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ABSTRACT

SUBLINEAR GRAPH SPARSIFICATION WITH APPLICATIONS TO
CUTS, MATCHINGS, AND FLOWS

Huan Li
Sanjeev Khanna

Anindya De

In recent years there has been a rapid increase in the volume of data across various types of com-
putational tasks. Consequently, there has been growing interest in developing algorithms that are
highly resource-efficient in terms of time, space, and communication. Although some algorithms in
the existing literature are deemed efficient in the conventional sense that they require polynomial
time and space in the input size, their resource demand can still be too high for computation on
massive datasets. For instance, modern social networks have more than billions of edges, and thus
even a linear dependence of time or space on the size of the data can be resource-prohibitive. As a
result, it has been an increasingly important topic to design sublinear algorithms, whose resource

consumption is smaller than the size of the data.

In this thesis, we focus on developing sublinear algorithms for datasets with graph structures, such
as social networks, biological networks and Web networks, where pairwise relationship between
data points is captured. We obtain close-to-optimal results for the sublinear computation of several
fundamental graph problems - this involves both designing efficient sublinear algorithms and proving

lower bounds showing their optimality.

The specific problems we study in this thesis include graph sparsification, hierarchical clustering,
maximum matchings, maximum flows, and minimum cuts. A common and unifying theme under-
lying these problems is graph sparsification, a powerful tool that significantly reduces the size of the
graph while preserving some fundamental properties of the graph. This tool can easily be seen to
imply substantially more efficient algorithms, as it allows one to compress any given graph and then
run any efficient algorithm on the resulting sparse representation of significantly smaller size while

only incurring a negligible loss in the solution quality. The problems we study either are directly

iii



related to graph sparsification with outputting a graph sparsifier (i.e. a sparse representation of
the graph) as a goal, or require crucial use of graph sparsification as a building block in designing

efficient sublinear algorithms.

Our work demonstrates the power of graph sparsification in algorithm design beyond traditional
computational models, and we hope it spurs future research on graph sparsification in additional

applications.
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CHAPTER 1

INTRODUCTION

Nowadays, the volume of data that are being generated and stored across the globe is escalating at a
remarkable pace. Though also increasing, the computation and storing powers of modern computers
still fall short of the enormous data size - either the data is too large to fit into the memory of a single
computer, or the computation is too costly to be done by a single computer in a timely manner.
As such, many previously deemed efficient algorithms, such as those that run in polynomial time
and space in the input size, are no longer sufficient for today’s purposes, and significantly more
resource-efficient algorithms are sought. In particular, it has been a popular trend among algorithm
researchers to design sublinear algorithms, whose resource consumption is smaller than the size of

the data.

Based on the computational resource of interest, algorithm researchers have been studying the design
of sublinear algorithms in various models of computation. The representative models of sublinear

computation include:

1. Streaming (sublinear space) model ([FKM™05|), where the data arrives as a stream in
an online fashion, and we want to finish computation using a small amount of local memory,

ideally substantially smaller than needed for storing the entire data;

2. Query (sublinear time) model (|Goll7]), where we are given query/sampling access to
data and seek to finish computation using a running time substantially faster than reading

the entire data;

3. Massively Parallel Computation (sublinear communication) model ([KSV10]), where
the data is stored across multiple machines in a distributed manner, and we seek to finish the
computation with small communication overhead between the machines, ideally substantially

smaller than needed for communicating the entire data.

Within these computational models, we focus on designing sublinear algorithms for processing

large-scale graph-structured datasets, which naturally capture pairwise relationships among a set of



objects, and include as examples the Web network, social networks, and biological networks. In this
thesis, we conduct a rigorous theoretical study on what can be achieved for some most fundamental
graph problems under sublinear resource constraint - this includes both (i) designing, analyzing,
and implementing new sublinear algorithms, as well as (ii) proving lower bounds showing the limits
of computation. In particular, our results in this thesis approach optimality of solving some most
fundamental graph computation problems with sublinear resource, by providing algorithms and

lower bounds that nearly match each other.

The specific fundamental graph problems we study in this thesis are graph sparsification, graph
clustering, matchings in graphs, and graph cuts and flows. While being distinct topics on their own,
these problems are also closely connected to each other. For instance, graph sparsification can be
used as an effective preprocessing step for designing graph optimization algorithms, where it is able
to compress the input graph to a much sparser representation with only negligible loss in the solution
quality; algorithms for finding small/sparse graph cuts can in turn be used as intermediate steps
of graph clustering algorithms to partition an input graph into components that are well-connected

inside but sparsely connected to each other.

By presenting our technical results, our work demonstrates the power of graph sparsification as
an algorithmic tool beyond traditional computational models, where the running time was the
only concern. We hope our techniques spur future research on graph sparsification in additional
applications.

In the rest of this chapter, we will first define the computational models that we will study. Then,
we will introduce the fundamental graph problems we study and present our main technical results
for each of them. Finally, we wrap up this chapter by presenting the roadmap for the rest of the

thesis.
1.1. Computational Models

In this section, we introduce, in the context of graphs, the modern computational models in which
we design our sublinear algorithms. In addition to the computational models we discussed above,

we will also consider a few other closely related computational models. Throughout, we will use



n, m to denote the number of vertices and number of edges in the input graph respectively.

Streaming Model. In the streaming model [FKM™05], the input graph is specified by a stream
of edges of arbitrary order (and their weights in the case of a weighted graph) in an online manner.
The algorithm does not have random access to the input but instead has to process the input on
the fly. At the end of the stream, the algorithm is required to output an answer to the problem we
want to solve on the input graph. The goal is to solve the problem using a local memory (space)

that is significantly smaller than the size of the input, i.e. < n?.

Turnstile Streaming and Linear Sketching Models. In the turnstile streaming model [Mut05|,
a much more general model than the ordinary streaming model, the input weighted graph is speci-
fied by a stream of arbitrary edge weight updates, including both edge weight increments and edge
weight decrements. An edge is considered deleted if its weight drops to 0. The weight change of
each update will be specified along with the edge identity in the stream. However, we do not have
random access to the input stream, and thus cannot look up the weight change history during the
stream, unless we explicitly store the changes in our local memory. The goal is to output an answer
to the problem we want to solve on the input weighted graph at the end of the stream, using space

sublinear in the input size, ideally < n2.

A linear sketch [Woo14] is specified by a (randomized) sketching matrix ® of dimension N x (3) and
a recovery algorithm A. We associate the input graph G with a (g)—dimensional vector wg with
each entry being the weight of the corresponding edge slot (0 if the edge is not present). The linear
sketch is then obtained by the dot product ®-wg. The final output is then determined by A(®-wg),
i.e. invoking A on the linear sketch ® - wg. We also call each row of ® a linear measurement, and

N the number of linear measurements we take.

It is known [Ind06, AGM12b, KLM*17| that if a linear sketching algorithm uses sketching matrix
of dimension N x (g) of polynomial precision, and the recovery algorithm can be implemented in

N polylog(n) bits of space, then it implies a turnstile streaming algorithm using space N polylog(n).

PRAM Model. The parallel random-access machine (PRAM) [FW78| is often considered as a

standard parallel computation model, owing to its simplicity and its well-understood connections



to other models of parallel computation. A generalization of the usual (sequential) RAM model,
the PRAM is a synchronous, shared-memory, multi-processor model. Within PRAM, there are
several variants depending on how concurrent operations in the shared memory are handled: (in
decreasing order of restrictiveness) exclusive-read-exclusive-write, concurrent-read-exclusive-write,
and concurrent-read-concurrent-write. However, due to the low-level nature of the PRAM, even
the simplest algorithms designed for it involve tedious implementation details. In order to abstract
away these specifics, we usually consider the equivalent work-depth paradigm, which measures the
performance of a parallel algorithm using two parameters — total work, which is the total running
time needed given only one processor, and depth, which is the total parallel time given a maximal
number of processors. Moreover, in this framework, the different variants of PRAM are equivalent

up to poly-logarithmic factors in work and depth, and therefore, can also be abstracted.

Massively Parallel Computation (MPC) Model. The massively parallel computation (MPC)
model [KSV10] is considered to be the modern model of parallel computation. In this thesis, we
only consider the most stringent fully scalable MPC model, where the graph edges are partitioned
across machines each of local memory n? for some arbitrary constant § € (0,1). The computation
proceeds in synchronous rounds, where within each round, each machine can perform unbounded
local computation on its local memory. At the end of each round, each machine can send and
receive messages with other machines, with the constraint that the total size of the sent and received

9 After all rounds are finished, the machines

messages cannot be larger than its local memory n
then collectively output a solution to the problem we want to solve on the input graph. The goal
is to finish the computation in a fewest possible rounds, and in a smallest possible total machine

memory.

Note that the fully scalable MPC setting is especially difficult for graph problems, as a machine
cannot even store the identities of all vertices.

It is known [KSV10, GSZ11b| that a PRAM algorithm of depth D and total work W can be

simulated in the fully scalable MPC model with O(D) rounds and O(W) total memory.

Query (Sublinear Time) Model. We consider the standard query model for sublinear time

algorithms on general graphs (see e.g. Chapter 10 of [Gol17]|). This model allows two types of query



access to the graph: (i) degree queries: what is the degree of a vertex v? (ii) neighbor queries: what
is the i-th neighbor of a vertex v? The performance of an algorithms is measured by how many
queries it makes to finish the computation. Ideally, we want an algorithm using < n? queries. Note
that this is in general a highly nontrivial task, as even to determine whether a graph is connected,

it necessarily requires (n?) queries [Gol17].
1.2. Our Results

We now introduce the problems we study in this thesis and the technical results we obtain for each

of them within the context of prior work. Our results are as follows:

1. An improved maximum matching algorithm in the streaming model [ABKL23| (see Sec-

tion 1.2.1).

2. First set of algorithms and lower bounds for weighted graph sparsification in turnstile streams

[CKL22b] (see Section 1.2.2).

3. An approximate maximum flow algorithm in PRAM with near-linear work and poly-logarithmic

depth [AKLT24] (see Section 1.2.3).

4. Optimal algorithms and lower bounds for sublinear time hierarchical clustering [AKLP22a|

(see Section 1.2.4).

Remark 1.2.1. By standard simulation, our PRAM mazimum flow algorithm also implies a fully

scalable MPC' algorithm with poly-logarithmic rounds and near-linear total memory (cf. Result 8).

Remark 1.2.2. As one of the applications of our parallel maximum flow algorithm, we also ob-
tain near-optimal PRAM and fully scalable MPC' algorithms for hierarchical clustering (cf. Sec-
tion 1.2.3.1).

1.2.1. An Improved Maximum Matching Algorithm in the Streaming Model

Given a graph G = (V, F), a matching M in G is any collection of edges that share no endpoints.
Finding maximum matchings has been a cornerstone of algorithm design starting from the work of
[K6n16] over a century ago. Nevertheless, many fundamental questions regarding the complexity
of this problem have remained unresolved, specifically in modern models of computations such as

streaming graphs. Indeed, in the streaming model, despite significant attention, there has been no



improvement in certain key cases over longstanding barriers that have remained in place since the

introduction of the model itself.

As we introduced above, in the streaming model, edges of an n-vertex graph appear one by one in
a stream in an arbitrary order. The algorithm can read the edges in the arrival order while using
a limited memory smaller than the input size, and output the solution at the end of the stream.
The holy grail of algorithms here is one that uses O(n - polylog (n)) memory and a single pass over
the stream. The study of graph streaming algorithms were initiated by [FKM*05] who already
observed that there is a straightforward 1/2-approximation algorithm for matching in O(nlogn)
space!: greedily maintain a maximal matching in the stream. They further proved that finding an
exact maximum matching requires £2(n?) space, which matches the trivial algorithm that stores the

entire input via its adjacency matrix.

Almost two decades since [FKM™05], there are still no better algorithms for matchings than these
two straightforward solutions. On the lower bound front, a series of work by [GKK12| and [Kap13]
culminated in a recent work of [Kap21| that rules out better than 1/(1+1n 2) ~ 0.59 approximation in
plite(/loglogn) ghace  This lack of progress has led researchers to consider various relaxations of the
problem, in particular by allowing a few more passes over the input (e.g., in [KMM12, KT17, Kon18,
KN21, Ass22, FS21]) or assuming random arrival of edges in the stream (e.g., in [KMM12, ABBT19,
FHM™20, Ber20, AB21])2. At this point, beating 1/2-approximation factor of the greedy algorithm
in O(n - polylog (n)) space, or even much larger than that, has become one of the most central open
questions of the graph streaming literature; see, e.g., [KMM12, McG14, Kap21, Waj20, FS21]| for

various references to this question.

Our Contributions. We present the first algorithms that beat the aforementioned barriers for

finding matchings in streaming graphs with non-trivial albeit quite small factors:

Result 1. There is a randomized (1 — o(1))-approximate matching algorithm in the streaming

Q(1)

model using n?/(log* n) space and polynomial time.

!Throughout, as is standard, we always measure the space of streaming algorithms in bits.
2See the papers of [FS21] and [AB21], respectively, for the state of the art in each case, and more details on
previous work on each relaxation.



This is the first single-pass o(n?)-space algorithm for matchings in adversarial-order streams with
better than 1/2-approximation guarantee. Moreover, combined with the lower bound of Q(n?) space
by [FKM*05] for computing exact matchings, Result 1 shows the first provable separation between
the space complexity of computing nearly-optimal versus exact-optimal matchings in single-pass

streams.

The key idea behind our result is to maintain a matching sparsifier that we call matching cover—
introduced by [GKK12] in spirit of cut/spectral sparsifiers—that is a “sparse” subgraph which
approximately preserve matchings in each induced subgraph of the input graph. We present a
polynomial time algorithm for constructing o(n?)-size matching covers using Szemerédi’s Regular-
ity Lemma [Sze75| and along the way extend them to general graphs (|GKK12| only proves their
existence and for bipartite graphs). We then show this new construction can be maintained in
streaming graphs using several new ideas combined with standard tools from prior work specific to

the model.

1.2.2. First Algorithms and Lower Bounds for Weighted Graph Sparsification in the Linear Sketch-

ing and Turnstile Streaming Models

Graph sparsification is a process that reduces the number of edges in a dense graph significantly
while preserving certain useful properties. Besides being an interesting problem in its own right,
graph sparsification has also been used as a fundamental building block in many modern graph
algorithms such as maximum flow and minimum cut algorithms [BK15, Shel3a, KLOS14, Pen16|,

solvers for graph structured linear systems [ST14a, CKM™ 14|, and graph clustering [CSWZ16].

In addition to designing fast algorithms in the traditional computational model, a rich body of work
has also studied graph sparsification by linear sketching. As we discussed above, in this setting,
we can only access the input graph by taking linear measurements, each of which returns a linear
combination of the edge weights, and the goal is then to compute a sparsifier of the input graph
using as few measurements as possible. To state the previously known results in this setting, let
us first recall the definitions of two extensively studied graph sparsifiers that we will study in this

work.



Definition 1.2.3 (Cut sparsifiers). Given a weighted graph G = (V, E,w) and a parameter € €
(0,1), another weighted graph H = (V, F,w’) with F' C F is called a (1 + €)-cut sparsifier of G if
for every cut (S,V — 9), its weight wg(S,V — 5) in G and its weight wgy(S,V — S) in H satisfy
that (1 — e)wg(S,V —85) <wy(S,V-5) < (1+e)wg(S,V - 9).

Definition 1.2.4 (Spectral sparsifiers). Given a weighted graph G = (V, E,w) with Laplacian
matrix Lg and a parameter € € (0,1), another weighted graph H = (V, F,w’) with Laplacian
matrix Ly and F C E is called a (1 + ¢)-spectral sparsifier of G if for every vector x € R™ we have
(1—¢e)xTLor < a2'Lyx < (1+¢)aT Laa.

A seminal work by Ahn, Guha, and McGregor [AGM12b] showed that one can compute a (1+¢)-cut
sparsifier of an unweighted graph using 6(n£_2) linear measurements, which is nearly optimal. Then
subsequent works by Kapralov, Lee, Musco, Musco, and Sidford [KLM*14] and Kapralov, Mousav-
ifar, Musco, Musco, Nouri, Sidford, and Tardos [KMM™20] showed that one can also compute a

(1 + e)-spectral sparsifier of an unweighted graph using 5(715_2) linear measurements.

In all of these works [AGM12b, KLM*14, KMM™*20]|, the authors also showed that their linear
sketching algorithms can also be applied to computing graph sparsifiers of weighted graphs in
dynamic streams, where the input graph is given by a stream of insertions and deletions of weighted
edges, and the goal is to compute a sparsifier of the input graph using a small amount of space. In
all these works, this is achieved by grouping the edge weights geometrically, and then applying the
linear sketching algorithm for unweighted graphs to the subgraph induced by edges in each weight
group. Note that this approach crucially requires that if an edge e is inserted with weight w,, then
any subsequent deletion of the edge e again reveals its weight and it must be identical to we. This

is crucial to ensuring that each edge e is inserted into or deleted from the same geometric group.

However, the operation of grouping edges by weight is not linear, and as a result, the above approach
for extending unweighted sketches to weighted ones is not implementable in the more general turn-
stile streams, where the graph is given as a stream of arbitrary edge weight updates. Surprisingly,
little seems to be known about graph sparsification in this setting, or in the closely related linear

sketching setting with input graphs being arbitrarily weighted.



Our Contributions. We initiate the study of weighted graph sparsification by linear sketching
and in the turnstile streaming model. To state our results, we need to introduce some notation first.
Let w € R(;’;) denote the weights of the edges of the input graph, where w, = 0 means that there
is no edge in the edge slot e. As we discussed above, a linear sketch of N = N(n) measurements
consists of a (random) sketching matriz ® € RY x(;‘)’ and a (randomized) recovery algorithm A that

takes as input ®w € RY and outputs a sparsifier of the graph with edge weights w. Note that, by

definition, the linear sketch is non-adaptive.

We focus on a natural class of linear sketches that we call incidence sketches, in which each row of
the sketching matrix ® is supported® on edges incident on a single vertex (which could be different
for different rows). This class captures all linear sketches that are implementable in a distributed
computing setting, where the edges are stored across n machines such that machine 7 has all edges
incident on the i*" vertex (a.k.a.simultaneous communication model). Moreover, it also covers all
aforementioned linear sketches used in previous works for unweighted cut sparsification [AGM12b]

and spectral sparsification [KLM*17, KMM™*20)].

We now present our results for computing the two kinds of sparsifiers in weighted graphs. When
describing our results, we use wpmax and wpi, to denote the largest and the smallest non-zero
edge weights, respectively, and always assume wmax = 1 = wmin. We also write 5() to hide

polylog(n,e~!, Wmax) factors.

? Wmin
Weighted Cut Sparsification. We design an incidence sketch with a near-linear number of

measurements for computing a (1 + €)-cut sparsifier of a weighted graph.

Result 2. For any ¢ € (0,1), there exists an incidence sketch with random sketching matriz

®, € RV x(3) satisfying N1 < 6(718_3) and a recovery algorithm Ay, such that for any w €

]R(;O), Ay (Prw) returns, with probability 1 — a (1 + €)-cut sparsifier of the graph with

_ 1
poly(n)’

edge weights w.

Thus, we achieve a similar performance as the linear sketch for unweighted graphs as in [AGM12b],

which uses O(ne~2 polylog(n)) measurements. It is well known that even to detect the connectivity

3Recall that the support of a vector is the set of indices at which it is non-zero.



of a graph, Q(n) linear measurements are needed. Therefore, our upper bound in Result 2 is nearly

optimal in n.

Similar to [Ind06, AGM12b, KLM*14, KMM™'20], we can turn our linear sketching algorithm to a

low space streaming algorithm.

Result 3 (Corollary of Result 2). There is a single pass turnstile streaming algorithm with

O(ne=3) space that, at any given point of the stream, recovers a (1 + €)-cut sparsifier of the

current graph with high probability.
Once again, note that in the turnstile model, the stream consists of arbitrary edge weight updates.

Weighted Spectral Sparsification. We design an incidence sketch with about n%/% measure-

ments for computing a (1 + ¢)-spectral sparsifier of a weighted graph.

Result 4. For any € € (0,1), there exists an incidence sketch with random sketching matrix
dy € RV2x(3) satisfying No < 5(716/55_4) and a recovery algorithm As, such that for any
(3)

w € RYY, Ao(®ow) returns, with probability 1 — a (14 ¢€)-spectral sparsifier of the graph

_ 1
poly(n)’

with edge weights w.

Similar to the cut sparsification case, we have the following corollary:

Result 5 (Corollary of Result 4). There is a single pass turnstile streaming algorithm with
6(n6/56_4) space that, at any given point of the stream, recovers a (1 + €)-spectral sparsifier of

the current graph with high probability.

We complement this result by showing that a superlinear number of measurements are indeed

necessary for any incidence sketch to recover some O(1)-spectral sparsifier.

Result 6. There exist constants €,0 € (0,1) such that any incidence sketch of N measurements

that computes a (1 + €)-spectral sparsifier with probability > 1 —§ on any w must satisfy N >

n21/20—o(1)

Note that this is in sharp contrast to the unweighted case, where a near-linear number of incidence

sketch measurements are sufficient for computing an O(1)-spectral sparsifier [KLM*17, KMM*20].
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Result 6 also draws a distinction between spectral sparsification and cut sparsification, as for the

latter a near-linear number of measurements are enough even in the weighted case (by Result 2).

1.2.3. Parallel Approximate Maximum Flow Algorithms Achieving Simultaneously Near-Linear

Work and Poly-logarithmic Depth

The maximum flow problem, or equivalently, the minimum congestion flow problem is one of the
oldest and most well-studied combinatorial optimization problems that finds numerous applications
across computer science and engineering. Formally, we are given a directed, capacitated flow network
(graph) G = (V, E, ¢) with |V| = n vertices and |E| = m edges with positive edge capacities ¢ € R
along with a set of vertex demands b € RV specifying the desired excess flow at each vertex where
> vey bu = 0. The objective is to find a flow f € R¥ that satisfies demands b, while minimizing the

maximum congestion |f.|/c. on any edge e € E in the network, i.e.

min |C7 ' f|le s.t. Bf =b (flow conservation constraints); f >0, (1.1)

where C' € RE*E is a diagonal matrix of edge capacities with C, . = ¢, and B € {—1,0,1}V*F is
the vertex-edge incidence matrix with B, . being 1 if e = (u,v), —1 if e = (v,u) and 0 otherwise.
For the special case where the edges are undirected, the formulation is identical except that the
edges are oriented arbitrarily, and the non-negativity constraint on the flows is dropped; the sign of

the flow on an edge specifies its direction relative to the edge orientation.

The maximum flow problem has a rich history, starting with the work of [Dan51] and [FF56|, who
first proposed algorithms with pseudo-polynomial running times of O(mn?U) and O(m?2U) respec-
tively, for networks with maximum edge capacity U. Since then, substantial effort has been devoted
to designing increasingly efficient algorithms for this problem. This has resulted in a sequence of
exciting developments, with initial improvements coming from primarily combinatorial ideas such
as shortest augmenting paths and blocking flows [Din70, EK72, Kar73, Din73, ET75, BK04|, push-
relabeling [GT88, Gol08, OG21|, pseudo-flows [Hoc08, CH09|, and capacity scaling [AO95, GR9§|,
eventually culminating in the recent breakthrough O(m!*°(1)) time result of [CKL*22a] achieved

through a combination of second-order continuous optimization techniques (interior point methods)
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and efficient dynamic graph data-structures. Meanwhile, for the weaker objective of finding an
approximately maximum flow in undirected graphs, even faster algorithms have been developed
using simpler first-order continuous optimization techniques [Shel3b, Penl6, Shel7a, Shel7b|. In
particular, [Pen16] showed that in undirected graphs, a (1 — ¢)-approximate maximum flow can be
computed in just O(m poly(1/e,logn)) time.

However, these aforementioned algorithmic results were largely developed in the sequential setting,
and are not readily parallelizable. Moreover, the question of designing fast parallel algorithms for

max-flows has remained surprisingly under-explored.

For the question of designing parallel algorithms for max flows in the PRAM model, the literature
is sparse. Recall that in the PRAM model, we measure the performance of a parallel algorithm
using two parameters — total work, which is the total running time needed given only one processor,
and depth, which is the total parallel time given a maximal number of processors. For finding exact
max flows, early results of [SV82, Ram90] achieved O(n?) depth and O(mn) work. More recently,
[PF22| improved the depth to O(n) while retaining the same asymptotic work. For the weaker
objective of finding an approximate max flow, the combined results of [Mad16] and [PS14] imply an
algorithm with O(y/m) depth and O(m!®) work at the cost of a O(1/poly(n)) additive error in the
flow value. A much earlier work of [SS91]| also implies a O(poly(log n,log(1/¢))) depth algorithm for
finding a (1 — €)-approximate max flow via a reduction to finding maximum matchings in bipartite
graphs. However, this comes at the expense of an unspecified polynomial blow-up in work, a common
issue with many of the early results for parallel algorithms. The question of whether it is possible to
simultaneously have a poly-logarithmic depth and near-linear work approximate max-flow algorithm

remained open.

Our Contributions. In this work, we answer this in the affirmative for undirected graphs.

Namely, we show the following main result.
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Result 7. There is a randomized PRAM algorithm that given an undirected capacitated graph
G=(V,E,c), s,t €V, and precision € > 0, computes both a (1 — €)-approximate s-t maximum
flow and a (1+¢€)-approzimate s-t minimum cut with high probability in O (5_3 polylog n) depth

and O (m5_3 polylog n) total work.

We remark that our parallel maximum flow algorithms are obtained by a novel parallel construction

of a flow sparsifier that in turn guides us in routing a near-maximum flow.

As we discussed above, a more recent model of parallel computation is the massively parallel com-
putation (MPC) model, which is a common abstraction of many MapReduce-style computational
frameworks (see i.e. [BKS17, ANOY14, GSZ11b]). In this model, the input data is partitioned across
multiple machines that are connected together through a communication network. The computa-
tion proceeds in synchronous rounds where in each round, the machines can perform unlimited local
computation on their local memory, but cannot communicate with other machines. Between rounds,
machines can communicate, so long as the total size of messages sent and received by any machine
does not exceed the size of its local memory. The performance of an MPC algorithm is measured by
the number of rounds needed to complete the computation, the size of the local machine memory, as
well as the total memory used across all machines. A simulation result of [KSV10, GSZ11b| shows
that any PRAM algorithm with D depth and W work can be simulated by an MPC algorithm with
O(D) rounds and O(W) total memory even in the most stringent fully-scalable regime* where the
local memory size is O(n®) for any constant § > 0. As we noted above, the fully scalable MPC
regime is especially hard for graph problems as a machine cannot even store the identities of all
vertices. Nonetheless, using the simulation result in [KSV10, GSZ11b|, we obtain the following

corollary of our main result.

4The dependence of the the local memory parameter (the constant 6 > 0) on the number of rounds and total
memory is a multiplicative O(1/4), and is usually omitted.
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Result 8 (Corollary of Result 7). There is a randomized MPC' algorithm that given an undi-
rected capacitated graph G = (V, E,c), s,t € V and precision € > 0, computes both a (1 — ¢)-
approzimate s-t mazimum flow and a (1+¢)-approximate s-t minimum cut with high probability
mn O (5_3 polylog n) rounds, O (ma_3 polylog n) total memory and O (né) local memory, for

any constant 6 > 0.

1.2.3.1 Applications of Our Parallel Approximate Maximum Flow Algorithm

Our result for approximate max flows has broad implications to other related graph problems,
where it implies either new or substantially improved parallel algorithms (both PRAM and MPC)

for them. The results in this section are formalized in Section 5.6.

Sparsest cut and balanced sparsest cut: The sparsest cut problem is an important subrou-
tine for divide-and-conquer based approaches for several graph problems and has many applications
including image segmentation, VLSI design, clustering and expander decomposition. In this prob-
lem, given a weighted undirected graph G = (V, E,¢), the objective is to find a cut (S, S) with
minimum sparsity ¢(S) which is defined as ¢(S) := c¢(E(S, S))/ min{|S|, |S|}, where c(E(S, S)) is
the total weight of the edges going across the cut. The balanced sparsest cut problem is a variant
of this problem where there is an additional requirement that the cut (.9,.9) must be S-balanced,
i.e. min{|S|,|S|} = Bn for some given parameter 3 € (0,1/2). Balanced sparse cuts are useful in

applications where one wants the divide-and-conquer tree to have low-depth.

The sparsest cut problem is NP-hard and the best known approximation factor of O(y/logn) is
achieved by an SDP-based algorithm due to Arora, Rao and Vazirani [ARV09b|. However, this
algorithm is highly sequential, and computationally expensive. The most efficient algorithms for
sparsest cut problem are based on the cut-matching game framework of Khandekar, Rao and Vazi-
rani [KRV06|, which effectively reduces the sparsest cut problem to a poly-logarithmic number of
single commodity max-flow computations. In this framework, a cut-player and a matching-player
play an alternating game; in each round, the former produces a bisection (S, S) of vertices, and
the latter produces a perfect matching between S and S that can be embedded in the underlying

graph. The game ends when either the cut player produces a bisection for which the matching
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player cannot find a perfect matching (i.e. a sparse cut has been found), or the union of the perfect
matchings produced thus far form an expander (i.e. an expander can be embedded in the under-
lying graph, certifying its expansion). [KRV06] showed that there is a cut strategy with runtime
Tews = O(n) such that this game terminates in o = O(log?n) rounds, regardless of the matching
player’s strategy. Furthermore, the matching player’s strategy can be implemented using a max-flow
computation with the sources and sinks being the two sides of the bipartition. In combination, this
framework produces an O(«)-approximation to sparsest cut with a runtime of O(«a - (Teut + Thow)),
where « is an upper bound on the number of rounds of this game, T¢yt is the time to implement
cut player’s strategy and They is the time to compute a single commodity max-flow. This frame-
work also generalizes to the problem of g-balanced sparsest cut for any constant 8 with the same

approximation factor and running time.

Nanongkai and Saranurak [NS17| further showed that the matching player’s strategy can be im-
plemented using approximate max-flow computations rather than exact max-flows. Building on
[NS17], we show that our parallel algorithm for max-flows (Result 7) can be used to implement
the matching player’s strategy, yielding a O(polylogn) depth and O(m) work algorithm for the
matching player. Furthermore, we show that the cut player’s strategy can also be implemented
in O(polylogn) depth and O(m) work using our new parallel flow decomposition algorithm (see
Section 5.1.2 for a discussion). In combination, this gives a O(polylogn) depth and O(m) work
algorithm for sparsest cuts that has an approximation factor of O(log3 n). These results also imply
a bicriteria approximation algorithm for S-balanced sparsest cut with the same depth and work.
Specifically, our algorithm finds a (5/log? n)-balanced cut whose sparsity is at most O(log®n) times

the sparsity of an optimal 8-balanced cut.

Minimum cost hierarchical clustering: Before presenting our optimal sublinear time algorithms
and lower bounds results for the hierarchical clustering problem in Section 1.2.4, we first discuss
our near-optimal parallel algorithms for it, obtained as an application of our parallel maximum flow
algorithm. Hierarchical clustering is a fundamental problem in data analysis where the goal is to
recursively partition data into clusters which results in a rooted tree structure. This problem has

wide-ranging applications across different domains including phylogenetics, social network analysis,
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and information retrieval. While the study of hierarchical clustering goes back several decades,
Dasgupta [Dasl16] initiated its study from an optimization viewpoint. Specifically, he proposed a
minimization objective for hierarchical clustering on similarity graphs that measures the cost of
a hierarchy as the sum of costs of its internal splits, which in turn is measured as the total edge-
weight across the split scaled by the size of the cluster at that split. [Das16] and subsequent work by
[CKMM18, CC17] showed that the hierarchical clustering produced by recursively splitting the graph
using a a-approximate sparsest cut subroutine results in a hierarchy that is an O(a)-approximation
for this minimization objective. Furthermore, using an a-approximate (-balanced sparsest cut
subroutine results in the same approximation with an additional property that the depth of the
tree is O(logn) for § = Q(1). [CC17] also showed that a («, 8')-bicriteria approximation oracle for
B-balanced min-cut is sufficient to achieve a O(a/3’)-approximation for minimum cost hierarchical
clustering. As a consequence, using our parallel balanced min-cut algorithm as a subroutine, we get
the first parallel algorithm that computes a tree that is a O(log5 n)-approximation to Dasgupta’s
objective with O(m) work and O(polylogn) depth. We refer the reader to Section 5.6.2 for a

formalization of this discussion.

Fair cuts and approximate Gomory-Hu trees: Li et al. [LNPS23| recently introduced the
notion of fair cuts for undirected graphs which are a “robust” generalization of approximate min-
cuts. Specifically, for a > 1, a s-t-cut is a-fair if there exists an s-t flow that uses at least 1/a-
fraction of the capacity of every edge in the cut. [LNPS23| showed that a near-linear time oracle
for computing a fair cut is useful for obtaining near-linear time algorithms for several applications
including computation of (approximate) all-pairs maxflow values (using approximate Gomory-Hu
trees). They also showed that, given an unweighted graph, a fair cut can be computed in parallel
using mito) work and n°® depth, implying a similar result for approximate Gomory-Hu trees.
Our results improve upon their results by giving parallel algorithms for fair cuts and approximate
Gomory-Hu trees that have O(m polylogn) work and O(polylogn) depth. The key technical tool
that results in this improvement is our O(polylogn) depth construction of a O(polylog n)-congestion

approzimator (see Section 5.1.1 for a discussion).
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1.2.4. Optimal Algorithms and Lower Bounds for Sublinear Time Hierarchical Clustering

Recall that in Section 1.2.3.1, we discussed our near-optimal parallel algorithms for hierarchical
clustering, obtained as an application of our parallel maximum flow algorithm. In this section, we
introduce our optimal algorithms and lower bounds for the hierarchical clustering problem in the

sublinear time setting. We start with a more thorough introduction of the problem.

Hierarchical clustering (HC) is a popular unsupervised learning method for organizing data into a
dendrogram (rooted tree). It can be viewed as clustering datapoints at multiple levels of granularity
simultaneously, with each leaf of the tree corresponding to a datapoint and each internal node of the
tree corresponding to a cluster consisting of its descendent leaves. Much of the technical development
of HC originated in the field of phylogenetics, where the motivation was to organize the different
species into an evolutionary tree based on genomic similarities [ESBB98|. Since then, this tool
has seen widespread use in data analysis for a variety of domains ranging from social networks,

information retrieval, financial markets |GSZ*11a, Ber06, SMR08| amongst many others.

Due to its popularity, HC has been extensively studied and several algorithms have been proposed.
The most prominent amongst these are bottom-up agglomerative algorithms such as average linkage,
single linkage, complete linkage etc. (see Chapter 14 in [HTFF09]). However, despite these advances
on the algorithmic front, very few formal guarantees were known for their performance, primarily
owing to a historic lack of a well defined objective function. Therefore, the study of HC was largely

empirical in nature for a long time.

A part of this issue was recently resolved, when [Das16] proposed an objective function for similarity-
based HC. This has since sparked interest in both the theoretical computer science as well as
machine learning communities, for designing algorithms with provable guarantees for this objective
[CC17, CNC18, CCN19, CKMM19, AAV20|. The formal description is as follows: given as input
a weighted undirected graph G = (V, E,w) with n vertices (datapoints) and m edges with positive

edge weights corresponding to pairwise similarities between its endpoints, the objective is to find a
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hierarchy 7 over leaf nodes corresponding to the vertices V' that minimizes the cost function

costq(T) == Z wij - | Tijl (1.2)

{i,j}eE
where 7;; is the subtree rooted at the least-common ancestor of 4,5 in 7 and |7;;| is the number
of descendent leaves in 7;;. Intuitively, costg(7) incentivizes cutting heavy edges at lower levels in
T, thereby placing more similar datapoints closer together. This objective has been shown to have

several desirable properties, including one that guarantees an optimal tree which is binary [Das16].

This minimization objective however, turns out to be NP-hard. Consequently, [Das16| and other
subsequent work explored this objective from an approximation algorithms perspective [RP17,
CC17, CNC18, CCN19, CKMM19, AAV20]. The best known polynomial time approximation
is O(y/logn) which is achieved by the recursive sparsest cut (RSC) algorithm [Dasl16, CC17,
CKMM19|. It is also known that no constant factor polynomial time approximation is possible

for this objective under the small-set expansion (SSE) hypothesis [CC17].

In this work, we study the above minimization objective for HC in the context of massive graphs.
While the currently known best algorithm can be considered “efficient” in the classical sense, i.e.
requires polynomial time, this complexity can be prohibitive in many modern applications of HC that
deal with staggering volumes of data. For example, current social networks contain billions of edges
which imposes serious limits on their processing. Therefore, an alternative model of computation
needs to be considered in the context of such massive graphs. In this work, we consider the general
graph (query) model |Goll7] for time efficiency, where the edges can be accessed via degree and

neighbor queries. The focus of our work is the following fundamental question:
Can we solve hierarchical clustering faster than reading the entire data?

To appreciate the difficulty in designing sublinear time algorithms for this question, note that even

to decide whether a graph is connected one necessarily needs 2(n?) queries [Gol17].

Our Contributions. We provide an almost complete resolution to this question by providing
matching upper and lower bounds for sublinear time algorithms in the query model. Before present-

ing our result, we set up some notation first.
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Table 1.1: Summary of Results. Each row gives an upper and lower bound on the number of
queries required for O(1) approximation in the query model.

Graph Density Upper Bound Lower Bound
Query Model 1<(¢<4/3 O(n®) Qné—o)
(Sublinear Time) 4/3 < (<3/2 O(n*=%) Q(nt—20-0())
Edges m = O(nf) in G 3/2< (<2 O(n) Q(n)

Notation. We use n and m to refer to the number of vertices and edges in the input graph,
respectively. We use 6() to suppress multiplicative O(log®n) factors for constant ¢, and the term
“w.h.p.” implies with probability 1 — 1/poly(n).

For illustration purpose, here we present our results for unweighted graphs only. However these
results can be readily extended to weighted graphs by standard weight grouping tricks; we defer the

discussion of the weighted extension to the main body of the thesis.
We summarize our upper bound and lower bound results in Table 1.1.

Our first result is a sublinear time algorithm for hierarchical clustering:

Result 9. There exists an algorithm that given query access to any unweighted graph G with
m = 0(nS) for ¢ €0,2], can find a (1+ o(1)) - p-approzimate HC of G w.h.p. using 5(g(n, Q)
queries, where g(n,¢) < n*3 is given by g(n,¢) = max{n,n’} when ¢ € [0,4/3], g(n,¢) =
max{n,n*=2} when ¢ € (4/3,2]. Moreover, given any (arbitrarily small) constant T > 0, the

algorithm can find an O(y/logn)-approximate HC of G w.h.p. in 5(g(n, ¢) +n't7) time.

It is interesting to observe that the query complexity g(n, () reduces as the graph becomes denser.
This is due to the internal mechanism of our sublinear time algorithm. Specifically, our algorithm
works by constructing a relaxed notion of cut sparsifier of the input graph, and then running a
hierarchical clustering algorithm on the resulting sparsifier. Our notion of cut sparsifiers is relaxed
in the sense that we allow an additive error in the cut approximation in addition to the usual

multiplicative approximation.

Our key observation is that as the density of the graph increases, the cost of the optimal HC also

increases, which allows us to tolerate a larger additive error in our cut sparsifier, thereby making it
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sparser. Consequently, we get faster algorithms for denser graphs.

Complementing our sublinear time algorithm, we also prove a matching lower bound for every graph

density.

Result 10. Let ¢ € [0,2] be any constant. Let A be a randomized algorithm that, on any input
unweighted graph with ©(nS) edges, outputs with high probability a polylog(n)-approzimate HC.
Then A necessarily uses at least Q(g(n,¢)) queries, where we define g(n,¢) = max{n,n¢—°M}

when ¢ € [0,4/3], g(n,¢) = max{n,n*=2—°W} when ¢ € (4/3,2), and g(n,¢) = 0 when ¢ = 2.

1.3. Roadmap

In CHAPTER 2, we introduce the basic background knowledge and tools needed for the remaining
part of the thesis. In CHAPTER 3, we present our improved streaming algorithm for the maxi-
mum matching problem. In CHAPTER 4, we present the first set of results for weighted graph
sparsification in the turnstile streaming and linear sketching models. In CHAPTER b5, we present
our PRAM algorithm for the approximate maximum flow problem achieving near-linear work and
poly-logarithmic depth. In CHAPTER 6, we present our optimal sublinear time algorithms and

lower bounds for the hierarchical clustering problem.
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CHAPTER 2

BACKGROUND

2.1. Notations

For any integer ¢ > s > 1, we let [t] := {1,...,t} and let [s,¢] = {s,...,t}. We use the term with
high probability, abbreviated w.h.p., to imply probability at least 1 — 1/n¢ for any desirably large
constant ¢ > 1 (that might affect the hidden constants in our statements).

For a graph G = (V, E), we use V(G) = V to denote the set of vertices and F(G) = E to denote
the edges. For any subsets of edges F' C E and disjoint subsets of vertices X, Y C V, we use X (F)
and Y (F) to denote the edges of F' incident on X and Y, respectively, and F(X,Y’) to denote the
edges of F' going between X and Y. Similarly, we use G[X| and G[X, Y] to respectively denote the
subgraph of GG induced on vertices X, and the bipartite subgraph of G between vertices X and Y.
For any p € [0,1], we use G[p] to denote a random subgraph of G that includes each edge of G

independently with probability p.
2.2. Matchings and Graph Combinatorics
For any graph G, u(G) denotes the size of the maximum matching in G. We have,

Fact 2.2.1. Any graph G has at most 2n - u(G) edges.

The proof of Fact 2.2.1 is simply based on picking an arbitrary edge of the graph and adding to a

matching, removing at most 2n edges incident on this edge, and repeating until the graph is empty.
We will also need the following version of Hall’s theorem.

Proposition 2.2.2 (Extended Hall’s marriage theorem; cf. [Hal87]). Let G = (L, R, E) be any
bipartite graph with |L| = |R| = n. Then max(|A| — |[Ng(A)|) =n — u(G), where A ranges over all
subsets of L and R, and Ng(A) denotes the neighbors of A in G.

2.2.1. Szemerédi’s Regularity Lemma

Szemerédi’s Regularity Lemma [Sze75| is a powerful tool in extremal combinatorics. Loosely speak-

ing, it says that every dense graph can be well-approximated by a “small” collection of random-like
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subgraphs. To formally state the lemma, we need a few definitions.

Let G = (V, E) be any given graph, and A, B C V be any disjoint vertex subsets. We write e(A, B)
to denote the number of edges between A, B. If A, B # (), we define the density of edges between
A and B by:

e(4, B)
[AlIB]

d(A, B) =

For a parameter v € (0, 1), we say (A, B) is y-regular if for every X C A and Y C B satisfying
|X|>~-]A] and |Y] > v -|B|, we have |d(4, B) —d(X,Y)| < 7.

Let Cp,C1,...,Ck be a partition of the vertex set V. We say this partition is equitable if the
classes C',...,C} all have the same size. We will call Cy the exceptional class. We say this

partition is «-regular if both of the following statements are true:
1. It is equitable and |Cy| < yn.
2. All but at most 7(5) of the pairs C;, Cj for 1 <i < j < k are y-regular.

Instead of the original formulation of Szemerédi’s Regularity Lemma in [Sze75]|, we state an algo-

rithmic version of it due to [ADL192].

Proposition 2.2.3 ([ADL192|). There exists a function Q : RT™ x R* — R™ satisfying

log* Q(x,y) < poly(z,y) for all z,y, such that, given any n-vertex graph G = (V,E) and v €
(0,1),t > 1, one can find in n¥ - Q(t,1/7) time a y-regular partition of V into k + 1 classes such
that t <k < Q(t,1/7).

The algorithm in Proposition 2.2.3 can also be implemented in a space-efficient manner (which is

needed for our streaming algorithms). See Section A.1 for a proof sketch.

Proposition 2.2.4. Given query access to the adjacency matriz, the algorithm in Proposition 2.2.8

can be implemented in O(n - Q(t,1/v)logn) space and poly(n,Q(t,1/v)) time.
2.2.2. Fox’s Triangle Removal Lemma

Similar to the Regularity Lemma, the Triangle Removal Lemma is another highly useful tool

in extremal combinatorics. While original proofs of this lemma were based on the regularity
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lemma, [Fox11] presented a proof that bypasses regularity lemma and thus obtains stronger bounds.

We will use this result also in one of our streaming algorithms.

Proposition 2.2.5 ([Fox11|). There exists an absolute constant b > 1 such that the following is
true. For any v € (0,1) let 6 := () be inverse of the tower of twos of height b-log (1/v), i.e.,
51 =211 b-log(1/y). Then, any n-vertex graph with at most § - n® triangles can be made

triangle-free by removing at most v - n? edges.
2.2.3. Succinct Dynamic Dictionaries

We need to use succinct dynamic dictionaries from prior work in [BM99, Pag01, RR03|. For con-

creteness, we use the construction of [RR03| although the other ones work as fine also for us.

Proposition 2.2.6 (c.f. [RR03|). There ezists a dynamic data structure D for maintaining a subset

S of size at most s from a universe U of size u that supports the following operations:
e D.insert(a): Inserts an element a € U to the set S;
e D.member(a): Returns whether the given element a € U belongs to U or not;
The data structure requires (14 o(1)) - log (%) bits of space to store S and answers each query in
O(1) amortized expected time or O(s) worst-case deterministic time.
2.3. Linear Algebra and High Dimensional Gaussian Distributions

2.3.1. Matrices

Definition 2.3.1 (Pseudoinverse). Let A be an n x n symmetric matrix. Let A1, Ag2,..., A\, be the
eigenvalues of A and let vy, v9, ..., v, be orthonormal (i.e. unit and orthogonal) eigenvectors of A,

then by the spectral theorem A =37 | )\wwiT . The pseudoinverse of A is then defined as

1
A 2f > YUWZT. (2.1)
A0 !

Definition 2.3.2 (Matrix partial ordering). For two n x n symmetric matrices A, B, we write

A = B if for any vector x € R" we have 27 Az < 7Bz (i.e. B — A is positive semi-definite).

Fact 2.3.3 (Properties of the matrix partial ordering).
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1. [fA=<Band C <D, then A+ C B+ D.
2. If A< B where A, B € R™™", then for any W with n rows, W AW < WTBW.

3. For two positive semidefinite matrices A, B that have the same null space, A < B implies that
Bt < AT.

Theorem 2.3.4 (Matrix chernoff bound [Trol2]). Let X1,..., X, € R™ " be independent random

positive semidefinite matrices such that Amax(X;) < R, Vi and E > X;i] = Ly, where Ly, is the

n X n identity matriz. Then with probability at least 1 — 2n exp {—%}
m
(1—e) < Z (14¢e)I (2.2)

Definition 2.3.5 (Leverage scores). Let ai,...,am € R"and A = Y"1 a;al € R™*". The leverage

score of a; w.r.t. A is defined to be 7;(A) = aiTATai.

Fact 2.3.6. Let ay,...,am € R" and A =31, a;al’ € R™". Also let B = (ay,...,an) € R™™,

so we have A = BBT. Let b € R™ be a vector in the span of a1,...,am. Then we have

. 2 _ 4T AN
m = v"(BBT).
in [|zf|; = 0" (BB")

2.3.2. Multivariate Gaussian distributions

Definition 2.3.7. Let x4 € R? be a vector and ¥ € R?*9 be a matrix. We say a random vector

x € R? follows a multivariate Gaussian distribution with mean p and covariance matrix ¥, denoted
by N (., X), if
1. Each xz; distributes as N (u;, X4;), a univariate Gaussian with mean p; and variance ;.

2. E[(z; — ps)(zj — pj)] = 3y; for all pairs ¢, j. Or equivalently,

E[(z —m@—p)'] = (23)
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Fact 2.3.8. The covariance matrix ¥ is symmetric and positive semi-definite.

Fact 2.3.9. Let x1,29 € RY be independent random vectors such that x1 ~ N(p1,%1) and xo9 ~

N(,LLQ,EQ). Then x1 + x9 ~ N(,ul + po, 21 + 22).

Theorem 2.3.10 (¢;-distance between multivariate Gaussians with the same mean [DMR18]). Let

€ R and let $q, 89 € R be positive semidefinite such that
1. 31 and X9 have the same null space.
2. Y9 =31 +ww? for some w € R4,

Then we have
dry (N (1, X1), N (1, 32)) = O (min {1,wT§J]{w}) .

Theorem 2.3.11 (Chernoff bound for univariate Gaussians, Theorem 9.3 of [MU17]). Let X be a

univariate Gaussian with mean p and variance o > 0: X ~ N (u,0?). Then for any a > 0
Pr{|X — u| > ao] < 2e /2. (2.4)

2.3.3. {y-heavy hitter, {)-sampler and /> estimation

Proposition 2.3.12 ({5-heavy hitters [KLM™14]). For any n > 0, there is a decoding algorithm D
and a distribution on matrices A € RO Polylog(N)XN g cpy that, for any x € RY, given Ax, the

algorithm D returns a vector & such that & has O(n~2 polylog(N)) non-zeros and satisfies
2 = Zll o < mllzl,

with high probability over the choice of A. The sketch Ax can be maintained and decoded in
O(n~2 polylog(N)) space.
Given a vector z of size N and a number 6 > 0, an £, sampler is an algorithm that output an index
1 with probability

pi€(1£N°)




where c is arbitrary constant. The algorithm may also output Fail with probability at most §.
For any 0 < p < 2, there is a polylog size linear sketch for £,-sampler.

Proposition 2.3.13 ([JST11, CF14|). For any constant ¢ and 0 < § < 1, there is a linear sketch

for Lo-sampling with measurement size O(log® nlog1/d).

Proposition 2.3.14 ([JW21]). For any 0 < p < 2, any €,061,92 > 0 and any constant ¢ > 0, there
is a linear sketch of size O(log? N (loglog N)?log(1/81) 4 ePlog N log?(1/d2) log(1/81)) such that
given an N-dimensional vector x, with probability (1 — 1), it can recover an index i, such that the
probablity of outputting i is

|3|”

p
[

pi € (1£NT° +O(N™°)

Moreover, if the sketch does output an index i, then it also recovers a value x} such that |x;| <z} <
(1 +¢) |z, with probability 1 — 2.

Proposition 2.3.15 ([KLM™14]). For any ¢ > 0 and any constant ¢ > 0, there is a linear sketch
of size O(e~2 polylog(N)) such that given an N -dimensional vecotr x, with probability N ¢, we can

recover a vector ¥’ such that || — 2’| < € ||z|,.

Proposition 2.3.16 ([JL84]). For any 0 < 0 < 1 and any constant ¢ > 0, there is a linear sketch of
size O(6~21og N) such that given an N -dimensional vector x, with probability N, we can recover

a vector ' such that ||z'[], € (1 £0) ||z,
2.4. Graph Sparsification
2.4.1. Edge strengths and cut sparsifiers

Given a graph G, a k-strongly connected component is a maximal vertex induced subgraph whose
minimum cut size is at least k. Thus, all k-strongly connected components form a partition of the
entire vertex set. The following fact gives an equivalent way of obtaining the k-strongly connected

components.

Fact 2.4.1. Given any graph and integer k, consider a process where we iteratively remove (the
edges across) an arbitrary cut of size strictly smaller than k, until there is no such cut left. Then

the connected components in the resulting graph are the k-strongly connected components of the
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original graph.
The strength of an edge e in the graph, denoted k., is the maximum value of k£ such that a k-strong

component of G contains both endpoints of e. The weighted sum of the inverse of the strength of

every edge in a graph is at most n — 1.
Claim 2.4.2 ([BK15]). For any weighted graph G = (V, F,w) on n vertices, 3 ;cp %{ <n-—1.

Given a graph G, an (1 +¢)-cut sparsifier G’ is a subgraph of G such that any cut in G is preserved
in G’ to within a factor of (1 £ ¢). The seminal result [BK15] shows that, for any graph G, if we
&

construct a graph G’ as follows: we include each edge e in G’ with probability p. > Q(%‘;ﬁ"), and

give weight % if it gets chosen, then G’ is a (1 & ¢) cut sparsifier of G with high probability.
2.4.2. Graph matrices, leverage scores, and spectral sparsifiers

Fix an arbitrary orientation of all possible (g) edge slots of the graph. Let B € R(:)X" be the
edge-verter incidence matrix of an undirected, unweighted complete graph over n vertices. That is,
for every edge e = (u,v) oriented from u — v, there is a row b, € R" in B corresponding to e such
that the column u has value 1, the column v has value —1, and all other columns have value 0. We
also write b, as by .. For a graph G, we write Bg € R(3)*" to denote the matrix obtained from B

by zeroing out rows corresponding to absent edges in G.

Given any weighted graph G, let Wg € R(:)*(3) be the diagonal matrix whose diagonal entries
are the weights of the edges corresponding to them, i.e. (Wg)ee = we. If an edge e is not present
in the graph, then (Wg)ee = 0. The Laplacian matriz of G is given by Lg = BLWgBg =

(we/*

Bg)T(Wcl;/2Bg). Notice that for unweighted graphs, we have Lg = BLBg.
For any edge e, its leverage score T, is given by 7, = (w/webe)TLTGQ/webe) = webeTLLbe, where LE
is the Moore-Penrose pseudoinverse of the Laplacian matrix Lg.

Fact 2.4.3. The sum of the leverage scores of all edges ), Te = rank(W(l;/ng) <n-1.

R™MXn th

In general, for any matrix C € whose ™" row is denoted by ¢; € R", we define the leverage
score of the i*" row by 7; = ¢! (CTC)¢;, and we once again have Y7, 7; = rank (C).
If we view the graph G as an electrical network where each edge e has resistance 1/w, then the

effective resistance between the two vertices s, is given by rg; = bg:tLng,t. For an edge e = (s,t),
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we also define its effective resistance as r. = r,;. Thus, the leverage score 7. = were.

If we inject f units of electrical flow into a vertex s and extract 1 unit from a vertex ¢, then
fLTbs,t € R” is referred to as the set of vertex potentials induced by the electrical flow. The relation

between vertex potentials of the electrical flow is characterized by Ohm’s Law.

Fact 2.4.4 (Ohm’s Law). Let x = fLTbs,t € R”™ be the set of verter potentials when we send f
units of electrical flow from s to t. Then we have xs — xp = f(bs7tLTbs7t). Moreover, for any edge
e = (u,v) with x, > x,, the flow on this edge is in the direction of w — v and has amount exactly
We Ty — Ty).

It is also known that the vertex potentials induced by an electrical flow minimizes the total energy.

Specifically, for an arbitrary set of vertex potentials z € R™, we define its energy to be 27 Loz =

2T Lo
(Z’Tbs,t)2

Ze:(umec we (7, — 1,)?, and define its normalized energy with respect to vertices s,t to be

(i.e. the energy divided by (zs — 2¢)?). Then we have:

Fact 2.4.5. The vertex potentials induced by an electrical flow from s to t minimizes the normalized

energy with respect to s,t. That is, for any f > 0, we have

T
' Lax
fLTb ¢+ € argmin ——--,
° TER" (beS,t)2

and thus, by plugging in x = LTbsvt, the smallest normalized energy w.r.t. s,t is

min xTLgx - bsatLngLL‘bs,t — bs,tLgbs,t — 1
oek” (71bs)’ (bsT,z‘/LTGbs,t)2 (bsT,tLTGbs,t)2 bg:tLTGbs,t?

exactly 1 over the effective resistance between s,t.

Given a graph G with Laplacian matrix L, a (1+¢)-spectral sparsifier G’ is a graph with Laplacian
matrix L¢ such that for any z € R”, J:TL’GJ: € (1 +e)z”Lgz. In other words, 1—}FELG < Lo =
(14 ¢€)Lg (recall Definition 2.3.2). We also use Lg ~14c Lgr to denote the same relation between

L¢ and Ler. For two scalars a,b > 0, we also write a ~14. b to denote 197 <b < (1 +¢)a.

If we sample each edge of a graph with probability proportional to its leverage score or larger, and

reweight it accordingly, then with high probability we get a spectral sparsifier. In fact, this sampling
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process gives a good spectral approximation for any C' € R™*"

Theorem 2.4.6 (|SSlla, Trol2|). Let ¢ > 0. Given a matriz C € R™*™ let p1,...,pm € R be
such that 1 > p; > min{l, 100,62 log n} for alli € [m]. Let W € R™™ be a diagonal matriz

such that Wy; = 1/p; with probability p; and W;i = 0 otherwise. Then with high probability,
CTwe ~. cTc.

Recall that when C = W(l;/ 2B@, we have Lg = CTC. Thus if we sample each edge e with probability

Pe = Mmin {1, 1007, 2 log n} and reweight it to w,/p. if sampled, we get, by the claim above and

that >, 7 < n —1, a (1 + &)-spectral sparsifier of O(ne=?logn) edges. We could also do an

oversampling, where we sample each edge e with some probability p. > min {1, 1007.c~2 log n} and

also reweight it to we/pe if sampled, and then we get a (14 ¢)-spectral sparsifier of O(>_, p.) edges.
2.5. Capacitated Graphs and Maximum Flows

Graphs. We represent an n-vertex, m-edge undirected, capacitated graph as G = (V, E, ¢) with
V' being the vertices (nodes), E being the edges, and ¢ being the edge capacities (weights). We
also use V(G) and E(G) to denote the vertices and edges of the graph G, respectively. We will
interchangeably write the capacity of an edge e as c(e) or c.. Sometimes the same edge e appears
in two different graphs with different capacities, thus we write ¢ (e) or ¢/ to denote the weight of
e in graph H to avoid ambiguity. In Section C.5, we show how to transform a graph with arbitrary
capacities into one with polynomial aspect ratio while only reducing the maximum s-t flow by a
(1 —¢) factor, for any s,t € G and € > 0. Thus, throughout the paper we assume that graphs have
poly(n/e) aspect ratio.

We usually need to solve maximum flows by adding a source and a sink, for which we set up the

following notation.

Definition 2.5.1 (Graphs with Sources and Sinks). Given a graph H with two (not necessarily
disjoint) vertex subsets V1, Vo C V(H), and a parameter ¢, > 0 for each u € Vi, and a parameter

dy > 0 for each u € Vo, we write Hg to denote the graph obtained from H by doing the following:
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1. Add a vertex s, and connect s to each u € Vi with capacity c,;

2. Add a vertex t, and connect ¢ to each u € V5 with capacity d,,.

Congestion Approximators and Sherman’s Algorithm. Given a graph G = (V, E,¢) and a
demand vector b, let optg(b) = minys.ps—p ||C~! f||e be the optimal congestion of any flow routing

a given demand vector b in the graph G, with B being the edge-vertex incidence matrix of G.

We first define congestion approximators. Note that in this paper, we always consider congestion

approximators that are trees, which are readily plugged into Sherman’s algorithm.

Definition 2.5.2 (Congestion Approximators). Given a graph G = (V| E,¢), atree R = (Vg, ER, cr)
with V' C Vg is an a-congestion approximator of G for some « > 1 if for any demand vector b, we

have

optp(b') < optg(b) < a - optg(b),

where b’ is obtained by appending b with zeros on entries Vi \ V.

We next state the parallel version of Sherman’s algorithm. While we believe it is known that Sher-
man’s algorithm can be implemented with low depth modulo the computation of a good congestion

approzimator, we give a discussion of such an implementation in Appendix C.3 for completeness.

Theorem 2.5.3 (Sherman’s algorithm [Shel3b|, Parallel Version). There is a PRAM algorithm
that, given a graph G = (V, E,c), an a-congestion approzimator R = (Vg, Er,cr) of G, a source
s €V and a sinkt € V, and an € € (0,1), computes a (1 — €)-approzimate mazimum s-t flow as
well as a (1 4 €)-approzimate minimum s-t cut in G. The total work of the algorithm is O((|E| +

|ERr|)a?e =3 polylog(n)), and the depth of the algorithm is O(a?e~3 polylog(n)).

Contracted Subgraphs. We give the definition of contracted subgraphs below. We use X to
denote the subset of vertices that we contract, and use S = V(G) \ X to denote the remaining

vertices.

Definition 2.5.4 (Contracted Subgraphs). Given a graph G = (V| E,¢) and a subset of vertices

S C V(G), we denote by G(S) the graph obtained from G by contracting X := V' \ S into a single
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supernode ux, deleting any resulting self-loops, and keeping all resulting parallel edges.

We now define reweighted contracted subgraphs which will be useful in our new congestion approx-

imator construction.

Definition 2.5.5 (Reweighted Contracted Subgraphs). Given a graph G = (V, E,¢) and a pair
P = (S,w), where S C V(G) is a subset of vertices, and w : E(S,V(G)\ S) — (0,1] is a real-
valued reweighting function, we denote by G(P) the graph obtained from G by doing the following

operations:

1. Contract X := V'\ S into a single supernode ux, deleting any resulting self-loops, and keeping

all resulting parallel edges;
2. Scale the weight of each (parallel) edge e incident on ux by a factor of w(e).

We call ux the contracted vertexr, and refer to other vertices (a.k.a. S) in G(P) as uncontracted

vertices. We refer to the edges in G(P) that are incident on ux the boundary edges.

Subdivision Graphs and Well-Linked Edges. We recall the definition of subdivision graphs
from [RST14].

Definition 2.5.6 (Subdivision Graphs). Given a capacitated graph G = (V, E, ¢), we write G’ =
(V' E’, ") to denote the subdivision graph of G, defined as follows. To obtain G’, we split each
edge e = (u,v) in G by introducing a new split vertex (or subdivision vertex) x. and two split edges
(u,z¢) and (z¢,v), both with capacity c.. In words, we have V' = V U Xp where X is the set of

split vertices of the edges in E, E' =, (u0)eE {(u, z.), (xe,v)}, and c’(u’ze) = c’( = ¢, for every

= U:xe)

edge e € F.

For a subset of edges F' C F, we write X to denote the set of split vertices of edges in E, and cp

(or equivalently, ¢(F")) to denote the total capacity of edges in F.

Definition 2.5.7. Given G(P) and another reweighting function @ supported on the split edges of

the boundary edges of G(P) in G'(P). Then we define the graph G'(P = (P,w)) to be the graph

obtained from G'(P) by reweighting the split edges of the boundary edges by w. That is, for an

=w(e) - cgl(P).

edge e that is a split edge of a boundary edge, we have CSI(P:(P"D))

We next recall the notion of well-linked edges as used in [RST14].
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Definition 2.5.8 (Well-linked Edges). For a capacitated graph G = (V, E, ¢), aset F' C E of edges
of total capacity cp is called B-well-linked for some 3 € (0, 1] if there is a feasible multicommodity
flow in the subdivision graph G’ that sends (Bcecy/cp) units of flow from z. to x; for all pairs

e, f € F simultaneously.
Any subset of well-linked edges are also well-linked.

Proposition 2.5.9. If set F C E of edges is B-well-linked in G = (V, E, ¢), then any subset F' C F
of F' is B-well-linked.

Proof. Given a product demand on F’, we can first let each edge distribute its demands uniformly
to all edges in F' with each edge getting flow proportional to its capacity. This can be done with
congestion 1/ since edges in F are -well-linked. Then for each demand between two vertices s, t
in F/, we can compose the routings which distributed the flow from s and ¢ to F. The proposition

thus follows. O

2.6. PRAM Primitives

We state a few basic PRAM primitives, whose implementation is discussed in Appendix C.1 for

completeness.
Proposition 2.6.1 (Prefix Sums [Akl97]|). There is a PRAM algorithm that, given a list of values
ai,...,an, computes all prefiv sums ) ;. a;’s. The algorithm has O(n) total work and O(logn)

depth.

Proposition 2.6.2 (Subtree Sums). There is a PRAM algorithm that given tree T = (Vp, Ep,wr)
where wr : Vp — R is a vertex weight function, a vertex r € Vp, computes all subtree sums of the

weight function wr with the v being the root of tree. The algorithm has total work O(|E|) and total
depth O(log | E7|).

2.7. Similarity Graphs and Hierarchical Clustering

We use the notation G = (V, E) to represent unweighted similarity graphs (where all present
similarity information are the same), and G = (V, E, w) for weighted similarity graphs (where higher

weights denote higher similarity). We use lowercase letters u, v to refer to vertices (data points) in
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V', and given a vertex v, we use dg(v) to refer to its degree in graph G. We use capital letters S, T
to represent subsets of vertices, and given a vertex set S C V', we use |S| to refer to its cardinality,
S :=V'\ S to refer to its complement, and G[S] to refer to the subgraph of G induced by vertex set
S. Furthermore, given two disjoint vertex sets S, T, we use wg(S,T) := 3 _(, ) e Buesver W(u, V) t0
represent the total weight of the edges in graph G with one endpoint in S and the other in 7. In
the case of an unweighted graph, this is equivalent to the number of edges going from S to T'. For
ease of notation, we use wg(S) := wg(S,S), and when the implied graph is clear from context, w,

to refer to the weight of an edge e € E in that graph.

Given a graph G = (V, E), we use T to refer to a hierarchical clustering (tree) of the vertex set
V', and costg(7) to refer to the cost of this clustering in graph G. Without loss of generality, we
restrict our attention to just full binary hierarchical clustering trees, since the optimal tree is binary
[Das16|. Any internal node S of a hierarchical clustering tree corresponds to a binary split (Sg, S;)
(the left and right children of S in 7)) of the set of leaves in the subtree rooted at S. With some
overload of notation, we let S represent both, the internal node of the clustering tree as well as the
set of leaves S C V' in the subtree rooted at internal node S. Furthermore, since (the leaves in the
subtree rooted at) an internal node S can correspond to an arbitrary subset of V', we use the term
split to refer to a partition (Sp, Sy) of S to disambiguate it from cuts, which are a partition of the
entire vertex set V.

Recall that ¢ is used to denote the approximation ratio of any desired offline algorithm for hier-
archical clustering. For example, if allowed unbounded computation time, we have ¢ = 1; given
polynomial time, the current best algorithm [CC17] gives ¢ = O(y/logn). We assume this ab-
straction as any improvement in the approximation ratio here automatically implies an identical
improvement in our upper bounds.

We conclude the preliminaries by presenting two useful facts from [Das16]; the first is an equivalent
reformulation of the similarity based hierarchical clustering cost function defined earlier in the

introduction, and the second is the cost of any hierarchical clustering in an unweighted clique.

Fact 2.7.1. The hierarchical clustering cost of any tree T with each internal node S corresponding
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to a binary split (S, Sy) of the subset S C V' of vertices is equivalent to the sum

costa(T) = > S| - we (S, Sr) -
splits S—(S¢,Sr) in T

Fact 2.7.2. The cost of any hierarchical clustering in an unweighted n-vertex clique is (n® —n)/3.
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CHAPTER 3

AN IMPROVED MAXIMUM MATCHING ALGORITHM IN THE STREAMING
MODEL

In this chapter, we present our improved maximum matching algorithm in the streaming model.
The results from this chapter are based on my work [ABKL23| joint with Assadi, Behnezhad, and

Khanna.

We start by giving a technical overview of the main ideas of our algorithm in Section 3.1. Then in
Section 3.2 we introduce a new construction of a matching sparsifier that we call matching cover,
which is a sparse subgraph that approximately preserves the size of every matching in the original
graph. Finally, leveraging this new matching cover construction, we present our improved streaming

algorithm for the maximum matching problem in Section 3.3.

3.1. Overview of the Algorithm

The key behind our improved maximum matching algorithm in the streaming model is a new con-

struction of a matching sparsifier. Therefore, we start by introducing the notion of such sparsifiers.

Matching sparsifiers, which loosely speaking, are sparse subgraphs that approximately preserve the
maximum matching have long been known to be an important tool for (variants of) streaming algo-
rithms. Some prominent examples include edge-degree constrained subgraphs (EDCS) [BS15, BS16]
and its generalizations [AB19, BK22|, kernels [BHN16, BHI18, ACC*18, BDL21|, and matching
skeletons [GKK12|. One of our main contributions, and the key to Result 1, is a new matching

sparsifier based on Szemerédi’s Regularity Lemma.

Our matching sparsifier, more strongly, is a matching cover—a la [GKK12]—which not only preserves
an approximate mazimum matching of the graph, but rather “covers” smaller matchings of it as well.
Let us formalize this. For a given graph G, we write p(G) to denote the maximum matching size of
G, and write G[A, B] to denote the bipartite subgraph of G between some disjoint vertex subsets
A, B. We say a subgraph H of G is an a-matching cover for a € (0, 1) if for any disjoint subsets of
vertices (A, B) in G, u(H[A, B]) > u(G[A, B]) —a-n. That is, H preserves the largest matching in
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the induced bipartite subgraph G|[A, B] to within an additive a-n factor. While from an information
theoretic perspective, ezistence of an o(n?)-edge o(1)-matching cover for bipartite graphs was proved
in the original paper of [GKK12], it was not known up until now whether one can find such matching

covers efficiently, say in polynomial time.

In this paper, we prove that there is an O(nw )-time® offline algorithm that computes an o(n?)-
edge o(1)-matching cover of any n-vertex graph (not necessarily bipartite). Our algorithm builds
on Szemerédi’s Regularity Lemma (and its algorithmic version due to [ADLT92]). We first explain
how our offline algorithm for obtaining a matching cover works, and then outline its use in obtaining

improved streaming algorithms.
3.1.1. Matching Covers via Regularity Lemma

Roughly speaking, Szemerédi’s regularity lemma [Sze75| says that the vertices of any graph can be
partitioned into a small irregular part Cy with |Cy| = o(n), plus k other equal-size parts Cy, ..., Cy
for some k € [w(1),logn]. The latter k parts have the property that all but o(1)-fraction of the
C;,Cj pairs are reqular: for any pair of subsets X C C;,Y C C; with large enough size, the edge
density between X, Y is similar to that of Cj, C;j. Therefore, if the edges between Cj, C; are dense

to start with, the density will also be high between every large enough X C C;,Y C Cj; pair.

It is not difficult to see that by regularity, any large matching between a dense regular pair Cj, C;
can be mostly preserved if we subsample edges between them at a sufficiently high rate p = o(1). In
particular, the subsampled graph will be a matching cover of the graph induced by edges between
the regular pair C;, Cj. This suggests a natural strategy for building an o(1)-matching cover with
o(n?) edges: subsample the edges between dense regular C;, C; pairs at rate p = o(1) and take all

other edges. We would like to show that this is an a-matching cover for some a = o(1).

This idea runs into the following problem. Suppose we have an (an)-size matching M whose edges
are evenly distributed across all (g) pairs of Cj, C;, then the number of edges of M between each
C;,C; pair is only O(a - n/k?). This means that only an O(a/k) fraction of vertices in Cj, C; are

matched to each other — this is unfortunately way too small to invoke the regularity property.

SHere and throughout, w = 2.37286 is the matrix multiplication exponent with current best bounds achieved
by [AW21].
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We get around this issue by first focusing on solving an a-hitting set problem: find one edge between
endpoints of any (an)-size matching — we will show later on using a similar argument as in [GKK12]
that this is sufficient for obtaining an a-matching cover. Now to fix our problem about an (an)-size
matching whose edges are distributed across many pairs, we present a strategy for consolidating the
support of a matching over different pairs. This consolidation argument shows that whenever there
is a large matching M between dense regular C;, C; pairs, there must also exist another (almost as)
large matching M’ that is supported on the same set of vertices V(M) but only uses edges between a
small number of such Cj, C; pairs. As aresult, there must exist one pair of C;, C; where a substantial
fraction of vertices are matched to each other, to which we are now able to apply regularity to prove
the existence of an edge between them in the subsampled graph (which solves our «a-hitting set
problem). At a high level, our argument for consolidating the support of the matching is proved by
(7) viewing the matching M as a fractional matching in a meta graph obtained by contracting each
C; into a supernode; and (i) rounding the fractional matching by an edge sampling process.

All in all, using the algorithm of [ADLT92| for finding the regularity lemma partition in 5(71“’)
time, and a direct sampling algorithm between dense regular pairs, this step gives us an 5(n‘”)

time and 6(n) space algorithm for finding an a-matching cover of size n?/(log* n)?™M) for some

o = 1/(log* n)?M),
3.1.2. Applications of Matching Cover to the Streaming Setting

Our streaming algorithm in Result 1 is based on using matching covers as a natural sparsifier for
matchings. The algorithm works through a series of buffers of edges Bi, Bs,...,. The first buffer
B reads the edges from the input until it gets “full”, i.e., receives some o(n?) edges (which is some
constant factor larger than the size of our matching cover). At that point we compute a matching
cover of the edges in the buffer using an offline /non-streaming algorithm and send its edges to the
buffer Bs; then, we “restart” B; by emptying all its current edges and letting it collect more edges
from the stream. The same approach is repeated across all other buffers as well. The number of
these buffers can be bounded as only a constant fraction of edges in one buffer can make their
way to the next one, eventually reaching a buffer that never gets full. This also implies that fewer

edges will be be further “sparsified” in each matching cover, thus the error occurred due to the
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approximation guarantee of the matching cover does not get amplified “too much”. Thus, using this
algorithm along with our matching cover algorithm for regularity lemma, leads to an o(n?)-space

(1 — o(1))-approximation algorithm for single-pass streaming matchings.

One key step in making the above algorithms work is to store the o(n?) edges they have in the
buffers more efficiently than spending ©(logn) bits per each (which is prohibitive for us given the
extremely small improvement in the space the algorithms get over the trivial O(n?) bound). This
is done by storing the edges via the succinct dynamic dictionary of [RR03| (see Section 2.2.3) and

then performing all the computation in this compressed space instead.
3.2. A Matching Cover via Regularity Lemma

In this section, we give a polynomial time algorithm for constructing an matching cover of size
o(n?). We will use the algorithm of this section in the streaming model.

Let us start by formally defining matching covers.

Definition 3.2.1 (|[GKK12|). A subgraph H of an n-vertex graph G is an a-matching cover of G
if for any disjoint subsets of vertices (A, B) in G, we have u(H|[A, B]) > u(G[A, B]) — a - n.

The following theorem is our main result of this section.

Theorem 3.2.2. Given any n-vertex graph G, for some a = (log* n)~*Y) | there is an O(n* logn)
time algorithm, formalized below as Algorithm 3.2.1, for finding an a-matching cover H of G with
at most n?/(log* n)*Y) edges.

Even though existence of o(n?) size o(1)-matching covers for bipartite graphs was already proved
by |[GKK12|, it was not known whether it is possible to find one in polynomial time (nor whether
they also exist for general, not necessarily bipartite, graphs).

3.2.1. First Step: A Hitting Set Argument

In this section, we give an algorithm for finding an «a-hitting set, defined below. We later show in

Section 3.2.2 that this can be turned into a matching cover.

Definition 3.2.3. A subgraph H of an n-vertex graph G is an a-hitting set of G if for any disjoint

subsets of vertices (A4, B) in G satisfying |A| = |B| = an and u(G[A, B]) = an, there is at least one

38



edge between A and B in H.
The following lemma is our main guarantee of this section.

Lemma 3.2.4. Given any n-vertex graph G, for some a = (log*n)~%W) | there is an O(n® logn)
time algorithm, formalized below as Algorithm 3.2.1, for finding an a-hitting set H of G with at

most n?/(log* n)*M) edges.

Proposition 2.2.3 below formalizes our algorithm for Lemma 3.2.4.

Algorithm 3.2.1. The construction of the matching cover for Theorem 3.2.2.

Let t < (log*n)®, v + (log* n)~° for some constant § € (0, 1) such that Q(t,1/v) < logn.
(i) Run the algorithm in Proposition 2.2.3 to obtain a 7-regular partition Cy, ..., Cy with ¢t =
(log"n)° < k < Q(t,1/7) < logn.
(i) Let (C;,Cy) for @ # j. We say (C;,Cy) is good if (i) i,j # 0, (ii) it is y-regular, and (iii)
d(C;, Cj) = 8&y. Otherwise, we say (Cj, Cj) is bad.
(iii) Let F' C E be a subset of edges obtained by F := F; U Fy U F3 where
(a) Fy contains the edges between the bad pairs; i.e. Fy := ], .4 e, EN(Ci X Cj).

(b) F» contains the edges within each class; i.e. Fy:=Jyc;cp £ N (Ci X Cj).

10 .
logn?

(c) Fj3 is obtained by sampling the edges between good pairs with probability p :=

ie. B3 = Ugood cp.0; (BN (Ci x Cy))[p)-
(iv) Return F.

It is not hard to see that Algorithm 3.2.1 outputs a subgraph with O(yn?) = o(n?) edges, since
essentially the dense parts of the decomposition are subsampled and there are ‘few’ other edges in

the graph. The following claim formalizes this.

Claim 3.2.5. The output F of Algorithm 3.2.1, w.h.p., has at most O(yn?) edges.

Proof. Let us first count the number of edges in F; and F;. We do so by counting the number of

different types of bad edges separately.
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1. Edges within each class: The total number is bounded by

<|CO|> + Z <‘C ) <7n) + k(nék> <y*n? +n?/k < 4*n* +n’(log"n)~°.

2. Edges between Cy and other C;’s: The total number is bounded by
k
> 1ColICil < [Coln <
i=1

3. Edges between irregular or sparse (i.e. density < 8y) C;,C;’s: The total number is

bounded by

1O [T SR - CR=S

1<i<j<k:d(C;,C5) <8y

Summing up these and noting that v = (log*n)? implies that |Fy| + |F| < O(yn?).

Moreover, since Fj includes each good edge independently with probability p = 10/logn, a simple

Chernoff bound implies that w.h.p. |F3| < O(n?/logn) < yn?, completing the proof. O]

The harder part of the proof, is to show that the sparse subgraph returned by Algorithm 3.2.1 is

indeed a matching cover. We continue with the following claim.

Claim 3.2.6. W.h.p., it holds for all X C C;,Y C Cj such that (C;,C;) a good pair, | X| > v|Cjl,

and |Y| = v|Cj| that |F5(X,Y)| > n?/log®n.
Proof. Take a good pair (C;,C;) and subsets X C C;,Y C Cj satisfying | X| > ~|Cyl, [Y] = ~|Cj|.

Since Cj, C; is good, we know that d(C;,C;) > 8y and so d(X,Y) > d(C;,C;) — v = Ty by the

guarantee of the regularity lemma for good pairs. Thus, the number of edges between X,Y in F is
|E(X,Y)| 2 d(X,Y)|X[[Y] = Ty X]) (VY ]) = 793 (n/k)* = T(log"n) ™ (n/logn)? > Tn*/log” n.
Since in obtaining F' we sample edges between C;, C; with probability p = 10/logn, we get that

E|F(X,Y)| = p|E(X,Y)| > ™?/log® n.
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Defining 6 := 1/6n/E|F(X,Y)| and applying the Chernoff bound, we get that

2
Pﬂu%XJU|<(15ﬂﬂF@&}UH<exp<5IMFS&YU»«<e4¢

Using the lower bound 7n2/log® n for E|F(X,Y)| and noting that ¢ is much smaller than, say, 1/2

precisely because of this lower bound, we get that

2

Pr [|F(X,Y)| < —= ]<e“.
log®n

Since the total choices of C;, C; and subsets X,Y is less than log?n x 2" x 2" < e, by a union
bound we get that |F(X,Y)| > n?/log®n for all X and Y and all C; and C; with probability at

least 1 — G > 1— 27", O

Remark 3.2.7. For the purpose of this section, we will only use |F35(X,Y)| > 0 instead of the
much larger lower bound of Claim 3.2.6 for this set. We note that for the weaker guarantee of
|F3(X,Y)| > 0, it suffices to only sample 6(11) edges in Algorithm 3.2.1 instead of O(n?/logn).
Nonetheless, reducing the size of F3 will not result in a sparser matching cover because Iy and Fy

will already be in the order of n?/(log* n)®W.

Next, we prove the following lemma on consolidating the support of an arbitrary fractional matching

so that each non-zero variable takes a sufficiently large value.

Lemma 3.2.8. Let x be any fractional matching (not necessarily in the matching polytope). For

any € € (0,1], there is a fractional matching'y such that all the following hold:

1. For any vertex v, y, < T, where here y, := Zeau Ye and T, = Zeau Te.

2. supp(y) C supp(x). That is, if ye > 0 for some edge e, then x. > 0.
3. For any edge e, either y. =0 or ye = ﬁ?ﬂs)
4. y| = |x| — 2en, where here |y| := >, ye and |x| :== ) ..
Proof. Let B = 61n(1/¢)/e3; assume for ease of exposition that 3 is an integer. For every edge

e € E and every i € [3], draw a Bernoulli random variable b, that is 1 with probability z.. Now
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for any edge e we define z, := 7! ZB bi, that is, 2. is the fraction of the 3 trials b, ..., bg that

i=1"e’

succeed. Moreover, for every vertex v we let z, := > __ z., and construct y as follows:

esv

Ye = 1[zp < (1 +€)xy and 2z, < (1 + &)y - 2e/(1 +€) for any edge e. (3.1)

First, observe that if z, > (1+¢)x, for a vertex v, then y, = 0 by construction. Otherwise, we have
Yo < zp/(1+¢€) < (1+¢€)xy /(1 +€) = . This proves the first property and also the fact that y is

a fractional matching.

Second, note that if . = 0, then z. = 0 and so y. = 0. This immediately implies that any edge in
the support of y must also belong to the support of x, proving the second property.

Third, observe from the definition of z. that either z. = 0 or 2, > 87! = 3/61In(1/¢). This implies
that either y. = 0 or y. > 3/61n(1/e)(1 +¢) > €3/121n(1/¢), proving the third property.

We now turn to the fourth property. Take a vertex v. In the event that z, > (1 + ¢)x,, we charge

all of z, to v. That is, we define the charge ¢(v) to be z, if z, > (1 4 ¢)x, and ¢(v) = 0 otherwise.

We get that

Ely| = 5 S Bl > gy S (Bla — 60)]) > (1= 2)ix| =3 S El6(). (32

where the latter inequality follows from ) E[z,] = Y =, = 2|x|. Next, we show that E[¢(v)] < 2¢
for any vertex v. Observe that since E[¢p(v)] < E[z,] = z,, we are done if x,, < 2¢. So let us assume

that x, > 2. We have

E[¢p(v)] = Prlz, = (1 +¢)xy] - B2y | 20 = (1 4 )]
< Ezy] — Prl|zy — x| < exy] - Elzy | |20 — 20| < 2]

<y — Prflzy — x| < exy] - (1 —e)zy. (3.3)

Now observe that z,5 is a sum of deg(v) - 8 independent (but not i.i.d.) Bernoulli random variables

(one for each of the f trials of each edge of v) with expected value E[z,3] = z,8. Hence, by the
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Chernoff bound

€2$yﬁ> x>2¢,=61n(1/¢)/e3

Pr[|zy8 — x| = ez 8] < 2exp ( 3 < 2exp (—41n(1/¢)) < 2.

Dividing through by 3, this means that Pr[|z, — x,| > ez,] < 2¢* and as a result Pr||z, — z,| <

ex,] = 1 — 2¢*. Plugging this into Eq. (3.3), we get that
E[p(v)] <z, — (1 —2eY(1 — &)z, < 2%z, + ¢ < 26z, < 26
Plugging E[¢(v)] < 2¢ back into Eq. (3.2), implies that
Ely| > (1 —¢)|x| —en > |x| — 2en.

Finally, observe from our earlier discussion that the first three properties all hold with probability
1. The only place where we use the randomization of the construction of y is for the fourth property
where we showed Ely| > |x| — 2e. This suffices for our purpose, since there must exist an outcome

of y with size as large as its expectation, while satisfying the other properties. O

We are now ready to prove that Algorithm 3.2.1 returns a o(1)-matching-cover w.h.p.
Lemma 3.2.9. The output of Algorithm 8.2.1 is, with high probability, an «-hitting set of G for

o = ©((7log(1/7))'/%) = (1og" n) .
Proof. We show that if the event of Claim 3.2.6 holds—which was shown to hold w.h.p. in the

claim—then the output of Algorithm 3.2.1 is indeed an a-hitting set.

Let A and B be some arbitrary disjoint subsets of V' such that |A| = |B| = an and let M be a
perfect matching of size an between A and B in G. We have to show that there is at least one
edge that goes from A to B in H. Observe that if there is any edge e € M that goes across a bad
pair C;, C; or if both endpoints of e are in the same class Cj, then this edge e will be our desired
edge since Algorithm 3.2.1 will add e to F. So let us assume that every edge in M belongs to a
good pair. Note that if we find a good pair C;, C;j where at least v|C;| = v|C;| edges of M go from

C; to C}, then we can immediately apply Claim 3.2.6 to get that there is one edge connecting two
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endpoints of matching M in F'. Unfortunately, such a pair may not always exist. Note that since
there are k classes, each of the ©(k?) pairs might include only ©(|M|/k?) = O((vylog(1/7)Y3n/k?)
edges of M. This could be much smaller than |C;| which may be of size Q(yn/k). Additionally,
we have to ensure that the edge that we find goes from A to B, and that it does not connect A to

A or B to B. To achieve all of this, we give a more delicate argument that uses Lemma 3.2.8.

First, let us slightly modify the matching M. Call a cluster C; A-majority if

IC;N V(M) N Al > .75|C; 0V (M),

and similarly B-majority if

|IC; NV (M) N B| > .75|C; NV (M)|.

We construct a sub-matching M’ of M by removing any edge (u,v),u € A,v € B from it where u is
in a B-majority cluster or v is in an A-majority cluster. Any cluster C; causes removal of at most
.25 fraction of its matched vertices in M, hence the total number of removed vertices from M is at
most .25|V(M)|. Each such removed vertex may remove a unique edge in M. Thus, in total, the

obtained matched M’ has size at least

\M'| > |M]| — 25|V (M)| = |M| — 5|M]| = |M|/2 = an/2. (3.4)

Now for any 4,j € [k] let z;; denote the fraction of the vertices of C; that are matched to C; in
M'. Note that z;; = zj; since the classes C1,...,C) all have equal sizes. Observe also that x is
a fractional matching of a complete graph on k vertices: For any i € [k], x; := Zj x;; equals the
fraction of the vertices of C; that are matched by M’, and so 0 < x; < 1. Additionally, fractional

matching x satisfies the following:

(X1) If &i; # 0, then (Cj, Cj) is a good pair. This follows from our earlier assumption that all edges

of M’ belong to good pairs.
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(X2) |x| = ak/2. This holds because

|IM' N (C; x Cy)
X| = l‘,i- = =
| | Z J Z ]C|

i1,j€[K] i,j€[K]

1
e 2 Mk ol =

i,j€[k]

Now we apply Lemma 3.2.8 on fractional matching x, for a parameter € such that #(31/5) = 4

which means & = ©((ylog(1/7))"/?). This results in a fractional matching y such that
(Y1) For any i € [k], yi < ;.

(Y2) supp(y) € supp(x).
(Y3) For any i,j € [k] either y;; = 0 or y;; > 4,
(Y4) |yl > [x[ — k.
Choosing the constant in the definition of « to be large enough such that a/2 > ¢, we get from (X2)
and (Y4) that |y| > 0. Hence, there must exist some y;; # 0. This by (Y2) implies that x;; # 0
and so (Cj, Cj) must be a good pair. Additionally, y;; # 0 implies by (Y3) that y;,y; > yi; > 4y
which by (Y1) also implies z;,2; > 4. From all of this, we get that there must be a good pair
(C4, C;) such that at least 4+ fraction of each of C; and C; is matched by M’, and there is an edge
(u,v) € M’ that goes from u € C; to v € C;. Let us assume w.l.o.g. that u € A, v € B (as we have
not distinguished Cj, C; in any other way up to now). Our next claim is that
(Z1) There are subsets X C C; N A, Y C Cj N B such that | X| > ~|Ci|, Y| = v|Cj].
First, since C; has a vertex in A that is matched in M’, then it cannot be B-majority. Hence,
IC;NV(M)NA| > |CiNnV(M)|/4 = |C;NV(M)|/4 = -44|C;|/4 = ~|C;|, where the third
inequality follows from our earlier discussion that at least 4+ fraction of vertices in C; are
matched by M’. Similarly, since C; has a vertex in B that is matched in M’, it cannot be
A-majority and thus |C;NV (M)NB| > |C;NV (M)|/4 > |C;NV(M)|/4 = -4v|Cj| /4 = ~|C).
Now applying Claim 3.2.6 on these subsets X and Y of C; and Cj in (Z1), proves that subsample

F must include at least one edge between them, and so F' is an a-hitting set. O
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3.2.2. Second Step: From Hitting Set to Matching Cover

We now prove that any subgraph satisfying the hitting set requirement (Definition 3.2.3) is also a
matching cover (Definition 3.2.1). This will follow from Hall’s theorem (Proposition 2.2.2), and the

proof similar to that of Lemma 9.3 in [GKK12|.

Lemma 3.2.10 (From Hitting Set to Matching Cover). Let G = (V, E) be any graph that is not
necessarily bipartite. Then any subgraph H of G that is an a-hitting set is also an a-matching cover

of G.

Proof. Let H be a subgraph of G that is an a-hitting set. Consider any disjoint subsets A, B C V
with a maximum matching size of ug(A, B) in G. Let P C A, @ C B be subsets with |P| = |Q| =
uc (A, B) such that there exists a perfect matching M* from P to ). We show that there must
exist a matching from P to @ in H of size |P| — an, i.e. ug(P,Q) > |P| — an.

Suppose for the sake of contradiction that pg(P,Q) < |P| — an. Then by applying the extended
Hall’s theorem (Proposition 2.2.2) to the bipartite subgraph of H induced by the bipartition (P, Q),
there exists P’ C P such that |P'| — |[Ng(P') N Q| > an. Now consider the edges of M* that are
incident on P’ but not incident on Ny (P’), which themselves form a matching (call it M**) of size
> an. Now by the fact that H is an a-hitting set of GG, there must be an edge in H connecting
V(M*)NP to V(M**)NQ. On the other hand, by the definition of M**, we have (V(M**)NP) C P’
but V(M**) N Ny (P') = 0, leading to a contradiction. O

We are now ready to prove Theorem 3.2.2.

Proof of Theorem 3.2.2. The output of Algorithm 3.2.1 being an o(1)-hitting set was proved in
Lemma 3.2.9. By Lemma 3.2.10, the output subgraph is an o(1)-matching cover. This matching

81 edges was proved in Claim 3.2.5. Finally, the running

cover having at most O(yn?) = n?/(log* n)
time follows from the algorithm of Proposition 2.2.3 for finding the regularity decomposition, and

the fact that Q(¢,1/v) < logn in Algorithm 3.2.1. O
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3.3. A Single-Pass Streaming Algorithm

We prove Result 1 in this section. Our algorithm relies on using matching covers iteratively. We
first present and prove a generic result that uses matching covers in a black-box way to obtain a

streaming algorithm for finding matching covers and then extend it to obtain for Result 1.
3.3.1. A Streaming Algorithm for Matching Covers

We present an algorithm that computes the matching cover of a graph presented in a stream by
iteratively computing matching covers of smaller subsets of the stream without losing “much” on
the quality of the final matching cover. For technical reasons that will become clear later, we need

this algorithm to work for multi-graphs as well.

Proposition 3.3.1. For any integer k > 1 and any o € (0,1/10), there exists a single-pass stream-
ing algorithm that computes an a-matching cover of n-vertex multi-graphs with at most m edges in

space
2

0" 1og <”ka> + MC(n, a/2k) - log (W) Jogh):

here, we assume we are given a subroutine matching-cover that given adjacency matriz access to

any n-vertex graph with m/k edges, can compute an («/2k)-matching cover with MC(n, a/2k) <
m/2k edges in O((m/k)-log (n? - k/m)) space. The streaming algorithm requires calling the subrou-
tine matching-cover O(k) times and is deterministic as long as the matching-cover subroutine is

deterministic.

The algorithm in Proposition 3.3.1 is based on a novel use and modification of the widely used
“Merge and Reduce” technique in the streaming literature (used previously e.g., for quantile esti-
mation [MRL99, KLL16| or cut/spectral sparsifiers [McG14]). We give a high level overview of the

algorithm here and present the formal description in Algorithm 3.3.1.

The algorithm maintains ¢ := O(log k) different buffers By, ..., B; of edges throughout the stream
(all these buffers store their edges using the succinct dynamic dictionary of Proposition 2.2.6 to save
space). Buffer By simply starts reading edges from the stream until it collects m/k edges; it will

then use the (offline) subroutine matching-cover over these edges with parameter o/ = a/2k to
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obtain an o/-matching cover of the subgraph of input on edges in By. Edges of this matching cover
are then inserted to buffer By and we empty buffer By, which will continue reading edges from the
stream again. In the mean time, whenever buffer By gets “full”, this time meaning that it receives
twice as many edges as MC(n, /), we compute another o/-matching cover using matching-cover,
this time over the edges in Bs, pass them to buffer B3, and empty Bs which continues receiving
edges from buffer By. This process is done the same way across all buffers until all edges of the
stream have passed (we prove buffer B; never gets full so not having a buffer By, is not a problem).
At the end, we argue that the edges that are remained across all buffers By, ..., B; at the end of

the stream form an a-matching cover of the input.

The analysis of the algorithm involves showing that: (i) fewer and fewer edges find their way
to higher-indexed buffers, (i7) the repeated application of matching-cover does not blow up the
approximation guarantee by too much, and (i77) all this can be implemented in a relatively small

space. We now present the formal algorithm and its analysis.

Algorithm 3.3.1. An algorithm for Proposition 3.3.1.

Input: A multi-graph G = (V, E) in the stream with n edges and at most m edges. We are also
given integer k > 1 and approximation parameter o > 0, and access to the (offline) subroutine
matching-cover as specified in Proposition 3.3.1.

Output: An a-matching cover of G.
Parameters: We set t := (logk + 2) and o/ := a/2k.

(i) Maintain the following buffers of edges Bj,...,B; using succinct dynamic dictionary
of Proposition 2.2.6 (we specify the details in Lemma 3.3.2):
(a) Buffer B;: add any arriving edge (u,v) arrives in the stream to Bj. Once size of
By reaches m/k, run matching-cover to find an o/-matching-cover of the subgraph
(V, By) of G and add all those edges to Bs. Restart B; by deleting all its current edges.
(b) Buffers B; for i > 1: once size of B; reaches 2-MC(n, '), run matching-cover to find
an o/-matching-cover of the subgraph (V, B;) of G and add all those edges to B;+1®
Restart B; by deleting all its current edges.
(7i) Return (ByU...U By) at the end of the stream.

“We will show in Claim 3.3.3 that this step never happens for buffer B, namely, it never gets “full”, and thus
the algorithm is well-defined even though there is no buffer Bii1.

We start by analyzing the space complexity of Algorithm 3.3.1.
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Lemma 3.3.2. Algorithm 3.3.1 can be implemented in space of

0 <7: log (”;k> +t-MC(n, o) - log <|v|cgja/)>> .

Proof. At any point in the algorithm, B; contains s1 = O(m/k) edges and each B; for i > 1 contains

si = O(MC(n, a’)) edges. We can maintain each buffer B; for i € [t] using a dedicated data structure

D; of Proposition 2.2.6 for the parameter s; over the universe of all pairs of vertices:

e To add any edge (u,v) to a buffer B;, we first check if (u,v) belongs to B; via D;. member(u,v),

and if not use D;. insert(u,v) to add the edge to B;.
e To delete all edges from B;, we simply erase D; and start it from scratch.

e D, now gives us an adjacency matrix access to the subgraph (V, B;) by D;.member(u,v) for
finding if (u,v) is an edge in the subgraph.
Notice that even though G can be a multi-graph, each individual (V, B;) is a simple graph.

By Proposition 2.2.6, the space needed for storing D; and each D; for i > 1 is, respectively,

(ot g (1)) = 0 -1og (“E)).

n2
(1+0(1))-log (MC(n o/)) = O(MC(n,a’) - log (

2

MC(n,o/)))'

Given there are t — 1 buckets of the latter type, this bounds the space needed to store all the buffers

in the algorithm as required in the lemma statement.

Finally, to implement each run of the subroutine matching-cover, since we have stored D; for the
buffer B;, we can provide an adjacency matrix access to B; for matching-cover (as required by
the Proposition 3.3.1 statement), by simply checking D;.member(u,v) for any query (u,v) to the
adjacency matrix. As matching-cover is promised to use O((m/k) -log (n? - k/m)) space with this

access, we get that the final bound on the space complexity of Algorithm 3.3.1. O

We now prove the correctness of Algorithm 3.3.1. To do so, we need the following definitions:

o Let Hi,...,H ,11 denote the k; separate matching covers constructed by the algorithm over

49



the edges of buffer By, one for each time that we restart B;. Let G? := Hl1 U...u H,%l denote
the graph that is sent to buffer By throughout the algorithm (for notational convenience, we
also define G' = G as the input graph, namely, the graph that is sent to buffer B!).

e For any i € [2 : t — 1], similarly, let H?,... ,Hlii denote the k; separate matching covers
constructed by the algorithm over the edges of buffer B;. Let G'™! := Hi U...U H}ﬂ denote

the graph that is sent to buffer B;;; throughout the algorithm.
We prove that the number of subgraphs at buffer B; drops by a factor of 2! compared to Bj.

Claim 3.3.3. For anyi € [t — 1], k; < k/2°"1 and k; = 0 meaning that bucket By never generates

a matching cover (namely, it never gets full).

Proof. We prove k; < k/2°~! inductively. For the base case, since we restart buffer By after each
m/k edges in the stream and there are at most m edges in the stream, we have k; < k. For i > 1,
the algorithm creates an o/-matching-cover HJ’ whenever bucket B; gets full, which happens only
when it collects 2- MC(n, ') edges. Moreover, the total number of edges ever sent to the bucket B;

is |E(G%)| by the definition of the subgraph G?. Thus,

1

ki < 5 MC(n ) | E(GY)] (as k; is equal to the number of times B; gets full)
1 k‘271
< 3 MC(n, o) : ]Zl |E(H;_1)| (as G' is a union of k;_; matching-covers H;_l)

1

< 5 ki1 - MC(n, o
2-MC(n,a/) ki1 - MC(n, )

(by the guarantee of matching-cover, |E(HJZ*1)| < MC(n, )

where the last step is by the induction hypothesis for ¢ — 1. This proves the first part of the claim.

We now have that k1 < l{:/2t_2 = k:/QIng = 1. Thus, only one matching-cover is ever sent to B;

and so By receives at most MC(n, o’) edges and never gets full. O

The following lemma captures the loss on the size of maximum matching that the algorithm main-

tains from one buffer to the next one. In other words, the cost we have to pay for introduction of
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each level of buffers.

Lemma 3.3.4. For any i € [t — 1] and any disjoint subsets of vertices X, Y C 'V,
i ((Gi+1 uB{u...uB{)[X,Y])) > ((GiuB;‘_1 u...uB{)[X,Y]) — ko n.

where ij for j € [t] is the final content of the buffer at the end of the stream.

Proof. Fix any i € [t—1] and a maximum matching M;* of (G"UBf_1 U.. .UB{)[X, Y']. We construct
a matching M;,; in (G**1 U Bif U...J B{)[X, Y] such that [M;y1]| > |M;| —k;-6-n. This will then
immediately implies the lemma. To continue we need some more definition.

For any H} for j € [ki], let B} denote the content of buffer B; when the algorithm creates H}. This
way, H]Z is a matching-cover of (V, Bj’) Moreover, Bi, el B,ii together with Bif partition all the
edges that are ever sent to buffer B;, namely, the graph G*. These edges are also further disjoint
from B/

LT ,B{ since the latter set of edges were never sent to buffer B;. We can partition the

edges of M between these sets and along the way define our matching M; 1 as well:

o For any j € [ki], let M, := M; N B} and M;; be the maximum matching in H} between
X(M};) and Y (M)
o For any ¢ € [i], let M/ := M N B and M} := M}/ which is between X (M), Y (M),
o Define My = M} U UM, UM/ U-- UM/,
We note that M;;; is a matching between X and Y because the sets of vertices X(Mifj) and
X(Mf;) for j € [ki], as well as X(M;’f) and Y(M;’f) for ¢/ € [i] are all disjoint given they are
defined with respect to a fixed matching M;" over disjoint sets of edges. Moreover, M; 1 belongs to

(G U Bif U...uU B{)[X, Y] as HJZ is part of G**! for j € [k;]. It thus only remains to bound the

size of M.
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For all ' € [i], Mij,c and M;’f are the same so there is nothing to do here. For j € [k;], we have,

|M”\ =H (H;[X(Mz*j)vy(Mz*j”) Z (B; [X(M:j)v Y(M'L*])])) —ad-n
(as H]Z is a o/-matching-cover of B} and by Definition 3.2.1)

(as M;; is a perfect matching in B; between X (M;';) and Y (M;;))

Thus,
[Mipa| =Y Mg+ D0 IMI = Y (M55 = -n) + Y0 1M = M| = ki o -,
j=1 i'=1 j=1 =1
concluding the proof. O

We can now conclude the bound on the approximation ratio of the algorithm.

Lemma 3.3.5. Algorithm 8.3.1 outputs an a-matching cover of any input multi-graph G.
Proof. Recall that for every i € [t], Bif denotes the final content of the buffer B;. Moreover

by Claim 3.3.3, buffer B; never gets full and thus Btf = G'. Finally, the algorithm returns H :=
(B{, . ,B{). Fix any disjoint sets of vertices X,Y C V(G). We have,

W(HIX,Y]) = ((B{ uB/ , U...uB]X, Y]) (by the definition of )
:u((GtUB{Au...uB{)[X,Y]) (as B = GY)
> u ((Gt—1 UB/ ,U...UB])X, Y]) —k1-o/-n (by Lemma 3.3.4 for i = t — 1)

t—1
> p(GIX,Y) =) ki-on
i=1
(by repeatedly applying Lemma 3.3.4 for all i < ¢t — 1 and since G* = G)
t—1
> u(G) =Y (k/271)-a -n (by Claim 3.3.3, k; < k/271)
i=1
> u(G)—2k-a' -n (by the sum of the geometric series)
= u(G) —a-n. (by the choice of o = «/2k)
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This implies that for every disjoint subsets of vertices X,Y C V(G), we have p(H[X,Y]) >

w(G[X,Y]) — a - n, thus making H an a-matching cover of G by Definition 3.2.1.

Proof of Proposition 3.3.1. The space complexity of the algorithm follows from Lemma 3.3.2 by
plugging the value of o/ = a/2k and t = logk + 1. The correctness follows from Lemma 3.3.5.
Finally, Algorithm 3.3.1 is deterministic modulo any potential randomness used by matching-cover.

O

3.3.2. A Streaming Matching Algorithm via Regularity Lemma
We now use Proposition 3.3.1 together with our Theorem 3.2.2 to formalize Result 1 as follows.

Theorem 3.3.6 (Formalization of Result 1). There is a randomized single-pass streaming algorithm
that with high probability computes a (1 — o(1))-approzimate matching of a graph presented in a

stream with adversarial order of edge arrivals in n?/(log* n)*M) space and polynomial time.

Proof. To apply Proposition 3.3.1, we need a subroutine matching-cover for computing an («/2k)-
matching cover (for parameters a and k to be determined soon) on any n-vertex graph with n?/k

edges. Theorem 3.2.2 provides such an algorithm with parameters

2

1 n
- M "
(av/2k) (Tog™ )7 and MC(n,a/2k) oz 1)

for some absolute constants &;,d2 € (0,1). Let a = 1/(log*n)3/* and k = 3 - (log* n)o/4,
which satisfies the conditions above. Moreover, by Proposition 2.2.4, we can implement Algo-
rithm 3.2.1 of Theorem 3.2.2 in polynomial time and space O((n?/k) - logk) = n?/(log* n)?*M),
given only adjacency matrix access to its input graph. This way, by Proposition 3.3.1, we obtain a
single-pass streaming algorithm that with high probability computes an a-matching cover in space
n?/(log* n)?M),

The main algorithm in the theorem is as follows. We store the first 2n?/k edges in the stream using
succinet dynamic dictionary of Proposition 2.2.6 in n?/(log* n)Q(l) space. In parallel, we also run
the algorithm mentioned above to obtain an a-matching cover of G. The space complexity and

polynomial runtime of the algorithm is thus already established.
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We now prove the correctness. If u(G) < n/k, then by Fact 2.2.1, we have stored all edges of the
graph and thus at the end can simply return a maximum matching of the stored edges; to do so,
we simply run Hopcroft-Karp algorithm [HK73] by providing it with the adjacency matrix of the
stored edges using member query on the succinct dynamic dictionary (which only requires O(nlogn)
additional space beside the input). Thus, in this case, we obtain an exact maximum matching of
the input graph.

If u(G) > n/k, then we can pick X and Y in the definition of matching cover output by the

algorithm of Proposition 3.3.1 to be the endpoints of the maximum matching of GG, and have,

pH) = p(G) —a-n>(1-a-k)-p(G) = (1 -1/(log"n)/*)u(@),

which is (1 — o(1)) - u(G) as desired. This concludes the proof. O
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CHAPTER 4

FIRST ALGORITHMS AND LOWER BOUNDS FOR WEIGHTED GRAPH
SPARSIFICATION IN THE LINEAR SKETCHING AND TURNSTILE STREAMING
MODELS

In this chapter, we initiate the study of weighted graph sparsification in the linear sketching and
turnstile streaming models, and present the first set of algorithms and lower bounds in such models.

The results from this chapter are based on my work [CKL22b| joint with Chen and Khanna.

We start with Section 4.1 which gives an overview of our weighted cut and spectral sparsification
algorithms in these two models. Next, Section 4.2 gives an overview of our lower bound for weighted
spectral sparsification by linear sketching. Then Sections 4.3 and 4.4 present in detail our algorithms
and their analysis for weighted cut and spectral sparsification, respectively.

The remaining Sections 4.5-4.10 are devoted to proving our lower bounds for weighted spectral
sparsification, which relies on a number of new tools for analyzing certain matriz-weighted graphs.
Section 4.5 first defines such matrix-weighted graphs and sets up some notation. Then Sections 4.6,
4.7, 4.8, 4.9 present the new tools we develop for analyzing them. Finally, Section 4.10 proves our

lower bounds for weighted spectral sparsification.

4.1. Overview of weighted cut and spectral sparsification algorithms

We now give an overview of our weighted cut and spectral sparsification algorithms.
4.1.1. Overview of the algorithm for weighted cut sparsification

We will first give a recap of how the unweighted cut sparsification algorithm works in [AGM12b],

and then describe what new ideas are needed to extend it to work for weighted graphs.

Recap of the unweighted cut sparsification algorithm in [AGM12b]. At a high-level, the
approach taken is to reduce cut sparsification to (repeatedly) recovering a spanning forest of a
subgraph of the input graph, obtained by sampling edges uniformly at some rate p € (0,1) known
beforehand. This task is then further reduced to the task of sampling an edge connecting S to S

for an arbitrary subset S of vertices, as this can be used to create a spanning forest by growing
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connected components.

Now to implement this latter task, in the sketching phase, we apply an £y-sampler sketch to the
incidence vector of each vertex u (i.e. each column of the edge-vertex incidence matrix) in the
sub-sampled graph. Then in the recovery phase, in order to recover an edge going out of a vertex
set S, we add up the sketches of the vertices inside S. By linearity, this summed sketch is taken
over the sum of the incidence vectors of vertices inside .S, and the latter contains exactly the edges
going out of S, since the edges inside cancel out. As a result, we can recover an edge going out of
S, and create a spanning forest of the sub-sampled graph. Note that this approach crucially utilizes
the fact that the edges are sampled uniformly at a rate that is known beforehand. This means that
we can sample all (g) edge slots beforehand, and apply the linear sketch only to the sampled edge

slots.

Our approach for weighted cut sparsification. We also reduce the task to recovering a span-
ning forest in a sub-sampled graph. However, the latter graph is now obtained by sampling edges
non-uniformly. Specifically, we need to recover a spanning forest in a subgraph obtained by sampling
each edge e with probability min {w,p, 1} for some parameter p € (0,1) that is known beforehand.
Therefore, in order to apply the idea as in the unweighted case, we will now need to design a variant
of £y-sampler that, given a vector x € RJ;VO and a parameter p € (0, 1), recovers a nonzero entry of z
after each entry i € [IN] is sampled with probability min {x;p, 1}. We call such a sampler “weighted

edge sampler”.

Note that the edge weights are not known to us beforehand, so we cannot sample the edge slots with
our desired probabilities as in the unweighted graph case. We instead build such a weighted edge
sampler using a rejection sampling process, in which we sample edges uniformly at 6(1) geometric
rates, but use f1-samplers to try recovering edges at each rate, and only output a recovered edge
e if the sampling rate ~ wep. We then show that with high probability, we can efficiently find a

desired edge.

Roughly, our analysis involves proving that there exists a geometric rate ¢ such that, after uniformly
sampling edges at rate ¢, the total weight of edges e satisfying w.p = q accounts for a large portion

of that of all sampled edges. As a result, by using a few independent £;-samplers, we can find one
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such edge with high probability.
4.1.2. Overview of the algorithm for weighted spectral sparsification

As in previous linear sketches for unweighted graphs [KLM*14, KMM™20], the key task is to recover
edges with Q(1) effective resistances (or in weighted case, Q(1)-leverage scores), which we refer to
as heavy edges. The high-level idea used in previous works is to (i) compute, for each vertex pair
s, t, a set of vertex potentials x5, € R™ induced by an electrical flow from s to ¢, and then (ii) apply
an fo-heavy hitter to Bgz,; € R() to try recovering the edge (s,t), where Bg is the edge-vertex
incidence matrix of G' (see Section 2.4.2). They achieve (i) by simulating an iterative refinement

process in [LMP13]. To achieve (ii), they make a key observation that
||BG$S,t”§ = thBgBGl“S,t = l{tLGx&t

is the energy of s, and the entry of Bgws, indexed by edge (s,t) is (BgTst)(s) = bztﬂv = Ts— Ty
Therefore by the energy minimization characterization of effective resistances (Fact 2.4.5), whenever

the effective resistance between s,t is bthEbs,t > Q(1), we have

(Bstvt)%s,t) Z Q(l) HBG%,tHS,

and hence the entry (s,t) is an f2-heavy hitter.

However, when the graph is weighted, we are only allowed to access the graph through linear
measurements on its weight vector wg. As aresult, we can only apply f2-heavy hitters to WgBgx, 4,
whose squared f5-norm is xST,thWéBGa;&t. Now notice that BgWéBG is the Laplacian matrix of

a “squared” graph (call it G5%), which has the same edges as G, but whose edges are weighted by

2

2 as opposed to w,. Therefore, we will be recovering edges that are heavy in G*¢ instead of in G

w
if we apply the same approach as in previous works. Unfortunately, a heavy edge in G is not in

general heavy in G®9, since the energy on the edges with very large weights will blow up when we

2

2(2y — 24)? > we(wy — 74)?), and hence make the total energy grow

square the edge weights (i.e. w

unboundedly.
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Figure 4.1: A block cycle graph on n vertices. Each S; represents a block of n'/5 vertices connected
by a clique and each zigzag represents the edges of a complete bipartite graph between adjacent
blocks. The red edge represents the crossing edge. All edges along the cycle have weights n2/®, and
the crossing edge has weight 1.

To see an intuitive example, suppose G is a “block cycle graph” on n vertices whose edges are
generated as follows (see also Figure 4.1):

1. Partition the vertices into n*/® blocks Sp, . .., S,a/5_1, each with nl/® vertices.

2. For each 0 < i < n*/5, add on S; a complete graph of n'/® vertices with edge weights n2?/?,

i.e. n2/5Kn1/5 .

/5 Vertices with

3. For each 0 < i < n*®, add on (S;, Si;1) a complete bipartite graph of 2n
edge weights n2/5 and bipartition (Si, Sit1)8, ie. n2/5Kn1/57n1/5.
4. Finally, add a “crossing edge” e* of weight 1 between a randomly chosen vertex pair s, .

We note that, in this construction, the crossing edge e* spans Q(n4/ %) consecutive blocks, Note
that, typically, the crossing edge e* spans Q(n4/ %) consecutive blocks, and therefore has effective

resistance (and also leverage score) Q(1).

Proposition 4.1.1. If s € S;,t € S; such that min {|i — jl,n*0 —|i —jl} = Q(n*/®), then the

SNote that we consider i + 1 as 0 when i = n*/> — 1.
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effective resistance of e* satisfies rex = Q(1).

Proof. Let s,t be the endpoints of the crossing edge e*. By the energy minimization characterization
of effective resistances (Fact 2.4.5), it suffices to show that there is a set of vertex potentials whose
normalized energy with respect to s,t is O(1). Specifically, consider the set of potentials z € R™
such that z, = # for all w € S;. Then we have x4y — 2y = O(1), and the total energy is

> e (u,p) We(@Tu — 2,)? = nb/% . p2/5(0(n=*%))2 4 ©(1) = O(1), as desired. O

However, in the squared graph G®¢, all edge weights along the cycle are blown up by a factor of
n?/5, and thus e* only has leverage score O(n~2/%) in G%4. To recover in a vector x every entry
with £y-contribution > n~=2/° ||x||§, one will need an Q(n=2/%) factor blowup in the number of linear

7/5

measurements, resulting in a total of n’/° measurements needed to recover e*.

We can in fact improve the number of linear measurements needed for recovering e* to 9] (nb/5 ) using
the vertex sampling trick, an idea first used in [FKN21| for sketching spanners. Namely, consider
sampling a vertex set C C V by including each vertex with probability n~1/5 /100, and looking
at the vertex-induced subgraph G®4[C]. Then one can show that, conditioned on e* € G*4[C],
with constant probability, the two endpoints of e* will be disconnected in G*4[C] \ e*. As a result,
the leverage score of e* becomes 1 in G*1[C], and we can recover e* by recovering heavy edges in
GS4[C], which, as will show, can be done using O(|C|) ~ O(n*/?) measurements. Since e* € G[C]
with probability = #, repeating this sampling process independently for 5(712/ %) times allows us
to recover e* in at least one vertex induced subgraph. This results in a linear sketch of 6(n6/ %)

measurements.

What if we slightly increase each block’s size to n'/579 and decrease the edge weights along the cycle
to n2/5739? While one can still verify that the crossing edge e* has leverage score Q(1), applying the
same vertex sampling process as above will not disconnect the endpoints of e* with (1) probability.
However, one can alternatively show that, with constant probability, the number of edges along the
cycle reduces by a factor of n?/®. Since now the energy of each edge only blows up by a factor
smaller than n?/® in G®9, this will also make the leverage score of e* become Q(1) in G®4[C], and

thus we can apply the same linear sketch of 6(n6/ %) measurements.
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1/5 is a sweet spot for recovering

The above warm-up seems to suggest that the sampling rate of =~ n~
heavy edges in any graphs with the block cycle structure. Indeed, we prove a key vertex sampling
lemma showing that in any weighted graph G, a heavy edge e in G is also likely heavy in a vertex-
induced subgraph of G5 obtained by sampling vertices at rate &~ n~/5. This is proved by carefully
analyzing the structures of the edges of different weights after vertex sampling, and then explicitly
constructing a set of vertex potentials with small total energy in the induced subgraph. Finally,
by integrating this lemma into an iterative refinement process in [LMP13] (as the authors did
in [KLM*14, KMM'20]) and a spectral sparsification algorithm in [Koul4], we are able to recover
a spectral sparsifier of G using 6(716/ %) linear measurements. We note that the latter step of using
heavy edge recovery to build a spectral sparsifier is also more involved than in the unweighted

case and requires a few extra techniques; we refer the reader to the overview at the beginning of

Section 4.4.3 and the discussion therein for more details.

We note that this method of recovering heavy edges by vertex sampling is inspired by the one used
in [KLM 14| for spanners. However, for spectral sparsification, the correctness of such a method

follows from fairly different reasoning, and the proof is arguably more involved.
4.2. Overview of lower bound for weighted spectral sparsification

In this section we give an overview of our lower bound for weighted spectral sparsification (Theo-
rem 6). We prove our lower bound on a family of hard instances that turn out to have the exact
same structure as the one in Figure 4.1, which we used to illustrate the difficulty of recovering
spectral sparsifiers in weighted graphs. Specifically, our hard instances are weighted “block cycle
graphs” plus an extra crossing edge that is included with probability 1/2. In a block cycle graph, the
vertices are partitioned into blocks that are arranged in a cyclic manner. Each block is a complete
graph, and the vertices of adjacent blocks are connected by a complete bipartite graph. Here we
draw all edge weights from Gaussian distributions and permute the vertices uniformly at random.
On such graphs, for a suitable choice of edge weights, computing a spectral sparsifier essentially
boils down to detecting the presence/absence of the crossing edge. We then show that for the latter
task, the success probability of any incidence sketch can be bounded by the “effective resistance” of

the crossing edge in a matriz-weighted graph, where the matrix weights are in turn determined by
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the sketching matrix.

We note that this family of hard instances has a similar structure to the ones conjectured in [FKN21].
However, instead of using Bernoulli distributions on the edges as suggested in [FKN21|, we use

Gaussian distributions, which makes it easier to build the connection to effective resistances.

In order to show that the effective resistance is small for any incidence sketch with a limited number
of measurements, we develop a number of new tools for analyzing such matrix-weighted graphs. Most
importantly, we present (i) a matrix-weighted analog of the widely used expander decomposition
of ordinary graphs [GR99, KVV04, ST04|, and (ii) a proof that a random vertex-induced subgraph
of a matrix-weighted expander is also an expander with high probability. We highly recommend
reading Section 4.2.3 to get intuition on why these two techniques are useful, where we use the

ordinary graph version of (i) and (ii) to prove a lower bound for a simple class of sketches.

The rest of this section is structured as follows. In Section 4.2.1 we describe the distribution from
which we generate our hard instances. In Section 4.2.2 we explain how we bound the success proba-
bility of an incidence sketch by the effective resistance in a matrix-weighted graph. In Section 4.2.3
we prove, as a warm-up, a lower bound for a simple class of sketches, where we only need to an-
alyze the effective resistances in ordinary graphs. Finally in Section 4.2.4 we outline our proof for
arbitrary incidence sketches, which requires analyzing matrix-weighted graphs. We note that some

proofs in this section are deferred to Appendix B.2.

4.2.1. The hard distribution

We first state how we generate the input weighted graph G = (V, E,w). Let n be the number of
vertices and define s % 7n1/5 and ¢ % n4/5. We choose a random permutation 7 : 1.n — 1..n
and construct a block cycle graph as follows. The i-th block (where 0 < i < ¢) consists of vertices
m(si+1),...,m(si+ s). For simplicity we denote the a-th vertex in the i-th block (i.e. m(si+ a))
as u;q. The block index 7 will always be modulo ¢ implicitly. We then add a complete graph to
each block, and a complete bipartite graph between each pair of adjacent blocks. Namely, for each

0 < i</, we add a graph G; with edges connecting u; 4, u;p for all a < b € {1,...,s}, and add

61



another bipartite graph G ;41 with edges connecting w; 4, u;11p for all a,b € {1,...,s}. Finally,
with probability 1/2, we add an edge between vertices (1) and 7(n/2+ 1) (assume n is even). We
refer to this edge as the crossing edge with respect to m and any other edge in G as a non-crossing
edge with respect to m. We will omit “with respect to 77 when the underlying permutation 7 is
clear.

We next describe how the edge weights are determined. The weights of all non-crossing edges
are drawn independently from N (8n2/5 n*/®log=!n) (the Gaussian distribution with mean 8n?/°
and variance n%/%log™! ). The weight of the crossing edge is drawn from the standard Gaussian
N(0,1). If the crossing edge has negative weight, we say the input is invalid, and accept any sketch
as a valid sketch. Our goal will be to detect the presence/absence of the crossing edge with high
probability.

In the following, we will call the conditional distribution on the presence of the crossing edge the
Yes distribution, and call the conditional distribution on the absence of the crossing edge the No
distribution. We then show that with high probability, the effective resistance of the crossing edge
is large, and therefore any linear sketch for computing spectral sparsifiers must distinguish between

the two distributions with good probability.

Proposition 4.2.1. With probability at least 1 — 1/n, all non-crossing edges have weights in the
range [4n?/°,12n2/%), and as a result the effective resistance between vertices w(1) and w(n/2 + 1)

is at least 1/48 in a No instance.

Proposition 4.2.2. Any linear sketch that can compute a 1.0001-spectral sparsifier with probability

0.9 can distinguish between the Yes and No distributions with probability 0.6.

The first proposition follows from an application of the Chernoff bound (Theorem 2.3.11). The

proof of the second proposition is deferred to Appendix B.2.

In the following, we will assume, for ease of our analysis, that the sketch will be given the permutation
7 after computing the linear sketch. That is, the recovery algorithm A takes as input both ®w and
7. We will show that even with this extra piece of information, any incidence sketch with n2!/20-¢

measurements for constant € > 0 cannot distinguish between the Yes and No distributions with high
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probability.
4.2.2. A bound on the success probability via effective resistance

We first show that for our lower bound instance, any incidence sketch can be reduced to a more
restricted class of linear sketches by only increasing the number of measurements by an O(logn)
factor. Specifically, let us fix an arbitrary orientation of the edges, and consider sketches taken over

the weighted signed edge-vertex incidence matrix B" & R(;)X”, where the latter is given by

;

We e € F and u is e’s head
B, = —w, e € F and uis e’s tail

0 otherwise.

n

That is, the algorithm must choose a (random) sketching matrix ¢ € RF*() with the et column
¢e € RF corresponding to the edge slot e. The sketch obtained is then ®B® € RF*". Notice that
the total number of measurements in ® BY is kn, as each vertex applies the sketching matrix @ to its
incident edges. Let us call this class of sketch signed sketches. By Yao’s minimax principle [Yao77],
to prove a lower bound for distinguishing the Yes and No distributions, it suffices to focus on

deterministic sketches. The proof of the proposition below appears in Appendix B.2.

Proposition 4.2.3 (Reduction to signed sketches). Consider any incidence sketch of N measure-

n

ments with a deterministic sketching matrix ® € RV*(3) and a recovery algorithm A that, given ®w

and 7, distinguishes between the Yes and No distributions with probability at least 0.6. Then there

n

exists a signed sketch with a sketching matriz ® € RkX(Z), where k = O(1) - max{1, leg"}, and a

recovery algorithm A’ that, given ® BY and 7, distinguishes between the Yes and No distributions

with probability at least 0.55.

n

Let us now fix a sketching matrix ® € ka(2) and aim to obtain an upper bound on the success
probability of any signed sketch using ®. For notational convenience, let us write (P B")yes to denote
® B conditioned on the presence of the crossing edge and (®B"),, to denote ®B™ conditioned on
the absence of the crossing edge. We will also write (®B")x yes 0r (PB")rno to denote an extra

conditioning on the permutation being 7 in addition to the presence/absence of the crossing edge.
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Then to bound the success probability of any signed sketch using ® , it suffices to show that the

total variation distance (TV-distance) between ($B")yes and (PBY)y, is small.

To state our upper bound on the TV-distance, we need to first introduce some notation. For an

edge (u,v), define by, € R™ by writing it as a block vector (with block size k) as follows:

Guw | ut" block

buv = - € R™, (4.1)

—up | v block

where ¢, € R is the column of ® corresponding to the edge slot (u,v). For a permutation ,

we then define L, = > nA/5 log~! nbuvbgv. The following proposition is essentially

non-crossing (u, v)
a consequence of Theorem 2.3.10 [DMR18], which bounds the TV-distance between multivariate
Gaussians with the same mean. We give its proof in Appendix B.2. Note that we use T to denote

taking the Moore-Penrose pseudoinverse of a matrix.

Proposition 4.2.4. For any permutation  such that by(1yr(n/24+1) s tn the range’ of Ly,
dTV((cI)Bw)ﬂ',yes: ((I)Bw)ﬂ',no) < 0(1) - min {L b7r(1)7r(n/2+1)L;rrbfr(l)ﬂ'(n/ZJrl)} :

Our plan is then to show that by (1)rn /2+1)L1rbﬂ(1)7r(n /2+1) is small on average for every choice of a

signed sketch with k& = n'/20=¢ for constant & > 0.

Note that if & = 1 and each ¢y, € {0,1}, then L, is exactly the Laplacian matrix of the graph

(call it H,) that is formed by the non-crossing edges (u,v) such that ¢,, = 1, where each edge is

"Recall that the range of a symmetric matrix is the linear span of its columns.
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L n. Therefore, bw(l)ﬂ(n/%l)Ljrbﬂ(l)w(n/gﬂ) is the effective resistance between

weighted by n#/5log™
m(1) and 7(n/2 + 1) in Ha, if Gr(1yn(nj241) 7 0 (otherwise br(1)r(n/241) is the zero vector).

In fact, to get a quick intuition as to why we should expect the effective resistance between 7(1) and
m(n/2 4+ 1) to be small, let us assume ¢,,, = 1 for all edge slots (u,v). Then, for any permutation
7, Hy is the graph formed by all non-crossing edges, each weighted by n*®log='n. Note that

2/5 times larger than the weights @(n2/5) in the actual input graph

these weights are about n
(Proposition 4.2.1). As a result, the effective resistance between 7(1) and 7w (n/2 + 1) is about n?/5
times smaller than the effective resistance between them in the input graph (the former roughly
equals n=2/5).

When k£ > 1, we can view L as the Laplacian of a matriz-weighted graph (again, call it H,) formed
by the non-crossing edges, where each edge (u,v) has a k X k matrix weight n*/5log™! N Guv®L,.

Now bﬂ(l)ﬂ(n/gﬂ)Lirbw(l),r(n/ﬂl) can be seen as the (generalized) effective resistance between (1)

and 7(n/2 + 1) in H,.
4.2.3. Warm-up: one-row signed sketches have small TV-distance

As a warm-up, we show that for any signed sketch, in the case that k = 1 and the sketching matrix

® has 0/1 entries, we have, for any constant £ > 0,

1

Er [dTV ((@Bw)w,yea (@Bw)w,no)] < W

(4.2)

By Proposition 4.2.4, we know that drv ((2B")z yes, (PB")xno) can be bounded by the effective
resistance between m(1),7(n/2 + 1) in Hy if ¢r(1)r(n/2+1) = 1, and is zero otherwise. Here H
is formed by the non-crossing edges whose ¢,, = 1, where each edge (u,v) has scalar weight

9/5+¢

n*®log7 ' n. We can focus on the ®’s whose number of nonzero entries is at least n , since

otherwise

nnz(P) 1

() " nlA-0E)

Pry [¢7r(1)7r(n/2+1) = 1] =

and we would already have our desired result (4.2).
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Our proof of (4.2) will rely on decomposing H, into expanders with large minimum degree. Since

Ln, it is more convenient to work with the unweighted

H.’s edges all have the same weight n*/®log™
version of H,, which we denote by H;. We now briefly review the definition of unweighted ex-

panders, as well as state a known expander decomposition lemma that we will utilize.

Definition 4.2.5 (Expander). An unweighted graph H = (V, E) is a (-expander for some ¢ € [0, 1]

if its conductance is at least ¢, namely, for every nonempty S C V, we have
|E(S,V —S)| > ¢ min {vol(S),vol(V — S)},

where vol(.S) is the total degree of vertices in S.

Note that in the lemma below, we slightly abuse the notion of “regular graphs”. Specifically, we
will say a graph is regular if its minimum vertex degree dy,iy is not much smaller than the average

degree d.

Lemma 4.2.6 (Almost regular expander decomposition, see e.g. [KKTY21|). Given an unweighted
graph H = (V, E) with average degree d > 16, there exists a subgraph I = (U, F) where U CV and
F C E such that I is a m-expander with minimum degree dpyi, = 1%.

We will also need the following lemma, which shows that a random vertex-induced subgraph of an

expander with large minimum degree is almost certainly an expander. We give the proof of this

lemma in Section 4.9.1. To the best of our knowledge, even this result was not known before.

Lemma 4.2.7 (Expanders are preserved under vertex sampling). There exists a 6 = 6(n) = n°(1)

with the following property. Consider an unweighted m—mpander H = (V,E) with minimum
degree dmin = 4-10%-0(n). For any s > % -0(n) -n, let C CV be a uniformly random vertex
subset of size s. Then with probability at least 1 — 1/n”, the vertez-induced subgraph H[C] is a

ﬁ—expcmder with minimum degree at least 5. - dmin-

Proof of (4.2) using Lemmas 4.2.6,4.2.7. As argued above we can assume w.l.o.g. that nnz(®) >
n9/5+¢ We want to obtain, for each edge slot e satisfying ¢. = 1, conditioned on e being the crossing

edge w.r.t. 7, an upper bound (call it u.) on the typical effective resistance between the endpoints
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of e in the graph H,. In other words, conditioned on e being the crossing edge, u. should be an
upper bound on the effective resistance between the endpoints of e in H, with high probability over

m. Then the total variation distance between (®B")yes and ($B™ )y, can be bounded by

Er [drv ((PBY)r,yes, (PB*)rno)] < Z Ue- (4.3)
e:pe=1
To obtain the w.’s, let us define the unweighted graph Hy = (V, Ey) where Ey4 contains all edges e
whose ¢ = 1 (including the ones not present in the input graph, i.e. |[Eg| = nnz(®)). Now consider
the following process, where we repeatedly delete an expander subgraph from Hy and obtain u.’s
for the edges in the expander.

1. While |Ey| > 109n%/5+¢:

(a) Find a subgraph I = (U, F) of Hy = (V, Ey) that is a m—expander with minimum

ol

degree dmin > |8ET (existence is guaranteed by Lemma 4.2.6).

2

(b) For each edge f € F, let uy < (%) .

(c) Delete the edges in F' from Hy by letting Ey < Ey \ F.
2. Let uy < 1 for all f in the remaining E.

To show that u.’s are valid upper bounds, let us consider a fixed iteration of the while loop. For
i=0,...,n%5 —1, let U; denote the vertices in I that are in the i®® block of the input block cycle

graph:
def 1/5; 1/5; 1/5
U—Uﬂ{ (n7?i4+1),...,7(n"""i+n )}

Then by Chernoff bounds, with probability at least 1 — 1/n° over the random choice of 7, we have

|U;| > 25{)5 > 7 410° - |U|**2. Then by invoking Lemma 4.2.7, with probability at least 1 — 1/n*

mm

over 7, all vertex-induced subgraphs I[U; U U;1] are — ) -expanders with minimum degree at least
1‘659/‘5. Using this fact, we obtain the following claim7 whose proof appears in Appendix B.2.

Claim 4.2.8. For each edge f € F, conditioned on f being the crossing edge, with probability at
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least 1 — 1/n? over , the effective resistance between the endpoints of f in Hr is at most ug.

Now let us divide the above process for obtaining u.’s into O(logn) phases, where in phase i €

{1,...,0(logn)}, we have |E4| € ((5)/2, (3)/2""!]. Then we have

2 O(logn) /n . 9
10909/5+e o () o
61%::1% e:%;1< 2 > ' ; 2! <n1/5>
O(logn)
<n8/5+0(6) Z 2i<n9/5+0(6)
1

O(e)

where in the first line we have used n to hide the constant factors, and the last inequality holds

since in the last phase we have 2¢ < n'/®. Plugging this into (4.3) finishes the proof. O]

4.2.4. The general case: proof of Theorem 6

Note that even though for k£ = 1, the TV-distance is 6(71_1/5), this does not imply that k£ must be

large for the TV-distance to become €2(1).

By Proposition 4.2.3, in order to prove Theorem 6, it suffices to prove the following:

n

Theorem 4.2.9. For any fized sketching matriz ® € R*(3) where k < /297 for some constant

e > 0, we have
Eﬂ' [dTV ((Q)Bw)w,ye& (Q)Bw)ﬂ',no)] < 0(1>

By Proposition 4.2.4, our goal is to bound the “effective resistance” bw(l)ﬂ(n/gﬂ)Ljrbw(l)ﬂ(n/%_l) be-
tween vertices m(1),7(n/2 4+ 1) in the matrix-weighted graph H, consisting of the non-crossing
edges, where edge (u,v) has matrix weight n%/°log™ n ¢u,¢L € RF** We will do so by (signifi-
cantly) generalizing our previous approach based on expander decomposition for ordinary graphs in
Section 4.2.3. Our approach for the k = 1 case essentially consists of two steps: (i) decomposing the
graph H into large expander subgraphs and (ii) proving that a random vertex induced subgraph

of an expander is still an expander.

First note that there does not appear to be a combinatorial analog of conductance in matrix-weighted
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graphs, which suggests that we should define expanders in an algebraic way. Let us first recall the
algebraic characterization of expanders for ordinary, unweighted graphs. The definition is based on
eigenvalues of the normalized Laplacian of the graph, which is given by N = D~Y2LD=1/2 where

D is a diagonal matrix with D,,, equal to the degree d,, of u.

Definition 4.2.10 (Algebraic definition of ordinary, unweighted expanders). An unweighted graph
H is a (-expander for some ¢ € [0, 1] if the smallest nonzero eigenvalue of its normalized Laplacian

matrix NNV is at least (.

By Cheeger’s inequality [AMS85], for ¢ > Q(1), this definition translates to that the graph H is a
union of vertex-disjoint combinatorial expanders, each with conductance Q(l) To come up with an

analogous definition for matrix-weighted graphs, let us first define their associated matrices formally.

Matrices associated with matrix-weighted graphs. We consider a k£ x k matrix-weighted
graph H = (V, E) with |V| = n. For each edge (u,v) € E, there is a vector ¢, € R¥, indicating

that (u,v) is weighted by the k x k rank-1 matrix ¢,,¢L,.

Definition 4.2.11 (Degree matrices). For a vertex u, its generalized degree is given by

Du - Z(buvd)gu € Rka'

u~v

We then define the nk x nk degree matrix D as a block diagonal matrix (with block size k x k),
with the u'® block on the diagonal being D,,, = D, € RFExk,

T

uv?

Definition 4.2.12 (Laplacian matrices). The Laplacian matrix is given by L = 37, yep buvb

where by,’s are defined in (4.1).

We will call by, the incidence vector of edge (u,v). Note that the Laplacian matrix here differs from
the connection Laplacian matrix [KLP*16] which is also defined to be a block matrix. In particular,
the Laplacian matrix of a matrix-weighted graph is not necessarily block diagonally dominant (bDD)

(Definition 1.1 of [KLPT16]).

Definition 4.2.13 (Normalized Laplacian matrices). The normalized Laplacian matrix is given by

N ¥ ptizppt/2, Equivalently, we have N =3, \cp D1/2b,,bT D1/2,
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We will call D1/2b,, the normalized incidence vector of edge (u, v).

The following proposition says that similar to scalar-weighted graphs, the eigenvalues of the nor-
malized Laplacian of a matrix-weighted graph are also between [0,2]. The proof this proposition

appears in Appendix B.3 (in “Proof of Proposition 4.5.16”).
Proposition 4.2.14. The eigenvalues of N are between [0, 2].

Now, a first attempt might be to define matrix-weighted expanders to also be graphs whose nor-
malized Laplacians’ nonzero eigenvalues are large, and then try to decompose any matrix-weighted
graph into large expander subgraphs. However, we show that the latter goal may not be achievable
in general, by presenting in Appendix B.1 a hard instance, for which any large subgraph has a small

nonzero eigenvalue.

Our approach. In light of the hard instance, we loosen the requirement of being an expander
by allowing small eigenvalues, but requiring instead that each edge, compared to the average, does
not have too large “contribution” to the small eigenvectors. Formally, we want that every edge’s
normalized incidence vector has small (weighted) projection onto the bottom eigenspace. We will
also need an analog of “almost regularity”, which for ordinary, unweighted graphs says that the
minimum degree is large. We give the formal definition of an almost regular matrix-weighted

expander below.

Definition 4.2.15 (Almost regular matrix-weighted expanders). For a k x k matrix-weighted graph
H,let A\; <...< A\ be the eigenvalues of its normalized Laplacian N, and let fi, ..., far € R™ be

a set of corresponding orthonormal eigenvectors. We say H is a (7, ¢, ¥)-almost regular expander if

1. (v-almost regularity) For every vertex u and every incident edge (u,v) € E, we have

Tk
oDl dun < Ln . (4.4)

2. ((¢,v)-expander) For every edge (u,v) € E we have

T 1 - k?
(D20) | S0 AT | D < (4.5)
ihe(0,¢] "
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The LHS of (4.4) is the so-called leverage score of ¢y, w.r.t. D, (Definition 2.3.5). It is known that

the sum of leverage scores equals the rank of the matrix:
Proposition 4.2.16. For any fived vertex u, 3, ,\ep qvaDLgbuU = rank (D).

Since D,, is a k x k matrix, we have rank (D,,) < k. Therefore, in the case that v has Q(n) incident
edges, (4.4) is essentially saying that no incident edge’s leverage score exceeds the average by too

much.

To get intuition for condition (4.5), we need the following two results. The first theorem is proved

in Section 4.6. The second proposition is proved in Appendix B.2.

Theorem 4.2.17. Let H be a kxk-matriz weighted graph that is y-almost regular (in the sense
of (4.4)). Then for any ¢ € (0,1), the number of eigenvalues of its normalized Laplacian that are
vk?

between (0, (] is at most -0z

Proposition 4.2.18. Let ¢ be the number of \;’s that are between (0,(]. Then

3 (DT/%M)T 3 %fifiT Db, = 1. (4.6)

(u,w)EE i:A; €(0,(]

Therefore, in the case that |E| = Q(n?), (4.5) is essentially saying that the LHS for every edge (u,v)

does not exceed the average by too much.

We then show that every dense enough matrix-weighted graph can indeed be made into an expander
by downscaling a small number of edges. To this end, let us define, for a scaling s : E — [0, 1], the
rescaled graph H®, which is obtained from H by rescaling each edge (u,v)’s weight to s2,¢u,¢L, .

The proof of the following theorem appears in Sections 4.7 and 4.8.

Theorem 4.2.19. There is an algorithm that, given any k X k matriz-weighted graph H = (V, E)
with |E| > Q(n?), outputs a scaling s : E — [0, 1] such that

1. The rescaled graph H® is a (7, (,)-almost reqular expander for

1
v =8logn, ( = ——, ¢ = 16k*log®n.
logn
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2. The number of edges (u,v) € E with sy, < 1 is o(n?).

We next show that almost-regular expanders are preserved under vertex sampling. However, we
will now use a different notion of “preservation”. To state our specific result, let us define some
additional notations. For a vertex subset C' C V', we write Lg(c] to denote the Laplacian of the
vertex-induced subgraph G[C]. We also let Do be the submatrix of D (the degree matrix of the
original graph H) with rows and columns restricted to vertices in C, and let (f;)c denote, for an
eigenvector f;, the vector f; with indices restricted to C. We then have the following theorem,

whose proof appears in Section 4.9.2.

Theorem 4.2.20. There exists a 0 = 0(n) < n°Y) with the following property. Let H = (V, E)
be a k x k matriz-weighted, (v, (,)-almost reqular expander where ¢ < 1/logn. For an s >
2100y ¢1k20(n), let C C V be a uniformly random vertex subset of size s. Then with probability

at least 1 — 1/n®, we have that
1. The null space of DTC/éLG[C]DTC/é is exactly the linear span of {(fi)c : \i = 0}.
2. For all vectors x € RICIF such that 27 (fi)c = 0,Vi: A\ =0,
n2

t . 1 n 1
o (DEeLaepEe) v <n " (g Y S WeWb e (@)
i:)\iE(O,C] !

We argue that (4.7) is roughly saying that the pseudoinverse of the subgraph G[C] can be bounded
by the pseudoinverse of the original graph that is (i) restricted to indices in C' and (ii) rescaled
in a certain way. For technical reasons, on the LHS of (4.7) we normalize the Laplacian of the
vertex-induced subgraph using the degree matrix of the original graph H. As for the RHS, we can

see it as a rescaled version of the pseudoinverse of N restricted to C, by noting that
(V)= 32 (el
o 5o

Thus, on the RHS of (4.7) we blow up the small eigenvalues quadratically in 1/(sampling rate), but

blow up the large eigenvalues linearly in 1/(sampling rate).

With these tools, we are finally able to prove Theorem 6. We present the proof in Section 4.10.
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4.2.4.1 Techniques for proving Theorems 4.2.17, 4.2.19, 4.2.20

We now explain, at a very high level, the techniques that we use to prove these three key theorems,

as well as their connections to previous works. More details can be found in the subsequent sections.

Proof of Theorem 4.2.17. We consider the “spectral embedding” induced by the bottom eigen-
vectors of the normalized Laplacian, which maps each vertex to a rectangular matrix. Such a
spectral embedding may be seen as the matrix-weighted counterpart of the ones for scalar-weighted
graphs, which map each vertex to a wvector. The latter embeddings were previously used to prove
higher-order Cheeger inequalities [LRTV12, LGT14]. We show that, for matrix-weighted graphs
that are almost regular (in the sense of (4.4)), the spectral embedding has vertex-wise bounded
spectral norm (Lemma 4.6.4), and as a result the number of bottom eigenvectors must be small

(Theorem 4.6.2).

Proof of Theorem 4.2.19. Our proof consists of two steps: (i) decomposing the graph into
an almost regular graph (Theorem 4.7.1), and (ii) decomposing the graph into an almost regular
expander (Theorem 4.8.2). In achieving (ii), we actually invoke (i) repeatedly to maintain the

almost regularity of the graph.

As noted above, the almost regularity condition (4.4) is essentially saying that no incident edge has
leverage score too large comparing to the average. A similar task to (i) has in fact been investigated
by a previous work [CLM™ 15|, where the authors showed that given a set of vectors, one can, by
downscaling a small number of them, make every vector have small leverage score comparing to
the average. This result is achieved by an algorithm that iteratively downscales vectors with large
leverage scores, while analyzing how each vector’s leverage score changes in the process. While
it is possible to directly invoke the result from [CLM*15] to get a large almost regular graph, its
guarantee does not suffice for our purpose of smoothly incorporating (i) into (ii). In particular,
since we will repeatedly invoke (i) in (ii), we need, in addition to that the number of rescaled edges
is small, an extra bound on the number of completely deleted edges (i.e. those rescaled to 0) that
is proportional to the rank change of the degree matrix D. As a result, we design a more involved

algorithm for obtaining the scaling as well as carry out a more careful analysis of the algorithm.
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Achieving (ii) turns out to be much more challenging. Although the LHS of (4.5) may be seen as
a leverage score, there is the intrinsic difficulty that whenever the edge weights change, so do the
eigenvalues and eigenvectors of the normalized Laplacian, as well as the degree matrix itself (hence
also the normalized incidence vectors). Thus it is not clear how the LHS of (4.5) will change. As a
result, when trying to obtain a desired scaling, we have to use some global measure of progress. This
is in contrast to (i), where we can track the leverage score change of each edge locally. We resolve this
issue by considering, as a potential function, the determinant of the normalized Laplacian restricted
to the bottom eigenspace. In other words, our potential function is the product of the eigenvalues of
N that are between (0, (]®. We show that, by a delicate global analysis of such a potential function,

we are able to make the graph an expander by only downscaling a small number of edges.

Proof of Theorem 4.2.20. Our proof is motivated by the approximate Gaussian elimination
of the Laplacian matrices of scalar-weighted graphs, which was previously used as an algorithmic
tool for solving graph structured linear systems [KLP116, KS16] and building data structures for
dynamically maintaining effective resistances [DKP*17, LZ18, LPYZ20|]. Our approach also relies
on analyzing matrix-valued martingales which played a key role in [KS16]. which have played key

roles in constructing vertex/subspace sparsifiers [KS16, LS18, FGLT21].

Let us first briefly review the Gaussian elimination of the Laplacian matrix of a scalar-weighted
graph. Roughly speaking, by eliminating the row and column of L corresponding to a vertex u,
we can obtain another Laplacian matrix L’ supported on V' \ {u} whose pseudoinverse equals the
pseudoinverse of the original L restricted to V' \ {u} (ie. (L)f = (LT)V\{U}V\{U}). Given a vertex
subset C' C V, one can also eliminate the vertices outside of C one by one and get a Laplacian
matrix L” supported on C' with the same property that (L”)" = (L")¢c. The matrix L” is referred
to as the Schur complement of L onto C. However, the graphs associated with L’ and L” could be
dense, which are inefficient for algorithm design. Therefore [KS16] showed that one can perform an
approzimate Gaussian elimination by, upon each elimination, implicitly sub-sampling the edges in
L’. They then showed that we eventually get a good approximation to L” by analyzing a matrix-

valued martingale induced by this process.

8Due to technical reasons, the actual potential function slightly differs from the one stated here.
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We now explain how to apply this idea to prove Theorem 4.2.20. Since we are considering an induced
subgraph G[C] where C is a uniformly random subset of size s, we can also view the process for
choosing C' as deleting a sequence of n — s vertices from V uniformly at random. Our goal is to
compare the pseudoinverse of G[C] with that of the original graph, therefore it suffices to compare it
with the Schur complement of L onto C. We will in fact do such a comparison upon the elimination
of every vertex. That is, if we let C; be the set of remaining vertices at the i" step, then we want
to compare the Laplacian of G[C;] with the Schur complement of L onto C;. At a high level, we do
so by setting up a matrix-valued martingale, and show that it has good concentration when G is a

matrix-weighted expander (in the sense of Definition 4.2.15).
4.3. A linear sketching algorithm for weighted cut sparsification

In this section, we present a linear sketch with O(ne~%) measurements that computes a (1 + &)-cut
sparsifier of a weighted graph. In particular, our linear sketch will be an incidence sketch. Our
algorithm is obtained by generalizing the cut sparsifier algorithm of [RSW18|, which is an O(logn)
round cut query algorithm that works only for unweighted graphs. We first describe the weighted
generalization of the algorithm of [RSW18| in a model-oblivious manner, and then show how to

implement it by linear sketching.
4.3.1. A model oblivious algorithm for weighted cut sparsification

We present a model-oblivious algorithm weighted-cut-sparsify for weighted cut sparsification
in Figure 4.2, which generalizes the idea presented in [RSW18| for unweighted graphs. Here, we
assume the edge weights of the input graph are between [1, U] for some U > 1 that is known to us.

We characterize the performance of the algorithm in the lemma below.

Lemma 4.3.1. Fizx o = 800, 5 = 400, = 100 at Line 2 of the algorithm weighted-cut-sparsify.
Let € be an arbitrary number in (0,1). Then, the algorithm weighted-cut-sparsify outputs, with
high probability, a (1 + €)-cut sparsifier of the input graph G with O(ne=2logn) edges.

To prove the proposition, we will need the following lemma.

Lemma 4.3.2. In each iteration £, with high probability:

1. The edges in G that survive the contractions have strength at most 261,
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2. The edges in G that are within the components C4, ..., C, have strength [2Z_4, 24].

Proof. We show that at the end of each iteration ¢, the edges within Ci,...,C, have strength
> 2674 and the edges between them have strength at most 2¢-1. Then by noting that all edges in
the graph have strength at most nU, the lemma follows by an induction on £.

2= strongly

Consider iteration £ of the for loop. Let Vi, ..., V; be the partition of G into maximal
connected components. Then by Fact 2.4.1 there exists a way to arrive at these components by
starting from the entire graph G and iteratively removing a cut with size < 2¢=%. By applying a
Chernoff bound and a union bound over the sequence of (at most n — 1) cuts that we remove in this
process, we have that after sampling, each of these cuts has size at most 50logn. As a result, the

partition Cy,...,C, of Gy into maximal 100 log n-strongly connected components is a refinement of

Vi,...,V;. This implies that all edges within C1, ..., C, have strength > 2¢~4.

Now consider the partition Vi, ..., V; of G into maximal 2/~ -strongly connected components. After
sampling at Line 3a, these components still have min cut > 100logn with high probability. Thus,
the partition C', . .., C;, of Gy into maximal 100 log n-strongly connected components is a coarsening
of Vi,...,V,. This implies that all edges going across different C;’s have strength at most 2¢=1. This

finishes the proof of the lemma. O

Proof of Lemma 4.3.1. By Lemma 4.3.2, whenever we sample an edge e of the graph, we sample
it with probability p. > min {1, 50wk, te=2 log n} and re-weight it to w./p. Moreover, in the last
iteration ¢ = 0, all edges are within the components C1,...,C, (since each edge’s strength is at
least 1). Therefore ultimately all edges get sampled in our algorithm. As a result, we get with high
probability a (1 + ¢)-cut sparsifier. On the other hand, the probability p. with which we sample e

also satisfies p. < 800wk, le~2logn, and thus we get a sparsifier with O(ne=2logn) edges. O

4.3.2. Implementation by linear sketching

Now we show how to implement the algorithm by linear sketching. The implementation is motivated
by the techniques first used in [AGM12a|. Note that it suffices to implement the two edge sampling

processes at Lines 3a, 3(b)iii and the contraction operations at Line 3(b)iv.
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H <+ weighted-cut-sparsify(G,e)

1. Initially, let the sparsifier H be an empty graph, and let G + G.
2. Fix some sufficiently large constants o > 3 > v > 0.
3. For ¢ € {log(nU),log(nU) —1,...,1,0}:
(a) Obtain Gy from G by keeping each edge w.p. p, := min {B-we-27"1logn,1} and
with weight (3 - w, - 27¢logn)/pe.
(b) In each connected component of Gy:
i. While there exists a cut of weight < v -logn, remove the edges in that cut and
recurse on both sides; repeat until there is no such cut.
ii. Let C1,...,C, be the connected components induced by the remaining edges.
iii. For each edge e in G with endpoints in the same C;, add it to H with probability
Pe := min {a we - 7227 log n, 1} and with weight we /pe.

iv. Update G by contracting each of C1, ..., C,.

Figure 4.2: Model oblivious algorithm for weighted cut sparsification.

We note that the implementation of both sampling processes can be seen as the following task: we
first independently generate a uniformly random real number R, € [0, 1) for each edge slot e, and
then recover all edges satisfying R, < w,p for some given p (which in iteration ¢ equals 32 *logn
for the first process and ae =227 ¢log n for the second process). Here we can generate the R,’s offline,
but have to recover the sampled edges using linear sketching. We achieve the latter by repeatedly
finding a spanning forest formed by the sampled edges. We will show that the sampled edges can

be found by performing 5(1) iterations of spanning forest recovery.

We shall first show how to recover a spanning forest formed by the sampled edges via linear sketching.
To this end, we need a linear sketching subroutine that we call weighted edge sampler, with the

following guarantee.

Lemma 4.3.3. Let Ry,...,Ry be N numbers independently and uniformly at random generated
from [0,1), let ¢ > 0 be an arbitrary constant, and let p € (0,1) be a parameter. There exists a linear
sketch of polylog(N,1/p) measurements with the following guarantee. For any vector w € RN if
there exists an entry e such that R, < wep and we > N~¢, then with high probability, the sketch

recovers an index €' such that Ry < (1 + &)werp along with a (1 4 €)-approzimate estimate of we.

To find a spanning forest of the sampled edges (those with R, < wep), we apply the weighted

edge sampler sketch to the incidence vectors of the vertices in G. Specifically, we fix an arbitrary
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orientation of each of the (g‘) potential edges. Then for a vertex u € G, we consider its incidence

vector b, € R() given by

We e € G, u is e’s head

(bu)e =4 —w, e€ G, v is €’s tail (4.8)

0 e ¢ G or e does not touch u.

Let t = polylog(n). For any i € [t], let A; be an independently generated weighted edge sampler
sketching matrix. For each ¢ € [t] and vertex v € G, we compute the sketch A;b,. Thus we make

O(n) measurements in total. Now using the sketches we have taken, we recover a spanning forest

of sampled edges via a 5(1)—round process as follows.

In the first round, for each vertex u, we find an arbitrary outgoing edge using the weighted edge
sampler sketch A1b,. We then find all connected components induced by these edges, and add
up the sketches Asb, of vertices within the same component. Note that the edges within the same
component cancel out in the summation, so the resulting sketches are in fact taken over the outgoing
edges of each component. As a result, in the next round we are able to find an outgoing edge of
each component. We then proceed similarly in the i round using sketches A;b,’s. Since in each
round, the number of components is at least reduced by a factor of 2, we can find a spanning forest

in O(logn) rounds of this process.

In order to iteratively find 6(1) edge-disjoint spanning forests, each time we find one, we “delete” the
found edges from the other linear sketches, and restart the O(log n)-round process above. Note that
however, since we do not have the exact weights of the edges (Lemma 4.3.3 only gives approximation
of them), we do not delete the found edges completely, bur rather decrease each of their weights by

an Q(1) factor.

Finally, to implement the contraction operations at Line 3(b)iv, we once again add the sketches of
the vertices within each contracted component, just as we did in finding spanning forests. Then

starting from the next iteration, the sketches work for the contracted graph G.

We conclude this subsection by proving that the sampled edges can be recovered by 5(1) edge-
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disjoint spanning forests.

Lemma 4.3.4. The edges in Gy can be found by O(log®n) edge-disjoint spanning forests.
Proof. We first show that the edges in Gy all have low strength.
Claim 4.3.5. Every edge in the graph Gy has strength O(logn).

Proof. By Lemma 4.3.2, we know that at the beginning of iteration ¢, all edges in G have strength at
most 2¢. This means that there is a way of removing all edges in the graph by iteratively removing
a cut of size < 2¢. Then after sampling at Line 3a, these cuts all have size O(logn). Thus it follows

that all edges in Gy have strength O(logn). O

Let C' > 0 be a constant such that all edges in GGy have strength < C'logn. Then this claim implies
that Gy is uniformly sparse, in the sense that for any vertex induced subgraph G[S] where S C V,
the number of edges in G[S] is (|S| —1)Clogn. Indeed, each edge in G[S] has strength only smaller
than in G, and thus all edges in G[S] can be removed by iteratively (for at most |S| — 1 times)
removing a cut of size C'logn. This in particular means that at any point, a spanning forest contains
an 1/(Clogn) fraction of the total remaining edges. Thus O(log?n) edge-disjoint spanning forests

recover all edges in Gy. O

4.3.3. Proof of Lemma 4.3.3

Roughly, we will simulate the non-uniform sampling process, where we want to sample each e
with probability wep, by sampling the elements uniformly, but at different geometric rates. We
will then essentially implement a rejection sampling process. Specifically, when subsampling all
elements at some uniform rate g, we use ¢1-samplers to recover a few elements that are sampled.
We will then check if any one of the sampled elements e satisfies wep ~ ¢. If so, we will output this
element; otherwise, we go the next sampling rate and repeat this step. We will show that with high

probability, we will successfully recover a desired element.

Proof of Lemma 4.3.3. We will analyze the linear sketch given in Figure 4.3. The basic idea of the

algorithm is as follows: for each 0 < j <+, we maintain polylog(N, %) number of ~;-sketches given
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e < weighted-edge-sampler(w € RY,p, Ry,..., Ry)

o Let t = 10%cylog N where v is the minimum integer such that 277 < pN .
e For each 1 <7 <t and each 0 < j < v, independently generate an ~y;-sampling matrix
A7
7 .
e For each 0 < j <, check if Re > 277. If so, for each 1 < i < ¢, replace the column of
Al that corresponds to element e by the 0 vector.
e Compute Alw for each pair of i and j, and recover a sampled element ¢! and a weight

w’e ;» which is a (1 + ¢)-factor approximation to ‘weg

i

J /

e For each recovered pair e;,w’;, check if R ; < w’;p. If there exists such an element e,
e; i e;

output an arbitrary one of thém, otherwise outpu‘é NoElement.

Figure 4.3: Weighted edge sampler.

by Proposition 2.3.14 with failure probability &1, 6o = N1 that work for w’ where w7 is the vector
generated by sampling each entry of w with probability 27/ (i.e. ¢ in the overview above). For each
sampled element e, we check if w,p is indeed larger than 277, if so, e indeed gets sampled and we
can output e, otherwise e might not get sampled, and we discard e. We prove that whenever there

are elements that get sampled, we will find one of them with high probability.

The analysis is conditioned on the event that none of the «y;-samplers fails, which is a high probability
event. Since the algorithm only uses 7; samplers, we can without loss of generality assume that
each element has positive weight. Note that the algorithm uses ¢y number of v; sampling matrices
in total, so the total number of measurements of this sketch is polylog(N, U, %) Moreover, by
Proposition 2.3.14, if the algorithm outputs an element e, we have R, < wl, < (1 + &)wep. it is
sufficient to prove that if there exists e such that R. < wep, with high probability, we will not

output NoElement.

For any 1 < k < =, let S, be the set of elements e such that 27% < wep < 27¥*1 and let Sy be the
set, of elements e such that wep > 1. For any 0 < j < ~, let Si be the set of elements e € Sy such
that R, < 277. For any j and k, let ng = |Sk|, ni/, = ‘Si‘ and W,g be the total weight of elements

in Si. The following claim follows from Chernoff bound.

Claim 4.3.6. With high probability, for any 0 < j,k < 7, if ny > 1000-27 log N, then ‘an{c — nk) <
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ng/2, otherwise ni/, < 15001og N.

Proof. For each element e € ng, the probability that e € ni = 277, so the size of ni is the sum
of |ng| independent random 0/1 variables each with expectation 277. The expected size of ni is
27Ing. If |ng| > 1000 - 27 log N, by Chernoff bound, the probability that ‘2]'71?; — nk‘ > ng/2 is at
most < 26% < N799,

If [ng| < 1000 - 27 log N, the probability that ‘n{c‘ > 15001log N is at most the probability of the

case when ny = 1000 - 2/ log N. So the probability is less than N0, O

Let k* be the index that maximizes Qk* . If ng= > 1000-2* log N, by Claim 4.3.6, nllji > 22511. Since

each element in Sy has weight at least 27" /p, W,ff: > 222*%1]0. On the other hand, for any k > k*,

we have n],z* < max{15001log N, 2;2’3?—&} by Claim 4.3.6. Since each element in Si has weight at most

—k41 300010 N 3n k* 300010 N 3ng
+1/p, we have W} < max{ g s gErigT b As mye- > 1000 - 2% log N, g < itk <

3W} . Also, by definition of k*, ke > 5k, which means 2,65);7,:!:“ < 2‘3:5; < 3W[ . Thus, we have

Wk* < 3W,§:. Note that for any 1 < < ¢, ei* is obtained by an ~; sampler from UZZOSllj*, so with

probability at least e]-“* is an element in S; such that & < k*. In this case, R, < 2k < WeP,

37—1—3 ’

and so the algorithm will output an element that gets sampled. Since ¢t = 10*ylog N, there exists

such an 7 with high probability.

If ng= < 1000 - 28" log N, then for any k < 1000log N. Let e be a maximum weight element

) 2k
such that R. < wep. Suppose e € Sj, then we have R, < wep < 2751, Let k' be the largest index
such that e € S,’j/, we have k' > k — 1. For any €’ such that e’ € S» with ¥’ < k, by definition of

e and k, Ry > wep > 27F" > 27F+1 > 9% which means ¢ ¢ S¥,. So Sk, = () for any k” < k. On

the other hand, for any k" > k, n’,f::, < max{1500log N Sy } by Claim 4.3.6. Since any element

I Qk/

and k" > k,

3
in Sy has weight at most 275'+1/p, Wk,/ < {3002}?51\/, 21@//2]2/// —}. Since w, > Qk

log N . 3 log N
% < 30001log Nw,.. Moreover, since n’,jff < 10001log N, Zk,,i’;',’ﬂ < 3020]2+°1g < 3000 log Nwe.

So W,f,l, < 3000log Nw, for any k” > k, which means for any 1 < i < t, ¥ = e with probability at

least Since t = 10*ylog N, with high probability, there exists one 4 such that ef/ =e

1
3000(7+1) log N *
and the algorithm will output an element that gets sampled.

So in both cases, the algorithm succeeds with high probability. O
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4.4. A linear sketching algorithm for weighted spectral sparsification

In this section, we present a linear sketch with O(n5/°¢~*) measurements that computes a (1 + ¢)-

spectral sparsifier of a weighted graph. Our linear sketch will be an incidence sketch.

This section is structured as follows. First in Section 4.4.1 we prove a key vertex sampling lemma,
which says that a heavy edge in G is likely heavy in a random vertex-induced subgraph of G®<.
Then in light of this lemma, in Section 4.4.2 we present our linear sketch for recovering heavy
edges in G, where we also assume black-box access to two other linear sketches for sparsifying
and recovering heavy edges in G°%, respectively. Next in Section 4.4.3, we present our main linear
sketching algorithm for weighted spectral sparsification using the heavy edge recovery sketch in
Section 4.4.2. Finally in Section 4.4.4 we present the linear sketches for sparsifying and recovering

heavy edges in G®? that we invoke in Section 4.4.2.
4.4.1. A vertex sampling lemma

In this subsection we prove a key vertex sampling lemma. This lemma will enable us to recover heavy
edges in G by subsampling vertices at rate &~ n~1/5 and then recovering edges in the vertex-induced
subgraph of G%4.

Lemma 4.4.1 (Vertex sampling lemma). Let n € (0,1). Given a weighted graph G, let C be a
vertex set obtained by including each vertexr in G with probability W independently. For any
edge e in G with leverage score webeTLgbe >, conditioned on e € G[C], with probability at least .1,
its leverage score in G®[C| satisfies wgbeTL]Lqu[C]b6 > 1/1000.

Roughly, our proof of the lemma proceeds as follows: (i) group vertices according to their potentials
induced by an electrical flow between the endpoints of e in G; (ii) analyze the structure of the edges
in the vertex-induced subgraph based on their weights and the potential difference between their
endpoints; (iii) explicitly construct a set of vertex potentials in G®1 that certifies the heaviness of

the edge e.

Proof of Lemma 4.4.1. Let e = (s,t) and without loss of generality, assume w, = 1 (since we
could always scale all edge weights simultaneously without changing any leverage scores). Since the

leverage score 7, > 1, we also have that the effective resistance beTLTGb6 > n. We use the electrical
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Libe
bT L be

network view of the graph G, and let x = € R"™ be the set of vertex potentials induced by

L < 1 units. We also assume without loss of generality z; = 0

an electrical flow from s to ¢ of :
bILibe S

(since we could always shift all vertex potentials by x; otherwise). Since bZLgbe is the effective
resistance between s and ¢, we have s = 1 by Ohm’s law. Moreover, by Fact 2.4.5, the normalized

energy of x w.r.t. s,t satisfies that

xTLGx =

< 1/n.
bT LLbe

We now partition the vertices other than s and ¢ into n*/5 groups based on their potentials. Specifi-
cally, the i*h group S; contains all vertices satisfying (i—l)'n_‘l/ 5 L xy < i-n~ %P where we break ties
arbitrarily. For an edge f = (u,v), we say f passes through S; if z, < (i—1)-n~%% <i-n=%5 <z,

orxz, < (i—1)- n45 < .n5 L xy.
Claim 4.4.2. For any i € [n*/®], the total weight of edges that pass through S; is at most n*/° /.

Proof. Consider an edge f = (u,v) that passes through S;, and assume without loss of generality
Ty = 2. By Ohm’s law, the flow on edge f is in the direction v — v and has amount wy(z, —x,) >

w fn*4/ 5. Since the total amount of flow across the cut
{t}uSiTU...US;, SizaiU...US, 45 U{s})

is at most 1/n, we have

> wyn™ " < 1/n,

f: f passes through S;
which means that the total weight of such edges is at most n#/5 /. O

We now consider what happens when we look at a vertex-induced subgraph G[C] where C is obtained
by including each vertex (other than s,¢) with probability 100#, and then also including s,t. We
say an edge f = (u,v) is intermediate if {u,v} N {s,t} = 0. We say a group S; is good if (i) none of

the vertices in S; gets sampled in C, and (ii) all intermediate edges that pass through S; and have
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2/5

both endpoints in C' have weight at most n*/°. We say S; is bad otherwise.

Claim 4.4.3. With probability at least 2/3, the number of good S;’s with i € (in*/°, 3n*/?] is at
least n*/® /20.

Proof. First, by Markov’s inequality, at least .8 fraction of the S;’s with ¢ € (%n‘v 5, %n‘l/ ®] have size

at most 10n'/°. For any fixed S; with |S;| < 10n'/°, we have

1Si|n < L
100n1/5 =~ 10 10

Therefore, once again by Markov’s inequality, the probability that (i) happens for any fixed S; with

|S;] < 10n'/5 is at least .9.

On the other hand, by Claim 4.4.2, the total number of edges with weight > n?/® that pass through
2
S; is at most n%/® /5. The probability of any intermediate edge belonging to G[S] is (W) =

Uk These combined give us that the expected number of intermediate edges with weight

10000n2/5 "
> n?/% that pass through S; and have both endpoints in C' is at most 1 /10000. Now an application

of Markov’s inequality gives that (ii) happens for S; with probability at least 1 — 1/10000.

Therefore, by a union bound, each S; with |S;| < 10n1/% is good with probability at least .89. Thus
the expected number of bad S;’s with |S;| < 10nY/% is at most .11n%/5. By Markov’s inequality,
the number of bad S;’s with |S;| < 10n'/5 is at most .33n*® with probability > 2/3. Thus, with
probability at least 2/3, the number of good S;’s with i € (in4/5, %n4/5] is at least .4n%/° —.33n%/5 >

.05n*% as desired. O

We will now construct a set of vertex potentials (call it y € RIl) in G[C] from x. We will show that
the energy of the new set of potentials is small in G*4[C] (i.e. even with edge weights squared), but
the potential difference between s,t is still large, which result in a small normalized energy w.r.t.
s,t, and thus certify the “heaviness” of edge (s,t) in G%[C].

Specifically, we obtain y by “collapsing” the vertex potentials within each bad S;, so that the
intermediate edges that do not pass through any good S;’s will have both endpoints getting the

same potential. To take care of the edges incident on s or ¢ that span less than 1/4 fraction of the
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groups, we will also collapse the vertex potentials in the range [0,1/4] and [3/4,1]. Precisely, y, is

given as follows for each u € C:
1. If z, > 3/4, then set y,, < 1.

2. Otherwise, suppose x, € S; for some i < %n4/5. Count the number of good S;’s with

Jj € (max {z’, %n‘l/s} , %n4/5] and let k denote that number. Then set v, < 1 — kn=%/°,

Claim 4.4.4. y satisfies the following properties:
1. For any u,v, |y, — yo| < |2y — Tyl
2. With probability at least 2/3, ys — y: > 1/20.

3. With probability at least .8, yTLqu[C]y < 2.

Proof. Note that for any i, C' N S; # () implies that S; is bad. Therefore, by our construction,
all vertices within the same bad S; will end up having the same potentials in y. As a result, for

~4/5 times the number of good groups S; between x, and z, such that

any u, v, |y, — Yp| equals n
i € (3n/°,3n4/5], which implies 1.

By Claim 4.4.3, with probability 2/3, the number of good S;’s with i € (in‘l/g‘, %n4/5] is at least
n*/5/20. Thus we have 2.

We then prove 3. First note that for edges that do not pass through any good S;, both their
endpoints have the same potential in y. So the total energy contributed by these edges is zero.
Now the remaining edges can be divided into two types: (A) edges that are incident on s or t; (B)

intermediate edges that pass through some good S;. By the definition of good S;’s, edges of type

(B) have weight at most n%/® each.

For edges of type (A), they are of the form (s,u) or (v,t). If x,, > 3/4 or z, < 1/4, then once again
both endpoints of the edge have the same potential in gy, and the energy contribution from such
edges is zero. We thus focus on the edges of type (A) such that =, < 3/4 or z, > 1/4, and refer to
those edges as type (A’). For any type (A’) edge f = (a,b), we have |z, — x| > 1/4, and thus by
Ohm’s law the amount of flow on f is at least wy/4. Since the total amount of flow going out of s

or going into t is upper bounded by 1/7, the total weight of type (A’) edges is at most 8/n. This
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means that the number of type (A’) edges f with wy > 1 is at most 8/n. Thus the expected number

of such edges in G[C] is at most (8/n) < 1—10. By Markov’s inequality, none of such edges is

U]
100n1/5
in G[C] with probability at least .9 (call this event £1). As for any type (A’) edge f = (a,b) with

wy < 1, we have wff(ya —yp)? < wy(ze — 2p)?. This combined with the fact that each f belongs to
G[C] with probability W, the expected contribution of type (A’) edges with weight at most 1

< L Thus this contribution does not exceed 1

2T Lax < 100+

to yTLqu[C]y is at most

_n__ 1
100n1/5 100n1/5

with probability .99 (call this event &).
Finally we consider type (B) edges. Since their weights are at most n2/5 each, squaring the edge
weights blows up the energy on them by at most a factor of n?/5. On the other hand, since

2
these are intermediate edges, the probability that any such edge belongs to G[C] is (W) =

2

mog’w. Therefore, the expected total contribution of type (B) edges to yTLqu[C]y is at most
W 25T Lax < Tot0s < ﬁ. Thus this contribution does not exceed 1 with probability

1 —1/10000 (call this event &s).

By a union bound, &, &, €3 simultaneously happen with probability at least .8, in which case we

have yTLqu[C}y < 2. O

By Claim 4.4.4 and a union bound over the events in the claim, we have with probability at least

T
.1 that the normalized energy of y with respect to s,t in G%4[C] is % < 800. O

4.4.2. Recovery of heavy edges

Armed with the vertex sampling lemma, we are now ready to design a linear sketch to recover all
heavy edges in G. In doing so, we will also need to invoke two other linear sketches for sparsifying
and recovering heavy edges in G4, respectively. We summarize their performance in the two lemmas
below, and prove them later in Section 4.4.4. We note that the sketch designed in Lemma 4.4.6 is
basically a direct application of fo-heavy hitters. The sketch designed in Lemma 4.4.5 is essentially
a reduction from sparsification to heavy edge recovery, which will be very similar to our main linear

sketching algorithm for weighted spectral sparsification in the next subsection (Section 4.4.3).

Lemma 4.4.5. For any parameter €2 > 0 and any integer n, there exists a linear sketch with

—4 —1 w n
. . ne olylog(n,e, =, 7max)x .
sketching matriz S50 € R"2 POV g(me s () and recovery algorithm square-recovery such
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that, given an input graph G of n vertices with weight vector wg, square-recovery(S*wg) returns
a (1 + e9)-spectral sparsifier of G5 with high probability.

Lemma 4.4.6. For any n3,e3 € (0,1) and any integer n, there exists a linear sketch with sketching
matriz S5 ¢ R €5 polog(m)x (3) g4 recovery algorithm square-heavy-recovery such that,
for an input graph G of n vertices with weight vector wg and another graph G, the subroutine
square—hea’uy—'reco'ue'r'y(Ssqhwg,é) recovers a set of edges F' in G along with estimates of their

weights wy’s such that with high probability

1. F contains all edges e satisfying

((we)eb? LLbe)?
szgLquLgbe

= 3.

2. All edges f € F satisfy 1+153 (wa)f <wp < (14+¢e3)(wa)y-
We remark that to understand the first guarantee of the above lemma, one should think of G as a
good spectral sparsifier of G4, so that the numerator ((wg)ebngbe)2 ~ ((u)(;)ebZLgsqbe)2 and the
denominator beTLgLquLgbe R beTLgsq be, and thus the LHS ~ (wg)gbZLTqube, the leverage score of
e in G®1. That is, this guarantee is essentially saying that all heavy edges in G5 will be recovered.
We now describe the linear sketch for recovering heavy edges in G in Figure 4.4, and characterize

its performance in the lemma below.

Lemma 4.4.7. For any parameters n1 € (n_4/5 logn,1), e1 € (0,1) and integer n, there ex-

n6/5n1_151_2 polylog(n,¥max ) x ("

ists a linear sketch with sketching matriz S™ € R Wmin 2) and recovery algo-

rithm heavy-edge-recovery such that, for an input graph G of n vertices with weight vector wg,
heavy-edge-recovery(S™wq) recovers a set F' of edges in G along with estimates of their weights

wy’s such that with high probability
1. All edges e whose leverage score in G satisfy (wg)ebZLgbe > m belong to F.
2. All edges f € F satisfy ﬁ(w(;)f <wp < (I4e1)(wa)s-

We now prove Lemma 4.4.7 using Lemmas 4.4.1,4.4.5,4.4.6.

Proof of Lemma 4.4.7 using Lemmas 4.4.1,4.4.5,4.4.6. Number of linear measurements. We
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heavy-edge-sketch(G,n1,e1)

1. Let t = {1000077172712/5 log n] and let Vi,...,V; be vertex subsets, each obtained by
including each vertex in G with probability 10(?% independently.

(Subsample the vertices sufficiently many times to cover every edge)

o4 ; —1 wmax Vil
2. For each i € [t], let S;1 € RIViles " polvlos(IViley ™, )< (T51) g sketching matrix with

error €3 = .01 (Lemma 4.4.5), and let quh c RIVilns e3> polylog(ViD < (") (wiep n3 = 1/2000

and €3 = £1/100 (Lemma 4.4.6).

3. Concatenate the following sketches as S™wg:
(a) StMwepn)s - -+ St wey,), where wepy,) € R(Z) is the weight vector of the vertex
induced subgraph G[Vj].
(Create a sparsification sketch for each vertex-induced subgraph)
(b) Siqhwg[vl], ey StsqhwG[Vt}.

(Create a heavy edge sketch for each vertex-induced subgraph)

heavy-edge-recovery(S™wg)
1. For each i € [t]:
(a) Use Lemma 4.4.5 to recover from Sj%wgyy; a sparsifier G; of G4[Vj).
(Gy is a 1.01-spectral sparsifier of GS4[V;])
(b) Use the recovery algorithm from Lemma 4.4.6 to recover from quhwg [Vi] and G; a
set I of edges along with their estimated weights w;’s, and mark all edges in F' as
heavy.
(Feed the sparsifier G; to the recovery algorithm to get all heavy edges)
2. Return all edges marked heavy along with the estimates of their weights (if for some edge
there are multiple estimates of its weight, pick an arbitrary one).

Figure 4.4: Linear sketch for recovering heavy edges in G.
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observe that with high probability, |Vi| < 100mn?/® for all i € [t], and thus each S;%wg[Vi] €

Wmax

4/5 _
R Polos(n Ll and each quhwg[‘/;] € Rmn*/°s*polylog(n) - Therefore, the total number of

linear measurements is bounded by

t - mnY/57? polylog(n, %) < n8/5571em? polylog(n, 02%),
Wmin Wmin

Guarantee 1. Consider fixing any edge e with webeTLTabe > n1. By Lemma 4.4.1, for each
i € [t], with probability ﬁ, we have e € G[V;] and wgbeTLTqu[Vi]be > 1/1000 (call this event
&i). Therefore at least one of &p,...,& happens with probability > 1 — (1 — w()g%)t >1-
1/n~1% Whenever an & happens, using the fact that G, is a 1.01-spectral sparsifier of G*]V;] (by
Lemma 4.4.5), we have

(wG)ebZLTéi be > (wG)ebZLTqu[Vi}be

1
1.01
and

bZLgiLqu[Vi]Lgibe < 1.01bZLgiLéiLgibe = bZLgibe < 1.012bZLTquMbe,

and thus

((we)eb? LE be)?
bI LY, Lesa LY be

> 1.01_3(wg)§beTLgsq[Vi]be > 1.0173/1000 > 1,/2000.

By Lemmas 4.4.6, with high probability, e is among the recovered edges. Therefore by a union

bound over all such edges e, we have the desired result.

Guarantee 2. This follows directly from Lemma 4.4.6. O

4.4.3. Main algorithm for weighted spectral sparsification

We now show how to use the heavy edge recovery sketch in the previous section to obtain a spectral

sparsifier of G.

We first briefly summarize the main ideas. The first idea is to use the iterative refinement process
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in [LMP13| as in the previous works on unweighted graphs [KLM*14, KMM™*20|. That is, we
consider, for some large o = poly(wmax, 1), t = polylog(e~!, whax n) and a constant 8 € (0,1), the

sequence of graphs

G+ aK,,G + BaK,, G+ B*aK,, ..., G+ flaK,,

which have the properties that
1. aK, is an O(1)-spectral sparsifier of G + ak,.
2. G+ p*aK, is an O(1)-spectral sparsifier of G + BFTlak, for all k > 0.
3. G+ BtaK, is a (1 + ¢)-spectral sparsifier of G.

The idea is then to iteratively obtain a sparsifier of each of these graphs, where we use the sparsifier
of G+ B*aK, to guide the sparsification of G + 3**1aK,, (in particular, we use the sparsifier of the
former to estimate the effective resistances and leverage scores in the latter). Thus it boils down to

how to sparsify G 1 .= G + gFt1aK, using heavy edge recovery.

Remark 4.4.8. We remark that, when given access to a heavy edge recovery sketch, the sparsification
of G*FY) s relatively easy to achieve in the unweighted case, for the following reason. Consider, in
an unweighted graph, an edge e = (s,t) with effective resistance (thus also leverage score) r., and let
zst € R™ be the set of vertex potentials induced by an electrical flow from s tot and assume w.l.o0.g.
zs—x¢ = 1. By Fact 2.4.5, we have T Lgx = 1/r.. Now notice that we can also assume x, € [0, 1]
for all u, since letting x, < 1 for all x,, > 1 and x, < 0 for all x, < 0 can only decrease the total

energy.

This means that the energy (x5 —x;)?> = 1 on edge e = (s,t) is the largest among all edges, and thus
if we sample all edges uniformly at rate = re, the total energy will be 6(1) with high probability by
Chernoff bounds. This implies that in the latter subsampled graph, e (if sampled) becomes heavy with
high probability. Since r. is exactly (up to an O(logn) factor) the probability with which we want
to sample e, we can apply the heavy edge sketch to subgraphs of G obtained by sampling edges at
geometrically decreasing rates, and then try to recover each edge e from the subgraph with sampling

rate = re.
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However, for weighted graphs, the energy on some other edges of very large weights can be unbound-
edly big. Thus concentration bounds no longer give us high success probability of recovering an edge e
when sampling all edges uniformly at rate = T, = were, even though the energy reduces significantly
i expectation.

(k+1)

To sparsify G , we will utilize the spectral sparsification framework in [Koul4|, which is itself

model oblivious. The framework works as follows:
1. Fix some constant p € (0, 1).
2. While the number of edges in the graph is > ne =2 polylog(n):
(a) Find all edges whose leverage score > 1 := &2/ polylog(n), and call these edges F'.
(b) Sample each edge not in F' with probability p, and multiply its weight by 1/p if sampled.

Notice that since the leverage scores of all edges sum up to at most n — 1, the total number of
edges in F is at most ne~2 polylog(n). Thus, in each while loop iteration, the number of edges
decreases by a constant factor, and as a result there can be at most O(logn) iterations. Then using
Theorem 2.4.6, we have that the final graph is a (1 + €)-spectral sparsifier of G*+1) | Notice that

here, the first step in the while loop is exactly the recovery of heavy edges.

We now describe the difficulty that arises in implementing the above process using linear sketching
non-adaptively, and our way around it. First, let Ey 2 E1 2 ... 2 Ep(ogn) be such that Ey = (‘2/)
and F;; is obtained by subsampling each edge slot in F; with probability p (the constant fixed at
the first step of the above process). We apply the heavy edge recovery sketch to each G(k+1)[Ei].

We then implement each iteration of the while loop in the above process.

At first, we recover all heavy edges in G+ using the sketch of G*+D[Ey] = GH+D | and call
these edges Fy. We would like to sample each edge in G(kﬂ)[(g) \ Fp] with probability p, and
multiply its weight by 1/p if sampled. Then in the next iteration, we would want to recover
heavy edges in the latter subsampled graph. That is, we would like to have a sketch of the graph
(1/p)G*HV[E)\ Fy]+G* V[ Fy). However, we only have a sketch of G*#+1D[E,]. By linearity, we can
multiply it by 1/p and add to it GtV [Fy\ E;] and get a sketch of (1/p)G*+HV[E ] +GFEHD[Fy\ Ey].

Nonetheless, this sketch is still not taken on our desired graph (1/p)G*+D[E; \ Fy] + GE+D[Fy),
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since the weights of the edges in F1 N Fp in the former graph are larger than in the latter by a factor

of 1/p. We say these edges are overweighted by 1/p, and call the former graph overweighted graph.

One might hope to further subtract from the sketch (1/p — 1)G*+D[E; N Fy] to bring down the
weights of the overweighted edges by a factor of (1/p). However, notice that we do not have the
exact weights of the edges in Fj from our heavy edge recovery sketch. Rather, we only have some
estimates of their weights. Moreover, while in the second iteration we are only looking to subtract
edges that are overweighted by 1/p, in subsequent iterations, we might need to subtract edges that
are overweighted by poly(n), which means that our weight estimates for such edges must have

inverse polynomial accuracy for the subtraction to work.

Our way around this issue is to repeatedly re-estimate the weights of the overweighted edges. Specif-
ically, we show that the edges that are overweighted the most must be heavy in the overweighted
graph. Thus we can apply the heavy edge recovery sketch to the overweighted graph, get estimates
of the weights of these edges, and bring their weights down by a factor of (1/p). We then repeat-
edly apply this step O(logn) times (where we re-estimate the weights each time) until there are no
overweighted edges. Since we only bring down the edge weights by a constant factor each time and

always re-estimate the weights once changed, we will never have too large an error.

We now present in Figure 4.5 our main algorithm for weighted spectral sparsification, which invokes
the heavy edge recovery sketch in Section 4.4.2. Specifically, for each graph G*) in the iterative re-
finement process, we apply independent heavy edge recovery sketches to subgraphs of G™®) obtained
by sampling edges at geometrically decreasing rates. Then in the recovery step, we first simulate
the iterative refinement process using an outer for loop of &k, and then implement the framework
from [Koul4] in an inner for loop of i. Inside each iteration of the inner for loop, we start with the
sketch of an overweighted graph Z, and then gradually bring down the weights of the overweighted
edges by repeatedly recovering heavy edges in the current (overweighted) graph and subtracting a
constant fraction of their weights. Finally when there are no overweighted edges left, we recover

the heavy edges in the resulting graph and then go to the next sampling rate.

The performance of our main linear sketching algorithm for weighted graph sparsification is char-

acterized in Theorem 4.4.9.
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spectral-sketch(G,¢)

1. Let t = {10000 log(1065*1% . nlo)—‘, and then for each £k =0,1,2,...,t

(a) Let E(k) > E(k) E(k) be edge subsets where E(k) = (V) and E(k) is obtained
by sub- bamphng each edge slot in E( )1 with probability (14 1/1000)~!
(b) For each pair 0 < < t, use Lemma 4.4.7 to generate a sketching matrix (Sh")gf;) €

6/5 —1 —2 Wmax n
RO pdylog( i )% (2) with 11 = 2/(10%t2logn), 1 = ¢/(10%).

2. For each 0 < k,i,j < t, let G®) «— G + (1 + 1/10%)7*10%wyaxn® K,,, and compute the
sketch (Sh")( ) Wem p®) where Wew )] € R() is the weight vector of G(*) [El(k)]
(Take sufficiently many independent heavy edge sketches on each subsampled graph)
3. Concatenate these sketches as SSwq.

H® = spectral-recovery(S®wg)

1. Initially, let H©) <« 10%wmaxn’ K. (H(O) is a 1.001-spectral sparsifier of G(O))
2. Fork=1,2,...,t
(a) Let H®) « ¢ (H® will be a (14 £/1000)-spectral sparsifier of G(¥))
(b) Set ce + 0 for all ee(y). (ce will be s.t. e is added to H*) when i = c,)
(¢) Fori=0,1,...,t:

i LetZ<—(1+1/1000) GWE®) + H®[(V)\ EX).

(Z records the graph on which our linear sketches are currently taken)

ii. Compute sketches s; (Sh")( )wz,] € [0,t], where wy is Z’s weight vector.

iii. For each f e H® N EZ( ), let 05 <~ i —cy, and let 0y < 0 for all other edges.
((wz) needs to be brought down by a factor of (1 + 1/1000)°7)
iv. Let j <= 0. Then while 3f : 67 > 0, do the following:
e Use Lemma 4.4.7 to recover from s; a set F' of edges and then let j < j+1.
e For each f € F such that 6y > 0, let W be the estimate of its weight:
-~ Z+ Z—(1—(1+1/1000)"YYw,f.
— i 4 sy — (1= (1+1/1000)"1)(8™) ") (@5 x5) for all j € [0,1].
— 0p <oy — L.
(Bring down (wz) ¢ by (1+1/1000) and update all sketches accordingly)
v. Use Lemma 4.4.7 to recover from s; a set '™ of edges.
vi. For each edge f € F* with estimated weight w; such that wfbf LH<k nbr = 8m
and f is not already in H® add f to H® with weight wy, and let ¢y < 1.
(Add recovered heavy edges to H®)_ then go to the next sampling rate)

Figure 4.5: Linear sketch for weighted spectral sparsification.
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Theorem 4.4.9. For any parameter € > 0 and any integer n, there exists a linear sketch with

. . 6/5:=4 polyl 1 Wmax )y (7 .
sketching matriz S € R"" ° polylog(m.e ™, ) () and recovery algorithm spectral-recovery

such that, given an input graph G of n vertices with weight vector wg, spectral-recovery(S*wg)

returns a (1 + €)-spectral sparsifier of G with high probability.

Before proving the theorem, we shall first give some useful intermediate lemmas. The following

proposition directly follows from the definition of spectral sparsifiers.

Proposition 4.4.10. For any two graphs G1, Gy whose weight vectors satisfy that (wa,)e ~14e
(way)e for all e € (‘2/), G1 is a (1 + €)-spectral sparsifier of Ga.

This proposition then immediately implies the following two lemmas.

Lemma 4.4.11. 108w,n°K,, is a 1.001-spectral sparsifier of G(©).

Lemma 4.4.12. For all k > 1, G*=V 45 a 1.001-spectral sparsifier of G*).

Lemma 4.4.13. G is a (14 £/2)-spectral sparsifier of G.

Proof. By definition

Ly =L + L1410-1)-t105wmaxnd Ky

<Lg + lewmmn °Lk,,

where the last line follows from our choice of ¢. Thus, the largest eigenvalue of the second term is
bounded by .lewminn~*. By standard lower bounds on the second smallest eigenvalue, the second

smallest eigenvalue of L¢ is at least wpin/ n?. Therefore we have
—leLg X Lowy — Lg = 1elg,

which implies that G® is a (1 + £/2)-spectral sparsifier of G. O

Fix an iteration of the outer for loop of k. Then for an iteration of the inner for loop of ¢, let Hi(k)
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be the H*) at the beginning of the iteration, and let Fi(k) be the edges in Hi(k). Define graph

i—1
TP = (1 +1/1000)'GP[EM N\ FP)+ 371 + 1/1000) R ED, \ £,
=0
Notice that Fék) = () and J(gk) = G®. Also by the way we are assigning values to ¢y in the algorithm,
we have, at the beginning of the for loop (of ) iteration, f € F, +1 \F(k for all f € Fi(k). Thus we

also have

I = (14171000 GPEF\ FPT+ 3 (14 1/1000) (w1 (4.9)
fer®

Lemma 4.4.14. Suppose H* =Y s 4 1.001-spectral sparsifier of G*=Y. Then with high probability,

forall0 < i<t
1. After the while loop inside the it iteration terminates, for all f,

1

1+ 2/10000 < <1 1 ,
T2 /10000 Wa)s S (W2)r < (14/10000)(w,00)5

2. Forall f € F¥)\ F™,

1
1+ /(1054 < s (1 105¢
1+5/(106t)(wlff)1)f (w Hfj?l) (1+¢/(10°))(w Jl@l)f

(k)

3. All edges in F( ) have leverage scores in J;™ at least 4n;.

4. J+1 is a (14 &/(10%))-spectral sparsifier of Ji(k)

Proof. We prove all statements of this lemma by induction on i. For i = 0, since 6y = 0 for all f,
the while loop will not execute. Thus throughout this iteration we have Z = Jék) = G, This
immediately gives 1. By Lemma 4.4.7, the F* we recover in this iteration contains all edges whose

leverage score in G is at least 71, and all edges in F* have weight estimates satisfying 2. Since
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H®=1) is a 1.001-spectral sparsifier of G*=1 and G* =1 is in turn a 1.001-spectral sparsifier of of
G®) | we have that H*~1) is a 1.003-spectral sparsifier of G*). As a result, we know that, at the
last step of the for loop iteration, all edges with leverage score at least > 10m; in G*®) will be added
to H®) | and all edges added to H*) have leverage score at least > 4171 in G*), so we have 3. This
means that Jl(k) is obtained by sampling a set of edges in Jék) whose leverage scores in Jék) are at

most 10m; with probability (14 1/1000)~!, and multiply their weights by (1 + 1/1000) if sampled.

Using Theorem 2.4.6, we have 4.

We now do an inductive step. Suppose all four statements hold for iterations 0,1,...,7 — 1 where
1 < i < t. We show that they also hold for iteration i. We first need to analyze the while loop

inside iteration ¢. Let us number a while loop iteration by the value of j at the end of the iteration.

k)

Claim 4.4.15. At the end of while loop iteration j where j < t, we have for all f € El( N Fi(k)

1 5 : 5

Proof. We prove this claim by an induction on j. First we show that the statement is true for
j = 0 at the beginning of while loop iteration 1. Here all f € Ei(k) N Fi(k) satisfy that (wz)y =
(1 4+ 1/1000) (wex) . Since we set 67 < i — cf before the while loop, and by (4.9) (in(k))f =
(1 +1/1000)% (wgaa ) £, we have (wz); = (1 + 1/1000)%f (in(k))f, as desired.

Now suppose the statement is true at the end of iteration j — 1 where 1 < j7 < ¢t. We then show
that the statement is also true at the end of iteration j. Let Zy be the Z before our updates to Z
in iteration j and let Z; be the Z after our updates. By Lemma 4.4.7, all edges recovered f € F
have their estimated edge weights Wy € [ﬁ(wzo)f, (1 +€1)(wz,)f]. Therefore after our updates,
we have for any f € F such that d; > 0 that (wz,)s € [ﬁ(l +1/1000) " (wz,) £, (1 + 2e1)(1 +
1/1000) " (wz,)f], and (wz,)f = (wz,) for other edges f. Since we let §¢ < d; — 1 for such edges,

and do not change the d;’s of other edges, we have our desired statement for j. O

Claim 4.4.16. The while loop terminates after at most t iterations.
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Proof. It suffices to show that maxy d; decreases by 1 in each while loop iteration. Since oy <t for
any f, this will imply that there can be at most t iterations. Then it boils down to showing that
for all f* with 6y« = maxydy, f* belongs to the recovered edge set F'. Since f* € Fi(k)7 by 3 of

our induction hypothesis, the leverage score of f* in Ji(’_c)1 is at least 4n3. Notice that by 4 of our

induction hypothesis, Ji(f)l is a (1 + 1/1000)-spectral sparsifier of G*). Then using the fact that
H®=1 is a 1.003-spectral sparsifier of G(¥) (which we proved at the beginning of the proof of this

lemma), we have that H (k=1) is a 1.005-spectral sparsifier of Ji(f)l.

By Claim 4.4.15, we have at the beginning of each while loop that, for all f,

(wz) ¢ e[(1+12€1)t(1 + 1/1000)5f(wji<k))f, (1+2e1)'(1 + 1/1000)5f(le_<k))f]

1
Clgp(1+1/1000)% (w j9) £, 1.01(1 +1/1000)% (w 1)) - (4.10)

Since 0+ > 05 for all f, the above implies

Lz = 1.03(1+1/1000)%" L ) - (4.11)

i—1

By inverting both sides, we then get

L, = 1.0371(1 + 1/1000) % ngk)l.

Combining this with (4.10), the leverage score of f* in Z satisfies

1
1.01-1.03

4ns

§ T rt S —
(wz) p=by=Lybp- > (wJ;k))f*bf*LJ;@lbf* ZTo1-103° ™

as desired. [
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By Claim 4.4.15, after the while loop terminates, we have that for all f,

1
M 2y o) (L4 220 (w0),]

1
[i2710000) o)1

(wz)y 6[(

14 £/10000)(w ) 1,

and thus we have 1. This also implies that Z is a (1 + &£/10000)-spectral sparsifier of Ji(k), and as
result, for each edge f, its leverage scores in Z and Ji(k) are within a (1 +¢/10000)? < 1.01 factor

of each other.

)

For all edges in Ei(k) \Fi(k), their weights in Z equal exactly their weights in Ji(k , therefore by

)

Lemma 4.4.7, all edges recovered in F* not in Fi(k have weight estimates satisfying 2.

Notice that by 4 of our induction hypothesis, Ji(k) is a (1+1/1000)-spectral sparsifier of G®). Then
using the fact that H*~1) is a 1.003-spectral sparsifier of G*) (which we proved at the beginning
of this proof), we have that H®=1) is a 1.01-spectral sparsifier of Z. Thus, at the last step of the
for iteration, all edges added to H®) have leverage score at least > 5n; in Z, and all edges with
leverage score > 91 in Z will be added to H*®). Thus we also know that all edges added to H®*)
have leverage score > 41 in Ji(k) (which gives 3), and all edges with leverage score > 107; in Ji(k)
will be added to H®).

(k)

The above reasoning also implies that J;

i1 whose

is obtained by sampling a set of edges in J (k)

(2

leverage score is at most 107; with probability (1 + 1/1000)~!, and multiply their weights by
(14 1/1000) if sampled. Using Theorem 2.4.6, we have 4. O

)

J Wawp®) €

Proof of Theorem 4.4.9. Number of linear measurements. Note that (Sh")l(»

Wmax )

6/5n e 2 polyl . .
R™ e polylog(n, i tn , so the total number of linear measurements is bounded by

w
< nb/Pe4 polylog(n, —=2% =1,
min min

£3,,6/5

n; te1? polylog(n, M)

Spectral sparsifier guarantee. By Lemma 4.4.11, H (0) is a 1.001-spectral sparsifier of G(0). We
then show that whenever H*~1 is a 1.001-spectral sparsifier of G*~D  H®) is a (1 4+ £/1000)-

spectral sparsifier of G(*) with high probability. Notice that inside each iteration of the outermost
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for loop of k, for i = t, we have that with high probability Et(k) = (). This means that Jt(k) consists
of solely edges in Ft(k). Thus by Lemma 4.4.14, Ht(k) is a (1 4+ ¢/(105¢))-spectral sparsifier of Jt(k).
Also by Lemma 4.4.14, Jt(k) is a (14 ¢/(10%))t-spectral sparsifier of G*). These combined imply
that H®) is a (1 4+ £/1000)-spectral sparsifier of G™®) . Now applying an induction on k, we have
that H® is a (1 4 £/1000)-spectral sparsifier of G(). Since G*) is a (1 + £/2)-spectral sparsifier of

G, H® is a (1 + €)-spectral sparsifier of G, as desired. O

4.4.4. Sparsification of G54
4.4.4.1 Sparsification of G°¢ by heavy edge recovery

We first give in Figure 4.6 the linear sketch for sparsifying G%¢ using the recovery of heavy edges
in Lemma 4.4.6. We will then prove Lemma 4.4.6 later in Section 4.4.4.2. The ideas for the former
linear sketch are the same as the ones we used in Section 4.4.3, since both are about how to sparsify

a graph by repeatedly recovering heavy edges.
The performance of the linear sketch is characterized by Lemma 4.4.5.

Lemma 4.4.17. For any parameter €9 > 0 and any integer n, there exists a linear sketch with

—4 -1 w n
ne olylog(n,e MAX ) 5 .
2" polylog(n.ey ", ) (3) and recovery algorithm square-recovery such

sketching matriz 5% € R
that, given an input graph G of n vertices with weight vector wg, square-recovery(S*wg) returns
a (1 + e9)-spectral sparsifier of G5 with high probability.

The proof of Lemma 4.4.5 will also be largely similar to that of Theorem 4.4.9 in Section 4.4.3,

However, we still include the proof here for completeness.
As in Section 4.4.3, we first prove some useful intermediate lemmas.

Lemma 4.4.18. (106w,,,n° K,,)% is a 1.001-spectral sparsifier of (G(©)).

Proof. Let TI € R™ ™ be the projection matrix on the n — 1-dimensional subspace orthogonal to the
all-one vector. Then II has n — 1 eigenvalues of 1 and one eigenvalue of 0 (with eigenvector being

the all-one vector). It is known that Lk, = nIl, 80 L(106uy,.msK,)sa = 10*2w?2,, n'1I, and has all

max
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square-sketch(G, e2)

1. Let t = [10000 log(100e; ! s . 10)], and then for each k = 0,1,2,... .1

(a) Let E(k) > E(k) . D E(k) be subsets of edge slots where E(k) = (‘2/) and Ei(k) i
obtained by sub- samphng each edge slot in E; (k )1 Wlth probability (1 + 1/1000)~2
(b) For each pair 0 < 4,5 < t, let (Ssqh)(];) e RS €5 polylog(mx(3) 1 5 sketching

matrix in Lemma 4.4.6 Wlth n3 = €3/(102t2log n), g3 = £2/(10%).
2. For each k,i,j € [0,], let G®) < G+ (1 + 10~4) 105w yaxn° K, and compute the sketch

(Ssqh)( ) Wem E®) GM[E®)] e RG) i weight vector of the subgraph G*) [Ei(k)].

3. Concatenate these sketches as S%%wg.

where w

square-recovery(S*lwg)
1. Initially, let H© < 100wy,n°K, (where (H(®)% is a 1.001-spectral sparsifier of
(GOya).
2. For k=1,2,... ¢
(a) Let H® « (§ (where (H®))* will be a (1+e2/1000)-spectral sparsifier of (G(¥))3).
(b) Set ¢, + 0 for all e € (‘2/) (where ¢, will be such that e is added to H*) when
i =ce).
(c) Fori=0,1,...,t
i. Let Z « (14 1/1000)'G*) [E,L(k)] +H®[(Y) \Ez(k)] (Z is to record what graph
our linear sketches are taken over).
ii. Compute sketches s; := (Ssqh)l(-?w 7,7 € [0,t], where wy is the weight vector of
Z.
iii. For each f e H® N EZ-(k), let 05 <~ i —cy, and let d; < 0 for all other edges.
iv. Let j <= 0. Then while 3f : §; > 0, do the following:
A. Use Lemma 4.4.6 to recover from s; and (H*~1)% an edge set F, and
jJ+ 1L
B. For each f € F' such that 6y > 0, let w; be the estimate of its weight:
I Z+«+ Z—(1—(1+1/1000)" s f.
1L sjr ¢ s — (1= (1+1/1000)~1)(5%™) ") (@) for all j < j < ¢
III. 5f — (Sf — 1.
v. Use Lemma 4.4.6 to recover from s; and (H*~1)% a set F* of edges.

vi. For each edge f € F* with estimated weight w; such that wfcb;‘fL](LH(kfl))quf >

8n3 and f is not already in H®) add f to H®) with weight Wy, and let ¢y < i.
3. Return (H®)sq,

Figure 4.6: Linear sketch for sparsifying G54.
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n — 1 nonzero eigenvalues equal to 10'2w?2,, n'!'. On the other hand, notice that by expanding

max

L(G(O) )sa :L(G+106wmaxn5 Ky)sd

=Lesa + 2 - 100wmaxn® L + 10202 nlOLKn.

max

By standard bounds on the largest eigenvalue of the Laplacian matrix of a weighted graph, the

largest eigenvalue of an n-vertex graph with maximum weight wyax is at most nwmax. Therefore,

the largest eigenvalue of L(G(O))Sq—(l()Gwmaan Ky)sa 1S at most 3 - 10%w2 . n8. This combined with

LGoysa 2 L(106wmaxndK,)sa Shows that

1
~ 10575 Ly 3 Ligorpa = Laoswmand k) = 7555 L(co)sa-

This implies that

1
WL(G(()))SQ j L(106wmaxn5Kn)sq j 1.001L(G(0))sq

as desired. O
Lemma 4.4.19. For all k > 1, (G¥=1)%9 45 ¢ 1.001-spectral sparsifier of (G*))3.

Proof. By definition

L(G“v*l))sq :L(G+(1+1074)7(k71)106’wmaxn5Kn)Sq

=Lga +2(1 +107)~F D100 00’ L + (1 + 1074 72*=D1022 0Ly
and
Latmysa =L(G1(1410-4) k106 wpman’ K )5
=Lgsa +2(1 + 107" " 10%wmaxn® Le + (1 + 10717210202, 'Lk, .

The second terms of the above two expressions are (14 10~%)-sparsifiers of each other, and the third
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terms of the above two expressions are (1 + 10~%)%-sparsifiers of each other. Therefore, Lq-1))sa

is a 1.001-spectral sparsifier of L(G(k))sq. O
Lemma 4.4.20. (G®)% is a (1 + e2/2)-spectral sparsifier of G9.

Proof. By definition

Ligwysa =L(G+(14+10-4) =105 wmaxn® Ky )54

=Lasa +2(1 4+ 10797100’ La + (1 + 107472810202, n'OL,
2 4

< Lgsa + deg—2ip 5L, 4 0013 —miny 107,
max max

where the last line follows from our choice of t. Thus, the largest eigenvalue of the sum of the last

two terms is bounded by .2e5w? . n~*. By standard lower bounds on the second smallest eigenvalue,

mll’l

the second smallest eigenvalue of Lgsa is at least w2, /n?. Therefore we have
—.262Lqu j L(G(t))sq — Lqu j .2€2LGSQ,

which implies that (G®)* is a (1 + e2/2)-spectral sparsifier of G59. O

(k)

Fix an iteration of the outer for loop of k. Then for an iteration of the inner for loop of ¢, let H;
be the H*) at the beginning of the iteration, and let Fi(k) be the edges in H. i(k). Define graph
. i—1
TP = (14 1/1000)'GP [EM\ FP)+ 371+ 1/1000) G [ED \ B,
(=0
Notice that F0 = () and J; () — G, Also by the way we are assigning values to ¢y in the algorithm,
we have, at the beginning of the for loop (of i) iteration, f € F +1 \ F¢ ) for all fe F ¥ Thus we

also have

I = (14 1/1000) 'GP [EP N\ FM 4 37 (14 1/1000) (w1 f. (4.12)
er®
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Lemma 4.4.21. Suppose (H* 1Y% is o 1.001-spectral sparsifier of (G¥=1DY9. Then with high

probability, for all 0 < i < t,

1. After the while loop inside the i iteration terminates, for all f,

1

1+ 2,/10000 < <1 10000 ,
1+ 52/10000 (wji(k))f (wZ)f ( + 52/ )(wjfk))f

2. Forall f € F¥)\ F™,

1
- < <(1 105¢ :
T4 2 (1000 )7 S (Wage)r < (U e2/ Q00 (w,0)g

3. All edges in Fz(+k)1 have leverage scores in (Jl-(k))sq at least 4ns.

4. (Ji(ﬁ)sq is a (1 + e2/(10%))-spectral sparsifier of (Ji(k))sq.

Proof. We prove all statements of this lemma by induction on 7. For i = 0, since §;y = 0 for all f,
the while loop will not execute. Thus throughout this iteration we have Z = Jék) = G®). This
immediately gives 1. Since (H®*~1)% is a 1.001-spectral sparsifier of (G#~1)%a and (G*-1))% is
in turn a 1.001-spectral sparsifier of of (G(¥))%9, we have that (H*~1))%9 is a 1.003-spectral sparsifier

of (G))4. Therefore by letting G = (H*~1))% we have

((wg(k))ebeTLgbe)Q ((wG(k))ebZLJ(rGug))sqbe)2 90T 71
T T ~1.0034 T = (wG<k))ebe L(G(k))squ’ (413)
T L LcuysaLizbe DT L] G yeabe

where in the first step we have used

(wG(k) )ebZLgbe ~1.003 (wG(k) )eszJ(rG(k))sqbe
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and

bF LEL oy LEbe =1 008 b LL L LLbe = bT LLbe ~1 003 beTLIG(k))que.

Therefore by Lemma 4.4.6, the F* we recover in this iteration contains all edges whose leverage
score in (G(’“))SO1 is at least 1.1n3, and all edges in F™* have weight estimates satisfying 2. Also, at
the final step of this for loop iteration, since (H*~1)% is a 1.003-spectral sparsifier of (G*))%4, all
edges with leverage score > 10n3 in (G(k))sq will be added to H*)_ and all edges added to H*)
have leverage score at least > 473 in (G*))%9, so we have 3. This means that (Jl(k))sq is obtained by
sampling a set of edges in (Jék))sq whose leverage scores in (Jék))sq are at most 10n3 with probability
(1 +1/1000)~2, and multiply their weights by (1 + 1/1000)? if sampled. Using Theorem 2.4.6, we

have 4.

We now do an inductive step. Suppose all four statements hold for iterations 0,1,...,7 — 1 where
1 < i < t. We show that they also hold for iteration i. We first need to analyze the while loop

inside iteration ¢. Let us number a while loop iteration by the value of j at the end of the iteration.

Claim 4.4.22. At the end of while loop iteration j where j < t, we have for all f € Ei(k) N Fi(k)

1) j é
raey (U L/1000)% () < (w7)y < (1+ 255 (14 1/1000)% (w0 0);-

Proof. We prove this claim by an induction on j. First we show that the statement is true for
j = 0 at the beginning of while loop iteration 1. Here all f € Ei(k) N Fi(k) satisfy that (wz); =
(14 1/1000) (wg) ) f- Since we set dy «— i — ¢y before the while loop, and by (4.12) (in(m)f =
(1 +1/1000)% (wga ) £, we have (wz)y = (1 + 1/1000)°f (in(k))f, as desired.

Now suppose the statement is true at the end of iteration j — 1 where 1 < j < ¢t. We then show
that the statement is also true at the end of iteration j. Let Zy be the Z before our updates to Z
in iteration j and let Z; be the Z after our updates. By Lemma 4.4.6, all edges recovered f € F

1

have their estimated edge weights wy € [17(wz,)y, (1 + €3)(wz,)s]. Therefore after our updates,
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we have for any f € F such that ; > 0 that (wz,)s € [1355; (1 + 1/1000) " (wz, ), (1 + 2e3)(1 +
1/1000) Y (wz,)¢], and (wz, ) = (wz,)s for other edges f. Since we let 67 < 67 — 1 for such edges
(those with 0y > 0), and do not change the d;’s of other edges, we have our desired statement for

j- O
Claim 4.4.23. The while loop terminates after at most t iterations.

Proof. It suffices to show that max; d; decreases by 1 in each while loop iteration. Since d; < ¢ for
any f, this will imply that there can be at most ¢ iterations. Then it boils down to showing that
for all f* with 6y« = maxyds, f* belongs to the recovered edge set F'. Since f* € Fi(k), by 3 of our
induction hypothesis, the leverage score of f* in (Ji(f)l)sq is at least 4nm3. Notice that by 4 of our
induction hypothesis, (Ji(f)l)sq is a (1 + 1/1000)-spectral sparsifier of (G(¥))%4, Then using the fact
that (H®* 1% is a 1.003-spectral sparsifier of (G*))%4 (which we proved at the beginning of the

proof of this lemma), we have that (H*~1))54 is a 1.005-spectral sparsifier of (Ji(f)l)sq.

By Claim 4.4.22, we have at the beginning of each while loop that, for all f,

(1) €l gy (1 /10001 (g0 )7, (14 225)' (14 1/1000)% a0

1
Cly g7 (L +1/1000)%7 (w010 £, 1OL(L + 1/1000)° (w6 ) . (4.14)

Since dy« > 0y for all f, the above implies

Lzsa < 1.03(1 + 1/1000)%+* L < 1.04(1 4 1/1000)*7* L 0e-1) )5, (4.15)

(75 =

where the second inequality follows from that (H*=1))%9 is a 1.005-spectral sparsifier of (Ji(f)l)sq. Let

G= (H®*=1)sa, Now in order to show that f* will be recovered as an edge in F*, by Lemma 4.4.6,

it suffices to show

(wz) g+ bF. LEbs)?

= 3. (4.16)
bELLL gLl bge
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By (4.15), the denominator satisfies
T 25 4%} T
bf-LELzsaLLbse < 1.04(1 + 1/1000)%7 b L by
Therefore, the LHS of (4.16) is at least

(wz)F-(1+1/1000) "2 b, LLbp- > 1,005~ (wg)F-(1+ 1 /1000)—25f*b:f*LL_<2 WU

where the inequality follows from that (H*~1)% is a 1.005-spectral sparsifier of (Ji(f)l)sq. Finally,
using (4.14) and that the leverage score of f* is at least 273 in (Ji(f)l)sq, we have that the above is

at least 13, proving (4.16). O

By Claim 4.4.22, after the while loop terminates, we have that for all f,

(wz)y E[m(wﬁgk))ﬁ (1 +223)"(w ) ]

1

g[m(wjgk))f, (1+£2/10000)(w, 1) ],

and thus we have 1. This also implies that Z59 is a (1+e2/10000)2-spectral sparsifier of (Ji(k))sq, and
as result, for each edge f, its leverage scores in Z°4 and (Ji(k))sq are within a (1+&2/10000) < 1.01

factor of each other.

)

For all edges in El.(k) \Fz.(k)7 their weights in Z equal exactly their weights in Ji(k , therefore by

Lemma 4.4.6, all edges recovered in F* not in Fi(k) have weight estimates satisfying 2.

Notice that by 4 of our induction hypothesis, (Ji(k))sq is a (141/1000)-spectral sparsifier of (G*))sa,
Then using the fact that (H®*~1)% is a 1.003-spectral sparsifier of (G(*))54 (which we proved at
the beginning of this proof), we have that (H*~1)54 is a 1.01-spectral sparsifier of Z%¢. By letting

G = (H*=1)%4 we have, similar to (4.13),

(w2)ebE LGV ((wa)bl Lhuabe)?
VLLLyaLlbe bT L} abe

= (wz)26! Llqbe. (4.17)
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Therefore by Lemma 4.4.6, the F* we recover in this iteration contains all edges whose leverage
scores in (Z)%® are at least 1.5m3. Also, at the last step of the for iteration, since (H*~1))% is a
1.01-spectral sparsifier of Z%4, all edges added to H (%) have leverage scores at least > 5n3 in (Z)%9,
and all edges with leverage scores > 973 in (Z)% will be added to H®*). Thus we also know that all
edges added to H*) have leverage scores at least 413 in (Ji(k))sq (which gives 3), and all edges with
leverage scores > 10n3 in (Ji(k))Sq will be added to H®),

The above reasoning also implies that (Ji(i)l)SOl is obtained by sampling a set of edges in (Ji(k))sq

whose leverage score is at most 1013 with probability (1+1/1000)~2, and multiply their weights by
(14 1/1000)? if sampled. Using Theorem 2.4.6, we have 4. O

(%)

Proof of Lemma 4.4.5. Number of linear measurements. First, note that (Ssqh)m- W) )] €

R &5 polylog(n) g the total number of linear measurements is bounded by

wm X —
t3nns te5? polylog(n) < ney * polylog(n, 7%, g5 h).

min
Spectral sparsifier guarantee. By Lemma 4.4.18, (H(®)% is a 1.001-spectral sparsifier of
(G©)%a, We then show that whenever (H*~1)%4 is a 1.001-spectral sparsifier of (G*—1))sa_ (H*))sa
is a (1 4 £2/1000)-spectral sparsifier of (G(**))%4 with high probability. Notice that inside each iter-
ation of the outermost for loop of k, for ¢ = ¢, we have that with high probability Et(k) = (). This
means that Jt(k) consists of solely edges in Ft(k). Thus by Lemma 4.4.21, (Ht(k))sq isa (1+e2/(105¢))%
spectral sparsifier of (Jt(k))sq. Also by Lemma 4.4.21, (Jt(k))Sq is a (1+4¢2/(10%))!-spectral sparsifier
of (G*))%d, These combined imply that (H*))% is a (1 + £9/1000)-spectral sparsifier of (G*))%4,
Now applying an induction on k, we have that (H®)% is a (1 4 £2/1000)-spectral sparsifier of
(GMYya, Since (GM)* is a (1 4 £2/2)-spectral sparsifier of G54, (H®))% is a (1 + 9)-spectral

sparsifier of G*%, as desired. O

4.4.4.2 Recovery of heavy edges in G*¢

We now give in Figure 4.7 a linear sketch for recovering heavy edges in G®¢ and its analysis. This

linear sketch is essentially a direct application of £o-heavy hitters.

107



square-heavy-sketch(G, 73, £3)

1. Let A € R7 “PoWos(x(3) be an fy-heavy hitter sketching matrix with n = ,/733/10000
(Proposition 2.3.12).

2. Let J € ROO*18mx(3) he an fy-estimation sketching matrix with 6 = .01 (Proposi-
tion 2.3.16)

3. Concatenate the sketches AWz Bg and JWeBg as S5 w.

square-heavy-recovery(S*™wg, G)
1. For each vertex pair s,t € V:
(a) Let z = Lgb&t € R" be the set of vertex potentials induced by a unit electrical flow

from s to ¢t in G.

(b) Let z € R() be an approximation to WgBgx that is recovered from AWqBgx
using the recovery algorithm in Proposition 2.3.12.

(c) Let B be an estimate of ||WgBgx||, recovered from JWgBgx using Proposi-

tion 2.3.16.

(d) If 250 = .9/n3B, mark edge (s,t) as heavy, and estimate its weight as W, =
Z(s,t)
:ETbs7t :

2. Return all edges marked heavy along with the estimates of their weights.

Figure 4.7: Linear sketch for recovering heavy edges in G54.

The performance of the linear sketch is characterized in Lemma 4.4.6:

Lemma 4.4.24. For any ns,e3 € (0,1) and any integer n, there exists a linear sketch with sketching
matriz S5 ¢ R €5 pologm)x (3) g4 recovery algorithm square-heavy-recovery such that,
for an input graph G of n vertices with weight vector wg and another graph G, the subroutine
square-hea’uy-reco'ue'r'y(Ssqhwg,é) recovers a set of edges F' in G along with estimates of their

weights wy’s such that with high probability

1. F contains all edges e satisfying

((we)eb? LLbe)?
bT L Leea LLbe

= 3.

2. All edges f € F satisfy ﬁ(wg)f <wp < (14 e3)(wg)y-

Proof of Lemma 4.4.6. Number of linear measurements. Notice that the sketches we compute

satisfy AWgBg € R teg * polylog(n)xn o J WeaBg € ROUogn)xn  Therefore by concatenating them,

108



the total number of linear measurements is bounded by nn; 15:; 2 polylog(n).

First guarantee. By the guarantee of the fs-heavy hitter sketch, we have

| (WaBa) 54y — 25| <nl[WeBaz|,
<(y/1M3e3/10000) [|WeBaz||y (by the value of n)

=(v/i3¢3/10000) /b7, L Lgaa L b (4.18)

By the guarantee of the fo-estimation sketch

1
Be [1 5 1\/bthTGLquLTébs7t,1.01\/b£tLTéLqu Libas| (4.19)
Now fix any e with
((we)GbE LEbe)?
T e T (4.20)
be LGLquLG’be

We then write

€3 i f
e — (WeB <—3 \InsbT L. LegsaLibe by (4.1
2 = (WeBaw), | 10000\/77356 glasaLzb y (4.18)
€3 Tt
<— 1/nswebl Libe  (by (4.2
Toogo VBV 1/mswebe L, (by (4.20))
<.001egweb! LEbe

:.00163 (WgBGx)e . (4.21)
This implies that

Ze 2.999web! LLb

>.999\/sbT L Lo Libe  (by (4.20))

B
> 999, /5 ——
101

>.9./738.

(by (4.19))
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Therefore e will be marked as heavy.

Second guarantee. For e such that z. > .9,/73/3, we have

(WeBg)e 22 — 15055 LLgaLlbe  (by (4.18))

1 €3
>.9/n3——/bT L Lesa LLb, /WT LY Lasa b, by (4.19
Bror Ve ate e T 1p000 Ve e e G (by (4.19))

> 8T\ /msbl LiLaaLibe  (by e < 1).

Since (WgBgx)e = webeTLTébe7 we have

((we)ab? LLb,)?
Trt T
b’ LéLgsqLébe

We then write

2 = (WaBaw), | <qossy[mbl L Lo Liboe  (by (418))
1oooo\ﬁ‘/1/ .n3) webTL be  (by (4.22))
<.0legweb] LLbe

:.0153 (Wng.r)e . (4.23)

By dividing both sides by z”b,, we have

2 weblLhbe ) webT LLY
— €
2The aThe | S 4T,
Since zTb, = beTLTébe7 the above is equivalent to xZT—eb — we| < .0leswe, and thus we conclude

Trt
1y g YebeLgbe (1 + e3)we, as desired -
The; We S 2Th, S 3)We, .

4.5. Preliminaries on matrix-weighted graphs

We consider an undirected, k x k matrix-weighted graph G = (V, E) with |V| = n and |E| = m,

where each edge (u,v)’s weight is given by ¢, ¢L, for some ¢, € RF. We will assume all ¢, # 0,
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since one could remove all zero weight edges from E.

Remark 4.5.1 (Block matrices and vectors). Below, all nk x nk matrices (or nk-dimensional
vectors) are written in block form with block size k x k (or k x 1). All subscripts also refer to
row/column block numbers as opposed to row/column numbers. For example, for an nk x nk matriz
M, we write M;; to denote the k X k submatriz that is at the intersection of the it row block and

the 7™ column block.

Definition 4.5.2 (Degree matrices). For a vertex u, its degree is given by

Du = Zﬁbuvgbgv € Rka'

u~v

We then define the nk x nk degree matrix D as a k x k-block diagonal matrix:

D,
Do

Dy

Definition 4.5.3. For each edge (u,v) € E, define two nk-dimensional vectors e, and €,

Duv u™ block

Cuwv = and Cvi—u =

0 (Z)uv Uth block

Proposition 4.5.4. D =3 (eycvel_, +epeuel ).

When defining almost regular graphs, we will be interested in the quantities gbgleqﬁuv. We will call

qﬁvaLqﬁw the leverage score of edge (u,v) with respect to vertex w.
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Definition 4.5.5 (Leverage score of an edge w.r.t. a vertex). We call d)vaLqSuv the leverage score

of edge (u,v) w.r.t. vertez u.
Proposition 4.5.6. For any edge (u,v), gbvangSuv =el, Dieyy.

Definition 4.5.7 (Adjacency matrices). The nk x nk adjacency matrix A is given by Ay = ¢up@L,

for u ~ v and A,, = 0 otherwise.
In the following definitions, we assume there is a (arbitrarily) fixed orientation of all edges.

Definition 4.5.8 (Incidence vectors). For an edge (u,v) oriented as u — v, its nk-dimensional

incidence vector by, is given by

bus | u™ block

—¢up | v block

Definition 4.5.9 (Laplacian matrices). The Laplacian matrix is given by L = D — A.

Proposition 4.5.10. We have L =" bu,bl, .

u~v

Proposition 4.5.11. For any vector x € R™ | we have

2l Lo = Z (T4 — Ty, ¢uv)2 )

u~v

Definition 4.5.12 (Projection matrices). For an s-dimensional subspace S C R? with orthonormal
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basis by, ...,bs € R%, we write

S
s =Y bib] € R™
=1

to denote the projection matrix onto S. We will also write, for a symmetric matrix M € R4,
I € R4 to denote the projection matrix onto the range of M.

Definition 4.5.13 (Normalized Laplacians). The normalized Laplacian matrix is given by

N ¥ pt2ppt/2 = 11, — DI2ADY2.

Proposition 4.5.14. N =Y _ (D/?b,,)(D/2b,,)".
Proposition 4.5.15. For any vector x € R™ | we have

N5 () )

u~v

Proposition 4.5.16. The eigenvalues of N is between [0, 2].

Sometimes, instead of using exact degrees, we will normalize the Laplacian matrix by approximate
degrees. Thus we also define D-normalized Laplacian matrix where D € R™>"¥ ig a semidefinite,

k x k-block diagonal matrix that has the same range as D.

Definition 4.5.17 (D-normalized Laplacians). For a semidefinite, k x k-block diagonal matrix

D € Rk whose range is the same as D, the D-normalized Laplacian matrix is given by

N ¥ prLpi2,

Proposition 4.5.18. N =" (D/2b,,)(D/?b,,)".

Proposition 4.5.19. For D satisfying

x|
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for some k > 1, the eigenvalues of N = DY2LD1/? is between [0, 2k).

Note that, since the degree matrix D is not necessarily full-rank, for either L, N, or N, there will
always be some “trivial” zero eigenvalues that correspond to the kernel of D. Therefore we shall
focus only on the remaining “nontrivial” eigenvalues and their eigenvectors.

Definition 4.5.20 (Nontrivial eigenvalues and eigenvectors). An eigenvalue A and its associated

eigenvector f € R™ of either L, N, or N are said to be nontrivial if we have

fuLker(D,), YueV.

Proposition 4.5.21. The number of nontrivial eigenvalues (counted with multiplicity) of either L,

N, or N is exactly rank(D).
4.6. Almost regular graphs have only few small eigenvalues

We first give the definition of almost regularity in matrix-weighted graphs.

Definition 4.6.1 (Almost regular graphs). Let G = (V, E) be a k x k matrix-weighted graph with
edge weights ¢y,¢L,. For a v > 1, we say G is y-almost regular if for all w € V and (u,v) € E, we

have

-k
o Dlduy < lz;a (4.24)
We then consider the spectrum of the D-normalized Laplacian (Definition 4.5.17) of a graph G for
some semidefinite, k x k-block diagonal matrix D with the same range as D. Specifically, we show

that when G is almost regular and D is close to D, the number of small nontrivial eigenvalues

(Definition 4.5.20) is small.

Theorem 4.6.2. Let G = (V, E) be a k x k matriz-weighted, v-almost regular graph. Suppose D is

a semidefinite, k X k-block diagonal matrix satisfying that

D=<D=<kD

R
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for some k = 1. Then for any 6 € (0,1), the number of nontrivial eigenvalues of N = D'/2LD1/?
vr2k?
52

that are at most % — 0 s at most

This theorem will be a consequence a lemma that characterizes certain properties of the “spectral
embedding” induced by the bottom eigenvectors of N. We note that similar spectral embeddings
were previously used to prove higher-order Cheeger inequalities for scalar-weighted graphs [LRTV12,
LGT14].

Definition 4.6.3 (Spectral embeddings). Given orthonormal vectors fi,..., fr € R™ define an

£ x nk matrix F whose rows are transposes of fi,..., f¢
(f)T (f)e (fi)n
(f2)1 e (f2)4 e (f2)h
F = c RExnk
(fof - (fo)u s (fo)h
Then define an embedding F : V — R®* by letting F(u) equal the u'" column block of F:
(f1)e
(f2)
F(u) = € Rk,
(fo)u

We call F' the spectral embedding induced by f1,..., fs, and F the embedding matrix induced by
fl7 AR ff'

Essentially, the following lemma says that the spectral embedding induced by the (nontrivial) bot-

tom eigenvectors has norm spread out across a large number of vertices.

Lemma 4.6.4. Let G = (V, E) be a k x k matriz-weighted, vy-almost reqular graph. Suppose D is
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a semidefinite, k X k-block diagonal matrix satisfying that

D=<D=<kD

x|

for some k> 1. Fiz a 6 € (0,1) and let 0 < 5\1 <...< S\g < % — 0 be all nontrivial eigenvalues of
N = DY2LD? that are < % —9. Let fl, . ,fg be a corresponding set of orthonormal, nontrivial

etgenvectors, which by the definition of nontriviality satisfies

(fi)u Lker(Dy), Vi€ [¢J,ueV.

Let F be the spectral embedding induced by fl, cees fg. Then we have for allu € V

2
~ . YKk
Amax <F(u)TF(u)) < 5

(4.25)

where Amax(+) denotes taking the largest eigenvalue.

Proof of Theorem 4.6.2 using Lemma 4.6.4. Let £ be the number of nontrivial eigenvalues of N that
are < % — 4 and let fl, ey f[ be a corresponding set of orthonormal, nontrivial eigenvectors. Let

F be the spectral embedding induced by fi, ..., f. Since all f;’s are unit vectors, we have

2
=/

4
- - . 2 -
ST (P F) =3 [Fw), = 33|
u u uw i=1
Therefore there must exist a vertex u with

Tr (F(u)Tﬁ(u)) > %

As F(u)TF(u) is a k x k positive semidefinite matrix, we have

Ty (F(u)TF(u)) > %

T =

Amas (F(u)TF(u)) >

On the other hand, by Lemma 4.6.4, Apax ( F(u)TF(u)) < 1%k Thys we must have £ < 25 . [0
0%n 0
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Proof of Lemma 4.6.4. Let F be the embedding matrix induced by fl, ey f[. Suppose for the sake

of contradiction (4.25) is violated by some u € V. That is, we have

~ ~ K2k
Amax (F(u)TF(u)) > 7527” (4.26)
Define a diagonal matrix A € R4 by
A
A=| . |erx
A
Then, since 5\1, .. ,5\g and fl, e fg are corresponding eigenvalues and eigenvectors of N, we im-
mediately have (recall that F’s rows are f’lT ey fZT )
AF = FN,
and in particular, by restricting to the u'" column block on both sides,
AF(u) = F(u)DYZD,DY? = > F(v) DY $uvdrn, DI (4.27)

u~v

Now consider the £x ¢ matrix F(u)F (u)”, whose largest eigenvalue is equal to Aygax (F(u)” F(u)). Let
g € RY be a unit eigenvector corresponding to Amax(F(u)F(u)T). Since fi,..., f; are orthonormal,

we have

S ) F(0)Tg =" (z ﬁ@)ﬁw) .

veV
—g" (FF7) g
=q¢T'Ig

=|lgl* = 1. (4.28)
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We will then show a contradiction by arguing that (4.27) cannot be true given (4.26). First by

multiplying g7 to the left and F(u)Tg to the right to both sides of (4.27) we have

g"AF(u)F(u)"g = g" F(u) D’ DuDI2F(u)"g = > g7 F(v) D> $uver, DIZF (u)Tg.  (4.29)

u~v

Using the fact that g is a unit eigenvector corresponding to Amax (F (1) F (u)T), we can upper bound

the LHS of (4.29) by

gTAF(u)F(u)Tg =Amax <F(u)F(u)T) -ngXg
(e

where the last inequality holds since all eigenvalues A, < % — d. We can also lower bound

ST
=
et
=
=

the first term on the RHS of (4.29) by

g F)DYZDuDY2F(w) g > - " F() () = A (F(u) F()"),

where the first inequality follows from D < kD. Therefore, in order to contradict (4.29), it suffices

to show that the second term on the RHS of (4.29) satisfies

> 9" F ) DY 26ut, DYEF ()9 < 8 Amax (F() F(w)T)

u~v
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We then do so by applying the Cauchy-Schwarz inequality:

> 9" F(v)Df? $uud, DIt F(u) g

u~v
< [ g F@)F@)Tg, |37 g7 F(u) D7 6w 6T, Dl DI F ()T

3" 9T F(u) Dl $undl, Dbodund T, DULF )Ty (by (4.28))

u~v
K-k - /o ~
<= D9 F () D6, DU F(w)g
u~v
: T pt Tk . 5o 1
(since ¢y, D] pun < almost regularity and D > —D)
K
K-k 49 ~
=/ == (u) DIk (Z Suvdl, ) DI F(u)Tg
u~v

\/m\/ T F(u) DI Dy D2 F(u)Tg
<\/mﬁ gTF(w)F(uw)Tg  (by D = %D)
2 P F 0 F )T
- v&2k

<6 - Max (F (u)F(u)T) (since by our assumption (4.26) )\maX(F(u)TF(u)) > n ).

Therefore it must be the case that all Ayax(F(u)T F(u)) < %, as desired O

4.7. Almost regular graph decomposition

In this section, we show that every matrix-weighted graph that is sufficiently dense can be made
into an almost regular graph (in the sense of Definition 4.6.1) by downscaling a small number of

edges.

Let us first introduce some notations for rescaled graphs. For a k x k matrix-weighted graph
G = (V, E) with edge weights ¢, ¢L s and a scaling s : E — [0,1], we will write G* to denote the
graph obtained from G by rescaling each edge (u,v)’s weight to (Suw®u ) (Suvduv)’ . For simplicity we
will use the superscript s when dealing with vectors and matrices associated with G°. For example,

we have ¢5, = Sup@uv, DS = > o (SuvPuv) (SuwPuv)’, and L = Z(U’U)GE 52 buybl, . Similarly, for
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a subset of edges F' C E, we also use the superscript F' to denote matrices associated with the

induced subgraph G[F], and thus, for example, DI = Z(uﬂ)) cF PuvdL,.

Our main result in this section is a deterministic algorithm for finding a large almost regular sub-

graph within any given graph that is sufficiently dense.

Theorem 4.7.1. There is a deterministic algorithm almost-regular-decomp that, given any k X k
matriz-weighted graph G = (V, E) with edge weights uwpL,’s and any v > 1, oulputs a scaling
s: E —[0,1] such that

1. The rescaled graph G® is y-almost reqular:

(62,)7 (D3 6, < LF (w0 € E.

uv n
2. The number of edges (u,v) € E with sy, € (0,1) is at most %.
3. The number of edges (u,v) € E with sy, =0 is at most %(rank (D) — rank (D?)).

The algorithm terminates in finite time.

Note that since rank (D) < nk, the number of edges with s,, = 0 is at most SWLQ. Therefore, by
setting v to be > 3‘2T”|2, the total fraction of edges with s,, < 1 is no more than 1/2. Also note
that our goal is to prove the existence of such a scaling for any given weights ¢, ¢L ’s that can

potentially have infinite precision, so we only focus on designing an algorithm that terminates in

finite time, as opposed to giving an explicit bound on its running time.

Our approach for proving Theorem 4.7.1 is motivated by the one in [CLM™15], using which the
authors showed that given a set of vectors, one can, by downscaling a small number of them, make
every vector have small leverage score compared to the average. The main difference between our
result and theirs is that we have an additional bound on the number of completely deleted edges
that is proportional to the rank reduction (the third guarantee in Theorem 4.7.1), which will be

useful when we incorporate Theorem 4.7.1 into our expander decomposition later in Section 4.8.

We now give the pseudocodes of our algorithms almost-regular-decomp and whack-a-mole-I

below. At a high level, in almost-regular-decomp, we first try to eliminate edges with high leverage
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scores?, by iteratively halving the weight of any such edge for some large number of iterations.
The latter iterative process is essentially what whack-a-mole-I does. Then after whack-a-mole-I
terminates, either (i) all edges have small leverage scores, in which case we are done, or (ii) the
edge weights have become sufficiently divergent so that we can decrease the rank of D by deleting
a small number of edges. If it is the second case, we then delete those edges and restart the process
from beginning. We will show that the total number of deleted /rescaled edges is small, so that we

end up with a large almost regular graph.

Algorithm 4.7.1 whack-a-mole-I(G,~,T,s)
Input: G: a k x k matrix-weighted graph G = (V, E) with edge weights ¢, ¢L .
~: an almost regularity parameter.
T: an integer denoting the iteration count.
sY: an initial scaling, mapping from E — [0, 1].
Output: s: a scaling, mapping from E — [0, 1].
Procedure:
1: Let s < s°.
2: fort <+ 1toT do
3 if Ju eV, (u,v) € E with (¢3,)7(D5)¢5, > 2 then
4: Pick an arbitrary pair of such u and (u,v).
5
6

Suv < Suv/2.

: return s.

Analysis of Algorithm 4.7.1. We first show that after whack-a-mole-I terminates, all edges

that have been downscaled have large leverage scores w.r.t. at least one of their endpoints.

Lemma 4.7.2. Suppose the initial scaling s° satisfies that s, € {0,1} for all (u,v) € E. Then
after whack-a-mole-I terminates, for any (u,v) € E such that sy, € (0,1), the leverage score of
(u,v) w.r.t. at least one of u,v is > Z—f. That is, at least one of the following two statements is
true:

1. (95)" (D)0, > i

9Recall that in Definition 4.5.5 we call the quantity (¢u,)” (Du)Jr ¢uv the leverage of edge (u,v) w.r.t. vertex u.
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Algorithm 4.7.2 almost-regular-decomp(G, )
Input: G: a k x k matrix-weighted graph G = (V, E) with edge weights ¢, ¢L, .
~: an almost regularity parameter.
Output: s: a scaling, mapping from E — [0, 1].
Procedure:
Initially, let sy, < 1 for all (u,v) € E.
Let £ < min(u,v)eE ||¢uv”2 and 7 < max(yv)ek ||¢uv||2
Let o + max {8n4k, 4dnk - r - MaxXpCE fmax ((DF)T> }

1:

2:

3:

4: Let T + n%(4n%klog o + log(r/)).
5. while rank (D*) > 0 do
6

7

8

9

s < whack-a-mole-I(G,~,T,s).
if Vu € V, (u,v) € E we have (¢5,)7(D3)7¢3, < 2% then
Return s and halt.

else
10: Compute all eigenvalues of D® and let 0 < py < ... < pp be the positive ones.
L1 Let £° « min(u,v)GE,suv>O ||¢1sw”2
12: Find the smallest p > £% such that all ||¢5,||* and y; fall in R\ (p, p - ).
13: Set sy < 0 for all (u,v) € E with [|¢5, ]| < p.
14: Set sy < 1 for all (u,v) € E with sy, > 0.

15: return s.

2. (¢5,)T(DS) s, > 4%,

Proof. Fix an edge (u,v) € E for which s, € (0,1) after whack-a-mole-I terminates. Since initially
89 € {0,1}, it must be the case that s, = 1, and thus s,, must change at least once during the
process. Let t,, € [1,T] be the last for loop iteration in which s, changes. Then we know that at the
beginning of iteration t,,, we have either (¢ )7 (D2)f¢, > % or (¢5,)T(D3)Tgs, > Wn—k Suppose
w.l.o.g. it is the first case. We first show that after we set s,, < s40/2, we have (¢5,)T (D3)¢3, >
1—:. For clarity let us write s and s’ to denote the scalings before and after the update in iteration

tuy respectively. Then we have

s’ s’ s’ s’ s s’ s’ s 38%1} s
( uv)T(Du )T uv >( uv)T(Du)T uv (Du = Du 4 ¢U’U¢Zv j Du)
1 s s s -k s s s -k
:Z(qbuv)T(Du)J[QZ)uv > 1 n ((¢uv)T(Du)T¢uv > ’YT)

After iteration t,,, we only downscale the edge weights of other edges. Note that for any s” that

Sl

s, and thus the leverage score of (u,v) w.r.t. u can

is pointwise smaller than s, we have DS < D
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only increase afterwards. Therefore we have (¢2,)T(D2)T¢s, > % in the end, as desired. O

As a consequence of Lemma 4.7.2, the total number of edges that have been downscaled during
whack-a-mole-I is small.

Corollary 4.7.3 (of Lemma 4.7.2). Suppose the initial scaling s° satisfies that 2, € {0,1} for all

(u,v) € E. Then after whack-a-mole-I terminates, the number of edges (u,v) € E with sy, € (0,1)

‘ 4n-rank(D?
is at most %k()

Proof. Note that

> (6570165 + (@3,) (DN (01)) = 32 D (63,7 (D363

e i
=3 T (00 ) 03"
S ((Df;)T <Z< ol fw>T>>
-2 (o0 p;)
— ;rank (D;) = rank (D).

By Lemma 4.7.2, for edges with s, € (0,1), at least one of (¢5,)7 (D)1, (¢5,)T(D2)1(¢2,) is

uv?

> Z—:. Therefore there cannot be more than rank (D®) / (%) = zm#l;(m) such edges. ]

Analysis of Algorithm 4.7.2. We first show that all edges that are deleted at Line 13 have been
downscaled during whack-a-mole-I, and thus by Lemma 4.7.2 have large leverage scores w.r.t. at
least one of their endpoints.

Lemma 4.7.4. The p found at Line 12 has the property that for all edges (u,v) € E such that
165,17 < p at the moment (that is, they will be deleted immediately at the next line), we have

Sup < 1.

Proof. First note that before Line 12 we have run whack-a-mole-I for T' = n?(4n2k log a+log(r/f))

iterations. Therefore there must be an edge (u,v) with sy, € (0,1) whose weight has been halved
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at least 4n%klog o + log(r/¢) times. Therefore for such an edge (u,v) we have

. 9 9
= i 0wl <10%
1 2
< 44n2k log a+log(r/4) H Puv ||
e
1 . )
Sgmer (il dull”

Therefore for any (u,v) whose ||¢5,[|* falls in [¢5,¢5 - ®°F), it must be the case that su, < 1. Also,
note that the total number of different ||¢3,[*’s and s;’s is at most n? + nk < 2n2k. Therefore,

a®°k) where no 65,117 or p;

as long as nk > 1, there must be an interval (p,p - «) C [¢5, ¢ -
resides. Therefore the p found at Line 12 must be < £5 - a8"°%. So for all edges (u,v) € E such that

||¢ivH2 < p we must have s,, < 1. -

We then show that the number of edges deleted at Line 13 of almost-regular-decomp is small
compared to the rank reduction. To this end let us fix an iteration of the while loop where we go
to the “else” branch. Let s denote the scaling returned by whack-a-mole-I, and let s’ denote the
scaling obtained after we delete the small weight edges at Line 13 (but before we reset the weights

of other edges at Line 14).

Lemma 4.7.5. The number of edges (u,v) € E with ||¢3,||* € (0, p] at Line 13 is at most

78‘7:: (rank (D?®) — rank (DS/)) .

Lemma 4.7.6. We have
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Proof. Let s, . = min{s,, : s, # 0}. Note that we have

min
‘ ¢S/ ¢S/
uv uv -
(s':,)* = min > P

>0 [|guy|* T max( e [dwl® ~ T

2 2

Let F' = {(u,v) € E : s}, > 0}. Then we have

DS, i (Sinin)ZDF i pra 'DFa
T
and as a result
AT
() = (0")". (4.30)
pra

By Line 3, we have
AT
az4dnk-r- g}é}éﬂmax ((DF) ) = 4nk -7 - fimax ((DF)T> :

Plugging this into (4.30) gives

as desired. O

To prove Lemma 4.7.5, we first need to show that the rank of D® decreases by a certain amount

after deleting small weight edges.

Lemma 4.7.7. Let ¢ be such that p; < p < p-a < pir1. Then we have
rank (D?®) — rank <D5/> > i

Proof. Let fi,...,f; € R™ be a set of orthonormal eigenvectors corresponding to g1, ..., u;. Let
S C R™ be the column space of D¥. Then it suffices to show that after projecting fi,. .., f; onto

the subspace ST (the subspace orthogonal to S), they are still linearly independent. To this end,
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we first note that for each f; where j < i, its projection onto & can be written as
!/ T/2 / 1/2
msf; = (D) (p*) " gy

Using the fact that f; is an eigenvector of D* corresponding to eigenvalue u; < p, we have

2

/ 1/2 /
o) of -0
<ffD°f; (DY = D)
=j < p-
Then by Lemma 4.7.6,
NN A2 Nt 12
[(0)" () | =7 ()" () ()"
Sl T T Sl
<Mmax (D ) ij fj
1 1
< cp= . 4.31
dnk - p P~ 4k ( )
Let d be the dimension of the subspace ST, and let by,...,bs be an orthonormal basis of S+.
Also, let bgy1,...,bpk € R™ be an orthonormal basis of S. Then we can write each f; as a linear
combination of by, ..., by,. That is, there exists a matrix C' € R¥>"™ such that
i bf
=C
i bk

Since this is an orthogonal transformation, we have that the rows of C' are orthonormal, namely

CCT = I. If we write the 7" column of C as ¢, € R?, then we have ZZL c;cl =cCcot = 1.
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Moreover, we have

ok 1 11
> ler § I <k =

T=d+1

where the first inequality follows from (4.31). Therefore

d nk nk
Tr (Z cTcZ) =Tr (Z cwf) —Tr ( Z cTcZ> =1 —
=1 =1 T=d+1

On the other hand, we have

N,

d nk
E cTczj E CTCZ,
T=1 T=1

T

and thus all eigenvalues of Zﬁ:l crc; are at most 1. These two imply that Zle crel must be of

full rank . As a result, llgi f1,...,1lg1 f; are linearly independent. 0

Proof of Lemma 4.7.5. By Lemma 4.7.7 we know that the rank reduction in D? is at least ¢, where ¢
is such that pu; < p < p-a < pip1. Let f1,..., f, be a set of orthonormal eigenvectors corresponding
t0 fi1,...,/p. By Lemma 4.7.4, we know that for any (u,v) € E with [¢5,]* € (0,p], we have
Sup € (0,1). Let F & {(u,v) e E:||¢5,|* e (O,p]}. As the initial scaling s that we send to
whack-a-mole-I always has range {0, 1}, we have by Lemma 4.7.2 that for each e € F, its leverage

score is at least Z—;’f w.r.t. at least one of its endpoints.

such that (z@, ), = ¢35, and

For each edge (u,v), define two nk-dimensional vectors z, and z¢,,

(z)w = 0 for all w # u, and (z3,)y = ¢35, and (z}, ), = 0 for all w # v. Then for any e € F we

have

(xu )T (DS)TJJU + (xv )T (DS)T$U > M
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Now if we restrict to only the eigenvalues smaller than p, we have

. T ) T
(A 1
(Izv)T Zujfjff .IZU + (va)T ZMjfijT $Zv
J=1 j=1
|
=@zl (D) = > = fifF | 2+
j=it1 M
L |
(@o,) " | (D= > =fif] | 2b,. (4.32)
j=i+1 77

Notice that for all e € F we have |z, ||* = |22, ]|* = [|¢5,]|* < p. And thus for any j > i+ 1,

1 2_ P
14 uv? JJ 14
1 2_ P
o <:L,v 7f' < — <
:U’j uv J> Mj

I

I

Rlm 2+

where both second inequalities follow from p; > p-a for j > i+ 1. Now by Line 3, a > 8nlk.

Therefore combining this with (4.32) we have

¢ 7
ST @)D S wififl | wk @) D it | b,
(U,U)GF ]:1 j:1
1
> Y ()T (DY)l + ()" (DY), — 2nk -
(u,0)eF
vk 1 vk
TP (AL T
IFl <4n 4n3> | )
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On the other hand, we have

) T . t
T (A
S @) [ STt @)Y wififF | el
(u)eF j=1 =
i f/2 i /2
T T
=Tr | { D_wifif] Sa, )T a, ()" | | S mhif!
Jj=1 (u,v)eF j=1
; /2 ; /2
<Te || 2omifif] Sooat, @)+ ab, )" ) [ S wisiT
=1 (uv)€E j=1

i /2 Z. /2
=Te | (D owifif] | DY D _wifif]
j=1 j=1

. /2 A 1/2
7 P 7
=Tr E ujfjf]r Z Mjfjf;-[ Z ,ujfijT (spectral decomposition)
j=1 j=1 j=1

N

=rank Z Mjfjfjr
j=1

Combining the above two inequalities we have

®©
E

7| < &ni <
vk

(rank (D?®) — rank (DS,)) ,

o

fy .
as desired. [

Proof of Theorem 4.7.1. Since in each while loop iteration we zero out the weight of at least one
edge, the while loop must terminate in O(n?) iterations, and thus the algorithm terminates in
finite time. Also by the termination condition of the while loop, the resulting graph G* is -
almost regular. Finally, Corollary 4.7.3 and Lemma 4.7.5 give the desired bounds on the number of

downscaled /deleted edges. O
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4.8. Almost regular expander decomposition

In this section, we show that every matrix-weighted graph that is sufficiently dense can be made into
an almost regular “expander” graph, by downscaling a small number of edges. This can be seen as a
matrix-weighted analog of the celebrated expander decomposition of scalar-weighted graphs [GR99,

KVV04, ST04.

We first give the definition of matrix-weighted expanders. Consider a k x k matrix-weighted graph
G = (V,E) with edge weights ¢.,¢L,. Let A1 < ...\, where r = rank (D), be the nontrivial
eigenvalues (Definition 4.5.20) of its normalized Laplacian N = DY2LD/2. Let fi,-- -, fr be
a corresponding set of orthonormal, nontrivial eigenvectors, which by definition of nontriviality

satisfies

(fi)u Lker(Dy), Vi€ [r],ueV.

Definition 4.8.1 (Almost regular matrix-weighted expanders). For v > 1, ( € (0,1), and ¢ > 1,

we say G is a (7, ¢, 1)-almost regular expander if

1. (y-almost regularity) For every vertex u and every incident edge (u,v) € E, we have

-k
b Dlbuy < L=

2. ((¢,v)-expander) for every edge (u,v) € E we have

(02,)" | S Lrs? ) (D) < E (433

i n?
Ai€(0,¢]

Notations for rescaled graphs. In describing our main result in this section, we will use similar
notations for rescaled graphs as in Section 4.7. Namely, for a k x k matrix-weighted graph G = (V| E)
with edge weights ¢y,¢L,’s and a scaling s : E — [0,1], we will write G® to denote the graph
obtained from G by rescaling each edge (u,v)’s weight t0 (SypPuv)(Swwduw )’ . For ease of presentation

we will use the superscript s when dealing with vectors and matrices associated with G*°. For
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; ; R s 2 T T s _ 2 T
instance, we write ¢, = SyvOuv, D° =D, Siw(Cucv€peptCriubney), and L* =" s buyby,.

Analogously, for a subset of edges F' C F, we also use the superscript F’ when dealing with matrices

associated with the induced subgraph G[F], and thus, for instance, D' = > (uw)e rleucvel , +

CotuCi)-
We will write A\] < ... < )\fank( D) to denote the nontrivial eigenvalues of the normalized Lapla-
cian N* = (D*)I/2L5(D*)1/? of G*, and write f5,..., rank(ps) t0 denote a corresponding set of

orthonormal, nontrivial eigenvectors. We then define a function H CE—Rby
s def s\T/2 1.5 T 1ssT s\T/2 1.5
Aje(0)

We also define another function R®* : F — R by

def
R*(u,0) = (ehc0) (D)ed oy + (e3c0) (D) e)

=(050) T (D) 05, + (65)T (D) 67
Then, for our goal, it suffices to find a scaling s such that for all (u,v) € E we have

. . 2
R*(u,v) < Lk and Hg(u,v) < vok .
n

n2

Our main result here is a deterministic algorithm for finding a large almost regular expander sub-

graph within any given graph that is sufficiently dense.

Theorem 4.8.2. There is a deterministic algorithm expander-decomp that, given any k X k matriz-

weighted graph G = (V, E) with edge weights ¢u@L, ’s, any v =1, ¢ € (0,1), and

2
. 102472’
(1-¢)

outputs a scaling s : E — [0, 1] such that

1. The rescaled graph G* is a (v, (,¥)-almost reqular expander.
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2. The number of edges (u,v) € E with sy, <1 is at most

1000n? N 100000n2~2k?
ol P(1 - ¢)?

The algorithm terminates in finite time.

Note that similar to Section 4.7, our goal is to prove the existence of such a scaling for any given
weights ¢u,¢L,’s that may potentially have infinite precision, so we only focus on designing an

algorithm that terminates in finite time, as opposed to giving an explicit bound on its running time.

We give the pseudocodes of our algorithm expander-decomp in Algorithm 4.8.2 and its subroutine
whack-a-mole-IT in Algorithm 4.8.1. At a high level, in expander-decomp, we first try to eliminate
edges with large H Cs(u, v) values by iteratively halving the weight of any such edge for some large
number of iterations, while simultaneously maintaining the almost regularity of the graph, by also
iteratively halving the weight of any edge with large R*(u,v) value. This iterative process is essen-
tially achieved by whack-a-mole-II. Then after whack-a-mole-II terminates, either (i) all edges
have small H¢(u, v) and R*(u, v) values, in which case we are done, or (ii) we can strictly increase!”
the number of nontrivial (Definition 4.5.20) zero eigenvalues of the normalized Laplacian by remov-
ing a small number of edges that have low weights after whack-a-mole-II. Since we maintain the

almost regularity of the graph throughout, by Theorem 4.6.2, the total number of nontrivial zero

eigenvalues is small, therefore we will only repeat (ii) for a limited number of times.

Since we want to ensure that the number of rescaled edges is small in whack-a-mole-II, we maintain
the invariant that any edge that has been downscaled satisfies that either H? (u,v) is large or R*(u,v)
is large, by iteratively doubling the weight of any edge with both values small. In order to make
sure that there is consistent progress in this process, we set up two thresholds 11 < 1o for H f (u,v)

and also two thresholds ;3 < 79 for R*(u,v). Then we halve the weight of an edge (u,v) if

either H¢(u,v) > Yok oy R*(u,v) > %k, but only double its weight if both HE(u,v) < Uk nd

n?2 n

Ré(u,v) < %k To measure the progress in this elaborate process, we will need to use some global

quantities as our potential functions. Specifically, we will design our potential functions based on

10T his statement is a slight simplification of our actual analysis, but helps with getting intuition.
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certain variants of determinant, which we define below.

Definition 4.8.3. For a positive semidefinite matrix M € R¥*V with eigenvalues
0:)\1:~":)\Z<)\Z+1§...<)\N,

define

For an integer ¢, define
z+L

dete(M) < T A
1=z+1

We will need the following variational characterization of dety, whose proof is deferred to Ap-

pendix B.4.
Lemma 4.8.4. Let fi,..., fs be a set of orthonormal eigenvectors corresponding to the £ smallest
nonzero eigenvalues of N, and let F' = (fl fg) € R™xl Let X C R pe the set of all

full-rank nk x £ matrices whose columns are in the range of N. Then

det (N — i 368 (XTLX)
ete(N) = min G XTDX)

and a minimizer can be obtained by letting X* = DT/2F.
The following matrix determinant lemma will be helpful in our analysis of the potential functions.

Lemma 4.8.5 ([Har98|). For an invertible square matriz M € R™*? and vectors x,y € R, we have

det(M + 2y”) = (1 + y" M~ 1z) det(M).
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Algorithm 4.8.1 whack-a-mole-II(G, 1,2, (, 91, %2, a, sY)

Input: G: ak x k matrix-weighted graph G = (V, E)) with edge weights ¢, dL,.
Y1 < 72, (, Y1 < o: parameters for almost regularity and expander.
a > 0: a gap parameter.
sY: an initial scaling, mapping from E — [0, 1], s.t. G*° is 1 /2-almost regular.
Output: s: a scaling, mapping from F — [0, 1].
p: a threshold.
Procedure:

1: Let s « s0.

2: while true do
3: Compute the eigenvalues Ay < ... < Ay of (D*)/2L3(D#%)1/2,

4: Compute the eigenvalues p; < ... < pyn of D%,

5: if no \; is in the range (0, (] then

6: Return s and p, and halt.

7 Let Apin = minkie(o’d Ai.

8: Find the smallest p > Apin s.t. all (84,/59,)%, pi, and \; fall in R\ (p, p - ).
9: if p <1 then

10: Return s and p, and halt.

11: else if (u,v) € F with Hi(u,v) > d’i’f then

12: Return s and p, and halt.

13: else

14: Let syy = Sup/2 for an arbitrary edge (u,v) with HZ(u,v) > wi'fZ.

15: while 3(u,v) € E with R*(u,v) > 'YQT]C do

16: Let Syy < Suy/2 for an arbitrary such edge (u,v).

17: while J(u,v) : sy, < 89, satisfying both R®(u,v) < V;Z—k and H¢(u,v) < w;’f do
18: Let Syy < Suy - 2 for an arbitrary such edge (u,v).
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Algorithm 4.8.2 expander-decomp(G,, (, )

Input: G: a k x k matrix-weighted graph G = (V, E) with edge weights ¢, ¢, .
v, ¢, : parameters for almost regularity and expander.

Output: s: a scaling, mapping from E — [0, 1].

T ¢ MaX(y p)cE |du||>. Procedure:

1: Let a1 < maxpcE Amax <(DF)T)

2: Let a ¢ maxpcp Amax ((DT/QLFDT/Q)T).
3: Initially, let s, < 1 for all e € F.

4: while rank (D*) > 0 do

5: Let G’ = (V, E') where E' = {e : s, > 0}.

6: Let s’ < almost-regular-decomp(G’,v/32), and then s, + s, for all e € E'.
7 Siin < Milg <0 8y,
8 Let a + max {8nk, 128nk®y - ry - a1 /(shin)?, 128nk>y - aa/(s)3.)* }-
9: (s,p) < whack-a-mole-II(G,v/16,7,(,1/1024,¢, a,s).
10: if V(u,v) € E we have R*(u,v) < 77’“ and H¢(u,v) < wn—’f then
11: Return s and halt.
12: else
13: Set suy < 0 for all (u,v) € E with (s4,/5%,)? < p.
14: Set syp < 1 for all (u,v) € E with sy, > 0.
return s.

4.8.1. Analysis of Algorithm 4.8.1

For a fixed scaling s : E — [0, 1], let £ be the number of eigenvalues of the normalized Laplacian N*

2

%—‘, which, by Theorem 4.6.2, is an upper bound

on £ when the graph G* is y9-almost regular. Then we consider the following potential function:

of G* that are in the range (0,(]. Let ¢y = {

¢t dety(N®) €< Lo
T(s) (4.34)

de‘%(NS) > Y.

Thus, Y(s) is always a product of exactly ¢y numbers between (0,(]. It is not hard to see the

following alternative form of Y(s), which will be helpful for analyzing it.
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Proposition 4.8.6. Let \1,..., Ay be the smallest £y nonzero eigenvalues of N*. Then
Lo
Y(s) = [Jmin {X;, ¢}
=1

Corollary 4.8.7 (of Proposition 4.8.6). For any ¢ < ly, we have Y(s) < dety (N®)¢lo—¢

Since we always maintain the yo-regularity, we will also need to consider the determinant of the
degree matrix, dety (D), as a potential function. We show that starting from an almost-regular
graph, det; (D) can only decrease at a limited speed when edges are downscaled. The proof of the

lemma below is deferred to Appendix B.4.

Lemma 4.8.8. Let G = (V, E) be a y-almost reqular graph. Let s : E — (0, 1] be a strictly positive

scaling, and let S 3 [lecr é Then we have

2k 2log S
det (D%) > <1 - 7) det, (D).
n
As a result of the above lemma, we then show that the while loop at Lines 15-16 of the algorithm
whack-a-mole-II will terminate after a bounded number of iterations. The proof of the following

lemma is also deferred to Appendix B.4.

Lemma 4.8.9. Suppose the input to whack-a-mole-II satisfies that G0 is vy /2-reqular and v >
161. Consider the first t iterations of the outermost while loop. Then the total number of iterations

executed so far by the inner while loop at Lines 15-16 is at most 2t.

We now prove our key lemma, which shows that our potential T will decrease at least as fast as a
geometric series with rate bounded away from 1. As a result, the smallest nonzero eigenvalue of the
normalized Laplacian must also decrease at a steady rate. This implies that eventually we will be

able to find a p < 1 at Line 8, and therefore terminate the outermost while loop in finite time.

Lemma 4.8.10. Suppose the input to whack-a-mole-II satisfies that G*° is ~v1/2-reqular, ~vo >
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16’}/17 1/]2 P 1024¢17 and

1024~3
1-0*

o =

Consider the first t iterations of the outermost while loop, and let s be the scaling obtained at the

end of the t* iteration. Then

T (Y

16n2
Proof. We first show that the potential reduces by a certain amount at Line 14.

Claim 4.8.11. Let the scalings before and after one execution of Line 14 be s and s’ respectively.

Then we have

! 2
T(s) <1- ok '
T(s) 4n?
Proof of Claim 4.8.11. Let ¢ be the number of eigenvalues of N* that are between (0, (]. Since G*
is yo-almost regular, we have £ < £y by Theorem 4.6.2. Thus Y(s) = det,(N*)¢%~¢. Also, by

Corollary 4.8.7, we have Y(s') < dety(N* )¢ L. Therefore, it suffices to show that

deto(N®) _ o ek

dety(Ns) an?

(4.35)

We then do so by considering the variational characterization det; from Lemma 4.8.4. Let X =
(D*)1/2F and X’ = (D*)1/2F’ be the optimal matrix that minimizes the variational characterization
of dety(N*) and dety(N*®') respectively. Here F and F” are both nk x £ matrices whose columns are
bottom nonzero eigenvectors of N and N*® respectively.

It then suffices to show that the fraction in the characterization reduces by much after the execution

of Line 14, even if we do not switch from X to X', since switching to the latter can only decrease
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the potential function. Namely, since by the optimality of X’ we have

det (XT L'X ) det ((X LY (X ’))
>
det (XTD¥X) ~ det (X)TD¥ (X))’

it suffices to show

(4.36)

det (XTLS/X> det (XTLSX) o1 kaQ
det (XTD¥ X) / det (XTDsX) ) =~ 4n2’

For the numerator we have by matrix determinant lemma

det <XT LS’X)
det (XTL5X)

C(B5,)TX (XTLX) T XT(8,)

-1
(3)T (D)2 P (FT (D)2 12 (D)2 F)  FT (D),

I
—_

|
3

S
N
N
—_

|

(4.37)

|
—_
|
IS U GV »Mw

where the last equality follows from that F’s columns are eigenvectors corresponding to all eigen-

values of N* that are between (0, (]. For the denominator, we have, again by matrix determinant

lemma,
det (X7 D X)
det (XTDsX)
21— en ) X (XTDX) X e, = He ) X (KT D) X
1= e TXX e~ e TXXT L, (s XTDX = FTF = 1)
1= (e T EFFT(D) (e ) — (e )T (D) PR (D)(es. )
1= 2| @00 o - 2 [T @) 0320

where in the last equality we let F'(u) be the u® row block of F. Since G* is yo-almost regular,

we have H(D;j)T/quuUHz < WTk and H(Di)T/nguvH2 < Wil—k Note that by Lemma 4.6.4, we have
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Amax (F (0)F(u)T) < (132’;2“, and Amax(F(0)F(v)T) < (112’;%, and therefore
s -k
(1-¢)*n?
2o ek
(1—¢)*n?

|Em @02 26, <

| FT@)(D3) 0

This give us

det (XTD¥'X 2 12
( ) S AL (4.38)
det (XTDsX) 2(1 — ()2n2

1024~2

(4.37),(4.38) coupled with 9 > =0

imply (4.36), which finishes the proof of the claim. O]

We next show that during the first while loop at Lines 15-16, the potential function cannot increase

much.

Claim 4.8.12. Consider a fized iteration of the outermost while loop. Suppose in this iteration of the
outer while loop, the total number of iterations executed by the first inner while loop at Lines 15-16
is t1. Let s,s" be the scalings before and after the while loop respectively. Then

T(s)) 9693k 7"
re <(-asem)

Proof of Claim 4.8.12. We know that before Line 14, the graph is ~g-almost regular. Then at
Line 14 we halve the scale of a single edge, so the graph G* is 4vs-almost regular afterwards. We
also know that after the while loop terminates at Line 16, the graph G*' is yo-almost regular, by the

termination condition of the while loop. Now consider the following process for obtaining s’ from s.
1. While s # s

/
9 uv uv uv .
(a) For each (u,v) € E such that sy, > s, let syp < Syu/2

uv?
We first argue, by induction, that at the end of each iteration of the while loop of the above process,
G*® is 4yo-almost regular. As noted above, initially, the graph G* is 4vo-almost regular. For the

induction step, consider a fixed iteration, and let F' be the edges (u,v) for which s, > s.,. Since
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we decrease the weights of all edges in F' by a same factor, from the point view of leverage scores,

it is equivalent to increase the weights of all other edges by a same multiple. Therefore the leverage

4ok

12 after this iteration. As for

scores of edges in F' can only decrease, and thus can be at most

edges (u,v) not in F, they satisfy s,, = s,,. We know that in G* their leverage scores are at most

4ok

n

as G is ~vo-almost regular. Since G*’s weights always dominate those of G*, their leverage

scores in G* can only be smaller, and thus at most % as well.

We then argue that at any point of the process, the graph is 1672-almost regular. This follows by
noting that at any point of the algorithm, G*®’s edge weights are within a factor 4 of those at the

end of previous iteration, and those at the end of the current iteration.

We now show that in this process, each time we let sy, < Su/2, the potential function increases
by at most (1 — %)_1, which implies the statement of this claim. Let ¢,q’ be the scalings
before and after one execution of sy,  Syv/2. Let £ be the number of nonzero eigenvalues of N?
that are between (0,¢], and let /1 = min(¢, £y). Then we have YT(q) = dety, (N9)¢~4, and, by
Corollary 4.8.7, T(¢") < dety, (Nq,)CKU_El. Thus it suffices to show

dety, (N?) 400~2K2 \
kAN M P (st Ll 4.39
dety, (N9) (1—()2n2 (439)

As in our proof of Claim 4.8.11, we again consider the variational characterization in Lemma 4.8.4.
Let X = (D)Y2F where F € R™*%’s columns are nonzero bottom eigenvectors of N9. The
numerator of the characterization can only decrease. For the denominator, we have by matrix

determinant lemma

det (XT DQ’X)
det (XTD1X)

3 3
21— () TX(XTDIX) X e, = et ) TX (XTDIX) 71X Tel

4 U<—v 4 VU

3 3
=1- Z(egu—v)TXXTegu—v - Z(egeu)TXXTeg%u (aS X'DIX =F"F = I)
3 3
=1 = e TN EREFT (D) e, ) - et )TN EEET (D9 )

—1— Z HFT(u)wzﬂ/%uvHQ - Z ‘
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where in the last equality we let F(u) be the u® row block of F. Since G is 167yo-almost reg-

ular, we have H(Dg)T/QQSuUH2 < % and H(Dg)T/ngWHZ < 16;/172'1‘3. By Lemma 4.6.4, we have

Amax (F(u) F(u)T) < (Eg’;n, and Apax (F'(v)F(v)T) < (1122)]2“”, and therefore
2 2563 - k?
< e @
(1—=¢)*n?
25673 - k2
S{-ome

| ) (D)0

|FT @ 02260

This give us

det (XTDq/X) 4007% k2
det (XTDiX) = (1—¢)%n?

(4.40)

This then implies (4.39) and finishes the proof of the claim. O

We next show that during the second while loop at Lines 17-18, the potential function cannot

increase much either.

Claim 4.8.13. Consider a fized iteration of the outermost while loop. Suppose in this iteration of the
outer while loop, the total number of iterations executed by the first inner while loop at Lines 17-18
is ty. Let s,s" be the scalings before and after the while loop respectively. Then

T(s' 3Y1k2\ "
i < (1)

Proof of Claim 4.8.13. Let q, ¢ be the scalings before and after one execution of sy, < Syy - 2. Let
¢ be the number of nonzero eigenvalues of N? between (0, (], and let £o = min(¢,¢y). Then we have
T(q) = dety,(N9) ¢~ and, by Corollary 4.8.7, T(¢') < dety, (N9 )¢%~%. Thus it suffices to show

q 2
dety, (N?) <1+ 3k
dety, (N9)

. (4.41)

n2

As in our proofs of Claims 4.8.11, 4.8.12, we also consider the variational characterization in

Lemma 4.84. Let X = (D9)/2F where F € R"™*%’s columns are nonzero bottom eigenvec-
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tors of N?. The denominator of the characterization can only increase. For the numerator we have

by matrix determinant lemma

det (XTLQ’X) B
=1+3(b%,)" X (XTLIX)" X1 (b2,)

det (XTL1X)
-1
=143(3,)" (D)2 P (ET (D' L2 (D)2 F) T FT (D)2,
31 k?
<L 3H(n,0) < 1+ =5 (4.42)
This implies (4.41) and finishes the proof the claim. O

For the first ¢ iterations of the outermost while loop, let ¢; be the total number of iterations
executed by the first inner while loop, and t3 be the total number of iterations executed by the
second inner while loop. Then we have ¢; < 2¢ by Lemma 4.8.9, and t5 < t 4+ t; < 3t. Therefore,

by Claims 4.8.11, 4.8.12, 4.8.13, we have

T(s) _ () R\ () 40003k \TH 30k ek
T(s9) = 4n? (1—¢)%n? n? b 16n2 )’
where the last inequality follows from 9 > 1024¢; and 1o > Efﬁégé O

Notice that by design, after whack-a-mole-II terminates, each edge (u,v) with s,, < sU, satisfies

either R*(u,v) > erlk or Hi(u,v) > 15  We show that the total number of such edges is small.

n

Lemma 4.8.14. After whack-a-mole-II terminates, the number of edges (u,v) with sy, < 89,

n-rank(D*®)

nk
such that R*(u,v) > 1= is at most R

Proof. Since R*(u,v)’s are leverage scores, we have

Z R*(u,v) = rank (D) .

(u,v)EE
Then the desired bound follows. O

Lemma 4.8.15. After whack-a-mole-II terminates, the number of edges (u,v) with sy, < 89,
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such that Hg’(u,v) > wé’f 18 at most

nz')/Q
P1(1-0)*"
Proof. Let ¢ be the number of eigenvalues of N® between (0,(]. Let Ai,..., A, be all eigenvalues

between (0, ], and let fi,..., fr be a set of orthonormal eigenvectors. By Theorem 4.6.2, ¢ < %

Also we have by Proposition 4.2.18 that

> Hi(uv) =L
(u,v)EE

Thus our desired bound follows. O

4.8.2. Analysis of Algorithm 4.8.2

Our analysis of Algorithm 4.8.2 will mostly focus on bounding the total number of deleted edges
at Line 13. Since we only delete edges with (su,/s,)? < p < 1, by the termination condition of

the second inner while loop of whack-a-mole-II we know that each deleted edge satisfies either

Ré(u,v) > % or Hg(u, v) > 1"1’“2, where 1 = /16 and ¢; = 1/1024. Thus we will show that the

2
numbers of both types of edges are small.

Consider fixing a while loop iteration of expander-decomp where we go the “else” branch. Let s’ be
the scaling we obtain after we invoke almost-regular-decomp at Line 6, s be the scaling returned
by whack-a-mole-II, and § be the scaling obtained after we delete the small weight edges at Line 13
(but before we reset the edge weights at Line 14). Then by an (almost) identical proof to that of

Lemma 4.7.5, we have:

Lemma 4.8.16. The number of edges (u,v) € E with (sy,/s),)? < p such that R*(u,v) > 2% i

n

at most

517; (rank (Dsl) — rank <D5>) .

This means that we can charge the number of deleted edges at Line 13 that satisfy R®(u,v) > 2

x>

X

to the rank change of D. We will then bound the number of deleted edges that satisfy H? (u,v) >

wﬁl—]f by considering the number of nontrivial (Definition 4.5.20) zero eigenvalues of the normalized
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Laplacian, which, by Theorem 4.6.2, is at most 2vk? when the graph is y-almost regular.

To that end, for a normalized Laplacian matrix N, let n(/N) denote the number of nontrivial zero
eigenvalues of N. Additionally, let s” denote the scaling we obtain after we invoke the subroutine
almost-regular-decomp at Line 6 in the next iteration of the while loop. The following lemma

characterizes how n(N) changes after a while loop iteration.

Lemma 4.8.17. We have

n(N*") = n(N*)+1— sz (rank (Dsl> — rank (DSH>> +4/ 16171sz . (4.43)

Before proving the lemma, we first give the proof of Theorem 4.8.2.

Proof of Theorem 4.8.2. Since we always maintain «-almost regularity, the number of nontrivial
zero eigenvalues can be at most 2yk%. Therefore by Lemma 4.8.17 the total number of iterations
of the while loop is at most 6vk2?. Thus, the algorithm terminates in finite time. Also, by the

termination condition, the resulting graph G* must be a (v, (, ¥)-almost regular expander.

By Lemma 4.8.15, the total number of deleted edges with HZ(u,v) > 7’&711’;2 is at most
2 10000n2~?k>
g < 100000
P1(1=¢) ¥(1—¢)
By Lemma 4.8.16 and Theorem 4.7.1, the total number of deleted edges with R*(u,v) > VlT'k, plus

those deleted by almost-regular-decomp, is at most

8 256n2
" nk = i .

(v/32)k g

These two bounds coupled with Lemmas 4.8.14, 4.8.15 imply the desired bound on the number of

rescaled edges, and thus finish the proof. O

It then remains to proof Lemma 4.8.17, for which we need the following lemma.
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Lemma 4.8.18. We have

Amax (DT/2L§DT/2)Jr < ;
128nk3~ - p

Proof. Let $min = min {8y, : Sup 7 0}. Since § is obtained from s by zeroing out the edges (u,v)

with (suv/8.,)? < p, and no (su/s!,)? is in the range (p, p - @), we have
82 > pra (shn)? = 128nk3yasp,

where s’

Thin = Ming 5o s, is defined at Line 7, and the last inequality follows from a > 128nk3y -

as/(shin)? Let F = {(u,v) € E: §,, > 0}. Then we have
DY2L3D1/2 = g2 DI/2LF D2 = 128nk3~yanpD/2LF D1/2,

and therefore

(DT/2L§DT/2>T ~ L

t
< (DWLFDT/?) . (4.44)
128nksvyaop

By definition,

0 = 1A A ((DT/QLF’DT/2)T> > Amax ((DT/QLFDW)T> .

This coupled with (4.44) implies that

(DT/2L§DT/2)Jf =< ¥I
~ 128nk3~p

as desired. O

Proof of Lemma 4.8.17. Since s and s’ have the same support, we have n(N¥) = n(N®). Let
z=mn(N®). Let 0 =X\ = ... = A, < A.41 < p be the smallest z + 1 nontrivial eigenvalues of N*,

and let fi,..., f.41 be a corresponding set of orthonormal, nontrivial eigenvectors. Since G* is a
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subgraph of G*, fi,..., f. are also zero eigenvectors of (D*)1/2L%(D*)7/2. We first show that f.,,
is not in the range of (D*)/2L3(D*)1/2. In particular, we will show that the projection of f,,1 onto
the range of (D*)1/2L3(D*)1/2, i.c.

. 1/2 R 1/2
((DS)T/QLS(DS)T/Q) <(DS)T/2LS(DS)T/2> fz+17
has small norm. First note that

2

H ((DS)T/QLg(DS)Tﬂ)l/Q fe1 :sz+1(DS)T/QLé(DS)T/Zsz

<FLA (D) P (D)2 f

=A+1 < p. (4.45)
Then

H ((DS)T/2L§(DS)T/2>T/2 ((DS)T/QLg(DS)T/Q)l/Q for ?

=% (i) (o2 oe2) (oo 2) £,
Amax (((DS)T/QLé(DS)W)T) H((DS)T/ZLé(Ds)T/2)1/2 fo ?

R t R 1/2 2
o ((DWLSDW) ) H((DS)T/QLS(DSWQ) font

1 1
< : == b
128nk3~p P 128nk3~

(4.46)

where the last inequality follows from Lemma 4.8.18 and (4.45).

Define a matrix F € REHDxnk by
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and a function F : V — REFDXE 1y

(ferl)g

Since G* is y-almost regular, we have by Lemma 4.6.4 that Apax(F(u)F(u)T) < % and by Theo-

rem 4.6.2 that z + 1 < 2vk2.

Now consider projecting the rows of F twice: (i) project each row onto the null space of the matrix
(D*)1/2L3(D#%)/2 and then (ii) project each row onto the range of (D*)f/2D*"(D*)1/2. Specifically,
let us define IIy,IIy € R™ "% be the projection matrix onto the range of (D*)f/2L3(D*)1/2 and
(D*)1/2D*"(D*)/2 respectively, and let II{-, Ty be the projection matrix onto the maximal subspace

orthogonal to the range of II; and IIy respectively. Then we consider the matrix F' := ]-”Hfﬂg.

In order to prove the lemma, it suffices to show that the rank of F' is at least

z+1-— sz (rank (DS/) — rank (DSH>> +4/ 161nl<:J ; (4.47)

because this will imply that the number of zero eigenvalues of (D*)1/2L5" (D#)1/2 (and hence of N*")

is at least nk — rank (DSH) + (4.47).

Since

FI(F)T = FIfTLIG FT < FIGTFT 2 FF = Ik z41),

we know that all singular values of F” is at most 1. Thus, it suffices to show that

o (o) ) )

which will imply that the number of nonzero singular values of F' is at least (4.47). To this end,
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let us first write Tr (.7-" Hg]-"T) as

Tr (FILFT)
=t
(

<Tr (fﬂfﬂznfﬂ)

Tr

F(II + )11+ 11) F7)

=Tr (FIF T FT) + Tr (FIGTLFT) + Tr (FIE 11,0, 77)

+\/ Tr (FILFT) Tr (FU FT) + \/Tr (FIL IO FT) Tr (FILFT), (4.48)

where the last equality follows from expanding, and the last inequality follows from Cauchy-Schwarz.

This combined with (4.46) gives that
Tr (F/(F)7) =Tr (fﬂfﬂﬂfﬂ)
Tr (FILFT) — 2, /12'28;{;{,)7
Tr (FILFT) — 2, /122;5‘];237
=Tr (FII,FT) — @ : (4.49)

Using the fact that Apax(F(u)F(u)T) < 27]“ , we have

Tr (fn;ﬂ’) < ¥ (rank (DS’) _ rank (D)) ,

and hence
Tr (FILFT) =T (FFT) - Tr (FI3F7)
2 k ’ 1
zz+1-— % (rank (DS ) — rank (DS )) . (4.50)
Combining (4.49) and (4.50) finishes the proof of the lemma. O
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4.9. Expanders are preserved under vertex sampling
4.9.1. Warm-up: ordinary expanders are preserved under vertex sampling

As a warm-up, we start with ordinary unweighted graphs, and prove that an expander with large
minimum degree still has good expansion after uniform vertex sampling. We will use the alge-
braic definition of expansion, which could be translated to combinatorial expansion using Cheeger’s
inequality [AMS85].

Definition 4.9.1 (Expanders). An unweighted graph G = (V, E) is a (-expander for some 0 < ¢ < 1

if the second smallest eigenvalue of the normalized Laplacian N is Ay > (.

Note that any ordinary, unweighted graph G = (V, E') with minimum degree dp,;, can be seen as a
1 x 1-matrix weighted, -"—-almost regular graph. Therefore we can apply Lemma 4.6.4 and obtain
similar properties of the spectral embedding induced by the bottom eigenvectors of the normalized

Laplacian of G.

Definition 4.9.2 (Spectral embeddings of scalar-weighted graphs). Given orthonormal vectors

fi,..., fr € R™ define an £ x n matrix F whose rows are transposes of fi,..., fs:
(fih (f1)u (f)n
(f2)1 (f2)u e (f2)n
F = € Rtxn,
(foh e (fo)u e (fo)n
Then define an embedding F : V — R’ by letting F(u) equal the u'" column of F:
(fl)u
(f?)u
F(u) = € R
(ff)u
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We call F' the spectral embedding induced by fi,..., fs, and F the embedding matrix induced by
Ji,-- fe

By Lemma 4.6.4, we immediately have:

Corollary 4.9.3 (of Lemma 4.6.4). Let G = (V, E) be an ordinary, unweighted graph with minimum
degree dpin. Fir a § € (0,1) and let 0 < A\ < ... < N < 1 — 06 be all eigenvalues of N =
D 2LD12 that are <1 —6. Let f1,...,f; be a corresponding set of orthonormal eigenvectors.

Let F' be the spectral embedding induced by f1,..., fe. Then we have for allu € V

1
1P < 57—

dmin

(4.51)

By Theorem 4.6.2 we also have a bound on the number of small eigenvalues:

Corollary 4.9.4 (of Theorem 4.6.2). Let G = (V, E) be an ordinary, unweighted graph with min-
imum degree duyin. Then for any 6 € (0,1), the number of eigenvalues of N = D~Y2LD~'/2 that

are at most 1 — 4 is at most gz5—.

Theorem 4.9.5. Let G = (V, E) be a (-expander with minimum degree dpyi, > 4 - 106 - C_lnlog?ﬁgn

32
4.]_06. —1,Toglogn
For an s > 310 noeoen

for some ¢ < @. -n, let C' be a uniformly random vertex subset of size
min

1024
s. Then with probability 1 —n~", the induced subgraph G[C] is a ¢ /neslen -expander with minimum
degree at least 5~ - dmin-

logn

This theorem is consequence of applying the following lemma O(w

) times.

Lemma 4.9.6. Let G = (V, E) be a (-expander with minimum degree dpi, > 2-10%- ¢! log!®n for

n

For an s > Togn’

some ¢ < let C' be a uniformly random vertex subset of size s. Then with

1
logn
probability 1 — n=8, the induced subgraph G[C] is a (/16-expander with minimum degree at least

S

1
(1 B 210gn) ‘n Arnin -
We will prove Lemma 4.9.6 via a matrix Martingale argument, for which end we will need to set up

the notions of Cholesky factorization and Schur complements. The following definitions and facts

are from [KS16, DKP*17].
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Schur complements. Let L € R™ " be the Laplacian matrix of an n-vertex, connected graph
G, and let L(:,u) denote the column of L corresponding to vertex u. For a vertex uj, we define the

Schur complement of L with respect to u; as

1

s — L(:,u)L(:,up)T € R, (4.52)

LU1U1

It is straightforward to see:
Fact 4.9.7. The entries on row uy of S and the entries on column uy of SU) are all zero.
The following fact is less straightforward, but well known:

Fact 4.9.8. S is a Laplacian matriz of a graph supported on V' \ {u;}.

We call the operation of subtracting L(:,u1)L(:,u1)T from L the elimination of vertex uj.

1
Suppose we perform a sequence of eliminations of vertices w1, us,...,us for some 1 < t < n, and
define for each i € [t]

¢ =SV u) e R

S0 = gti=1) _ iciciT € R™X™

7

where S©) := L. We call S® the Schur complement of L with respect to ui,...,u;. Then similar

to Facts 4.9.7 and 4.9.8, we have:

Fact 4.9.9. The entries on rows u1, ..., us of SO and the entries on columns uy, ..., u; of S® are

all zero. Moreover, S® is a Laplacian matriz of a graph supported on V \{ur, .o u}
It is also known that:

Fact 4.9.10. Changing the order in which we eliminate w1, ...,u; does not change the resulting

Schur complement S®.
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Let C =V \ {ui,...,u:}. We define
SC(L, C) := 8%, e RICIXICI (4.53)

as the Schur complement of L onto C, where S(c% is S® restricted to rows and columns in C.
Note that by Fact 4.9.9, SC(L,C) contains all nonzero entries of S®). We also write SC(G,C) =
SC(L,C). To connect Schur complements to the Laplacian L, we need to introduce partial Cholesky

factorization.

Partial Cholesky factorization. Suppose we eliminate a sequence of vertices uq, . .., u; as above.
Let £ be the n x t matrix whose i*" column is ¢;, and let D be the t x t diagonal matrix with D;; = «;.

Then by adding the matrices subtracted in the elimination steps back to S*), we have
¢
L=58Y+3" ajeic] =Y+ DL (4.54)
i=1

Let us define F' = {uy,...,u} and C =V \ F. Let S = SC(L, C), where we recall that the latter

is S® restricted to rows and columns in C. Since S contains all nonzero entries of S®, by writing

L in block form as £ = Lrr , we get
Lcr
T T
ﬁFF ﬁFF Orp OFC £FF 0 D 0 ﬁFF 0
L= D + = . (4.55)
Lor Lcr Ocr S Lor oo 0 S Lor Ico

We call (4.55) a partial Cholesky factorization of L.

We now state a fact about matrix factorizations of the form in (4.55). For a set of vectors z1, ..., zs,

we will write I, . .. to denote the projection matrix onto their linear span, and Hjh_ , to denote

LT

the projection matrix onto the maximal subspace orthogonal to their linear span.
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Fact 4.9.11. Given an n x n positive semidefinite matriz M that can be factorized as

T T
Lrr Lrr N Orr Opc Lrr 0 D 0 Lrr 0

Lcr Lcr Ocr S Lcor Icc 0 S) \Lcr Icc

for some bi-partition (C,F) of [n], such that (i) Lrr € RIFIF s a full-rank matriz; (i) Lop €

RICXIFL: (ii5) D is a diagonal matriz of non-negative entries. Let fi, ..., f. be a basis of the null

space of M. Then

T _ 7l T 1
ST =T (e MDecgy e e

where (MT)cco is MT restricted to rows and columns in C.
As a direct corollary of the above fact, we have:

Fact 4.9.12 (Corollary of Fact 4.9.11). Let f; € R™ be the all-one vector. For any C C 'V,

1 1
SC(L,C) = H(fl)c (LT)CCH(fl)c'

Below we will need to use the following lemma, which is a direct consequence of the Matrix Chernoff

bound (Theorem 2.3.4).

Lemma 4.9.13. Let fi,..., fr € R™ be any £ orthonormal vectors. Define F' : [n] — RY by letting

F@i) = ((f)1,-..,(fo)i)T € RE. Suppose for any i € [n],
IF@)” < p

for some p. For an s > 100pnlogn, let C C [n] be a uniformly random subset of indices of size s.

Then we have with probability 1 — n=1° that

%Iéxf = % <Z F(i)F(i)T> = 2

ieC
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and therefore

S UelE =

The following lemma shows that the Schur complement onto a random vertex subset is a better
expander than the original graph. Here we use IT}- to denote the projection matrix onto the maximal

subspace orthogonal to vector .

Lemma 4.9.14. Let G = (V, E) be a (-expander with minimum degree dpyi, > 2 - 10° log® n where

¢ < @. Let the eigenvalues of Ng be 0 = A1 < ( < Ao < ... < Ay and let f1,..., fn be a set

of corresponding orthonormal eigenvectors. For an s > let C' be a uniformly random vertex

logn’
subset of size s. Then with probability 1 — n~10
—-1/2 —-1/2
Do*SC(La, O)Dd? = = ¢y, .

Proof. By eliminating vertices outside of C', we get a partial Cholesky factorization of L:

T
I Lrr 0 D 0 Lrr 0
G:
Lep Icc) \0 SC(Lg,C)) \Ler Icc
By multiplying D~/2 on both sides, we then get a factorization of Ng:
T
N Dal?Lrr 0 D 0 Dal?Lrr 0
G:
Ded*or D) \ 0 SO(La, ) ) \Ded*Lor Do
T
Dl 0\ (D 0 Do Lpp 0
1/2ECF Icc ) \ O D(;lcmSC(LG,C)DElc/Q 1/2£CF Icc

Then by Fact 4.9.11,

~1/2 —1/2\f "1
(DCC/ SC(LG’C)DCC/ ) - H(lfl)C <Z )\(fl)c(fl)g> H(Lfl)c'
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Let £ be such that Ay < max {2%, 1} - < Apg1. Define the embedding F': V — R’ as

(fl)u

F(u) = (f?)“ 50

(fé)u

By s > n/logn and ¢ < 1/logn, we have 5- - < 1/2, and thus by Corollary 4.9.3 we have that for

ecachueV
IF@)| d4. <10 log~*n
Then we have
_ _ 1
(DcéﬂSC(LG,C)DCé/Z) H(fl)c (Z X(fz)C(fi)%) I'I(Lfl)c
i=2 "
‘1 "2 1
=Mz <Z<<fi>c<fi>£+ > et )
=2 i=0+1
¢
1 1 T 2s 1 n
jH(fl)c( E(fi)C(fi)c—f—;'Cf iy
=2
2s 1 2s 1
1 1
=(p)e (n Nali €I> Lie
4s 1|
n e

where the third line follows from Amax(3 i1 (fi)e(fi)E) < Amax(Xiey fif) =1, and the second

to last line holds with probability 1 —n~!° by Lemma 4.9.13. By inverting both sides, we then get
Do *$C(La, OVDGd” = 1=+ ¢ Ty

as desired. [

We now define the notion of graph squaring, which will be useful in setting up our martingale.
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Definition 4.9.15 (Graph squaring). For a graph G = (V, E') with degree matrix D and adjacency

matrix A, define the square of G by

Lee ¥ D - AD A
Fact 4.9.16 ([CCL™15, JKPS17]). Lg2 < 2L¢ for any graph G.

Below, we will write SC,,(L,C) or SC,(G,C) to denote an n x n matrix obtained by augmenting
SC(L,C) to n x n by adding zeros on rows and columns in V' \ C. We will also abuse the notation
a bit and write Lg(c| to denote an n X n matrix obtained by augmenting Lg(c) to n x n by adding

zeros on rows and columns in V'\ C.

Proposition 4.9.17. Y ., SC,(Lg,V \ {u}) = Lg2 + (n — 2)Lg for any graph G.

Proof. Notice that by definition

3 SCuLV\{u)) =Y (LG - L;Lg(:, u)Lg(:7u)T)

ueV ueV

—nLg — LaeD 'L
=n(D — A) — (D —A)D (D - A)
=nD —nA— (D —2A+ AD'A)

=n—2)(D—-A)+D—-AD A= (n—2)Lg + L¢e

as desired. O

Let v1,...,v, be a uniformly random permutation of vertices in V. Define

‘/%:{Ul,...,vi}.
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Consider the following sequence of matrices:

Xo=Lg

1 2 1
X1 = —La(:,v1)La(; )" + (1 + n_2> Le-w + . (Lg2 = 2Lg)

dy,

1 1 2
Xo = —0Lg(:,v1)La(:, Ul)T + - (Lg2 —2Lg) + <1 + > :

dy, n—

1
(dG[V—Vl]LG[V—Vﬂ(:? v2) Lav vy (t, ve) T+
v2
2 1
L+ —— ) Lav-va) + — (Lay-wp — 2Low-wi))

Xi+1 is obtained by replacing the Lgpy_y;) in X; by

1
WLG[VA@] (t;vig1) L vy (5 vien) T+
Vi1

1

2
(1 + ) LG[V—VHH + - (LG[V—ViP — 2LG[V—V«L]) .

n—2—1 7

Here, we have used d to denote the degree of vertex v in graph H.

Lemma 4.9.18. Xy, X1, Xo, ... is a matriz-valued martingale.

Proof. Tt suffices to prove that

IE'Uaz+1 [(4'56) ’ Vl] - LG[V—V«L]'

Let us calculate the LHS term by term.

1
B,y !G[Vvi]LG[V—%}(:vvi+1)LG[V—V¢}(:vvi+l)T | Vi

Vit1
1 -1
T — Z'LG[V*Vi]DG[V—Vi}LG[V*Vi]
1 ~1
= (DG[V—VA —24gy-v + AG[V—Vi]DG[vai}AG[V—ViO
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n—2

2 —1 2
Ey,\y [(1 + 71_2_1) Law-vi, | Vz] = ﬁLG[V_Vi} + ELG[V—VI-] = Lgv-v

1
Ey, [n — (Lap—viz — 2Lav—vy) | Vz}
- (Lav—vie = 2Lav—vy)
n—1 V=vil g
1 . 2
= (DG[v—vil - AG[V—Vz‘]DG[VfVi]AG[V—Vi}) - Lewv-v
One can verify that these three add up to Lgp_vj)- O

To analyze this matrix-valued martingale, we will resort to the following theorem:

Theorem 4.9.19 (Matrix Freedman Inequality [Troll|). Consider a zero-mean matriz martingale
{Y;:i=0,1,...} whose values are symmetric matrices with dimensionaln, and let{Z; : i = 0,1, ...}
be the difference sequence such that Z; = Y;11 — Y;. Assume the difference sequence is uniformly

bounded in the sense that for any i =0,1,...
)\maX(Zi) < Ra

where Amax(Z;) is the mazximum absolute value of any eigenvalue of Z;. Define the predictable

quadratic variation process of the martingale as
def :
Wi =Y E[Z] | n,....Y].
j=0

Then for all i > 0 and o2 > 0,

t2/2
Pr(3i > 0: Apa(Yi) >t and HWingaﬂgd.exp{_/},
g

We now prove Lemma 4.9.6.

Lemma 4.9.20. Let G = (V, E) be a C-expander with minimum degree dpim > 2 - 10 - ¢ 11og!n

1

for some ¢ < Togm-

For an s > @, let C' be a uniformly random vertex subset of size s. Then with
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probability 1 — n=8, the induced subgraph G[C] is a (/16-expander with minimum degree at least
(1 - 2101gn) ) % ’ dmin-

Proof. The minimum degree guarantee follows from a direct application of Chernoff bounds. We
then focus on showing that G[C] is a (/4-expander.

Define Y; = LTG/2XiLg2 — LTG/QLng2. Since Xy, X1,...1s a martingale, so is Yy, Y1, ..., by linearity

of expectation. Moreover, since Xy = Lgq, Yy, Y1, ... has zero mean. Consider the first n — s+ 1
terms Yy, Y1, Yo, ..., Y,_s. First let us calculate the difference sequence Z;:

2
< - SC, (G[V - Vz]a V- Vi+1) + <1 + n—2—z> LG[V—V¢+1]+
1/2

1
o (Law—viz = 2Law ) Lg

where we have used Definitions (4.52),(4.53), and recall that SC,,(G, C) is obtained by augmenting
SC(G, C) to n x n by adding zeros. We then consider to bound the maximum (in absolute value)

eigenvalue of Z;. For the last term, we have

1 2 4 4 4logn 4
Amax | L1 Lo v — 2Lan ) L) < <-< <
max< ¢ o Law—vp —2Lawv—v) Le” | S o S 0SS

(4.58)

where the first inequality follows from Ly _y;2 < 2Lgv—v;) = 2L by Fact 4.9.16. Now to bound

the first two terms, we first rearrange them as

2
n—2-—1

(=SC (GIV = Vi,V = Vi) + Lo —vi ) + Ly —via)- (4.59)

Then for the second term of (4.59), we have Lgpy_v,,,] = Lg, and hence

2 2 4 4logn 4

t/2__ 2 /2
A (LG n—a—-ev-vinilc ) S22 S5 2S5 S T S 100 log'n’ (4.60)
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We then claim that the first term of (4.59) can be bounded by

1 1
< .
dminC — 8-10%1log® n

Amase (Lg2 (SCa (GIV = Vi,V = Vis1) = Lap—v,)) LL@) < (4.61)

To see why this is the case, let us define an edge set E; 1 = {(vit1,w) € G[V — V;]} and write Lg

141

to denote the Laplacian of the subgraph of G induced by F;;1. Notice that

LE«;+1 (5 vig1) = LG[VfVi] (5 vig1)-

Therefore, we have

SCn (G[V - V;], V - ‘/YiJrl) - LG[V—ViJrl] = SCn (LEi+1, V - V%+1) .
Therefore to prove (4.61), it suffices to show that for any x such that = € range(SCn(Lg,,,,V —
Vit1)), we have
eTLTe < L -2T'sC (Le,,,V =V 1)TCL': ! S A (4.62)
h Cdmin " B " gdmin Bip1™ .

where the equality follows from Fact 4.9.12. Since G is a (-expander with minimum degree dpin,

we know that 27 LTz < c L_||z|®>. On the other hand, as G[Ej41] is a star graph, and = €

d
range(SC,(Lg,. ,,V — V;11)) implies that = is supported on V' — V;11, we have xTLerin = |||

417

This proves our desired inequality (4.62).

We also note that

i

_ _ _ 2
H<1+ 2 ) n n 1“ n+1 i n(n —1) <(ﬁ) < log?n.

n—1-j) n-2n-3""n-1-i (n—i)n—1-14)  \s

Jj=1
Therefore we have

1

Amax (Zi) € ——————.
max(Zi) < 1000 - log? n

(4.63)
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Fixing a j, we then consider bounding the spectral norm of E [ij | Yi,...,Y1].

E[Z} | Yi,...,Y]

2 n 4
= - -
n—J n—1—7

> (LTG/2 (SCn(G[V - V],V —{v}) = Lew—v;- {v}]) LU+
veV-V;

2 n 4
n—j \n—1—3j

2
t/2 2 1 /2
> (LG (n_g_jLG[V—Vj—{UH T (LGW*VJ-P + 2LG[V—VJ-])> Lg >

veV-V;

2log®n 1
<=EB 2 3 L (SCalGIV = ViV =V — {v}) — Law v,y ) L
n-—J Cdmm veV_v;

L2 2

Ogjn V=Vl <8> Tnxn (by (4.61),(4.60),(4.58))

_2logn 4y t/2  100001og” n

= Wl -6 TV T

(by Proposition 4.9.17 and n — j > s > n/logn)

64 10000 log”
52 106 - n log? Inxn + #Inxn (Fact 4.9.16 and dyi, lower bound)
. . /rl/ n

PR
10001 log“ n

nxn-

Therefore we have

1
Mmax (B [Z2 | Y1,...,Yi4]) € ————
¢ ( [ J RE / 1}) 1000n log? n
and
n—s—1 n—s—1
Amax E[Z Y1, Y] | <) dmax (B[Z [ Y2,...,Yj1])
7=0 7=0
1
n . 72
10001 log“n
1
—_—. (4.64)
10001og” n
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2

We now invoke Theorem 4.9.19 with R = = m

m,a ,and t = 1/2, and get

—+ |ooi—

1
Pr|3i € [0,n —s]: Amax(Yi) = } < n-exp (— T

<n
10logn 1 )
8 1000log®n ' 60001log?n

This coupled with Fact 4.9.11 implies that

1 s2
Loy = 5 5 -SC(Le, O)-
Then we have
—1/2 ~1/2 1 s ~1/2 ~1/2
Yo (Do LaeyDod”) >3- = (Pad*sC(La, ) D)

1 s

>-.2.

8 n G

where the last inequality holds with probability 1—n"1° by Lemma 4.9.14. Note that, by a Chernoff

bound, we have with probability 1 — n~'° that
1 n
iDCC = gDG[C} <X 2Dcc.

These two combined imply that G[C] is a (/16-expander with probability 1 — 3 -n=10. O

4.9.2. Matrix-weighted expanders are preserved under vertex sampling

We now introduce Schur complements and Cholesky factorization for Laplacian matrices of k x k

matrix-weighted graphs.

Schur complements. Let L € R™*" be the Laplacian of a k x k matrix-weighted graph G, and
let L(:,u) € R™*F to denote the column block of L corresponding to vertex u. For a vertex uy, we

define the Schur complement of L with respect to u; as

SW =L — L, uy)Lf

Ul Ul

L(:u)T. (4.65)
It is straightforward to see:
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Fact 4.9.21. The entries on row block uy of S and the entries on column block ui of SM) are all

ZET0.

We call the operation of subtracting L(:,ul)LLlulL(:,ul)T from L the elimination of vertex w;.
Unlike the ordinary graph case, if we eliminate a sequence of vertices one by one, the resulting
matrix is not necessarily the Laplacian of another k x k matrix-weighted graph. So we alternatively

define the Schur complement with respect to a vertex set F' as
SC(L,C) = Loo — LerLY, pLre, (4.66)

where C' := V'\ F. We also call SC(L, C) the Schur complement of L (or G) onto C. Note that when
F = {u1} consists of only a single vertex, we have Sé% = SC(L, C). Also note that when k = 1, this
definition matches the alternative definition of Schur complements in ordinary graphs [KLP116].

We then connect SC(L, C) to the Laplacian L by introducing partial Cholesky factorization.

Partial Cholesky factorization. We show that L can be factorized in a similar way to [KLPT16].

The proof of the following proposition is deferred to Appendix B.5.

Proposition 4.9.22. We have

T

Irp 0 Lrr 0 Irp 0
L= . (4.67)

LerLh, Ioo 0 SC(L,C) | \LerLl, Icc

We call (4.67) a partial Cholesky factorization of L. We now state a fact about matrix factorizations
of the form in (4.67). As in the previous subsection, for a set of vectors z1,...,zs, we will write

II;, .. ., to denote the projection matrix onto their linear span, and Hi} . to denote the projection

yeensT
matrix onto the maximal subspace orthogonal to their linear span.

Fact 4.9.23 (See e.g. [KLPT16]). Given an nk x nk positive semidefinite matriz M divided into
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k x k blocks that can be factorized as

T

Ipp 0 EFF 0 Irp 0
M =

Lcr Icc 0 S) \Lcr Icc

for some bi-partition (C,F) of [n]. Let fi,...,f. € R™ be a basis of the null space of M. Then

t ol f 1
ST=1G e MDeellpy o e

where (Moo is MT restricted to row and column blocks in C.
As a direct corollary of the above fact, we have:

Fact 4.9.24 (Corollary of Fact 4.9.11). Let fi,...,f. € R™ be a basis of the null space of the

matrix L. For any C CV,
_ 17l 1
SC(L, C) =Tz oy L (1)

Below we will need to use the following lemma, which is a direct consequence of the Matrix Chernoff

bound (Theorem 2.3.4).

Lemma 4.9.25. Let fi,..., fr € R™ be any £ orthonormal vectors. Define F : [n] — RF by
(f)e
Fluy=| : |eRrR>k

(fol

Suppose for any u € [n]
Amax (F(u)"F(u)) < R.

For an s = 100Rnlogn, let C C [n] be a uniformly random subset of indices of size s. Then we
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have with probability 1 — n='0 that

%IKXZ = g (Z F(U)F(U)T> = 2Ipxs

ueC

and therefore

(Fe(f)E = %Inkxnk-

L
=1

J

Definition 4.9.26 (Subgraph preservation). Let G = (V, E) be a k x k matrix-weighted graph.
Let A1, ..., A\ be eigenvalues of the normalized Laplacian N = DI/2LD1/2 of G and let fi, ..., fur
be a corresponding set of orthonormal eigenvectors. For a vertex subset U C V of size t, we say the

vertex-induced subgraph G[U] («, 3, ()-preserves G for some «, 3 > 1, ¢ € (0,1) iff
1. The null space of D[T]/LQ,LG[U] D[T]/LQ, is exactly the linear span of {(f;)y : Ai = 0}.

2. For all vectors = € RIVI¥ such that =7 (f;)y = 0,Vi: \; = 0,

t n? 1
inie(0,¢]

+| 3

N =

Therefore, G (1,1, {)-preserves itself for any (.

Theorem 4.9.27. Let G = (V, E) be a k x k matriz-weighted (v, (,¥)-almost reqular expander with

¢ <1/logn. For an

50000

S 2 2. 106 . 7¢C_1k2nloglogn’

let C CV be a uniformly random vertex subset of size s. Then with probability at least 1 —n~", the

induced subgraph G[C| (2, nioglogn ,Q)-preserves G.

logn
loglogn

The theorem is a consequence of applying the following lemma O( ) times.

Lemma 4.9.28. Let G = (V, E) be a k x k matriz-weighted (v, (,v)-almost reqular expander with

165



¢ < 1/logn. Suppose there exist an a € [1,2], a B> 1, and a § € (0,1), and a
t>2-10° - afyy¢ k% logton,

such that, a subgraph G[U] induced by a random vertex subset U of size t (o, 3, C)-preserves G with

probability at least 1 — 0.

For an s € [t/logn,t], let C CV be a uniformly random subset of size s. Then with probability at

least 1 — 8 —n~8, the induced subgraph G[C] ((1 + @)a, 644, ¢)-preserves G.

Proof of Lemma 4.9.28. Let A1 < ... < Ay be eigenvalues of the normalized Laplacian N =
DI2LD2 of G and let fi,..., far be a corresponding set of orthonormal eigenvectors. Let z be
such that A\, =0 < A,41.

Consider generating C' by first randomly sampling a subset U C V of size ¢, and then sub-sampling
a subset C' C U of size s from U. We first prove a claim about the Schur complement of L) onto

C.

Claim 4.9.29. With probability at least 1 —6 —2n~19, we have for all z € RICIF such that 27 (fi)c =

0,Vi:\ =0,
t n2 1 16s n 1
ihie(0,¢]

Proof of Claim 4.9.29. Let F':= U \ C. By Proposition 4.9.22, we can factorize Lgy) as

I Irp 0 (LG[U])FF 0
o) =
(Lomy)er (Lew) e Ioc 0 SC(Lgu, C)
T
Irp 0
(Lew))er(Low) e Ico
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By multiplying Dyg on both sides, we get a factorization of D;rj/éLG[U}D}LJ/[%:

2 2
DTU/ULG[U}DTU/U
_ DYz 0 (Law)) rr 0
DY (Lo er(Law) e DI 0 SC(Ler, C)
CC\HGUCF\LGIUY FF cc G[U]»
T
Dil? 0
2 2
DUE(Law)er(Lep)kr DU
- Ipr 0 | [ DYi(Lep) DYy 0
Dgé(LG[U])CF(LG[U})IE’FDJI:/; Ice 0 DgéSC(LG[U],O)Dyé
T
Dgé(LG[U])CF(LG[U})J}r:’FD}r/jg Icc

where in the last inequality we have used that the rows of (LG[U])FF are all in the range of Dpp.

In the case that G[U] («a, 8, ¢)-preserves G, we have that the null space of D(T]/;LG[U} D}Lj/é is exactly

the linear span of {(f;)y : 1 < i < z}. Then by Fact 4.9.23,

/2 t/2\" _ 1 /2 t/2) 1 1
(DCCSC(LG[UPC)DCC) =) ente ((DUULG[U}DUU) >CCH(f1)c,~~7(fz)c'

Let 5\1, R 5\g be all eigenvalues of D(TJ/ELG[U]D;]/[? that are in the range (0, % . %] Let fl, ..

a set of orthonormal eigenvectors, and define the embedding F:V — Rk by

Fuy=| 1t |eR>,
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Since s € [t/logn,t] and ( < 1/logn, we have £ - L. ¢ < - L. Then we have

S n

/2 2\ T
<DU/ULG[U]DU/U> =
9 V4
o tre | @ 57 2 yi(fi)U(fi)UjLﬁ'Tnga’fj 0w Whuetroe:
i:X€(0,] J=1

t .
2s

S+

(4.68)

Using the matrix Chernoff bound and that ¢ > 2 - 1064k log® n, we have with probability 1 — n~19

that
1 t
5 Daw =~ Duv = 2Dgp). (4.69)

As a result, G[U] is 2y-almost regular. Therefore by applying Lemma 4.6.4 to G[U] with D = L Duu

with k =2 and § = %, we have for each vertex u

~ ~ 32vk
Amax (F(w)T F(u)) < =,
(P Fw) <=
By Lemma 4.9.25, with probability 1 — n =19,
)4
~ s, 2s
(fie(fie = 1. (4.70)

7j=1

Now by restricting both sides of (4.68) to vertices in C' and then plugging in (4.70), we have our

desired claim. O

We now set up a matrix-valued martingale. To that end, we also need the notion of graph squaring

as we did in the ordinary graph case.

Definition 4.9.30 (Graph squaring). For a graph G = (V, E), define the square of G by

def

Lo S D— ADTA.
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The proof of the following claim is deferred to Appendix B.5.
Claim 4.9.31. Lg2 X 2Lg for any graph G.

Below, we will write SC,,(L, C) or SC, (G, C) to denote an nk x nk matrix obtained by augmenting
SC(L,C) to nk x nk by adding zeros on row and column blocks in V' \ C. We will also abuse
the notation a bit and write Lgc) to denote an nk x nk matrix obtained by augmenting Lg(c| to
nk x nk by adding zeros on row and column blocks in V'\ C. The proof of the following proposition

is also deferred to Appendix B.5.
Proposition 4.9.32. Y ., SC.(Lg,V \ {u}) = Lg2 + (n — 2)Lg for any graph G.

Let v1,...,v¢ be a uniformly random permutation of vertices in U. Define
Vi={v1,...,vi}.
Let H = G[U]. Counsider the following sequence of matrices:

Xo=Ly
; . 2 |
Xy =Ly (:,v1)D), Ly(:01)" + {1+ " Lyw-w) + n (Lp2 —2Ly)

1 2
Xo = LH(:>U1)DLLH(37U1)T + i (Lg2 —2Ly) + <1 + t—2> .
2

_ i
(LH[U—VA(%UQ) <D£[U Vl]) Lyw-w(v2)" + <1 + t—3> Ly vy

1
tr—1 (Luw-vi2 — 2Luw-v,)) >
Xi+1 is obtained by replacing the Lyy_y; in X; by
2

ConN T
Liw—vCovirn) (DY) Ly vy vien) ™ + <1 + t_2_2> Ly,

1

+— (Luw-vip = 2Lap-vy) (4.71)

Here, we have used DX to denote the degree of vertex v in graph H. The proof of the following
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claim is also deferred to Appendix B.5.
Claim 4.9.33. Xy, X1, Xo, ... is a matriz-valued martingale.

Define Y; = LZQXiLZQ—ngLHL%2. As X, X1,...1s amartingale, so is Yy, Y1, .. ., by the linearity
of expectation. Additionally, since Xo = Ly, Yo, Y1, ... has zero expectation. We focus on the first

t—s+1 terms Yy, Y1,Ys, ..., Y. First we calculate the difference sequence Z; = Y;11 — Yi:

i
2
Z; = 1+ — -
(=)

J=1

L —sc, (H[U - V;],U - V; 1 2 L
o | —SC, = Vi,U = Viq1) + tio o ) Lrv-vig

1 2
where we have used the definition of Schur complements. We then consider to bound the maximum

(in absolute value) eigenvalue of Z;. For the last term, we have

4 4 4logn 4

/21 /2
Amax <LH P (LH[U—W}Q - 2LH[U—v;-]) Ly > < P < 5 < ; < 106T0g® 1 (4.72)

where the first inequality follows from Lyy_v;2 =< 2Lgp_vy,) = 2Ly by Claim 4.9.31. Now to

bound the first two terms, we first rearrange them as

2
-LH[U*VH.ﬂ‘ (473)

(=SCn (H[U = Vi],U = Viz1) + Ly—v, 93

)+

+1]

Then for the second term of (4.73), we have Ly_vy,,,) = Lu, and hence

t/2 2 /2 2 2 % 4logn 4
Amax <LH i HU-Vilba > ST Ss=2S5S T Sqpgse MY

We then claim that the first term of (4.73) can be bounded by

Yk

k 1
Amas (L (SCo (H[U = VLU = Vigr) = L v, L) < o+ BT <

¢t~ 8-10610g%n
(4.75)
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To see why this is the case, let us define an edge set E;y1 = {(vit+1,w) € E:w € U — Vj41}, and

write Lg,,, to denote the Laplacian of the subgraph of H induced by E;,;. Notice that
Lg,, (1 vie1) = Law-v) (5 vig)-
Therefore, we have
SC(H[U = Vi,U = Viy1) = Ly—v,y) = SC (LEyyy, U = Viga) -

Therefore to prove (4.75), it suffices to show that for any vector x such that for all z such that

x € range(SCy,(Lg, ,,U — Vit1)), we have

i1

2 2
xTLLx < <awk + Brm) -z7SC (LEi+17 U - V;H)T T = (awk + B’ﬂ{) P A (4.76)

t Ct t Ct Bt

Since z € range(SC,(Lpg,. ,,U — Viy1)), we can write x as a liner combination of the incidence

1417

vectors of the edges in F;1:

T = Z Cebe

GGEi+1

for some coefficients c.’s, where we have x,, , = > . Eit Ce(be)v;r; = 0. Then since the induced

subgraph G[F;11] is a star graph, we have

Tri _ 2
z LEZ_Hac— g Ce.
e€E; 1
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We now calculate xTLLx by

i
o" Lz =" Dl (DS LaD}l) Difje
n2

1
e, "

n /2

1
¢
(since H = G[U] («, 8, ()-preserves G)

2
2 2
n 2 Yk n 1 /2
QEHH‘Q“ﬁ'EZ %7p”+5;'g E: ceDyyyrbe
eclE; 1 e€Bi1

(by expanding and that G is a (v, (, 1)-almost regular expander)

<ozwtk2 Z c? +57Z-2 Z c? ‘2

eGEH_l (U),Ui+1)6Ei+l
(by |Eit1] <t and that Z ceD;rj/gbe is zero on viy1)
EEE,'_;'_l

D¢, 1w

Yk* oAk
<(Frag) | X @

e€k;

(by y-almost regularity of G).

This proves our desired inequality (4.76).

We also note that

7

2 tot—1 t4+1—i t(t —1) £\? )
1+— = )= — < (%) <log?n.
E( +t—1—j> t—2t-3 t—1—1i (t—di)(t—1—q) <s) S8

Therefore

1

)\mx Z; g ——.
ax(Zi) 1000 - log* n

(4.77)
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Fixing a j, we then consider bounding the spectral norm of E [ij | Yi,..., Y]_l} .

E[Z} | Yi,...,Y]
2 /2 /2

< L W(H[U = Vj),U = V; —{v}) = Lyw—v,—oy) L

< <t_1_]> Py (SCalHIU ViU =V = {0}) = Lur—v,—u) L")+

L) X
t—j \t—1-J velU—V;

/2 2 1 "
(L (H_jLH[U—Vj—{v}] + ; (LH[U,‘/j]Q + 2LH[U—V]-})> Ly )
2log® n Pk?
=< .
=T <O‘ p T i ct
velU—-Vj
2log’n 8\ 2
t_g] U =V;] - <> Tige etk (by (4.75),(4.74),(4.72))
21og® n k2 10000 log” n
<= <awt +8 Ct) L Ly vip Ll + =5 Lxtr

(by Proposition 4.9.32 and t — j > s > t/logn)
64 10000 log” n

Lipscer + 2 (by Claim 4.9.31 and the values of v, (, )

Tigtk

= 1
2-10000 - tlog™n
1
DL
~ 1000t log*n "

Therefore we have

1
Amax (B[22 | Yi,..., Y1) < 1000t log" 1

and

t—s—1

t—s—1
B2 Vi Y] | € 20 A (B[4 Yo 1))
j=0

1

<t ———————
1000t log™ n
1
(4.78)

T 10001og? 0
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2

We now invoke Theorem 4.9.19 with R = = m

1 _ 1
m,a ,andt—ilologn,and get

1
_1
Pr[3i € [0,n — 8] : Amax(Yi) = 1/2] < n-exp (— i 200log”n 1 ) <n 10,

1000 log* n + 30000 log® n

This coupled with Fact 4.9.23 implies that

52
> -5 - SC(Lg, O). (4.79)

Loy = <1 2

a 5logn

Then using Claim 4.9.29, for all € RIk such that 2T (fi)c = 0,Vi: \; =0,

T
2" (DUeLae DY) (4.80)

1 12 n? 1 16s n 1
<1+ ——) = .27 L —(f L R |
(+2logn) R A ~.,\§(oq/\i(f)0(f)c+ﬁ R

[a—

I (4.81)

n? 1
<z’ (1+ )a‘sz Y. (Folf)E +645-
i:)\iG(O,d ¢

n
S

logn . z

(4.79),(4.81) together imply that G[C] ((1 4+ —)a, 648, {)-preserves G, as desired. O

logn

4.10. A lower bound for weighted spectral sparsification

21/20—0(1)

In this section, we prove a superlinear lower bound of n for computing some O(1)-spectral

sparsifier.

Theorem 4.10.1 (Lower bound for weighted spectral sparsification). There exist constants €,6 €
(0,1) such that any incidence sketch of N measurements that computes a (1 + €)-spectral sparsifier
with probability > 1 — & on any w must satisfy N > n21/20—0(1)

By Proposition 4.2.3, in order to prove Theorem 4.10.1, it suffices to prove Theorem 4.2.9. Recall
that BY € R(G)X™ i the weighted signed edge-vertex incidence matrix of the input graph generated

from the distribution specified in Section 4.2.

n

Theorem 4.2.9. For any fized sketching matriz ® € R*(3) where k < /297 for some constant
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e >0, we have

Er [drv (((I)Bw)ﬂ,yeSv ((I)Bw)ﬂ,m)] < o(1).

Proof of Theorem 4.2.9. Similar to Section 4.2.3, we can assume w.l.0.g. the number of (u,v) € E

for which ¢, # 0 is at least ©(n?), since otherwise

Ex [dTV (((I)Bw)w,yes, ((I)Bw)w,no)] < 0(1) - Pry [¢7r(1)7r(n/2+1) 7& 0] < 0(1)7

and we would already have our desired result. Let us then define the k x k matrix-weighted graph
Hy, = (V, Ey), where Ey contains all edges (u,v) whose ¢y, # 0 (including the ones not present in
the input graph), and each edge (u,v) has matrix weight ¢.,¢. . Thus by the above assumption
we have |E4| > Q(n?).

By Theorem 4.2.19, there exists a scaling s : E; — [0,1] s.t. HY is a (7, ¢, v)-almost regular
expander, where (v, ¢, 1) = (8logn, 1/logn, 16k%log3n), and |(u,v) € By sup < 1] < 0(n?). Let
A1 < ... < Ay be the eigenvalues of the normalized Laplacian matrix of H%, and let fi,..., fur €

R™ be a corresponding set of orthonormal eigenvectors.

For i =0,...,n%?> —1, let B; denote the vertices in the i block of the input graph:
BY {ﬂ'(nl/5i +1),...,7(n" + n1/5)} .

Since k < n'/297¢, we have 2 - 10%y¢¢1k2ne < n'/®. Thus by Theorem 4.2.20, with probability
1 — 1/n%, all vertex-induced subgraphs H 4[Bi U Biy1] preserve Hj in the sense of (4.7). Using this

fact, we prove the following claim:

Claim 4.10.2. For each edge (x,y) with sz, = 1, conditioned on (x,y) being the crossing edge (i.e.

{r(1),7(n/24+ 1)} = {z,y}), with probability at least 1 — 1/n? over m, we have that by, is in the
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range of L, and

bl Lib,, i

ey L 72/570(1) . (4.82)

Once again by k < n'/20=¢ the RHS of (4.82) is o(1). Since s,, = 1 holds for a 1 — o(1) fraction of
the edges, we have, by Proposition 4.2.4, E [drv ((PB")z yes, (PB")xn0)] = 0(1). O

Proof of Claim 4.10.2. Consider drawing 7 from the conditional distribution on 7(1) = z and
m(n/2+ 1) =y. Suppose w.l.o.g. (x,y) is oriented  — y, 80 (byy)z = G2y and (byy)y = —@uy. Let
E be the set of edges of H,, where we recall that H, consists of the non-crossing edges, such that
each edge (u,v) has matrix weight n*/5log™! ngu,¢L, € RF**. Let us call a function f : E; — R a

flow in the graph H,, and say f routes a demand d € R™ if Y e, febe = d.

By Fact 2.3.6, to prove (4.82), it suffices to show that there exists a flow f in H, that routes demand

n—2/ %by,y satisfying ||f ||§ By scaling, it then suffices to show that there is a flow f that

n2/5 0(1)

routes demand by, satisfying ||f H2 < k2n?/5+°(1) | To construct such a flow, we consider first breaking
the demand b,, into demands do,dq, ... ,dn4/5/271 € R™ such that

1. 20<i<n4/5/2 di = bgy.

2. d; is supported on B; U Bjy1.
We will then route each d; in the vertex induced subgraph Hy[B; U B; 1] using a flow f;, and finally
obtain a flow £ =37, _,4/5 5 fi that routes b,y and satisfies I1£]12 < 2 > o<i<na/s 2 |Ifi 3.

To show how these d;’s are constructed, let us first define vectors czo, e ,cin4/5 /2 € R™ where d; is
supported on B;. We will later define each d; by letting d; = JZ — cZHl. Let D € R™*nk he the

degree matrix of H j) For now we would like d; to satisfy

Vii0< A <G f]TDT/Qdi =(1- Mz‘)(fJ)TDJr 2¢wy + MZ(fJ)TD ¢wy' (4.83)
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where we define

i
= sy

In particular, we would like f7D1/2dy = (f;)L DI ¢y and f7DV?d,uss 1y = (£;)L DYy by for all j

such that 0 < A\; < ¢. Thus, we let czo be such that

N Gpy U=1T

(dO)u —
0 otherwise
and let Jn4/5/2 be such that
- ¢zy u=1y
(dpass jo)u =
0 otherwise.

We would then like to construct the remaining cfi’s such that each HDT/ %L

) is small. First let us
write the linear equations (4.83) in matrix form. Let £ be s.t. Ay < ¢ < Agy1. Define a function

F:V — RY¥ guch that

(fo)l

and define another function G : {Bo, el Bn4/5/2} s RNk quch that
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Then we can write (4.83) as
G(B; )DW (di)B, = (1 — 1) F () D2 by + 1 F (y) D26y (4.84)

Let us write the RHS as r; :== (1 — ui)F(a:)Dléngwy + uiF(y )DT/2¢zy Then by Fact 2.3.6, we can

. . 2
find a (d;)p, satisfying (4.84) such that HDEE(dﬁBi , = r(G(B;)G(B;)T)~'r;. Now notice

7

Since fi,..., f¢ are orthonormal, we have F(u)F(u)" = Ijxs. By Lemma 4.6.4, we have for

ueV

all u € V that Apax(F(u)F(u)T) < (115% < 16k7llog". Since the vertices in B; are chosen uniformly

at random, by a Matrix Chernoff bound (Theorem 2.3.4), we have with probability > 1 —n~° that

i1 < n*/5G(B;)G(B;)T < 2I, which implies 7 (G(B;)G(B;)") " tr; < 2n*/5 ||ri||”. As a result, we

)

For simplicity let C; := B; U B;11. We then construct each d; for 0 < ¢ < n4/5/2 by letting

can find di, ... ,dn4/5/2_1 such that

[orea. < s (i + oo

d; = CZZ — dj+1. Thus d; is indeed supported on C;, and we have ZO<i<n4/5/2 di = bgyy. Now we

consider how to route each d; in Hy[B; U B;y1]. Once again by Fact 2.3.6, there is a flow f; with
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2-norm (dﬂ@ghw [(d)e; < (di)aLL;[Ci](di)Ci. We then write

(dh)E, Ly, (i)

2 2 2 \T i/
=(di)¢, DY, (DT/ LHS[C]DT/ )DTC/iCi(di)Ci

2
2 n 1 2
<V DEe | =5 D 5 x, Ue o+ —s(logn) | DUZ, (d)e,
3 A €(0, C]
<n8/5+o) Z )\i <fTDT/2(d B dz+1)>2 _|_n4/5+0(1)diTDTdi
J:Aj€(0(] J

—p8/5+o(1) Z )\1 ( 4/5/2fTDT/2bxy> 4 pA/5+o(1) (J;;DT(L +c§£L1DTd~i+1>

i\

])\]E(O,C]

—n? Oy D2 [ ST Z i T | D2, 4 n¥/5te) (Jf Did; + d%, D JM) .
Jne(0 "
0(1)k4

by the expander property and

\

no(1)¢k2
n2

Notice that the first term in the above is at most
— 1 is at most

sy = 1. The second term for each 0 < i < n?/5/2

2 k2
2) S n2/5—o(1)’

o580 (| @ D20 [+ P01 D120

16klogn g i — 0 or
n

where the inequality follows from ~-regularity and that Apax(F(u)? F(u))

i =n*%/2 — 1, the second term is at most

+ || Dl 6y z> +
/3ol (HF(m)DIE%y +||F@)DlZ6

2

nd/5+o1 (HDT%M ,
PRI
n1/5 o(1) "

k2n2/5+0(1) a5 desired.

Finally by letting £ = ;a5 5 fi, we have |f]|
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CHAPTER 5

A PARALLEL APPROXIMATE MAXIMUM FLOW ALGORITHM IN NEAR-LINEAR
WORK AND POLY-LOGARITHMIC DEPTH

In this chapter, we present our parallel approximate maximum flow algorithm with near-linear work
and poly-logarithmic depth. The results from this chapter are based on my work [AKL™24] joint
with Agarwal, Khanna, Patil, Wang, White, and Zhong.

We start with an overview of our algorithm in Section 5.1. Then we present the first key step
of our algorithm, namely a new construction of a flow sparsifier called congestion approximator,
in Section 5.2 - Section 5.4. In what follows, we present the second key step of our algorithm,
namely a parallel flow decomposition algorithm, in Section 5.5. Finally, we present the applications
of our parallel maximum flow algorithm to the parallel computation of (balanced) sparsest cuts,

hierarchical clustering, fair cuts, and approximate Gomory-Hu trees.
5.1. Overview of the Algorithm

The starting point of our discussion is Sherman’s framework [Shel3b, Shel7b|, which was initially
proposed for computing fast approximate undirected max-flows in the sequential setting. Given the
optimization problem defined in Equation 1.1, let optg/(b) := miny.ps—p [|C™! f||oo be the minimum
congestion of any feasible flow routing given demands b in the graph G. Sherman showed that
if we have a matrix ® such that for any demand vector b, ||Pb|~ is always an a-approximation
to opt(b), i.e., ||Pb|loo < opt(b) < a - ||Pb||oo, then there is an iterative algorithm to compute a
(14 ¢)-approximate minimum congestion flow. The matrix ® is called a a-congestion approzimator
matriz, and the algorithm requires poly(a, =1, logn) iterations!! where each iteration requires in
total O(m)-time algorithmic operations plus computing the matrix-vector products ®z and ®*'y for

some arbitrary vectors x and y.

A line of work in the parallel transshipment (¢; flow) literature [ASZ20, Li20, RGH"22, ZGY 22

1To be precise, Sherman’s algorithm upon termination routes a flow that almost satisfies the desired demand b,
and the negligible residual demand is such that it can be routed in the flow network with 1/poly(m) congestion. We
get a feasible flow by trivially routing this residual demand along a maximum spanning tree, which is known to admit
an efficient parallel construction with O(m) work and polylog(n) depth [PR02].
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observed that Sherman’s framework can be adapted to the parallel computing regime. In particular,
they showed the following: given an a-congestion approximator matrix ®, there is a PRAM algo-
rithm which outputs a (1 + €)-approximate minimum congestion flow. The depth of the algorithm
is poly(a,e71,logn) - (depth(®z) + depth(®Ty)), and the work is poly(a,e~!,logn) - (work(®z) +
work(®Ty) + O(m)), where depth(-), work(-) denote the depth and work required to compute the
corresponding sub-problem respectively, and ®z, ®Ty denote the sub-problems of multiplication
between ® and an arbitrary vector and the multiplication between ®! and an arbitrary vector
respectively. Therefore, the problem effectively reduces to efficiently computing a good congestion

approximator matrix ® that also allows efficient computation of ®z and ®Ty.

Récke, Shah, and Téubig [RST14| gave an efficient algorithm for building a tree-structured conges-
tion approximator. Specifically, they showed that given any graph G = (V| E, ¢), one can construct
an O(logn)-depth tree R = (Vg, ERr, cr) supported on Vg O V such that for any demand vector b,
optp(b) < opts(b) < O(log* n) - optg(b). A useful property of the tree R is that the flow that goes
from u to the parent of u is equal to the total demand within the subtree of u. This implies that
we can write optp(b) = ||Pb||s for a matrix ®, where each row of ® corresponds to a node in R,

such that the u-th entry of ®b equals the congestion of the tree edge connecting w to its parent:

(®b), = 2 in the subtree of u 0v '
cr(u, parent of u)
Furthermore, computing ®x is equivalent to computing the sum of rescaled node weights in each
subtree, and computing ®’'y is equivalent to computing the sum of rescaled edge weights of the path
from each node to the root. Thus, both computations of ®z and ®’y can be done in polylog(n)
depth and n-polylog(n) work using standard dynamic programming ideas. Hence, our goal becomes

to compute such a congestion approximator tree (or hereafter simply congestion approzimator) R.

The algorithm of [RST14]| constructs such a tree by performing a hierarchical decomposition of
the graph. At a high level, starting with the vertex set V', they recursively apply a subroutine to
partition a given cluster S of vertices into smaller sub-clusters such that the boundary edges leaving

each sub-cluster are well-linked, in the sense that one can route a product multicommodity flow
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between them with low congestion. However, this partitioning routine itself requires computing
(1 4 e)-approximate minimum congestion flows on the induced subgraph G[S], which is the exact

same problem (though on a subgraph) we set out to solve by constructing a congestion approximator!

In the sequential setting, this chicken-and-egg situation was resolved by Peng [Penl6] using a clever
recursive construction, which we summarize below:

1. Given an input graph G = (V, E, ¢), the goal is to output an O(log" n)-congestion approxima-
tor tree R = (Vg, ER, cRr).

2. Simulate the algorithm of [RST14| on G. Every time a (1 + ¢)-approximate minimum
congestion flow computation is required on some vertex-induced subgraph G[S] of G, do
the following:

(a) Compute a sparsifier H of G[S] such that for any demand b, opty(b) < optge(b) <
polylog(n) - opt (b). In addition, H can be decomposed into a core graph C' and a forest
F such that (i) C' only has |S|/polylog(n) nodes and edges, and (ii) each connected

component of F' has exactly one vertex in C.

(b) Recursively compute an O(log? n)-congestion approximator tree R for the core graph
C.
(c) Let Rgig) = Rc U F. It is easy to show that by composing, Rgig is a polylog(n)-
congestion approximator tree for G[S].
(d) Compute a (1+¢)-approximate minimum congestion flow on G[S] by plugging Rg(g) into
Sherman’s algorithm.
3. Output an O(log* n)-congestion approximator tree R for G obtained from simulating the

algorithm of [RST14].

Note that since C has significantly smaller size than G[S], the computation of a congestion approxi-
mator tree for C'is much faster than for G[S]. Leveraging this observation, and using a large enough
polylog(n) factor in the size reduction of the sparsifier, [Pen16| showed that the overall running time

of their algorithm can be bounded by m - poly(e~!,log(n)).

However, there are two major challenges to convert Peng’s algorithm into a small depth PRAM al-
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gorithm. The first challenge is that Peng’s algorithm has multiple recursive calls and the input to
each recursive call depends on the output of previous recursive calls. These dependent recursive
calls result in long dependent computation paths and thus the algorithm has a large (i.e. super-
logarithmic) depth. The second challenge comes from how the approximate maximum flows are
used in [RST14]. In particular, given an approximate maximum s-t flow, [RST14] crucially requires

a decomposition of the flow into s-t flow paths.

Our paper’s main technical contribution is to address these two challenges. To address the second
challenge, we propose a novel efficient parallel flow decomposition routine which we discuss in
more detail later in Section 5.1.2 of this overview. With this routine, we are already able to
implement the algorithm of [RST14] with m!'*°() work and n°®) depth. However, getting the
depth down to polylog(n) leaves us with the considerably more difficult task of addressing the first
challenge. To this end, we devise a variant of the algorithm in [RST14] for constructing congestion
approximators. While our new algorithm also computes a hierarchical decomposition of the graph,
it allows us to apply our partitioning routine by running maximum flows on subgraphs obtained
by contracting vertices, as opposed to recursing on vertex-induced subgraphs as done in [RST14].
This in particular allows us to extract congestion approximators for the subgraphs from a given
congestion approximator of the entire graph, thus avoiding any additional recursive calls on these
subgraphs. As a result, we only have one recursive call, whose goal is to compute a congestion

approximator of the core graph C' of the sparsifier, enabling us to obtain a depth of polylog(n).

We adopt a similar recursive idea to that of Peng [Pen16]|, with the key difference being our approach
involves only one recursive call. Specifically, our construction consists of a recursive step to obtain
a low-quality (though still polylog(n)-approximate) congestion approximator, and a boosting step
to improve it to an O(log9 n)-congestion approximator, so as to avoid an accumulation of error over

successive recursive calls. We summarize our new construction as follows:
1. Given input G = (V, E, ¢), the goal is to output an O(log” n)-congestion approximator tree
R = (Vg, ER,cR).
2. Compute a sparsifier H of G such that for any demand b, opty(b) < optg(b) < polylog(n) -

opty(b). In addition, H can be decomposed into a core graph C and a forest F' such that
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(i) C only has |S|/ polylog(n) nodes and edges, and (ii) each connected component of F' has

exactly one vertex in C.

3. (Recursive step) Only one recursive call: Recursively compute an O(log® n)-congestion

approximator tree R¢ for the core graph C.
4. Let Rg = Rc U F. Then Rg is a polylog(n)-congestion approximator tree for G.

5. (Boosting step) Simulate our variant of the algorithm in [RST14] on G to find an O(log? n)-
congestion approximator tree R, where every time when (1 + ¢)-approximate minimum con-
gestion flow computation is required on some subgraph G(.S) obtained from G by contracting

vertices V' \ S into a single supernode, do the following:
(a) Extract from Rg a polylog(n)-congestion approximator tree Rg for G(S).

(b) Compute a (1 + ¢)-approximate minimum congestion flow required on G(S) by plugging

Rg into Sherman’s algorithm.

Line 2 involves constructing ultrasparsifiers [ST14b, KMP14], and subsequently transforming them
into j-trees [Madl0]. Though not particularly technically challenging, we are the first to give
efficient constructions of these objects in the PRAM model. We refer the reader to Section 5.2
for their parallel implementations. Line 5, namely our variant of the algorithm in [RST14], is
substantially more involved, as we must open the blackbox of [RST14] entirely. In the following
section, we explain in more detail, our new construction of congestion approximators that is used

in our boosting step.
5.1.1. Overview of New Congestion Approximator Construction

As mentioned above, the difficulty in parallelizing the construction of congestion approximators
in [RST14] arises from the fact that we need to solve (approximate) maximum flows on vertex-
induced subgraphs, which in turn requires congestion approximators for those subgraphs. However,
recursing on these subgraphs necessarily blows up the depth of our algorithm to super-logarithmic.
There are two possibilities of resolving this: (i) use a more aggressive size reduction than polylog(n)
when computing sparsifiers, or (ii) reduce the number of dependent recursive calls. Here, (i) can

be immediately ruled out, since a more aggressive size reduction implies a worse approximation
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for the sparsifier, which in turn results in a larger iteration count (and hence, depth) of Sherman’s
algorithm to compute maximum flows. This leaves us with (ii) as the only option. Notice that
logn

having even just two dependent recursive calls would result in a depth of 2O<1°g 1°g”) = n°M which

makes (ii) even more imperative.

This raises the following question: can we reduce the number of dependent recursive calls by reusing
congestion approximators? While it indeed seems plausible to combine the congestion approximators
for the subgraphs into one for the entire graph, this does not suit the construction of [RST14] - in
particular, the hierarchical decomposition tree there is computed in a top-down manner, and thus
we do not know on what subgraphs we want to run maximum flows until we are done with the
partitioning at higher levels. This suggests that we should instead consider extracting congestion
approximators for the subgraphs from that of the entire graph. But unfortunately, this is in general
impossible due to the information loss due to congestion approximation (which in turn is a form of

sparsification that preserves both cuts and flows).

Our solution here is to open the blackbox of [RST14] entirely and propose a new framework for
computing a hierarchical decomposition. Our new framework allows us to partition the graph by
running (approximate) maximum flows on contracted subgraphs, each of which is obtained by con-
tracting a subset of vertices into a single supernode, as opposed to vertex-induced subgraphs as in
[RST14|. We show that for the contracted subgraphs we encounter in our construction, we are actu-
ally able to extract congestion approximators for them from a given congestion approximator of the
entire graph by contracting its vertices'?, thereby avoiding any additional recursive calls. Crucially,
the congestion approximators obtained for the contracted subgraphs have size proportional to the
size of the corresponding subgraphs which prevents any substantial blow up in the total work of our

algorithm.

We next highlight some additional ideas needed to make our new construction work. Since we

run maximum flows on contracted subgraphs, the routing we get could use paths in the contracted

12This is a vast simplification of our extraction process. In particular, since we need our congestion approximator
to be a tree in order to run Sherman’s algorithm, we can only do certain “partial” contractions that preserves the tree
structure, which significantly complicates both our algorithm and its analysis. We refer the reader to Section 5.4 for
more detail.
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subgraphs, which are not necessary valid in the entire graph. Therefore we need a “fixing” step in
our routing - namely, whenever we obtain a routing in a contracted subgraph, we have to then fix it
so that it becomes a valid routing (with low congestion) in the entire graph, while routing the exact
same demands'. This fixing step is possible because our construction guarantees that the edges
incident on a contracted supernode (which we call boundary edges) are always well-linked, in the
sense that one could route in the entire graph a product multicommodity flow between them with
low (polylog(n)) congestion. Thus, we can convert all the flow paths passing through a supernode
in a contracted subgraph into flow paths in the entire graph using the well-linkedness of these edges

while blowing up the congestion by at most polylog(n).

As stated thus far, it may seem that too many contracted subgraphs might end up using a same edge
in the entire graph to route and thus overcongesting the edge by too much. We address this issue by
fixing the routing level-by-level in our hierarchical decomposition in a bottom-up manner; at each
level, we only partially fix the routing in a contracted subgraph, in the sense that it becomes valid
(i.e. routes the exact same demand) in the slightly larger contracted subgraph obtained one level
above. We aim to maintain the invariant that in each contracted subgraph, the edges incident on the
contracted supernode (i.e. boundary edges) are never congested by a factor larger than polylog(n).
This invariant guarantees that in the (partial) fixing step, the edges inside the contracted supernodes
do not get congested by a factor larger than polylog(n) either: any routing that utilizes these edges
has to go through the boundary edges in the first place, and the latter are guaranteed to have low

congestion.

However, notice that naively performing this (partial) fixing operation level-by-level does not get us
the desired invariant. This is because each time we use well-linkedness of the boundary edges to fix
the routing, we get a multiplicative polylog(n) blowup in congestion, which accumulates across all
©(logn) levels to a very large value. To address this issue, we use a similar trick as in [RST14| where,
when solving maximum flows in each contracted subgraph, we lower the weights of the boundary
edges by a large enough polylog(n) factor. Therefore, the actual congestion we get on these edges

is in fact polylog(n) times smaller than what we get in our maximum flow routing, canceling out

1311 a contracted subgraph, we only ever route demands that are supported entirely on the “uncontracted” vertices.
Thus there is no ambiguity in saying “same demands” in contracted subgraphs vs. in the entire graph.
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the multiplicative blowup caused by the fixing step. Moreover, a polylog(n)-congestion approxi-
mator for the original contracted subgraph remains a polylog(n)-congestion approximator for the
reweighted contracted subgraph, albeit with a worse polylog(n) approximation factor. Therefore we
can still use Sherman’s algorithm to solve maximum flows on the reweighted subgraph in polylog(n)
depth. Leveraging all these ideas, we get a parallel algorithm for computing an O(log9 n)-congestion

approximator.
5.1.2. Overview of Our Parallel Flow Decomposition Routine

We now summarize the ideas behind our parallel flow decomposition routine that addresses our
second challenge. Here we are given an s-t flow represented by a flow network, with each edge
carrying some non-negative amount of flow, and our goal is to decompose the flow into s-t flow
paths. We will decompose the flow in an iterative manner where in each iteration, we shortcut flow
paths of length two in the flow network by replacing them with a single edge having the same flow
value. We then repeat until (almost) all remaining edges directly go from s to t (i.e. all s-t paths

have length 1).

In order to achieve small depth, in every iteration, we need to find a large (in capacity) collection
of edge-disjoint length two flow paths so that they can be shortcut in parallel without interfering
with each other. We show that such a collection exists, and moreover, can be found efficiently by
formulating the problem as b-matching instances. Specifically, for every (directed) edge e = (u,v)
that does not directly connect s and ¢, we independently and randomly assign e either as an
“outgoing" edge to its head vertex u, or as an “incoming” edge to its tail vertex v. Now taking a
local view at any vertex w in the flow network, the task of shortcutting reduces to a b-matching
problem in a complete bipartite graph, where the two sides are vertices corresponding to incoming
edges into w and outgoing edges from w, respectively, with demands equal to their flow values. This
way, we never have to worry about an edge being matched more than once as it gets assigned to

exactly one of its two endpoints.

We show that in expectation over the random incoming/outgoing assignments of the edges, the
total weight of the maximum b-matchings across all vertices must be at least a constant fraction of

the total remaining flow that does not directly go from s to . Moreover, algorithmically, in each
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b-matching instance, we can utilize a natural greedy strategy to gather at least a constant fraction
of the maximum matched value, which can further be implemented in parallel across all vertices.
This guarantees that in each iteration, the total £;-norm of the remaining flow shrinks by a constant
factor, and thus after O(logn) iterations we have decomposed a (1 —1/poly(n))-fraction of the total
flow into s-t paths, which suffices for our purpose since we only want approximate maximum flows.
At the end, we output the entire shortcutting history represented by a DAG data structure from

which we can recover our desired information.
5.1.3. Algorithms

Lastly, we present all the key algorithms outlines in our overview. Our main algorithm is a recursive
PRAM algorithm for computing a O(log” n)-congestion approximator in O(polylogn) depth and
O(m) total work. We present our algorithms for the case where the ratio between the largest and
smallest capacities in the graph is bounded by poly(n), but by the reduction shown in Section C.5,

this is without loss of generality.

Algorithm 5.1.1 congestion-approx(G)
Input: Graph G = (V, E,c) with n = |V|,m = |E]
Output: A O(log? n)-congestion approximator for G.

Procedure:
1: G4 + ultrasparsifier(G, ) with & = 10log n. > Section 5.2.1.1
2: (C,€) + j-tree(Gs) with C the core and £ the envelope of the j-tree. > Section 5.2.1.2
3: // This is the only recursive call to congestion-approx
4: Re + congestion-approx(C).
5. // Re UE is an O(log!® n)-congestion approximator for G
6: R’ < tree-hierarchical-decomp(R¢ U &) > Section 5.2.2
7. // From the call to tree-hierarchical-decomp, R is a binary tree with O(logn) depth
8: R < improve-CA(G, R') > Algorithm 5.1.2
9: return R

Our major technical contributions are in the new framework for computing congestion approxima-
tors, the implementation specifics of which are described in the improve-CA subroutine and the

details of which are discussed in Section 5.3.

Theorem 5.1.1. Given an undirected capacitated graph G = (V, E,c) with n nodes and m edges,

Algorithm 5.1.1 is a polylog n-depth, O(m polylogn) total work PRAM algorithm which outputs a
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Algorithm 5.1.2 improve-CA(G, R)

Input: Graph G = (V, E, ¢) and O(log? n)-congestion approximator R for G, with 9 < d < 30.
Output: An O(log? n)-congestion approximator for G.
Procedure:
Ay, Ay < partition-A(G) > Section 5.3.1
B, By < partition-B(G, A, A2) > Section 5.3.2
// Claim 5.4.1 guarantees the edges leaving each Z; are O(1/ log” n)-well-linked
Set Z1 = A1NB,Zy=AsNB,Z3=A1 N By, Zy = Ay N Bo.
for all Z; do
// R; has size O(|Z;]) by Lemma 5.4.2
R; < ca-contraction(R, Z;) > Section 5.4.1
// G(Z;) is a contracted subgraph (Definition 2.5.4), reweighted as in Section 5.3.3
T; < improve-CA(G(Z;), R;)
Set R’ as the tree formed by the T;, using lines 11 and 12 of Algorithm 5.3.1.
: return R/

—_ =
= O

hierarchical decomposition tree that, with high probability, is a O(log9 n)-congestion approximator

for G.

Proof. The depth, work and correctness of all subroutines besides improve-CA follow from the
proofs in their respective sections. Specifically, these sections show that R’ passed to improve-CA is
a O(polylog n)-congestion approximator for G which is a binary tree with depth O(logn), and that
R’ can be computed using O(polylog n) depth and O(m) work. Then, the correctness of improve-CA
follows from Theorem 5.3.9, as does the depth and work of all but the ca-contraction calls. To
bound the work from contracting the congestion approximators, by Lemma 5.3.3 we have that
Ay, Ay, By, By are both partitionings of V', and so | J; Z; = V. Let G(Z;) be as defined in Definition
2.5.4, and properly modifying the capacities of some edges as in Section 5.3.3. As the Z;’s are a
partitioning of nodes V(G), each edge in G can be present in a most two contracted graphs G(Z;).
Thus, Y, |[E(G(Z;))] = O(m) as well. Constructing all contracted graphs G(Z;) can therefore be
done in O(m) work (and O(1) depth), and so by Lemma 5.4.2, computing the contracted congestion
approximators for all G(Z;) takes work O(m) and depth O(logn). The total work and depth of the

algorithm then follow from Theorem 5.3.9. O

Proof. (Theorem 7) Using the congestion approximator from Theorem 5.1.1, we can run the parallel

version of Sherman’s algorithm (Theorem 2.5.3) to get both a (1 — €)-approximate maximum s-t
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flow and a (1 + ¢)-approximate minimum s-¢ cut. O

5.1.4. Organization

We give details of our construction of congestion approximators in three subsequent sections. Firstly,
Section 5.2 presents the construction of low-quality congestion approximators (outlined in Algorithm
5.1.1). Secondly, Section 5.3 presents the boosting step where the quality of the congestion approx-
imator is improved (outlined in Algorithm 5.1.2). Finally, Section 5.4 presents details on how
we extract congestion approximators for contracted subgraphs and utilize them within Sherman’s

framework [Shel3b|. We give details of our parallel flow decomposition algorithm in Section 5.5.
5.2. Recursive Computation of a Low-Quality Congestion Approximator

In this section, we detail the steps of Algorithm 5.1.1 up to the call to improve-CA (which is detailed
in Algorithm 5.1.2 and Section 5.3). That is, in this section we detail how to recursively compute a
a/-congestion approximator for G which is a O(logn) depth binary hierarchical decomposition tree
of G where o/ = O(polylogn). Section 5.3 then details how to improve the quality of the congestion

approximator to O(log” n).
5.2.1. Reducing the Size of the Graph
5.2.1.1 Constructing an Ultrasparsifier.

To reduce the size, our first step is to construct an ultrasparsifier of the graph. An ultrasparsifier,
informally speaking, consists of a spanning tree plus some additional edges that approximately
preserves all graph cuts.

Definition 5.2.1 (Ultrasparsifier). Given a graph G = (V, E,¢) with n nodes and m edges, and
any parameter £ > 1, a k-ultrasparsifier G5, = (V, Es, ¢s) is the union of a spanning tree T of G
and a collection of edges E’ such that |E’| = O(mlog?n/k). Moreover, with high probability, the
capacity of every cut of G is preserved to within a x factor in Gj.

In Algorithm 5.1.1, we use x = 10log*n to ensure a polylogn reduction in size compared to the
original graph.

Lemma 5.2.2. There exists a randomized PRAM algorithm that given an undirected, capacitated
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graph G = (V, E,c), and any desired quality parameter k > 1, constructs a k-ultrasparsifier of G

with O(logn) depth, and O(m) total work.

Proof. The algorithm first computes a maximum spanning tree using the result of [PR02|, which
uses O(logn) depth and O(m) work. Then, scale up the weights on the tree edges by a factor of &,
and sample each remaining edge with probability ©(log?n/x).

Sampling can easily be done in parallel, and the number of sampled edges in expectation is also
immediately as desired. So, it remains to show that the final constructed graph preserves all cuts

to within a O(k) factor with high probability.

Let T be the constructed maximum spanning tree of G. Multiplying the weight of each edge of T
by k results in a worst-case cut distortion factor of k. So, after scaling, we wish to select additional
edges in order to approximate cuts (in the graph with newly scaled edges) to within an O(1) factor.
[FHHP19| shows that to approximate edges cuts to within a (1 4 ¢) factor, it is sufficient to sample
each edge e with probability at least Cc.log® n/(pec?), where p. is the edge-connectivity between
the endpoints of e, ¢, is the capacity of edge e, and C is a suitably large constant. Here, the
connectivity of an edge e = (u,v) is defined as the capacity of the minimum cut separating u from

V.

As our algorithm samples off-tree edges (that is, edges in G but not T') at rate ©(log?n/k), to
complete our analysis it suffices to show that the connectivity of any off-tree edge e = (u,v) is at
least ce.k. Since e is off-tree, adding it to T" creates a cycle. Moreover, T is the maximum weight
spanning tree, so ¢, < co for all € on the cycle created. Any cut separating u from v must also
involve some tree edge ¢’ from this cycle, so the capacity of any cut (after scaling) is at least ce k.

Thus, the connectivity of e is also at least cok = cek. 0

5.2.1.2 Constructing a j-tree.

After constructing a O(polylog(n))-ultrasparsifier, we now have a graph G which is the union of
a spanning tree T' and collection of off-tree edges E’. We now transform the ultrasparsifer so that
we only need to compute the congestion approximator for a smaller subgraph. Namely, we convert

the ultrasparsifer into a j-tree. A j-tree, introduced in [Mad10], is a graph consisting of a forest
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with j trees (called the envelope) connected together by an arbitrary graph (called the core) over j
vertices, one from each tree.

Definition 5.2.3 (j-tree [Mad10]). A weighted graph G = (V, E,¢) is a j-tree if it is a union of a
core graph H which is an arbitrary capacitated graph supported on at most j vertices of G, and a
forest on V such that each connected component in the forest has exactly one vertex in H. We call

this forest the enwvelope of the j-tree.

Lemma 5.8 of [Mad10] shows how to sequentially convert any ultrasparsifer to an O(j)-tree, where
7 is the number of nodes incident on off-tree edges in the ultrasparsifer. In this section, we show

how to adapt this sequential process to the PRAM setting.

The algorithm of [Mad10] for converting an ultrasparsifier to a j-tree first recursively removes degree
1 vertices. Let F' be the subgraph consisting of these deleted nodes and edges; F' is thus a forest,
and all removed edges come from the spanning tree T' of the ultrasparsifier. Unfortunately, this
process is inherently sequential, so we instead show that an alternative process, which can easily be

parallelized and identifies this forest of removed nodes.

Lemma 5.2.4. Let G, be a O(polylog(n))-ultrasparsifier with spanning tree T and off-tree edges
E'. Suppose T is rooted at an arbitrary node incident on some off-tree edge. Then, a node u is
removed by recursive deletion of degree 1 vertices if and only if the subtree of T' rooted at u contains
no nodes incident on off-tree edges. Moreover, there is a PRAM algorithm with O(logn) depth and

O(m) work which removes all such nodes.

Proof. Let r be the root of T, and let F' be the set of nodes removed by recursively deleting degree
1 vertices (so F induces a forest). Define X as the set of nodes incident on some off-tree edge. If the
subtree of u contains no nodes in X, then it immediately follows that v (and all of its descendants)

must be in F' because they induce a tree.

Now, suppose some node in the subtree of u is incident on an off-tree edge. Let p be the parent of
u, let v be a child of u such that the subtree rooted at v also contains a node in X, and let H, be
the graph formed by removing u from G5. As r € X, both p and v are connected to X in H,,. If p,v

are in the same connected component of H,, then u is in a cycle, and so it will never be removed
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by the recursive deletion procedure.

Otherwise, p, v are connected in H, to distinct elements of X; p is connected to r and v is connected
to some x € X such that x # r. As p and v are both neighbors of u, there exists in G5z a r — x
path P such that v € P. Consider the rounds of the recursive deletion procedure, where in each
round the procedure removes all degree 1 vertices currently present in the graph. If before round
i, no nodes of P have been deleted, then after round 7, none of P has been removed as well: the
interior points have 2 neighbors in the path, thus having degree at least 2, and the endpoints are
never removed as they are incident on off-tree edges. The entire path is trivially present before the

procedure begins, and so no nodes in P are ever removed. Thus, as u € P, u & F, as desired.

The algorithm to find F' is as follows: first, root 1" at an arbitrary node incident on some off-tree
edge. Construct node weights by setting w, = 1 if u is incident on some off-tree edge, and w, =0
otherwise. Then, run the subtree sum algorithm of Theorem C.1.4, and output all nodes whose
subtree sum is 0. Identifying which nodes are adjacent to off-tree edges requires at most O(1) depth
and O(m) work, and the subtree sum algorithm has depth O(logn) and total work O(n), giving the

desired runtime bounds. O

Let G’ be the graph after recursively deleting degree 1 vertices, or, equivalently by Lemma 5.2.4,
removing all nodes whose subtree contains no nodes incident on off-tree edges. The next step is to
find paths in G’ involving entirely degree 2 vertices except for the end points u, v which have degree
at least 3, and “move” capacity from the lowest weight edge into an edge between the endpoints of
the path. In Lemma 5.8, [Mad10] proves that after reconnecting the vertices removed by recusively
deleting degree 1 vertices, this results in (3j — 2)-tree, where j is the number of nodes incident on

off-tree edges in Gj.

Theorem 5.2.5 (Parallel Version of Lemma 5.8 of [Madl10]). Algorithm 5.2.1 uses O(logn) depth
and O(m) total work to construct a O(j)-tree, where j is the number of nodes incident on an off-tree

edge of G.

Proof. For runtime, in Line 3 we may use the connectivity algorithm shown in [SV80|, which has

O(logn) depth and O(m) work. Finding the additional neighbors can be identified in O(1) depth
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Algorithm 5.2.1 transform-paths-and-cycles(G’)

Input: Graph G’ with no degree 1 vertices, and j nodes incident on off-tree edges.
Output: A O(j)-tree G”.
Procedure:

1: Initialize W « {u | deg(u) =2}, P =0,C =0, and G" = G'.

2: Construct Gy by removing V' \ W (i.e. nodes of at least degree 3) from G'.

3: Run connectivity to identify connected components C1,...Cy of Gg.

4: for each component C; do

5: Find Uy C C;, the set of degree 1 vertices in Cj.
6: if |U1] =0 then

7 Add C; to C.

8: else

9: Let Uy = {u1,us}, and let vy,vo € V' \ W be the additional neighbors in G’ of g, us.
10: if v;1 = vy then

11: Add the cycle formed by C; and vy to C.

12: else

13: Add the path from v; — v through C; to P.
14: for each S € PUC do

15: Find epin, the edge with minimum capacity in S.

16: For all other e € S, update capacity w(e) = w(e) + w(emin) in G”.

17: If S € P with endpoints (v1,v2) and (vi,v2) € E(G”), create edge (v1,v2) with capacity
w(emin)-

18: Delete e, from G”.

19: return G”.
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and O(n) work, along with identifying whether they induce a path or a cycle, and a O(logn) depth

algorithm can correctly update the capacities.

For correctness, all constructed paths have endpoints of degree 3. After removing all nodes of
degree at least 3, the remaining nodes all have degree 2 in G’, as G’ has no degree 1 vertices by
Lemma 5.2.4. So, every degree 2 vertex and every edge between degree 2 vertices is in exactly one

component, and thus every edge is in some path or cycle and all paths and cycles are edge disjoint.

The result then follows from the proof Lemma 5.8 in [Mad10]. O

Once we have a O(j)-tree J, to identify the core on which we wish to construct a congestion
approximator, we first find a spanning tree of J. We then invoke the procedure of Lemma 5.2.4
with respect to this spanning tree to remove any nodes not present in the core. Then by Lemma

5.8 in [Mad10], the constructed j-tree preserves all cut values to within a polylog(n) factor.

Finally, we then recursively run Algorithm 5.1.1 on the core of the j-tree, and attach the trees in

the envelope (where envelope is defined as in Definition 5.2.3).
5.2.2. Hierarchical Decomposition on Trees

After recursing on the core of the j-tree, we have a congestion approximator R’ for G. However,
the depth of R’ may be very large, as there is no bound on the depth of trees which make up the
envelope of the j-tree. Several parts of our algorithm, such as the procedure to reduce the size
of the congestion approximator (Section 5.4.1), rely on R’ having O(logn) depth. As such, before
running the procedure to improve the quality of the congestion approximation of R’, we emulate
the hierarchical decomposition procedure of [RST14| on the tree R'. That is, we take as input the
tree R, and output a hierarchical decomposition tree with depth O(logn) which is an O(log4 n)14

congestion approximator for R’. Moreover, to bound the work of the contraction of congestion

approximators in Section 5.4.1, we require the output congestion approximator to be a binary tree.
The goal of this section is to prove the following theorem:

Theorem 5.2.6 (Hierarchical Decomposition on Trees). Let T' be a tree on n nodes. There is a

4 As this loss of O(log*n) suffices for our purposes, we do not attempt to improve it, and instead rely on the
analysis of [RST14] in a near-black-box fashion.
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O(log®n) depth, O(n) work algorithm to compute an O(log n)-congestion approzimator R for T
which is a hierarchical decomposition with depth O(logn). Moreover, in the same depth and work,

we can ensure that R is a binary tree.

The algorithm makes use of a tree separator node, which is any node ¢ of a tree T" such that removing

g results in a forest of components of size at most |T|/2.

Definition 5.2.7 (Tree Separator Node). A node ¢ in a tree T is called a tree separator node of T’

if the forest induced by T\ {q} consists of trees with at most |T|/2 nodes.

Lemma C.1.8 gives a O(log|T'|) depth, O(|T|) work PRAM algorithm to find a tree separator node

for any tree T.

With this definition, we now describe the algorithm for computing a hierarchical decomposition on
trees. Each level in the hierarchical decomposition algorithm of [RST14| consists of two partitioning
steps. Given a set P of nodes, the first determines an Q(1/log?® n)-well-linked (see Definition 2.5.8)
set of edges within the graph induced by P and for the second, it suffices to find an exact min-
cut between these well-linked edges and the edges leaving P (see Lemma 3.9 of [RST14] for more

details)!?.

Definition 5.2.8 (Partition A). Let P be a subset of nodes of a graph G = (V, E,¢), and let
G'[P] be the subdivision graph (see Definition 2.5.6) of the subgraph of G induced by P. Then,
Partition A is a partitioning of P into clusters Py, ..., P, such that the set of inter-cluster edges
in G’[P], namely {(u,v) | u € Pj,v € Pj,i # j}, is Q(1/1og? n)-well-linked. Moreover, we have
|P;| < (1/2)|V(GQ)| for all i.

For the definition of Partition B, we state it in terms of an exact min-cut, which is stronger than
what [RST14] or Section 5.3 uses, since when the graph is a tree, we are able to compute exact

min-cut efficiently in low depth (see Section C.4 for more details).
Definition 5.2.9 (Min-Cut Partition B). Let P be a subset of nodes of a graph G = (V, E, ¢),

let Bp be set of edges with one endpoint in P and one endpoint in V' \ P. Construct a graph H

as follows. Start with G’[P], and for each edge e in Bp, add a node x. to H. Finally, for each

15We reuse the names “Partition A” and “Partition B” used in Section 5.3, to highlight the similar goals of the
procedures partition-A and partition-B, however we are not invoking or directly implementing these procedures.
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e = (u,v) in Bp such that v € P, add an edge (z.,v) with capacity c(e)/logn. Then, with W the
set of nodes of H which corresponds to the set of subdivision nodes of the inter-cluster edges from
Partition A, Partition B is a partitioning (X, P\ X)) such that (X, P\ X) is a min-cut between Bp
and W in the graph H.

The analysis of [RST14| and Section 5.3 shows that to get a polylog(n) depth, O(n) work PRA-
Malgorithm to compute a hierarchical decomposition for a tree, it suffices to implement Partition
A and Partition B in polylog(k) depth and O(k) work on a set of k nodes. We now give a pair of

lemmas showing that we can indeed do this.

Lemma 5.2.10 (Computing Partition A on Trees). There is a O(logk) depth, O(k) work PRAM

algorithm to compute Partition A on a set of k nodes which induce a tree.

Proof. Let T be the tree induced by the vertex set we wish to partition. Then, compute a tree
separator node ¢ of T', and set the partitions to be the connected components of T\ {c} along
with {c}. The depth and work are then O(logk) and O(k), using the algorithms for finding a tree

separator node and connected components.

The only edges cut are those incident on the center c¢. The set of edges incident on the center are

1-well-linked, since they share an endpoint, meeting the requirements for Partition A. O

Lemma 5.2.11 (Computing Partition B on Trees). Given a tree T, there is a O(log”k) depth,
O(k) work PRAM algorithm to compute Partition B on the subgraph of T induced by a set K of k

nodes.

Proof. First, note that the subgraph induced by K is a forest, as T is a tree. Then, with P = K,
define Bp, W, and H as in Definition 5.2.9. Note that as the subgraph induced by K in T is a
forest, H is also a forest. Add to H a super-source s connected to each node of Bp with capacity
oo and a super-sink ¢ connect to each node of W with capacity co. Then, the result follows from

computing a exact s-t min-cut on H (using Lemma C.4.3)'6. O]

16T emma C.4.3 is written for a tree with the addition of a source s and sink ¢, rather than a forest; as such, we
first add a dummy node y that connects to one node of every component of the forest with a capacity 0 edge, which
does not change the min-cut value and allows us to use Lemma C.4.3.
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These lemmas allow us to compute hierarchical decompositions on trees.

Lemma 5.2.12. Given a tree T on n nodes, there is an O(log®n) depth, O(n) work PRAMalgorithm
to compute an O(log4 n)-congestion approximator R for T which is a hierarchical decomposition with

depth O(logn).

Proof. We follow the algorithm of [RST14] to construct a congestion approximator for 7. As each
level of the constructed congestion approximator in [RST14] corresponds to a partitioning of the
edges, computing Partition A and B for all sets at a given level can be done in O(log2 n) depth
and O(n) work. The use of tree separator nodes leads to a constant factor size reduction from each
Partition A step, and so there are at most O(logn) levels, leading to a O(log®n) depth, O(n) work
algorithm. Finally, the analysis of [RST14] shows that the constructed hierarchical decomposition is

a O(log* n)-congestion approximator for the original tree, and that the tree has O(logn) depth. [

It thus remains shows how to convert the congestion approximator R into a binary tree; we describe
the procedure in Algorithm 5.2.2. In Algorithm 5.2.2, we use the term first non-binary node to
refer to any node u € R such that none of the ancestors of u have more than two children, but «
has at least three children. Since R has depth O(logn), a breadth-first traversal can find all first

non-binary nodes in O(logn) depth and O(n) work.

Finally, for any node w of a hierarchical decomposition tree R, we use the notation R, to refer to

the subtree of R rooted at u, and P, the set represented by node wu.
To prove the correctness of Algorithm 5.2.2, we first prove the following helper lemma.

Lemma 5.2.13. Let R’ = convert-binary(R), and consider x a node of R'. Let y be the parent
of z, and let z be the parent of y. Then, |PL| < (3/4)|PL|, where for any w € R', P), is the set

represented by w in R’.

Proof. Every node in R is present in R, as each call to convert-binary adds nodes but does not
remove any. As such, V(R) C V(R'). We again use the notation P, to denote the set represented
by a node w in R, and P = P, for all w € R. Call any node in R\ R an intermediary node. First,

consider a node z in R’ whose parent y is not an intermediary node; that is, y € R. If z € R as
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Algorithm 5.2.2 convert-binary(R)

Input: Hierarchical decomposition tree R = (Vg, ER, cr) which is a a-congestion approximator for
some tree T'.
Output: Binary tree R’ which is a a-congestion approximator for 7.

Procedure:
1: Compute the set B of all first non-binary nodes in R
2: // R, is the subtree of R rooted at u
3: Let F = U e Ru \ B be the forest of descendants of all first non-binary nodes
4: Initialize R < R\ F
5: for each first non-binary node u € B do
6: // Py, is the set represented by v; in R, and ¢ > 3 asu € B
7 Let v1,...,vy be the children of w such that [Py, | > |Py,| > ... |P,|
8: Set s such that s is the smallest index such that |P, U...U P, | > |P,|/4
9: Add to R’ new nodes 21, 29 as children of u with edges of capacity oo. Moreover, in R/, z;
represents P, U...U P, and 29 represents P, ., U...U P,
10: for 1 <i<sdo
11: Add R,, to R by adding edge (z1,v;) with capacity cg((u,v;))
12: fors+1<i<qgdo
13: Add R,, to R by adding edge (22, v;) with capacity cr((u,v;))
14: If z; (or z2) has exactly one child v, remove z; (or z3) and connect v to u with an edge of
capacity cr((u,v)).
15: If R’ is binary, return R’. Otherwise, return convert-binary(R').
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well, then by Lemma 5.2.10, |P,| < (1/2)|P,|. So, suppose z is an intermediary node, and thus P,
is a union of sets Py, ..., Py,, where wy,...,w, are the children of y in R. As in Algorithm 5.2.2,
set s to be the smallest index such that |P,, U...U P, | > (1/4)|P,|, and let S1 = Py, U...U Py,

and Sy = Py, U...U Py,. From the fact that |P,,| < (1/2)[P,| (which is again from Lemma

s+1
5.2.10) and the setting of s, we have that (1/4)|P,| < |S1] < (3/4)|P,|. Since S; U Sy = P, the
same inequality holds for |Ss|. Thus, as either P, = Sy or P, = Sy, we have that |P;| < (3/4)|P,|.

Since R’ is a hierarchical decomposition, if z is the parent of y, P, C P, and thus all nodes which

are the child of a non-intermediary node satisfy the lemma.

Now, consider a node x € R’ whose parent y is an intermediary node. Let z be the parent of
y. As R’ is a hierarchical decomposition by construction, there exists a set S C V(R) such that
P, = Uyeg Pw and a set S C 8" such that Py = (J,cg Pw- If for all w € S, |Py| < (1/2)|P]],
then by the same argument used in the case where y was non-intermediary, |P;| < |P)| < (3/4)|P;].
Suppose, for contradiction, there exists a w € S such that |P,| > (1/2)|P.|. Since Algorithm 5.2.2
sorts the nodes in Line 7 in decreasing order of size of the sets they represent, if S contains an
element w such that |P,| > (1/2)|P;|, w must be the only element of S. As such, since S = {w}, y

is not an intermediary node, which is a contradiction. O

Lemma 5.2.14. Given an a-congestion approrimator R from Lemma 5.2.12 for a tree T with n
nodes, Algorithm 5.2.2 is a O(log®>n) depth, O(n) work PRAM algorithm that constructs a binary

tree R’ such that R’ is a a-congestion approzimator for T. Moreover, R’ has depth O(logn).

Proof. Let R’ = convert-binary(R) be the output of Algorithm 5.2.2 on R. Lemma 5.2.13 imme-
diately implies that R’ has depth O(logn), and Line 15 guarantees that it is binary, so it remains
to show that R’ is a a-congestion approximator for T and that Algorithm 5.2.2 has O(log®n) depth
and O(n) total work. Note that for any edge (u,v) in R, there is a path from u to v in R’ with
the same minimum capacity as (u,v) in R; namely, all edges on the path from u to v in R’ have
capacity either co or c¢g((u,v)). Let Py, be the path for (u,v) in R, and let P,, be the path for
some other edge (z,y) € F(R) in R'. By the setting of edge capacities in Algorithm 5.2.2, all edges

along both P,, and P, if there are any, must have capacity co. As such, any routing in R’ can be
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converted to a routing in R with the same congestion, and vice-versa, so R’ is also a a-congestion

approximator for 7.

Let Ry = R, Ri,..., Ry be the sequence of trees such that for all i < L, convert-binary(R;)
makes a recursive call convert-binary(R;y1) in Line 15, and the call convert-binary(Ry) returns
R’ without further recursion. Each call to convert-binary only increases the number of nodes and
depth of the tree: no nodes are removed, and each addition of a node z; in Line 9 can only increase
the depth. So, it follows that for any i € [L], the depth of R; is no more than the depth of R'; by
Lemma 5.2.13, we have that the depth of R; is then O(logn). Moreover, by construction, each R;
is a hierarchical decomposition of T, so each level j of R; represents a partitioning of V(T"). Thus,
as there are O(logn) levels, each node in T can appear in the sets of at most O(logn) nodes of R;,
each at a different level of R;. Since there are n nodes in T, it follows that there are O(nlogn)

nodes in R;.

Each call convert-binary(R;) before the recursive call in Line 15 can be implemented in O(log | R;|)
depth and O(|R;|) work. Since |R;| = O(nlogn), each call can be implemented in O(logn) depth
and O(n) work. To bound the total depth and work, it thus suffices to bound the total number
of recursive calls to convert-binary made during a call of convert-binary(R). Define B(R;) to
be the lowest depth (i.e. distance from the root) of any first non-binary node in R;. In each call
convert-binary(R;), after the for loop of Line 4, all first non-binary nodes have at most two
children, and are thus no longer first non-binary nodes. In addition, the for loop can only reduce
the number of children any node has. As such, it follows that B(R;y1) > B(R;) + 1 for all i < L.
Then, as Ry, has depth O(logn), we must have B(R;) = O(logn) for all ¢, and thus L = O(logn)

as well. This results in a complete depth of O(log?n) and total work of O(n). O

The proof of Theorem 5.2.6 then follows from Lemma 5.2.12 and Lemma 5.2.14.
5.3. New Framework for Congestion Approximator Computation

The goal of this section and the next (Section 5.4) is to give a full presentation and analysis
of our Algorithm 5.1.2, whose goal is to boost the approximation quality of a given congestion

approximator. Specifically, given any congestion approximator of a graph G of arbitrary polylog(n)

201



distortion, we will compute an O(log? n)-congestion approximator of G' in O(m polylog(n)) work

and O(polylog(n)) depth.

Our presentation of Algorithm 5.1.2 will be given as two parts. First in this section, we show,
assuming being able to solve approximate maximum flows on contracted subgraphs, how we can
compute a congestion approximator of O(log” n) distortion. Then in the next section (Section 5.4),
we show how we can directly extract congestion approximators for contracted subgraphs from a given
congestion approximator of the entire graph, allowing us to then run Sherman’s algorithm [Shel3b]

to compute (1 — e)-approximate maximum flows on these contracted subgraphs.

We now present in this section a variant of the framework in [RST14| that allows us to boost the
approximation of a given congestion approximator in a manner that is both work-efficient and
parallelizable. The key novelty in our new framework is to avoid running (approximate) maximum
flows on subgraphs of G, which are obtained by removing vertices/edges from G. This is because
running maximum flows on such subgraphs requires computing congestion approximators for them
using additional recursions, which would have blown up the depth of our algorithm to at least n°™).
Rather, we run approximate maximum flows on contracted subgraphs of G, that are obtained from
G by contracting subsets of vertices into single nodes. As we will show in Section 5.4, we can extract
congestion approximators for contracted subgraphs directly from a given congestion approximator

of the entire graph, without having to recurse on the subgraphs.

Throughout this section, we assume that we have a PRAM algorithm A, whose implementation
we describe in the next section (Section 5.4), that can compute a (1 — €)-approximate maximum
flow on any given contracted subgraph of G with work near-linear in the number of edges of the
subgraph and depth O(polylog(n)). We separate the implementation of A from the presentation of

the new framework here in an effort to make the latter cleaner and more intelligible.

Remark 5.3.1. Note that the specific implementation of algorithm A will depend on the execution
of our framework in this section, and in particular the execution of our framework and that of
A should alternate with each other. This is because the implementation of A involves extracting
congestion approximators for the contracted subgraphs from the given congestion approximator of

the entire graph. However, only after we have run A on a current cluster S do we know the sub-
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clusters on which we want to run A subsequently. The composition of the two algorithms is given

in Algorithm 5.1.2.

We state the performance of our assumed PRAM algorithm A below, and describe how to implement
it in Section 5.4. Note that in our algorithm, we always set ¢ to be at least 1/ polylog(n) so A has

near-linear total work and polylog(n) depth.

Proposition 5.3.2 (Performance of A). Let G'(P = (S,w)) be the subdivison of a contracted
subgraph of G with reweighting function w such that the range of w is within [, 1] for some ¢ € (0, 1].
Then given an arbitrary graph G (P) obtained from G'(P) with mazimum s-t flow value F*, A

computes with high probability
1. A feasible s-t flow of value at least (1 —e)F* in G'y(P).
2. An s-t cut (T,T) in G (P) with capacity at most (1+ ¢)F*.
A has total work O(|E(G",(P))|¢ 273 polylog(n)) and depth O(¢ =273 polylog(n)).

Plan for the Rest of the Section. We will obtain a hierarchical decomposition tree of the graph
that serves as our congestion approximator. In each step of the decomposition, we use the maximum
flow algorithm A to perform two partitioning steps on a current cluster S, and use the resulting
partitions to obtain a two-level decomposition tree. Recursively applying this decomposition step
to each sub-cluster obtained ends up giving us a hierarchical decomposition tree of the graph. As
will be guaranteed by our partitioning steps, in each decomposition step we reduce the size of the

cluster by a constant factor. As a result, we get a tree of O(logn) depth.

At a high level, the goals of the two partitioning steps are similar to those of [RST14|. Specifically,
the first partitioning step is to find a subset of edges that (i) are well-linked in the sense that we can
route product demands between them with low congestion, and (ii) separate the current cluster S
into sub-clusters whose sizes are a constant factor smaller. The second partitioning step is then to
find a bottleneck cut that separates the inter-cluster edges found in step one and the boundary edges
that go from S to V(G) \ S. The difference between our partitioning steps and those of [RST14]
is that we obtain these partitions in contracted subgraphs rather than vertex-induced subgraphs,

which avoids additional recursions on these subgraphs when solving maximum flows on them, but
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on the other hand requires extra care so as to prevent the edges from getting over-congested, since
after all an edge could implicitly appear in polynomially many contracted subgraphs as one inside

the contracted vertices.

In the rest of this section, we will first present the two partitioning steps needed, and then show how
to use them to obtain a hierarchical decomposition tree. In the following, we will interchangeably
use the terms partitioning and clustering, and the terms partitions and clusters. For a given edge
subset F', the partition induced by F' is the partition of the vertices correponding to the connected

components of the graph after the removal of F'.
5.3.1. The First Partitioning Step

Given a contracted subgraph G(P) with at least two uncontracted vertices, our first step is to
partition the vertices V(G(P)) into sets Z1, Za such that the edges between Z, Zs are well-linked
in G(P), and Z1, Zs are size balanced. To this end, we first use the parallel implementation of the
cut-matching game in [RST14] to get a balanced partition with almost all of the inter-cluster edges
well-linked. To simplify our presentation, we say a partition Zi,..., 2, of a set Z is y-balanced for
some 7y € (0,1] if |Z;| < ~v|Z| for all i.

By plugging A into the cut matching game of [RST14] (their Lemma 3.1), whose parallel version is

described in Appendix C.2, we have the following lemma.

Lemma 5.3.3. There exists a PRAMalgorithm partition-41 that given G(P) for P = (S,w) with
X =V(G)\ S and the range of w within [¢, 1], and a set of edges F' C E that induces a 3/4-balanced
partition of V(G(P)), with high probability computes a set of new edges Fhew such that Fyey also
induces a 3/4-balanced partition of V(G(P)), and

1. either CG(P) (Fnew) < %CG(P) (F)’

2. or Fyew = AUR with A, R disjoint, such that <“P)(A) < CP)(F), <“P)(R) <

N
[\

Q
Q
)
=

and edges in A are B-well-linked in G(P) for B = Q(1/log?n).
The algorithm partition-41 has O(|E(G(P))|¢ 2 polylog(n)) total work and O({2 polylog(n))
depth.

We also need the following lemma, whose proof is deferred to Section 5.3.2.
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Lemma 5.3.4. There is a PRAMalgorithm partition-42 that given G(P) for P = (S,w) with
X =V(G)\ S and the range of w within [(,1], a set of edges F = AU B inducing a 3/4-balanced
partition of V(G(P)) where A, B are disjoint with ¢“P)(B) < 2¢%P)(A)/logn,

1. either finds an edge set Fyew with cG(P)(FneW) < %CG(P) (F) that induces a 3/4-balanced par-
tition,

2. or finds an edge set C disjoint from A such that Fhew = AU C induces a 3/4-balanced
partition, and there exists a multicommodity flow in G'(P) with congestion O(logn) from X¢
to X4 such that (i) each x. € X¢c sends &P units of flow, and (ii) each xy € X4 receives
O(logn) - c?(P) units of flow.

The algorithm partition-42 has O(|E(G(P))|¢2 polylog(n)) total work and O((2 polylog(n))

depth.
We now prove the main lemma about our first partitioning step.

Lemma 5.3.5. There is a PRAMalgorithm partition-4 that given G(P) for P = (S,w) with
X = V(G)\ S and the range of w within [(, 1], with high probability partitions the uncontracted

vertices into Z1, Zo such that
1. Z1UZy =V(G(P)) \ {ux}.
2. |Zi| < L|V(G(P))| for eachi=1,2.
3. The set of inter-cluster edges F := {(u,v)|u € Z1,v € Zs} is f-well-linked in G(P) for B =
Q(1/log3n).
The algorithm partition-4 has O(|E(G(P))|¢ 2 polylog(n)) total work and O({~2polylog(n))

depth.
Proof. By composing Lemmas 5.3.3 and 5.3.4 the same way as [RST14| compose their Lemmas 3.1
and 3.2, we get in desired total work and depth a partition Z1,..., Z. of V(G(P)) such that

1. Ziu...uZ, =V(G(P)).

2. |Zl| < 3|V(G(P))] for each i € [z].

3. The set of inter-cluster edges F’ = {(u,v)|u € Zj,veZi# j} is f'-well-linked in G(P) for
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B =Q(1/log®n).

We can then obtain Zp, Z> by the following process. First, we remove the supernode uyx from
Z{,...,Z. to obtain a partition Z7,...,Z” of the uncontracted vertices. Now the inter-cluster
edges between Z{', ..., Z" are still Q(1/log®n)-well-linked in G(P) since they are a subset of the
inter-cluster edges between 77, ..., Z.. Then to get a bi-partition, we merge the subsets 27, ..., Z”
as follows. Let i be the largest integer s.t. |Z{UZjU...UZ!| < Z|V(G(P)|. Then we merge
the Z7,...Z! into one partition Z; and the remaining Z!”’s into another partition Z to obtain
our bi-partition Z1, Zy. Then because Zy,...,Z” is a partition of the uncontracted vertices, so is
Zy,Z>. Since each Z! has size at most 2 [V/(G(P))|, by the definition of i, Z; has size between
[% [V(G(P))|, % |[V(G(P))|]. Therefore, Zy has size at most % |[V(G(P))| since Z1, Zy is a partition
of the uncontracted vertices in V(G(P)). Finally, inter-cluster edges (call them F) from Z; to Z3
are still Q(1/log? n)-well-linked in G(P) since they are a subset of the inter-cluster edges between
VARG

Note that the partitioning into Z;, Z; can be done in parallel in O(logn) depth by computing a
prefix sum and a binary search. The total work and depth then follows from the performance of

the first partitioning step of [RST14]. O

5.3.2. The Second Partitioning Step

Let B denote the boundary edges in G(P), namely those that go from the contracted vertex ux to

the uncontracted vertices. In other words, B := E(ux, V(G) \ X).

Our second step is to find a cut in G(P) separating the boundary edges B from the inter-cluster
edges F' that we identified in the first partitioning step. Here, we want the property that there is
a low-congestion routing from the cut edges we find to the boundary edges B, as well as from the
cut edges to the inter-cluster edges F', such that each cut edge sends out flow equal to its capacity.
Specifically, we prove the following lemma. Recall that for a graph H and an edge e € H, we write

cf to denote the capacity of edge e in H.

Lemma 5.3.6. There is a PRAMalgorithm partition-B that given G(P) for P = (S,w) with

X = V(G)\ S and the range of w being within [(,1] with ¢ € (0,1], two disjoint edge subsets
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B,F C E(G(P)), and a parameter ¢ € (0,1], with high probability returns a subset of edges Y
(potentially intersecting both B and F) in G(P) such that
1. Xy separates Xp from Xp in G'(P), that is, in G'(P) every path between a vertex in Xp and
a vertex in Xp must contain a vertex in Xy. Moreover, in G(P), the total capacity of Y is
at most twice the capacity of B and at most twice the capacity of F.
2. There is a multicommodity flow in G'(P) from Xy to Xp such that
(a) The congestion on edges incident on ux in G'(P) is O(logn), while the congestion on
other edges in G'(P) is O(logn).
(b) Each z, € Xy sends cyG(P) units of flow while each x, € Xp receives at most O(logn) -

G(P)

¢, units of flow.
3. Similarly, there is a multicommodity flow in G'(P) from Xy to X such that

a e congestion on edges incident on ux in 18 ogn), while the congestion on
(a) Th ] d, imcid m G'(P) is O(¢p logn), while th ‘
other edges in G'(P) is O(logn).
ach x, € Xy sends c units of flow, while each x+ € Xg receives at most ogn) -
b) Each x, € Xy sends ¢§") uni hile each xy € Xp recei o(l

G(P)

cy units of flow.
partition-B has O(|E(G(P))|¢~2¥~2 polylog(n)) total work and O({~2¢p~2 polylog(n)) depth.
Proof. We will do an iterative refinement process to find the desired set of cut edges Y. Initially,
we start with ¥ being the smaller (in capacity) of B and F, which has the desired property that
Xy separates Xp from Xp in G'(P). We will maintain this property, while “refine” the set Y. In

particular, we will classify the edges in Y into good edges Yyo0q4 and bad edges Yiaq, and try to

reduce the total capacity of the bad edges Yiaq. Initially, Ygo0q4 = 0 and Yi.q =Y.

In each iteration, we do the following refinement step. Define a reweighting function @ on the split

edges (in G'(P)) of the boundary edges of G(P) such that

v f incident on ux

1 otherwise.
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and look at the graph G'(P = (P,®)). Let € = log™! n.
Let Ty := B and T := F. For j € {1,2}, we consider the graph G , (P) where we connect s; to

(P)

each z, € Xy,,, with capacity cf and connect each z. € X7, to ¢; with capacity CE(P). We run

A (as defined in Proposition 5.3.2) on G;jtj (P) to find a (1 — ¢)-approximate maximum s;-t; flow
f} and a (1 + €)-approximate s;-t; minimum cut with edges Y}.

We say an edge y € Yhaq has become good, if for both j = 1,2, the edge (s;,2y) in G’Sjtj (P) carries
(in the direction from s; to x,) at least 05(73)/4 units of flow in f].

We then do a case analysis as follows:

Case 1 If for both j = 1,2, we have

it (P)(Y]’) > %CG(P) (Ybad),

then move the edges in Y},,q that have become good to Yyu0d-

Case 2 Else, let j* € {1,2} be such that

it Pyl < 5P Fia).

¢ =70

Then let Yiaq < Y+, where Y« is constructed as follows:
(a) Let V]I be Y], with edges incident on ux removed.

(b) Include any edge e € E(G(P)) in Y« if x is incident on at least one edge in Y.

Claim 5.3.7. In Case 1, the edges y € Ypaq's that have become good contribute at least 1/5 of the

total capacity of Ypad-

Proof. For j € {1,2}, consider the flow f; in G, (P). The flow value is at least %cG(P)(Ybad) given
the conditions of Case 1 and that fj’- is a (1 — ¢)-approximate maximum flow. Therefore at least
3/5 (in capacity) of y € Ypaa's (call them Yg(ggd) satisfies that the edge (s;, zy) in G, (P) carries

(in the direction from s; to x,) at least c@(,;(P)/ 4 units of flow in f7, since otherwise the total flow
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value would be

3 21 4
(5 + g : 4> CG(P) (Ybad) < 5CG(P) (Ybad)v

_ . . . . 1 2
a contradiction. The claim then follows by taking the intersection of Yg(og q and Yg(og q O

Claim 5.3.8. In Case 2, we have

CG(P)(Y]*) < Cng*tj* (P)

(Y]).

separates Xpg from Xp.

ood

Moreover, ij* Y,

Proof. For the capacity condition, notice that we can simply charge the capacity of every edge in
e € Yj+ to the capacity of an edge in ]! that is incident on z.. Let Y 4 denote the set of all split
edges of edges in Yg0q in G'(P). Define edge set Zj« by including edges e € E(G(P)) for which z,

is incident on at least on edge in Y}.. Since YJ. is an s;-t; cut in G|, (P), Xz,. separates Xy,,,

from XT].*. Since Xy;,, U Xyg separates Xp and X, XZ].* U Xyg also separates Xp and Xp.

ood ood

Now notice that the only difference between Y+ and Z;« is that the former does not have the edges
e for which the only incident edge of e in Yj’* is (ux,ze). However, these edges are only useful for
moving between Xp through ux, and thus does not affect whether or not Xp is separated from

Xp. Hence ij*uyg also separates Xp from Xp. O

ood

Therefore, if we repeat the above refinement process, each time we shrink the capacity of Yp.q by
a constant factor. So after O(logn) iterations, we are done finding a desired set of cut edges Y
that can route to both B and F with the desired congestion. Moreover, in each iteration, we can
determine in parallel which edges in Y},q have become good by simply examining our flow solution.

The lemma thus follows. O
We now prove Lemma 5.3.4.

Proof. (Lemma 5.3.4) The proof is essentially the same as Lemma 3.2 of [RST14], with their second

partitioning step replaced by ours. Using Lemma 5.3.6 with ¢ = 1, we can find an edge set C' such
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that X separates X4 and Xp in G'(P) and there exists a desired multicommodity flow routing
from X¢ to X4 as guaranteed by Lemma 5.3.6. Moreover, the total capacity of C' is at most twice
of the total capacity of B. Using the fact that X¢ separates X4 and Xp in G'(P), and that AU B
induces a 3/4-balanced partition, due to Claim 1 in the Proof of Lemma 3.2 in [RST14|, either
AUC or BUC induces a 3/4-balanced partition. If it is AU C, then we have achieved the second

case of the lemma. If it is B U C, we have achieved the first case of the lemma. O

5.3.3. Recursive Construction of Congestion Approximators

We now show how to recursively construct a congestion approximator for G using our two partition-
ing steps above. Note that imperatively, we use a lower reweighting factor for the boundary edges

12 vs. log™ n) to avoid a blowup in the congestion

in partition-A than in partition-B (log™
when doing the routing “fixing” phase, which is needed because we route on contracted subgraphs

rather than vertex-induced subgraphs.

Similar to [RST14|, our congestion approximator will also be a hierarchical decomposition tree of
the graph. For a tree node corresponding to a subset of vertices S C V, the tree edge that connects
this tree node to its parent will have capacity equal to the total capacity of edges leaving S in G
(i.e. the capacity of the cut (S,V(G)\ S) in G).

We give the pseudocode of our construction of a congestion approximator of G below. As we
highlighted at the beginning of this section, this algorithm implements our Algorithm 5.1.2 modulo
being able to solve approximate maximum flows on contracted subgraphs, which we will show how
to do in the next section (Section 5.4). During the execution of our algorithm, we do not reweight
the graph that we recurse on, but only do reweighting when running the two partitioning steps.
We slightly abuse notations by writing a number v to denote a constant reweighting function that
evaluates to 7 on every boundary edge. Initially, we call the algorithm on the entire graph with
X =0.

Theorem 5.3.9. The algorithm hierarchical-decomp(G) has O(m polylog(n)) total work and
O(polylog(n)) depth. Moreover, the output tree T = hierarchical-decomp(G) is an O(log” n)-

congestion approzimator of G- with high probability.
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Algorithm 5.3.1 hierarchical-decomp(G(P))

Input: Reweighted contracted subgraph G(P), where P = (S,1).
Output: A hierarchical tree decomposition tree T of G.
Procedure:

N =

. if G(P) only has one uncontracted vertex, plus the supernode ux then

Return the single uncontracted vertex as our congestion approximator and abort.
Run partition-A on G(P4 := (S,log™'?n)) to get a partition Z;,Zy of the uncontracted
vertices V(G(P)) \ {ux}, with F being the inter-cluster edges between Z, Zs.
Run partition-B on G(Pp := (S,log"*n)) with ¢ = log~%n to obtain a set of cut edges Y’
separating boundary edges B from inter-cluster edges F'.

5. // Recall that B is the set of edges incident to ux in G(Pp).

Let L; denote the vertices in V(G (P)) that cannot reach any edge in B after the removal of Y,
and let Lo denote the other vertices.
// Lo are the vertices that can reach B after the removal of YV

8 Let Z = {Zl =Z1NL1,20:=7Z5N 1,23 :=Z1N Lo, Z4 := Z5N LQ} be the partition ob-

10:
11:

12:

13:

14:

tained by taking the intersection of the partitions returned by partition-A and partition-B.
for Z; € Z do

Recursively run hierarchical-decomp on G(P;) to get a tree T;, where P; = ({S; := Z;},1)
Create a new tree node r as the root of our tree, and two other nodes vy, ,vr, as r’s children
corresponding to vertex subsets vy, vy, respectively. We also create nodes vy, va, v3,v4 corre-
sponding to 21, Z9, Z3, Z4 respectively, and let v, vo be the children of Ly and let v3, v4 be the
children of Lo.
For each wv;, let v; be the root of the tree 7; that we computed using recursive calls to
hierarchical-decomp. In other words, the children of L; are the roots of 71 and 73, and
the children of Lo are the roots of 73 and 7j.
For each tree node corresponding to a subset of vertices S C V(G), weight the tree edge that
connects this tree node to its parent by the total capacity of the cut (S,V(G)\ S) in G.
return The tree rooted at r constructed above.
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Proof. The total work and depth follows easily from the performance of the two partitioning steps
above. We thus focus on proving that the returned tree 7 is an O(log9 n)-congestion approximator.

Specifically, we show that

1. Any multicommodity flow demands that can be routed in G with congestion 1 can also be

routed on the tree with congestion at most 1.

2. Any multicommodity flow demands that can be routed on the tree with congestion 1 can also

be routed in G with congestion O(log? n).

Here 1 is clear, since the tree cut induced by each tree edge corresponds to a cut in the original
graph with exactly the same capacity, and thus the set of these tree cuts are a subset of the cuts in
the original graph. We then prove 2. Consider that there is a demand Dg; between each vertex pair
s,t € V(Q) such that these demands Dg;’s can be routed simultaneously on the tree with congestion
at most 1. We then describe a routing scheme to show that they can also be simultaneously routed
in G with congestion O(log”n). Our routing scheme will be invoking an essentially same routing
routine in [RST14|, plus an additional routing fizing phase, which is necessary due to the fact that

we work in contracted subgraphs rather than vertex-induced subgraphs.

To illustrate a routing between s and t of flow value Dy, we let each of s,t send out a message
of size Dg. We will thus use the terms flow and message, as well as message passing and flow
routing, interchangeably. We will move these messages up along the hierarchical decomposition tree
by repeatedly moving the messages from the boundary edges of the current cluster to the boundary
edges of the parent cluster. If at some point, to some edge, we have routed the same amount of
flow from s and ¢, then we can construct a routing from s to ¢ of this flow amount by reversing
the message trail of ¢; whenever this happens in our routing process, we discard these paired-up
messages and never consider them in subsequent routing steps. Crucially, we move these messages

for different s,t pairs simultaneously.

We will specify this message passing process inductively. Note that in each recursive call of the tree
construction, we always do two steps of partitioning and obtain a two-level tree before recursing on
the leaves of the two-level tree corresponding to smaller clusters. Let us call the two levels in each

single recursive call a level block. We will route the messages level block by level block. For each
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level block with root being S = V(G) \ X, we specify a routing in the graph G'(P = (5,1)), the
subdivision of the contracted subgraph. When we say we route some flow to an edge in G(P) (the
contracted subgraph without subdivision), we mean we route the flow to the split vertex of that

edge. We will maintain the following invariant:

Invariant: After we are done with the routing for a level block with root being S =
V(G) \ X, all messages originating from vertices in S either have been discarded, or

reside on the boundary edges (i.e. the ones that go between S and ux ). (%)

We will also do the routing “fixing” inductively. Specifically, in each inductive step, even before
we specify the routing, we first fix the routing for each smaller cluster Z; that we specified in the
smaller contracted subgraph G'(P; = (Z;, 1)), so that they become routings in the bigger contracted
subgraph G'(P = (5,1)). Ounly after the fixing is done for each Z; do we proceed with the routing

of the messages in G'(P).

As a result, our inductive step consists of two phases, namely a fizing phase, and a routing phase,
where the routing phase will be essentially the same as in [RST14]. We now fully describe our
inductive routing scheme below, as well as analyze the congestion caused. Notice that, throughout
the proof, we always analyze the congestion of edges with respect to their original capacities in G
(without considering the reweighting factors that we use in contracted subgraphs). We will highlight
all the congestion we calculate along the way of presenting our routing scheme. Since we route in
subdivision graphs, we will need to distinguish, for a boundary edge e, the congestion on its split
edge incident on uy, and the congestion on its other split edge incident on S. We will call the

former outer congestion, and the latter inner congestion.

Note that for our goal of proving the obtained tree is a congestion approximator, it suffices to
prove the existence of such a low-congestion routing. We will then plug in the tree into Sherman’s

algorithm to compute approximate maximum flows.

Base Case. Initially, as the base case of the inductive routing process, for each demand Dy, s
and ¢ will each distribute the total amount of flow Dg; uniformly to their outgoing edges - a.k.a. the

boundary edges of these singleton clusters - with each edge getting flow proportional to its capacity.

213



Thus we have established the invariant ().

This routing causes congestion at most 2 on the edges of GG, since a node cannot send or receive
a total flow amount greater than its weighted degree given that the demands are routable with

congestion 1, and an edge is incident on two vertices.

Inductive Step: Fixing Phase. For i = 1,2, 3,4, given a routing in G'(P;), we aim to obtain
another routing in the bigger contracted subgraph G’(P) that route the same demands. Recall that
S denotes the set of nodes in consideration, i.e., S =V \ X = Z; U Z, U Z3 U Z4. Suppose first we
take the exact same given routing in G'(P;) and simply expand (namely, undo the contractions of)
the vertices in S\ Z;, obtaining a routing in G’(P). Due to the expanding we have done, we may
have created extra deficits and excesses on the vertices in (S'\ Z;) U{ux }, which we now have to fix.
To this end, it suffices to give for each demand a routing with the deficits/excesses on (S\ Z;)U{ux}

switched. These routings should be simultaneously achievable with low congestion.

Let o; > 0 be the maximum outer congestion on the boundary edges of G(P; = (Z;,1)), and let
a := max{aj,ag,as,as}. Let v; > 0 be the maximum inner congestion on the boundary edges of

G(P; = (Z;,1)), and let v := max {v1, 72,73, 74}-

Claim 5.3.10. We can fix the routings in G(P;)’s so that the become routings in G(P) with the
same demand while causing outer congestion of boundary edges O(alog_3 n), inner congestion of

boundary edges O(alogn), and congestion on edges inside S O(alog®n).

Proof. For Z3, Z,, we fix the extra deficits/excesses by a routing from Y\ B to B, followed by a mix-
ing to uniform (with each edge getting flow proportional to its capacity) over B. The routing causes
outer congestion of boundary edges O(alog=?n), inner congestion of boundary edges O(alog™n),
and congestion of edges inside S O(alogn). The mixing causes congestion O(alog™3n). The last

congestion is because each edge in B receives O(alog_3 n) times its capacity units of flow,

For 21, Z5, we fix the extra deficits/excesses by a routing from Y to F, followed by a mixing to
uniform (with each edge getting flow proportional to its capacity) over F. The routing causes
outer congestion of boundary edges O(alog™>n) , inner congestion of boundary edges O(alogn)

, and congestion of edges inside S O(alog® n). The mixing causes congestion on boundary edges
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O(alog™n), and congestion on edges inside S O(alog®n). O

Inductive Step: Routing Phase. This phase is essentially the same as in [RST14], except that
we do the routing in the contracted subgraph G’(P) rather than in the vertex induced subgraph,

and therefore we also have to analyze the congestion on the boundary edges B.

For the routing phase, we divide the messages originating in S that haven’t yet been discarded (thus

still need to be rounted) into following types:

Type 1 The messages corresponding to demands Dg;’s for which both s,t lie in L = 21 U 2,

(vertices not reachable from B after removing Y').

Type 2 The messages corresponding to demands Dg’s for which one of s,t lies in L and the

other lies outside of L.

Type 3 The messages corresponding to demands Dg;’s for which both s, ¢ lie outside L (but at
least one of s,t lies in R = S\ L, as otherwise they are not considered in this level

block).

Recall that, by the invariant (x) that we maintain, all three types of messages reside on the boundary
edges of the smaller clusters Z;’s. Note that, by the construction of the Z’s, the boundary edges of
clusters Zy, Z are subsets of F'UY | while the boundary edges of Z3, Z4 are subsets of Y U B. The

goal of our inductive routing step is as follows:

Goal 1 For Type 1 messages, we show that we can simultaneously pair up the messages from

s and the ones from ¢.

Goal 2 For Type 2 and Type 3 messages, we show how to route them to the boundary edges

B of the bigger cluster S.

Here Goal 1 means that we can discard all Type 1 messages afterwards, since by doing so we have
already found a simultaneous routing of the corresponding demands Dg;’s; whereas Goal 2 means
that after our routing, Type 2 and Type 3 messages always reside on the boundary edges of S.

These together imply that we have maintained our invariant (x).

We now describe how we achieve these goals, as well as analyze the congestion caused. Throughout,

let 8; > 0 be the maximum ratio of the amount of flow received to the (original) edge capacity over
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the boundary edges of Z;, when we finish routing in G(P;). Then let 8 = max {31, B2, 53, B4}

Inductive Step: Routing Type 1 Messages. By our invariant (x), Type 1 messages reside
on the boundary edges of Z1 U Z,, which are Y U F'. We first route Type 1 messages that reside on
Y \ F to F. By the guarantee of partition-B, this can be done with outer congestion of boundary
edges O(Blog™>n) , inner congestion of boundary edges O(Slogn) , and congestion of edges inside
S O(Blog’n) .

After the routing, all Type 1 messages reside on F', and the flow that each edge in F' carries is at
most 28 + O(Blog®n) = O(Blog®n) of its capacity. We then simultaneously mix each of Type
1 messages uniformly over F', in the sense that each edge in F' gets an amount proportional to
its capacity. After the mixing, we have successfully paired up all Type 1 messages and thus can

discard them all.

This mixing causes congestion on boundary edges O(f log~* n) , and congestion on edges inside
S O(Blog®n) . Combined this with the congestion we get in the Y\ F — F routing, the added
outer and inner congestion of B in G(P) is at most O(8log™*n) and O(Blogn), whereas the added

congestion on edges inside S in G(P) is at most O(Slog®n).

Inductive Step: Routing Type 2, Type 3 Messages. By our invariant (), both Type 2
and Type 3 messages reside on the edges in Y U BU F. We first route the messages that reside on
F\Y toY. This routing consists of first mixing the message uniformly on F' and then reversing the
routing from Y to a uniform distribution over F', whose existence is guaranteed by partition-B.
After the routing, edges in F'\ Y carry no flow on them, and each edge in Y carries flow that is at
most 25 + 1 of its capacity in G(P).

By a similar analysis as in the routing of Type 1 messages, the routing can be done with outer
congestion of boundary edges O(flog™®n) , inner congestion of boundary edges O(flogn) , and

congestion of edges inside S O(Blog’n) .

We then route message on Y \ B to B. The routing causes outer congestion of boundary edges
O(Blog™?n), inner congestion of boundary edges O(Blog™3n), and congestion of edges inside S

O(Blogn). After the routing, each edge in B carries flow that is at most 84 (28 + 1)O(log > n) =
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(1+0(1/1log®n))B of its capacity in G(P).

Total Congestion Analysis. We first obtain an upper bound on 3, the total amount of flow
carried by a boundary edge divided by its capacity in G. Initially, we have 5 = O(1) in our base
case. Then in each inductive step, § grows by 1+ O(1/log®n), as we have analyzed above when
routing Type 2, Type 3 messages, which is the only place where we route flows to B. Since the

depth of the tree is O(logn), we have 8 = O(1) throughout.

We next obtain an upper bound on «, the total outer congestion of any boundary edge, and -,
the total inner congestion of any boundary edge, In the fixing phase, the total outer congestion
and inner congestion added on a boundary edge is O(«q;/ log® n) and O(alogn) respectively. In
the routing phase, the total outer and inner congestion added on a boundary edge is O(/3 log ™% n)
and O(Blogn). Therefore, by a simple induction and the fact that the tree has O(logn) depth, the
total outer and inner congestion accumulated over descendant routing steps on a boundary edge is
bounded by O(1) and O(log? n), respectively.

Finally, in the routing phase and the fixing phase, the total congestion added on the edges inside
S is bounded by O(Blog®n) + O(alog®n) = O(log® n). Since each edge appears O(logn) times as

inside S, the total congestion accumulated is O(log” n). This finishes the proof of the theorem. [

5.4. Extraction of Congestion Approximators

We finally describe the implementation details of the approximate maximum flow oracle A in Sec-
tion 5.3 whose performance guarantees are summarized in Proposition 5.3.2. We would like to re-
mind the reader that this oracle, at its heart, utilizes Sherman’s framework to compute approximate
maximum flows which requires as input polylog n-congestion approximators for the flow instance
upon which it is invoked. While we defer the PRAMimplementation details of Sherman’s algorithm
to Appendix C.3, we discuss in this section, three important routines for constructing congestion
approximators required for the contracted subgraphs generated by our new framework for con-
structing high-quality congestion approximators. These are (i) (partially) compressing the global
congestion approximator to obtain one for the contracted subgraphs, (i) obtaining a near-linear

work, low-depth implementation of Sherman’s algorithm when given as input these (partially) com-
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pressed congestion approximators, and (#ii) constructing congestion approximators for contracted
subgraphs with an arbitrarily attached super-source and super-sink. We would crucially like to
remind the reader that at all points in our overall approach, we build and maintain congestion
approximators for subdivision graphs and contracted subdivision graphs, as these are precisely the

flow instances upon which the max-flow oracle is invoked.
5.4.1. Compressing Congestion Approximators

We start by describing the ca-contraction subroutine of Algorithm 5.1.2 that given a contracted
subgraph and a congestion approximator for a much larger graph, compresses it to have size pro-
portional to that of the contracted subgraph. Specifically, we are given as input a O(polylogn)-
congestion approximator R for some larger graph G = (V, E,¢) along with a subset S C V of k
vertices that have the following special property: all edges that leave the set S are well-linked in G.

We prove such a property for the graphs we encounter:

Claim 5.4.1. In any G(P = (S,1)) with X = V(G) \ S and S being a cluster corresponding to a
leaf of a level block of the tree constructed by hierarchical-decomp, the boundary edges incident

on ux are Q(1/log? n)-well-linked in G.

Proof. Note that in G(P), these edges are 1-well-linked. We then consider the multicommodity flow
routing between them in G(P). We now fix this routing using our fixing step with performance
guaranteed by Claim 5.3.10 in a bottom-up manner until we have converted the routing into a valid
one in G with the same demands. Then by Claim 5.3.10 the total congestion is O(log® n), implying

the claim. 0

Our goal is to output a O(polylog n)-congestion approximator of size O(klogn) for the contracted
subgraph G(S) where V \ S is compressed into a single node!”, and the aforementioned well-
linkedness property will be crucial in achieving it. This compression step is critical in order to
achieve near-linear work; while the original congestion approximator R of G is also a O(polylogn)-

congestion approximator for the contracted graph G(S), its size may be very large relative to that

'"with some edges properly reweighted; see Section 5.3.3. Since this does not affect the algorithm or analysis of
this section, we assume this reweighting has been done prior to the call to ca-contraction.
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of G(Y), and naively using it for computing approximate max-flows in G(S) would substantially
blow up the total work. This subroutine precisely addresses this issue by reducing the size of the

congestion approximator without degrading its quality substantially.

If we were simply to contract into a single node all the nodes in R which represent only subsets of
V'\ S, the resulting graph would not be a tree, and so we would not be able to use it for computing
max-flows with Sherman’s algorithm. As such, we must use an alternative approach to shrink the
size of R that preserves the tree structure. We accomplish this with the following algorithm, which
uses all three properties guaranteed by the transformation in Section 5.2.2: R is a hierarchical
decomposition and also a binary tree of depth O(logn). As R is a hierarchical decomposition, for
all v € S, there is a leaf of R corresponding to the set containing only v. Assign a node weight
of 1 to these leaves, and assign a weight of 0 to all other nodes in R. Then, run the subtree sum
algorithm of Theorem C.1.4 and contract all subtrees whose subtree sum is 0. As before, for a graph
G and set S C V(G), let G(S) be G with V(G) \ S contracted into a single node. We use the fact

that R is binary and has O(logn) depth to bound the size of resulting tree.

Algorithm 5.4.1 ca-contraction(R,S)
Input: a-congestion approximator R (for a graph G = (V, E, ¢)), which is a hierarchical decompo-
sition and a binary tree of depth O(logn); a subset S C V of |S| = k uncontracted vertices.
Output: Tree R’ with O(klogn) nodes that is an («- polylog n)-congestion approximator for G(5).
Procedure:

1: Assign a node weight of 1 to each leaf u of R such that P, = {v} for some v € S, where P, CV

is the partition of vertices the node u corresponds to in the hierarchical decomposition.

2: Assign a node weight of 0 to all other nodes of R.

3: Compute the subtree sums with respect to these weights using the algorithm of Theorem C.1.4.

4: From top-down, contract each subtree whose sum is 0 into a single supernode.

It is important to note that this algorithm does not require all leaves of the input R to correspond
to single vertices, as is the case in a standard hierarchical decomposition tree. In Algorithm 5.1.2,
we contract congestion approximators that themselves have been contracted from a previous tree,
and so not all leaves may correspond to single vertices.

Lemma 5.4.2. The ca-contraction(R,S) subroutine has depth O(logn) and O(|R|logn) total

work, and outputs a tree R’ with O(klogn) nodes.
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Proof. By Theorem C.1.4 and the fact that R has O(logn) depth, the algorithm has O(logn) depth
and O(|R|logn) total work. To bound the size, first note by the fact that R is a hierarchical
decomposition, if u1, ..., u, are the nodes of R at some level i, the P, ..., P, are a partitioning
of V. So, at each level of R, there can be at most k nodes u such that P, NS # (), and so at most
k nodes can remain uncontracted at each level after contraction. Moreover, since R is a binary
tree, every uncontracted node can have at most two supernodes as children, and, by definition, all
supernodes are leaves. Since R has depth O(logn), it thus follows that the size of the resulting tree

R’ is O(klogn), as desired. O

It thus remains to show that the contracted tree R’ can still be used to route flow with low congestion
in the graph with V'\ S contracted into a single node. R’ is constructed by contracting some subtrees
of R; call the root of these contracted subtrees (along with any remaining leaves corresponding to
single nodes from V'\ S) u7,...,uy and let T; = Py, ordering arbitrarily. So, Ty U...UT; =V \ S.
Let G(S) be the graph with each T; contracted to a single node, but these contracted nodes are not
further contracted. Since R’ is constructed by contracting the nodes corresponding to each T; in R,
R’ is a a-congestion approximator for G(S) (where « is the congestion achieved by R for routing
on (). Our goal is thus to show that R’ can be used as an (« - polylog n)-congestion approximator
for G(9).

Let x be the contracted node (i.e. the node formed by contracting V' \ S in G) in G(S), and
suppose we are given a demand vector b on G(S). Furthermore, for each i € [q], let z; be the
node in G(S) formed by contracting T;. If we were able to efficiently split the demand b, into
demands for z1,...,x, without inducing much additional congestion, then we would be able to
use R’ as a congestion approximator for G(S). Namely, we first convert the demand on G(S) into
the corresponding demand on G(S), and then use R’ to route the flow on G(S) which is also a
routing on G(S) (by replacing any z; with z). So, it remains to show that we may indeed split the

demand b, into demands b/,_,... b/, such that b, = >

xr1? Zq

ielq) bz, and b can be routed on G(S) with
low congestion. This follows from the fact that we are guaranteed the set of edges leaving S in G
are Q(1/1og® n)-well-linked (Claim 5.4.1), and is formalized in the following lemma. Importantly,

since R’ remains an a-congestion approximator for G(S), for any Q C S, ca-contraction(R’, Q)
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is also an a-congestion approximator for G(Q)!®. As such, the error does not accumulate when

repeatedly contracting a congestion approximator, as we do in Algorithm 5.1.2.

Lemma 5.4.3. Let b be a demand vector on G(S) which can be satisfied with congestion 1. Let
W, = Z(u,x)eE c((u,x)) be the sum of capacities of edges incident on x in G(S), and define W,
similarly for each z; in G(S). Then, with b the demand vector on G(S) such bl, = b, for allu € S

and b, = Wy,b, /Wy, b can be satisfied with congestion O(log” n).

Proof. Consider some flow f in G(S) which satisfies b with congestion 1. Let S = {(u,z) | u € S}
be the set of edges leaving S in G(5), and similarly let S; = {(u,z;) | v € S} be the set of edges
incident on x; in G(S). Note that for each (u,r) € S, there exists a corresponding edge (u,z;)
(for some ;) in G(S) with the same capacity, by the construction of z and z1,...,z,. So, we may
convert f into a flow on G(.9); call this f’. Define the flow vector b* such that by, is the net incoming
flow to x; induced by f’, and b} = b, for all w € S. f’ has congestion 1, by assumption on b, and
satisfies the demand vector b*, so it follows that b* can be satisfied in G(S) with congestion 1 as well.
As S is Q(1/log? n)-well-linked for each S on which we call ca-contraction in Algorithm 5.1.2 (as
shown in Claim 5.4.1), each S; is as well by Proposition 2.5.9. Thus, by definition of well-linked
and the fact that b and b* differ only on the z;, it follows that b’ can be satisfied on G(S) with

congestion O(log? n). O

There is one last point to check: that this splitting procedure can be implemented in O(logn) depth
and O(|R|) work. This is not as simple as it may initially seem: since there could be potentially
O(klogn) contracted nodes z; in G(S), naively summing the weight on all edges could result in Q(k?)
work. Fortunately, given access to the contracted graph G(S) (which are computed in Algorithm
5.1.2), we can use subtree sums to implement the demand splitting efficiently. Iterate through these
edges, and for each (u,v) € B, where B is the boundary edges of G(S), such that v € S and
v e V\ S, assign a node weight of ¢((u,v)) to leaf of R which corresponds to v. Assigning these
weights can be implemented in work O(|B|); this suffices to prove that Algorithm 5.1.2 requires only

O(m) total work and does not affect the runtime of ca-contraction. Once the node weights have

18We slighly abuse notation to refer to G(Q) as the graph with the same components contracted as in the tree
output of ca-contraction(R’, Q)
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been assigned, compute the subtree sums for each node in R, which can be done in O(logn) depth
and O(|R|) work by Theorem C.1.4. The sum W, used in Lemma 5.4.3 is then exactly the subtree

sum of the node corresponding to the set T;, allowing us to correctly distribute the demands.
5.4.2. Implementing Sherman’s Algorithm on the Contracted Subgraph

Next, we discuss how we achieve a linear-work, low-depth implementation of Sherman’s algorithm on
the contracted subgraph G(S), where S C V is the set of |S| = k uncontracted vertices, with all other
vertices V'\ S being contracted into a single super-vertex z. We encourage the reader to familiarize
themselves with the vanilla implementation of Sherman’s algorithm outlined in Appendix C.3 to

obtain a better understanding of the discussion that follows.

Recall from the preceding section, that we are given access to an a’-congestion approximator R’
for a slightly larger graph G(S), where the vertices V \ S have been partitioned and contracted
into multiple super-vertices x1,...,2,. In order to use this congestion approximator R’ for our
desired contracted graph G(S), we need to translate demands on vertices in G(S) into demands
on vertices in G(S). The optimization problem within the AlmostRoute subroutine of [Shel3b]

therefore becomes a minimization problem over the new congestion potential

o(f) = Imax(C~1f) + Imax(2¢/R'P(Bf — b)),

where B is the vertex-edge incidence matrix for G(S), and P is a linear operator that projects
any demands b supported over vertices of G(S) to demands &' supported over vertices of G(S)
as described in Lemma 5.4.3. Due to the fact that R’ is a O(klogn) size, O(logn) depth tree,
evaluating this potential is easy; its computation remains unchanged from the vanilla case described
in Appendix C.3. The only major challenge here is efficiently computing the derivatives of this new

potential, specifically, the derivative of the second term

d2(f) := Imax(2a/ R' P(Bf — b)).
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First, observe that the operation P - B effectively constructs a new vertex-edge incidence matrix'®
B’ for G(S) from the incidence matrix B in the following way: for every edge e = (ug,us) in G(S)
with only uncompressed vertices ui,us € S as its endpoints, this operation replicates the edge
exactly in B, i.e. B;,, = By € {—1,1}, for v € {u1,uz} and 0 otherwise. However, for any edge

e = (u,z) (or (x,u)) with one of its endpoints being the contracted vertex x, this operation splits

the edge e into fractional copies e; = (u,x1),...,eq = (u,z4) with copy e; having fractional value
pz; = Wy, /Wy as defined in Lemma 5.4.3. i.e. for each i € [q], B}, .. = pz; - Bee, Bie, = pu; - Bue,

and 0 otherwise. Note that we never consider edges going between two partially contracted vertices
xj, xj, as they are absent in G(S). While we do not explicitly compute this new incidence matrix
B’ as doing so naively might exceed our linear (in size of G(S)) work requirement, it will serve as

a useful intermediate object for analyzing the gradients.

Now let Z’ be the set of all cuts considered by our congestion approximator R, and for any cut
i = (S;,8;) €T, let y; = 2/[R'"P(Bf — b)]; be the congestion induced by the residual demands

across cut 7. We have that for any edge e € G(9), the partial derivative

0ba(f) _ ~—= 09a2(f) Oy _ ~—exp(yi) —exp(—yi) 29'Bg,
Ofe - Z 0y; Ofe B Z eXp(¢2(f)) C(Siagi)’

i€’ iel’

where ¢(S;, S;) is the capacity of cut i = (S;,5;) in G(S) considered in our congestion approximator
R’, and (with some abuse of notation) the represents the total “fraction” of the edge e crossing
the cut (S;,S;); for edges e = (u1,u2) with only uncompressed vertices as its endpoints, this
quantity is By, . = >_,cs. Bue = D _yes,ns Due and for edges e = (u,x) (or (z,u)) with one of its
endpoints being the compressed vertex, this quantity is By, . = e Bg‘mj =D jelq] 2oves; Bue, =

>vesins Bue + 2 uesi\g P - Baue, where the set {e;} e[y correspond to the fractional copies of edge
e constructed by the operation P - B.
In order to efficiently compute this gradient, we shall again exploit the fact that R’ is represented

by a rooted hierarchical decomposition tree 7" of size O(klogn) and depth O(logn). To do so, we

use the same node-potential trick as in Appendix C.3: for any internal node j in 7" (which in turn

“Note that this new vertex-edge incidence matrix B’ may not be the same as the actual incidence matrix of G(S).
However, this is how it effectively appears to Sherman’s algorithm when invoked with R’ as its input.
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corresponds to a cut (S;,5;)), we define the node potential 7; as

Ty =

exp(yi) — exp(—yi) 20
2 exp(¢2(f)) o(Si, S)’

: i
1€ijr

where T]{m denotes the path in 7" from node j to the root r of T". Now observe that, following
an identical calculation as in Appendix C.3, the gradient of ¢o(f) w.r.t. the flow f. on any edge

e = (u1,ug) with only uncompressed vertices as its end-points remains unchanged from the vanilla

case.
Op2(f) Z exp(yi) — exp(—¥i) 20Bg, -
- =\ u ui»
0f g @) dss) ™
where T}, ,,, denotes the unique path between uy,up in the tree T'. For any edge e = (u,z) (or

(z,u)) with one of its end points being the contracted vertex x that is in turn partitioned into

fractional edges e; = (u,21),...,eq = (u,x4) in B’, observe that this gradient

0pa( f exp(y;) — exp(—yi) ) 204331,7%
8fe =2 Z exp(¢2(f)) (S, S;)

J€lq)i€T),
= Z Px; (7ij - u Z Pz;Tx; | — Tu,
J€ld J€lal

where the final equality follows from the fact that > jelg Pz = 1- We can easily compute all these
node potentials m, (through a prefix sum over an Eulerian tour of the congestion approximator

tree T" starting at its root) and precompute the quantity > . 7z, in the PRAMmodel with

j€lg) P
O(|R') = O(klogn) work and O(log n) depth. Since this is all we need, namely, be able to efficiently
evaluate congestions and compute gradients over the supplied congestion approximator, we have an

efficient implementation of Sherman’s algorithm on the contracted subgraph G(S).
5.4.3. Computing a Congestion Approximator for G U {s,t}

The final requirement is the following: in the cut-matching game of Section C.2, we need to compute
(1 — 1/ polylog n)-approximate max flow on G with the addition of a source s and sink ¢ which are

arbitrarily connected to G. As such, we must convert our a-congestion approximator R for G into
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a O(a polylog n)-congestion approximator R’ for G U {s,t}. In this section, we specify how this is
achieved.

Lemma 5.4.4. Let R be a a-congestion approximator for G which is a hierarchical decomposition,
and let s,t be two additional vertices connected arbitrarily (and with arbitrary capacities) to G. Then,
there is a polylog k depth, O(k) work PRAM algorithm which computes a O(a polylogn)-congestion
approzimator R’ for G U {s,t}, where k = |R)|.

Note that RU{s,t}, with s,t connected to the leaves of R corresponding to their neighbors, can be
used to route any feasible flow on G U {s,t} with congestion «, since R is an a-congestion approxi-
mator for G. However, RU {s,t} is not a tree, and thus cannot be readily plugged into Sherman’s
algorithm to compute maximum flows in G U {s,t}. It thus remains to obtain a congestion approx-
imator (that is a tree) for G U {s,t}, which boils down to computing a hierarchical decomposition
(as in [RST14]) for RU {s,t}. The algorithm is quite similar to the procedure of Section 5.2.2, but

with a few key modifications to account for the nodes s and t.

Recall from Section 5.2.2 that it suffices to implement the two partitioning steps Partition A and

Partition B; we use the same definitions as in Section 5.2.2.

Lemma 5.4.5. Partition A% can be implemented in O(log|Q|) depth and O(|Q|) work on any
subset Q of nodes of RU {s,t}.

Proof. We use the following procedure:
1. If s € Q, then output the partition ({s},Q \ {s})
2. If t € Q and s € @, then output the partition ({¢t},Q \ {t})
3. If s Qand t € @, then @ induces a subtree of R, and we run the procedure of Lemma 5.2.10

The depth and work are immediate from Lemma 5.2.10. It remains to show that the edges between
the partition that is output are 1-well-linked. If s € @ or t € @, then all the edges between the
outputted partitions are incident on s or ¢ and are thus 1-well-linked. If s € @) and t € @, then the

edges between the outputted partitions are 1-well-linked by Lemma 5.2.10. O

2Tf s € Q or t € Q, the partitions are not balanced, which does not meet the exact definition of Partition A.
However, there are only be 2 such paritionings, and so this can only increase the depth of the final tree by 2.
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For Partition B, we only need to apply it on partitions without s or ¢, or on partitionings where all
boundary edges are incident on either s or ¢, by the construction of Partition A. As such, Partition B
reduces to finding the (exact) min-cut on a tree with a source and sink added, exactly as in Section
5.2.2. So, we may use the algorithm of Appendix C.4 to compute Partition B and the analysis

follows from Lemma 5.2.11.

The proof of Lemma 5.4.4 is then essentially identical to the proof of Lemma 5.2.12.
5.5. Parallel Flow Decomposition by Shortcutting

We describe our PRAMflow decomposition subroutine in this section, and we will begin by specifying
the relevant notation. Consider an s-t flow f specified by a weighted, directed graph H = (V, E, f)
containing a source vertex s € V, and sink vertex ¢ € V, with the flow on any edge given by
f : E — RT. Note that this flow network H is restricted to only the subset of edges that carry
positive flow, and will be iteratively updated by our algorithm as we make progress towards our
flow-decomposition objective. Moreover, while the initial graph H specifying the flow f does not
contain any parallel edges, such edges will inevitably end up being created in our flow-decomposition
process. Therefore in this section, we will more generally deal with multigraphs, whose edges are
assumed to be uniquely indexed. Let |f] := Z(s,v)eE fs) — Z(v,s)EE f(v,s) be the value of the s-t

flow. Lastly, we use S = N

oui(s) to denote the out-neighbors of s corresponding to the “source-side”

vertices, and T = Nilrf (t) to denote the in-neighbors of ¢ corresponding to the “sink-side” vertices.

Our goal is to determine how much flow in f is routed between each pair x € S,y € T. We do so
by computing pairwise demands®' d : S x T — R* such that ||d||, = |f| and d can be routed in H
exactly with f being the edge-capacity constraints, and as in the parallel setting, this objective more
easily admits a small work and low-depth implementation. We will build a DAG data structure

that implicitly encodes the necessary information.

Definition 5.5.1 (Flow Decomposition DAG). An {-layered directed graph D is a flow decompo-

sition DAG of an s-t flow f specified by a weighted, directed graph H iff

21For the objective of computing pairwise demands, we assume that the source and sink-side vertices are non-
overlapping, i.e. SNT = (), since this will always be the case in our application which is the implementation of the
cut-matching game. The parallel flow-decomposition result however, is more generally applicable.
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. Each node of D corresponds to a directed edge (not necessarily in H) between two vertices

u,v in V associated with a flow value h(, ,) € R*. We use (u,v, h) to represent this node in

Uu,v
D, dropping the subscript (u,v) in the flow value h(u) When it is unambiguous for ease of
exposition. Note that there can be multiple nodes of the form (u,v, h(,.)) at the same layer

of D due to the existence of parallel (u,v) edges, each with potentially different flow values

h(u,w)- We assume that all nodes in D are uniquely indexed to avoid ambiguity.

. The nodes (u,v,h) at the lowest layer 1 do not have any predecessors. In particular, each
node (u, v, h) in layer 1 corresponds to a directed edge (u,v) € E in H, and has the same flow
value h(y ) = frup) as in H.

. Each node (u,v,h) in any other layer I € {2,...,¢} has at most two predecessors in the
previous layer | — 1. If (u,v,h) has two predecessors, then they have the form (u,w,g),
(w,v, g') corresponding to a length-two path between u, v; this means that (u, v, h) is obtained
by “merging” (a part of the) flows (u,w, g) and (w,v,g"). If (u,v, h) has only one predecessor,
it must have the form (u,v,g). This means that (u,v,g) had some residual flow h < g that
was not merged with any other node.

. The nodes at each layer [ € {1,...,¢ — 1} satisfy flow conservation with the succeeding layer
[+ 1, i.e. for each node (u,v,h) at any layer [ having successors II(u, v, h) at layer [ + 1, we
have D ey g)enuv.h) Iaw) = Muw)-

. The nodes at the top-most layer ¢ are only of the form (s, ¢, h), and have total flow value equal

to |f|, i.e. these nodes all correspond to parallel (s,t) edges, which together account for all of

the s-t flow f.

The size of this data-structure is measured in terms of the total number of nodes and edges it con-

tains, where the edges denote successor-predecessor relationships between nodes across consecutive

layers. If the size and the number of layers of a flow decomposition DAG are both low, we can

efficiently perform various PRAMcomputations with low work and depth therein. Of particular

importance to our approximate max-flow algorithm, for a n-size ¢-layer flow decomposition DAG,

we can compute the second vertex (which is a neighbor of s) and penultimate vertex (which is a

neighbor of ¢) of every flow path in layer ¢ simultaneously with O(n) work and O(¢ + logn) depth
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using a simple algorithm; we show this in Lemma 5.5.5.

We now show that a small-size and low-depth flow decomposition DAG can indeed be found effi-
ciently by slightly relaxing property 5 in Definition 5.5.1; specifically, given a parameter 6 € (0, 1),
we have that the nodes of the form (s, t,-) (i.e. parallel (s,t) edges) in layer ¢ together account for a
(1—9) fraction of the s-t flow value |f| (at a small cost to its size and depth). This is sufficient for all
our applications, since we are only concerned with approzrimate max flows. The precise guarantees

are given in the following main theorem of this section.

Theorem 5.5.2 (Parallel Flow Decomposition). There ezists a PRAMalgorithm flow-decomp that
given any parameter § € (0,1) and a polynomially bounded s-t flow specified by a weighted, directed
graph H = (V, E, f) with flow value |f|, finds with high probability a flow decomposition DAG D of
¢ = 0O(log(n/d)) layers such that at the topmost layer ¢, the total value of the flow captured by nodes
(s,t,-) representing (parallel) (s,t) edges is at least (1—0)|f|. The algorithm flow-decomp has total
work O(m polylog(n)log(n/d)) and the total depth is O(polylog(n)log(n/d)). The total number of
nodes, and edges representing successor-predecessor relationships between nodes across consecutive

layers in D are both bounded by O(mlog(n/d)).

The idea behind our proof of Theorem 5.5.2 can be illustrated by the following relatively intuitive
process??: repeatedly “shortcut” the flow graph H by replacing a length-two flow path u — w — v
with a single edge (u,v) having maximal flow value h, )y = Min{g(y w); J(w,v)}, and a residual edge
(z,y) € {(w,w), (w,v)} having flow value h(, )y = |g(uw) — J(w,w)| iff there is any non-zero leftover
flow not accounted for by this shortcut edge (u,v). Consequently in the flow-decomposition DAG,
the nodes (u, w, g(y,w)) and (w, v, g(w)) become the predecessors of this “shortcut edge” (u, v, h(yp)),
and the node (,y, g(

)) becomes the predecessor of the residual edge (z,y, b)) if there is any

z,y z,y)

leftover flow. In order to achieve low depth, our objective is to find a collection of length-two flow
paths that together account for a large fraction of the (total ¢; norm of the) flow that does not
directly go from s to t which we can then shortcut in parallel. We show that we can find such a

collection of flow paths efficiently with the following technical lemma.

22This is only an illustration of our idea, see Section 5.5.3 and the proof of Proposition 5.5.4 for what we actually
do.
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Lemma 5.5.3. Let f be an s-t flow of value |f| specified by a weighted, directed multigraph H =
(V,E, f) containing source vertex s € V, sink vertex t € V with no edges directly connecting s to
t and with no self-loops, and the flow on any edge being given by f : E — RT. Then we can find
in O(m polylog(n)) work and O(polylog(n)) depth, a collection of “shortcut paths” represented as
tuples P = {(el(-l),e?),hi)} where egl) # 61(-2) € E, h; € R, along with a collection of “residual
edges” given by R := {(e;, ;) } where e; € E are disjoint, and r; € Rt such that

1. (Length-two paths) For each i € [|P|], el(-l), 652) form a path of length two.

2. (Flow constraints) For each edge e € E, the total flow accounted for by the shortcut paths

inwvolving this edge, which is given by the summation of h; over the tuples in P in which e

appears along with its residual capacity r; if any (if e is present in R), is exactly fe:

Zi€[|’P\];ee{e£1)7 652)} hit ZiGHRH:e:ei ri = Je

3. (Large £y-norm) With probability at least 1/15, 3, cypphi = || fll; /16.

4. (Non-increasing flow-support) |P| + |R| < |E|.

Proof. (Theorem 5.5.2) Given a flow f specified by a weighted directed graph H = H;, we begin
by creating the lowest layer 1 of our flow decomposition DAG D from H; as specified in property
2 of Definition 5.5.1. It is easy to see that this can be achieved with O(m) total work and O(1)
depth. We also create a set S, initially empty, to track tuples of the form (s,¢, h(&t)) (i.e. direct
(s,t) edges) which correspond to “fully processed” s-t flow paths. If H; contains such a direct edge,
we delete it from H; and add the tuple (s,t, f(,4)) to S. The subsequent proof (and algorithmic
procedure) then follows from a repeated application of Lemma 5.5.3; the [ > 1-th iteration, given

as input an s-t flow specified by a weighted, directed multigraph H;_1, we have:

AEA)

1. Invoke Lemma 5.5.3 on H;_; to find the desired shortcut paths P, = {(e(l) 6(2), hi)}, and
residual edges R; = {(e;,7:)}. Set S; to be initially empty.

2. Construct a new flow graph H;, initially empty, as follows: for each tuple (6(1), 6(2), hi) € Py,

i 7
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add a directed edge (u;,v;) with flow value f(,, ,.) = hi, where u;, v; are the endpoints?® of
the length-two path (el(-l), 652)). For each residual edge (e;,7;) € Ry, add a directed edge e;
with flow value r;. Note that this may lead to the creation of parallel edges. Delete any edge
(s,t) in H; (may be multiple), as these correspond to “fully processed” flow paths that will
be tracked separately in S;. Also delete any self-loops (edges with both endpoints being the

same vertex) from Hj.

3. Construct layer [ of the flow-decomposition DAG D as follows: for each tuple {egl), 652), hi} €
Py, add to the I* layer of D a node (u;,v;, h;), where u;, v; are the endpoints? of the length-

1) (1)

two path (e; ,652)). We set the predecessors of (u;,v;, hi) to be (u, ,vgl),f(ug) vg))) and

(uEQ),vl@), f(uf),vl@))) from layer [ — 1, where egj) = (ugj),vz(j)) for j € {1,2}. For each residual
edge (e;,r;) € Ry, add to the I layer of D, a node (u;,v;,r;) where e; = (u;,v;). We set
the predecessor of (u;,v;,7;) to be the node (u;, vy, f(y, v,)) from layer [ — 1. For each newly
created node of the form (s, ¢, h) at layer [, add this node to S. For each node (s,t, h;) € S;—1,
add to the I** layer of D, a new node (s,t, h;), and set its predecessor to be the corresponding
(s,t, h;) node from layer [ — 1. Finally, create §; by adding all newly created (s,t,-) tuples in
S to §;_1.

Observe that in each iteration, the updated flow specified by the multigraph H; (prior to deleting

(s,t) edges and self-loops if any) can trivially be routed in the preceding graph H;_; by simply

“undoing” the shortcutting that produced H;. Moreover, after accounting for all the (s,t) edges

specified by tuples in §;, the total flow value leaving s is preserved across all iterations in our

procedure. Therefore, the “routability” property desired of the flow decomposition procedure is

trivially satisfied by our aforementioned process.

We shall now prove the work and depth guarantees of this algorithm, along with the near linear-size
and polylogarithmic depth of the resulting flow-decomposition DAG D. Since in every iteration,
the £1-norm of the flow f reduces by >, p hi, which by property (3) of Lemma 5.5.3 is at least a

constant-fraction of the /1-norm of the flow f at the start of the iteration with constant probability,

23Since we are only guaranteed an approximate max-flow f, it may contain circulations that we may discover in
this process, i.e. the two endpoints u;, v; are identical. In this case, we can simply delete all the self-loops.
24Tf w; = vy, then skip this tuple without adding any nodes/edges.
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we can deduce that after ¢ = ©(log %) = O(log(n/d)) iterations of the above process, with

polynomially high probability (in n, follows by a straightforward Chernoff bound), the edges that
remain in the flow graph H, (i.e. that do not directly go from s to t) contribute at most a §
fraction of the total (initial) amount of flow |f| leaving s. Since in all our applications, we are only
concerned with finding an approximate max-flow, we can safely ignore this residual flow for small
enough ¢. The second equality in the above bound follows by observing that |f| > min.cp w,, and
Il € DecpWe < M- Maxeep We, and the aspect ratio maxee g we/ minec g we is assumed to be

polynomially bounded.

In each iteration I, our procedure involves obtaining the relevant collection of tuples P;, R; given an
input flow multigraph H;_1, which in turn are used to add a new layer [ to the flow-decomposition
DAG D, and to update the flow multigraph H; 1 — H;. The total number of edges |Ej| in the
updated flow multigraph H; is at most |P;|+|R;| —|S; \ Si—1|, which by property (4) of Lemma 5.5.3
is at most |Fj_1[, the total number of edges in the flow multigraph H;_; from the previous iteration
[ — 1. Moreover, the total number of nodes added to layer [ in D is at most [P + |Ry| + |Si—1] =
[P+ Ry = |SI\Si—1| + S\ Si=1]|+|Si—1| = |Ei|+]Si|. However, by property (4) of Lemma 5.5.3, we
also have that |P;| + |R;| < |Ej_1], due to which we have that |P;| + |R;| + |Si—1] < |E—1| + [Si—1]-
Therefore, we can infer that the quantity |Ey| + |Sy| is non-increasing across ', due to which we
can conclude that |Ey| + |Sy| < |E1| + |Si| = |E|. The above bounds, and the fact that the
number of edges |E| in the initial flow graph H provided as input to our algorithm is at most m
combined with the computational guarantees of Lemma 5.5.3 gives us that any iteration of our
algorithm (finding tuples, updating H;_; — H;, creating a new layer in D) can be implemented
in O(m polylogn) work and O(polylogn) depth. Moreover, each new layer created in the flow
decomposition DAG has at most m nodes, and at most 2m edges between it and the preceding layer

(since every node has at most two predecessors from the previous layer). Since there are a total of

O©(log n(|5||ff|||1 ) = O(log(n/0)) iterations of our algorithm for polynomially bounded flows, we have that
the total work and depth of our algorithm is O(m polylog(n)log(1/4)) and O(polylog(n)log(1/9)),
respectively, and the size (number of nodes,edges) and depth of the flow decomposition DAG D

produced is at most O(mlog(n/d)), and O(log(n/J)), respectively as claimed. O
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5.5.1. Proof of Lemma 5.5.3

One can formulate the problem as a (uncapacitated) b-matching problem. Specifically, we create a
b-matching instance Hy, from the flow multigraph H = (V, E, f) (with no edge directly connecting s
to t) as follows. For each edge e € F, we create a vertex u, with demand f.. Then for every pair of
edges e, (2 that form a length-two path by sharing a vertex v € V, we connect their corresponding
vertices u,1), u 2y with an edge of infinite capacity. It suffices to find a large b-matching whose size

is a constant fraction of || f||;, the total ¢;-norm of the flow f.

First, we shall prove such a b-matching exists. To this end, let us consider a bipartite b-matching
instance Hj, constructed as follows. For each edge e € E, we create two vertex copies ue;, and
Ue,,, both with demand f.. Then for every pair of edges (e(l), 6(2)) that form a length-two path by
sharing a vertex v € V', we add an edge between uei(i) and u,2) with infinite capacity. We claim that
there is a b-matching of size at least || f||; /2, by the following simple construction. For each vertex
v € V such that v # s and v # t, we use a perfect b-matching between the vertices corresponding to
the “in” copies of the incoming edges of v and the vertices corresponding to the “out” copies of the
outgoing edges of v, whose existence is guaranteed by the flow conservation property. Then both
vertices corresponding to every edge e € E is fully matched except for the vertices corresponding
to the “out” copies of edges leaving the source s, and the vertices corresponding to the “in” copies
of edges entering the sink . By a simple charging argument that assigns the b-matching value for
every vertex v € V to the “in” copies of the vertices corresponding to the incoming edges into v, we
can bound the total demand of these aforementioned unmatched edges by at most | f|, /2, which
gives us our claim. Now consider for each edge e € E, keeping either u,, or u,, uniformly at
random and discarding the other vertex, letting the resulting subsampled graph be Hy. Then in
expectation, observe that the maximum b-matching in the resulting subsampled graph is at least
| fll; /8, since each matched edge is kept with probability 1/4 (i.e. if its two end points, one of
which is a vertex corresponding to the “in” copy of an incoming edge, and the other is a vertex
corresponding to the “out” copy of an outgoing edge are both sampled in the subsampled graph
Hy). Therefore, by a standard Markov argument, we have that with probability at least 1/15, the

matching size in the subsampled graph is at least || f||, /16.
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We can in fact algorithmically compute such a matching efficiently in light of the above construction.
As described above, we can subsample the vertices corresponding to the edge-copies in the graph
H; and find the maximum b-matching in the resulting graph by locally finding, for each vertex
v e V\ {s,t}, the maximum b matching between the (subsampled) vertices corresponding to “in”
copies of incoming edges into v, and (subsampled) vertices corresponding to “out” copies of outgoing
edges from v in H. This is correct because after we keep either u,, or ue,, and discard the other for
each e in H, the graph becomes a union of disjoint connected components, where each component
consists of the “in” copies of the incoming edges and the “out” copies of the outgoing edges of a
single vertex. It then remains to show that we can efficiently find the maximum b-matching locally
for every component, along with the non-increasing flow-support property for which it suffices to

prove the following proposition.

Proposition 5.5.4. Given two sets of elements A = {ai,...,an,, } and B = {b1,...,bn, ..}, along
with a positive function f: AUB — R we can find in O((nin +nout) polylog(nin +mnout)) total work
and O(log(nin + nout)) depth, collections of tuples P := {(x;,yi, hi)} where x; € A,y; € B, h; € RT,

and R = {(z;,r;)} where z; € AU B are disjoint and r; € RY such that

1. (Flow constraints) For each a € A (and each b € B), we have

Z hi + Z ri = fa, and

i€[|P|]:zi=a 1€[|R]:a=2;
Z hj + Z rj = fb.
JellPll:y;=b JElIR:b=2;

2. (Non-increasing support) |P|+ |R| < nin + Nout
3. (Mazimality) 3 ;c(p; hi = min {3 wca fasDopen fo}-

Proof. The proof is standard and it appeared in earlier work like |[ASZ20], though we describe
it explicitly for completeness. We begin by computing the prefix sum of the values in both A
and B; with some abuse of notation, let A, = Zle fa;, and By = Zle fv;- By a standard
PRAMalgorithm ([Akl97]), this procedure takes O(nin +nout) work and O(max{log nin,lognout }) =

O(log(nin+nout)) depth. Next, we rank (sort) all the values in {A;}icpn,)U{Bj} jenon] Which takes
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O((nin +nout) log(nin +nout)) work and O(log(nin +nout)) depth; let Cy be the k-th ranked value in
the resulting sorted prefix sum values, with ¢ denoting the element a; or b; depending on whether
Cr = A; or C, = Bj. If there are ties (i.e. the total value A; of the first i elements of A is
exactly equal to the total value B; of the first j elements of B for some i,j), then set ¢, = a;,
and drop the Cjs term corresponding to Bj after setting b; to be the successor of ¢, which we
define next. For each element cg, find its successor cgyee.p t0 be the element from the other array
corresponding to the smallest prefix sum that is at least as large as Cy, i.e., if ¢ = a; for some i
(i.e. Cr = A;), then the successor cyuee-k = bj Where j = argming. g,~ ¢, —4, Be. If there is no such
value (i.e. Cy = A; > B,,,,), then we set the successor cgyec.r, to be a dummy element L. The
case where cj, = b; follows symmetrically. We also let Cy = 0 so that the subsequent process is well
defined. Finally let C' be the resulting processed, sorted array, and let nio be its length (i.e. array
C contains Cy, C1,...,Cp,,,—1). This procedure can also be done in O((niy + nout) - 10g(nin + nout))
work and O(log(ni, + nout)) depth by the standard doubling trick. Now starting with both P, R
being initially empty, do the following: for each ¢ € {1,...,nt — 1} in parallel: if ¢, = a;, and
Csuce-t 7L, then add the tuple (¢, csyce-r, Cr — Cy—1) to P; if ¢, = bj, and csyeev #L, then add the
tuple (csyce-r, ¢o, Co — Cy—1) to P; otherwise, add the tuple (¢, Cp — Cy—1) to R. This entire process
requires just O(nin + Nout) work and O(1) depth. This proves our computational guarantees.

We shall now prove the flow constraint, non-increasing support, and maximality properties outlined
in the proposition statement. To prove the flow constraint property, consider any fixed element b,
for some j. By nature of our algorithm, b; appears in tuples due to one of two reasons: either (a)
it was the successor bj = csycc-i for some elements ¢ (the number of such elements is > 0), or (b)
when the element Cj, = B; was processed by itself (exactly once if B; was not tied with some A;, in
which case it was combined with its successor cgyce-r to form a tuple and added to set P if cgyeet L,
and to set R otherwise. If tied with some A;, then this does not occur as there is no k : Cj, = Bj).
In the former, observe that b; will be the successor of all elements ¢y = a; with value Cpy = A;
where Bj_1 < Cp = A; < Bj. If we sum the hy values corresponding to all such &', including the
final hj value (which occurs only if there is a k : Cy = Bj), we get Zk’:B-,1<Ck/<Bj hi + 13k :

J

Ck = Bj)hk — Zk’:Bj,1<Ck,/§Bj(Ck’ — Ck’—l) + 1<3k : Ck = B])<Ck — Ckfl) = Bj — Bj—l = fbj7
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where the final equality follows by telescoping summation. The argument where ¢, = a; follows
symmetrically. The non increasing support property trivially follows by observing that the total
number of tuples added to P, R together is exactly niot — 1 < nin + nout by definition of C'. Lastly,
to prove maximality, observe that the largest term C,, 1 must be achieved at either A4, or B

Tout *

Let us assume that it is B in which case it must be the case that every Cj, term corresponding to

Nout ’
some A; value will have a successor in B, in which case the total capacity of A, = > " f,, must be
accounted for by the tuples in P, since no a; element will end up in the residual set R. The argument

for the other case where the largest term Cy, 1 is achieved at A,, follows symmetrically. O

5.5.2. Computing Fractional Matching

It remains to show how, for each neighbor u of s, we may determine how much flow through w is
routed through each neighbor of ¢. This allows us to use the flow to compute a (fractional) matching
between the neighbors of s and the neighbors of ¢, which we use in the cut matching game (see
Section C.2). Note also that in our use, the flow f that we want to decompose never contains
any edges connecting s directly to ¢t. The following lemma shows that this can be done using a
flow-decomposition DAG; combined with Theorem 5.5.2; this lemma shows that this can be done

in logarithmic depth and near-linear work.

Lemma 5.5.5. Given a graph H, and vertices s,t € V(H), let S and T be the set of neighbors
of s and t in H, respectively. Given a flow f without edges connecting s directly to t and a flow-
decomposition DAG D of size  and depth £, let P be the set of flow paths corresponding to the nodes
of the form (s,t,-) at the final layer €. There ezists a O({+logn) depth, O(n) work PRAMalgorithm
which computes 144 for each x € S and y € T such that a total of ., units of flow is routed by the

flow paths in P whose second vertex is x and penultimate vertez is y.

Proof. For each node u of the form (s,t,-) at layer ¢ of the flow-decomposition DAG D, our goal
is to compute search(u), which is the set {x,y} such that z € S is the second node on the path
represented by u and y € T is the penultimate node. To aid in presentation, for each DAG node v
of the form v = (s, a,-) where a # t, we define search(v) to be only the second node x € S along

the path represented by v; we analogously define search(v) to be only the penultimate node on the
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path when v = (a,t,-). Note that we are only interested in search(v) of nodes u = (vy,vs,-) of D

such that v = s or vy = t.

Starting from each node u of the form (s, ¢, ) at level ¢, in parallel we recursively compute search(u)

as follows:
e If u has exactly one predecessor p, return search(p).

e If u is at level 1 in D, then either u = (s,z,-) for some x € S or u = (y,t,-) for some y € T
(recall that the initial given flow f does not contain edges directly connecting s to t); return
x (or y, respectively).
e Otherwise, u has two predecessors u; and us.
— If w = (s,t,-), then u; = (s,a,-) and ugs = (a,t,-), for some a € V(H). Return
{search(u;), search(usg)}.
— Otherwise, u = (v1, ve, -), where either v1 = s or vo = t (but not both), and uy = (v1,a, )
and ug = (a, v, ) for some a € V(H). If v = s, return search(uy), and if vy = ¢, return

search(ug).

The correctness follows by induction on the level of u. If u is at level 1, search(u) is trivially
correct, and if u has exactly one predecessor p, then search(u) = search(p), which is correct by
induction. Otherwise, suppose u has two predecessors u; and ug. If u = (s,t,-), then by the
inductive hypothesis, search(u;) is the second node on the path represented by u; and search(ug)
is the penultimate node on the path represented by us; since the path represented by « is the union
of the paths represented by w; and ug, it then follows that search(u) is also correct. The correctness
of search(u) when u = (v1,v2,-), with v; = s or ve = ¢, follows similarly.

The depth of the algorithm is bounded by the depth of D, which is £. Similarly, for work, the work to
compute any one search(u) is at most O(¢), as D has ¢ layers. So, the total work is O(¢f) = O(n),
where ( is the number of nodes at level ¢, and (¢ = O(n) by property 4 of Lemma 5.5.3. The desired
values 7, can then be computed by, for each u at level ¢, adding the flow value of u to rgearcn(u)

(which is initially set to 0), which takes O(n) work O(logn) depth by parallel summation. O
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5.6. Applications

In this section, we discuss some notable applications of our parallel approximate max-flow algo-
rithm. Namely, we show that our aforementioned result implies new or substantially improved
parallel algorithms for (balanced) sparsest cuts, minimum-cost hierarchical clustering [Das16], fair-
cuts [LNPS23| and approximate Gomory-Hu trees. The input instance to all these aforementioned
problems are undirected, capacitated graphs G = (V, E, ¢) with positive edge-weights that are as-
sumed to be polynomially-bounded (or alternatively, a polynomially bounded ratio of maximum to

minimum edge capacities).
5.6.1. Sparsest Cut and Balanced Min-cut

The sparsest cut problem is a classic problem in graph theory that informally asks to partition a
given graph while removing as little edge-mass as possible. More precisely, given an undirected,
weighted graph G = (V, E, ¢) the objective is to find a cut (X,V \ X) of minimum sparsity, which
is formally defined as

c(E(X,V\ X))

o) = (XA

where ¢(E(X,V \ X)) is the total weight of edges going across the cut (X,V \ X). A closely
related problem, the S-balanced minimum cut asks for a cut (X, V \ X) such that the smaller side
of the partition has at least Sn vertices for a given parameter 8 > 0, and the total edge weight
¢(E(X,V \ X)) is minimized among all such partitions. The (-balanced sparsest cut is similarly
defined as a cut whose ). smaller side has at least Sn vertices and ii). sparsity is minimized among

all such partitions.

All the aforementioned problems are known to be NP-hard, and the best-known polynomial-time
algorithms achieve O(+y/log n)-approximation [ARV09b] to their corresponding objective, albeit at
the expense of a large (sequential) polynomial running time. For the balance constrained variants of
these cut problems, bicriteria approximations that allow multiplicative factors on both the balance
parameter as well as the cut size are also commonly studied. This notion can be formally defined

as follows.
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Definition 5.6.1 (Bicriteria approximation for balanced cut problems). Let 8’ < 8 < % be real
numbers, and let (X*, V' \ X*) be an optimal 8-balanced min-cut (resp. (-balanced sparsest cut of
G). We say that a cut (X,V \ X) is an (a, §’)-bicriteria approximation of the 8-balanced min-cut
(resp. (-balanced sparsest cut) if
1. (X,V\ X) is a #'-balanced cut, and;
2. Approximation guarantees:
(a) For -balanced sparsest cut, ¢(X) < - ¢(X*) .
(b) For p-balanced min-cut, ¢(E(X,V \ X)) < a-c(E(X*,V\ X)) .
While algorithms for sparsest and balanced-min cuts have been developed for the distributed
CONGEST model of computation [KM15, CS19|, no parallel PRAMalgorithms with nearly-linear
work and polylogarithmic depth are known. We resolve this state-of-the-affair by designing the first
PRAM(polylog n, polylog n)-bicriteria approximation for both problems using our parallel approxi-
mate max-flow algorithm. Formally,
Theorem 5.6.2. There is a randomized PRAM algorithm that given an undirected weighted graph
G = (V,E,c), computes with high probability a cut (X,V \ X) that achieves

o An O(log3 n)-approximation for sparsest cut;

e An (O (10g3 n) , O (log%TL))—bicriterm approzimation for B-balanced sparsest cut;

e An (O (log;”) ,O (bgﬁzn»—bicm’tem’a approzimation for 3-balanced min-cut.

This algorithm has O(m - polylogn) work and O(polylogn) depth.

Our algorithm builds upon the cut-matching game framework developed by [KRV06] that effectively
reduces the computation of all of these aforementioned problems to polylogarithmically many single-
commodity max-flow computations (as well as a flow-decomposition of the corresponding max-
flow solutions). As a consequence, this framework provides algorithms for computing polylogn
approximations to all these cut problems with work and depth that matching that of the max-flow
(and flow-decomposition) oracle utilized in their implementations up to a polylogn factor. While
the original idea of [KRVO06] required an ezact max-flow oracle in its implementation, [NS17| showed

in a fairly straightforward extension that an approximate max-flow oracle also suffices to achieve
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morally the same result.

Our algorithm, formally described in Algorithm 5.6.1, is a straightforward extension of this afore-
mentioned result of [NS17| to the PRAMsetting. By crucially utilizing our parallel approximate
max-flow result in Theorem 7, the parallel flow-decomposition result in Lemma 5.5.2, and the
near-linear work, logarithmic depth flow-rounding algorithm of [Coh95|, this algorithm achieves
guarantees formally described in Lemma 5.6.3, which in turn imply the guarantees claimed in The-

orem 5.6.2.

Lemma 5.6.3 (Parallel version of [NS17] Lemma B.18, cf. [KRV06|). There is a randomized PRAM
algorithm that given an undirected, weighted graph G = (V, E,c), a sparsity parameter o > 0, and

a balance parameter 8 = O(log%n), with high probability computes
o cither an a-sparse cut X such that fn < |X| < 5;

e or a graph H embeddable in G with congestion at most O(log® /o) such that every (8log?n)-

balanced cut in H has sparsity at least €(1).

The algorithm has O(m - polylogn) work and O(polylogn) depth.

Proof. These aforementioned guarantees are achieved by Algorithm 5.6.1, and its correctness fol-
lows directly from [NS17| with no change to the proofs. Specifically the correctness for an a-
approximate (unconstrained) sparsest cut follows from Lemma B.16 and Corollary B.21, and for an

a-approximate, -balanced sparsest cut follows from Lemma B.18 and Corollary B.22.

We now show that this algorithm admits a O(m-polylogn) work and O(polylogn) depth PRAMim-
plementation. First, observe that in the t** round of the cut-matching game, the cut player’s strategy
can implemented in O(mt) work and O(tlogn) depth as described in Lemma C.2.1. Now consider

the matching player’s strategy in the t*"

round of the cut-matching game, which consists of O(logn)
sub-rounds. We claim that each sub-round j of the matching player requires O(m - polylogn) work
and O(polylogn) depth. Observe that maintaining SI and Sr and scaling edge weights can be done
in O(m) work and O(1) depth. Since we pick ¢ = O(1), the (1 — ) max-flow algorithm runs in

O(m - polylogn) work and O(polylogn) depth as in Corollary 7. Rounding the flow to an integral
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Algorithm 5.6.1 parallel-cut-matching-game(G,a, f3)

Input: Graph G = (V, E, ¢), a sparsity parameter «, a balance parameter 3.

Output:

Either Cut Case: a cut (X,V \ X) such that ¢(X) < o and n < [X| < §;

Or Expander Case: a graph H embeddable in G with congestion at most O(log® n/a) such that
every (8log?n)-balanced cut in H has sparsity at least Q(1).

Procedure:
1: for round t = 1,...,¢1log? n, where ¢; is a sufficiently large constant do
2 // The cut player:
3: Sample a random n-dimensional unit vector r orthogonal to 1.
4 if t > 1 then
5 u < M1 (My(...(My7))), where for any ¢’ < ¢, the (n x n) (sparse) matrix My is the

11:

12:

13:

14:

15:

16:

17:

18:

19:
20:

21:

22:
23:

24

25:

probability transition matrix corresponding to perfect matching output by the matching player
in round ¢'.

else

U< Tr

Return cut X; < vertices corresponding to the smallest n/2 entries in u.

// Matching player:

Fix € = 1/10, and let co = c2(e) be a sufficiently large constant.

for sub-round j =1,...,c2logn do ‘ ' '

‘Maintain S and Sr{: at the beginning, let SI} = X;; Sl = Si \ V(MITY), where
V(Mi_l) is the matching computed in the (j — 1)-th sub-round of the matching player. Update
Sr] analogously. _ '

// Note that the sizes of SI{ and Sr] always remain equal by construction across all
sub-rounds. ‘ ‘

Connect a source s to SIJ and a sink ¢ to Sr] with edge capacities 1, and scale all other
edge capacities in G by a~ .

Compute a (1 — €)-approximate max-flow, and round the flow to be integral using the
algorithm in [Coh95[; also obtain the corresponding approximate min-cut (C{,V '\ CY).
// by the dual variables of Sherman’s framework.
if ¢(E(C],V \ C))) <|Sl{| — Bn then
Output (C7, V' \ C/) as the desired a-sparse cut and terminate the game.
else . ‘ '
Compute a partial matching M;] between the vertex sets SIJ, Sr] given by the flow
decomposition.
Let SI™ = S/ \ V(M/), and Sr/™ = Sr/ \ V(M]), where J = cylogn is the final
sub-round of the matching player.
if [S1/) = |Sr{™!| < Bn then
Compute an arbitrary matching M; between S lgj oS
Return the perfect matching M; = (U ./\/li) UM, to be the union of the partial match-

ings across all sub-rounds of the matching player.

J+1
t .

If the matching player outputs a cut in any (sub)round, then it is the desired a-sparse cut;
otherwise, H = |J (M, \ M}) is the graph embeddable in G with low congestion.
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solution can be done in O(m) work and O(logn) depth by [Coh95]. Finally, since the edge capaci-
ties are bounded polynomials, we can use our parallel flow decomposition algorithm in Lemma 5.5.2
with § = ﬁ By Lemma 5.5.2, this takes O(m - polylogn) work and O(polylogn) depth, and it
preserves flow decomposition for a (1 — &) approximate max-flow. Since there are at most O(logn)
sub-rounds of the matching player in any (outer) round of our cut-matching game, the cut-player’s
strategy in the t" round can also be implemented in O(m polylogn) work and O(polylogn) depth.
Finally, since the number of rounds ¢ of the cut-matching game is bounded by O(log2 n), the total

work and depth of our algorithm is bounded by O(m polylogn) and O(polylogn), respectively. [

The algorithm and analysis of Lemma 5.6.2. The algorithm follows from polylogarithmically-
many parallel applications of Lemma 5.6.3. Concretely, when setting 8’ = 3/(10clog®n) (or B =0
for the sparsest cut), we can guess the value of a as (cpin/n) -2 for integer i and return the smallest
guess value that returns a sparse cut. Any graph G whose eligible cuts have sparsity less than
o/ log® n will not be embeddable for H, which gives us a cut whose sparsity is at least an O(log®n)
approximation. Finally, note that by the balance of partition, an a-approximation of the S-balanced

sparsest is always an O(«/f)-approximation for the f-balanced min-cut.

To analyze the efficiency, under the assumption that the ratio between the maximum and the
minimum capacities is polynomial, the geometrically-increasing guess can be done in parallel with
an O(logn) multiplicative factor of work and O(1) depth overhead. Each call to the algorithm of
Lemma 5.6.3 takes O(m - polylogn) work and O(polylogn) depth, and so the complete algorithm

has total work O(m - polylogn) and depth O(polylogn).
5.6.2. Minimum Cost Hierarchical Clustering

Before presenting our optimal sublinear time algorithms and lower bounds for the hierarchical
clustering problem in CHAPTER 6, we first obtain near-optimal parallel algorithms for it as an

application of our parallel maximum flow algorithm.

Hierarchical clustering is a fundamental data analysis tool used to organize data into a dendogram.
Given data represented as an undirected weighted graph G = (V, E, ¢), where the vertices represent

datapoints and (positive) edge weights represent similarities between their corresponding end points,
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the goal is to build a hierarchy, represented as a rooted tree 7T ; the leaves of this tree correspond to
individual datapoints (vertices V'), and the internal nodes correspond to a cluster S C V consisting
of their descendent leaves. Intuitively, this tree can be viewed as clustering the vertices of G at
multiple levels of granularity simultaneously, with the clustering becoming increasingly fine-grained
at deeper levels. [Dasl6] initiated the study of this problem from an optimization perspective by

proposing the following cost function for similarity-based hierarchical clustering-

costg(T) = Z Cuw - |leaves(Tuw)|, (5.1)

(u,w)ER
where ¢y, is the weight (similarity) of the edge (u,v) € E and 7Ty, is the subtree of T rooted at
the least common ancestor of u and v, and [leaves(7y,)| is the number of descendent leaves in this
subtree Ty,. Intuitively, this objective imposes a large penalty for separating “similar” vertices at

higher levels in the tree, thereby placing “similar” vertices closer together.

This minimization problem was shown to be NP-hard, and moreover, no polynomial time constant
factor approximation factor was shown to be possible for this objective assuming the small-set
expansion hypothesis [CC17|. Nevertheless, this objective is considered a reasonable one; [Das16]
and a follow-up work by [CKMM18| show that it satisfies several properties desired of a “good”
hierarchical clustering. As a consequence, this objective has been well studied in the literature (cf.
[Das16, CC17, RP16, CNC18, CKMM18, ACL*22, AKLP22b|, and references therein), where it
was shown to have strong algorithmic connections to the sparsest cut-problem. Specifically, [Das16,
CC17, CKMM18| show that recursively partitioning the subgraph induced at each internal node
using any a-approximate sparsest cut oracle results in a cluster tree that is a O(«) approximation

for Dasgupta’s objective.

While our results do imply a near-linear work, polylogarithmic depth parallel algorithm for com-
puting polylog-approximate sparsest cuts, this by itself does not suffice to give a low-depth, work-
efficient parallel algorithm for (approximately minimum-cost) hierarchical clustering. The reason is
precisely that the sparsest cut subroutine may produce highly imbalanced partitions, resulting in a

cluster tree with super-logarithmic depth. Due to the dependent nature of the recursively generated
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subgraphs on which the sparsest cut oracle is invoked, the resulting clustering algorithm would have

not just super-logarithmic depth, but also super-linear work.

Fortunately, the solution is relatively simple, which is to recursively partition the graph using bal-
anced min-cuts (with 8 = Q(1)) instead, guaranteeing that the resulting hierarchy would have loga-
rithmic depth. When utilizing such a balanced min-cut subroutine, [CC17, ACL*22| show morally
the same guarantees for the resultant hierarchical clustering as the unbalanced case. Specifically,
they show that recursively partitioning the subgraph induced at each internal node using any («, 8)-
bicriteria approximation oracle for S-balanced min-cuts (0 < 8’ < 8 < 1/2) results in a hierarchy

that is an O(a/f’) approximation for Dasgupta’s cost function.

This result in combination with our parallel O(8~!log® n, log™2 n)-bicriteria approximation algo-
rithm for S-balanced min-cuts presented in Theorem 5.6.2 directly gives us the first PRAMalgorithm

for minimum-cost hierarchical clustering. Formally,

Theorem 5.6.4. There is a randomized PRAM algorithm that given an undirected weighted graph
G = (V,E,c), computes with high probability, a hierarchical clustering tree T that is a O(log5 n)-
approzimation for Dasgupta’s objective (Equation (5.1)). This algorithm has O(m - polylogn) work
and O(polylogn) depth.

Combined with the simulation result of [KSV10, GSZ11b|, the above result implies the first fully-
scalable MPC algorithm for this problem; our algorithm computes a O(log® n)-approximate min-
imum cost hierarchical clustering in O(polylogn) rounds, where each machine has local-memory
O(n?) for any constant § > 0, and the total memory is O(m polylogn). Prior to this work, the
state-of-the-art MPC algorithm for this problem required Q(n polylogn) local (per-machine) mem-
ory [AKLP22b].

5.6.3. Fair Cuts and Approximate Gomory-Hu Trees

In a recent work, [LNPS23] introduced the notion of fair cuts and showed that it is useful in several
applications, one of them being the constructing approximate Gomory-Hu trees. Formally, a fair

cut is defined as follows.

Definition 5.6.5 (Fair Cut [LNPS23|). Let G = (V, E,c) be an undirected graph with edge ca-
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pacities ¢ € R£0~ For any two vertices s and t, and parameter a > 1, we say that a cut (S,7) is a
a-fair (s,t)-cut if there exists a feasible (s,t)-flow such that f(u,v) > é -c(e) for every e € E(S,T).
Note that an a-fair (s,t)-cut is also an a-approximate (s,t)-min-cut but not vice-versa. We show
that the results presented in our paper also extend to this stronger notion of approximate min-cuts,
improving upon the algorithmic result of [LNPS23|. In particular, [LNPS23] give a PRAMalgorithm
for computing a (1 4 €)-fair cut with n°() /poly(e) depth and m!*°() /poly(e) work. Importantly,
the computational bottleneck in their approach is the construction and resultant quality of a con-
gestion approximator for the input graph, in the sense that their algorithm has depth and work
poly(a, 7%, logn), and m poly(a,c~!,logn), respectively, plus the depth and work required to
construct such an a-congestion approximator. The same bottleneck persists in the application of
their fair cut idea for computing isolating cuts and approximate Gomory-Hu trees. In their work,
[LNPS23| utilize a boundary-linked expander decomposition of [CS19, GRST21] as their conges-
tion approximator, which requires n°®) depth and m!*°() work to construct, producing a no()-

congestion approximator which gives them their PRAMresult?®

. Our new polylogarithmic depth,
near-linear work construction of congestion approximators from Theorem 5.1.1 when used as a

blackbox in the algorithm of [LNPS23] immediately imply the following improvements.

Theorem 5.6.6. There is a randomized PRAM algorithm that given as input an undirected, weighted
graph G = (V, E, ¢), vertices s,t € V', and desired precision € > 0, with high probability, computes a
(1 + ¢)-fair (s,t)-cut in O(m poly(e~,logn)) work and O(poly(¢~!, logn)) depth.

Theorem 5.6.7. There is a randomized PRAM algorithm that given as input an undirected, weighted
graph G = (V, E, ¢), and desired precision € > 0, computes with high probability a (1+¢)-approximate

Gomory-Hu tree in O(m poly(e =1 logn)) work and O(poly(¢~!,logn)) depth.

25[LNPS23] only show their results for unweighted graphs since their parallel construction of congestion approxi-
mators are only for unweighted graphs; though they mention in their paper that they believe known techniques imply
their same results for weighted graphs. We give an explicit construction even for the weighted case.
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CHAPTER 6

OPTIMAL ALGORITHMS AND LOWER BOUNDS FOR SUBLINEAR TIME
HIERARCHICAL CLUSTERING

Recall that in Section 5.6.2, we obtained near-optimal parallel algorithms for hierarchical clustering

as an application of our parallel maximum flow algorithm.

In this chapter, we present our optimal algorithms and lower bounds for hierarchical clustering in
the sublinear time setting. The results from this chapter are based on my work [AKLP22a] joint

with Agarwal, Khanna, and Patil.

We start with an overview of our sublinear time algorithms in Section 6.1. We then give an overview
of our sublinear time lower bounds in Section 6.2. Next, we present the key framework we develop
for hierarchical clustering, which compresses the input similarity graph using a relaxed notion of cut
sparsification, in Section 6.3. Leveraging this new framework, we then present our sublinear time
algorithms in Section 6.4. We next present our sublinear time lower bounds in Section 6.5. Finally,

we present our experimental results in Section 6.6.
6.1. Overview of Sublinear Time Algorithms

We begin by giving an overview of our sublinear time algorithmic result, which at its core is a new
framework for hierarchical clustering which uses a relaxed notion of cut sparsification to compress

the input graph.
6.1.1. Hierarchical Clustering by Relaxed Cut Sparsification

In their paper, [Das16] showed that the cost of a hierarchy 7, costg(7), can be viewed in two
equivalent ways, the first being the one defined earlier in (1.2), and the other in terms of the

splits induced by the internal nodes in the hierarchy: given a hierarchy 7 with each internal node

t26

corresponding to a binary split“® where some subset of vertices S C V of the input graph is

26This is without loss of generality since there always exists an optimal hierarchy that is binary.
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partitioned into two pieces (Sy, S,), then

costg(T) := Z S| - we(Se, Sr),
splits S—(S¢,Sy) in T
where for any disjoint subsets S, T C V', wg(S, T) is the total weight of the edges in G going between
S and T'. At this point, one might be tempted to think that if we could somehow construct a sparse
representation of G such that the weights wg(S,T) are approximately preserved for any disjoint
S, T C V, then the cost of every hierarchy would also be approximately preserved. Following this,
we could run any desired offline algorithm on this representation with improved efficiency due to
its sparsity without much loss in the quality of its solution. Unfortunately, this is just wishful
thinking as such a representation can easily be shown to require Q(m) time and space?”. Our first
contribution is to show there is in fact a third equivalent view of this same objective function in

terms of global cuts in G, and the above alternate formulation serves as our starting point.

This result follows from two critical observations, the first of which is given any two disjoint S, T C V,
we can compute wg (S, T') exactly as wa (S, T) = (1/2)-(wg (S, S)+wa(T, T)—wg(SUT,SUT)). We
could stop here as the quantities on the right are all graph cuts, and it is well known [BK96| that one
can construct a 6(71) sized sparsifier that approximately preserves all graph cuts. Unfortunately,
the distortion in wg(S,T) can be very large depending on the quantities on the right, and the
cumulative error in costg(7") blows up with the depth of the tree which is even worse. Here is the
second observation: the negative term wg(SUT, S UT) that internal node S contributes to the cost
also appears as a positive term in its parent’s contribution to the cost. We can pass this term as a

discount in its parent’s contribution to the cost, which after cascading gives a third view of (1.2).
1 — _ —
cost(T) 1= 5 - > (1] - we(Se, So) + 1Sl - we(Sr, S0) + Y wa({v} {v}) |
splits S—(S¢,Sr) in T veV

a linear combination of graph cuts. This gives a strong blackboxr reduction to cut-sparsifiers; pre-

serving graph cuts to a (1 £ ¢) factor also preserves the cost of all hierarchies to a (1 & ¢) factor.

2"Given such a sparsifier, by setting S = {u} and T = {v}, one can recover whether or not edge (u, v) is present in
G for any u,v € V.
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However, we are still far from done, as cut-sparsifiers cannot be computed efficiently in sublinear
time. In fact, even to determine whether a graph is connected, one necessarily needs (n?) queries
to the underlying graph [Goll7|. We therefore introduce a weaker notion of sparsification that, for
any cut (9,5), allows for an additive error of § min{|S|,|S|} in addition to the usual multiplicative
error of (1 +¢). We term this generalization an (e, d)-cut sparsifier. A similar notion was also
proposed in an earlier work by [Leel4|, which unfortunately does not work here (see Section 6.4.1
for details). Our next result then shows that the distortion in the cost of any hierarchy under this

weaker sparsifier is also bounded.

Theorem 6.1.1 (informal). Given any weighted graph G, an (g,6)-cut sparsifier of G preserves the

cost of any tree T up to a multiplicative (1 £ €) factor, and an additive O(6n?) factor.

Therefore, if we could lower bound the cost of the optimal hierarchical clustering by some quantity
C, we could set § = eC/n?. The above result would then imply morally the same result as that
achieved by traditional cut-sparsifiers: preserving graph cuts in this €, § sense for a sufficiently small
J also preserves the cost of all hierarchies upto a (1+¢) factor. The last key result exactly establishes
such a general purpose lower bound on the cost of any hierarchical clustering in a graph, which can

be efficiently estimated in all models of computation we consider.

This chain of ideas results in the following new framework for sublinear HC given any parameter
e > 0: Compute the lower bound on the cost of an optimal HC which establishes the tolerable
additive error in our (g, d) sparsifier, following which we efficiently compute the said sparsifier. We
finally run any ¢-approximate HC algorithm, which is guaranteed to find a (1 + €)¢-approximate
HC tree. Our subsequent result give sublinear time construction of these (g, d)-cut sparsifiers in the

query model.
6.1.2. Sublinear Time Algorithms in the Query Model

We consider the general graph model [Gol17] for sublinear time algorithms, where the input graph
can be accessed via two?® types of queries: (i) degree queries: given u € V, returns degree d,,, and

(7i) neighbour queries: given u € V', i < d,,, returns the i-th neighbour of u. Note that this model

28This query model also allows a third type of queries: pair queries which answer whether an edge (u,v) exists or
not. However, we do not need these queries in our algorithm.
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can be easily implemented using an adjacency array representation of the graph (See Section 6.4
for a more detailed discussion). We first present the result for unweighted graphs, where it is easier
to see the key intuition. Our main result in this model is a sublinear time construction of an
(e,9)-sparsifier.

Theorem 6.1.2 (informal). There exists an algorithm that given query access to any unweighted
graph G, and any parameters €,6 € (0, 1], can find an (e, d)-cut sparsifier of G w.h.p. in 6(n/(525))
time.

Our algorithm is based on a simple yet elegant idea (which builds upon a slightly different idea
proposed in |[Leel4|; see Section 6.4.1 for a detailed discussion): if we embed a constant-degree
expander with edge weights § in an unweighted graph (with unit edge weights), then the effective
resistance of every edge in the resulting composite graph is tightly bound in terms of the effective
degrees of its incident vertices; the effective degree of a vertex is a weighted sum of its degree
in the input graph and its degree in the expander. We can then leverage the effective resistance
sampling scheme of [SS11b| to construct an (g, 0)-cut sparsifier of this composite graph, which then
is deterministically an (g,0)-cut sparsifier of the input graph with the sources of error being the
usual multiplicative ¢ term due to sparsification itself, and the (small) additive § term due to the
(few) extra edges introduced by the expander. We can construct constant degree graphs that are
expanders with high probability in sublinear time, and we show that there is an efficient rejection
sampling scheme for sampling edges according to their effective resistances, giving the above result:
an (e, 0)-cut sparsifier with O(n/(£26)) edges in the same amount of time and queries. Moreover, the
queries are completely non-adaptive assuming prior knowledge of vertex degrees. This construction
of (g, d)-cut sparsifiers in conjunction with Theorem 6.1.1 then gives our sublinear time upper bound
in this model.

Theorem 6.1.3 (informal). There exists an algorithm that given query access to any unweighted
graph G with m = ©(nS) for ¢ € [0,2], can find a (1 + o(1)) - ¢-approvimate HC of G w.h.p.
using O(g(n,¢)) queries, where g(n,¢) < n*3 is given by g(n, () = max{n,nS} when ¢ € [0,4/3],
g(n,¢) = max{n,n*=2} when ¢ € (4/3,2]. Moreover, given any (arbitrarily small) constant T > 0,

the algorithm can find an O(y/logn)-approximate HC of G w.h.p. in 5(g(n, ¢) +nltT) time.
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It is interesting to observe that the query complexity g(n,() reduces as the graph becomes denser.
This is because the cost of the optimal HC increases with the density of the input graph, which allows
us to tolerate a larger additive error in our cut sparsifier, thereby making it sparser. In Section 6.2 we
also discuss lower bounds showing that this query complexity is also the best possible for any 6(1)—
approximate algorithm. The sublinear time claim in Theorem 6.1.3 is implied by results from [She(09]
and [CKL'22a] . Specifically, [She09] showed that, for any constant 7 € (0,1/2), sparsest cuts and
balanced separators can be approximated to within O(y/Iogn) in O(m) time plus O(n”) maximum
flow computations on graphs with 6(n) edges, and [CKL*22a] showed that a maximum flow on a
graph of m edges can be computed in O(m!'+°()) time. These two combined with the fact that our

sparsifier contains just 5(g(n, ()) edges give us the desired running time bound.

We generalize the above result in Section 6.4.2 to weighted graphs by grouping edges according to
geometrically increasing weights and constructing (g, §)-cut sparsifiers for each weight class, and get

an algorithm with essentially the same worst case performance and O(logn) rounds of adaptivity.
6.2. Overview of Sublinear Time Lower Bounds

Note that the query complexity bound of our sublinear time algorithm is always at most 5(714/ 3,

4/3 edges. We note that our

where the worst-case input is an unweighted graph with about m ~ n
algorithm obtains an O(y/logn)-approximation and (i) is completely non-adaptive on unweighted
graphs assuming prior knowledge of vertex degrees, and has O(logn) rounds of adaptivity on
weighted graphs; (ii) only uses degree queries and neighbor queries (no pair queries needed, see

Footnote 28). We then show that n/3=°() queries are indeed necessary for obtaining any 6(1)—

approximation even in unweighted graphs and given unlimited adaptivity and access to pair queries.

Theorem 6.2.1 (informal). Let A be a randomized algorithm that, on any input unweighted graph
with ©(n*3) edges, outputs with high probability a polylog(n)-approzimate hierarchical clustering

4/3—0(1)

tree. Then A necessarily uses at least n queries.

We briefly describe the family of hard graph instances that we use to prove this result. Roughly,
a graph from such a family is generated by first taking a union of n2?/3 vertex-disjoint cliques of

size n'/? each, and then connecting them by a random “perfect matching”. More specifically, we
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treat each clique as a supernode, and generate a perfect matching between these n2/3 supernodes
uniformly at random. Then if the i*" clique is matched to the j* clique in the perfect matching, we
will add about n°®) edges between these two cliques, which are also chosen in a random manner.
We show that, in order to output a good hierarchical clustering solution, it is necessary to discover
a non-trivial portion of the edges that we add between the cliques, even though their number is
4/3—0(1)

relatively tiny compared to those within, and the latter task provably requires n queries.

While this plan looks intuitive, one has to be careful about not leaking information about the
“perfect matching” between the cliques from the vertex degrees, which an algorithm knows a priori
(or can otherwise acquire using O(n) non-adaptive degree queries). In particular, once the inter-
clique edges are added, one could tell that the vertices with degree higher than n'/3 — 1 are those
participating in the perfect matching. Note that there are only n2/3+0(1) guch vertices in total, and
each of them has degree at most O(nl/ 3). As a result, by probing all neighbors of these vertices,

one can easily find all the inter-clique edges using n!T°(!) neighbor queries.

Our way around this issue is to also delete certain edges within the cliques based on what inter-clique
edges we have added, so as to ensure that each vertex has the exact same degree of n!/3 — 1. This
of course further complicates things as it increases the correlation between the edge slots — for
instance, whenever an edge between a matched pair of cliques is revealed to the algorithm, missing
edges within each clique are no longer independent. Consequently, our proof for this lower bound

turns out to be considerably involved; we refer the reader to Section 6.5.2 for more details.

Theorem 6.2.1 shows that the worst-case query complexity of our algorithm is nearly optimal. Note
that, however, for unweighted graphs, our algorithm also obtains improved query/time complexity
when m is far from n%/3. Tt is then natural to ask — are these improvements also the best possible?
We answer this question in the affirmative. In particular, we show that one can push further the
ideas we discussed above to get a tight query lower bound for every graph density. We summarize
these lower bounds below. Note in particular that, for m = ©(n?), as we will show later, any

hierarchical clustering achieves an O(1)-approximation, thus trivially 0 queries are sufficient.

Theorem 6.2.2 (informal). Let ¢ € [0,2] be any constant. Let A be a randomized algorithm that, on

any input unweighted graph with ©(nS) edges, outputs with high probability a polylog(n)-approzimate
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HC. Then A necessarily uses at least Q(g(n,¢)) queries, where g(n,¢) = max{n,n¢"°M} when
¢ €[0,4/3], g(n,¢) = max{n,n*2=°W} when ¢ € (4/3,2), and g(n,¢) = 0 when ¢ = 2.
A formal version of this result is given in Section 6.5.

6.3. Hierarchical Clustering using (g, 0)-Cut Sparsification

In this section, we shall present the key insight behind our algorithm result: the hierarchical clus-
tering cost function can equivalently be viewed as a linear combination of global cuts in the graph.
As a consequence, approximately preserving cuts in the graph also approximately preserves the
cost of hierarchies in the graph, effectively reducing the hierarchical clustering problem to a cut-
sparsification problem. However, there are hard lower bounds that refute an efficient sublinear time
computation of traditional cut-sparsifiers in the query model. Therefore, we begin by introducing

a weaker notion of cut sparsification, which we call (g, d)-cut sparsification.

Definition 6.3.1 ((g,0)-cut sparsifier). Given a weighted graph G = (V, E,w) and parameters
g,0 > 0, we say that a weighted graph G = (V, E,@) is an (e, d)-cut sparsifier of G if for all cuts
ScV,

(1 —e)wa(S) < wz(S) < (14 &)wa(S) + dmin{[S], S|}

The above is a generalization of the usual notion of cut-sparsifiers (which are (e, 0)-cut sparsifiers
as per the above definition) that allows for an additive error in addition to the usual multiplicative
error in any cut of the graph. A variant of this idea has been proposed before under the term
probabilistic (e, 6)-spectral sparsifiers in [Leel4| which was similarly motivated by designing sublinear
time algorithms for (single) cut problems on unweighted graphs. However, as the name might
suggest, the key difference between the prior work and ours is that the above bounds on the cut-
values hold only in expectation (or any given constant probability) for any fixed cut in the former.

Due to this limitation, we cannot use this previous work in a blackbox, and new ideas are needed.

We now show that for any two graphs that are close in this ¢, sense, the cost of any hierarchy
in these two graphs is also close as a function of these parameters, effectively allowing the use of

(e,9)-cut sparsifiers in a blackboz.

Lemma 6.3.2. Given any input weighted graph G = (V, E,w) on n vertices, and an (&,0)-cut
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sparsifier G of G, then for any hierarchy T over the vertex set V, we have

n(n+1)d ‘

(1 —¢e)costa(T) < costé(T) < (1 +¢e)costa(T) + 5

Therefore, running a ¢-approximate hierarchical clustering oracle A with input as the sparsifier G

with € < 1/2 produces a hierarchical clustering T4 whose cost in G is at most
costg(Ta) < (1+4e)¢ - costq(T") + n(n+ 1)d¢,

where T* is an optimal hierarchical clustering of G.

Proof. Consider any graph H (not necessarily G or é) over vertex set V. Given any hierarchy 7
over the vertex set V, let SO be the root node with left and right children S?, SO respectively. Then

we have the the cost of this hierarchy in H is given by

costy (T) = Z |S| - wr (Se, Sr)
S—(Se,Sr)ET
18w (SL8) + S 18] wn (86 S).

S—(S¢,8,)ET,S#S0

Now observe that since the split at the root S° is a partition of the entire vertex set V into
59,50, we have wy (S, SY) = wy(S)) = wy(SY). Furthermore, observe that for any split of
S, Sp U S, = S, and therefore, we can represent the total weight of the edges crossing the split
wi(Se, Syr) = (%) (wg(Se) + wy(Sy) —wg(S)). Therefore,

costy (T) = |S—0’(wH(S?) 4w (S2)) + Z ‘g’(wH(Sg) +wp(Sy) —wg(S))

2
S—(S,,S,)ET,S#£S0

_ Z <‘S’_2’Sf’wH(S£) + ’S|_2|S7"wH(ST)> + Z %UJH(U)

S—(S¢,8:)eT veV
1
=3 ST (S wa(Se) +1Sel - wr(S) + > wa(v) |

S—)(Se,ST)ET veV

Therefore, the hierarchical clustering cost function can equivalently be represented as a non-negative
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weighted sum of cuts in a graph. We shall now use this reformulation of the clustering cost function
to bound the error in the cost of any hierarchy 7 over a graph G and its (e, d)-sparsifier G as a
function of the error in the cuts in these two graphs, which is parameterized by ¢,d. Our claimed

lower bound is easy to see since for every cut (S, S), wg(S) > (1 — e)wg(S), and therefore,

cost(T) = (-9 Z (ISr] - wa(Se) + |Se| - wa(Sr)) + Z wa(v) | = (1 —¢e)coste(T).
S5—(S¢,5r)eT veV

To show the upper bound, we have

14+
COSt@(T) < ( 5 €) . Z (‘ST| . w(;(Sg) + ’Sg’ ~w(;(S7»)) + Z weg(v)
S—(Se,Sr)ET veV
) . - . —
+5 > (IS¢ - min{|Sel, [Sel} + [Sel - min{|S, |, [S,]}) + n

S—(S¢,Sr)ET

< (1+¢)costg(T) + 6 - g+ Z |Sel - |Sr]
S—)(Sg,sr)ET

Finally, we claim that for any binary hierarchical clustering tree T over n vertices (leaves),

n?

2

> 1S 18] <

S—(Se,8,)ET

We shall prove this claim by induction on the number of leaves of 7. The base case is easy to see,
which is a binary tree on 2 leaves. Assuming this claim holds for all binary trees on n’ < n leaves,
consider any binary tree T with n leaves. Suppose the split at the root partitions the set of n leaves

S0 into sets Sg and SO. Let 7y, 7, be the subtrees of T rooted at S?, S?, respectively. Then we have

S 0SS = 18P 1S+ D> SIS+ DD 1Sel - 1Sy

S—(S;,S:)ET S—(S¢,8:)ETs S—(S¢,Sr)ETy
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Since both |Sg|, |S9| < n, applying our induction hypothesis on the subtrees Ty, 7, gives us that

S22
. SIS < = and Y 18] 1S <
S—(S¢,Sr)ETe S—(S¢,Sr)ETr

|SPI?
o

Substituting these bounds on the above sum proves our claim as

P12+ S22 _|Sp+ 52 _|S°2 _ n?
2 2 2 2"

> 1S IS < [SPL- ISP+
S—>(Sz,Sr)€7’

Finally, observe that the ¢-approximate hierarchical clustering oracle on input G finds a tree Ta
such that

costz(Ta) < ¢ - costz(T), V hierarchies T. (6.1)
Applying the above bound with 7 = 7*, an optimal hierarchical clustering of G gives us that

Lem 6.3.2 Eq 6.1 Lem 6.3.2
(1 - eosta(Ta) "< costa(Ta) S - costa(T) P (14 0)0 - costa(77) + ML

Therefore, for e < 1/2, we have that

n(ni—gl))&b < (1+4e)¢ - costq(T") + n(n+ 1)d¢.

1+¢ .
coste(Ta) < Eqﬁ -costg(T™) + 21

O

The above result shows that these weaker cut sparsifiers also approximately preserve the cost of
any hierarchical clustering, but only up to an additive O(én?) factor. Therefore, supposing we
could efficiently estimate a lower bound OPT on the cost of an optimal hierarchical clustering in
a graph G, we could then set the additive error § = eOPT/n?, giving us that any ¢-approximate
hierarchical clustering for Gis a (1 + 5e)¢-approximate hierarchical clustering for G. This implies
that hierarchical clustering is effectively equivalent to efficiently computing an (g, d)-cut sparsifier

with a sufficiently small additive error §.

The following result fills in the final missing link in our chain of ideas by establishing a general-
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purpose lower bound on the cost of any hierarchical clustering in an unweighted graph as a function

of the number of vertices and edges in the graph.

Lemma 6.3.3. Let G be any unweighted graph on n vertices and m edges. Then the cost of any

hierarchical clustering in G is at least 4m?/(3n).

Proof. Given any unweighted graph G = (V| E) over n vertices and m edges, fix any hierarchy 7
of the vertices V. In order to lower bound the cost of 7, we shall iteratively modify the “base
graph” graph G by moving edges, strictly reducing the cost of 7 with each modification such that
the final graph has a structure that makes the hierarchical clustering cost of 7 easy to analyze. In
particular, the final graph would be such that each connected component is either a clique or two

cliques connected together by some number of edges.

This is done as follows: given any hierarchy 7 of V, we perform a level order traversal over the
internal nodes of T, and at each node S, we modify the graph by pushing edges crossing the
split (¢, S,) down to lower level splits. Formally, let S*,---,S""! be a level-order traversal over
internal nodes of 7. We denote by G* = (V, E?) the modified graph after visiting internal node
St with GY = G. Given G, we visit S and modify the graph as follows: if the subgraphs
Gt[Sfl], Gt[S;fH] induced by vertex sets S}f“, St respectively, are both cliques, then G = GY;
else move a maximal number of (arbitrary) edges crossing the split (S;™, St*1) to any (arbitrary)
edge slots that are available in subgraphs G![S{T!], G![StH!] until either (a) the split (¢, StHL)
has no more edges going across in which case the two subgraphs become disconnected, or (b) both
of the subgraphs become cliques with the edges remaining going across these cliques. We call the

resulting graph G**!. Observe that the cost of 7 in G'*! is at most the cost of T in G*.

Let the final graph obtained after this traversal be G"~1. It is easy to see that G" ! is a collection
of connected components, with each connected component being either a clique or two cliques with
edges going across them, and that costgn—1(7T) < costg(T). In this graph G™~ L, (1) let kq,..., k&,
be the cliques, with k; being the number of vertices in clique j, and (2) let t1, ... ts be the connected
components that are two cliques connecting by edges, where each t; = {ki 1, ki2,c;} with ki1, k2

being the number of vertices in the two cliques of component ¢;, and ¢; < k; 1 - k; 2 being the number
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of edges going across the two cliques. Then the cost of 7 on G"! is given by

=1

N 4 J S Sy
costgn-1(T) = Z jTJ + Z ( = 3 -y 2 3 —+ (ki1 +ki2)ei |
j=1

which follows by construction of G"~! and Fact 2.7.2. We also observe that

n= Z k;j + Z(ki,l + ki2), and
j=1 i=1

=2 ()2 () (5) )
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With these three observations, we shall now prove our claimed lower bound. We have that

2

e[ () ()

j=1

[ ()] +
S i ((5) )] S e () -1

T S S
< ij +Zki,1 +Zki,2
=1 i—1 i—1

T

AN | kil | a)’ = 1 kig\ | )’
> (3) *ZQki,l((z)*z) Fralle) e

]71

T

QZ[Z@ (k; —1)2

w0

(k‘i,l(ki,l — 1)2 + k‘,’g(k‘@g — 1)2 + 26,’(7{71"1 + ]ﬁ@z — 2) + C?(k‘i_’ll + k‘;;)) :|
=1

.

<

(c)
2 ki(k; —1)% + Z i1(kin — 1% + kia(kio — 1)% + 3¢;(kia + ki)
-1

W

T

ki(k; — 1) (k; + 1
4[2 (+)+

® Zkz—l kii+1)  kio(kia—1)(kia+1
Z( 1 1 1 )+ ,2( ,2 3)( 2 )+Ci(ki,1+ki,2)>]
=1
) 3
@ chostgn (7)),

where (a) follows by Cauchy-Schwarz inequality, (b) follows by (6.3), (¢) follows by observing ¢; <
ki1 - ki2 due to which cf(k; 11 + ki 21) < ci(kip + ki), and (d) follows from the cost of hierarchical

clustering 7" in G™~! established in (6.2). Therefore, we have that

4 2
% < costgn-1(T) < costg(T),

for any hierarchical clustering T in any graph G on n vertices and m edges. O
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6.4. Sublinear Time Algorithms

We now focus on the general graph (query) model [Goll7|, where the input graph is accessible via
the following two?? queries: (a) Degree queries: given v € V, returns the degree dg(v), and (b)
Neighbour queries: given v € V, i < dg(v), returns the " neighbour of v (neighbours are ordered
arbitrarily). The objective is to compute a good hierarchical clustering of the input graph in time
and queries sublinear in the number of edges in the graph. This problem becomes substantially
more interesting in this setting, as finding an (g, 0)-cut sparsifier necessarily takes linear Q(n + m)
queries. Therefore, the key to achieving such a result crucially depends upon being able to efficiently
construct these weaker (g, d)-cut sparsifiers with a small additive error ¢, which is the backbone of
our sublinear time result. For simplicity, we begin by presenting our result for unweighted graphs,
and then extend it to weighted graphs in subsection 6.4.2.

Theorem 6.4.1. Given any unweighted graph G = (V, E) with n vertices and m = an*/3

edges
accessible via queries in the general graph model, and any parameter 0 < & < 1/2, there exists an

algorithm that

(a) given a ¢-approximate hierarchical clustering oracle, finds a (1+ €)p-approzimate hierarchical
clustering of G with high probability using f(n,a,e) queries, and

(b) given any arbitrarily small parameter 0 < 7 < 1/2, finds an O(\/T_ngn)-approximate
hierarchical clustering of G with high probability using 5(f(n, a,e) +nttT) time and queries,

where

O (om4/3) a<l1
f(n,a,e) =

O (33 +n)) ax1l

Note that unlike the sublinear space and communication settings, we cannot directly give a sub-

linear time (1 4 ¢)¢-approximation guarantee here; even though the rest of our algorithm (that

2% As mentioned earlier, this model further allows for a third type of queries: (c) Pair queries: given u,v € V, returns
whether (u,v) € E. This is equivalent to assuming the query oracle having internal access to both, an adjacency list
representation (for degree and neighbour queries) as well as an adjacency matrix representation (for pair queries) of
the input graph. However, our algorithm does not need pair queries, which further strengthens our algorithmic result
in this model.
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constructs the (e,d)-cut sparsifier) has a sublinear time and query complexity, the running time
of the ¢-approximate hierarchical clustering oracle to which we are given access can be arbitrarily
large®?. Therefore in this setting, we give a two-part result - the first is a sublinear query, (1+ €)¢-
approximation result, and the second is a sublinear time and query, O(y/logn)-approximation result,
which follows from a specific sublinear time implementation of a ¢-approximate hierarchical clus-
tering oracle with ¢ = O(y/logn).

The query (and time) complexity in the above result is linear in the number of edges for sparse
graphs with fewer than n</n edges, decays as 5(a_2n4/ 3) for moderately dense graphs when the
number of edges is in the range n+/n and ny/n, and is 6(71) for dense graphs with more than ny/n
edges. As we will see in our lower bounds, this complexity is essentially optimal for achieving a

5(1)—approximation in each of these three regimes.

Proof of Theorem 6.4.1. The proof of both parts of Theorem 6.4.1 relies on (g, d)-cut sparsifiers,
which we show in Theorem 6.4.2, can be constructed with high probability in O(e=26~'n) time
and queries. Assuming this construction, the sublinear query, (1 + ¢)¢-approximation claim (Theo-
rem 6.4.1 (a)) is relatively straightforward to see: we first determine the number of edges m = an®/?
in the input graph by performing n degree queries. If the graph is sufficiently sparse (m < n®/ 3,
then we simply read the entire graph, which takes O(m) neighbour queries. If not, then the lower

bound established in Lemma 6.3.3 implies that the cost OPT of any hierarchical clustering in the

input graph is at least a2n®3. As a consequence, the additive error § = eOPT /n? > ea?n1/3
we can tolerate in our (g,d)-sparsifier is also relatively large. Such a sparsifier can then be con-
structed with high probability in 5(5*3 max{a~2n*3 n}) time and queries. The rest of the proof
follows directly by Lemma 6.3.2, since the ¢-approximate hierarchical clustering oracle uses only

the (g,0)-cut sparsifier as input, and therefore, makes no additional queries to the input graph.

To prove the sublinear time, O(y/7!logn)-approximation claim (Theorem 6.4.1 (b)) where 7 €
(0,1/2) is any arbitrarily small parameter, we complement the above proof with an instantiation

of a sublinear time, ¢-approximate hierarchical clustering oracle with ¢ = O(y/7 !logn). This

390ur sublinear query result more generally implies faster algorithms for hierarchical clustering without much loss
in solution quality.
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essentially reduces to a sublinear time, O(\/7Togn)—approximation algorithm for balanced cuts
(also called balanced separators in the literature). However, the algorithm of [ARV09a| cannot be
used here due to its quadratic running time. Therefore, we instead refer to another result of [She09]
that achieves O(\/W)—approximation for balanced separators by reducing this problem to
O(n7) single-commodity max-flow computations for any given 7 € (0,1/2). While [She09] could
only achieve this in 5(m +n3/ 2+7) time, the bottleneck being the 5(m3/ 2) time flow-computation
algorithm of |GR98| (with the sparsification result of [BK96] being used to improve this complexity to
O(n?/?)), we can leverage a very recent breakthrough [CKL*22a| that gives an O(m!*°(})) algorithm
for exact single-commodity max-flows. This improves the running time of the algorithm of [She09]
from O(m + n3/2t7) to O(m + n'*™) without any loss in the approximation factor. Since our
(e,9)-cut sparsifier G is very sparse with f (n,a,€) edges, we can find a O(\/7Togn)—approximate
balanced separator in G in sublinear O(f(n, a, &) +n'*7)-time, for any given 7 € (0,1/2). Although
we use this subroutine repeatedly (at each split of the graph until we are left with singleton vertices),
observe that at any level of the hierarchical clustering tree, the splits at that level together form
a disjoint partition of G. Now let the set of all internal nodes (splits) of the resultant hierarchical
clustering tree at level i € [d] be S;, where d is the depth of the tree. Furthermore, for any internal
node S in this tree, let mg be the number of edges in the subgraph G [S] induced by the set of
vertices S. Therefore, the running time of the recursive sparsest cut algorithm on G with the

aforementioned O(1/7~!logn)-approximate oracle for balanced separators is given by
0] Z Z(m5+|5|1”) <O Zf(n,a,a)—kn“”
i€[d] SES; i€[d)

Finally, observe that since the splits in the tree are balanced, i.e. a split S — (S, S;) is such that
min{|Sel, |Sr|} = |S|/3, the depth of this hierarchical clustering tree produced d = O(logn), which
gives the total running time of the recursive sparsest cut algorithm on G as 5( fn,a,e) +ntt7),

proving our sublinear time claim. O

We shall now present our sublinear time construction of (g, d)-cut sparsifiers for unweighted graphs.
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6.4.1. A Sublinear Time (g,0)-Cut Sparsification Algorithm for Unweighted Graphs

Theorem 6.4.2. There exists an algorithm that given a query access to an unweighted graph G =
(V,E) and parameters 0 < § < 1, 0 < € < 1/2, can find a (g,9)-cut sparsifier of G with high
probability in O(nd~e~2) time and queries.

Our (g, d)-cut sparsifier construction broadly builds upon ideas developed in [Leel4| for probabilistic
spectral sparsifiers. At a high level, to achieve an additive error of d, we embed a constant-degree
expander G, = (V, E,) with edge weights § < 1 on all n vertices in the input graph G = (V, E).
This trick gives a tight (and very friendly) bound on the effective resistance of every edge in the
resultant composite graph H = (V, E'U E,, w), which is a weighted graph with edge set consisting
of the union of edges F in the input graph G, each having weight 1, and edges E, in the constant-
degree expander G, each with weight 0 (edges in E N E, are assumed to be two parallel edges, one
with weight 1 and the other with weight §). This is useful as it allows for efficient sparsification of
this composite graph using effective resistance sampling of [SS11b|, with the sources of error being
the usual multiplicative error due to sparsification itself, and a small additive error due to the few
extra edges introduced by the expander. There are several well known é(n) time constructions
of constant degree expanders, for example, a random d-regular graph is an expander with high
probability [FKS89]. This roughly outlines the sparsification algorithm and proof of the above

theorem.

A similar idea was used in |Leel4|, with the key difference being that they embed an unweighted
constant degree expander in a random dn subset of vertices. Since the set of vertices where the
expander is embedded is random, it is easy to see why this gives a small additive error in expectation
for any fixed cut, but could be very large for some cuts in the graph. Our construction on the other
hand provides a sparsifier with stronger guarantees that hold for every cut. As outlined above, we

start by showing that the effective resistance of any edge (u,v) € E'U E, is tightly bounded.

Lemma 6.4.3. Given parameter 6 € (0,1), and a composite graph H = (V,E U E,,w) where

G = (V, E) is an arbitrary input graph with edges of weight 1, and G, = (V, E,) is a constant-degree
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expander graph with edges of weight &, then for any edge (u,v) € EU E,, we have

1 ( 1 L 1
2 \dg(u) +ddg, (v)  dg(v) + ddg, (v)

) < Ru(u,v)

SO <IO§” (dG(U) +16dcz (u) - dr(v) +15dGz (U)>> 7

where Ry (u,v) is the effective resistance of edge (u,v) in graph H, and for any vertex u € V,

da(u),dg, (u) are the degrees of vertex u in graphs G and G, respectively.

Proof. For any edge (u,v) € E'U E,, let us assume without loss of generality that & := dy(u) <
dg(v). The proof of our upper bound on the effective resistance Ry (u,v) relies on a basic property
of expander graphs: there are (k) edge-disjoint paths, each of length at most O(logn) connecting u
to v. Since each edge on these paths has weight at least §, by Rayleigh’s monotonicity principle, the
effective resistance between (u,v) can be no more than a graph containing exactly k edge-disjoint
paths, each of length O(logn) with each edge on this path having resistance 1/, which gives us

that

<O (IO§” <dc(u) +15dcm (u) " da(v) +15dGm (”)>)

To show this many edge-disjoint, short paths property of expanders, we consider two possibilities:
either k£ < n/logn, in which case let {u;}¥_, be the neighbours of u, and let {v;}¥_; be a set of k
neighbours of v, chosen and ordered arbitrarily. Then the well known multicommodity flow result of
[Fri01] already guarantees the existence of these short edge-disjoint paths connecting every u; to v;.
In the case that k > n/logn, consider the (unweighted) subgraph H, = (V, E; U E,, U E,)) induced
by the expander edges F, and edges E,, F, C E incident on vertices u,v in G, respectively. We
first claim that the min u-v cut in H, contains at least k/2 edges; let (S,S) be the min u-v cut,
with |S| < n/2 and s € {u,v} being the vertex in S. Furthermore, let ks > k be the number of
neighbours of s, with k. < kg of them being contained in S. Now there are two possibilities, either

(a) k. < ks/2 in which case the cut (S,S) already contains the ks — k., > ks/2 edges connecting
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s to its remaining neighbours in S, or (b) k} > ks/2 in which case (S,S) must necessarily cut
at least |S| > ks/2 edges in E, due to expansion. Therefore, by the (integral) min-cut max-flow
theorem, there are at least k/2 edge-disjoint paths from u to v. Moreover, we claim that at least
half of these paths must be short, specifically, of length O(logn). To see this, observe that graph
H, contains just Cn edges for some constant C', which follows from that fact that u, v each can
have at most n neighbours and G, is a constant degree expander. Now let the integral flow which
is of size f > k/2 > n/(2logn) be routed along arbitrary edge-disjoint paths P, ..., Ps. It is easy
to see why at least f/2 of these paths must be of length at most 2C'logn, because otherwise, the
number of edges contained in just the long paths alone would exceed (f/2) - (2C'logn) > Cn, the
total number of edges in H, which is a contradiction. Therefore, there are at least k/4 edge disjoint

paths between u,v in H, C H, each of length O(logn).

Now to prove the lower bound on the effective resistance of any edge (u,v) € EUE,, we add an extra
vertex w and replace the edge (u,v) with two edges (u,w) and (w, v), each with weight/capacitance
2wy, (doing this twice if edge (u,v) € E N E;, once for the edge (u,v) with wy, = 1 and again for
the edge with wy, = ). We then apply Rayleigh’s monotonicity principle by shorting all vertices

other than wu, v in the graph, which gives us that

1 1
>
4o (1) 1 6de. (1) + W dg(v) + 8der. (0) + was

Ry (u,v)

S
~2 dg(u) 4+ ddg, (u)  dg(v) + ddg, (v) ’

where the final inequality follows from the fact that wy, < mingegy,3{da(s) + ddg,(s)}, which

proves our claimed lower bound. O

This tight bound of the order (dg(u) + ddg, ()™ + (dg(v) + ddg, (v))~! on the effective resis-
tances directly allows us to apply the effective resistance sampling scheme of [SS11b| outlined in
Algorithm 6.4.1 to construct a spectral sparsifier of H, which is even stronger than the simple cut

sparsifier we require. The following theorem then establishes the properties of the resulting sparsifier

G.
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Algorithm 6.4.1 sparsify(G,p)
Input: Weighted graph G = (V,E,w), edge sampling probabilities p such that >  _ppe. = 1,
repetitions q.
Output: Sparsifier G= (V, E,u?).
Procedure:
1: fort=1,...,gdo
2: Sample a random edge e € F according to p. Add e to E (if it does not already exist) and
increase its weight w. by we/(gpe).

Theorem 6.4.4 (Theorem 1 + Corollary 6 of [SS11b]). Given any weighted graph G = (V, E, w)
on n vertices with Laplacian L, let Z. be numbers satisfying Z. > Re/a for some a > 1 and
Yoecr WeZe < Y ocp Wele. Then given any parameter 0 < € < 1, the subroutine Sparsify(G,p, q)
with sampling probabilities pe = weZe /(3 e WeZe) and ¢ = Cnlogn/e? for some sufficiently large

constant C' returns a graph G whose Laplacian E, with high probability, satisfies

Ve eR" (1 —eva)z'Le < 2"Le < (14 eva)z" L.

From the effective resistance bound established in Lemma 6.4.3, it is easy to see that sampling
edges with parameter Z,, = (dg(u) + ddg, (u)) /2 + (dg(v) + ddg, (v)) ! /2 satisfies the condition
in Theorem 6.4.4 with @ = O(logn/d) for the graph H = (V, E U E,,w). Given this choice of
parameters Z, it is easy to see that ) . BEUE, WeZe = n/2, which gives us that the sampling

probability for any edge e € E'U E, is given by

We 1 1
Pe =" (d(;(u) Fode () T da(v) 1 dda, (U)> ) (6:4)

for which there is a very simple sublinear time rejection sampling scheme given query access to G:
sample a uniformly at random vertex u € V, and toss a coin with bias dg(u)/(dg(u) + dda, (u))
(degree query). If heads, sample a uniformly at random edge incident on u in G' (neighbour query).
Otherwise, sample a uniformly at random edge incident on u in G,. The complete algorithm is

given below.

It is easy to see that the above algorithm produces a graph G that has at most O(nlogn/(e')?) =
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Algorithm 6.4.2 (¢,0)-sparsify(G,e,0)

Input: Unweighted graph G = (V, E) and ¢,6 > 0.
Output: Sparsifier G.

Procedure:

1: Construct a constant degree expander G, = (V, E,).

2: Let H = (V,E'U E,,w) be the composite weighted graph with edge weights w. = 1 for e € F
and w, = 0 for e € E,.

3: Set ¢/ = £4/8/(C1logn) for a sufficiently large constant Cj, repetitions ¢ = Conlogn/(e')? for
a sufficiently large constant Cs.

4: Set sampling probabilities p, where for each edge e € EU E,, p. is as defined in (6.4).

5: Sparsifier G= sparsify(H,p,q)

O(nlog®n/(de?)) edges, and runs in time O(nlogn/(¢')?) = O(nlog?n/(6?)). We shall now prove

that G is an (e, §)-sparsifier of G as claimed in Theorem 6.4.2.

Proof of Theorem 6.4.2. We start by observing that Theorem 6.4.4, by restricting to vectors x €
{0,1}" (corresponding to partitions of V') and choice of ¢/ = ¢1/6/(C;logn) with a sufficiently
large constant C, implies that with high probability, the sparsifier G produced by Algorithm 6.4.2
is such that

VS CV, (1-ewn(S) <ws(S) < (1+)w(S). (6.5)

Now observe that for any cut (S,5) in the composite graph H,
wa(S) <wn(8) = wa(S) +we, (5) < wg(S) + 06 (min{|S|, [S]}),

where the final inequality follows by observing that the weight of any edge e € E, is §, and since
the degree of any vertex in G, is ©(1), the number of edges in G, that cross any cut (S5,9) is
O(min{|S|,|S|}). Combining the above bounds with (6.5) gives us the (g,§)-cut sparsification

guarantees for G as

VS cV, (1-ewa(S)<ws(S)<(1+e)wa(S)+O(5) - min{|S|,[S]}.
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6.4.2. Extension to Weighted Graphs

In this section, we extend our sublinear time results to weighted graphs G = (V, E, w), where edges
e € F take weights 1 < we < W, where W is an upper bound on the maximum edge weight.
Since there is no universally accepted query model for weighted graphs, we propose the following
generalization where the algorithm can make (a) Degree queries: given v € V', returns the degree
dg(v), and (b) Neighbour queries: given v € V, i < dg(v), returns both the i** neighbour of v
and the connecting edge weight, with the additional constraint that the neighbours are ordered by
increasing edge weights (neighbours connected by equal weight edges are ordered arbitrarily). Note
that this generalization reduces to the general graph model when all edge weights are equal. The

following theorem describes our upper bound in this more general setting.

Theorem 6.4.5. Let G = (V, E,w) be any weighted graph with n vertices and edge weights taking
values in a bounded range [1,W]. Given any parameter 0 < & < 1/3, let m; = ayn*/3 be the number
of edges in G with weights in the interval [(1+¢)"1, (1 +¢)%). Then given query access to G, there

exists an algorithm that

(a) given a ¢-approximate hierarchical clustering oracle, finds a (1 + €)¢p-approzimate hierarchical
clustering of G with high probability using 9] ((5_1 logW) - (n 4+ max; f(n, o, 5))) queries, and
(b) given any arbitrarily small parameter 0 < 7 < 1/2, finds an O(\/7~1logn)-approzimate

hierarchical clustering of G- with high probability using at most time and number of queries

9] (n'" + (e7'log W) - (n + max; f(n, as,¢€))), where

0] (om4/3) a<l1
f(n,a,e) =

9) (e 3?3 +n)) a>1l

Before discussing this result, one might naturally ask whether this stricter requirement of ordering
neighbours by weight is really necessary or whether it is possible to achieve a similar result for
arbitrary or even random orderings. Towards the end of this section, we will show that this is unfor-

tunately necessary; without the ordering constraint, no non-trivial approximation for hierarchical
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clustering is possible unless a constant fraction of the edges in the graph are queried, and this holds
even if we were to additionally allow pair queries: given u,v € V', return whether (u,v) € E (and

edge weight w,,, if affirmative).

At a high level, our sublinear time upper bound for weighted graphs is morally the same as that
achieved in the unweighted case, with a O(e~!log W) hit to query and time complexity. Algo-
rithmically, we build upon the ideas developed for the unweighted case. We begin by partitioning
the edge set E of the input graph G = (V, E,w) into weight classes, where the i*" weight class
consists of all edges E; with weights in the interval [(14¢)*!, (14 ¢)?). By construction, there are
log(14o) W < 2e " og W weight classes in total, with the edge sets {Ei}iozgl(lﬁ) v being a disjoint
partition of E. We then approximately sparsify each unweighted subgraph G = (V, E;) using our
sublinear time (e,d)-Sparsify routine outlined in the previous section, and scale up all the edge
weights of the resultant sparsifier é; by the maximum edge weight W; = (1+¢)? of that class. Since
for every weight class i, the weights of all the edges E; in that class are within a (1 + ) factor
of each other, the resultant scaled sparsifier é, is a good approximate sparsifier for the weighted
subgraph G; = (V, E;,w). Finally, since the input graph G = (V, E,w) is partitioned into sub-
graphs G; = (V, E;, w), the sum of the scaled sparsifiers Giis a good sparsifier for the input graph.
Given this sparsifier, the proof of (both claims of) Theorem 6.4.5 then follows identically as that of
Theorem 6.4.1.

An important point to note here is that we do not need to explicitly construct the subgraphs G
corresponding to each of the weight classes i € [log; . W] (which would naively take O(m) time)
as our (e, d)-sparsification subroutine only requires query access to Gj. This is easy to do in 5(n)
time for any weight class assuming the edges incident on vertices are sorted by weights. For any
weight class ¢ and any vertex v, the set of edges incident on v in subgraph G; lie in the range of
indices [x;—1(v), z;(v) — 1] where for any weight class j € [log; . W], vertex u € V', z;(u) is the first
occurrence of an edge incident on u with weight at least (1+¢)’. Both indices x;(v), z;_1(v) can be
found in O(logn) time and queries using binary search; the degree dg/(v) = @i(v) — 2;-1(v), and
the j** neighbour of v in G is simply the (z;—1(v) +j — 1)*" neighbour of v in G. Therefore, the

total time and query complexity of setting up query access to G is O(nlogn). We now present a
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formal proof of Theorem 6.4.5, which is achieved by Algorithm 6.4.3.

Algorithm 6.4.3 weighted-sparsify(G,e)

Input: Weighted graph G = (V, E,w), parameter 0 < ¢ < 1/3.
Output: Sparsifier G = (V, E,@).

Procedure:

1: For every vertex v € V, zo(v) =1
2 fori=1,...,log 4. W do
: For every vertex v € V, binary search for x;(v), the first occurrence of an edge incident on
v with weight at least (1 + ¢)°.
4: Establish query access to G, < (V, E;), where E; :== {e € E: (1 +¢)"! <w. < (1+¢)}
using {(z;_1(v), z;(v)) }oev. Let |E;| = m; = amn®/>.
if o; <1 then
Read G; = (V, E;,w) entirely, and let this graph be Gi.
else
Set additive error §; < ¢ - min{a?/n'/3 1}, and W; = (1 4 ¢)*.
G (e, d;)-sparsify(G;), where G, = (V, E;, @)

10: Construct sparsifier G; = (V, E;, w; = W; - w}) with edge weights scaled by W;.
11: G =Gy +"’+G10g(1+a)w

Proof of Theorem 6.4.5. As with the analysis for unweighted graphs, we begin by establishing a
lower bound on the cost of any hierarchical clustering for weighted graphs. Given any weighted
graph G = (V, E,w) and a parameter 0 < ¢ < 1/3, we begin by partitioning the edge set into
weight classes, where the i weight class consists of all edges E; with weights in the interval

[(14¢)"L, (1+¢)%). Therefore, we have that the clustering cost of any hierarchy 7 on the weighted

graph G is
log(1+5) w log<1+5) w 10g<1+€) w 2
. Lem 6.3.3 W - |E;
costg(T) = Z costg, (T) > Z (1+ s)l_lcostGQ(T) > w, (6.6)
i=1 i=1 i=1

where the first inequality follows from the fact that the clustering cost function is monotone in
edge weights, and every edge in G; = (V, E;,w) has weight at least (1 + ¢)~!. We now claim
that for every weight class i, the scaled sparsifier G; is a (O(c), O(W;4;))-sparsifier of the subgraph

G; = (V, E;,w). To see the lower bound, observe that for any cut (.9,.9)

W (8) = Wirwg (8) 2 Wi- (1 Jug(S) > (1 - g, (5). (6.7)

(3
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where the final inequality follows from the fact that every edge in G; has weight at most W;. To

see the upper bound, observe that for any cut (S, S),

Thm 6.4.2 _
wg, (8) =Wi-wg (S) < Wi- (14 2)wg (5) + O(Wid;) - min{|S], |5}

< (14w, (S) + O(W;6,) - min{|S], 5]} (6.8)

< (14 38)wg,(S) + O(W;6;) - min{|S|,|S|},

where the second inequality follows from the fact that every edge in G; has weight at least W;/(1+¢).
Since we have that the edge set £ = F1 + ... + ElOg(1+s) w, this directly gives us that the scaled
sparsifier returned G = G + ... + élog(1+s> w is a (O(e), O(>_; Wid;))-cut sparsifier of G, where for

any cut (S, 9),

E X 10g(1+5) w

q. 6.7 Eq. 6.8 _

(I-gwa(S) < wz(S) < (1+39)wa(S)+0 E W;é; | - min{|S],|S|}.  (6.9)
=1

By choice of each §; < ¢|F;|?/n3, we further have that

log(14) W - log(14 W |E,|? Ban 66 ¢
Z Wid; < ) Z W; - 7; < g costa(T), V hierarchies 7.
i=1 i=1

Given this guarantee, the bound on the hierarchical clustering cost claimed in Theorem 6.4.5 (a)

follows by a straightforward application of Lemma 6.3.2.

To complete this proof, the last thing we need to verify is the time and query complexity of Al-
gorithm 6.4.3. We shall break down the complexity of this algorithm across the weight classes
i € [log;,. W]. As described earlier, for any weight class 4, establishing query access to the sub-
graph G, = (V, E;) requires at most O(n) time. Let |E;| = a;n*?3 be the number of edges in
this subgraph. In the case «; < 1, this subgraph is sufficiently sparse and G; is read entirely
which takes O(a;n*?) time and queries. Otherwise (a; > 1), in which case it is sparsified in
O3 max{c; *n*/?,n}) time and queries as established in Theorem 6.4.2. Therefore, the total

complexity of processing a weight class 7 is 6(12—1— f(n,a;,¢€)), where f(n,a,e) = 6(0m4/3) ifa <1,
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and O(e~3 max{a~2n*3, n}) otherwise. Since there are O(c~* log W) weight classes in total, Algo-
rithm 6.4.3 runs in time O(e " !nlog W + > fn,ay,e)) < O((e Y log W) - (n 4 max; f(n, ai,€)).

Lastly, for any given parameter 7 € (0,1/2), the sublinear time, O(W)—approximation claim
(Theorem 6.4.5 (b)) follows by the same ¢-approximate hierarchical clustering oracle construction
described in the proof of Theorem 6.4.1 combined with the fact that our (e, §)-cut sparsifier for the

weighted graph G now contains 6((5_1 log W) - max; f(n, a;,€)) edges.

6.4.2.1 Necessity of Ordering Neighbours by Weight

We conclude this section by showing that the assumption that the adjacency list of each vertex u
orders the neighbours of u by weight, is in fact necessary. Otherwise, no non-trivial approximation
for hierarchical clustering is possible even when one is allowed to query a constant fraction of edges
in the graph. We shall naturally consider only sufficiently dense graphs with Q(n4/ 3) edges. While
this isn’t strictly necessary for our example, our upper (and lower) bounds allow us to simply read
the entire graph otherwise, rendering the sparse regime uninteresting. While this is straightforward
to see when the upper limit on edge weights W = poly(n) is large, we can even show this for a
relatively small W = n'*¢ for any constant ¢ > 0. The example is as follows: consider an input
graph G = (V, E1 U E2, w) with n vertices, and an edge set of size m consisting of the union of two
Erdés-Renyi random graphs, where £y ~ G, ,, for any p > n~2/% with all edges having weight 1 and
Ey ~ Gy 173, with all edges having weight W = n'*+¢ for some constant € > 0. We can assume that

edges in both F; and Fs are given the larger weight.

We shall first establish an upper bound on the cost of the optimal hierarchical clustering in G, which
we claim is at most nm + O(nW logn). To prove this, we shall use the fact that with probability at
least 1 —1/n, (a) the subgraph Gy = (V, E2) is a union of connected components, each either a tree
or a unicyclic component, and (b) the degree of every vertex in G9 is at most 3. The former is well
known in the random graph literature, [ERT60| and the latter follows from Bernstein’s concentration
inequality. Therefore, hierarchical clustering that first separates the different connected components

of G2, following which each connected component is partitioned recursively using a balanced sparsest
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cut, i.e. the sparsest cut with a constant fraction of the remaining vertices on either side of the cut,
will achieve a cost of at most O(nW logn). The remaining edges in E7, regardless of how they are

arranged can cumulatively add no more than n|E;| to the cost of this hierarchical clustering.

Now consider any (randomized) algorithm that performs at most 2m/9 neighbour and pair queries
in total, and let 7 be the hierarchical clustering returned by this algorithm. Consider a balanced
cut (9, 5) in this tree, i.e. an internal node S with min{|S|, |S|} > n/3. Since the number of queries
made is bounded by 2m,/9, there necessarily are at least 2n?/9 —2m/9 > n?/9 unqueried edge pairs
from the cut (S, S). Furthermore, there are at least m — 2m/9 = 7m/9 unqueried edges in G. For
every unqueried edge, there is at least a constant (n?/9)/ (g) > 2/9 probability that it realized into
an edge slot from the cut (5, S), and then at least a 1/(3n) marginal probability that it came from
E,. Therefore in expectation, there are at least (7m/9) - (2/9) - (1/3n) > m/(18n) edges from G,
each having weight W that go across the cut (S,S). Since |S| > n/3, the contribution of each
heavy edge to the cost of 7T is at least n/3 - W, and therefore, the expected cost of T is at least
(m/18n) - (n/3) - W = mW /54 due to these heavy edges alone. Note that this argument holds even

if the neighbours of every vertex are ordered randomly.

Now by comparing the cost of the optimal clustering, which is at most nm + O(nW logn), to the
expected cost of the hierarchical clustering produced by an algorithm that makes at most 2m/9
queries, which is Q(mW), it is easy to see that the approximation ratio in expectation is (n?)

when W = n'*¢ and m > n'*¢logn.
6.5. Sublinear Time Lower Bounds

We note that, for unweighted graphs, our sublinear time algorithm requires only 2 rounds of adap-
tive queries, where the first round only needs to query vertex degrees. Thus if one assumes prior
knowledge of vertex degrees, our algorithm is in fact non-adaptive. For weighted graphs, our algo-
rithm requires at most O(logn) rounds of adaptive queries due to the binary searches. In any case,
our algorithm makes at most 5(n4/ 3) queries, where the worst-case input is an unweighted graph

4/3

of about =~ n*° edges.

We now show that, in a sharp contrast, even with unlimited adaptivity, our algorithm’s query
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complexity is essentially the best possible for any randomized algorithm that is able to compute a

polylog(n)-approximate hierarchical clustering tree with high probability. In particular, we establish

below tight query lower bounds when the input is an unweighted graph with m = ©(n¢) edges for

any constant ¢ € [0,2]. By plugging in ( = 4/3 in Case 4, we get a matching lower bound for the

worst-case input graph.

Case 1:

Case 2:

Case 3:

Case 4:

¢ = 2. Any binary hierarchical clustering tree has cost O(n?) (Fact 2.7.2), and by
Lemma 6.3.3, the optimal cost is at least Q(n3). Thus trivially 0 queries are sufficient

for O(1)-approximation.

¢ € ]0,1]. It is not hard to show an Q(n) query lower bound even for o(n)-approximation.
Specifically, consider using a random matching of size ©(n¢) as a hard distribution,
whose optimal hierarchical clustering cost is ©(n¢). However, any o(n)-query algorithm
can only discover an o(1)-fraction of the matching edges, and with an Q(1) fraction of
the matching edges having high entropy, any balanced cut of the graph has nontrivial
probability of cutting Q(n¢) matching edges, incurring a cost of Q(n!*¢).

On the algorithmic side, one can simply probe all edges with O(n) queries and then run
any hierarchical clustering algorithm on the entire graph. Thus the query complexity

for O(1)-approximation is settled at O(n).

¢ € [3/2,2). One can show an Q(n) query lower bound for O(1)-approximation, by
considering an input graph obtained by randomly permuting the vertices of a union of
vertex-disjoint cliques. We include a proof of this lower bound in Section 6.5.1.

On the algorithmic side, our sublinear time algorithm is able to obtain an O(y/logn)-
approximation using O(n) queries in this case, which is nearly optimal.

¢ €(1,3/2). Let v := ¢ —1 € (0,1/2). Our sublinear time algorithm obtains an
O(y/Iog n)-approximation using O(n™{1+7:2-27}) queries. We show in Section 6.5.2

that this is nearly optimal even for 6(1)—approximation.
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6.5.1. Lower bound for m between n3/2 and n?

Theorem 6.5.1 (Lower bound for m between n®/? and n?). Let~y € [1/2,1) be an arbitrary constant.
Let A be a randomized algorithm that, on an input unweighted graph G = (V, E) with |V| =n and
|E| = ©(n'™), outputs a polylog(n)-approzimate hierarchical clustering tree with probability Q(1).
Then A necessarily uses Q(n) queries.

We will show that there exists a distribution D over graphs with n vertices and ©(n'*7) edges, on
which no deterministic algorithm using o(n) queries can output a polylog(n)-approximate hierar-
chical clustering tree with probability > .99. This coupled with Yao’s minimax principle [Yao77]

will prove Theorem 6.5.1.

We define D such that a graph G ~ D is generated by first taking a union of n'=7 vertex-disjoint
cliques of size n”, and then permuting the n vertices uniformly at random. More formally, we first
pick a uniformly random permutation 7 : [n] — [n], and then let G be a union of vertex-disjoint

cliques C, ..., C,1-+ each of size n? such that C; is supported on vertices

Si={n((i—1)n" +1),...,7(in7)}.

By Fact 2.7.2, we know that the optimal hierarchical clustering cost of each clique is O(n??).

Therefore, summing this cost over all cliques, we have:
Proposition 6.5.2. The optimal hierarchical clustering tree of G has cost O(n'*+27),

We now describe a process that interacts with any given deterministic algorithm .4 using o(n)
queries while generating a uniformly random permutation 7 : [n] — [n] along with its inverse

1

function 7=! : [n] — [n]. Specifically, we will generate m, 7! by realizing them entry by entry

adaptively based on the queries made be the algorithm. Thus, when realizing an entry of 7= or 71,
we will always do so by conditioning on their already realized entries. Also note that since the

degree of each vertex is the same (namely n? — 1), we will give the degree information to A for free

at the start. The process then proceeds by the following two principles:

Principle 1: Upon a pair query between i, j, realize 7=1(i),771(j) and then answer the query
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accordingly.

Principle 2: Upon a neighbor query about the ¢'" neighbor of 4, first realize 771(). Let k be
such that the ¢ neighbor of i is 7(k). Then realize (k) and answer the query

accordingly.

Clearly, each query triggers the realization of O(1) entries of 7 and 7—!. Thus, after A terminates,
the number of realized entries of 7 and 7~ ! is at most o(n). Let U C [n] with |[U| > (1—o(1))n be the
set of indices whose 7 values are not realized, and similarly let W C [n] with [W| = |U| > (1—0(1))n

be the set of indices whose 7! values are not realized.

Let T be the hierarchical clustering tree output by A, which we suppose for the sake of contradiction
is polylog(n)-approximate. We first make 7 a full binary tree such that the bi-partition of each
internal node is [1/3,2/3]-balanced, during which we increase the cost of the tree by at most an O(1)
factor. We next consider the bi-partition of the root, which is a cut (5, 5) with |S| € [n/3,2n/3].

Let 8" := SNW and T' := SNW, and thus (S’,T") is a bi-partition of W. Since |W| > (1—o(1))n,
we have |S’| € [[W]/6,5|W|/6]. Since also |U| > (1 —o(1))n, we have that for at least (1) fraction

of the cliques C;’s (which are supported on S;’s), we have

{G—DnY +1,...,i"} NU| > nY/2.

For each such clique C;, the number of edges within C; that are across (S',7T") is Q(n??) with
high probability. Therefore, the size of the cut (5,S5) is at least Q(n'T7) with high probability.
This means that the cost of T is at least Q(n?*7), which together with v < 1 contradicts T being
polylog(n)-approximate.

6.5.2. Lower bound for m between n and n3/2

Theorem 6.5.3 (Lower bound for m between n and n%/2). Let v € (0,1/2) be an arbitrary constant.
Let A be a randomized algorithm that, on an input unweighted graph G = (V, E) with |V| =n and
|E| = ©(n'*7), outputs with Q(1) probability a polylog(n)-approzimate hierarchical clustering tree.

min{1+v,2—2v}—0(1)

Then A necessarily uses at least n queries.
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By Yao’s minimax principle [Yao77|, to prove Theorem 6.5.3, it suffices to exhibit a hard input
distribution on which every deterministic algorithm using a small number of queries fails with
nontrivial probability. Specifically, we will show that there exists a distribution D over graphs
with n vertices and ©(n'*7) edges such that, on an input graph drawn from D, any deterministic
algorithm using n™*{1+7:2=27}=0 queries for any constant 6 > 0 can only output a polylog(n)-

approximate hierarchical clustering tree with o(1) probability.

The hard distribution. We start by defining the hard distribution D over graphs with n vertices
and ©(n'*7) edges. Roughly speaking, we will generate an input graph G by first taking the union of
a certain number of cliques C1, . .., Cy of equal size n/k, and then adding some artificially structured
edges between them. We will then show that even the edges between the cliques are relatively tiny
compared to those within, it is necessary to discover them in order to output a good hierarchical

clustering solution.

More specifically, we will decide what edges to add between cliques based on the structure of a
randomly generated “meta graph” H on k supernodes, with supernode ¢ in H representing the
clique C;. We generate the meta graph H by picking a uniformly random perfect matching between
the k£ supernodes (assuming for simplicity k is even). Then for each matched pair of supernodes i, j
in the meta graph H, we will add between C; and C} a random bipartite matching of certain size
(note that this matching is in the actual graph G rather than the meta graph H). Moreover, when
adding the latter matching edges in G, we will also delete some edges inside C;, C; to ensure that
every vertex has the exact same degree, so that an algorithm cannot tell which vertices participate
in the meta graph’s perfect matching by only looking at the vertex degrees. We will then show:

min{1+vy,2—2v}—0

1. Any deterministic algorithm using n queries for any & > 0 can only discover

an o(1) fraction of the matching edges in the meta graph H.

2. If Q(1) fraction of the matching edges have high entropy, an algorithm cannot output a

polylog(n)-approximate hierarchical clustering tree with (1) probability.

We now formally describe how we generate a graph G from D. Let the vertices of G be numbered
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1 through n. We divide the vertices into n'~7 groups Si, ..., S,1— each of size n”, where

Si={(GE—-1n"+1,...,in7}.

We then generate the edges of G by the process in Figure 6.1.

1. Generate a meta graph H on supernodes numbered 1,...,n'~7 by picking a uniformly
random perfect matching (of size n!=7/2) between them.
2. Initially, add a clique C; of size nY to each vertex group S;, and insert the clique edges
into the adjacency list of G in an arbitrary order.
3. Let t + nmax{0’3771}+ﬁ. In what follows, we will add a matching of size 2t between
each matched clique pair.
4. For each matched pair of supernodes i, j in the meta graph H:
(a) Add a uniformly random bipartite matching M; ; of size 2t between S; and S, and
let T; ; denote the vertices matched by M; ; (thus |T;; N S;| = |T;; N .S;| = 2t).
(b) Inside S; (resp. S;), pick a uniformly random perfect matching of size t between
vertices T j N S; (resp. T; ;N .S;), and delete its edges from clique C; (resp. Cj).
(¢) Modify the adjacency list of the vertices in G by replacing the edges deleted at
Step 4b with the edges added at Step 4a. This modification is valid because the
degree of each vertex is preserved.

Figure 6.1: Generation of G ~ D.

Proposition 6.5.4. All vertices in G have degree exactly n” — 1.

Proposition 6.5.5. The optimal hierarchical clustering tree of G has cost O(n'*27).

Proof. We will construct a hierarchical clustering tree as follows. At the first level, we divide the
entire vertex set into n'=7/2 clusters where each cluster is a connected component. This step incurs
zero cost. We then construct a binary hierarchical clustering tree of each cluster arbitrarily. Since
each cluster has 2n” vertices, the hierarchical clustering tree we construct for it has cost bounded

by O(n®?) (Fact 2.7.2). Summing this upper bound over all n'~7/2 clusters finishes the proof. [J

Analysis of deterministic algorithms on D. Let A be a deterministic algorithm that makes
pmin{1+7.2=27} =0 qyeries for some constant § > 0. Since all vertices have the same degree n? — 1 in
G, we will give the degree information to A for free at the start. We shall then describe a process
that interacts with the algorithm A while generating a G ~ D. To that end, we first define the

notion of revealed vertex groups.
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Definition 6.5.6 (Revealed vertex groups). At any given point of the algorithm, we say a vertex

group S; is revealed by A if at least one of the following is true:

Condition 1: At least 1802(;& pair queries involving vertices in S; are made by A.

n2y

Condition 2: At least T0000%

neighbor queries on vertices in S; are made by A.

Condition 3: A pair query by A finds a pair u,v € S; not connected by an edge.

Condition 4: A pair query or a neighbor query by A finds a pair u € S;, w ¢ S; connected by an
edge.

We now describe a process that answers queries made by A while adaptively realizing the edge
slots and the adjacency list of GG, as well as the perfect matching in the meta graph H. Whenever
realizing a part, we will always do so following the distribution D conditioned on the already realized
parts. This means that if a part is already realized or determined by other realized parts, realizing

it again will not change it. The process proceeds according to the following three principles:
Principle 1: Upon a pair query, realize the corresponding edge slot and answer accordingly.

Principle 2: Upon a neighbor query, realize the corresponding entry of the adjacency list and

answer accordingly.

Principle 3: As soon as a group 5; becomes revealed after a query, due to either large query

count or what we have answered by Principle 1 and Principle 2, right away do:
e Realize the supernode j that is matched to ¢ in the meta graph H.
e Realize all edge slots incident on (and hence also all neighbors of) vertices in S;, S;.

At any given point of this process, we say a vertex group .5; is realized if all edge slots incident on
S; are realized. That is, the realized vertex groups are ezactly those revealed by A and the ones
matched to them. This in particular implies that a perfect matching has been realized between the
realized vertex groups in the meta graph H, while none of the unrealized vertex group is matched.
As a result, one can show that the queries made so far that involve unrealized vertex groups must

have deterministic answers:

Proposition 6.5.7. At any point of the algorithm A, for the queries already made, we have:
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o Fvery pair query between an unrealized vertex group and a realized one discovered no edge.
o Fvery pair query between two unrealized vertex groups discovered no edge.

o Fvery pair query within a same unrealized vertex group discovered an edge.

Every neighbor query on a vertex in an unrealized vertex group found a neighbor within the

same group.

In what follows, we will consider the conditional distribution of D on all edge slots incident on
realized vertex groups, which we denote by D,,. Note that G’ ~ D,, is not necessarily consistent
with the answers we gave to the queries that involve unrealized vertex groups, though these answers
are themselves deterministic by Proposition 6.5.7. By definition, a graph G’ ~ D,, can be generated

by the process in Figure 6.2.

. Add the edges incident on the realized vertex groups to G'.
. Add the perfect matching between the realized vertex groups to the meta graph H.
. Add a clique C; of size n” to each unrealized vertex group S;.
. For each unrealized vertex group S;:
(a) If supernode i is not matched in the meta graph H, then match i to another uni-
formly random unmatched j, and change the edges within S; U.S; using Steps 4a-4c
in Figure 6.1.

W N =

Figure 6.2: Generation of G’ ~ D,,.

Proposition 6.5.8. Consider generating G' ~ D, conditioned on that an unrealized S; is matched
to another unrealized S; in the meta graph H. Then G'[S; U S;] is consistent with previous answers

with probability at least .998.

Proof. First note that, when changing the edges within S; U S; at Step 4a in Figure 6.2, the edges
we delete from C; (resp. C;) distribute as a uniformly random matching of size ¢ in C; (resp. C}),
and the edges we add between S;, S; distribute as a uniformly random bipartite matching of size 2t

between S;, S;, though these distributions are correlated.

Then note that G'[S; US| is not consistent with previous answers only if (i) the slot of an edge we
delete within S; or S; was queried by A, or (ii) an edge we add between S;, S; was queried by A.

Since 5;, S are both unrevealed, they do not satisfy Condition 1 or Condition 2. As a result,
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we can bound the probability of G’[S; U S;] being inconsistent with previous answers via a union

bound by
20?7t 20?7 2t
. . - —— < .002,
10000t (”;) * 10000t n2v
which proves the proposition. O

We show that the number of realized vertex groups can be at most a o(1) fraction of the total.

Proposition 6.5.9. Upon termination of the algorithm A, the total number of realized vertex groups

S;i’s is bounded by o(n'~7Y) with probability at least 1 — 1/n*.
Proof. The number of vertex groups that satisfy Condition 1 or Condition 2 can be at most

2. #queries  2pmin{lty.2-2v}-4

_n¥_ _n_
10000% 10000%
max{0,3y =11+ 7= min{14+,2-27} 5

200001

o (plugging in the value of t)
n

1
—20000n' "7t Vom0

<t 7N L o(nt).

This means that the total number of realized vertex groups that satisfy Condition 1 or Condition

2 and those matched to them is at most o(n!™?).

We then bound the number of realized vertex groups that do not satisfy Condition 1 or Condition
2 and are not matched to those who satisfy Condition 1 or Condition 2. Each such vertex group
must be (matched to) a revealed one that satisfies Condition 3 or Condition 4. We thus consider
the probability that a query makes an unrealized vertex group satisfy Condition 3 or Condition

4.

e Pair query: If a pair query involves a vertex in an already realized vertex group, then its
answer is already determined and it does not reveal any unrealized groups. Otherwise, if a

pair query only involves unrealized vertex groups, we show that the probability it reveals any

8t

unrealized groups is at most _55. First consider the case that the query is within a single
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unrealized group S;. For a G’ ~ D,,, the probability that this query discovers a non-edge is

at most 4.
()

meta graph H, the probability that G'[S; U S;] is consistent with previous answers is > .99.

By Proposition 6.5.8, conditioned on S; being matched to another S; in the

Therefore, this query discovers a non-edge with probability < 2t

(%)

Then consider the case that the query is between two unrealized groups S;, S;. If S; is not
matched to S; in the meta graph H, then the pair query does not discover an edge, since there
is no edge between S;, Sj. Otherwise, for a G’ ~ D,,, conditioned on S; being matched to Sj;,
the pair query discovers an edge with probability n% By Proposition 6.5.8, the probability

that G'[S; U S;] is consistent with previous answers with probability > .99. Therefore, this

4t
n2v "

query discovers an edge with probability <

e Neighbor query: Consider a neighbor query on a vertex u in an unrealized vertex group

S;. For a G' ~ D,,, the query finds an edge going out of S; with probability By

i
(")
Proposition 6.5.8, conditioned on S; being matched to another S; in the meta graph H,
the probability that G'[S; U S;] is consistent with previous answers with probability > .99.
2’15Y )
(")

Combining the above, a query makes an unrealized vertex group satisfy Condition 3 or Condition

Therefore, this query discovers an outgoing edge with probability <

4 with probability at most n%. Also, by doing so, a query can increase the number of realized vertex
groups by at most 4. As a result, the expected increase in the number of realized groups that do

not satisfy Condition 1 or Condition 2 over all queries made by A is at most

8t 39 min{1+v,2—2v}—4 | t
4 - #queries - —— = n

n2vy n2vy
3o pmin{1+y,2-2y} 6, max{0.3y—1}+
= 5 (plugging in the value of t)
n
B R vl
<ntmr0M) ¢ o(n'™)
Then the proposition follows by an application of Chernoff bounds. O

Suppose we are now at the end of the algorithm A. Let D,, be D conditioned on all edge slots
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incident on realized vertex groups, as defined above. Similarly, G’ ~ D,, is not necessarily consistent
with the answers we gave to A’s queries that involve unrealized vertex groups, albeit these answers
are deterministic by Proposition 6.5.7. Also, let a denote the answers we gave to all queries made

by A, and let D;, q denote the conditional distribution of D,, on a.

Lemma 6.5.10. Let (S, S) be any fized cut with |S| € [n/3,2n/3]. With probability at least 1—1/n,

_ 1
the size of the cut (S,S) in G” ~ Dy, q is at least e Viegn /107,

Proof. Suppose after A terminates, the number of realized vertex groups is bounded by o(n'~7),
which by Proposition 6.5.9 happens with high probability. Suppose we generate a G’ ~ D,, using
the process in Figure 6.2. Consider an S; that is among the first unmatched n'~7/13 unrealized
vertex groups that we iterate over at Step 4a in Figure 6.2. We claim that, with probability at least
.1 over the choice of S; matched to S; and the edges we add between S;, S;, t/100 of the latter edges
are across the cut (S, S).

To prove the claim, note that the number of choices of S; to be matched to S; is at least 5n'=7/6.
Let U denote the vertices in these S;’s, and thus we have |U| > 5n/6. Define T' := SN U and
T' := SNU, which satisfy |T| + |T| = |U| and |T| € [|U|/6,5|U|/6]. Then the expected number of

edge slots between S;, S; that are across the cut (S, S) is given by

1 _ _
e > 18N 8[18; N S| +18: N S8]18; N S|
J
1 _
=77 (1S;nS|-|T') +|S;n S| - |T)) (moving the summation inside)
1 |U| a '
> Bl (sins 4 1sin8) (s |71 > [U1/6)
1 5n/6
> B by 01 50/
>.13n7.

Then the expected number of edges that we add between S;,S; that fall in these slots is at least

2t
13 S = .26t
n
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Since the number of edges between S;, S; is 2t, by Markov’s inequality, the number such edges across

the cut (9,5) is at least /100 with probability > .1, as desired.

Thus, for a G’ € D,,, in expectation, at least n1_7/130 of the S;’s satisfy that between S; and the
matched S;, t/100 edges are across the cut (S, S). By a Chernoff bound, with probability at least
1—e ' 77/500 the number of such S;s is at least n'=7/1300, in which case the cut size of (S, 5) in

G’ is at least

1

1—
t n 7 :130000_1n1_7nmax{0,37—1}+m

100 1300

1
>10" 2" Ve

On the other hand, by Proposition 6.5.8, G’ is consistent with all answers a that we gave to A with

probability at least

‘998n1_"//2 > 67.0015n1_“*'

_ 1
As a result, the cut (S,5) in G” ~ Dy, 4 has size at least 10~ 70> Vieen with probability at least

1-— 670'000571177, which suffices for proving the lemma. O

We now conclude this section by proving Theorem 6.5.3.

Proof of Theorem 6.5.3. Let A be a deterministic algorithm that makes n™"{1+7:2=27}=0 qyeries for
some constant d > 0. Suppose for the sake of contradiction, on an input graph G ~ D, A outputs
with probability ©(1) a polylog(n)-approximate hierarchical clustering tree. First, we turn this tree
into a full binary tree such that the bi-partition of each internal node is [1/3,2/3]-balanced, while
increasing the cost by at most an O(1) factor. We then consider the bi-partition of the root, which
is a cut (S, S) with |S| € [n/3,2n/3]. By Lemma 6.5.10, conditioned on the answers A got, this cut
has size at least n2v+ﬁ /107 with high probability. However, by Proposition 6.5.5, the cost of
the optimal hierarchical clustering tree of G is at most O(n'*27). This means that A only obtains

an n°M-approximation with high probability, a contradiction. O
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6.6. Experimental Results

We now present our experimental results. The goal of our experiments is to test our data/graph
sparsification framework (Algorithm 6.4.3) which forms the basis of all our algorithms under the
different models of computation. We ask the following question: if we run an HC algorithm on the
sparsified graph produced by Algorithm 6.4.3, then what will be the loss in the quality of solution
compared to the same HC algorithm run on the original graph? We would also like to understand

the tradeoff between the sparsification rate and the solution quality of certain HC algorithms.

We test our data sparsification algorithm on two large real-world datasets Boston and News-
group, which are both part of the standard Scikit-learn library and were used in previous HC
papers [CKM17, RP17]. We calculate the similarity between two data points using the Gaussian
kernel as in [RP17, MS21] and only insert an edge if its weight (i.e. similarity between its two

endpoints) is bigger than 1010,

Since we are not aware of any existing implementation of the recursive sparsest cut algorithm,
we choose to test two linkage algorithms, namely average linkage and complete linkage, which, as
shown in [MS21]|, are among the best-performed algorithms on the two datasets we consider. We
run these two algorithms both on the entire graph and on the sparsified graphs obtained by our
Algorithm 6.4.3, and compare the cost of the HC we get in each case, where the cost is measured
using Dasgupta’s objective function (Eq. (1.2)). When running our Algorithm 6.4.3, we also try
different sampling rates to obtain subgraphs of various edge densities. Note that, we always measure

the cost of an HC in the original graph as opposed to in the subsampled graph.

We present our experimental results in the tables below. Here we write absolute HC cost to denote
the cost of the HC obtained by running the corresponding algorithm on the entire graph, and write
relative HC cost to denote the cost of the HC obtained by running the algorithm on the subsampled

graph divided by the absolute HC cost.

For the Boston dataset, one can see that even when we only sample <5% of the edges, we already
get a very good relative HC cost of 1.15; for the Newsgroup dataset, sampling only <0.5% of the

edges already gives us a low relative HC cost of 1.188 for average linkage and 1.05 for complete
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Table 6.1: Performance of average linkage on Boston dataset (506 vertices, 95566 edges), with
absolute HC cost 186085.271.

Number (Percentage) of Sampled Edges Relative HC Cost

4040 (4.23%) 1.146
5861 (6.13%) 1.068
7010 (7.34%) 1.043
9018 (9.44%) 1.016
9756 (10.21%) 1.012
11941 (12.50%) 1.000

Table 6.2: Performance of complete linkage on Boston dataset (506 vertices, 95566 edges), with
absolute HC cost 226485.146.

Number (Percentage) of Sampled Edges Relative HC Cost

4032 (4.22%) 1.158
5885 (6.16%) 1.135
7002 (7.33%) 1.113
9033 (9.45%) 1.066
9773 (10.23%) 1.037
11900 (12.45%) 1.006

linkage. As the number of sampled edges grow, the relative HC cost becomes smaller and gets
closer to 1.

Table 6.3: Performance of average linkage on Newsgroup dataset (3516 vertices, 6178853 edges),
with absolute HC cost 3960145237.881.

Number (Percentage) of Sampled Edges Relative HC Cost

28495 (0.46%) 1.188
55116 (0.89%) 1.169
103804 (1.68%) 1.143
203095 (3.29%) 1.118
358440 (5.80%) 1.111
1029648 (16.66%) 1.068
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Table 6.4: Performance of complete linkage on Newsgroup dataset (3516 vertices, 6178853 edges),
with absolute HC cost 3960674776.482.

Number (Percentage) of Sampled Edges Relative HC Cost

28476 (0.46%) 1.050
55042 (0.89%) 1.010
103756 (1.68%) 1.001
203323 (3.29%) 1.000
358446 (5.80%) 1.000
1029274 (16.66%) 1.000
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APPENDIX A

MISSING PROOFS IN CHAPTER 3

A.1. Proof of Proposition 2.2.4

Proposition A.1.1. Given query access to the adjacency matriz, the algorithm in Proposition 2.2.3

can be implemented in O(n - Q(t,1/v)logn) space and poly(n,Q(t,1/v)) time.

Proof Sketch. We now briefly describe how the algorithm in Proposition 2.2.3 can be implemented
in a space-efficient manner, given query access to the adjacency matrix of the underlying graph G.
Roughly speaking, the algorithm works as follows. Initially, it starts with an arbitrary equitable
t-partition. As long as more than « fraction of the Cj, C; pairs are not vy-regular, for each such
irregular pair Cj, Cj, a witnessing pair X C C;, Y C Cj is identified such that X,Y violate the
regularity property. Then the algorithm does a refinement of the partition such that simultaneously
for all irregular pairs C;, C; with witnessing pair X, Y, vertices in X vs. C; \ X and those in Y vs.
C; \'Y are separated. A potential function argument then shows that there cannot be more than

poly(t,1/v) refinements before we obtain a y-regular partition.

Note here that the refinement of the partition is easy to implement in O(nk logn) space and poly(n)
time, with k being the number of classes, as it only requires storing a description of the vertex parti-
tion. It then remains to analyze the process of finding a witness X,Y for each irregular pair C;, Cj.
This is done in [Alo02] by an approximation algorithm, where the main step requires computing
the number of common neighbors for each vertex pair u,v € V, by squaring the adjacency matrix
via fast matrix multiplication. However, this can be easily done in O(nlogn) space and poly(n)

time given query access to the adjacency matrix. Thus the entire algorithm can be implemented in

O(n - Q(t,1/v)logn) space and poly(n, Q(t,1/7v)) time. O
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APPENDIX B

MISSING PROOFS IN CHAPTER 4

B.1. A hard instance for decomposing matrix-weighted graphs into large subgraphs without

small nonzero eigenvalues

The proof of the following proposition appears in Appendix B.3 (in “Proof of Proposition 4.5.11").

Proposition B.1.1. For a vector z € R™ we have

o' Lx = Z(xu — )T Pundl, (20 — ).

u~v

By the above proposition, we have:

Proposition B.1.2. For any nk-dimensional vector x such that x, = x, € R* for any u,v € V,

we have T Lz = 0. As a result, the null space of L has dimension at least k.

First consider the following n-vertex 2 x 2 matrix-weighted graph, call it R, whose vertices can be
embedded into points that are uniformly distributed along a unit 2D-circle. Specifically, for each

vertex u € {1..n}, assign to it a coordinate

def 2ur . 2um
cy = (cos —,sm—)T.
n n

Then for every u # v, connect them by an edge weighted by (the outer product of) the segment

connecting ¢y, ¢,. That is, add an edge (u,v) with weight (¢, —¢,)(cy —¢,)”. Then one can see that

the Laplacian matrix (and thus also the normalized Laplacian matrix) of graph R has three zero

eigenvalues — apart from the two trivial zero eigenvectors mentioned in Proposition B.1.2, one can

also construct another zero eigenvector x where x,, equals ¢, rotated by 90 degrees counter-clockwise
2um 2um

around the origin, namely z, = (—sin =:%, cos T)T. Then we have for any u # v that x, — x, is

orthogonal to ¢, and hence

xTLRa: = Z (Ty — :cv)T(ﬁuqugv(xu —x,) = 0.
{u,v}
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Now consider creating a noisy version of the graph R, call it R, as follows. Between every pair of
vertices u, v, we add a small stochastic noise on the weight of the edge connecting them. Specifically,
let ¢uy’s be drawn independently from the 2-dimensional Gaussian N (0,eI), for some sufficiently

small € (say o(1/poly(n))). Then we let the edge weight of (u,v) be

(¢uv + quv)(d)uv + Q;uv)T-

2 QUJ)T

Now for the vector x with z,, = (—sin =%, cos <% )" we have

E‘guv [xTLRx] = Z E~uv [(xu - 3311)T(¢uv + &uv)(@w + &uv)T(xu — xv)}
{u7v}
= Z E*uv |:(£Uu - .CCU)T(;SUU(Z)Z;U(xU — xv)] = 6(877,2).
{u7v}

Also note that ||z||* = n, and z is orthogonal to the two trivial zero eigenvectors of Ly as Y ouTu=0.
Therefore Lg’s smallest nonzero eigenvalue is at most o(1/poly(n)). One can verify that in R the
degree of each vertex u has a constant ratio between its largest and smallest eigenvalues, and as a
result the normalized Laplacian Ng also has a nonzero eigenvalue bounded by o(1/poly(n)). One
can similarly show the same property for every large enough subgraph of R (say, e.g., with Q(n?)

edges).
B.2. Missing proofs from Section 4.2

Proof of proposition 4.2.2. By Proposition 4.2.1, with probability 1 — 1/n, the effective resistance
between 7(1) and 7(n/2+ 1) is at least 1/48. Thus whenever the crossing edge has positive weight
at least %, one can tell if the crossing edge is present or not by looking at a 1.0001-spectral sparsifier
of the graph. On the other hand, if we do add the crossing edge, it has weight > % with probability
at least 0.4, by properties of a standard Gaussian. Therefore if a linear sketch can compute a

1.0001-spectral sparsifier with probability 0.9, then it can decide if the crossing edge is present with
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probability
>(1-1/n)(0.5+0.5-0.4)0.9 > 0.6.

O

Proof of Proposition 4.2.3. For the i®" row of the sketching matrix ®, if its support is on edges
incident on vertex u, we say the " row belongs to u. Let U C V be the subset of vertices u such
that the number of rows of ® that belong to w is at most %. By Markov’s inequality we have

|U| = 0.999n. Let F = (g) be the edge slots within U. Then |F| > 0.998(}).

Let (Pw)r yes be Pw conditioned on 7 and the presence of the crossing edge; similarly let (®w)x no
be ®w conditioned on 7 and the absence of the crossing edge. Let ¢y, € RN be the column of &

corresponding to edge slot (u,v). By Theorem 2.3.10, for any 7 we have

drv (((I)w)ﬂ,yeS7 (q)w)ﬂ,no) <
T

O(1) - min ¢ 1, ¢ 1y n/241) > nY2log ™ nduudly | brymimjarn) ¢ - (B1)

non-crossing (u,v)

Note that we have slightly abused the notation t in the second term on the RHS of (B.1): in the
case that ¢r(1)r(n/24+1) is not in the range of the matrix inside the summation, the term should be

understood as infinity.

By restricting the summation on the RHS to non-crossing edges in F', we have, by Fact 2.3.6, for

any
T
¢£(1)7r(n/2+1) Z nY5log ™ ngudty | Gr(tymin/ar) <
non-crossing (u,v)
T
¢Z(1)7r(n/2+1) Z nlog ! nduwdiy | Griymnszr1). (B2)

non-crossing (u,v)€F

Now consider a sketching matrix ®” € RV *(3) that is obtained from ® by zeroing out the columns
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corresponding to edge slots not in F'. Then we have by (B.2) that for any 7 such that (7 (1), w(n/2+

1)) € F (thus the column of ®” corresponding to the crossing edge is not zeroed out)

dTV ((q)w)w,ye& (q)w)w,n0> < dTV (((I)”w)myeSa (q)//w)w,no) .

Using the fact that Pry [(7(1), 7(n/2 + 1)) € F] = |F|/(5) = 0.998, we have

ET( [dTV (((I)Hw)ﬂ,y657 ((I)//w)w,no)] = ET( [dTV (((I)w)ﬂ,yeSa ((I)w)ﬂ,no)] - 00027

and as a result, there exists an incidence sketch using ®” that can distinguish between the Yes and No
distributions with probability 0.55. We then show that we can simulate such an incidence sketch that

uses 9" by a signed sketch with a sketching matrix & € R () such that k < O(1)-max {1, %}

Let R, C {1,..., N} denote the indices of the rows that belong to u. Then we know |R,,| < 1000N/n
for all w € U. It suffices to construct a ® from which we can recover, for each vertex u € U,

the sketch ZUGU\{U} Wyy - (Puv)r, € RIF|. Now consider sketching matrices ®, .. .,<I>’1010gn €

N n
R X(2), which are initially set to be all-zero. We then assign values to these matrices as follows.

For each i = 1,...,10logn, we generate a subset of vertices S; by including each vertex indepen-
dently in S; with probability 1/2. By Chernoff bound, we know that with high probability, we have
that for every vertex u and every incident edge (u,v), u € S;,v € V — S; holds for at least one 1.
Let i,, be the smallest ¢ such that u € S;,v € V — S;. Then for each vertex u and each incident

edge (u,v) € F, we let the column of ®;  corresponding to (u,v) be

(Guv)r,  wis (u,v)’s head
G () = :

—(Puww)r, wis (u,v)’s tail,

where we augment (¢yy)g, by 0’s if |R,| < %. Then for each vertex u € S;, we have

(®BY) (vu) = D Wuw - (buv)Ras

VEU 1iyv=1
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and therefore

10logn
Z ((I);Bw) (:7u) = Z Wy - (Qbuv)Ru-
i=1 veU\{u}

This implies that we can construct a desired ® by stacking up the ®/’s:

P}
P = : eR

lOOOOg logn % (721) .

/
cI)lOlogn

O

n

Proof of Proposition 4.2.4. Consider fixing a sketching matrix ® € R¥*(3) and a permutation
m : {l.n} — {l.n}. We are interested in the total variation distance between (®B™); yes and
(®B™)zno- Let us also fix a vertex u € {1..n} and consider the u-th column (®B%)(:,u) € R¥ of

the sketch obtained. We have (recall that ¢, is the e-th column of ®)

(®BY)(:,u) = Y BY,de. (B.3)

If e is not present in the graph, or if e is not incident on w, then the entry BY, is zero. Other-
wise (e present and incident on u), we know that B, follows a univariate Gaussian distribution

N (tte,us aiu), where for non-crossing e

8n2/5 u 1s e’s head
feu = and o, =n* log ' n (B.4)

e,u

—8n2/5 4 is e’s tail

and for the crossing edge e

feq =0 and o2, =1. (B.5)
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Therefore, B, ¢. follows a k-dimensional Gaussian distribution:

Bélfiﬁi)e ~ N(Ne,u¢ea Ug,u¢e¢g)- (B-6)

Also notice that the distributions of BY,’s are independent for different edges. Thus by Fact 2.3.9

((I)Bw)(57 u) ~N <Z Ne,u¢ea Z Uz,u¢e¢z> (B.7)

e~U e~U

As a result, the sketch ®BY can be seen as an nk-dimensional Gaussian.

We next consider the correlations between different columns of ®B". For two vertices u, v, if there
is no edge between them, then the distributions of (®?B™)(:,u) and (®B")(:,v) are independent,
so the correlation between them is zero. Otherwise (if the edge e = (u,v) is present), the only

correlation between (®BY)(:,u) and (PB™)(:,v) is the one between BY ¢. and BY

W De W e, who are

negations of each other. Therefore the correlation between (®B™)(:,u) and (PB™)(:,v) is just the

negative covariance of B ¢e:
E[ ((@B")(,u) ~E[(®B")(w)]) (2BY)(,0) ~ E[(@B")(, 0))T | = ~o? 0], (BS)

We are now ready to write down the covariance matrix of the sketch ®B"Y. First consider the
covariance matrix of (®B")z no, call it Xgppwy, ., € R7exnk - We can write Y(@Bw) 0, AS AN N X N
block matrix (with block size k x k) by
4/51,5—1 T _
Znon—crossing e~u T / log n¢e¢e u="v

(E(chw),r,no)m =3 —n*"log ! ngeodl u # v and e = (u,v) is non-crossing

0 otherwise.

One can also verify that Ygpuw), ., = Znon_crossing(u’v) n*/%log™! nbuwbl,, where by,’s are defined

n (4.1). That is ¥(gpw), ,, is exactly the matrix L.

no

If the crossing edge is present, using the fact that its weight follows a standard Gaussian distribution,
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the covariance matrix can be written as

T
E((?Bw)ﬂ',yes = E(q)Bw)ﬂ,no + bﬂ'(l)ﬂ(n/Q—‘rl)bﬂ—(l)w(n/2+1) (Bg)

Notice that, since the crossing edge’s weight has zero mean, (@Bw)myeS and (®B")rno have the
same mean. Therefore, we can invoke Theorem 2.3.10 and obtain an upper bound (up to a constant

factor) on the total variation distance between the two distributions as

as desired. [

Proof of Claim 4.2.8. Let n' = |U| = duyin = % be the number of vertices in I. Notice that by
conditioning on an f € I being the crossing edge, we have 7(1),m(n/2+1) € U both. Let U; denote

the vertices in U that are in the i*® block of the cycle. We have with high probability over 7 that

each |U;| € [Q:ﬁ, 547}/5]- By Lemma 4.2.7, with probability at least 1 —1/n* over 7, each I[U; UU; 1]

|Eg]
16n9/5 "

is a ﬁ—expander with minimum degree > Now consider constructing a graph I supported

on U by, for each 0 < ¢ < ¢, adding a clique of weight % on U; UU;4+1 (whose vertex degrees are

all @(M)). One can show that in the graph I, the effective resistance between (1), w(n/2 + 1)

no/5

|Es|
n

2
O(n*/?). (ﬁ;—:j) . Then by the expander property, the effective resistance between 7(1), 7(n/2+1)

is maximized when we set n’ to be its minimum O(—=%), in which case the effective resistance is

n9/5

2
in H, is at most ©(n*5TeM) . (22)" Finally, since H. is n*®log~! nH,, we have that the
|Eg|

n9/5

2
effective resistance between 7(1), w(n/2 + 1) in H is at most ©(n°M) . (m) , which is bounded

by uy. O
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Proof of Proposition 4.2.18. Suppose w.l.o.g. A1,...,\p are all eigenvalues between (0, (]. Then

) T
=1

(u,v)EE
¢ f
> Ir ((Z AififiT> DT/QbuvaUDW)
(u,v)EE i=1

=Tr

¢ T
=Tr (Z)\zflfzt> ( Z DT/2buvbgvDT/2)>
=1 (u,v)eE
Y, T
> Nififf NG)

=1

1=

L)
v (Eras) (Ers)
()

gx fift | (ZA fsz>) =

=Tr

as desired.

B.3. Missing proofs from Section 4.5

Proof of Proposition 4.5.11. The claim follows by

oL =27 (Z buvbgv> x

u~v

= Z (x, buv)2

u~v

=3 (@0 buo) — (@0, dun))?

u~v

= Z — Ly, Qbuv

u~v
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Proof of Proposition 4.5.15. The claim follows by

eI Nz =27 (Z(DT/zbw)(DT/wa)T> x

u~v

- Z <337 DT/sz>2

u~v

=3 (2w D0 ) — (0. DY?00))

u~v

O

Proof of Proposition 4.5.16. The lower bound of 0 follows from that /N is positive semi-definite. We

_ zTNg

then prove the upper bound by showing that for any = € R™*, its Rayleigh quotient R(z) = g

is at most 2. It is then equivalent to show that 27 Nz < 2 ||z||*:

2T N :Z <<$U,D1T/2¢uv> - <xU,Dj,/2<Z5uv>>2

u~v

< (2 (22 DYf6u) +2 (0. Dl%uvf)

u~v

=233 (2. i)

u  v~Nu

=2 Z Z $ZDL/2¢UU¢SUDL/2‘TU

u v~y

=2 " al Di/? (Z %cﬁ,) D}/?,

v~U

=2> 2! DY/*D,D}/*z,

u
<2 wpra=2) |z’ =2 ]|
u u

Here the last inequality follows from that D:f/ 2DUDL/ 211 D, = 1. O
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B.4. Missing proofs from Section 4.8

Proof of Lemma 4.8.4. Define Y = DY2X . Then

_det (XTLX) det (YTDV2LD'?Y) (B.11)
New det (XTDX) ~ pityexr  det (YTY) '

Let the eigenvalues of YTY be vq,..., v and let g1,. .., g, € RY be a corresponding set of orthonor-
mal eigenvectors. We also know that Y'Y has eigenvalues v1, ..., 14,0,...,0. Let hy, ..., hni € R™
be a corresponding set of orthonormal eigenvectors of YY7. Then

det(YTY) = ¢ s
and

det (YTDT/QLDT/2Y> — det, (L1/2DT/2YYTDT/2L1/2)
¢
= det (LWDT/2 <Z yihihiT> DT/QLl/Q)
i=1

= det, (L1/2D*/2HVHTDT/2L1/2)

—det (V21T D2 LDV !2)

_ (Hleui) det (HTDT/QLDWH) ,
where we define H = (hl he> € R and V = diag(vy,...,v) € R The claim in

the lemma then follows by noting that det (H Tpt2ppt/2H ) is minimized (over all H’s with or-
thonormal columns in the range of N) when H’s columns are bottom nonzero eigenvectors of

N = D/2LD1/2 a result of Cauchy interlacing. Therefore (B.11) equals dety(N). O

Proof of Lemma 4.8.8. Consider the following process for transitioning G to G°, where we use t to

denote the current scaling, which is all one in the beginning.
1. Initially, let o < 1 for all e € F.

2. While t # s:
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(a) Let F' < {e:te > s.}, and let ) <— mineecp te/se.
(b) For each e € F, let t, < t./n.

Note that this process terminates in finite time as in each loop we make t. = s, for at least one

extra e.
Claim B.4.1. At the beginning of every while loop, we have for any e such that s < te

2k
i

Rt(e) <

Proof. We prove this by induction. In the beginning of the process, by ~-regularity, we have
Ri(e) < % for all e € E. Then for the induction step, note that in each while loop, we downscale
the weights of all edges with s, < t. by a same amount. From the point view of leverage scores, this
is equivalent to increasing the weights of all other edges by a same multiple. As a result, the leverage
2vk
n

scores of all edges with s, < t. can only decrease (by Fact 2.3.6), and thus we have R!(e) < for

these edges throughout. O
Claim B.4.2. Consider fizing an iteration of the while loop and letting t and t' be the scaling before

and after the execution of Line 2b respectively. Then we have

, 9 2|F|logn
det (DY) > (1 - 7’“) det_ (D).

n

Proof. For an x € [1,Inn)|, define ¢t* : E — [0, 1] by

e -t, ecl
i

e

te 0.W.
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Then we have #' = 7. Consider differentiating In det (D" ):

dlIn det+(th) @ Tthz
ittt S S D -
dx ' ( ) dx

—— 21 (D) (p)")

——2Tx ((W)* (z (etis (etics) " + elic, (ez:f)))
ecF
2~k

n

==Y 2R"(e) > —2|F|-
eeF

Therefore

4~k

/ 7 dn dety (D"
Indety (D") — Indet, (D") = / Ludx > —|F|- o Inn.

0 dx

Thus we have

det (D) S 2Ry 5 (1 20K 2{F|1nn 2k 2 Flogn
Z € n > > _
det+(Dt)

as desired. O
The lemma is then a direct consequence of the above claim. O

Proof of Lemma 4.8.9. Let s’ be the scaling obtained at the end of the ¢! iteration of the outermost
while loop. Let ¢; be the total number of iterations executed so far by the first inner while loop (at

Lines 15-16). Then by matrix determinant lemma

det+(DS/) < <1 B 3 - k>2t1 <1 N 371 - k_>2(t+t1)

det+(DSO) 8n 2n
A e 20+t0)
<<1_6'Yl ) <1+3’Yl )
n 2n

. 2t1 . 2t
<<1—4”1 k) <1+3'Y1 k)
n 2n
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On the other hand, by Lemma 4.8.8,

det+(Ds’) - ( 'Ylk>2(t+t1)
det, (D") = '

These two together imply that ¢; < 2t. O

B.5. Missing proofs from Section 4.9

Proof of Proposition 4.9.22. Multiplying the RHS out gives

Lpr LFFL}FLFO (B.12)

LorLy oL LopLlhpLepLl Lec + Loc — LorpLh p Lo

Then it suffices to show that LCFL}FL rr = Lop, which will imply that (B.12) is equal to L.
Notice that Lop contains the edges between C and F. Moreover, we have Lpp = Lap) +
Z(u,v)eEm(FxC)(eu%v)F(eu%v):}C’v and thus all rows of Lop are in the range of Lpp, which gives

that LopLYpLrr = Lor. O

Proof of Claim 4.9.31. It suffices to prove that DZ;/QLGQDTG/2 = 2Dg2Lng/2. Notice that
DI’LeDY? = 1 - DY?AgDI!?
and
DY*LeaDYf* = 1 - DY*AcDlAGDY* = 1~ (DY QAGDTG/Q)Q .

Let A1,..., An be the eigenvalues of DZ;/2LgDTG/2, and let f1,..., fn be a set of orthonormal eigen-

vectors. Then we have

DL/QLGDZ{Q = Z Nififd
=1

DY LD =5 (1 (1 =22 fifl =S @ - anfiff.

i=1 i=1
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Since \; € [0,2], we have our desired result.

Proof of Proposition 4.9.32. Notice that by definition

> SCu(L VA (u)) =3 (Lo — Lo u) Ly Lt u)”)

ueV ueV

=nLg — LD Le
=n(D — A) — (D — A)D'(D — A)
=nD —nA— (D —2A+ AD'A)

=(n—2)(D—A)+D—AD'A = (n—2)Lg + L¢=
as desired.

Proof of Claim 4.9.33. 1t suffices to prove that

]Evi+1 [(4'56) | VZ] = LH[V*VJ'

Let us calculate the LHS term by term.

_y\ T
Eo, ., [LH[V—%](:an+1) (Dﬂ‘f VJ) Ly —vy(vig1)" | Vz]
1

T
T iLH[V—Vi]DH[V—vi]LH[V—Vi]

1
Tt—i (D av-vi) = 2Amv-vy + An [V—VADJTLI[V%]AH[V—VZJ)

2 t—2 2
Ev, s [<1 + t_2_2> Luy v | Vi] =——; Lowv-vi+ i Luv-vi = Luy-v)
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1

Eviis [t — (Lrv-vije = 2Lav-vy) | Vz}
1

= (Luy-vpe = 2Lu-vy)

.I.

o~

One can verify that these three add up to Lyy_v;)-
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APPENDIX C

MISSING PROOFS IN CHAPTER 5

C.1. PRAM Primitives.

C.1.1. Eulerian Tours and Subtree Sum

Consider a tree T', and for each undirected edge (u,v) create two anti-parallel arcs (u,v) and (v, u);
call this new graph T”. Then, T" admits an Eulerian tour, which can also be viewed as DFS traversal
of T'. This Eulerian tour can be used to compute a number of properties of T efficiently in parallel,
and in this section we describe several of use to us. Most of these results are folklore and can be

found in several textbooks on parallel algorithms, such as [Akl197].

Theorem C.1.1 (Eulerian Tour [Akl97|). There is a O(1) depth, O(n) total work PRAM algorithm
which outputs an ordered list of nodes corresponding to an Fulerian tour of a tree T with n nodes

starting at a root r.

Eulerian tours are usually computed via a linked list representation, where each directed arc points
to the next element in the tour. This can also be converted to a random access ordered array, which

is useful in several results below.
It is also known that one can compute all prefix sums of an array in O(logn) depth.

Theorem C.1.2 (Prefix Sums [Akl97]). Given a list of values ay, ..., a,, there is an O(logn) depth,

O(n) work PRAM algorithm which outputs a new list by, ..., by, such that by =, a;
Using prefix sums and Eulerian tours, we can compute several useful properties of nodes in a tree.

Theorem C.1.3 (|Akl97]). Let T be a tree rooted at r. Then, there is a PRAM algorithm which in

O(logn) depth and O(n) total work computes
1. The first and last time each node is visited by an Fulerian tour starting at r
2. The parent of each node
3. The depth of each node

whenever there are at least Q2(n) processors.
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Proof. Note that the length of the Eulerian tour array is always O(n), as each original edge is
traversed exactly twice and all trees over n nodes have n — 1 edges. To find the first time each node
is visited by a tour starting at r, assign one processor to each pair of consecutive elements in the
list. Let w,v be these elements, appearing at indices ¢ — 1,7. The processor assigned to the pair
then sets b[(u,v)] = i, where b is a new lookup table for the ordering of edges. To determine the
first time a node w is visited by the tour, it suffices to compute min, b[(v, )], and similarly the last
time can be determined by max, b[(u,v)]. These minimums and maximums can then be computed
in depth O(logn) [Akl97|. The parent of any node first visited at position i in the list is the ¢ — 1

element in the Eulerian tour list.

For the depth each node, we say (u,v) is a “forward” arc if u is the parent of v, and a “reverse”
edge if v is the parent of u. In the ordered list of arcs traversed by the Eulerian tour, assign each
forward arc a value of +1 and each reverse arc a value of —1. Then, run prefix sum. Any cycle in
the tour must have zero sum, since it must use both copies of each undirected edge it visits, and
so the prefix sum whenever the tour vists v is the depth of v. Using the previously computed first

time each node is visited, we may in parallel output the depth of every node. O

One of the most useful results of this this section is that we can compute sumtree sums.

Theorem C.1.4 (Subtree Sum). Let T be a tree where each node v is associated with a weight wy,.
Then, there is a PRAM algorithm with O(logn) depth and O(n) total work that computes, for every

node u, the sum of the w, in the subtree rooted at u.

Proof. As in the proof of Theorem C.1.3, classify each arc in the Eulerian tour of T as either forward
or reverse. Set the weight of each reverse arc to be 0, and the weight of each forward arc (u,v) to
wy. Then, run prefix sum on the Eulerian tour list of arcs. At the last occurrence of u, all arcs in
the subtree of u must have already been traversed (since the Eulerian tour uses each arc exactly
once, and does not visit u again), so the prefix sums includes the sum of all weights in this subtree.
Moreover, between the first and last visit to u, the tour cannot leave the subtree of w; if it did, then
one of the arcs between u and its parent must have been used at least twice. So, the sum of the

subtree is exactly w,, + plu(~D] — p[uV)], where p is the array of prefix sums and u(=1, u(!) are the
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indices of the last and first occurrences of u in the tour, respectively. The prefix sum along with
first and last occurrences of each node can be computed in O(logn) depth and O(n) work, and the

final sum requires only O(1) depth and O(n) work. O

For example, subtree sums can be used to find the LCA of two nodes in a tree

Theorem C.1.5. Let T be a tree rooted at r. Then, for any u,v € T, there is an O(logn) depth,

O(n) work PRAM algorithm to find the least-common ancestor of u and v.

Proof. The algorithm first sets weights of 0 on all nodes besides u and v, and sets weight 1 on v and
v before computing subtree sums. Using the algorithm of Theorem C.1.3, also compute the depth
of each node. Then, output the lowest-depth (i.e. furthest from the root) node who has subtree sum
2.

Computing the subtree sum and depth of each node can be done in O(logn) work and O(n) work.
Identifying all nodes with sum 2 can be done in O(1) depth and O(n) work, and taking the max
depth of these can be done in O(logn) depth and O(n) work, so the entire algorithm has the desired
runtime.

For correctness, the algorithm computes the lowest-depth node whose subtree contains both u and

v, which is exactly the LCA of u and v. O

C.1.2. Tree Separators

A tree separator node of a tree is a node whose removal results is a forest with components of at

most half the size of the original tree.

Definition C.1.6 (Tree Separator Node, Definition 5.2.7). A node ¢ in a tree T is called a tree

separator node of T' if the forest induced by T'\ {q} consists of trees with at most |T'|/2 nodes.
A very useful folklore results shows that every tree contains at least one tree separator node.

Lemma C.1.7 (folklore). For all trees T, there exists a node q € T' such that q is a tree separator

node of T.

Proof. Suppose for contradiction 7' does not contain a tree separator node. Define M, for each

node u € T to be the size of the largest component of 7'\ {u}, and let v’ = argmin, . M,. By
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assumption, M, > |T'|/2, and let C’ be the component of T'\ {u'} with size M,,. Since T is a tree,
there is a unique neighbor of v/ in C'; call this node v. |C'| > |T|/2, so |T'\ C’'| < |C'| + 1 and
|T\ (C"U{u'})| < |C']. Thus, C’"\ {v} must be the largest component in T'\ {v}, as the sum of all
other components can be at most |C’| — 1. But then we have M, < M,, contradicting that M, is

minimal. O

We now give an algorithm to find a tree separator node with logarithmic depth and linear work,

and uses the subtree sum algorithm of Theorem C.1.4.

Lemma C.1.8. There is a O(logk) depth, O(k) work PRAM algorithm to find a tree separator

node of any tree with k nodes.

Proof. Let T be a tree with k£ nodes, and arbitrarily root T'. The algorithm first assigns every node
weight 1, and uses the algorithm of Theorem C.1.4 to compute subtree sums. Let s, be the value
of this subtree sum at node u. Then, in parallel, for each u € T', check if s, < k/2 for all v children

of u, and check that k — s, < k/2. Output any such u as a tree separator node.

Removing any tree separator node, by definition, results in a forest with components of size at most
k/2, which is the exact condition the algorithm checks. A tree separator node exists for all trees
(Lemma C.1.7), so the algorithm always outputs a tree separator node. The depth of the algorithm
comes from the fact that the subtree sums and examining all nodes can be done in O(log k) depth.
For work, note that the value of every node u needs to be checked twice: once when determining if
k — s, < k/2, and once when its (unique) parent checks if s, < k/2. So, combined with the O(k)

work for subtree sums, the total work is O(k). O

C.2. Parallel Implementation of the Cut-Matching Game of [RST14]

In this section, we discuss the implementation of partition-A1l in Section 5.3.1, which in turn is
built on top of the cut-matching game in [RST14|. In the remainder of this section, note that we
always operate over the subdivision graph as defined in Definition 2.5.6, i.e., we have V' =V U Xp
where Xg is the set of split vertices of the edges in E, E' = Ue:(u,v)eE{(u7x€)7 (ze,v)}, and

c/(uz ) = c’(UI ) = Ce for every edge e € E. Moreover, for ease of exposition, whenever we refer
e e
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to a set of edges Y, we in fact refer to the subdivision vertices Xy corresponding to set Y. It
is straightforward to see that constructing the subdivision graph only takes O(m) work and O(1)

depth.

All the algorithms that are presented in this section are identical to that of [RST14]; we merely
discuss them for the sake of completeness and showing that they admit a O(m polylogn) work
and O(polylogn) depth PRAM implementation. This entire process requires a blackbox access to
only two subroutines: a (1 — ¢)-approximate max-flow algorithm F. that also returns the (1 + ¢)-
approximate minimum cut, and a (1—0)-approximate flow-path decomposition algorithm Ds (whose
implementation is given in Section 5.5). We shall henceforth refer to the work and depth of these
algorithms A € {F.,Ds} on an m-edge graph as T'(A,m), and D(A, m). To build intuition, we
begin by discussing the implementation specifics for the uncapacitated case in Section C.2.1 through

Section C.2.4, and extend our result to the general capacitated case in Section C.2.5.

Using a cut-matching game to find well-linked edges. Before discussing [RST14|, we shall
find it useful to first understand the cut-matching game framework of [KRV06]. It is a technical
tool connecting the problem of approximating sparsest cuts or alternatively, certifying expansion to
max flows, and is vital in the aforementioned result of [RST14]. Conceptually, it is an alternating
game between a cut-player and a matching-player, where the former produces a bisection of the
vertices, and the latter responds by producing a perfect matching across this bisection that does
not necessarily belong to the underlying graph, but can be embedded in it3'. The game ends
when either the cut player produces a bisection for which the matching player cannot find a perfect
matching that can be embedded in it (i.e. a sparse cut has been found), or the union of the perfect
matchings produced thus far form an expander (i.e. an expander can be embedded in the underlying
graph, certifying its expansion). The objective of the cut player is to terminate this game as quickly
as possible, whereas the matching player seeks to delay this. In their work, [KRV06| showed that
there is a near-linear time strategy for the cut-player that guarantees that this game terminates in

O(log2 n) rounds, regardless of the matching player’s strategy, and it is easiest to understand when

31Roughly speaking, we say a matching can be embedded into the graph, if there exist flow paths connecting every
pair of matched nodes such that the net flow does not exceed the capacity of any edge.
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viewed as the following multicommodity flow problem: initially, every vertex starts off with a unit
of its own unique commodity (which we can represent as a n-dimensional one-hot encoded vector,
which we shall henceforth refer to as a flow vector held by the vertex), and the goal is to uniformly
distribute these commodities across all vertices with low congestion. In each round of the game,
every matched pair of vertices (according to the perfect matching produced by the matching player)
mix (average) their currently held commodities with each other through the matching edge. Since
the perfect matching could be embedded into the underlying graph, this operation is guaranteed
to be feasible. Now supposing in some round, every vertex ended up with a (near) uniform spread
over all unique commodities, then we are done; it implies that the union of the perfect matchings
must induce an expander, which moreover can be embedded into the underlying graph. A good cut
strategy therefore must find bisections that mix these commodities quickly, and the key to arguing
its existence is a potential function that measures the total distance of each vertex’s currently held
commodities from uniform. In particular, one can show that there always exists a bipartition that
guarantees a multiplicative (1 — (1/logn)) factor reduction in this potential, regardless of the
perfect matching produced by the matching-player, guaranteeing that the game terminates in just
O(log2 n) rounds. Moreover, this bisection can be found efficiently. While this sketches the analysis,
this procedure would be far too inefficient to implement as it would require explicitly maintaining
the vector of currently held commodities for every vertex (which would naively take O(n?) work).
Fortunately, [KRV06| showed that it suffices to consider a sketch that is a random projection of these
flow vectors in every round and still obtain the same convergence guarantees with high probability.
The matching players strategy is essentially a max-flow computation with the sources and sinks
being the two sides of the bipartition. If the max flow value is n/2, then we can obtain a perfect
matching via a flow-path decomposition. Otherwise, a perfect matching cannot be embedded into

this cut.

The above cut-matching game provides the basis of the algorithm of [RST14] for finding well linked
edges; intuitively, a set F' of edges is well-linked if we can embed an expander between the subdivision
vertices of these edges, and the cut-matching game is precisely the technical tool used to verify this.

The algorithm of [RST14| starts off with a candidate set of edges F', and the cut-matching game
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is used to either certify well-linkedness of this set F', or to produce a witness of non-expansion (a
highly congested cut), in which case F' is updated to a new set Fiey (intuitively, to the edges in
the most congested cut). However, in the event that F' is updated, the entire game would have to
restart, which would be too expensive (unless the updated set is a constant factor smaller than the
old candidate set, in which case it is okay because the number of restarts would be bounded by
O(logn)). The modified game of [RST14] circumvents this issue by reusing rounds of the old game
in the event that the candidate set F' does not change by much. This is achieved by moving flow
vectors from the old candidate set F' to the new set Fjeyw along paths of constant congestion (found
by the flow decomposition algorithm D). However, not all edges in the new set Fje may end up
receiving a flow vector from the old set F'. Following the notation of [RST14]|, we shall therefore
denote all candidate sets F' := AW R, where A refers to the set of active edges that have a flow
vector, and R refers to the remaining edges in F. The exact details of this matching player are
discussed in Section C.2.3. The cut-player is also slightly different from the one in [KRV06|, where
instead of a strict bipartition, the player produces a disjoint edge sets corresponding to the “source”
side and “sink” side satisfying certain necessary properties. The exact details of this cut player are

discussed in Section C.2.2.
C.2.1. Computing the projections of flow vectors

We first discuss how to efficiently compute the sketch, i.e. random projection of current state of the
flow vectors held by every active edge (which evolves starting with a one-hot encoded vector, mixing
and moving in every round depending on the matching player’s strategy in that round). We remind
the reader that given a candidate set of active edges A, there are |A| flow vectors, each in R™, and
the naive way to average and move flow vector would take O(|A| - m) = O(m?) work. However, we
note that in the algorithmic process, the flow vectors are only used for cut player to find the sources
and sinks, and the procedure is implemented by a projection onto a random unit vector which we

show can be simulated in nearly-linear work. We give a subroutine for such an implementation.

Lemma C.2.1. Let r be any unit vector of dimension m, and let My = MyM;_1--- My be a m xm
matric such that each M; is supported over at most m' non-zero coordinates, and let {v;}", be

m standard basis vectors that represent indicators for each of the m unique commodities. Then,
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®)

there exists a PRAM algorithm that computes p,~ = rT My v; for every i, in O(tlogn) depth and

O((m + m')t) work.

Proof. We perform the multiplication from left to right: Mgt) = ((rTMy)M;_1)M;_5 ..., where each
time we multiply a vector with a matrix of at most m’ nonzeros, which takes O(logn) depth and

O(m') work. Summing over ¢ iterations gives the desired result. O

As we will see shortly, the operations on the flow vectors in the t** round of the cut-matching game
can all be simulated by matrix multiplication of #7 M; v; as prescribed in Lemma C.2.1. Moreover,
in all applications where the above subroutine is invoked, we always have the sparsity property
m’ = O(m polylogn) for each matrix M; since they correspond to fractional matrices that mix
or move flows produced by the flow decomposition algorithm D, and ¢t = O(polylogn) due to the
convergence guarantees of the cut-matching game in [RST14]. We will refer to these matrices M;’s
as mix-or-move matrices. We remark that the idea was implemented by both [KRV06| and [RST14],

albeit it was less explicitly stated.
C.2.2. Parallel implementation of the cut player

We now describe the parallel implementation of a single iteration of the cut player that achieves
the guarantees in Lemma 3.3 in [RST14]. Recall that the cut player’s strategy given a set of active
edges A, is to find two different subsets Ag C A and Ar C A whose commodities are not well-mized.
This is done in the following way: for every edge e € A, let f, be the flow vector currently held by e.
In round ¢ of the game, this is precisely given by f. = MyM,; 1 ... Miv., where v, is the indicator
(one-hot encoded vector) of edge e’s unique commodity, and each M; represents the fractional mix-
or-move matrix representing the matching player’s strategy (i.e. mixing or moving) in round i.
Let p := (1/|A|) > .c 4 fe represent the average flow vector in that round. Given these quantities
(neither explicitly computed), and a random vector 7, for every edge e € A, let u. = (f., r), and

i = (@, 7) denote the projection of the flow vector of edge e, and the average flow vector onto the

random vector, respectively. For any B C A, the potential Pp is defined as

Pg =Y (uy—p).

feB
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Now given a set of active edges A, the cut player precisely seeks to identify a set of source edges

Ag, a set of sink edges Ar, along with a value 1 such that (rf. Lemma 3.3 in [RST14])
1. 7 separates the sets, i.e. maxecag pte <N < Milfeq, i OF MiNecAg fle = 1) = MAXfe AL [,
2. 4] < |AI/S and |Ar| > |A1/2
3. for every source edge e € Ag, |pe —n|? = (1/9)|pe — fil?,
4. ZeeAS ke — > = (1/160) Deea lte — il
Note that, unlike [KRV06], As and A7 does not need to be an exact bi-partition of A. The following

procedure describes implementation of the cut player’s strategy that meets the above requirements

in detail.
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Subroutine find-sources-and-sinks [RST14]
Input: subdivision graph G’ = (V' E’); a set of active edges A C F; a sequence of ¢ mix-or-
move matrices My, ..., M; each of dimension m x m and supported over at most O(m polylogn)

non-zero coordinates.
Output: a set of source edges Ag C A, a set of sink edges Ar C A, and a separation value 7).

Procedure:

1. Sample a unit vector r uniformly at random, and project the flow vector of each e € A to r
to get pe = (Myve, ), where My = MyM;_; ... M;. This step is executed by initializing
length-m flow vectors with v, the indicator vector of e, and then running the algorithm
from Lemma C.2.1.

2. Assuming w.l.o.g that [{e € A| pe < i}| < |{e € A| pe > pn}|, pick L = {e € A | pe < 1},
and let R=A\ L.

3. Compute Pp, and Pg. If P, > 55Pa, set Ag as the |A[/8 edges (or all edges in L if there
are fewer than |A|/8 edges in L) with the smallest p, values from L, Ar as R, and 7 as [i.

4. Otherwise:

(a) Let £ = ¥,ey le — fil, and let 7 = i + 46/|A].
(b) Let Ap be the edges whose p is at most 7.
(c) Construct new sets R’ = {e € A | pe > i+ 6¢/|A|}, and let Ag be the |A|/8 edges

with the largest p, values from R’

This subroutine is used repeatedly during the cut-matching game in the hierarchical decomposition
procedure of [RST14]. We now show this subroutine can be implemented efficiently in the PRAM
setting.

Claim C.2.2. There is a PRAM implementation of the subroutine find-source-and-sinks that,
given an arbitrary sequence of t matrices, each with support over O(m polylogn) nonzero entries,

has O(tlogn) depth and O(tm polylogn) work.
Proof. By Lemma C.2.1, computing the projections p’s takes O(logn) depth and O(m polylogn)

311



work since the support size of each mix-or-move matrix M; is O(m polylogn). The steps that
compute the average and the potential all take O(logn) depth and O(m polylogn) work. Finally,
taking a subset from A (resp. L and R) by checking the p values also takes O(logn) depth and
O(m) work. Summarizing the above steps gives the desired O(logn) depth and O(m polylogn)
work. O

C.2.3. Parallel implementation of the matching player

We now discuss the parallel implementation of the matching player. The matching player takes
as input the source edges Ag and the sink edges Ar computed by the cut player, and computes a
partial fractional matching M between the subdivision nodes X 4, and X4, in the subdivision graph
G'. The matching player uses a (1 — ¢)-approximate max-flow algorithm F. 32 to ensure that the
matching can be routed in G’ with constant congestion, and uses the (1 — §)-approximate flow-path
decomposition algorithm Dg to construct a matching from the output of the flow algorithm. At this
point, we remind the reader that the cut-matching game in [RST14| deviates from that of [KRV06.
In [RST14], the matching player chooses to perform either a matching step or a deletion step and
the choice is made by flipping a fair random coin. The matching step is similar to [KRV06] where
the flow vectors of the matched edges are mized resulting in a reduction in potential. The deletion
step deletes the flow vectors on some edges (potentially moving them to new edges) resulting in a
new set of active edges which again leads to potential reduction. The following procedure describes

the matching player’s strategy from [RST14| in detail.

32We assume that F. is such that it also outputs an approximate min-cut. Note that Sherman’s algorithm [Shel3b]
satisfies this assumption.
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Subroutine match-or-delete [RST14]

Inputs: subdivision graph G’ = (V', E’); a set of candidate edges F' C E, active edges A C F,
remaining edges R C FE; source edges Ag C A; sink edges Ar C A; set of edges B.

Output: a m X m mix-or-move matrix M with support size at most O(m polylogn); new

candidate edges Few; new active edges Apew; new remaining edges Rpew; set Brew.

Procedure:

1.

Construct a capacitated graph G%,: add a super-source s and connect s to all subdivision
vertices v € X 44 with capacity 1; add a super-sink ¢ and connect ¢ to all subdivision vertices
x € X4, with capacity %; add capacity 2 to all edges in G’ that are not incident on s or t.
Run the flow algorithm F. on G%; with ¢ = 310;371 to obtain a flow f; let C’ € E' be the set
of edges that correspond to the approximate min cut, and let C' € E be the corresponding

set of cut edges in G.

. Run the flow-decomposition algorithm Ds on f with § = m, and let G be the data-

structure encoding the flow paths (see Lemma 5.5.2). For every edge (s, ) where x € X 44
with flow f,,) = 1/2, rescale the flow such that f, ,) = 1. For every flow path p that uses
edge (s, ), rescale the flow on p by 1/ f(5 ;) to make the flow path consistent, which can be
done by propagating this rescaling top-down in G. Adjust capacities in G, to make this

new flow feasible.

. With probability %, enter the matching case:

(a) Let My be the matrix of the fractional matching between X4, X4, induced at the
top-level of G. If My is a partial matching, then make it perfect by adding self loops.
Then, the mix-or-move matrix is given by M <+ %Mo + %I where [ is the identity
matrix.

(b) return mix-or-move matrix M, candidate edges Fhew = F' = AW R, set Bpew = B

. With probability %, enter the deletion case:

(a) If ((AUR)\ A7) UC induces a balanced clustering in G, return new candidate edges
Fhew = ((AUR)\ A7) U C. In this case, |Fhew| < (7/8)|F| due to which the cut-
matching game restarts from scratch, and the remaining return values are not useful.

(b) Else set Fpew = ((AU R) \ Ag) U C: Let My be the fractional matching between
Xag,Xa, induced at the top level of G. For each matched pair (x,z') € (Xaq X Xa,)
in My, identify the first edge y in C on the flow path x ~ 2’ using the data-structure G
and construct a mix-or-move matrix M which moves the flow vector (instead of mixing
it) from = to y. If the total flow received by y from all z € Ag exceeds 1, rescale this
total flow to have value 1. Otherwise, zero out this flow, and add this edge y to set
Cp.

(c) Set Apew = (A\ Ag) U (C'\ CB)% Rpew = Frew \ Anew-

(d) return mix-or-move matrix M, Fhew, Anew, Rnew; Bnew = B U Cp.

“Note that this update is mentioned as Anew = (A \ A7) U (C'\ Cp) in [RST14] which is a typo.
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Note that although the flow decomposition is an approximation version, the total flow value induced

by the decomposition is at least (1 — 3101g$n)2 > (1- log%n) of the max-flow value (assuming n > 6),
which satisfies the desired requirement as in [RST14|. We now show that the matching-or-deletion

subroutine can be implemented under the PRAM setting efficiently.

Claim C.2.3. There is a PRAM implementation of the subroutine match-or-delete using depth
O (D(F.,m) + D(Ds,m) + polylogn) and work O(T(F.,m) + T(Ds,m) + m polylogn) in total,
where D(A,m) and T(A,m) are the depth and work required by the algorithm A € {F.,Ds} for

g,0 = 1/(3log3n), respectively.

Proof. The first step in the algorithm is the construction of the graph G, which can be done in
O(1) depth and O(m) work. The set C” is returned by F., and C can be constructed from C’ in
O(1) depth and O(m polylogn) work. There are at most O(m polylogn) flow paths. Hence, using
the data structure G returned by the flow decomposition algorithm Dj, re-scaling of the flows and
adjusting capacities takes O(logn) depth and O(m polylogn) work. We now analyze the required

depth and work for both the matching and the deletion cases:

e In the matching case, since the fractional matching matrix has support size O(m polylogn),
adding self-loops and computing the mixing matrix M takes O(m polylogn) work and O(1)

depth.

e In the deletion case, checking whether an induced clustering is balanced in Line 5a can be
done by simply deleting the candidate edges and checking the sizes of the resulting connected
components which takes O(m) work and O(logn) depth. If we enter Line 5b, since there are
at most O(m polylog n) matched pairs (z, 2’), identifying the first edge in C' on the flow path
x ~ &' for every matched pair requires O(polylog(n)) depth and O(m polylog(n)) work using
the data structure G. The moving matrix M can then be computed in O(m polylogn) work
and O(1) depth. Rescaling and deleting flows can also be performed using O(m polylogn)
work and O(1) depth.

Taking the worst-case work and depth among the cases gives us the desired statement. O
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C.2.4. Putting it together: partition-Al

In this section we combine the implementation of the cut and matching players to achieve the
guarantees of Lemma 3.1 in [RST14]. This is also the algorithm that achieves the guarantees we
claim in Lemma 5.3.3. Specifically, given a set of edges F' that induces a 3/4-balanced clustering
of the graph, the goal of Lemma 3.1 is to find a new set of edges Fiey such that (rf. Lemma 3.1 in
[RST14))

1. either |Few| < %|F|;

2. or Fhew = AU R such that |A| < |F|, |R| < 10§nA’ and the edges in A are Q(1/log?n)-well-

linked.

The following presents the details of the algorithm that is used to prove Lemma 3.1 in [RST14].
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Subroutine partition-Al

Input: Subdivision graph G = (V' E’) of G = (V,E); a set of edges F' C E that induce a
3/4-balanced partition of V.
Output: A new set of edges Fyey that also induces a 3/4-balanced partition of V' such that either
1. |Fhew| < (7/8)|F|, or
2. Fuew = AU R with A, R disjoint such that edges in A are Q(1/log?n)-well-linked, and
IR| < 214]/ logn.

Procedure (cut-matching game):
1. Initialize matching matrix My corresponding to self-loops; A = F; R = 0; B = ().
2. Fort=1,2,...,0(log?n):
(a
(b

(As, Ar,n) < find-source-and-sinks(G’, A, {M;}o<i<t)
(M, Frew, Anew, Rnew, Bnew) ¢match-or-delete(G', F, A, R, As, Ar, B).
I

c) If |Fhew| < (7/8)|F|: return Fpey (return condition 1).

)
)
(c)
(d) Else, update B = Byew, A = Anew, R = Rnew.
)
)

(e) Compute potential P4 of active edges A.
(f) If P4 < 1/(16n2) (flow vectors in A have mixed):
i. If |B] < 2|A|/logn: return Few = AU B (return condition 2).

ii. Else, we necessarily have |A U R| < (7/8)|F|: return Fhew = AU R (return

condition 1).

With Claims C.2.2 and C.2.3, it is not difficult to check that the whole procedure of step 2 can be

implemented in poly-logarithmic depth and nearly-linear work. We formalize this as follows.
Lemma C.2.4. There is a PRAM implementation of the above algorithm that has depth

O ((D(F.,m) + D(Ds,m)) - polylog n) and work O((m+T(Fz, m)+T(Ds,m))-polylogn) fore,§ =
O(1/log®n).

Proof. Firstly, the number of iterations of the cut-matching game is upper bounded by O(log2 n).

Then the lemma follows immediately from the work and depth calculations of the cut and matching
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steps in Claims C.2.2 and C.2.3, respectively. 0

C.2.5. Extending to the capacitated case

Although |[RST14| states that their results hold for capacitated graphs, they do not detail this
extension. However, for completeness, we sketch the implementation of the cut matching game
in [RST14] on capacitated graphs, and discuss how they can be implemented in PRAM. Throughout

this section we assume graphs have integer capacities bounded by poly(n).

We note that the analysis of the cut matching game follows by viewing each edge e of capacity
Ce as ce uncapacitated parallel copies. It thus remains to show that the cut matching game can
be implemented with O(m polylogn) work and polylogn depth, assuming a (1 — €)-approximate
maxflow algorithm with the same work and depth. We first describe a key subroutine that we need
throughout the cut matching game, namely averaging of flow vectors, and then describe the changes

we make to the cut and matching players.

Averaging flow vectors. Note that naively, treating each capacitated edge as uncapacitated
copies can potentially lead to a large number of edges, and maintaining flow vectors on them will
be too costly. Therefore we will always maintain the invariant that the parallel copies of the same
capacitated edge carries the same flow vector. Whenever this variant gets violated (e.g. after a flow
mixing or deletion step), we restore it by averaging out the flow vectors across the parallel copies.
Thereby, we never store more than O(m polylog(n)) flow vectors at any point. Notice that in the
actual implementation of the cut matching game, we never explicitly store the flow vectors but only
store their projections; and thus we only need to average the projections of these vectors, which is
equivalent to first averaging the flow vectors and then taking projections by linearity. The averaging

of the projections can be done in O(logn) depth and near-linear work by parallel summation.

Moreover, as we show in the claim below, the potential function only decreases after the averaging
of any collection of flow vectors. Recall that in a graph with mg uncapacitated edges ey, ..., em,

with flow vectors fe,, ..., fe,, on them, the potential function in [RST14] is defined to be
mo mo
. 2 2
Oy =minY ||fe, —cl* =Y llfe, — pl*,
i=1 i=1
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where = m%) >0 fe, is the average of all flow vectors.

Claim C.2.5. Let E' C E be any collection of uncapacitated edges. Define new flow vectors

Joys- o ,fémo by averaging out the flow vectors on edges in E’, namely,

1
WZSEE/ fe eEE/

fe e¢ F

fo=

Then the potential function can only decrease going from f to f’:
Dy > P

Proof. Let u = m%) Yoo fe, be the average flow vector of all edges. Note that this is also the average
flow vector with respect to f/, since averaging the flow vectors of edges in E’ does not change the
total sum of the flow vectors. Thus it suffices to compare the contribution of edges in E’ to the

potential function with respect to f, f’ respectively. To this end, we write the contribution with

respect to f’ as

2
1
Dol =30 g 2 e m
eceE’ ecE’ ecE’
2
1
=|E| - I S fe—n
ecE’

Letting D denote the uniform distribution over edges in E’, we can write the above contribution as

|E'| - [[Beep [fe] — ull®.

Notice that the function f(z) = ||z — u/|* is quadratic and hence also convex. Therefore we can
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apply Jensen’s inequality and obtain

B - [Bee [f] = pll” <IE'| Beco [|1fe = 1]

=S fe .

eckE

That is, the contribution of edges in E’ with respect to f’ is at most that with respect to f, implying

that the potentail of f’ can only be smaller than that of f, as desired. O

The cut and matching players. The cut player uses the exact same strategy to find the sources
and sinks, except that now they do not explicitly operate all parallel copies, but rather manipulate
the parallel copies of the same edge together, by exploiting the fact that they all have the same
flow vectors. For example, when computing projection of the flow vectors, we only need to do the
computation once for the parallel copies of the same edge; when computing the average of the flow
vectors, we just need to compute a weighted average where each flow vector is weighted by the
capacity of the corresponding edge. Notice that when choosing Ag, we could end up only choosing
a subset of the parallel copies of the same edge, but leaving the remaining parallel copies out. Then
the matching player will create a flow graph by connecting super source to the split vertex of the

edge with capacity being the number of parallel copies in Ag.

The matching player also adopts almost the same strategy as the uncapacitated case, with the

following modifications:

1. Most notably, in both matching case and deletion case, where we mix or move flow vectors, we
average the flow vectors of parallel copies of the same edge afterwards. This is because different
copies of the same edge could be matched differently, resulting in different flow vectors after
mixing /moving. However, since the matching we found has support size O(m polylog(n)), the
total number of distinct flow vectors is always bounded by O(m polylog(n)). Notice that once

again, we never explicitly average the flow vectors but only average their projections.

2. At Line 3 of match-or-delete, after we find a flow decomposition, we scale the flow paths

as follows. For every edge (s,z) with flow f( ) > (1/2)c(s ), rescale the flow such that
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f(s,2) = C(s,); For every flow path p that uses edge (s, z), rescale the flow on p by c¢(s42)/ f(s.2)
to make the flow path consistent, which can be done by propagating this rescaling top-down in
the flow decomposition DAG in O(m polylog(n)) work and polylog(n) depth. Adjust capacities
in G%, accordingly.

3. At Line 5b of match-or-delete, if the total flow received by y exceeds ¢, rescale this total
flow to have value ¢,. Otherwise, zero out this flow, and add (the parallel copies of) this
edge y to set Cp. Notice that the rescaling of the flow can again be done by propagating it

top-down in the flow decomposition DAG in O(m polylog(n)) work and polylog(n) depth.
C.3. Parallel Implementation of Sherman’s Algorithm

In this section, we discuss the implementation details of vanilla Sherman’s algorithm [Shel3b] in
the PRAMmodel, which forms the basis of the near-linear work, polylogarithmic depth approximate
max-flow subroutine invoked in our cutting-scheme. This algorithm consists of an outer-algorithm
that makes O(log m) many iterative calls to an inner procedure almost-route that actually performs
the gradient descent. At the end of these calls, we are left with a minimum congestion flow that is
almost feasible, in the sense that there is a negligible residual demand that can be routed in the flow
network with O(1/poly(m)) congestion. This outer-algorithm terminates by routing this residual
demand along a maximum spanning tree, achieving feasibility of the superimposed flows (i.e. the
resultant flow routes the desired demands b). This relatively simpler outer algorithm is described
below, with the bulk of the technical detail being contained in the almost-route subroutine that

implements gradient descent.

It is easy to see that the above outer-algorithm admits an efficient PRAMimplementation, assuming
that the subroutine almost-route admits a PRAMimplementation with near-linear work and poly-
logarithmic depth; there are only O(logn) many iterations in the outer algorithm, and lines 1,4,6,
and 8 can easily be implemented with O(m) work and O(1) depth, and the maximum spanning tree

construction in line 7 has a known O(m) work, O(polylogn) depth PRAMalgorithm [PR02].

We next discuss the implementation specifics of the subroutine almost-route which actually per-

forms the optimization and is more involved. The key idea behind this subroutine is to transform the
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Algorithm C.3.1 approximate-maximum-flow(G, R, b, q,¢)

Input: Graph G = (V, E, ¢); a-congestion approximator R that is a hierarchical decomposition of
G; vertex demands b € RY; quality of the congestion approximator a@ = O(polylogn); precision
e>0.

Output: A (1 + ¢)-approximate minimum congestion flow f € R¥ that routes demands b; (1 — ¢)-
approximate maximum congested cut S.

Procedure:

: by < b; compute B, the vertex-edge incidence matrix of G.
(fo,S0) < almost-route(G, R, by, a, )
for i < 1...log(2m) do
bi <~ bi—1 — Bfi-1
(fi, Si) < almost-route(G, R, b;, a, 1/2). > subsequent S; are not needed
Let t = log(2m) be the final iteration counter of the above loop; set by < b, — B ;.
Compute the maximum spanning tree T of G.
Let fr be the flow obtained by routing demands by on the tree T'
return flow f = fr + Zicflem) fi; cut S = (So, Sp).

constrained optimization problem (for undirected graphs) given in Eqn. 1.1 into an unconstrained

one using the following congestion potential function
o(f) = Imax(C~1f) 4 Imax(2aR(b — Bf)),

where for any z € R¥,

k
Imax(x) := log <Z(ewi + €_$i)>

=1
is the symmetric softmax function, a differentiable approximation of || - ||so. Algorithmically, this is
achieved via a standard gradient descent which finds a (1 — )-approximate maximum flow f after
at most O(¢3a?logn) iterations. Therefore, an efficient PRAMimplementation of this algorithm
effectively reduces to finding an efficient implementation of a single iteration of the descent step

within this algorithm, a formal description of which is given below.

Observe that implementing the above algorithm requires us to compute (i) the value of the po-
tential function ¢(f), and (i) the partial derivatives 0¢(f)/df. of the potential with respect to
the flow on each edge in the graph. Additionally, we also need to bound the total number of it-

erations of the above algorithm (lines 2, 4), for which we directly leverage the result of Sherman

321



Algorithm C.3.2 almost-route(G, R, b, ¢)
Input: Graph G = (V, E, ¢); a-congestion approximator R that is a hierarchical decomposition of
G; vertex demands b € RY; quality of the congestion approximator a@ = O(polylogn); precision
e > 0.
Output: A (1 + ¢)-approximate minimum congestion flow f € R¥ that routes demands b; (1 — ¢)-
approximate maximum congested cut S.
Procedure:

1: Initialize f < 0; compute kp <— (161logn)/(2az||Rb||~); scale b < ky - b.

2: repeat

3: Set kf < 1; scaling factor s < 17/16.

4: while ¢(f) < 16e~'logn do

5: Scale kf <—s-kp; f+s-fib<s-b.

6: Set § <> .cr ce-%—j{).

7: if 5 > ¢/4 then

8: For each edge e € F, update f, « f. — sign (62}{)) . 1j‘i;2.

9: else

10: Undo scaling f < f/kg, b < b/(kpky).

11: Compute the maximum congested cut (S,.5) from the (n — 1) threshold cuts of vertex
potentials {7, },ey induced due to 9¢(f)/dfe (described shortly).

12: return flow f, cut S .

13: until termination

(Lemma 2.5 in [Shel3b]), which shows that the total number of iterations until termination (line
2) is O(a?e3logn), and within each iteration, the total number of times we scale the flow and
demands (line 4) is O(log ). We now show how to compute the value of the potential, and its
partial derivatives. In order to do so, we shall find it instructive to understand the structure of the

congestion approximator R.

The congestion approximator R € R**™ is a matrix with each row i € [z] corresponding to a cut
in the graph, and each column corresponding to a vertex. For any cut i = (S;,S;) considered by
the congestion approximator, entry R;, € {0,1} indicates whether vertex v lies on the S; side of
the cut, normalized by the total capacity ¢(.S;, S;) of the cut, i.e. the sum of capacities of all edges
crossing this cut. Therefore, the product [RY]; of this row of the congestion approximator with any
demand vector b’ gives the congestion that would be induced by routing these demands across the
cut (S;, S;). However, we cannot explicitly construct this matrix due to work and depth constraints,

and instead shall use the specific structure of the congestion approximator to efficiently compute
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these congestion values for all cuts explicitly considered by the approximator.

The congestion approximator in our case is a O(logn) depth rooted tree T corresponding to a
hierarchical decomposition of the flow instance G = (V| E) upon which Sherman’s algorithm is
invoked, with the leaves corresponding to the vertices v € V' in the flow network, and the internal
nodes corresponding to a cluster consisting of the leaf vertices in the subtree rooted at that internal
node. This hierarchical decomposition tree T can equivalently be viewed as a set of cuts in the
input graph; each node i € T in this tree corresponds to a cut (.S;, .S;), where S; is the set of vertices
corresponding to the leaves in the subtree rooted at node i in the tree T'. In the following analysis,
we shall leverage this view of the congestion approximator in order to efficiently compute the value

of the congestion potential, as well as its partial derivatives.

We begin by decomposing the congestion potential into its two components

O(f) = ¢1(f) + ¢2(f); where ¢1(f) = Imax(C™'f), and ¢2(f) = Imax(2aR(b — Bf)).

To compute the first component ¢1(f), we can simply compute the congestion f./c. of every edge
e € E in parallel, followed by an aggregation step, which can be done with O(m) total work and
O(logn) depth.

To compute the second component ¢2(f), we can compute the residual demands b, — 5(v) By cfe
for every vertex v € V where d(v) corresponds to the set of edges incident on vertex v. This also
requires O(m) total work and O(logn) depth (with every vertex first reading the flow values of
incident incoming edges followed by those of incident outgoing edges in two separate passes to avoid
read collisions). The total demand of any subset of vertices in the congestion approximator (rooted-
tree) can then be computed with O(n) total work and O(logn) depth using subtree sums. Given
the capacity c(S;,S;) of every cut i = (S;, S;) represented by the internal nodes in our congestion

approximator, the second term can then be computed via an aggregation, which can be done with

O(m) total work and O(logn) depth.

To compute the partial derivatives, we first consider the component ¢1(f) in our congestion poten-
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tial. Then we have that for any edge e € E, the partial derivative

o¢1(f) _ exp(fe/ce) — exp(—fe/ce)

dfe ce - exp(¢1(f))

which can easily be computed with O(m) work and O(1) depth when the potential ¢1(f) is known

(its computation is described above).

To compute the partial derivative of the second component ¢2(f), let Z be the set of all cuts (rows)
considered by our congestion approximator, and for any cut i = (S;,S;) € Z, let y; = 2a[R(b— Bf)];
be the congestion induced by the residual demands across cut i = (S;,S;). Then we have for any

edge e € E, the partial derivative

O¢2(f) _ T O¢a(f) Oyi _ 3 exp(yi) — exp(—yi) 2aBs; e

8fe icl 8% afe N icl eXp(QSQ(f)) C(Slﬁ?i)’

where ¢(S;, S;) is the capacity of the cut i = (5;,5;) considered in our congestion approximator,
and (with some abuse of notation) Bg, e = > cq. Bve € {—1,0,1} is an indicator of whether in cut
i, edge e is an incoming edge (1), outgoing edge (—1) or does not cross it (0). The cuts Z are not
arbitrary. Rather, they are induced by a single rooted hierarchical decomposition tree T', which we
can use to efficiently compute this partial derivative for every edge. For an edge e = (u,v) € E, let

T » be the unique path between u,v in 7. Then we have that

O¢2(f) _ 3 exp(yi) — exp(—yi) 20Bs; e
ofe exp(¢2(f)) (8i,5i)

ieTu,v

Now observe that for any internal node i (corresponding to some cut (S;,S;)) that is encountered
on the path T}, , between u and the least-common-ancestor x of u,v in the rooted tree T, we have
Bg, . = —1, and for any internal node ¢ that is encountered on the path T}, , between v and = in T,

3l

we have Bg, . = +1. Now for any internal node j in T', let T}, denote the unique path in 7" from
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the root r of T' to node j. Then we can define for every internal node j in 7', a node potential 7; as

exp(y;) — exp(—y;) 2a
2 T ool 5.5

=

i€l
which is easy to compute with O(n) total work and O(logn) depth through a prefix sum on an
Eulerian tour of T" that starts and ends at the root r of T'. This is achieved by setting the weight of the
forward edge entering an internal node ¢ from its parent to be +(exp(y;) —exp(—v;))/(exp(d2(f))) -
(2a/c(S;, S;)) and the reverse edge leaving the internal node i going to its parent to be —(exp(y;) —
exp(—vi))/(exp(d2(f)))-(2a/c(S;, S;)). Therefore, sum corresponding to subtrees in the prefix sums
evaluate to 0, leaving just the sum of the root r to node ¢ path. Given these node potentials, it is

now easy to compute the partial derivatives of any edge e = (u,v) as

09a2(f
dfe

~—

=Ty — Tu,

which requires just O(m) total work and O(logn) depth.

Lastly, Sherman shows that these vertex potentials m, induced by the flow when it is approximately
optimal (i.e. when the subroutine terminates) also allow us to efficiently recover the approximate
minimum cut (equivalently, the approximate maximum congested cut). Specifically, one of the
threshold cuts with respect to the vertex potentials is an approximate min-cut, and this can be
computed efficiently in 5(m) total work and O(logn) depth by sorting the vertices by their potential
values and returning the most congested cut from the resulting n — 1 threshold cuts. Therefore, we

have that Sherman’s algorithm admits an efficient implementation in the PRAMmodel.
C.4. Computing Min Cut on Trees

To compute a hierarchical decomposition on trees in Section 5.2.2, we need to compute an exact s-t
min-cut cut on a congestion approximator tree with the addition of a super-source s and super-sink
t. In this section, we show how to compute the exact min-cut when the tree has O(logn) depth,

which is simpler, before extending it to trees with arbitrary depth.
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The easy case: O(logn) depth.

Let T be a tree rooted at r with O(logn) depth, let s ¢ T be a super-source, and ¢ ¢ T be a
super-sink; s and ¢ may be connected arbitrarily to T" and these edges may have arbitrary capacity.
For a s-t min-cut (S, S) of T U{s,t}, without loss of generality s € S and t € S. As such, it remains
to determine which nodes of T are in S and which are in S, and so we consider finding a s-t min-cut
as a tree problem. To account for the capacities of edges incident on s or t, for each u € T, we set
node weights w$ = c,s and w!, = ¢y, where cys, ¢yt are the capacities of the (u,s) and (u,t) edges,

respectively, or 0 if no such edge exists.

To find the min-cut capacity, we can use dynamic programming. For each u € T, define cut®(u)
and cut’(u) as the s-t min-cut capacity of the subtree rooted at u with the restriction that u
is on the s side of the cut (i.e. u € S) or u is on the t side of the cut (i.e. u € S), respec-
tively. The recurrence relations are then cut®(u) = w! + > veD(w) Min{cut? (v), cuy + cut?(v)} and
cut®(u) = wj, + 32, e py) Min{cuy + cut®(v), cut’(v)}, where D(u) is the set of children of u. Since
we assume 7" has O(logn) depth, standard dynamic programming techniques allow us to compute
min{cut®(r), cut!(r)}, which is the s-t min-cut capacity, in O(logn) depth and O(n) work. For
brevity, we have presented computing only the capacity of the min-cut, but the actual cut may be
found by storing the argmin for each minimum taken in the recurrence relations.

Before continuing to the arbitrary depth case, we introduce a (slightly) generalized problem where
some vertices are constrained to be in S, or S, an extension useful when extending to trees of
arbitrary depth.

Definition C.4.1 ((Fj, Fi)-Restricted s-t Min-Cut). Let T" be a tree, let s be a super-source and
let ¢ be a super-sink. Then, given disjoint subsets Fg, F; of nodes of T, a (Fj, F})-Restricted s-t
Min-Cut of T U {s,t} is a minimum s-t cut (S,5) under the restriction that Fy U {s} C S and
F,u{t} C8S.

The DP presented before can be easily modified to also solve this extended version when T has
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O(log n) depth, using recurrence relations

wh + >_veD(w) Min{res_cut®(v), cuy + res_cut'(v)} fudg F
res_cut®(u) = (C.1)
o0 if u e F;

, Wy + e p(u) Mn{cuw + res_cut®(v), res_cut!(v)} ifu & Fs
res_cut’(u) = (C.2)
00 if u € Fy

\

where again D(u) is the set of children of u € T

Lemma C.4.2. Let T be a tree on n nodes rooted at r with depth O(logn), and let res_cut® and
res_cut! be defined as in (C.1) and (C.2). Then, given disjoint subsets Fs, Fy of vertices of T,
min{res_cut®(r), res_cut'(r)} is the capacity of an (Fs, F})-Restricted s-t Min-Cut on T U {s,t}.

Moreover, this value can be computed using an O(logn) depth and O(n) total work PRAM algorithm.

Proof. By straightforward dynamic programming, since 7" has O(logn) depth, res_cut®(r) and
res_cut!(r) can be computed in O(logn) depth and O(n) work. For correctness, first note that
the base cases are correct: the cost of any solution where z € Fj is placed in S is infinite (and
analogously for F; and S) and, by construction, w; is the capacity of the edge between u and s, if

it exists (and similarly for w?). The correctness then follows by induction. O

Extending to arbitrary depth trees.

When T has super-logarithmic depth, we modify the DP and divide into subproblems based on tree
separator nodes (see Definition 5.2.7) rather than children. For a DP subproblem to find the s-t
min-cut on a tree 7, we compute a tree separator node ¢ and recurse on each tree of 7"\ {¢}. From
the definition of a tree separator node, this results in subproblems on trees which are at most half

the size of 7.

When combining subproblems, we use the recursive calls to determine the min-cut capacity when
q € S and the min-cut capacity with ¢ € S, and return the lower value. To do this, we must also
determine for each u € J(q) (i.e. each neighbor of ¢ in 7") whether u € S or u € S, in order to

determine whether to add the capacity of the (u,q) edge to the cut. As such, for every neighbor u
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of ¢, we compute 2 subproblems on the connected component of 7"\ {¢} containing u: one where
we constrain u € S, and one where we constrain u € S. Due to recursion, in any given subproblem
there might be multiple vertices which are constrained to be in S or S; we call these the tracked
vertices. Each subproblem then takes as input a tree T”, a set of tracked vertices A, and subset
S C A, where the goal of the subproblem is to compute a s-t min-cut (S,S) on T’ under the
restriction that S C S and (A\ S) C S.

However, there are 2M!| possible subsets S C A, and so the number of possible subproblems (and
thus total work) is exponential in the number of tracked vertices. As such, we must bound the
number of tracked vertices in any subproblem. To do this, if we ever have a subproblem with 3
tracked vertices, rather than recursing on the components formed by removing a tree separator
node, we recurse on the trees formed by removing the LCA of 2 tracked vertices. By rooting every
subtree at a tracked vertex, this results in new subproblems with at most 2 tracked vertices, and so
all subproblems have at most 3 tracked vertices. Importantly, these additional steps to reduce the
number of tracked vertices at most double the depth of the recursion, leading to O(logn) levels of
recursion. Since each level of recursion can be implemented in O(logn) depth and O(n) work via
dynamic programming, we obtain a O(log?n) depth, O(n) work PRAM algorithm.

Below we present the full algorithm for general trees. For brevity, we present computing the capacity
of the min-cut; the actual cut may be found by storing the argmin for each min taken in the
recurrence relation. We reuse the notation from the algorithm for O(logn) depth, with S denoting
the side of the cut containing s and w3, w!, denoting the capacity of the (u,s) or (u,t) edge,

respectively, and 0 if no such edge exists.
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min-cut-on-trees Subroutine
Inputs: Tree T with root 7, super-source s € T and super-sink ¢ ¢ T', both connected arbitrarily
to T

Goal: For T a subtree of T', A C T" a set of tracked vertices and S C A, recursively compute
cut(T’,A,S), which is the capacity of a s-t min-cut (S,9) on T" U {s,t} such that SU {s} C S
and (A\ S)U{t} C S.

Output: cut(7,(,)) as the s-t min-cut capacity.

Computing cut(7”, A, S):
If the depth of 7" is at most 10logn, run the algorithm of Lemma C.4.1 on T' U {s,t}, with
Fs =S8 and F; = A\ S (and T’ rooted arbitrarily).

Otherwise, with 7" rooted at any tracked vertex when | A| # () and arbitrarily otherwise:
1. Compute a split vertex ¢:
(a) If | A| < 2, set g to be a tree separator node of 7", using the algorithm of Lemma C.1.8.
(b) If |A] = 3, set g as the LCA of 2 non-root tracked vertices, using the algorithm of
Theorem C.1.5.
2. Compute the connected components of 7"\ {¢}, and for each u € §(q)* define C" as the
component containing w.
3. For each u € §(q), update tracked vertices A* = (ANC")U{u} and §* =S N A"
4. Compute the min-cut capacity conditioned on ¢ € S

Cutges = w) + Z min{w!, + cut(C*, A, S* U {u}), wi + cuq + cut(C*, A*,S")}
u€d(q)

5. Similarly, compute the min-cut capacity conditioned on ¢ € S:

cut 5 = w, + Z min{w!, + ¢yq + cut(C*, A, 8" U {u}), wi + cut(C*, A*,S")}
u€d(q)

6. If ¢ ¢ A, return
cut(7”, A,S) = min{cutyes, cut, g}

7. If g€ Aand q € S, return cut(7”, A, S) = cutgeg.
8 Ifgc Aand ¢ ¢ S, return cut(7", A,S) = cut 5.

“§(q) is the set of neighbors of ¢ in T"

Lemma C.4.3 (Min Cut on Trees). The algorithm min-cut-on-trees computes the s-t min-cut

capacity of a tree T with the addition of a super-source s and super-sink t in O(log2 n) depth and
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O(n) work.

Proof. To bound the depth and work of the algorithm, we first show that the number of tracked
vertices in any subproblem is always at most 3. The algorithm begins with a call that has no tracked
vertices, and each recursive call adds at most one additional tracked vertex to each subproblem.
So, to bound the number of tracked vertices, it suffices to show that if a subproblem has 3 tracked
vertices, the number of tracked vertices in each recursive call is at most 2. Consider the call
cut(7’, A, S) with |A| = 3, and let ¢ be the LCA computed in Line 1. By the definition of an LCA
and the fact that we always root T” at a tracked vertex, it follows that the path in 7" between any
2 tracked vertices passes through g. As such, after removing g from 7", each element of A is in a
separate connected component. Thus, the tracked sets used in the recursive calls each have at most

2 elements: at most one element from A4, and one neighbor of g.

We claim there are at most O(logn) recursive levels of the algorithm, where recursive level i consists
of all subproblems resulting from 4 consecutive recursive calls to cut(T, 0, ()). Consider a subproblem
to compute cut(7”, A,S) with at most 2 tracked vertices (i.e. |A| < 2). In this case, we recurse
on subtrees which are connected components after the removal of a tree separator node. By the
definition of a tree separator node (Definition 5.2.7), this removal results in subtrees which are at
most half the size of T”. So, there can be at most O(log n) such steps before the recursion terminates.
Now, suppose |A| = 3 and the subproblem cut (7", A, S) occurs at level i. The resulting subproblems
in level 7 4+ 1 have at most 2 tracked vertices, and so in level ¢ + 2, the size of the resulting subtrees
is at most half the size of T”. Thus, there are O(logn) total levels. Each recursive level can be
processed in parallel, in O(logn) depth (to compute connected components, subtree sums, and

combining recursive calls), making the total depth of the algorithm O(log?n).

The subtrees (i.e. all distinct 7" from subproblems) at each level of recursion form a partition of the
nodes of T'. Moreover, by rooting trees and computing the split vertex ¢ deterministically, every
subproblem on 7" has the same set of tracked vertices. So, since there are at most 3 tracked vertices
in any subproblem, there are at most 8 possible sets S C A, and thus at most 8 subproblems using
any one subtree. The work to compute a k node subtree, outside of recursion, is at most O(k). So,

the total work at each level is O(n), and as there are O(logn) levels, the complete work is O(n).
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For subtrees with depth O(logn), the correctness follows from Lemma C.4.1. For trees with larger
depth, we must have either ¢ € S or ¢ € S, where ¢ is the split vertex computed in Line 1. By
induction and the setting of the edge weights ws, w!,, cutseg is the min-cut with the restrictions on
A imposed by S when ¢ € S (and similarly for cut cg). So, as we take the min of cutges, cut g

when ¢ € A, cut(T’, A, S) is the correct min-cut capacity. O]

C.5. Ensuring Polynomial Aspect Ratio

In this section, we give a O(logn) depth, O(m) work PRAM algorithm which, given s,t and e
converts any capacitated graph G into one with with poly(n/e) aspect ratio that preserves the s-t

maximum flow up to a (1 — ¢) factor.

Algorithm C.5.1 lower-aspect-ratio(G,s,t,¢)
Input: G: graph with arbitrary capacities.
s,t: source and sink in V(G).
g: error parameter.
Output: G’: graph with poly(n/e) aspect ratio.
Procedure:
Initialize G’ < G.
Let T' be a maximum spanning tree of G, computed using the algorithm of [PR02].
Compute ¢’ as the capacity of the lowest capacity edge on the unique s-t path in 7.
For any edge e in G’ with capacity larger than mc’, reduce its capacity to mc’.
For any edge e in G’ with capacity less than e’ /m, delete e.
return G’

The algorithm of [PR02| has O(logn) depth and O(m) work and finding all edges on the s-t path
in T can be done in O(logn) depth and O(m) work using subtree sums, so computing ¢ and
modifying the capacities can be done in O(logn) depth and O(m) work. Moreover, by construction,
the modified graph G’ has aspect ratio m?/e = poly(n/e) and no capacities have been increased,

so it remains to show that the maximum s-t flow does not reduce by more than a (1 — ¢) factor.
For this, we first need the following simple lemma about maximum spanning trees.

Lemma C.5.1. Let G be a capacitated graph and let T be a mazximum capacity spanning tree of G.
Let P be the unique s-t path in T (which is also a path in G), and let P’ be any other s-t path in
G. Then,

min ¢, = min c,
eeP e€P’
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where ce is the capacity of edge e.

Proof. Let ¢ = min.cp ¢, and suppose for contradiction there exists in G a s-t path P’ such that
for all e € P, ce > /. Let € be an edge on P with capacity ¢. Removing €’ from T results in
exactly two connected components S and V'\ S (with s € S and t € V'\ S). Since P’ is an s-t path,
it must contain an edge h = (u,v) such that v € S and v € V '\ S, so removing €’ from 7" while
adding h results in a spanning tree 7”. But ¢, > ¢ by assumption, and so the capacity of T” is

greater than that of T, contradicting that T' is a maximum spanning tree of G. O

This then allows us to show the procedure decreases the maximum flow by at most a ¢ factor.

Lemma C.5.2. Let G be a capacitated graph and let G' = lower-aspect-ratio(G,s,t,c). Suppose
it possible to route f units of flow from s to t in G. Then, it is possible to route (1 — e)f units of

flow from s to t in G'.

Proof. Let T be a maximum spanning tree of G, and let ¢ be the capacity of the minimum capacity
edge on the unique s-t path in 7. By Lemma C.5.1, all other s-t paths in G have minimum capacity
at most ’; thus, every s-t path can support at most ¢ units of flow. There can be at most m
disjoint paths from s to ¢, and so it follows that f < ¢’m. Thus, reducing the capacity of all edges
with capacity greater than mc’ to mc’ does not affect the maximum flow. Similarly, clearly f > ¢/,
as there is a s-t path with minimum capacity ¢. Thus, as the sum flow on edges of capacity at most
ed /m is at most ec/, deleting edges of capacity at most ec’/m reduces the flow by at most ef. It

then follows that the max flow in G’ must have value at least (1 —¢)f. O
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