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A B S T R A C T

M A P P I N G S PA C E S , S I G N AT U R E S , A N D D ATA

darrick lee

robert ghrist

Time-varying phenomena are ubiquitous across pure and applied mathematics, from

path spaces and stochastic differential equations to multivariate time series and dynamic

point clouds. The path signature provides a powerful characterization of such sequential

data in terms of power series of tensors, weaving together these diverse concepts. Originally

defined as part of Chen’s iterated integral cochain algebra, the path signature has since been

used as the foundation for the theory of rough paths in stochastic analysis. More recently, it

has been shown to be a universal and characteristic feature map for multivariate time series,

providing theoretical guarantees for its application to time series analysis in the context of

kernel methods in machine learning. This thesis extends the scope of the path signature to

more complex parametrized data in two directions. First, we consider generalizations of

the codomain of a path. We lift the theory of signatures to the setting of Lie group valued

time series, adapting these tools for time series with underlying geometric constraints.

Furthermore, we build a signature framework to study paths of persistence diagrams,

objects which capture the evolving topological structure of dynamic data sets. Second, we

consider maps parametrized by higher dimensional cubes by developing notions of the

mapping space signature. Our approach returns to the topological origins of the signature as

the 0-cochains of the Chen construction. We formulate a cubical variant of the mapping

space construction, and use the resulting 0-cochains to define the mapping space signature

and establish its basic properties.
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P R E FA C E

This thesis is split into three major parts.

part i contains Chapter 1 and Chapter 2, which are expository chapters that provide the
motivation and background for the remainder of the thesis. In Chapter 1, we motivate the
path signature by consider lead/lag behavior in time series. We then present the core theory
of path signatures in the context of machine learning applications, and provide a brief
introduction to rough paths. However, one of the original formulations of the signature was
in the context of algebraic topology, where they formed part of the 0-cochains of a cochain
model for path spaces and loop spaces of manifolds [Che77]. Because this perspective has
been largely absent in the recent literature on signature methods in machine learning, we
provide an exposition of these ideas in Chapter 2.

The remainder of the thesis generalizes the theory and application of signatures in two
directions. The bounded variation paths discussed in this introduction can be viewed as a
subset

C1−var(V) ⊂ C([0, 1], V)

of the mapping space of continuous functions between [0, 1] and a Banach space V.

part ii contains Chapter 3 and Chapter 4, which generalize the path signature by
considering maps with more general codomains. In particular, in Chapter 3, we show that
all of the foundational theory presented in this introduction can be lifted to the setting of
Lie groups. We show that the Lie group signature is also universal and characteristic, and
provide two detailed numerical experiments to demonstrate these two properties.

In Chapter 4, we consider paths of persistence diagrams, which are objects that arise in
topological data analysis. The standard space of persistence diagrams is simply a monoid,
and lacks the algebraic and analytic structure required to define signatures. By connecting
the space of persistence diagrams with the existing theory of Lipschitz-free spaces in
functional analysis, we provide an isometric embedding of the space of finite persistence
diagrams into a Banach space. This allows signature methods to be used to study the
dynamic topological structure of temporally evolving point cloud data sets. We apply this
theory to a parameter estimation problem for models of collective motion, and show that
the signature method performs well, even in situations with missing data.

part iii contains Chapter 5, Chapter 6, and Chapter 7, which generalize the path
signature by considering maps from higher dimension codomains. The approach in these

xi



preface

chapters exploit the connection between the signature and Chen’s iterated integral cochain
algebra from Chapter 2. We use a generalization of Chen’s construction to mapping
spaces [PT03; GTZ10] in order to motivate the definition of these higher dimensional
signatures. In particular, the work in these chapters is restricted to the setting of smooth
maps.

In Chapter 5, we reformulate the simplicial construction from [PT03; GTZ10] using
cubical sets with connection. This cubical variant of the Chen construction is more amenable
to the development of signatures from higher dimensional cubical domains. In particular,
we prove that the cubical generalization of mapping space cochain algebra is a morphism
of differential graded algebras to the de Rham complex of the smooth mapping space.

Next, in Chapter 6, we use the cubical construction to recover the 1-dimensional theory
of path signatures. While we do not prove any new properties of the signature, this chapter
shows that all of the algebraic structure of the path signature such as the shuffle product
and Chen’s identity, can be derived directly from the cochain model. Furthermore, the
1-dimensional setting allows us to connect the more abstract cochain construction with the
more familiar path signature.

Finally, in Chapter 7, we study the cubical mapping space construction explicitly for
maps

γ : �d → RN

where the domain is the unit d-cube �d := [0, 1]d. We classify the resulting 0-cochains into
several categories, and use these cochains to define notions of the mapping space signature.
We then show that the mapping space signature satisfies several invariance properties, as
well as generalized shuffle product structure. However, one of the main complications
with the higher dimensional theory is the obstruction of a direct generalization of Chen’s
identity. Nevertheless, we provide a formula to express the signature of the concatenation
of two maps using the signatures of the individual maps.
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Contributions and Publications/Preprints

Parts of Chapter 1 are adapted from the following paper with Chad Giusti:
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N O TAT I O N

paths and maps

• We use �d := [0, 1]d to denote the unit d-cube.

• Throughout the thesis, paths γ : [0, 1]→ RN will be parametrized on the unit interval
unless otherwise specified. In part i and part ii, we will use subscripts to denote
the time parameter

γt := γ(t).

However, in part iii, we will revert to the γ(t) notation in order to coincide with
maps from higher dimensional domains such as α(t1, . . . td) for α : �d → RN .

• In part i and part ii, we work with various spaces of paths. For a vector space V,
we let

1. Cp−var(V) be the space of bounded p-variation paths;

2. Cpr(V) be the space of piecewise regular paths;

3. Cpc(V) be the space of piecewise continuous paths.

categories

• Categories and categorical (co)limits are denoted using sans serif font.

• Let C be a category and x, y ∈ C be objects. The Hom set between x and y is denoted
C(x, y).

• Let C and D be categories. The functor category from C to D is denoted by DC.

• The cateogries used in this thesis are:

1. Set, the category of sets

2. Top, the category of topological spaces;

3. Diff, the category of differentiable spaces;

4. �, the box category;

5. �c, the box category with connection;

xiv



notation

6. C
�op

(c) , the category of cubical objects in C (with connection);

7. C�(c) , the category of cocubical objects in C (with connection).

• Cubical objects are denoted using homological notation (subscripts), such as K• ∈
Set�

op
, while cocubical objects are denoted using cohomological notation (super-

scripts), such as Z• ∈ Set�.

• All cubical sets, K• ∈ Set�
op
c , considered in this thesis are finite: K• contains a finite

number of non-degenerate cubes.

sets and subsets

• Given N ∈N, we let [N] := {1, . . . , N}.

• The power set of [N] is denoted by 2[N].

• In part iii, we use the following convention for elements and subsets of [N] and
2[N]:

1. i ∈ [N], elements of [N] are denoted using lower-case characters;

2. I ⊂ [N], subsets of [N] are denoted using upper-case characters;

3. I ⊂ 2[N], subsets of 2[N] are denoted using calligraphic characters.
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1
T H E PAT H S I G N AT U R E A N D T I M E S E R I E S A N A LY S I S

1.1 motivation : lead/lag behavior and signed area

Consider the time series γa = (γa
1, γa

2) : [0, 1]→ R2 and γb = (γb
1, γb

2) : [0, 1]→ R2 shown
in the figure below.

0 0.2 0.4 0.6 0.8 1
-1

0

1

0 0.2 0.4 0.6 0.8 1
-1

0

1

Figure 1.1: Two example time series. The time series γa = (γa
1, γa

2) is plotted in blue on the left,
while the time series γb = (γb

1, γb
2) is plotted in red on the right.

Both of these time series qualitatively exhibit lead/lag behavior: the dark blue (resp.
dark red) time series leads the light blue (resp. light red) time series. While the first time
series γa is periodic, it is clear that the second time series γb is not. However, we may
classify both time series as cyclic: the time series are of a repetitive nature, although there
may not be a fixed period. More formally, we say that a time series γ : [0, 1]→ RN is cyclic
if it factors through the circle,

γ : [0, 1]
ψ−→ S1 → RN ,

with ψ monotone, continuous and winding around the circle at least twice, where the
winding condition enforces nontrivial repetition. While the two time series γa and γb

may qualitatively look different, they are in fact related by a reparametrization. In other
words, there exists a continuous, monotone increasing bijection φ : [0, 1]→ [0, 1] such that
γb = γa ◦ φ.
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1.1 motivation : lead/lag behavior and signed area

Our goal is to detect the lead/lag behavior exhibited by the time series. A classical
approach is to use the unbiased cross-correlation of a time series γ = (γ1, γ2) : [0, 1]→ R2,
which is defined by

r[γ](td) =
1

1− td

∫ 1

0
(γ1)t(γ2)t−td dt, (1.1.1)

where we define γt = 0 when t /∈ [0, 1]. In fact, this is the convolution of the two
components of the time series γ normalized by the length of the overlap between the
shifted time intervals. Applying the cross-correlation to both of our example time series γa

and γb, we obtain the following.

-0.2 -0.1 0 0.1 0.2

-1

0

1

Figure 1.2: The cross correlation of the two components of the time series γa (in blue), nad γb (in
red).

A large local maxima in the cross-correlation indicates the existence of lead/lag behavior,
which can be clearly seen at td ≈ −0.05 in the cross-correlation of γa. However, this peak
is flattened out in the cross-correlation for γb, and this method is inconclusive.

The underlying reason why the cross-correlation fails to detect the lead/lag behavior
in γb is fact that the cross-correlation is inherently parametrization-dependent, while the
existence of lead/lag behavior is a reparametrization-invariant phenomenon. Indeed, one
component of the time series leading another depends only on the order of events, and
not necessarily on the exact parametrization. This suggests a reparametrization-invariant
approach to time series analysis.

Instead of viewing time series as graphs of functions with respect to time, we can con-
sider the multivariate time series as a single object: a path in RN . Because the parametriza-
tion does not affect the image of the path, both the time series γa and γb trace out the path
in the following figure.

By considering geometric features of the resulting path, we can obtain reparametrization-
invariant features for the underlying time series. One such feature which can detect
lead/lag behavior is the signed area of a closed path. In the following discussion we will
assume that γ : [0, 1] → R2 is a closed path that begins and ends at the origin, so that
γ0 = γ1 = (0, 0). For arbitrary paths, we can form a closed path by connecting the end
point and the initial point via linear interpolation. Furthermore, we can translate the path

3



1.1 motivation : lead/lag behavior and signed area

-1 0 1

1

-1

0

1

2

Figure 1.3: The time series γa and γb viewed as a path.

to begin and end at the origin, since geometric features such as signed area are invariant
under translation.

The signed area of such a closed curve γ is defined to be

A(γ) =
∫

R2
η(γ; x)dx, (1.1.2)

where η(γ; x) is the winding number of γ about the point x ∈ R2. Thus, the signed area
is the area enclosed by the curve, taking into account the multiplicity as well as the
orientation of winding.

Figure 1.4: An example of the signed area. The solid black line represents the original curve, and
the dashed black line is the linear interpolation between the end and initial points to
create a closed curve. The area represented by the blue region is positive and the area
represented by the red region is negative.

In the case of our example path in Figure 1.3, the winding number is η(γ; x) = 4 if x
is contained within the ellipse since it winds around 4 times (consider the original time
series in Figure 1.1), and η(γ; x) = 0 otherwise. The signed area can be reformulated
using Stokes’ theorem into a form which is more closely related to lead/lag behavior. In
particular, the signed area can be computed by

A(γ) =
1
2

∫ 1

0
(γ1)t(γ

′
2)t − (γ2)t(γ

′
1)tdt. (1.1.3)

4



1.1 motivation : lead/lag behavior and signed area

One criteria for the cyclic leading behavior can be formulated in terms of the components
γ1 and γ2 as follows. We say that γ1 leads γ2 locally at time t if the following two conditions
hold:

1. positive influence of γ1 on γ2: (γ1)t(γ′2)t > 0 and

2. negative influence of γ2 on γ1: (γ2)t(γ′1)t < 0.

The first condition says that γ2 is changing in the same direction as the value of γ1, while
the second condition says that γ1 is changing in the opposite direction as the value of γ2:
two properties to be expected when γ1 leads γ2. The signed area formula in Equation (1.1.3)
is the integral of these two conditions, resulting in a global measure of the cyclic leading
behavior over the entire path. Therefore, we say that γ1 leads γ2 if

A(γ) > 0.

It is clear that the signed area of our example path in Figure 1.3 is positive, and thus
correctly indicates that the first component of the time series γa

1 (resp. γb
1) leads the second

component of the time series γa
2 (resp. γb

2). As opposed to the cross-correlation, the signed
area does not depend on the parametrization of the paths, and results in the same value
for both example paths.

Our analysis thus far has been restricted to a fairly simplified scenario which includes
only two components in the time series. In most real-world cases of time series analysis,
we wish to understand the relationship between the components of a general multivariate
time series γ = (γ1, . . . , γN) : [0, 1] → RN . In this more general setting, we can consider
the lead matrix, originally introduced by Baryshnikov and Schlafly in [BS16], which is a
matrix of all the pairwise signed areas of the time series.

Definition 1.1.1. Let γ = (γ1, . . . , γN) : [0, 1] → RN . The lead matrix of γ, denoted A(γ),
is an N × N matrix with entries

A(γ)i,j :=
1
2

∫ 1

0

∫ t2

0
(γ′i)t1(γ

′
j)t2 − (γ′j)t1(γ

′
i)t2 dt1dt2. (1.1.4)

Here, we have defined the signed area as an iterated line integral over the path, which
reduces to the formula in Equation (1.1.3) when γ0 = 0. Figure 1.5 shows an example lead
matrix for a multivariate time series with 5 components, where we can clearly identify the
pairwise lead/lag behavior between the components of the time series.

One important property of the lead matrix A(γ) is that it is a real skew-symmetric
matrix, which implies that its eigenvalues are purely imaginary and come in conjugate
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1.1 motivation : lead/lag behavior and signed area
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Figure 1.5: A multivariate time series with 5 components (left) along with its lead matrix (right).

pairs ±iλj. Thus, if N is odd, we must have an odd number of zero eigenvalues. We will
order the magnitudes of these eigenvalues from largest to smallest

λ1 ≥ λ2 ≥ . . . ≥ λN/2 ≥ 0.

The lead matrix cannot be diagonalized by real matrices, but it can be block-diagonalized
using real matrices. In particular, if N is even, there exists a real orthogonal matrix
Q ∈ O(N), such that

A(γ) = QΛQᵀ, (1.1.5)

where

Λ =



0 λ1 0 0 . . . 0 0

−λ1 0 0 0 . . . 0 0

0 0 0 λ2 . . . 0 0

0 0 −λ2 0 . . . 0 0
...

...
...

...
...

...

0 0 0 0 . . . 0 λn

0 0 0 0 . . . −λn 0


. (1.1.6)

If N is odd, the decomposition in Equation (1.1.5) still holds, but Λ has an additional row
and column of zeros to account for the zero eigenvalue. Because Q ∈ O(N), we can view
Q as a matrix of orthonormal vectors v1, . . . , vN ∈ RN .

The vectors v1 and v2 correspond to the block eigenvalue λ1, and determine the plane
on which γ achieves the maximum signed area. This is analogous to the diagonalization
of covariance matrices performed in principal component analysis (PCA). In PCA, the
eigenvector corresponding to the largest eigenvalue determines the direction of maximal
variance. This shows that the lead matrix of a multivariate time series is a powerful tool

6



1.2 the path signature

which can be used to study lead/lag phenomena in cyclic (and not necessarily periodic)
time series [BS16; BG18; Zim+18; Sha+20].

Our approach of considering geometric properties of a path resulted in a reparametriza-
tion invariant feature set of the underlying multivariate time series. One may ask: are there
more reparametrization-invariant features we can extract from the path? The answer is yes,
and this leads to the central focus of this thesis: the path signature.

1.2 the path signature

The lead matrix in Definition 1.1.1 from the previous section was defined as a difference of
iterated integrals,

A(γ)i,j =
1
2

(∫ 1

0

∫ t2

0
(γ′i)t1(γ

′
j)t2 dt1dt2 −

∫ 1

0

∫ t2

0
(γ′j)t1(γ

′
i)t2 dt1dt2

)
=

1
2

(
S(i,j)(γ)− S(j,i)(γ)

)
.

These iterated integrals, denoted S(i,j)(γ) and S(j,i)(γ), are components of an infinite-
dimensional object called the path signature. The path signature is collection of reparametriza-
tion invariant features which completely characterize bounded variation paths up to
tree-like equivalence. The path signature was originally developed by Chen [Che54; Che57;
Che58] as a characterization of paths on manifolds, and was later generalized to define
an iterated integral cochain algebra for path spaces and loop spaces [Che73; Che77]. We
discuss the cochain algebra in Chapter 2, and this perspective forms the foundation of the
generalization to mapping spaces, which is developed in Chapter 5 and Chapter 7.

More recently, the path signature was used to establish the definition of rough paths,
a deterministic approach to the integration of highly irregular paths [Lyo98], which has
led to influential developments in stochastic analysis [LQ07; LCL07; FH20; FV10]. While
we do not directly work with rough paths in this thesis, we provide a brief exposition
of the fundamental ideas in Section 1.4, as this is one of the primary motivations for the
generalization of the signature to mapping spaces in Chapter 5 and Chapter 7.

The powerful properties of the path signature have also been exploited for time series
analysis in machine learning [Lyo14; CK16; Mor+21]. This is the main application of
signatures that we consider in this thesis, and we introduce the main machine learning
results in Section 1.3.

In this section, we will introduce the path signature along with all of its standard
properties. We will provide definitions for paths on an arbitrary Banach space V, but we
will also discuss the finite-dimensional case V = RN , in which formulas can be more
explicitly stated. We will begin by defining bounded p-variation paths, and our main focus

7



1.2 the path signature

will be on bounded 1-variation paths. Next, since the path signature is a map which takes
paths to a formal power series of tensors, we must define the Banach space of formal
power series. Once these preliminary constructions are defined, we move on to discussing
the path signature and its properties.

1.2.1 Bounded p-Variation Paths

Definition 1.2.1. Suppose (V, ‖ · ‖) is a Banach space. Let γ : [0, 1]→ V. The p-variation of
γ is defined to be

|γ|p−var := sup
Π

(
n

∑
i=1
‖γti − γti−1‖p

)1/p

(1.2.1)

where Π = {0 = t0 < t1 < . . . < tn−1 < tn = 1} is a partition of the interval [0, 1], and the
supremum is taken over all possible partitions. The space of all bounded p-variation paths is
denoted by

Cp−var([0, 1], V) := {γ : [0, 1]→ V : |γ|p−var < ∞}. (1.2.2)

Furthermore, if we require all paths to begin at a specified base point v ∈ V, we will denote
the space by C1−var

v ([0, 1], V). Unless otherwise specified, we will use the unit interval as
the domain, and thus simplify the notation as

C1−var(V) := C1−var([0, 1], V), C1−var
v (V) := C1−var

v ([0, 1], V).

Proposition 1.2.1 ([CG98]). Let (V, ‖ · ‖) be a Banach space and p ≥ 1. Then Cp−var([0, 1], V)

equipped with the norm

‖γ‖p := |γ0|+ |γ|p−var

is a Banach space.

1.2.2 The Tensor Algebra

Given a Banach space (V, ‖ · ‖), we denote the algebraic tensor products of V by

V⊗ak := V ⊗a . . .⊗a V,
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1.2 the path signature

where ⊗a denotes the tensor product of the underlying vector space. There is a natural
action of the symmetric group Σk on V⊗ak defined for σ ∈ Σk by

σ · (v1 ⊗ . . . vk) = vσ(1) ⊗ . . .⊗ vσ(k). (1.2.3)

Further, suppose that we are given a sequence of tensor norms ‖ · ‖k on V⊗ak which
satisfy the following two conditions:

1. for all n, m ≥ 1, we have

‖a⊗a b‖n+m ≤ ‖a‖n‖b‖m

for all a ∈ V⊗an and b ∈ V⊗am;

2. for all n ≥ 1, the symmetric group Σn acts by isometries on V⊗a, so that

‖σa‖n = ‖a‖n

for all a ∈ V⊗an.

A sequence of tensor norms {‖ · ‖k}∞
k=1 which satisfies these two conditions are called

admissible norms in [LCL07]. The completion of V⊗ak under the norm ‖ · ‖k is a Banach space,
which we denote by (V⊗k, ‖ · ‖k). If V = RN is finite dimensional, the algebraic tensor
product and the completed tensor product is equivalent V⊗ak ∼= V⊗k. Furthermore, the
action of the symmetric group also extends to the completion. By the above compatibility
condition, we have

V⊗an+m ⊂ V⊗n ⊗a V⊗m ⊂ V⊗n+m,

and therefore, the completion of V⊗n ⊗a V⊗m can be written as

V⊗n ⊗V⊗m ∼= V⊗n+m.

A formal power series of tensors in V is an element

s = (sk)
∞
k=0 ∈

∞

∏
k=0

V⊗k

which consist of a sequence of elements s0 ∈ R and sk ∈ V⊗k, for k ≥ 1. Addition and
scalar multiplication are determined degreewise, so that for s, t ∈ T((V)) and λ ∈ R,

(s + t)k = sk + tk, (λs)k = λsk, (1.2.4)

9



1.2 the path signature

and multiplication is defined by tensor multiplication

(s⊗ t)k =
∞

∑
m=0

sm ⊗ tk−m. (1.2.5)

We define a norm on ∏∞
k=0 V⊗k by

‖s‖ =
√

∞

∑
k=1
‖sk‖2

k , (1.2.6)

which may be infinite for some terms. Note that there are several choices for the extension
of the tensor norms to a norm for the formal power series [LCL07]. If V is a Hilbert space,
our choice of power series norm coincides with the Hilbert space norm. The algebraic
structure we are interested in is the following Banach space of finite norm group-like
power series

T((V)) := {s ∈
∞

∏
k=0

V⊗k : s0 = 1, ‖s‖ < ∞}. (1.2.7)

We will simply call this the tensor algebra. The condition that s0 = 1 ensures the existence
of an inverse, and thus provides T((V)) with a group structure (hence the terminology
group-like elements), and the finite norm condition ‖s‖ < ∞ ensures that the space is a
Banach space. Moreover, the truncated tensor algebra at degree M is the Banach space

T(M)(V) := {s ∈
M

∏
k=0

V⊗k : s0 = 1},

where the finite norm condition is immediately satisfied since there are only finitely many
terms in the series. Further details on the construction of this tensor algebra can be found
in [LQ07; Boe+15].

1.2.3 The Path Signature

Definition 1.2.2. Let (V, ‖ · ‖) be a Banach space. Let γ ∈ C1−var(V) be a bounded variation
path, and m ≥ 1. The path signature of γ at level m, Sm : C1−var(V)→ V⊗m, is defined to be

Sm(γ) :=
∫

∆m(0,1)
dγt1 ⊗ dγt2 ⊗ . . .⊗ dγtm , (1.2.8)
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1.2 the path signature

where ∆m(a, b) := {a ≤ t1 < . . . < tm ≤ b}. This is an integral in the Riemann-Stieltjes
sense. By combining the information across all levels, we obtain the path signature of γ,
denoted as

S : C1−var(V)→ T((V)), (1.2.9)

and defined by

(S(γ))0 = 1, (S(γ))j = Sj(γ), j ≥ 1.

In order to understand the computation of this integral, it is instructive to use a recursive
definition of the path signature. By adapting Equation (1.2.8), we define

S1(γ)a,b :=
∫

∆1(a,b)
dγt =

∫ b

a
dγt. (1.2.10)

Next, we assume that Sm−1(γ)a,b is defined, and we take

Sm(γ)a,b =
∫ b

a
Sm−1(γ)a,t ⊗ dγt (1.2.11)

= lim
|Π(a,b)|→0

r

∑
i=1

Sm−1(γ)a,si−1 ⊗
(

γsi − γsi−1

)
,

where the limit is taken over all partitions Π(a, b) = {a = s0 < . . . < sr = b} of [a, b], and
the mesh size is |Π(a, b)| = supi=1,...,r (si − si−1). Then, the path signature at level m is

Sm(γ) := Sm(γ)0,1.

In fact, this recursive definition shows that the signature is the solution of a controlled
differential equation.

Proposition 1.2.2. Let γ ∈ C1−var(V). The path signature is the solution to the differential
equation

dS
dt

= S(t)⊗ dγ

dt
. (1.2.12)

We show that the norm of the path signature is finite, so that its codomain is indeed
T((V)), which consists of finite norm power series.

Proposition 1.2.3. For any γ ∈ C1−var(V), ‖S(γ)‖ < ∞.

11



1.2 the path signature

Proof. We claim that at each level m, the norm of the level m signature can be bounded by

‖Sm(γ)‖m ≤
|γ|1−var

m!
, (1.2.13)

which we will prove by induction. At level m = 1, we have

‖S1(γ)‖1 = ‖γ1 − γ0‖1 ≤ |γ|1−var.

Now, suppose Equation (1.2.13) holds for level m− 1. Using the recursive definition of the
signature in Equation (1.2.11), we have

‖Sm(γ)‖m =

∥∥∥∥∫ 1

0
Sm−1(γ)0,t ⊗ dγt

∥∥∥∥
m

≤
∫ 1

0
‖Sm−1(γ)0,t‖ · ‖dγt‖.

Note that Sm−1(γ)0,t is the level m− 1 signature of the restricted path γ|[0,t]. Thus, by the
induction hypothesis, we have

‖Sm−1(γ)0,t‖ ≤

∣∣∣γ|[0,t]

∣∣∣m−1

1−var

(m− 1)!
.

Applying this to the above integral, and performing a change of variable, we get

‖Sm(γ)‖m ≤
∫ 1

0

∣∣∣γ|[0,t]

∣∣∣m−1

1−var

(m− 1)!
· ‖dγt‖

≤
∫ |γ|1−var

0

sm−1

(m− 1)!
ds

=
|γ|m1−var

m!
.

Now, we can bound the norm of the full signature,

‖S(γ)‖2 =
∞

∑
m=1
‖S(γ)‖2

m ≤
∞

∑
m=1

|γ|2m
1−var

(m!)2 ≤
∞

∑
m=1

|γ|2m
1−var

m!
≤ exp(|γ|21−var).

In computational settings, we will also work with truncated path signatures.
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1.2 the path signature

Definition 1.2.3. Let γ ∈ C1−var(V), and m ≥ 1. The truncated path signature of γ at level m,
S≤m : C1−var(V)→ T(m)(V), is defined by

(S≤m(γ))0 = 1, (S≤m(γ))j = Sj(γ), 1 ≤ j ≤ m. (1.2.14)

Finally, we will also give a separate definition in the finite-dimensional setting of
V = RN , which allows for a more concrete definition.

Definition 1.2.4. Let V = RN with an ordered basis (e1, . . . , eN), and γ = (γ1, . . . , γN) ∈
C1−var(V). Let I = (i1, . . . , im) be a multi-index valued in [N] = {1, . . . , N}, so that ij ∈ [N].
The path signature of γ with respect to I is

SI(γ) :=
∫

∆m(0,1)
(γ′i1)t1 . . . (γ′im

)tm dt1 . . . dtm. (1.2.15)

The tensor product V⊗k has a canonical basis {eI}, where I = (i1, . . . , im) is a multi-index
valued in [N]. The path signature of γ is defined by

S(γ) := 1 +
∞

∑
m=1

∑
|I|=m

SI(γ) eI . (1.2.16)

The finite dimensional definition coincides with the Banach space definition in Defini-
tion 1.2.2, but the Banach space definition is for the entire level m signature, while the
finite dimensional definition is term-by-term. The following proposition provides three
basic properties of the path signature.

Proposition 1.2.4. Suppose γ ∈ C1−var(V), φ : [0, 1]→ [0, 1] a continuous monotone increasing
bijection, and a ∈ RN . For λ > 0, we define the multilinear scaling operator

σλ : T((V))→ T((V)) (1.2.17)

(sm)
∞
m=0 7→ (λmsm)

∞
m=0.

The path signature satisfies the following three properties.

1. Translation invariance:

S(γ + a) = S(γ). (1.2.18)

2. Reparametrization invariance:

S(γ ◦ φ) = S(γ). (1.2.19)

13



1.2 the path signature

3. Multilinear scaling:

S(λγ) = σλS(γ). (1.2.20)

Proof. All three properties are straightforward to show using the definition of path signa-
tures. Translation invariance is due to fact that the path signature depends only on the
derivatives of the path (or the fact that Riemann-Stieltjes integrals are translation-invariant
with respect to the integrator). Reparametrization invariance of the first level is given by

S1(γ ◦ φ) =
∫ 1

0
d(γ ◦ φ)t =

∫ 1

0
dγt = S1(γ),

since the Riemann-Stieltjes integral is reparametrization-invariant. Then assuming invari-
ance holds for level m− 1, and using the recursive definition for the signature from Equa-
tion (1.2.11),

Sm(γ ◦ φ) =
∫ 1

0
Sm−1(γ ◦ φ)0,t ⊗ d(γ ◦ φ)t =

∫ 1

0
Sm−1(γ)0,t ⊗ dγt = Sm(γ).

Finally, the multilinear scaling property is clear for level m = 1, and we assume it holds
for level m− 1. Then using the recursive definition of the signature again,

Sm(λγ) =
∫ 1

0
Sm−1(λγ)0,t ⊗ d(λγ)t = λm

∫ 1

0
Sm−1(γ)0,t ⊗ dγt = λmSm(γ).

Remark 1.2.1. Path signatures can be defined for paths with an arbitrary closed interval
[a, b] ⊂ R as a domain. However, without loss of generality due to reparametrization
invariance, we only consider paths defined on [0, 1].

These path signatures characterize classes of paths in RN up to a tree-like equivalence,
originally defined using a reduction procedure in [Che58] for piecewise regular paths, and
later defined in its modern formulation in [HL10] for bounded variation paths. In order
to define the relation, we first consider concatenation of paths. Suppose α, β ∈ C1−var(V),
then define the concatenation of the two paths, α ∗ β ∈ C1−var(V) by

(α ∗ β)t =

{
α2t : t ∈ [0, 1

2 )

(α1 − β0 + β2t−1 : t ∈ [ 1
2 , 1]

(1.2.21)
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The inverse of a path γ ∈ C1−var is defined to be the same path but running in the opposite
direction, namely

(γ−1)t = γ1−t. (1.2.22)

Definition 1.2.5 ([HL10]). A path γ ∈ C1−var(V) is a tree-like path in RN if there exists some
positive real-valued continuous function h defined on [0, 1] such that h(0) = h(1) = 0 and
such that

‖γt − γs‖ ≤ h(s) + h(t)− 2 inf
u∈[s,t]

h(u), (1.2.23)

where ‖ · ‖ is the Euclidean norm on RN . The function h is called a height function for γ

and if h is of bounded variation, then γ is a Lipschitz tree-like path.

Definition 1.2.6. Two paths α, β ∈ C1−var(V) are tree-like equivalent, denoted by α ∼t β, if
α ∗ β−1 is a Lipschitz tree-like path.

Lemma 1.2.1. Tree-like equivalence is an equivalence relation.

Proposition 1.2.5. The tree-like equivalence classes of paths

C̃1−var(V) := C1−var(V)/ ∼t (1.2.24)

is a group under concatenation, where the inverse is given by Equation (1.2.22).

Now we state the characterization theorem, which was proved by Chen [Che58] for
irreducible piecewise regular continuous paths, and generalized in [HL10] to bounded
variation paths on a finite dimensional space V = RN . It was then further generalized to
rough paths on an arbitrary Banach space in [Boe+16]. The following statement is a special
case of the most general result in [Boe+16].

Theorem 1.2.1. Suppose α, β ∈ C1−var(V). Then S(α) = S(β) if and only if α ∼t β.

In fact, this statement is even stronger when we consider the algebraic structures of
the group of equivalence classes C̃1−var(V) and the tensor algebra T((V)). The following
result is a fundamental property of the path signature, which is crucial to the definition of
rough paths. This was originally proved in [Che54] and is called Chen’s identity.

Theorem 1.2.2. Suppose α, β ∈ C1−var(V). Then

S(α ∗ β) = S(α)⊗ S(β). (1.2.25)
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Proof. We begin by noting that it suffices to prove this property level-wise

Sm(α ∗ β) =
m

∑
j=0

Sj(α)⊗ Sm−j(β). (1.2.26)

This can be proved using the following decomposition of the m-simplex:

∆m(0, 1) =
m

ä
j=0

∆j(0, 1/2)× ∆m−j(1/2, 1). (1.2.27)

Let γ = α ∗ β to simplify notation. Then, decomposing the domain of integration in the
definition of the signature from Equation (1.2.8), we get

Sm(γ) =
∫

∆m(0,1)
dγt1 ⊗ . . .⊗ dγtm

=
m

∑
j=0

∫
∆j(0,1/2)×∆m−j(1/2,1)

dγt1 ⊗ . . .⊗ dγtm

=
m

∑
j=0

∫
∆j(0,1)×∆m−j(0,1)

dαt1 ⊗ . . .⊗ dαtj ⊗ dβtj+1 ⊗ . . .⊗ dβtm

=
m

∑
j=0

(∫
∆j(0,1)

dαt1 ⊗ . . .⊗ dαtj

)
⊗
(∫

∆m−j(0,1)
dβtj+1 ⊗ . . .⊗ dβtm

)

=
m

∑
j=0

Sj(α)⊗ Sm−j(β),

where we use the definition of concatenation and a change of variables in the third line.

Then, combining Theorem 1.2.1 and Theorem 1.2.2, we obtain the following theorem.

Theorem 1.2.3. The signature map S : C̃1−var(V) → T((V)) is an injective group homomor-
phism.

In the finite dimensional setting of V = RN , this theorem implies the collection of
signatures with respect to all multi-indices I of [N] provide a complete set of features for
paths up to tree-like equivalence. In the general setting, where V is an arbitrary Banach
space, we define

LV :=
∞⊕

m=0

(V ′)⊗m, (1.2.28)
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where V ′ denotes the topological dual of V. The space LV is identified with a dense subset
of the topological dual of the tensor algebra T((V))′ by setting

〈`, t〉 :=
∞

∑
m=0
〈`m, tm〉, (1.2.29)

where ` ∈ LV and t ∈ T((V)). Note that the 〈`, t〉 is simply the notation for `(t); since V
is an arbitrary Banach space, there doesn’t necessarily exist an inner product. However,
this notation coincides with the setting where V is a Hilbert space, in which case V ′ ∼= V,
and can be interpreted as an inner product. Thus, we can similarly view the elements of
LV as feature maps for paths using the above pairing, and the collection of feature maps
over LV also provides a complete set of tree-like invariant features.

In fact, as functions on the path space, the elements of LV are equipped with an algebraic
structure.

Definition 1.2.7. Let p and q be non-negative integers. A (p, q)-shuffle is a permutation
σ ∈ Σp+q such that

σ−1(1) < σ−1(2) < . . . < σ−1(p)

and

σ−1(p + 1) < σ−1(p + 2) < . . . < σ−1(p + q).

We denote by Sh(p, q) the set of (p, q)-shuffles.
Let N ∈ N. Given two finite multi-indices I = (i1, . . . , ip) and J = (j1, . . . , jq) of N, let

R = (r1, . . . , rp, rp+1, . . . rp+q) = (i1, . . . , ip, j1, . . . , jq) be the concatenated multi-index. The
shuffle product of I and J is defined to be the multiset of multi-indices

I� J =
{(

rσ(1), . . . rσ(p+q)

)
| σ ∈ Sh(p, q)

}
.

As an example, suppose I = (1, 2) and J = (2, 3). Then

I� J = {(1, 2, 2, 3), (1, 2, 2, 3), (2, 1, 2, 3), (1, 2, 3, 2), (2, 1, 3, 2), (2, 3, 1, 2)} .

There exists a shuffle product structure on the path signature.

Proposition 1.2.6. Suppose γ ∈ C1−var(V). Then,

Sp(γ)⊗ Sq(γ) = ∑
σ∈Sh(p,q)

σ−1 · Sp+q(γ), (1.2.30)

where σ−1 ∈ Σp+q acts by permutation on V⊗(p+q) on the right hand side.
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Proof. The proof of this result relies on the following decomposition of the product of
simplices

∆p × ∆q = ä
σ∈Sh(p,q)

∆p+q
σ , (1.2.31)

where

∆p+q
σ = {(t1, . . . , tp+q) : 0 ≤ tσ(1) ≤ . . . tσ(p+q) ≤ 1}. (1.2.32)

Applying this to the definition to the tensor product of the level p and level q signatures,
we get

Sp(γ)⊗ Sq(γ) =

(∫
∆p

dγt1 ⊗ . . . dγtp

)
⊗
(∫

∆q
dγt1 ⊗ . . . dγtq

)
= ∑

σ∈Sh(p,q)

∫
∆p+q

σ

dγt1 ⊗ . . .⊗ dγtp+q

= ∑
σ∈Sh(p,q)

∫
∆p+q

dγt
σ−1(1)

⊗ . . .⊗ dγt
σ−1(p+q)

= ∑
σ∈Sh(p,q)

σ−1 · Sp+q(γ),

where we apply the change of variables tσ−1(j) 7→ tj in the third line in order to transform
the domain of integration from ∆p+q

σ to ∆p+q.

This leads to an algebraic structure on the space of functions LV .

Corollary 1.2.1. Suppose f ∈ (V ′)⊗p and g ∈ (V ′)⊗q, and we treat both f and g as elements of
LV . Let γ ∈ C1−var(V). Then,

〈f, S(γ)〉 · 〈g, S(γ)〉 = ∑
σ∈Sh(p,q)

〈σ · (f⊗ g), S(γ)〉. (1.2.33)

Thus, LV is a subalgebra of the algebra of continuous functions C(C1−var(V), R).

Proof. First, since f ∈ (V ′)⊗p and g ∈ (V ′)⊗q, we can simplify the expression on the left by

〈f, S(γ)〉 · 〈g, S(γ)〉 = 〈f, Sq(γ)〉 · 〈g, Sq(γ)〉
= 〈f⊗ g, Sp(γ)⊗ Sq(γ)〉.
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1.2 the path signature

Then, we apply the shuffle product of the signature in Equation (1.2.30) to get

〈f⊗ g, Sp(γ)⊗ Sq(γ)〉 =
〈

f⊗ g, ∑
σ∈Sh(p,q)

σ−1 · Sp+q(γ)

〉
= ∑

σ∈Sh(p,q)
〈σ · (f⊗ g), Sp+q(γ)〉,

where 〈σ · s, t〉 = 〈s, σ−1 · t〉 for s ∈ (V ′)⊗n and t ∈ V⊗n since the tensor product of linear
functionals act component-wise.

In the finite dimensional setting of V = RN , the product structure can be made more
explicit. In this setting, V ′ ∼= V, and thus LV is the space of polynomials of tensors.
In particular, given eI = ei1 ⊗ . . . ⊗ eim for some multi-index I of [N], the functional
corresponding to eI ∈ (V ′)⊗m ⊂ LV is

〈eI , S(γ)〉 = SI(γ). (1.2.34)

Therefore, the product structure in Corollary 1.2.1 can be restated as a product structure
on signatures with respect to specific multi-indices.

Corollary 1.2.2. Suppose V = RN . Let I = (i1, . . . , ip) and J = (j1, . . . , jq) be multi-indices
valued in [N]. Then for any γ ∈ C1−var(V), we have

SI(γ)SJ(γ) = ∑
P∈I�J

SP(γ). (1.2.35)

Proof. Taking f = eI and g = eJ in Corollary 1.2.1, we have

〈eI , S(γ)〉 · 〈eJ , S(γ)〉 = ∑
σ∈Sh(p,q)

〈σ · (eI ⊗ eJ), S(γ)〉

SI(γ)SJ(γ) = ∑
P∈I�J

SP(γ).

The last property of the path signature that we consider in this section is continuity. We
begin by computing a bound for the modulus of continuity for the level m-signature. The
proof given here is from [FV10], which states the result for a finite-dimensional V, but
their proof also holds in the general setting.

Proposition 1.2.7. Let α, β ∈ C1−var(V) and ` ≥ max{|α|1−var, |β|1−var}. For all m ≥ 1,

‖Sm(α)− Sm(β)‖m ≤ Em−1`
m−1|α− β|1−var, (1.2.36)
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1.2 the path signature

where

Em :=
m

∑
0=1

1
j!

. (1.2.37)

Proof. We will prove this by induction. At level m = 1, we have

‖S1(α)− S1(β)‖1 =

∥∥∥∥∫ 1

0
d(α− β)(t)

∥∥∥∥
1

≤ |α− β|1−var.

Now, suppose the result holds at level m− 1. Using the recursive definition of the signature
in Equation (1.2.11), we have

Sm(α)− Sm(β)

=
∫ 1

0
(Sm−1(α)0,t − Sm−1(β)0,t)⊗ dαt +

∫ 1

0
Sm−1(β)0,t ⊗ d(α− β)(t).

By the induction hypothesis,

‖Sm−1(α)0,t − Sm−1(β)‖m−1 ≤ Em−2`
m−2|α− β|1−var

holds for all t ∈ [0, 1]. Then, we can bound the first integral as∥∥∥∥∫ 1

0
(Sm−1(α)0,t − Sm−1(β)0,t)⊗ dαt

∥∥∥∥
m
≤ Em−2`

m−1|α− β|1−var.

For the second integral, we use the bound from Equation (1.2.13) to get∥∥∥∥∫ 1

0
Sm−1(β)0,t ⊗ d(α− β)(t)

∥∥∥∥ ≤ 1
m− 1

`m−1|α− β|1−var.

Combining the bounds on these two integrals, we obtain the desired inequality.

‖Sm(α)− Sm(β)‖m ≤ Em−2`
m−1|α− β|1−var +

1
m− 1

`m−1|α− β|1−var

= Em−1`
m−1|α− β|1−var.

This result shows that the truncated path signature is Lipschitz continuous for paths
with a fixed maximum length.
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1.2 the path signature

Corollary 1.2.3. Let ` > 0 be a constant such that ` 6= 1 and α, β ∈ C1−var(V) be bounded
variation paths such that |α|1−var, |β|1−var ≤ `. For all m ≥ 1,

‖S≤m(α)− S≤m(β)‖ ≤ exp(1)
(

1− `m

1− `

)1/2

|α− β|1−var. (1.2.38)

Proof. Applying the previous proposition,

‖S≤m(α)− S≤m(α)‖2 =
m

∑
j=1
‖Sj(α)− Sj(β)‖2

j

≤
m

∑
j=1

E2
m−1`

m−1|α− β|21−var

≤ exp(1)|α− β|1−var

m

∑
j=1

`m−1

= exp(2)|α− β|21−var

(
1− `m

1− `

)
.

Then, we get the desired bound by taking the square root.

In fact, one can show that the signature map is continuous, though it requires a more
detailed analysis. The following theorem is a special case of Theorem 3.1.3 in [LQ07],
which provides a continuity result for rough paths.

Theorem 1.2.4. Let α, β ∈ C1−var(V) and β be a constant such that

β ≥ 2

(
1 +

∞

∑
r=3

(
2

r− 2

)2
)

.

If ` is a constant such that

|α|1−var, |β|1−var ≤
`

β
, and |α− β|1−var ≤ ε

`

β

for some ε > 0. Then for all m ≥ 1,

‖Sm(α)− Sm(β)‖m ≤ ε
`m

β(m!)
.

This implies that

‖S(α)− S(β)‖ ≤ ε

β
exp(`2/2).

21
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In particular, this shows that the path signature is continuous.

1.3 the signature kernel

In this section, we will discuss the application of the path signature for time series analysis
in machine learning in the context of kernel methods. Suppose X is a topological space
of data that we wish to study. A standard method in machine learning is to first apply a
feature map, which is a continuous function

Φ : X → V (1.3.1)

into a topological vector space V. The feature map allows us to extract relevant properties
of the data, and also to transform the data into elements of a linear space which can be more
easily manipulated computationally. Feature maps which are universal and characteristic
(see Definition 1.3.2) provide theoretical guarantees for problems related to learning
both functions and measures on X . However, a vector space V rich enough to provide
such features may itself be unavoidably infinite dimensional, in which case we have not
mitigated the computational issues. When V is a Hilbert space, the theory of kernel methods
in machine learning allow us to circumvent this difficulty by using efficient algorithms
to compute inner products 〈Φ(x), Φ(y)〉V without computing the infinite dimensional
representations Φ(x). This is often referred to as the kernel trick.

Some of the feature maps discussed in this thesis are not valued in Hilbert spaces; rather
they will be valued in a Banach space. However, the concept of universal and characteristic
feature maps still hold in this setting.

We begin with a brief introduction to kernel methods, followed by a discussion of
universal and characteristic feature maps. A common method to prove the universality of
a feature map is by using the Stone-Weierstrass theorem. However, the standard Stone-
Weierstrass result only holds for locally compact spaces, and the primary spaces of interest
in this thesis, such as path spaces and mapping spaces, are not locally compact. This leads
into our discussion of the strict topology [Gil71] on the space of bounded continuous
functions on non-locally compact spaces, which admits a Stone-Weierstrass type result.

We will then consider the signature as a feature map for the path space and define
the corresponding kernel. We discuss the results in [CO18], which first utilized the strict
topology to prove the universal and characteristic properties of the path signature. We will
end the section by considering the discrete path signature [KO19; DET20] which leads to a
more efficient algorithms to compute the signature kernel.
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1.3 the signature kernel

1.3.1 Kernel Methods

Let X be a topological space and V be a Hilbert space. Given a feature map Φ : X → V,
we define a corresponding kernel function:

κ : X ×X → R, κ(x, x′) := 〈Φ(x), Φ(x′)〉V .

Note that we can treat the dual V∗ as a space of functions on X by viewing an element
` ∈ V∗ as 〈`, Φ(·)〉V : X → R. Conversely, associated to any such positive definite kernel
is a Hilbert space of functions on X , denoted Hκ, defined as the completion of the linear
span of the elements Kx = κ(·, x) = 〈Φ(·), Φ(x)〉V : X → R. The Hilbert space Hκ is a
reproducing kernel Hilbert space (RKHS), and its inner product is defined by

〈Kx, Ky〉Hκ
= κ(x, y).

This construction for arbitrary positive definite kernels is the content of the Moore-
Aronszajn theorem [Aro50]. At the heart of the theoretical results from kernel methods is
the following representer theorem.

Theorem 1.3.1 ([SHS01]). Suppose we are given a nonempty set X , a positive definite real-valued
kernel κ : X ×X → R with its associated RKHS Hκ, a training sample (x1, y1), . . . , (xm, ym) ∈
X ×R, a strictly monotonically increasing real valued function g : [0, ∞) → R to be used as a
regularizer, and an arbitrary error function E : (X ×R2)m → R∪ {∞}.

Then any minimizer of the empirical risk

f ∗ = argmin f∈Hκ

{
E ((x1, y1, f (x1)), . . . , (xm, ym, f (xm))) + g(‖ f ‖Hκ

)
}

admits a representation of the form

f ∗ =
m

∑
i=1

ciKxi ,

where ci ∈ R.

This theorem allows us to reframe an infinite dimensional optimization problem over
Hκ into a finite dimensional problem over the span of {Kxi}m

i=1, which is determined by
the training set. This can be applied to two large classes of problems in machine learning:

1. (Learning functions on X ) Suppose we wish to learn a function f : X → R. If
f ∈ Hκ, then we can use the representer theorem to recast this as a linear optimization
problem, significantly simplifying the computation. This is used to learn the decision
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boundary for binary classification problems using support vector machines, or to
perform regression using support vector regression.

2. (Learning measures on X ) Suppose we wish to understand a probability measure µ

on X . Under mild assumptions, we can compute the kernel mean embedding (KME) of
µ defined by

Φ : P(X )→ Hκ

µ 7→
∫
X

Φ(x)dµ(x).

Because V is a Hilbert space, we can use the norm to define a pseudometric for
P(X ), the space of Borel probability measures on X . When the KME Φ is injective,
this becomes a metric. This induced metric is equivalent to a classical metric for
measures called the maximum mean discrepancy (MMD), and can be used to perform
hypothesis testing on measures [Gre+12].

From the representer theorem in Theorem 1.3.1, we can use the kernel κ to perform
nonlinear classification tasks using linear methods such as the support vector machine
(SVM). In fact, we can use the norm on Hκ to define a notion of distance on P(X ).
Although this only provides a pseudometric since Φ may not be injective, it coincides with
a well known measure of discrepancy between probability measures.

Definition 1.3.1. Let G ⊂ RX be a class of functions and µ, ν ∈ P(X ). The maximum mean
discrepancy (MMD) of µ and ν with respect to G is

MMD[G, µ, ν] := sup
f∈G

(
Eµ[ f ]−Eν[ f ]

)
. (1.3.2)

When we take the function class G to be the unit ball in the RKHS Hκ, the MMD can be
written as the distance between the mean embeddings, with respect to the norm on H.

Lemma 1.3.1 ([Bor+06]). Suppose the KME map Φ is well-defined and suppose µ, ν ∈ P(X ).
Let G = { f ∈ H ⊂ RX : ‖ f ‖ ≤ 1}. Then,

MMD2[G, µ, ν] = ‖Φ(µ)−Φ(ν)‖2. (1.3.3)

This simplifies the study of probability measures by considering them as elements of a
linear space, and also provides a straightforward method to compute an unbiased finite
sample estimate of the MMD in terms of the kernel.

Lemma 1.3.2 ([Gre+12]). Suppose the KME map Φ is well-defined and suppose µ, ν ∈ P(X ). Let
G = { f ∈ Hκ ⊂ RX : ‖ f ‖ ≤ 1}. Let X = (x1, . . . , xn) and Y = (y1, . . . , ym) be i.i.d. samples
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from µ and ν respectively. An unbiased estimate of MMD2[G, µ, ν] is given as the MMD of the
empirical distributions of X and Y,

MMD2
u[G, X, Y] =

1
n(n− 1)

n

∑
i=1

n

∑
j 6=i

κ(xi, xj) +
1

m(m− 1)

m

∑
i=1

m

∑
j 6=i

κ(yi, yj)

− 2
nm

n

∑
i=1

m

∑
j=1

κ(xi, yj). (1.3.4)

While the requirement that V is a Hilbert space may not be satisfied in certain situations,
recent work has generalized the Hilbert space kernel methods to the setting of Banach
spaces [ZXZ09; FLS11]. In particular, there are generalizations to the representer theorem
for reflexive Banach spaces [Sch19b], where the necessity of the reflexive hypothesis is
also discussed. In the non-reflexive setting, approximate representer theorems have been
developed in [Sch20]. Although we do not pursue this approach in the present paper, this
suggests a potential avenue for future work.

1.3.2 Universal and Characteristic Feature Maps

In order to effectively use the feature map to study the two classes of machine learning
problems listed above, the feature map must satisfy additional properties. In the case of
learning functions, we must first specify the function class G ⊂ RX of interest, and show
that Hκ = G. This means that the linear span of functionals 〈`, Φ(·)〉V : X → R for ` ∈ V∗

is a dense subset of G. In the case of learning measures, we must ensure that the KME map
is injective. These two properties are respectively called being universal and characteristic.
The discussion in this section is adapted from [CO18].

In this section, we will only suppose that V is a topological vector space. Let V ′ denote
the topological dual of continuous linear functionals, and let V∗ denote the algebraic dual
of all linear functionals. Recall that these duals are equivalent when V is finite dimensional.

Fix a function class G ⊂ RX . We will require a generalization of the KME defined on the
dual G ′, which may include distributions. Rather than defining the KME using an integral,
the KME will send a distribution D ∈ G ′ to a linear functional on V ′ as follows

Φ : G ′ → (V ′)∗

D 7→
(
` 7→ D(〈`, Φ(·)〉V)

)
,

where ` ∈ V ′. With this generalized KME, we can now define universal and characteristic
maps.
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Definition 1.3.2. Fix an input topological space X , and a function space ⊂ RX . Consider
a feature map

Φ : X → V.

Suppose that 〈`, Φ(·)〉 ∈ G for all ` ∈ V ′. We say that Φ is

1. universal to G if the map

ι : V → G, ` 7→ 〈`, Φ(·)〉

has a dense image in G; and

2. characteristic to G ′ if the KME map

Φ : G ′ → (V ′)∗, D 7→
(
` 7→ D(〈`, Φ(·)〉V)

)
is injective.

Remark 1.3.1. Note that when V is a finite dimensional Hilbert space, we have (V ′)∗ = V,
and can define the KME for distributions in G ′ using the Pettis integral, as described
in [SS18].

In the case where V is a Hilbert space, the characteristic property of the feature map
implies that the MMD between measures defined by the norm of V is a metric.

Corollary 1.3.1. Suppose V is a Hilbert space and Φ : X → V is a feature map which is
characteristic with respect to P(X ). The maximum mean discrepancy with respect to G = { f ∈
V ⊂ RX : ‖ f ‖ ≤ 1} is a metric.

We have the following equivalence between universal and characteristic maps.

Theorem 1.3.2 ([CO18]). Suppose that G is a locally convex topological vector space. A feature
map Φ is universal to G if and only if Φ is characteristic to G ′.

Remark 1.3.2. This equivalence may seem to stand in contrast with previous work relating
universality and characteristicness, such as in [Kwi+15], which states that a characteristic
feature map is not necessarily universal. This is due to variations in the definition of
characteristicness; for example in [Kwi+15], a feature map is called characteristic if its
corresponding KME is injective on probability measures. An extensive discussion on the
various notions of universal and characteristic maps is provided in [SS18].

26



1.3 the signature kernel

1.3.3 The Strict Topology

The equivalence between universal and characteristic maps significantly simplifies the
study of such properties, as we only need to prove one of the two, and in many cases,
universality can be shown using Stone-Weierstrass type results. Our focus in this paper
is to show universality with respect to G = Cb(X ), the space of continuous bounded
real-valued functions on X . Furthermore, we also wish to show characteristicness with
respect to probability measures on X .

An issue that arises is that the input spaces X that we consider in this paper are not
locally compact, and the classical Stone-Weierstrass theorem does not apply. However, as
was first noted in [CO18] for applications to signatures, when G = Cb(X ) is equipped
with the strict topology [Gil71], there exists a Stone-Weierstrass result, and G ′ includes the
space of probability measures on X .

Definition 1.3.3 ([Gil71]). Let X be a topological space. We say that a function ψ : X →
R vanishes at infinity if for each ε > 0, there exists a compact set K ⊂ X such that
supx∈X−K |ψ(x)| < ε. Denote by C0(X ) the set of functions that vanish at infinity. The
strict topology on Cb(X ) is the topology generated by the seminorms

pψ( f ) = sup
x∈X
| f (x)ψ(x)|, ψ ∈ C0(X ).

Theorem 1.3.3 ([Gil71]). Let X be a metrizable topological space.

1. The strict topology on Cb(X ) is weaker than the uniform topology and stronger than the
topology of uniform convergence on compact sets.

2. If G0 is a subalgebra of Cb(X ) such that for all x, y ∈ X , there exists some f ∈ G0 such that
f (x) 6= f (y) (G0 separates points), and for all x ∈ X , there exists some f ∈ G0 such that
f (x) 6= 0, then G0 is dense in Cb(X ) under the strict topology.

3. The topological dual of Cb(X ) equipped with the strict topology is the space of finite regular
Borel measures on X .

Specifically, the space of finite regular Borel measures on X includes all probability
measures on X .

1.3.4 The Signature Kernel

The perspective in this section is to view the path signature S : C1−var(V)→ T((V)) as a
feature map and consider the universal and characteristic property with respect to G =

Cb(C1−var(V)). As described in Definition 1.3.2, we must first ensure that 〈`, Φ(·)〉V ∈ G
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for all ` ∈ T((V))′. In particular, we must show that 〈`, Φ(·)〉V : X → R is bounded. This
will be achieved using tensor normalization.

Definition 1.3.4. A tensor normalization is a continuous injective map of the form

Λ : T((V))→ {t ∈ T((V)) : ‖t‖ ≤ K}
t 7→ σλ(t)t

where K > 0 is a constant, λ : T((V))→ (0, ∞) is a function, and σλ is multilinear scaling
operator from Equation (1.2.17).

The following proposition, proved in Appendix A of [CO18], shows the existence and
construction of the tensor normalization

Proposition 1.3.1 ([CO18]). Let V be a Banach space. Let ψ : [1, ∞) → [1, ∞) with ψ(1) = 1.
For t ∈ T((V)) and define λ : T((V))→ (0, ∞) to be the unique non-negative number such that
‖σλ(t)t‖2 = ψ(‖t‖), where σλ is the multi-linear scaling function in Equation (1.2.17). Define

Λ : T((V))→ T((V))

t 7→ σλ(t)t.

Denote ‖ψ‖∞ = supx≥1 ψ(x). Then the following holds.

1. The function Λ takes values in the set
{

t ∈ T((V)) : ‖t‖ ≤
√
‖ψ‖∞

}
.

2. If ψ is injective, then so is Λ.

3. Suppose that supx≥1 ψ(x)/s2 ≤ 1, ‖ψ‖∞ < ∞, and that ψ is K-Lipschitz for some K > 0.
Then

‖Λ(s)−Λ(t)‖ ≤ (1 +
√

K + 2
√
‖ψ‖∞)(

√
‖s− t‖ ∨ ‖s− t‖).

Corollary 1.3.2 ([CO18]). Let ψ : [1, ∞) → [1, ∞) be injective satisfying ψ(1) = 1 and the
conditions of item (3.) in Proposition 1.3.1. Then, the function Λ constructed in Proposition 1.3.1
is a tensor normalization.

This method of constructing a tensor normalization is done by defining the normalized
norm ‖σλ(t)t‖ of an element t, given its original norm ψ(‖t‖). In practice, we will be
working with a truncated element of the tensor algebra. Thus, given an element t ∈
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T(M)((V)), we can obtain the value of λ(t) by solving the equation ‖σλ(t)t‖2 = ψ(‖t‖).
This reduces to finding the zero of the polynomial equation

M

∑
k=1

λ2k‖tk‖2 − ψ(‖t‖) = 0.

The following result shows that the path signature is a universal and characteristic
feature map, and we reproduce the proof here for completeness.

Theorem 1.3.4 ([CO18]). Let Λ : T((V))→ T((V)) be a tensor normalization. The normalized
signature

Φ : C̃1−var(V)→ T((V)), Φ = Λ ◦ S,

1. is a continuous injection from C̃1−var(V) into a bounded subset of T((V)),

2. is universal to G := Cb(C̃1−var(V)) equipped with the strict topology, and

3. is characteristic to the space of finite regular Borel measures on C̃1−var(V).

Proof. From Theorem 1.2.3 and Theorem 1.2.4, the path signature is a continuous injection
on C̃1−var(V). Furthermore, since the tensor normalization is continuous and injective, Φ
is a continuous injection.

To prove the second statement, let G0 = LV , as defined in Equation (1.2.28), which we
view as a subset of Cb(C̃1−var(V)) by setting

`(γ) := 〈`, Φ(γ)〉,

for any ` ∈ LV and γ ∈ C̃1−var(V). Because Φ is injective, LV separates points. Next, for
each γ ∈ C̃1−var(V), there is some ` ∈ LV such that 〈`, Φ(γ)〉 6= 0. Moreover, LV is a
subalgebra of Cb(C̃1−var(V)) by Corollary 1.2.1. By the second part of Theorem 1.3.3, Φ is
universal with resepct to Cb(C̃1−var(V)) equipped with the strict topology.

Finally, to prove the third statement, the equivalence in Theorem 1.3.2 shows that Φ
is characteristic with respect to the topological dual of Cb(C̃1−var(V)). By the third part
of Theorem 1.3.3, the topological dual is the space of finite regular Borel measures.

1.3.5 The Discrete Path Signature

While the path signature is naturally defined for continuous paths, we often work with
discrete time series in data science applications. There is a discrete approximation of the
continuous signature for finite dimensional discrete paths which allows for more efficient
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computation, originally introduced in [KO19]. In this subsection, we recall main concepts
of this approximation.

In this subsection, we let V denote a Hilbert space with orthonormal basis {eα}α∈A
for some index set A. For L ∈ N, we let [L] := {1, . . . , L}. A discrete path is a map
γ̂ : [L + 1]→ V, and its discrete derivative γ̂′ : [L]→ V is defined to be

γ̂′(t) = γ̂t+1 − γ̂t

for all t ∈ [L]. We let Seq(V) denote the space of discrete paths of arbitrary finite length on
V. Furthermore, for α ∈ A, we denote γα : [L + 1]→ R to be the α-component of the path.

Definition 1.3.5. Let γ̂ : [L + 1]→ V. Let I = (i1, . . . , im) ∈ Am be a multi-index. We define
the discrete m-simplex with length L to be

∆̂m
L = {(t1, . . . , tm) ∈ [L]m : 0 ≤ t1 < t2 < . . . < tm ≤ L}.

The discrete path signature of γ̂ with respect to I is defined to be

ŜI(γ̂) := ∑
(t1,...,tm)∈∆̂m

L

γ̂′i1(t1) . . . γ̂′im
(tm).

The discrete path signature can be viewed as an approximation to the continuous path
signature. Let γ ∈ C1−var(V) be a bounded variation path. Given a partition Π = (0 = t1 <

t2 < . . . < tL+1 = 1), the discretization of γ with respect to Π, denoted γ̂(Π) : [L + 1]→ G,
is defined to be

γ̂(Π)(i) := γti .

The following proposition in [KO19] shows that the discrete signature indeed approximates
the continuous path signature and provides an explicit error estimate.

Proposition 1.3.2 (Corollary 4.3, [KO19]). Let γ ∈ C1−var(V), and define a partition π = (0 =

t1 < t2 < . . . < tL+1 = 1). Then,

‖Ŝ(γ̂(π))− S(γ)‖ ≤ |γ|1−vare|γ|1−var max
i=1,...,L

|γ|[ti ,ti+1]|1−var.

The discrete signature can be viewed as a map

Ŝ : Seq(V)→ T((V)),

or in truncated form as

ŜM : Seq(V)→ T(M)(V).
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1.3 the signature kernel

We will be using the truncated variant of the signature in data analysis applications due to
its computability. We can bound the truncation error as follows.

Lemma 1.3.3. Let γ̂ : [L + 1]→ V, and define ` := |γ̂|1−var. Given M ∈N, we have

‖Ŝ(γ̂)− Ŝ≤M(γ̂)‖ ≤
(

exp(`2)`M+1

(M + 1)!

)1/2

.

Proof. First, we write a recursive definition

ŜM(γ̂)(t) = ∑
t′∈[t]

ŜM−1(γ̂)(t− 1)⊗ γ̂′(t)

For t′ ∈N, let γ̂[0,t′] denote the restriction of γ̂ to [t′]. We claim that

ŜM(γ̂)(t′) ≤
|γ̂[0,t′]|M1−var

M!

The case of M = 1 is straightforward since

Ŝ1(γ̂)(t′) = ‖γ̂t′ − γ̂0‖ ≤ |γ̂|[0,t′]|1−var.

Then, we will use induction to show the case for M > 1. By expanding definitions, we
have

‖ŜM(γ̂)(t)‖ =
∥∥∥∥∥ ∑

t′∈[t]
ŜM−1(γ̂)(t′ − 1)⊗ γ̂′(t′)

∥∥∥∥∥
≤ ∑

t′∈[t]
‖ŜM−1(γ̂)(t′ − 1)⊗ γ̂′(t′)‖

≤ ∑
t′∈[t]
‖ŜM−1(γ̂)(t′ − 1)‖ · ‖γ̂′(t′)‖

≤ ∑
t′∈[t]

|γ̂[0,t′]|M−1
1−var

(M− 1)!
· ‖γ̂′(t′)‖,

where we use the compatibility condition of the tensor norms in the third line and the
induction hypothesis in the last line. Now, let γ : [0, L + 1]→ V continuous path defined
by linear interpolation of γ̂, and note that

|γ[0,t′]|1−var = |γ̂[0,t′]|1−var.
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1.3 the signature kernel

Then, since |γ[0,t′]|1−var a monotone increasing function of t′, we can use an integral to
bound the sum

∑
t′∈[t]

|γ̂[0,t′]|M−1
1−var

(M− 1)!
· ‖γ̂′(t′)‖ ≤ 1

(M− 1)!

∫ t

0
|γ[0,t′]|M−1

1−var · ‖γ
′(t′)‖dt′

Applying a change of variables with s = |γ[0,t′]|1−var with ds = ‖γ′(t′)‖dt′, we get

1
(M− 1)!

∫ t

0
|γ[0,t′]|M−1

1−var · ‖γ
′(t′)‖dt′ ≤ 1

(M− 1)!

∫ |γ[0,t]|1−var

0
sM−1ds

=
|γ[0,t]|M1−var

M!
,

which proves the claim. Now, let ` := |γ̂|1−var, so we have

ŜM(γ̂) ≤ `M

M!

for all M ∈N. The truncation error can then by given by

‖Ŝ(γ̂)− Ŝ≤M(γ̂)‖2 =
∞

∑
k=M+1

‖Ŝk(γ̂)‖

≤
∞

∑
k=M+1

`2k

(k!)2

≤
∞

∑
k=M+1

`2k

k!

≤ exp(`2)`M+1

(M + 1)!
.

We define the truncated discrete signature kernel to be

K̂M : Seq(V)× Seq(V)→ R

(α̂, β̂) 7→ 〈ŜM(α̂), ŜM(β̂)〉.

By expanding the definition of the discrete signature, we can formulate the following
expression for the signature kernel.
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1.3 the signature kernel

Proposition 1.3.3 ([KO19]). The truncated discrete signature kernel can be computed as

K̂M(β̂, γ̂) =
M

∑
m=0

∑
(s,t)∈∆̂m

T×∆̂m
T

m

∏
i=1
〈β̂′(si), γ̂′(ti)〉. (1.3.5)

When V is a finite-dimensional Hilbert space, this expression can be explicitly computed,
with an efficient algorithm given in [KO19]. Furthermore, we may be interested in situations
where the time series is valued in a topological space X , which is then mapped into a
Hilbert space V using a feature map Φ : X → V. This is equipped with the associated
kernel function κ : X ×X → V, and we are interested in the composition of the the feature
map Φ with the discrete signature kernel

KΦ,m : Seq(X )× Seq(X )→ R

(β, γ) 7→ 〈Sm ◦Φ(β), Sm ◦Φ(γ)〉V .

By once again expanding the definitions, we obtain a similar expression for the signature
kernel.

Proposition 1.3.4 ([KO19]). Let Φ : X → V be a feature map into a Hilbert space, and suppose
κ : X × X → R be the corresponding kernel. The truncated discrete signature kernel can be
computed as

K̂M(β̂, γ̂) =
M

∑
m=0

∑
(s,t)∈∆̂m

T×∆̂m
T

m

∏
i=1
∇si ,ti κ(β̂, γ̂), (1.3.6)

where

∇j,kκ(β̂, γ̂) :=κ(β̂ j+1, γ̂k+1)− κ(β̂ j, γ̂k+1)− κ(β̂ j+1, γ̂k) + κ(β̂ j, γ̂k).

This result implies that even if the feature space V is infinite dimensional, as long as we
have a computable kernel κ, we can compute the signature kernels for discrete paths in
Seq(X ).

Remark 1.3.3. There is another approach to computing signature kernels which is discussed
in [Cas+21]. In this approach, the untruncated signature kernel is formulated in terms of
the solution to a PDE. This approach can be also be extended to time series composed
with a feature map Φ : X → V by using explicit computations for its corresponding
kernel κ : X × X → V. In particular, this method would allow us to compute the
untruncated signature kernel composed with the untruncated moment map. In this case,
the approximation error would be purely due to the PDE solution error rather than a
truncation error.
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1.3 the signature kernel

1.3.6 Path Transformations

We turn to a discussion of several transformations which add information to paths, usually
used as a preprocessing step for signature methods in machine learning. This section is
from [LG20], but is also discussed in [Fer21; Mor+21].

1.3.6.1 Time transformation

The time transformation is a simple method to remove reparametrization invariance (com-
mon in the path signatures literature such as in [CK16]), defined by appending the time
parameter to the path:

TTime : C1−var
0 (V)→ C1−var

0 (V ×R)

γt 7→ (γt, t). (1.3.7)

Lemma 1.3.4. The map TTime : C1−var
0 (V)→ C̃1−var

0 (V ×R) is injective.

Proof. First, note that TTime is an injective map into a subset of C1−var
0 (V ×R) where at

least one component is monotone increasing. The proof of Theorem 5 in [LO14] shows that
the signature is injective on paths with a monotone increasing component. Then, since the
signature of two paths is equivalent if and only if the two paths are tree-like equivalent,
this implies that TTime is injective into C̃1−var

0 (V ×R).

This lemma implies that by first embedding a path γ ∈ C1−var
0 (V) into C̃1−var

0 (V ×R),
we obtain a parametrization-dependent feature map for γ ∈ C1−var

0 (V) using the path
signature. More generally, this also removes tree-like invariance, so in fact we obtain an
injective feature map for C1−var

0 (V).

1.3.6.2 Identity initialized transformation

The identity initialized (IdInit) transformation is a simple method to remove translation
invariance. Suppose v ∈ V and we define `v ∈ C1−var(V) to be the linear interpolation
between the origin of V to the point v ∈ V. Then the IdInit transformation is defined to be

TIdInit : C1−var(V)→ C1−var
0 (V)

γ 7→ `γ0 ∗ γ. (1.3.8)

For discrete time series, this simply amounts to appending the identity element to the
beginning of the time series. The following lemma is clear by definition.

Lemma 1.3.5. The map TIdInit : C1−var(V)→ C1−var
0 (V) is injective.
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1.3 the signature kernel

The implication of this lemma is that by embedding C1−var(V) into C1−var
0 (V), we

can obtain a translation-dependent feature map for C1−var(V) using the path signature.
Moreover, by combining the time and identity start transformations, the path signature
provides an injective feature map for C1−var(V).

Corollary 1.3.3. The composition TTime ◦ TIdInit : PG → P̃(G×R) is injective.

1.3.6.3 Sliding window transformation

The sliding window transformation (often called the lead-lag transformation in the path
signature literature) has been used for several applications of the path signatures, such
as [Gyu+13] and [Yan+19], and has been empirically found to produce good results in
classification tasks [Fer21]. The exact definition may vary slightly between these papers,
and we give the definition from [Yan+19] and [Fer21].

Let τ ∈ R+, and m ∈N. Given a path γ ∈ C1−var(V), we can extend its definition to all
of R as

γt =


γ0 : t < 0

γt : t ∈ [0, 1]

γ1 : t > 1.

Then, we define the sliding window transformation with m lags to be

TSWin,m : C1−var(V)→ (C1−var(V))m+1

γt 7→ (γt, γt−τ, γt−2τ, . . . , γt−mτ). (1.3.9)

For discrete time series, we assume that the data is temporally uniformly sampled, and
we choose τ to be the time in between samples. Then, if we consider a discrete time series
to be γ̂ : [L + 1]→ V, then the sliding window transformation will be

TSWin,m(γ̃)i := (γ̃i, γ̃i−1, . . . , γ̃i−m).

In the context of Euclidean path signatures, [Fer21] empirically shows that the sliding
window embedding often performs well on classification tasks, though there is no the-
oretical explanation. We note that due to the choice of padding the start of the delayed
time series with the identity, this transformation breaks translation invariance. We suggest
that breaking the translation symmetry is one reason the sliding window transformation
performs well in practice. This is discussed in Remark 3.5.1 in Section 3.5.1.
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1.4 rough paths

1.4 rough paths

In this section, we provide a brief exposition of the basic ideas behind rough paths.
Although they are not explicitly used in this thesis, the field of rough paths has played
a major role in the development of the theory and applications of path signatures in the
past two decades. Furthermore, one of the main motivations for the development of the
mapping space signature in Chapter 5 and Chapter 7 is to work towards a generalization
of rough maps to higher dimensional domains.

The goal of this section is to motivate rough paths, provide the definition, and show
that the path signature can be defined for rough paths. We will follow the exposition
in [LCL07] in this section; in particular, we will only consider the finite dimensional
case of V = RN . Another reference for the finite dimensional theory, including more
applications to stochastic analysis is [FV10], while [LQ07] works in the setting of arbitrary
vector spaces. Note that there is an alternate formulation of rough paths from an algebraic
perspective [Gub04] which is also discussed in [FH20].

Let V and W be Banach spaces. Suppose X : [0, 1] → V and f : W → L(V, W), where
L(V, W) is the Banach space of continuous linear maps between V and W. Consider the
controlled differential equation

dY
dt

= f (Y(t))
dX
dt

, Y(0) = Y0 (1.4.1)

where X is the control, f is the vector field controlled by X, and Y is the response. We say
that Y : [0, 1]→W is a solution of Equation (1.4.1) if

Y(t) = Y0 +
∫ t

0
f (Y(s))dX(s). (1.4.2)

In order to make sense of the solution, we must be precise with the type of integral used.
To begin, we suppose V, W = R and f (Y(t))dX(t) = Y(t)dX(t). Then consider the integral∫ t

0
Y(s)dX(s). (1.4.3)

in isolation. If Y is continuous and X is bounded 1-variation, then the classical Riemann-
Stieltjes integration theory tells us this integral exists. In fact, Young [You36] generalized
the Riemann-Stieltjes result and showed that if Y ∈ Cq−var(V) and X ∈ Cp−var(V), with 1

p +
1
q > 1, then the resulting integral exists, and as a function of t, the integral in Equation (1.4.3)
is bounded p-variation.

Returning to the integral equation in Equation (1.4.2) with the same f , Young’s result
implies that if X ∈ Cp−var(V), then the solution Y ∈ Cp−var(V). Now, Young’s condition
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1.4 rough paths

for the existence of the integral reduces to 2
p > 1, or p < 2. Young’s integral can be used to

prove the following existence and uniqueness theorem for controlled differential equations.

Theorem 1.4.1 ([LCL07]). Let p and r be such that 1 ≤ p < 2 and p < r. Suppose X ∈
Cp−var(V) and f is Lip(r). The, for every Y0 ∈ W, the differential equation Equation (1.4.3)
admits a unique solution. Let I f (X, Y0) = Y denote the unique solution to Equation (1.4.3) starting
at Y0. Then the mapping

I f : Cp−var(V)×W → Cp−var(W) (1.4.4)

is continuous.

Here, Lip(r) denotes a Lipschitz continuous function with additional regularity condi-
tions defined in [LCL07]. The main property of Lip(r) functions required in this result is if
Y ∈ Cp−var(W) and f ∈ Lip(r), then f (Y) ∈ C

p
r−var(W).

However, there are fundamental obstructions to the extension of Young’s integral to
lower regularity paths, as well as extensions of Theorem 1.4.1 to p ≥ 2. Two such reasons
are given in [LCL07]:

1. There are no continuous extensions of the Young integral rich enough to handle
Brownian paths in a deterministic fashion;

2. The signed area of a path is not a continuous functional with respect to the 2-variation
metric.

Thus, ordinary paths of low regularity do not contain enough information to establish a
deterministic integration theory. Note in particular that this implies that the path signature
cannot be defined for bounded p-variation paths with p ≥ 2. The perspective of rough
paths is to focus on the path signature as the fundamental object. We will require two
preliminary definitions to define rough paths.

Definition 1.4.1. A control function is a continuous non-negative function ω : ∆2 → R,
which is super-additive in the sense that

ω(s, t) + ω(t, u) ≤ ω(s, u),

for all 0 ≤ s ≤ t ≤ u ≤ 1 and for which ω(t, t) = 0 for all t ∈ [0, 1]. For a path
γ : [0, 1]→ V, if there exists a control function ω such that

‖γ|[s,t]‖p−var ≤ ω(s, t)1/p,

then we say that the p-variation of γ is controlled by ω.
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1.4 rough paths

Example 1.4.1. As a simple example, let γ ∈ Cp−var(V). Define ω : ∆2 → R by

ω(s, t) := ‖γ|[s,t]‖
p
p−var.

It can be easily checked that ω satisfies the conditions to be a control function, and
furthermore, the p-variation of γ is controlled by ω.

Definition 1.4.2. Suppose n ∈ N. Let X : ∆2 → T(n)(V) be a continuous map. For each
(s, t) ∈ ∆2, we denote Xs,t := X(s, t), and write

Xs,t = (X0
s,t, X1

s,t, . . . , Xn
s,t),

where Xm
s,t ∈ V⊗m. The function X is a multiplicative functional of degree n in V if X0

s,t = 1
and

Xs,u ⊗ Xu,t = Xs,t (1.4.5)

for all s ≤ u ≤ t.

Example 1.4.2. Suppose γ ∈ C1−var(V) and let n ∈N. Define a map X : ∆2 → T(n)(V) by

Xs,t := S≤n(γ|[s,t]).

By definition, we have X0
s,t = 1 for all (s, t) ∈ ∆2, and by Chen’s identity in Theorem 1.2.2,

the multiplicative property in Equation (1.4.5) holds:

Xs,t = S≤n(γ|[s,u] ∗ γ|[u,t]) = S≤n(γ|[s,u])⊗ S≤n(γ|[u,t]) = Xs,u ⊗ Xu,t.

Definition 1.4.3. Let p ≥ 1 be a real number. A p-rough path in V is a multiplicative
functional of degree bpc in V such that there exist a control function ω : ∆2 → R where

‖Xm
s,t‖m ≤

ω(s, t)
m
p

β
(

m
p

)
!

(1.4.6)

for all (s, t) ∈ ∆2 and m = 1, . . . , bpc, where

β = p2

1 +
∞

∑
r=3

(
2

r− 2

) bpc+1
p

 . (1.4.7)
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Example 1.4.3. Consider the multiplicative function X : ∆2 → T(n)(V) defined in Exam-
ple 1.4.2. We claim that X is an n-rough path. Define the control function ω : ∆2 → R

by

ω(s, t) := β
∣∣γ|[s,t]

∣∣n
1−var.

Then, by the levelwise signature norm bound in Equation (1.2.13), we have

‖Xm
s,t‖m = ‖Sm(γ|[s,t])‖m ≤

∣∣γ|[s,t]
∣∣m

m!
=

ω(s, t)
m
n

β(m!)
≤ ω(s, t)

m
n

β
(m

n

)
!

.

We can see that the first level of a p-rough path contains the same information as an
ordinary path, up to translation. From this example, we see that

X1
0,t = S1(γ|[0,t]) = γt − γ0.

Furthermore, we can interpret the mth level of an arbitrary p-rough path X : ∆2 → T(bpc)(V)

as the analogue of the mth level signature. For an arbitrary p-rough path with p ≥ 2, the
signature cannot be directly computed, as we have previously discussed. Thus, the higher
level signature terms up to level bpc are prescribed as part of the definition of a rough
path. In fact there exist distinct p-rough paths which agree at the first level.

Example 1.4.4. We will construct a family of 2-rough paths which coincide at the first level.
Let w ∈ V⊗2, and define a rough path Xw : ∆2 → T(2)(V) by

(Xw)
0
s,t = 1, (Xw)

1
s,t = 0, (Xw)

2
s,t = (t− s)w.

The multiplicative property in Equation (1.4.5) holds at the first level since it is trivial, and
at level 2, we have

((Xw)s,u ⊗ (Xw)u,t)
2 = X2

s,u + X2
u,t = (u− s)w + (t− u)w = (t− s)w = (Xw)

2
s,t.

Now, we define a control function ω : ∆2 → R by

ω(s, t) := (t− s)β‖w‖2,

and the regularity condition in Equation (1.4.6) is satisfied. Therefore, Xw is a 2-rough path
for any w ∈ V⊗2. Note that while Xw is a distinct path for distinct choices of w ∈ V⊗2,
the first level of Xw is trivial, and coincides with a constant path. One can interpret the
second level of these 2-rough paths as the iterated integral of infinitesimal information
which cannot be represented by the underlying path.
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To understand this idea, we consider a specific example where V = R2. We fix

w =

(
0 1

−1 0

)
.

Let γn : [0, 1]→ R2 be a sequence of paths defined by

γn(t) =
(

cos(2πn2t)√
πn

,
sin(2πn2t)√

πn

)
,

so that γn winds around a circle of radius 1√
πn a total of n2 times. Each path in the sequence

is bounded 1-variation, so we let Xn : ∆2 → T(2)(V) be the p-rough path, where 2 < p < 3,
defined by the 2-truncated path signature of γn,

(Xn)s,t := S≤2(γn|[s,t]),

as in Example 1.4.2. The second level of Xn can be directly computed and written as a sum
of two matrices

(Xn)
2
s,t =(t− s)

(
0 1

−1 0

)

+
1

4πn2

(
cos(4πn2t)− cos(4πn2s) sin(4πn2t)− sin(4πn2s)

−(sin(4πn2t)− sin(4πn2s)) −(cos(4πn2t)− cos(4πn2s))

)
.

The second matrix converges to 0 as n→ ∞, and thus

(Xn)
2
s,t → (Xw)

2
s,t

as n→ ∞. Furthermore,

(Xn)
1
s,t → 0 = (Xw)

1
s,t

in the p-variation metric with 2 < p < 3.

While the signature of a bounded p-variation path with p ≥ 2 cannot be defined, once
we lift the path to a p-rough path by prescribing its iterated integrals up to level bpc, we
are able to perform the necessary integration steps to determine the signature.
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Theorem 1.4.2 (Extension Theorem [LCL07]). Let p ≥ 1 be a real number and let X : ∆2 →
T(n)(V) be a p-rough path controlled by ω. Then, there exists a unique extension of X to a
multiplicative functional X̃ : ∆2 → T((V)), where

X̃s,t = (1, X1
s,t, . . . , Xbpcs,t , Xbpc+1

s,t , . . .), (1.4.8)

such that

‖Xm
s,t‖ ≤

ω(s, t)
m
p

β
(

m
p

)
!

for all m ∈N.

Note that the unique extension X̃ coincides with the original rough path X up to level
bpc. Then, we can define the path signature of the p-rough path X as

S(X) := X̃0,1. (1.4.9)

This result is merely the beginning of the rich theory of rough paths. Using this theory, we
are able to define generalizations of the 1D integral in Equation (1.4.3) where the integrator
is a p-rough path X. This, in turn, allows us to study controlled differential equations of
the form in Equation (1.4.1) where the control can be a p-rough path of arbitrarily low
regularity. For further details, we refer the reader to [LCL07; LQ07; FH20].
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2
PAT H S PA C E C O C H A I N S A N D S I G N AT U R E S

In this chapter, we describe the path signature from the perspective of differential forms
on the path space. This perspective was initiated by Chen [Che77] as a way to study the
cohomology of loop spaces using geometric methods, akin to how the de Rham theorem
tells us that the de Rham cohomology of a manifold (derived from the geometry of the
manifold via differential forms) is isomorphic to the singular cohomology (derived from
the topology of the manifold).

The main tool that Chen used to build this connection between the geometry and
topology of loop spaces is the construction of the iterated integral cochain algebra of the
loop space, ΩX, which is also called the Chen complex of the loop space, Chen•(ΩX). The
same construction can be defined for the path space of a manifold, PX, yielding the Chen
complex of the path space, Chen•(PX), which is the object we will study in this chapter.

The Chen complex is a subcomplex of the de Rham complex for path spaces,

Chen•(PX) ⊂ Ω•(PX),

so we can interpret elements of Chen•(PX) as differential forms on the path space. However,
the path space of a manifold PX is infinite-dimensional, and therefore is not a manifold.
Thus, we must first establish a more general notion of a “smooth space” on which we
can define notions such as differential forms. Chen introduced and used the notion of
differentiable spaces, which is based on the following principle: we understand the concepts
of smooth maps and differential forms on Euclidean spaces, so we will use Euclidean
spaces to model the smooth structure of more general spaces.

If we fix X = RN , we find that the path signature SI : PX → R for a multi-index
I = (i1, . . . , in) valued in [N] is an element of the degree 0 part of the Chen complex

SI ∈ Chen0(PRN) ⊂ Ω0(PRN).

Such an object is a 0-cochain or 0-form on PX. This connection shows that the path signature
only uses the objects in the degree 0 part of the construction, where the higher cochains
have yet to be exploited in the context of stochastic analysis or machine learning. While we
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do not explicitly discuss the application of higher cochains in this thesis, the perspective
of the path signature being the 0-cochains of the iterated integral cochain algebra is the
primary motivation behind the development of the mapping space signature in the latter
part of the thesis.

This chapter will introduce Chen’s construction and the corresponding connection to
path signatures in an expository manner. We begin with a brief discussion on differential
forms on RN in order to get an intuition into what it means to be a “differential form on
the path space.” Then, we consider diffeological spaces and differential forms on those
spaces, followed by a description of Chen’s construction along with the derivation of the
path signature from the 0-cochains.

2.1 from forms on euclidean spaces to forms on path spaces

Throughout this section, we will treat X as a manifold. Recall that for each point x ∈ X,
the tangent space of X and x is the vector space denoted TxX. For X = RN , the tangent
space at each point x = (x1, . . . , xN) ∈ RN is the N-dimensional vector space spanned by
the basis vectors

∂

∂x1
, . . . ,

∂

∂xN
, (2.1.1)

which formally describes the space of derivatives at the point x ∈ RN . For instance, given
a smooth path γ = (γ1, . . . , γN) : [0, 1]→ RN , the derivative of γ at t ∈ [0, 1] is contained
in the tangent space

γ′(t) ∈ Tγ(t)R
N .

In the case of X = RN , tangent vectors from one tangent space TxRN can be parallel
transported to another tangent space TyRN via the identity isomorphism id : TxRN ∼= TyRN .
Thus, when we are working on Euclidean space, we can simply work with a single tangent
space, which we take to be the tangent space at the identity r := T0RN ∼= RN , which is
also the Lie algebra of RN . We will consistently use the vector space r for tangent vectors in
order to distinguish them from the underlying manifold X = RN . Note that for arbitrary
manifolds, while the tangent spaces over any two points are isomorphic, the specific
isomorphism will depend on the choice of affine connection on the manifold, as well as a
path which connects the two points.

The identification of every tangent space on RN with r allows for a simple definition of
vector fields and differential forms. A vector field is a smooth function F : RN → r which
assigns a tangent vector to every point on RN .
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2.1 from forms on euclidean spaces to forms on path spaces

Next, the linear dual of a tangent space of X at x is called the cotangent space of X at x,
denoted T∗x X := (TxX)∗. For X = RN , the cotangent space at x ∈ RN is the N-dimensional
vector space spanned by the basis vectors

dx1, . . . dxN ,

which are dual to the basis vectors in Equation (2.1.1). As with tangent spaces, we can
identify the cotangent spaces over any point with the dual of r, denoted r∗. A differential
1-form on RN is a smooth function ω : RN → r∗. Thus, a 1-form on RN can be written as

ω(x1, . . . , xN) =
N

∑
i=1

fi(x1, . . . , xN)dxi, (2.1.2)

where each fi : RN → R is a smooth function. The space of all 1-forms is denoted Ω1(RN).
Recall that the kth exterior power of a vector space V, denoted

∧k V, is the vector space
spanned by the elements

v1 ∧ . . . ∧ vk,

where vi ∈ V. The wedge product satisfies the alternating property: for any permutation
σ ∈ Σk,

vσ(1) ∧ . . . ∧ vσ(k) = sgn(σ)v1 ∧ . . . ∧ vk. (2.1.3)

In particular, the kth exterior power of r∗, denoted
∧k r∗, is the vector space with the basis

vectors

dxi1 ∧ . . . ∧ dxik ,

where 1 ≤ i1 < . . . < ik ≤ N. Then, a differential k-form on RN is a smooth function
ω : RN → ∧k r∗, which can be written as

ω(x1, . . . , xN) = ∑
I=(i1<...<ik)

f I(x1, . . . , xN)dxi1 ∧ . . . ∧ dxik , (2.1.4)

where the sum is taken over all indices where 1 ≤ i1 < . . . < ik ≤ N. The space of all
k-forms is denoted Ωk(RN).

Intuitively, a differential k-form assigns an infinitesimal signed k-volume element to
every point in RN , where the orientation is taken into account by the alternating property
in Equation (2.1.3). The signed k-volume element represents some quantity of interest, and
we can integrate the k-form over a k-dimensional region C ⊂ RN (or the manifold X in
general) to obtain the total quantity.
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2.1 from forms on euclidean spaces to forms on path spaces

A k-form ν ∈ Ωk(C), where C ⊂ Rk can be written as

ν(x1, . . . , xk) = g(xk, . . . , xk)dx1 ∧ . . . ∧ dxk, (2.1.5)

since
∧k(rk)∗ is 1-dimensional. The integral of an k-form over an k-dimensional region

C ⊂ Rk is defined to be∫
C

ν :=
∫

C
g(x1, . . . , xk)dx1 . . . dxk, (2.1.6)

where the right hand side is interpreted as an ordinary multidimensional integral.
The integral of a k-form ω on RN over a k-dimensional region C ⊂ RN requires a

parametrization of the region C by a function γ = (γ1, . . . , γN) : D → RN , where D ⊂ Rk

and the image is C. The integral can be defined using the pullback of ω along γ, denoted
γ∗ω ∈ Ωk(D). Let t = (t1, . . . , tk) describe the coordinates of D. Suppose ω is given as
in Equation (2.1.4), then the pullback γ∗ω is defined by

γ∗ω(t1, . . . , tk) = ∑
I=(i1<...<ik)

( f I ◦ γ)(t)J[γI ](t)dt1 ∧ . . . ∧ dtk, (2.1.7)

where

J[γI ] =

∣∣∣∣∣∣∣∣
∂γi1
∂t1

· · · ∂γi1
∂tk

...
. . .

...
∂γik
∂t1

· · · ∂γid
∂tk

∣∣∣∣∣∣∣∣ (2.1.8)

is the determinant of the Jacobian of γI = (γi1 , . . . , γik) : D → Rk. Then, since γ∗ω ∈
Ωk(D), where D ⊂ Rk, the integral is given by Equation (2.1.6).

To summarize, the perspective on differential forms, which we state for an arbitrary
manifold X, is the following:

A differential k-form ω ∈ Ωk(X) assigns an infinitesimal signed k-volume elements to every point
in X. Integrals of ω can be computed using the pullback γ∗ω along the map γ : D → X which

parametrizes the domain of integration.

This perspective places the pullback of forms along maps with Euclidean domains as
the central object needed to perform explicit computations such as integration. In fact, a
k-form ω ∈ Ωk(X) can be defined by the forms {φ∗ω}φ over all smooth maps φ : D → X,
in which D ⊂ Rn, where the dimension of the Euclidean space n ∈N is permitted to vary.
If we define a form using {φ∗ω}φ over all such φ, we must ensure that the forms satisfy
compatibility conditions, which is discussed in the next section.
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2.2 chen’s differentiable spaces

This definition of a differential form in terms of pullbacks along maps with Euclidean
domains allows an immediate generalization to spaces more general than manifolds, such
as the path space PRN . As we will make precise in the next section, a k-form on PRN is
defined as a collection of forms {ωφ}φ, where ωφ ∈ Ωk(D) and φ : D → PRN is a smooth
map. This requires the notion of smooth maps φ : D → PRN , which will be achieved by
viewing PRN as a smooth space using Chen’s notion of a differentiable space.

Once this is established, we can treat differential forms on PRN is the same manner
as forms on manifolds. In particular, a k-form on PRN assigns an infinitesimal signed
k-volume element to each point in PRN . However, we describe the infinitesimal volume
element via pullbacks to Euclidean domains, which can then be integrated as differential
forms on RN .

2.2 chen’s differentiable spaces

In this section, we introduce Chen’s notion of a differentiable space [Che77], which
provides notions of smooth maps for spaces much more general than manifolds. A smooth
structure is defined on an N-dimensional manifold X by using a collection of charts,
which are homeomorphisms φ : U → X, where U ⊂ RN is open. Charts can be viewed as
probes into the local structure of a manifold, and allow us to define smooth maps between
manifolds by exploiting the well-understood notion of smoothness for Euclidean spaces.
Differentiable spaces are defined similarly by using a collection of plots, the analogue of
charts, which relax the homeomorphism condition of charts, and also allow for maps from
convex Euclidean regions of arbitrary dimension.

Definition 2.2.1. A differentiable space is a set X equipped with, for every Euclidean convex
set C ⊆ Rn with nonempty interior and for any dimension n, a collection of functions
φ : C → X called plots, satisfying the following:

1. (Closure under pullback) If φ is a plot and f : C′ → C is a smooth map between
convex subsets C′ ⊂ Rn′ and C ⊂ Rn, then φ ◦ f is a plot.

2. (Covering condition) Suppose the collection of convex sets {Cj} form an open cover
of the convex set C, with inclusions ij : Cj ↪→ C. If φij is a plot for all j, then φ is a
plot.

3. (Constant plots) Every map f : R0 → X is a plot.

A function f : X → Y between two differentiable spaces is a smooth map if for every plot φ

in X, the composite f ◦ φ is a plot in Y. The category of differentiable spaces and smooth
maps is denoted Diff.
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2.2 chen’s differentiable spaces

Remark 2.2.1. We can also define a differentiable space as a generalized space from the
perspective of category theory. Let Conv be the category where the objects are all convex
subsets of Rn for any n ≥ 0, and the morphisms are smooth maps. There is a natural
Grothendieck toplogy on Conv defined using open coverings via inclusion maps. Thus,
Conv is a concrete site. Then, a differentiable space is a concrete sheaf X : Convop → Set. In
fact, given X as a set, a differentiable structure on X is a subsheaf of

Set(−, X) : Convop → Set, (2.2.1)

which provides the collection of plots in Definition 2.2.1. The closure under pullback and
covering conditions are inherent in the definition of a sheaf, and the constant plot condition
is equivalent to the sheaf being concrete. For further details on this perspective, see [BH11],

Note that a priori, a differentiable space is simply a set and is not equipped with
a topology. However, a differentiable space inherits a topology by considering the final
topology with respect to all plots: the finest topology on X such that all plots are continuous.
Now, we consider several examples and constructions of differentiable spaces. These
examples are taken from [BH11].

Example 2.2.1. Any smooth manifold X is a differentiable space by letting φ : C → X
be a plot if and only if φ is smooth (in the sense of manifolds). This can be achieved by
letting every chart from a convex domain be a plot, and adding all other plots required
by Definition 2.2.1.

Example 2.2.2. Any subset Y ⊂ X of a differentiable space X is a differentiable space
where φ : C → Y is a plot if and only if its composite with the inclusion ι : Y ↪→ X is a plot
in X. This is called the subspace smooth structure. Note that the subspace smooth structure
can used to define equalizers in Diff.

Example 2.2.3. Suppose X is a differentiable space and ∼ is any equivalence relation on
X. The quotient space Y = X/ ∼ is a differentiable space where φ : C → Y is a plot if and
only if there exists an open cover {Ci} fo C and a collection of plots in X

{φi : Ci → X}i

such that the following diagram commutes:

Ci X

C Y,

φi

ιi q

φ
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2.2 chen’s differentiable spaces

where q : X → Y is the quotient map and ιi : Ci → C is the inclusion. This is the quotient
smooth structure. Note tha the quotient smooth structure is used to define coequalizers in
Diff.

Example 2.2.4. Suppose X and Y are differentiable spaces. The coproduct (disjoint union)
X ä Y is a differentiable space where φ : C → X ä Y if and only if φ is the composite of a
plot of X or Y, and one of the inclusion maps

ιX : X ↪→ X ä Y, ιY : Y ↪→ X ä Y.

This is called the coproduct smooth structure.

Example 2.2.5. Suppose X and Y are differentiable spaces. The product X × Y is a dif-
ferentiable space where φ : C → X × Y is a plot if and only if composition with the
projections

πX : X×Y → X, πY : X×Y → Y

are plots in X and Y respectively. This is called the product smooth structure.

Example 2.2.6. Suppose X and Y are differentiable spaces. The set Diff(X, Y) of smooth
maps between X and Y is a differentiable space, where φ : C → Diff(X, Y) is a plot if and
only if the adjoint function φ̃ : C× X → Y defined by

φ̃(x, y) = φ(x)(y),

is smooth. Note in particular that this implies that the smooth path space Diff([0, 1], RN)

and the smooth mapping space Diff(�d, RN), where �d := [0, 1]d, are examples of differ-
entiable spaces.

The final two examples lead to the following property of differentiable spaces.

Proposition 2.2.1 ([BH11]). Let X, Y, and Z be differentiable spaces. The map

Φ : Diff(X×Y, Z)→ Diff(X, Diff(Y, Z)) (2.2.2)

f̃ 7→ f

defined by f (x)(y) = f̃ (x, y) is smooth and has a smooth inverse. Thus, the category Diff is
cartesian closed.

There is one more category-theoretic property which we will need in the mapping space
construction.

Proposition 2.2.2 ([BH11]). The category Diff is complete (has all small limits) and cocomplete
(has all small colimits).
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2.3 the chen complex

Next, we will define differential forms on differentiable spaces.

Definition 2.2.2. A differential k-form ω on a differentiable space X is an assignment of
a k-form ωφ on C to each plot φ : C → X such that if f : C′ → C is smooth a smooth
map between convex subsets C′ ⊂ Rn′ and C ⊂ Rn, then ωφ◦ f = f ∗ωφ. The collection of
k-forms on X is denoted Ωk(X), and the graded collection of all forms on X is Ω•(X).

The linear structure, wedge product, and exterior derivative are all defined on differential
forms plot-wise. Given ω, ω1, ω2 ∈ Ω•(X), λ ∈ R, and any plot φ : C → X,

• (ω1 + λω2)φ = (ω1)φ + λ(ω2)φ,

• (ω1 ∧ω2)φ = (ω1)φ ∧ (ω2)φ, and

• (dω)φ = dωφ.

2.3 the chen complex

In this section, we will introduce Chen’s iterated integral cochain algebra for the path
space PX of a manifold X. Chen’s construction can be summarized as the composition of
the following two maps

Ω•(X)⊗m ev∗m−−→ Ω•(∆m × PX)

∫
∆m−−→ Chen•(PX) ⊂ Ω•(PX). (2.3.1)

In other words, a q-form in Chenq(PX) is constructed following three steps.

1. Choose m differential forms ω1, . . . , ωm such that ωj ∈ Ωqj(X) such that

q =
m

∑
j=1

qj −m. (2.3.2)

2. Compute the pullback of ω1 ⊗ . . .⊗ ωm ∈ Ω•(Xm) along the evaluation map evm :
∆m × PX → Xm defined by

evk((t1, . . . , tk), γ) := (γ(t1), . . . , γ(tk)). (2.3.3)

3. Integrate the resulting form on ∆m × PX along ∆m to obtain a form on PX, which is
denoted∫

ω1 . . . ωk ∈ Chenq(PX).
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2.3 the chen complex

Because differential forms on differentiable spaces such as PX are defined plotwise, we fix
a plot φ : C → PX, where C ⊂ Rn. Then, the adjoint map φ̃ : [0, 1]× C → X is a plot on
X by the smooth structure on PX in Example 2.2.6. The resulting differential form with
respect to the plot φ,

(∫
ω1 . . . ωm

)
φ
, is then given by the composition of the following

maps for differential forms on ordinary manifolds

Ω•(X)⊗m ev∗m−−→ Ω•(∆m × C)
∫

∆m−−→ Ω•(C). (2.3.4)

Given the differential forms ω1, . . . , ωm where ωj ∈ Ωqj(X), consider the pullback of each
ωi along φ̃, which is a form φ̃∗ωj ∈ Ωqj([0, 1]× C). We will use the coordinates t ∈ [0, 1]
and x = (x1, . . . , xn) ∈ C. We say that a form ν ∈ Ωk([0, 1]× C) is a Ωm(C)-valued function
on [0, 1] if

ν(t, x) = ∑
I=(i1<...<im)

gI(t, x)dxi1 ∧ . . . ∧ dxik .

In other words, ν is a Ωk(C)-valued function on [0, 1] if there is no dt component in the
differential form. The pullback can be decomposed as

φ̃∗ωj(t, x) = ω′j(t, x) ∧ dt + ω′′j (t, x), (2.3.5)

where ω′j is a Ωqj−1(C)-valued function on [0, 1] and ω′′j is a Ωqi(C)-valued function on
[0, 1]. The pullback along evm in Equation (2.3.4) can be written as

ev∗k (ω1 ⊗ . . .⊗ωm) = φ̃∗ω1(t1, x) ∧ . . . ∧ φ̃∗ωm(tm, x). (2.3.6)

Integrating this pullback along the ∆m coordinates, we obtain the expression for the Chen
q-form(∫

ω1 . . . ωk

)
φ

=
∫

∆m
ω′(t1, x) ∧ . . . ∧ω′(tm, x)dt1 ∧ . . . ∧ dtm. (2.3.7)

Note that because we have integrated out k of the dimensions, the degree of this form is

q =
m

∑
j=1

qj −m.

In order to recover the path signature, we will set X = RN , and consider the Chen
0-forms in Chen0(PRN). We begin by choosing m differential forms ω1, . . . , ωm with
ωk ∈ Ωqj(RN) such that ∑m

j=1 q=m. The only nontrivial 0-forms are obtained by letting
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2.3 the chen complex

each ωi be a 1-form. Furthermore, we choose each ωi to be a standard 1-form on RN , so
we choose ωj = dxij , where I = (i1, . . . , im) is a multi-index valued in [N].

Next, we must fix a plot in PRN . Because we are constructing a 0-form, we may use the
constant plot γ : ∗ → PRN , where the adjoint γ̃ = (γ̃1, . . . , γ̃N) : [0, 1] → RN is simply a
path. In this case, the pullback in Equation (2.3.5) is

γ̃∗dxij(t) = γ̃′ij
(t)dt,

where the prime denotes the time derivative of γ̃ here. Then, then resulting Chen 0-form is(∫
dxi1 . . . dxim

)
γ̃

=
∫

∆m
γ̃′i1(t1) . . . γ̃′im

(tm)dt1 . . . dtm, (2.3.8)

which is equivalent to the path signature SI(γ̃).
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G E N E R A L I Z AT I O N S O F T H E C O D O M A I N
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3
PAT H S I G N AT U R E S O N L I E G R O U P S

3.1 introduction

Time series data is ubiquitous in modern data science, and may take values in a variety of
forms. Perhaps the most common is a collection of simultaneous multivariate real-valued
time series {γi}N

i=1, where γi : [0, 1]→ R. In this case, we may consider the entire collection
γ = (γ1, . . . , γN) as a path through Euclidean space, γ : [0, 1] → RN . The path signature
is a feature set that completely characterizes such paths, and has recently been applied
to several tasks in machine learning [CK16; Lyo14]. Recent work has provided the path
signature with strong theoretical properties; namely that it is a universal and characteristic
kernel for time series in Euclidean space RN [CO18].

However, in many scenarios, the data may have some geometric constraints, and may
be better represented by elements of a (non-Euclidean) manifold. In this case, the time-
varying data can be modelled as path on such a manifold, rather than on Euclidean space.
Lie groups are smooth manifolds equipped with a compatible group structure. Paths (or
time series) valued in Lie groups model a number of natural phenomena, including the
following.

• The special Euclidean group SE(n) is the Lie group of all rigid body motions in Rn.
The group SE(3) is often used to model the position and pose of a rigid body, such
as a component of a robotic arm or an element of a drone swarm, with k such
components or elements collectively giving rise to a path SE(3)k [Sel04].

• The special orthogonal group SO(n) is the Lie group of all rotations in Rn; this is a Lie
subgroup of SE(n). The Lie group SO(3)k has recently been used to represent the
pose of a human by recording the relative rotations of k pairs of body parts [VC16].
Thus, human movement can be represented as a path in SO(3)k. This representation
has been used in the computer vision problem of human action recognition, and Lie
group methods have achieved state-of-the-art results in this domain [Hua+17].
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• The state of an oscillator may be described as an element of the circle S1, and collective
behavior of a network of oscillators can be describe by an element of the n-torus,
Tn = (S1)n. The time evolution of oscillator networks can therefore be modelled as a
path on Tn [Str00].

• The Euclidean space RN is the simplest example of a Lie group, where the group
operation is addition. The classical path signature for Euclidean space can be viewed
as a special case of path signatures on Lie groups.

In this chapter, we extend path signatures to time series valued in Lie groups, and show
that this extension is also a universal and characteristic kernel.

3.1.1 Contributions

We lift the theory of path signatures for time series valued in Euclidean space to the setting
of time series valued in Lie groups, restricting ourselves to the class of piecewise regular
paths on Lie groups.

Definition 3.1.1. Let G be a Lie group. A path γ : [a, b]→ G is regular if γ′t is continuous
and nonvanishing on the entire interval [a, b]. Such a path is piecewise regular if there exists
a partition a = t0 < t1 < . . . < tn = b such that γ is regular on each open subinterval
(ti, ti+1) for all i. The pathspace – the space of all piecewise regular paths on the unit interval,
γ : [0, 1]→ G – will be denoted Cpr(G).

Let G be a Lie group of dimension N, and let g be its Lie algebra (the tangent space at
the identity). We denote the underlying vector space of g by g ∼= RN . The path signature is
a function on paths,

S : Cpr(G)→ T((g)),

valued in a formal power series of tensors, T((g)), where we may view the coefficients
as descriptors (or features) of the underlying path (or time series). Path signatures for
general manifolds were originally defined by [Che58], but not in a manner conducive to
data analysis. Path signatures for Lie group valued data have been previously considered
by [CLT19] in a preliminary empirical study, showing promising qualitative classification
results, but extensions of theoretical results and detailed quantitative comparisons were
not provided. This paper gives a computationally clean derivation for path signatures
on Lie groups tuned for use in data analysis, and provides a thorough discussion of its
theoretical properties in the context of kernel methods.

Our generalization is designed to be analogous to the Euclidean case as much as possible,
for ease of applicability. For example, the definition of the path signature for γ : [0, 1]→ G

54



3.1 introduction

depends only on the derivative γ′ : [0, 1]→ g. We exploit one of the key properties of Lie
groups — that tangent vectors at a point correspond to elements of its Lie algebra g, a
vector space. This will permit a signature construction making use of iterated integrals as
per the Euclidean case.

In the Euclidean case G = RN , the Lie group is often conflated with its Lie algebra
r = RN , and the fact that the integration is performed in the Lie algebra is often not made.
By clarifying and emphasizing this point, the generalization to Lie groups illuminates
understanding of the classical Euclidean case.

From a machine learning perspective, the basic properties of the path signature as a
feature map provide several benefits.

• The signature is a feature set for a path as a whole, and can be used to compare time
series with varying numbers of time points.

• Defined as iterated line integrals, the path signature is invariant under reparametriza-
tion, and thus only depends on the order in which events occur.

• The signature is left translation invariant, meaning the signatures of paths that differ
by a constant element g ∈ G will be the same. This implies that the signature only
depends on the dynamics of the time series and is unconcerned with the initial point.

• The antisymmetrization of the second degree signature tensor can be viewed as
an indicator of lead-lag behavior in the time series. In the case of Lie groups, the
interpretation will be considered in terms of left-invariant vector fields.

However, the most crucial property is that the path signature fully characterizes paths
up to tree-like equivalence; that is, the map S is injective, up to quotienting Cpr(G) out
by an equivalence relation. This fact is originally due to [Che58] for the case of piecewise
regular paths on Lie groups, and later generalized by [HL10] to the case of bounded
variation paths in Rn.

Our main contribution is to apply this injectivity result to prove that a normalized
variant of the signature, S : Cpr(G)→ T((g)), is a universal and characteristic feature map
for time series in G, when we equip T((g)) with the structure of a Hilbert space. This is
proved in Section 3.4.1. This was originally shown for the Euclidean case by [CO18]. Such
feature maps can be used to two large classes of machine learning problems, in the context
of kernel methods.

1. (Studying functions on Cpr(G)) Solving a classification problem on Cpr(G) can be
reduced to finding a function f : Cpr(G)→ R such that the level set f = 0 provides
the decision boundary. The universality of the normalized signature map states that
any continuous bounded function f : Cpr(G) → R can be approximated using a
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linear functional f (·) ≈ 〈`, S̃(·)〉. This allows us to reduce a nonlinear optimization
problem into a linear one, greatly reducing the complexity.

2. (Studying measures on Cpr(G)) Two-sample hypothesis testing on Cpr(G) requires
the computation of a set of statistics that is rich enough to distinguish any two
probability measures on Cpr(G). The characteristicness of the normalized signature
map states that the kernel mean embedding (KME) is injective with respect to the
normalized signature

Φ :M(Cpr(G))→ T((g)), Φ(µ) = Eµ[S],

whereM(Cpr(G)) denotes all finite regular Borel measures on Cpr(G), and S is ap-
propriately normalized. This allows us to consider probability measures as elements
of a linear space; furthermore, the norm induced by the Hilbert space structure
coincides with the maximum mean discrepancy (MMD) between measures.

We perform two experiments that demonstrate the efficacy of the path signature for
these two classes of problems. First, we consider the computer vision problem of human
action recognition in Section 3.5.1. We show that the path signature method is much easier
to use than shallow learning methods previously applied to this problem [VAC14; VC16]
while providing comparable results. Second, in Section 3.5.2, we consider a hypothesis
testing problem for simulated random walks on the Lie group SO(3). Here, we show that
the Lie group valued path signature vastly outperforms the Euclidean path signature.

Along the way, we will establish extensions of other properties of the path signatures to
Lie groups and discuss several concepts related to path signatures and data analysis on
Lie groups more broadly. A summary of these contributions is given below.

1. We provide a detailed exposition of Lie group valued time series, and discuss a
notion of scaling for such time series in Section 3.2.2. Scaling of data is sometimes
required when the data needs to be normalized, and we discuss how scaling affects
the path signature in Section 3.3.1. We also discuss the continuous interpretation of
discrete time series on Lie groups in Section 3.2.3.

2. For G an N-dimensional Lie group, we give a signature-preserving bijection between
Cpr(G) and Cpr(RN) in Section 3.3.2, which provides a Euclidean representation of
Lie group valued time series. This bijection allows the exportation of Euclidean data
analysis tools to Lie group valued data. With the metric introduced in Section 3.3.3,
this bijection is an isometry.

3. It is well known that the Euclidean path signature is equivariant with respect to linear
transformations [FV10]. We show that path signatures are equivariant under Lie
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group homomorphisms in general. Namely, given a homomorphism of Lie groups
F : G1 → G2, where g1 and g2 are the respective Lie algebras, we define the action
of this homomorphism on the tensor algebra F∗ : T((g1)) → T((g2)), and show in
Section 3.3.4 that

S(Fγ) = F∗S(γ)

for all γ ∈ Cpr(G).

4. An important feature of the path signature is the interpretability of lower level
signature terms. We discuss the extension of the lead-lag interpretation of second
level signature terms for Euclidean paths, as well as a topological interpretation of
the first level signature terms for abelian Lie groups in Section 3.3.6.

5. Path transformations, such as appending the time parameter or using a sliding
window, are often used as a preprocessing step for Euclidean path signatures [CK16].
We discuss these transformations in the context of breaking reparametrization or
left-translation invariance in Section 1.3.6. Empirical studies [Fer21] have shown
that the sliding window transformation (also called the lead-lag transformation)
provides good classification results, despite the lack of a theoretical explanation. We
propose one explanation, which is that the sliding window transformation breaks
left-translation invariance, and we provide empirical evidence in the experiments in
Section 3.5.1.

6. We provide both algorithmic details and a Julia package for the computation of
path signatures valued in Lie groups, which can be found at https://github.com/
ldarrick/PathSignatures.

3.1.2 Previous and Related Work

The concept of path signatures is relatively new in data science and machine learn-
ing [Lyo14; CK16; GL20], but has deep roots in topology and geometry. Chen originally
defined the path signature for piecewise regular paths on manifolds and proved several
basic properties in a sequence of papers [Che54; Che57; Che58]. He later studied the
geometry and topology of path spaces and loop spaces by constructing a rational cochain
model of these spaces, in which path signatures constitute 0-cochains [Che77].

[Lyo98] developed the concept of the path signature in a different direction, using the
path signature as a construction to lift bounded variation paths on RN to paths of power
series of tensors T((RN)). This initiated the study of rough paths, which can be thought
of as a generalization of the path signature to highly irregular paths. This theory was
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then used to study stochastic processes and stochastic differential equations [LQ07; LCL07;
FV10].

Within machine learning, path signatures have been used to study real-valued time
series data in a variety of settings. Examples can be found in the study of financial
time series [Gyu+13; LNO14], handwritten character recognition [YJL16], human action
recognition using position data [Yan+19], identifying psychological or neurological dis-
orders [Moo+19; Zim+18; PA+18] and featurizing the output of persistent homology in
topological data analysis [CNO20]. Additionally, experiments with path signatures on
Lie groups have previously been performed [CLT19], though theoretical results were not
provided, and thus suggests further study.

The theoretical aspects of path signatures in the context of kernel methods were devel-
oped in [KO19] and [CO18]. The present paper is largely inspired by these two papers. The
concept of using the path signature as a kernel for time series was first proposed in [KO19],
and efficient algorithms for computing the kernel were developed. The path signature for
Euclidean space was shown to be a universal and characteristic feature map in [CO18].
This exploits the recently formalized duality between universal and characteristic kernels
in [SS18].

It is well known that Euclidean path signatures are translation invariant, and we will
show that Lie group path signatures are left translation invariant. [DR19] has considered
the related problem of determining the Euclidean path signature terms which are invariant
under some matrix Lie group action.

We begin in Section 3.2 by reviewing basic facts on Lie groups and Lie algebras, and
provide an exposition on continuous and discrete time series on Lie groups. We then
define the path signature for Lie groups in Section 3.3, and discuss the bijection between
Cpr(G) and Cpr(RN), the equivariance of the path signature, detecting lead-lag behavior
in time series, and path transformations. In Section 3.4, we provide a brief overview of
kernel methods and prove our main result, which shows that the path signature kernel
is universal and characteristic. Finally, in Section 3.5, we apply the path signature on
Lie groups to a human action classification problem and a hypothesis testing problem
involving random walks on SO(3).

3.1.3 Notation

Throughout this paper, we will denote the time parameter for a path γ : [0, 1]→ G using
a subscript t, meaning γt := γ(t). Derivatives are shown using the prime notation, as in
γ′t := dγ

dt (t). If we have a path in Euclidean space α : [0, 1]→ RN , we will use superscripts
to represent the components, such as α = (α1, α2, . . . , αN). If G is a Lie group, we will use
g to denote its Lie algebra and use ḡ to be the underlying vector space of g (forgetting the
Lie bracket structure).
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3.2 lie groups , paths , and time series

Continuous paths will often be denoted using the lowercase Greek symbols α, β, γ,
and the space of all piecewise regular paths in G is denoted Cpr(G). For T ∈ N, we let
[T] = {1, . . . , T} denote the finite set of integers up to T. Discrete time series will be
distinguished using the hat notation γ̂ : [T]→ G, and the space of all discrete time series
in G will be denoted Seq(G).

There are also several parameters that will be used consistently throughout the paper.
Unless otherwise specified, we reserve the following symbols for the given meaning.

• N is the dimension of the Lie group G that paths take values in;

• T + 1 is the length of a discrete time series (so that the discrete derivative will be of
length T);

• M is the level of the truncated signature.

3.2 lie groups , paths , and time series

We begin this section by recalling several basic facts about Lie groups [AB15], followed by
paths on Lie groups and the interpretation of sampled time series on Lie groups, stressing
the differences from sampled time series on Euclidean space.

3.2.1 A Review of Lie Groups

Recall that a Lie group G is a smooth manifold with a group structure such that the
multiplication and inversion maps are both smooth. Let g0 ∈ G. The left translation
map by g0, written as Lg0 : G → G, is defined to be Lg0(g) = g0g. The right translation
map Rg0 : G → G is defined analogously. This induces a mapping on tangent spaces
Lg0∗ : TgG → Tg0gG. A vector field X on G is called left-invariant if

Lg0∗X(g) = X(Lg0 g) = X(g0g)

for all g0, g ∈ G. This implies that all left-invariant vector fields X are defined by their
value at the identity e ∈ G,

X(g) = Lg∗X(e),

and thus, we obtain a one-to-one correspondence between left-invariant vector fields and
the tangent space at the identity, which we denote by g := TeG. Vector fields act on smooth
functions f : G → R, and we define an operation of left-invariant vector fields X and Y by

[X, Y]( f ) := X(Y( f ))−Y(X( f )),
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3.2 lie groups , paths , and time series

where [X, Y] is also left-invariant. This provides g with the structure of a Lie algebra, where
the Lie bracket [·, ·] : g× g→ g is a bilinear mapping such that for all X, Y, Z ∈ g

[X, Y] = −[X, Y]

[X, [Y, Z]] + [Z, [X, Y]] + [Y, [Z, X]] = 0.

Similarly, left translation induces a map L∗g0
: T∗g0gG → T∗g G on cotangent spaces. A

1-form ω ∈ T∗G is called left-invariant if

L∗g0
ω(g0g) = L∗g0

ω(Lg0 g) = ω(g)

for all g, g0 ∈ G. Again, we obtain a correspondence between left-invariant 1-forms and
the cotangent space at the identity via the property

ω(g) = L∗g−1 ω(e).

Thus, we may identify the left-invariant 1-forms by the dual of the Lie algebra, g∗.

Remark 3.2.1. We can think of tangent vectors (derivatives) of a path γ : [0, T] → G as
elements of the Lie algebra g in two ways. First, for a tangent vector v ∈ TgG, we can
compute the pushforward the tangent vector along the left multiplication map Lg−1 v ∈
TeG = g. Second, a basis of the Lie algebra provides a global frame for G, meaning, it
provides a basis for TgG for all g. By considering v ∈ TgG in terms of this basis, we may
also think of v as an element of g.

In summary, the structure of the Lie group allows us to consider tangent vectors at any
point on G using a single vector space: a fact repeatedly used throughout this paper.

Given a left-invariant vector field X ∈ g, there exists a unique 1-parameter subgroup
ρX : R→ G such that ρX(0) = e and ρ′X(0) = X(e). This is defined by the integral curve of
X which passes through the identity at t = 0.

Definition 3.2.1. The Lie exponential map of G is defined as

exp : g→ G, exp(X) := ρX(1),

where ρX is the 1-parameter subgroup defined above.

This exponential map provides a way to move between a Lie group and its Lie algebra.

Proposition 3.2.1. The exponential map exp : g→ G is smooth and d(exp)0 = id. Thus, exp is
a diffeomorphism between an open neighborhood of the origin 0 ∈ g and an open neighborhood of
the identity e ∈ G.

Thus, if elements are near the origin, we can define an inverse map.
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3.2 lie groups , paths , and time series

Definition 3.2.2. Suppose U ⊂ g is a neighborhood of the origin such that the exponential
map is a diffeomorphism. Let V = exp(U). The logarithm map on V is defined to be

log : V → g, log(g) := exp−1(g).

A homomorphism of Lie groups F : G → H is a smooth map which is also a group
homomorphism, and a homomorphism of Lie algebras φ : g → h is a linear map that
preserves the Lie bracket F([X, Y]) = [F(X), F(Y)] for all X, Y ∈ g. A Lie group homo-
morphism F : G → H induces a Lie algebra homomorphism F∗ : g → h between the
respective Lie algebras by the induced map between the tangent spaces at the identity
F∗ : TeG → TeH.

Example 3.2.1. The special orthogonal group SO(3) — orientation-preserving rotations of R3

— will be the running example used throughout this paper. This is a matrix Lie group and
can be explicitly described as the space of all 3× 3 orthogonal matrices (AAᵀ = AᵀA = I)
with determinant +1. The Lie algebra of SO(3) is so(3), which consists of all 3× 3 skew-
symmetric matrices (B = −Bᵀ). An explicit basis for so(3) is

e1 =

0 −1 0

1 0 0

0 0 0

 , e2 =

 0 0 1

0 0 0

−1 0 0

 , e3 =

0 0 0

0 0 −1

0 1 0

 .

We will denote the duals of these basis vectors to be ωi = ei ∈ g∗. For all matrix Lie
groups, the Lie exponential and logarithm are simply the matrix exponential and logarithm.
Suppose θ ∈ R. The exponential map in these three basis directions gives us

exp(θe1) =

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 ,

exp(θe2) =

 cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

 ,

exp(θe3) =

1 0 0

0 cos θ − sin θ

0 sin θ cos θ

 .

These are exactly the rotation matrices about the z, y, and x axes respectively. Therefore, we
may think of the basis vectors ei of the Lie algebra as infinitesimal rotations in the respective
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3.2 lie groups , paths , and time series

directions. In particular, given a path γ ∈ P(SO(3)), the value ωi(γ
′
t) corresponds to the

infinitesimal rotation of γ at time t in the direction of ei. If we integrate this over the
domain of the path,∫ 1

0
ωi(γ

′
t)dt,

we obtain the cumulative rotation of γ in the direction of ei over the unit interval. This
interpretation will be important to keep in mind when we define the path signature in
Section 3.3.

Finally, we briefly discuss the Riemannian structure of Lie groups. Recall that a Rie-
mannian metric on a smooth manifold M is the assignment of an inner product 〈·, ·〉p to
the tangent space Tp M for every point p ∈ M, which varies smoothly. Specifically, this
means that if X, Y are smooth vector fields defined on a neighborhood of p, then the map
p 7→ 〈Xp, Yp〉p is smooth. On a Lie group, we often want a Riemannian metric that is
compatible with the algebraic structure of G. A Riemannian metric is left-invariant if

〈X, Y〉g = 〈Lh∗X, Lh∗Y〉hg

for all g, h ∈ G and X, Y ∈ TgG, and a right-invariant Riemannian metric is defined
similarly. Such left-invariant metrics can simply be defined on the tangent space at the
identity.

Proposition 3.2.2. There is a one-to-one correspondence between left-invariant metrics on a Lie
group G and inner products on its Lie algebra g.

Namely, evaluating the inner product 〈 , 〉g simply corresponds to viewing the tangent
vectors as elements of the identity, and then evaluating the chosen inner product on g. We
will assume that all Riemannian metrics under discussion are left-invariant, and simply
call them Riemannian metrics.

3.2.2 Paths on Lie Groups

A Riemannian metric 〈·, ·〉, where we now omit the subscript g since it is left-invariant,
provides a notion of length for piecewise regular paths on G. Suppose γ ∈ Cpr(G). Then
the length of γ is defined to be

`(γ) :=
∫ 1

0

√
〈γ′t, γ′t〉dt.
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3.2 lie groups , paths , and time series

This allows us to define a metric on the Lie group. If g1, g2 ∈ G, then the distance
between g and h is defined to be the infimum length of paths connecting g1 and g2,

d(g1, g2) := inf {`(γ) : γ ∈ Cpr(G), γ0 = g1, γ1 = g2} .

Note that since the Riemannian metric is left invariant, this metric is also left invariant,

d(hg1, hg2) = d(g1, g2),

for all h ∈ G. The more familiar notion of length in the path signature literature is the
1-variation of a path.

Definition 3.2.3. Suppose (X, dX) is a metric space and let γ ∈ PX. The 1-variation of γ on
[0, 1] is defined as

|γ|1−var = sup
(ti)

∑
i

dX(γti , γti+1), (3.2.1)

where the sum is taken over all partitions 0 = t1 ≤ . . . ≤ tn = 1 of [0, 1].

Using the metric induced by the Riemannian metric, we may consider the 1-variation
length of paths in G. Under the piecewise regular hypothesis, these two lengths are
equivalent.

Lemma 3.2.1 ([Bur15]). Let γ ∈ Cpr(G). We have `(γ) = |γ|1−var.

At this point, in the case of paths on Euclidean space, we may use the 1-variation to
define a metric on Cpr

0 (RN), which are the paths which start at the origin. Given a Lie
group G with a left-invariant Riemannian metric, we could follow the same procedure to
obtain a metric space structure on Cpr

e (G). However, this is not the metric space structure
on Cpr(G) that is the most compatible with the path signature. We will defer this discussion
until Section 3.3.3.

The path space Cpr(RN) is endowed with a vector space structure since RN itself is
a vector space. Similarly, we can endow Cpr(G) with a group structure by pointwise
multiplication, where the identity is the constant path at the identity, and the inverse to
a path γ ∈ Cpr(G) is the pointwise inverse. However, we are missing a notion of scaling
for paths in Cpr(G), and such an operation is important to have in machine learning,
since algorithms may require normalization of data. Such a scaling is obtained by proving
a correspondence between paths in G and paths in g, and then transferring the scaling
operation from g to G.

This is done by considering paths on G from the point of view of differential equations.
We have the following existence and uniqueness theorem for first order ordinary differential
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equations. Let Cpc(g) denote the space of piecewise continuous paths γ : [0, 1]→ g which
are right continuous, meaning limt↓t0 γt = γt0 .

Theorem 3.2.1. Let f ∈ Cpc(g), so that f : [0, 1] → g is piecewise continuous and right
continuous, where we consider elements of g as left-invariant vector fields. Then, the solution of the
first order ODE

γ′t = ft(γt), γ0 = g (3.2.2)

exists and is unique.

Note that in this theorem, we consider a function γ : [0, 1]→ G to be a solution of this
ODE if the differential equation holds at all points except the points of discontinuity of f .
This implies that we can represent piecewise regular paths in G as paths in the Lie algebra
g, along with its initial point. Let Cpr

g (G) ⊂ Cpr(G) be defined as

Cpr
g (G) = {γ ∈ Cpr(G) : γ0 = g}.

Corollary 3.2.1. Suppose G is a Lie group and g its Lie algebra. The map Ψg : Cpc(g)→ Cpr
g (G),

which takes f ∈ Cpc(g) to the solution of the ODE in Equation 3.2.2 with initial condition γ0 = g,
is a bijection.

Proof. Firstly, the map Ψg is well defined by the existence and uniqueness theorem above.
The inverse to Ψg can be defined by taking the derivative at every differentiable point.
Suppose γ ∈ Cpr

g (G), and let d(γ) ⊂ [0, 1] denote the set of points such that γ is differ-
entiable. Note that [0, 1]− d(γ) is a finite set since γ is piecewise regular. Now, define
Ψ−1

g (γ)(t) = γ′t for all t ∈ d(γ), and at the nondifferentiable points by right continuity

Ψ−1
g (γ)(t) = lim

s↓t
γ′s.

This map is well defined: Ψ−1
g (γ)(t) is continuous for every t ∈ [0, 1]− d(γ), and right

continuous by definition.

We can view Cpc(g) as a Lie algebra, with pointwise vector space operations, and
pointwise Lie bracket. Because the group structure of Cpr(G) and the Lie algebra structure
of Cpc(g) are defined pointwise, the map Ψg is compatible with Lie algebra morphisms
induced by Lie group morphisms. Namely, if F : G → H is a Lie group morphism, we
obtain a group homomorphism F : Cpr(G) → Cpr(H) by applying the map pointwise.
Analogously, if F∗ : g→ h is the induced Lie algebra morphism, we obtain a Lie algebra
morphism F∗ : Cpc(g) → Cpc(h). The following lemma is immediate since the group
structure on Cpr(G) and the Lie algebra structure on Cpc(g) are defined pointwise.
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Lemma 3.2.2. Suppose F : G → H is a morphism of Lie groups, and F∗ : g→ h is the induced
morphism of Lie algebras. Then the following diagram commutes

The map Ψg allows us to view paths on Lie groups as paths in a linear space, while
retaining all first order differential information. We can use the fact that many operations
for paths on RN are defined via operations on the Lie algebra, and thus generalize these
operations to Lie groups.

For a path α ∈ Cpr(RN) and λ ≥ 0, denote the vector space scaling operation as

(λα)t := λαt.

However, another way of viewing the scaling operation for paths that begin at the origin is
by scaling in the Lie algebra. Suppose λ ≥ 0, and denote the vector space scaling in a Lie
algebra g by cλ : g→ g.

Lemma 3.2.3. Let α ∈ Cpr
0 (RN). Then

λα = Ψ0 ◦ cλ ◦Ψ−1
0 (α).

Proof. In RN , the map Ψ0 is simply integration in RN , and Ψ−1
0 is differentiation. Thus, we

have (
Ψ0 ◦ cλ ◦Ψ−1

0 (α)
)

t
=
∫ t

0
λα′sds

= λ
∫ t

0
α′sds

= (λα)t.

We use this fact as motivation to define scaling on Lie groups.

Definition 3.2.4. Suppose G is a Lie group and g its Lie algebra. Let γ ∈ Cpr(G) and λ ≥ 0.
We define the Lie algebra scaling of γ by λ to be

λ · γ := Ψγ0 ◦ cλ ◦Ψ−1
γ0
(γ). (3.2.3)

Remark 3.2.2. We highlight three important differences between vector space scaling for
paths in RN and Lie algebra scaling for paths in an arbitrary Lie group G, and provide a
reason for each.

1. Returning to the setting of paths in RN , the two notions of scaling differ slightly
when the path does not start at the origin. If we have α ∈ Cpr(RN) such that α0 = x,
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then (λα)0 = λx, while (λ · α)0 = x. However, if we align the initial points, the paths
coincide,

(λα)− λx = (λ · α)− x.

This difference is due to the fact that arbitrary Lie groups do not have a natural
scaling operation. However, if our Lie group was equipped with a suitable scaling
operation, such as a Carnot group [LD17], then we would be able to do define a
scaling operation that coincides with the vector space scaling in Cpr(RN).

2. We have only defined scaling by a nonnegative number. Definition 3.2.4 could be
extended to all real numbers λ without any changes, but the interpretation of negative
scaling is more difficult in arbitrary Lie groups. For a path α ∈ Cpr

0 (RN), scaling by
λ = −1 simply produces the pointwise inverse of a path. However, this is not the
case in a general Lie group. For example, let X, Y ∈ g and consider the piecewise
path

γt =

{
e2tX : t ∈ [0, 1

2 )

eXe(2t−1)Y : t ∈ [ 1
2 , 1].

Here, we have γ1 = eXeY and (−1 · γ)1 = e−Xe−Y, which are not inverses in general.
Thus, we see that the obstruction to this interpretation is the noncommutativity
of arbitrary Lie groups. However, in the setting of abelian Lie groups, such an
interpretation would hold.

3. By definition, the vector space scaling in Cpr(RN) obeys the distributive law: λ(α +

β) = (λα)+ (λβ) for α, β ∈ Cpr(RN) and λ ∈ R. In other words, the vector space scal-
ing is a pointwise Lie group homomorphism for RN . However, cλ : g→ g is not a mor-
phism of Lie algebras in general since cλ([X, Y]) = λ[X, Y] 6= λ2[X, Y] = [cλX, cλY].
Thus, it cannot be the induced map of an underlying Lie group homomorphism
for G, so the Lie algebra scaling for G is not distributive, λ · (αβ) 6= (λ · α)(λ · β), in
general. In the case of an abelian Lie group H, the associated Lie algebra h is abelian
so that [X, Y] = 0 for all X, Y ∈ h, and thus Lie algebra scaling can be viewed as a
pointwise Lie group morphism.

Due to these remarks, we must keep in mind that the scaling operation for paths in Lie
groups is not compatible with the algebraic structure of G.
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3.2.3 Discrete Time Series on G

In this subsection, we will consider the interpretation of discrete time series on an arbitrary
Lie group G, and also discuss derivative computations for these discrete time series. We
will continue the theme of comparison with the corresponding notions in RN .

Remark 3.2.3. Here, we will assume that discrete time series are uniformly sampled at
integer times. This does not result in any loss of generality due to the reparametrization
invariance of the path signature, given in Proposition 3.3.2.

Let T ∈N and x̂ : [T + 1]→ RN be a discrete time series in RN of length T + 1. There
is a natural interpretation of x̂ as a continuous time series x : [T + 1] → RN by linear
interpolation between points. Namely, it is the interpolation with a constant derivative
between the discrete points defined in x̂. This is the interpretation that we implicitly take
when we compute derivatives of discrete time series by finite differences x̂′i = x̂i+1 − x̂i to
get the discrete derivative x̂′ : [T]→ RN . Additionally, we can think about the continuous
path x as a geodesic interpolation of the discrete path x̂.

However, the interpretation is more subtle in the case of arbitrary Lie groups. Suppose
we have a discrete time series in G, which we denote by γ̂ : [T + 1]→ G. We wish to obtain
an interpolation such that the derivative, when viewed in the Lie algebra g, is constant
between adjacent points. This can be achieved by taking the logarithm of the difference
between adjacent points. We define the discrete derivative γ̂′ : [T] → g of a discrete Lie
group valued path by

γ̂′i := log
(

γ̂−1
i γ̂i+1

)
∈ g. (3.2.4)

Then, we can define the continuous interpolation γ : [0, T + 1]→ G using the exponential
map such that for t ∈ [i, i + 1), the interpolation is

γt := γ̂t exp
(
(t− i)γ̂′t

)
.

We note that this construction reduces to linear interpolation in the case of G = Rn.
This is due to the fact that for the additive Lie group RN , the exponential and logarithm
map are both the identity and are both globally defined. Additionally, the group operation
is addition, so we should interpret all of the products as sums. However, there are two
essential differences between the case of arbitrary Lie groups and Euclidean space.

Firstly, for an arbitrary Lie group G, the logarithm map is only defined in a neighborhood
of the identity. The two reasons the logarithm may not be defined in a larger neighborhood
are the loss of injectivity and the loss of surjectivity of the exponential map. On any
compact Lie group, the exponential map will not be injective at any point. In this case,
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we can define the logarithm to be the value closest to the origin, but non-injectivity may
still occur. For example, the point antipodal to the identity in S1 has no unique logarithm
since there are two paths of equal distance to the identity. However, if we perturb the
target point in either direction, there exists a unique shortest path. This implies that by
undersampling the underlying time series, we may infer incorrect information. The case of
S1 is exactly the situation encountered in the Nyquist sampling theorem.

The exponential map is not always surjective, with the simplest examples being non-
connected Lie groups. However, connected Lie groups such as SL(2, R) can still have
non-surjective exponential maps. In these cases, discrete derivatives may not exist, and
finer sampling is required so that the difference between adjacent points γ̃−1

i γ̃i+1 is closer
to the identity and has a well-defined logarithm. However, for compact Lie groups such as
SO(3), the Lie exponential map is surjective.

Secondly, the interpolation defined here may not be a geodesic connecting the two
points. Suppose h is a Riemannian metric on G. In general, geodesics do not coincide
with the one-parameter subgroups of G. In other words, in these cases, the Riemannian
exponential map and the Lie exponential map are not the same. However, for bi-invariant
metrics, they coincide.

Theorem 3.2.2. The Lie exponential map and the Riemannian exponential map at the identity
agree on Lie groups with bi-invariant metrics.

Thus, for all Lie groups equipped with bi-invariant metrics, we may continue to interpret
the interpolation as a geodesic interpolation. In fact, this holds for all compact Lie groups.

Proposition 3.2.3. Every compact Lie group admits a bi-invariant metric.

From this discussion, we find that for a compact Lie group G, the interpretation of
discrete time series on G is similar to the case of RN , with the main difference being the
non-injectivity of the exponential map.

3.3 path signatures on lie groups

This subsection, based on the exposition of path signatures on Euclidean space given
in [GL20], begins by defining the path signature for Lie groups. We show several basic
properties which are well-known for path signatures on Euclidean space, culminating in
the definition of tree-like equivalence for paths and the property that the signature is an
injective group homomorphism. This material was originally developed by [Che54; Che57;
Che58] and is not novel.

We then prove a signature preserving bijection between paths on an N-dimensional
Lie group G and paths on RN , which highlights the extent to which the theory naturally
extends to the case of Lie groups. This result provides a Euclidean representation of Lie
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group valued time series, and can thus be used to apply classical Euclidean data analysis
techniques to Lie group valued time series.

We then consider the extension of the equivariance property of path signatures. This is
followed by an interpretation of the second-level signature terms as indicators of lead-lag
behavior between the directions corresponding to our choice of basis vectors for the Lie
algebra g. Finally, we close this section by discussing computational aspects of the path
signature for discrete time series, as well as symmetry breaking path transformations
which can be used as a preprocessing step.

In this section, we use (e1, . . . , eN) to denote an ordered basis of g and use (ω1, . . . , ωN)

to denote the dual basis of g∗ such that ωi(ej) = δi,j, where δi,j is the Kronecker delta.

3.3.1 Path Signature as a Group Homomorphism

Let G be an N-dimensional Lie group. Recall that Cpr(G) denotes the space of piecewise
regular paths γ : [0, 1]→ G.

Definition 3.3.1. Let γ ∈ Cpr(G). Suppose ω1, . . . , ωN ∈ g∗ form a basis of g∗. For i ∈ [N],
define a path Si(γ)t : [0, 1]→ R as

Si(γ)t :=
∫ t

0
ωi(γ

′
s)ds.

Next, let I = (i1, . . . , im) be a multi-index, where ij ∈ [N]. Higher order paths SI(γ)t :
[0, 1]→ R are inductively defined as

SI(γ)t :=
∫ t

0
S(i1,...,im−1)(γ)sωim(γ

′
s)ds. (3.3.1)

The path signature of γ with respect to I is defined to be SI(γ) := SI(γ)1.

We can also present the definition in a non-inductive way. Let ∆m be the standard
m-simplex

∆m = {(t1, . . . , tm) : 0 ≤ t1 < t2 < . . . < tm ≤ 1}.

By collapsing the inductive definition, we can write the path signature of γ with respect to
I = (i1, . . . , im) as

SI(γ) =
∫

∆m
ωi1(γ

′
t1
) . . . ωim(γ

′
tm
) dt1 . . . dtm. (3.3.2)

We can amalgamate the path signatures with respect to every multi-index I into an
element of a tensor algebra. Let ḡ be the underlying vector space of the Lie algebra g. The
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tensor algebra T((ḡ)) is defined in Section 1.2.2. Let e1, . . . , eN be a basis for g. We define
the path signature of Γ ∈ Cpr(G) to be

S(γ) := 1 + ∑
m≥1

∑
|I|=m

SI(γ)ei1 ⊗ . . .⊗ eim ∈ T((ḡ)). (3.3.3)

Remark 3.3.1. For path signatures defined on Euclidean space RN , we often choose the
standard 1-forms (dx1, . . . , dxN) to be the basis of r, the Lie algebra of RN . Suppose
α ∈ Cpr(RN). We can also write our path component-wise as α = (α1, . . . , αN), where each
αi : [0, 1]→ R. Then, evaluation of the standard 1-forms is simply dxi(α

′
t) = (αi)′t. Thus, in

the Euclidean case, the definition of the path signature reduces to

SI(α) =
∫

∆m
(αi1)′t1

. . . (αim)′tm
dt1 . . . dtm. (3.3.4)

Let γ ∈ Cpr(G) and g ∈ G. The left translation of γ by g is defined to be the path
(gγ)t := g(γt), where we left translate the path γ by g pointwise (one can analogously
define the right translation of a path). Similar to the case of Euclidean space, path signatures
are left translation invariant and reparametrization invariant.

Proposition 3.3.1 (Left translation invariance). Let γ ∈ Cpr(G) and g ∈ G. Then S(gγ) =

S(γ).

Proof. It suffices to show that SI(gγ) = SI(γ) for all multi-indices I. Note that we have

(gγ)′t = Lg∗γ
′
t.

Specifically, this implies that γ′t and gγ′t are represented by the same element in the Lie
algebra g. Therefore for any ω ∈ g∗, we have ω(gγ′t) = ω(γ′t). Thus, SI(gγ) = SI(γ) for
all I.

Proposition 3.3.2 (Reparametrization invariance). Let γ : [a, b] → G be a piecewise regular
path, and let φ : [c, d]→ [a, b] be a strictly increasing function. Then S(γ ◦ φ) = S(γ).

Proof. This is the Change of Variables Theorem. Reparametrization invariance of the first
level of the signature is given as

Si(γ ◦ φ) =
∫ d

c
ωi((γ ◦ φ)′t)dt =

∫ d

c
ωi(γ

′
φt
)φ′tdt =

∫ b

a
ωi(γ

′
τ)dτ = Si(γ).

Invariance for higher order terms is shown by induction using the same argument.

In particular this proposition justifies our choice of only considering paths parametrized
by [0, 1], as any other path can be reparametrized into this domain. Next, we would like to
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understand how scaling of paths in G given in Definition 3.2.4 affects the path signature.
Note that the vector space scaling in ḡ induces a dilation map σλ : T((ḡ)) → T((ḡ)),
defined in Equation (1.2.17).

Proposition 3.3.3. Let γ ∈ Cpr(G) and λ ≥ 0. Then S(λ · γ) = δλS(γ).

Proof. Consider the multi-index I = (i1, . . . , ik). Then,

SI(λ · γ) =
∫

∆k
ωi1(λγ′t1

) . . . ωik(λγ′tk
) dt1 . . . dtk

= λk
∫

∆k
ωi1(γ

′
t1
) . . . ωik(γ

′
tk
) dt1 . . . dtk

= λkSI(γ).

We have seen that the group structure on G allows us to define a group structure
on Cpr(G) by pointwise multiplication. The group structure on G allows us to obtain
another group structure on a quotient of Cpr(G) where the group operation is given by
concatenation. Let α, β ∈ Cpr(G). The concatenation of α and β is defined to be

(α ∗ β)t =

{
α2t : t ∈ [0, 1

2 )

α1(β0)−1β2t−1 : t ∈ [ 1
2 , 1].

The inverse of a path γ is defined to be the same path, but in the reverse direction

(γ−1)t = γ1−t.

Concatenation or inversion of piecewise regular paths is still piecewise regular. In order
to obtain an identity element, we must quotient out by an equivalence relation.

Definition 3.3.2. A path γ ∈ Cpr(G) is called reducible if there exist paths α, β, ζ ∈ Cpr(G)

such that γ = α ∗ ζ ∗ ζ−1 ∗ β, up to reparametrization. The path α ∗ β is called a reduction
of γ. We define the reduction of ζ ∗ ζ−1 to be ce, the constant path at the identity e ∈ G. A
path γ is irreducible if no reduction exists. An irreducible path γ̃ obtained by finitely many
iterative reductions of a path γ is called an irreducible reduction of γ.

Theorem 3.3.1 ([Che58]). Every piecewise regular path γ ∈ Cpr(G) has a unique irreducible
reduction up to reparametrization.

This result allows us to define the notion of tree-like equivalence.
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ζ

ζ−1

α

β

α

β

α ∗ ζ ∗ ζ−1
∗ β α ∗ β

Figure 3.1: (Left) An example of a reducible path α ∗ ζ ∗ ζ−1 ∗ β. (Right) The irreducible reduction
of the path on the left.

Definition 3.3.3. A path γ ∈ Cpr(G) is a tree-like path if its irreducible reduction is ce, the
constant path at the identity. Two paths α, β are tree-like equivalent, α ∼t β, if α ∗ β−1 is a
tree-like path.

Remark 3.3.2. The definition of tree-like equivalence includes translations. Indeed, suppose
γ ∈ Cpr(G) and g ∈ G. Define gγ and γg to be the left and right translations of the path
γ by g. Then γ ∼t gγ since γ ∗ (gγ)−1 = γ ∗ γ−1 by the definition of the concatenation
operator. The same holds for right translations.

Additionally, tree-like equivalence also includes reparametrization since the definition
of reductions are reparametrization invariant.

Proposition 3.3.4. Tree-like equivalence is an equivalence relation.

Proof. Let γ, γ1, γ2, γ3 ∈ Cpr(G). Note that the subscript here denotes distinct paths, and
does not denote the time parameter. By definition the reduction of γ ∗ γ−1 is the constant
path, so γ ∼t γ.

Next, if γ = α ∗ ζ ∗ ζ−1 ∗ β, for paths α, β, ζ ∈ Cpr(G), then γ−1 = β−1 ∗ ζ ∗ ζ−1 ∗ α−1.
Thus, a path is reducible if and only if its inverse is reducible. Additionally, the reduction
β−1 ∗ α−1 of γ−1 is the inverse of the reduction α ∗ β of γ. Now, suppose γ1 ∼t γ2 so that
γ1 ∗ γ−1

2 is tree-like. By the above argument, γ2 ∗ γ−1
1 is also tree-like, so γ2 ∼t γ1.

Finally, the concatentation α ∗ β of two tree-like paths is also tree-like, by performing all
the reductions of α and then performing all the reductions on β. Suppose γ1 ∼t γ2 and
γ2 ∼t γ3. Then, γ1 ∗ γ−1

3 is a reduction of (γ1 ∗ γ−1
2 ) ∗ (γ2 ∗ γ−1

3 ), and the latter path is
tree-like since it is a concatenation of two tree-like paths. By the uniqueness of irreducible
reductions, γ1 ∗ γ−1

3 is tree-like. Thus, γ1 ∼t γ3.

We can now define C̃pr(G) := Cpr(G)/ ∼t to be the space of tree-like equivalence classes
of piecewise regular paths in G. We define the identity element to be [ce] ∈ C̃pr(G), the
equivalence class of the constant path at the identity. Compatibility of concatenation and

72



3.3 path signatures on lie groups

inversion are implicit in the above proof, and the group axioms are easily checked. Thus,
we have shown the following.

Proposition 3.3.5. The quotient C̃pr(G) is a group.

We can now state Chen’s injectivity theorem.

Theorem 3.3.2 ([Che58]). Suppose G is a real Lie group. Let α, β ∈ Cpr(G). Then S(α) = S(β)

if and only if α and β are tree-like equivalent.

Chen also showed that the signature is a group homomorphism. Namely, suppose
α, β ∈ Cpr(G). Chen’s identity [Che54] states that

S(α ∗ β) = S(α)⊗ S(β). (3.3.5)

Putting the previous results together, we obtain the following characterization.

Proposition 3.3.6. The path signature map S : C̃pr(G)→ T((g)) is an injective group homomor-
phism.

We will also require an internal multiplicative structure on the path signature coefficients
which is an immediate generalization of the Euclidean path signature. The shuffle product
� of two multi-indices is defined in Definition 1.2.7.

Theorem 3.3.3. Let I and J be multi-indices in [N], of lengths k and l respectively, and suppose
γ ∈ Cpr(G). Then

SI(γ)SJ(γ) = ∑
K∈I�J

SK(γ). (3.3.6)

Proof. Let R = (r1, . . . , rk, rk+1, . . . rk+l) = (i1, . . . , ik, j1, . . . , jl). Writing out the signature on
the left side of the equation using Equation 3.3.2, we get∫

∆k
ωi1(γ

′
t1
) . . .ωik(γ

′
tk
)dt1 . . . dtk

∫
∆l

ωj1(γ
′
t1
) . . . ωjl (γ

′
tl
)dt1 . . . dtl

=
∫

∆k×∆l
ωr1(γ

′
t1
) . . . ωrk+l (γ

′
tk+l

) dt1 . . . dtk+l ,

and the sum on the right side is

∑
σ∈Sh(k,l)

∫
∆k+l

ωσ(r1)(γ
′
t1
) . . . ωσ(rk+l)(γ

′
tk+l

)dt1 . . . dtk+l .
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The equivalence of the two formulas is given by the standard decomposition of ∆k × ∆l

into (k + l)-simplices,

∆k × ∆l = {(t1, . . . , tk+l) : 0 < t1 < . . . < tk < 1, 0 < tk+1 < . . . < tk+l < 1}

=
⊔

σ∈Sh(k,l)

{
(tσ(1), . . . , tσ(k+l)) : 0 < t1 < . . . < tk+l < 1

}
.

3.3.2 Relationship between Euclidean and Lie Group Valued Paths

In this subsection, we define a signature-preserving bijection between piecewise regular
paths in G and piecewise regular paths in RN which start at the identity and origin
respectively.

The idea behind the following proposition is that the path signature computation only
requires the first derivative of paths. The Lie bracket is unused in the computation of path
signatures, so we can simply consider the Lie algebras of Lie group as vector spaces. Thus,
we can identify the underlying vector space of the Lie algebra g with the underlying vector
space of the Lie algebra r of RN . We then use the correspondence Ψg : Cpc(g) → Cpr

g (G)

between piecewise continuous paths Cpc(g) and piecewise regular paths Cpr(G) given in
Corollary 3.2.1, to map paths on G to paths on RN .

In the following proposition, we abuse notation and consider elements of the Lie algebras
r of RN and g of G as both the tangent space at the identity, and the vector space of left-
invariant vector fields. Similarly, we consider elements of the dual of the Lie algebra r∗

and g∗ as both the cotangent space at the identity, and the vector space of left-invariant
1-forms.

Because we will be using two different path signature functions, we will denote by
SR : Cpr(RN)→ T((RN)) the path signature for RN with respect to the ordered basis of
standard 1-forms (dx1, . . . , dxN) of r∗. We denote SG : Cpr(G) → T((RN)) to be the path
signature for G with respect to a given ordered basis (ω1, . . . , ωN) of g∗.

Proposition 3.3.7. Suppose G is an N-dimensional Lie group with Lie algebra g. Let φ : r̄→ ḡ

be an isomorphism of vector spaces, and φ∗ : g∗ → r∗ be its dual. Let (dx1, . . . , dxN) denote the
standard 1-forms of RN , and define ωi = (φ∗)−1(dxi). Let SG : Cpr(G)→ T((RN)) be the path
signature map for G with respect to the ordered basis (ω1, . . . , ωN) of g∗. Then, there exists a
bijection Φ : Cpr

0 (RN)→ Cpr
e (G) such that SR(γ) = SG(Φ(γ)) for all γ ∈ Cpr(RN).
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Proof. The construction of the map Φ is derived from Corollary 3.2.1. Let ΨR : Cpc(r)→
Cpr

0 (RN) and ΨG : Cpc(g) → Cpr
e (G) be the bijections from Corollary 3.2.1 for RN and G

respectively. Now, define Φ by

Φ : Cpr
0 (RN)

Ψ−1
R−−→ Cpc(r)

φ−→ Cpc(g)
ΨG−→ Cpr

e (G).

The idea is that we start with a path γ ∈ Cpr
0 (RN), and apply the following maps:

1. Ψ−1
R : take the derivative γ′ to obtain a path in r

2. φ : identify the underlying vector space of r with g

3. ΨG : solve the differential equation (Equation 3.2.2) with the identity initial condition
to obtain a path in G.

-0.1 -0.05 0 0.05 0.1

-0.1

-0.05

0

0.05

0.1

-5 -2.5 0 2.5 5

-5

-2.5

0

2.5

5

Figure 3.2: An example of the function Φ when we take G = S1 × S1. (Left) A path γ ∈ PR2
0.

(Middle) The derivative of γ as a path in r or g. (Right) The corresponding path Φ(γ).

Because all three maps are bijective, Φ is also bijective. To show that the signatures are
invariant under this mapping, let I = (i1, . . . , ik) and γ ∈ Cpr

0 (RN). The path signature of
γ with respect to I is

SI
R(γ) =

∫
∆k

dxi1(γt1) . . . dxik(γtk)dt1 . . . dtk.
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Note that the derivative of Φ(γ) is given by Φ(γ)′t = φ(γ′t) and thus, the path signature of
Φ(γ) with respect to I is

SI
G(Φ(γ)) =

∫
∆k

ωi1(φ(γ
′
t1
)) . . . ωik(φ(γ

′
tk
))dt1 . . . dtk

=
∫

∆k
φ∗(ωi1)(γ

′
t1
) . . . φ∗(ωik)(γ

′
tk
)dt1 . . . dtk

= SI
R(γ).

The final equality holds because the dual isomorphism φ∗ takes ωi to dxi. Thus, SI
R(γ) =

SI
G(Φ(γ)) for all Γ ∈ Cpr(RN)e and all multi-indices I.

3.3.3 Stability of the Path Signature

In this section, we will discuss the stability of path signatures, which is of crucial impor-
tance in machine learning applications. We begin by considering a metric structure on
Cpr(G). We mentioned in Section 3.2.2 that a metric on Cpr

0 (RN) can be obtained by using
the 1-variation of paths. Namely, given α, β ∈ Cpr

0 (RN), we may consider the distance
between these two paths as |α − β|1−var, where the difference is performed pointwise.
Such an approach could be used for Cpr(G) in theory. Now suppose α, β ∈ Cpr

e (G), we
can use the metric on G to define the distance to be |β−1α|1−var, where the inversion
and multiplication are both performed pointwise. However, this notion of distance is not
well-suited for the path signature.

The main reason for this is that the computation of |β−1α|1−var depends fundamentally
on the adjoint action of the Lie group on the Lie algebra, which is governed by the Lie
bracket. Namely, the adjoint action is trivial if and only if the Lie bracket is zero. However,
the path signature ignores the Lie bracket structure, so the prospect of Lipschitz continuity
of the signature with respect to this metric is problematic.

We therefore consider a different metric. Note that our path signature computations
have consistently been performed on the underlying vector space of the Lie algebra ḡ, so it
seems natural to directly define a metric using the derivatives α′, β′ ∈ Seq(g). One such
notion of a distance would be the L1 distance between these derivatives

‖α′ − β′‖L1 =
∫ 1

0
‖α′t − β′t‖g dt

76



3.3 path signatures on lie groups

which in particular does not use the Lie bracket structure. In fact this L1 distance is
exactly the 1-variation of the corresponding paths Φ−1(α), Φ−1(β) ∈ Cpr

0 (RN), given by
the bijection in Proposition 3.3.7. Thus, we can define the metric on Cpr

e (G) to be

dR(α, β) := |Φ−1(α)−Φ−1(β)|1−var.

Note that equipped with this metric, the map Φ is trivially an isometry.

Lemma 3.3.1. Suppose Φ : Cpr
0 (RN)→ Cpr

e (G) is the map defined in Proposition 3.3.7. Suppose
Cpr

0 (RN) is equipped with the 1-variation metric, and Cpr
e (G) is equipped with the metric dR.

Then, Φ is an isometry.

Using this isometry, stability for Lie group path signatures is a direct corollary of stability
for Euclidean path signatures from Corollary 3.3.1.

Corollary 3.3.1. Let ` > 0 be a constant such that ` 6= 1 and α, β ∈ Cpr
e (G) be bounded variation

paths such that |α|1−var, |β|1−var ≤ `. For all m ≥ 1,

‖S≤m(α)− S≤m(β)‖ ≤ exp(1)
(

1− `m

1− `

)1/2

dR(α, β). (3.3.7)

3.3.4 Equivariance of the Path Signature

At this point, a natural question to consider is how do path signatures behave under Lie
group morphisms? Let G1 and G2 be Lie groups of dimensions N1 and N2 respectively.
Given a Lie group morphism F : G1 → G2, we have an induced Lie algebra morphism
F∗ : g1 → g2 between the corresponding Lie algebras. In particular, all Lie algebra
morphisms are linear transformations, so if we forget the Lie bracket, this results in
a map F∗ : ḡ1 → ḡ2 between the underlying vector spaces. Because linear transformations
induce maps on tensor products of the space F⊗m

∗ : ḡ⊗m
1 → ḡ⊗m

2 , we also get an induced
map of algebras between tensor algebras

F∗ : T((ḡ1))→ T((ḡ2)).

If (e1, . . . , eN1) is an ordered basis for g1 and ( f1, . . . , fN2) is an ordered basis for g2, then
we can write F∗ : g1 → g2 as an N2 × N1 matrix in terms of these bases, which we call M.
We can describe the action of F∗ in the tensor algebra using this matrix. Let t ∈ T((ḡ1)). In
general, the action on the order m elements tm ∈ ḡ⊗m is a tensor-matrix multiplication, as
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described in [PSS19], in which all m sides of the tensor tm are multiplied by the matrix M.
This can be written out as

F∗t =
∞

∑
m=0

∑
|I|=m

tI(Mei1)⊗ (Mei2)⊗ . . .⊗ (Meik).

The low order tensors can be written out in usual matrix notation. Consider t1 as a
column vector. The action on first order elements is matrix multiplication,

(F∗t)1 = Mt1.

Considering t2 as a matrix, the action on the second order elements is conjugation by M,

(F∗t)2 = Mt2Mᵀ.

For higher orders, we can no longer use matrix notation, so we explicitly define the
action for a given index. Let J = (j1, . . . , jn) be a multi-index where jk ∈ [N2]. Then, the
element of F∗t corresponding to the multi-index J is

(F∗t)J =
N1

∑
i1=1

N1

∑
i2=1

. . .
N1

∑
in=1

t(i1,...,in)Mj1,i1 Mj2,i2 , . . . , Mjn,in .

The following is a generalization of the equivariance of the path signature in Euclidean
space, which is discussed in [FV10] and [PSS19]. Here, suppose (ω1, . . . , ωN1) is the dual
basis to (e1, . . . , eN1) and (ν1, . . . , νN2) is the dual basis to ( f1, . . . , fN2).

Proposition 3.3.8. Let G1 and G2 be Lie groups, with Lie algebras g1 and g2 respectively. Suppose
F : G1 → G2 is a Lie group morphism and γ ∈ Cpr(G1). Then

S(Fγ) = F∗S(γ).

Proof. The proof of this claim is simply due to the linearity of integrals and 1-forms.
Consider the multi-index J = (j1, . . . , jm). Then,

SJ(Fγ) =
∫

∆m
νj1(F∗γ′t1

) . . . νjm(F∗γ′tm
)dt1 . . . dtm.

Consider a single factor in the integrand. Using the basis (e1, . . . , eN1) for g, write the
derivative γ′ as

γ′t =
N1

∑
i=1

ci
tei
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where ci : [0, 1] → R are the component paths. Then, since νj(F∗γ′t) denotes the jth

component of F∗γ′t, we can write this as

νj(F∗γ′t) =
N1

∑
i=1

Mj,iωi(γ
′
t).

Substituting this back into the formula for SJ(Fγ), we get

SJ(Fγ) =
N1

∑
i1=1

. . .
N1

∑
in=1

(
Mj1,i1 . . . Mjm,im

) ∫
∆m

ωi1(γ
′
t) . . . ωim(γ

′
t)dt1 . . . dtm

=
N1

∑
i1=1

. . .
N1

∑
in=1

(
Mj1,i1 . . . Mjm,im

)
S(i1,...,im)(γ)

= (F∗S(γ))J .

3.3.5 Lead-Lag Relationships

For path signatures defined on Euclidean space, a certain linear combination of second
degree signature terms provides a reparametrization invariant indicator of lead-lag be-
havior in cyclic real-valued time series, as initially introduced in [BS16] and discussed
in Section 1.1. In this subsection, we will extend this interpretation to time series valued in
Lie groups.

In the setting of Lie groups, we can define the lead matrix of a path γ ∈ Cpr(G) in the
same manner as the Euclidean case in Definition 1.1.1, but the interpretation must be
slightly modified. Writing out the integral for Si,j(γ) given a basis (ω1, . . . , ωN) of g∗, we
get

Si,j(γ) =
∫ 1

0

(∫ t

0
ωi(γ

′
s)ds

)
ωj(γ

′
t)dt.

The inner integral is simply Si(γ)t and represents the cumulative variation of the path in
the direction of ei (the dual of ωi), which is the analogue of the displacement in Euclidean
space. Thus, for a cyclic time series γ ∈ Cpr(G), we say that the ei direction exhibits cyclic
leading behavior with respect to the ej direction if the following holds:

1. (positive influence) when Si(γ)t is positive (negative), then ωi(γ
′
t) is positive (nega-

tive), and
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2. (negative influence) when Sj(γ)t is positive (negative), then ωj(γ
′
t) is negative (posi-

tive).

Thus the lead matrix, as defined in Equation 1.1.4, can be interpreted as a measure of this
cyclic leading behavior for Lie group time series. An example of this interpretation is given
in Section 3.5.1.

However, the geometric interpretation in terms of signed area is no longer available.
This is because any area computation on Lie groups will require second-order differential
information about the paths, but path signatures are only defined using first order differ-
ential information. This suggests that an interpretation in terms of areas on the Lie group
will not be possible. However, by using Proposition 3.3.7, the value Ai,j(γ) can still be
interpreted as the signed area of the corresponding path Φ−1(γ), where Φ is the bijection
given in Proposition 3.3.7.

3.3.6 Topological Considerations

In this section, we will consider the topological interpretation of the first level signature
terms for some Lie groups. Namely, the first level signature term Si is homotopy invariant
if the differential 1-form corresponding to the basis vector ωi ∈ g∗ is a closed form. For
simplicity, we will assume that all paths are piecewise smooth in this section. Note in
particular that the continuous interpretation of discrete time series is piecewise smooth, so
the discussion in this section holds for analysis of these discrete time series.

Recall the following definition of a homotopy between paths.

Definition 3.3.4. Suppose α, β : [0, 1] → G are homotopic relative to endpoints if α0 = β0,
α1 = β1 and there exists a continuous function h : [0, 1]2 → G, called a homotopy, such that

h(0, t) = αt, h(1, t) = βt, h(s, 0) = α0 = β0, h(s, 1) = α1 = β1.

We use the notation α ' β if the paths α and β are homotopic relative to endpoints.

Loosely speaking, two paths are homotopic relative to endpoints if their endpoints
coincide, and there exists a continuous deformation from one path to the other. Namely,
homotopy relative to endpoints forms an equivalence relation in Cpr(G). We say that a
map f : Cpr(G)→ R is homotopy invariant if f (α) = f (β) whenever α ' β.

Recall that a differential form ω is closed if its exterior derivative is trivial, dω = 0. By
Stokes’ theorem, the first level signature terms for closed forms are homotopy invariant.
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Indeed, let α, β ∈ Cpr(G), and let h : [0, 1]2 → G be a homotopy between α and β. By
Stokes’ theorem, we have∫

∂h
ω =

∫
h

dω = 0,

but the boundary of h is exactly α ∗ β−1. Thus, we have∫
α

ω−
∫

β
ω =

∫
∂h

ω = 0.

For left-invariant forms on Lie groups, there is a simple way to determine whether the
form is closed. We begin with the invariant formula for the exterior derivative [Lee03]. Let
ω be a 1-form on G, and X, Y are vector fields on G, then

dω(X, Y) = X(ω(Y))−Y(ω(X))−ω([X, Y]).

If in particular, if ω ∈ g∗ is a left-invariant 1-form and X, Y ∈ g are left-invariant vector
fields, then this formula reduces to

dω(X, Y) = ω([X, Y])

since ω(X) and ω(Y) are constant functions. Thus, the left invariant form ω is closed if
and only if ω([X, Y]) = 0 for all X, Y ∈ g. In particular, this implies that all left-invariant
1-forms are closed on abelian Lie groups such as RN and TN , since [X, Y] = 0 for all
X, Y ∈ g. However, there are no closed left invariant 1-forms on SO(3) since a nontrivial
ω ∈ so(3)∗ must be nonzero for at least some Z ∈ so(3). However, for all Z ∈ so(3), there
exist X, Y ∈ so(3) such that Z = [X, Y]. In fact, this argument extends to all semisimple Lie
groups, and thus there are no closed left-invariant 1-forms on any semisimple Lie group.

3.3.7 Discretization of the Path Signature

We have focused our discussion of the path signature so far on the continuous setting
in order to discuss the theoretical framework. However, applications are studied in the
discrete setting. In this section, we provide the explicit computation of path signatures for
discrete time series, and discuss a useful discrete approximation.

Let v = (v1, . . . , vN) ∈ g, where we have written out the components of v in terms of
some choice of basis on g. Consider the continuous time series γt = exp(vt), where exp
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3.3 path signatures on lie groups

is the Lie exponential. Note that the derivative γ′t = v is constant. In this case, the path
signature of γ is straightforward to compute. Given I = (i1, . . . , im), the path signature is

SI(γ) =
∫

∆m
ωi1(γ

′
t1
) . . . ωim(γ

′
tm
)dt1 . . . dtm

=
∫

∆m
vi1 . . . vim dt1 . . . dtm

=
vi1 . . . vim

m!
.

The entire path signature can be written concisely as the tensor exponential.

Definition 3.3.5. Let V be a real vector space. The tensor exponential exp⊗ : V → T((V))

is defined to be

(exp⊗(v))m =
v⊗m

m!
.

Then, we may write the path signature of γ = exp(vt) to be

S(γ) = exp⊗(v).

Now, suppose we have a discrete time series γ̂ : [T + 1]→ G. Recall from Equation 3.2.4
that we may compute the discrete derivative by

γ̂′t = log
(

γ̂−1
t γ̂t+1

)
to obtain a discrete time series γ̂′ : [T]→ g. As discussed in Section 3.2.3, we interpret these
discrete time series as continuous paths by interpolating using the exponential. Thus, the
continuous interpretation of the discrete time series can be thought of as a concatenation
of several exponential paths

γ = exp(γ̂′1t) ∗ exp(γ̂′2t) ∗ . . . ∗ exp(γ̂′Tt).

Therefore, by the above computation of the path signature of an exponential path and
Chen’s identity, we define the continuous path signature of the discrete time series to be

S(γ̂) = exp⊗(γ̂
′
1)⊗ exp⊗(γ̂

′
2)⊗ . . .⊗ exp⊗(γ̂

′
T). (3.3.8)

By using tensor operations, this formula provides an effective implementation for the
computation of the path signature.

An alternative approach is to compute an approximation of the path signature for
discrete time series.
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Definition 3.3.6. Let γ̂ : [T + 1] → G. Suppose ω1, . . . , ωN ∈ g∗ form a basis of g∗. Let
I = (i1, . . . , im) be a multi-index, where ij ∈ [N]. Let γ̂′ : [T]→ g be the discrete derivative
of γ̂. We define the discrete m-simplex with length T to be

∆̂m
T = {(t1, . . . , tm) ∈ [T]m : 0 ≤ t1 < t2 < . . . < tm ≤ 1}.

The discrete path signature of γ̂ with respect to I is defined to be

ŜI(γ̂) := ∑
(t1,...,tm)∈∆̂m

T

ωi1(γ̂
′
t1
) . . . ωim(γ̂

′
tm
),

where t1, . . . , tm ∈ [T]. The discrete path signature can be viewed as a map

Ŝ : Seq(G)→ T((g)).

We consider the discrete path signature since it is more amenable to computation. The
approximations from [KO19] and discused in Section 1.3.5 extend immediately to the Lie
group setting. In particular, [KO19] derived efficient algorithms to compute the discrete
path signature kernel, and we extend these algorithms to Lie groups in Section 3.4.2.

3.3.8 Path Transformations

We now define the Lie group formulations of the path transformations from Section 1.3.6.

1. The time transformation is

TTime : Cpr
e (G)→ P̃(G×R)

γt 7→ (γt, t). (3.3.9)

2. The identity initialized (IdInit) transformation is

TIdInit : Cpr(G)→ Cpr
e (G)

γ 7→ `γ0 ∗ γ, (3.3.10)

where `g is the exponential path from the identity e to the point g ∈ G.

3. The sliding window transformation is

TSWin,m : Cpr(G)→ Cpr(G)m+1

γt 7→ (γt, γt−τ, γt−2τ, . . . , γt−mτ), (3.3.11)
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3.4 the path signature kernel for lie groups

where we define γt = e if t < 0.

3.4 the path signature kernel for lie groups

In this section, we show that a normalized variant of the path signature can be used to
define a universal and characteristic kernel for Lie group valued time series. Then, we
show that the algorithms introduced in [KO19] for efficient computation of the signature
kernel can also be used for Lie group valued paths.

3.4.1 The Path Signature Kernel

In this subsection, we will define the path signature kernel, and show that it is universal
and characteristic. This was shown for the Euclidean case in [CO18], which states that these
properties hold when studying paths evolving in a Hilbert space. Through our definition
of the path signature for Lie groups, we provide a clarification: the space itself need not be
a Hilbert space, but rather the space of tangent vectors must be a Hilbert space. In our
case of Lie groups, this is the Lie algebra with a Riemannian metric. With this setup, the
path signature kernel for Lie groups is universal and characteristic.

Theorem 3.4.1. Let Λ : T1(R
n)→ T1(R

n) be a tensor normalization. The normalized signature

Φ : C̃pr(G)→ T1((ḡ)), Φ = Λ ◦ S,

1. is a continuous injection from C̃pr(G) into a bounded subset of T1(R
n),

2. is universal to F := Cb(C̃pr(G), R) equipped with the strict topology, and

3. is characteristic to the space of finite regular Borel measures on C̃pr(G).

Proof. The fact that Φ is an injection follows from the injectivity of the path signature from
Theorem 3.3.2 and the definition of the tensor normalization. Continuity follows from the
stability property of Corollary 1.2.4. Next, we move on to universality. Define

L = 1 +
∞⊕

m=1

(ḡ)⊗m

to be a dense subspace of T1((ḡ)) (note that L only contains finite linear combinations of
tensors, whereas T1((ḡ)) contains all power series of tensors) and define

F0 = {〈`, Φ(·)〉 : C̃pr(G)→ R : ` ∈ L}.
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3.4 the path signature kernel for lie groups

We aim to show that F0 satisfies the hypotheses of the second point of Theorem 1.3.3. By the
injectivity of Φ, the class of functions F0 separates points, and because the path signature
is defined with constant term 1, the path signature is nonzero for all paths γ ∈ C̃pr(G).
Finally, by the shuffle product identity from Theorem 3.3.3, the class of functions F0 is
closed under shuffle multiplication and is therefore a subalgebra of Cb(C̃pr(G), R). Namely,
let I and J be multi-indices, and eI and eJ be the corresponding basis vectors in L. Then,
we may define multiplication in F0 by

〈eI , Φ(·)〉〈eJ , Φ(·)〉 =
〈

∑
K∈I�J

eK, Φ(·)
〉

,

which is closed. Thus, Φ is universal with respect to F . Finally, by the duality in Theo-
rem 1.3.2 and the third point of Theorem 1.3.3, the function class F is characteristic with
respect to finite regular Borel measures on C̃pr(G).

Remark 3.4.1. Although this theorem is stated for tree-like equivalence classes of paths in G,
by precomposing with the time transformation or identity start transformation discussed
in Section 1.3.6, we can also obtain universal and characteristic feature maps that are not
reparametrization or translation invariant.

3.4.2 The Kernel Trick

The kernel trick refers to an efficient method to compute kernels without having to compute
explicit representations of elements in the feature space. Several efficient algorithms to
compute the Euclidean path signature kernel are provided in [KO19], who state that their
algorithms hold for path signatures computed for Hilbert space-valued data (their methods
hold in more generality). The algorithms depend only on an inner product structure in
the space where the integrals are being computed, namely in ḡ, and thus also hold in
our present context of Lie group-valued data. In this section, we will provide an explicit
generalization of their main algorithm.

As in Section 3.3.3, we will restrict ourselves to the truncated signature

SM : Cpr(G)→ T(M)(ḡ).

The signature kernel truncated at level M is defined to be

KM : Cpr(G)× Cpr(G)→ R, (α, β) 7→ 〈SM(α), SM(β)〉 (3.4.1)

We will begin by simplifying the computation of the kernel for continuous paths.

85



3.4 the path signature kernel for lie groups

Proposition 3.4.1. The signature kernel can be computed as

KM(α, β) =
M

∑
m=0

∫
(s,t)∈∆m×∆m

m

∏
i=1
〈α′si

, β′ti
〉g ds dt, (3.4.2)

where we view α′t and β′t as elements of the Lie algebra g, and the inner product in the integrand
〈·, ·〉g is computed in the Lie algebra. Also, we denote s = (s1, . . . , sm) and t = (t1, . . . , tm) as
elements of ∆m, and write ds := ds1 . . . dsm and dt := dt1 . . . dtm.

Proof. Let’s consider the inner product at a single level m. Recall that πm : T((ḡ))→ ḡ⊗m

is the projection on to the level m tensors, and 〈·, ·〉m refers to the inner product on ḡ⊗m.
Then,

〈πmS(α), πmS(β)〉m
= ∑

I:|I|=m
SI(α) · SI(β)

= ∑
I=(i1,...,im)

∫
∆m

ωi1(α
′
s1
) . . . ωim(α

′
sm
)ds

∫
∆m

ωi1(β′t1
) . . . ωim(β′tm

)dt

=
∫
(s,t)∈∆m×∆m

∑
I=(i1,...,im)

[
ωi1(α

′
s1
)ωi1(β′t1

)
]

. . .
[
ωim(α

′
sm
)ωim(β′tm

)
]

ds dt

=
∫
(s,t)∈∆m×∆m

m

∏
i=1
〈α′si

, β′ti
〉g ds dt.

Then, adding up all of the levels, we get our desired result.

As noted by [KO19], the expression in Equation 3.4.2 can be efficiently computed by a
method that is similar to Horner’s scheme for computing polynomial expressions. Suppose
we wish to compute the expression p(x) = ∑M

i=0 xi. By expanding this polynomial as

p(x) = 1 + x(1 + x(1 + . . . + x(1 + x)))

where the recursion occurs M times and computing the brackets from the inside to the
outside, we can evaluate the expression using M additions and M multiplications. In con-
trast, the naive computation of p(x) would require M additions and M2+M

2 multiplications.
Note that we may write out this recursion explicitly as follows. Let

q1 = 1 + x, qm = 1 + xqm−1.

Then, we may write p(x) = qM. We can significantly reduce the number of operations
required to compute the integrals in Equation 3.4.2 by adapting this procedure.
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Corollary 3.4.1. Let

Q1(s, t) = 1 +
∫

s′∈[0,s]
t′∈[0,t]

〈α′s′ , β′t′〉gds′dt′. (3.4.3)

Then, we recursively define

Qm(s, t) = 1 +
∫

s′∈[0,s]
t′∈[0,t]

Qm−1(s′, t′)〈α′s′ , β′t′〉gds′dt′. (3.4.4)

The signature kernel can be computed as

KM(α, β) = QM(1, 1). (3.4.5)

Proof. We will consider the case of M = 2. Here, we have

Q2(1, 1) = 1 +
∫

s1∈[0,1]
t1∈[0,1]

Q1(s1, t1)〈α′s1
, β′t1
〉gds1dt1

= 1 +
∫

s1∈[0,1]
t1∈[0,1]

(
1 +

∫
s2∈[0,s1]
t2∈[0,t1]

〈α′s2
, β′t2
〉gds2dt2

)
〈α′s1

, β′t1
〉gds1dt1

= 1 +
∫

s1∈[0,1]
t1∈[0,1]

〈α′s1
, β′t1
〉gds1dt1 +

∫
s1∈[0,1]
t1∈[0,1]

∫
s2∈[0,s1]
t2∈[0,t1]

2

∏
i=1
〈α′si

, β′ti
〉g ds1ds2dt1dt2

= K2(α, β).

The general proof proceeds in the same manner. By each successive unfolding of the
definition of Qm, we recover an additional summand in Equation 3.4.2.

Next, we will consider the discrete formulation of this expression. For simplicity, we will
consider discrete time series of the same length, though the following results also hold
when the two discrete time series are of different lengths. Suppose α̂, β̂ : [T + 1]→ G, and
let α̂′, β̂′ : [T] → g be their corresponding discrete derivatives. Following the notation in
Section 3.3.7 for the discrete signature, we define the discrete signature kernel truncated at
level M to be

K̂M(α̂, β̂) := 〈ŜM(α̂), ŜM(β̂)〉M. (3.4.6)

Notice we are using the discrete signature given in Definition 3.3.6. Then, the discrete
analogues of Proposition 3.4.1 and Corollary 3.4.1 are as follows.

87



3.5 experiments

Proposition 3.4.2. The discrete signature kernel can be computed as

K̂M(α̂, β̂) =
M

∑
m=0

∑
(s,t)∈∆̂m

T×∆̂m
T

m

∏
i=1
〈α′si

, β′ti
〉g. (3.4.7)

Corollary 3.4.2. Let

Q̂1(s, t) = 1 + ∑
s′∈[s], t′∈[t]

〈α′s′ , β′t′〉g (3.4.8)

and recursively define

Q̂m(s, t) = 1 + ∑
s′∈[s], t′∈[t]

Q̂m−1(s′, t′)〈α′s′ , β′t′〉g. (3.4.9)

The discrete signature kernel can be computed as

K̂M(α̂, β̂) = Q̂M(T, T). (3.4.10)

The proofs for these discrete formulas proceed in exactly the same manner as their
continuous counterparts. This final recursive formula for the kernel provides an efficient
recursive algorithm for the computation of the discrete signature, which can be found
in [KO19].

3.5 experiments

In this section, we provide two detailed experiments to demonstrate the universal and
characteristic properties of the path signature. First, we consider the human action recog-
nition problem from computer vision, using a Lie group representation of the data. We
find that the path signature method is simple to implement, achieves comparable classifi-
cation performance to shallow learning methods, and provides an interpretable feature set.
Second, we perform a kernel two-sample hypothesis test aiming to distinguish between
two different random walks on SO(3). Here, we find that the path signature for SO(3)
significantly outperforms the same hypothesis test done using the Euclidean representation
of SO(3).

3.5.1 Human Action Recognition

In this subsection, we aim to utilize the universal property of the signature kernel to
study a classification problem. Namely, we will be working in the domain of human
action recognition, in which several recent works, such as [Hua+17], [RWF18] and [Li+19],
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have used Lie group representations and deep learning to achieve state of the art results.
Euclidean path signatures have also been used to study the real valued and joint-based
representation of this problem in [Yan+19], and preliminary experiments using Lie group
path signatures have been performed in [CLT19], though detailed quantative comparisons
with larger datasets were not provided.

Our goal in this section is to demonstrate the utility, simplicity and interpretability of
the Lie group path signature using the G3D-Gaming dataset from [BMA12]. Thus, our
focus will be on establishing baseline results using support vector machines and random
forests, and our main comparison will be with the “shallow” learning methods described
in [VAC14] and [VC16]. We achieve comparable classification results using a random
forest algorithm and the second level signature as a feature set. A major advantage of the
second level signature is that we can interpret this feature set in terms of the underlying
movement, and we provide a brief discussion of this analysis.

3.5.1.1 Lie group representation

In this experiment, we aim to classify actions based on human skeletal motion data, which
we represent as a SO(3)k valued time series. This Lie group representation of human
motion was introduced in [VAC14] and [VC16], which describes a pose as an element of
SO(3)k. The relative rotation of two body parts is an element of SO(3), and by recording
the relative rotation of k pairs of body parts, we can describe the full pose of a human.

A skeleton S = (V, E) can be described using a set of joints V = {vi}nV
i=1, where vi ∈ R3,

and a set of body parts E = {ei}nE
i=1, where each body part is a function ei : {0, 1} → V.

We may consider ei(0) and ei(1) to respectively be the start and end point of the body part
ei. Additionally, we will denote the unit vector describing the direction from the start to
the end of the body part by

êi =
ei(1)− ei(0)
‖ei(1)− ei(0)‖ .

We will consider all pairs of body parts (ei, ej) that share a joint, such that ei(c1) = ej(c2)

for some c1, c2 ∈ {0, 1}, so k is the number of adjacent pairs of body parts. To obtain the
rotation matrix for a chosen pair (ei, ej), we rotate the global coordinate system (with
minimum rotation) such that êi is the x-axis. Then, the rotation matrix Ri,j ∈ SO(3) is the
minimum rotation from êi to êj in this coordinate system. By repeating this for all adjacent
pairs, we obtain an element of SO(3)k, and further repeating this for all time steps, we can
represent this motion as a time series in SO(3)k.
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3.5.1.2 Data and preprocessing

The dataset we use is the G3D-Gaming dataset from [BMA12]. This contains 663 sequences
of 20 different gaming motions performed by 10 subjects, and each subject performed
each action at least two times. The 3D locations of 20 joints are provided for every frame.
However, the number of frames for each recorded action varies widely from 3 frames to
330 frames. We use the code provided in [VC16] to generate the SO(3) representation.

Figure 3.3: Histogram of number of frames per recorded action in G3D dataset.

Note that in [VAC14] and [VC16], all pairs of body parts are used in the Lie group
representation, which results in k = 342 pairs for this dataset. In contrast, we only use all
adjacent pairs of body parts, which we call the primary pairs, resulting in k = 18 pairs for
this dataset. We use significantly less data because the path signatures take into account
the relationships between all input pairs, so we have information regarding non-primary
pairs through the higher order signature terms. The numbering of the primary pairs are
given in the following figure.
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Figure 3.4: Numbering of the primary pairs of body parts.

We categorize these 18 primary pairs into 5 classes.

Body 1-2

L Arm 3-6

R Arm 7-10

L Leg 11-14

R Leg 15-18

Table 3.1: The body regions corresponding to groups of primary pairs.

Extensive preprocessing of this data is performed in [VAC14] and [VC16] in order to
deal with several difficulties. During the training stage, the following steps were taken.

1. Each time series is resampled via interpolation so that all time series have a fixed
length.

2. A nominal curve in SO(3)k is generated for each action class.

3. To handle issues of rate variation and temporal misalignment, dynamic time warping
(DTW) is used to warp each time series to its corresponding nominal curve.

4. A rolling and unwrapping procedure is computed with respect to its nominal curve
to obtain a curve in the Lie algebra so(3)k.
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5. (Optional) A Fourier temporal pyramid (FTP) representation of the Lie algebra curve
may be computed to further deal with temporal misalignment.

A classifier such as a support vector machine (SVM) is then trained for every action
class (one vs. rest). In the testing stage, the data is preprocessed with respect to all
nominal curves and the corresponding SVM is used for prediction. This amounts to a large
preprocessing cost, especially for test samples, which must be preprocessed with respect
to all action classes.

In contrast, we perform minimal preprocessing since we can compare time series with
varying numbers of frames using path signatures, and the issues of rate variation and
temporal misalignment are handled by reparametrization invariance.

3.5.1.3 Results

Following [VAC14; VC16], we use a cross-subject test setting, where we use half of the
subjects for training, and the other half for testing. All of the reported classification
results are averaged over ten different combinations of the train/test split. We perform the
classification using a kernel SVM, as well as a random forest. For the kernel SVM, we report
the results using the signature kernel truncated at level 6. We use the Julia implementation
of scikit-learn, with the SVC implementation for support vector machines, which uses
the one-against-one approach [KPD90] for multi-class classifcation. For the random forest,
we compute the level 2 signature of the time series and treat it as a feature set. We use
the random forest implementation in the Julia DecisionTrees package. We follow the
suggested default random forest hyperparameters in [PWB19], and use 1,000 trees, √n f
features for each tree, where n f is the total number of input features, a maximum depth of
100, and use 70% of the data to train each tree. A tensor renormalization is used for all
path signature computations as described in Proposition 1.3.1, and using the function

ψ(x) =

{
x2 if x ≤

√
M

M + M1+a(M−a − x−a)/a if x >
√

M

where M = 4 and a = 1 as in [CO18].
We apply each algorithm to several embeddings of the discrete time series. In addition

to using the raw time series, we also use the identity initialialized (IdInit) embedding to
remove translation invariance, and the sliding window (SWin) embedding with 1 to 6 lags.

Based on our results, a random forest trained using level 2 signatures outperforms an
SVM trained using level 6 signatures for all embeddings. This may be due to the fact that
random forests are in general better suited for multi-class classification tasks, since the
SVM approach is to split the multi-class problem into (20

2 ) binary classification tasks.
We note by using the random forest classifier, and introducing lags, we are able to achieve

results which are comparable to the 87.95% accuracy of [VC16], given the fact that we are

92



3.5 experiments

Random Forest SVM

Raw 69.99% 65.20%

IdInit 80.48% 77.86%

SW, 1 lag 80.32% 79.24%

SW, 2 lags 82.71% 80.27%

SW, 3 lags 83.77% 80.84%

SW, 4 lags 84.47% 81.08%

SW, 5 lags 84.86% 81.44%

SW, 6 lags 85.56% 81.44%

Table 3.2: Classification results using a random forest and SVM for different embeddings.

using significantly less input data, minimal preprocessing, and default hyperparameters
on the random forest.

Remark 3.5.1. In Section 1.3.6.3, we mentioned that one possible explanation for the strong
empirical performance of the sliding window embedding is the breaking of translation
invariance. In these results, we can isolate the effect of breaking translation invariance
by using the IdInit embedding. We see that for both the random forest and the SVM, the
performance improves significantly after using the IdInit embedding when compared to
the raw time series. The sliding window embedding with 1 lag also significantly improves
the performance when compared to the raw time series, but we see that the increase is
comparable to that of the IdInit embedding. When we increase the number of lags, the
path signature is able to capture more information by integrating with respect to past
values, and thus the performance continues to improve. [Fer21] suggested the problem of
explaining why the sliding window embedding performs well in practice. This empirical
evidence indicates that one such reason is the breaking of the translation invariance of the
path signature.

3.5.1.4 Interpretation of the second level signature matrix

In addition to comparable classification accuracy, the second level signature matrix affords
an interpretable feature set. This is one of the highlights of this method, as none of the
cited classification methods are easily interpretable. Namely, in both the narrow and
deep learning approaches, the input to the classification algorithm is the stacked (and in
some cases preprocessed) Lie group valued time series, resulting in an extremely high
dimensional vector. In this section, we will discuss the interpretation of the raw second
level signature matrix, which was used for the random forest classification.
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The second level path signature of a path γ ∈ Cpr(G), where G is N-dimensional, can be
viewed as a (N× N) matrix where the (i, j) entry is simply S(i,j)(γ). For these applications,
our Lie group is G = SO(3)18, which has N = 54 dimensions. We will consider the
absolute value of the averaged second level signature matrices for each action class of the
G3D data set. Specifically, because we are focused only on the interpretation in this section,
we will use all of the data when computing averages. Also, we take the absolute value to
simplify the interpretation of these matrices. We begin by considering a single action class
(walk) in order to describe how to read the matrix.
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L Leg

i
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Figure 3.5: Averaged absolute second level signature matrix for the action class “walk.”

Here we have visualized the (54 × 54) matrix as a heatmap, where the entries are
arranged in accordance with standard matrix notation. The thin red grid lines separate the
matrix into (3× 3) blocks, where each triplet of entries corresponds to a single primary
pair. The numerical labels on the axes enumerate the blocks (or primary pairs), which
correspond to the primary pairs as shown in Figure 3.4. The thicker red grid lines are used
to separate the different categories of primary pairs, as outlined in Table 3.1, and labelled in
the figure. The diagonal entries of the matrix measure the square of the cumulative rotation
of a given basis direction for a given primary pair. The off diagonal entries measure the
positive or negative influence of the basis direction i on the basis direction j, as defined in
Section 3.3.5. For a closer look at this example, we isolate the blocks corresponding to the
left and right legs, and reduce the color threshold.

The blocks with the largest magnitude are the diagonal blocks 14 and 18, which cor-
respond to the joints of the left and right foot (see Figure 3.4. In addition, many of the
off-diagonal entries are nonzero, which corresponds to the action of walking. While walk-
ing, we alternate moving our left and right legs, and the signature matrix measures this as
an influence of rotations about joints in one leg on the rotations about joints in the other
leg.
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Figure 3.6: Averaged absolute second level signature matrix for the action class “walk.”

In Figure 3.7, we have plotted the absolute value of the averaged second level signature
matrix for all action classes in the data set. We omit the labelling to simplify the figure, but
all labelling is the same as Figure 3.5. In particular, the colors range from 0 to 1.

3.5.2 Random Walks on Lie Groups

In this experiment, we aim to take advantage of the characteristic property of the signa-
ture kernel and perform a kernel two-sample hypothesis testing problem, as described
in [Gre+12]. We aim to distinguish between two distinct discrete random walks on SO(3),
or in other words, between two distinct probability distribution on P(SO(3)). In addition,
by using the matrix representation of SO(3), we can also view these as probability distribu-
tions on PR9, and we also perform the hypothesis testing in this context. We find that for
this problem, the path signature defined using left-invariant forms on SO(3) significantly
outperforms the Euclidean signature.

3.5.2.1 Hypothesis testing with MMD

Suppose µ and ν are two probability measures on Cpr(G) and we have i.i.d. samples
{Xi}n

i=1 of µ and {Yi}n
i=1 of ν, each with n samples. Note that we use the superscript to

index the separate samples, since the subscript is reserved for the time parameter. We wish
to distinguish between the null hypothesis H0 : µ = ν against the alternative hypothesis
H1 : µ 6= ν. This is done by computing the unbiased empirical MMD (Equation 1.3.4)
between our two collections of samples, and comparing this against a chosen threshold. A
Type I error occurs when the test falsely rejects the null hypothesis, and a Type II error
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Figure 3.7: Averaged absolute S2 matrices for all actions in G3D dataset.
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occurs when the test falsely accepts the null hypothesis. The level α of a test is a chosen
upper bound on the probability of a Type I error.

The threshold for the MMD is chosen such that the test is consistent, meaning the test
achieves a level α and a Type II error of zero in the asymptotic large sample limit. One
method for choosing the threshold is by using large deviation bounds for the MMD
under the assumption that the null hypothesis is true, which are derived in [Gre+12].
However, because such bounds must hold for all measures, the threshold chosen in this
way is conservative and may not yield optimal results with a finite number of samples.
An alternative method is to use a data-dependent threshold. Our method here will be to
generate a null distribution for the MMD by performing a permutation test, and computing
the 1− α quantile for a level α test. Alternative methods for deriving data-dependent
thresholds are explored in [Gre+09; Gre+12].

3.5.2.2 Random walk generation

For this experiment, we will consider discrete random walks on SO(3). Each walk is
initialized by sampling a point uniformly at random from SO(3). A method to sample
uniformly from SO(3) is given in [DS87]. Next, we sample T i.i.d. points {vi}T

i=1 from
the unit sphere in the Lie algebra so(3). We use a unimodal probability distribution on
S2, called the von Mises-Fisher distribution. This is parametrized by the mean direction
x ∈ S2, and the concentration parameter κ ≥ 0, which describes the concentration of the
distribution about the mean.

Figure 3.8: The von-Mises Fisher density on S2 with mean direction x = (0, 0, 1) and κ = 0.1.
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We may think of this as a random walk with drift in the mean direction. A numerically
stable method of sampling from this distribution is discussed in [Jak12]. The random walk
γ̂ : [T + 1]→ SO(3) is defined recursively as

γ̂i+1 = γ̂i exp(cvi),

where c > 0 is the step size and γ̂1 is a randomly sampled point on SO(3).

3.5.2.3 Results

We perform two classes of tests.

1. H0 is false. Here, we attempt to distinguish between distributions with different
mean directions. We take xµ = (1, 0, 0) and xν = (0, 1, 0).

2. H0 is true. Here we take the mean directions of both distributions to be xµ = xν =

(1, 0, 0).

All distributions will have a concentration parameter of κ = 0.1. For each test, we will
sample n = 50 random walks from each distribution, and each random walk will have
L = 100 steps. To generate the null distribution of the MMD, we perform a permutation
test with 2,000 permutations for a given set of samples. A level of α = 0.05 is chosen, so
we compute the 0.95 quantile of the null distribution as the threshold used for the MMD.
The path signature is truncated at level 4 in the MMD computation. We perform 1,000 tests
for each class, and each test is done using both Lie group and Euclidean path signatures.

The following table provides the error rates (false positive/negative) for the two classes
of tests using the two methods.

Lie Group Euclidean

H0 false 6.1% 83.7%

H0 true 5.7% 4.9%

Table 3.3: Error rates for hypothesis testing. Each test was run 1,000 times.

Additionally, we provide histograms that summarize the test results. The test dis-
tributions show the distribution of MMDu over the 1,000 independent trials. The null
distribution shown is generated from a permutation test for a single trial. The red line
shows the 0.95 quantile, and represents the threshold for that trial. The histograms for H0

being false are shown in Figure 3.9 and the histograms for H0 being true are shown in
Figure 3.10.
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We find that the Lie group path signatures significantly outperform Euclidean path
signatures. This is due to the fact that the Euclidean representation of the data is ill-
suited for this problem. We are aiming to detect a slight drift in the direction of the
rotation, which is a translation invariant feature in SO(3). However, this is not a translation
invariant feature in the Euclidean representation of the problem, so the effect of the drift is
confounded in the Euclidean path signature.
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Figure 3.9: Test (top) and null (bottom) distributions of MMDu when H0 is false.

Figure 3.10: Test (top) and null (bottom) distributions of MMDu when H0 is true.
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3.6 conclusion

We have defined path signature for Lie group valued time series, and studied several
of its properties, the main result being the universal and characteristic properties of the
signature kernel. By defining signature using only the derivative of the path, computational
techniques from Euclidean valued paths to Lie group valued paths can be exported cleanly.
Our theory is validated using two detailed experiments highlighting both the universal and
characteristic properties, showing that the path signature has strong empirical performance,
while providing an interpretable feature set which can be used to better understand the
underlying phenomena.

Lie group valued data is ubiquitous; however, in previous studies analyzing such data,
the analysis pipeline can be complicated due to the ostensible complexities when dealing
with Lie groups (as described in Section 3.5.1). Our derivations show that Lie group valued
data can be treated in a manner nearly identical to standard Euclidean valued data.

The work in this paper provides the foundations for further studying properties and
applications of path signatures for Lie groups and more. We highlight two directions for
possible future research.

1. Although the path signature is a complete characterization of paths in Euclidean
space, the inversion problem of recovering a path given its path signature is diffi-
cult [LX17; Cha+17]. [PSS19] studies a restricted and approximate inversion problem
from an algebro-geometric perspective of the path signatures, which was initiated
in [AFS19].

One may consider a similar question for Lie groups. Suppose we fix a path γ ∈
Cpr(G), and we are given the path signature of a path α ∈ Cpr(H), where α = Fγ,
where F : G → H is a Lie group homomorphism. Is it possible to recover the Lie
group homomorphism F?

2. In [Che58], the path signature is defined for a manifold M by choosing a collection
of 1-forms {ωi}N

i=1 (as no natural Lie algebra basis is available). Choose x ∈ M to
be a basepoint, and let S : Cpr

x (M) → T((RN)) be the path signature defined with
respect to these 1-forms and let α, β ∈ Cpr

x (M). If the 1-forms span the cotangent
bundle of M at every point x ∈ M, Chen’s injectivity result states that S(α) = S(β)

if and only if α and β are tree-like equivalent (in a slightly modified sense). The
injectivity theorem given in Theorem 3.3.2 is a customization of Chen’s result to the
case M = G since a basis of g∗ spans the cotangent bundle at every point.

Recently, there has been interest in studying time series evolving on manifolds,
and the development of a path signature kernel for paths on manifolds would
provide a powerful tool for geometric time series analysis. One of the difficulties
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of this definition would be the representation of data on manifolds and the choice
of 1-forms used. One could begin with path signatures on parallelizable manifolds,
which by definition admit a smooth basis of vector fields and 1-forms. This would
encompass all orientable 3-dimensional manifolds.
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4
S I G N AT U R E S , L I P S C H I T Z - F R E E S PA C E S , A N D PAT H S O F
P E R S I S T E N C E D I A G R A M S

4.1 introduction

In complex systems, collective behavior emerges from the interactions between individual
elements [D’O+06; NJG12], but the state of an individual element often contains very little
information. It is therefore reasonable, and even desirable, to describe the state of the
system by using abstract or qualitative organizational features. The negligible contribution
of individual agents suggests that it should be possible to infer such features from a
relatively small representative subsample of the constituent agents, and this is often the
approach applied in practice.

One tool for characterizing these organizational structures is persistent homology [Cha+16;
EH08; Ghr08; Ott+17; ZC05], a common tool from topological data analysis (TDA). It is
applied by constructing a nested family of spaces Xε which model the structure of the
underlying system at a scale parameter ε > 0; such a family satisfies Xε′ ↪→ Xε if ε′ < ε

and is called a filtration. By applying the kth homology functor, Hk, to this filtration, we can
track how homology classes persist as the scale parameter ε varies. In particular, we record
the scale parameters b and d at which an individual homology class appears or disappears
respectively; these scale parameters are called the birth and death times of a homology class.
The multiset of the birth and death times for all of the kth homology classes in a data set is
called a persistence diagram. Persistence diagrams provide a multi-scale summary of the
system’s organization, while discarding precise information about, and even the identity
of, individual elements in a system. Thus, they are well-suited to characterizing the state
of a multi-agent complex system.

While the details of individual agents can often be abstracted away when describing a
static snapshot of a complex system, the same cannot be said for the temporal structure
when characterizing dynamics. Even if the ensemble of states the system attains is similar,
their ordering of these states must be carefully recorded to provide understanding. For
example, a system in which agents move into consensus versus one in which they move
out of consensus are operating under very different dynamic principles, even though
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Figure 4.1: Snapshots of a path of H1 persistence diagrams (bottom row) generated from a time-
varying point cloud in R3 (top row).

reordering the time dimension so one runs backward will result in a similar collection of
coarse system organizations, and thus similar topological signatures. Paths of persistence
diagrams1 [CEM06; Mun13; PH15; Rie+20; TZH15], which is shown in Figure 4.1, provide a
hybrid form of measurement that retains this temporal2 information while discarding the
relatively uninformative data about the individual agents.

However, as mathematical objects, paths of persistence diagrams are themselves not
necessarily straightforward to understand and measure. Neither spaces of persistence
diagrams nor spaces of paths are easy to vectorize, nor to develop standard statistical
methods for. To address this problem, in this paper we to develop a collection of infor-
mative, stable, and computable features for the space of paths of persistence diagrams,
and to apply those features to investigate and to demonstrate how to classify the dynamic
behaviors of complex systems.

The study of path spaces is a classical topic in algebraic topology [Che77]. Recent
work has leveraged and extended these ideas to provide sophisticated feature sets in
the form of path signatures for time series analysis in machine learning [CK16; KO19;
Ada+17; Mor+21; LG20; Kid+19]. The path signature is a reparametrization-invariant
characterization of paths valued in a Banach space, and has been shown to be universal

1 Here, we specifically mean paths in the space of persistence diagrams, as compared to the concept of a
persistence vineyard [CEM06], which retains information about how individual homology classes evolve over
time. Such granular information is often difficult to obtain in the context of real data, particularly when
individual elements of the system cannot be tracked.

2 The methods we will develop work without change for any one-dimensional parameterized family of
persistence diagrams, however this terminology collides with that of the scale parameter so we will favor the
dynamic terminology throughout.
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and characteristic [CO18], two properties which provide strong theoretical guarantees in
the context of kernel methods.

In order to define an intrinsic path signature for time-varying persistence diagrams,
we first develop an isometric embedding of the space of persistence diagrams into a
Banach space.3 The classical space of finite persistence diagrams has the structure of
a commutative monoid, and thus we must enrich this space with additional algebraic
and analytic properties. In particular, we enrich this space with additive inverses to
obtain an abelian group, with a notion of scaling to obtain a vector space, and a norm
which induces a complete metric to obtain the desired Banach space. We survey existing
enrichments [BE20b; DL21; MMH11] which provide some of these additional properties
while lacking others. Then, we draw on the notion of the Lipschitz-free space (also called
the Arens-Eells space) from functional analysis [Wea18; CDW16], a universal construction
on metric spaces which provides a Banach space with the desired properties; in particular,
we show that there is an isometric embedding of finite persistence diagrams into the
corresponding Lipschitz-free space. While explicit representations of the relevant Lipschitz-
free spaces are not available, we suggest a construction by extending the method of group
completion introduced in [BE20b].

Having developed the theoretical foundations necessary to apply the theory of path
signatures to time-varying persistence diagrams, we describe how this framework can
be used to define explicit feature maps for studying time-varying data. Motivated by the
perspective of persistence diagrams as measures [Cha+16; DL21], we introduce the moment
map, a new feature map for static persistence diagrams which is injective and Lipschitz
continuous on bounded persistence diagrams. Composing this feature map with the path
signature, we obtain a computable representation for paths of persistence diagrams which
can be used in data science applications.

Finally, we demonstrate the efficacy of this approach by performing a detailed numerical
experiment to recover estimates of the parameters for the 3D D’Orsogna model of swarm
dynamics [D’O+06]. In particular, we highlight the ability of persistent homology to
capture global features of a system’s organization from sparse observations by estimating
these parameters using subsets of the positions of the agents, randomly selecting which
agents’ positions to use at each time point.

4.1.1 Contributions

The aim of this paper is to combine the tools of persistent homology and path signatures
to study the dynamic topological structure of filtrations of topological spaces (from a

3 A Hilbert space embedding would provide even more structure, though this has been shown to be impossible
without significant metric distortion [BW19; Wag21; TS20].

105



4.1 introduction

theoretical perspective) and of data sets (from a computational perspective). In particular,
our main contributions are as follows:

• We connect the the theory of persistence diagrams with the existing theory of
Lipschitz-free spaces [Wea18] in order to obtain an isometric embedding of the
space of persistence diagrams into a Banach space. To the authors’ knowledge, this
connection is new, and so we provide a detailed discussion of Lipschitz-free spaces
in relation to existing generalizations of the space of persistence diagrams.

• We introduce the space of bounded variation paths of persistence diagrams and show
that the path signature provides a universal and characteristic feature map for this
space. In particular, the expected signature characterizes measures on this path space,
and can thus be used for statistical applications. In addition, this characterization
provides a foundation for the investigation of stochastic dynamics using persistent
homology via analogy to the theory of rough paths.

• We introduce a new feature map for persistence diagrams motivated by the perspec-
tive of persistence diagrams as measures. Specifically, by computing the moments
of bounded persistence diagrams, we obtain an injective stable feature map for the
space of persistence diagrams.

• Combining the moment map with the discrete path signature, we obtain a computable
feature map for paths of persistence diagrams. Furthermore, this feature map is
stable with respect to the 1-variation metric on paths, and is also universal and
characteristic.

• We develop code to perform signature kernel computations for paths of persistence
diagrams, which can be found at:

https://github.com/ldarrick/paths-of-persistence-diagrams.

4.1.2 Previous and Related Work

The question of how to study dynamic data using persistent homology reaches back to
the early development of the subject. Perhaps the earliest initial approach is through
persistence vineyards, introduced by Cohen-Steiner et al. [CEM06]. While persistence
vineyards capture substantial information about the evolution of topological summaries,
they require a more complex representation and their use poses substantial computational
and theoretical challenges. Later, Munch et al. [Mun+15] studied the paths of persistence
diagrams through the lens of statistical and probabilistic features, such such as Fréchet
means. An alternative approach to the study of dynamic metric spaces was considered by
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Kim and Mémoli [KM20] by building a 3-parameter filtration, and using methods from
multiparameter persistence.

Because their features are often understood qualitatively, complex time-varying systems
are a popular potential application of persistent homology. One application of broad inter-
est is the dynamic topological structure of swarming/flocking behavior, which was studied
by Topaz et al. [TZH15] and Bhaskar et al. [Bha+19]. For purposes of interpretability and
comparison with existing methods, we use simulations of swarm data our computational
experiments. Other examples of time-varying persistence diagrams arise, for example,
in neuroscience, where they have been used to study time-varying fMRI [Rie+20] and
as EEG data [Yoo+16]. In another direction, persistent homology has been used to de-
tect periodicity in time series through sliding window embeddings [PH15; Per+15]. This
method has been used to detect chatter in physical cutting processes such as turning and
milling [KM16] and biphonation in videos of vibrating vocal folds [TP18].

Path signatures were originally developed as the iterated integral model for path spaces by
Chen [Che58] to characterize paths on manifolds, which was subsequently generalized to a
de Rham-type cochain algebra for loop spaces [Che77]. Path signatures were later used as
the foundation for the theory of rough paths by Lyons [Lyo98], and has been transformed
into a powerful feature set for time series data [CK16]. Chevyrev and Oberhauser [CO18]
showed the signature is universal and characteristic, providing a theoretical justification
for its use in the context of kernel methods, facilitated by Kiraly and Oberhauser’s [KO19]
development of efficient algorithms to compute truncated signature kernels. A more recent
method to compute untruncated signature kernels using PDEs was developed by Cass
et al. [Cas+21]. The connection between path signatures and persistent homology was
initiated by Chevyrev, Nanda and Oberhauser [CNO20] to develop feature maps for static
persistence diagrams.

Interest in applying statistical and machine learning tools in the context of topological
data analysis has also driven recent work in on generalized spaces of persistence diagrams.
Bubenik and Elchesen [BE20a; BE20b] study the space of persistence diagrams from an
algebraic perspective, and develop spaces of persistence diagrams with additional structure
through the use of universal properties. The connection between persistence diagrams
and the theory of optimal transport was made explicit by Divol and Lacombe [DL21]. In
particular, they view persistence diagrams as Radon measures, and develop a complete
metric space for such persistence measures.

Recent work shows the space of finite persistence diagrams does not admit an isometry
into a Hilbert space [TS20] for any p-Wasserstein metric with p ∈ [1, ∞]. Indeed, when
p ∈ (2, ∞], there does not even exist a coarse embedding into a Hilbert space [BW19; Wag21].
Finally, the limitations of bi-Lipschitz embeddings of finite bounded persistence diagrams
into a Hilbert space are discussed in [CB19]. Given these limitations, our construction of
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isometric embeddings of spaces of persistence diagrams into Banach spaces are among the
strongest positive results one could reasonably hope for.

4.2 a banach space for persistence diagrams

Formally, a persistence module is a functor F : (R,≤) → Vect, where we view the poset
(R,≤) as a category. The decomposition theorem [Cha+16] tells us that, up to a reasonable
notion of equivalence, the information in this functor can be summarized by a persistence
diagram, a multiset of points supported on a half plane of R2. In the context of real data, it
usually suffices to consider the space D+

fin of finite persistence diagrams: finite multisets of
points supported on a half plane. The space of finite persistence diagrams is a commutative
monoid with a metric structure given by p-Wasserstein distances.

However, there are several other algebraic and analytic properties which are desirable
for machine learning and statistics that D+

fin lacks. First, a notion of scaling by positive or
real constants is required to normalize outputs and to compute averages for finite samples.
Furthermore, in order to compute expectations of measures of persistence diagrams, we
require a notion of Lebesgue integration. Second, completeness is necessary to study
notions of convergence. Third, the ability to represent differences between persistence
diagrams is required to define p-variation metrics for paths of persistence diagrams. Finally,
in combination with the three previous properties, the existence of a norm connects the
algebraic structure to the metric structure of the space of persistence diagrams. Our goal
in this section is to enrich the space of finite persistence diagrams to include all four of
these properties, which will yield a Banach space of persistence diagrams.

We consider various enrichments of D+
fin, which satisfy some of the desirable properties

described above. Several of the enrichments of the space of persistence diagrams we will
describe have been previously considered, and their properties are summarized in Figure
4.2, where the arrows denote inclusion. The spaces D+

fin,D+
1 ,M+

fin,Mfin, and M+
1 have

appeared previously in the literature, while F , in the center of the Venn diagram, is a
new addition: the Lipschitz-free space of a metric space [Wea18]. Before we describe these
constructions in detail, we briefly survey the appearances of these spaces in the literature:

1. Scaling: The perspective of persistence diagrams as measures was introduced
in [Cha+16], though these measures were still restricted to take values in N. The
extension of this perspective to Radon measuresM was initiated in [DL21], which
allows for a notion of scaling. The simplest generalization isM+

fin,1, the space of finite
Radon measures with finite 1-Wasserstein distance to the empty diagram. In this
generalized setting, Divol and Lacombe were able to characterize convergence in the
Wasserstein metric, define expectations of probability measures valued in persistence
diagrams, and consider a law of large numbers.
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scaling

completeadditive 
inverse

Figure 4.2: Enrichments of the space D+
fin of finite persistence diagrams and the properties of each;

arrows indicate inclusion. Note that D+
fin includes into all of these enriched spaces.

2. Completeness: The finiteness assumption on persistence diagrams introduces an
obstruction to being a complete metric space. A resolution to this problem was
developed in [MMH11] by considering diagrams with countably many points, but
with a finite 1-Wasserstein distance to the empty diagram, denoted by D+

1 . A similar
condition was studied for Radon measures with infinite mass in [DL21], and this
extended space of measures, denotedM+

1 , was also shown to be complete.

3. Additive Inverse: The addition of an additive inverse was considered in [BE20b]
through the use of group completion of commutative monoids, which provides
formal differences to objects in a monoid. The group completion of D+

fin is the space
of diagrams with possibly negative coefficients on points, called virtual persistence
diagrams and denoted Dfin. Furthermore, the group completion of finite Radon
measures is simply the space of signed finite Radon measures, denotedMfin,1.

4.2.1 Generalized Spaces of Persistence Diagrams

We will describe each of these enrichments in the more general context of metric pairs
(X, d, A), where (X, d) is a metric space and A ⊂ X is an arbitrary subset. By working
with metric pairs, our definitions and results immediately extend to enriched spaces
of generalized persistence diagrams [BdS15], which are summaries of generalized persistence
modules, functors F : P→ A, where P is a preordered set viewed as a category, and A is
an abelian category. Discussion on applications to generalized persistence diagrams is
in [BE20a].

We introduce several enriched spaces of persistence diagrams from an algebraic per-
spective, following [BE20a; BE20b]. We say that a metric pair (X, d, A) is admissible if X is a
locally compact Polish metric space and A is closed, implying that X− A is open. These
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are the hypotheses required to state the results of [DL21]. We will consider the following
constructions on a metric space X:

1. D+(X), the free commutative monoid

2. D(X), the free abelian group

3. V(X), the free vector space

4. M+(X), the space of finite Radon measures

5. M+
(X), the space of Radon measures

6. M(X), be the space of finite signed Radon measures

In particular, we treat M+(X) as a commutative monoid and M+
(X), M(X) as vector

spaces. Now, suppose (X, d, A) is an admissible metric pair. We define the following spaces
of enriched persistence diagrams on X relative to A:

1. D+
fin(X, A) := D+(X)/D+(A),

2. Dfin(X, A) := D(X)/D(A),

3. Vfin(X, A) := V(X)/V(A),

4. M+
fin(X, A) := M+(X)/M+(A),

5. M+(X, A) := M+
(X)/M+

(A),

6. Mfin(X, A) := M(X)/M(A).

We begin by considering the unsigned enrichments, which are related by

D+
fin(X, A) ↪→M+

fin(X, A) ↪→M+(X, A)

and define an extended metric on these spaces by defining an extended metric on
M+(X, A).

Definition 4.2.1. Let (X, d, A) be an admissible metric pair. Let π1, π2 : X× X → X be the
projection map on to the first and second coordinates respectively, and (π1)∗, (π2)∗ :
M+

(X × X) → M+
(X) be the induced pushforward maps of measures. Let µ, ν ∈

M+(X, A). An admissible coupling between µ and ν is an element σ ∈ M+
(X× X) such that

(π1)∗σ = µ (mod M+
(A))

(π2)∗σ = ν (mod M+
(A)).

Let the space of all admissible couplings between µ and ν be denoted by ACpl(µ, ν). The
p-cost of σ with respect to d is defined by

Costp[d](σ) :=
(∫

X×X
d(x, y)pdσ(x, y)

)1/p

. (4.2.1)
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Figure 4.3: A visualization of an admissible coupling between the measures µ and ν, shown on the
two coordinate axes. The plane represents the product space X×X, with A× A in yellow.
The colors of the coupling measure correspond to the colors of the marginalization to µ
and ν.

Then, the p-Wasserstein distance W∂
p [d] : M+(X, A)×M+(X, A) → [0, ∞] is defined as

follows. For µ, ν ∈ M+(X, A),

W∂
p [d](µ, ν) := inf

σ∈ACpl(µ,ν)
Costp[d](µ, ν). (4.2.2)

Finally, the p-persistence Persp :M+(X, A)→ R is

Persp(µ) := W∂
p [d](µ, 0),

where 0 ∈ M+(X, A) is the zero measure.

While this definition does not use the standard notation for admissible couplings used
in [FG10; DL21], it is equivalent as shown in [BE20b]. Moreover, this definition specializes
to extended distance functions and p-persistence functions on D+

fin(X, A) andM+
fin(X, A).

By restricting to measures of finite p-persistence

M+
fin,p(X, A) := {µ ∈ Mfin(X, A) : Persp(µ) < ∞},

M+
p (X, A) := {µ ∈ M(X, A) : Persp(µ) < ∞},

the p-Wasserstein distance function W∂
p [d] becomes an honest metric. The spaceM+

p (X, A)

is shown to be complete in [DL21], and the completion of (D+
fin(X, A), W∂

p [d]) includes
diagrams with countably many points with finite p-persistence [MMH11; BE20b], which is
denoted (D+

p , W∂
p [d]).

Remark 4.2.1. In order to obtain the standard definition of persistence diagrams, we set

X = Ω := {(x1, x2) ∈ R2 : x1 ≤ x2} (4.2.3)

A = ∂Ω := {(x, x) ∈ R2}, (4.2.4)
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4.2 a banach space for persistence diagrams

A finite persistence diagram α ∈ D+
fin(Ω, ∂Ω) is then a coset in D+(Ω)/D+(∂Ω), consisting

of a finite number of points in the interior of Ω, and an arbitrary number of points on the
boundary ∂Ω. A matching σ ∈ D+(Ω×Ω) between two diagrams α, β ∈ D+

fin(Ω, ∂Ω) and
its associated cost Costp[d](α, β) corresponds to the ordinary definitions for persistence
diagrams, since σ is permitted to match points in α and β with any point on the diagonal
∂Ω. Therefore, we recover the ordinary p-Wasserstein distance W∂

p [d] for persistence
diagrams.

For a metric space (X, d) where X is a monoid, we say that the metric is translation-
invariant if d(x + z, y + z) = d(x, y) for all x, y, z,∈ X.

Lemma 4.2.1. Let (X, d, A) be an admissible metric pair. Then W∂
1 [d] is a translation-invariant

metric onM+
fin,1(X, A).

Proof. Let µ, ν, τ ∈ M+
fin,1(X, A), and let (X̃, d̃, ∗) be the quotient of (X, d, A). From 4.2.3,

there exist measures µ̃, ν̃ ∈ M+(X̃) with equal mass such that W∂
1 [d](µ, ν) = W1[d](µ̃, ν̃).

Furthermore, let τ̃ ∈ M+(X̃) be the measure such that τ̃(∗) = 0, and agrees with τ on
X− A. Then, we also have W∂

1 [d](µ + τ, ν + τ) = W1[d](µ̃ + τ̃, ν̃ + τ̃).

Next, the Kantorovich-Rubinstein duality for the ordinary 1-Wasserstein metric W1[d] [Vil09]
states that

W1[d](µ̃, ν̃) = sup
‖ψ‖Lip≤1

[∫
X̃

ψdµ̃−
∫

X̃
ψdν̃

]
.

Therefore, we have

W1[d](µ̃ + τ̃, ν̃ + τ̃) = sup
‖ψ‖Lip≤1

[∫
X̃

ψd(µ̃ + τ̃)−
∫

X̃
ψd(ν̃ + τ̃)

]
= sup
‖ψ‖Lip≤1

[∫
X̃

ψdµ̃−
∫

X̃
ψdν̃

]
= W1[d](µ̃, ν̃).

We can extend this translation invariant metric to the signed enrichments using the
group completion of monoids, a technique introduced in [BE20b].

Definition 4.2.2. Let (M,+) be a commutative monoid. The Grothendieck group of M (or the
group completion of M, denoted K(M) is defined as follows. Let ∼ denote the equivalence
relation on M×M given by (a, b) ∼ (c, d) if there exists some k ∈ M such that

a + d + k = b + c + k.
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4.2 a banach space for persistence diagrams

As a set, we define K(M) := (M×M)/ ∼, and we denote the equivalence class of (a, b)
by a− b. The binary operation on K(M) is defined to be

(a− b) + (c− d) := (a + c)− (b + d).

Lemma 4.2.2. Suppose M is a commutative monoid. The group completion (K(M),+) is an
abelian group.

The main result we will use from Bubenik and Elchesen is the combination of Proposition
3.1, 3.8 and 3.11 in [BE20b].

Proposition 4.2.1. Let K(M) be the Grothendieck group of a commutative monoid (M,+)

equipped with a nontrivial (d 6= 0) and translation-invariant metric d. Then, the function
ρ : K(M)× K(M)→ [0, ∞) defined by

ρ(a− b, c− d) := d(a + d, b + c) (4.2.5)

is the unique translation invariant metric extending d to K(M).

This leads to the extension of the translation invariant metric to signed enrichments.

Proposition 4.2.2. Let (X, d, A) be an admissible metric pair. Suppose µ ∈ Mfin(X, A), and let
µ = µ+ − µ− be its Jordan decomposition into two positive finite Radon measures. Let

Mfin,1(X, A) := {µ ∈ Mfin(X, A) : Pers1(µ
+), Pers1(µ

−) < ∞}.

The extended function W∂
1 [d] :Mfin,1(X, A)×Mfin,1(X, A)→ R defined by

W∂
1 [d](µ, ν) := W∂

1 [d](µ
+ + ν−, ν+ + µ−), (4.2.6)

where the right hand side is the 1-Wasserstein metric for positive measures, is a translation invariant
metric onMfin,1(X, A). Furthermore, we extend the 1-persistence toMfin,1(X, A) by defining

Pers1(µ) := W∂
1 [d](µ, 0),

where 0 is the empty measure onMfin,1(X, A).

Proof. First, we note thatMfin,1(X, A) is the group completion

K(M+
fin,1(X, A)).

Thus, by Proposition 4.2.1, the function defined in Equation (4.2.6) is a translation-invariant
metric onMfin,1(X, A).
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4.2 a banach space for persistence diagrams

The metric and 1-persistence can then be restricted to the the other signed enrichments,
which are related by

Dfin(X, A) ↪→ Vfin(X, A) ↪→Mfin,1(X, A).

As discussed in [BE20b], the translation-invariance of W∂
1 [d] on positive measures

is required to define the translation-invariant extension. Furthermore, the translation-
invariant metric can be used to define a norm.

Lemma 4.2.3. The space Mfin,1(X, A) is a normed vector space with norm ‖µ‖1 := Pers1(µ)

such that ‖µ− ν‖1 = W∂
1 [d](µ, ν).

Proof. By the translation invariance of W∂
1 [d], we have

‖µ− ν‖1 = W∂
1 [d](µ− ν, 0) = W∂

1 [d](µ, ν).

The properties of the norm are then immediate from the properties of the metric.

The space Mfin,1(X, A) has most of the properties we require: a notion of scaling,
additive inverses, and the existence of a norm which corresponds to the 1-Wasserstein
metric. However, the following example shows that the completion ofMfin,1(X, A) cannot
be directly formulated as a space of signed measures.

Example 4.2.1. The following example is adapted from [PRT19], which also considered
Wasserstein norms, though it uses a different notion of generalized Wasserstein distances.

Let X = {(x, y) ∈ R2 : y ≥ 0}, d be the standard Euclidean metric, and A = {(x, 0) :
x ∈ R}. Next, consider the following sequence of elements inMfin,1(X, A):

µn =
n

∑
i=1

δ(i+2−i ,1) − δ(i−2−i ,1).

Then, we have

W∂
1 [d](µn, µn+k) =

n+k

∑
i=n+1

2−(i−1) ≤
∞

∑
i=n+1

2−(i−1) = 2−(n−1),

so the sequence is Cauchy. However, this sequence does not converge to any object
in K(M+

1 (X, A)). The limiting object can be formally described as a difference of two
measures

µ+ =
∞

∑
i=1

δ(i+2−i ,1), µ− =
∞

∑
i=1

δ(i−2−i ,1).
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4.2 a banach space for persistence diagrams

However, both of these measures have infinite 1-norm, so µ+− µ− /∈ K(M+
1 (X, A)), where

K(·) denotes the group completion of monoids.

Due to this obstruction, we will now turn to an alternative description of the completion
in terms of Lipschitz-free spaces.

4.2.2 Quotient Metric Spaces

In order to relate these enriched spaces of persistence diagrams for metric pairs to Lipschitz-
free spaces, we must reframe these constructions in the context of pointed metric spaces
by taking quotients.

Definition 4.2.3. Let (X, d, A) be a metric pair. We define the quotient metric space (X̃, d̃, ∗)
as a pointed metric space as follows. Let X̃ := (X − A) ∪ {∗} denote the quotient set
obtained by collapsing A to a point denoted by ∗, which we treat as the basepoint. The
metric d̃ on X̃ is defined by

d̃ := min {d(x, y), d(x, A) + d(y, A)} ,

where d(x, A) := infy∈A{d(x, y)}. Furthermore, we will abuse notation and view the metric
d as a function on the X̃× X̃ given by (x, y) 7→ d(x, y) for x, y ∈ X− A, (x, ∗) 7→ d(x, A),
and (∗, ∗) 7→ 0.

This is a special case of a general construction for quotient metric spaces [Wea18],
and is shown to be a metric in this particular case in [BE20a]. Note that pointed metric
spaces (X̃, d̃, ∗) are special cases of metric pairs, and all the definitions above for enriched
spaces still hold. When the basepoint is clear, we will suppress it from the notation for the
enriched spaces of diagrams. For instance, persistence diagrams of pointed metric spaces
(X̃, d̃, ∗) will be denoted by

D+
fin(X̃) := D+

fin(X̃, ∗).

Some of the enriched spaces of the metric pair can be related to those of its quotient
through the ordinary Wasserstein metric. Here, we focus on M+

fin,1(X, A), since infinite
mass Radon measures defined on (X, d, A) may no longer be Radon measures when
projected onto its quotient.

Example 4.2.2. We have avoided the discussion of infinite mass persistence measures from
the perspective of quotient metric spaces due to the fact that some of these measures
inM1(X, A) may not be Radon measures on the quotient (X̃, d̃, ∗). In particular, Radon
measures µ̃ ∈ M1(X̃, ∗) must be locally finite, meaning for every x ∈ X̃, there exists some
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open neighborhood U of x such that µ(U) < ∞. However, there exist Radon measures
µ ∈ M1(X, A) which have infinite mass close to A. Indeed, let

X = {(x, y) ∈ R2 : y ≥ 0}
A = {(x, 0) ∈ R2},

and consider the measure

µ =
∞

∑
i=1

δ(i,2−i),

where δ(x,y) denotes the Dirac measure at (x, y) ∈ X. Note that

‖µ‖1 =
∞

∑
i=1

2−i = 1,

so that µ ∈ M1(X, A). However, for any open neighborhood U of the subset A, we have
µ(U) = ∞. Therefore, the pushforward q∗µ under the quotient map q : (X, A)→ (X̃, ∗) is
not a Radon measure.

Definition 4.2.4. Let (X, d) be a metric space and suppose µ, ν ∈ M+(X) such that
µ(X) = ν(X). Let π1, π2 : X× X → X be the projections to the first and second factor. The
set of couplings between µ and ν is defined to be

Cpl(µ, ν) :=
{

σ ∈ M+
fin(X× X) : (π1)∗σ = µ, (π2)∗σ = ν

}
.

The p-Wasserstein distance between µ and ν is

Wp[d](µ, ν) := inf
σ∈Cpl(µ,ν)

(∫
X×X

d(x, y)pdσ(x, y)
)1/p

.

The following proposition in [DL21] shows that we can compute partial Wasserstein
distances using the ordinary Wasserstein distance for measures.

Proposition 4.2.3 ([DL21]). Let (X, d, A) be a metric pair and let (X̃, d̃, ∗) be its quotient. Let
µ, ν ∈ M+

f in,p(X) and rµ = µ(X − A), rν = ν(X − A), which is well defined since it does not

depend on the equivalence class. Let r ≥ rµ + rν. Define the modifications µ̃, ν̃ ∈ M+(X̃) by

µ̃ = µ + (r− rµ)δ∗

ν̃ = ν + (r− rν)δ∗,
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where δ∗ is the Dirac measure at the basepoint ∗. Then,

W∂
p [d](µ, ν) = Wp[d](µ̃, ν̃).

Corollary 4.2.1. Let (X, d, A) be a metric pair and (X̃, d̃, ∗) be its quotient metric space. Let
q : M+

fin,p(X, A) → M+
fin,p(X̃) be the bijective map induced by the quotient map. Suppose

µ, ν ∈ M+
fin,p(X, A), then

W∂
p [d](µ, ν) = W∂

p [d̃](q(µ), q(ν)).

Proof. Let µ̃, ν̃ ∈ M+(X̃) be the modifications of µ and ν as in the previous proposition.
Then,

W∂
p [d](µ, ν) = Wp[d](µ̃, ν̃) = W∂

p [d̃](q(µ), q(ν)),

since µ̃, ν̃ are also modifications of q(µ) and q(ν).

4.2.3 Lipschitz-Free Spaces

We will now discuss the construction of a Lipschitz-free space of a metric space [Wea18],
which is a Banach space whose linear structure coincides with the metric structure of the
underlying space. We will view this as an enriched space of persistence diagrams which
contains the enrichments previously discussed. We have kept the notation in this section
consistent with the previous section, but this differs slightly from the standard notation
for Lipschitz-free spaces. The material in this section is primarily adapted from [Wea18;
CDW16]. Note that Lipschitz-free spaces are called Arens-Eells spaces in [Wea18].

Definition 4.2.5. Let (X, d, ∗) be a pointed metric space. The Lipschitz-free space of X,
denoted F (X), is the completion of Vfin(X, ∗) with respect to the 1-Wasserstein norm.

As the name implies, the Lipschitz-free space is related to the space of Lipschitz functions.
Given a function f : X → R, its Lipschitz constant is defined to be

‖ f ‖Lip := sup
x 6=y∈X

{
| f (x)− f (y)|

d(x, y)

}
∈ [0, ∞]. (4.2.7)

We define the space of Lipschitz functions on (X, d, ∗) to be

Lip0(X) := { f : X → R : ‖ f ‖Lip < ∞, f (∗) = 0} (4.2.8)
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where we treat the Lipschitz constant as a norm on Lip0(X). Furthermore, Lip0(X) is
a Banach space with respect to this Lipschitz norm. The Lipschitz-free space can be
characterized by the following universal property.

Theorem 4.2.1 ([Wea18]). Let (X, d, ∗) be a pointed metric space. Then the map

ι : X → F (X)

x 7→ δx

isometrically embeds X in F (X). If V is any Banach space, and f : X → V is a Lipschitz map
which preserves the basepoint, there exists a unique bounded linear map f̃ : F (X)→ V such that
f̃ ◦ ι = f ; in other words, the following diagram commutes

X V

F (X)

f

ι
f̃

.

Furthermore, ‖ f̃ ‖Lip = ‖ f ‖Lip.

The unique extension is defined by first extending f to f : Vfin(X)→ V, which is defined
as follows. Any α ∈ Vfin(X) can be written as

α =
n

∑
i=1

aiδxi ,

where all the xi ∈ X are distinct from each other and the basepoint. Then, we define

f (α) :=
n

∑
i=1

ai f (xi).

This can be seen as an extension to the universal properties discussed for D+
fin(X) and

Dfin(X) discussed in [BE20a; BE20b]. Furthermore, this provides a simple method to prove
the stability of maps from F (X) into a Banach space, extending the characterization of
Lipschitz maps onM+

1 (X, A) discussed in [DL21].

There is an equivalent definition of the 1-Wasserstein norm by viewing Vfin(X) as a
subspace of Lip0(X)∗ and using the dual norm. Given f ∈ Lip0(X), and α ∈ Vfin(X), the
pairing is defined to be

〈α, f 〉 := ∑
x∈X

f (x).
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Note that this pairing is well defined since for any f ∈ Lip0(X), we have f (∗) = 0, so the
pairing does not depend on the representative of the equivalence class of α. The following
equivalence is often called the Kantorovich-Rubinstein duality for the 1-Wasserstein distance,
which is extended to the Lipschitz-free space.

Lemma 4.2.4. For any α ∈ Vfin(X), we have

‖α‖1 = sup
f∈Lip0(X)

〈α, f 〉
‖ f ‖Lip

.

Furthermore, the dual norm uniquely extends to a norm on F (X) which coincides with ‖ · ‖1.

Now that F (X) is realized as a Banach space situated within Lip0(X)∗, a natural question
is whether F (X) is simply the entire dual space. In fact, F (X) is the predual of Lip0(X).

Proposition 4.2.4 ([Wea18]). Let (X, d, x0) be a pointed metric space. Then F (X)∗ ∼= Lip0(X).

Proposition 4.2.5 ([Wea18]). Let (X, d, x0) be an infinite pointed metric space. Then F (X) is
not a reflexive Banach space.

The fact that F (X) is not reflexive for an infinite metric space implies that F (X) is in
fact smaller than the entire dual space Lip0(X). Our main result in this section relates the
Lipschitz-free space back to persistence diagrams, providing an isometric embedding of
D+

fin(X) into a Banach space.

Theorem 4.2.2. Let (X, d, ∗) be a pointed metric space. The inclusion D+
fin(X) ↪→ F (X) is an

isometric embedding.

Proof. The space of finite persistence diagrams on (X, d, ∗), D+
fin(X), isometrically embeds

into Vfin(X). Then, since F (X) is the completion of Vfin(X), the inclusion D+
fin(X) ↪→ F (X)

is an isometric embedding.

Furthermore, the following proposition clarifies the fact that F (X) is also the completion
ofMfin,1(X).

Proposition 4.2.6 ([OO19]). Suppose (X, d, ∗) is a Polish pointed metric space. The space
(Vfin(X), ‖ · ‖1) is dense in (Mfin,1(X), ‖ · ‖1). Thus, F (X) can be regarded as the completion of
(Mfin,1(X), ‖ · ‖1).

Therefore, the Lipschitz-free space F (X) subsumes all of the enrichments previously
discussed, and provides the desired Banach space for persistence diagrams.

One of the main limitations of the Lipschitz-free space is the lack of an explicit represen-
tation of objects. Indeed, there are only a few explicit constructions of such spaces. It is well
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known that the Lipschitz-free space of R is isomorphic to L1(R) [Wea18], and the Lipschitz-
free space for convex subsets C ⊂ RN is isometric to a quotient of L1(C, RN) [CKK17]. As
we showed in Example 4.2.1, the Lipschitz-free space cannot be described as a space of
signed measures in general.

However, while the limiting positive and negative measures in Example 4.2.1 each have
infinite 1-norm, the 1-Wasserstein distance between them is

‖µ+ − µ−‖1 = W∂
1 [d](µ

+, µ−) =
∞

∑
i=1

2−i+1 = 2.

This suggests that the formal object µ+ − µ−, which we view as an element of the group
completion K(M+(X, A)) of the monoid of all positive Radon measures, should have
finite 1-norm given an appropriate extended metric on K(M(X, A)). Indeed, let

K1(X, A) = {µ+ − µ− ∈ K(M(X, A)) : W∂
1 [d](µ

+, µ−) < ∞}, (4.2.9)

where we use the extended partial 1-Wasserstein distance from Definition 4.2.1. Following
the setting of signed measures, we define a distance function on K1(X, A) to be

W∂
1 [d](µ

+ − µ−, ν+ − ν−) := W∂
1 [d](µ

+ + ν−, µ− + ν+), (4.2.10)

where on the right, we are once again using the extended partial 1-Wasserstein metric for
positive measures.

Lemma 4.2.5. The function W∂
1 [d] defined in Equation (4.2.10) is a metric for K1(X, A).

Proof. We begin by showing that W∂
1 [d] is well defined and finite on K1(X, A). First, note

that given measures µ, ν, ζ ∈ M+(X, A), we have

W∂
1 [d](µ + ζ, ν + ζ) ≤W∂

1 [d](µ, ν),

for the extended partial 1-Wasserstein metric on M+(X, A). Indeed, any admissible
coupling σ ∈ ACpl(µ, ν) induces an admissible coupling σ + ∆∗ζ ∈ ACpl(µ + ζ, ν +

ζ), where ∆∗ζ denotes the pushfoward of ζ along the diagonal map ∆ : X → X × X.
Furthermore, we have Cost1[d](σ) = Cost1[d](σ + ∆∗ζ), since the support of ∆∗ζ lies on
the diagonal and does not contribute to the cost, providing the desired inequality.
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Suppose µ+ − µ−, ν+ − ν− ∈ K1(X, A). Then, using the fact that W∂
1 [d] is an extended

metric onM+(X, A),

W∂
1 [d](µ

+ − µ−, ν+ − ν−) = W∂
1 [d](µ

+ + ν−, µ− + ν+)

≤W∂
1 [d](µ

+ + ν−, µ− + ν−) + W∂
1 [d](µ

− + ν+, µ− + ν−)

≤W∂
1 [d](µ

+, µ−) + W∂
1 [d](ν

+, ν−)

< ∞.

Thus, W∂
1 [d] is finite on K1(X, A). The fact that W∂

1 [d] is an extended metric onM+(X, A)

implies that W∂
1 [d] is a metric on K1(X, A).

This leads to the following question.

Question 4.2.1. Is (K1(X, A), W∂
1 [d]) isomorphic to the Lipschitz-free space F (X̃)?

An affirmative answer to Question 4.2.1 would provide an explicit representation for
the Lipschitz-free space of a quotient metric space of an admissible metric pair, in terms
of formal differences of Radon measures. This would provide a natural extension of the
enriched spaces of persistence diagrams considered in this section. However, we will
leave the consideration of this equivalence to future work. In the next section, we use the
Lipschitz-free space to define the Banach space of bounded variation paths of persistence
diagrams, as well as the path signature for these objects.

4.3 signatures for paths of persistence diagrams

Equipped with an isometric embedding of the space of finite persistence diagrams D+
fin(X)

into a Banach space F (X), we turn to the primary objects of interest in this paper:
paths of persistence diagrams. Such paths naturally arise in topological data analysis
by applying persistent homology to dynamic data sets. One notion of a time-varying
persistence diagram is the persistence vineyard, introduced in [CEM06]. While persistence
vineyards capture information about how individual persistent homology classes evolve
over time, our methods treat persistence diagrams independently at each time step. Thus,
we distinguish these two notions by referring to our objects of interest as paths of persistence
diagrams or time-varying persistence diagrams, which have strictly less information that
persistence vineyards.

Because we can treat paths of persistence diagrams as paths in the Banach space
F (Ω̃), all of the definitions from Section 1.2.3 hold in this setting. In particular, we
apply Theorem 1.3.4 to obtain a universal and characteristic feature map for paths of
persistence diagrams.
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Theorem 4.3.1. Let Λ : T((F (Ω̃))) → T((F (Ω̃))) be a tensor normalization. The normal-
ized signature Λ ◦ S : C̃1−var(F (Ω̃)) → T((F (Ω̃))) is injective, universal with respect to
Cb(C̃1−var(V)) with respect to the strict topology, and characteristic with respect to the space of
finite Borel measures on C̃1−var(V).

However, there is an obstruction to using this signature as a feature map in practice: it
is not readily computable. Indeed, the Banach space F (Ω̃) is infinite dimensional, and
thus even the first level of the signature will be infinite dimensional. Furthermore, there is
no clear basis for F (Ω̃) which can be effectively used for computation; in fact, this is the
same problem as vectorizing persistence diagrams. We resolve this in the next section by
approximating the signature of persistence diagrams by using a feature map for F (Ω̃) as
well as truncation of the signature.

While the signature from this section may not be directly amenable to computation, it
forms a foundation for the investigation of stochastic time-varying systems using persistent
homology. In particular, the results of this section hold in the much more general setting of
rough paths, an approach to stochastic analysis which has led to influential developments
in stochastic differential equations [FH20]. When studying time-varying systems in the
presence of noise, the bounded variation hypothesis often does not hold. For example,
Brownian motion has unbounded p variation for p ≤ 2. Rough paths allow us to work
with bounded p- variation paths for arbitrary p ≥ 1 by enriching the path with information
from higher iterated integrals. Thus, the theory of rough paths may allow us to describe
the persistent homology of stochastic time-varying systems, which we leave to future
work.

4.4 methods for application to data

The previous section provided the framework to theoretically study bounded variation
paths of persistence diagrams by defining the signature of these paths. In this section, we
focus on adapting these tools to provide computable methods for data analysis. Motivated
by the observation that persistence diagrams can be viewed as measures, we introduce the
moment map, a stable and injective feature map into a Hilbert space which computes all
the moments of a persistence diagram. Here we make two modifications to the space of
persistence diagrams:

1. We use birth/lifetime coordinates rather than birth/death coordinates. Lifetime
coordinates provide a more interpretable feature, and simplify the description of
partial Wasserstein metrics, as the distance to the boundary is simply the lifetime
coordinate. Birth/lifetime coordinates have previously been used in the description
of persistence images [Ada+17].
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2. We use bounded persistence diagrams, supported in the space

ΩT := {(x, y) ∈ R2; 0 ≤ x, y ≤ T}. (4.4.1)

In practical applications, this is a mild assumption since we often work with finite
metric spaces built from data. The boundedness assumption allows us to provide
stability results.

We then recall the discrete path signature, introduced in [KO19] and also studied
in [DET20]. We discuss computational aspects of the path signature, and discuss its
application to time-varying persistence diagrams.

4.4.1 The Moment Map

Equipped with the perspective that persistence diagrams are simply Radon measures on
ΩT, we study the use of moments as a feature map to vectorize persistence diagrams. The
following is a restatement of a classical result from probability. Let R[[e1, . . . , eN ]] denote
the power series algebra in N variables, and treat it as a Hilbert space, where the set of
monomials form an orthonormal basis.

Proposition 4.4.1. Suppose K ⊂ RN is a bounded subset. We define the polynomial map

P0 : K → R[[e1, . . . , eN ]]

x = (x1, . . . , xN) 7→
∞

∑
m=0

∑
|α|=m

xαeα,

where α = (α1, . . . , αN) ∈NN is an exponent vector, and xα = xα1
1 . . . xαN

N . The polynomial map is
universal with respect to G = C(K), the space of continuous real-valued functions on K (equipped
with the uniform topology), and characteristic with respect to G ′, which is the space of regular Borel
measures on K. In particular, the expected exponential map E[P0(·)] is injective on the space of
finite Borel measures on K.

Proof. First, we note that the elements of the dual, 〈`, P0(·)〉 : K → R, are exactly the
polynomial functions on K. Then, by the classical Stone-Weierstrass theorem, P0 is universal
with respect to G. By Theorem 1.3.2, the map P0 is characteristic with respect to G ′.

In our case, we wish to work with the quotient of the metric pair (ΩT, d, ∂ΩT), where
we define

∂ΩT := {(x, 0) : x ∈ [0, T]}.
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4.4 methods for application to data

We will define (Ω̃T, d̃, ∗) to be the quotient of (ΩT, d, ∂ΩT), where ∗ is the point represent-
ing the quotient of ∂ΩT. We will also require a modification of the polynomial map such
that it will be continuous on this quotient. In particular, let R ⊂ R[[e1, e2]] be the power
series subalgebra in 2 variables such that the coefficients of ek

1 are 0 for all k ≥ 1. Note
that R inherits the Hilbert space structure from R[[e1, e2]]. Then, we define the modified
polynomial map P : Ω̃T → R to be

P(x) = 1 +
∞

∑
m=1

∑
|α|=m
α2≥1

√
1

α1!α2!
xαeα, (4.4.2)

for x 6= ∗ and P(∗) = 1. The coefficients should be thought of as normalization, which is
required to show that the map is Lipschitz, and also results in a simple kernel computation.
We can use a similar proof to show the universal and characteristic properties of this
modified map.

Proposition 4.4.2. The modified polynomial map P : Ω̃T → R is universal with respect to
G = C0(Ω̃T), the continuous functions which vanish at infinity, and characteristic with respect to
finite Borel measures.

Proof. Here the elements of the dual, 〈`, P(·)〉 : Ω̃T → R, where ` ∈ R′, are the polyno-
mial functions on Ω◦T with no ek

1 monomials. Note that R̃[[e1, e2]] is still an algebra; in
fact it is a subalgebra of C0(Ω̃T). Furthermore, this collection of polynomial functions
vanishes nowhere on Ω̃T and the space Ω̃T is locally compact. Thus, the locally compact
Stone-Weierstrass theorem holds, and thus P is universal. Then, by Theorem 1.3.2, it is
characteristic with respect to G ′, which contains the space of finite Borel measures.

Proposition 4.4.3. There exists an extension P̃ : F (Ω̃T) → R of P to the Lipschitz-free space.
Furthermore, P̃ is Lipschitz continuous.

Proof. From the universal property of Lipschitz-free spaces in Theorem 4.2.1, it suffices
to show that P is Lipschitz continuous. Let x, y ∈ Ω̃T. First, consider the monomial map
ma,b : ΩT → R to be ma,b(x) = xa

1xb
2 and ma,b(∗) = 0. We assume that b ≥ 1 so that

ma,b(∂ΩT) = 0, so we can define the map on the quotient m̃a,b : Ω̃T → R. First, suppose
that d̃(x, y) = d(x, y). Then, we have

|m̃a,b(x)− m̃a,b(y)| ≤ (a + b)Ta+bd(x, y).

124



4.4 methods for application to data

Next, suppose d̃(x, y) = d(x, ∂ΩT) + d(y, ∂ΩT). Let x′, y′ be the projection of x, y to ∂ΩT

(the x-axis). Then, we have

|m̃a,b(x)− m̃a,b(y)| ≤ |m̃a,b(x)− m̃a,b(∗)|+ |m̃a,b(∗)− m̃a,b(y)|
= (a + b)Ta+bd(x, x′) + (a + b)Ta+bd(y, y′)

= (a + b)Ta+b(d(x, ∂ΩT) + d(y, ∂ΩT)
)
.

Therefore, m̃a,b is Lipschitz continuous with Lipschitz constant (a + b)Ta+b.

Now, considering the map P, we have

‖P(x)− P(y)‖2 ≤
∞

∑
m=1

∑
a+b=m,

b≥1

1
a!b!
|m̃a,b(x)− m̃a,b(y)|2

≤
∞

∑
m=1

∑
a+b=m,

b≥1

1
m!

(
m
a

)
m2T2md̃(x, y)2

≤
∞

∑
m=1

m2(2T2)m

m!
d̃(x, y)2,

In order to bound the sum, we note that m2 ≤ 3m for all m ≥ 1. Thus, we have

C =

(
∞

∑
m=1

m2(2T2)m

m!

)1/2

≤
(

∞

∑
m=1

(6T2)m

m!

)1/2

≤ exp(3T2).

Therefore, the map P is Lipschitz continuous with the Lipschitz constant C as defined
above.

Remark 4.4.1. Note that we also lower bound the Lipschitz constant in the above proposition
as follows.

C =

(
∞

∑
m=1

m2(2T2)m

m!

)1/2

≥
(

∞

∑
m=1

(2T2)m

m!

)1/2

= exp(T2)− 1

Thus, the Lipschitz constant is bounded by

exp(T2)− 1 ≤ C ≤ exp(3T2).

Combining the previous two results, we we find that the restriction of the moment
map to Mfin(Ω̃T) is a stable and injective feature map for static bounded persistence
diagrams, which is sufficient for applications to data. We note that while P̃ is stable on
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4.4 methods for application to data

the Lipschitz-free space F (Ω̃T) by the previous proposition, it is not immediate that the
extension to the Lipschitz-free space is still injective.

Theorem 4.4.1. The restriction P̃M := P̃|Mfin(Ω̃T)
: M f in(Ω̃T) → R is Lipschitz continuous

and injective.

Proof. By the definition of the extension in the universal property, the restriction of P̃ to
Mfin(Ω̃T) is equivalent to the expected polynomial map,

P̃M = E[P].

The result follows from Proposition 4.4.2 and Proposition 4.4.3.

The continuity and injectivity of P̃M allows us to treat static persistence diagrams
as elements of the Hilbert space R. Then by Theorem 1.3.4, we have a universal and
characteristic feature map for paths of persistence diagrams, viewed as elements of
C̃1−var(R).

Corollary 4.4.1 (to Theorem 1.3.4). Let Λ : T((R))→ T((R)) be a tensor normalization. The
normalized signature Λ ◦ S : C̃1−var(R)→ T((R)) is injective, universal with respect to bounded
continuous functions Cb(C̃1−var(R)) with respect to the strict topology, and characteristic with
respect to the space of finite Borel measures on C̃1−var(R).

Furthermore, the composition of the truncated path signature with the moment map is
Lipschitz continuous for paths with a fixed bounded length.

Theorem 4.4.2. Suppose L > 0 and suppose

C1−var
L (V) := {γ ∈ C1−var(V) : |γ|1−var ≤ L}.

Then, the composition S≤M ◦ P̃M : C1−var
L (Mfin(Ω̃T))→ T((R)) is Lipschitz continuous.

Proof. By Theorem 4.4.1, P̃M is Lipschitz continuous, and let C be its Lipschitz constant.
Then, given two paths α, β ∈ C1−var(M f in(Ω̃T)), we have

|P̃M(α− β)|1−var = sup
Π

n

∑
i=1
‖P̃M(α(ti)− β(ti))− P̃M(α(ti−1)− β(ti−1)‖

≤ sup
Π

n

∑
i=1

C‖(α(ti)− β(ti))− (α(ti−1)− β(ti−1)‖

≤ C|α− β|1−var.
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Then, by the stability result for the truncated path signature in Corollary 1.2.3, we have

‖S≤M ◦ P̃M(α)− S≤M ◦ P̃M(β)‖ ≤ exp(1)
(

1− LM

1− L

)1/2

|P̃M(α− β)|1−var

≤ C exp(1)
(

1− LM

1− L

)1/2

|α− β|1−var.

Now that theoretical properties have been established, we turn to computational con-
cerns. In computational settings, we mainly need to work with persistence diagrams with
finitely many points. Given two persistence diagrams X, Y ∈ D+

fin(Ω̃T) with points

X = {xi = (xi,1, xi,2)}NX
i=1, Y = {yi = (yi,1, yi,2)}NY

i=1,

we provide an exact formula for the computation of

κ(X, Y) := 〈P̃M(X), P̃M(Y)〉R.

Proposition 4.4.4. Given two persistence diagrams X, Y ∈ D+
fin(Ω̃T) as defined above, the moment

kernel can be computed as

κ(X, Y) =
NX

∑
i=1

NY

∑
j=1

exp xi · yj − exp xi,1 · yj,1 + 1. (4.4.3)

Proof. As persistence diagrams are simply sums of Dirac measures, the kernel can be
written as a sum of inner products of the polynomial map

κ(X, Y) =
NX

∑
i=1

NY

∑
j=1
〈P(xi), P(yj)〉R.

Expanding the definition of the monomial map, we find

〈P(xi), P(yj)〉 = 1 +
∞

∑
p=1

∑
a+b=p

a≥0,b≥1

(
p
a

)
(xi,1yj,1)

a(xi,2yj,2)
b

p!

= exp xi · yj − exp xi,1 · yj,1 + 1
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4.4 methods for application to data

In some cases, it may be more required to use a truncation of the moment map, denoted

P̃M,n :Mfin(Ω̃T)→ Rn,

where Rn is the restriction of R to the set of polynomials of degree at most n. In these
situations, we show that the truncation error can be bounded simply using the Taylor
series remainder.

Lemma 4.4.1. Given X = {xi = (xi,1, xi,2)}NX
i=1 ∈ D

+
fin(Ω̃), the truncation error of P̃M,n is

bounded by

‖P̃M(X)− P̃M,n(X)‖ ≤
NX

∑
i=1

e(xi,1+xi,2)(xi,1 + xi,2)
n+1

(n + 1)!
.

4.4.2 Signature Kernels for Paths of Persistence Diagrams

Combining the results in this section with the discrete path signature from Section 1.3.5,
we obtain a feature map for discrete paths of persistence diagrams into the Hilbert space
T(m)(R)

Ŝm ◦ P̃M : Seq(Mfin(Ω̃T))→ T(m)(R).

From the previous section, there are two ways to compute the corresponding signature
kernel:

1. Use the truncated form of the moment map P̃M,n, and explicitly compute the features
in Rn. Then, compute the expression from Proposition 1.3.3. The advantage of this
method is the fact that we only need to compute the features for each time series
once, although this method will result in some truncation error.

2. Use the kernel for the moment map defined in Proposition 4.4.4, and then compute
the expression from Proposition 1.3.4. With this method, we are able to use the entire
set of moment features, but we must perform the moment kernel computation for
every pair of paths, which can be prohibitively expensive.

In practice, the first method is often much more efficient. Indeed, suppose we wish to
compute the kernel matrix for a collection of Nsamples elements of Seq(Dfin(Ω̃T)), each of
length L. Using the first method, we must compute the moment map O(NsamplesL) times.
However, in the second method, for each pair of paths, we must compute the moment
kernel matrix, which requires O(L2) computations of the moment kernel. Furthermore, this
is repeated for every pair of paths, and thus we perform the moment kernel computation
O(N2

samplesL2) times.
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4.5 application : parameter estimation in a swarm model

This must be balanced with memory considerations. On the one hand, the memory
required in the first method to store the paths in feature space scales linearly with the
dimension of the feature space. On the other hand, the second only requires dynamic
memory, requiring O(L2) for each computation.

While we have primarily discussed the moment map as the feature map for persistence
diagrams, the signature method can be used together with any feature map such as persis-
tence landscapes [Bub15], persistence images [Ada+17], or tropical coordinates [Kal19]. By
using the second method outlined above, we can also adapt the use of kernels such as the
sliced-Wasserstein kernel [CCO17] or the persistence scale space kernel [Rei+15; Kwi+15].

Furthermore, there is a third approach to computing signature kernels which is discussed
in [Cas+21]. In this approach, the untruncated signature kernel is formulated in terms of
the solution to a PDE. This approach can be also be extended to time series composed
with a feature map Φ : X → V by using explicit computations for its corresponding
kernel κ : X × X → V. In particular, this method would allow us to compute the
untruncated signature kernel composed with the untruncated moment map. In this case,
the approximation error would be purely due to the PDE solution error rather than a
truncation error.

4.5 application : parameter estimation in a swarm model

In this section, we study the paths of persistence diagrams which arise in models of
collective motion as described in the introduction. We perform simulations using a swarm
model and use kernel support vector regression to estimate model parameters. In particular,
all of our methods only use unidentified position data from the swarms: we have access to
position data for a collection of agents at each time step, but we do not have information
regarding how individual particles move over time. This restriction disqualifies the use
of classical order parameters which make use of velocity information, such as group
polarization and (absolute) angular momentum, to classify collective behavior. Thus, we
estimate the model parameters purely by using the evolution of the shape of the swarm
over time.

We study the 3D D’Orsogna model [D’O+06] for collective motion. The evolving shape
of a single swarm simulation is seen in Figure 4.4. The swarm is initialized with random
positions and velocities, and the disordered nature of collective motion can be seen at t = 5.
After a period of time, the swarm moves into a more organized structure roughly in the
shape of a torus at t = 150. Finally, given enough time, the swarm settles into steady-state
behavior in the shape of a sphere at t = 350. The exact organization of the swarm over time
will depend on the (C, `) parameters, which we have chosen to be (0.6, 0.3) in the figure.
The stable structures of these swarms are studied and organized into a phase diagram
in [NJG12].
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4.5 application : parameter estimation in a swarm model

t=5 t=150 t=350

Figure 4.4: A single swarm simulation shown at time points t = 5, t = 150, and t = 350. This
is simulated using the 3D D’Orsogna model [D’O+06] with Nagent = 200 agents. The
model parameters are m = 1, α = 1.0, β = 0.5, C = 0.6, and ` = 0.3.

Previous studies [Bha+19; Xia+20] have successfully applied persistent homology to
classify swarms based on the 2D D’Orsogna and 2D Vicsek models, using a feature map
called crocker plots. Both of these studies use a collection of simulations generated using
a fixed finite set of model parameters, and use clustering methods such as k-medoids
to classify the simulations into clusters based on the fixed set of parameters. In contrast,
our experiments use the 3D D’Orsogna model, and our model parameters are chosen
uniformly at random within a specified region in parameter space. Rather than using
classification algorithms which only work for a finite number of model parameters, we
use regression to perform parameter estimation.

Furthermore, we study the generalizability and stability of our methods by considering
situations with missing data. We find that our methods remain stable when a fixed
number of agents are randomly subsampled at each time step. Moreover, we consider a
heterogeneous situation where the training data is incommensurate with the test data:
we train a regressor on the full simulation, and use the regressor to estimate parameters
for simulations with subsampled data. While crocker plots become unstable for these
experiments, we find that signature methods are able to effectively predict parameters in
most situations.

4.5.1 Model Description and Data

The D’Orsogna model [D’O+06] describes the collective motion of Nagent interacting agents
with positions xi ∈ Rd, and velocities vi ∈ Rd. Previous work [TZH15; Bha+19] has applied
persistent homology techniques to study the two-dimensional (d = 2) model [Bha+19].
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4.5 application : parameter estimation in a swarm model

Here we choose to focus on the three-dimensional (d = 3) case. The agents are governed
by the following coupled differential equations

dxi

dt
= vi

m
dvi

dt
=
(
α− β|vi|2

)
vi −∇iU(xi),

U(xi) =
N

∑
j 6=i

(
Cre−ri,j/`r − Cae−ri,j/`a

)
,

where ri,j = ‖xi − xj‖ and ∇i refers to the gradient with respect to xi. Each agent has mass
m, is self-propelled with propulsion strength α, and experiences a velocity-dependent drag
with coefficient β. Furthermore, each particle xi experiences a potential U(xi) derived from
pairwise interactions with all of the other agents. Each pair has a repulsive component with
strength Cr > 0 and characteristic length scale `r > 0, and an attractive component with
strength Ca > 0 and characteristic length scale `a > 0.

For our simulations, we use Nagent = 200 interacting agents. Furthermore, we fix m = 1,
α = 1.0, and β = 0.5 which corresponds to the parameters chosen in [NJG12]. After
nondimensionalizing the equation, we are left with two free parameters: the interaction
strength C = Cr/Ca and the characteristic length ` = `r/`a.

We perform Nsimulation = 500 instances of this simulation, where each instance is run for
t ∈ [0, 400], and is discretized using T = 400 uniformly spaced time points. The differential
equations are solved using the DifferentialEquations package in Julia, which uses adaptive
timestepping. The solution is then sampled at the desired time points using the built-in
interpolation function. For each simulation, the initial positions are set by uniformly
sampling the unit cube [0, 1]3, and each component of the initial velocities are sampled
from a Gaussian distribution with mean 1 and variance 1, as is done in [NJG12], and C and
` are chosen uniformly at random from [0.1, 2]. As they are easily identified with simpler
measures, we reject unbounded phenotypes, which we define to be a simulation in which
any particle moves 40 units in any direction before t = 200. This restricts the distribution
of (C, `), and we show the distribution of the parameters in our simulations in Figure 4.5.

To consider missing data, we take a random subsample of N agents at each time step.
We consider three cases of this with a fixed number of subsamples N across all simulations
with N = 150, 100, 50. We also consider the case where N is fixed across time for individual
simulations, but we sample N uniformly from [50, 200] for each simulation. Finally, we
consider situations with heterogeneous training/test data. For these experiments we train
the regressor with data from the full simulation, and predict parameters for data from
the subsampled simulations. These are called the heterogeneous experiments, and this is
performed using all four sets of subsampled data.
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0 0.5 1 1.5 2
0

0.5

1

1.5

2

Figure 4.5: Scatter plot of generated parameter pairs (C, `) that resulted in bounded swarm simula-
tions.

1. Full simulation

2. Subsampled (Fixed N = 150)

3. Subsampled (Fixed N = 100)

4. Subsampled (Fixed N = 50)

5. Subsampled (Random N in [50, 200])

6. Heterogeneous Subsampled (N = 150)

7. Heterogeneous Subsampled (N = 100)

8. Heterogeneous Subsampled (N = 50)

9. Heterogeneous Subsampled (Random
N in [50, 200])

4.5.2 Support Vector Regression and Feature Maps

For each of full and subsampled data sets, we compute persistent homology up to di-
mension d = 2 for all simulations and all time steps in order to obtain three paths of
persistence diagrams (at dimensions d = 0, 1, 2) for each simulation. Persistent homology
is computed using the Eirene software package [HG17] written in Julia.

We use the support vector regression (SVR) algorithm [Dru+97; SS02] to take advantage
of signature kernels. Suppose we have a training set {(Di, yi)}Ntrain

i=1 , where

Di(t) = (D0
i (t), D1

i (t), D2
i (t)) ∈ C1−var

(
D+

fin(Ω̃)3
)

represents paths of persistence diagrams with d = 0, 1, 2, and yi ∈ R is the true parameter
value. Given a feature map

Φ : C1−var
(
D+

fin(Ω̃)3
)
→ H,

support vector regression solves for a regression function

fw,b(x) = 〈w, Φ(x)〉H − b,
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where w ∈ H and b ∈ R by minimizing the regularized cost function

C(w, b) =
1
2
‖w‖2

H +
λ

Ntrain

Ntrain

∑
i=1
|yi − fw,b(x)|ε, (4.5.1)

where

|y|ε = max{0, |y| − ε},

is the ε-insensitive loss function and λ, ε > 0 are hyperparameters. We use the SVR algorithm
from the Julia implementation of the scikit-learn library. We perform our analyses using
three feature maps.

1. Moments + Signature. This is the composition of the truncated moment map with
the discrete signature kernel described in Section 4.4.2. In order to take into account
all three dimensions for homology, we compute moments for all three persistence
diagrams, and compute signatures with respect to the concatenated feature vector.
We truncate the moments at degree n = 6 and the signature at level m = 8.

2. PersPath + Signature. Here, we use a signature-based feature map for persistence
diagrams introduced in [CNO20] using the Betti embedding. Given a static persistence
diagrams at d = 0, 1, 2, the Betti embedding returns a path β = (β0, β1, β2) in R3, also
called the Betti curve, parameterized by the scale parameter ε in persistent homology.
At each ε, the Betti curve provides the rank of the d = 0, 1, and 2 persistent homology.

Given static persistence diagrams Di = (D0
i , D1

i , D2
i ) ∈

(
D+

fin(Ω̃)
)3

in dimensions

d = 0, 1, 2, where Dd
i = {(xd

i , yd
i )}

Nd
i=1 in birth/lifetime coordinates, the Betti curve is

defined by

βd(ε) = |{i ∈ {1, . . . , Nd} : xd
i < ε < xd

i + yd
i }|. (4.5.2)

By taking the truncated signature of the Betti curves along the ε parameter, we
obtain a path in T(n)(R3). Then, we compute the signature a second time along the t
parameter. We truncate the first signature computation at level n = 6 and the second
signature computation at level m = 8.

3. Crocker Plots. Crocker plots, introduced in [TZH15], treat the discretized Betti curve
β = (β0, β1, β2) as a feature vector. Following [Bha+19], we discretize the Betti
curve on a log scale from ε = 10−4 to ε = 1 with Nε = 200 points. Furthermore,
we uniformly subsample the time coordinate at intervals of ∆t = 20 to obtain
Nt = 20 points in the time coordinate. Collapsing the discretized Betti curves into
a single vector, each path of persistence diagrams coorresponds to an element in
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R3×200×20 = R12000. The kernel is obtained from the standard inner product on
R12000.

For the first two signature methods, we also show results using a sliding window
embedding, a common preprocessing step for signatures [CK16; Fer21]. The sliding
window embedding can be defined as

SWink : C1−var(H)→ C1−var(Hk+1)

γ(t) 7→
(
γ(t), γ(t− τ), . . . , γ(t− kτ)

)
for some delay τ > 0. We define γ(t) = 0 for any t < 0. We consider the case of k = 0, 1, 2.
Note that for the PersPath + Signature method, we only consider lags in the second
signature computation due to large memory requirements. We note that these memory
issues can theoretically be circumvented by iterating the PDE approach to signature
computations [Cas+21], but we do not consider this approach here.

4.5.3 Statistical Methods

We detail our statistical methodology in this section. We begin by enumerating the
Nsimulation = 500 individual simulations and randomly select a 400 / 100 split for the
training and test data respectively. With this choice, we perform a trial of our analysis,
which consists of three steps:

1. Hyperparameter selection. The SVR algorithm uses the hyperparameters (λ, ε) and
we tune the hyperparameters by grid search with 4-fold cross-validation exclusively
using the training data. The grid points of λ are logarithmically spaced between 10−3

and 103, and those of ε are logarithmically spaced between 10−5 and 101. We select
13 points for each parameter for a total of 169 parameter pairs.

2. Training. We select the parameter pair (λ, ε) which has the best performance in terms
of mean square error (MSE). We then train the SVR using these hyperparameters on
the entire training set.

3. Prediction. Using the trained regressor, we predict the (C, `) values of the data in
the test set and compute the MSE for each parameter individually.

Note that for the heterogeneous experiments, we use the full simulation data for steps 1

and 2, and use the subsampled data for step 3. We then repeat the trial Ntrial = 1000 times
in order to obtain a distribution of the MSE for a given data set / feature map.
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Figure 4.6: Box plots for the 9 variants of the data, and all 7 feature maps. The central red line of
each plot denotes the median and the bottom / top edge of the box corresponds to the
25th and 75th percentile respectively.

135



4.5 application : parameter estimation in a swarm model

H1 Persistence 
Diagram

0 0.2 0.4 0.6
0

0.05

0.1

0.15

0.2

0.25

birth

lif
e

ti
m

e

0 0.2 0.4 0.6
0

0.05

0.1

0.15

0.2

0.25

lif
e

ti
m

e

birth

H2 Persistence 
Diagram

lif
e

ti
m

e

0 0.2 0.4 0.6
0

0.05

0.1

0.15

0.2

0.25

birth

lif
e

ti
m

e

0 0.2 0.4 0.6
0

0.05

0.1

0.15

0.2

0.25

birth

H0 Persistence 
Diagram

lifetime

lifetime

Betti Curve

10-2 10-1 100
0

5

10

15

20

25

10-2 10-1 100
0

5

10

15

20

25

subsampled
(fixed N = 50)

full
simulation

Figure 4.7: Comparison of persistence diagrams and Betti curves between a point cloud from the
full simulation (top row) and the subsampled simulation with fixed N = 50 (bottom
row). The H0 persistence diagram is shown as a histogram of lifetimes, since all birth
times are at ε = 0. In the Betti curve, β0 is scaled by a factor of 1/10 and β1 is scaled by
a factor of 1/5 for visualization purposes.

4.5.4 Results and Discussion

The results of our experiment are shown as boxplots in Figure 4.6. In the 5 experiments
with the same train / test data used (on the left side of Figure 4.6), all of the feature maps
are able to predict parameters to some degree. For both the C and ` regression, we can
see that the Moments + Signatures (2 lags) feature map (M2) consistently outperforms all
other feature maps, though the difference is more prominent for the C regression.

In the 4 experiments with heterogeneous train / test sets (on the right side of Figure 4.6),
we observe more unstable behavior. Note that the y axes on these plots are significantly
larger; in particular, the axes on the fixed N = 50 plot is larger by a factor of 2. We can
immediately see that all feature maps perform worse when compared with the experiments
using the same train / test data. However, the decrease in performance for the crocker plots
(C) is the most striking. The Moments + Signatures (2 lags) (M2) significantly outperforms
the crocker plot in all cases, but when we only use N = 50 subsampled data as the test set,
its performance also reduces drastically. This is expected due to the disparity between the
training and test sets: we are training on data using 200 agents at each time point, and
predicting parameters using the locations of only 25% of the data, which dramatically
alters the density of the cloud. While the PersPath + Signature method does not provide
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4.6 conclusion

the best performance for most experiments, it significantly outperforms all other feature
maps for the heterogeneous subsampled (fixed N = 50) experiment.

To understand the performance of the feature maps in this N = 50 case, we consider
in Figure 4.7 a comparison of the persistence diagrams between the full simulation and
the subsampled simulation for a single simulation at a single time point. This comparison
demonstrates two representative phenomena that occur due to subsampling:

1. the persistence diagrams are much sparser due to fewer points in the point cloud,
and

2. there is a shift in the birth coordinate.

The sparsity of the subsampled persistence diagrams leads to a scaling of all feature maps.
However, the shift in the birth coordinate results in nontrivial differences for the moment
map and crocker plots; for instance, the cross-moments including the birth coordinate will
shift. However due to reparametrization invariance, this will not result in a significant
change in the signature of the Betti curve. Thus, the persistence paths + signature feature
map remains considerably more stable under subsampling noise.

One possible amendment to the moment map that would take into account the subsam-
pling phenomena is to use the number of agents in the swarm, which is a known parameter,
to normalize and scale the point cloud and persistence diagrams. These normalizations
are motivated by limit theorems for point processes in a unit d-cube in [DP19; DL21]. In
particular, let XN = (X1, . . . , XN) be a collection of N i.i.d. samples of a bounded, positive
distribution on [0, 1]d. Let µ

q
N = N−1Dgmq(N1/dXN), where Dgmq(N1/dXN) is the dimen-

sion q persistence diagram of the point cloud X scaled in all coordinates by n1/d, and
the resulting diagram is then scaled by N−1, viewed as a measure. Then, the sequence of

measures µ
q
N

N→∞−−−→ µq converges vaguely to some Radon measure µq. This result suggests
that by scaling our point clouds by N1/d, and the resulting persistence diagrams by N−1,
we can effectively normalize our feature maps with respect to subsampling noise. We do
not pursue such an analysis here in the interest of concision.

4.6 conclusion

We have presented a theoretical and computational framework for the study of paths
of persistence diagrams. By introducing the concept of Lipschitz-free spaces, we were
able to integrate several generalizations of the space of persistence diagrams into a single
Banach space. This allowed us to define a Banach space of bounded variation paths of
persistence diagrams, and thus to define the path signature of these diagrams. The Banach
space structure provides a setting to study probabilistic and statistical properties of both
static and time-varying persistence diagrams. Furthermore, the path signature is universal
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and characteristic, providing a robust theoretical tool kit for characterizing probability
measures on paths of persistence diagrams.

In addition, we introduced a new feature map for static persistence diagrams, motivated
by the perspective of diagrams as measures, and showed that it is both injective and stable.
Coupling this with the discrete path signature, we defined an approximation to the intrinsic
continuous signature. This approximation is computable, stable, and valued in a Hilbert
space, enabling the application of kernel methods for data analysis. We demonstrated
the efficacy of our feature map with a parameter estimation problem for a 3D model of
collective motion.

While we specifically considered the moment map, the signature methods we presented
is general: the signature can be used in conjunction with any feature map or kernel for
persistence diagrams. Moreover, the framework laid out in this paper suggests several
possibilities for future work, and we highlight some promising directions here.

• Persistence vineyards. Persistence vineyards [CEM06] are paths of persistence dia-
grams with finer information; in particular it retains information about how indi-
vidual homology classes evolve over time. Can we further extend the connections
between topological data analysis, optimal transport and path signatures to represent
and study persistence vineyards? In particular, can we use adapted Wasserstein
metrics [Bac+20] and higher rank signatures [BLO20] to characterize vineyards?

• Rough paths. The theory of rough paths [LCL07] provides a deterministic integration
theory for highly irregular paths, and has led to several developments in stochastic
differential equations [FV10; FH20]. This theory has been well-developed for paths
valued in a Banach space [LQ07]. Therefore, using the Lipschitz-free space as a Banach
space for persistence diagrams, we may define and study rough paths of persistence
diagrams. This opens up the possibility of studying the persistent homology of data
driven by stochastic differential equations.

• Banach space learning. While kernel methods for Hilbert spaces are a mature set
of tools in machine learning, the corresponding generalization to Banach spaces is
still fairly recent. As discussed in Proposition 4.2.5, the Lipschitz free space F (Ω̃) is
not reflexive, and thus many of the results for Banach space kernel methods [ZXZ09;
Sch19a] do not hold. Can we develop kernel methods using the approximate repre-
senter theorem [Sch20] for non reflexive Banach spaces? What is the advantage of
this compared to other methods?

• Lipschitz-free spaces. Although we have discussed several properties of Lipschitz-
free spaces which are directly applicable to the study of persistence diagrams, are
there other aspects of this connection which we can exploit? One concrete problem is
the an explicit description of the Lipschitz-free space of the quotient metric space of
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a metric pair (X, d, A). Does Question 4.2.1 have an affirmative answer? Or can we
adapt the representations for known Lipschitz-free spaces such as F (RN) [CKK17]
to develop a new representation of persistence diagrams?
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5
T H E M A P P I N G S PA C E C O N S T R U C T I O N

Chen’s construction for path spaces in Chapter 2 provided a cochain model for path spaces
and loop spaces from a de Rham-theoretic perspective. The underlying formalism behind
this construction is much more general, and has been used to build cochain algebras for
mapping spaces in order to study their cohomology. The general idea consists of two steps:

1. Given suitable smooth spaces K and Y, build a cosimplicial model for the smooth
mapping space Diff(K, Y),

2. Given a cosimplcial space X•, build a cochain algebra which is quasi-isomorphic to
the singular cochain complex of the totalization of X•.

When we use de Rham cochains for the construction of the cochain algebra for the
cosimplicial space, we call the resulting cochain construction a Chen complex. One of
the earliest papers that considered the cohomology of mapping spaces in this direction
was [And72], which announced a generalization of the Eilenberg-Moore spectral sequence,
now called the Anderson spectral sequence, though proofs were omitted. Later, Bott and
Segal [BS77] provided an explicit description of the cochain construction for mapping
spaces, where the source of the mapping space has an open contractible covering (along
with finiteness and connectivity conditions). Bendersky and Gitler [BG91] considered the
more general case where the source is the realization of a simplicial set, though their proof
was not satisfactory for certain spaces. Finally, Patras and Thomas [PT03] consolidated
the ideas through Kan adjunction techniques, and proved the quasi-isomorphism for
Top(K, Y) when K is the realization of a simplicial set weakly homotopy equivalent to a
finite simplicial set of dimension less than or equal to the connectivity of Y.

While the Patras and Thomas construction is stated for the topological setting and does
not explicitly use smooth de Rham cochains, their methods are general, and the results
using de Rham cochains and an explicit description of the Chen complex for mapping
spaces is provided in [GTZ10]. Motivated by the observation that the path signature
coefficients constitute the 0-cochains in Chen’s construction for path spaces, we aim to use
the 0-cochains of Chen’s mapping space construction to define a notion of mapping space
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signatures. In particular, our goal in this part of the thesis is to define a mapping space
signature for

Diff(�d, RN).

A cubical domain is chosen due to its simplicity as well as the existence of compositions in
each dimension. While unit d-cubes can certainly be constructed as a simplicial set, the
number of nondegenerate top dimensional simplices increases on the order of d!, and the
composition of d-cubes is more difficult to express in the simplicial setting.

The goal of this chapter is to formulate a cubical variant of Chen’s complex for mapping
spaces, using cubical sets with connection. We begin with an overview of cubical sets,
followed by the topological construction. While we do not show that our cubical variant
of the mapping space construction leads to a quasi-isomorphism, we will show that it is
indeed a morphism of differential graded algebras. Finally, we extract the 0-cochains from
this construction, which we call monomials, which will be used to define signatures in the
following chapters.

5.1 introduction to cubical sets with connection

Just as simplicial sets [May92] can be viewed as a generalization of simplicial complexes,
cubical sets can be thought of as a generalization to cubical complexes in algebraic
topology. Simplicial and cubical sets can be defined as a sets of simplices or cubes, along
with information about how these objects are glued, in the form of face maps and degeneracy
maps. We obtain a topological space from a simplicial or cubical set through geometric
realization. In fact, we can define a homotopy theory (closed model category) for simplicial
sets [GJ12] and cubical sets [Jar02] that is equivalent to the standard homotopy theory for
topological spaces. Thus, simplicial and cubical sets are used as a combinatorial approach
to the homotopy theory of topological spaces.

However, a major defect in the homotopy theory for cubical sets is that the geometric
realization does not preserve products. In other words, the realization of a product of two
cubical sets does not have the same homotopy type as the product of their realizations.
Cubical sets with connections were introduced in [BH81] to address this issue by adding ad-
ditional degeneracies to cubical sets called connections. Thus, cubical sets with connections
provide a more appropriate model of topological spaces.

In this section, we provide an introduction to cubical sets with connection which does
not require prior knowledge of simplicial sets. This section is entirely expository and
primarily references [BHS11; Ant02].
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5.1 introduction to cubical sets with connection

5.1.1 The Box Category and Connections

Definition 5.1.1. The box category � is a subcategory of Top where the objects are the
standard n-cubes �n := [0, 1]n for n ≥ 0, and the morphisms �(�n,�m) are obtained by
compositions of coface maps δε

i : �n → �n+1 defined by

δε
i (x1, . . . , xn) := (x1, . . . , xi−1, ε, xi, . . . , xn), i ∈ [n], ε ∈ {0, 1}, (5.1.1)

as well as codegeneracy maps σi : �n → �n−1 defined by

σi(x1, . . . , xn) := (x1, . . . , xi−1, xi+1, . . . , xn), i ∈ [n]. (5.1.2)

The coface and codegeneracy maps satisfy the following cocubical identites:

δε2
j δε1

i = δε1
i δε2

j , i < j, (5.1.3)

σjσi = σiσj+1, i ≤ j, (5.1.4)

σjδ
ε
j =


δε

i σj−1 i < j,

δε
i−1σj i > j

id i = j

(5.1.5)

Note that while we use � to denote both the box category and the unit interval, the
meaning will be clear from context. There are two ways to view the box category:

1. as an abstract category, ignoring the explicit definitions of the objects and morphisms
as those internal to Top, and

2. as a cocubical space, which is a functor F : �→ Top, defined as the identity functor,
which preserves the explicit structure of the objects and morphisms.

We begin by describing its structure as an abstract category, and return to the perspective
of a cocubical space when we discuss geometric realization. As an abstract category, we
ignore the topological structure of the individual objects, and to emphasize this view,
we describe the set of objects as the natural numbers N, and denote the objects using
underlined integers such as n := �n. Furthermore, we also ignore the topological meaning
of the morphisms as maps between topological spaces; instead we define the coface and
codegeneracy maps as those which satisfy the cocubical identites.

We can now define cubical sets as a functor. Note that the topologial structure of the
box category is irrelevant in this definition, so we only need to consider it as an abstract
category.
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Definition 5.1.2. The category Set�
op

of cubical sets is defined to be the functor category
Cat(�op, Set). Thus, a cubical set is a functor

K : �op → Set

and a map of cubical sets is a natural transformation of functors. We will assume that all
cubical sets are finite, defined in Remark 5.1.1.

More concretely, a cubical set K : �op → Set is a collection of objects Kn := K(n) where
n ∈ N, and a collection of maps between the Kn generated by the face maps dε

i := K(δε
i ) :

Kn+1 → Kn for i ∈ [n] and ε ∈ {0, 1}, and the degeneracy maps si := K(σi) : Kn−1 → Kn for
i ∈ [n]. The face and degeneracy maps satisfy the dual of the cocubical identities, which
are called the cubical identities:

dε1
i dε2

j = dε2
j−1dε1

i , i < j, (5.1.6)

sisj = sj+1si, i ≤ j, (5.1.7)

dε
j sj =


sj−1dε

i i < j

sjdε
i−1 i > j

id i = j.

(5.1.8)

Suppose K• ∈ Set�
op

and a ∈ Kn. If there exists some b ∈ Kn−1 and some i ∈ [n]
such that a = sib, then we say that a is a degenerate cube; otherwise, we say that a is a
nondegenerate cube. Furthermore, every degenerate cube a can be written in a canonical
form as

a = sik sik−1 . . . si1 b (5.1.9)

where 1 ≤ i1 < i2 < . . . < in ≤ n, and b ∈ Kn−k is a nondegenerate cube. In this case, we
say that a is a degeneracy of b.

Remark 5.1.1. All cubical sets K• ∈ Set�
op

considered in this thesis are finite: each K• has a
finite number of non-degenerate cubes.

Intuitively, we can think of a cubical set K• ∈ Set�
op

as a combinatorial model for a
cubical complex, where the elements a ∈ Kn are combinatorial n-cubes where each degree
k subcube is labelled by an element of Kk, specifying the gluing data.

Example 5.1.1. We describe a cubical set I• ∈ Set�
op

that models the unit interval [0, 1]. As
a cubical complex, the unit interval [0, 1] can be describing using two vertices, v0 and v1,
modelling the endpoints, and a single edge, e, modelling the interval. Indeed, the 0-cubes
of the cubical set are I0 = {v0, v1}, which we represent visually using white and gray
points.
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The 1-cubes in I• contain the expected edge e, but it also contains the degeneracies of
the 0-cubes. Thus, we have I1 = {s1v0, s1v1, e}. We visually represent each of these 1-cubes
using colored edges.

The arrow on the left is used to specify a numbered coordinate direction, which is used
to read off the face maps. In general, an n-cube has two faces in each of the n-coordinate
directions, and each face is specified using the face maps dε

i . The index i ∈ [n] corresponds
to the coordinate direction, and ε ∈ {0, 1} specifies the “back” or “front” face. The arrow
points from 0 to 1. Thus from the figure, we can read off d0

1e = v0 as the white point, and
d1

1e = v1 as the black point.
While we do not expect any non-degenerate 2-cubes, we must include all possible

degeneracies of v0, v1, and e. Therefore, the 2-cubes are I2 = {s2s1v0, s2s1v1, s1e, s2e},
represented visually in the following figure.

The axes on the left now specify the two possible coordinate directions, and we can read
off the face maps for each 2-cube as before. As we can see in this figure, the degeneracy
sia of some n− 1 cube a is an n-cube where the cube a is copied along the i direction.

The higher dimensions will also contain only degenerate cubes, and they can be repre-
sented in the same manner. The 3-cubes can be listed as

I3 = {s3s2s1v0, s3s2s1v1, s2s1e, s3s1e, s3s2e},

where we write all degeneracies in their canonical form specified by Equation (5.1.9).

As stated in the introduction, ordinary cubical sets lack certain properties when we con-
sider their realization as topological spaces. Thus, we consider a modification introduced
by Brown and Higgins [BH81].

Definition 5.1.3. The box category with connections �c is a subcategory of Top with the same
objects as the objects in �. The morphisms hom�c(�

n,�m) are obtained by compositions of
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the coface and codegeneracy maps from � as well as the coconnection maps γi : �n → �n−1

defined by

γi(x1, . . . , xn) := (x1, . . . , xi−1, max(xi, xi+1), xi+2, . . . , xn), i ∈ [n− 1], (5.1.10)

where n ≥ 2. As before, the coface and codegeneracy maps satisfy the cocubical iden-
tites. Along with the coconnection maps, the three classes of maps satisfy the additional
coconnection identites:

γjδ
ε
i =

{
δε

i γj−1 i < j,

δε
i−1γj i > j + 1

(5.1.11)

γjδ
0
j = δ0

j+1γj = id (5.1.12)

γjδ
1
j = δ1

j+1γj = δ1
j σj (5.1.13)

σjγi =

{
γiσj−1 i < j,

γi−1σj i > j
(5.1.14)

σjγj = σjσj = σjσj + 1 (5.1.15)

γjγi = γiγj+1 (5.1.16)

As with the ordinary box category, we may interpret the box category with connections
as an abstract category or as a cocubical space with connections. We defer the discussion
of the cocubical space, and focus on the abstract category perspective. As before, the object
set of �c can be specified by N, and the morphisms of �c are defined by the cocubical and
coconnection identities. Thus, the only difference is the existence of additional morphisms.

Definition 5.1.4. The category Set�
op
c of cubical sets with connections is defined to be the

functor category Cat(�op
c , Set). Thus, a cubical set with connections is a functor

K : �op
c → Set

and a map of cubical sets with connections is a natural transformation of functors.

146



5.1 introduction to cubical sets with connection

Concretely, a cubical set with connection K : �op
c → Set has the same objects Kn, face

maps dε
i : Kn+1 → Kn, and degeneracy maps si : Kn−1 → Kn as a cubical set. In addition,

we also have the connection maps gi := K(γi) : Kn−1 → Kn, which only exist for n ≥ 2. In
addition to the cubical identites, these objects satisfy the connection identities:

dε
i gj =

{
gj−1dε

i i < j,

gjdε
i−1 i > j + 1

(5.1.17)

d0
j gj = gjd0

j+1 = id (5.1.18)

d1
j gj = gjd1

j+1 = sjd1
j (5.1.19)

gisj =

{
sj−1gi i < j,

sj igi−1 > j
(5.1.20)

gjsj = sjsj = sj + 1sj (5.1.21)

gigj = gj+1gi (5.1.22)

Suppose K• ∈ Set�
op
c and a ∈ Kn. If there exists some b ∈ Kn−1 and some i ∈ [n] such

that a = sib or some j ∈ [n− 1] such that a = gjb, then we say that a is a degenerate cube;
otherwise, we say that a is a nondegenerate cube. In this way, we view connection maps as
“extra degeneracies.” Furthermore, every degenerate cube a can be written in a canonical
form as

a = sik sik−1 . . . si1 gjl gjl−1 . . . gj1 b (5.1.23)

where

1 ≤ i1 < i2 < . . . < in ≤ n

1 ≤ j1 < j2 < . . . < jl ≤ n− k− 1

and b ∈ Kn−k−l is a nondegenerate cube. In this case, we say that a is a degeneracy of b.

Remark 5.1.2. If I = (i1, . . . , in) and J = (j1, . . . , jl), we will simplify the notation and write

sI gJb := sik sik−1 . . . si1 gjl gjl−1 . . . gj1 b. (5.1.24)

Therefore, we can identify degenerate cubes in terms of their unique non-degenerate cube
b, as well as the list of degeneracy and connection maps indexed by I and J . Thus, we
can express a ∈ Kn as a = (I, J, b).

Intuitively, we can view cubical sets with connection in the same manner as ordinary
cubical sets, but we have additional degeneracies.
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Example 5.1.2. We expand on Example 5.1.1 to specify a model of the unit interval [0, 1]
using a cubical set with connections Ic

•. This new cubical set contains all of the cubes
from I•, but we must also include the additional connection degeneracies. Note that the
connection maps gi : Ic

n−1 → Ic
n only exist for n ≥ 2, so the 0-cubes and 1-cubes remain the

same:

Ic
0 = I0, Ic

1 = I1.

We have one additional 2-cube, g1e, which is represented below. Note that any connection
degeneracies can be rewritten as ordinary degeneracies according to the connection
identities.

We have four additional degenerate 3-cubes, which we specify using the canonical form
in Equation (5.1.23).

5.1.2 Composition

One advantage of using cubical sets rather than simplicial sets is that cubical sets can be
equipped with a composition structure.

Definition 5.1.5. A cubical set with connections and compositions is a cubical set K• : �op
c →

Set such each for each n ≥ 1, the set of n-cubes has n partial compositions +i. For a, b ∈ Kn,
the composition a +i b is defined if and only if d1

i a = d0
i b. The relationships between these

partial compositions and the cubical maps are given by the following composition identites
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dε
i (a +j b) =


dε

i a +j−1 dε
i b : i < j

d0
i a : i = j, ε = 0

d1
i b : i = j, ε = 1

dε
i a +j dε

i b : i > j

(5.1.25)

si(a +j b) =

{
sia +j+1 sib : i ≤ j

sia +j sib : i > j
(5.1.26)

gi(a +j b) =


gia +j+1 gib : i < j

(gia +i+1 sib) +i (si+1b +i+1 gib) : i = j

gia +j gib : i > j.

(5.1.27)

Finally, we also have the following interchange law when both sides are defined:

(a +i b) +j (c +i d) = (a +j c) +i (b +j d). (5.1.28)

5.1.3 Geometric Realization and Evaluation Maps

In this section, we will consider the standard geometric realization of cubical sets (with
connection) as a topological space.

We can define cubical objects and cubical objects with connection in an arbitrary category
C as functors.

Definition 5.1.6. Let C be a category. A cubical object in C (resp. cubical object with connection
in C) is defined as a functor

K• : �op → C, (K• : �op
c → C).

The category of such objects is denoted by C�
op

(resp. C�
op
c ).

A cocubical object in C (resp. cubical object with connection in C) is defined to be a functor

K• : �→ C, (K• : �c → C).

The category of such objects is denoted by C� (resp. C�c ).

(Co)cubical objects in Top are called (co)cubical spaces. By using the definition of � and
�c as a subcategory of Top, we can interpret both of these objects as cocubical spaces
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5.1 introduction to cubical sets with connection

via the identity functor. Recall the topological definition of the coface, codegeneracy and
coconnection maps:

δε
i (x1, . . . , xn) := (x1, . . . , xi−1, ε, xi, . . . , xn), i ∈ [n], ε ∈ {0, 1}

σi(x1, . . . , xn) := (x1, . . . , xi−1, xi+1, . . . , xn), i ∈ [n]

γi(x1, . . . , xn) := (x1, . . . , xi−1, max(xi, xi+1), xi+2, . . . , xn), i ∈ [n− 1].

The following figure demonstrates these maps between �2 and �3.

Definition 5.1.7. The geometric realization | · | is defined as follows. For K• ∈ Set�
op

(resp.
K• ∈ Set�

op
c ), the geometric realization of K• is

|K•| :=
∞

ä
n=0

Kn ×�n

/
∼, (5.1.29)

where Kn is equipped with the discrete topology, and ∼ is an equivalence relation on
ä∞

n=0 Kn ×�n defined by

(a(x), t) ∼ (x, α(t)), x ∈ Km, t ∈ �n (5.1.30)

where α : �n → �m is any morphism in the box category � (resp. the box category with
connection �c), and a = K(α) : Km → Kn.

In all of these cases, the geometric realization of K• is a CW-complex with an n-cell
for each n-cube in Kn. Then, for each n-cube in Kn, there exists an inclusion called the
evaluation map into the geometric realization, which will be crucial to the mapping space
construction.

Definition 5.1.8. For each n-cube a ∈ Kn, we define its evaluation map η[a] : �n → |K•| to
be

η[a] : �n ↪→
∞

ä
n=0

Kn ×�n � |K•|, (5.1.31)
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5.1 introduction to cubical sets with connection

where the first map is an inclusion into {a} ×�n, and the second map is the projection
onto the quotient.

Note that the CW-complex may be described using only the non-degenerate cubes since
all degenerate cubes are quotiented out by the equivalence relation. Indeed, for a cubical
set K• ∈ Set�

op
c , recall from Equation (5.1.23) that any degenerate cube a ∈ Kn can be

canonically written as

a = sik sik−1 . . . si1 gjl gjl−1 . . . gj1 b

where

1 ≤ i1 < i2 < . . . < in ≤ n

1 ≤ j1 < j2 < . . . < jl ≤ n− k− 1,

and b ∈ Kn−k−l is a nondegenerate cube. We can explicitly define the evaluation map for
this degenerate cube. For x ∈ �n, we have

η[a](x) = [(a, x)]

= [(sik sik−1 . . . si1 gjl gjl−1 . . . gj1 b, x)]

= [(b, γj1 . . . γjl σi1 . . . σik x)],

where the square brackets denote the equivalence class in |K•|. This shows that each degen-
erate n-cube a is mapped onto its unique underlying non-degenerate cube b. Furthermore,
this shows the following factorization of the evaluation map.

Lemma 5.1.1. Let K• ∈ Set�
op
c be a cubical set with connection and a ∈ Kn be an n-cube, written

in its canonical form as

a = sik sik−1 . . . si1 gjl gjl−1 . . . gj1 b.

Let I = (i1, . . . , ik) and J = (j1, . . . , jl). The evaluation map η[a] : �n → |K| can be factored as
the composition

η[a] : �n η I,J
n−→ �n−k−l η[b]−−→ |K|, (5.1.32)

where η I,J
n : �n → �n−k−l is defined by the following composition of codegeneracy and coconnection

maps

η I,J
n (t) = γj1 . . . γjl σi1 . . . σik(t), (5.1.33)
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5.1 introduction to cubical sets with connection

for all t ∈ �n.

In fact, we can explicitly define η I,J
n .

Definition 5.1.9. A k-ordered subset of [n] is an ordered subset I ⊂ [n] equipped with a
partition into k nonempty subsets, denoted by I(r) for r = 1, . . . , k, such that if r < s, and
x ∈ I(r), y ∈ I(s), then x < y.

Lemma 5.1.2. Let n ∈ N, I = (i1, . . . , ik) ⊂ [n] be an ordered subset and J = (j1, . . . , jl) ⊂
[n− k− 1] be another ordered subset. There exists a (n− k− l)-ordered subset I ⊂ [n] such that
the underlying subset I is the complement of I in [n] and

η I
n(t1, . . . , tn) := η I,J

n (t1, . . . , tn) = (s1, . . . , sn−k−l), (5.1.34)

where

sr = max
j∈I(r)
{tj}. (5.1.35)

Proof. The proof of this lemma follows by expanding the definitions of the codegeneracy
and coconnection maps in Equation (5.1.2) and Equation (5.1.10). We begin by considering
the case where I = ∅ so that the complement is I = [n]. In this case, we have J =

(j1, . . . , jl) ⊂ [p− 1] and we need to consider the iterated coconnection map

η∅,J
n = γj1 . . . γjl .

A consecutive subsequence in J corresponds to consecutive coconnection maps, which can
be written as

γj−mγj−m+1 . . . γj(t1, . . . , tn) = γj−m . . . γj−1(t1, . . . , max(tj, tj+1), . . . , tn)

= γj−m . . . γj−2(t1, . . . , max(tj−1, tj, tj+1), . . . , tn)

= (t1, . . . , max(tj−m, . . . , tj+1), . . . , tn).

Thus, a maximal consecutive sequence (j−m, . . . , j) ⊂ J corresponds to one part of the
partition I(r) = (j−m, . . . , j, j + 1). For each maximal consecutive sequence in J (including
sequences of length 1), we add the corresponding subset of I to the partition. Once every
element of J has been accounted for, we add the remaining elements of I into the partition
as singletons. Note that this procedure will provide a partition of I made up of exactly
p− l subsets, since each element of J decreases the number of singletons in the partition
by 1.
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5.1 introduction to cubical sets with connection

Next, we consider the case where I = (i1, . . . , ip), so we must consider the coconnections
as well as the codegeneracies. However, note that codegeneracies simply omit coordinates,
so that

σi1 . . . σip(t1, . . . , tn) = (tj)j∈I ,

where I is the complement of I in [n]. Now, we can simply repeat the previous construction
of the partition with a smaller set I.

Example 5.1.3. As a concrete example, consider n = 8, I = (5, 7) and J = (1, 4, 5). We
begin by taking the complement I = (1, 2, 3, 4, 6, 8). Then, we consider the two maximal
consecutive subsequences in J: (1) and (4, 5). For the subsequence (1), we add the first
and second element of I into a subset I(1) = (1, 2) in the partition. For the subsequence
(4, 5), we add the fourth, fifth and sixth element of I into a subset I(3) = (4, 6, 8) in the
partition. The only element in I unaccounted for is the third element, so we add it to the
partition as a singleton I(2) = (3). Thus, the evaluation map can be explicitly written as

η I,J
8 (t1, . . . , t8) = (max(t1, t2), t3, max(t4, t6, t8)).

Proposition 5.1.1. Let K• ∈ Set�
op
c . Every n-cube a ∈ Kn can be represented by a pair (I, b),

where b is the unique non-degenerate k-cube corresponding to a, and I is a k-ordered subset.
Furthermore, every such pair (I, b) corresponds to an n-cube a ∈ Kn. This will be called the
ordered subset notation for n-cubes.

Proof. By writing a in canonical form in terms of the degeneracy and connection maps,
we can uniquely represent a using two subsets I, J as well as the non-degenerate cube b.
From Lemma 5.1.2, there exists a unique k-ordered subset I for every pair of subsets I and
J. Thus, we can use (I, b) as a representation for a.

Given an n-cube a = (I, b), where b ∈ Kq is non-degenerate, the factorization of η[a]
given in Lemma 5.1.1 can be rewritten as

η[(I, b)] : �n η I
n−→ �q η[b]−−→→ |K|, (5.1.36)

where η I
n is defined in Equation (5.1.34).

Remark 5.1.3. We note that we can describe geometric realization as a colimit. Indeed, for
K• ∈ Set�

op
c , the geometric realization of K• is

|K•| = coeq

[
ä

α:�n→�m
Km ×�n ⇒ä

n
Kn ×�n

]
. (5.1.37)
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5.1 introduction to cubical sets with connection

The first coproduct is taken over all maps in the box category �c. For a given map
α : �n → �m in �c, we have two maps from Km ×�n into än Kn ×�n:

1. K(α)× id : Km ×�n → Kn ×�n

2. id× α : Km ×�n → Km ×�m.

The condition enforced by this coequalizer is the same as the equivalence relation given in
the original definition of geometric realization. This formulation emphasizes the duality
between geometric realization and the totalization of cocubical spaces defined in the next
section.

5.1.4 Smooth Geometric Realization

Because we will be working with differential forms, we require a slight variation on the
geometric realization in order to produce a differentiable space, introduced in Defini-
tion 2.2.1. Note that the geometric realization is defined as the quotient of a coproduct. The
coproduct of differentiable spaces (as in Example 2.2.4) and the quotient of a differentiable
space (as in Example 2.2.3) are both differentiable spaces.

We wish to formulate a smooth version of geometric realization of cubical sets with
connection as a colimit as in Remark 5.1.3. However, the obstruction to such a definition
is the fact that the coconnection maps defined using maximum functions are not smooth
with respect to the ordinary smooth structure (the subspace smooth structure for �n ⊂ RN

as in Example 2.2.2), and thus are not morphisms in Diff. We will remedy this be defining
a new smooth structure on the geometric n-cubes �n such that the maximum functions
are smooth.

To begin, we note that each n-cube �n can be viewed as a simplicial complex, where
the simplices are defined using the ordering of the coordinates. These simplices can be
described using functions

f : [n]→ [n] ∪ {ε0, ε1}. (5.1.38)

Such a function corresponds to the following subsimplex of �n,

∆ f :=

(t1, . . . , tn) ∈ �n :

ti = 0 : f (i) = ε0

ti = 1 : f (i) = ε1

ti = tj : f (i) = f (j)

ti ≤ tj : f (i) < f (j).

 (5.1.39)
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5.1 introduction to cubical sets with connection

In most cases, we will only need to work with the n-subsimplices of �n, and these
subsimplices can be defined using permutations. Given σ ∈ Σn, we define

∆n
σ :=

{
(t1, . . . , tn) ∈ �n : 0 ≤ tσ(1) ≤ . . . ≤ tσ(n) ≤ 1

}
. (5.1.40)

In particular, the union of the n-subsimplices defined over all permutations σ ∈ Σn is the
entire n-cube⋃

σ∈Σn

∆n
σ = �n,

and the intersections occur at the lower dimensional subsimplices. Note that maximum
functions and in particular coconnection maps restricted to a n-subsimplex ∆n

σ is smooth.
This is due to the ordering of the coordinates being fixed in ∆n

σ, and thus maximum
functions restricted to ∆n

σ are simply projection maps.
This leads to the motivating property of the desired smooth structure on �n. In the

following lemma, we define a smooth structure on �n such that a map f : �n → X is
smooth if and only if the restrictions f |∆n

σ
: ∆n

σ → X are smooth for all σ ∈ Σn.

Definition 5.1.10. The unit n-cube with the simplicial smooth structure, denoted by �n
∆ ∈ Diff,

will be defined as follows. For each σ ∈ Σn, let ∆n
σ ∈ Diff be equipped with the subspace

smooth structure as a subspace ∆n
σ ⊂ Rn. The disjoint union

U = ä
σ∈Σn

∆n
σ ∈ Diff

is a differentiable space using the coproduct smooth structure from Example 2.2.4. We
define an equivalence relation on the disjoint union U as follows. Let s ∈ ∆n

σ and t ∈ ∆n
τ be

elements from distinct simplices. We set s ∼ t if and only if s = t in the parametrizations.
Finally, we define

�n
∆ := ä

σ∈Σn

∆n
σ

/
∼ ∈ Diff, (5.1.41)

equipped with the quotient smooth structure from Example 2.2.3.

155



5.1 introduction to cubical sets with connection

In particular, a map φ : C → �n
∆ is a plot if and only if there exists there exists an

open cover {Ci} of C, along with plots φi : Ci → ∆n
σi

into the subsimplices such that the
following diagram commutes

Ci ∆n
σi

C �n
∆,

φi

ιi ι

φ

where ιi : Ci ↪→ C are the inclusion maps for the cover and ι : ∆n
σi
↪→ �n

∆ is the inclusion
of the subsimplex into the cube. This smooth structure on the unit cube has the desired
property of smooth maps.

Lemma 5.1.3. Let X be a differentiable space. A map f : �n
∆ → X is smooth if and only if the

restriction fσ : ∆n
σ → X is smooth for all σ ∈ Σn, where ∆n

σ ⊂ Rn has the subspace smooth
structure.

Proof. Suppose f : �n
∆ → X is smooth. Suppose φ : C → ∆n

σ is a plot and let ισ : ∆n
σ ↪→ �n

be the inclusion. Note that ισ is smooth and thus the restriction of f to ∆n
σ, defined as

f ◦ ισ : ∆n
σ → X, is a composition of smooth functions and therefore smooth.

Next, suppose that f : �n
∆ → X is a map such that the restrictions fσ are smooth for all

σ. In order to show that f is smooth, we must show that f ◦ φ : C → X is a plot for every
plot φ : C → �n

∆. Indeed, by definition of a plot for �n
∆, there exists an open cover {Ci} of

C, along with plots φi : Ci → ∆n
σi

. Since the restrictions fσ are smooth, each composition
fσi ◦ φi : Ci → X is a plot for X. Note that the plots fσi ◦ φi cover the map f ◦ φ. By the
covering condition for differentiable spaces, f ◦ φ is also a plot.

An immediate corollary of this lemma is the following.

Corollary 5.1.1. The coface maps δε
i , the codegeneracy maps σi and the coconnection maps γi are

all smooth when the unit n-cubes are equipped with the simplicial smooth structure.

This allows us to define the smooth geometric realization in the same manner as the
topological geometric realization.

Definition 5.1.11. The smooth geometric realization functor | · |∞ : Set�
op
c → Diff is defined as

follows. For K• ∈ Set�
op
c , the smooth geometric realization of K• is

|K•|∞ :=
∞

ä
n=0

Kn ×�n
∆

/
∼, (5.1.42)
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where the equivalence relation ∼ is defined in Equation (5.1.30), which is taken over all
morphisms in the box category �. The product, coproduct and quotient are taken as
differentiable spaces.

As a topological space, the smooth geometric realization can be interpreted in the same
manner as the topological geometric realization: as a CW-complex with an n-cell for
each n-cube in K•. However, the smooth geometric realization gains the structure of a
differentiable space. In this setting, the evaluation maps from Definition 5.1.8 are defined
by the composition of an inclusion and quotient map, both of which are smooth. This
shows that the evaluation maps themselves are smooth.

Lemma 5.1.4. Let K• ∈ Set�
op+c and a ∈ Kn. The evaluation map η[a] : �n

∆ → |K•|∞ is smooth.

Remark 5.1.4. The smooth geometric realization for a cubical set with connection, K• ∈
Set�

op
c , can be expressed as a colimit in the same manner as the ordinary geometric

realization. The box category with connection �c can be viewed as a category internal
to Diff since the coface, codegeneracy, and coconnection maps are smooth, and thus
�c is a cocubical object in Diff. Furthermore, we treat K• as a cubical object in Diff by
equipping each set Kn with the discrete smooth structure. Then, |K•|∞ can be defined as
the coequalizer in Equation (5.1.37), viewed as a colimit in Diff. Because Diff is cocomplete
from Proposition 2.2.2, the colimit exists.

Remark 5.1.5. The unit n-cube with the simplicial smooth structure defined in Defini-
tion 5.1.10 can also be defined as the smooth geometric realization of the unit n-cube as a
simplicial set.

Smooth maps from |K|∞ can be characterized in the same manner as smooth maps from
�n

∆, where the proof follows similarly.

Proposition 5.1.2. Let K• ∈ Set�
op
c be a cubical set with connection and X be a differentiable

space. A map f : |K|∞ → X is smooth if and only if for each nondegenerate cube b ∈ Kn, and each
σ ∈ Σn, the restriction to the subsimplex ∆n

σ of the geometric n-cube corresponding to b, defined as

fb,σ : ∆n
σ

ισ
↪−→ �n

∆
η[b]
↪−→ |K|∞

f−→ X, (5.1.43)

is smooth.

Proof. First, suppose that f : |K|∞ → X is smooth. Note that ισ : ∆n
σ ↪→ �n

∆ is a plot.
Because the evaluation map η[b] is smooth, fb,σ is a composition of smooth maps, and is
therefore also smooth.

Next, suppose that fb,σ : ∆n
σ → X is smooth for all degenerate cubes b ∈ Kn and

σ ∈ Σn. Let φ : C → |K|∞ be a plot. By definition of the quotient smooth structure on
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|K|∞ with respect to face, degeneracy and connection maps, there exists an open cover
{Ci} of C, along with plots φi : Ci → �ni

∆ , which are plots for the geometric ni-cubes
�ni

∆ corresponding to non-degenerate cubes bi ∈ Kni . These plots satisfy the following
commutative diagram, where ιi : Ci → C are the inclusions.

Ci �ni
∆

C |K|∞,

φi

ιi η[bi ]

φ

By the simplicial smooth structure of �ni
∆ , there exists an open cover {Ci,j} of each Ci,

along with plots φi,j : Ci,j → ∆ni
σi,j , where σ ∈ Σni . These satisfy the following commutative

diagram

Ci,j ∆ni
σi,j

Ci �ni
∆ ,

φi,j

ιi ισi,j

φi

By composing this diagram with the first diagram above, we find that {φi,j : Ci,j → ∆ni
σi,j}

forms a cover of φ : C → |K|∞. Then, since each fb,σ is smooth, the composition fbi ,σi,j ◦ φi,j :
Ci,j → X is a plot, which implies that f ◦ φ : C → X is a plot. Thus, f : |K|∞ → X is
smooth.

Remark 5.1.6. Here we consider an alternate way to frame this result. In the above proof, we
used the fact that the inclusion of a subsimplex ισ : ∆n

σ → �n
∆ is a plot and the evaluation

map η[b] : �n
∆ → |K|∞ are smooth, for any nondegenerate n-cube b ∈ Kn and any σ ∈ Σn.

This implies that the composition

φb,σ : ∆n
σ → |K|∞ (5.1.44)

is a plot. Suppose f : |K|∞ → X is a plot. Rather than checking that f ◦ φ : C → X is a plot
for every plot φ : C → |K|∞, the above proposition implies that we only need to check that
f ◦ φb,σ : ∆n

σ → X are plots for all nondegenerate b ∈ Kn and σ ∈ Σn. We will use the same
perspective to define differential forms on |K|∞ in Proposition 5.2.3.
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5.2 the cubical chen mapping space construction

In this section, we describe the cubical Chen construction to obtain a cochain algebra
for mapping spaces. This section will require some familiarity with simplicial homotopy
theory, as we adapt simplicial methods to the cubical context. The full construction will
not be used in this thesis, and we provide a discussion of the 0-cochains in this model in
the following section.

As described in the introduction to this chapter, the construction of a cochain algebra
for mapping spaces is done in three steps:

1. Given a cubical set K• ∈ Set�
op
c and a differentiable space Y ∈ Diff, build a cocubical

space model Diff•(K, Y) of the mapping space such that ‖Diff•(K, Y)‖∞ ∼= Diff(|K|, Y),
where ‖ · ‖∞ denotes the smooth totalization of a smooth cocubical space;

2. Given a smooth cocubical space Z• ∈ Diff�c , and a cochain algebra functor for
smooth spaces C• : Diffop → dga construct a cochain algebra T•(Z) for the cocubical
space;

3. Using the de Rham cochain algebra functor Ω• : Diffop → dga and the cocubical
mapping space Diff•(K, X), show that we have a map of differential graded algebras

IT : T•(Diff(K, X))→ Ω•(Diff(|K|∞, X)).

As we will be building a cochain algebra for mapping spaces using differential forms,
our constructions will be performed in the category of differentiable spaces Diff. Using the
simplicial smooth structure on the unit n-cube �n

∆, the constructions for Top from [PT03]
can be directly generalized to category of differentiable spaces Diff.

Notation: From this section onwards, cubical sets will refer to cubical sets with connection
unless otherwise specified. Furthermore, we will always assume that the unit n-cube �n is
equipped with the simplicial smooth structure from Definition 5.1.10. Therefore, we will
supress the ∆ from the notation, and denote this differentiable space as �n := �n

∆.

5.2.1 Cocubical Mapping Spaces

In this subsection, we fix K• ∈ Set�
op
c to be a cubical set and Y ∈ Diff to be a smooth

manifold (though the construction continues to hold for any differentiable space Y ∈ Diff),
and we define a smooth cocubical mapping space Diff•(K, Y) and show there is a smooth
isomorphism

‖Diff•(K, Y)‖∞ ∼= Diff(|K|∞, Y).
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We begin with the definition of the smooth totalization of a smooth cocubical space.

Definition 5.2.1. The smooth totalization functor ‖ · ‖ : Diff�c → Diff is defined as follows.
For a smooth cocubical space Z• ∈ Diff�c , the totalization is a subspace of the sequences
of maps

‖Z•‖∞ ⊂∏
n

Diff(�n, Zn) (5.2.1)

where �n ⊂ Rn is equipped with the simplicial smooth structure and ( fn : �n → Zn)∞
n=0 ∈

‖Z•‖∞ if

�n Zn

�m Zm

fn

α Z(α)
fm

(5.2.2)

commutes for all morphisms α : �n → �m in the box category with connection �c.

Remark 5.2.1. As with smooth geometric realization, we can reframe totalization as a limit
as

‖Z•‖∞ := eq

[
∏

n
Diff(�n, Zn)⇒ ∏

α:�n→�m
Diff(�n, Zm)

]
. (5.2.3)

The second product in the equalizer runs through all maps α : �n → �m in �c. The two
maps

φ, ψ : ∏
n

Diff(�n, Zn)→ ∏
α:�n→�m

Diff(�n, Zm)

in the equalizer are defined as:

φ (( fn : �n → Zn)∞
n=0) := (Z(α) ◦ fn : �n → Zm)α∈�c

ψ (( fn : �n → Zn)∞
n=0) := ( fm ◦ α : �n → Zm)α∈�c

Both of these maps are smooth (and thus morphisms in Diff) since �n is equipped with
the simplicial smooth structure. Thus, this is a limit in the category of differentiable spaces
Diff, and since Diff is complete from Proposition 2.2.2, the totalization exists.

While the definition of totalization is less transparent than that of geometric realization,
this construction is well-suited to the modelling of mapping spaces.
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5.2 the cubical chen mapping space construction

Definition 5.2.2. Let K• ∈ Set�
op
c and Y ∈ Diff. The smooth cocubical mapping space

Diff•(K, Y) : � → Diff is defined by Diffn(K, Y) = Diff(Kn, Y), where Kn is given the
discrete smooth structure. All of the cocubical maps are induced by those in K•.

In order to understand how this construction corresponds to the mapping space, we
explicitly write out its totalization. First, we consider a sequence of maps

( fn : �n → Diff(Kn, Y))∞
n=0 ∈∏

n
Diff(�n, Diff(Kn, Y)).

By using the product-exponential adjunction in Diff from Proposition 2.2.1, we can rewrite
this sequence as

( f̃n : Kn ×�n → Y)∞
n=0 ∈∏

n
Diff(Kn ×�n, Y).

Thus, f̃n can be viewed as a map from each geometric n-cube in the realization of K• into
Y. Furthermore, we may combine this into a map

f̃ : ä
n

Kn ×�n → Y.

Rewriting the compatibility condition for totalization in Equation (5.2.2) in terms of f̃ , we
get

f̃ (K(α)(x), t) = f̃ (x, α(t)), x ∈ Km, t ∈ �n,

for all morphisms α : �n → �m in �. This implies that the map f̃ respects the equivalence
relation specified by the geometric realization of K•. Thus, the map f̃ is well defined under
the quotient, and we obtain

f̃ : |K|∞ → Y.

This shows that there is a bijection ‖Diff•(K, Y)‖∞ ∼= Diff(|K|∞, Y). In fact, this is smooth
isomorphism, which we show using category theoretic methods.

Proposition 5.2.1. Let K• ∈ Set�
op
c and Y ∈ Diff. Then, there exists smooth isomorphism (an

isomorphism in Diff)

‖Diff•(K, Y)‖∞ ∼= Diff(|K|∞, Y). (5.2.4)

Proof. The following category-theoretic proof mimics the discussion above. We use the fact
that we are working with a cartesian closed category of differentiable spaces Diff, given
by Proposition 2.2.1. In particular, Diff(−,−) specifies the internal hom, which preserves
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5.2 the cubical chen mapping space construction

limits in both variables. We treat the sets Kn as differentiable spaces equipped with the
discrete smooth structure. Beginning with the equalizer definition of totalization and using
the product-hom adjunction, we get

‖Diff•(K, Y)‖∞ = eq

[
∏

n
Diff(�n, Diff(Kn, Y))⇒ ∏

α:�n→�m
Diff(�n, Top(Km, Y))

]

∼= eq

[
∏

n
Diff(Kn ×�n, Y)⇒ ∏

α:�n→�m
Diff(Km ×�n, Y)

]

∼= eq

[
Diff

(
ä

n
UKn ×�n, Y

)
⇒ Diff

(
ä

α:�n→�m
Km ×�n, Y

)]

∼= Diff

(
coeq

[
ä

α:�n→�m
Km ×�n ⇒ä

n
Kn ×�n

]
, Y

)
= Diff(|K|∞, Y).

5.2.2 Cochain Algebras for Cocubical Mapping Spaces

Now that we are equipped with a cocubical model for mapping spaces, Diff•(K, Y), we
introduce a construction that associates a cochain algebra to Diff•(K, Y). This section is a
reformulation of the simplcial construction discussed in [BS77; PT03] adapted to cubical
sets and differentiable spaces.

We introduce the general construction using arbitrary cochains and smooth cocubical
spaces. Let Z• ∈ Diff�c be a smooth cocubical space, and let C• : Diffop → Ch be a cochain
functor into Ch, the category of nonnegatively graded cochain complexes. By applying
the cochain functor C• to the cocubical space Z•, we obtain a cubical cochain complex
C•(Z•) ∈ Ch�

op
c . Specifically, at each degree, we have

p 7→ C•(Zp),

and the face, degeneracy and connection maps are induced by the coface and codegeneracy
maps in Z• since C• is a contravariant functor,

∂ε
i = C•(δε

i ) : C•(Zp)→ C•(Zp−1),

si = C•(σi) : C•(Zp)→ C•(Zp+1),

gi = C•(γi) : C•(Zp)→ C•(Zp+1).
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We may also view this as a double complex

...
...

...

C1(Z0) C1(Z1) C1(Z2) · · ·

C0(Z0) C0(Z1) C0(Z2) · · ·

d d

∂

d

∂

d d

∂

d

∂

(5.2.5)

where the vertical differential, d, is the coboundary map from the cochain functor and the
horizontal differential is the alternating sum of face maps

∂ =
m

∑
i=1

(−1)i
(

∂0
i − ∂1

i

)
: Ck(Zm)→ Ck(Zm−1). (5.2.6)

By taking the total complex, we obtain a cochain complex associated to Z•.

Definition 5.2.3. The normalized bicomplex of the cubical cochain complex C•(Z•) is the
bicomplex shown in Equation (5.2.5), where the cochains Ck(Zm) are replaced with the
normalized cochains,

Ck
(Zp) := Ck(Zp)/Ck

degen(Zp), (5.2.7)

where Ck
degen(Zp) is generated by the image of the degeneracy and connection maps of

C•(Z•).
The realization of C•(Z•), denoted T•(Z), is the total complex of the normalized bicom-

plex defined by

Tr(Z) :=
⊕

q−p=r
Cq

(Zp). (5.2.8)

The differential of T•(Z), denoted by D : T•(Z)→ T•+1(Z) is defined for α ∈ Cq
(Zp) by

D(α) := (−1)p(d− ∂)(α). (5.2.9)

Lemma 5.2.1. The realization T•(Z) of a smooth cocubical space Z• ∈ Diff� is a cochain complex.

Proof. In order to show that D2 = 0, it suffices to prove that d∂− ∂d = 0. We note that
the face maps ∂ε

i : C•(Zp)→ C•(Zp) are cochain maps, and thus they commute with the
cochain differential d. Because ∂ is a linear combination of face maps, it also commutes
with d.
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If the underlying cochain functor is equipped with a multiplicative structure so that C• :
Diffop → dga sends a differentiable space to a differential graded algebra, the realization
will also be a differential graded algebra.

Proposition 5.2.2. Suppose Z• ∈ Diff�c is a smooth cocubical space and C• : Diffop → dga is a
cochain algebra functor. Then, the realization of C•(Z•) defined in Equation (5.2.8), T•(Z), is a
cochain algebra.

Proof. First, we will define a product on the unnormalized bicomplex C•(Z•). For each
pair p1, p2 ∈N, we have the map

θp1,p2 = (θ
p1,p2
1 , θ

p1,p2
2 ) : �p1+p2 → �p1 ×�p2

(x1, . . . , xp1+p2) 7→
(
(x1, . . . , xp1), (xp1+1, . . . , xp1+p2)

)
.

Within the cocubical space Z•, this provides maps

Z(θp1,p2) = (Z(θp1,p2
1 ), Z(θp1,p2

2 )) : Zp1+p2 → Zp1 × Zp2

Then, given σ ∈ Ck1(Zp1) and τ ∈ Ck2(Zp2), the product σ ∪ τ ∈ Ck1+k2(Zp1+p2) is given by

σ ∪ τ := Z(θp1,p2
1 )∗σ ∪ Z(θp1,p2

2 )∗τ, (5.2.10)

where the ∪ product on the right hand side is the product from the cochain algebra C•.

Next, we must check that the product respects degeneracies and descends to a product
in the normalized bicomplex C•(Z•). Suppose that σ = Z(a)∗σ′, where σ′ ∈ Ck1(Zp1−1)

and a : �p1 → �p1−1 is either a codegeneracy or coconnection map in the box category �c.
Then, we have

(Z(a)∗σ′) ∪ τ = Z(θp1,p2
1 ◦ a)∗σ′ ∪ Z(θp1,p2

2 )∗τ.

There exists another codegeneracy or connection map a′ : �p1+p2 → �p1+p2−1 such that
θp1−1,p2 ◦ a′ = (a, 1) ◦ θp1,p2 . In particular, note that θ

p1−1,p2
2 ◦ a′ = θ

p1,p2
2 : �p1+p2 → �p2

since the new codegeneracy only affects the first p1 coordinates. Then, the above becomes

(Z(a)∗σ′) ∪ τ = Z(a′)∗(θp1−1,p2
1 )∗σ′ ∪ Z(a′)∗Z(θp1−1,p2

2 )∗τ

= Z(a′)∗
(

Z(θp1−1,p2
1 )∗σ′ ∪ Z(θp1−1,p2

2 )∗τ
)

,

where the final equality is given by the functoriality of C•. A similar computation can
be done for the case where τ is degenerate. This shows that the cochain product is well
defined on the normalized bicomplex, and thus T•(Z) is a cochain algebra.
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5.2.3 Chen Construction for Cocubical Mapping Spaces

In this section, we will restrict ourselves to the primary objects of study: differential forms
on mapping spaces Diff(|K|∞, X), where K• ∈ Set�

op
c and X is a smooth manifold. The

main goal of this section is to establish a morphism of differential graded algebras

IT : T•(Diff•(K, X))→ Ω•(Diff(|K|∞, X)), (5.2.11)

where the realization T• is constructed using the de Rham complex Ω• : Diffop → dga as
the cochain algebra functor. Before we begin, we briefly recall the structure of differential
forms on the mapping space Diff(|K|∞, X).

Recall from Definition 2.2.2 that a differential k-form on a differentiable space Y is a
collection of forms ωφ ∈ Ωk(C) on each plot φ : C → Y such that if f : C′ → C is smooth,
then ωφ◦ f = f ∗ωφ. For the smooth geometric realization of a cubical set |K|∞, differential
forms can be fully defined by specifying forms for the generating plots

φb,σ : ∆n
σ

ισ−→ �n
∆

η[b]−−→ |K|∞,

for all non-degenerate b ∈ Kn and σ ∈ Σn, which were previously discussed in Re-
mark 5.1.6.

Proposition 5.2.3. Let K• ∈ Set�
op
c . A differential k-form on |K|∞ is a collection of differential

forms ωb,σ ∈ Ωk(∆n
σ) for each non-degenerate cube b ∈ Kn and σ ∈ Σn which agree on intersec-

tions. In other words, if b1, b2 ∈ Kn are nondegenerate cubes which share a boundary c ∈ Kn−1,
then for any σ1, σ2 ∈ Σn and σ ∈ Σn−1 such that

im(φc,σ) ⊂ im(φb1,σ1) ∩ im(φb2,σ2),

then

ωc,σ = f ∗1 ωb1,σ1 = f ∗2 ω(b2, σ2),

where f1 : ∆n−1
σ → ∆n

σ1
and f2 : ∆n−1

σ → ∆n
σ2

are the inclusions.

Proof. We must show that given a collection of forms ωb,σ ∈ Ωk(∆n
σ) as above, we obtain

differential forms ωφ ∈ Ωk(C) for each plot φ : C → |K|∞. By the same argument as the
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proof of Proposition 5.1.2, there exists an open cover {Ci,j} of C with plots φi,j : Ci,j → ∆ni
σi,j

such that

Ci,j ∆ni
σi,j

C |K|∞

φi,j

ιi,j φbi ,σi,j

φ

commutes. Here, bi ∈ Kni are nondegenerate cubes, and σi,j ∈ Σni . Now, we can define
forms ωi,j ∈ Ωk(Ci,j) via the pullback

ωi,j = φ∗i,jωbi ,σi,j .

Because the forms ωb,σ ∈ Ωk(∆n
σ) agree on intersections, and the sets Ci,j form an open

cover of C, there exists a unique form ωφ ∈ Ωk(C) such that ι∗i,jωφ = ωi,j. Thus, ωφ is the
desired differential form for the plot φ.

We will now define the map

IT : T•(Diff(K, X))→ Ω•(Diff(|K|∞, X))

which associates a differential form on the mapping space Diff(|K|∞, X) to each element of
T•(Diff(K, X)), where

Tr(Diff(|K|∞, X)) =
⊕

q−p=r
Ω

q
(Diff(Kp, X)).

Because Kp is equipped with the discrete smooth structure, we have

Diff(Kp, X) ∼= XKp ,

where XKp is a finite Cartesian product of X, since we have assumed K• to be a finite
cubical set. We begin with the definition for the unnormalized cochain complex, and we
show that it remains well defined in the normalized complex in Lemma 5.2.2. Fix a q-form
ω ∈ Ωq(XKp), where q− p = r, and we define the associated differential form.

By the totalization of cocubical spaces, we have a natural evaluation map

evp : �p × ‖Diff•(K, X)‖∞ → XKp (5.2.12)(
t, ( fn : �n → Diff(Kn, X))∞

n=0
)
7→ fp(t)
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for each p. The pullback along this evaluation map provides a map

ev∗p : Ωq(XKp)→ Ωq(�p ×Diff(|K|∞, X)).

In order to get a differential form on Diff(|K|∞, X), we integrate over �p denoted by∫
�p

: Ωq(�p ×Diff(|K|∞, X))→ Ωq−p(Diff(|K|∞, X)). (5.2.13)

Note that the resulting differential form on Diff(|K|∞, X) is of degree q− p = r, which
coincides with the degree of the element ω ∈ Ω

q
(Diff(Kp, X)) ⊂ Tr(Diff(K, X)). The

following result shows that this construction is well defined for the normalized cochains.

Lemma 5.2.2. Suppose ω ∈ Ωq(XKp) is a degenerate element such that there exists some ν ∈
Ωq(XKp−1) such that ω = u∗(ν), where u : XKp → XKp−1 is induced by either a degeneracy or
connection map in K• corresponding to the codegeneracy/coconnection map µ : �p → �p−1. Then,∫

�p
ev∗pω = 0.

Proof. From the definitions of the codegeneracy/coconnection map µ and u, as well as the
definition of the evaluation map evp, the following diagram commutes

�p ×Diff(|K|∞, X) XKp

�p−1 ×Diff(|K|∞, X) XKp−1 .

evp

(µ,id) u

evp−1

Then, the integrand can be expressed as

ev∗pω = ev∗pu∗ν

= (µ, id)∗ev∗p−1ν.

Because the pullbacks factor through Ω•(�p−1 × Diff(|K|∞, X), there does not exist a
p-volume form component on �p. Therefore, the resulting integral is zero.

The map from the cochain algebra of the cocubical mapping space to the de Rham
complex of the mapping space can be summarized as follows.

Definition 5.2.4. Let K• ∈ Set�
op
c and X ∈ Diff. The integration map

IT : T•(Diff(K, X))→ Ω•(Diff(|K|∞, X))
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is defined by

IT (ω) :=
∫
�p

ev∗pω,

where ω ∈ Ω
q
(XKp) ⊂ Tq−p(Diff(K, X)). The image of the integration map is called the

Chen complex of Diff(|K|∞, X), and is denoted by Chen•(Diff(|K|∞, X)).

While the integration map is defined for arbitrary elements in Ω
q
(XKp), the construction

can be made slightly more concrete for differential forms which can be factored into a
product of forms on each individual factor of X in XKp . This coincides with our definition
of the cochain model for path spaces in Section 2.3.

In this case, we choose a total order on the set of p-cubes Kp, and denote the cubes by

{ai}
Np
i=1, where Np is the number of p-cubes. Let πm : XKp → X be the projection onto the

mth factor. This induces an inclusion

ρp : Ω•(X)⊗Kp → Ω•(XKp) (5.2.14)

(ω1, . . . , ωNp) 7→ π∗1 ω1 ∧ . . . ∧ π∗Np
ωNp .

Next, the evaluation map in Equation (5.2.12) can be defined in terms of the cubical
evaluation maps arising from the geometric realization of K• in Definition 5.1.8. Using the
isomorphism in Proposition 5.2.1, we can equivalently define the evaluation map evp as

evp : �p ×Diff(|K|∞, X)→ XKp (5.2.15)

(t, f ) 7→ ( f ◦ η[a](t))a∈Kp .

Because differential forms are defined plotwise, we fix a plot φ̃ : C → Diff(|K|∞, X) in order
to make the construction more explicit. Recall from the definition of the mapping space
smooth structure in Example 2.2.6 that φ̃ is a plot if the adjoint map φ : C× |K|∞ → X is a
plot. The evaluation map with respect to the plot φ̃ is

evp,φ̃ : C×�p → XKp (5.2.16)

(x, t) 7→
(
φ(x, η[a](t))

)
a∈Kp

The pullback of the composition of the inclusion from the tensor product in Equa-
tion (5.2.14), the evaluation map Equation (5.2.15) and the plot φ̃ can be written as

evp,φ̃ ◦ ρp(ω1 ⊗ . . .⊗ωNp) =

Np∧
j=1

(φ ◦ η[aj])
∗ωj. (5.2.17)
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Thus, for these factored differential forms, we can define the integration map from Defi-
nition 5.2.4 as

IT p : Ω•(X)⊗Kp → Ω•(Diff(|K|∞, X)) (5.2.18)

ω1 ⊗ . . .⊗ωNp 7→

∫
�p

Np∧
j=1

(
φ ◦ (id, η[aj])

)∗
ωj


φ̃

,

where on the right, we use the subscript φ̃ to denote the differential form with respect to
the plot φ̃.

Returning to the setting of arbitrary elements in T•(Diff(K, X)), the previous discussion
provides a definition of the integration map as a degree 0 linear map. In the remainder of
this section, we will show that IT is a map of differential graded algebras. First, we show
that it respects the differential.

Proposition 5.2.4. The integration map IT : T•(Diff(K, X))→ Ω•(Diff(|K|∞, X)) is a cochain
map.

Proof. The proof of this relies on Stokes’ theorem for fiberwise integration (also used in
both [BS77] and [GTZ10]), which states that for a differential form ν ∈ Ω•(�p × C), then

d
∫
�p

ν = (−1)p
(∫
�p

dν−
∫

∂�p
dν

)
. (5.2.19)

Because the exterior derivative of a differential form on a differentiable space is defined
plotwise, we fix a plot φ̃ : C → Diff(|K|∞, X). Given ω ∈ Ω

q
(XKp), the fibrewise Stokes’

theorem shows that

d (IT (ω))φ̃ = (IT (ω))φ̃

=
∫
�p

ev∗p,φ̃ω

= (−1)p
(∫
�p

d(ev∗p,φ̃ω)−
∫

∂�p
ev∗p,φ̃ω

)
= (−1)p

(∫
�p

ev∗p,φ̃dω−
∫
�p−1

ev∗p−1,φ̃

(
p

∑
i=1

(−1)i(∂0
i − ∂1

i )ω

))
= (IT (Dω))φ̃.

Finally, we will show that the integration map is a morphism of differential graded
algebras.
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Proposition 5.2.5. The integration map IT : T•(Diff(K, X)) → Ω•(Diff(|K|∞, X)) is mor-
phism of differential graded algebras.

Proof. The only part left to show is that the integration map preserves the product structure
of the of T•(Diff(K, X)). Recall from the proof of Proposition 5.2.2, specifically in Equa-
tion (5.2.10), that the product structure on T•(Diff(K, X)) is given as follows. Suppose
ω1 ∈ Ω

q1(XKp1 ) and ω2 ∈ Ω
q2(XKp2 ).

Let θ
p1,p2
1 : �p1+p+2 → �p1 and θ

p1,p2
2 : �p1+p2 → �p2 be the projection maps onto the

first p1, and last p2 coordinates respectively. Both of these maps are iterated codegeneracy
maps, and are therefore morphisms of �c. These induce morphisms

θ̃
p1+p2
1 : Ω•(XKp1 )→ Ω•(XKp1+p2 ),

θ̃
p1+p2
2 : Ω•(XKp2 )→ Ω•(XKp1+p2 ),

and the product of ω1 and ω2 in T•(Diff(K, X)) is given by

ω1 ∧ω2 := θ̃
p1+p2
1 ω1 ∧ θ̃

p1+p2
2 ω2.

Then, the integration map applied to this product is

IT (ω1 ∧ω2) =
∫
�p1+p2

ev∗p1+p2
θ̃

p1+p2
1 ω1 ∧ ev∗p1+p2

θ̃
p1+p2
2 ω2.

The differential form

ev∗p1+p2
θ̃

p1+p2
1 ω1 ∈ Ωq1(�p1+p2 ×Diff(|K|∞, X))

depends only on the (t1, . . . , tp1) coordinates of �p1+p2 and

ev∗p1+p2
θ̃

p1+p2
1 ω1 ∈ Ωq1(�p1+p2 ×Diff(|K|∞, X))

depends only on the (tp1+1, . . . , tp1+p2) coordinates of �p1+p2 . This implies that the integral
above can be factored as

IT (ω1 ∧ω2) =

(∫
�p1

ev∗p1
ω1

)
∧
(∫
�p2

ev∗p2
ω1

)
= IT (ω1) ∧ IT (ω2),

which is the wedge product of differential forms in Ω•(Diff(|K|∞, X)).
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5.3 cubical monomials for mapping spaces

In this section, we discuss the 0-cochains in the cubical mapping space construction
detailed in the previous section. From this point onwards, we will also call individual
0-cochains signature monomials, or simply monomials. This terminology comes from the
analogy between the moment generating function and the expected path signature. Just
as moments (expectations of monomials) are used to characterize measures on finite
dimensional vector spaces, the expected path signature coefficients are used to characterize
measures on path spaces. We reserve the term signature for a collection of monomials
arranged into a single map, such as the full path signature S : PRN → T((RN)).

We begin by providing the general definition of the cubical monomials from the mapping
space model. Then, we refine this definition into the form which we will use in the next two
chapters to define the path signature and the mapping space signature. We will conclude
by considering the product structure on cubical monomials, which corresponds to the
shuffle product of the ordinary path signature. This section can be read independently
from the previous section on the topological construction and contains the foundational
material which will be used for the rest of this thesis.

5.3.1 Definition of Cubical Monomials

Throughout this section, we fix a cubical set K• ∈ Set�
op
c and a smooth manifold X.

Recall that Diff(|K|∞, X) is the mapping space of smooth maps from the smooth geometric
realization of K• into X, which are characterized by Proposition 5.1.2.

We will introduce a class of monomials from the Chen construction obtained using
factored differential forms; this coincides with the definition in Equation (5.2.18). The
0-cochains (monomials) of the Chen construction Chen0(Diff(|K|∞, X) have a grading,
analogous to the grading by levels in the ordinary path signature. Fix a level n ∈N. Recall
from Section 2.3 that a level n monomial in Chen’s construction for path spaces is defined
using a collection of n 1-forms on the underlying manifold X. For the mapping space
construction, the input for a 0-cochain is a collection of m differential forms ωi ∈ Ωqi(X)

paired with a collection of m n-cubes ai ∈ Kn such that the degrees of the differential forms
satisfy

m

∑
j=1

qi = n.

From Proposition 5.1.1, each n-cube ai ∈ Kn can be represented by a pair (Ij, bj), where
bj is a non-degenerate qj-cube and Ij is a qj-ordered subset, defined in Definition 5.1.9.
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Definition 5.3.1. Let n ∈N, and consider the ordered sets

I =
(
(I1, b1), . . . , (Im, bm)

)
,

P = (ω1, . . . , ωm).

The ordered set I specifies the choice of n-cubes, and P specifies the associated differential
forms. Each (Ij, bj) specifies a n-cube, where bj is a non-degenerate qj-cube, and Ij is
a qj-ordered subset of [n]. Furthermore, ωj ∈ Ωqj(M) such that ∑m

j=1 qj = n. Let γ ∈
Diff(|K|∞, X). The cubical monomial of γ with respect to I and P is

MI ,P(γ) =
∫
�n

m∧
j=1

(
η[bj] ◦ η

Ij
n

)∗
(γ∗ωj) (5.3.1)

= ∑
σ∈Σn

∫
∆n

σ

m∧
j=1

(
η[bj] ◦ η

Ij
n

)∣∣∣∗
∆n

σ

(γ∗ωj). (5.3.2)

The definition of the cubical monomial in Equation (5.3.1) uses the factorization of
the evaluation map with respect to the n-cube aj = (Ij, bj) given in Equation (5.1.36),
while the second expression in Equation (5.3.2) uses the structure of differential forms on
Diff(|K|∞, X) from Proposition 5.2.3. This Proposition states that a differential form on �n

equipped with the simplicial smooth structure from Definition 5.1.10 is determined by its
restriction to the subsimplices ∆n

σ, for all σ ∈ Σn.

While this definition is still quite involved for general mapping spaces, we provide a host
of explicit examples for Diff([0, 1], RN) in Section 6.1.1, which recover the standard path
signature monomials, and for Diff(�d, RN) in Section 7.1.3, which lead to the monomials
used to define the mapping space signature. When we consider these explicit examples
in the following chapters, we work with a single non-degenerate cube b. In this case,
the indexing set I can be described as a collection of k-ordered subsets I = (I1, . . . , Im).
Furthermore, since we will be considering the case where K• is a cubical model for a
geometric d-cube, the evaluation map for the non-degenerate cube b will be the identity
map, further simplifying the formula.
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5.3.2 Product Structure for Cubical Monomials

Our final task in this chapter is to consider the product structure on the collection of cubical
monomials, similar to the shuffle product for the standard path signature monomials.
Suppose we have two cubical monomials, one at level n1 indexed by

I =
(
(I1, b1), . . . , (Im1 , bm1)

)
, (5.3.3)

P = (ω1, . . . , ωm1),

and another at level n2 indexed by

J =
(
(J1, c1), . . . , (Jm2 , cm2)

)
, (5.3.4)

Q = (ν1, . . . , νm2).

By using the definition of the cubical monomials in Equation (5.3.1), the product of these
monomials for a map γ ∈ MK is

MI ,P(γ)MJ ,Q(γ)

=

(∫
�n1

m∧
k=1

(
η[bk] ◦ η Ik

n1

)∗
(γ∗ωk)

)(∫
�n2

m2∧
k=1

(
η[ck] ◦ η Jk

n2

)∗
(γ∗νk)

)
.

Let ρ1 : �n1+n2 → �n1 and ρ2 : �n1+n2 → �n2 be the two projection maps. By taking the
pullback of the two integrands along these projection maps, we can write the product as a
single integral,

MI ,P(γ)MJ ,Q(γ) (5.3.5)

=
∫
�n1+n2

(
m∧

k=1

(
η[bk] ◦ η Ik

n1 ◦ ρ1

)∗
(γ∗ωk)

)
∧
(

m2∧
k=1

(
η[ck] ◦ η Jk

n2 ◦ ρ2

)∗
(γ∗νk)

)
.

In order to interpret this integral as a cubical monomial, we must rewrite η Ik
n1 ◦ ρ1 and

η Jk
n2 ◦ ρ2 as evaluation maps for n1 + n2 cubes.

Lemma 5.3.1. Let ρ1 : �n1+n2 → �n1 and ρ2 : �n1+n2 → �n2 be the projection maps onto �n1

and �n2 . Let I be a k-ordered subset of [n1] and J be a k-ordered subset of [n2]. Let Ĩ, J̃ be k-ordered
subsets of [n1 + n2] defined by

Ĩ = I

J̃ = J + n1 = {j + n1 : j ∈ J}.
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5.3 cubical monomials for mapping spaces

In particular, Ĩ is equivalent to I, but reinterpreted as a k-ordered subset of [n1 + n2]. The ordered
partitions of Ĩ and J̃ are induced by those of I and J. Then,

η Ĩ
n1+n2

= η I
n1
◦ ρ1 (5.3.6)

η J̃
n1+n2

= η J
n2 ◦ ρ2. (5.3.7)

Proof. Equation (5.3.6) is straightforward to show by definition:

η I
n1
◦ ρ1(t1, . . . , tn1+n2) = (s1, . . . , sk), sr = max

j∈I(r)
{tj},

which is equal to η Ĩ
n1+n2

by definition. Expanding the right hand side of Equation (5.3.7),
we get

η J
n2 ◦ ρ2(t1, . . . , tn1+n2) = η J

n2(tn1+1, . . . , tn1+n2)

= (s1, . . . , sk), sr = max
j∈J(r)
{tn1+j},

which is equal to η J̃
n1+n2

.

Theorem 5.3.1. Let MI ,P be a level n1 cubical monomial and MJ ,Q be a level n2 cubical monomial,
where the index sets are defined in Equation (5.3.3) and Equation (5.3.4) respectively. Let

I ∗ J =
(
(I1, b1), . . . , (Im1 , bm1), (J1 + n1, c1), . . . , (Jm2 + n1, cm2)

)
P ∗Q = (ω1, . . . , ωm1 , ν1, . . . , νm2),

where each Ik and Jk + n1 are viewed as k-ordered subsets of [n1 + n2]. Then for any γ ∈ MK,

MI ,P(γ)MJ ,Q(γ) = MI∗J ,P∗Q(γ). (5.3.8)

Proof. This product formula is obtained by applying Lemma 5.3.1 to the expansion of the
product in Equation (5.3.5).

In Section 6.3, we will show how this product structure on Diff([0, 1], RN) reduces to the
ordinary shuffle product for the path signature monomials. Furthermore, in Section 7.3, we
will derive a generalized shuffle product formula for cubical monomials on the mapping
space Diff(�d, RN).
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6
T H E C U B I C A L F O R M U L AT I O N O F T H E PAT H S I G N AT U R E

In the previous chapter, we developed a cubical variant of the Chen model for mapping
spaces and discussed the resulting 0-cochains for a general mapping space Diff(|K|∞, X),
where |K|∞ is the realization of a finite cubical set K•, and X is a smooth manifold. In this
chapter, we consider the path space of X = RN , so we take K = [0, 1]. Our goal in this
section is to demonstrate how to extract the standard path signature from the 0-cochains
of the cubical model. Furthermore, we will show that the shuffle product arises naturally
from the algebraic structure of the model and Chen’s identity can be derived using the
composition structure of cubical sets. While we do not derive any new properties of the
path signature in this section, we provide an overview of how to work with the 0-cochains
in a familiar setting. Many aspects of the mapping space signature, which we introduce in
the next chapter, will be studied in a similar manner.

The general goal of both this chapter and the next is to determine a collection of the
0-cochains of the cubical mapping space model which are rich enough to separate points
in the path space or mapping space; has some algebraic structure such as the shuffle
product; and is equipped with a composition law such as Chen’s identity. From this
point onward, we will call individual 0-cochains signature monomials, or simply monomials.
This terminology comes from the analogy between the moment generating function and
the expected path signature. Just as moments (expectations of monomials) are used to
characterize measures on finite dimensional vector spaces, the expected path signature
coefficients are used to characterize measures on path spaces.

We begin this chapter by providing explicit descriptions of the full set of cubical
monomials as well as several examples. Next, we consider the monomials indexed by
flags, which correspond to the coefficients of the path signature. We then derive the shuffle
product and Chen’s identity using the algebra structure on cochains and the composition
structure on cubical sets respectively.

Notation: As we will be comparing the monomials obtained from the cubical model
with those obtained from the simplicial model, we will use SP

∆ to denote the ordinary
signature with respect to the multi-index P. We will also call these simplicial signature
monomials or simply simplicial monomials. We will continue to use “cubical sets” to refer to
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6.1 cubical monomials

cubical sets with connection and implicitly assume that the geometric n-cube is equipped
with the simplicial smooth structure from Definition 5.1.10.

6.1 cubical monomials

Throughout this section, we fix K• ∈ to be the cubical model for the unit interval [0, 1]
as described in Example 5.1.1 and Example 5.1.2, and we fix X = RN . Recall from Def-
inition 5.3.1 that a cubical monomial of level n is defined by choosing a collection of m
differential forms ωj ∈ Ωqj(RN) paired with m n-cubes in Kn such the total degree is
∑m

j=1 qj = n. Thus, there are two pieces of information which are required to specify a level
n monomial:

1. A collection of n-cubes denoted by

I =
(
(I1, b1), . . . , (Im, bm)

)
, and

2. A collection of differential forms

P = (ω1, . . . , ωm)

such that ωj ∈ Ωqj(RN) associated to each of the chosen n-cubes.

We begin by discussing the first step, which is slightly more involved. Recall that our
cubical model K• for the unit interval only has three non-degenerate cubes: two 0-cubes
v0, v1 representing the endpoints, and a single 1-cube e representing the interval. Each of
the nondegenerate 0-cubes has exactly one degeneracy at level p, written as

spsp−1 . . . s1vj.

The evaluation maps η[spsp−1 . . . s1vj] : �p → [0, 1] associated to these degenerate cubes are
the constant functions at the end points of [0, 1]. Thus the pullback along these evaluation
maps are trivial, and so we omit these cubes from our consideration.

This leaves the degree p degeneracies of the single 1-cube e, which can be indexed using
ordered subsets I ⊂ [p] as discussed at the end of the previous chapter. Note that we do
not consider any partitions since the corresponding non-degenerate cube is of degree 1,
thus resulting in a partition made up of a single subset.

We must then associate differential forms ωI ∈ ΩqI (RN) to collection of chosen subsets
I ⊂ [p]. However, because the domain of our mapping space [0, 1] is only one dimensional,
the only forms ω ∈ Ω•(RN) with a nontrivial pullback are the 1-forms. This forces each of
the chosen forms ωI to be 1-forms, and thus for a level p monomial, we must choose exactly
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6.1 cubical monomials

p degeneracies of the edge to associate 1-forms to. Furthermore, we restrict ourselves to
using the standard 1-forms dxi of RN .

Definition 6.1.1. The level n cubical monomials of the path space Map([0, 1], RN) are indexed
by two objects:

I = (I1, . . . , In)

P = (p1, . . . , pn)

where Ij ⊂ [n] such that Ij 6= ∅ and the Ij are all distinct, and P is a multi-index where
pj ∈ [N]. Let γ = (γ1, . . . , γN) : [0, 1]→ RN . The cubical signature monomial of γ with respect
to I and P is defined to be

SI ,P
� (γ) :=

∫
t∈�n

n∧
k=1

γ′pk
(sk)dsk, sk = max

i∈Ik
{ti}. (6.1.1)

In this definition, the I specifies the choice of level n degeneracies of the edge e which
in turn specifies the coordinates over which the s variables take their maximum, and pj
specifies that the 1-form dxpj should be associated to Ij. Because we are using standard
1-forms on RN , we can explicitly compute one of the pullbacks from the general formula
for monomials in Equation (5.3.1) as γ∗dxj = γj(t)dt. Furthermore, we denote the pullback
along the evaluation map explicitly in terms of the s variables

(η Ik
n )
∗(γ′pk

(t)dt) = γ′pk
(sk)dsk. (6.1.2)

As discussed in the previous section, differential forms on �n equipped with the simplicial
smooth structure are determined by their restrictions onto each subsimplex ∆n

σ ⊂ �n, and
the signature is determined by summing over all subsimplices as in Equation (5.3.1).

6.1.1 Examples

We now provide several explicit examples of these cubical monomials. We focus providing
some intuition for various choices of I . We begin with a couple of examples where the
choice of a simple I leads to trivial information. We then explore some other choices that
will lead us back to the ordinary path signature.

177



6.1 cubical monomials

Example 6.1.1. We begin with the case where I consists of singletons. Let’s consider a
level n = 2 monomial with I1 = {1} and I2 = {2}. Let γ = (γ1, . . . , γN) : �1 → RN , and
take P = (p1, p2). In this case, si = ti, and Equation (6.1.1) reduces to

SI ,P
� (γ) =

∫
�2

γ′p1
(t1)γ

′
p2
(t2)dt1dt2

=
(
γp1(1)− γp1(0)

)(
γp2(1)− γp2(0)

)
.

Example 6.1.2. We can generalize the previous example for an arbitrary level n. Let
I = (I1, . . . , In) consist of singletons Ij = {j}, and let P = (p1, . . . , pn) be a multiset of [N].
As in the previous example, we have si = ti, and the cubical monomial is

SI ,P
� =

∫
�n

γ′p1
(t1) . . . γ′pn

(tn)dt1 . . . dtn

=
n

∏
k=1

(
γpk(1)− γpk(0)

)
.

These examples show that when I consist entirely of singletons, the cubical signature only
provides information about the displacement of the path in various dimensions. Thus, in
order to gain any other information, we must consider other subsets in I .

Example 6.1.3. Next, we consider an example at level n = 3, with I1 = {1}, I2 = {2, 3}, I3 =

{1, 2, 3}. In this case, the pullbacks (η
Ij
3 )
∗(γ′pj

(t)dt) are computed piecewise to be

γ′p1
(s1)ds1 = γ′p1

(t1)dt1

γ′p2
(s2)ds2 =

{
γ′p2

(t2)dt2 : t3 < t2

γ′p2
(t3)dt3 : t2 < t3,

γ′p3
(s3)ds3 =


γ′p3

(t1)dt1 : t2, t3 < t1

γ′p3
(t2)dt2 : t1, t3 < t2

γ′p3
(t3)dt3 : t1, t2 < t3.

We first note that in the region where t1 is the largest, the wedge product of these
three will be 0 since both the first and third pullbacks contribute a dt1 term. Then in the
simplices where t2 (resp. t3) is the largest, both the second and third pullback contribute a
dt2 (resp. dt3) term, and thus must be 0. Therefore, since the wedge product is 0 for all
subsimplices, it is zero over the entire integration domain, so

SI ,P
� (γ) = 0

178



6.1 cubical monomials

for all γ ∈ Diff([0, 1], RN). This demonstrates that certain nontrivial choices of I can result
in a trivial monomial.

This example leads to a key observation. If we wish to construct a nontrivial level n
monomial with I = (I1, . . . , In), there must exist at least one subsimplex ∆n

σ, given by
the ordering σ ∈ Σn of coordinates, such that the collection of maximum coordinates sk
each projects onto a distinct coordinate in t = (t1, . . . , tn). As seen in the above example,
if s variables project onto the same coordinate ti, the integrand will have a dti ∧ dti term,
leading to 0.

Example 6.1.4. Now, we consider the case where I is a flag. Specifically, we consider n = 2
and take I1 = {1} and I2 = {1, 2}. By considering the two subsimplices of the unit square
individually as in the previous example, the pullbacks can be defined piecewise as

γ′p1
(s1)ds1 = γ′p1

(t1)dt1

γ′p2
(s2)ds2 =

{
γ′p2

(t1)dt1 : t2 < t1

γ′p2
(t2)dt2 : t1 < t2.

Thus, we have

2∧
k=1

γ′pk
(sk)dsk =

{
0 : t2 < t1

γ′p1
(t1)γ

′
p2
(t2)dt1 ∧ dt2 : t1 < t2

where we use the fact that dt1 ∧ dt1 = 0. Then in this case, since the integrand is 0 when
0 ≤ t2 < t1 ≤ 1, the integration domain reduces to the standard 2-simplex, and the cubical
signature monomial is

SI ,P
� (γ) =

∫
~t∈∆2

γ′p1
(t1)γ

′
p2
(t2)dt1dt2

Note that this is equivalent to SP
∆(γ), one of the simplicial signature monomials.
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6.1 cubical monomials

Example 6.1.5. Here, we consider the case of a flag at level n = 3 so that I1 = {1}, I2 =

{1, 2}, I3 = {1, 2, 3}. In this case, the three 1-forms can be written piecewise as

γ′p1
(s1)ds1 = γ′p1

(t1)dt1

γ′p2
(s2)ds2 =

{
γ′p2

(t1)dt1 : t2 < t1

γ′p2
(t2)dt2 : t1 < t2,

γ′p3
(s3)ds3 =


γ′p3

(t1)dt1 : t2, t3 < t1

γ′p3
(t2)dt2 : t1, t3 < t2

γ′p3
(t3)dt3 : t1, t2 < t3.

We will now need to take the wedge product of these three 1-forms. The only region
where the wedge product is nonzero is when t1 < t2 < t3.

3∧
k=1

γ′pk
(sk)dsk =

{
γ′p1

(t1)γ
′
p2
(t2)γ′p3

(t3)dt1 ∧ dt2 ∧ dt3 : t1 < t2 < t3

0 : otherwise.

Finally, we see that the resulting monomial coincides with the ordinary path signature

SI ,P
� (γ) =

∫
~t∈∆3

γ′p1
(t1)γ

′
p2
(t2)γ

′
p3
(t3)dt1dt2dt3

= SP
∆(γ).

Example 6.1.6. We will conclude with one more example at level n = 3. We take I1 =

{1}, I2 = {1, 2}, I3 = {3}. In this case, the forms are

γ′p1
(s1)ds1 = γ′p1

(t1)dt1

γ′p2
(s2)ds2 =

{
γ′p2

(t1)dt1 : t2 < t1

γ′p2
(t2)dt2 : t1 < t2,

γ′p3
(s3)ds3 = γ′p3

(t3)dt3

In this case, the wedge product will be zero in all subsimplices in which t1 < t2, since
both the first and second form will contribute a dt1 term. This leaves us with the three
subsimplices ∆3

σj
where σj ∈ Σ3 is defined as

σ1 = (123)

σ2 = (132)

σ3 = (312).
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6.2 relationship between cubical and simplicial monomials

Let R = ∆3
σ1
∪ ∆3

σ2
∪ ∆3

σ3
. The integrand can be written as

3∧
k=1

γ′pk
(sk)dsk =

{
γ′p1

(t1)γ
′
p2
(t2)γ′p3

(t3)dt1 ∧ dt2 ∧ dt3 :~t ∈ R

0 : otherwise.

Because R consists of three simplices, we can write the cubical monomial as a sum of three
simplicial monomials.

SI ,P
� (γ) =

3

∑
j=1

∫
∆3

σj

γ′p1
(t1)γ

′
p2
(t2)γ

′
p3
(t3)d~t

Furthermore, we can perform a change of variables on the integrals such that each
integration domain is the standard 3-simplex, and we can thus interpret this as the sum of
three ordinary path signature terms

SI ,P
� (γ) =

∫
~t∈∆3

γ′p1
(t1)γ

′
p2
(t2)γ

′
p3
(t3)d~t +

∫
~t∈∆3

γ′p1
(t1)γ

′
p2
(t3)γ

′
p3
(t2)d~t

+
∫
~t∈∆3

γ′p1
(t3)γ

′
p2
(t1)γ

′
p3
(t2)d~t

= S(p1,p2,p3)
∆ (γ) + S(p1,p3,p2)

∆ (γ) + S(p3,p1,p2)
∆ (γ).

This example demonstrates that in general, we should be able to write the cubical
monomials as a linear combination of ordinary path signature monomials. Moreover,
note that the resulting sum of three signature monomials corresponds exactly to the
shuffle product for S(p1,p2)

∆ (γ)Sp3
∆ (γ). We will make both of these statements precise in the

following sections.

6.2 relationship between cubical and simplicial monomials

As we saw in Example 6.1.4 and Example 6.1.5, certain choices of I result in cubical
monomials which are equivalent to the simplicial monomials. We will now show that
this is true in general: the simplicial path signature can be recovered from the cubical
monomials.

Definition 6.2.1. Let n ∈N. An n-flag is an ordered set of subsets of [n] defined by

F n := ([1], [2], . . . , [n− 1], [n]). (6.2.1)
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6.2 relationship between cubical and simplicial monomials

Proposition 6.2.1. Let γ : [0, 1] → RN , and P = (p1, . . . , pn) be a multi-index with values in
[N]. Then

SF
n,P
� (γ) = SP

∆(γ).

Proof. First, we consider the pullback of forms along the evaluation maps restricted to the
standard n-simplex

∆n = {0 ≤ t1 < t2 < . . . < tn ≤ 1}.

Restricted to ∆n, the s variables are sk = tk by definition. Thus, within ∆n, the pullbacks
are evaluated as

γ′pk
(sk)dsk = γ′pk

(tk)dtk.

Therefore, within ∆n, the wedge product is

n∧
k=1

γ′pk
(sk)dsk =

(
γ′p1

(t1) . . . γ′pn
(tn)

)
dt1 ∧ . . . ∧ dtn,

and the integral over ∆n is exactly the simplicial signature SP
∆(γ).

Next, we must show that the wedge product is 0 outside of the standard n-simplex.
Consider the n-simplex ∆n

σ, where σ ∈ Σn is not the identity. Then, there exist distinct
j, k ∈ [N] where sj = maxi∈[j]{ti} = maxi∈[k]{ti} = sj. Therefore, the wedge product in this
subsimplex will contain a dtj ∧ dtj term, and will be 0.

Moreover Example 6.1.6 suggested that a stronger statement holds: that all cubical mono-
mials can be represented as a linear combination of simplicial monomials. By following the
computations in Example 6.1.6, this fact is not too surprising. Indeed, let I = (I1, . . . , In).
Restricted to a simplex ∆n

σ, each of the s variables sk are mapped to a fixed t variable tk′ .
The specific coordinates are given by the maximal coordinates.

Definition 6.2.2. Let I ⊂ 2[n] such that ∅ /∈ I , and let σ ∈ Σn. The maximal coordinates with
respect to I and σ is

µ(I , σ) :=
(

argmaxi∈I1
{ti}, . . . , argmaxi∈In

{ti}
)
∈ [n]n, (6.2.2)

where the argmax is taken within ∆n
σ.

Thus, restricted to each ∆n
σ, the s variables can be explicitly written as

sk = tµ(I ,σ)(k).
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6.2 relationship between cubical and simplicial monomials

A priori, µ(I , σ) is only an element of [n]n, since there may be duplicate of a single
coordinate. However, as we saw in the examples, the integrand restricted to ∆n

σ is trivial
when µ(I , σ) includes a duplicate of any coordinate due to a dt ∧ dt term.

Definition 6.2.3. Let I ⊂ 2[n] such that ∅ /∈ I . Given σ ∈ Σn, the subsimplex ∆n
σ is a

nontrivial domain if µ(I , σ) has no duplicate elements, and thus µ(I , σ) ∈ Σn.

In order to obtain an explicit formula for an arbitrary cubical monomial in terms of the
simplicial monomials, we only need to consider the nontrivial domains of �n. We will
characterize the nontrivial domains using the perspective of posets and lattices. Given
a set A, we let 2A denote the power set of A. We define the index set I for a level
n cubical monomial as a subset I ⊂ 2[n] such that |I| = n and ∅ /∈ I . Any subset
I = {I1, . . . , In} ⊂ 2[n] can be viewed as a poset by setting Ij ≤ Ik if Ij ⊂ Ik. Such a poset
is called a lattice if any two elements Ij and Ik have a least upper bound, called the join,
and a greatest upper bound, called the meet. For example, the full power set 2[n] is a lattice.
Indeed, given any two subsets A, B ∈ 2[n], the join is the union A ∪ B and the meet is the
intersection A ∩ B.

Definition 6.2.4. Let I ⊂ 2[n]. The union completion of I is defined to be

U(I) :=

{
n⋃

k=1

Ik : Ik ∈ I
}
∪ {∅}. (6.2.3)

While we do not need the structure of the union completion to proceed, we will include
it for completeness.

Lemma 6.2.1. Let I ⊂ 2[n]. The union completion of I , U(I), is a lattice.

Proof. Given any I, J ∈ U(I), the join is I ∪ J, which is contained in U(I) by definition.
Within U(I), the meet of I and J is defined to be⋃

{A ∈ I : A ⊂ I, A ⊂ J}.

This element is contained in U(I) by definition. Note that the meet between two elements
is not necessarily the intersection within U(I).

Given I ⊂ 2[n], we can use the union completion U(I) to enumerate the subsimplices
with nonzero integrands.

Definition 6.2.5. Let I ⊂ 2[n] and U(I) be its union completion. A maximal chain of U(I)
is a sequence of n nonempty subsets of U(I) ordered by inclusions:

I1 ⊂ . . . ⊂ In = [n].
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The cardinality of each subset must be |Ik| = k, and thus each maximal chain corresponds
to a permutation σ ∈ Σn determined by

σ = (I1, I2 − I1, . . . , In − In−1) .

The collection of maximal chains of U(I) is denoted M(I), and we view this as a subset
of the symmetric group Σn.

Example 6.2.1. Let I ⊂ 2[4] be defined by

I = {{1}, {1, 2}, {1, 3}, {1, 2, 3, 4}} .

We draw the Hasse diagrams of I as well as its union completion U(I) in order to
visualize its poset structure:

I

{1, 2, 3, 4}

{1, 2} {1, 3}

{1}

U(I)

{1, 2, 3, 4}

{1, 2, 3}

{1, 2} {1, 3}

{1}

∅ .

There are two maximal chains in U(I),

{1} ⊂ {1, 2} ⊂ {1, 2, 3} ⊂ {1, 2, 3, 4},
{1} ⊂ {1, 3} ⊂ {1, 2, 3} ⊂ {1, 2, 3, 4},

with the corresponding permutations

σ1 = (1234)

σ2 = (1324).

Thus, we have M(I) = {σ1, σ2} ⊂ Σ4.

We claim that M(I) indexes all of the nontrivial domains ∆n
σ. We will prove this with a

sequence of lemmas.
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Lemma 6.2.2. Let I = (I1, . . . , In) ⊂ 2[n] such that ∅ /∈ I . Suppose σ ∈ Σn, and let σk ⊂ [n]
denote the first k elements of σ as a set. The maximal coordinates µ(I , σ) defined in Equation (6.2.2)
has distinct elements if and only if σ satisfies the nonzero condition: for all k ∈ [n], there exists
exactly one j ∈ [n] such that

σk ∩ Ij = Ij, σk−1 ∩ Ij 6= Ij. (6.2.4)

Proof. First, let suppose σ ∈ Σn satisfies the nonzero condition. For each j ∈ [n], Equa-
tion 6.2.4 implies that

argmaxi∈Ij
(ti) = tσ(k)

on ∆n
σ. This implies that the largest coordinate corresponding to each Ij will be distinct,

and thus µ(I , σ) ∈ Σn.

Next, suppose that σ ∈ Σn does not satisfy the nonzero condition. This implies that for
some k ∈ [n], there exist two distinct j1, j2 ∈ [n] such that Equation 6.2.4 holds. This means
that the maximal coordinate for Ij1 and Ij2 are both k, so µ(I , σ) contains a repetition, and
is not a permutation.

We can now show that the permutations corresponding to maximal chains satisfy the
nonzero condition.

Lemma 6.2.3. Let I = (I1, . . . , In) ⊂ 2[n] such that ∅ /∈ I . Let σ ∈ Σn. Then σ satisfies the
nonzero condition if and only if it corresponds to a maximal chain so that σ ∈ M(I).

Proof. Suppose σ satisfies the nonzero condition. We will continue to let σk ⊂ [n] denote
the first k elements of σ as a set. The maximal chain that corresponds to σ is

∅ = σ0 ⊂ σ1 ⊂ . . . ⊂ σn,

so we must show that σk ∈ U(I) for all k = 0, . . . , n. First, we have ∅ ∈ U(I) by definition,
so σ0 = ∅ ∈ U(I). Next, we proceed by induction and suppose that σk ∈ U(I), and we
aim to show that σk+1 ∈ U(I). By the nonzero condition, we know there exists exactly one
Ij ∈ I such that Equation 6.2.4 holds for σk+1. We claim that

σk+1 = σk ∪ Ij.

Indeed, by the nonzero condition, we know that σ(k + 1) ∈ Ij and Ij ⊂ σk+1, so these two
sets are equal. Thus, σk+1 ∈ U(I).

Next, suppose that σ corresponds to a maximal chain in U(I), meaning σk ∈ U(I) for
all k. Note that σ1 ∈ I by the definition of U(I) (we only add unions, so if a singleton
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6.2 relationship between cubical and simplicial monomials

exists, it must be in I), so the nonzero condition holds for k = 1. Let’s consider the nonzero
condition at k. Note that we can write

σk = Ij1 ∪ . . . ∪ Ijm

where Ij1 . . . Ijm ∈ I . Thus, one of these sets I′ ∈ {Ij1 , . . . , Ijm}, contains the element σ(k).
Then, I′ satisfies Equation 6.2.4. This shows that for each k, there exists at least one set
I′ ∈ I that satisfies Equation 6.2.4. However, each set in I satisfies the equation for exactly
one k. Thus, for each k, there is exactly one Ij that satisfies the equation. Therefore, σ

satisfies the nonzero condition.

Putting these two lemmas together, we find that the permutations given by the maximal
chains correspond to each of the nonzero domains ∆n

σ.

Corollary 6.2.1. Let I = (I1, . . . , In) ⊂ 2[n] such that ∅ /∈ I and σ ∈ Σn. Furthermore, let P be
a multiset of length n valued in [N]. There exists a path γ : [0, 1]→ RN such that the integrand
of SI ,P

� (γ) restricted to ∆n
σ is nonzero,

n∧
k=1

(γ′pk
(sk)dsk) 6= 0,

if and only if σ ∈ M(I).

Now that we have a characterization for the simplices with nonzero integrand, we can
provide an explicit formula for the cubical monomials as a linear combination of the
simplicial monomials.

Theorem 6.2.1. Let I = (I1, . . . , In) ⊂ 2[n] such that ∅ /∈ I and P = (p1, . . . , pn) be a
multi-index with values in [N]. Then, for all γ : [0, 1]→ RN ,

SI ,P
� (γ) = ∑

σ∈M(I)
S(µ(I ,σ)−1◦σ)P

∆ (γ),

where µ(I , σ) is given in Definition 6.2.2.

Proof. As we have shown in Corollary 6.2.1, M(I) indexes the nontrivial domains of �n.
Let’s fix σ ∈ M(I) and to simplify notation, we set µ := µ(I , σ). To prove the result, we
must rewrite the integral over ∆n

σ as an integral over ∆n (the standard n-simplex). The
integral corresponding to σ is∫

~t∈∆n
σ

γ′p1
(tµ(1)) . . . γ′pn

(tµ(n))dt1 . . . dtn.
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6.3 shuffle product

We perform a change of variables by permuting the coordinates ~t 7→ σ−1~t so that the
domain of integration is mapped ∆n

σ 7→ ∆n. Then, by moving the permutations from the
coordinates ti to the multi-index P, we get∫

~t∈∆n
σ

γ′p1
(tµ(1)) . . . γ′pn

(tµ(n))dt1 . . . dtn

=
∫
~t∈∆n

γ′p1
(tσ−1◦µ(1)) . . . γ′pn

(tσ−1◦µ(n))dt1 . . . dtn

=
∫
~t∈∆n

γ′p
µ−1◦σ(1)

(t1) . . . γ′p
µ−1◦σ(n)

(tn)dt1 . . . dtn

= S(µ−1◦σ)P
∆ (γ)

Adding up all the subsimplices with nonzero integrands indexed by M(I), we get the
desired result.

6.3 shuffle product

From the product structure for cubical monomials given in Theorem 5.3.1, we immediately
get a product structure for the cubical monomials for the path space.

Theorem 6.3.1. Let I = (I1, . . . , In1) ⊂ 2[n1] and J = (J1, . . . , Jn2) ⊂ 2[n2]. Let P =

(p1, . . . , pn1) and Q = (q1, . . . , qn2 be multi-indices in [N] of length n1 and n2 respectively.
Define

I ∗ J =
(

I1, . . . , In1 , J1 + n1, . . . , Jn2 + n1)

P ∗Q = (p1, . . . , pn1 , q1, . . . , qn2).

Then for any γ : [0, 1]→ RN ,

SI ,P
� (γ)SJ ,Q

� (γ) = SI∗J ,P∗Q
� (γ).

Proof. This is a special case of Theorem 5.3.1. Note that for the cubical path signature
monomials, each of the elements of I and J correspond to degeneracies of the 1-cell e.

When we restrict the subsets I and J to be flags, so that the monomials correspond
to the simplicial signature monomials, we recover the shuffle product. The set of (n1, n2)

shuffles, denoted Sh(n1, n2) is defined in Definition 1.2.7.
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6.3 shuffle product

Corollary 6.3.1. Let P = (p1, . . . , pn1) and Q = (q1, . . . , qn2) be multi-indices in RN . Let
Fn1 ⊂ 2[n1] and Fn2 ⊂ 2[n2] be n1- and n2- flags respectively. Then

S
Fn1 ,P
� (γ)S

Fn1 ,P
� (γ) = ∑

σ∈Sh(n1,n2)

Sσ(P∗Q)
∆ (γ).

Proof. By the product structure for cubical path signature monomials from Theorem 6.3.1
and the expression of cubical monomials as simplicial monomials from Theorem 6.2.1, we
immediately get

S
Fn1 ,P
� (γ)S

Fn1 ,P
� (γ) = S

Fn1∗Fn2 ,P∗Q
� (γ)

= ∑
σ∈M(Fn1∗Fn2 )

S
µ(Fn1∗Fn2 ,σ)

−1◦σ(P∗Q)

∆ (γ).

First, we show that M(Fn1 ∗ Fn2) = Sh(n1, n2). First, suppose that σ ∈ Sh(n1, n2), and
recall that σk = {σ(1), . . . , σ(k)} denotes the set containing the first k elements of σ. The
maximal chain corresponding to σ is

∅ = σ0 ⊂ σ1 ⊂ . . . ⊂ σn1+n2 .

By the definition of a (n1, n2)-shuffle, σk = [m1] ∪ ([m2] + n1) for some m1 ∈ [n1] and
m2 ∈ [n2], thus σk is in the union completion U(Fn1 ∗ Fn2), so σ corresponds to a maximal
chain in U(Fn1 ∗ Fn2). Conversely, every element of U(Fn1 ∗ Fn2) can be written in the
form

[m1] ∪ ([m2] + n1),

and a maximal chain of such subsets corresponds to a permutation σ ∈ Sh(n1, n2). Thus
M(Fn1 ∗ Fn2) = Sh(n1, n2).

To complete the proof, we must show that µ(Fn1 ∗ Fn2 , σ) = id, the identity permutation,
for all σ ∈ Sh(n1, n2). Because

Fn1 ∗ Fn2 =
(
[1], . . . , [n1], [1] + n1, . . . , [n2] + n1

)
and the elements of [n1] and [n2] + n1 appear in ascending order in σ since it is a shuffle,
we get

argmaxj∈[m1]
{tj} = j, m1 ∈ [n1]

argmaxj∈[m2]+n1
{tj} = m2 + n1, m2 ∈ [n2]

188



6.4 composition and chen’s identity

and thus

µ(Fn1 ∗ Fn2 , σ) = (1, 2, . . . , n1 + n2) = id.

6.4 composition and chen’s identity

In the previous section, we derived the shuffle product for the path signature using the
product structure on cubical monomials. In this section, we will derive Chen’s identity,
another fundamental property of the path signature, by using the composition structure
for cubical sets. Given two paths γ01, γ02 : [0, 1] → RN such that γ01(1) = γ12(0), the
concatenation of γ01 and γ02 is a path γ02 = γ01 ∗ γ12 : [0, 2]→ RN defined by

γ02(t) =

{
γ01(t) : t ∈ [0, 1]

γ12(t) : t ∈ (1, 2].

Our aim is to derive a formula for the cubical monomials of γ02 using the cubical monomi-
als of γ01 and γ02.

6.4.1 A Modified Cubical Model for the Interval

In order to derive this using the composition structure of cubical sets, we require a modified
cubical set L• for the interval [0, 2]. The 0-cubes of this cubical set are

L0 = {v0, v1, v2},

representing vertices at the points 0, 1, and 2 on the interval. Following the visual repre-
sentation of cubical sets introduced in Example 5.1.1 and Example 5.1.2, we can represent
this visually as shaded points.

Next, our cubical model has three non-degenerate 1-cells: e01 for the interval [0, 1], e12

for the interval [1, 2], and e02 for the interval [0, 2], so

L1 = {s1v0, s1v1, s1v2, e01, e12, e02}.
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6.4 composition and chen’s identity

Keeping the same colors for the 1-cubes s1v0, s1v1 and e01 as Example 5.1.1, the 1-cubes
can be represented as follows.

There are no other non-degenerate cubes. In general, we will have a single degeneracy
of each vertex in Ln, and a collection of degeneracies for each non-degenerate 1-cube. For
example, the collection of 2-cubes is shown below.

This cubical model for the interval [0, 2] allows us to consider the cubical monomials of
γ01, γ12 and the concatenated γ02 within a single model. Furthermore, this cubical model
has a nontrivial composition structure introduced in Definition 5.1.5. In particular, e01 and
e12 are composable with respect to +1 since d1

1(e01) = d1
1(e01) = v1, and we have

e01 +1 e12 = e02 (6.4.1)

which can be visually represented as follows.
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6.4 composition and chen’s identity

In general, we have n partial compositions for the n-cubes which are defined for a, b ∈ Ln

if and only if d1
i a = d0

i b. Each of the compositions +i corresponds to composition along
various dimensions. For example, consider the following two compositions of 2-cubes.

We define certain degeneracies to be the units for the +i composition.

Definition 6.4.1. Let a ∈ Ln. The left i-unit for a is sid0
i a, which has the property that

sid0
i a +i a = a,

and the right i-unit for a is sid1
i a, which has the property that

a +i sid1
i a = a.

For example, if a = e01, the right 1-unit of a is s1d1
1a = s1v1, and here we get

e01 +1 s1v1 = e01,

represented visually as follows.

Next, we discuss a modified geometric realization of this model. Recall from Section 5.1.3,
the ordinary geometric realization of L• can be described as a CW-complex with an n-cell
for each non-degenerate cube, as all degenerate cubes are identified with non-degenerate
cube in the equivalence relation from Definition 5.1.7. We can describe the geometric
realization by defining the evaluation maps η[a] for each non-degenerate cube a ∈ L•.
However, we must take compositions into account in L•.
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6.4 composition and chen’s identity

Definition 6.4.2. Let L• be the cubical set with compositions as defined above. Suppose
a, b ∈ Ln are i-composable, a is not a left i-unit for b, and b is not a right i-unit for a. Then,
the evaluation map for the composition η[a +i b] : �n → [0, 2] is defined to be

η[a +i b](t1, . . . , tn) =

{
η[a](t1, . . . , 2ti, . . . , tn) : ti ∈ [0, 1/2]

η[b](t1, . . . , 2ti − 1, . . . , tn) : ti ∈ (1/2, 1].
(6.4.2)

This definition implies that for our modified geometric realization can be defined
by providing the evaluation maps for all indecomposable and nondegenerate cubes. In
particular, the evaluation maps for the three non-degenerate 1-cubes in L• are defined by

η[e01] : �1 → [0, 2]

t 7→ t,

η[e12] : �1 → [0, 2]

t 7→ 1 + t,

η[e02] : �1 → [0, 2]

t 7→ 2t,
where the evaluation map η[e02] is defined using Equation (6.4.2). The evaluation maps

for degenerate cubes can also be derived from this definition. Indeed, given a degeneracy
a ∈ Ln of eτ, where τ ∈ {01, 12, 02}, we have

η[a] : �n η I
n−→ �1 η[eτ ]−−→ [0, 2],

where I ⊂ 2[n] is given by Lemma 5.1.2.
While we cannot use Equation (6.4.2) for composition with units in general, there is a

special case for degenerate cubes when this definition still holds.

Lemma 6.4.1. Let a ∈ Ln−1 and p ∈ [n]. Then,

η[spa] = η[spa +p spa]. (6.4.3)

Proof. The evaluation map η[spa] is factored as

η[spa] : �n η
{p},∅
n−−−→ �n−1 η[a]−−→ [0, 2],

where η
{p},∅
n (t1, . . . , tn) = (t1, . . . , tp−1, tp+1, . . . , tn). Therefore, η[spa] does not depend on

coordinate tp, so applying Equation (6.4.2), we get

η[spa +p spa] = η[spa].

Remark 6.4.1. As we have previously mentioned, this definition of geometric realization
for cubical sets with composition does not coincide with ordinary geometric realization.
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6.4 composition and chen’s identity

One notion of geometric realization is considered in [BHS11] for ω-groupoids, which
are cubical sets with composition and inverses. A loose analogy is that our modified
geometric realization is “strict” like a colimit, while the ordinary geometric realization for
ω-groupoids is “weak” like a homotopy colimit.

Indeed, suppose we took the ordinary geometric realization of L•. The 1-skeleton of the
geometric realization would consist of 3 distinct edges, and is homeomorphic to S1.

However, we can obtain nontrivial 2-cubes by composing degenerate 1-cubes. For
example, consider the composition g1e01 +1 s2e12, shown visually below.

The composition is not a degeneracy of any of the edges, so we have labelled its faces
on the right. In particular, since g1e01 +1 s2e12 is a non-degenerate 2-cube, there will be
a 2-cell in the ordinary geometric realization which has e01, e12 and e02 on its boundary.
In fact, if we consider the completion of L• into an ω-groupoid, we obtain other non-
degenerate 2-cubes which will yield additional 2-cells in the realization with e01, e12, and
e02 on its boundary. Thus, the topology of the 2-skeleton will also be nontrivial, and higher
nondegenerate cubes are required to fill in the voids.

Thus, while the ordinary geometric realization of the ω-groupoid corresponding to L•
is homotopy equivalent to [0, 2], our modified geometric realization is homeomorphic to
[0, 2].

Remark 6.4.2. While our modified cubical model for [0, 2] is sufficient to consider the
concatenation of two paths, we would need a different model to consider concatenations of
three (or more) paths. However, even a model for [0, 3] with 1 cubes e01, e12, e23 and their
compositions raises difficulties regarding associativity. Our definition for the modified
geometric realization explicitly parametrizes the evaluation maps, and it would not be
possible to define consistent evaluation maps for

(e01 +1 e12) +1 e23
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and

e01 +1 (e12 +1 e23).

While we show in the following sections that we can use the composition structure of
L• and the modified geometric realization to obtain Chen’s identity, these two remarks
suggest that this approach may not be the most general. A more general approach may
be to consider an ω-groupoid which models the entire real line, such as the fundamental
∞-groupoid of R interpreted as cubical set (or ω-groupoid). However, such an approach
would yield an infinite dimensional geometric realization which is only homotopy equiv-
alent to the real line. Thus, in order to obtain a theory along these lines, one must first
interpret cubical monomials of this much larger model, and relate them to the ordinary
signature monomials.

6.4.2 Decomposition Functions

In this section, we consider the decomposition of degeneracies of e12 into sums of degen-
eracies of e01 and e12.

Example 6.4.1. Consider the degeneracy g1e02. From the composition identities for connec-
tions in Equation (5.1.27), this degeneracy can be decomposed as

g1e02 = g1(e01 +1 e12)

= (g1e01 +2 s1e12) +1 (s2e12 +2 g1e12).

This is a composition of four 2-cubes arranged in a square as shown below. Note that by
the interchange law in Equation (5.1.28), the order that the +1 and +2 compositions are
taken is irrelevant.
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6.4 composition and chen’s identity

A third way of representing this decomposition is by using a function D[g1e02] : Z2
2 → L2.

Here, Z2
2 is used to index the four squares in the decomposed square, and the function

D[g1e02] is defined to be

D[g1e02](0, 0) = g1e01

D[g1e02](0, 1) = s1e12

D[g1e02](1, 0) = s2e12

D[g1e02](1, 1) = g1e12.

This functional representation of the decomposition is the most convenient to use in
practice, and we introduce this in general.

Definition 6.4.3. Let L01,12
n ⊂ Ln denote the n-cubes which are degeneracies of e01 and e12,

and let L02
n ⊂ Ln denote the n-cubes which are degeneracies of e02. For any a ∈ L02

n , the
decomposition function of a is the map

D[a] : Zn
2 → L01,12

n

which is defined by the decomposition of a according to the composition identities
in Definition 5.1.5. The decomposition function satisfies

+1
i1∈Z2

+2
i2∈Z2

. . . +n
in∈Z2

D[a](i1, i2, . . . , in) = a. (6.4.4)

The decomposition function provides a piecewise definition of the evaluation map for
any degenerate a ∈ L02

n in terms of the evaluation maps for elements in L01,12
n , which is

the key to proving Chen’s identity. The unit n-cube can be decomposed into 2n cubes of
side length 1/2. These subcubes can be indexed by Zn

2 in precisely the same way as Zn
2

was used to index elements an n-dimensional composition in Definition 6.4.3. Specifically,
given ε = (ε1, . . . , εn) ∈ Zn

2 , we define

�n
ε :=

n

∏
i=1

[
εi

2
,

εi + 1
2

]
. (6.4.5)

Because

�n =
⋃

ε∈Zn
2

�n
ε ,

we can define a function on �n by defining functions on each �n
ε individually.
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Proposition 6.4.1. Let a ∈ L02
n , and D[a] be its decomposition function. We assume that none the

compositions in D[a] are compositions with left/right units, except for the case in Lemma 6.4.1. Let
ε = (ε1, . . . , εn) ∈ Zn

2 , then the evaluation map η[a] restricted to �n
ε is

η[a](t1, . . . , tn) = η[D[a](ε)](2t1 − ε1, . . . , 2tn − εn). (6.4.6)

Proof. From the defining property of the decomposition function in Equation (6.4.4), we
can apply the definition of the evaluation map for composite cubes in Equation (6.4.2) for
each coordinate. If necessary, we also apply Lemma 6.4.1 to deal with the special units in
the decomposition function.

In order to obtain a formula for the composition of cubical monomials, we require an
explicit expression for the decomposition function of an arbitrary degeneracy of e02. This
will be shown using two technical lemmas, which are proved by repeated application
of the cubical identities in Definition 5.1.5. While we will need to translate the results
into the (I, b) notation for degenerate cubes introduced in Proposition 5.1.1, we begin by
stating and proving the lemmas using the degeneracy/connection notation so that we can
continue using the composition identities. Recall from Equation (5.1.24) that for subsets
I = (i1, . . . , ik) ⊂ [n] with |I| = k, and J = (j1, . . . , jm) ⊂ [n− k− 1], we define

sI gJb := sik sik−1 . . . si1 gjm gjl−1 . . . gj1 b.

We begin with the case where I = ∅, so we only have connection degeneracies.

Lemma 6.4.2. Let n ∈N, and a = g[n−1]e02. For ε = (ε1, . . . , εn) ∈ Zn
2 , let

ε−1(0) =
(
i : εi = 0

)
and mε = (n− 1)− |ε−1(0)|. Then, the decomposition function of a is

D[g[n−1]e02](ε) =

{
g[n−1]e01 : ε =~0

sε−1(0)g[mε]e02 : otherwise
(6.4.7)

Proof. This lemma will be shown by iterated applications of the composition identites for
connections in Equation (5.1.27), repeated here for convenience.

gi(a +j b) =


gia +j+1 gib : i < j

(gia +i+1 sib) +i (si+1b +i+1 gib) : i = j

gia +j gib : i > j.
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We begin with the case of ε =~0. This is immediate from an iterated application of

gj(a +j b) = (gja +j+1 sjb) +j (sj+1b +j+1 gjb)

to the first term of the expression, (gja +j+1 sjb), and then taking the first element at the
end - this corresponds to the element of summand indexed by ε =~0.

The rest will be done by induction on n. The case of n = 1 is given by definition of
e02 = e01 +1 e12, which satisfies our formula. Now, suppose the formula given in the lemma
holds for n. Using the composition rule for gi with i = j, we find that

D[g[n]e02] = gn

(
g[n−1]e02

)
= gn

(
D[g[n−1]e02]

0 +n D[g[n−1]e02]
1
)

=
(

gnD[g[n−1]e02]
0 +n+1 snD[g[n−1]e02]

1
)

+n

(
sn+1D[g[n−1]e02]

1 +n+1 gnD[g[n−1]e02]
1
)

Here, D[g[n−1]e02]p denotes the composition of all elements D[g[n−1]e02](ε) such that εn = p,

D[g[n−1]e02]
p = +1

i1∈Z2

. . . +n−1
in−1∈Z2

D[a](i1, . . . , in−1, p).

All of the compositions in D[g[n−1]e02]p are +k, where k < n. This implies that the gn, sn

and sn+1, in the last expression above, factor “all the way though” using the composition
rules for i > j. Now, for ε ∈ Zn+1

2 , we can write down an explicit formula for D[g[n]e02](ε)

in terms of the known decomposition D[g[n−1]e02]. For ε = (ε1, . . . , εn+1) ∈ Zn+1
2 , define

ε̂, ε̂1 ∈ Zn
2 by

ε̂ = (ε1, . . . , εn−1, εn)

ε̂1 = (ε1, . . . , εn−1, 1).

The decomposition function can be written as

D[g[n]e02](ε) =


gnD[g[n−1]e02](ε̂) : (εn, εn+1) = (0, 0)

snD[g[n−1]e02](ε̂1) : (εn, εn+1) = (0, 1)

sn+1D[g[n−1]e02](ε̂) : (εn, εn+1) = (1, 0)

gnD[g[n−1]e02](ε̂) : (εn, εn+1) = (1, 1)

(6.4.8)
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Now, we will use the expanded notation for degeneracies since we will need to work
with the cubical identities. Suppose that

D[g[n−1]e02](ε̂) = sik . . . si1 gm . . . g1e12.

Rewriting the formula in the statement of the lemma in terms of this explicit expression,
we get

D[g[n]e02](ε) =

{
sn+1sik . . . si1 gm . . . g1e12 : εn+1 = 0

sik . . . , si1 gm+1gm . . . g1e12 : εn+1 = 1

Thus, to complete the lemma, we need to use the inductive formula in Equation 6.4.8 to
show the above expression holds.

• (εn, εn+1) = (0, 0). Since εn = 0, we know that ik = n, so using the fact that
gnsn = sn+1sn, we get

D[g[n]e02](ε) = gnsnsik−1 . . . , si1 gm . . . g1e12

= sn+1snsik−1 . . . , si1 gm . . . g1e12.

• (εn, εn+1) = (0, 1). This formula is a bit different since we use ε̂1. Note that

D[g[n−1]e02](ε̂
1) = sik−1 . . . si1 gm+1 . . . g1e12.

Then, using our inductive decomposition formula, we get

D[g[n]e02](ε) = snD[g[n−1]e
02](ε̂1)

= snsik−1 . . . si1 gm+1 . . . g1e12.

• (εn, εn+1) = (1, 0). This case is immediate.

• (εn, εn+1) = (1, 1). Since εn = 1, we know that ik < n, so

D[g[n]e02](ε) = gn(sik . . . si1 gm . . . g1e02)

= sik . . . si1 gl+1gl . . . g1e12

where the second equality is by repeated applications of gisj = sjgi−1 for i > j. We
do this k times, and so the index on n decreases by k to get n− k = l + 1, as desired.

Next, we consider the case for arbitrary degeneracies.
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Lemma 6.4.3. Let n ∈N. Let I ⊂ [n] such that |I| = k < n, and let r = n− k− 1. For ε ∈ Zn
2 ,

let A = I ∪ ε−1(0), and m = r− |ε−1(0)|. Then

D[sI g[r]e02](ε) =

{
sI g[r]e01 : ε−1(1) ⊆ I

sAg[m]e12 : otherwise

Proof. This will be done by induction on k. The base case of k = 0 is the result of Lemma 6.4.2.
Thus, we assume that the expression in the lemma is true for k, and we will prove the case
of k + 1. Thus, let I = (i1, . . . , ik, p) ⊂ [n], and since I is an ordered subset, p > ik. Next, let

a = s Î g[r]e02,

where Î = (i1, . . . , ik), so the n-cube that we wish to decompose is

spa = sip sik . . . si1 gr . . . g1e02.

Unlike connections in which gi(b +i c) is decomposed into a composition of four cubes,
degeneracies si(b +j c) is decomposed as

si(b +j c) =

{
sib +j+1 sic : i ≤ j

sib +j sic : i > j

Thus, in order to obtain a full decomposition function, we use the fact that spa is its own
left and right p-unit, and decompose spa as

spa = spa +p spa.

For example, the decomposition of s1(e01 +1 e12) using our convention is given as follows.

In general, the decomposition function of spa is

D[spa](ε) = spD[a](ε̂p), (6.4.9)

where ε = (ε1, . . . , εn) ∈ Zn
2 and ε̂p = (ε1, . . . , εp−1, εp+1, . . . , εn) ∈ Zn−1

2 .
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If ε−1(1) ⊆ I, then ε̂−1
p (1) ⊆ Î, so D[a](ε̂p) = s Î g[l]e01 by the induction hypothesis, and

thus D[spa](ε) = sI g[l]e01 by Equation (6.4.9).

Next, suppose that ε−1(1) * I. Since p ∈ I, this implies that ε̂−1
p (1) * Î. Then, D[a](ε̂p) =

sAg[m]e12, where Â = Î ∪ ε̂−1(0) and m = l − |ε̂−1
p (0)|. Thus, by Equation (6.4.9), we have

D[spa](ε) = spsÂg[m]e
12

We need to show that this is equal to sAg[m]e12, where A = I ∪ ε−1(0). In this case, we may
have some elements q ∈ A such that q > p; specifically, these come from ε̂−1

p (0). However,
the corresponding elements in Ã must be q + 1 due to the shifting of indices between ε

and ε̂. By applying sisj = sj+1si for i < j to shift the sp to the right until the degeneracies
are in the correct order, we get that spsÂ = sA as desired.

Finally, we translate Lemma 6.4.3 into the (I, b) notation for degenerate cubes.

Proposition 6.4.2. Let I ⊂ [n] such that I 6= ∅. For ε = (ε1, . . . , εn) ∈ Zn
2 , let

ε−1(1) = (i : εi = 1) .

Then, the decomposition function of the n-cube (I, e02) is

D[(I, e02)](ε) =

{
(I, e01) : I ∩ ε−1(1) = ∅(

I ∩ ε−1(1), e12
)

: otherwise.
(6.4.10)

Proof. First, we note that given I ⊂ [n] such that |I| = k < n and r = n− k− 1, we have

sI g[r]e02 = (I, e02),

where I is the complement of I in [n].
The condition ε−1(1) ⊂ I is equivalent to I ∩ ε−1(1) = ∅ since I is the complement of I.

Next, given A = I ∪ ε−1(0), the degenerate cube sAg[m]e12 is rewritten as
(

I ∩ ε−1(1), e12
)

in the new notation since I ∩ ε−1(1) is the complement of A in [n].

6.4.3 Chen’s Identity

In this section, we provide the composition law for cubical monomials, and derive Chen’s
identity as a special case. To begin, we introduce cubical monomials with respect to our
modified cubical model of [0, 2]. Suppose γ01, γ12 : [0, 1] → RN and γ02 = γ01 ∗ γ12 :
[0, 2]→ RN . We use the formula in Equation (5.3.1) to define the cubical monomials for L•.
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Definition 6.4.4. Let n ∈ N. A level n cubical monomial for L• is indexed using the
ordered sets

I =
(
(I1, eτ1), . . . , (In, eτn)

)
P = (p1, . . . , pn),

where Ij ⊂ [n] are nonempty subsets, and τj ∈ {01, 12, 02} specifies the nondegenerate
cubes. Here, P is a multi-index in [N] which specifies the standard 1-forms dxp to use. The
cubical monomial of γ02 with respect to (I , P) is

SI ,P
L (γ02) :=

∫
�n

n∧
k=1

(
η[(Ik, eτk)]

)∗
(γ02)∗(dxpk) (6.4.11)

=
∫
�n

n∧
k=1

(
η Ik

n

)∗ (
(γτk

pk)
′(t)dt

)
. (6.4.12)

The subscript in SL is used to denote the monomials derived using the modified cubical
model L• in order to distinguish them form S�, the monomials derived using the standard
cubical model for [0, 1]. Note that there are more monomials SL due to the additional
choice of the non-degenerate 1-cells eτ in the set I . However, when all of the eτj are the
same in I , the cubical monomials SL reduce to cubical monomials S�.

Lemma 6.4.4. Let n ∈N. Suppose

I =
(
(I1, eτ), . . . , (In, eτ)

)
,

where τ ∈ {01, 12, 02}. Let P = (p1, . . . , pn) be a multi-index valued in [N]. Then, if τ ∈
{01, 12}, then

SI ,P
L (γ02) = SI ,P

� (γτ), (6.4.13)

where I on the right is interpreted as I = (I1, . . . , In). If τ = 02, then

SI ,P
L (γ02) = SI ,P

� (γ02 ◦ φ), (6.4.14)

where φ : [0, 1]→ [0, 2] is any increasing bijective reparametrization.

Proof. The case of τ ∈ {01, 12} is immediate from the definition of SL; in particular Equa-
tion (6.4.12). The case of τ = 02 is the same, but we also use reparametrization invariance
of the signature.
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In the model L•, the nondegenerate 1-cell e02 can be decomposed, and we use this to
define the following composition property. Given such an indexing set I , the decomposition
function of I is defined as

D[I ](ε) =
(

D[(I1, e02)](ε), . . . , D[(In, e02)])(ε)
)
. (6.4.15)

Theorem 6.4.1. Let n ∈N, and let

I =
(
(I1, e02), . . . , (In, e02)

)
P = (p1, . . . , pn).

Suppose γ01, γ12 : [0, 1]→ RN and γ02 = γ01 ∗ γ12 : [0, 2]→ RN . Then,

SI ,P
L (γ02) = ∑

ε∈Zn
2

SD[I ](ε),P
L (γ02). (6.4.16)

Proof. From the definition of SL in Equation (6.4.11), and using the decomposition of �n

into subcubes indexed by Zn
2 defined in Equation (6.4.5), we have

SI ,P
L (γ02) =

∫
�n

n∧
k=1

(
η[(Ik, e02)]

)∗
(γ02)∗(dxpk)

= ∑
ε∈Zn

2

∫
�n

ε

n∧
k=1

(
η[(Ik, e02)]

)∗
(γ02)∗(dxpk)

Now, restricted to the subcube �n
ε , the evaluation function

η[(Ik, e02)](t1, . . . , tn) = η[D[(Ik, e02)](ε)](2t1 − ε1, . . . , 2tn − εn),

by Proposition 6.4.1. Then,

SI ,P
L (γ02) = ∑

ε∈Zn
2

∫
�n

ε

n∧
k=1

(
η[D[(Ik, e02)](ε)]

)∗
(γ02)∗(dxpk)

= ∑
ε∈Zn

2

∫
�n

n∧
k=1

(
η[D[(Ik, e02)](ε)]

)∗
(γ02)∗(dxpk)

= ∑
ε∈Zn

2

SD[I ](ε),P
L (γ02),

where we performed a change of variables

(2t1 − ε1, . . . , 2tn − εn) 7→ (t1, . . . , tn)
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in the second equality to transform the domain of integration from �n
ε to �n.

This theorem allows us to compute cubical monomials of γ02 by using integrals involving
γ01 and γ12. However, for arbitrary cubical monomials, some of the integrals in the
decomposition will involve both γ01 and γ12, in contrast with the usual Chen’s identity.
We will show that in the case where I is an n-flag, we recover Chen’s identity. Let

F n
τ :=

(
([1], eτ), ([2], eτ), . . . , ([n], eτ)

)
, (6.4.17)

where τ ∈ {01, 12, 02}. The main step in proving Chen’s identity is the following lemma.

Lemma 6.4.5. Let n ∈ N, and let αk = (0, 0, . . . , 0k, 1, 1, . . . , 1) ∈ Zn
2 , where the subscript

denotes the coordinate. In other words, αk is the element where the first k terms are 0 and all other
terms are 1. Then

D[F n
02](αk) = F k

01 ∗ F n−k
12 . (6.4.18)

Furthermore, if ε 6= αk for any k, then

SD[Fn
02](ε),P(γ02) = 0 (6.4.19)

for all γ02 : [0, 2]→ RN .

Proof. In order to prove the first statement, we must consider the decomposition for each
element of the flag. From the formula for decomposition functions

D[([m], e02)](αk) =

{
([m], e01) : m ≤ k

([m− k] + k, e12) : m > k

Putting this together for all m, we get Equation (6.4.18).
Next, suppose that ε 6= αk for any k. In particular, this implies there exist j ∈ [n] such that

ε(j) = 1 and ε(j + 1) = 0. In this case, we have both [j] ∩ ε−1(1) = [j + 1] ∩ ε−1(1) 6= ∅.
Thus,

D[([j], e02)](ε) = ([j] ∩ ε−1(1), e12)

= ([j + 1] ∩ ε−1(1), e12)

= D[([j + 1], e02)](ε).

Therefore, D[(F n
02, e02)](ε) will have two of the same element and therefore any cubical

monomial with respect to D[(F n
02, e02)](ε) will be 0.

203



6.4 composition and chen’s identity

Theorem 6.4.2 (Chen’s identity). Let n ∈ N and suppose P = (p1, . . . , pn) is a multi-index
valued in [N]. Suppose γ01, γ12 : [0, 1]→ RN and γ02 = γ01 ∗ γ12 : [0, 2]→ RN . Then,

SF
n
02,P

L (γ02) = SF
n,P
� (γ01) + SF

n,P
� (γ12) +

n−1

∑
k=1

SF
k ,(p1,...,pk)
� (γ01)SF

n−k ,(pk+1,...,pn)
� (γ12).

(6.4.20)

Proof. From Theorem 6.4.1 and Lemma 6.4.5, we get

SF
n
02,P

L (γ02) = SF
n
01,P

L (γ02) + SF
n
01,P

L (γ02) +
n−1

∑
k=1

SF
k
01∗F

n−k
12 ,P

L (γ02).

Next, applying the product structure for cubical monomials in Theorem 5.3.1, we get

n

∑
k=0

SF
k
01∗F

n−k
12 ,P

L (γ02)

= SF
n
01,P

L (γ02) + SF
n
01,P

L (γ02) +
n−1

∑
k=1

SF
k
01,(p1,...,pk)

L (γ02)SF
n−k
12 ,(pk+1,...,pn)

L (γ02)

= SF
n,P
� (γ01) + SF

n,P
� (γ12) +

n−1

∑
k=1

SF
k ,(p1,...,pk)
� (γ01)SF

n−k ,(pk+1,...,pn)
� (γ12)
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7
T H E M A P P I N G S PA C E S I G N AT U R E

In this chapter, we introduce and develop a notion of the mapping space signature, a
generalization of the path signature to higher dimensional domains. One of the primary
motivations for the development of the mapping space signature is the prospect of defining
a notion of rough maps, a higher dimensional analogue of rough paths, which were briefly
introduced in Section 1.4. The theory of rough paths provides a deterministic theory of
integration against paths which are highly irregular. Integrating a continuous function
f : [0, 1]→ R against a bounded 1-variation path g : [0, 1]→ R,∫ 1

0
f (x)dg(x), (7.0.1)

can be done using the classical Riemann-Stieltjes integral. If we wish to lower the regularity
of g, then we must compensate by allowing the integrand f to be of higher regularity. When
f is of bounded p-variation and g is of bounded q-variation, then we can use the Young
integral [You36] as long as 1/p + 1/q > 1 is satisfied. If we require f and g to be of the
same regularity, the Young integral is only well defined when both f and g are bounded
p-variation, where p > 2. In particular, since the second level integral of γ : [0, 1] → RN

with γ(0) = 0 is given as

Si,j(γ) =
∫ 1

0
γi(t)dγj(t),

the path signature exists only when γ is bounded p-variation with p < 2. For integrals with
respect to functions of bounded p-variation where p ≥ 2, classical deterministic theories of
integration break down, and one must enrich the paths with additional structure in order
to define the desired integrals [LCL07], as discussed in Section 1.4.

In the case of higher dimensional domains, classical integration theories can still be used
for integrals with respect to f , g : �d → R. As in the case of paths, if f is continuous and g
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is of bounded 1-variation, then the classical multidimensional Riemann-Stieltjes integral
can be used to define∫

�d
f (x)dg(x). (7.0.2)

For the case of d = 2, Towghi developed a multidimensional generalization of the Young
integral [Tow02] such that if f is of bounded p-variation and g is of bounded q-variation
with 1/p + 1/q > 1, then the integral in Equation (7.0.2) exists. In a related direction,
Züst [Züs11] considered integrals of the form∫

�d
f dg1 ∧ . . . ∧ dgd, (7.0.3)

where f , g1, . . . , gd : �d → R are Hölder continuous functions, where f is a-Hölder,
and gi is bi-Hölder. Züst showed that if a + b1 + . . . + bd > d, then the integral is well
defined. These integrals of irregular differential forms were further studied by Stepanov
and Trevisan [ST20]. Their work reformulated the Züst integral in terms of more general
algebraic machinery, extending the algebraic integration theory of Gubinelli [Gub04].

The higher dimensional generalizations of the multidimensional integral discussed thus
far do not require any additional information underlying maps, and should be viewed as
the multidimensional analogue of Young’s theory of integration for paths. Going beyond
the scope of these theories, Chouk and Gubinelli [CG14] introduce the notion of a rough
sheet, a 2-dimensional generalization of rough paths. Their approach is partially successful,
and is based on a multidimensional generalization of the algebraic integration theory of
Gubinelli [Gub04]. However, their definition of a rough sheet results in a very complicated
algebraic structure which is not well understood.

The work in this chapter provides the first steps towards an alternate approach to
defining rough sheets and rough maps. In particular, we develop a notion of the mapping
space signature for smooth maps, and show that it has several properties analogous to the
path signature. Our approach is motivated by the observation that the path signature
monomials arise as the 0-cochains of Chen’s iterated integral cochain model for path
spaces. In Chapter 5, we reformulated Chen’s mapping space construction [GTZ10] in
terms of cubical sets rather than simplicial sets, and in Chapter 6, we showed that the main
properties of the path signature can be directly derived from the cochain model.

In this chapter, we will consider the cubical mapping space construction for smooth
maps Diff(�d, RN), and study the monomials (0-cochains) which arise from this model.
In Section 7.1, we define these monomials and consider several explicit examples. We
classify the monomials into three categories and focus our attention on one of these classes:
the basic monomials. We provide the definition for two different mapping space signatures,
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both built from the basic monomials. In the later sections, we find that certain properties
are satisfied by one of these signatures but not the other.

In Section 7.2, we discuss the invariance properties of the mapping space signature.
Our definition of the monomials is in terms of Jacobian minors of the underlying maps,
and thus results in invariance with respect to Jacobian equivalence classes of maps. We also
discuss permutation invariance (of indices) and reparametrization invariance. We conclude
the section by studying maps which are defined as sums of paths. The resulting monomials
can be computed using the path signature of the underlying paths, and this leads to a
class of paths with trivial mapping space signature.

Next, in Section 7.3, we introduce the shuffle product for the basic monomials, which is a
direct generalization of the shuffle product for paths. We discuss two parametrized injectivity
theorems for the mapping space signature in Section 7.4. When maps in Diff(�d, RN) are
lifted to maps in Diff(�d, Rd+N) by appending their parametrization, we show that two
modifications of the signature are injective with respect to the Jacobian equivalence classes
in Diff(�d, RN), and injective on the entire space of maps. This injectivity result then
allows us to show that these two signatures are universal and characteristic with respect to
the corresponding space of maps.

Finally, in Section 7.5, we consider the algebraic structure imposed by composition of
maps, analogous to Chen’s identity for concatenation of paths. However, we find that
there is an obstruction to the extension of Chen’s identity to higher dimensional domains.
While our formula reduces to Chen’s identity in the case of d = 1, there is an additional
integration step required when d > 1.

We will begin with the definition of the cubical monomials for both Diff(�d, RN) and
Diff(�d, X) for an arbitrary smooth manifold X. We will then restrict ourselves to the
smooth maps in Diff(�d, RN) in order to simplify the notation; though most results in
this chapter will still hold for arbitrary manifolds with some modification. While this
does not result in a generalization of rough paths, the mapping space signature defined
in this chapter is of independent interest. In particular, the smooth hypothesis can easily
be weakened to a piecewise smooth hypothesis, which is sufficient for many machine
learning applications. We can extend the perspective of the path signature as a feature
map for time series data and view the mapping space signature as a feature map for
data parametrized over the unit d-cube �d, such as images, videos, and vector fields. The
universal and characteristic properties of the mapping space signature provide strong
theoretical motivation for the study of the mapping space signature in data science
applications.
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7.1 cubical monomials

In this section, we will define the cubical monomials for Diff(�d, X), where X is an N-
dimensional manifold. We begin by defining the cubical structure on �d, and interpreting
the cubical monomials in this context. We classify the cubical monomials into three
categories

basic monomials ⊂ restricted monomials ⊂ interior monomials.

The interior monomials are all monomials obtained from the mapping space construction
using the degeneracies of the single non-degenerate d-cube. While even more monomials
exist in the mapping space construction, they use degeneracies of the lower dimensional
faces of �d. Such monomials contain information that is restricted to the boundary of �d,
and because our primary interest is in understanding the entire map γ : �d → X, we
restrict our focus to the monomials coming from the degeneracies of the d-cube.

The restricted monomials form a subset of the interior monomials such that the domain of
integration can be factored into a d-fold product of regions. Then, the linear basis monomials
further restricts the collection of monomials and forms a subset of the restricted mono-
mials. Any restricted monomial can be written as a linear combination of the linear basis
monomials, which motivates the name. This phenomenon is analogous to Theorem 6.2.1,
which showed that any cubical monomial for the path space is a linear combination of
the monomials indexed by n-flags. Indeed, for the case of d = 1, the class of restricted
monomials is the same as the class of interior monomials.

Finally, we will use the linear basis monomials to define the mapping space signature for
Diff(�d, X). The mapping space signature has several properties which are analogous to
those of the path signature, and we will discuss these in the following sections of this
chapter. Thus, our main focus is on the linear basis monomials; the general and restricted
monomials are included for completeness.

7.1.1 Cubical Model for the d-Cube

In this section, we will define a cubical set Kd
• modelling the unit d-cube �d. As in the case

of the unit interval in Example 5.1.1 and Example 5.1.2, the definition of the cubical set Kd
•

can be given by providing the non-degenerate cubes along with their boundary maps. Let
E = {0, 1, e}. The non-degenerate cubes in Kd

• are indexed by Ed, which is shown for d = 1
and d = 2 below. We will denote elements of Ed as words a1 . . . ad, where ai ∈ E.

The dimension of an element a ∈ Ed is the number of e’s in the word a. We will denote
the unique non-degenerate d cube by ed. The face maps can also be easily defined using
this notation. Let a = a1 . . . ad ∈ Ed be a non-degenerate cube of dimension k, so there are
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k instances of the letter e in the word a. Let i < k, and suppose j ∈ [d] is the index of the
ith instance of e in a. Then the face maps for the nondegenerate cubes are defined by

d0
i (a) = a0 . . . aj−10aj+1 . . . ad

d1
i (a) = a0 . . . aj−11aj+1 . . . ad.

Note in particular that dε
i (a) will be of dimension k − 1. Furthermore, if a ∈ Ed is of

dimension k, the evaluation map η[a] : �k → �d can also be easily read off of the notation.
All of the e’s in the word a represent the dimensions to parametrize, and the 1’s and 0’s
specify the coordinates in those dimensions. For example, given 0e1e ∈ E4, the evaluation
map η[0e1e] : �2 → �4 is defined by

η[0e1e](t1, t2) = (0, t1, 1, t2).

The degeneracies of these cubes can be denoted using the (I, b) notation given in Propo-
sition 5.1.1 and the evaluation map for (I, b) can be computed using its factored form
as η[b] ◦ η I

n, where η I
n is given in Equation (5.1.34). We will primarily be focused on the

non-degenerate d-cube ed, and in this case, the evaluation map η[ed] : �d → �d is simply
the identity.

7.1.2 Interior Monomials

Now that we have a cubical model for �d, we can define the cubical monomials for
Diff(�d, X). Recall from Definition 5.3.1 that a level n cubical monomial is indexed by

I =
(
(I1, b1), . . . , (Im, bm)

)
P = (ω1, . . . , ωm).
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Each (Ij, bj) specifies an n-cube in Kd
n, where bj ∈ Ed is a non-degenerate cube of dimension

qj, and Ij is a qj-ordered subset of [n], where ∑m
j=1 qj = n. Furthermore, each ωj ∈ Ωqj(X).

Given γ ∈ Diff(�d, X), the cubical monomial of γ with respect to (I , P) is

MI ,P(γ) =
∫
�n

m∧
k=1

(
η[bk] ◦ η Ik

n

)∗
(γ∗ωk).

As we mentioned in the introduction, the collection of all monomials for mapping spaces
Diff(�d, RN) where d > 1 is much larger than the case of the path space with d = 1, due
to the existence of many more non-degenerate cubes. If b ∈ Ed is a nondegenerate cube
of dimension k < d, then the evaluation map for a degeneracy (I, b) of b maps onto the
boundary of �d. Thus, the pullback (η[(I, b)])∗(γ∗ω) results in a form which only contains
information about the boundary. Because we wish to study the entire map γ, including
the interior, we begin by considering monomials where I only contains degeneracies of
the top dimensional cube ed.

In other words, we set bj = ed for all j, and we will denote I = (I1, . . . , Im), where Ij is
a d-ordered subset. Note that this places restrictions on the possible levels of monomials
considered. In particular, since the dimension of each non-degenerate cube is d, we only
consider monomials of level md. This leads to our definition of the interior monomials.

Definition 7.1.1. Let m ∈N and n = md. Let

I = (I1, . . . , Im)

P = (ω1, . . . , ωm),

where each Ij is a d-ordered subset of [n] and ωj ∈ Ωd(X). For γ : �d → X, the interior
monomial of γ with resepct to (I , P) is defined by

MI ,P
int (γ) =

∫
�n

m∧
k=1

(
η Ik

n

)∗
(γ∗ωk). (7.1.1)

In the case where X = RN , we have a collection of standard d-forms,

ωP = dxp1 ∧ . . . ∧ dxpd ,

which can be described using a subset P = (p1, . . . , pd) ⊂ [N]. For such a subset and a
map γ = (γ1, . . . , γN) : �d → RN , we let

γP = (γp1 , . . . , γpd) (7.1.2)
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be the projection onto the coordinates specified by P. The pullback of the standard d-form
ωP along the map γ is

γ∗(ωP) = J[γP]ds1 ∧ . . . ∧ dsd ∈ Ωd(�d), (7.1.3)

where J[γP] : �d → R is the Jacobian determinant of γP,

J[γP] =

∣∣∣∣∣∣∣∣
∂γp1
∂s1

· · · ∂γp1
∂sd

...
. . .

...
∂γpd
∂s1

· · · ∂γpd
∂sd

.

∣∣∣∣∣∣∣∣ (7.1.4)

We can give a more precise definition of the interior monomials for X = RN .

Definition 7.1.2. Let m ∈N and n = md. Let

I = (I1, . . . , Im)

P = (P1, . . . , Pm)

where each Ij is a d-ordered subset of [n] and Pi ⊂ [N] is an ordered subset of length d.
For γ : �d → RN , the interior monomial of γ with respect to (I ,P) is defined by

MI ,P
int (γ) =

∫
�n

m∧
k=1

(
η Ik

n

)∗
(J[γPk ]ds1 ∧ . . . ∧ dsd). (7.1.5)

Note that we will always use (s1, . . . , sd) ∈ �d to parametrize the domain of the mapping
space, and use (t1, . . . , tn) ∈ �n to parametrize the domain of integration.

7.1.3 Examples

In order to gain a better understanding of these monomials, we begin with several examples
with X = RN .

Example 7.1.1. We begin with the example where n = d, the case of an interior monomial
for Diff(�d, RN). In this case, both I = (I) and P = (P) have a single element. Recall
from Definition 5.1.9 that a d-ordered subset I is an ordered subset I ⊂ [n] equipped with
a partition into d nonempty subsets. Because n = d, we must take I = [d], and the subsets
in the partitions are the singletons I(k) = {k}. With this choice of I, the evaluation map
η I

d : �d → �d is the identity.
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7.1 cubical monomials

Now let P ⊂ [N] be a subset of length d and γ : �d → RN . The interior monomial of γ

with respect to (I ,P) is

MI ,P
int (γ) =

∫
�d

J[γP](t1, . . . , td)dt1 . . . dtd.

This is the signed d-volume of the map γP, the projection of γ onto the coordinates
specified by P. This is analogous to the level 1 signature monomials, which provides the
signed displacement of a path along a given coordinate.

Example 7.1.2. Next, we consider the case of n = 2d, where I = (I1, I2) and P = (P1, P2)

each have two elements. In this case, we choose I1 = [d] partitioned by singletons Ik
1 = {k},

and I2 = [d] + d also partitioned by singletons I(k)2 = {k+ d}. The evaluation maps η I1
2d, η I2

2d :
�2d → �d are given by projections on to the first and last d coordinates respectively. Given
two subsets P1, P2 ⊂ [N], each of length d, and γ : �d → RN , the interior monomial of γ

with respect to (I ,P) is

MI ,P
int (γ) =

∫
�2d

J[γP1 ](t1, . . . , td)J[γP2 ](td+1, . . . , t2d)dt1 . . . dt2d

=

(∫
�d

J[γP1 ](t1, . . . , td)dt1 . . . dtd

)
·
(∫
�d

J[γP2 ](t1, . . . , td)dt1 . . . dtd

)
In this case, we get a product of level d interior monomials analogous to Example 6.1.1
in the case of d = 1. We can extend these types of monomials to level n = md by
choosing Ik = [d] + (k − 1)d partitioned by singletons to obtain monomials analogous
to Example 6.1.2.

Example 7.1.3. Now we consider a specific case for d = 2 and n = 2d = 4. In this case,
we have I = (I1, I2) and P = (P1, P2). We let I1 = (1, 2, 3) with the partition defined by
I(1)1 = {1} and I(2)1 = {2, 3}; and let I2 = (1, 2, 3, 4) with partition defined by I(1)2 = {1, 2}
and I(2)2 = {3, 4}. In this case,

(η I1
4 )∗(J[γP1 ]ds1 ∧ ds2) =

{
J[γP1 ](t1, t2)dt1 ∧ dt2 : t3 < t2

J[γP1 ](t1, t3)dt1 ∧ dt3 : t2 < t3

(η I2
4 )∗(J[γP2 ]ds1 ∧ ds2) =


J[γP2 ](t1, t3)dt1 ∧ dt3 : t2 < t1, t4 < t3

J[γP2 ](t2, t3)dt2 ∧ dt3 : t1 < t2, t4 < t3

J[γP2 ](t1, t4)dt1 ∧ dt4 : t2 < t1, t3 < t4

J[γP2 ](t2, t4)dt2 ∧ dt4 : t1 < t2, t3 < t4.
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7.1 cubical monomials

One can check that the only subsimplex of �4 such that the wedge product of these
two forms is nontrivial is ∆4 = {0 ≤ t1 < t2 < t3 < t4 ≤ 1}. The interior monomial of
γ : �2 → RN with respect to (I ,P) is

MI ,P
int (γ) =

∫
∆4

J[γP1 ](t1, t3)J[γP2 ](t2, t4)dt1dt2dt3dt4. (7.1.6)

Note that the ordering of coordinates in the Jacobian determinants is not consistent with
the ordering of coordinates in the subsimplex. In fact, due to the fact that the subsets in
the partition of I must be ordered, there does not exist a choice of I such that the integral
has the form∫

∆4
J[γP1 ](t1, t2)J[γP2 ](t3, t4)dt1dt2dt3dt4.

Nevertheless, Equation (7.1.6) may seem to be an appropriate analogue of the cubical
path signature monomials indexed by 2-flags such as in Example 6.1.4 since the integrand
is nonzero only on a single subsimplex of �4. While we can generalize Equation (7.1.6)
to higher levels, we argue that this is not the appropriate generalization. Indeed, a key
element of the definition of the path signature is its recursive definition in Equation (1.2.11)
which is not possible for monomials of this form. For example, it is impossible to define
MI ,P

int (γ) as an integral of the level 2 monomial from Example 7.1.1.

Example 7.1.4. We consider another example for d = 2 and n = 2d = 4. In this case, we
take I1 = (1, 3) partitioned by singletons I(1)1 = {1} and I(2)1 = {3}, and I2 = (1, 2, 3, 4)
partitioned by the subsets I(1)2 = {1, 2} and I(2)2 = {3, 4}. By writing out the pullbacks
along the evaluation maps and considering the subregion of �4 with a nonzero integrand,
the interior monomial of γ : �2 → RN with respect to (I ,P) is

MI ,P
int (γ) =

∫
∆2×∆2

J[γP1 ](t1, t3)J[γP2 ](t2, t4)dt1dt2dt3dt4,

where ∆2×∆2 = {0 ≤ t1 < t2 ≤ 1}× {0 ≤ t3 < t4 ≤ 1} ⊂ �4. As opposed to the previous
example, this monomial can be defined as an integral of the monomial from Example 7.1.1.
Indeed,

MI ,P
int (γ) =

∫
(t2,t4)∈�2

(∫
(t1,t3)∈[0,t2]×[0,t4]

J[γP1 ](t1, t3)dt1dt3

)
J[γP2 ](t2, t4)dt2dt4

=
∫
(t′1,t′2)∈�2

MI′1,P1
int (γ)t′1,t′2

J[γP2 ](t
′
1, t′2)dt′1dt′2,
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7.1 cubical monomials

where we have renamed the variables in the second equality. Here, I′1 = (1, 2) partitioned
by singletons as in Example 7.1.1, and

MI′1,P1
int (γ)t′1,t′2

=
∫
(t1,t2)∈[0,t′1]×[0,t′2]

J[γP1 ](t1, t2)dt1dt2

is the cubical monomial of γ restricted to [0, t′1]× [0, t′2].

7.1.4 Restricted and Basic Monomials

In the previous subsection, we considered several explicit examples of interior monomials,
and in this subsection, we will classify these monomials into two subcategories: restricted
monomials and basic monomials.

From the previous examples, we find that the domain of integration (where the integrand
is nonzero) is determined by the choice of I . In most cases, the nonzero domain of
integration D ⊂ �md for a level n = md interior monomial could be decomposed into a
product of d subsets of �m

D = D1 × . . .× Dd ⊂ �md, (7.1.7)

where Dj ⊂ �m. Note that Example 7.1.3 does not satisfy this property. We will be
interested in certain interior monomials whose nonzero domains of integration satisfy this
decomposition property.

We can ensure the decomposition of the nonzero domain of integration by restricting
the possible d-ordered subsets in I = (I1, . . . , Im). At level n = md, we restrict the subsets
in the partition of each Ij such that they satisfy

I(k)j ⊂ [m] + (k− 1)m = {k(m− 1) + 1, . . . , km}. (7.1.8)

Lemma 7.1.1. Let I = (I1, . . . , Im) be a collection of d-ordered subsets which satisfy Equa-
tion (7.1.8). The nonzero domain of integration of an interior monomial with respect to I satisfies
the decomposition in Equation (7.1.7).

Proof. Recall that a subsimplex ∆md
σ ⊂ �md, where σ ∈ Σmd, results in a trivial integrand

when two components from any two of the evaluation maps η Ik
md take the same value.

More specifically, this occurs when two of the maximum functions in the definition of
the evaluation map take the same value. Given the restriction in Equation (7.1.8) on the
allowed partitions of each Ij, we note the coordinates ta and tb of �md never appear in
the same maximum function in any of the evaluation maps if a ∈ [m] + (k1 − 1)m and
b ∈ [m] + (k2 − 1)m for different k1, k2.
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7.1 cubical monomials

Now that we have factored the domain of integration into a product of smaller domains,
it is convenient to relabel our coordinates. In particular, we make the change of variables

tk(m−1)+j 7→ tj,k, (7.1.9)

where j ∈ [m] and k ∈ [d], in the parametrization of �md. Then, in the decomposition
D = D1 × . . .× Dd ⊂ �md, we use (t1,k, . . . , tm,k) to parametrize Dk. Furthermore, we will
denote I in terms of the subsets of its partitions rather than d-ordered subsets in order
to relate it to the cubical path signature monomials. Given a collection I = (I1, . . . , Im) of
d-ordered subsets, we define

I (k) = (I(k)1 , . . . , I(k)m ).

However, due to the change of coordinates in Equation (7.1.9), each I (k) can be simply
described as a subset I (k) ⊂ 2[m]. These modifications lead to the definition of the restricted
monomials.

Definition 7.1.3. Let m ∈N and n = md. Let

I = (I (1), . . . , I (d))
P = (ω1, . . . , ωm),

where I (k) = (I(k)1 , . . . , I(k)m ) ⊂ 2[m] such that ∅ /∈ I (k) and ωj ∈ Ωd(X). The restricted
monomial of γ : �d → X with respect to (I , P) is

MI ,P
res =

∫
�md

m∧
j=1

γ∗(ωj)(sj,1, . . . , sj,d), (7.1.10)

where

sj,k = max
i∈I(k)j

{ti,k}. (7.1.11)

In the case of X = RN , we can provide a more explicit definition using standard d-forms
and Jacobian determinants.

Definition 7.1.4. Let m ∈N and n = md. Let

I = (I (1), . . . , I (d))
P = (P1, . . . , Pm),
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7.1 cubical monomials

SI ,P
� MI ,P

res

level n n = md
degeneracy index I ⊂ 2[n] I = (I (1), . . . , I (d)), I (k) ⊂ 2[m]

forms index P = (p1, . . . , pn), pj ∈ [N] P = (P1, . . . , Pm), Pj ⊂ [N]

integrand γ′pj
(sj) J[γPj ](sj,1, . . . , sj,d)

Table 7.1: Comparison between the cubical path signature monomials and the restricted cubical
monomials for mapping spaces.

where I (k) = (I(k)1 , . . . , I(k)m ) ⊂ 2[m] such that ∅ /∈ I (k) and Pj ⊂ [N] is a subset of length d.
The restricted monomial of γ : �d → RN with respect to (I ,P) is

MI ,P
res =

∫
�md

m

∏
j=1

J[γPj ](sj,1, . . . , sj,d)ds (7.1.12)

where sj,k is defined in Equation (7.1.11).

Note the similarity between this definition of the restricted monomials MI ,P
res for

Diff(�d, RN) and Definition 6.1.1 of the cubical monomials SI ,P
� for Diff(�1, RN).

The first observation to make in this table is that the integer m in the restricted monomials
MI ,P

res coincides more closely with the level n in the cubical path signature monomials ScI,P
� .

Then, rather than a single collection of subsets I ⊂ 2[n] in the definition of SI ,P
� , we use d

collections of subsets I (k) ⊂ 2[m] inMI ,P
res . Instead of choosing n 1-forms indexed using

integers pj ∈ [N], we choose m d-forms indexed using subsets Pj ⊂ [N]. Finally, in both
cases, the integrand consists of the Jacobian determinant of γ projected onto the coordinate
pj and the coordinates specified by Pj, using the maximum coordinates sj or sj,k. Thus, we
can think of MI ,P

res as the analogue of SI ,P
� for d > 1.

For the cubical path signature monomials, we considered a further restriction to the
case where I = F n, the n-flag. We can consider the analogous degeneracy index for the
mapping space monomials. In particular, suppose we take

I = (Fm, . . . ,Fm).

In this case, the restricted monomial is

MI ,P
res (γ) =

∫
∆m×...×∆m

m

∏
k=1

J[γPj ](tj,1, . . . , tj,d)dt, (7.1.13)
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an expression that generalizes the simplicial path signature monomials. However, in the
higher dimensional setting, there are more monomials of this form that we must consider.

In particular, we will allow each flag Fm to be permuted. Let π1, . . . , πd ∈ Σm. The
action of Σm on Fm is given by permuting the elements of the ordered set. Explicitly, the
action is defined as

πkFm =
(
[πk(1)], [πk(2)], . . . , [πk(m)]

)
.

Then, we take

I = (π1Fm, . . . , πdFm),

Then, the restricted monomial of γ : �d → RN with respect to (I ,P) is

MI ,P
res (γ) =

∫
∆m×...∆m

m

∏
j=1

J[γPj ](tπ1(j),1, tπ2(j),2, . . . , tπd(j),d)dt. (7.1.14)

By performing the change of variables

tτk(j),k 7→ tj,k,

we can rewrite the integral as

MI ,P
res (γ) =

∫
∆m

π−1
1
×...∆m

π−1
k

m

∏
k=1

J[γPj ](tj,1, . . . , tj,d)dt. (7.1.15)

These monomials are the basic monomials, and we will index these monomials using
the permutations πk rather than the degeneracy index I . Given the permutations Π =

(π1, . . . , πd) ∈ Σd
m, we define the domain

Dm,d(Π) := ∆m
π1
× ∆m

π2
× . . .× ∆m

πd
. (7.1.16)

Definition 7.1.5. Let m ∈N and n = md. Let

Π = (π1, . . . , πd) ∈ Σd
m

P = (ω1, . . . , ωm),

where ωj ∈ Ωd(X). The basic monomial of γ : �d → X with respect to (Π, P) is

MI ,P
bas =

∫
Dm,d(Π)

m∧
j=1

γ∗(ωj)(tj,1, . . . , tj,d). (7.1.17)
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Note that if we were to write the restricted monomial in Equation (7.1.15) as a basic
monomial, we would use Π−1 as the index. Once again, the case of X = RN can be written
more explicitly using Jacobian determiants.

Definition 7.1.6. Let m ∈N and n = md. Let

Π = (π1, . . . , πd) ∈ Σd
m

P = (P1, . . . , Pm),

where Pj ⊂ [N] is a subset of length d. The basic monomial of γ : �d → RN with respect to
(Π,P) is

MΠ,P
bas =

∫
Dm,d(Π)

m

∏
j=1

J[γPj ](tj,1, . . . , tj,d). (7.1.18)

We will use the basic monomials as the generalization of the simplicial monomials for
paths, and we will use them to define the mapping space signature in the next section.
Before moving on, we show that any restricted monomial can be written as a linear
combination of basic monomials, providing the mapping space analogue of Theorem 6.2.1.

The proof of this fact follows that of Theorem 6.2.1; the main difference is the domain of
integration. In the case of d = 1, we began by considering the nonzero domains ∆n

σ ⊂ �n,
where σ ∈ Σn. In the current case of d > 1, we must consider the collection of subregions
Dm,d(Π), where Π ∈ Σd

m such that the integrand of the restricted monomial is zero. Note
that the subregion Dm,d(Π) is the analogue of ∆n

σ for mapping spaces: for each fixed k, the
order of the variables {tj,k}m

j=1 is fixed, and thus all maximum functions are fixed projection
maps within Dm,d(Π). The exact projection maps can be determined by a generalization of
the maximal coordinates in Definition 6.2.2.

Definition 7.1.7. Let m ∈N and n = md. Let

I = (I (1), . . . , I (d))

where I (k) = (I(k)1 , . . . , I(k)m ) ⊂ 2[m] such that ∅ /∈ I (k), and let Π = (π1, . . . , πd) ∈ Σd
m. The

maximal coordinates with respect to I and Π is

µ(I , Π) :=
(
µ(I (1), π1), . . . , µ(I (d), πd)

)
, (7.1.19)

where each µ(I (k), πk) is defined in Equation (6.2.2).
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When I and Π are clear, we will denote µ(I , Π) by µ = (µ1, . . . , µd) to simplify notation.
Given I and Π, the s variables on Dd,m(Π) can be written explicitly as

sj,k = tµk(j),k.

Analogous to the case of d = 1, if two maximum coordinates sj,k and sj′,k take the same
value on Dm,d(Π), then the integrand in this domain will be 0 due to a dt ∧ dt term.
Therefore, in order for the integrand to be nontrivial on Dm,d(Π), each of the maximal
coordinates µ(I (k), πk) must contain distinct elements.

Definition 7.1.8. Let m ∈N and n = md. Let

I = (I (1), . . . , I (d))

where I (k) = (I(k)1 , . . . , I(k)m ) ⊂ 2[m] such that ∅ /∈ I (k), and let Π = (π1, . . . , πk) ∈ Σd
m. The

subregion Dd,m ⊂ �dm is a nontrivial domain if each µ(I (k), πk) contains distinct elements,
and thus µ(I , Π) ∈ Σd

m.

The collection of Π ∈ Σd
m such that Dm,d(Π) is a nonzero domain of integration can

be enumerated using products of maximal chains. Let I = (I (1), . . . , I (d)) such that each
I (k) ⊂ 2[m] is an ordered subset of length m. Then, recall from Definition 6.2.5 thatM(I (k))
is the set of maximal chains in U(I (k)). Then, since I is a collection of these subsets, we
define

M(I) :=M(I (1))× . . .×M(I (d)). (7.1.20)

Each maximal chain inM(I(k)) corresponds to a permutation σ ∈ Σm. Therefore, we can
viewM(I) as a subset of Σd

m.

Lemma 7.1.2. Let

I = (I (1), . . . , I (m))

P = (ω1, . . . , ωd)

such that each I (k) ⊂ 2[m] is an ordered subset of length m and ωj ∈ Ωd(X). Let Π =

(π1, . . . , πd) ∈ Σd
m. There exists a map γ : �d → X such that the integrand of MI ,P

res (γ),

m∧
j=1

γ∗(ωj)(sj,1, . . . , sj,d), sj,k = max
i∈I(k)j

{ti,k},

is nonzero on Dd,m(Π) if and only if Π ∈ M(I).

219



7.1 cubical monomials

Proof. The integrand is generically nonzero if and only if each sj,k is mapped to a distinct
tj′,k; otherwise we would have a dtj,k ∧ dtj,k = 0 term in the integrand. In other words, the
integrand is generically nonzero if each µk contains distinct elements, and thus µk ∈ Σm

for all k. From Lemma 6.2.2 and Lemma 6.2.3, µk ∈ Σm if and only if πk ∈ M(I (k)). Thus,
Dd,m(Π) is a nonzero domain of integration if and only if Π ∈ M(I).

Using this lemma, we provide an expression for restricted monomials in terms of basic
monomials.

Theorem 7.1.1. Let m ∈N and n = md. Let

I = (I (1), . . . , I (d))
P = (ω1, . . . , ωm),

where I (k) = (I(k)1 , . . . , I(k)m ) ⊂ 2[m] such that ∅ /∈ I (k) and ωj ∈ Ωd(X). Then, for γ : �d → X,
we have

MI ,P
res (γ) = ∑

σ=(σ1,...,σd)∈M(I)
MΠ(I ,σ)−1◦σ,P

bas (γ), (7.1.21)

where

Π(I , σ) =
(
µ(I (1), σ1), . . . , µ(I (d), σd)

)
. (7.1.22)

Proof. From the previous lemma, the nontrivial domains of MI ,P
res are Dm,d(σ), where

σ = (σ1, . . . , σd) ∈ M(I). Let µk = µ(I (k), σk) ∈ Σm. Then, restricted to Dm,d(σ), the
restricted monomial is∫

Dm,d(σ)

m∧
j=1

γ∗ωj(tµ1(j),1, . . . , tµd(j),d).

By performing the change of variables

tµk(j),k 7→ tj,k,

the integral becomes

∫
Dm,d(Π(I ,σ)−1◦σ)

m∧
j=1

γ∗ωj(tj,1, . . . , tj,d) = MΠ(I ,σ)−1◦σ,P
bas (γ).

By summing over all σ ∈ M(I), we obtain the result.
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7.1.5 The Mapping Space Signature

In this section, we will define two notions of the mapping space signature. First, we
define the mapping space signature in terms of all the basic monomials, motivated by the
perspective that the basic monomials are the analogues of the simplicial path signature
monomials described in the previous section. This first definition of the mapping space
signature satisfies invariance properties, discussed in Section 7.2, which are analogous to
those for the path signature. We show in Section 7.3 that this mapping space signature
satisfies a shuffle product. Furthermore, we prove an injectivity theorem in Section 7.4
when the map γ : �d → X is lifted to include its parametrization γ̃ : �d → �d × X,
allowing us to show that the signature is a universal and characteristic feature map.

As opposed to the case of d = 1, maps in Diff(�d, X) have d distinct compositions,
one for each dimension. In general, the relationship between the composition of maps
and the algebraic structure of the mapping space signature is much more delicate in
the higher dimensional case. A direct analogue of Chen’s identity does not hold for the
mapping space signature. This leads us to define a second notion of the signature, where
the permutation index Π is fixed to the identity. In this case, we formulate a modified
version of Chen’s identity in Section 7.5.

We begin with the mapping space signature using all of the basic monomials. In the
formulation of the signature for a manifold X, we must first choose a finite set of d-forms,

W = {ω1, . . . , ωr} ⊂ Ωd(X), (7.1.23)

which contains the allowed forms to take in the forms index P .

Definition 7.1.9. Let X be an N-dimensional manifold, and let W = {ω1, . . . , ωr} ⊂ Ωd(X)

be a fixed subset of d-forms. Let Hd,W be normed vector space spanned by the orthonormal
basis vectors eΠ,P, where Π ∈ Σd

m and P ∈Wm. Then, let Hd,W be the Hilbert space defined
by the completion of Hd,W . The mapping space signature for Diff(�d, X) with respect to W is a
map

Mbas,W : Diff(�d, X)→ Hd,W

defined by

Mbas,W(γ) := 1 + ∑
(Π,P)

MΠ,P
bas (γ) eΠ,P, (7.1.24)

where the sum is taken over all allowed pairs (Π, P).

In the case of X = RN , our definitions of the interior monomials are already restricted
to the standard d-forms.

221



7.1 cubical monomials

Definition 7.1.10. Let Hd,N be the normed vector space spanned by the orthonormal basis
vectors eΠ,P, where Π ∈ Σd

m, and P = (P1, . . . , Pm), where each Pj is a multi-index in [N].
Then, let Hd,N be the Hilbert space defined as the completion of Hd,N . The mapping space
signature for Diff(�d, RN) is the map

Mbas : Diff(�d, RN)→ Hd,N

defined by

Mbas(γ) := 1 + ∑
(Π,P)

MΠ,P
bas (γ) eΠ,P , (7.1.25)

where the sum is taken over all allowed pairs (Π,P).

We now introduce the second notion of the mapping space signature, where we restrict
the permutation index Π ∈ Σd

m to be the identity element Π = id. In this case, the
codomain of the signature can be described using the tensor algebra T((RK)) for some K.

Definition 7.1.11. Let X be an N-dimensional manifold, and let W = {ω1, . . . , ωr} ⊂
Ωd(X) be a fixed subset of d-forms. Let T((Rr)) be the power series tensor algebra, with
basis elements eP = ep1 ⊗ . . . , epm given by a multi-index P = (p1, . . . , pm) in [r]. The
identity mapping space signature for Diff(�d, X) with respect to W is the map

Mid : Diff(�d, RN)→ T((Rr)),

defined by

Mid(γ) := 1 +
∞

∑
m=1

∑
|P|=m

Mid,P
bas (γ) eP. (7.1.26)

Once again, in the case of X = RN , we simply choose W to be the collection of standard
d-forms.

Definition 7.1.12. Let T((R(N
d ))) be the power series tensor algebra with basis elements

eP = eP1 ⊗ . . .⊗ ePm , given by P = (P1, . . . , Pm), where each Pj is a multi-index in [N] of
length d. The identity mapping space signature for Diff(�d, RN) is the map

Mid : Diff(�d, RN)→ T((R(N
d )))

defined by

Mid(γ) := 1 +
∞

∑
m=1

∑
P=(P1,...,Pm)

Mid,P
bas (γ) eP , (7.1.27)
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7.1 cubical monomials

where the second sum is taken over all P consisting of m subsets Pj ⊂ [N] of length d.

We have stated the definition of the various notions of monomials and signatures for
both arbitrary manifolds and the special case of X = RN , but we will begin to exclusively
state results for X = RN . While most of the results in the remainder of the chapter hold in
both cases, we choose to work with X = RN due to its direct analogy with the ordinary
path signature, and to reduce repetition.

An important aspect of the definition of the path signature is the fact that it can be
defined recursively. We show that a similar definition holds for the basic monomials
indexed by the identity permutation, as well as the identity mapping space signature.

Proposition 7.1.1. Let P = (P1), where P1 is a multi-index in [N] of length d. For a =

(a1, . . . , ad) ∈ �d and b = (b1, . . . , bd) ∈ �d, define

Mid,P
bas (γ)a,b :=

∫
�d(a,b)

J[γP1 ](t1, . . . , td)dt,

where

�d(a, b) :=
d

∏
k=1

[ak, bk]. (7.1.28)

Then, for P = (P1, . . . , Pm), where each Pj ⊂ [N] of length d, let P = (P1, . . . , Pm−1), and we
recursively define

Mid,P
bas (γ)a,b :=

∫
�d(a,b)

Mid,P
bas (γ)a,t J[γPm ](t1, . . . , td)dt. (7.1.29)

Then,

Mid,P
bas (γ)0,1 = Mid,P

bas (γ). (7.1.30)

Proof. We obtain the proof by recursively expanding the definition of Mid,P
bas (γ)0,1 given

in Equation (7.1.29). Let tj = (tj,1, . . . , tj,d). Then

Mid,P
bas (γ)0,1 =

∫
tm∈�d

Mid,(P1,...,Pm−1)
bas (γ)0,tm J[γPm ](tm)dtm

=
∫

tm∈�d

∫
tm−1∈�d(0,tm)

Mid,(P1,...,Pm−2)
bas (γ)0,tm−1 J[γPm−1 ](tm−1)dtm−1dtm

=
∫

tm∈�d

∫
tm−1∈�d(0,tm)

. . .
∫

t1∈�d(0,t2)

m

∏
j=1

J[γPj ](tj)dt1 . . . dtm.
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7.2 invariance properties

Then, since the domain of integration can be rewritten as

�d ×�d(0, tm)× . . .�d(0, t2) = ∆m × . . .× ∆m = Dd,m(id),

we have Mid,P
bas (γ)0,1 = Mid,P

bas (γ).

Corollary 7.1.1. For a, b ∈ �d and γ ∈ Diff(�d, RN), let

Mid(γ)a,b := 1 +
∞

∑
m=1

∑
P=(P1,...,Pm)

Mid,P
bas (γ)a,b eP , (7.1.31)

and let

J[γ] : �d → R(N
d ) (7.1.32)

t 7→
(

J[γP](t)
)

P⊂[N],|P|=d.

Then,

Mid(γ) =
∫
�d

Mid(γ)0,t ⊗ J[γ](t)dt. (7.1.33)

Proof. This is immediate from the previous proposition.

7.2 invariance properties

In this section, we discuss invariance properties of the mapping space signature. We
begin with Jacobian invariance, which reduces to translation invariance for the path sig-
nature. Next, we discuss permutation invariance with respect to the indexing subsets,
and reparametrization invariance in which each coordinate of �d is reparametrized inde-
pendently. Finally, we discuss a special case of maps which have trivial mapping space
signature.

7.2.1 Jacobian Invariance

Because the mapping space signature is defined in terms of Jacobian determinants,

Definition 7.2.1. Given two maps α, β ∈ Diff(�d, RN), we say that α and β are Jacobian
equivalent, denoted α ∼J β if

J[αP](t) = J[βP](t) (7.2.1)
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7.2 invariance properties

for all P ⊂ [N] such that |P| = d and all t ∈ �d. Furthermore, we will denote the Jacobian
equivalence classes of maps by

D̃iff(�d, RN) := Diff(�d, RN)/ ∼J . (7.2.2)

Example 7.2.1. We provide a simple 1-parameter family of maps which are all Jacobian
equivalent. Let a ∈ R such that a 6= 0. Let γa : �2 → R3 be given by

γa(t1, t2) =
(
at1,

1
a

t2,−at1 +
1
a

t2
)
.

The Jacobian of this map is

dγa(t1, t2) =

(
a 0 −a

0 1
a

1
a

)
.

Then, the determinants of the three Jacobian minors are

J[γa
1,2](t1, t2) = J[γa

2,3](t1, t2) = J[γa
1,3](t1, t2) = 1

for all (t1, t2) ∈ �2. Thus, γa ∼J γb for any a, b ∈ R− {0}.

The following proposition is clear from the definition of the basic monomials.

Proposition 7.2.1. Suppose α, β ∈ Diff(�d, RN) such that α ∼J β. Then

Mbas(α) = Mbas(β).

Remark 7.2.1. In the case of d = 1, if α, β ∈ [0, 1] → RN , then α ∼J β if and only if
α′i(t) = β′i(t) for all i ∈ [N] and t ∈ [0, 1]. In other words, α ∼J β if and only if α = β + c for
some constant c ∈ RN . Thus, Jacobian invariance of the mapping space signature reduces
to translation invariance of the path signature.

7.2.2 Permutation Invariance

Next, we consider invariance of the signature with respect to permutations of the indices
in the basic monomials.

Proposition 7.2.2. Let Π = (π1, . . . , πd) ∈ Σd
m and P = (P1, . . . , Pm) where Pj ⊂ [N] such

that |Pj| = d. Let σ ∈ Σm and define the permutation actions

σΠ = (σπ1, . . . , σπd)

σP = (Pσ(1), . . . , Pσ(m)).
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7.2 invariance properties

Then for any γ ∈ Diff(�d, RN),

MΠ,σP
bas (γ) = MσΠ,P

bas (γ). (7.2.3)

Proof. This will be proved by expanding the definition and performing a change of
variables. Indeed

MΠ,σP
bas (γ) =

∫
Dd,m(Π)

m

∏
j=1

J[γPσ(j) ](tj,1, . . . , tj,d)dt.

We perform the change of variables

tj,k 7→ tσ(j),k.

Under this transformation, the domain of integration becomes Dd,m(σΠ), and we obtain
the desired result.

This result implies that in practice, we do not need to compute all of the basic monomials
in order to obtain the mapping space signature. Indeed, we can restrict ourselves to the
basic monomials where the permutation index Π = (π1, . . . , πd) ∈ Σd

m has one component
fixed to the identity; for example π1 = id. Indeed, we can compute the basic monomial for
an arbitrary Π as

MΠ,P
bas (γ) = Mπ−1

1 Π,π1P
bas (γ).

Remark 7.2.2. In the case of d = 1, this implies that the permutation index can always be
set to the identity, and thus all of the basic monomials can be written as integrals over
the standard n simplex ∆n. This explains the absence of a permutation index for the path
signature monomials.

7.2.3 Reparametrization Invariance

Next we will consider reparametrization invariance, one of the fundamental properties
of the path signature. We find that the mapping space signature is invariant under
reparametrizations in which each coordinate of �d is reparametrized independently.

Proposition 7.2.3. Let φk : [0, 1] → [0, 1] be smooth, monotone increasing bijections for k =

1, . . . , d and let φ = (φ1, . . . , φd) : �d → �d. For any Π ∈ Σd
m, P = (P1, . . . , Pm) such that

Pj ⊂ [N] and |Pj| = d, and γ ∈ Diff(�d, RN),

MΠ,P
bas (γ ◦ φ) = MΠ,P

bas (γ). (7.2.4)
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7.2 invariance properties

Proof. First, we note that for any P ⊂ [N] such that |P| = d, the chain rule gives us

J[(γ ◦ φ)P](t1, . . . , td) = J[γP](φ1(t1), . . . , φd(td))J[φ](t1, . . . , td)

= J[γP](φ1(t1), . . . , φd(td))φ
′
1(t1) . . . φ′d(td).

Then, applying this to MΠ,P
bas (γ ◦ φ), we get

MΠ,P
bas (γ ◦ φ) =

∫
Dd,m(Π)

m

∏
j=1

J[(γ ◦ φ)Pj ](tj,1, . . . , tj,d)dt

=
∫

Dd,m(Π)

m

∏
j=1

J[γPj ](φ1(tj,1), . . . , φd(tj,d))φ
′
1(tj,1) . . . φ′d(tj,d)dt.

Next, we make the change of variables

φk(tj,k) 7→ tj,k

φ′k(tj,k)dt 7→ dtj,k.

Because each φk is a monotone increasing bijection, each simplex ∆m
πk

is preserved under
this transformation:

tπk(1),k < . . . < tπk(m),k =⇒ φ−1
k (tπk(1),k) < . . . < φ−1

k (tπk(d),k).

Then, under this transformation, the above integral becomes

MΠ,P
bas (γ ◦ φ) =

∫
Dd,m(Π)

m

∏
j=1

J[γPj ](tj,1, . . . , tj,d)dt

= MΠ,P
bas (γ).

7.2.4 Maps with Trivial Signature

In this section, we consider maps γ ∈ Diff(�d, RN) defined as a sum of d paths. For such
maps, we show that the basic monomials can be expressed as a linear combination of the
simplicial path signature monomials, which leads to a class of maps which have trivial
signature.
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7.2 invariance properties

Let g1, . . . , gd : [0, 1] → RN be a collection of paths on RN , where each path is written
component-wise as gk = (g1,k, . . . , gN,k). Note that k is fixed in the second index. We
consider the map

γ : �d → RN

(t1, . . . , td) 7→
d

∑
k=1

gk(tk).

This can be written component wise as γ = (γ1, . . . , γN), where

γj : �d → R

(t1, . . . , td) 7→
d

∑
k=1

gj,k(tk).

Given a subset P ⊂ [N] of length d, which we treat as a function P : [d]→ [N], the Jacobian
determinant is

J[γP](t1, . . . , td) = ∑
σ∈Σd

(−1)sgn(σ)
d

∏
i=1

g′P(i),σ(i)(tσ(i)). (7.2.5)

Now, we can compute the basic monomials for such maps as follows. Suppose Π =

(π1, . . . , πd) ∈ Σd
m and P = (P1, . . . , Pm), where each Pj ⊂ [N] is of length d. Then,

MΠ,P
bas (γ) =

∫
Dd,m(Π)

m

∏
j=1

J[γPj ](tj,1, . . . , tj,d)dt

=
∫

Dd,m(Π)

m

∏
j=1

 ∑
σj∈Σd

(−1)sgn(σj)
d

∏
i=1

g′Pj(i),σj(i)
(tj,σ(i))

 dt

=
∫

Dd,m(Π)

 ∑
σ=(σ1,...,σm)∈Σm

d

(−1)sgn(σ)
m

∏
j=1

d

∏
i=1

g′Pj(i),σj(i)
(tj,σj(i))

 dt

= ∑
σ=(σ1,...,σn)∈Σn

d

(−1)sgn(σ)
∫

Dd,m(Π)

d

∏
i=1

m

∏
j=1

g′Pj(i),σj(i)
(tj,σj(i))dt

At this point, we break the inner integral up into a product of d integrals. This is done by
using the structure of the domain of integration

Dd,n(Π) = ∆n
π1
× . . .× ∆n

πd
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where ∆n
πj

is parametrized by tk = (t1,k, . . . , tm,k) (note that k is the second index). Therefore,
we write the double product in the integrand as a product of functions of tj,k for fixed k.
Given σ = (σ1, . . . , σm) ∈ Σm

d and some k ∈ [d], for every j, there exists a unique i such that
σj(i) = k. Thus, we re-index the double product in terms of k rather than i:

d

∏
i=1

m

∏
j=1

g′Pj(i),σj(i)
(tj,σj(i)) =

d

∏
k=1

m

∏
j=1

g′Pj(σ
−1
j (k)),k(tj,k).

Continuing along with the above manipulations, we get

MΠ,P
bas (γ) = ∑

σ=(σ1,...,σm)∈Σm
d

(−1)sgn(σ)
∫

t∈Dd,n(Π)

d

∏
k=1

m

∏
j=1

g′Pj(σ
−1
j (k)),k(tj,k)dt

= ∑
σ=(σ1,...,σm)∈Σm

d

(−1)sgn(σ)
d

∏
k=1

∫
tk∈∆m

πk

m

∏
j=1

g′Pj(σ
−1
j (k)),k(tj,k)dtk

= ∑
σ=(σ1,...,σm)∈Σm

d

(−1)sgn(σ)
d

∏
k=1

SQ(Π,P ,σ,k)(gk),

Here, Q(Π,P , σ, k) is a multi-index of length m valued in [N], defined as follows. Suppose
Π = (π1, . . . , πd) ∈ Σd

m, σ = (σ1, . . . , σm) ∈ Σm
d , P = (P1, . . . , Pm), where each Pj ⊂ [N] is

of length d, and k ∈ [d]. Then,

Q(Π,P , σ, k) = π−1
k ·

(
P1(σ

−1
1 (k)), . . . , Pm(σ

−1
m (k))

)
, (7.2.6)

where
(

P1(σ
−1
1 (k)), . . . , Pm(σ−1

m (k))
)

is a multi-index of length n valued in [N], and π−1
k ∈

Σm acts by permutation of elements. Thus, we have proved the following.

Proposition 7.2.4. Let g1, . . . , gd : [0, 1]→ RN be a collection of paths on RN . Let γ : �d → RN

be defined by

γ(t1, . . . , td) :=
d

∑
k=1

gk(tk). (7.2.7)

Then,

MΠ,P
bas (γ) = ∑

σ∈Σm
d

(−1)sgn(σ)
d

∏
k=1

SQ(Π,P ,σ,k)
∆ (gk), (7.2.8)

where Q(Π,P , σ, k) is given in Equation (7.2.6).
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An immediate corollary is the following.

Corollary 7.2.1. Let g1, . . . , gd : [0, 1]→ RN be a collection of paths on RN . Let γ : �d → RN

be defined by Equation (7.2.7). Furthermore, suppose at least one of the paths gk is tree-like. Then,

MΠ,P
bas (γ) = 0

for all Π and P .

Proof. Without loss of generality, suppose g1 is tree-like. Because g1 is tree-like, its path
signature is trivial, so for any multi-index P valued in [N], SP

∆(g1) = 0. Then, by Equa-
tion (7.2.8), MΠ,P

bas (γ) = 0 for any Π and P .

7.3 shuffle product

In this section, we consider the product structure of the restricted and basic monomials.
The product structure for restricted monomials is immediate from Theorem 3.3.3.

Theorem 7.3.1. Let m1, m2 ∈N. Let

I = (I (1), . . . , I (d)), J = (J (1), . . . ,J (d))

P = (P1, . . . , Pm1), Q = (Q1, . . . , Qm2),

where I (k) = (I(k)1 , . . . , I(k)m1 ) ⊂ 2[m1] and J (k) = (J(k)1 , . . . , J(k)m2 ) ⊂ 2[m2]such that ∅ /∈ I (k),J (k)

for any k and Pj, Qj ⊂ [N] are subsets of length d. Let

I ∗ J =
(
I (1) ∗ J (1), . . . , I (d) ∗ J (d))

P ∗Q = (P1, . . . , Pm1 , Q1, . . . , Qm2),

where

I (k) ∗ J (k) =
(

I(k)1 , . . . , I(k)m1 , J(k)1 + m1, . . . , J(k)m2 + m1
)
.

Then, for any γ ∈ Diff(�d, RN),

MI ,P
res (γ)MJ ,Q

res (γ) = MI∗J ,P∗Q
res (γ). (7.3.1)

The product structure of the basic monomials provide the more familiar shuffle product.
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Theorem 7.3.2. Let m1, m2 ∈N. Let

Π1 = (π1,1, . . . , π1,d) ∈ Σd
m1

, Π2 = (π2,1, . . . , π2,d) ∈ Σd
m2

P1 = (P1, . . . , Pm1), P2 = (Pm1+1, . . . , Pm1+m2),

where Pj ⊂ [N] are subsets of length d for j = 1, . . . , m1 + m2. Let

Π = (π1, . . . , πd) ∈ Σd
m1+m2

P = (P1, . . . , Pm1+m2),

where πk = π1,k ∗ (π2,k + m1) ∈ Σm1+m2 . Then, for any γ ∈ Diff(�d, RN),

MΠ1,P1
bas (γ)MΠ2,P2

bas (γ) = ∑
σ=(σ1,...,σd)∈Sh(m1,m2)d

MσΠ,P
bas (γ), (7.3.2)

where Sh(m1, m2) ⊂ Σm1+m2 is the set of (m1, m2)-shuffles.

Proof. Writing out the product of the two basic monomials, we have

MΠ1,P1
bas (γ)MΠ2,P2

bas (γ) =
∫

Dd,m1
(Π1)×Dd,m2 (Π2)

m1+m2

∏
j=1

J[γPj ](tj,1, . . . , tj,d)dt, (7.3.3)

where (tj,k)j=1,...,m1
k=1,...,d

∈ Dd,m1(Π1) and (tj,k)j=m1+1,...,m1+m2
k=1,...,d

∈ Dd,m2(Π2). The domain of

integration is

Dd,m1(Π1)× Dd,m2(Π2) =

(
d

∏
k=1

∆m1
π1,k

)
×
(

d

∏
k=1

∆m2
π2,k

)

=
d

∏
k=1

(
∆m1

π1,k
× ∆m2

π2,k

)
.

Then, using the shuffle decomposition of ∆m1
π1,k × ∆m2

π2,k into the disjoint union

∆m1
π1,k
× ∆m2

π2,k
= ä

σk∈Sh(m1,m2)

∆m1+m2
σkπk

,
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we get

Dd,m1(Π1)× Dd,m2(Π2) = ä
σ=(σ1,...,σd)∈Sh(m1,m2)d

d

∏
k=1

∆m1+m2
σkπk

= ä
σ=(σ1,...,σd)∈Sh(m1,m2)d

Dd,m1+m2(σΠ).

This decomposition of the domain of integration allows us to rewrite the integral in Equa-
tion (7.3.3) as a sum of integrals over the domain Dd,m1+m2(σΠ),

MΠ1,P1
bas (γ)MΠ2,P2

bas (γ) = ∑
σ∈Sh(m1,m2)d

∫
Dd,m1+m2 (σΠ)

m1+m2

∏
j=1

J[γPj ](tj,1, . . . , tj,d)dt

= ∑
σ∈Sh(m1,m2)d

MσΠ,P
bas (γ).

This provides the basic monomials with a shuffle product structure, analogous to that of
the simplicial signature monomials. It is also important to note that the shuffle product is
not closed for the basic monomials restricted to Π = id. Indeed, the shuffle product for
basic monomials gives us

Mid,P1
bas (γ)Mid,P2

bas (γ) = ∑
σ∈Sh(m1,m2)d

Mσ,P
bas (γ),

where σ ∈ Sh(m1, m2)d ⊂ Σd
m1+m2

is not restricted to the identity. In the case of d = 1,
permutation invariance from Proposition 7.2.2 allows us to move the σ to the forms index
P . However, in the case of d > 1, this approach is not possible since σ = (σ1, . . . , σd) ∈ Σd

m
can consist of d independent permutations.

7.4 parametrized injectivity theorem

In this section, we consider two injectivity theorems for the mapping space signature.
Both of these theorems require that we lift maps γ ∈ Diff(�d, RN) to a map γ ∈
Diff(�d, Rd+N) by appending the parametrization, and using the mapping space sig-
nature for Diff(�d, Rd+N). The difference between the two theorems comes from the choice
of forms we allow from the additional d coordinates. The first will yield an injective map
on Jacobian equivalence classes of maps D̃iff(�d, RN), while the second will yield an
injective map for all smooth maps Diff(�d, RN).
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7.4.1 Jacobian Equivalence Classes

We begin with the inclusion

ι : Diff(�d, RN)→ Diff(�d, Rd+N) (7.4.1)

γ(t) 7→ (t, γ(t)).

We will denote the coordinates of Rd+N by (u1, . . . , ud, x1, . . . , xN). Recall that in the
definition of the basic monomials, we denote the standard d form dxp1 ∧ . . . ∧ dxpd ∈
Ωd(RN) by the subset P = (p1, . . . , pd) ⊂ [N]. We will continue to use the same notation
for the standard d-forms on the x coordinates of RN . In addition, we will also allow the
d-form du1 ∧ . . . ∧ dud in our signature, and we denote this form by V. Let H̃d,N be the
Hilbert space given by the completion of the normed vector space with orthonormal basis
vectors eΠ,P , where Π ∈ Σd

m and P = (P1, . . . , Pm), where Pj is either a subset of [N] of
length d, or Pj = V. This is equivalent to the Hilbert space defined in Definition 7.1.9 given
our allowed choice of forms.

Then, let m ∈ N, Π ∈ Σd
m, and P = (P1, . . . , Pm), where Pj is either a subset of [N]

of length d, or Pj = V. We define the parametrized mapping space signature signature
M̃bas : Diff(�d, RN)→ H̃d,N by

M̃bas(γ) := 1 + ∑
(Π,P)

MΠ,P
bas (ι(γ)) eΠ,P , (7.4.2)

for all allowed pairs (Π,P). The map ι(γ) : �d → Rd+N is simply the identity map
on the u-variables in Rd+N . Thus, J[ι(γ)V ](t) = 1 for all t ∈ �d. As an example of this
parametrized signature, consider Π ⊂ Σd

m, and P = (V, . . . , V, P), where P ⊂ [N] of length
d. Then, the parametrized mapping space signature of γ ∈ Diff(�d, RN) is

M̃Π,P
bas (γ) =

∫
Dd,m(Π)

J[γP](tm,1, . . . , tm,d)dt. (7.4.3)

It is clear that the parametrized mapping space signature is invariant under Jacobian
equivalence, and descends to a map M̃bas : D̃iff(�d, RN) → H̃d,N . We show that M̃bas is
injective on D̃iff(�d, RN). The main idea behind the proof is to show that for any exponent
vector c = (c1, . . . , cd) ∈Nd and any P ⊂ [N] of length d, there exists a linear combination
of the parametrized basic monomials M̃Π,P

bas which is equal to∫
�d

tc J[γP](t)dt

for all γ ∈ Diff(�d, RN), where tc := tc1
1 . . . tcd

d . In other words, the following lemma holds.
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7.4 parametrized injectivity theorem

Lemma 7.4.1. For any c ∈Nd, and any P ⊂ [N] of length d, there exists an element `c,P ∈ H̃∗d,N
such that

〈`c,P, M̃bas(γ)〉 =
∫
�d

tc J[γP](t)dt. (7.4.4)

Before we prove this lemma, we will show that is used to prove the injectivity theorem.
This will require a second lemma.

Lemma 7.4.2. Suppose g : �d → R is a smooth function. Then, if∫
�d

tcg(t)dt = 0 (7.4.5)

for all c ∈Nd, then g = 0.

Proof. Let R[t1, . . . , td] denote the space of polynomials in d variables viewed as functions
Q : �d → R. By the Stone-Weierstrass theorem, R[t1, . . . , td] is dense in C(�d, R), the
space of continuous functions under the uniform topology. Next, we treat µg = g(t)dt as a
finite Borel measure on �d, where

µg(tc) =
∫
�d

tcg(t)dt.

Then, since R[t1, . . . , td] is dense in C(�d, R), and µg(tc) = 0 for all c ∈ Nd, we have
µg( f ) = 0 for all f ∈ C(�d, R). The space of finite Borel measures on �d is the dual space
of C(�d, R), and the fact that µg( f ) = 0 for all f ∈ C(�d, R) implies that µg = 0. Thus,
g = 0.

Using these two lemmas, we can prove the parametrized injectivity theorem.

Theorem 7.4.1. The parametrized mapping space signature

M̃bas : D̃iff(�d, RN)→ H̃d,N

is injective.

Proof. Suppose α, β ∈ Diff(�d, RN) such that M̃bas(α) = M̃bas(β). Let c ∈ Nd and
P ⊂ [N] of length d. Then by Lemma 7.4.1, there exists an element `c,P ∈ H̃∗d,N such
that 〈`c,P, M̃bas(γ)〉 =

∫
�d tc J[γP](t)dt for any γ ∈ Diff(�d, RN). Then, since M̃bas(α) =

M̃bas(β), we have

〈`c,P, M̃bas(α)− M̃bas(β)〉 =
∫
�d

tc (J[αP](t)− J[βP](t)) dt = 0
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7.4 parametrized injectivity theorem

for all c ∈Nd. By Lemma 7.4.2, this implies that

J[αP](t)− J[βP](t) = 0,

which holds for all P. Therefore, α ∼J β and M̃bas is injective on D̃iff(�d, RN).

Finally, it remains to prove Lemma 7.4.1.

Proof of Lemma 7.4.1. Fix c ∈Nd and P ⊂ [N] of length d. The goal of this proof is to find
a linear combination of basic monomials such that

r

∑
i=1

λi M̃
Πi ,P
bas (γ) =

∫
�d

tc J[γP](t)dt, (7.4.6)

where λi ∈ R, Πi ∈ Σd
m, and P = (V, . . . , V, P). Note that the forms index P is fixed in

this sum.
Given this particular P , the basic monomial is

M̃Π,P
bas =

∫
Dd,m(Π)

J[γP](tm,1, . . . , tm,d)dt. (7.4.7)

This is an integral over Dd,m(Π), parametrized by the variables (tj,k)j=1,...,m
k=1,...d

, and thus we

can integrate out all of the tj,k with j < m. Each component πk of Π specifies the order of
the variables t1,k, . . . , tm,k, and since there is no tj,k dependence for j < m, the integral only
depends on π−1

k (m). Thus, we let

B = (b1, . . . , bd) =
(
π−1

1 (m), . . . , π−1
d (m)

)
, (7.4.8)

which we treat as a multi-index in [m] of length d. For tm = (tm,1, . . . , tm,d), we let

Ed,m(B)(tm) =
d

∏
k=1

∆bk−1(0, tm,k)× ∆m−bk(tm,k, 1), (7.4.9)

where

∆k(a, b) = {a ≤ t1 < . . . < tk < b}.

We let t̂ = (tj,k)j=1,...,m−1
k=1,...,d

parametrize Ed,m(B)(tm). Then, the integral in Equation (7.4.7)

can be rewritten as

M̃Π,P
bas =

∫
tm∈�d

(∫
t̂∈Ed,m(B)(tm)

dt̂
)

J[γP](tm)dtm.
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7.4 parametrized injectivity theorem

The inner integral is simply the volume of the region Ed,m(B)(tm), which we can compute
by using the fact that the volume of the k-simplex ∆k(a, b) is

∫
t∈∆k(a,b)

dt =
(b− a)k

k!
.

Then, using the definition in Equation (7.4.9), the volume of Ed,m(B)(tm) is given by

Qm,b(t) :=
∫

t̂∈Ed,m(B)(t)
dt̂ =

d

∏
k=1

tbk−1
k

(bk − 1)!
(1− tk)

m−bk

(m− bk)!
. (7.4.10)

Therefore, our original problem of finding a linear combination of basic monomials
in Equation (7.4.6) is reduced to finding some m ∈ N and subsets Bi ⊂ [m] of length d
such that a linear combination of the polynomials Qm,Bi(t) ∈ R[t1, . . . td] satisfy

r

∑
i=1

λiQm,Bi(t) = tc, (7.4.11)

for some λi ∈ R. The choice of m ∈N is straightforward: we will choose m = maxk{ck}+ 1.
Now, we must find the subsets Bi and coefficients λi.

We can further reduce the problem using the fact that Qm,B(t) is defined in factored
form. Let

qm,b(t) :=
tb−1

(b− 1)!
(1− t)m−b

(m− b)!
, (7.4.12)

so that given B = (b1, . . . , bd) ⊂ [m], we have

Qm,B(t) =
d

∏
k=1

qm,bk(tk).

Suppose for each k ∈ [d] there exists a linear combination

rk

∑
i=1

λk,iqm,bk,i(tk) = tck , (7.4.13)
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7.4 parametrized injectivity theorem

where λk,i ∈ R and bk,i ∈ [m]. Then,

tc =
d

∏
k=1

rk

∑
i=1

λk,iqm,bk,i(tk)

=
r1

∑
i1=1

. . .
rd

∑
id=1

(λ1,i1 . . . λd,id)

(
d

∏
k=1

qm,bk,ik
(tk)

)

=
r1

∑
i1=1

. . .
rd

∑
id=1

(λ1,i1 . . . λd,id)Qm,(b1,i1 ,...,bd,id
)(t),

providing the desired linear combination.

Thus, it suffices to show that for any m ∈N, and c ∈N such that c ≤ m− 1 there exists
a linear combination

r

∑
i=1

λiqbi(t) = tc. (7.4.14)

We fix m ∈N, and prove this by induction on c. The base case will be c = m− 1, which is
straightforward since

qm,m(t) =
tm−1

(m− 1)!
.

Now, we assume the linear combination in Equation (7.4.14) holds down to c, and we will
show the case of c− 1. Consider

qm,c(t) =
tc−1

(c− 1)!
(1− t)m−c

(m− c)!
,

which contains a tc−1 term, as well as monomials of degree strictly greater than c− 1. By
the induction hypothesis, each of these monomials can be written as a linear combination
of the qm,b(t). Thus, Equation (7.4.14) holds for any m, c ∈N such that c ≤ m− 1.

7.4.2 Smooth Maps

In the parametrized mapping space signature considered in the previous section, we
restricted the permissible forms on Rd+N to be either the standard d-volume form in the
Rd factor or a standard d-form in the RN factor. In this section, we will show that by
using a different collection of standard d-forms on Rd+N , the mapping space signature is
injective on the space of all smooth maps in Diff(�d, RN).
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7.4 parametrized injectivity theorem

In particular, consider the d-form

νi,k := du1 ∧ . . . ∧ duk−1 ∧ duk+1 ∧ . . . ∧ dud ∧ dxj ∈ Ωd(Rd+N). (7.4.15)

Given a map γ = (γ1, . . . , γN) ∈ Diff(�d, RN) and its parametrized lift γ := ι(γ) ∈
Diff(�d, Rd+N), the pullback of νi,k along γ is

γ∗(νi,k)(t) =
∂γi

∂tk
(t) (7.4.16)

for all t ∈ �d. We define a variant of the parametrized mapping space signature as follows.
We continue to let V = du1 ∧ . . . ∧ dud denote the standard d-volume form in the Rd factor
of Rd+N . Then, let

W = {V} ∪ {νi,k}i∈[m]
k∈[d]

(7.4.17)

be the set of permissible forms. Let Hd,N = Hd,W be the Hilbert space from Definition 7.1.9,
and define

Mbas : Diff(�d, RN)→ Hd,N

to be Mbas = Mbas,W ◦ ι, where W is the set of permissible forms in Equation (7.4.17),
Mbas,W is the mapping space signature with respect to W, and ι is the parametrized lift
in Equation (7.4.1). The injectivity theorem can then be proved in a similar manner as
above.

Lemma 7.4.3. For any c ∈ Nd, i ∈ [N] and k ∈ [d], there exists an element `c,i,k ∈ H
∗
d,N such

that

〈`c,i,k, Mbas(γ)〉 =
∫
�d

tc ∂γi

∂tk
(t)dt. (7.4.18)

Proof. Fix c ∈ Nd, i ∈ [N] and k ∈ [d]. The aim is to find a linear combination of basic
monomials such that

r

∑
i=1

λi M
Πi ,P
bas (γ) =

∫
�d

tc ∂γj

∂tk
(t)dt, (7.4.19)
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where λi ∈ R, Πi ∈ Σd
m, and P = (V, . . . , V, νi,k) in which there are m− 1 instances of

V. Once again, the forms index P is fixed in the linear combination. Given Π ∈ Σd
m, the

parametrized basic monomial with respect to this choice of P is

MΠ,P
bas (γ) =

∫
Dd,m(Π)

∂γi

∂tk
(tm,1, . . . , tm,d)dt,

which has the same form as the basic monomial in Equation (7.4.7). Thus, we can use the
same procedure as in Lemma 7.4.1 to show the existence of the desired linear combination.

This can then be used to prove the second variant of the parametrized injectivity theorem,
which proceeds in the same manner as Theorem 7.4.1

Theorem 7.4.2. The parametrized mapping space signature

Mbas : Diff(�d, RN)→ Hd,N

is injective up to translation.

Proof. Suppose α, β ∈ Diff(�d, RN) such that Mbas(α) = Mbas(β). Let c ∈Nd, i ∈ [N], and
k ∈ [d]. By Lemma 7.4.3, there exists an element `c,i,k ∈ H

∗
d,N such that

〈`c,i,k, Mbas(γ)〉 =
∫
�d

tc ∂γi

∂tk
(t)dt

for any γ ∈ Diff(�d, RN). Because Mbas(α) = Mbas(β), we have

〈`c,i,k, Mbas(α)−Mbas(β)〉 =
∫
�d

tc
(

∂αi

∂tk
(t)− ∂βi

∂tk
(t)
)

dt

for all c ∈Nd. By Lemma 7.4.2, this implies that

∂αi

∂tk
(t) =

∂βi

∂tk
(t)

for all i ∈ [N], k ∈ [d], and t ∈ �d. Because all derivatives of α and β are equivalent, we
have α(t) = β(t) + a, where a ∈ RN .

7.5 composition of maps

In this section, we consider the generalization of Chen’s identity to higher dimensions. One
of the primary reasons for using cubical domains as the higher dimensional generalization
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7.5 composition of maps

of paths (rather than simplices, for example) is the existence of natural composition or
concatenation operations. In order to define composition in the smooth setting, we must
consider maps with a stationary boundary. Chen [Che77] called paths with this condition
paths which start and end smoothly.

Definition 7.5.1. Let γ ∈ Diff(�d, RN). The map γ has a stationary boundary if there exists
some ε ∈ (0, 1/2) such that

γ(t1, . . . , tk, . . . , td) = γ(t1, . . . , 0, . . . , td)

γ(t1, . . . , 1− tk, . . . , td) = γ(t1, . . . , 1, . . . , td)

if tk < ε holds for all k ∈ [d].

Lemma 7.5.1. Let γ ∈ Diff(�d, RN). There exists a smooth reparametrization φ : �d → �d such
that γ ◦ φ has a stationary boundary.

Proof. Let ε ∈ (0, 1/2). Suppose f : [0, 1]→ [0, 1] is a smooth bump function supported on
[ε, 1− ε] such that

∫ 1
0 f (t)dt = 1. Then, let

g(t) =
∫ t

0
f (t′)dt′,

which has the property that g(t) = 0 when t < ε and g(t) = 1 when t > 1− ε. Let
φ(t1, . . . , td) = (g(t1), . . . , g(td)). Then γ ◦ φ has a stationary boundary.

We can now define composition for maps with stationary boundary.

Definition 7.5.2. Let α, β ∈ Diff(�d, RN) be maps with stationary boundaries and let
k ∈ [d]. If

α(t1, . . . , tk−1, 1, tk+1, . . . , td) = β(t1, . . . , tk−1, 0, tk+1, . . . , td)

for all (t1, . . . , tk−1, tk+1, . . . , td) ∈ �d−1, then we say that α and β are k-composable. Given
k-composable maps α and β, the k-composition α ∗k β ∈ Diff(�d, RN) is defined as

α ∗k β(t1, . . . , td) :=

{
α(t1, . . . , 2tk, . . . , td) : tk ∈ [0, 1/2)

β(t1, . . . , 2tk − 1, . . . , td) : tk ∈ [1/2, 1]
(7.5.1)

The k-composable condition ensures that the k-composition is continuous, and the re-
quirement that α and β have stationary boundaries ensures that the resulting k-composition
is smooth. By Lemma 7.5.1, any map γ ∈ Diff(�d, RN) can be reparametrized into one
with stationary boundary. Furthermore, by Proposition 7.2.3, the mapping space signature
is invariant under this reparametrization. Thus from this point forward, we will omit
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7.5 composition of maps

the stationary boundary condition when discussing compositions, but we will tacitly
reparametrize all maps as necessary.

In Section 6.4.3, we used the formal composition rules for cubical sets to derive Chen’s
identity for the cubical path signature monomials. To summarize the derivation, we showed
Chen’s identity in two steps.

1. Using a modified cubical model L• for the interval [0, 2] with three non-degenerate
1-cubes e01, e12 and e02 such that e02 = e01 +1 e12, we showed that any cubical
monomial for L• where the degeneracy index I only contains degeneracies of e02

can be decomposed into a sum of cubical monomials using the degeneracies of e01

and e12. This was shown in Theorem 6.4.1.

2. For the special case of cubical monomials indexed by flags, which were shown to be
equivalent to the simplicial path signature monomials in Proposition 6.2.1, each term
of the decomposition from the first step can be further decomposed as a product of a
monomial using only e01 degeneracies and a monomial using only e12 degeneracies.

The first step can theoretically be accomplished for the mapping space signature, al-
though the manipulations of the formal composition rules for cubical sets become much
more complex due to the larger variety of degeneracies for the non-degenerate d-cubes,
as well as the increase in the number of possible compositions for these non-degenerate
d-cubes. Moreover, we find that the second step is not possible in higher dimensions: the
basic monomials of a composite map α ∗k β cannot be expressed as a product of the basic
monomials of α and the basic monomials of β.

We illustrate this obstruction with an example. We will consider d = 2 for maps from
the domain �2, and level m = 2. Suppose α, β ∈ Diff(�2, RN) are 1-composable, and let
γ = α ∗1 β be their 1-composition. We let the permutation index be the identity id ∈ Σ2

2
and P = (P1, P2), where P1, P2 ⊂ [N] of length 2. Then,

Mid,P
bas (γ) =

∫
(s,t)∈∆2×∆2

J[γP1 ](s1, t1)J[γP2 ](s2, t2)dsdt,

where we use s and t variables rather than the double indexed tj,k in order to better
distinguish the variables s1 < s2 in the first ∆2 and t1 < t2 in the second ∆2. In order to
express the integral in terms of α and β, we decompose the first ∆2 as

∆2 = ∆2(0, 1/2) ∪ ([0, 1/2]× [1/2, 1]) ∪ ∆2(1/2, 1).
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Using the definition of the 1-composition in Equation (7.5.1), the basic monomial above
can be expressed as

Mid,P
bas (γ) =

∫
(s,t)∈∆2(0,1/2)×∆2

J[γP1 ](s1, t1)J[γP2 ](s2, t2)dsdt

+
∫
(s,t)∈([0,1/2]×[1/2,1])×∆2

J[γP1 ](s1, t1)J[γP2 ](s2, t2)dsdt

+
∫
(s,t)∈∆2(1/2,1)×∆2

J[γP1 ](s1, t1)J[γP2 ](s2, t2)dsdt

=
∫
(s,t)∈∆2×∆2

J[αP1 ](s1, t1)J[αP2 ](s2, t2)dsdt

+
∫
(s,t)∈�2×∆2

J[αP1 ](s1, t1)J[βP2 ](s2, t2)dsdt

+
∫

∆2×∆2
J[βP1 ](s1, t1)J[βP2 ](s2, t2)dsdt

We can see that the first and third integrals in this decomposition correspond to basic
monomials for α and β, and thus we have

Mid,P
bas (γ) = Mid,P

bas (α) +
∫
(s,t)∈�2×∆2

J[αP1 ](s1, t1)J[βP2 ](s2, t2)dsdt + Mid,P
bas (β). (7.5.2)

The obstruction to a formula such as Chen’s identity is the remaining integral in the
above expression. Due to the nontrivial relationship t1 < t2 in the domain of integration,
we cannot express this integral as a product of a monomial of α and a monomial of β.
However, we can express it as the integral of a product of monomials. By expressing the
domain of integration explicitly, the integral can be written as∫

(s,t)∈�2×∆2
J[αP1 ](s1, t1)J[βP2 ](s2, t2)dsdt (7.5.3)

=
∫ 1

t1=0

(∫ 1

s1=0
J[αP1 ](s1, t1)ds1

)(∫ 1

s2=0

∫ 1

t2=t1

J[βP2 ](s2, t2)ds2dt2

)
dt1.

This integral can be expressed in terms of basic monomials of α and β restricted to
subdomains, which was previous defined in Proposition 7.1.1. From the definition in the
Proposition, we can express

Mid,P
bas (γ)a,b :=

∫
Dd,m(id)(a,b)

m

∏
j=1

J[γPj ](tj,1, . . . , tj,d)dt, (7.5.4)
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where

Dd,m(id)(a, b) :=
d

∏
k=1

∆m(ak, bk). (7.5.5)

In other words, Mid,P
bas (γ)a,b is the basic monomial of γ restricted to

[a1, b1]× . . .× [ad, bd].

Note that we can take derivatives of this monomial with respect to the elements in a
and b. Returning to our example in terms of α and β, consider a = (0, 0) and b = (1, t).
Then the derivative with respect to t is

∂

∂t
Mid,(P1)

bas (α)a,b =
∂

∂t

∫ 1

s1=0

∫ t

t1=0
J[αP1 ](s1, t1)ds1dt1

=
∫

s1=0
J[αP1 ](s1, t)ds1.

Finally, we can express the integral in Equation (7.5.3) as∫
(s,t)∈�2×∆2

J[αP1 ](s1, t1)J[βP2 ](s2, t2)dsdt

=
∫ 1

0

∂

∂t
Mid,(P1)

bas (α)(0,0),(1,t) ·M
id,(P2)
bas (β)(0,t),(1,1)dt.

Thus, the basic monomial of the composition α ∗1 β) is

Mid,P
bas (α ∗1 β) (7.5.6)

= Mid,P
bas (α) +

∫ 1

0

∂

∂t
Mid,(P1)

bas (α)(0,0),(1,t) ·M
id,(P2)
bas (β)(0,t),(1,1)dt + Mid,P

bas (β).

This composition identity can be established for any basic monomial where the permu-
tation index is the identity id ∈ Σd

m.

Theorem 7.5.1. Let α, β ∈ Diff(�d, RN) such that α and β are i-composable for some i ∈ [d]. Let
P = (P1, . . . , Pm) where each Pj ⊂ [N] is of length d, and let

P r = (P1, . . . , Pj) (7.5.7)

P r = (Pm−r+1, . . . , Pm) (7.5.8)

denote the first r and last r elements of P respectively. Then, we will use

t̂i = (t1, . . . , ti−1, ti+1, . . . , td) ∈ �d−1
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to denote an element of �d−1 with the ti coordinate omitted. Let

t̂0
i = (t1, . . . , ti−1, 0, ti+1, . . . , td) ∈ �d

t̂1
i = (t1, . . . , ti−1, 1, ti+1, . . . , td) ∈ �d,

denote the the corresponding coordinates on the 0 or 1 face of �d in the i-direction. The all zeros
and all ones vector are denoted by 0 = (0, . . . , 0) ∈ �d and 1 = (1, . . . , 1) ∈ �d respectively.
Finally, let

∂

∂t̂i
:=

∂

∂t1
. . .

∂

∂ti−1

∂

∂ti+1
. . .

∂

∂td
.

Then, we have

Mid,P
bas (α ∗i β) = Mid,P

bas (α) + Mid,P
bas (β) (7.5.9)

+
m−1

∑
r=1

∫
t̂i∈�d−1

∂

∂t̂i
Mid,P r

bas (α)0,t̂1
i
·Mid,Pm−r

bas (β)t̂0
i ,1 dt̂i.

Proof. We begin with the following decomposition of the standard m-simplex

∆m =
m

ä
r=0

∆r(0, 1/2)× ∆m−r(1/2, 1). (7.5.10)

The definition of Mid,P
bas (α ∗k β) is an integral over

Dd,m(id) =
d

∏
k=1

∆m,

and we apply the decomposition in Equation (7.5.10) to the ith ∆m in Dd,m(id). By the
definition of i-composition in Equation (7.5.1), this allows us to express the Jacobians in
the integrand in terms of α and β individually, after a change of variables which takes

∆r(0, 1/2)× ∆m−r(1/2, 1) 7→ ∆r × ∆m−r.

We will use

D
i,r
d,m := (∆m)i−1 × (∆r × ∆m−r)× (∆m)d−i , (7.5.11)

to denote the resulting domain of integration. We will continue to use tj,k as the coordinates
of D

i,r
d,m, where the (tj,i)j∈[m] variables are the coordinates for (∆r × ∆m−r).
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In particular, we have

Mid,P
bas (α ∗i β) = Mid,P

bas (α) + Mid,P
bas (β) (7.5.12)

+
m−1

∑
r=1

∫
D

i,r
d,m

r

∏
j=1

J[αPj ](tj) ·
m

∏
j=r+1

J[βPj ](tj)dt.

Here, we use tj = (tj,1, . . . , tj,d) ∈ �d to supress the notation. The integrals in the
summand can be rewritten by changing the order of integration. In particular, we in-
tegrate the tr,1, . . . , tr,i−1, tr,i+1, . . . , tr,d at the end. In the following decomposition, given
a = (a1, . . . , ad), b = (b1, . . . , bd) ∈ �d, the domain Dd,m(a, b) is defined as Dd,m(id)(a, b)
in Equation (7.5.5), and we let

Di
d,m(a, b) := (∆m−1)i−1 × ∆m × (∆m−1)d−i.

In order to preserve the labelling of the coordinates, we let

t̂i = (tr,1, . . . , tr,i−1, tr,i+1, . . . , tr,i)

in the following expressions. By changing the order of integration, the integrals in the
summand above can be expressed as

∫
Di,r

d,m

r

∏
j=1

J[αPj ](tj) ·
m

∏
j=r+1

J[βPj ](tj)dt

=
∫

t̂i∈�d−1

(∫
Di

d,r(0,t̂1
i )

r

∏
j=1

J[αPj ](tj)dt

)
·
(∫

Dd,m−r(t̂0
i ,1)

m

∏
j=r+1

J[βPj ](tj)dt

)
dt̂i.

By definition, the second integral in the integrand is

Mid,Pm−r
bas (β)t̂0

i ,1 =
∫

Dd,m−r(t̂0
i ,1)

m

∏
j=r+1

J[βPj ](tj)dt.

Furthermore, it can easily be checked by iterated application of the fundamental theorem
of calculus that

∂

∂t̂i
Mid,P r

bas (α)0,t̂1
i
=

∂

∂t̂i

∫
Dd,r(0,t̂1

i )

r

∏
j=1

J[αPj ](tj)dt

=
∫

Di
d,r(0,t̂1

i )

r

∏
j=1

J[αPj ](tj)dt,
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which is the first integral in the integral. Thus, we can express

∫
Di,r

d,m

r

∏
j=1

J[αPj ](tj) ·
m

∏
j=r+1

J[βPj ](tj)dt =
∫

t̂i∈�d−1

∂

∂t̂i
Mid,P r

bas (α)0,t̂1
i
·Mid,Pm−r

bas (β)t̂0
i ,1dt̂i.

Finally, substituing this integral back into Equation (7.5.12), we obtain the desired compo-
sition formula.
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