is worth noting that while these choices of �nite subgroup are �somewhat special�, the bigger

the subgroup of SU(4), the more we expect defects to be screened by dynamical states. This is

in accord with the fact that as the group grows, there is a bigger normal subgroupH associated

with �xed loci in the boundary geometry S5=� , so � =H is consequently a smaller subgroup (often

trivial). This same phenomenon was observed in reference (Del Zotto et al. (2022b)).

11.1. Stacking and Twisting Quivers withSU(2) � SU(4)

To begin, consider� SU(2) � SU(2) a �nite subgroup which acts on the basis(e1; e2; f 1; f 2) of the 4

as follows:

� SU(2) action: ei 7! gij ej and f j 7! f j . (11.2)

43 See (Hanany and He (2001)) for a more complete list of �nite subgroups of SU(4).
44 Of course the A-type subgroups are abelian, but the D- and E-type subgroups are non-abelian.
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We can then perform a further �twist� by a ZN via the action:

ZN action: ei 7! �e i and f j 7! � � 1f j . (11.3)

The combined group action de�nes� SU(4) = � SU(2) � ZN a �nite subgroup of SU(4).

To extract the associated quiver, we exploit the fact that the two group actions commute. Along

these lines, we can �rst extract the quiver for the case with just the � SU(2) quotient and then

perform a further quotient by the ZN action.

With this in mind, denote by Q the quiver for the probe theory obtained from the �nite subgroup

of SU(2). This comes with its own adjacency matrix for bosons and fermions. We label the

nodes in this quiver asq and denote the two adacency matrices asAF
q;q0 and AB

q;q0, in the obvious

notation. Since this is the adjacency matrix for a �nite subgroup of SU(2), this adjacency matrix

will be symmetric. In fact, the o�-diagonal entries match the adjacency matrix of the associated

extended Dynkin diagram of the corresponding ADE Lie group (via the McKay correspondence).

The fermions and bosons decompose into representations ofsu(2)L � su(2)R as:

su(4) � su(2)L � su(2)R (11.4)

4 ! (2; 1) � (1; 2) (11.5)

6 ! (2; 2) � (1; 1) � (1; 1): (11.6)

i.e., the fermionic singlets ofsu(2)L denote arrows which go back to the same quiver node (i.e., the

�gauginos�). We view the coordinateq as a �horizontal coordinate� which moves one within a given

quiver.

Now, precisely because theZN group action commutes with � SU(2) , there is a natural group action

on this quiver Q. In particular, we can simply take all the nodes of the original quiverQ and copy

the quiver nodesN times. This copying procedure speci�es for us the basis of fractional branes and

thus the collection of quiver nodes for� SU(4) . We refer to each such copy of quiver nodes asQi
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for i = 1 ; :::; N . There is both a �horizontal coordinate� labelling an irreducible representation of

� SU(2) as well as a �vertical� coordinate labelling an irreducible representation ofZN . We thus label

a position in the collection of quiver nodes as(q; i), whereq ranges over irreducible representations

of � SU(2) and i ranges over the irreducible representations ofZN .

The connectivity of the quiver will, however, now be somewhat di�erent. To illustrate, observe that

for the fermionic matter �elds in the decomposition 4 ! (2; 1) � (1; 2) of line (11.6), the elements

of the (2; 1) will now be connected between adjacentQi and Qi +1 layers. Further, the elements of

the (1; 2) will now be connected betweenQi and Qi � 1, with multiplicity 2. From this, we conclude

that the fermionic adjacency matrix is of the form:

AF
(qi);( q0i 0) = AF

qq0� i;i 0+1 + 2 � qq0� i;i 0� 1. (11.7)

The Dirac pairing is obtained by anti-symmetrizing on the indices:

K (qi);( q0i 0) = AF
(qi);( q0i 0) � AF

(q0i 0);( qi) (11.8)

=
�
AF

qq0 � 2� qq0
�

(� i;i 0+1 � � i;i 0� 1) (11.9)

= CADE
qq0 (� i;i 0+1 � � i;i 0� 1); (11.10)

where we used the fact thatAF
qq0 is symmetric. Here CADE

qq0 denotes the adjacency matrix of the

corresponding extended Dynkin diagram with added entries of� 2 on the diagonal. Equivalently, it

is the intersection pairing on the lattice of two cycles ofC2=� SU(2) with the a�ne node associated

with the B -�eld adjoined (see e.g., (Douglas and Moore (1996))).

From this, we extract the corresponding defect groups:

D(1) = ( Z2 � Z2)N � 1 for D2M series (11.11)

D(1) = ( ZL )N � 1 otherwise; (11.12)

where hereL = jZ (GADE )j, the order of the center for the corresponding ADE Lie group.
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Let us discuss these results from a complementary geometric perspective. For this we �rst require

the induced action on the 6 of SO(6). As an action on C3 we �nd the action to decompose

as C2=� SU(2) � C=ZN . This orbifold has a single codimension 2 and codimension 4 locus. The

codimension 4 locus has �xed points at in�nity and does not contribute to the defect group by

Armstrong's theorem. The codimension 2 singularity is supported onS3=� SU(2) and following our

counting, as for example in the discussion following (9.25), we �nd exactlyN � 1 contribution of

ZL (or Z2 � Z2) to the defect group. Again, N is odd by the requirement that the bosonic action

be a faithful action of ZN .

Finally, let us turn to the structure of tachyon condensation in this model. Observe that the group

action by � SU(2) on the geometry is, by itself, supersymmetric. In particular, it results in the

quotient R6=� SU(2) = R2 � C2=� SU(2) , in the obvious notation. Additionally, the group action of

the ZN factor acts only on the R2 factor of the target space. As such, the full quotient assumes the

form:

R6=� SU(4) = ( R2=ZN ) � (C2=� SU(2) ); (11.13)

in the obvious notation. As such, all of the tachyons are associated with the codimension loci

originating from the R2=ZN factor. We can then simply borrow the analysis presented in reference

(Adams et al. (2001)).
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CHAPTER 12

IIB Case

We now turn to the case of type IIB backgrounds R3;1 � R6=� s with N spacetime �lling D3-

branes. This system has been considered from various perspectives in (Kachru and Silverstein

(1998); Lawrence et al. (1998); Hanany and He (1999), Adams and Silverstein (2001),Horowitz et al.

(2008); Pomoni and Rastelli (2009)). One can take a suitable limit to decouple the tachyonic closed

string modes, leaving us with a 4D gauge theory de�ned by just the open string sector. In the large

N limit, the contribution to the gauge coupling beta functions is inherited from that of N = 4

Super Yang-Mills theory, so the gauge coupling does not run at one-loop order. Nevertheless, there

always exists a non-vanishing beta function for a double trace operator which is not suppressed,

even in the largeN limit (Dymarsky et al. (2005b,a)). In particular, reference (Pomoni and Rastelli

(2009)) found that regardless of whether the group action leads to an isolated singularity or instead

has non-isolated singularities, there is a radiatively induced breaking pattern in which some scalar

operators condense. This suggests a natural picture in which the time-dependence of the tachyonic

IIA solution is now realized via non-trivial scale dependence in the IIB brane probe setting. In

particular, we can simply track the quiver before and after various blowups, much as we did in our

time-dependent analysis of the IIA case.45

In terms of the basis of fractional D-branes there is little change from the case of a probe D0-brane.

Indeed, the procedure to produce a quiver gauge theory is identical (and in fact we derived the

D0-brane worldvolume theory via dimensional reduction of the D3-brane case). On the other hand,

the presence of S-duality, where we interchange F1- / D1-strings and NS5- / D5-branes means that

the analysis of fractional branes will also have some limitations. To bypass some of these subtleties,

in what follows we focus on the portion of the defect group and symmetries detected byH � (S5=�) ,

i.e., the �homology portion�. This leads to no loss of generality provided the tachyons are initially

45 In fact, the time dependence is still there, it is just more implicit. Observe that in a radiatively generated
potential, expanding around a local maximum naturally includes a tachyonic instability for the �elds of the QFT
degrees of freedom. The rolling motion of the �elds to the nearby local minimum is time dependent and is simply
how the time dependence is re�ected in the QFT.
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sequestered from the boundary geometryS5=� .

In fact, to keep the analysis streamlined we shall make the somewhat stronger assumption that all

singularities present in the geometry are codimension 6, both before and after a tachyon condensation

has taken place. We comment as appropriate how some features extend to cases where we have a

locally supersymmetric codimension 4 singularity, but defer the most general case to future work.

Now, starting from a candidate defect of the IIA theory on Rt � T3, we can T-dualize all three

spatial directions. In the resulting IIB theory, then, we �nd that a line operator wrapped on a

spatial cycle will turn into a surface operator (two-dimensional support). So, all of the candidate

electric / magnetic 1-form symmetries of the IIA case will now become 2-form symmetries.46 In more

detail, we get surface operator defects from D3-branes wrapped onCone(
 1) for 
 1 2 H1(S5=�) ,

and D5-branes wrapped onCone(
 3) for 
 3 2 H3(S5=�) . Observe also that we can also wrap NS5-

branes onCone(
 3) to produce another set of surface operators. There are corresponding 2-form

symmetry operators which link with these objects which we can make explicit when� acts without

�xed points on S5. For example, the heavy defect D3-branes onCone(
 1) link with the symmetry

operator D3-branes wrapped on elements ofH3(S5=�) . Likewise, we can wrap a D1-string (resp.

F1-string) on a linking element of H1(S5=�) to get the symmetry operator for the D5-brane (resp.

NS5-brane) wrapped onCone(
 3).

Much as in (Heckman et al. (2023a)) we also �nd a collection of 0-form topological symmetry

operators (codimension one in the 4D spacetime) which exhibit non-trivial braiding / fusion rules.

These operators are obtained from D3-branes wrapped on cycles ofH1(S5=�) = HD 3 as well as

D5-branes and NS5-branes wrapped on cycles ofH3(S5=�) � HD 5 � HNS 5. The same braiding

relations observed in reference (Gukov et al. (1998); Heckman et al. (2023a)) indicate that the full

0-form symmetry generated by these operators is a semi-direct product:

G = ( HD 3 � HD 5) o HNS 5 = ( HD 3 � HNS 5) o HD 5 ; (12.1)

46 It is important in this argument that all of the fractional branes are associated with D-branes / boundary states
of the worldsheet theory.
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where HD 3 commutes with HNS 5; HD 5 and HNS 5; HD 5 do not commute with each other. For

� �= ZN acting �xed point free on S5 we have

G = ( ZN � ZN ) o Z N (12.2)

which is the unitriangular matrix group UT (3; N ). In the presence of codimension 4 �xed points, and

characterizing the symmetry subgroups as the Pontryagin dual of defect subgroups, this becomes

G = (� _ � (� =H)_ ) o (� =H)_ : (12.3)

In addition to these zero-form symmetry operators, we also observe the presence of another codi-

mension one topological interface by wrapping a 7-brane with constant axio-dilaton on the boundary

S5=� . In the case of SCFTs with tuned axio-dilaton on the D3-brane stack, this implements duality

defects.47 In the present case, we do not really �ow to a conformal �xed point, but at least in the

large N planar limit, the coupling constant does not run at one-loop order. As such, we can still

speak of an approximate duality interface as inherited from theN = 4 SYM case.

A general comment here is that since we can realize symmetry operators via �branes at in�nity,�

there is a sharp sense in which we never lose any generalized symmetries. That being said, because

the local geometry near the tip of the cone will certainly resolve / change, the degrees of freedom

charged under this symmetry will reorganize / change. We interpret this as spontaneous symmetry

breaking. This is in accord with the picture of radiatively induced contributions developed in

references (Adams and Silverstein (2001); Dymarsky et al. (2005b,a); Pomoni and Rastelli (2009)).

12.1. Scale Dependent Considerations

Let us now turn to the scale dependence of our system. As a proxy for this, we study the blowup

moduli associated with tachyon condensation. This again gives us a sequence of quiver gauge

theories (much as in the IIA case), but where now the evolution is in scale rather than time.

47 See references (Choi et al. (2022); Kaidi et al. (2022a); Choi et al. (2023); Kaidi et al. (2022b, 2023b);
Bashmakov et al. (2023a)) for the case of N = 4 SYM, and references (Heckman et al. (2023a); Bashmakov et al.
(2023b); Damia et al. (2023)) for various extensions with less supersymmetry.
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Figure 12.1: We sketch the SymTree relevant when descending from the energy scaleEUV to the scale
En� I . The �gure shows an idealized situation where a codimension 6 singularity repeatedly resolves
to a single codimension 6 singularity, with the geometry shedding cobordismsX n;n +1 (purple). The
relative QFT BEn � I is engineered by D3-branes probing the residual singularityR6=� n . Every
cobordism X n;n +1 results in a SymTree junction J n;n +1 which matches the symmetry theories in
neighboring slabs. These symmetry theories originate from cylinders with cross sectionS5=� n . At
the energy scaleEn� I with e�ective geometry R6=� n all geometric structure beyondS5=� n is �at
in�nity". All interfaces are stacked onto the boundary conditions at in�nity, resulting in a single
bulk symmetry theory Sn� 1;n .
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To track this, we can again introduce a bulk 5D system as given by a collection of SymTFTs. These

are partitioned up according to energy scales

EUV = E0 > E 1 > ::: > E I = E IR ; (12.4)

in the obvious notation. In each partitioned region we have a SymTFTSn;n +1 (see �gure 12.1).

There is a non-topological interface which in this case receives a contribution from the branes which

have left the quiver (i.e., motion away from the singularity), and a contribution from the cobordism

X n;n +1 relating the boundary of the n-th and (n + 1) -th local model. Even in the case where all

branes remain in the system, the interface is non-topological, supporting abelian degrees of freedom

resulting from supergravity reduced onX n;n +1 . In all cases, the role of the junction theory is simply

to match the bulk modes on the two sides of the interface.

Of course, this setup is rather suggestive of holography, where we would identify the radial direc-

tion of Cone(@X) with a renormalization group scale. The non-supersymmetric case is somewhat

subtle due to the possible presence of instabilities in the solution (see e.g., (Horowitz et al. (2008);

Ooguri and Vafa (2017))) so we defer the existence of a possible holographic interpretation to future

work.

0-form and 2-form Symmetries: The cobordism X n;n +1 characterizes the transition between

the old and new asymptotic boundaries relevant in our description of the system at energiesEn and

En+1 . In particular the 0-form and 2-form symmetries characterized by the asymptotic boundaries

change, and the di�erence is precisely associated with degrees of freedom associated withX n;n +1

decoupling. We now turn to discuss this process under the simpli�ed assumption that the cobor-

dism X n;n +1 is smooth, with two connected boundary components, mapping between local model

boundariesS5=� n and S5=� n+1 .

When the geometry R6=� n deforms via X n;n +1 to R6=� n+1 cycles wrapped to construct defects

associated with the 0-form and 2-form symmetries can be added, removed or inherited (see �gure

12.2). These defects are built from wrapped branes and so we will simply uniformly discuss their
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Figure 12.2: We sketch a cobordismX n;n +1 realizing the transition from an old local model boundary
S5=� n relevant at energiesEn to a new local model boundaryS5=� n+1 relevant at energiesEn+1 . In
the process of sheddingX n;n +1 cycles, which can support defects, can be inherited (red) or removed
(blue) or introduced (purple).

wrapping loci, as characterized by homology groups.

More precisely, we can characterize these three processes using homology groups ofX n;n +1 due to

R6=� being a cone whereby non-compact cycles inR6=� n and R6=� n+1 are in one-to-one correspon-

dence with with boundary cycles, which are also contained in@Xn;n +1 = S5=� n t S5=� n+1 . As such

let us introduce the following notation for boundary components of the cobordism

@(old)X n;n +1 = S5=� n ;

@(new)X n;n +1 = S5=� n+1 ;

@Xn;n +1 = @(old)X n;n +1 t @(new)X n;n +1 ;

(12.5)

where � denotes orientation reversal. In the completely general case the boundaries labelled �old�

and �new� consists of a disjoint union of 5-sphere quotients and the discussion below generalizes in

the obvious way. The relevant groups associated with the three processes are the integer homology

groups

R(k)
n;n +1 � Hk (X n;n +1 ; @Xn;n +1 ) ;

R(k,old)
n;n +1 � Hk (X n;n +1 ; @(old) X n;n +1 ) ;

R(k,new)
n;n +1 � Hk (X n;n +1 ; @(new) X n;n +1 ) ;

(12.6)

where inclusion lifts to a mapping of the latter pair into the �rst line. The combined cokernel

with respect to both of these mappings characterizes cycles which run from the old boundary

to the new boundary. Further, we also have the groupHk (X n;n +1 ) which maps via the long exact
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sequence in relative homology separately into the latter two groups. The cokernel of these mappings

characterizes relative cycles which connect to the old or the new boundaries.

We can formalize the above considerations by noting that the pair of triplets

@(old)X n;n +1 � @Xn;n +1 � X n;n +1 ;

@(new)X n;n +1 � @Xn;n +1 � X n;n +1 ;
(12.7)

result in long exact sequences in relative homology. Due to the relevant 5-sphere quotients having

no torsional 2- or 4-cycles these two long exact sequences decompose into a collection of short exact

sequences. We can combine pairs of these short exact sequences into the cross:

R(k,new)
n;n +1

#

R(k,old)
n;n +1 ! R(k)

n;n +1 ! � n+1

#

� n

(12.8)

Here, due to our simplifying assumption that � n ; � n+1 are acting �xed point free, i.e., X n;n +1 is

smooth, and Hk� 1(@Xn;n +1 ; @(old) X n;n +1 ) �= � n+1 and Hk� 1(@Xn;n +1 ; @(new) X n;n +1 ) �= � n . This is

because in either case one of the 5-spheres is collapsed to a point. For brevity, we also omitted zeros

at either ends of both short exact sequences. We have two crosses, one fork = 2 and one fork = 4 .

The two sequences of the cross induce a long exact sequence:

0 ! Hk (X n;n +1 ) ! R(k,old)
n;n +1 � R(k,new)

n;n +1 ! R(k)
n;n +1 ! � n;n +1 ! 0 : (12.9)

Here we have introduced

� n;n +1 � R(k,new)
n;n +1 =(R(k,old)

n;n +1 � R(k,new)
n;n +1 ) ; (12.10)

which is de�ned as the cokernel of the preceding map. This realizes the combined cokernel described
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above. Parametrizing as� n
�= ZNn and � n+1

�= ZNn +1 we have � n;n +1 = Zgn;n +1 with gn;n +1 =

gcd(Nn ; Nn+1 ). The ordinary long exact sequence in relative homology informs us thatHk (X n;n +1 )

is a subgroup of both R(k,old)
n;n +1 and R(k,new)

n;n +1 and as such we have introducedHk (X n;n +1 ) as an

additional term into the diagonal sequence associated with the cross in order to maintain exactness

and undo a double counting. From here we also naturally have the quotients

R(k,old)
n;n +1 =Hk (X n;n +1 ) �= � n ; R(k,new)

n;n +1 =Hk (X n;n +1 ) �= � n+1 ; (12.11)

which removes all the bulk cycles and realizes the cokernels of the �nal two mapping described

below (12.6) which count the cycles removed and added byX n;n +1 respectively. We evaluated these

using the long exact sequence in relative homology. We see that we can naturally �ll the cross to

Hk (X n;n +1 ) ! R(k,new)
n;n +1 ! � n+1

# # �=

R(k,old)
n;n +1 ! R(k)

n;n +1 ! � n+1

# # #

� n
�= � n ! 0

(12.12)

organizing all of our data, the sequence (12.9) is implicit. The generalization to the case with

multiple boundary components is similar but more involved; various entries are replaced by disjoint

unions. Further, note that as we are discussing from a defect perspective, we also expect the above

analysis to hold provided all tachyons are initially sequestered at the tip of the cone, i.e., it also

holds even when local supersymmetry preserving codimension 4 singularities are present. On the

other hand, when unsequestered tachyons are initially present at the boundary, then equation (9.25)

indicates that we should expect further physical contributions to be present.

Let us discuss the fate of the 0-form and 2-form symmetry when transitioning from energyEn to

En+1 . We uphold the simplifying assumptions from above, and as such we aim to describe how

the 2-form defect group� n transitions to � n+1 upon traversing the cobordismX n;n +1 . We focus
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explicitly on the 2-form symmetry, the 0-form analysis runs similarly.

The overall mechanism will formally resemble a Higgsing. To start, dualize the above analysis to

cohomology and expand the supergravity �eldC4 in

H 2(X n;n +1 ; @Xn;n +1 ) �= Zb2 � : : : (12.13)

obtaining a collection of b2 abelian 2-form �elds. In many casesX n;n +1 will be deformation equiv-

alent to a weighted projective space, which does not have torsional cocycles, and as such we will

assume here that the omitted torsional contribution indicated with : : : vanishes.

Let us study screening e�ects in the partially resolved geometry relevant in taking the limit to

R6=� n+1 . There, the 2-form symmetry defect group is still equal to� n and naively receives con-

tributions from the weight lattice of U(1)b2 modulo the charge lattice associated with D3-brane

wrappings on compact curves and the localized contribution from the residual singularity equal to

� n+1 . Now, it can happen that an integer multiple of a non-compact curve of the latter has a

compact representative, as made manifest by the mapHk (X n;n +1 ) ! Hk (X n;n +1 ; @Xn;n +1 ). As

such we have that the original defect group is given by

U(1)b2 � � n+1 = � (12.14)

where� describes the identi�cation encoded in the above map. The screening by D3-branes wrapped

on compact curves then reduces the above to� n . Overall this parallels tracking the center group

in adjoint Higgsings such asSU(N1) ! SU(N2) � U(1)b=ZL for some integersN1; N2; L; b (see

(Baume et al. (2024)) for further discussion on this point). The �nite group � n is a subgroup of

(12.14), generically embedding both into the abelian factor and� n+1 .

Now, as the resolution proceeds to blowup, we reach energiesEn+1 and the cobordismX n;n +1 hits

the asymptotic boundary, the (co)cycles relevant for the abelian factors (become non-normalizable)

decompactify and the abelian factors decouple. Of the original defect group isomorphic to� n the

212



Figure 12.3: We sketch the cobordism constructed by the partial resoltion ofR6=� n betweenS5=� n

and S5=� n+1 . For any such cobordism there exists a handle presentation indicated by the dashed
lines.

image of � n in U(1)b2 � � n+1 = � projected to � n+1 = � remains. Simultaneously, new wrapping

loci have opened up, �lling the defect group back up to� n+1 .

Duality Interfaces: It is also of interest to track the behavior of the duality interface given by

a wrapped 7-brane onS5=� . For this discussion let us again consider the idealized setup in which

a codimension 6 singularity resolves to exactly one codimension 6 singularity. We expect that this

analysis extends to geometries with more general singularities.

Let R6=� n and R6=� n+1 be two geometries with an isolated singularity such thatR6=� n+1 is a

local model for the residual singularity in the partial resolution of R6=� n relevant for the transition

from scaleEn to En+1 . The partially resolved geometry realizes a smooth cobordism between the

asymptotic S5=� n and S5=� n+1 explicitly obtained as a manifold with boundary X n;n +1 by excising

a ball centered on the residual singularity in the partially resolved geometry (see �gure 12.3). In

the completely general case the cobordismX n;n +1 would be a disjoint union of manifolds with

boundaries each with more than two boundary components and which includes various codimension

2 and codimension 4 singularities.

The cobordism X n;n +1 is assumed to be smooth and therefore admits a handle presentation, i.e.,

X n;n +1 is constructed by gluing p-handles

H (p) = Dp+1 � D 6� p� 1 (12.15)
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Figure 12.4: Sketch of attaching the handleH (p) to S5=� n . The sketch can be taken at face value for
gluing a 0-handle to a circle. The initial con�guration is shown in (i). In (ii) we glue Dp+1 �D 6� p� 1

along Sp � D 6� p� 1 to S5=� n . The resulting con�guration is deformation equivalent to (iii). The
gluing locusSp � D 6� p� 1 admits a retraction into the handle and can be collapsed to a single copy
of D6� p� 1 (blue).

to S5=� n . The gluing occurs along a copy ofSp � D 6� p� 1. Here Dq denotes theq-disk. Note that

within S5=� n the disk D6� p� 1 is contractible, while the sphereSp is not necessarily contractible.

However, within the handle-attached spaceS5=� n [ H (p) , the gluing locus becomes contractible to

a copy of D6� p� 1 within H (p) (see �gure 12.4).

In the presence of a 7-brane wrapped onS5=� n we see that, after attaching a handle, we can deform

the 7-brane to wrap the new boundary at the cost of picking up a brane-anti-brane fusion products

along a copy ofD6� p� 1. Proceeding in this manner we obtain brane-anti-brane wrappings along

a collection of non-contractible subloci inX n;n +1 . An intermediate result, after deforming across

all handles, is the same type of 7-brane wrappingS5=� n+1 with 7-brane brane-anti-brane fusion

products C stretching back into the cobordism, wrapping relative cycles inX n;n +1 relative to the

boundary component S5=� n+1 . See sub�gure (iv) in Figure 12.5. From here we can, via further

fusions, arrange forC to wrap internal cycles of the cobordism, i.e., cycles of the homology group

Hk (X n;n +1 ). See sub�gure (v) and (vi) in �gure 12.5.

In the 4D theory a 7-brane wrapped onS5=� n realizes a duality interface supporting a TFT at

energiesEn . In (Heckman et al. (2023a)) the TFT was determined by studying the line operators

of the 3D interface theory, constructed from F1- / D1-strings attaching to the 7-brane. Then,

using general results on 3D TFTs (Hsin et al. (2019)), the TFT interacting with the 4D sector was
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Figure 12.5: Deforming a 7-brane wrapping (red) across handles gives rise to a new 7-brane wrapping
with brane-anti-brane fusion products C (blue) attached. See (i) ! (ii). Potentially, there are
additional junction operators (blue dots). See (ii). We can �reconnect" these fusion products by
fusing these (resulting in operators colored purple). See (iii). Then we contract the remaining
brane-anti-brane fusion products resulting in topological operators localized to the 7-brane (brown
dots). See (iv).
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deduced. In lowering the scale fromEn to En+1 the 7-brane is deformed across the cobordism

X n;n +1 and the couplings of the original 3D TFT to the ambient 4D bulk are now deformed. It

would be very interesting to describe these deformations in greater detail.

12.2. Illustrative Example

Let us now turn to an example illustrating these general points. For this, we return to the example

R6=Z(4;6;� 7;� 3)
17 of section 10.2 and make some of the scale dependent discussion explicit. Other

examples with sequestered tachyons can be treated in a similar fashion.

Partially resolving R6=Z(4;6;� 7;� 3)
17 we �nd the transition of local models

R6=Z17 ! R6=Z3 t R6=Z7 : (12.16)

The stack of N D3-branes probingR6=Z17 is partitioned between the two new singularities. The

order of the quotient groups Z3; Z7; Z17 are all prime and consequently pairwise coprime. The

cobordism X 0;1 has boundaries:48

@X0;1 = S5=Z17 t S5=Z3 t S5=Z7 ; (12.17)

where the overline indicates orientation reversal, and we can decompose the partial resolution of

R6=Z17 as

R̂6=Z17 = Cone(S5=Z7) [ S5=Z7
X 0;1 [ S5=Z3

Cone(S5=Z3) (12.18)

�lling in two of the three boundaries, such that the asymptotic boundary S5=Z17 remains. Applying

the Mayer-Vietoris sequence to the above decomposition, induced by the mappings

S5=Z3 t S5=Z7 ! X 0;1 t Cone(S5=Z7) t Cone(S5=Z3) ! R̂6=Z17 ; (12.19)

we learn, due to the lens space cones having no 2- and 4-cycles of their own, and due toR̂6=Z17

48 There is an orientation reversal on the last two factors of the disjoint union which we keep implicit here and in
what follows.
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deformation retracting onto the weighted projective spaceWP2 with weights (1; 3; 7), that

H2(X 0;1) �= Z ; H4(X 0;1) �= Z ; (12.20)

where the groups are generated by thejZ3 � Z7j = 21 multiple of the generating 2- and 4-cycle of

WP2. With this characterization we can also compute the various relative homology groups of the

cross (12.8), which are here simply:

Z ! Z ! Z3 � Z7

# # �=

Z ! Z ! Z3 � Z7

# # #

Z17
�= Z17 ! 0

(12.21)

Further, note that via Poincaré-Lefschetz duality we have Hk (X 0;1; @X0;1) �= H 6� n (X 0;1) �= Z

and expanding the supergravity RR and NSNS gauge �elds of degreedI in these cocycles we �nd

the cobordism to compactify to a junction theory supporting abelian U(1) gauge theories with

(dI � (6 � n)) -form potentials. The cobordism X 0;1 gives rise to a junction theory where these

abelian degrees of freedom localize in 4D. Brane wrappings which pass throughX 0;1 result in

defects of the 5D symmetry theory which pass through the junction and are dressed in the sense of

(Baume et al. (2024)). The group governing these dressings, in various degrees, is

(U(1) � Z3 � Z7)=(Z3 � Z7)diag. (12.22)

and the UV symmetry group Z17 interacts with the IR symmetry Z3 � Z7 via embedding purely

into the U(1) factor. Consequently, every defect which arises as a brane wrapping on a non-compact

cycle, stretching from the singularitiesR6=Z3 and R6=Z7 within R̂6=Z17 to the asymptotic boundary

will be dressed, i.e., in the symTree passing the defect through the junctionJ 0;1 will result in a
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non-trivial defect of the junction theory.
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CHAPTER 13

Re�ning the Geometric Computation

Summarizing the discussion so far, we have observed that in the case of supersymmetric and non-

supersymmetric backgrounds there can be a mismatch between the quiver data and geometric

computations. We now develop the necessary formalism of Chen-Ruan orbifold cohomology. We

�rst begin with some qualitative aspects of this cohomology theory, and then turn to its formulation

for geometric backgrounds, and then its twisted counterpart when discrete torsion is present.

Chen-Ruan orbifold cohomology Chen and Ruan (2004); Ruan (2000) is a generalized cohomology

theory developed, in part, through the formalization of results for strings on orbifolds Dixon et al.

(1985); Vafa and Witten (1995). Loosely speaking, just as Morse theory Milnor et al. (1969) relates

cohomology groups of a space to the ground states of a supersymmetric particle probing that space

Witten (1982), Chen-Ruan orbifold cohomology groups of a space are related to the ground states

of a supersymmetric string probing that space. In the latter context, the orbifold loci contribute

twisted sectors to the string Hilbert space, and one feature of Chen-Ruan orbifold cohomology

lies in geometrizing the ground states in such sectors. The operators in these twisted sectors are

charged under (up to three)U(1) R-symmetries49 of the conformal worldsheet theory Morrison et al.

(2004). Their ground states are chiral primary states charged under one particular combination of

these R-symmetries, which is determined by the twisted sector under consideration, and carry the

R-charge

R
 =

(
w1




ord(
 )

)

+

(
w2




ord(
 )

)

+

(
w3




ord(
 )

)

; (13.1)

for the twisted sector labelled by 
 2 � . Here 0 � wk

 < ord(
 ) are integers derived from the

eigenvalues of the action of
 on R6 and ord(
 ) denotes the order of the group element. Also, the

operation f�g denotes to take the �fractional part". That is, given q 2 Q, we have that f qg 2 Q and

0 � f qg < 1. The R-chargeR
 shows up in the Chen-Ruan orbifold cohomology theory in the form

of a degree shift.

49 When � is Abelian there are exactly three such R-symmetries.
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After introducing Chen-Ruan orbifold cohomology groups, we will then de�ne a physically motivated

version of orbifold (co)homology groups for which the cycles and co-cycles have integer degrees.

13.1. Preliminary Aspects of Chen-Ruan Orbifold Cohomology

Chen-Ruan orbifold cohomology is particularly well-suited for the study of strings on orbifolds. To

explain this, �rst recall that the partition function of the worldsheet CFT of a string with target

spaceX = Y=� decomposes into a sum of twisted sectors

Z =
1

j� j

X

� 2 �

X

� 2 �

Z �;� ; (13.2)

whereZ �;� is the trace over the� -twisted sectorH � with a � -operator inserted (i.e.,Z �;� = Tr H � (� ::: )).

The sum over� realizes the orbifold projection. Elements of the same conjugacy class de�ne equiv-

alent twisted sectors. Furthermore,� 's which do not commute with � do not map between the same

twisted sectors, and therefore do not contribute to the overall partition function. With this we have

equivalently

Z =
X

[
 ]2 Conj (�)

1
jC(
 )j

X

� 2 C(
 )

Z 
;� ; (13.3)

where C(
 ) � � is the centralizer subgroup of
 2 � . Chen-Ruan orbifold cohomology exactly

mimics this decomposition into twisted sectors. Schematically:

H �
CR (Y=�) =

M

[
 ]2 Conj (�)

H ~ (Y
 =C(
 )) : (13.4)

Here Y
 is the �xed point subset in Y of 
 , and the exponents indicate that there is some degree

shifting which we make explicit later. The summands should be contrasted to the orbifold projected

partition function. As the identity element of � �xes all points, we have

H �
CR (Y=�) = H � (Y=�) �

0

@
M

[
 ]2 Conj (�) ; [
 ]6=[1]

H ~ (Y
 =C(
 ))

1

A ; (13.5)

re�ecting a split into untwisted and twisted sectors. The untwisted sector contributes the standard

singular cycles and cocycles, while the twisted sectors will contribute classes localized to the orbifold
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singularities of Y=� .

An important feature of CR cohomology is that we can also incorporate local coe�cients associated

to a choice of discrete torsion. Recall that turning on discrete torsion� twists summands of the

worldsheet partition function by distinct phases Vafa (1986); Vafa and Witten (1995):

Z � =
X

[
 ]2 Conj (�)

1
jC(
 )j

X

� 2 C(
 )

� (
; � )Z 
;� : (13.6)

Chen-Ruan orbifold cohomology already mimics the decomposition into twisted sectors, and further

mimics the e�ect of discrete torsion by introducing individual local coe�cient systems U(1) �

 for

each summand Ruan (2000). These are correlated across the summands in (13.3) via the discrete

torsion � . We write:

H �
CR (Y=�; U(1) � ) =

M

[
 ]2 Conj (
 )

H ~ (Y
 =C(
 ); U(1) �

 ) : (13.7)

Let us brie�y return to the speci�c case of X = R6=� . An important detail uncovered by our quiver

analysis (or careful comparison between the (co)homology groups of crepantly resolved spaces and

the Chen-Ruan cohomology groups of the corresponding singular space), is that, in its original

de�nition as given in (13.4), Chen-Ruan orbifold cohomology does not extend straight forwardly

to the cases we will consider without certain caveats. In Chen and Ruan (2004) the cohomology

theory is introduced with respect to torsion-free coe�cient systems. However, in contrast, we will

be highly interested in torsional features, which are captued by using integer coe�cients in the case

without discrete torsion, or U(1) for local coe�cients. We will remark on these caveats as they

arise. They well be of little consequence when discrete torsion is turned o�, however, they will turn

out to be of crucial consequences, and simplify the analysis considerably, when discrete torsion is

turned on.

This simpli�cation will come in the following form: For any discrete torsion � 2 H 2(�; U(1)) , we

can de�ne its order ord(� ) and a subgroup� � � � that depends on ord(� ). Then, there is be
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natural covering spaceX � = R6=� � ! X = R6=� which is less singular. When discrete torsion is

turned on, physics will be sensitive to the cohomology groups

H �
CR (Y=� � ) = H � (Y=� � ) �

0

@
M

[
 0]2 Conj (� � ); [
 0]6=[1]

H ~ (Y
 0=C(
 0))

1

A ; (13.8)

rather than the one given in (13.7). In other words, we will be able to recast our analysis in the

presence of discrete torsion with respect to a simpler geometry for which discrete torsion is turned

o�. We will argue that (13.8) superseeds (13.7) in physical contexts precisely by noting the caveats

introduced by torsional e�ects.

We now turn to a more precise formulation of CR cohomology, and its application to various orbifold

backgrounds.

13.2. Orbifold Cohomology: No Discrete Torsion

We now introduce Chen-Ruan orbifold cohomology groups. Consider the orbifoldX = Y=� with �

a �nite group acting faithfully. We take Y to be a smooth manifold. Denote by

Fix (Y; 
 ) � Y
 =
�

y 2 Y j 
 � y = y
	

; (13.9)

the subset ofY �xed by 
 2 � . In particular, Y1 = Y where 1 is the identify element of � , and

Y
 1 = Y
 2 whenever
 1; 
 2 are multiples of another. Further, if 
 1; 
 2 lie in the same conjugacy class

(i.e., [
 1] = [ 
 2]), then Y
 1 ; Y
 2 are copies of the same space.

The inertia stack IX of the orbifold X is the set of pairs (x; g), with points x 2 X and local

symmetries g 2 Iso(x) (i.e., elements of the isotropy group of the pointx). For global quotients,

this local de�nition patches nicely Chen and Ruan (2004), and the inertia stack can be identi�ed

with the disjoint union

IX =
G

[
 ] 2 Conj (�)

Y
 =C(
 ) ; (13.10)

whereC(
 ) is the centralizer of 
 in � . The disjoint union runs over the conjugacy classes of� , and
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for each conjugacy class we pick one representative to de�ne the quotientY
 =C(
 ). Now, note that

we have

IX = X t

0

@
G

[
 ] 2 Conj (�) ; [
 ]6=[1]

Y
 =C(
 )

1

A ; (13.11)

i.e., the inertia stack always contains a copy of the orbifoldX � IX itself. This copy of X is

referred to as the untwisted sector ofIX , and the remaining components of the disjoint union are

referred to as the twisted sectors. Further note that, when� is abelian, we have

IX =
G


 2 �

Y
 =� : (13.12)

There are two natural mappings associated with the inertia stackIX . First, we have the projection

� : IX ! X onto the �rst factor (i.e., mapping (x; g) 7! x), which projects the twisted sectors onto

the singular strata of X . Second, we have an involution

Inv : IX ! IX ; (x; g) 7! (x; g� 1) ; (13.13)

which in the abelian case consists of the basically trivial mappingsY
 =� ! Y
 � 1 =� . In the general

case, they similarly map between two copies of the same space, or �x it completely.

Next, every component ofIX is assigned a rational number� [
 ] 2 Q referred to as the age or degree

shifting number of that component. For this, consider the componentY
 � Y , and assume that


 acts on the normal geometry ofY
 � Y via phase rotation, possibly after diagonalization, with

presentation

diag

"

exp

 
2�iw 1




ord(
 )

!

; : : : ; exp

 
2�iw `




ord(
 )

!#

: (13.14)

Here ord(
 ) is the order of 
 2 � and (wi

 ) is a positive integral weight vector with 1 � wi


 � ord(
 ).

We have assumed that, locally, the normal geometry permits an almost complex structure of complex
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Figure 13.1: We sketch the intertia stackIX of the global orbifold X = Y=� . In addition to the
displayed data, each component ofIX is labelled by a rational number: the degree shifting number
of that component. We depict the projection � : IX ! X and indicate the inversion mapping Inv
mapping between sectors of the geometry.

dimension `. The age is then de�ned as

� [
 ] =
X̀

i =1

wi



ord(
 )
: (13.15)

The age determines worldsheet R-charges, see (13.1). We sketch the above data in �gure 13.1.

An orbifold X satis�es the so-called hard Lefschetz condition50 if the involution Inv preserves age

50 Chen-Ruan orbifold cohomology theory relates to ordinary singular cohomology theory upon desingularization
of the underlying orbifold. Perhaps less obvious is that this relation is rather �ckle. Such a relation is conjectured to
exist by the so-called Crepant Resolution Conjecture Bryan and Graber (2006). The conjecture states that given an
orbifold X satisfying the hard Lefschetz condition and admitting a crepant resolution eX ! X there exists a graded
linear isomorphism of rings

H � ( eX ) �= H �
CR (X ) : (13.16)

This isomorphism only holds with rational coe�cients, as we will see in examples (e.g., compare (14.15) and (14.18)).
Interestingly, the supersymmetric orbifold examples X = C3=� do not satisfy the hard-Lefschetz condition, and yet
the isomorphism of rings H � ( eX ) �= H �

CR (X ) does not fail fully. In this case, instead of an isomorphism of rings, we
have an isomorphism of groups

H n ( eX ) �= H n
CR (X ) : (13.17)

The cup products of the two cohomology theories fail to match. The matching of the cohomology groups can be
made explicit via the McKay correspondence of C3=� orbifolds by Ito and Reid Ito and Reid (1994).
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Bryan and Graber (2006). In equations, the condition reads

X̀

i =1

wi



ord(
 )
=

X̀

i =1

ord(
 ) � wi



ord(
 )
: (13.18)

Finally, with these de�nitions, the Chen-Ruan orbifold cohomology groups are given by

H q
CR (X ) �

M

[
 ] 2 Conj (�)

H q� 2� [
 ] (Y
 =C(
 )) ; (13.19)

where on the right hand side we have standard cohomology groups with integer coe�cients unless

otherwise indicated. Note, Chen-Ruan orbifold cohomology degreesq 2 Q are in general rational

numbers, and they are such thatq � 2� [
 ] is integral.

Next, we de�ne related, but slightly di�erent, homology and cohomology groups. Our de�nitions

are motivated, in part, to more manifestly match the quiver computations we present later. Let us

also de�ne X 
 � Y
 =C(
 ).

To proceed, note that the involution (13.13) either interchanges twisted sectors, or �xes them. We

denote by Conj0(�) the set of conjugacy classes Conj(�) modulo identi�cations by Inv, and elements

of Conj0(�) by f [
 ]; [
 � 1]g. Then we de�ne the orbits

P f [
 ];[
 � 1 ]g �

8
>><

>>:

L
q H q� 2� [
 ] (X 
 ) � H q� 2� [
 � 1 ] (X 
 � 1 ) ; for [
 ] 6= [ 
 � 1] ;

L
q H q� 2� [
 ] (X 
 ) ; for [
 ] = [ 
 � 1] :

(13.20)

Natural pairings will be block diagonal with respect to the P f [
 ];[
 � 1 ]g, as we will see later. Overall,

we now have the alternate presentation

M

q2 Q

H q
CR (X ) =

M

f [
 ];[
 � 1 ]g2 Conj 0(�)

P f [
 ];[
 � 1 ]g : (13.21)

Here, degrees remain rational. To introduce integral degrees note that2� [
 ] + 2 � [
 � 1 ] 2 Z, and recall

that X 
 and X 
 � 1 are copies of the same space. This allows, whenY
 = ; for [
 ] = [ 
 � 1], for the
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de�nitions

P f [
 ];[
 � 1 ]g �
M

n 2 Z

�
Hn (X 
 ) � Hn� 2� [
 � 1 ] � 2� [
 ] (X 
 � 1 )

�
;

K f [
 ];[
 � 1 ]g �
M

n 2 Z

�
H n (X 
 ) � H n� 2� [
 � 1 ] � 2� [
 ] (X 
 � 1 )

�
;

(13.22)

which are the set of torsional vanishing cycles and cocycles in the twisted sectors associated to


; 
 � 1. The degree shift is now such that all degrees are integers. WhenY
 = ; for [
 ] = [ 
 � 1], we

then de�ne the orbifold homology and cohomology groups

M

n 2 Z

H orb
n (X ) �

 
M

n 2 Z

Hn (X )

!

�

 
M

f [
 ];[
 � 1 ]g2 Conj 0(�)

P f [
 ];[
 � 1 ]g

!

;

M

n 2 Z

H n
orb (X ) �

 
M

n 2 Z

H n (X )

!

�

 
M

f [
 ];[
 � 1 ]g2 Conj 0(�)

K f [
 ];[
 � 1 ]g

!

:

(13.23)

Ultimately, the �rst de�nition will be such that it can accommodate the notion of �branes wrapped

on torsional orbifold cycles", while the second de�nition is chosen such that a sensible K-theory can

be de�ned.

Of further interest will be the locally constant functions on the inertia stack:

Zr +1 �
M

[
 ] 2 Conj (�)

H 0(Y
 =C(
 )) ; (13.24)

that is, the integer r + 1 counts the number of elements in� that have �xed points. Note that

j� �x j � r + 1 (equality holds in the cyclic case), as the group generated by elements with �xed

points on Y is in general larger than the set of elements with �xed points onY .

These de�nitions, when X = R6=� and @X= S5=� , are such that the two groups

D@X � Tor H orb
1 (@X) � Tor H orb

3 (@X) � Zr +1 ;

K @X � H 0
orb (@X) � H 2

orb (@X) � H 4
orb (@X) ;

(13.25)
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are non-canonically isomorphic.51 Further, the group D@X will be a rather simple extension of

CokerK F
X and with this, it will be possible to determine CokerK F

X from either of D@X; K @X.

Notably the Dirac pairing K F
X derives from the fermionic quiver of brane probes ofX = R6=� ,

while the Chen-Ruan orbifold cohomology groups derive from the bosonic data through the space

@X= S5=� itself, which are open, closed string data respectively.

13.3. Orbifold Cohomology: Discrete Torsion

Let us now explain how these considerations extend to situations with discrete torsion. Mathemat-

ically, our starting point will be with the introduction of a twisted / local coe�cient system. The

relevant local structure is referred to as an inner local system and is, as initially de�ned in Ruan

(2000), given by a collection of �at complex orbifold line bundles

L 
 ! X 
 = Y
 =C(
 ) ; (13.26)

with the base a twisted sector ofIX . Such a collection of line bundles is then further required to

satisfy three compatibility conditions. First, the line bundle over the untwisted sector, corresponding

to the unit element 
 = 1 , is trivial. Second, and in preparation to de�ning certain pairings, pairs of

line bundles are related by the involution as Inv� L 
 = L 
 � 1 . Lastly, and in preparation to de�ning

51 When X = S5=� with abelian � this isomoprhism and the relation of these groups to Coker(K F
X ) we will

hold irrespective of the condition of requiring Y
 = ; for [
 ] = [ 
 � 1 ]. Concerning the group D@X this is due to
the consistency with the GSO condition, given later in equation ( ??), which implies that the case [
 ] = [ 
 � 1 ] for
codim Y
 � 2 does not occur except when 
 = 1 , and that higher codimension �xed loci do not contribute to the
subgroup of torsional cycles. Concerning K we simply note that 2� [
 ] = 2 � [
 � 1 ] are integral, unlike the top line in
(13.20). We can simply formally include the bottom line into (13.23) without altering the degree shift.
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a three-point function, certain triplets 52 of line bundles must tensor trivially

3O

i =1

e�
i L 
 i = 1 : (13.28)

Given an inner local system, i.e., the collection of line bundlesL = f L 
 g, twisted Chen-Ruan

orbifold cohomology groups are de�ned as

H q
CR (X; L ) �

M

[
 ] 2 Conj (�)

H q� 2� [
 ] (X 
 ; L 
 ) ; (13.29)

where summands are the standard singular cohomology groups with twisted coe�cientsL 
 .

There are many possible inner local systemsL. One favorable class of inner local system derives

from a choice of discrete torsion. Given� 2 H 2(�; U(1)) one has an associated phase mapping

' � : � � � ! U(1) ; ' � (
 1; 
 2) = � (
 1; 
 2)� � 1(
 2; 
 1) : (13.30)

The group 2-cocycle properties imply that, �xing the �rst argument to 
 2 � and restricting the

second argument toC(
 ), the induced mappings' �

 : C(
 ) ! U(1) are group homomorphisms.

Here, ' �

 ( � ) � ' � (
; � ).

Before pressing on, we mention a slight deviation from Ruan (2000), which we will implement

to remain sensitive to torsional data. Instead of considering orbifold line bundlesL 
 , we will

consider the naturally associated circle bundlesU(1) 
 constructed, for example, via projectivization.

Further, we denote the collection of these byU(1) � when determined by a choice of discrete torsion

� 2 H 2(�; U(1)) . The individual orbifold circle bundles collected into the systemU(1) � are denoted

52 Details are not relevant to the rest of the thesis, so we record them in this footnote. Consider triplets 
 1 ; 
 2 ; 
 3 2
� which multiply to the identity 
 1 
 2 
 3 = e. Then, de�ne the class

� *

�

� [
 1 ; 
 2 ; 
 3 ] via common conjugation
(
 1 ; 
 2 ; 
 3) � (
 0

1 ; 
 0
2 ; 
 0

3), where 
 0
i = 
 � 1 
 i 
 with 
 2 � . Then, the 3-multisector is de�ned as

I 3X =
G

[ *
 ]

X [ *
 ] ; X [ *
 ] � (Y
 1 \ Y
 2 \ Y
 3 )=C(
 1 ; 
 2 ; 
 3) ; (13.27)

and comes with evaluation maps ei : X [ *
 ] ! X 
 i embedding the intersection locus into the three participating twisted
sectors. Then, (13.28) states that, at locations where the �xed point loci of three elements multiplying to the identity
intersect, the respective orbifold line bundles have similar multiplicative structure.
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U(1) �

 . Then, we are interested in the twisted Chen-Ruan orbifold cohomology groups

H q
CR (X ; U(1) � ) �

M

[
 ] 2 Conj (�)

H q� 2� [
 ] (X 
 ; U(1) �

 ) : (13.31)

We now characterize the coe�cient systemsU(1) �

 in greater detail, and discuss the computation of

the twisted singular cohomology groupsH n (X 
 ; U(1) �

 ). We begin with the former and now discuss

�at U(1)-bundles overX 
 . For this, consider the diagonal action for some� 2 C(
 ) given by

Y
 � U(1) ! Y
 � U(1) ;

(y; � ) 7! � � (y; r ) = ( � � y; ' �

 (� ) � � ) ;

(13.32)

where U(1) is identi�ed with complex numbers of unit norm, � � y is the initial geometric action,

and ' �

 (� ) � � is multiplication in U(1). For the space resulting by quotienting with respect to this

action we write (Y
 � U(1))=C(
 ) ' � , and make explicit that the extension of the geometric group

action to the U(1) factor is realized through' � . Then, we de�ne via projection onto the �rst factor

U(1) �

 : (Y
 � U(1))=C(
 ) ' � ! Y
 =C(
 ) ; (13.33)

which is �at with generic U(1) �bers twisted by ' � .

We now discuss how to evaluateH n (X 
 ; U(1) �

 ). To frame the discussion, consider an ordinary

n-chain � n (i.e., untwisted global coe�cient system) of the covering Y
 ! Y
 =C(
 ). Then, given

� 
 2 C(
 ) we consider, viewing� 
 as mappingY
 ! Y
 , the pullback � �

 (� ) which is also ann-chain

on Y
 . Twisting the coe�cient system to U(1) �

 now implies that this action by � 
 on n-chains is

twisted by � resulting in the twisted action

� n 7! � 0
n = ' �


 (� 
 )� �

 (� n ) : (13.34)

This speci�es the twisting at the level of the chain complex. The cohomology of this twisted

chain complex is denotedH n (X 
 ; U(1) �

 ) (see Bott and Tu (1982); Ruan (2000) for further de-
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tails). Importantly, cocycles of H n (Y
 ; U(1)) invariant under the twisted action (13.34) contribute

to H n (X 
 ; U(1) �

 ).

Finally, we de�ne orbifold homology and cohomology groups following section 13.2. Again, we

consider degree shifts with respect to pairs of twisted sectors labeled by conjugacy classes[
 ]; [
 � 1]

related by the involution (13.13). Concretely, motivated by (13.22) and (13.24), we de�ne (for
 6= 1 ,

and in cases whereY
 = ; for [
 ] = [ 
 � 1]):

P �
f [
 ];[
 � 1 ]g �

M

n 2 Z

Hn (X 
 ; U(1) �

 ) � Hn� 2� [
 � 1 ] � 2� [
 ] (X 
 � 1 ; U(1) �


 � 1 ) ;

K f [
 ];[
 � 1 ]g
� �

M

n 2 Z

�
H n (X 
 ; U(1) �


 ) � H n� 2� [
 � 1 ] � 2� [
 ] (X 
 � 1 ; U(1) �

 � 1 )

�
;

(13.35)

with respect to the inner local system U(1) � . These then result in the integer degree orbifold

(co)homology classes de�ned by

M

n 2 Z

H orb
n (X ; U(1) � ) �

� M

n 2 Z

Hn (X ; U(1))
�

�
� M

f [
 ];[
 � 1 ]g2 Conj 0(�)

P �
f [
 ];[
 � 1 ]g

�
;

M

n 2 Z

H n
orb (X ; U(1) � ) �

� M

n 2 Z

H n (X ; U(1))
�

�
� M

f [
 ];[
 � 1 ]g2 Conj 0(�)

K f [
 ];[
 � 1 ]g
�

�
:

(13.36)

We now turn to an important subtlety which we will describe in the setting where eX ! X is a

crepant resolution of a Calabi-Yau orbifold X . Careful consideration of this resolution and the

integral Chen-Ruan cohomology groups, as de�ned in (13.19), shows that cycles from di�erent

sectors of the geometry can be linearly dependent in the resolution. This should make us weary of

trusting (13.36) directly which treats all twisted sectors as contributing independently.53 However,

the appearance of twisted coe�cients suggest, via for example Shapiro's lemma, which relates twisted

coe�cients to untwisted coe�cients of an appropriate covering space, alternate considerations which

we now describe.
53 The starkest indicator in later quiver computations will be that discrete torsion a�ects the contributions to the

defect group from the untwisted sector in geometry. However, the �rst compatibility condition listed out above in
contrast implies that discrete torsion does not a�ect this sector.
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Given � 2 H 2(�; U(1)) we now de�ne a covering spaceX � ! X . Start with the kernel

� � � Ker � = f 
 2 � j � (
; � ) = 0 and � (�; 
 ) = 0 for all � 2 � g ; (13.37)

which is a subgroup of� . De�ne X � = Y=� � which results in the coveringX � ! X . De�ne

H orb;�
n (X ) � H orb

n (X � ) ; H n
orb;� (X ) � H n

orb (X � ) : (13.38)

where coe�cients on the right hand side are integral and untwisted. Said di�erently, the cohomology

groupsH n
orb;� (X ) are degree shifted (such that degrees are integers) Chen-Ruan cohomology groups

of the covering spaceX � with untwisted integer coe�cients.

These de�nitions, when X = R6=� and @X= S5=� , are such that the two groups

D@X;� � Tor H orb;�
1 (@X) � Tor H orb;�

3 (@X) � Zr � +1 ;

K @X;� � H 0
orb;� (@X) � H 2

orb;� (@X) � H 4
orb;� (@X) ;

(13.39)

are non-canonically isomorphic. Further, the groupD@X;� will be a rather simple extension of

CokerK F
X;� , where K F

X;� is the Dirac pairing derived from a D0-brane probe ofX = R6=� with �

turned on. We �nd the Dirac pairing K F
X;� to be equal to the Dirac pairing computed by probing

X � = ( R6=�) � = R6=� � ; (13.40)

by a D0-brane with discrete torsion turned o�. Here r � is the integer de�ned by

Zr � +1 �
M

[
 0] 2 Conj (� � )

H 0(Y
 0=C(
 0)) : (13.41)

13.4. Re�ned Geometric Formulation of the Defect Group

Having now spelled out the relevant data to de�ne orbifold (co)homology, we now formulate the

structure of the defect group. In particular, the defect group for line operators of our 4D system
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engineered byX = R6=� with with discrete torsion54 � in IIA �ts into the short exact sequence

1 ! Ab(� �x )_ ! Tor H orb;�
1 (S5=�) � Tor H orb;�

3 (S5=�) ! D(1)
� ! 1 ; (13.42)

and moreover:

D(1)
�

�= Tor H orb;�
1 (S5=�) � Tor H orb;�

1 (S5=�) _ ;

CokerK F
R6=� ;�

�= D(1)
� � Zr � +1 :

(13.43)

We also have:

1 ! Ab(� �x )_ ! DS5=� ;� ! CokerK F
R6=� ;� ! 1 ; (13.44)

and the non-canonical isomorphism

K S5=� ;�
�= DS5=� ;� : (13.45)

Our plan will be to verify that this proposal works in a number of examples.

54 In target space, for example when � �= ZN � ZM , the NSNS 2-form potential B2 is switched on along
R

� 2
B2 =

R
� 3

H 3 where � 2 is the generator of H 2(S5=�) �= Zgcd( N;M )
�= H 2(�; U(1)) and � 3 = Cone(� 2).
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CHAPTER 14

Non-SUSY and no Discrete Torsion Backgrounds

In this chapter we turn to some explicit examples in order to test our di�erent methods for computing

the defect group for orbifold backgrounds. Our focus here will be on non-supersymmetric orbifolds,

but with no discrete torsion switched on. In this case, one expects a tachyon in a twisted sector,

and as such, the singularity will dynamically resolve until we reach a supersymmetric background.

This means that the background itself will be time dependent. In type IIA backgrounds, this can

be interpreted as a time dependent defect group, and in type IIB backgrounds with spacetime

�lling probe D3-branes, this can instead be interpreted as an overall scale dependence in the 4D

worldvolume QFT.

To extract the defect group we focus on two complementary approaches. The �rst centering on the

geometric / closed string perspective as dictated by Chen-Ruan orbifold cohomology. The other

approach centering on an open string perspective, and in particular the electric-magnetic pairing

for line operators (i.e., heavy defects). In the open string / quiver approach the question boils down

to determining the adjacency matrix for the fermionic degrees of freedom of the associated quiver

gauge theory. With this in place, we will be in position to show that the two approaches exactly

match.

A general comment here is that compared our earlier analyses of these cases, we will include both the

torsion and free parts of the corresponding (co)homology / quiver computations. Indeed, the match

we �nd extends to both, and again provides supporting evidence that we are correctly computing

the rank of possible �avor symmetry sectors in the type IIA setup.

14.1. Examples:R6=� with � �= ZN � ZM

We now compute some examples of orbifold homology and cohomology groups. Our focus will be

global quotients of the round 5-sphereS5. The quotients we consider are by �nite abelian isometry

subgroups� ,55 and the four cases considered are distinguished depending on whether� is a subgroup

55 In this subsection, and the example subsections going forward, we use additive notation for � .
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of SU(3) or U(3), and whether � is isomorphic to ZN or ZN � ZM .

To frame the discussion, let us introduce our conventions. We parametrize the sphereS5 as the unit

sphere inC3 with three complex coordinateszi such that

S5 = fj z1j2 + jz2j2 + jz3j2 = 1 j zi 2 Cg: (14.1)

When � �= ZN � ZM with M dividing N , we denote the generators ofZN ; ZM by �; � respectively.

I.e., � = 1 2 ZN and � = 1 2 ZM . We then consider the action

� � (z1; z2; z3) 7! (� n1 z1; � n2 z2; � n3 z3) ;

� � (z1; z2; z3) 7! (� m1 z1; � m2 z2; � m3 z3) ;
(14.2)

with integral weight vectors (n1; n2; n3) and (m1; m2; m3), and roots of unity � = exp(2�i=N ) and

� = exp(2�i=M ). Here 0 � ni < N and 0 � mi < M . The case of cyclic� is included via the

specialization M = 1 . When � � SU(3), we can rede�ne generators and parametrize the action

canonically as

� � (z1; z2; z3) 7! (� n1 z1; � n2 z2; � n3 z3) ;

� � (z1; z2; z3) 7! (z1; �z 2; � M � 1z3) = ( z1; �z 2; � � 1z3) ;
(14.3)

following the structure theorem in Ludl (2011) (see also Appendix B in Cveti£ et al. (2022)). Fur-

ther, the weights ni now sum to N or 2N . Let us also de�ne the integers

N i = gcd(N; n i ) ; M i = gcd(M; m i ) ;

N ij = gcd(N; n i ; nj ) ; M ij = gcd(M; m i ; mj ) :
(14.4)

We will study the �xed points of these group actions torically and characterize them via labeled

diagrams of 2-simplices. For this, introduce the half-line coordinatesx i = jzi j2. Then the equation

for S5 projects onto

� 2 = f x1 + x2 + x3 = 1 j x i 2 R� 0g; (14.5)
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Figure 14.1: In (i) we sketch the 2-simplex� 2. In (ii) we label the faces of � 2 by the subgroups
of � �x �xing these. The whole 2-simplex � 2 is �xed by the identity element. In (iii) we label the
faces of� 2 by the number of elements �xing these and only these.

which is a 2-simplex in R3
� 0. The �bers projecting onto a (3 � k)-face of� 2 are tori T k . The 0-face

is the full simplex, 1-faces are its edges, and 2-faces are its vertices. The action by� factors through

this projection, i.e., we have a projection

S5=� ! � 2 ; (14.6)

with (n � k)-face �bers T k=� and singularities projected onto`-faces of� 2 with ` � 1. As such,

we can characterize the singularities via a labelling of the vertices and edges of� 2. We label each

of these by the subgroup of� �xing the corresponding �ber. Our conventions for the labelling of

�bers (of the projection S5 ! � 2) and the subgroups �xing these are

S1
3 � f x1 = x2 = 0g �xed by � (�x)

3 � � ;

S1
1 � f x2 = x3 = 0g �xed by � (�x)

1 � � ;

S1
2 � f x3 = x1 = 0g �xed by � (�x)

2 � � ;

S3
12 � f x3 = 0g �xed by � (�x)

12 � � ;

S3
23 � f x1 = 0g �xed by � (�x)

23 � � ;

S3
31 � f x2 = 0g �xed by � (�x)

31 � � :

(14.7)

We denote by� �x � � the subgroup generated by all group elements with �xed points. Throughout

this work, double indices in the above context will be unordered, that is we haveS3
ij = S3

ji and
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� (�x)
ij = � (�x)

ji . Next, the natural subgroup relations

h� (�x)
jk ; � (�x)

ki i � � (�x)
k ; (14.8)

where h � � � i denotes �generated by", motivate the de�nition of the quotient group characterizing

the elements �xing the k-th circle modulo those �xing the edges connecting them

Qk � � (�x)
k =h� (�x)

jk ; � (�x)
ki i : (14.9)

Here f i; j; k g = f 1; 2; 3g. The order of Qk is jQk j = Nk=Nki N jk . We also introduce the set of

elements exclusively �xing the k-th circle as the complement

Ck = � (�x)
k nh� (�x)

jk ; � (�x)
ki i : (14.10)

We collect the above data in �gure 14.1.

Finally, we recall for reference the standard integral homology and cohomology groups ofS5=� with

� �= ZN . They are:

Hn (S5=�) �=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z ; n = 5

0; n = 4

� _ ; n = 3

0; n = 2

� =� �x ; n = 1

Z ; n = 0

and, H n (S5=�) �=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z ; n = 5

� ; n = 4

0; n = 3

(� =� �x )_ ; n = 2

0: n = 1

Z ; n = 0

(14.11)

The global orbifold S5=� is singular exactly when � �x 6= 1 . In this case Poincaré duality fails to

relate homology and cohomology groups, but the universal coe�cient theorem holds.

Let us now discuss the combinatorics explicitly in a number of cases.
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Case 1: S5=� and � � SU(3) with � �= ZN .

With the generator � = 1 2 ZN
�= � , the loci of S5 �xed by � are

Fix (S5; 
 ) =

8
>>>>>><

>>>>>>:

S5 ; 
 = 0 2 ZN ;

S1
i ; 
 6= 0 is a multiple of � N=N i = N=N i 2 ZN ;

; ; else:

(14.12)

We recall N i = gcd(N; n i ). We have � �x
�= ZN1N2N3 . The overall �xed point diagrams are:

(14.13)

See sub�gure (ii) and (iii) of �gure 14.1. Next, denote by � i � � N=N i a generator of the subgroup

ZN i . The degree shifting number ofS1
i is

� [� r
i ] =

3X

j =1

�
rn j

N i

�

mod 1
= 1 ; (14.14)

where the exponent takes possible valuesr = 1 ; : : : ; N i � 1, and labels the otherwise degenerate

contributions of S1
i =ZN i to the inertia stack of S5=ZN . Ultimately (14.14) is due to the singularities

being A-type codimension-4 ADE singularities. Note that such singularities also satisfy the hard

Lefschetz condition, as they are symplectic, i.e.,� (�x )
ij � Sp(1) as acting on the normal geometry to

S1
k , wheref i; j; k g = f 1; 2; 3g. The degree shifting numbers are therefore integers, and the above is in

compliance with the Crepant Resolution Conjecture Bryan and Graber (2006). Putting everything
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together, we have:

H n
CR (S5=�) �=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z ; n = 5

� ; n = 4

ZN1+ N2+ N3 � 3 ; n = 3

(� =� �x )_ � ZN1+ N2+ N3 � 3 ; n = 2

0; n = 1

Z ; n = 0 :

(14.15)

Here, the free contributions in degreen = 2 ; 3 are localized to the singular locus. With this we have

the homology groups

Tor H orb
1 (S5=�) = Tor H1(S5=�) �= ZN=(N1N2N3 ) ;

Tor H orb
3 (S5=�) = Tor H3(S5=�) �= ZN ;

Zr = ZN1+ N2+ N3 � 3 :

(14.16)

The torsional, free contributions lie in the untwisted, twisted sectors of the geometry respectively.

We therefore have:

D(1) �= Z2
N=(N1N2N3 ) ; DS5=ZN

= ZN=(N1N2N3 ) � ZN � ZN1+ N2+ N3 � 3 � Z : (14.17)
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We compare this to the singular cohomology groups of the crepant resolution:

H n
CR ( ]S5=�) �=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z ; n = 5

� =� �x ; n = 4

ZN1+ N2+ N3 � 3 ; n = 3

(� =� �x )_ � ZN1+ N2+ N3 � 3 ; n = 2

0; n = 1

Z ; n = 0 :

(14.18)

We learn that the crepant resolution conjecture fails, given our de�nitions, due to mismatches in

torsion when considering an integer coe�cient ring. This mismatch is easily understood in homology.

For this, compare the three homology groups

H3( ]S5=�) �= (� =� �x )_ � ZN1+ N2+ N3 � 3 ;

H3(S5=�) �= � _ ;

H orb
3 (S5=�) �= � _ � ZN1+ N2+ N3 � 3 :

(14.19)

The �rst group contains, from the resolution of the ADE singularities, exceptional 3-cycles which

are topologically copies ofP1 � S1. Denote this subgroup of exceptional cycles asE3. Careful

analysis then shows that

ZN1+ N2+ N3 � 3=E3
�= � �x ; ZN1+ N2+ N3 � 3 = FreeH3( ]S5=�) : (14.20)

Further, the generator of � �x admits a representation as a rational linear combination of the ex-

ceptional P1 � S1's following Hubner et al. (2022). Contracting the exceptional cycles, amounts

to considering these rational coe�cients modulo one. This particular combination then goes from

a free to a torsional class such that TorH3( ]S5=�) is extended from (� =� �x )_ to � _ , which then

matchesH3(S5=�) .
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This suggests a rede�nition of orbifold cohomology groups with integer coe�cients, compared to

(13.19), such that the crepant resolution conjecture can be extended to integer coe�cients. Namely,

we see from the above discussion, writingH3(S5=�) as a free group subject to relations, that we can

introduce an additional relation / equivalence between the would-be torsional and free generators.

This would precisely re�ect the extension property we have found between the crepantly resolved

and unresolved singular homology groups.

However, we do not make this rede�nition and use (13.19) as is, as the mismatch betweenH1(S5=�)

and H3(S5=�) signals a 2-group symmetry in M-theory Cveti£ et al. (2022); Del Zotto et al. (2022a),

which becomes non-manifest in the resolved phase. We opt to keep such e�ects manifest when using

integer coe�cients, and will comment where necessary when there are further subtleties. One of

these will be that the physics of discrete torsion is captured by extending the local coe�cients of

Ruan Ruan (2000) to the covering space prescription given at the end of section 13.3.

Finally, let us consider some explicit fermionic quivers and demonstrate that the cokernel of their

assocaited Dirac Pairing indeed matches the geometric data derived above.

Our �rst example is � �= Z3(1; 1; 1; 0) which was discussed in section 8.1 but is included here for

completeness.56 The geometric group action is� �= Z3(1; 1; 1). See �gure 14.2 for its �xed point

diagrams and fermionic quiver. Substituting into (14.17) we compute from geometry

D(1) �= Z3 � Z3 ; DS5=Z3
�= Z3 � Z3 � Z : (14.21)

Here r = 0 which is the sum of the integers given in sub�gure (ii) of �gure 14.2. From the fermionic

quiver we compute

CokerK F
C3=Z3

= Z3 � Z3 � Z : (14.22)

The action is �xed point free, � �x = 1 , and therefore CokerK F
C3=Z3

�= DS5=Z3
by the short exact

sequence (13.42).

56 We use the notation ZN (s1 ; s2 ; s3 ; s4) to indicate both the group and its weight vector when acting on the 4 of
SU(4). The geometric group action on R6 is then denoted as ZN (s2 + s3 ; s3 + s1 ; s1 + s2) in complexi�ed notation
acting on 6 of SO(6). Whenever weight vectors have a common divisor coprime to N we rede�ne generator.
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Figure 14.2: Example: � = Z3 (1; 1; 1; 0). The �rst two sub�gures capture the geometric data,
namely the �xed points groups generated by elements ofZ3 (i) and the resulting number of free
factors / rank of the �avor symmetry group (ii). For this example, the geometry predicts the
torsional part of the defect group to be Z3 � Z3 and r = 0 . This is in agreement with quiver
methods (iii).

Our second example is� �= Z6(1; 1; 4; 0). The geometric group action is� �= Z6(1; 1; 4) resulting

in a codimension-4 singularity in S5=� . See �gure 14.3 for its �xed point diagrams and fermionic

quiver. Substituting into (14.17) we compute from geometry

D(1) �= Z3 � Z3 ; DS5=Z6
�= Z3 � Z6 � Z2 : (14.23)

Here r = 1 which is the sum of the integers given in sub�gure (ii) of �gure 14.3. From the fermionic

quiver we compute

CokerK F
C3=Z6

= Z3 � Z3 � Z2 : (14.24)

The action is not �xed point free, � �x = Z2, and thereforeDS5=Z6
is an extension of Coker
 F

X (see

(13.42)), which re�ects an underlying 2-group symmetry in this example.

Case 2: S5=� and � � U(3) with � �= ZN .

We now generalize the previous example fromSU(3) to U(3). This introduces the possibility of

codimension-2 singularities in addition to the previously observed codimension-4 singularities. We
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Figure 14.3: Example: � = Z6 (1; 1; 4; 0). The �rst two sub�gures capture the geometric data,
namely the �xed point groups generated by elements ofZ6 (i) and the resulting number of free
factors / rank of the �avor symmetry group (ii). For this example, the geometry predicts the
torsional part of the defect group to be Z3 � Z3 and r = 1 . This is in agreement with quiver
methods (iii).

proceed as before with the generator� = 1 2 ZN
�= � . The �xed loci are

Fix (S5; 
 ) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

S5 ; 
 = 0 2 ZN ;

S3
ij ; 
 6= 0 is a multiple of � N=N ij = N=N ij 2 ZN ;

S1
k ; 
 6= 0 is not a multiple of � N=N jk ; � N=N ki

but is a multiple of � N=N k = N=Nk 2 ZN ;

; ; else;

(14.25)

where i 6= j 6= k and i; j; k 2 f 1; 2; 3g. In the third line, the index k determines the indicesi; j .

There are jCk j = Nk � Nki N jk elements �xing the k-th circle and the k-th circle only. Here, and

below, much of the counting relies on the assumption that the� -action acts faithfully. For example,

the order jh� (�x)
jk ; � (�x)

ki ij = Nki N jk follows from gcd(Nki ; N jk ) = 1 . This must hold, as otherwise�

would contain an element, other than the identity element, �xing both S3
ki and S3

jk . This would in
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turn imply that it would �x all of S5. The �xed point diagram is:

(14.26)

Denote by � k � � N=N k and � ij � � N=N ij a generator of the subgroupZN k and ZN ij respectively.

The degree shifting numbers for conjugacy classes �xingS1
k and S3

ij respectively compute to:

� [� r
k ] =

3X

`=1

�
rn `

Nk

�
=

�
rn i

Nk

�
+

�
rn j

Nk

�
;

� [� s
ij ] =

3X

`=1

�
sn`

N ij

�
=

�
snk

N ij

�
;

(14.27)

where i 6= j 6= k and i; j; k 2 f 1; 2; 3g. We have exponentsr 2 Ck and s = 1 ; : : : ; N ij � 1 labelling

the di�erent contributions of S1
i and S3

ij to the inertia stack of S5=ZN . The number of disconnected

components of the inertia stack are in total

jIX j = j� �x j =
N1N2N3

N12N23N31
: (14.28)

Each component contributes cocycles to the Chen-Ruan cohomology groups. In addition to the

cohomology classes of singular cohomology, associated with the untwisted componentS5=� , we also

have those of the remainingjIX j � 1 twisted components.

We now compute the orbifold cohomology groups for this example. In order to do so, we will

separate the contributions from �xed point loci according to their dimension:

M

q2 Q

H q
CR (S5=ZN ) = H (5) � H (3) � H (1) : (14.29)
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The index d on H (d) indicates the dimensionsd = 5 ; 3; 1 of the corresponding �xed point loci, which

are copies ofS5; S3; S1 respectively. Here, we simply haveH (5) = � 5
n=0 H n (S5=ZN ) associated with

the untwisted component.

In order to discuss the contributionsH (1) , which in general will contain classes of fractional degree,

we introduce integersgk = gcd(Nk ; ni + nj ). It follows from (14.27) that contributions to H (1) , from

all elements �xing S1
k , occur with multiplicity gk . This counts the number of �xed loci occurring

with the same degree shift. In contrast, classes contributing toH (3) , from elements �xing S3
ij , have

multiplicity one.

We then have, from elements �xingS3
ij , the following overall contribution to the Chen-Ruan orbifold

cohomology groups:

H (3) =
3M

k=1

M

q2 Q

H q
(3;k) ;

H q
(3;k)

�=

8
>>>>>>>>>><

>>>>>>>>>>:

Z ; q = 3 + 2(1 =Nij )t ; t = 1 ; : : : ; N ij � 1

ZN=lcm(N i ;N j ) ; q = 2 + 2(1 =Nij )t ; t = 1 ; : : : ; N ij � 1

Z ; q = 2(1=Nij )t ; t = 1 ; : : : ; N ij � 1

0; else:

(14.30)

The above are degree shifted contributions fromH n (S3
ij =ZN ). These ordinary cohomology groups

are computed noting that the group acting faithfully on S3
ij , possibly with �xed points, is simply

� =� (�x )
ij = ZN =ZN ij . Therefore,

H 2(S3
ij =(ZN =ZN ij )) �= ZN =Z lcm(N i ;N j ) : (14.31)

This follows from both ZN i ; ZN j having �xed points on S3
ij , as they individually �x S1

i ; S1
j respec-

tively. Then, (14.31) follows by Armstrong Armstrong (1968) or Kawasaki Kawasaki (1973).
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Next, we turn to H (1) . Elements �xing circles, and circles only, result in

H (1) =
3M

k=1

M

q2 Q

H q
(1;k) ; H q

(1;k) =

8
>>>>>><

>>>>>>:

Zgk ; q = 1 + 2( gk=Nk )t ; t = 1 ; : : : ; jQk j � 1

Zgk ; q = 2( gk=Nk )t ; t = 1 ; : : : ; jQk j � 1

0; else;

(14.32)

which are the degree shifted contribution fromH 0(S1) �= Z and H 1(S1) �= Z.

We comment that, in contrast to the case� � SU(3), there are � � U(3) for which S5=� satis�es

the hard Lefschetz condition. As a function of the weights, the condition reads

2(n1 + n2 + n3) = 3 N ; (14.33)

and can only be satis�ed for evenN .

Overall, we have the homology groups

Tor H orb
1 (S5=�) �= ZNN 12 N23 N31 =N1N2N3 �

� M

ij

Z(N ij � 1)=2
N=lcm(N i ;N j )

�
;

Tor H orb
3 (S5=�) �= ZN �

� M

ij

Z(N ij � 1)=2
N=lcm(N i ;N j )

�
;

Zr �= Zg1 jQ1 j+ g2 jQ2 j+ g3 jQ3 j� g1 � g2 � g3 �= ZN1+ N2+ N3 � N12 � N23 � N31 :

(14.34)

The free contribution is localized to the vertices in (14.26), and the additional torsional contribu-

tions, besidesH1(S5=�) �= � =� �x and H3(S5=�) �= � , are localized to the edges. Recall here that

jQk j = Nk=Nki N jk and gk = gcd(N; n i + nj ). Also, each sums� ij and � k run over the three ele-

ments as determined byf i; j; k g = f 1; 2; 3g and i 6= j 6= k. Here, N ij are odd, which is a necessary
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condition for satisfying the property laid out in the de�nition of (13.23). We therefore have:

D(1) �= Z2
NN 12 N23 N31 =N1N2N3

�
� M

ij

Z(N ij � 1)=2
N=lcm(N i ;N j )

� 2
;

DS5=ZN
�= ZNN 12 N23 N31 =N1N2N3 � ZN �

� M

ij

ZN ij � 1
N=lcm(N i ;N j )

�
� ZN1+ N2+ N3 � N12 � N23 � N31 � Z :

(14.35)

Finally, let us consider some explicit fermionic quivers and demonstrate that the cokernel of their

assocaited Dirac Pairing indeed matches the geometric data derived above.

Our �rst example is � �= Z5(1; 1; 1; � 3). The geometric group action is� �= Z5(1; 1; 1). See �gure

14.4 for its �xed point diagrams and fermionic quiver. Substituting into (14.35) we compute from

geometry

D(1) �= Z5 � Z5 ; DS5=Z5
�= Z5 � Z5 � Z : (14.36)

Here r = 0 which is the sum of the integers given in sub�gure (ii) of �gure 14.4. From the fermionic

quiver we compute

CokerK F
R6=Z5

= Z5 � Z5 � Z : (14.37)

The action is �xed point free � �x = 1 , and therefore CokerK F
R6=Z5

�= DS5=Z5
by the short exact

sequence (13.42).

Our second example is� �= Z6(1; 0; 1; 4). The geometric group action is� �= Z6(1; 1; 2) resulting

in a codimension-4 singularity in S5=� . See �gure 14.5 for its �xed point diagrams and fermionic

quiver. Substituting into (14.35) we compute from geometry

D(1) �= Z3 � Z3 ; DS5=Z6
�= Z3 � Z6 � Z2 : (14.38)

Here r = 1 which is the sum of the integers given in sub�gure (ii) of �gure 14.5. From the fermionic

quiver we compute

CokerK F
R6=Z6

= Z3 � Z3 � Z2 : (14.39)
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Figure 14.4: Example: � = Z5 (1; 1; 1; � 3) in the 4 of SU(4) or � = Z5 (1; 1; 1) in the 6 of SO(6).
The �rst two sub�gures capture the geometric data, namely the �xed point groups generated by
elements ofZ5 (i) and the resulting number of free factors / rank of the �avor symmetry group (ii).
For this example, the geometry predicts the torsional part of the defect group to beZ5 � Z5 and
r = 0 . This is in agreement with quiver methods (iii).

We have� �x = Z2 and thereforeDS5=Z6
is an extension of CokerK F

R6=Z6
(see (13.42)), which re�ects

an underlying 2-group symmetry in these examples. Further, note that the �xed point structure here

and in the example (14.23) are identical, and for that the groups computed between the examples

agree. The distinction of supersymmetric or non-supersymmetric is of no consequence.

Our third example is � �= Z9(5; 7; 1; 5). The geometric group action is� �= Z6(8; 3; 6) resulting in a

codimension-2 singularity inS5=� . See �gure 14.6 for its �xed point diagrams and fermionic quiver.

Substituting into (14.35) we compute from geometry

D(1) �= Z3 � Z3 � Z3 � Z3 ; DS5=Z9
�= Z3 � Z9 � Z3 � Z3 � Z3 : (14.40)

Here r = 2 which is the sum of the integers given in sub�gure (ii) of �gure 14.6. From the fermionic

quiver we compute

CokerK F
R6=Z9

= Z3 � Z3 � Z3 � Z3 � Z3 : (14.41)

The action is not �xed point free � �x = Z3 and thereforeDS5=Z9
is an extension of CokerK F

R6=Z9
,

see (13.42), which re�ects an underlying 2-group symmetry in these examples.

Case 3: S5=� and � � SU(3) with � �= ZN � ZM .
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Figure 14.5: Example: � = Z6 (1; 0; 1; 4) in the 4 of SU(4) or � = Z6 (1; 1; 2) in the 6 of SO(6).
The �rst two sub�gures capture the geometric data, namely the �xed point groups generated by
elements ofZ6 (i) and the resulting number of free factors / rank of the �avor symmetry group (ii).
For this example, the geometry predicts the torsional part of the defect group to beZ3 � Z3 and
r = 1 . This is in agreement with quiver methods (iii).

Figure 14.6: Example: � = Z9 (5; 7; 1; 5) in the 4 of SU(4) or � = Z9 (8; 3; 6) in the 6 of SO(6).
The �rst two sub�gures capture the geometric data, namely the �xed point groups generated by
elements ofZ9 (i) and the resulting number of free factors / rank of the �avor symmetry group (ii).
For this example, the geometry predicts the torsional part of the defect group to beZ3 � Z3 � Z3 � Z3

and r = 2 . This is in agreement with quiver methods (iii).
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We consider the canonically parametrized action (14.3) onS5. Then, consider the generator� =

(1; 0) 2 ZN � ZM
�= � and � 1 = (0 ; 1) 2 ZN � ZM

�= � . Importantly, note the �spontaneous

symmetry breaking" in the parametrization of (14.3), by which the ZM factor does not act on

the �rst coordinate z1. We could have equally well parametrized theZM action such that it acts

in a similar fashion on any pair of the coordinates. I.e., there exist elements� 2 = ( k2; l2) and

� 3 = ( k3; l3), which are of orderM and have gcd(l2; M ) = gcd( l3; M ) = 1 and wherek2; k3 are a

multiple of N=M (recall that M divides N ). With this, we can individually replace the second line

in (14.3) by either of

� 2 � (z1; z2; z3) 7! (� M � 1z1; z2; �z 3) = ( � � 1z1; z2; �z 3) ;

� 3 � (z1; z2; z3) 7! (�z 1; � M � 1z2; z3) = ( �z 1; � � 1z2; z3) ;
(14.42)

where again� = exp(2�i=M ). Due to � � SU(3), only codimension-4 �xed point loci (i.e., the

circles S1
i ) can occur. To determine 
 2 � �xing S1

i , the parametrization of the action with

generators(�; � i ) is most convenient. In such a frame, clearly all of theZM factor �xes S1
i . The

subgroup of ZN �xing S1
i is simply Zgcd(N=M;n i ) . The faithfulness of the action implies that the

order of these two subgroups are coprime. We therefore have

� �x
�= hZM 0

1
; ZM 0

2
; ZM 0

3
i ;

M 0
i = M gcd(N=M; n i ) ;

(14.43)

with each factor �xing S1
i . Overall, the loci of S5 �xed by � are

Fix (S5; 
 ) =

8
>>>>>><

>>>>>>:

S5 ; 
 = 0 2 ZN ;

S1
i ; 
 6= 0 is a multiple of � N= gcd(N=M;n i ) � i ;

; ; else:

(14.44)
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The �xed point diagram is:

(14.45)

The degree shifting number ofS1
i is equal to 1, as the singularities ofS5=� are codimension-4 A-

type ADE singularities. The orbifold S5=� therefore satis�es the hard Lefschetz condition (see the

analogous discussion on Example 1). Putting everything together we have:

H n
CR (S5=�) �=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z ; n = 5

� ; n = 4

ZM � ZM 0
1+ M 0

2+ M 0
3 � 3 ; n = 3

(� =� �x )_ � ZM 0
1+ M 0

2+ M 0
3 � 3 ; n = 2

0; n = 1

Z ; n = 0

(14.46)

Here, the free contributions in degreen = 2 ; 3 are localized to the singular loci. There is also an

additional torsional group ZM in degreen = 3 , which is ultimately due to � not being cyclic. The

dual 2-cycle is constructed by considering the non-compact 2-cycles of the three ADE lociC2=ZM 0
i
,

and gluing these to a 2-sphere with three marked points. This cycle is torsional, and its order

is gcd(M 0
1; M 0

2; M 0
3) = M . This class is therefore not localized to the singular locus. In ordinary

cohomology we already haveH 3(S5=�) �= ZM .
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With this we have the homology groups

Tor H orb
1 (S5=�) = Tor H1(S5=�) �= ZNM 2=M 0

1M 0
2M 0

3
; ;

Tor H orb
3 (S5=�) = Tor H3(S5=�) �= ZN � ZM ;

Zr = ZM 0
1+ M 0

2+ M 0
3 � 3 :

(14.47)

Here � =� �x
�= ZNM 2=M 0

1M 0
2M 0

3
�= ZN=MG with G = gcd(N=M; n 1) gcd(N=M; n 2) gcd(N=M; n 2). We

therefore have:

D(1) �= Z2
NM 2=M 0

1M 0
2M 0

3
= Z2

N=MG ;

DS5=(ZN � ZM ) = ZN=MG � ZN � ZM � ZM 0
1+ M 0

2+ M 0
3 � 3 � Z :

(14.48)

Finally, let us consider an explicit fermionic quiver and demonstrate that the cokernel of their

associated Dirac Pairing indeed matches the geometric data derived above. Consider the example

� �= Z8(2; 1; 5; 0) � Z2(1; 0; 1; 0). The geometric group action is� �= Z8(2; 1; 5) � Z2(1; 0; 1) resulting

in 3 codimension-4 singularities inS5=� . See �gure 14.7 for its �xed point diagrams and fermionic

quiver. Substituting into (14.48) we compute from geometry

D(1) �= Z2 � Z2 ; DS5=(Z8 � Z2 )
�= Z2 � Z2 � Z8 � Z6 : (14.49)

Here r = 5 which is the sum of the integers given in sub�gure (ii) of �gure 14.7. From the fermionic

quiver we compute

CokerK F
R6=(Z8 � Z2 ) = Z2 � Z2 � Z6 : (14.50)

We have� �x = Z4 � Z2, and thereforeDS5=(Z8 � Z2 ) is an extension of CokerK F
R6=(Z8 � Z2 ) (see (13.42)),

which re�ects an underlying 2-group symmetry in this example.

Case 4: S5=� and � � U(3) with � �= ZN � ZM .

This example, albeit more involved, is treated in same manner as the proceeding example. The
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Figure 14.7: Example: � = Z8 (2; 1; 5; 0) � Z2 (1; 0; 1; 0). The top row is the theory without discrete
torsion turned on. The �rst two sub�gures in this row capture the geometric data, namely the �xed
point groups generated by elements ofZ8 � Z2 (i) and the resulting number of free factors / rank
of the �avor symmetry group (ii). For this example, the geometry predicts the torsional part of the
defect group to beZ2 � Z2 and r = 5 . This is in agreement with quiver methods (iii). The bottom
row is the theory with discrete torsion turned on by � = 1 2 H 2(�; U(1)) �= Z2. The e�ective
geometry is nowX � =1 = C3=Z4 (2; 1; 1; 0). The geometry now predicts the torsional part of the
defect group to beZ2 � Z2 and r = 1 . See (iv) an (v). This is again in agreement with quiver
methods (vi).
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number of �xed S1
k 's and S3

ij 's are given respectively by

L k = NkM k gcd(N=Nk ; M=M k ) ;

L ij = N ij M ij gcd(N=N ij ; M=M ij ) :
(14.51)

Omitting further details, we give the relevant orbifold homology groups

Tor H orb
1 (S5=�) �= � =� �x �

2

4
M

ij

�
ZN � ZM

hZL i ; ZL j i

� (L ij � 1)=2
3

5 ;

Tor H orb
3 (S5=�) �= � �

2

4
M

ij

�
ZN � ZM

hZL i ; ZL j i

� (L ij � 1)=2
3

5 ;

Zr �= ZL 1+ L 2+ L 3 � L 12 � L 23 � L 31 ;

(14.52)

where jhZL i ; ZL j ij = L i L j =Lij . We leave the overlapL i \ L j and the embeddingsL i ; L j ,! �

implicit, and opt to describe these explicitly in concrete examples. We therefore have:

D(1) �= (� =� �x )2 �

2

4
M

ij

�
ZN � ZM

hZL i ; ZL j i

� (L ij � 1)=2
3

5

2

;

DS5=(ZN � ZM )
�= � =� �x � � �

2

4
M

ij

�
ZN � ZM

hZL i ; ZL j i

� L ij � 1
3

5 � ZL 1+ L 2+ L 3 � L 12 � L 23 � L 31 � Z :

(14.53)

Finally, let us consider an explicit fermionic quiver and demonstrate that the cokernel of their

associated Dirac Pairing indeed matches the geometric data derived above.

Consider the example� �= Z8(4; 2; 1; 1)� Z2(1; 0; 1; 0). The geometric group action is� �= Z8(6; 3; 5)�

Z2(1; 0; 1) resulting in 3 codimension-4 singularities inS5=� . See �gure 14.8 for its �xed point dia-

grams and fermionic quiver. We compute from geometry

D(1) �= Z2 � Z2 ; DS5=(Z8 � Z2 )
�= Z2 � Z2 � Z8 � Z6 : (14.54)
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Here r = 5 which is the sum of the integers given in sub�gure (ii) of �gure 14.8. From the fermionic

quiver we compute

CokerK F
R6=(Z8 � Z2 ) = Z2 � Z2 � Z6 : (14.55)

We have� �x = Z4 � Z2 and thereforeDS5=(Z8 � Z2 ) is an extension of CokerK F
R6=(Z8 � Z2 ) (see (13.42)),

which re�ects an underlying 2-group symmetry in this example. Further, note that the �xed point

structure here and in the example (14.49) are identical, and for that reason the groups computed

between the examples agree. The distinction of supersymmetric or non-supersymmetric is of no

consequence.
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Figure 14.8: Example: � = Z8 (4; 2; 1; 1) � Z2 (1; 0; 1; 0) in the 4 of SU(4) or � = Z8 (6; 3; 5) �
Z2 (1; 0; 1) in the 6 of SO(6). The top row is the theory without discrete torsion turned on. The
�rst two sub�gures in this row capture the geometric data, namely the �xed point groups generated
by elements ofZ8 � Z2 (i) and the resulting number of free factors / rank of the �avor symmetry
group (ii). For this example, the geometry predicts the torsional part of the defect group to be
Z2 � Z2 and r = 5 . This is in agreement with quiver methods (iii). The bottom row is the theory
with discrete torsion turned on by � = 1 2 H 2(�; U(1)) �= Z2. The e�ective geometry is now
X � =1 = C3=Z4 (2; 1; 1). The geometry now predicts the torsional part of the defect group to be
Z2 � Z2 and r = 1 . See (iv) and (v). This is again in agreement with quiver methods (vi).
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CHAPTER 15

Discrete Torsion Backgrounds

In the previous chapter we studied some examples of non-supersymmetric orbifold backgrounds,

showing in particular that the geometric / closed string approach exactly matches the quiver /

open string computation. In this chapter we consider a further generalization, switching on discrete

torsion. The primary class of examples we focus on which can support discrete torsion involve

backgrounds of the formX = R6=� with � �= ZN � ZM .

As far as the Chen-Ruan orbifold cohomology computations are concerned, the e�ect of discrete

torsion will be to lift geometric considerations to the covering spaceX � = R6=� � with � � de�ned

in (13.37). This lift is motivated by Ruan's local coe�cient system; however, after lifting to the

covering space we will consider untwisted integer coe�cients when computing (co)homology group

of X � .

In the case of the quiver computations, the main change is that we must now allow for projective,

rather than linear representations of the orbifold group � . Thankfully, there is a procedure for

extracting the resulting quiver gauge theories directly from representation-theoretic data. The main

idea is to deal with all possible choices of discrete torsion simultaneously by working with a �master�

quiver. This master quiver decomposes into distinct disconnected components; one component for

every choice of discrete torsion. We refer to Appendix G for additional details.

Let us now sketch the main aspects of how the quiver is extracted in these cases. To begin, recall

that a projective representation of a group� over C is a homomorphism~� : � ! GL(V ) for V some

vector space, such that for elementsg; h 2 � :

~� (g)~� (h) = � (g; h)~� (gh) ; (15.1)

where� is a function � : � � � ! U(1). The function � is classi�ed by the abelian groupH 2(�; U(1))

known in this context as the Schur multiplier. Then consider the Schur covering group� , which
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�ts into the following short exact sequence:

1 ! H 2(�; U(1)) ! � ! � ! 1 : (15.2)

Here H 2(�; U(1)) maps into the center subgroup of� , and � is a maximal central extension of� .

This means that any other extension of� by a subgroup ofH 2(�; U(1)) is a quotient of � . These

two properties and the above sequence de�ne� uniquely.

The group � has the property that every projective representations of� lifts to a linear represen-

tations of � (see Aschbacher (2000); Feng et al. (2001a,b) for more details on this). As such, this

reduces the problem of computing the projective McKay quiver for orbifolds with discrete torsion

turned on, to that of computing a linear McKay quiver of the Schur covering group. In particular,

we have a disjoint union of quivers:

Q ~�
�

�=
G

� 2 H 2 (�; U(1))

Q �
� ;� : (15.3)

Here the reference representation� determines whether we are considering the bosonic or fermionic

quivers. The pair (� ; � ) speci�es the non-geometric background, i.e.,X = R6=� with discrete torsion

� . We denote the adjacency matrix ofQ ~�
� and its antisymmetrization by A ~�

� ; K ~�
� respectively.

We will be interested in the disconnected subquiversQ �
� ;� individually. As before, the adjacency

matrix of each quiver determines a Dirac pairing. We can then read o� the defect groupD(1)
� and

the rank r � from the cokernel of the Dirac pairing. When these quivers arise in the context of brane

probes of a spaceX = Y=� , we will simply write QF
X;� (when � = 4) or QB

X;� (when � = 6) for an

element of the disjoint union in (15.3).

Importantly, the master quiver only computes the set of quiversf Q �
� ;� g� 2 H 2 (�; U(1)) and does not

manifestly match any particular � with any particular quiver in this list. Of course such a 1:1

matching is not expected as reparametrizations only allow for a matching up to Aut(H 2(�; U(1))) .

The list of quivers f Q �
� ;� g therefore contains several isomorphic quivers. The isomorphism type
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of a quiver depends, whenH 2(�; U(1)) is cyclic, only on the order of � . This is re�ected in our

geometric perspective byX � = R6=� � only depending on the order of� . Crucially, however, the

geometric approach avoids direct use of the Schur covering group� , and therefore supplies a 1:1

match between discrete torsions� and quivers QF
X;� ; QB

X;� .

Let us now discuss the combinatorics for the cases with� �= ZN � ZM and H 2(�; U(1)) �= Zgcd(N;M )

in some more detail. For this, �rst denote by

ord(� ) =
gcd(N; M )

gcd(�; gcd(N; M ))
; (15.4)

the order of � 2 Zgcd(N;M ) . In particular, whenever � is a generator ofZgcd(N;M ) we have ord(� ) =

gcd(N; M ), and if � = 0 , i.e., no discrete torsion, we have ord(� ) = 1 . With this parametrization

the kernel of � evaluates to

� � =
�

Zord(� ) � Zord(� )

�= ZN=ord(� ) � ZM=ord(� ) : (15.5)

In terms of group actions, given weights(s1; s2; s3; s4), which are integers de�ned moduloN; M , for

either of the cyclic factors ZN ; ZM respectively, the weights for� � are simply si mod ord(� ). We

set X � = R6=� � and note that X � 1 = X � 2 precisely when ord(� 1) = ord(� 2). Our main claim now

is that the e�ect of discrete torsion on bosonic and fermionic quivers is geometrized as:

QB
X;� = QB

X �
; QF

X;� = QF
X �

: (15.6)

In other words, turning on discrete torsion e�ectively desingularizes backgrounds, as con�gura-

tions with discrete torsion turned on are related to less singular setups without discrete torsion.

Interestingly, in this manner non-supersymmetric quivers can be lifted to supersymmetric quivers.

There are a number of immediate consequences of (15.6). We focus now on fermionic quivers

(bosonic quivers are discussed analogously). The �rst consequence is that

QF
X;�

�= QF
X;� , ord(� 1) = ord(� 2) ; (15.7)
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implying that quivers appear with multiplicity in the master quiver. More precisely, denoting by

Ok the number of elements of orderk in Zgcd(N;M ) , we have

QF
� =

M

� 2 Zgcd ( N;M )

QF
X;�

�=
gcd(N;M )M

k=1

�
QF

X � k

� � Ok
; (15.8)

where � indicates that the adjacency matrix of the master quiver is block diagonal with blocks

given by the adjacency matrix of QF
X � k

featuring with multiplicity Ok where � k is any element in

H 2(�; U(1)) �= Zgcd(N;M ) of order k. In particular, the number of nodes of the master quiver, which

we refer to as the rank of the quiver, is given by

rank QF
� =

X

�

NM
ord(� )2 = NM +

X

� 6=0

NM
ord(� )2 : (15.9)

Here we have split o� the � = 0 component (original quiver with discrete torsion turned o�)

of order one and multiplicity one. For example, when � = Z2
N the master quiver has rank

1; 5; 11; 22; 29; 55; 55; 92; 105; 145 for N = 1 ; : : : ; 10.

Finally, let us comment on non-abelian �avor symmetries as they are known to occur in the super-

symmetric case where the geometryC3=ZN � ZM always contains three non-compact A-type ADE

singularities which contribute f = suM 0
1
� suM 0

2
� suM 0

3
to the �avor symmetry algebra. Motivated by

the covering space prescription we claim that turning on discrete torsion� reduces this geometric

contribution to the �avor symmetry algebra to

f� =
3M

i =1

suM 00
i

; M 00
i = ( M=ord(� ))gcd(N=M; n i ) : (15.10)

15.1. Examples:R6=� with � �= ZN � ZM

In this section we will compute the defect group of orbifolds with discrete torsion turned on. We

will �rst revisit examples previously considered without discrete torsion in section 14.1, and now

proceed to turn on discrete torsion. We will also consider new examples that showcase important
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physical features. The examples are numbered to re�ect the numbering in the other sections.

Case 3: S5=� and � � SU(3) with � �= ZN � ZM .

We now revisit the example of� �= Z8 (2; 1; 5; 0)� Z2 (1; 0; 1; 0). The group acting on the geometry is

Z8 (2; 1; 5) � Z2 (1; 0; 1), and the Schur multiplier is H 2(�; U(1)) �= Z2. The master quiver therefore

consists of two disconnected sub-quivers. One quiver has rank16, and the other has rank4. The

associated geometries are

X � =0 = C3=Z8(2; 1; 5) � Z2(1; 0; 1) ; X � =1 = C3=Z4(2; 1; 1) : (15.11)

See �gure 14.7. With this, via geometry, we compute

D(1)
� =0

�= Z2 � Z2 ; D� =0
�= Z2 � Z8 � Z2 � Z6 ;

D(1)
� =1

�= Z2 � Z2 ; D� =1
�= Z2 � Z4 � Z2 :

(15.12)

Via quiver methods, we compute the cokernel of the master quiver to

Coker(K F
� ) = Z2 � Z2 � Z2 � Z2 � Z8 �=

�
D(1)

� =0 � Z6�
�

�
D(1)

� =1 � Z2�
: (15.13)

Quiver and geometry are in perfect agreement. In both cases, the torsional subgroup ofD� di�ers

from D(1)
� indicating the presence of a 2-group symmetry. See (H.4) for the master adjacency matrix.

Case 4: S5=� and � � U(3) with � �= ZN � ZM .

We now revisit the example of� �= Z8 (4; 2; 1; 1) � Z2 (1; 0; 1; 0). The group acting on the geometry

is Z8 (6; 3; 5)� Z2 (1; 0; 1) and the Schur multiplier is H 2(�; U(1)) �= Z2. The master quiver therefore

consists of two disconnected sub-quivers. Again, one quiver has rank16, the other has rank4. The

associated geometries are

X � =0 = R6=Z8(6; 3; 5) � Z2(1; 0; 1) ; X � =1 = C3=Z4(2; 1; 1) : (15.14)
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See �gure 14.8. With this, via geometry, we compute

D(1)
� =0

�= Z2 � Z2 ; D� =0
�= Z2 � Z8 � Z2 � Z6 ;

D(1)
� =1

�= Z2 � Z2 ; D� =1
�= Z2 � Z4 � Z2 :

(15.15)

Via quiver methods, we compute the cokernel of the master quiver to

Coker(K F
� ) = Z2 � Z2 � Z2 � Z2 � Z8 �=

�
D(1)

� =0 � Z6�
�

�
D(1)

� =1 � Z2�
: (15.16)

Quiver and geometry are in perfect agreement. In both cases, the torsional subgroup ofD� di�ers

from D(1)
� indicating the presence of a 2-group symmetry. Here, interestingly, turning on� has lifted

the non-supersymmetric geometry to a Calabi-Yau quotient. See (H.5) for the master adjacency

matrix.

Case 4: S5=� and � � U(3) with � �= Z9 � Z3.

Consider the non-supersymmetric example of� �= Z9 (2; 0; 1; 6) � Z3 (0; 1; 0; 2). The group acting

on the geometry isZ9 (2; 1; 3) � Z3 (1; 1; 0), and the Schur multiplier is H 2(�; U(1)) �= Z3. The

master quiver therefore consists of three disconnected sub-quivers. One quiver has rank27, and the

other two have rank 3 and are isomorphic. Overall the master quiver is of rank33. The associated

geometries are

X � =0 = R6=Z9 (2; 1; 3) � Z3 (1; 1; 0) ; X � =1 = C3=Z3(2; 1; 0) : (15.17)

This is the �rst time we have discussed this speci�c example, so we will �rst analyze the case with

discrete torsion turned o�.

We begin by determining the �xed point diagram when discrete torsion is turned o�. For this,

note that � contains the subgroupZ3(2; 1; 0) � Z3(1; 1; 0), which we denote asZL
3 � ZR

3 . This

subgroup contains diagonal and anti-diagonal subgroupsZL + R
3 (0; 2; 0) and ZL � R

3 (1; 0; 0). We �nd

� �x
�= ZL + R

3 (0; 2; 0)� ZL � R
3 (2; 0; 0). Both ZL

3 ; ZR
3 lead to codimension-2 singularities, and the overall
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Figure 15.1: Example: � = Z9 (2; 0; 1; 3) � Z3 (0; 1; 0; 2) in the 4 of SU(4) or � = Z9 (2; 1; 3) �
Z3 (1; 1; 0) in the 6 of SO(6). The top row is the theory without discrete torsion turned on. The
�rst two sub�gures in this row capture the geometric data, namely the �xed point groups generated
by elements ofZ3 � Z9 (i) and the resulting number of free factors / rank of the �avor symmetry
group (ii). For this example, the geometry predicts the torsional part of the defect group to be
Z6

3 and r = 8 . This is in agreement with quiver methods (iii). The bottom row is the theory
with discrete torsion turned on by � = 1 ; � 1 2 H 2(�; U(1)) �= Z3. The e�ective geometry is now
X � � 1 = C3=Z3 (0; 1; 2). The geometry now predicts the torsional part of the defect group to be
trivial and r = 2 . See (iv) and (v). This is again in agreement with quiver methods (vi).

262



�xed point diagram and diagramm counting elements �xing various faces are respectively:

(15.18)

From this, the inertia stack is read o� to be

I (S5=�) = S5=� t
�
S3

23=�
� t 2

t
�
S3

31=�
� t 2

t
�
S1

3=�
� t 4

= S5=(Z3 � Z9) t
�
S3

23=Z0
9

� t 2
t

�
S3

31=Z00
9

� t 2
t

�
S1

3=Z0
3

� t 2
t

�
S1

3=Z00
3

� t 2
:

(15.19)

In the second line we write the subgroup of� that acts faithfully on the respective components of

the inertia stack. In the notation of section 13.2, these groups are� =� (�x )
ij and � =� (�x )

k , and the

primes indicate that the groups that are being quotiented by are distinct.

From (15.19) we now determine the groups TorH orb
1 (X ), Tor H orb

3 (X ) and Zr +1 , as de�ned in

(13.23), and (13.24) respectively. We haver + 1 = 4 + 2 + 2 + 1 = 9 from summing up the integers

in the second diagram of (15.18).

We now analyze the torsional cycles. Note that bothZ0
9 and Z00

9 contain an order 3 subgroup with

�xed points on S3
23 and S3

31 respectively. Therefore, for example, we �nd the two components

�
S3

23=Z0
9

� t 2
� I (S5=�) (15.20)

to contribute two copies of H1(S3
23=Z0

9) �= Z3. Only one of these is counted towards the orbifold

1-cycles after degree shift following (13.23), while the other one is shifted to an orbifold 3-cycle.

The component
�
S3

31=Z00
9

� t 2 contributes in similar manner. Overall, from the twisted sectors in

geometry we �nd a contribution of Z2
3 to the subgroup of torsional orbifold 1-cycles. The untwisted

sector, for which H1(S5=(Z3 � Z9)) �= Z3 and H3(S5=(Z3 � Z9)) �= Z9 � Z3, contributes further
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orbifold cycles. With this, via geometry, we compute

D(1)
� =0

�= Z6
3 ; D� =0

�= Z5
3 � Z9 � Z9 : (15.21)

We now compare this result to the quiver analysis. The fermionic adjacency matrix for the D0-brane

probe quiver of X = R6=� computes to the27� 27 matrix

AF
� =0 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0

0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0

1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0

0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1

0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0

0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1

0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(15.22)

which implies

CokerK F
� =0 = Z6

3 � Z9 ; (15.23)

in perfect agreement with the geometric result (15.21).
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Following our discussion from above, we now repeat the analysis with discrete torsion

� 2 H 2(�; U(1)) �= Z3 (15.24)

switched on. We start with the geometric analysis. For this, note that the two non-trivial choices of

discrete torsion � = � 1 are both of order 3 inZ3. Therefore, we expect that the quivers associated

to these two choices of discrete torsion to be isomorphic. Furthermore, the e�ective geometry is

X � 6=0 = C3=Z3(1; 2; 0) when discrete torsion is turned on (for both values of discrete torsion). As

such we �nd the �xed point diagram (15.18) to lift to:

(15.25)

From this, the inertia stack is read o� to be

I (S5=� � 6=0 ) = S5=� � 6=0 t
�
S1

3=� � 6=0
� t 2

= S5=Z3 t
�
S1

3=Z3
� t 2

: (15.26)

The �xed point analysis is now straightforward, and our �nal result via geometry is

D(1)
� 6=0

�= ; ; D� 6=0
�= Z3 : (15.27)

We now turn to the quiver analysis, which can be completed in two ways. Namely, we can analyze

the quiver associated to the e�ective geometryQF
X �

, or analyze the Schur covering group� of

� �= Z3 � Z9. We start with the former, and �nd the following adjacency matrix using the standard
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methods.

AF
X � 6=0

=

0

B
B
B
B
@

0 1 1

1 0 1

1 1 0

1

C
C
C
C
A

: (15.28)

From this we �nd Coker K F
X � 6=0

�= Z3 as expected. Overall, formally summing our results obtained

with respect to the spacesX � =0 and X � 6=0 , we have

M

� 2 H 2 (�; U(1))

�
D(1)

� � Zr � +1
�

�=
�
Z6

3 � Z9�
� =0 �

�
Z3�

� =+1 �
�
Z3�

� = � 1
�= Z6

3 � Z15 ; (15.29)

which we now match to the master quiver.

Indeed, computing the fermionic master quiver we �nd

rank QF
� = 3 � 9 + 3 + 3 = 33 : (15.30)

Following the methods in Appendix G, we compute the subblock of the full adjacency matrix

corresponding to theory without discrete torsion to be equivalent to (15.22). Furthermore, the

subblock of the full adjacency matrix corresponding to the two choices of discrete torsion is computed

to

AF
� ;� 6=0 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 1 0 1 0

0 0 0 1 0 1

1 0 0 0 1 0

0 1 0 0 0 1

1 0 1 0 0 0

0 1 0 1 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (15.31)

Together with (15.22), this gives the adjacency matrixAF
� which is block-diagonal with these two

blocks. The block (15.31) is conjugate to two3 � 3 blocks. Overall, we compute

CokerK F
�

�= Z6
3 � Z15 ; (15.32)
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witch matches (15.29). All of the relevant data for this example is summarized in �gure 15.1.
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CHAPTER 16

Symmetry Theories from Orbifold Cohomology

The analysis of the previous chapters provides strong evidence that we can read o� the generalized

symmetries of various 4D theories engineered via orbifolds directly from Chen-Ruan orbifold coho-

mology. In this chapter we turn to the corresponding symmetry theory / symmetry topological �eld

theory57 realized by these singularities.

Recall that the basic idea of a symmetry topological �eld theory is to encode the global symmetries

of a D-dimensional QFTD on a manifold M D in terms of a (D +1) -dimensional SymThD +1 obtained

by extending along an interval I � M D , where at one end we have the local degrees of freedom of

a relative QFTD (in the sense of Freed and Teleman (2014)). For �nite symmetries, this bulk is

a topological �eld theory, but in the broader context of QFTs realized as boundary / edge modes

(as often happens in stringy constructions), it can happen that the bulk also supports non-trivial

dynamics which decouple from the local dynamics of the edge mode.58 One can also entertain

generalizations including time / scale dependent symmetry breaking e�ects by including interfaces

in the temporal / radial directions of the construction.

To determine the symmetry theory for these systems, we follow the general dimensional reduction

procedure outlined in references Apruzzi et al. (2023b); Baume et al. (2024); Cvetivc et al. (2024):

we begin with the topological and kinetic terms of the higher-dimensional parent theory and then

decompose all of thep-form potentials into a basis of harmonic representative forms on the internal

space. Dimensional reduction of these higher-dimensional terms then results in topological terms

in the (D + 1) -dimensional SymThD +1 . Since we have already argued that Chen-Ruan orbifold

57 See e.g., references Reshetikhin and Turaev (1991); Turaev and Viro (1992); Barrett and Westbury (1996);
Witten (1998); Fuchs et al. (2002); Kirillov and Balsam (2010); Kapustin and Saulina (2010); Kitaev and Kong
(2011); Fuchs et al. (2013); Freed and Teleman (2014, 2022); Gaiotto and Kulp (2021); Apruzzi et al. (2023b);
Freed et al. (2022); Kaidi et al. (2023b); Brennan and Sun (2024); Argurio et al. (2024); Bonetti et al. (2024);
Apruzzi et al. (2024) as well as some top-down implementations and generalizations Baume et al. (2024);
Cvetivc et al. (2024); Del Zotto et al. (2024); García Etxebarria and Hosseini (2025); Bonetti et al. (2024);
Apruzzi et al. (2024); Gagliano and García Etxebarria (2024).

58 Nevertheless, one expects that �ltering this through possibly another higher-dimensional bulk, one gets a nested
sequence of relative theories which terminates with a fully gapped bulk Cvetivc et al. (2024).
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cohomology provides an accurate accounting of all the relevant cohomology classes, we can in

principle carry out this procedure for all of the examples analyzed in previous sections. In particular,

since we now have access to both the torsional free factors of the re�ned defect group, we can read o�

corresponding �nite and continuous symmetries directly from the bulk geometry. A general comment

here is that because we are only sensitive to the abelian symmetries, possible enhancements to more

intricate higher-dimensional dynamics will be left more implicit.59 In the case of supersymmetric

IIA / M-theory backgrounds these will typically result in a higher-dimensional Yang-Mills theory

with Coulomb branch extracted from the free factors of the defect group.60 In the case of type IIB

backgrounds, this instead tells us about the rank of an interacting 6DN = (2 ; 0) SCFT.

The problem thus reduces to determining pairing and triple product linking forms on@X, which

in turn specify quadratic and cubic interaction terms in the associated symmetry theory. In Chen-

Ruan cohomology, canonical pairings between elements are known; in worldsheet terms these are

speci�ed by a choice of inner product for boundary states. Triple products can also in principle

be extracted; in the type IIA setup with a probe D0-brane these are encoded in cubic interaction

terms, i.e., they are extracted from worldsheet disk instantons. As far as we are aware, these triple

products have not be determined in the mathematical literature.

With this in mind, we shall mainly focus on extracting the quadratic terms of the SymTh5D for our

4D theories. Since we allow for the possibility of discrete torsion, we label these theories asS(� )
5D , in

the obvious notation. We begin by reviewing the relevant pairings de�ned on Chen-Ruan orbifold

cohomology groups, and then turn to some explicit examples. Throughout, we mainly focus on the

IIA setup.

59 In the context of type II string theory, Chen-Ruan orbifold cohomology is a priori only sensitive to perturbative
string modes, see section 13.1. This, for example, of course also constitutes starting points for generalizations to
applications to M-theory.

60 See e.g., Bonetti et al. (2024); Cvetivc et al. (2024) for a discussion of symmetry theories for continuous non-
abelian symmetries.
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16.1. Intersection Pairings and Linking Forms

Chen-Ruan orbifold cohomology groupsH q
CR (X ) come equipped with a Poincaré pairing and a

linking form. 61 Both of these are a repackaging of the individual Poincaré pairings and linking

forms of the connected components of the inertia stackIX .

We now make this explicit for the case of the compact global quotientX = Y=� . There, the

connected components ofIX are labeled by the conjugacy classes[
 ] of � , which are grouped

into singlets and pairs by the involution (13.13). We introduced these in (13.20), and repeat our

de�nition for convenience:

P f [
 ];[
 � 1 ]g �

8
>><

>>:

L
q H q� 2� [
 ] (X 
 ) � H q� 2� [
 � 1 ] (X 
 � 1 ) ; for [
 ] 6= [ 
 � 1] ;

L
q H q� 2� [
 ] (X 
 ) ; for [
 ] = [ 
 � 1] :

(16.1)

Here, X 
 , X 
 � 1 are copies of the same space, which we denote byX 
;
 � 1 . Therefore, one has the

standard operations in integral cohomology associated to eachP f [
 ];[
 � 1 ]g

Intersection : FreeH n (X 
;
 � 1 ) � FreeH d� n (X 
;
 � 1 ) ! Z ;

Linking : Tor H n (X 
;
 � 1 ) � Tor H d� n+1 (X 
;
 � 1 ) ! Q=Z ;
(16.2)

where d � d
;
 � 1 = dim X 
;
 � 1 is the real dimension ofX 
;
 � 1 . Using these, de�ne the pairings

between equal but oppositely twisted sectors as

h �; � i 
 : H q� 2� [
 ] (X 
 ) � H D � q� 2� [
 � 1 ] (X 
 � 1 ) ! Z ;

Link 
 ( � ; � ) : H q� 2� [
 ] (X 
 ) � H D � q� 2� [
 � 1 ]+1 (X 
 � 1 ) ! Q=Z ;
(16.3)

where D = dim X .62 The pairings h �; � i and Link( � ; � ) on the full orbifold cohomology groups are

61 Further, they also come equipped with a 3-point function, from which one derives the cup product, and which
are physically related to anomalies of the system engineered byX .

62 A brief comment on the degrees of the cohomology groups is in order Chen and Ruan (2004). Starting from

2� [
 ] + 2 � [
 � 1 ] = D � d
;
 � 1 ; (16.4)

which follows by considering (13.15), one sees that

dim X � q � 2� [
 � 1 ] = d
;
 � 1 � (q � 2� [
 ] ) ; (16.5)
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now de�ned by linear extension across the direct sum in (13.21). This sets all pairings between

distinct P f [
 ];[
 � 1 ]g to zero.

Explicitly, given cocycles ! 2 H q� 2� [
 ] (X 
 ) and � 2 H dim X � q� 2� [
 � 1 ] (X 
 � 1 ), we have

h!; � i = h!; � i 
 =
Z

X 


! [ Inv � � : (16.6)

Similarly, given cocycles� 2 H q� 2� [
 ] (X 
 ) and � 2 H dim X � q� 2� [
 � 1 ]+1 (X 
 � 1 ), we have

Link (�; � ) = Link 
 (�; � ) = Link X 
 (�; Inv � � ) ; (16.7)

where LinkX 
 is the linking form on X 
 as in (16.2). In summary, (16.1) determines which Chen-

Ruan cocycles pair and (16.2) determines the value of their pairing.

The geometric link pairing (16.7) sets the Dirac pairing encountered in our quiver analysis. More

precisely, wrapping a D2- / D4-brane on twisted orbifold 1- / 3-cycles respectively. Then, the

linking form with respect to their supports at in�nity, as computed by (16.7), is isomorphic to the

Dirac pairing between the corresponding electric / magnetic line defects as induced byK F
X �

on the

torsional subgroup Tor CokerK F
X �

.

16.1.1. Examples:S5=� with � �= ZN � ZM

We now compute pairings for some of the orbifold cohomology groups determined in previous sec-

tions both with and without discrete torsion. We focus on S5 quotients by � �= ZN � ZM . In

settings where discrete torsion is turned on the pairings are determined straightforwardly via re-

striction from those where discrete torsion is turned o�. For this reason, we will focus here on

settings with discrete torsion turned o�.

From our discussion near (16.2), Chen-Ruan intersection and linking forms derive from those of the

integral cohomology groups of the possible twisted sectors. Here, these areS5=� , S3
ij =� , and S1

k =� ,

and we now review their cohomology pairings.

which gives the correct result setting n = q � 2� [
 ] , where d
;
 � 1 = dim X 
 = dim X 
 � 1 and D = dim X .
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First consider the case where� �= ZN with quotients parametrized as in (14.3). Following Kawasaki

Kawasaki (1973), we then de�ne the integers

r (2) = lcm
�

n1n2

g12
;
n2n3

g23
;
n3n1

g31

�
; r (4) =

n1n2n3

g123
; R(6) =

Nn 1n2n3

N123
;

t (2)
ij =

ni nj

gij
; T (4)

ij =
Nn i nj

N ij
;

(16.8)

where gij = gcd(ni ; nj ), g123 = gcd(n1; n2; n3), and N123 = gcd(N; n 1; n2; n3). We then have the

link pairing

H 2(S5=�) � H 4(S5=�) ! Q=Z ;

ZNN 12 N23 N31 =N1N2N3 � ZN ! Q=Z ;

(a; b) ! ab(r (2) r (4) =R(6) ) mod 1;

(16.9)

where (� =� �x )_ �= ZNN 12 N23 N31 =N1N2N3 . This link pairing is non-degenerate when restricting the

second argument fromH 4(S5=�) �= � to � =� �x . We also have the three link pairings

H 2(S3
ij =�) � H 2(S3

ij =�) ! Q=Z ;

ZN=lcm(N i ;N j ) � ZN=lcm(N i ;N j ) ! Q=Z ;

(a; b) 7! ab(t (2)
ij t (2)

ij =T(4)
ij ) mod 1;

(16.10)

where ij = f 12; 23; 31g. The intersection pairings on the singular cohomology rings ofS5=� , S3
ij =� ,

and S1
k =� are simply the trivial pairing between top and bottom degree cocycles. We de�ne the

untwisted and twisted levels

L utw
24 =

r (2) r (4)

R(6)
; L tw

ij =
t (2)
ij t (2)

ij

T (2)
ij

: (16.11)

The more general case of� �= ZN � ZM is parametrized analogously, and we will also refer to the

levels here byL utw
24 and L tw

ij , which are similarly derived from the corresponding link pairings /

ring structure. However, we now have an additional cohomology group in degree 3 in the untwisted
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sector of the geometry, which gives the link pairing

H 3(S5=�) � H 3(S5=�) ! Q=Z ;

Zgcd(N;M ) � Zgcd(N;M ) ! Q=Z ;

(a; b) 7! L utw
33 ab :

(16.12)

We now consider explicit classes of examples. The examples are numbered to explicitly match with

those in subsection 14.1 (whose notational conventions we also follow here).

Case 3: S5=� and � � SU(3) with � �= ZN � ZM .

The orbifold cohomology groups for this example were computed in (14.46). We repeat them for

convenience here:

H n
CR (S5=�) �=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z ; n = 5

� ; n = 4

ZM � ZM 0
1+ M 0

2+ M 0
3 � 3 ; n = 3

(� =� �x )_ � ZM 0
1+ M 0

2+ M 0
3 � 3 ; n = 2

0; n = 1

Z ; n = 0

(16.13)

We have N ij = 1 , and therefore (� =� �x )_ �= ZN=N 1N2N3 . The intersection pairing between free

classes in degree 2 and 3 pulls back to a pairing on the circlesS1
k =� between the point and the full

S1
k =� . Therefore, this intersection pairing is diagonal and equal to the identity. I.e., there exists as

basis of generators! i 2 FreeH 2
CR (S5=�) and � j 2 FreeH 3

CR (S5=�) such that

h! i ; � j i = � ij ; (16.14)

and i; j = 1 ; : : : ; N1 + N2 + N3 � 3. The linking of degree 2 and 4 cocycles can be taken to be

the natural pairing 63 between (� =� �x )_ and � =� �x extended to vanish on the subgroup� �x � �

63 This is equivalent to rede�ning generators such that L utw
24 = 1 .
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in degree 4. Further, in the supersymmetric case we have singularities of ADE type, and we can

therefore associate to each circleS1
i an A-type Lie algebra suN i by the Mckay correspondence.

Denote its root and weight lattice by � i
rts and � i

wts respectively. It then follows from (14.20) that

H 3
CR (S5=�) �= � 3

i =1 � i
rts ; H 2

CR (S5=�) �= (� =� �x )_ � (� 3
i =1 � i

wts ) ; (16.15)

which also implies (16.14). Finally, we computeL utw
33 = � 3=M .

Case 4: S5=� and � � U(3) with � �= ZN � ZM .

The discussion of intersection pairings in this example is essentially identical to that of the previous

example. We therefore focus here on link pairings. For this, recall

Tor
M

q

H q
CR (S5=�) = Tor H 2(S5=�) � Tor H 4(S5=�) �

M

ij

M


 2 � ( �x )
ij ; 
 6=1

Tor H q� 2� 
 (S3=(� =� (�x )
ij )) ;

(16.16)

and that, due to (??), the j� (�x )
ij j � 1 are even. Hereij = 12; 23; 31 runs over possible �xed loci

with localized torsion classes, and the quotient� =� (�x )
ij is the group acting freely onS3

ij . We can

therefore rewrite the sum over
 2 � (�x )
ij into a sum over distinct pairs

M


 2 � ( �x )
ij ; 
 6=1

Tor H q� 2� 
 (S3=(� =� (�x )
ij )) =

M

f 
;
 � 1g; 
 6=1

h
H q� 2� 
 (S3=(� =� (�x )

ij ))

� H q� 2� 
 � 1 (S3=(� =� (�x )
ij ))

i
(16.17)

With this, we see that the link pairing Link ( � ; � ) is block diagonal with respect to the above pairs,

and consist of(j� (�x )
ij j � 1)=2 identical copies of Link
 ( � ; � ) as de�ned in (16.3). This is explicitly

evaluated according to (16.10). The linking in the untwisted sector of the geometry is that of

singular cohomology. In homology (16.17) becomes a linking between twisted sector 1-cycles and

3-cycles.
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16.2. SymTh Computation

We now compute the symmetry theory for the 4D theory engineered byX = R6=ZN � ZM , with

discrete torsion � turned on, following the standard reduction procedure Apruzzi et al. (2023b);

García Etxebarria and Hosseini (2025), but now employing orbifold cohomology. The symmetries

of the relative theory include discrete electric / magnetic 1-form symmetries with background �elds

B (
 )
2 and C(
 )

2 respectively, which are labeled by
 2 � . There is also a discrete 0-form and 2-

form symmetry with background �elds B (1)
1 and C(1)

3 respectively, as well as continuousu1 �avor

symmetries with background �eld strength F a
2 . Given a cohomology theory, the computational

steps are by now standard, and we simply give our result:

S(� )
5D =

L utw
(24)

2�

Z
B (1)

2 ^ dC(1)
2 +

L utw
(33)

2�

Z
B (0)

1 ^ dC(0)
3

+
r �X

a=1

1
2�

Z
F a

2 ^ H a
3

+
X

ij

X


 2 � ( �x )
�;ij ; 
 6=0

L tw
ij

2�

Z
B (
 )

2 ^ dC(
 )
2 ;

(16.18)

where r � is the rank of the �avor symmetry. The sums � ij runs over the 3 possible �xed point sets

S3
ij . The �elds H a

3 are Lagrange multipliers. Line by line, and top to bottowm, we have collected

contributions from the untwisted sector in geometry (as detected by standard singular cohomology),

and twisted sector contribution from codimension-4 and codimension-2 singular strata respectively.

Anomaly / interaction terms between the above �elds are found to vanish. In the supersymmetric

case with no discrete torsion, the second line in (16.18) is known to enhance to a non-abelian BF

theory of the form (see Bonetti et al. (2024)):

1
2�

Z
Tr F2 ^ H3 : (16.19)

Here we take the trace more generally with respect to the Lie algebraf� given in (15.10).
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CHAPTER 17

Further Comments and Generalizations

Let us now brie�y sketch two simple extensions of our results, utilizing Chen-Ruan cohomology, to

other related settings and questions in geometric engineering. The �rst of which is concerned with

the geometric characterization of 2-group symmetries Cveti£ et al. (2022); Del Zotto et al. (2022a);

Cvetivc et al. (2024), which now straightforwardly extends to orbifolds with discrete torsion. The

second extension generalizes our results for orbifolds ofC3 to, for example, orbifolds ofC4. We give

an illustrative example to emphasize that the geometric features captured by Chen-Ruan orbifold

become increasingly relevant when singular loci are higher-dimensional and display topology.

We begin by considering 2-group symmetries Kapustin and Thorngren (2017); Córdova et al. (2019);

Cordova et al. (2021). To frame the discussion to follow, recall that the 4-term exact sequence

Lee et al. (2021) characterizing a 2-group symmetry is given by

1 ! A ! eA ! eG ! G ! 1: (17.1)

HereA is the 1-form symmetry group, eA is the �naive" 1-form symmetry group, and eG is the simply

connected covering group of the non-abelian �avor symmetry groupG. The center subgroups of

eG; G are denoted by Z eG; ZG respectively. Considering theories engineered byX = C3=� in M-

theory or type IIA string theory, singular homology captures, entry for entry, the very related

reduced sequence:

0 ! Z _
G ! Z _

eG
! eA _ ! A _ ! 0 ;

0 ! Tor H2(@X) ! Tor H1(@TS ) ! Tor H1(@X� ) ! Tor H1(@X) ! 0:
(17.2)

Here G is the non-abelian �avor symmetry group with Lie algebra speci�ed by the non-compact

ADE �avor branes in X . The tubular neighborhood of the asymptotic ADE singularities S � @Xis

denotedTS (see sub�gure (i) of �gure 17.1), and we have@X� � @XnTS . The homology sequence
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Figure 17.1: In (i) (and (ii)) we depict, projected onto � 2, coverings ofS5=� for relevant Mayer-
Vietoris sequences. In (i) we depict the settingC3=� for which all three S1

k support ADE singu-
larities, in this case TS , consists of three disconnected components with boundaries in red. In (ii)
we depict the general case forR6=� where all edges and vertices carry quotient singularities. With
respect to these, we decomposeS5=� into 7 components: 3 are centered on the codimension-2 singu-
larities (boundaries in blue) and 3 on the codimension-4 singularities (boundaries in red) and 1 for
the remaining regular component. In (iii) we sketch in brown the projection of a 2-cycle generating
H2(S5=�) �= H 2(�; U(1)) onto � 2. In (iv) we show the 3-simplex base� 3 to the toric �bration of
C4=ZNM (N; � N; M; � M ) with N; M coprime. This orbifold contains two ADE singularities, mod-
eled onC2=ZN and C2=ZM and supported on 3-sphere quotients, which project onto two disjoint
edges of� 3 (purple).

is then simply an exact subsequence of the Mayer-Vietoris long exact sequence associated with the

covering@X= TS [ @X� . When H 2(�; U(1)) is non-trivial we can turn on discrete torsion � . This

e�ectively lifts to the covering X � = C3=� � , and we then have the 2-group exact sequence

0 ! Tor H2(@X� ) ! Tor H1(@TS � ) ! Tor H1(@X�
� ) ! Tor H1(@X� ) ! 0 ; (17.3)

where S � is the ADE locus in @X� . For example, consider� �= Z27(1; 3; 23) � Z3(0; 1; 2) with

� 2 Z3 and � 6= 0 . This lifts to the covering X � = C3=Z9(1; 3; 5), and gives rise to the 2-group

sequences

0 ! 0 ! Z3 ! Z9 ! Z3 ! 0

0 ! Z3 ! Z9 ! SU(3) ! SU(3)=Z3 ! 0 :
(17.4)

The �rst sequence is the homology sequence, and the second is the dualized sequence, corresponding

to (17.1), with ADE Lie groups �lled in. For this example, C3=(Z27 � Z3) with non-trivial discrete

torsion engineers, in an electric frame, a theory with non-trivial 2-group symmetry, �avor symmetry

group G = SU(3)=Z3, and 1-form symmetry groupA �= Z3.
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Further, motivated by Chen-Ruan cohomology, we can now introduce the vanishing cycles of the

ADE singularities into the 4-term sequence (17.2), and extend it to a 5-term exact sequence. The

vanishing 2-cycles correspond to free factors ofH 3
CR (S5=�) and H 3

CR (TS ), and we therefore expect

an extra entry to the left of the sequence (17.2). Indeed, upon considering the crepant resolution

of S5=� we �nd the exact sequence64

0 ! � ! e� ! Z _
eG

! eA _ ! A _ ! 0 ; (17.5)

where � �= Zr and e� �= Zr with r the rank of the non-abelian �avor symmetry and e� =� �= Z_
G.

Here � is the root lattice of the �avor symmetry algebra and e� the weight lattice, which here is

concretely given via re�nement through the 2-cycle depicted in sub�gure (iii) of �gure 17.1.

Finally, let us brie�y comment on generalizations to R6=� , deferring concrete computations to

future work. For R6=� both codimension-2 and codimension-4 singularities occur, and, in general,

their union S = S 2 [ S 4 is connected. This strati�cation means one should consider an iterated

procedure to the one discussed above starting from the highest codimension singularities. Consider

now speci�cally the case of abelian� . Let Tk and Tij be tubular neighbourhoods of the singular

loci S1
k =� and S3

ij =� respectively, and denote their union byTS . We also de�ne T �
ij = Tij n(Ti [ Tj ).

Then we have the covering

@X= S5=� = @X� [ T �
12 [ T �

23 [ T �
31 [ T1 [ T2 [ T3 : (17.6)

We sketch its projection onto � 2 in sub�gure (ii) of �gure 17.1. Iteratively applying the Mayer-

Vietoris sequence, or considering all patches of this covering simultaneously in a Mayer-Vietoris

spectral sequence?, we can then study the interaction of the symmetries associated with singular

strata in di�erent codimension. See Cveti£ et al. (2023); Cvetivc et al. (2024) for further details.

Finally, let us comment on generalizations to higher-dimensional orbifolds. As an illustrative ex-

64 This 5-term exact sequence again suggests that the de�nition (13.19) should be amended by some equivalence
relations between twisted and untwisted classes to comply with the Crepant Resolution Conjecture as, with the
expression given in (13.19), we haveH 3

CR (S5=�) �= � � Z_
G 6= e� .
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ample we consider the orbifoldX = C4=ZNM (N; � N; M; � M ), with N; M coprime. This engineers

a 2D / 3D relative theory from type IIA / M-theory on this geometry respectively. This example

is chosen to demonstrate that, even in supersymmetric settings with no discrete torsion turned

on, defect group considerations necessarily involve Chen-Ruan orbifold cohomology; all torsional

contributions will reside in twisted sectors of the geometry.

Setting the �rst two or last two coordinates of X to zero results in loci supporting singularities

modeled on the ADE singularitiesC2=ZN and C2=ZM . These intersect the asymptotic boundary

@X= S7=ZNM in disjoint S3=ZM and S3=ZN respectively. See sub�gure (iv) of �gure 17.1 for a

sketch of the singular locus projected onto the toric base� 3 of @X, which is de�ned analogously

to (??). Clearly we have � �x
�= � �= ZNM , and therefore H1(@X) �= � =� �x is trivial. However,

there are N � 1 and M � 1 twisted sectors in geometry modeled on copies ofS3=ZM and S3=ZN

respectively. HereZM ; ZN act without �xed points on the S3's respectively, and the twisted sectors

in geometry now contribute all the electric line defects from wrapped 2-branes:

D(1)
electric

�= Tor H orb
1 (S7=ZNM ) �= ZN � 1

M � ZM � 1
N : (17.7)

Generalizations to more general classes of orbifolds and defect group contributions from other

wrappedp-branes and extensions to D-brane probes of such singularities (e.g., as in?Franco and Yu

(2024); Yu (2023)) are discussed similarly to the case of Calabi-Yau threefold singularities.
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CONCLUSIONS

In this thesis, we saw how topological considerations help glean information about non-perturbative

dualities via the Swampland cobordism conjecture (Part I) as well as higher form symmetries for non-

superspymmetric type II string theories compacti�ed on conical geometries via singular homology

and Chen-Ruan cohomology (Part II).

Part I focused on the set of defects predicted from the Swampland cobordism conjecture applied

to supergravity theories in eight dimensions with maximal supersymmetry. In particular, we took

our spacetime geometry to be spin and the duality group to be given by the U-duality group

SL(2; Z) � SL(3; Z). Furthermore, in Appendix C, we determined the second spin bordism groups

for the U-duality groups of lower dimensional supergravity theories. It would not only be interesting

to study the corresponding generators and defects for such groups, but also to extend the calculations

to include higher bordism groups. Given the apparent di�culty of such bordism calculations, due

in large part to an incomplete understanding of the cohomology of these U-duality groups, it would

also be interesting/natural to consider proper subgroups of these U-duality groups. The idea of

studying the bordism of proper subgroups arises in various supergravity and supersymmetric QFTs,

and so it is natural to ask about the spectrum of objects predicted by the cobordism conjecture in

such cases. Finally, our calculations dealt with the bosonic U-duality groups. The fermionic and

Pin+ lifts remain to be determined and serve as a natural next step of this work.

The work in Part I also presents a number of interesting directions to pursue on purely mathematical

grounds. For example, we considered bordism groups
 G
k for k � 8. It would be interesting to

explore whether or not our tools of stable splittings serve as a method to work at `large' k. It is

also interesting to note that our calculations only contained relevant data at the primesp = 2 ; 3.

However, for the seven dimensional U-duality groupSL(5; Z), we �nd that there are non-trivial

cohomology classes atp = 5 , implying that there are non-trivial spin bordism groups when we

localize at p = 5 . It would be interesting to study this case, as well as other cases like it, to see if

that is a natural sense in which such phenomenon arises.
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Part II focused on the study of generalized symmetries of the class of non-compact non-supersymmetric

backgrounds in type II string theory of the form R3;1 � R6=� . Primarily, we considered the case when

� is abelian. In the case of type IIA, we studied �pure geometry� con�gurations using the quiver

quantum mechanics corresponding to fermionic matter. The role of the quiver quantum mechanics

for bosonic matter is less clear. A better understanding of its role, if any, serves as an interesting

question. Other natural further directions given our setup include the study of tachyon condensa-

tion for such systems for non-abelian� as well as tracking the fate of generalized symmetries in the

case of compact non-supersymmetric models.
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APPENDIX A

The shape of singular �bers

The �rst step to deriving the singular �ber geometries for the cases

T3=(Z3)
� (2)

3
; T3=(Z4)

� (2)
4

; (A.1)

is to �nd three-dimensional lattices, in whose basis the monodromies act like a rotation. For the

2-torus and 
 3 this meant choosing� = e2�i= 3 which we will re-derive exemplifying the technique

applicable to the higher-dimensional cases.

Example: The 2-torus

Recall that the SL(2; Z) transformation 
 3 is given by


 3 =

0

B
@

� 1 � 1

1 0

1

C
A : (A.2)

We want to �nd two vectors � 1 and � 2 that form a basis of the lattice � 2 de�ning the torus

T2 = R2=� 2. And we want them to be such that 
 3 looks like a rotation in this necessarily non-

orthogonal basis. For that we choose the ansatz

� 1 =

0

B
@

1

0

1

C
A ; � 2 =

0

B
@

a

b

1

C
A : (A.3)

The action of 
 3 is given by

� 1 ! e� 1 = 
 3

0

B
@

� 1

� 2

1

C
A = � � 1 � � 2 =

0

B
@

� 1 � a

� b

1

C
A ;

� 2 ! e� 2 = 
 3

0

B
@

� 1

� 2

1

C
A = � 1 =

0

B
@

1

0

1

C
A :

(A.4)
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We are looking for a(2 � 2) matrix A that has the property Ae� i = � i , which is given by

A =

0

B
@

a � a(a+1)+1
b

b � (a + 1)

1

C
A ; (A.5)

where we have used thatb 6= 0 for � 1 and � 2 to be linearly independent. Next, we demand thatA

is a rotation matrix, i.e., an element in SO(2), which can be phrased asAT A = 1. One solution to

this requirement, that also leads to a right-handed coordinate system is given by

a = � 1
2 ; b =

p
3

2 : (A.6)

Indeed, expressed as a complex number by identifyingR2 ' C, we �nd

0

B
@

a

b

1

C
A ' � = e2�i= 3 ; (A.7)

precisely what we would expect from the action of modular transformations.

Fixing the shape of the 3-tori

Now we apply the same technique to the three-dimensional tori.

It is easy to see that � (2)
3 is actually an element of SO(3) which means that for the orbifold

T3=(Z3)
� (2)

3
we can choose the lattice� 3 = Z3. To determine the actual geometric realization

of the singular �ber we will actually increase the fundamental domain of the torus, i.e., discuss a

multi-cover. The basis of the enlarged fundamental domain is given by

e� 1 =

0

B
B
B
B
@

1

1

1

1

C
C
C
C
A

; e� 2 =

0

B
B
B
B
@

1

� 1

0

1

C
C
C
C
A

; e� 3 =

0

B
B
B
B
@

0

1

� 1

1

C
C
C
C
A

; (A.8)
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The order of the covering can be easily inferred from the determinant of the base change

det

0

B
B
B
B
@

1 1 0

1 � 1 1

1 0 � 1

1

C
C
C
C
A

= 3 : (A.9)

This new basis is chosen sincee� 1 coincides with the rotation axis, and e� 2 and e� 3 are perpendicular

to it. To be more precise the action of� (2)
3 is given by

e� 1 ! e� 1 ; e� 2 ! � e� 2 � e� 3 ; e� 3 ! e� 2 : (A.10)

This is exactly the transformation property imposed by 
 3 in the sub-torus spanned bye� 2 and e� 3.

Therefore we �nd that the triple cover eT3 allows for a straightforward quotient structure given by

eT3=(Z3)
� (2)

3
= S1 � (T2=Z3) : (A.11)

To obtain the actual geometry we further have to reduce to the original fundamental domain of

the torus. This can be done by additionally implementing shifts by internal lattice points, of which

there are three sinceeT3 is a triple cover. These internal lattice points are given by

p1 =

0

B
B
B
B
@

0

0

0

1

C
C
C
C
A

; p1 =

0

B
B
B
B
@

1

0

0

1

C
C
C
C
A

= 1
3
e� 1 + 2

3
e� 2 + 1

3
e� 3 ; p3 =

0

B
B
B
B
@

1

1

0

1

C
C
C
C
A

= 2
3
e� 1 + 1

3
e� 2 + 2

3
e� 3 : (A.12)

Modding out by this Zs
3 translational action, we obtain the singular �ber

T3=(Z3)
� (2)

3
=

�
S1 � (T2=Z3)

�
=Zs

3 : (A.13)

This can be understood as a �bration ofT2=Z3 over the circle with periodicity 1
3
e� 1, see Figure A.1.

In particular, we see that Zs
3 exchanges the �xed points ofT2=Z3 when going around the circle,

leaving a single line of localC=Z3 singularities as expected.
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Figure A.1: The singular �ber T3=(Z3)
� (2)

3
in terms of its triple cover on the left, where the transla-

tional symmetry on the �xed points of T2=Z3 is indicated by shaded blue arrows, and its �bration
structure on the right.

We have to work a little harder for the singular �ber in the case of � (2)
4 , since it is not given by an

element of SO(3). As in the case ofT2=Z3 discussed above, this means that we want to �nd a basis

of the lattice � 3, which is necessary non orthogonal, in which� (2)
4 acts as rotation. Starting with

the ansatz, in analogy to (A.3),

� 1 =

0

B
B
B
B
@

1

0

0

1

C
C
C
C
A

; � 2 =

0

B
B
B
B
@

a

b

0

1

C
C
C
C
A

; � 3 =

0

B
B
B
B
@

c

d

e

1

C
C
C
C
A

; (A.14)

we can go through analogous steps as in the two-dimensional case and �nd an appropriate, right-

handed basis given by

� 1 =

0

B
B
B
B
@

1

0

0

1

C
C
C
C
A

; � 2 =

0

B
B
B
B
@

� 1
2

p
3

2

0

1

C
C
C
C
A

; � 3 =

0

B
B
B
B
@

0

� 1p
3q

2
3

1

C
C
C
C
A

: (A.15)
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The explicit action of � (2)
4 reads

� 1 7! � 1 + � 2 + � 3 ; � 2 7! � � 1 ; � 3 7! � � 2 : (A.16)

As in the case of� (2)
3 we want to obtain an easier understanding of this action by enlarging the

fundamental domain. Guided by the fact that � 1 + � 3 maps to itself we choose

e� 1 = � 1 + � 3 ; e� 2 = � 1 + � 2 ; e� 3 = � 2 + � 3 ; (A.17)

with

det

0

B
B
B
B
@

1 1 0

0 1 1

1 0 1

1

C
C
C
C
A

= 2 ; (A.18)

showing that it is a double cover of the original fundamental domain. The action of� (2)
4 on this

new basis is given by

e� 1 ! e� 1 ; e� 2 ! e� 3 ; e� 3 ! � e� 2 ; (A.19)

which shows that it acts as 
 4, i.e., rotation by �
2 , on e� 2 and e� 3. Thus, we �nd that taking the

quotient by (Z4)
� (2)

4
of the double cover eT3 one has

eT3=(Z4)
� (2)

4
= S1 � (T2=Z4) : (A.20)

The internal lattice points are given by

p1 =

0

B
B
B
B
@

0

0

0

1

C
C
C
C
A

; p2 =

0

B
B
B
B
@

1
2

1
2
p

3q
2
3

1

C
C
C
C
A

= � 1 + � 2 + � 3 = 1
2

� e� 1 + e� 2 + e� 3
�

: (A.21)

The singular �ber is therefore given by an additional quotient by a Zs
2 translational symmetry

T3=(Z4)
� (2)

4
=

�
S1 � (T2=Z4)

�
=Zs

2 (A.22)
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Figure A.2: The singular �ber T3=(Z3)
� (2)

4
in terms of its double cover on the left, where the

translational symmetry on the �xed points of T2=Z4 is indicated by shaded blue arrows, and its
�bration structure on the right.

as depicted in Figure A.2. The action ofZs
2 can be understood as inducing a �bration ofT2=Z4 over

a circle with periodicity e� 1. Its action exchanges the two �xed points with local description of the

form C=Z4 and leaves the third �xed point of the form C=Z2 invariant, giving two line of orbifold

singularities.

Finally, we want to brie�y discuss the singular �ber of the 3-torus modded and monodromy M (2)
1 ,

which de�nes the action

� 1 7! � 2 ; � 2 7! � 1 ; � 3 7! � � 1 � � 2 � � 3 ; (A.23)

from which we can de�ne the invariant

e� 1 = � 1 + � 2 7! e� 1 ; (A.24)

as well as the

e� 2 = � 2 + � 3 7! � e� 2 ; e� 3 = � 1 + � 3 7! � e� 3 : (A.25)
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Figure A.3: The singular �ber T3=(Z2)
M (2)

1
in terms of its double cover on the left, where the

translational symmetry on the �xed points of T2=Z2 is indicated by shaded blue arrows, and its
�bration structure on the right.

This shows that there is a double covereT3 of the original torus, such that

eT3=(Z2)
M (2)

1
= S1 � (T2=Z2) ; (A.26)

with the C=Z2 orbifold points at f 0 ; 1
2
e� 2 ; 1

2
e� 3 ; 1

2
e� 2 + 1

2
e� 3g The only interior point is given by

1
2
e� 1 + 1

2
e� 2 + 1

2
e� 3 = � 1 + � 2 + � 3 ; (A.27)

and one sees that shifts by it lead to shifts half-way around theS1 and exchange the pair of orbifold

points at f 0 ; 1
2
e� 1 + 1

2
f� 2g and f 1

2
e� 1 ; 1

2
e� 2g. Thus, one has the singular geometry

T3=(Z2)
M (2)

1
=

�
S1 � (T2=Z2)

�
=Zs

2 (A.28)

sketched in Figure A.3.

A.1. Non-geometric singular �ber

Finally, we want to apply the same method in the context of exceptional �eld theory, where we

understand the simultaneous SL(2; Z) and SL(3; Z) action as the tensor product acting on a 6-torus
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(the auxiliary internal space). We will only consider the singular �ber for


 3 
 � (2)
3 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 � 1 0 0 � 1 0

0 0 � 1 0 0 � 1

� 1 0 0 � 1 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; (A.29)

which acts as65

� 1 7! � � 2 � � 5 ; � 2 7! � � 3 � � 6 ; � 3 7! � � 1 � � 4 ;

� 4 7! � 2 ; � 5 7! � 3 ; � 6 7! � 1 :
(A.30)

of course the same approach can be used for
 4 
 � (2)
4 .

This action has a two-dimensional invariant subspace spanned by the lattice vectors

e� 1 = � � 1 + � 3 � � 4 + � 5 ; e� 2 = � � 2 + � 3 � � 4 + � 6 ; (A.31)

with e� 1 7! e� 1 and e� 2 7! e� 2. Next, we de�ne the directions

e� 3 = � 1 + � 2 + � 3 7! � � 1 � � 2 � � 3 � � 4 � � 5 � � 6 = � e� 3 � e� 4 ;

e� 4 = � 4 + � 5 + � 6 7! � 1 + � 2 + � 3 = e� 3 ;
(A.32)

and

e� 5 = � 3 � � 5 7! � � 3 � � 1 � � 4 = � e� 5 � e� 6 ;

e� 6 = � 1 + � 4 + � 5 7! � 3 � � 5 = e� 5 :
(A.33)

65 In terms of the two index notation � �a one has: � 1 = � 1;1 ; � 2 = � 2;1 ; � 3 = � 3;1 ; � 4 = � 1;2 ; � 5 = � 2;2 ; � 6 = � 3;2

with SL (3; Z) index � and SL(2; Z) index a.

289



The e� i de�ne a T6 which is a 9-fold cover of the originalT3 over which the monodromy action

simpli�es and one has

eT6=(Z3)

 3 
 � (2)

3
= T2 � (T2=Z3) � (T2=Z3) : (A.34)

This orbifold has nine orbifold singularities of the formC2=Z3 at the combinations of orbifold points

of the two-dimensional sub-tori (at f 0 ; 1
3
e� 3 + 2

3
e� 4 ; 2

3
e� 3 + 1

3
e� 4g and f 0; 1

3
e� 5 + 2

3
e� 6 ; 2

3
e� 5 + 1

3
e� 6g,

respectively). This means that in the origial basis the orbifold points are at

1
3
e� 3 + 2

3
e� 4 = 1

3

�
� 1 + � 2 + � 3

�
+ 2

3

�
� 4 + � 5 + � 6

�
;

2
3
e� 3 + 1

3
e� 4 = 2

3

�
� 1 + � 2 + � 3

�
+ 1

3

�
� 4 + � 5 + � 6

�
; 1

3
e� 5 + 2

3
e� 6 = 2

3

�
� 1 + � 4

�
+ 1

3

�
� 3 + � 5

�
;

2
3
e� 5 + 1

3
e� 6 = 1

3

�
� 1 + � 4 � � 5

�
+ 2

3 � 3 :

(A.35)

As above, to obtain the original fundamental domain one needs to mod our by shifts by interior

points. These are given by

0; 1
3
e� 1 + 2

3
e� 5 + 1

3
e� 6 = � 3 ; 2

3
e� 1 + 1

3
e� 5 + 2

3
e� 6 = � 3 + � 5 ;

1
3

� e� 2 + e� 3 + e� 5
�

+ 2
3

� e� 4 + e� 6
�

= � 1 + � 3 + � 4 + � 5 + � 6 ;

2
3

� e� 2 + e� 3 + e� 5
�

+ 1
3

� e� 4 + e� 6
�

= � 1 + 2 � 3 + � 6 ;

1
3

� e� 1 + e� 4 + e� 5
�

+ 2
3

� e� 2 + e� 3 + e� 6
�

= � 1 + 2 � 3 + � 5 + � 6 ;

(A.36)
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APPENDIX B

Knit Product

This appendix gives a brief overview of the knit product appearing in the description of the U-

duality group given in Lemma 5.8. We start with the de�nition of the knit product. As with the

direct and semi-direct products, there is an internal knit product and an external knit product. We

start with the internal de�nition.

De�nition B.1 (Internal Knit Product) . Let G be a group andH; K < G . If G = HK and

H \ K = f eg, then G is said to be the internal knit product of H and K , denoted H ./ K .

The slightly more complicated de�nition is that of the external knit product.

De�nition B.2 (External Knit Product) . Suppose that H and K are groups and suppose that

there exist mappings� : K � H ! H and � : K � H ! K satisfying the following properties:

ˆ � (e; h) = h and � (k; e) = k for all h 2 H and k 2 K .

ˆ � (k1k2; h) = � (k1; � (k2; h))

ˆ � (k; h1h2) = � (� (k; h1); h2)

ˆ � (k; h1h2) = � (k; h1)� (� (k; h1); h2)

ˆ � (k1k2; h) = � (k1; � (k2; h)) � (k2; h)

for all h1; h2 2 H and k1; k2 2 K . The �rst three properties assert that the mapping � : K � H ! H

is a left action and � : K � H ! K is a right action. On the cartesian product H � K , we then

de�ne a multiplication and an inversion mapping by

ˆ (h1; k1)(h2; k2) = ( h1� (k1; h2); � (k1; h2)k2)

ˆ (h; k) � 1 = ( � (k� 1; h� 1); � (k� 1; h� 1))
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Then H � K is a group call the external knit product of H and K , denoted H ./ K . Note that

H � f eg and f eg � K are subgroups isomorphic toH and K and H � K is an internal knit product

of H � f eg and f eg � K .

The knit product is a natural generalization of the semi-direct product. For example,G = X o Y

requires that X is a normal subgroup whileG = X ./ Y does not. Furthermore, the internal

semi-direct product is a generalization of the internal direct product which requires bothX and Y

to be normal subgroups ofG. We thus have

Knit Product � Semi-Direct Product � Direct Product (B.3)

We are now ready to explain why we would expect

Ed(d) (Z) = SL( d;Z) ./ SO(d � 1; d � 1; Z) (B.4)

For M-theory on Rd � Tn or, equivalently, type IIB superstring theory on Rd � Tn� 1, the resulting

moduli space is invariant under an in�nite discrete U-duality group, denotedEn(n) (Z). The subgroup

SL(n; Z) � En(n) (Z) corresponds to the modular group ofTn in the M-theory picture. The subgroup

SO(n � 1; n � 1; Z) � En(n) (Z) corresponds to the T-duality group of type IIB superstring theory

compacti�ed on Tn� 1. These two groups intertwine non-trivially to form the U-duality group.

292



APPENDIX C

2nd spin bordism of U-duality groups

In this appendix we use the Atiyah-Hirzebruch spectral sequence to compute
 Spin
2 (BG) for many

of the U-duality groups.

Lemma C.1. Let G be any one of the U-duality groups for 10d - 3d supergravity. In total degree

p + q � 2, the Atiyah-Hirzebruch spectral sequence computing
 Spin
2 (BG) collapses to theE 2-page.

Furthermore,


 Spin
� (BG) �= E 2

0;2 � E 2
1;1 � E 2

2;0 (C.2)

Proof. The convergence to theE 2-page follows from the fact that d2
3;0 = d2

2;0 = 0 , see (Teichner,

1992, Lemma 2.3.2), and that
 Spin
� (BG) splits as 
 Spin

� (pt) � e
 Spin
� (BG). Equation (C.2) is an

immediate consequence of the splittings in Example 5.17 and Example 5.19.

Lemma C.1 enables us to compute
 Spin
� (BG) for many of the U-duality groups; with the lemmas

of Section 5.1, all we need to determine isH2(BG; Z) for the various U-duality groups.

Lemma C.3. As abelian groups,

H2(B SL(2; Z); Z) �= 0; H2(B SL(2; Z) � B Z2; Z) �= Z2;

H2(B SL(2; Z) � B SL(3; Z); Z) �= Z2 � Z2; H2(B SL(5; Z); Z) �= Z2;

H2(B SO(5; 5; Z); Z) �= Z2; H2(E7(7) (Z); Z) �= Z2:

(C.4)

Proof. The homology ofSL(2; Z) is well known. The second homology ofSL(2; Z)� Z2 and SL(2; Z)�

SL(3; Z) then follow from the Künneth theorem and the work of Soulé (Soulé, 1978, Theorem 4).

The case ofSL(5; Z) relies on its identi�cation with a certain Chevalley-Demazure group scheme.

In particular, SL(5; Z) is the group of Z-points of the simply connected Chevalley-Demazure group

scheme of typeA4, denoted G(A4; Z); see Vavilov and Plotkin (1996) for reference. LetSt(A4; Z)

293



denote the corresponding Steinberg group and write

K 2(A5; Z) = ker(St( A5; Z) ! G(A5; Z)) (C.5)

Milnor showed in MILNOR (1971) that the group K 2(A5; Z) is central in St(A5; Z) and is isomorphic

to Z2. The fact that H2(SL(5; Z); Z) �= Z2 then follows from the fact that H2(St(A5; Z); Z) = 1

((Stein, 1971, Theorem 5.3)), and the centrality ofK 2(A5; Z).

The case ofE7(7) (Z) is similar. Indeed, E7(7) (Z) is the set of Z-points of the simply connected

Chevalley-Demazure group scheme of typeE7, denoted G(E7; Z). Following identical reasoning as

that presented for the case ofSL(5; Z), we conclude that H2(E7(7) (Z); Z) �= K 2(E7; Z). The claim

then follows from the fact that K 2(E7; Z) �= Z2; see (Behr, 1975, Korollar 3.2) for reference.

Similarly, the claim regarding SO(5; 5; Z) follows once we identify it with a Chevalley-Demazure

group scheme of typeD5 for some intermediate weight lattice.

With Lemmas C.1 and C.3 in place, we have proven the following theorem.

Theorem C.6. Consider the U-duality groups

G10d = SL(2 ; Z); G9d = SL(2 ; Z) � Z2; G8d = SL(2 ; Z) � SL(3; Z);

G7d = SL(5 ; Z); G6d = SO(5; 5; Z); G4d = E7(7) (Z):
(C.7)

Then,


 Spin
2 (G10d) �= 2Z2; 
 Spin

2 (G9d) �= 4Z2; 
 Spin
2 (G8d) �= 4Z2;


 Spin
2 (G7d) �= 2Z2; 
 Spin

2 (G6d) �= 2Z2; 
 Spin
2 (G4d) �= 2Z2

(C.8)

Remark C.9. It is di�cult to use the Atiyah-Hirzebruch spectral sequence to determine 
 Spin
3 (BG)

for the U-duality groups of 7d - 3d supergravity. One issue is determining the third homology of

the various U-duality groups. Another di�culty is the di�erential d2
4;0, which requires knowledge
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of the Steenrod action onH � (BG; Z2). We conclude this remark by noting that, despite the above

shortcomings, without knowledge of Steenrod actions the Atiyah-Hirzebruch spectral sequence com-

puting 
 Spin
3 (B SL(5; Z)) reveals that 
 Spin

3 (B SL(5; Z)) is isomorphic to Z8 � Z3, Z2 � Z8 � Z3, or

Z4 � Z3.
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APPENDIX D

Further Details on Unsequestered Tachyons

In this Appendix we provide some further discussion and examples centered on the defect group in

the case of unsequestered tachyons. In particular we provide further details on the motivation for

equation (9.25) which we reproduce here for convenience of the reader:

D(1) = Tor(Coker K ) �= (� =H)2 �

 
M

i

(� =HS i )
jH i j� 1

!

: (D.1)

We focus on the case of� = ZN abelian, acting onC3 with integer weights (v1; v2; v3)hol 2 Z3 as:

(Z1; Z2; Z3) � (� v1 Z1; � v2 Z2; � v3 Z3) (D.2)

where � is an N th primitive root of unity. We restrict ourselves to weights which are such that

gcd(N; v1; v2; v3) = 1 , which implies that our action is faithful. If v1 + v2 + v3 = 0 modulo N , then

� � SU(3) and otherwise � � U(3). Note that although we have been considering orbifolds of

the form R6=� s, where s indicates the group action on the spinor representation ofSU(4), we can

equivalently study orbifolds of the above form by changing to a complex basis and considering the

induced action on the vector representation ofSO(6).

We de�ne subgroups of� given triplets (i; j; k ) drawn from f i; j; k g = f 1; 2; 3g. Given this labelling,

we let H ij � � denote the three subgroups of ordergk = gcd(N; vk ), i.e., we have

H ij
�= Zgk � ZN ; (D.3)

which is invariant under interchange of indices: H ij = H ji . Further, let Hk � � denote the three

subgroups of ordergij = gcd(N; v i ; vj ), i.e., we have

Hk
�= Zgij � ZN : (D.4)
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We remark that the subgroupsH ij and Hk are not necessarily distinct subgroups ofZN . Further-

more, there are natural subgroup relations

Hk � H ik = Hki ; (D.5)

and faithfulness of the action implies gcd(g1; g2; g3) = 1 . Finally, let H = hH ij ; Hk i denote the

subgroup generated by all of these subgroups and

H (1) = hHk i �= H1 � H2 � H3 (D.6)

where the isomorphism follows from thegij being pairwise coprime by our faithfulness assumption.

These subgroups have various geometric interpretations within the asymptotic boundary ofX =

C3=� which is induced from someR6=� s. First, we have via Armstrong's theorem

� 1(@X) �= � =H : (D.7)

The subgroupsH ij are generated by elements which �x the locusZ i = Z j = 0 . Similarly, the Hk are

generated by elements which �x the locusZk = 0 . The latter results in codimension 2 singularities

at in�nity with the model C=Hk , and there is a full S ij = S3
ij =(� =Hk ) worth of such singularities

in @X. The model C=Hk is non-trivially �bered over S ij according to the extension

0 ! Hk ! � ! � =Hk ! 0 : (D.8)

Similar comments hold for codimension 4 singularities associated withH ij supported on S ij =

S1
k =(� =Hij ).

Given a codimension 2 singularityS ij it may be intersected by other codimension 2 singularities

S jk ; S ik or contain codimension 4 singularitiesS i ; S j . Note that any codimension 2 singularities

always intersect pairwise, so given any codimension 2 locus the subgroupHS k � � generated by

elements that �x some element of the associatedS3
ij contains H (1) . Further, we have contributions
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from codimension 4 structures, overall resulting in

HS k = hH (1) ; H ik ; H jk i : (D.9)

We can characterizeHS k conversely by noting that the only elements with �xed points not con-

tributing to it are

H ij =hH i ; H j i (D.10)

which is associated with the codimension 4 singularity linkingS k in @X. The quotient H ij =hH i ; H j i

is precisely associated with those elements which have �xed point only alongS1
k , and which are not

associated with codimension 4 structures alongS3
ik and S3

jk which intersect in S1
k . Therefore,

HS k
�= Z`k ; `k = lcm(gi ; gj ) : (D.11)

Toric geometry suggests a simple presentation of the above data. First, note thatS5 admits a

projection to a triangle � cut out by jZ1j2 + jZ2j2 + jZ3j2 = 1 which is a hyperplane in the positive

octant R3
� 0. The �bers projecting onto the interior of � are T3, the �bers projecting onto the edge

jZk j = 0 are T2, and the �bers projecting onto the corner jZ i j; jZ j j = 0 are S1. The corners lift to

circles, and the edges lift to 3-spheres.

The projection to � factors through the quotient by � and we obtain a similar �bration structure

for S5=� ! � . The corners lift to S1=(� =Hij ) and the edges lift to S3=(� =Hk ). As such, we

can represent the full orbifold structure of S5=� by labelling the triangle base� as in �gure D.1.

Empirically, then, we �nd equation (9.25).
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Figure D.1: Sketch of the projection S5=� ! � characterizing the orbifold data of S5=� . In (i)
we show the triangle base� and give conventions for cutting out its edges and corners. In (ii) we
associate the subgroupsHk ; H ij with these edges and corners. In (iii) we label the edges and corners
by their preimage with respect to the projection S5=� ! � .

D.1. Illustrative Example

At this point, we give an example. ConsiderZN with N = 3 � 5 � 7 � 11 = 1155 with weights

(v1; v2; v3)hol = (3 � 11; 5 � 7; 2 � 3 � 7) = (33 ; 35; 42). The various subgroups are

H1 = Z7 ; H2 = Z3 ; H3 = 1 ;

H23 = Z33 ; H31 = Z35 ; H12 = Z21 ;
(D.12)

and H = ZN . Further, the groups generated by elements with �xed points contained in various

three-spheres associated with codimension 2 singularities are

HS 1 = Z105 ; HS 2 = Z231 ; HS 3 = Z1155 : (D.13)

Therefore, � =H = 1 and

D(1) �= Z6
11 � Z2

5 ; (D.14)

which agrees with what we �nd by computing K using quiver based methods. A summary of the

geometric data is given in �gure D.2.
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Figure D.2: We sketch in (i) the subgroupsHk ; H ij and in (ii) singular loci for the quotient S5=�
with � = Z1155 and weights (33; 35; 42).
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APPENDIX E

Worldsheet Considerations for Tachyon Condensation

In this Appendix, we will review the worldsheet analysis of tachyon condensation for non supersym-

metric orbifolds of the form R6=� , closely following the treatment given in references Lee and Sin

(2004); Morrison et al. (2004), to which we refer the interested reader for further details / expla-

nation. Our main aim here will be to brie�y summarize how to read o� the relevant tachyonic

operators in the twisted sectors of the theory.

To set notation, we work in the �holomorphic conventions� of (Lee and Sin (2004); Morrison et al.

(2004)) where one introduces local coordinates(Z1; Z2; Z3) on C3. The group action of aZN orbifold

is assumed to act via a primitiveN th root of unity ! on the coordinates as follows:

(Z1; Z2; Z3) 7! (! k1 Z1; ! k2 Z2; ! k3 Z3); (E.1)

and we denote this asC3=ZN with weights (k1; k2; k3)hol . Throughout, we focus on examples where

gcd(ki ; N ) = 1 , for someki , allowing us to rede�ne the generator ofZN such that, after possibly

additionally relabelling coordinates, the �rst weight becomes 1. These cases are therefore captured

by restricting to the cases with k1 = 1 on which we focus going forward.

Observe that at the level of the worldsheet CFT we can independently treat the orbifolds for the

Z1, Z2 and Z3 states (and their worldsheet superpartners). With this in mind, we get a chiral /

anti-chiral ring of operators for each holomorphic coordinate separately. Following (Morrison et al.

(2004)), we work in conventions where the most relevant tachyonic deformation is in the(c1; c2; c3)

ring. In this ring, the GSO action will project out twisted sector operators in the j -th twisted sector

(j = 1 ; : : : ; N � 1) if the GSO exponent E j for worldsheet scalarsX j (� + 2 � ) = ( � 1)E j X j (� ) is

even. Here,E j is speci�ed in this ring via:

E j =
3X

i =1

Int
�

jk i

N

�
= Int

�
jk 2

N

�
+ Int

�
jk 3

N

�
; (E.2)
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where Int(x) refers to the integer part of x. Alternatively, one could have chose to study the ring

of operators with anti-chiral action on one (or more) of the target space coordinates (e.g. the

(c1; c2; c3) ring). In this setting, the GSO action would project out twisted sector operators if E j is

odd. Similar conditions follow for the remaining rings of operators.

The twisted sector operators that survive the GSO action are then characterized according to their

R-charge:

Rj =
3X

i =1

Frac
�

jk i

N

�
=

j
N

+ Frac
�

jk 2

N

�
+ Frac

�
jk 3

N

�
: (E.3)

Here Frac(x) refers to the fractional part of x.66 Each operator is characterized on the worldsheet

as follows:

ˆ Rj < 1: the operator is tachyonic.

ˆ Rj = 1 : the operator is marginal.

ˆ Rj > 1: the operator is irrelevant.

Resolutions of the target space geometry are controlled by the tachyonic and marginal operators.67

The most relevant tachyonic operator is that with the lowest R-charge and will drive the �rst defor-

mation. This will be followed by subsequent deformations due to any remaining tachyonic operators,

where the order of these deformations is determined again by the corresponding renormalized R-

charge (Morrison et al. (2004)). Importantly, a non-supersymmetric orbifold that is compatible

with a type II GSO projection will always have at least one twisted sector tachyon. As such, the

endpoint of the RG-�ow associated to tachyon condensation is always either a smooth space, or a

singular space with enhanced supersymmetry where there are non-chiral metric blow-up modes to

resolve the space. Throughout the note, we label tachyonic operators in thej -th twisted sector as:

Tj =
�

j
N

; Frac
�

jk 2

N

�
; Frac

�
jk 3

N

��

hol
; (E.4)

66 Note that if x is positive, then Frac (� x) = 1 � Frac(x) and Int (� x) = � 1 � Int (x).
67 Tachyonic operators are a feature of non-supersymmetric orbifold singularities. Supersymmetric con�gurations,

such as a Calabi-Yau threefold will only have marginal operators which can be used to resolve the singularity.
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where the weights follow the relations in (E.1).

We are now ready to review the resolution of non-supersymmetric orbifolds as driven by tachyon con-

densation. We have been studying non-supersymmetric orbifold singularities of the formR6=� SU(4)

for � SU(4) a �nite abelian subgroup of SU(4). As such, we can study the resolution of the singularity

as described by its toric geometry.

The toric fan � associated toX is de�ned by the three edges

� 1 = (( N; � k2; � k3)) ; � 2 = ((0 ; 1; 0)); � 3 = ((0 ; 0; 1)): (E.5)

These vectors� i are the vertices of the simplex� that de�nes the fan of cones subtended with the

origin.

There is a correspondence between operators in the orbifold theory and points in the simplex. In

particular, an operator Oj with R-chargeRj corresponds to a lattice point

Tj =
��

j; � Int
�

jk 2

N

�
; � Int

�
jk 3

N

���
: (E.6)

Tachyonic and marginal operators will appear in the toric variety and subdivide the simplex into

subcones. Tachyonic operators will appear in the interior of� , while marginal operators will appear

on the boundary. All of the computations in this thesis take the limit where the most tachyonic

operator (i.e. the operator with the lowest R-charge) will condense �rst, and subdivide� with

this operator (see �gure E.1).68 After condensation, there will be three subcones that are each less

singular than the starting cone. Each of these subcones will correspond to an orbifold singularity of

the form R6=� that can be read o� by studying the toric fan of the subcone. If any of these subcones

still correspond to a non-supersymmetric orbifold, then there will be a tachyon with renormalized

R-charge to facilitate subsequent blowups.69 The computation of renormalized R-charge is given in

68 This procedure does not generalize to cases where there are multiple tachyons with equal R-charges in the same
ring of operators.

69 Importantly, it can be shown that if the original non-supersymmetric orbifold R6=� admits a type II GSO
projection, then the orbifold singularities after a blow-up will as well.
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Figure E.1: Depiction of a general simplex� (black lines). The most relevant tachyon, which is
located at T subdivides � into subcones (blue lines), each corresponding to a space of the form
R6=� .

(Morrison et al. (2004)).

To be precise, we label the location of the most relevant tachyon byT. Then, the original cone, which

is given by C[� 1; � 2; � 3], is divided into three subcones:C[T; � 1; � 2], C[T; � 2; � 3], and C[T; � 3; � 1].

The data of a toric variety can also be encoded as the ground states of a gauged linear sigma model

(GLSM) (Hori et al. (2003)). The GLSM allows one to study the tachyon condensation throughout

the �ow instead of just at the endpoints as we have done in this thesis.
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APPENDIX F

More Non-Abelian Orbifold Examples: Double Twisting

In this appendix we give further examples of non-Abelian orbifolds, generalizing the ideas of section

11, by taking an additional Abelian twist and considering the geometry

R6=(ZM � ZN � � SU(2) ) ; (F.1)

with � s = ZM � ZN � � SU(2) acting faithfully. Here � SU(2) is a �nite subgroup of SU(2) and

N; M are odd. We denote by(e1; e2; f 1; f 2) an ordered basis of the4 of SU(4). The orbifolding we

consider is

ZM action: (e1; e2; f 1; f 2) 7! (�e1; �e2; � � 2f 1; f 2)

ZN action: (e1; e2; f 1; f 3) 7! (�e1; �e2; f 1; � � 2f 2)

� SU(2) action: (e1; e2; f 1; f 3) 7! (gij ej ; f 1; f 2)

(F.2)

where �; � are a primitive M th ; N th root of unity respectively and gij the matrix representation for

an ADE subgroup of SU(2).

We now derive the probe theory forR6=� s. To begin, we denote byQ the quiver for the probe

theory for R6=� SU(2) which comes with its own adjacency matrix for bosons and fermions, the

latter we denote by AF
qq0. The e�ect of taking an additional quotient by ZN ; ZM now amounts to

decomposing the bosons and fermions of the probe theory associated withR6=� SU(2) . The fermions

decompose as

4 ! 2 � 1 � 1 : (F.3)

Further, we need to introduce a total of NM copies of this quiver, denoted asQij with i = 1 ; : : : ; N

and j = 1 ; : : : ; M labelling the irreducible representations ofZN � ZM (see (Berenstein et al. (2001))

for a general approach to such examples). Next, we reconnect the nodes following (Douglas and Moore

(1996)) according to the above group action, analogous to our discussion in section 11. Overall, the
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adjacency matrix for the fermionic quiver computes to

AF
(q;ij );(q0;i 0j 0) = AF

q;q0

�
� i;i 0� j;j 0+1 + � i;i 0+1 � j;j 0

�
+ � q;q0

�
� i;i 0� 2� j;j 0 + � i;i 0� j;j 0� 2

�
: (F.4)

With this result in hand, let us consider R6=� s as a geometric background in IIA as in section 9.

We compute from here the 4D defect group of lines:

D(1) =
�
ZM=g � ZN=g

� 2 � (Z l � ZSU(2) )
g� 1: (F.5)

Here g = gcd(N; M ) and l = lcm(N; M ) and ZSU(2) is the center subgroup of the simply connected

Lie group associated with� SU(2) via the McKay correspondence.

We turn to give a geometric derivation of this result. To simplify the discussion let us �rst consider

the case� SU(2) = 1 , for which the orbifolding is only by ZN � ZM . For this case, in the obvious

notation, we have

AF
(ij );( i 0j 0) = 2

�
� i;i 0� j;j +1 + � i;i 0+1 � j;j 0

�
+ � i;i 0� 2� j;j 0 + � i;i 0� j;j 0� 2

D(1) =
�
ZM=g � ZN=g

� 2 � (Z l )g� 1;

(F.6)

which we now discuss in greater detail. Afterwards we will turn the non-Abelian quotient back on.

First, we observe that while the Abelian actions by ZN ; ZM are �xed point free, there exist

(anti)diagonal subgroups which have codimension 2 and 4 �xed points.

We �nd one codimension 2 singularity localized atZ1 = 0 . For the above phase rotations to cancel

we need to consider the diagonalZg subgroups generated by� M=g and � N=g . This determines

H1
�= Zdiag

g and this contributes

�
(ZM � ZN ) =Zdiag

g

� g� 1 �= Zg� 1
l (F.7)

to the defect group following our general analysis in section 9.
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Further, we �nd one codimension 4 singularity localized atZ2; Z3 = 0 . Taking analogous steps as

in the above analysis we �nd the anti-diagonal subgroupZdiag
g = H23 to have �xed points. The

subgroup ofZN � ZM generated by all group elements with �xed points is thereforeH = Zdiag
g � Zdiag

g

and via Armstrong's theorem we �nd an additional contribution to the defect group equal to

h
(ZM � ZN ) =

�
Zdiag

g � Zdiag
g

�i 2
�=

�
ZM=g � ZN=g

� 2 : (F.8)

Overall, taking the direct sum of (F.7) and (F.8), we �nd exactly (F.6).

Let us now turn the non-Abelian quotient back on. Note that all of � SU(2) �xes a circle of the

bosonic S5 � R6, which is also �xed by Zdiag
g and that the center subgroup ZSU(2) � � SU(2) and

Zdiag
g can have overlap in the above parametrization in a common subgroupZ , and in this case

the group acting faithfully on the geometry R6 is
h
(Zdiag

g � ZSU(2) )=Z
i

� Z l . Consider the case in

which the initial group action is faithful, i.e., Z = 0 . In this case our geometric analysis computes

the defect group (F.5) as the codimension 2 locus is quotiented further by� SU(2) , in particular, via

Armstrong's theorem, there is no contribution to the homology portion of the result.

Next, we turn to discuss the non-compactly supported tachyons. For this, note �rst that � SU(2) acts

supersymmetrically, therefore, there are now instabilities associated with singularities arising from

this quotient and it will be su�cient to discuss the ones associated with the quotient of ZN � ZM .

The two subgroups ofZN � ZM which give rise to the codimension 2 and 4 singularities areZdiag
g

and Zdiag
g respectively. As the ZM action is a subgroup ofSU(3), while ZN is not, we have that

tachyons are supported on the singularities associated to both.

The �xed point sets of Zdiag
g and Zdiag

g are disjoint and we can study their decay independently of

another. This is made explicit by noting that the bosonic geometryR6=(ZN � ZM ), due to our

choices of weights, can be rewritten into the form

R6=(ZN � ZM ) = ( R4 � (R2=Zdiag
g ))=Z l = (( R4=Zdiag

g ) � R2)=Z0
l ; (F.9)
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from which we immediately derive the local geometry for each of the singular loci. More precisely, the

total space can be viewed as aR2=Zdiag
g or R4=Zdiag

g bundle over aR4=Z l or R2=Z0
l base respectively.

Taking the �rst perspective we can analyze the codimension 2 tachyon, which is then localized in

the �ber and decays at in�nity via dilaton pulses following our discussion in section 9. Taking the

second perspective we can analyze the codimension 4 tachyon which triggers a toric blowup of the

R4=Zdiag
g at in�nity, again resolving the �ber. Away from in�nity, at the tip of the cone, these

instabilities interact.

Let us highlight the main features of this example. First, the codimension 4 singularities are not

supersymmetric and so the asymptotic geometry changes as a function of time (when used as IIA

background) or scale (when used as IIB background). Second, we clearly see that given a �xed point

free action (in this example start either with ZN or ZM ) which gives rise to a `small' defect group we

expect to drastically enlarge the defect group by any subsequent quotients, unless we make precise

arithmetic choices, e.g., takeN; M to be coprime.
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APPENDIX G

McKay Quivers for Orbifolds with Discrete Torsion

In this Appendix we give a brief review of how to construct the quiver gauge theory for D-branes

probing an orbifold in the presence of discrete torsion.

We �rst recall the case with no discrete torsion. We refer to these as �linear� McKay quivers.70 The

resulting quiver quantum mechanics is characterized by its bosonic and fermionic matter content

which organize into the quiversQB
X and QF

X respectively. More precisely, the matter content, when

the D0-brane probes a smooth patch away from the tip ofR6=� , includes adjoint valued �elds in

the singlet, fundamental and two-index anti-symmetric representation of anSU(4)R R-symmetry

subgroup71 associated with the locally Euclidean normal geometry. In contrast, when probing the

codimension-6 singularity at the tip of X = R6=� the D0-brane decomposes into fractional branes

labeled by a basis� i of Irrep(�) . These can be studied from a covering space perspective. For this

set, N = � i dim � i and N i = dim � i . In the covering space we associate the gauge groupU(N ) to

the D0-brane preimages.

Next, note that the adjoint valued singlet �elds may be identi�ed with Hom (CN ; CN ). Similarly, the

�elds taking values in the fundamental representation and two-index anti-symmetric representation

are identi�ed with 4 
 Hom(CN ; CN ) and 6 
 Hom(CN ; CN ) respectively. In the orbifolded space

only the � -invariant combinations survive. Respectively, this determines the adjacency matrices

70 See Douglas and Moore (1996); Kachru and Silverstein (1998); Lawrence et al. (1998) as well as McKay (1980);
Kronheimer and Nakajima (1990).

71 We focus here on the internal normal directions of the D0-brane probe, i.e., those that belong to X and are
relevant for the orbifolding. There are further �elds associated to spacetime directions normal to its world line.
Alternatively, the same quivers can be derived from a D3-brane probe, which is thrice T-dual to the D0-brane probe
system.
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AF
X;ij ; AB

X;ij of the quivers QF
X ; QB

X following:

�
Hom(CN ; CN )

� �
=

M

i;j

� ij Hom(CN i ; CN j ) ;

�
4 
 Hom(CN ; CN )

� �
=

M

i;j

AF
X;ij Hom(CN i ; CN j ) ;

�
6 
 Hom(CN ; CN )

� �
=

M

i;j

AB
X;ij Hom(CN i ; CN j ) :

(G.1)

Fermionic degrees of freedom transform in the4, and the corresponding fermionic adjacency matrix

determines the Dirac pairing on the lattice of charges for the 4D theory engineered by IIA onX .

As such, going forward we focus solely onAF
X;ij . We now solve (G.1) forAF

X;ij . Standard character

theory gives:

AF
X;ij =

1
j� j

X

� 2 Conj (�)

j� j� 4(� )� � i (� )� � j (� ) : (G.2)

Herej� j denotes the order of the conjugacy class� , � � i is the character with respect to the irreducible

representation � i , and the bar indicates complex conjugation.

Following our analysis in Part I and the work of Del Zotto et al. (2022b); Caorsi and Cecotti (2019);

Albertini et al. (2020), we can now extract the defect group of linesD(1) of the 4D theory engineered

by IIA on X . For this, we �rst need to determine the Dirac pairing, K F
ij , which is encoded byAF

X;ij

as follows:

K F
X;ij = AF

X;ij � AF
X;ji : (G.3)

We then have CokerK F
X

�= D(1) .

We now turn to the case of quiver gauge theories realized by D-brane probes of orbifolds with

discrete torsion Douglas and Fiol (2005); Feng et al. (2001a,b). The main complication in this case

is that we must now consider projective representations of� .

Denote by ~� : � ! GL(V ) a projective representation of a group� over C with associated Schur

multiplier class � 2 H 2(�; U(1)) . The Schur covering group of� is denoted � and �ts into the
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short exact sequence (15.2) which we repeat here

1 ! H 2(�; U(1)) ! � ! � ! 1 : (G.4)

The Schur covering group� has the property that every projective representation of � lifts to

a linear representation of � and that all irreducible representations of � induce some projective

representation of� . Following Feng et al. (2001a,b), and repeating the above steps we arrive at the

expression

AF
� ;ij =

1
j� j

X

� 2 Conj (�)

j� j� ~� (� )� ~� i (� )� ~� j (� ) ; (G.5)

where we can viewi; j runs over all irreducible projective representations of� or equivalently, or

linear irreducible representations of� .
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APPENDIX H

Examples of Character Tables and Adjacency Matrices

In this Appendix, we collect the relevant character table and adjacency matrices for the brane

probe theory of orbifolds with discrete torsion considered in section 15.1. In the main text, we

turned on discrete torsion for the supersymmetric orbifoldC3=Z8 (2; 1; 5) � Z2 (1; 0; 1) and the non-

supersymmetric orbifold R6=Z8 (4; 2; 1; 1) � Z2 (1; 0; 1; 0). The Schur covering group� is the same

in both cases, asH 2(� ; U(1)) �= Z2 for both, and �ts into the following short exact sequence

1 ! Z2 ! � ! Z8 � Z2 ! 1 ; (H.1)

where � is de�ned by the group relations:

� =


a; b; cj a8 = 1 ; b2 = 1 ; c2 = 1 ; ac = ca; bc= cb; ab= bac

�
: (H.2)

The character table for � , which was computed usingGAPGAP (2024), is given in �gure H.1.72

Here � denotes the character,� i the i -th irreducible representation of � , and C(j ) a conjugacy class

of � of sizej .73 We have the following representative elements for each of the conjugacy classes.

C(1)
1 � [1], C(2)

2 � [a� 1], C(2)
3 � [a], C(2)

4 � [b],

C(1)
5 � [c], C(2)

6 � [a� 2], C(2)
7 � [a� 1b], C(2)

8 � [a2],

C(2)
9 � [ab], C(2)

10 � [a� 3], C(2)
11 � [a� 2b], C(1)

12 � [a� 2c],

C(1)
13 � [a3], C(2)

14 � [aba], C(2)
15 � [ca2], C(2)

16 � [a� 3b],

C(1)
17 � [a4], C(2)

18 � [aba2], C(2)
19 � [aba3], C(1)

20 � [ca4].

In particular, the generators for C(1)
1 and C(1)

5 are f 1g and f cg respectively, which implies that

H 2(� ; U(1)) = C(1)
1 [ C(1)

5 = Z2. Then, in order to compute the adjacency matrix for the brane

probe theory of � , we must select a representation~� of � that exactly trivializes H 2(� ; U(1)) =

72 Our computational procedure for computing the character table of a Schur covering group is outlined in Appendix
I.

73 GAPuses a di�erent notation while displaying the character table. In particular, GAPwill display A =
� exp(2�i= 4) = � ! 2 , B = � exp(2�i= 8) = � ! , =B = exp(6 �i= 8) = ! 3 , and C = � 2 exp(2�i= 4) = � 2! 2 .
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C(1)
1 C(2)

2 C(2)
3 C(2)

4 C(1)
5 C(1)

6 C(2)
7 C(1)

8 C(2)
9 C(2)

10 C(2)
11 C(1)

12 C(2)
13 C(2)

14 C(1)
15 C(2)

16 C(1)
17 C(2)

18 C(2)
19 C(1)

20
� ~� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
� ~� 2 1 � 1 � 1 � 1 1 1 1 1 1 � 1 � 1 1 � 1 � 1 1 1 1 1 � 1 1
� ~� 3 1 � 1 � 1 1 1 1 � 1 1 � 1 � 1 1 1 � 1 1 1 � 1 1 � 1 1 1
� ~� 4 1 1 1 � 1 1 1 � 1 1 � 1 1 � 1 1 1 � 1 1 � 1 1 � 1 � 1 1
� ~� 5 1 � ! 2 ! 2 � 1 1 � 1 ! 2 � 1 � ! 2 ! 2 1 � 1 � ! 2 1 � 1 � ! 2 1 ! 2 � 1 1
� ~� 6 1 ! 2 � ! 2 � 1 1 � 1 � ! 2 � 1 ! 2 � ! 2 1 � 1 ! 2 1 � 1 ! 2 1 � ! 2 � 1 1
� ~� 7 1 � ! 2 ! 2 1 1 � 1 � ! 2 � 1 ! 2 ! 2 � 1 � 1 � ! 2 � 1 � 1 ! 2 1 � ! 2 1 1
� ~� 8 1 ! 2 � ! 2 1 1 � 1 ! 2 � 1 � ! 2 � ! 2 � 1 � 1 ! 2 � 1 � 1 � ! 2 1 ! 2 1 1
� ~� 9 1 � ! � ! 3 � 1 1 ! 2 ! � ! 2 ! 3 ! 3 � ! 2 ! 2 ! ! 2 � ! 2 � ! 3 � 1 � ! 1 � 1
� ~� 10 1 ! 3 ! � 1 1 � ! 2 � ! 3 ! 2 � ! � ! ! 2 � ! 2 � ! 3 � ! 2 ! 2 ! � 1 ! 3 1 � 1
� ~� 11 1 � ! 3 � ! � 1 1 � ! 2 � ! 3 ! 2 ! ! ! 2 � ! 2 ! 3 � ! 2 ! 2 � ! � 1 � ! 3 1 � 1
� ~� 12 1 ! ! 3 � 1 1 ! 2 � ! � ! 2 � ! 3 � ! 3 � ! 2 ! 2 � ! ! 2 � ! 2 ! 3 � 1 ! 1 � 1
� ~� 13 1 � ! � ! 3 1 1 ! 2 � ! � ! 2 � ! 3 ! 3 ! 2 ! 2 ! � ! 2 � ! 2 ! 3 � 1 ! � 1 � 1
� ~� 14 1 ! 3 ! 1 1 � ! 2 ! 3 ! 2 ! � ! � ! 2 � ! 2 � ! 3 ! 2 ! 2 � ! � 1 � ! 3 � 1 � 1
� ~� 15 1 � ! 3 � ! 1 1 � ! 2 � ! 3 ! 2 � ! ! � ! 2 � ! 2 ! 3 ! 2 ! 2 ! � 1 ! 3 � 1 � 1
� ~� 16 1 ! ! 3 1 1 ! 2 ! � ! 2 ! 3 � ! 3 ! 2 ! 2 � ! � ! 2 � ! 2 � ! 3 � 1 � ! � 1 � 1
� ~� 17 2 0 0 0 � 2 2 0 2 0 0 0 � 2 0 0 � 2 0 2 0 0 � 2
� ~� 18 2 0 0 0 � 2 � 2 0 � 2 0 0 0 2 0 0 2 0 2 0 0 � 2
� ~� 19 2 0 0 0 � 2 � 2! 2 0 2! 2 0 0 0 2! 2 0 0 � 2! 2 0 � 2 0 0 2
� ~� 20 2 0 0 0 � 2 2! 2 0 � 2! 2 0 0 0 � 2! 2 0 0 2! 2 0 � 2 0 0 2

Table 1: Character table of the Schur covering group ofZ8 � Z2. ! = exp(2�i= 8).

C(1)
1 [ C(1)

5 .74 A representation ~� trivializes a conjugacy classC(j ) if its character satis�es

� ~� (g) = � ~� (1) ; (H.3)

where g is a representative element ofC(j ) . The particular choice of representation ~� of � is

determined by the quotient representation� of � and H 2(� ; U(1)) . As such, throughout this note

we work solely with the representation� of � , as this determines~� completely. Finally, if � � SU(3)

or � � SU(4), then ~� will be a 3- or 4-dimensional representation respectively.

We can now compute the quiver forC3=Z8 (2; 1; 5) � Z2 (1; 0; 1) (�gure 14.7) and R6=Z8 (4; 2; 1; 1) �

Z2 (1; 0; 1; 0) (�gure 14.8) with discrete torsion turned on. In particular, note that the adjacency

matrix contains disjoint, block-diagonal components in both cases, which we make explicit below.

These correspond to the orbifold theory with and without discrete torsion turned on.75

Example 1: C3=� and � � SU(3) with � �= Z8 (2; 1; 5) � Z2 (1; 0; 1).

The quiver for this example, both with and without discrete torsion turned on, was given in �gure

74 See Feng et al. (2001a,b) for more details.
75 Note that there is only one way to turn on discrete torsion for these examples.
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14.7. The adjacency matrix of the brane probe theory of� is given by:

AF
ij =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 00 0 0 0

0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 00 0 0 0

0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 00 0 0 0

0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 00 0 0 0

0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 10 0 0 0

0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 00 0 0 0

0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 00 0 0 0

1 0 0 0 0 0 0 0 0 1 1 0 0 0 0 00 0 0 0

0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 00 0 0 0

0 0 1 0 0 0 0 0 0 0 0 1 1 0 0 00 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 10 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 00 0 0 0

0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 00 0 0 0

1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 10 0 0 0

1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 00 0 0 0

0 1 1 0 0 0 0 0 1 0 0 0 0 0 0 00 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 2 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 2 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 02 0 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (H.4)

Example 2: R6=� and � � SU(4) with � �= Z8 (4; 2; 1; 1) � Z2 (1; 0; 1; 0).

The quiver for this example, both with and without discrete torsion turned on, was given in �gure
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14.8. The adjacency matrix of the brane probe theory of� is given by:

AF
ij =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 1 1 1 0 0 0 0 1 0 0 0 0 0 00 0 0 0

0 0 1 1 0 1 0 0 1 0 0 0 0 0 0 00 0 0 0

0 0 0 0 1 1 1 0 0 0 0 1 0 0 0 00 0 0 0

0 0 0 0 1 1 0 1 0 0 1 0 0 0 0 00 0 0 0

0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 00 0 0 0

0 0 0 0 0 0 1 1 0 1 0 0 1 0 0 00 0 0 0

0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 10 0 0 0

0 0 0 0 0 0 0 0 1 1 0 1 0 0 1 00 0 0 0

0 1 0 0 0 0 0 0 0 0 1 1 1 0 0 00 0 0 0

1 0 0 0 0 0 0 0 0 0 1 1 0 1 0 00 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 00 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 10 0 0 0

1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 10 0 0 0

0 1 0 0 1 0 0 0 0 0 0 0 0 0 1 10 0 0 0

1 1 1 0 0 0 0 1 0 0 0 0 0 0 0 00 0 0 0

1 1 0 1 0 0 1 0 0 0 0 0 0 0 0 00 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 2 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 2 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 02 0 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (H.5)
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APPENDIX I

Interfacing BetweenGAPand Mathematica

The quivers for orbifolds with discrete torsion turned on were computed via a combination ofGAP

GAP (2024) and Mathematica. In this Appendix we brie�y provide the general steps we used

and supplement this with pseudocode, as our procedure can be further optimized in many ways.

In particular, it would be advantageous to be able to simultaneously interface betweenGAPand

Mathematica rather than in steps, as we do for our procedure. Our method is as follows:

1. De�ne the Schur covering group � in GAP. Recall that � �ts into the following short

exact sequence:

1 ! H 2(� ; U(1)) ! � ! � ! 1: (I.1)

In this thesis we have focused exclusively on the case where� �= ZN � ZM , which implies that

H 2(� ; U(1)) �= ZP = gcd(M;N ) . The Schur covering group� can then be de�ned in GAPusing

the group relations de�ned in Feng et al. (2001b):

� =


a; b; cj aN = 1 ; bM = 1 ; cP = 1 ; ac = ca; bc= cb; ab= bac

�
: (I.2)

2. Export the character table and conjugacy classes of � . We use (G.2) in order to

compute the adjacency matrix of the quiver derived from a D0-brane probe of� . To do this,

we need to know the dimensions of the conjugacy classes and the character table of� , which

can both be computed usingGAPand exported as a .txt �le.

3. Compute the adjacency matrix via Mathematica. The text �le(s) containing the conju-

gacy classes and character table of� can be read into Mathematica. From here, the adjacency

matrix of the quiver can be computed.
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