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Abstract— In this work, we consider the problem of con-
trolling the end effector position of a continuum manipulator
through local stiffness changes. Continuum manipulators offer
the advantage of continuous deformation along their lengths,
and recent advances in smart material actuators further enable
local compliance changes, which can affect the manipulator’s
bulk motion. However, leveraging local stiffness change to
control motion remains lightly explored. We build a kine-
matic model of a continuum manipulator as a sequence of
segments consisting of symmetrically arranged springs around
the perimeter of every segment, and we show that this system
has a closed form solution to its forward kinematics. The model
includes common constraints such as restriction of torsional
or shearing movement. Based on this model, we propose a
controller on the spring stiffnesses for a single segment and
provide provable guarantees on convergence to a desired goal
position. The results are verified in simulation and compared
to physical hardware.

I. INTRODUCTION

Soft robots have a plethora of advantages compared to
traditional rigid robots [1], including the ability to de-
form continuously, adapt to unknown situations, demonstrate
compliance matching, and perform force feedback through
embodied sensing in many applications [2], [3], [4]. Latticed
or tessellated structures provide programmable compliance
in the robot body, with a large range of achievable stiff-
nesses [5], [6]. However, most soft robots designed from
these structures use global actuation strategies such as air
pressure [7], vacuum [8], or tendons [9]. Consequently, they
do not take advantage of opportunities for stiffness tuning
along the body of the robot.

Giving soft robots the ability to locally tune their bodily
stiffness may enable them to operate more efficiently in
changing external conditions. Animals often tune their body
stiffnesses to improve stability and agility of their movements
in this way [10], [11]. This behavior is achieved through a
combination of large global and smaller local muscles in the
body, with global muscles controlling bulk movement and
local muscles generally adjusting local stiffness [12]. Recent
advancements in smart materials and actuators have produced
electrically [13], thermally [14], [15], and magnetically [16]
responsive materials that can be embedded directly and
controlled locally within a robot body for similar actuation
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strategies. These platforms for distributed actuation promise
future robots with the ability to alter local rigidity and forces
independently from position [17].

However, modeling and controlling such tunable stiffness
systems remains challenging due to the complexity of the
forward kinematics and control problem. Modeling soft con-
tinuum manipulators typically involves a series of mappings:
transforming variables from actuation space to configura-
tion space, and thereafter to the robot’s task space [18],
[1], [19]. The second mapping is robot-independent and
proposed transformations from previous studies are equiv-
alent [18]. It is the former half of the mapping scheme
which is robot-specific and challenging. Common approaches
include Bernoulli-Euler beam mechanics [20], Cosserat-rod
theory [21], pseudo-rigid models [22], or iterative FEA
models [23]. Beam models are generalizable across different
compliant structures though limiting due to small deflection
assumptions and suffer from inaccuracies due to numerical
approximations [24], [25]. While FEA based methods may
be more accurate, they are known to be computationally
expensive [26]. Other existing methods are restricted in
applicability to robots with global actuation schemes with
single or binary compliance modes [27], [28] or those that
exhibit solely planar deformation using antagonistic actua-
tors [29], [30]. The problem of modeling and control of
local distributed regions of the manipulator substrate thus
still remains largely unexplored.

We aim to tackle the problem of tunable stiffness control
in a 3D compliant manipulator arm, paving the way for future
soft robotic applications that take advantage of the potential
brought by smart materials and distributed actuation. In order
to gain insights into this problem, we consider the relatively
simple case of a segmented 3D arm with tunable stiffness
elements distributed throughout its outer skin and a single
tendon down the center. In the context of this problem, we
propose a model for the manipulator arm and show that there
exists an analytical solution for the arm’s configuration under
quasistatic assumptions. Building on this intuition, we then
construct a controller that enables the manipulator to stabilize
at a desired end effector position through tuning of stiffnesses
alone. The contributions of this paper include:
• a new theoretical model for 3D compliant manipulators

with a tunable stiffness material skin;
• an analytical solution to the forward kinematics problem

applied to this model;
• analytical gradients (how changes in stiffness affect end

effector position); and
• a stiffness-based controller for moving the end effector



Fig. 1. Side and top view of continuum manipulator prototype

to a desired position with stability and convergence
guarantees.

The model and algorithms are verified in simulation and
through experimental results.

The remainder of this paper is structured as follows.
Section II describes our manipulator model and the problem
to be solved. Section III explains the forward kinematics for
this manipulator. Section IV details our approach to position
control for a single segment and proof of stability. Section V
includes a experimental validation of our forward kinematics
algorithm for both single and multi-segment arms. We also
present the results of stiffness controller tests in simulation.
Section VI concludes with a discussion of the results and
directions for future work.

II. MODEL DEFINITION AND PROBLEM STATEMENT

Consider the soft continuum manipulator in Fig. 1. The
manipulator is composed of Ns segments i ∈ {1, . . . , Ns}.
Each segment consists of a top plate and a bottom plate
connected via Nv springs with a natural length `0 and located
at a distance R from the center. We call R the radius of
the manipulator. In their natural uncompressed state, all of
the segments look identical and are rotationally symmetric.
The segments are connected end-to-end such that the top of
segment i is connected to the bottom of segment i+ 1.

The pictured manipulator can be actuated via two means.
A single tendon runs down the center of the manipulator,
providing a length constraint that controls the overall ma-
nipulator deformation similarly to current global actuation
schemes. In addition, this theoretical manipulator is made
of tunable stiffness materials, which have the affect of
locally changing the stiffness of the springs around the
circumference of the arm. When the tendon is pulled, the
entire manipulator contracts in length into a final global
configuration that depends on the stiffness distribution in the
Ns×Nv springs. It is thus possible to control the end effector
position simply via local stiffness tuning.

A. Single Segment Model

For a single segment i, we define a local reference frame
iO, with an origin at the center of the bottom plate of
the segment and the iz axis oriented normal to the plate.

The position of the center of the top plate of segment i in
the frame of segment j is written as j

ip =
[
j
ix,

j
iy,

j
iz
]ᵀ

.
The orientation of the top plate is written as a quaternion
j
iq =

[
j
iqw,

j
iqx,

j
iqy,

j
iqz

]ᵀ
. These two quantities combined

describe the full state of the segment

j
iS =

[
j
ip,

j
iq
]ᵀ

(1)

Note that j
iS also describes the origin and orientation of

frame i+1O as written in frame jO. The global frame is
GO.

Each segment contains Nv springs located at even intervals
around its circumference. Let ikv , v ∈ {1, . . . , Nv}, be the
stiffness of the vth spring in the ith segment, and let ji`v be
the vector along the length of the spring. We use the variable
iK to denote the vector of stiffness values [ik1, . . . ,

ikNv
].

Let j
irv = R [cos θv, sin θv, 0]

ᵀ, where θv = 2πv
Nv

, be the
radial vector defining the location of the bottom of spring v
relative to iO as written in jO. Then the pose of spring v is
related to the state of the segment as

j
i`v = j

ip +
(
Rot

(
j
iq
)
j
irv −

j
irv

)
(2)

where Rot (q) is the 3-D rotation matrix corresponding to
the quaternion q.

a) Kinematic Constraints: In many cases [9], [18], a
soft manipulator is subject to symmetry and length con-
straints (ref. Fig. 2). In particular, a tubular continuum
manipulator with a continuous skin will often exhibit:

1) No torsion: The outer skin will constrain each segment
so that there is no torsion about the center axis of the
segment. Mathematically, this translates to a kinematic
constraint that orientation i

iq will never have a iz-
component, i.e., that iiqz = 0.

2) No shear: The outer skin will constrain each segment
to minimize shear. This means that all of the springs
i
i`v will remain parallel to each other and to the vector
i
ip between the centers of the top and bottom plates.
As in Fig. 2, only one solution for the orientation is
stable at the inclination iα and extension id among
the loci of solutions indicated. Following the relations
between key angles in a trapezoid shape such as the
one indicated in the Fig. 2, one can easily deduce that
this implies that the angle of inclination of the segment
will be half the angle of rotation of the top platform.

Finally, by observing that a segment cannot self-intersect
and therefore the extreme orientation of a segment produces
an isosceles triangle, we can also obtain an upper bound
on the maximum allowable inclination to prevent ground or
self-collision as

cos−1
(
i
iz
id

)
≤ sin−1

(
id

2Ro

)
(3)

where Ro is the outer radius of the manipulator plates (which
may not be the same as the radius at which the springs act)
and

id = ‖ip‖ =
√
i
ix

2 + i
iy

2 + i
iz

2 (4)



Fig. 2. The vertical cross-section through the end-effector of a manipulator
segment is an isosceles trapezoid. It follows that angle of inclination is iα
while angle of rotation is 2 iα; the second image shows the segment’s
projection onto the X-Y plane, iγ is the radial direction in which the
segment tilts and that the axis of rotation passing through the end-effector
is always perpendicular to the radial direction of tilt.

is the “length” of segment i.

B. Multi-Segment Manipulator Model

The multi-segment manipulator consists of multiple sym-
metrically stacked segments. We calculate the position of
the end effector by composing the transformation matrices
T
(
i
iS
)

corresponding to each segment(
G
Ns

p
1

)
= T

(
Ns

Ns
S
)
×T

(
Ns−1
Ns−1S

)
· · · ×T

(
1
1S
)(ẑ

1

)
(5)

a) Kinematic Constraints: The tendon down the center
of the manipulator passes through the center of the top and
bottom plates of each segment. As a result, the manipulator’s
state must also satisfy that

Ns∑
i=1

‖ip‖ = `t (6)

C. Problem Statement

We formally define the problems addressed in this paper.
Problem 2.1 (Forward Kinematics): Given an Ns-

segment manipulator with spring stiffnesses ikv and tendon
length `t, find the position G

Ns
p and orientation G

Ns
q of the

end effector.
Problem 2.2 (Single Segment Stiffness Control): Given

an Ns-segment manipulator and a desired global position
pdes for the end effector, find the stiffness values ikv for
each spring and the tendon length `t such that the error in
the position of the end effector G

Ns
p − pdes is less than an

error threshold ε.

III. FORWARD KINEMATICS

To solve the forward kinematics problem, we analyze
the potential energy of the spring system. For a given
configuration, the potential energy stored in the manipulator
can be written as

E =
1

2

Ns∑
i=1

Nv∑
v=1

ikv
(
`0 − ‖ii`v‖2

)2
(7)

At any point in time, the system tends to the state of lowest
energy, that is, to the solution of the optimization problem

min
G
iS

E (8)

subject to the kinematic constraints of the manipulator.

A. Single Segment Forward Kinematics
We first show that a single segment has 3 degrees of

freedom. Consider the segment i. Let the axis of rotation
of the top plate be i

ia =
[
i
iax,

i
iay,

i
iaz
]ᵀ

and iα be the angle
of rotation of the top plate about iia. Due to the kinematic
constraints listed in Section II-A, we know that the following
relations hold:

i
ia =

1√
i
ix

2 + i
iy

2

[
− i
iy,

i
ix, 0

]
(9)

iα = tan−1

[√
i
ix

2 + i
iy

2

i
iz

]
. (10)

Then the orientation of the segment reduces to
i
iq =

[
cos iα, iiax sin iα, iiay sin iα, iiaz sin iα

]ᵀ
(11)

Substituting into our representation of the segment’s state,
we obtain

i
iS =

[
i
ix,

i
iy,

i
iz,

i
iz
id
,
− i
iy
id

,
i
ix
id
, 0

]ᵀ
(12)

Now, we can use this reduced state to compute the forward
kinematics. By substituting Eq. (2) and (12) into Eq. (7), we
obtain the segment’s energy iE:

iE =
1

2

Nv∑
v=1

ikv

(
`0 − id+

2R
id

(
i
ix cos θv + i

iy sin θv
))2

(13)
The use of the implicit tendon constraint (single segment)

essentially reduces the search space of the problem to a two
dimensional plane (see Appendix for derivation). Let iiξ =
[iix,

i
iy]ᵀ. The equilibrium pose of the segment can thus be

found by solving for iiξ at which ∂ iE

∂ i
ix

=
∂ iE

∂ i
iy

= 0:(
i
ix

i
iy
)ᵀ

=
(
iA
)−1 (− iB

)
(14)

where

iA =

( ∑Nv

v=1
ikv cos2 θv

∑Nv

v=1
ikv cos θv sin θv∑Nv

v=1
ikv cos θv sin θv

∑Nv

v=1
ikv sin2 θv

)
,

(15)

iB =
id(`0 − id)

2R

(∑Nv

v=1
ikv cos θv∑Nv

v=1
ikv sin θv

)
. (16)

Notice that iA is always non-singular unless ikv = 0 for
all v. The value of i

iz can be recovered from the tendon
constraint in Eq. (4).

This analytical solution does not account for the collision
constraints in Eq. (3). Practically, when solving the system of
equations, the exact solution including collision constraints
can be determined by projecting the solution to Eq. (14)
onto the closest point on the workspace boundary defined
by Eq. (3) such that the segment length remains equal to id.



B. Multi-Segment Forward Kinematics

To extend these results to a multi-segment manipulator, we
observe that the tendon down the center of the manipulator
acts solely as a length constraint and does not impact the
bending of any of the segments. Thus, the full forward
kinematics problem can be decoupled into two separate
problems: 1) what is the length of each of the segments?
and 2) what is the bending angle of each of the segments?
Note that the second problem is exactly the one solved in
Section III-A. It thus only remains to determine the length
of each of the segments.

Because the segments are separated from each other via
rigid plates, each of the segments can be replaced by an
equivalent spring matching the bulk linear and bending
stiffness of the Nv original springs. Thus, the entire ma-
nipulator can be treated as springs in series subject to a total
length constraint. The equivalent linear stiffness for a single
segment is

iKeq =

Nv∑
v=1

ikv (17)

so the length of each segment is computed as

id = `0 −

 (Ns`0 − `t)
iKeq

 Ns∑
j=1

1
jKeq

−1
 (18)

IV. SINGLE SEGMENT STIFFNESS CONTROL

This manipulator can be controlled to stabilize to a desired
end effector position pdes by changing the stiffness distribu-
tion. The energy landscape in 3-D Euclidean space morphs as
stiffness values around the segment change, and the segment
i tends to the state of lowest energy at all times. Controlling
the manipulator configuration is thus a matter of moving the
energy minimum to the desired end effector position along
a continuous trajectory. We set the tendon length to match
the distance to desired position, `t = ‖pdes‖ and in doing
so, constrain the movement of the end-effector to a spherical
surface.

The intuition behind our proposed controller is as follows:
From the kinematic analysis, we know that d iE

d i
iξ

= iA i
iξ +

iB. Then, for any given energy landscape, the top plate of
segment i will move in the direction of −d

iE

d i
iξ

. Thus, we
define

iM =
∂ iA

∂ iK
i
iξ +

∂ iB

∂ iK
(19)

(In a slight abuse of notation, we use ∂ iA

∂ iK to represent for

each value ikv ∈ iK, the matrix corresponding to ∂ iA

∂ ikv

such that ∂ iA i
iξ

∂ iK =
∂ iA

∂ iK
i
iξ = [

∂ iA

∂ ik1
,
∂ iA

∂ ik2
, · · · ∂ iA

∂ ikNv
] iiξ

assuming i
iξ is constant with respect to iK.) This expression

is equivalent to the partial derivative of the gradient of the
energy function with respect to stiffnesses iK when the end
effector position is not constrained to be at the point of
lowest energy. For a given change in stiffness values

iK̇, we

then expect the segment end-effector to move in a direction
whose projection onto the X-Y plane will be −(iM

iK̇). The
problem is then to find the

iK̇ such that this product aligns
most closely with (ξdes − i

iξ).
In general, the solution to this problem will be to use

iK̇ = −iM†
(
ξdes − i

iξ
)

(20)

Practically, since the physical system will also be subject
to lower and upper bounds on ˙iK, we solve the constrained
optimization problem

min
iK̇

(
iM

iK̇
)
· (ξdes − i

iξ) (21)

A. Convergence and Stability

It can be shown that this single segment stiffness con-
troller always stably converges to the desired end effector
position, provided it is within the reachable workspace. Note
that throughout this paper, we assume quasi-static behavior.
When the stiffness changes ‖iK‖ are low and the damping is
high, the system can be treated as a continuous system that
follows the path in Eq. (14) exactly.

Lemma 4.1: Assuming stiffness and workspace bounds
are not reached, a single segment using the controller in
Eq. (21) will always converge to the desired position pdes.

Proof: Consider the following Lyapunov function

V (iiξ) =
(
i
iξ − ξdes

)2
(22)

which exists over all possible i
iξ. It is clear that V ≥ 0 for

all iiξ and V = 0 only when i
iξ = ξdes. Further, as shown

previously, iiξ = ξdes only when i
ip = pdes.

Then the time derivative of this function is

V̇ = 2
(
i
iξ − ξdes

)
· d

i
iξ

dt
(23)

which can be expanded as

V̇ = 2
(
i
iξ − ξdes

)
· d

i
iξ

d iK
iK̇ (24)

Based on our FK model, for given tendon length `t and
set of stiffnesses iK, the segment follows a trajectory defined
by iA i

iξ + iB = 0. Taking the derivative of both sides with
respect to iK yields

∂ iA

∂ iK
i
iξ + iA

∂ iiξ

∂ iK
+
∂ iB

∂ iK
= 0 (25)

iA−1
(
−∂

iB

∂ iK
− ∂ iA

∂ iK
i
iξ

)
=

∂ iiξ

∂ iK
(26)

At the same time, our stiffness controller Eq. (20) is to
use

iM
iK̇ =

(
∂ iA

∂ iK
i
iξ +

∂ iB

∂ iK

)
iK̇ = i

iξ − ξdes (27)

when stiffness bounds are not reached. We note that iM has
full row rank and therefore, its right pseudo-inverse always



exists implying that there will always be at least one value
for

iK̇ that exactly solves this equation.
Finally, substituting Eq. (26) and (27) into Eq. (24), we

find that

V̇ = 2
(
i
iξ − ξdes

)
·
[
iA−1

(
−∂

iB

∂ iK
− ∂ iA

∂ iK
i
iξ

)]
iK̇ (28)

= −2
(
i
iξ − ξdes

)ᵀ iA−1 (iiξ − ξdes) (29)

Since the matrix iA can be decomposed as,

iA =
2R
id
CΛCᵀ (30)

where,

C =

(
cos θ1 · · · cos θNv

sin θ1 · · · sin θNv

)
,Λ =


ik1 · · · 0

...
. . .

...
0 · · · ikNv


and since iA = 2R

id
CΛCᵀ = 2R

id
(CΛ1/2)(CΛ1/2)ᵀ, iA is

positive definite and the controller is Lyapunov.
This proof applies whenever the stiffness bounds are not

reached. Even if this constraint is not satisfied, it is clear that
a solution such that(

∂ iA

∂ iK
i
iξ +

∂ iB

∂ iK

)
iK̇ ·

(
i
iξ − ξdes

)
≤ 0 (31)

always exists, and thus the system is marginally stable in the
sense of Lyapunov.

V. RESULTS

We tested our kinematic analysis and stiffness controller in
simulation and verified the kinematic analysis on a hardware
platform. In all cases, Nv = 6. For simulations, we used
MATLAB on an Intel i5-8300H processor with 16GB in-
stalled RAM. To solve the optimization problem in Eq. (21),
we use the lsqlin solver with the interior-point algorithm.

A. Forward Kinematics

To verify the model and forward kinematics equations,
we constructed a soft manipulator using TPU springs [31]
separated by rigid acrylic plates of weight 58g approxi-
mately. The springs are diamond-lattice shaped springs of
dimensions 30 × 23 × 20.2 (mm), weighing 3g on average.
They are positioned on separating plates as in Fig. 1 with
R = 25 mm and Ro = 63 mm. A motor-pulley mechanism
controls the length of a central nylon tendon passing through
the middle of each rigid plate. Using this setup, we tested
various stiffness distributions and measured the end effector
positions in an OptiTrack motion capture system and com-
pared the results to the model.

Figure 3a shows the results for a single segment manipu-
lator model with lower stiffnesses in the −x direction. The
segment was contracted from an initial tendon length of
31 mm to a final length of 11 mm. A slice of the energy
landscape which contains the solution trajectories is shown
in Fig. 3b. Note that the energy landscape is convex, and
the end-effector trajectory passes through regions of lowest

(a) Compressed Segment

(b) Energy Slice
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(c) Single Segment: Simulation
Fig. 3. Segment with iK = {1.93, 0.83, 0.62, 0.50, 0.60, 0.60}. (a) Ini-
tial and final pose when tendon is contracted. (b) Slice of energy landscape
with trajectory of end effector overlaid. (c) Simulated vs. experimental
trajectory.

TABLE I
3-SEGMENT MANIPULATOR STIFFNESS VALUES

Segment Configuration I (N/mm) Configuration II (N/mm)
1 [1.57, 1.59, 1.63, 1.58,

1.60, 1.52]
[1.62, 1.60, 1.60, 0.58,
0.52, 0.52]

2 [1.41, 1.51, 2.09, 2.35,
2.19, 1.42]

[2.08, 1.83, 2.35, 1.94,
2.19, 1.86]

3 [1.27, 1.37, 1.83, 1.95,
1.86, 1.41]

[1.02, 1.37, 1.41, 1.42,
1.41, 1.27]

energy for each tendon length. Figure 3c shows a comparison
of the final pose and trajectory generated by the FK model
and that from the physical manipulator. The RMSE error in
trajectories is 0.7705 mm. We attribute this marginal error
to non-linearity in the TPU springs’ physical properties.

Results for a multi-segment manipulator are shown in
Fig. 4. We constructed a 3 segment manipulator (segments
numbered from bottom to top) with two different stiffness
configurations, shown in Table I. In this case, the tendon
was pulled down from the manipulator’s relaxed height of
93 mm to a length of 33 mm in configuration (1) and to
28 mm in configuration (2). The trajectories of the physical
manipulator and its simulated model match in form with
an RMSE error of 1.1942 mm in configuration (1) and
2.2918 mm in configuration (2).

B. Single Segment Control

The stiffness controller is theoretically proven to converge.
We add further empirical evidence by running 40 trials on a
single segment manipulator of radius 8 mm and rest height
10 mm with randomly initialized stiffness distributions and
goal positions within its valid workspace. In all cases, the
segment successfully converges to the desired goal position,
ending with a different final stiffness distribution. Mean
convergence times (defined as error<0.05 mm) for the trials
was 91 s with a standard deviation of 44.5 s. Control actions
in each iteration are computed in less than 60ms.



(a) Configuration I (b) Configuration II
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(c) FK for Configuration I
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Fig. 4. Manipulator with two stiffness configurations as in Table I.
(a) Pose in Configuration I. (b) Pose in Configuration II. (c) Simulated vs.
experimental trajectory in Configuration I. (d) Simulated vs. experimental
trajectory in Configuration II.

We also ran a set of 20 tests where the segment starts
with randomized initial stiffnesses and aims to reach the
same goal position [0.9, 0.3, 4.5]

ᵀ. The stiffness controller
was successful in all cases. Figure 5 shows the evolution of
stiffness values of two segments that were initialized with
different stiffness distributions, but had identical trajectories.
We observe from Fig. 5a and 5b that the ending stiffness
distribution also looks similar. Interestingly, in case 1, we see
all stiffnesses converge to their average before redistributing
to reach their final values.

VI. DISCUSSION

In this work, we present a model for a theoretical seg-
mented continuum manipulator with locally variable stiff-
nesses. We derive a closed form expression for the forward
kinematics of a manipulator with multiple segments. The
validity of this method is shown in simulation by ensuring
that the end-effector always follows a path of lowest energy
and comparing the movement of the simulated manipulator
with that of a physical prototype. Additionally, we proposed
a controller for a single segment which manipulates local
stiffnesses to achieve a desired pose. We show stability is
guaranteed with this controller and verify this experimentally.

An advantage of the proposed methods is in its appli-
cability to a large set of soft manipulators and potential
future applications that benefit from stiffness control. Future
work involves adapting our current algorithms for non-linear
springs, as well as extending the single segment stiffness
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(a) Stiffness Change: Case 1
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(b) Stiffness Change: Case 2
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Fig. 5. Simulation results for stiffness control of a single segment
with desired goal [0.9, 0.3, 4.5]ᵀ. (a) Segment initialized with iK =
{0.9, 0.1, 0.9, 0.1, 0.9, 0.1} N/mm. (b) Segment initialized with iK =
{0.5, 0.5, 0.5, 0.5, 0.5, 0.5} N/mm.

controller to manipulators with multiple segments. We also
plan to validate our stiffness control on a physical setup
where local stiffnesses are varied in real-time. For such a
system, it would be preferred if the variation in stiffness
around the segment is minimized (thus distributing stress
more evenly throughout the segment).

APPENDIX

A. Derivation of Energy with Implicit Constraints (Eq. (13))

First, the rotation matrix in Eq. (12) is,
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Substituting the constraint Eq. (6) reveals
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Substituting into Eq. (2) yields

i
i`v =

1
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(
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(
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(34)
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Substituting into Eq. (7) for Ns = 1 yields Eq. (13). Now,
we only have to differentiate the expression for energy and
set it to zero to obtain Eq. (14).
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