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ABSTRACT

WALL-MODELED LES OF 3-D TURBULENT BOUNDARY LAYER WITH EMPHASIS ON

GRID INDEPENDENCY

Xiaohan Hu

George Ilhwan Park

While wall-modeled large-eddy simulation (WMLES) has become an indispensable numerical tool

for scale-resolving simulations and shows its superiority compared to other computational fluid dy-

namics tools in high Reynolds-number wall-bounded turbulent flows, there are still several challenges

remaining to be resolved. The first challenge is the assessment of wall models’ capabilities in nonequi-

librium turbulent boundary layers with pressure gradient and mean-flow three-dimensionality. WM-

LES of a pressure-driven three-dimensional turbulent boundary layer (3DTBL) developing on the

floor of a bent square duct is conducted to investigate the predictive capabilities of three widely

used wall models, namely, a simple equilibrium stress model, an integral nonequilibrium model, and

a PDE nonequilibrium model. While the wall-stress magnitudes predicted by the three wall models

are comparable, the PDE nonequilibrium wall model produces a substantially more accurate pre-

diction of the wall-stress direction. The wall-stress direction from the wall models is shown to have

separable contributions from the equilibrium stress part and the integrated nonequilibrium effects,

where how the latter is modeled differs among the wall models. Another challenge is to demonstrate

the invariance of the WMLES results with respect to the mesh resolution. It is proposed that the

extent of the wall-modeled region controls the convergence trajectory. Specifically, the onset of

convergence is expected to occur at coarser grid resolutions when larger extents of the wall-modeled

region are employed. The proposition is examined in both channel flow and a 3DTBL. The obtained

results provide compelling evidence supporting the idea. Lastly, why dynamic model in LES works

is still not well understood. In the present work, it is postulated that the principal directions of the

resolved rate-of-strain tensor play an important role in the dynamic model. Specifically, it is found

that minimization of the GIE along only the three principal directions, in lieu of its nine components
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in its original formulation, produces equally comparable results as the original model, suggesting

that there might be dynamically more important directions for modeling the subgrid dynamics.
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CHAPTER 1

INTRODUCTION

1.1. Motivation and background

The capability to predict high Reynolds number turbulent �ows is essential for many natural and

engineering �ows such as external aerodynamics of wind turbines and aircraft wings, �ow over the

hull of marine vehicles, atmospheric boundary-layer �ow over complex landscapes and cityscapes,

to name a few. However, due to extreme disparity of scales present in high Reynolds number

wall-bounded turbulent �ows, any attempt to simulate these �ows directly on a computational grid

without resorting to modeling of some sort results in prohibitively large computational cost.

Direct numerical simulation (DNS) is considered as the highest-�delity numerical tool in compu-

tational �uid dynamics (CFD) since it requires no modeling necessity other than the continuum

hypothesis and the constitutive equations. However, as a consequence, it needs to resolve all the

scales of turbulent motions including the smallest dissipative eddies. Such resolution requirement

leads to a total number of grid points scaling asO(Re37=14
L ) (Choi and Moin, 2012) for a spatially

developing turbulent boundary layer, whereReL is the characteristic Reynolds number. The appli-

cation of DNS is therefore limited to low Reynolds number turbulent �ows. The widely-used tool in

the commercial CFD software is the Reynolds-averaged Navier-Stokes equations (RANS) approach.

As the name suggests, RANS solves times-averaged or ensemble-averaged Navier-Stokes equations

and aims to capture the mean-�ow �eld only. The e�ects of all the scales of turbulence motions

on the mean �ow need to be modeled. It is therefore hard to have an universal RANS model that

generally works well for di�erent cases. However, RANS is computationally much cheaper than

DNS, which is why it is popular in the industry. RANS only requires to have �ne grid resolution in

the wall-normal direction to resolve the sharp velocity gradient. It can have very coarse wall-parallel

grid resolution since it doesn't need to resolve the small-scale �uctuating motions.

Large-eddy simulation (LES) is another cost-e�ective alternative to DNS. However, instead of mod-

eling all the �uctuations as what is done in RANS, LES still aims to capture the large (stress-
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carrying) eddies. In practice, LES solves the governing equations on a computational grid which is

too coarse to represent the smallest physical scales but �ne enough to resolve the energy-containing

scales of motions (low-frequency modes in space). The unresolved scales of motions are modeled as

subgrid-scale stress (SGS) terms in the governing equations. The physics of these unsolved small

eddies are more universal than that of the large eddies. Therefore the SGS models tend to be more

generally applicable to di�erent �ow scenarios than RANS models and LES is considered as a more

reliable and accurate numerical tool compared to RANS.

The requirement to directly capture the most energetic scales of motions is not always easy to ful�ll.

In wall-bounded turbulent �ows, the length scales of energy-containing eddies get progressively

smaller toward the wall. High Reynolds number is another challenge for LES since the characteristic

length scales of turbulence-production events decrease as Reynolds number increases. LES which

resolves all the near-wall energy-containing eddies is called wall-resolved LES (WRLES). The grid

point requirement of WRLES for a spatially developing turbulent boundary layer scales asO(Re13=7
L )

(Choi and Moin, 2012). Although it reduces substantially compared to DNS (O(Re37=14
L )), this

level of computational cost is still una�ordable when the Reynolds number is high. A recent study

by Yang and Gri�n (2021) also shows that the total computational cost for WRLES is actually

approaching DNS when the time step e�ect is incorporated into the cost consideration. The total

computational cost for WRLES and DNS scales asRe2:72
L and Re2:91

L respectively. In order to

alleviate this problem, the key task is to develop a model for the computationally demanding inner-

layer dynamics. With this inner-layer model, the cost of LES is dictated solely by the resolution of

the energetic eddies in the outer portion of the boundary layer, which makes LES a�ordable without

sacri�cing its superior predictive capability. This is the concept of wall-modeled LES (WMLES) in

which the outer layer is resolved using a coarse LES while the e�ect of momentum and heat transfer

from the inner layer to the outer layer is modeled. The cost scaling changes fromO(Re13=7
L ) to

O(ReL ) (Choi and Moin, 2012) in terms of required number of grid points. When the time step

e�ect is taken into consideration, the total computational cost scaling reduced fromO(Re2:72
L ) to

O(Re1:14
L ) (Yang and Gri�n, 2021).
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With the superiority in �delity and cost, WMLES and hybrid RANS/LES are identi�ed as the only

feasible ways of predicting high Reynolds number wall-bounded turbulent �ows in external aerody-

namics according to NASA CFD vision 2030 report (Slotnick et al., 2014). However, there are still

several challenges remaining to be addressed for the successful and extensive applications of WM-

LES in the practical aerospace engineering problems. First, comprehensive assessment of wall-model

performance in turbulent boundary layers experiencing pressure gradient and exhibiting mean-�ow

three-dimensionality is still needed. Many modeling assumptions built on two-dimensional canonical

turbulent boundary layers are challenged in �ows with pressure gradient and skewed mean-velocity

pro�les which are more the rule than the exception in the engineering applications such as the swept

wings deployed in the aircraft. Second, few WMLES studies have thoroughly discussed about the

invariance of the statistics with respect to the grid resolution. The current practice is to estab-

lish the grid convergence through a series of numerical simulations with successively re�ned mesh.

However, this practice could be extremely expensive in complex geometry, high Reynolds-number

�ows in which the mesh generation process and running the simulation are both time-consuming.

Therefore, a proper notion of grid convergence in WMLES should be established. The last unre-

solved question is generally related to LES. The success of LES is inseparable from the invention of

the dynamic SGS model in which the modeling coe�cients can be dynamically computed instead

of being tuned a priori. However, the underlying mechanism of dynamic model is just vaguely

understood (Meneveau and Katz, 2000; Pope, 2004) and requires more investigation.

The objective of this work is to investigate the above challenges remained for the WMLES commu-

nity. Resolving these problems will help us to know the capabilities and limitations of di�erent wall

models in nonequilibrium turbulent boundary layers. Therefore, wall models with di�erent levels

of complexity can be properly chosen in di�erent �ow scenarios and numerical predictions can be

e�cient and accurate. A guidance for obtaining grid-converged WMLES results will be built so

that reliable numerical simulations can be conducted without incurring signi�cant cost overhead.
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1.2. Literature review

1.2.1. Wall-modeled large-eddy simulation

WMLES can be broadly categorized as hybrid RANS/LES and wall-stress modeling approaches. In

hybrid RANS/LES framework, RANS equations are solved near the wall and interface to an LES

away from the solid boundary. In wall-stress modeling formulation, LES equations are valid in the

whole domain whereas the wall boundary conditions are augmented to account for the e�ect of

the unresolved inner portion of the boundary layer. In the current study, the focus is only on the

wall-stress modeling strategy.

Wall-stress modeling is inspired by the role played by the wall stress in the mean momentum balance

across the boundary layer. The momentum integral analysis of the boundary layer equations reveals

that the total stress at any given point in the boundary layer is determined by the wall stress and

pressure gradient (Bose and Park, 2018). In WMLES, LES equations are solved on a coarse mesh,

where the stress-carrying eddies in the near-wall region are mostly unresolved. The LES mesh

alone cannot represent the sharp velocity gradients and the momentum transport near the wall.

This causes SGS models to produce insu�cient levels of modeled stresses. Wall modeling aims to

compensate for such numerical and modeling errors in the underresolved near-wall region of LES,

by augmenting the total stresses directly through the imposition of the modeled stress boundary

condition at the wall in lieu of the no-slip condition. In the present work, wall models solve simpli�ed,

vertically integrated, or full RANS equations on a separate near wall mesh. The grid for wall models

have �ne resolution in the wall-normal direction (with the exception of the integral nonequilibrium

wall model, which does not require a wall-normal grid), but the wall-parallel grid resolution (if any)

is identical to or coarser than the LES grid. All wall models in this study are driven by the LES

states imposed at their top boundaries, which are taken at a speci�ed matching height in the LES

grid. At each time step, wall stress and heat �ux obtained from the wall model are used as the

Neumann wall boundary condition for the LES. Figure 1.1 shows a schematic of the wall modeled

LES procedure employed in the present work.

4



Figure 1.1: Sketch of the wall-stress modeling procedure (reproduction from �gure 1 of
Park and Moin (2016a)). Wall shear stress (� w) and heat �ux ( qw) are solved from the wall model
equations on a separate near-wall mesh. Wall models are driven by the LES states imposed at their
top boundaries while the no-slip condition is applied at the wall.

To date, several wall models have been proposed, most of which are based on some form of the

law-of-the-wall or solving a set of simpli�ed or full Reynolds-averaged Navier-Stokes (RANS) equa-

tions. Deardor� (1970) and Schumann (1975) were the �rst to recognize the need for wall mod-

eling to perform LES of high Reynolds number plane channels and annuli to overcome lack of

computing resources in the 1970s. Grötzbach (1987) later improved the model by removing the

necessity of a priori knowledge of the mean wall shear stress. The geometry of the near-wall ed-

dies was incorporated in the work of Piomelli et al. (1989) to account for the inclination of the

vortical structures in the streamwise/wall-normal plane. Wang and Moin (2002) proposed an or-

dinary di�erential equations (ODE) based wall model derived from the equilibrium assumption

(Degraa� and Eaton, 2000), which later on was extended to compressible �ows (Kawai and Larsson,

2012; Bodart and Larsson, 2011). The ODE equilibrium wall model excludes the nonequilibrium

e�ects such as pressure gradient, and considers the wall-normal di�usion only. Nonequilibrium wall

models based on full 3D RANS equations were investigated by Balaras et al. (1996), Wang and Moin

(2002), Cabot and Moin (2000), Kawai and Larsson (2013), and Park and Moin (2014, 2016a).

Yang et al. (2015) introduced the integral nonequilibrium wall model based on the integrated bound-

ary layer equations and assumed velocity pro�les, which can be considered as a compromise between

the aforementioned two classes of wall models. Several e�orts have also been directed toward for-

5



mulating wall models which are not based on RANS. Bose and Moin (2014) and Bae et al. (2019)

proposed a di�erential �lter-based wall model which introduced a slip-velocity applied in the form of

Robin boundary condition at the wall. Chung and Pullin (2009) proposed a virtual wall model with

a slip velocity boundary condition speci�ed on the lifted virtual wall. Gao et al. (2019) extended this

virtual wall model in a generalized curvilinear coordinate. Advances on WMLES were reviewed by

Piomelli and Balaras (2002), and more recently by Larsson et al. (2016) and Bose and Park (2018).

With the development of novel wall models and increase in the computing capacity, WMLES is

becoming an indispensable tool for predictive but a�ordable scale-resolving simulation of practical

engineering �ows at high Reynolds numbers. Recent applications to external aerodynamics appli-

cations include simulation of a wing-body junction �ow (Lozano-Durán et al., 2021) and �ow over

a realistic aircraft model in landing con�guration deploying high-lift devices (Goc et al., 2021).

Although WMLES is now gaining popularity as a high-�delity tool balancing the computational cost

and the accuracy, with the potential to be used for design and optimization in practical engineering

applications because of its reasonable turnaround times, comprehensive benchmark studies on the

comparison of di�erent wall models in complex �ows are lacking. There have been a number of com-

parative studies of WMLES with di�erent wall models or subgrid scale (SGS) models. Wang et al.

(2020),Yang and Bose (2017) have done comparative studies of three wall models (including equi-

librium wall model, slip wall model and integral nonequilibrium wall model) in turbulent channel

�ow. Rezaeiravesh et al. (2019) has done a systematic study of accuracy of WMLES using algebraic

wall model. The sensitivities of the choice of SGS models, matching height, grid resolution and

law of the wall parameters are investigated. However, it should be noted that the nonequilibrium

terms that are added to the more complicated wall models are essentially zero in canonical �ows

like turbulent channel �ow. This fact limits the full understanding of the performance of more

complicated wall models. Therefore, comparative studies of WMLES with di�erent wall models

in more realistic turbulent �ows with nonequilibrium e�ects such pressure gradient and mean-�ow

three-dimensionality are highly needed for the guidance of the applicability of di�erent wall models

in di�erent scenarios.
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Park (2017) compared the performance of ODE equilibrium wall model and PDE nonequilib-

rium wall model in a separating and reattaching �ow over the NASA wall-mounted hump.

Whitmore et al. (2021) investigated the �ow over Gaussian bump with equilibrium and slip wall

models. Lozano-Durán et al. (2020) tested three RANS based wall models (ODE equilibrium

wall model, intergral nonequilibrium wall model and PDE nonequilibrium wall model) in a three-

dimensional transient channel �ow. For the latter study, it is worth noting that the three wall models

were not tested using the same LES code. The lack of a like-for-like comparison of di�erent wall

models, especially in �ows with nonequilibrium e�ects such as mean-�ow three-dimensionality and

pressure gradient, warrants a systematic study of various wall models under the identical settings of

the same solver and the same �ow conditions. This will facilitate a clear assessment of the di�erences

in the performance of di�erent wall models, both in terms of the accuracy and the computational

cost. Foregoing in view, in the present work, we test three wall models in a three-dimensional tur-

bulent boundary layer �ow: an ODE equilibrium wall model (EQWM), an integral nonequilibrium

wall model (integral NEQWM), and a PDE nonequilibrium wall model (PDE NEQWM). These

three models respectively represent increasing model complexity with correspondingly increasing

physical �delity for predicting 3DTBLs. The equilibrium wall model assumes that the velocity

pro�le is unidirectional and neglects all nonequilibrium e�ects, while the latter two are capable of

representing skewed velocity pro�les and incorporate some or all nonequilibrium e�ects, albeit in

an averaged sense.

Before describing the 3DTBL in more detail, a few remarks are in order regarding the suitability of

the current choice of 3DTBL �ow to conduct the comparative study of wall models with di�erent

physical �delity. Historically, much of the research on wall turbulence has focused on statisti-

cally two-dimensional (2D) equilibrium turbulence in simple geometries (e.g., channel, pipe and �at

plate). Di�erent wall models perform equally well therein, making it hard to justify the use of more

complex models. Furthermore, many practical �ows of interest, such as those found on the swept

wings of aircraft, wing/body juncture, bow/stern regions of ships and turbomachinery, are strongly

a�ected by the mean-�ow three-dimensionality. Such 3DTBLs challenge the validity of the theories

and models established from the canonical 2D wall turbulence and thus provide a good stage to
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exhibit the distinctive capabilities of di�erent wall models. Therefore, the current study of turbulent

boundary layer with mean-�ow three-dimensionality is well suited to test di�erent wall models, and

to explain the physical origins of the di�erences in the results of these models. We also compiled all

pertinent published papers on the comparison of wall models in Table 1.1. Most of the comparisons

are done in canonical �ows like doubly periodic channel �ow, with a few considering a variant of

doubly periodic channel with mean-�ow three-dimensionality introduced by the sudden imposition

of the spanwise pressure gradient. Only Wang and Moin (2002), Kawai and Asada (2013) and Park

(2017) have done comparative studies on di�erent wall models in realistic turbulent boundary layers

with nonequilibrium e�ects. All works deployed at least one homogeneous spatial direction along

which the periodic boundary condition was applied. On the contrary, in the present study, all mean

velocity components are non zero, where they vary in all spatial coordinates without any direction

of periodicity/homogeneity. It is fair to say that our work is the �rst one for the comparative study

of three wall models in a realistic and challenging situation involving pressure-driven 3DTBL. It is

our opinion that comparison or validation of wall models in canonical �ows provides only limited

perspectives to what the models can and should do. Our study is unique in that it clearly goes

beyond this barrier by considering a �ow with complex three dimensional mean �ow, and our work

is important in that it provides a novel physics-based insights on wall-model performance in 3DTBL

for the �rst time.

1.2.2. Three dimensional turbulent boundary layer

The 3DTBLs can be classi�ed as pressure-driven (also termed skew-induced (Bradshaw, 1987)

or inviscid-induced (Lozano-Durán et al., 2020)), or shear-driven (also termed viscous-induced

(Lozano-Durán et al., 2020)) ones, according to the mechanisms by which the mean three dimen-

sionality is introduced into the �ow. For the pressure-driven 3DTBLs, the cross�ow is induced by the

imposition of spanwise pressure gradient. More speci�cally, the mean three-dimensioanlity is pro-

duced by reorienting (tilting) the existing mean spanwise vorticity to generate non-zero streamwise

vorticity. This process is often referred to as �inviscid skewing� due to its quasi-inviscid nature, and

streamwise variation in the imposed spanwise pressure gradient often facilitates this vorticity tilting
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List of comparative study of WMLES
Authors Wall models Cases
Wang and Moin (2002) EQWM and NEQWM Spanwise-periodic asymmet-

ric trailing edge (2,2)
Park (2017) EQWM and NEQWM Spanwise-periodic wall-

mounted hump (2,2)
Kawai and Asada (2013) EQWM and NEQWM Spanwise-periodic airfoil (2,2)
Lozano-Durán et al. (2020) EQWM, NEQWM and inte-

gral NEQWM
Doubly periodic channel
(transient) (2,1)

Wang et al. (2020) EQWM, integral NEQWM
and slip wall model

Doubly periodic channel (1,1)

Yang and Bose (2017) EQWM, integral NEQWM
and slip wall model

Doubly periodic channel (1,1)

Bae et al. (2019) EQWM and slip wall model Doubly periodic channel
(1,1), Doubly periodic
channel (transient) (2,1),
Spanwise-periodic �at-plate
boundary layer (2,2)

Fowler et al. (2022) EQWM and Lagrangian relax-
ation towards equilibrium wall
model

Doubly periodic channel
(1,1), Doubly periodic chan-
nel (transient) (2,1)

Table 1.1: List of papers with the comparison of di�erent wall models. Numbers in the parentheses
in the last column in the form of (C, d) denote the number of non-zero mean velocity components
(C) in (U; V; W) and the number of spatial dimensions (d) they depend upon. It should be noted
that the �ow considered in the present study corresponds to (C; d) = (3 ; 3), where all
mean velocity components are non zero, they vary in all spatial coordinates, without
any direction of periodicity/homogeneity .

9



(Coleman et al., 2000). Examples of this type of 3DTBLs include �ows in a square duct with a

bend (Schwarz and Bradshaw, 1994; Flack and Johnston, 1994), in an S-shaped duct (Bruns et al.,

1999), over wing-body junctures (Rumsey, 2018), over swept wings (Bradshaw and Pontikos, 1985),

and over prolate spheroids (Chesnakas and Simpson, 1994). For the shear-driven 3DTBLs, the

cross�ow is induced by the viscous di�usion of mean spanwise shear from the wall. Examples of

this class include �ows within a spinning cylinder (Bissonnette and Mellor, 1974; Lohmann, 1976;

Driver and Hebbar, 1988), over a rotating disk (Littell and Eaton, 1993), over turbomachinery and

in Ekman layers. In the present work, we are interested in theskew-inducedcases which are more

prevalent in external hydrodynamics or aerodynamics applications.

Over the past decades, studies on 3DTBL have unraveled its distinctive features which set it apart

from the canonical 2D wall turbulence. First, the mean-�ow direction in 3DTBL varies along

the wall-normal direction, resulting in a skewed velocity pro�le. The law-of-the-wall, which is the

characteristic of the canonical 2D wall turbulence, is therefore challenged in 3DTBL. Second, the

Reynolds shear stress vector is not aligned with the mean velocity gradient vector in 3DTBLs. Thus

the Reynolds shear stress response in 3DTBL can lag behind or lead that predicted by the isotropic

eddy viscosity models which assume perfect alignment of the two. Third, a reduction in the structure

parameter (the ratio of the total Reynolds shear stress magnitude to twice the turbulent kinetic

energy) is often observed in 3DTBLs, whereas this parameter is nearly constant (roughly 0.15) in

the outer layer of 2DTBL. The aforementioned features of 3DTBL pose a fundamental challenge to

the validity of the underlying assumptions in many turbulence models (including wall models) that

are based on 2DTBL, and therefore bring into question the reliability of these models when applied

to practical �ows.

The numerical studies of 3DTBLs using direct numerical simulation (DNS) and large-eddy simula-

tion (LES) have mostly focused on deformed 2D wall turbulence. These studies include channel �ow

subject to sudden cross�ow pressure gradients (Lozano-Durán et al., 2020; Sendstad, 1992), channel

�ow with spanwise wall motions, channel �ow subject to mean strains (Coleman et al., 2000), TBL

over an idealized in�nite swept wing generated by a transpiration pro�le (Coleman et al., 2019),
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TBL subject to streamwise-varying pressure gradient (Bentaleb and Leschziner, 2013), and TBL

on a �at plate with a time-dependent freestream velocity vector (Spalart, 1989). These numeri-

cal studies are limited to relatively low Reynolds number and idealized 3DTBLs due to the large

computational cost. The present study focuses on a realistic, spatially-developing, pressure-driven

3DTBL over the �oor of a duct with a bend (Schwarz and Bradshaw, 1994), which is at a consid-

erably higher Reynolds number than the past studies but still providing a good balance between

the physical realism, the tractability of the underlying 3DTBL mechanisms, and the computational

cost of the simulations.

1.2.3. Grid convergence

Demonstrating the invariance of the numerical solution with respect to grid spacing (particularly

for high Reynolds number turbulent �ows) is a fundamental requirement and a basic premise for the

reliability of the CFD results. As pointed out in the NASA CFD 2030 Vision report (Slotnick et al.,

2014), a key factor limiting the e�ectiveness of current and future turbulence models is the impact

of grid resolution on both the accuracy and the convergence properties of the models. This applies

to all the CFD techniques for turbulence including RANS, LES and DNS.

In LES, the large-scale, energy-containing eddies must be resolved, while the e�ect of the more

isotropic and homogeneous small-scale eddies are modeled. Theoretically, the LES equations are

solved for the �ltered �ow �eld, and the converged LES results in principle should be related closely

to the �lter width. In a �nite di�erence framework, Ghosal (1996) showed that the numerical er-

rors are quite large compared to the subgrid-scale (SGS) force. It has also been shown that the

errors can be reduced by implementing LES with a �lter width larger than the grid size. However,

in most cases, the grid itself and the �nite resolving power of discrete math operations (di�eren-

tiation/interpolation/integration) are considered as an implicit �lter. This implicitly-�ltered LES

accounts for the majority of the LES calculations performed, the results of which are by construction

sensitive to the grid resolution. This aspect may be considered desirable in the sense that LES has

a direct path to the �rst-principle based approach (fully converged LES approaches DNS). On the

other hand, this renders numerical and modeling errors fundamentally inseparable, because reduc-
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tion of the former by grid re�nement leads to reduction of the model contribution. Albeit rarely

attempted in practice, the explicitly �ltered LES approaches aim at formal separation of numerical

and modeling errors through a real mathematical �lter (in lieu of implicit grid �lter) at work in LES.

Speci�cally, the grid re�nement process while keeping the �lter width constant (larger than the grid

spacing) is known to produce grid-independent LES solution, where numerical error is suppressed

in the presence of �nite modeling error. Lund (2003) implemented two-dimensional explicit �lters

for a turbulent channel �ow and showed that explicit �ltering can improve the accuracy of LES.

However, it was found that mesh re�nement without explicit �ltering can improve the computed

statistics at a greater rate. Bose et al. (2010) discussed the grid-independent turbulent statistics

and energy spectra in turbulent channel �ow, showing that the errors of the grid-independent LES

solution (with respect to the �ltered DNS) can be attributed to the sub�lter stress model in the

explicitly �ltered LES framework. Alternatively, Piomelli et al. (2015) proposed a di�erent notion

of grid-independent LES, showing that it can be conducted without the need to deploy explicit

�lters but by the use of a grid-independent integral length scale for modeling the sub�lter mo-

tions. The grid convergence behavior of LES in general becomes subtler in the presence of walls.

Meyers and Sagaut (2007) presented a non-monotonic convergence behavior of a coarse DNS at

resolutions typical of LES, alluding to possibilities in practice where LES solution with incomplete

convergence but showing good agreement with experiments/DNS can be erroneously taken as the

terminal CFD prediction.

Since wall-resolved LES (WRLES) of wall-bounded �ows becomes prohibitively expensive at high

Reynolds numbers, wall-modeled LES (WMLES) is typically used to study these �ows, where the

energetic eddies are only resolved in the outer layer and the unresolved momentum transport near

the wall is modeled. The notion of grid convergence is currently not well established in WMLES.

Several unanswered questions of practical importance can be raised. What �nal converged state do

we expect for WMLES to reach? What is the best practice for conducting grid re�nements in WM-

LES? Is it possible to know if one has obtained a WMLES solution that would not respond to further

grid re�nements, without conducting full convergence study down to the WRLES limit? The high

cost of a well-resolved solution of high Reynolds number wall-bounded turbulent �ows has rendered
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answering these questions di�cult, but recent attempts are noteworthy. Lozano-Durán and Bae

(2019) investigated the error scaling of �ow statistics in a turbulent channel �ow at a moderately

high Reynolds number, with the exact mean wall stress imposed at the wall as a perfect wall model.

Rezaeiravesh et al. (2019) studied turbulent channel �ows to examine the e�ects of resolution and

anisotropy of grid on WMLES together with the sensitivity to wall modeling parameters, wall model

matching location, numerical convective scheme, and SGS modeling. While addressing a critical

wall-modeling error (the log-layer mismatch) in their seminal work, Kawai and Larsson (2012) pro-

posed a mechanism of the log-layer mismatch in �at-plate boundary layers that hinted at subtle

interaction of modeling and numerical errors in the grid re�nement process, the remedy of which

(avoiding use of the wall-adjacent information for wall modeling) has become a widely accepted prac-

tice. In practical engineering applications involving complex geometries and high Reynolds-number

�ows, attempts are often made to demonstrate grid convergence through a sequence of simulation

campaigns on successively �ner meshes until the key quantities of interest no longer show signif-

icant changes with grid re�nements. These re�nement studies are typically not carried out down

to the WRLES limit, because the cost is prohibitive (also note that doing so, even if possible,

would defeat the purpose of wall modeling). Park (2017) conducted grid convergence study for the

WMLES of �ow over the NASA wall-mounted hump. Three grids with di�erent re�nement levels

were used (11.7M, 12.9M and 36.3M). It was shown that LES with NEQWM had mostly converged

on medium grid while LES with EQWM had a slower and less monotonic convergence. It was

also mentioned that the mean �ow from no-slip LES (without wall modeling) was only marginally

worse than WMLES on medium and �ne grids, indicating that these grids were approaching the

wall-resolved LES resolutions. Similar grid convergence study was done by Iyer and Malik (2021)

for the WMLES of �ow over a Gaussian bump. The e�ect of grid resolution on pressure coe�cient

was small under the three grid resolutions used in the study, while some di�erence was evident in

the skin friction results. Coarse grid (3.4M) result deviated signi�cantly from DNS, but convergence

was observed in medium and �ne grids (16M and 25M). It should be noted that WMLES of some

very high Reynolds number applications (notably, external aerodynamics) still require a very large

number of grid points/cells. For instance, order of billion cells are expected for aircraft WMLES at
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cruise conditions (Slotnick et al., 2014; Choi and Moin, 2012; Tamaki and Kawai, 2023). The usual

practice of demonstrating grid independence through two to three re�nement levels can be still

very challenging to conduct due to the computational cost, especially when the �ow at interest ex-

hibits slow time scales (e.g., large separation bubble on stalled wings) (Goc et al., 2019, 2021, 2022;

Tamaki and Kawai, 2023). In this situation, knowing when it is okay to stop the grid re�nement

and establishing con�dence on the invariance of WMLES prediction become practically important

questions.

In the present work, we propose a hypothesis that the convergence behavior of WMLES (conducted

with wall-stress models) is controlled by the extent of the wall-modeled region, commonly referred

to as the matching location. We study the grid convergence trend of WMLES in a canonical

statistically one-dimensional (1D) turbulent channel �ow, as well as a three-dimensional turbulent

boundary layer (3DTBL). The relation between how convergence starts/ends and the wall model

matching location is investigated. The quantities of interest include the mean wall-shear stress,

mean velocity, and turbulence intensity.

1.2.4. Dynamic modeling

Dynamic closure of the subgrid-scale (SGS) stress is perhaps the most celebrated feature of large-

eddy simulations (LES), which is absent in other lower-�delity approaches for modeling turbulence.

The class of dynamic SGS models allows for the determination of model coe�cients purely from

the resolved-scale information available in live LES calculations, eliminating the need for the ad-

hoc practice of parameter calibration and therefore greatly promoting the predictive nature of the

method. It was Germano et al. (1991) who �rst introduced the idea of the dynamic procedure,

proposing the dynamic Smagorinsky model (DSM). This formulation was based on the Germano

identity which is an algebraic relation between the SGS stresses at two di�erent �lter levels and

the resolved turbulent stresses. Lilly (1992) proposed a modi�cation by minimizing the Germano-

identity error (GIE) which has become the most widely adopted practice.

Compared to the massive works that apply the DSM to the study of turbulent �ows, the mechanism

behind why the DSM is successful is much less understood. The explanation based on scale invari-
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ance in the inertial subrange was initially adopted, but it was later challenged by Jiménez and Moser

(2000) who claimed that the DSM's success is thanks to the model's robustness to errors in the

physics. Pope (2004) brought another perspective that the dynamic procedure minimizes the depen-

dence of relevant turbulence statistics (total Reynolds stresses) on �lter levels. Toosi and Larsson

(2021) complemented the understanding by showing the connection between the GIE and the resid-

ual of the LES governing equations.

Closely related to the interpretation of the GIE tensor, how one minimizes the GIE can make a

di�erence in the SGS stress modeling. Ghosal et al. (1995) recast the solution procedure of the

model coe�cient in the context of a variational problem, generalizing the dynamic procedure to

�ows without homogeneous directions. Meneveau et al. (1996) introduced a Lagrangian dynamic

procedure where the GIE is minimized along the �ow pathlines, allowing for the application of the

model to inhomogeneous �ows in complex geometries. Morinishi and Vasilyev (2001) proposed a

modi�cation for the dynamic two-parameter mixed model to improve the model performance in wall-

bounded turbulent �ows. Park and Mahesh (2009) explored reduction in an ensemble-averaged GIE

and proposed an e�cient predictor-corrector-type method to �nd the optimal parameter. Denaro

(2013) derived the integral-based Germano identity which showed much less sensitivity to the type

of contraction than expected in the di�erential-based formulation. Agrawal et al. (2022) proposed

a tensorial Smargorinsky coe�cient in the DSM to overcome the invalid assumption of alignment

between the �ltered strain-rate tensor and the SGS stress.

The present study aims to provide an alternative explanation of the mechanism behind some dy-

namic SGS models rooted in the Germano identity. Speci�cally, we show that only a few directions

matter for these models, namely, the principal directions of the �ltered strain-rate tensor. The idea

is demonstrated in turbulent channel �ow, a three-dimensional turbulent boundary layer (3DTBL),

and a separating �ow over periodic hills.

1.3. Accomplishments

Key contributions of this study are listed below.
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ˆ Assess capabilities of wall models with increasing levels of model complexities in nonequilib-

rium turbulent boundary layers.

ˆ Formal decomposition of equilibrium/nonequilibrium e�ects on near-wall mean �ow three-

dimensionality, applicable to arbitrary wall models.

ˆ Propose a proper notion of grid convergence in the context of WMLES.

ˆ Understand the mechanism and the role of Germano-identity error in the dynamic Smagorin-

sky SGS model.
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CHAPTER 2

WMLES OF A 3DTBL IN A BENT SQUARE DUCT

This chapter is based on my work published in Hu et al. (2023).

2.1. Flow con�guration

The reference con�guration for the present study is the experimental setup of Schwarz and Bradshaw

(1994). While numerous experimental studies have been reported on 3DTBLs (as discussed in

Johnston and Flack (1996)), our choice of the reference experiment was motivated primarily by

the following aspects of Schwarz and Bradshaw (1994) which we found to be favorable to the goals

of this study: 1) the highest Reynolds number among the pressure-driven 3DTBLs experiments

reported in Johnston and Flack (1996), 2) availability of the mean velocity and full Reynolds stress

pro�les, and of 3) the skin friction (magnitude and orientation) and pressure distribution along the

wall. However, some remarks are also in order regarding limitations of the experiment. First, direct

wall-stress data is not available, instead, a �t to the log law neary+ � 100 was used for indirect

stress measurement. Second, the description of the zero-pressure gradient region far upstream of

the bend region for the purpose of CFD in�ow generation is incomplete, therefore requiring an

iterative procedure in the in�ow generation to match the reported statistics at the �rst streamwise

measurement station.

The experiment featured a spatially developing incompressible turbulent boundary layer, growing

along the �oor of a square duct with a 30� bend (see Fig. 2.1). It should be noted that the boundary

layer on the �oor was very thin compared to the duct height, with � 99=D ranging between 0.026

and 0.07 throughout the test section, whereD is the width (or height) of the square duct. The �ow

was far from being fully developed, and the secondary �ow near the corner regions was expected to

have negligible in�uence on the centerline region, which was the primary region of interest in the

experiment.

Following Schwarz and Bradshaw (1994), two coordinate systems are employed here to facilitate
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Figure 2.1: A Schematic of the �oor of the duct with a 30� bend (reproduction from �gure 1
of Schwarz and Bradshaw (1994)). The measurement locations in the experiment are marked as
numbers 0-21 along the duct centerline. Two coordinate systems are employed.(x; y; z) is a �xed
coordinate system with the origin located at the inlet. (x0; y0; z0) is a curvilinear coordinate system
aligned with the local duct centerline (measurements in mm).

the presentation of the results: (x; y; z) denotes the global Cartesian coordinate system;(x0; y0; z0)

denotes a curvilinear coordinate system aligned with the local duct centerline.y = y0 are the

wall-normal coordinates (distance from the �oor of the duct). In the experiment, the boundary

layer on the �oor was tripped using a trip wire at the duct inlet located at x0 = 0 , thus ensuring

a turbulent boundary layer over the entire �oor of the test section. Boundary layers on the other

three walls of the duct were not tripped (Schwarz, private communication, 2019). Reynolds number

is moderately high, with Re� ranging between 4100 and 8500 (orRe� roughly ranging between 1500

and 3900). The �ow along the centerline upstream of the bend was reported to exhibit typical

characteristics of the canonical 2D zero pressure gradient (ZPG) �at-plate boundary layer. Mean-

�ow three-dimensionality was generated in the bend region approximately betweenx0 = 1626 mm

and x0 = 2224 mm due to the cross-stream pressure gradient induced by the bend. The surface

streamlines were de�ected by up to 22 degrees relative to the local duct centerline. Downstream

of the bend, the 3DTBL gradually returned to a 2DTBL owing to the vanished spanwise pressure

gradient. The experimental study focused on the boundary layer along the local centerline where

the streamwise pressure gradient was found to be small.
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Figure 2.2: (a) Near-wall grid spacing distributions in wall units (based on the local skin friction)
along the duct centerline. (b) Near-wall grid spacing distributions (normalized by duct height D )
along the duct centerline. Solid lines, wall-parallel grid spacing (� x = � z); dashed lines, wall-
normal grid spacing (� y). Black, coarse mesh; blue, �ne mesh.

The computational domain is identical to the test section in the experiment, which consisted of a

square duct (D � D = 0.762m� 0.762m) with a total curved length of L = 3.748m, as shown in

Fig. 2.1. Two grid resolutions are considered in the present study: a coarse mesh with 8 million

control volumes and a �ne mesh with 38 million control volumes. Figure 2.2 shows the near-wall

grid spacing distributions along the duct centerline in the two meshes. The computational meshes

are designed to maintain adequate wall-modeled LES grid resolution in the test section such that

the local boundary layer contains approximately 16� 23 and 32� 45 cells across its thickness in the

coarse and �ne computational meshes, respectively. Local grid adaptations were applied in the

near-wall region with the e�ect that the grid resolution transitions from the coarser isotropic-cell

region in the freestream (� = 0 :008 m at y=D > 0.1) toward the �ner near-wall region on the

duct �oor through anisotropic grid re�nements. This resulted in wall-parallel grid resolutions ( � x

= � z) of 4 mm and 2 mm for the coarse and �ne meshes, respectively. In the region upstream

of the bend (x0=L � 0:43) where the boundary-layer was thin but grew fast, the wall-normal grid

spacing were varied withx0 to keep the number of boundary-layer resolving cells approximately

constant, resulting in � y = 0.86 mm� 2.2 mm and � y = 0.43 mm � 1.1 mm for the coarse and

�ne meshes, respectively. Atx0=L � 0:43, � y was �xed at their maximum values aforementioned.

Compared to Cho et al. (2021) where WMLES of the same geometry using isotropic voronoi cells
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was reported, the present study using anisotropic hexahedral cells deploys roughly the same wall-

normal resolutions and about twice coarser wall-parallel resolutions in and downstream of the bend.

Total cell counts are signi�cantly reduced as a result, while maintaining higher numbers of cells

across the thickness of the local boundary layer. The grid-resolution transition zones are located

su�ciently away from the shear layer on the duct �oor, so that the solution therein is not a�ected

by the accuracy degrade associated with abrupt changes in grid resolution.

2.2. In�ow characterization and boundary conditions

Setting the appropriate boundary conditions in the simulation, particularly for the reproduction of

�ow characteristics upstream of the bend region where a typical equilibrium 2DTBL is expected,

is crucial before attempting to compare the simulation results with the experimental results at any

downstream location. However, the experiment reports �ow statistics at the 22 locations shown

in Fig. 2.1 along the duct centerline, with the �rst measurement location being far downstream of

the test section inlet (at x0 = 826 mm). In the absence of this critical �ow information at x0 = 0

mm, where the boundary layer on the �oor was tripped in the experiment, we resort to a synthetic

turbulence generation based on a digital �lter approach (Klein et al., 2003) for approximating the

in�ow boundary condition, rather than trying to replicate the trip-wire transition in the experiment.

This approach requires iterative guesses on the length of the development region (if any) to be

appended upstream of the nominal trip location in the experiment (x0 = 0 mm), and the state

of the in�ow to be prescribed at the new inlet location. It should be noted that the goal here is

to reproduce the 2DTBL upstream of the bend reasonably well, which then acts as the in�ow for

the 3DTBL within the bend, rather than to exactly match the �ow conditions at the test section

inlet. After iterating on several in�ow conditions and the inlet location, we found that prescribing

a �at-plate turbulent boundary layer at Re� = 2560 (Schlatter et al., 2010) at the nominal inlet

(x0 = 0 mm) reproduces the boundary layer statistics well at the �rst measurement location (station

0: x0 = 826 mm). As shown in Fig. 2.3, the simulation agrees well with the experiment in terms

of the distributions of the boundary layer and momentum thicknesses. In Fig. 2.4, it is observed

that the pro�les of the mean velocity and Reynolds stress components from the present calculation

agree well with the experiment at the �rst measurement station (station 0: x0 = 826 mm), as well as
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Figure 2.3: Centerline distributions of (a) boundary layer thickness and (b) momentum thickness
(coarse mesh). Symbols, experiment; red dash-dotted line, equilibrium wall model; blue solid line,
PDE nonequilibrium wall model; green dashed line, integral nonequilibrium wall model. Black
vertical dashed lines denote the start and end of the bend region.

with a WRLES of a zero pressure gradient �at-plate boundary layer (ZPGFPBL) at a comparable

Reynolds number (Re� = 4100, Schlatter et al. (2010)).

The prescription of boundary conditions on the rest of the boundaries is relatively straightforward.

A subsonic Navier-Stokes characteristic boundary condition (Poinsot and Lele, 1992) is imposed at

the outlet of the duct. No attempt was made to resolve the boundary layers on the two side walls

and the top wall which were not tripped in the experiment. The no-slip boundary condition is

applied to each of these walls. The wall model is applied to the bottom wall, and the wall stress

calculated from the wall-model solution is used as the Neumann boundary condition on this wall.

All walls are assumed to be thermally adiabatic.

The computational time step was �xed at � t=(D=U1 ) = 2 :2 � 10� 4 in all calculations with the

coarse mesh. All simulations were initialized with a uniform �ow everywhere in the domain. After 10

�ow-through times ( L=U1 ), the �ow was observed to be free from the initial transient and deemed

fully developed. After this initial transient, the �ow statistics were accumulated over additional 10

�ow-through times.
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Figure 2.4: (a) Mean velocity pro�le at the �rst measurement station in the experiment (station
0: x0 = 826 mm). Black squares are from the experiment. Black dots, WRLES by Schlatter et al.
(2010) at the same Reynolds number (Re� = 4100); red, equilibrium wall model; blue, PDE nonequi-
librium wall model; green, integral nonequilibrium wall model (solid lines represent coarse mesh
results; dashed lines represent �ne mesh results). Black dashed lines denote the law of the wall
(viscous sublayer:u+ = y+ ; log-law: u+ = 1

0:41 logy+ + 5 :2). (b) Reynolds stress pro�les at the �rst
measurement location (station 0: x0 = 826 mm). Big symbols are from the experiment : circles,
u0u0; stars, v0v0; triangles, w0w0; squares,u0v0. Di�erent lines and dots have the same denotations
as in (a).

2.3. Flow solver and subgrid scale (SGS) / near-wall modeling

The simulations were performed with CharLES, an unstructured cell-centered �nite-volume com-

pressible LES solver developed at Cascade Technologies, Inc. The solver employs an explicit third-

order Runge-Kutta (RK3) scheme for time advancement and a second-order central scheme for

spatial discretization. More details regarding the �ow solver can be found in Khalighi et al. (2011)

and Park and Moin (2016a). The Vreman model (Vreman, 2004) is used to close the SGS stress and

heat �ux. In the following section 2.8, the e�ect of SGS stress models is discussed along with the

results obtained with the dynamic Smagorinsky model and dynamic tensor-coe�cient Smagorinsky

model (Moin et al., 1991; Lilly, 1992; Agrawal et al., 2022).

In the present work, the location at which the wall-models take input from the LES (matching

height, denoted ashwm (x)) is �xed across di�erent grid resolutions by setting it to the centroids

of the third o�-wall cells or the top faces of the �fth o�-wall cells in the coarse and �ne meshes,

respectively, corresponding to103hwm =D = 3 � 7 or h+
wm = 175 � 375 in inner units. This
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has e�ect of �xing the wall-modeled regions in LES during grid re�nements, so that improvement

in LES prediction is not associated with the change in wall-modeling details, but it is attributed

largely to the grid adaptation. This choice is also motivated by our experience with the �ow solver,

where restricting hwm to the �rst o�-wall cell or in the bu�er layer produced nontrivial log-layer

mismatch in channel �ow calculations, even with the �ltration of the wall-model input as suggested

in Yang et al. (2017) for a structured pseudospectral/�nite-di�erence code. Owen et al. (2020)

reported a similar need for using the LES velocity further away from the wall in their �nite-element

based WMLES of channel and wall-mounted hump. Readers are referred to following section 2.9,

where additional accounts on the matching height are provided along with numerical experiments

to examine the e�ect of varying matching height on the prediction of mean three dimensionality.

The three wall models considered in the present study are: an equilibrium stress model (EQWM)

in the form of ordinary di�erential equations, an integral nonequilibrium wall model (integral

NEQWM) that solves the vertically-integrated Navier-Stokes equations, and a PDE nonequilib-

rium wall model (PDE NEQWM) that retains the complexity of the full Navier-Stokes equations.

All three wall models parameterize the unresolved turbulence in the wall-model domain in a sta-

tistical sense using simple RANS models based on the mixing-length formulation. Note that the

EQWM and PDE NEQWM have previously been implemented in CharLES, and they were tested

extensively through various studies (Park and Moin, 2014, 2016a,b; Park, 2017; Bodart and Larsson,

2012). The integral NEQWM was recently integrated into CharLES, the implementation aspects

of which will be discussed in a future article (Hayat and Park, 2021). A brief description of each of

these models is given below.

The EQWM (Kawai and Larsson, 2012; Bodart and Larsson, 2011) solves the simpli�ed boundary

layer equations which account only for the wall-normal di�usion.

d
d�

�
(� + � t )

dujj

d�

�
= 0 ; (2.1)

d
d�

�
(� + � t )ujj

dujj

d�
+ ( � + � t )

dT
d�

�
= 0 ; (2.2)
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where � is the local wall-normal coordinate, ujj is the wall-parallel velocity magnitude, T is the

temperature, � is the molecular viscosity, � is the molecular thermal conductivity, and � t and

� t are the turbulent eddy viscosity and conductivity, respectively. It should be note that Ma =

0.2 in the simulations (the Mach number was not reported in the experiment, the authors of the

experiment clearly assumed the �ow was incompressible). Although the energy equation is solved,

variations of thermodynamic variables are very small, and the energy equation does not play an

important role in the present study. The velocity vector is assumed to be aligned with the LES

velocity at the matching height. Owing to this intrinsic assumption, the equilibrium wall model is

incapable of predicting skewed velocity pro�les within the wall-modeled domain. Also, due to the

unidirectionality and the condition � + � t > 0, the EQWM can represent monotonic velocity pro�les

only, and it cannot predict velocity pro�les with sign changes in the slope as found in the near-

wall regions of separated shear layers. The wall-model eddy viscosity� t is based on the following

mixing-length formula,

� t = ��y
r

� w

�
D; D = [1 � exp(� y+ =A+ )]2: (2.3)

On the other hand, the PDE NEQWM (Park and Moin, 2014, 2016a) solves the full 3D unsteady

RANS equations,

@�
@t

+
@�uj

@xj
= 0 ; (2.4)
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@�E
@t

+
@(�E + p)uj

@xj
=

@�ij ui

@xj
�

@qj
@xj

; (2.6)

where� is the density andui is the velocity component,p is pressure andE = p=[� (
 � 1)]+ ukuk=2

is the total energy. The stress tensor and heat �ux are given by,� ij = 2( � + � t )Sd
ij and qj =

� (� + � t ) @T
@xj

. For the RANS closure, a novel mixing-length model is used, which dynamically

accounts for the resolved Reynolds stresses carried by the wall model (Park and Moin, 2014). The

wall-model mesh for the PDE NEQWM has the same wall-parallel grid content as in the coarse LES
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mesh, but it is re�ned in the wall-normal direction to resolve the viscous sublayer.

Lastly, the integral NEQWM formulation solves a similar set of equations as the PDE NEQWM,

albeit in a wall-normal integrated form. Currently, this formulation is limited to incompressible

�ows, and therefore the energy equation is not solved. For the sake of brevity, only the 2D formula-

tion (the wall-normal and one wall-parallel velocity components) is presented below, and the reader

is referred to Yang et al. (2015) for the details of full 3D formulation. The vertically integrated

momentum equation is given by,

@
@t

Z hwm

0
udy +

@
@x

Z hwm

0
u2dy � ULES

@
@x

Z hwm

0
udy =

1
�

�
�

@p
@x

hwm + � hwm � � w

�
; (2.7)

where x and y represent the local wall-parallel and wall-normal coordinates,hwm is the matching

height, ULES is the time-�ltered velocity from the LES solution at the matching location. � w =

� @u
@y

�
�
�
y=0

and � hwm = ( � + � t ) @u
@y

�
�
y= hwm

are the shear stresses at the wall and at the matching

location, respectively. The integral terms are evaluated by assuming an analytical composite pro�le

for the velocity within the wall model, which has the form:

u = u�
y
� �

=
u2

�

�
y; 0 � y � � i ; (2.8)

u = u�

�
1
�

log
y

hwm
+ C

�
+ u� A

y
hwm

; � i < y � hwm ; (2.9)

where the unknown parametersA, C, u� and � i are determined from the solution of equation (2.7)

along with suitable matching and boundary conditions. For the full 3D formulation consisting of

two wall-parallel velocity components, like the one employed for the present study, the composite

pro�les have a total of 11 unknown parameters. This approach attempts to model the e�ects of

pressure gradient and advection through the last term in Eq. (2.9) representing linear departure

from the log law.

It is worth mentioning here that in the original 3D formulation in Yang et al. (2015), the as-
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sumed form of the viscous-sublayer velocity pro�les in the two wall-parallel directions (Eq. (C5) in

Yang et al. (2015)) resulted in inconsistent asymptotic behavior of velocity near the wall. This made

the wall-stress predictions of the wall model highly sensitive to the choice of the localx/ z coordinate

axes. In our current integral NEQWM formulation, we modify the assumed viscous-sublayer pro�le

to ensure consistent near-wall asymptotic behavior as given by the Taylor series expansion. The

modi�ed formulation is brie�y described in the following section 2.10, and its details along with

its implementation in an unstructured solver are presented in Hayat and Park (2021). A MAT-

LAB implementation for the EQWM and the modi�ed integral NEQWM is available on GitHub at

https://github.com/imranhayat29/Wall-Models-for-LES.

A remark is in order regarding the overall cost of simulations with di�erent wall models. The

computational costs of the three wall models were compared by running the simulations on the

�ne LES mesh with 256 CPU cores for three convective �ow-through times. When the cost of the

simulation without any wall model (no-slip LES) is taken as the unity, the simulation costs are 1.27,

1.2, and 2.2 with the EQWM, the integral NEQWM, and the PDE NEQWM, respectively. The

higher cost with the PDE NEQWM is due to the inversion of a large linear system required as a

part of implicit time advancement.

2.4. Flow statistics

Results from the WMLES simulations are discussed in this section. Overall characteristics of the �ow

are �rst highlighted from the instantaneous �ow �eld standpoint. Mean and turbulence statistics

obtained with di�erent wall models are then assessed against the experimental data. Furthermore,

the three-dimensionality of the outer portion of the boundary layer is examined with the aid of

Reynolds stress anisotropy and the Johnston triangular plot.

Some remarks are in order concerning the ways the main results are presented in this paper. The

primary interest of the experiment was to examine the e�ect of the mean three dimensionality in

the absence of strong streamwise pressure gradient. To this end, the experiment presented the key

�ow statistics along the �oor centerline, where the axial pressure gradient was observed to be nearly

zero. It should be noted, however, that the mean-�ow trajectory near the wall deviates somewhat
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Figure 2.5: Grid convergence of the EQWM LES. (a) Blue, mean-�ow direction vs. distance
from the wall; red, mean velocity magnitude pro�le, (b) Centerline distribution of the skin-friction
coe�cient, and ( c) Reynolds-stress pro�les. Red,u0u0; blue, � u0v0; green,v0w0. Solid lines, coarse
grid; dashed line, �ne grid. Pro�les in ( a) and (c) are at x0 = 1875 mm (station 8). Black vertical
dashed lines in (b) denote the start and end of the bend region.

substantially from the centerline as the �ow passes through the bend region, as observed from the

instantaneous �ow �eld (Fig. 2.6) and the near-wall streamlines (Fig. 2.9(b)). This leaves some

ambiguity in the interpretation of the statistics presented along the centerline, because any two

�uid particles on the centerline (in and after the bend region) would have traveled along di�erent

Lagrangian trajectories, experiencing di�erent history e�ects (most notably, they are subject to

di�erent upstream axial/spanwise pressure gradients.) With this limitation in mind, we still choose

to show our results along the centerline, as all experimental data (except the wall-pressure) were

presented so.

2.4.1. Grid convergence

Figure 2.5 shows the mean-�ow statistics and the Reynolds stresses atx0 = 1875 mm (the eighth

measurement station in Fig. 2.1), as well as the centerline skin-friction coe�cientCf distribution

obtained from the EQWM LES with the coarse and the �ne grids described in Sec. 2.1. The

skin-friction coe�cient is de�ned as,

Cf =
� w

1
2 �U 2

e
;

Ue

Uref
= (1 � Cp)1=2; (2.10)
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where � w =
q

� 2
w;x + � 2

w;z is the magnitude of the mean wall shear stress vector, andUe is the local

freestream velocity. The pressure coe�cient is de�ned as

Cp =
p � pref
1
2 �U 2

ref

: (2.11)

Following the experiment, pref is the static pressure atx0 = 0 mm, and Uref is the freestream

velocity at x0 = 826 mm (de�ned at the spanwise centerline). Although only the EQWM results are

shown here for brevity, it is noted that the other two wall models exhibited similar grid-convergence

characteristics. In Fig. 2.5(a), both the mean velocity and the mean-�ow direction (de�ned by

the angle between the mean velocity vector and the freestream velocity vector ) pro�les obtained

from the coarse-grid calculation are already in good agreement with the experiment, and the results

only improve marginally with the grid re�nement. More importantly, this points toward the grid

convergence of the results for the re�nement level used in this study. Figure 2.5(b) shows the skin-

friction distribution along the centerline of the duct. Between the �rst and the last measurement

stations, we observe a reasonably convergedCf , with the �ne-grid calculation producing slight

improvement in Cf . In Fig. 2.5(c), a similar trend is observed for all the Reynolds stress components

shown, with the exception of the streamwise component of the Reynolds normal stress, which shows

noticeable variation with grid re�nement in the near-wall region; however, the Reynolds stresses

in the outer portion of the boundary layer have largely converged. Having established reasonable

evidence of grid-convergence for most of the �ow statistics on the coarse grid, the remainder of

this paper will focus largely on discussing the results obtained with the coarse grid unless stated

otherwise.

2.4.2. Instantaneous �ow �eld

Figure 2.6 visualizes the vortical structures in the �oor boundary layer. Near the inlet (approx-

imately within 20 times the inlet boundary-layer thickness from the inlet), structures with less

coherence resulting from the synthetic in�ow turbulence generation are observed. The �oor bound-

ary layer then gradually develops into a coherent fully developed state far upstream of the bend

region, which is also veri�ed by the velocity pro�le at x0 = 826mm (Fig. 2.4) following the typical
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Figure 2.6: Visualization of the near-wall vortical structures using the isosurfaces ofQ (Q = Qrms ,
where Q is the second invariant of the velocity gradient tensor), colored by the distance from the
�oor of the duct. Flow is from the bottom left to the top right. Surface oil visualization from the
experiment (Schwarz and Bradshaw, 1994) is shown in the inset (�gure reprinted with permission
from Schwarz and Bradshaw (1994).
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Figure 2.7: Variation of the wall-pressure coe�cient from coarse EQWM simulation (results from
the other wall models and resolutions are almost identical). Symbols are from the experiment.
Colors denote di�erent spanwise locations corresponding to the inset �gure.z0 : 0 mm, � 127 mm,
� 254 mm, � 368 mm

law of the wall observed in 2D turbulent boundary layer. When the �ow enters the bend region, a

clear contrast of two boundary layers with di�erent origins (blue and red regions) are observed. The

boundary layer in the red region is thicker than that in the blue region, showing that a new bound-

ary layer is emerging from the concave sidewall within the bend region (atz < 0) and the original

boundary layer developed from the upstream section is turning rapidly toward the convex side (at

z > 0). This overall �ow behavior is visually in fair agreement with the surface oil visualization in

the experiment as shown in the inset in Fig. 2.6.

2.4.3. Mean-�ow statistics

The cross-stream pressure gradient is the source of the mean three dimensionality in the bend region.

It acts to de�ect the streamlines close to the wall more strongly than those near the freestream.

It is therefore important to �rst establish close agreement in the pressure distribution close to

the bend between the simulation and the experiment. Note that in the current case without �ow

separation, the pressure distribution is determined largely by the wall geometry and the inviscid

e�ect, presumably una�ected by the wall-modeling details. Figure 2.7 shows the distribution of the
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static wall-pressure coe�cient on the �oor of the duct. The wall-pressure probing lines are parallel

to the duct centerline as shown in the inset �gure. The �gure shows good agreement between the

simulation and the experiment, except in the recovery region downstream of the bend. The axial

pressure gradient is almost zero along the centerline. On the other hand, a signi�cant spanwise

pressure gradient starts to develop upstream of the bend, reaches a maximum within the bend

region, and eventually decays to zero downstream of the bend. The reason for disagreement in the

recovery region remains unclear to us. WhileCp in the experiment remains to be slightly negative

near the outlet, Cp in the simulation naturally vanishes to its upstream zero value as the �ow relaxes

back to its 2D ZPG state. Note that the experiment reported only the centerline distribution in

this region, and that extending the duct further downstream in the simulation did not change the

trend.

Figure 2.8 shows the distribution of the skin-friction coe�cient along the duct centerline. The cen-

terline mean-�ow is expected to be agreeing well with the canonical ZPG 2DTBL in this region.

A deviation of the skin friction from the ZPG 2DTBL near the inlet is the artifact of the in�ow

treatment. Note that the synthetic in�ow turbulence generation methods when applied to DNS or

wall-resolved LES of low Reynolds number are known to produce a development length of10 � 20

initial boundary layer thicknesses (� in ), through which coherence-lacking arti�cial structures mature

into fully-developed turbulence (e.g., Patterson et al. (2021); Sandberg (2012); Larsson (2021) where

Re� = 400 � 500). The present high-Reynolds number case simulated with very coarse meshes pro-

duced longer development lengths (30� 40 � in ). The �ow was observed to be fully developed from

slightly upstream of the �rst measurement station, after which the WMLES results are in reasonable

agreement with the experiment as well as with an empirical correlation (Fernholz and Finley, 1996)

and a wall-resolved LES of ZPG 2DTBL (Eitel-Amor et al., 2014). In Fig. 2.8(b), slight overpre-

diction of the skin friction from WMLES is observed throughout the duct. A similar trend was

reported by Cho et al. (2021), where the EQWM was used with up to 76 million control volumes

in LES. It should be noted that the wall shear stresses were measured indirectly in the experiment

using a Preston tube and Patel's calibration (Patel, 1965) for a 2DTBL. Patel (1965) reported that

errors as large as 6% could occur when Preston tube is used in �ows with moderate streamwise
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Figure 2.8: Centerline distribution of the skin-friction coe�cient ( Cf ). (a) Cf vs. Re� upstream
of the bend. (b) Cf vs. axial location. Squares, experiment; red dash-dotted line, EQWM; blue
solid line, PDE NEQWM; green dashed line, integral NEQWM. In (a): Black dotted line, ZPGF-
PBL empirical correlation (Eq. (9) in Fernholz and Finley (1996)); black dashed line, WRLES of
ZPGFPBL (Eitel-Amor et al., 2014).

pressure gradient.

Next, we examine the mean three-dimensionality of the �ow in the duct. The variation of the surface

�ow direction relative to the freestream direction is a measure of the mean-�ow three-dimensionality.

As shown in Fig. 2.9(a), the cross�ow is almost zero in the upstream, and it grows rapidly as the

�ow approaches the bend. The resulting turning angle reaches the maximum near the end of the

bend and decays gradually thereafter. These observations are consistent with the development of

the spanwise pressure gradient. All three wall models predict the general trend in the turning-angle

variation correctly; however, the PDE NEQWM gives the most accurate prediction among the three

(especially within the bend region), followed by the integral NEQWM, and then the EQWM. The

maximum di�erence between the PDE NEQWM and the EQWM is roughly 5 degrees occurring at

x0=L = 0 :49 within the bend. Note that the total �ow turning is an accumulative e�ect of the local

�ow change, and the area under the curve in Fig. 2.9(a) can be thought of as an approximation of

the near-wall total �ow turning angle. Related to this, Fig. 2.9( b) visually highlights predictions

of the near-wall �ow direction by di�erent wall models in terms of the select surface streamlines

calculated from the mean wall shear-stress vector. It can be clearly seen that the �ow deviates from

the local centerline; however, the deviation is not predicted evenly across the di�erent wall models,
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Figure 2.9: (a) Centerline distribution of the surface �ow turning angles with respect to the
freestream (
 w = tan� 1(� w;z=�w;x ) is the wall shear stress direction,
 1 = tan� 1(We=Ue) is the
freestream direction). (b) streamlines of wall shear stress. Squares, experiment; red line, equilib-
rium wall model; blue line, PDE nonequilibrium wall model; green line, integral nonequilibrium wall
model. Solid and dashed lines are for coarse and �ne grids, respectively.
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Figure 2.10: Pro�les of the mean-velocity magnitude at 5 measurement locations (stations 4, 8,
12, 16, and 20, from left to right). Station 4 is upstream of the bend; station 8 is within the bend;
stations 12, 16 and 20 are downstream of the bend. Red dash-dotted line, EQWM; blue solid line,
PDE NEQWM; green dashed line, integral NEQWM; magenta dotted line, no-slip LES; black circle,
experiment. Pro�les are shifted along the abscissa by 1.

consistent with our observation in the �ow turning angles in Fig. 2.9(a). The surface �ow from the

PDE NEQWM turns much more rapidly than that from the EQWM.

In Fig. 2.10, pro�les of the mean-velocity magnitude are compared between the di�erent wall models

and the experiment, at several locations along the centerline, including upstream of, within, and

downstream of the bend. It can be seen that the no-slip LES, which does not employ a wall model,

gives a very poor prediction of the mean velocity. Here, a higher momentum is imparted to the

boundary layer as a consequence of the underpredicted wall shear force. With the introduction of

wall modeling, a signi�cant improvement is achieved in the predicted mean-velocity pro�les. In line

with the predictions of the skin-friction coe�cient in Fig. 2.8, the mean velocity pro�les across the

three wall models are almost identical. Note that here, the pro�les only show the magnitude of the

mean velocity, thus lacking information on the three-dimensionality of the mean-�ow.

To complete this picture, Fig. 2.11 shows how the �ow direction changes along the wall-normal

direction. The mean-�ow three-dimensionality is the strongest at the wall and becomes weaker

with the increase in distance from the wall, as evident from the diminishing cross�ow away from the
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Figure 2.11: Mean-�ow direction relative to the local freestream as a function of wall distance. Red
dash-dotted line, EQWM; blue solid line, PDE NEQWM; green dashed line, integral NEQWM;
magenta dotted line, no-slip LES; black solid line, experiment. Symbols are used to di�erentiate
stations along the duct �oor centerline only (Square, station 0; triangle, station 6; diamond, station
10). Lines with the same symbols denote the results at the same stations.

wall. A di�erence of approximately 3 degrees is observed between the WMLES and the experimental

results. However, the predicted angles from the di�erent wall models are almost identical, indicating

that the di�erence in the wall-model outputs (the wall shear force direction observed in Fig. 2.9(b))

is not felt by the LES solutions away from the wall.

2.4.4. Reynolds stress

We now turn our attention to the turbulent content of the 3DTBL and its role in distinguishing

this �ow from the canonical 2DTBL, by examining the Reynolds stress related statistics. Indeed,

the Reynolds stresses in the 3DTBL exhibit unique characteristics not seen in the 2DTBL, as we

will see shortly.

Figure 2.12 shows the pro�les of the Reynolds normal stresses at the same �ve centerline locations

which were chosen to depict the mean velocity pro�les. Note that the experiment did not have access

to the Reynolds-stress data in the inner layer, therefore missing information on the peak values and
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their locations. The no-slip LES acutely underpredicts the Reynolds normal stress, pointing towards

the grid resolution being insu�cient for the no-slip LES to resolve the near wall eddies. All three

wall models signi�cantly improve the prediction of the normal stresses, bringing the pro�les closer

to the experimental results. The predicted Reynolds normal stresses in the wall-parallel directions

show remarkable agreement with the experiment, whereas those in the wall-normal direction are

underpredicted near the wall. Figure 2.13 shows the pro�les of the Reynolds shear stresses, where

substantial improvement with wall modeling is also observed.

An important characteristic of the 3DTBL is that the Reynolds shear stress vectors are not necessar-

ily aligned with the mean velocity gradient vectors, which challenges the fundamental assumption

of the commonly used isotropic eddy viscosity model. The directions of these two vectors are

characterized by the angles de�ned below,


 � = tan� 1
� v0w0

u0v0

�
; 
 g = tan� 1

� @W=@y
@U=@y

�
: (2.12)

Figure 2.14(a) clearly shows that the Reynolds shear stress vector lags behind the mean velocity

gradient vector within the bend where mean-�ow three-dimensionality is strongest. Downstream

of the bend where mean-�ow three-dimensionality declines, the di�erence between the two vectors

also decreases (Fig. 2.14(b)). Furthermore, this lag appears to be a function of the distance from

the wall. The experiment shows that the lag decreases with wall distance in the outer layer above

y=�99 � 0:7 within the bend. Downstream of the bend, the Reynolds shear stress vector even

starts to lead mean velocity gradient vector abovey=�99 � 0:8, and this lead increases with wall

distance. These behaviors and the shear-stress angles therein are not captured well in LES. We

conjecture that computation of the angles in this region is prone to contamination by numerical

error or measurement noise, because both the Reynolds shear stress and the mean velocity gradient

values are very small there. Aty=�99 � 0:7, a reasonable agreement between the simulations and

the experiment is observed, and results from di�erent wall models do not show notable di�erence.
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Figure 2.12: Reynolds normal stress pro�les at the same �ve measurement stations as the mean
velocity pro�les in Fig. 2.10. Red dash-dotted line, EQWM; blue solid line, PDE NEQWM; green
dashed line, integral NEQWM; magenta dotted line, no-slip LES; black circle, experiment. Pro�les
are shifted along the abscissa by multiples of 10, 2 and 4 foru0u0, v0v0 and w0w0, respectively.
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Figure 2.13: Reynolds shear stress pro�les at the same �ve locations as the mean velocity pro�les in
Fig. 2.10. Red dash-dotted line, EQWM; blue solid line, PDE NEQWM; green dashed line, integral
NEQWM; magenta dotted line, no-slip LES; black circle, experiment. Pro�les are shifted along the
abscissa by multiples of 1.5, 2 and 1 for� u0v0, � u0w0 and v0w0, respectively.
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Figure 2.14: Directions (relative to the local freestream) of the mean velocity gradient vector and
the Reynolds shear stress vector. (a) station 10; (b) station 17. Red, EQWM; blue, PDE NEQWM;
green, integral NEQWM; black, experiment. Circle, angle between the Reynolds shear stress vector

 � and the local freestream; cross, angle between the mean velocity gradient vector
 g and the local
freestream.

2.5. Lumley triangle: anisotropy invariant map

We have noted that the Reynolds stresses from the simulations agree reasonably well with the

experiment. This makes it possible to further investigate the anisotropy of the Reynolds stress

in the outer layer of this 3DTBL using the WMLES solution. In this section, using the �ne grid

prediction, we employ the Lumley triangle to analyze the Reynolds-stress anisotropy. Following

Pope (2000), the normalized anisotropy tensor is de�ned as,

bij =
hui uj i
hukuk i

�
1
3

� ij : (2.13)

The anisotropy tensor has zero trace and thus has two independent principal invariants. It is

convenient to de�ne two variables � and � , corresponding to the two invariants, as

6� 2 = � 2I 2 = b2
ii = bij bji (2.14)

6� 3 = 3 I 3 = b3
ii = bij bjk bki : (2.15)

The state of anisotropy can be characterized by the above two variables� and � . All realizable

Reynolds-stress states must be located within a triangular region in the� -� plane, which is known
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Figure 2.15: Lumley triangle of the WMLES results along the wall-normal direction. (a) station
4. (b) station 10. (c) station 12. (d) station 18. Colored dots, �ne grid PDE NEQWM result (all
the wall models give almost identical results, and thus only PDE-NEQWM is shown here); black
dash-dotted line, canonical 2D channel �ow at Re� = 2003 (Hoyas and Jimenez, 2006); red solid
line, shear-driven 3DTBL from transient channel at Re� = 546 at t+ = 192 (Lozano-Durán et al.,
2020). Colorbar denotes the wall distance normalized by the local boundary layer thickness.

as the Lumley triangle. The boundary of the Lumley triangle corresponds to some special states of

the Reynolds-stress tensor: the origin corresponds to the isotropic turbulence; the left corner point

corresponds to the two-component (2C) axisymmetric state; the right corner point corresponds to

the one-component (1C) state; the left straight line corresponds to the axisymmetric contraction

and the right straight line corresponds to the axisymmetric expansion; the top curve represents the

two component (2C) turbulence.

The evolution of the Reynolds stress anisotropies through the bend is shown in Fig. 2.15. Compar-

isons to a statistically 2D channel �ow at Re� = 2003 (Hoyas and Jimenez, 2006) and a transient
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statistically 3D channel �ow at Re� = 546 (Lozano-Durán et al., 2020) can be also made from these

data shown in Fig. 2.15(d). Lozano-Durán et al. (2020) studied a transient three-dimensional chan-

nel �ow, where an initially statistically one-dimensional �ow in a doubly periodic channel evolves

to a new state after a sudden imposition of a spanwise pressure gradient. This �ow models a

shear-driven 3DTBL, and it can be used for comparison to the pressure-driven case discussed in the

current work. Right upstream of the bend, the wall-normal distribution of the anisotropies away

from the wall shows some similiarty to that in the 2D channel (Fig. 2.15(a)), exhiting a charac-

teristic S-shape lying close to the axisymmetric-expansion (AE) limit. As the �ow passes through

the bend, the left cusp of this S curve rapidly dislocates toward inside the triangle, leaving less

points close to the AE limit. The non-monotonic decrease of the anisotropies (with increasing wall

distance) is also observed vividly, which is only weakly present in the 2D channel. While the station

18 is considerably downstream of the bend region, the anisotropies are still seen further departing

from its 2D behavior. This is consistent with the observation in Fig. 2.14 that the Reynolds stresses

respond more slowly than the mean to the imposed three-dimensionality. Also, in Fig. 2.15(d), note

the similarity of the anisotropy distributions in the duct and the shear-driven 3DTBL from the

transient channel �ow, although departure from the 2D behavior is much stronger in the duct case.

2.6. Triangular plot

In the present work, the mean three-dimensionality in the outer layer is created by the inviscid

skewing mechanism, where the streamwise vorticity is produced by reorientation of the spanwise

vorticity. A popular way of representing the cross�ow so developed is the �Johnston triangular

plot� (Johnston, 1960), which is the triangular plot of Us against Un , where Us and Un are along

and normal to the local freestream direction, respectively. In particular, the outer-layer mean

velocity pro�le of the skew-induced 3DTBLs can be accurately approximated by the Squire-Winter-

Hawthorne (SWH) relation (Squire and Winter, 1951; Hawthorne, 1951; Bradshaw, 1987),

Un

Ue
= 2 
 e

�
1 �

Us

Ue

�
: (2.16)
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Figure 2.16: Johnston triangular plot (a) WMLES of the bent square duct (all the wall models
give almost identical results, and thus only PDE-NEQWM is shown here): square, station 0; circle,
station 4; triangle, station 6; cross, station 8; diamond, station 10; star, station 12. (b) DNS of the
shear-driven 3DTBL from the transient channel �ow at Re� = 546 at t+ = 192 (Lozano-Durán et al.,
2020). Red straight line, the SWH formula Eq. (2.16). Colorbar denotes the wall distance normalized
by the local boundary layer thickness.

where 
 e is the freestream turning along the streamline. This is a special case of the vorticity

transport equation in which viscous terms and Reynolds stresses are neglected. The SWH relation

shows up as a straight line with a negative slope toward the right end of the triangular plot. In

Fig. 2.16, we present the mean velocity for the current bent duct �ow and a temporally developing

shear-driven 3D channel �ow from Lozano-Durán et al. (2020) in the triangular plot. It is observed

that the mean velocities in the outer layer from the duct �ow satisfy the SWH formula well, whereas

they deviate from the SWH relation in the shear-driven case, as expected. The slope in the SWH re-

lation represents the freestream turning angle with respect to the upstream �ow, and the freestream

slope in the triangular plot (Fig. 2.16(a)) therefore increases toward the downstream direction.

The wall model solutions (de�ned only close to the wall) are also visualized along with the outer LES

solution in Fig. 2.17. It gives us a vivid picture of di�erent wall models' capabilities to depict skewed

mean-velocity pro�les. In the triangular plot, the wall model solutions are from the origin to the

3rd cell LES solutions (coarse grid resolution). The EQWM, due to its unidirectional assumption,

cannot describe skewed mean-velocity pro�les, and it shows up as a straight line starting from the

origin in the triangular plot. On the other hand, the PDE NEQWM and the integral NEQWM are

able to represent skewed mean-velocity pro�les. They show up as curved lines in the triangular plot,
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Figure 2.17: Johnston triangular plot of LES and wall-model solutions. (a) Cross�ow developing
stage: square, station 0; circle, station 4; triangle, station 6; cross, station 8; diamond, station 10;
star, station 12. (b) Cross�ow decaying stage: square, station 12; circle, station 14; triangle, station
16; cross, station 18; diamond, station 20; star, station 21. Red solid straight line, relation given
by the SWH formula (Eq. (2.16)); red dash-dotted line, EQWM; blue solid line, PDE NEQWM;
green dashed line, integral NEQWM. Lines with symbols represent the WMLES solution similar to
Fig. 2.16(a). Colorbar denotes the wall distance normalized by the local boundary layer thickness.

implying that the �ow direction changes with the wall distance. During the cross�ow developing

stage (Fig. 2.17(a)), the di�erence between the two NEQWM solutions and the EQWM solution

gradually grows. Notice that the PDE NEQWM is able to represent a richer variation of the slope

(�ow direction) along the wall-normal direction than the integral NEQWM. During the cross�ow

decaying stage (Fig. 2.17(b)), the di�erence among three wall model solutions gradually decreases.

All three wall model solutions become almost unidirectional close to the end of the duct.

2.7. Quanti�cation of the nonequilibrium contributions to the wall shear stress direction

In this section, the nonequilibrium e�ects neglected in the EQWM are analyzed through the full

RANS equations used in the nonequilibrium wall models. This analysis highlights the importance

of accounting for the nonequilibrium e�ects in wall modeling for accurate prediction of the surface

�ow direction, as well as the subtle di�erence in how these e�ects are incorporated in di�erent wall

models. Our analysis is based on the solutions of the PDE NEQWM and the integral NEQWM.

Ideally, this analysis should be done in a priori sense utilizing the fully resolved �ow �elds, as

attempted in Hickel et al. (2012). This was deemed infeasible in the present case due to the high

Reynolds number.
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Assuming incompressible �ow, the time-averaged momentum equations in the PDE NEQWM can

be recasted as

@
@y[(� + � t )

@hui
@y ] = Sx (2.17)

@
@y[(� + � t )

@hwi
@y ] = Sz; (2.18)

whereSx and Sz are the nonequilibrium source terms comprising the following terms (S = A + P �

D),

advection Ax = @hui 2

@x + @huihvi
@y + @huihwi

@z + @hu0u0i
@x + @hu0v0i

@y + @hu0w0i
@z (2.19)

advection Az = @hwi 2

@z + @hvihwi
@y + @huihwi

@x + @hw0w0i
@z + @hv0w0i

@y + @hu0w0i
@x (2.20)

pressure gradientPx = 1
�

@hP i
@x (2.21)

pressure gradientPz = 1
�

@hP i
@z (2.22)

lateral di�usion Dx = @
@x[(� + � t )

@hui
@x ] + @

@z[(� + � t )
@hui
@z ] (2.23)

lateral di�usion Dz = @
@x[(� + � t )

@hwi
@x ] + @

@z[(� + � t )
@hwi
@z ] (2.24)

By integrating Eqns. (2.17) and (2.18) twice, the following expressions of the wall shear stress for

the PDE NEQWM are obtained

� w;x =
ULES �

Rh wm
0

Ry
0 Sx dy
� + � t

dy
Rh wm

0
1

� + � t
dy

; (2.25)

� w;z =
WLES �

Rh wm
0

Ry
0 Sz dy
� + � t

dy
Rh wm

0
1

� + � t
dy

; (2.26)

where ULES and WLES are the LES velocity components at the matching location. A similar

expression can be found in Wang and Moin (2002). As shown in the previous sections,ULES and

WLES are almost identical among the simulations with the di�erent wall models. The wall shear

stress direction, which is the quantity of interest exhibiting the most signi�cant di�erence among
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the three wall models, is then expressed as

� w;z

� w;x
=

WLES � I z

ULES � I x
; (2.27)

where I z =
Rhwm

0

Ry
0 Sz dy
� + � t

dy and I x =
Rhwm

0

Ry
0 Sx dy
� + � t

dy. When all the nonequilibrium e�ects are

neglected (i.e., lettingSx = Sz = 0 ), this relation reduces to the wall shear stress direction predicted

by the EQWM which assumes unidirectional �ow ( � w;z
� w;x

= WLES
ULES

). The �delity with which the

constitutive terms of I x and I z are modeled is, therefore, crucial to the performance of wall models

in predicting the surface �ow direction.

To separate the nonequilibrium contributions from the �ow direction predicted by the EQWM, we

can �rst reorganize Eqn. (2.27) as

� w;z

� w;x
=

WLES

ULES

�
1 � I z=WLES

1 � I x=ULES

�
: (2.28)

For the present �ow, it is shown in Fig. 2.18 that I x is relatively small compared to ULES , which

permits the use of truncated Taylor series expansion of 1
1� I x =ULES

,

� w;z

� w;x
=

WLES

ULES

�
1 �

I z

WLES

� �
1 +

I x

ULES
+ O(

I x

ULES
)2

�
; (2.29)

Equation (2.29) can be further expanded as the following expression

� w;z

� w;x
=

WLES

ULES

�
1 �

I z

WLES
+

I x

ULES
+ � � �

�
: (2.30)

The terms I x=ULES and I z=WLES can be viewed as representing the corrective contributions

from the nonequilibrium e�ects to the surface �ow direction predicted by the EQWM. In essence,

Eqn. (2.30) enables the surface �ow angle to be decomposed into distinct contributions originating

from the equilibrium and the nonequilibrium terms. Although not shown here for brevity, this

truncated relation was found to provide almost identical description as the actual wall �ow direction
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Figure 2.18: Centerline distribution of the nonequilibrium contributions (from PDE NEQWM). Red
solid line, ULES =Uref ; red dashed line,WLES =Uref ; black solid line, � I x=Uref ; black dashed line,
� I z=Uref .
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(� w;z=�w;x ). Note that Eqn. (2.30) applies to the integral NEQWM as well. However, the terms

I x and I z therein are largely modeled using the assumed velocity pro�le, in contrast to the PDE

NEQWM where these terms are largely solved for, using the full RANS equations.

To further compare the wall models, we plot the two leading order terms of Eqn. (2.30) for the two

nonequilibrium wall models in Fig. 2.19 (all nonequilibrium terms are zero for EQWM and they are

not plotted.) Several interesting observations are made. First, the two nonequilibrium wall models

show that the total nonequilibrium angle corrections are large at the beginning of the bend region,

and that they gradually decrease to zero towards the end of the duct. That is, the nonequilibrium

models properly sense the region where nonequilibrium e�ects are important, and attempt to model

them therein. Second, the two nonequilibrium wall models produce comparable distributions of

I x=ULES , implying that the axial ( x) contents of the nonequilibrium e�ects are modeled almost

identically by the two wall models. Third, the di�erence between the wall models appears to be

concentrated in� I z=WLES , i.e., in the way the models sense and model the cross-�ow (z) component

of the nonequilibrium e�ects. The integral NEQWM underpredicts � I z=WLES throughout the duct

compared to the PDE NEQWM. Furthermore, within the bend, the signs of this term are opposite

in the two wall models. This term is comprised of advection (Az), pressure gradient (Pz), lateral

di�usion ( Dz), and WLES . Among these terms,Pz and WLES are imposed largely from the LES

solution (which are seen to be identical from the simulations using the two wall models), andD is

seen to be negligible in its magnitude. Therefore, we conjecture that the di�erence of� I z=WLES

in the integral wall model originates largely from its assumed velocity pro�le, which is directly used

in computing the advection term Az. It should be noted that the lines representing� I z=WLES

in Fig. 2.19 show rapid changes in the upstream region (0:2 � x0=L � 0:4) because the spanwise

velocity WLES is almost zero therein. This makes these terms ill-behaved (division by 0) in this

region with extreme data range. It should also be noted that these terms will be multiplied by

WLES =ULES in the end, as in Eq. (2.30). WhenWLES is almost zero, the �ow angle will just be

zero. Therefore, the focus should be on the bend and the downstream regions.

Furthermore, the individual contribution from di�erent nonequilibrium e�ects are also analyzed.
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Figure 2.19: Centerline distribution of the nonequilibrium contribution to the �ow direction.
Solid line, I x=ULES ; dashed line, � I z=WLES ; dotted line, total nonequilibrium correction. Blue,
NEQWM; green, integral NEQWM. Black vertical dashed lines, start and end of the bend region.
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Starting from Eqn. (2.27) with I x = I z = 0 (corresponding to the EQWM prediction), we examine

the change in the surface �ow turning angle by systematically including the contributions from

various nonequilibrium e�ects (advection, pressure gradient, and lateral di�usion) to I x and I z.

Note that this is done in a post-processing manner using the solution of the PDE NEQWM. The

results are shown in Fig. 2.20. When all the nonequilibrium e�ects are taken into account, the

reconstructed surface �ow turning-angle agrees with the PDE NEQWM prediction, as expected. The

lateral di�usion terms have negligible contributions to the surface �ow turning angle. The pressure

gradient and advection terms are signi�cant within the bend, where the mean three-dimensionality

develops. However, these terms appear to have a competing e�ect within the bend. The pressure

gradient tends to make the �ow deviate more from the local freestream, while the advection tends

to make the �ow deviate less from the local freestream. These two contributions largely cancel out

each other, but a subtle balance between the two appears to be crucial in prediction of the surface

�ow direction.

2.8. E�ects of the SGS modeling

To evaluate the e�ects of SGS modeling on the prediction of the mean three dimensionality, another

WMLES (with EQWM) was performed with the dynamic Smagorinsky model (DSM) (Moin et al.,

1991; Lilly, 1992) using the coarse mesh. Since there is no homogeneous direction available in this

�ow, the commonly deployed practice of averaging the model expression along the homogeneous

spatial directions to regularize the behavior of the model coe�cient is replaced with averaging over

neighbor cells using the test �lter. It was observed that the DSM produces a similar eddy viscosity

�eld as the Vreman model does. The results of the near wall �ow turning and �ow direction with

respect to wall distance are shown in Fig. 2.21. The DSM results are almost identical to the

Vreman model results. Although not shown for brevity, similar trends were observed in all other

�ow statistics.

Both the Vreman model and DSM are isotropic eddy viscosity models, which assume a perfect

alignment between the strain-rate tensor and the SGS stress tensor. This is likely invalid in 3DTBL,

similar to the well known misalignment of the Reynolds stress tensor and the mean strain-rate
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Figure 2.20: Centerline distribution of the surface �ow turning angles with respect to the freestream
(
 w is the wall shear stress direction,
 1 is the freestream direction). (a) including all nonequilibrium
e�ects, (b) including di�usion only, ( c) including pressure gradient only, (d) including advection
only. Red dash-dotted line, EQWM; blue dashed line, PDE NEQWM; blue solid line with circles,
reconstruction with nonequilibrium contributions; black squares, experiment; black vertical dashed
line, start and end of the bend region.
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Figure 2.21: (a) Centerline distribution of the surface �ow turning angles with respect to the
freestream (
 w = tan� 1(� w;z=�w;x ) is the wall shear stress direction,
 1 = tan� 1(We=Ue) is the
freestream direction). Squares, experiment; red solid line, EQWM with Vreman model; red dashed
line, EQWM with DSM. ( b) Mean-�ow direction relative to the local freestream as a function of wall
distance. Red solid line, EQWM with Vreman model; red dashed line, EQWM with DSM; black
solid line, experiment. Symbols are used to di�erentiate stations along the duct �oor centerline only
(Square, station 0; triangle, station 6; diamond, station 10). Lines with the same symbols denote
the results at the same stations.

tensor in 3DTBLs in the RANS context. Agrawal et al. (2022) recently proposed a dynamic tensor-

coe�cient Smagorinsky model (DTCSM), where the SGS stress tensor is related to the �ltered

rate-of-strain tensor through a second-order tensor of model coe�cients with four independent

parameters. This tensor-coe�cient-based SGS model is also examined under the same numerical

setup as with the DSM model. The results of �ow directions are presented in Fig. 2.22. The e�ect

of DTCSM is shown to be most pronounced in the region where the mean-�ow three-dimensionality

is strongest. It is noted that the surface �ow turning angles (wall model, Fig. 2.22(a)) and the

mean-�ow direction near the wall (LES, Fig. 2.22(b)) are both underpredicted with the DTCSM as

compared to other SGS models deployed. However, the prediction seems to improve as the distance

from the wall increases (Fig. 2.22(b)). Within 0:015 � y=D � 0:025, DTCSM and Vreman results

are almost the same. Further away from the wall, the DTCSM results have better agreement with

the experiment.

2.9. E�ects of the matching height

The wall-model/LES matching height (hwm ), which dictates the extent of the wall-modeled region,

is an implicit model parameter in the majority of wall models. Previous studies reported potential
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Figure 2.22: (a) Centerline distribution of the surface �ow turning angles with respect to the
freestream (
 w = tan� 1(� w;z=�w;x ) is the wall shear stress direction,
 1 = tan� 1(We=Ue) is the
freestream direction). Squares, experiment; red solid line, EQWM with Vreman model; blue dashed
line, EQWM with DTCSM. ( b) Mean-�ow direction relative to the local freestream as a function
of wall distance. Red solid line, EQWM with Vreman model; blue dashed line, EQWM with
DTCSM; black solid line, experiment. Symbols are used to di�erentiate stations along the duct
�oor centerline only (Square, station 0; triangle, station 6; diamond, station 10). Lines with the
same symbols denote the results at the same stations.

sensitivities of WMLES result with respect to hwm (Kawai and Larsson, 2012; Yang et al., 2017).

Log-layer mismatch associated with over- or underprediction of the wall shear stress is known to

occur when this interface is placed near the wall-adjacent cells in LES or whenhwm lies below the

bu�er layer. Some remedies, such as �ltering the wall-model input in time (Yang et al., 2017), taking

the model input from farther away from the wall (Kawai and Larsson, 2012), or a combination of

the two (Owen et al., 2020), are reported to resolve this issue. In the present study, we adopt

the method of (Kawai and Larsson, 2012), as it was shown e�ective enough to eliminate log-layer

mismatch issue in the previous studies (Park and Moin, 2014, 2016a). The practice of using the

information away from the wall for wall modeling can, however, pose a challenge to the wall models

in complex �ows. It is often argued that wall models can better re�ect the local near-wall �ow

when operating with the near-wall information, particularly in separated �ows with locally reversed

�uid motion, and in 3DTBLs where the �ow direction changes with wall distance. Sensitivity of

WMLES result to hwm has not been reported in 3DTBLs to the best of our knowledge. This issue

is discussed in this section using the three wall models deployed in the present study.

To test the e�ects of the matching height on the prediction of the mean three dimensionality,
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WMLES with double the matching height of the original simulations were performed using the

three wall models on the coarse mesh. The new matching height is still found to be well within the

log layer, and the log-layer mismatch is avoided as in the original calculations. While the outer-

layer �ow statistics in the LES were found to be largely unchanged, notable changes in the surface

�ow angle were found. From Fig. 2.23(a), it is clear that prediction of the near wall �ow turning

becomes worse whenhwm is increased. Note that the PDE NEQWM is much less sensitive to

change inhwm compared to the other two wall models: the changes in the prediction with the PDE

NEQWM simulation are smaller than that with the other two wall models when the matching height

is doubled, particularly for the maximum turning angle (max(
 w � 
 1 )). This is consistent with

the fact that the PDE NEQWM has the superior capability among the three models of representing

the �ow-direction variation with respect to wall distance, as discussed in Fig. 2.17(a). On the other

hand, the EQWM assumes a unidirectional �ow within the wall model, imposing the �ow direction

from the LES at the matching height. This makes the EQWM result sensitive tohwm when the

�ow direction varies with wall distance. The integral NEQWM models the two wall-parallel velocity

components separately, assuming a linear sublayer near the wall and a linear departure from the

log law elsewhere. This appears to render the sensitivity of the integral NEQWM to be in between

the PDE NEQWM and the EQWM, albeit it is closer to the EQWM. As noted earlier, this change

in the surface �ow direction appears to have limited impact on the outer layer of 3DTBLs driven

with the inviscid skewing mechanism. From Fig. 2.23(b), the mean-�ow direction with respect to

the wall distance shows negligible di�erence for the two matching heights.

2.10. Modi�cations to the original integral NEQWM

In the original 3D integral NEQWM formulation in Yang et al. (2015), the assumed velocity pro�les

for the two wall-parallel velocity components in the viscous sublayer were given by,

u = u�;x
y
� �

w = u�;z
y
� �

; (2.31)
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Figure 2.23: (a) Centerline distribution of the surface �ow turning angles with respect to the
freestream (
 w = tan� 1(� w;z=�w;x ) is the wall shear stress direction,
 1 = tan� 1(We=Ue) is the
freestream direction). Squares, experiment; red line, EQWM; blue line, PDE NEQWM; green line,
integral NEQWM. Dashed lines denote calculations run with double the matching height. Solid
lines denote the baseline calculations as in Fig. 2.9. (b) Mean-�ow direction relative to the local
freestream as a function of wall distance. Red solid line, EQWM with the original matching height;
red dashed line, EQWM with double the matching height; black solid line, experiment. Symbols are
used to di�erentiate stations along the duct �oor centerline only (Square, station 0; triangle, station
6; diamond, station 10). Lines with the same symbols denote the results at the same stations.

where u�;x �
�

� w;x
�

� 1=2
and u�;z �

�
� w;z

�

� 1=2
are the local x and z components of friction velocity,

� � is the viscous length-scale obtained from the consistent relationu4
� = u4

�;x + u4
�;z , and y is the

wall-normal distance from the wall. In our current formulation, we modify the sublayer pro�le as

follows,

u = sign(u�;x )
u2

�;x

u�

y
� �

w = sign(u�;z )
u2

�;z

u�

y
� �

; (2.32)

where sign() operator outputs the sign of the quantity within the parenthesis.

The desired asymptotic behavior of velocity near the wall is given by the Taylor series expansion

as,
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u = u(0) +
@u
@y

�
�
�
�
w

y + O(y2) �
�

� w;x

�

�
y; (2.33)

where u(0) is zero due to the no-slip condition, and the higher order terms are ignored asy ! 0.

With the original formulation 2.31, the following asymptotic behavior is obtained (derivation is

provided in Hayat and Park (2021)),

u =
�

� w;x

�

�
y

1
p

cos2 � + cos � sin �
; (2.34)

where � = arctan
�

� w;z
� w;x

�
. Note that � is dependent on the choice of localx/ z coordinate system

through the respective components of the predicted wall shear stress along those coordinate axes.

The additional factor 1p
cos2 � +cos � sin �

in Eqn. 2.34 compared to Eqn. 2.33 is what renders the

original formulation inconsistent. It can be shown (Hayat and Park (2021)) that the new choice of

assumed sublayer pro�le in Eqn. 2.32 always results in the consistent near-wall asymptotic behavior

as given by Eqn. 2.33, irrespective of the choice of localx/ z coordinate system. Therefore, consistent

results are obtained with arbitrary choices of the local wall-parallel coordinate axes in our current

formulation.

Further improvements to the original integral NEQWM include those on the implementation side.

Speci�cally, the model is extended to unstructured solvers, which require the spatial gradients

within the wall model to be computed using the cell-based gradient routine of the LES solver. This

requires exchanging information between wall model and LES solvers, for which new communication

protocols have been implemented. For details of this implementation, the reader is referred to

Hayat and Park (2021).
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CHAPTER 3

ON THE GRID CONVERGENCE OF WALL-MODELED LARGE-EDDY SIMULATION

3.1. Convergence in WMLES: Background

Wall modeling and demonstration of grid convergence may appear incompatible at �rst glance.

The former prefers coarse grid resolutions by de�nition, while the latter requires �ner grids. How

can these seemingly competing objectives be reconciled? Figure 3.1 shows a schematic of the grid

convergence concept in WMLES. WMLES operates with grid spacings that are large in the inner

viscous scale (say,� + at least O(100)). In fact, preference to use increasingly coarse LES grids

to produce reasonable results with very low cost seems to be shared among the LES community,

because it better demonstrates the e�ectiveness of wall modeling. At the same time, and conversely,

demonstration of grid convergence in WMLES requires proving a reasonable level of invariance of

the WMLES prediction when the LES grid is successively re�ned. To keep the cost at the wall-

modeled regime, the grid convergence is often expected to be demonstrated using O(10) grid cells

to resolve the boundary layer thickness (� ). For instance, Choi and Moin (2012) suggested 10 to

30 cells per� . Note that for large-scale external aerodynamics applications, the cost of LES is still

very high even with wall modeling, and the grid convergence is sometimes examined withO(1)

cells per� Goc et al. (2021). Overall, an ideal situation is that the grid convergence in WMLES is

demonstrated with grids that satisfy � + � O(100) and � =� = O(0:1) � O(1), corresponding to

the overlapping shaded region in Fig. 3.1.

Feasibility of grid convergence in canonical wall-bounded �ows meeting these conditions can be

discussed qualitatively based on the overlap layer argument for the log layer. In derivation of

the log law, it is assumed that there is a range ofy (wall distance) which is large/small in the

inner/outer scales, respectively. Combined with the fact that the eddy size (̀) scales with the

wall distance according to the attached eddy theory Marusic and Monty (2019), the overlap-layer

assumption is in fact compatible with the desired condition of WMLES convergence discussed earlier.

Assuming resolution of the eddies residing in the log layer (which exists between abouty+ = 30

56



Figure 3.1: A schematic of the grid convergence concept in WMLES. The axes with di�erent colors
denote grid spacing in inner viscous scale (blue,� + ) or outer scale (red, � =� ). Wall modeling
is called for when the near-wall grid spacings in LES are large (say,O(102) or larger) in viscous
wall units. At the same time, convergence of WMLES should be ideally demonstrable with� =� =
O(10� 2) � O(10� 1) before reaching the resolved LES limit. The friction Reynolds number is
assumed to beO(104) or higher.

and y=� = 0 :3) requires O(1) � O(10) cells, it can be argued loosely that the eddies residing in

the log layer (especially those aty=� > 0:1, typically above the LES/wall-model matching location)

can be reasonably resolved (and converged) with grid spacings satisfying� + � O(100) and at the

same time�=� = O(1) � O(10) for high enough Reynolds number �ows. Features residing above

the log layer will be naturally resolved, as they are larger in their size. In short, the existence of

log layer in high Reynolds number wall turbulence somewhat alludes to the possibility of achieving

grid convergence in WMLES (at least above the bu�er layer) without overly re�ning the grid.

This line of thinking can be extended further to incorporate existing data on the lengths scales of

certain �ow features/statistics. Given the fact that WMLES aims for accurate prediction of the

outer portion of boundary layer (say, y=� > 0:1) using grid resolutions (� ) that scale with the local
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boundary-layer thickness
�
�

� O(10); (3.1)

we �rst assume that a quantity of interest (QoI) in WMLES has a length scale ` that is O(1) when

expressed in terms of the boundary-layer thickness (� ).

`
�

� O(1): (3.2)

The QoI is then to be resolved with O(10) cells in WMLES Larsson et al. (2016); Bose and Park

(2018),
`
�

� O(10); (3.3)

which is assumed to be adequate for demonstrating grid independence of the QoI with the length

scale`, based on convergence trend of reported WMLES calculations Park and Moin (2016b); Park

(2017); Goc et al. (2021); Hu et al. (2023). By de�nition, the grid spacing in viscous wall unit has

to be su�ciently large in WMLES. This quantity can be expressed as

�
� �

=
�
�

� Re� � O(Re� =10): (3.4)

This line of analysis suggests that, when a boundary layer at su�ciently high Reynolds number is

calculated with WMLES using O(10) cells per boundary-layer thickness, a QoI with a length scale

comparable to� can be converged on typical WMLES grid resolutions without reaching the WRLES

limit. It is then of interest to explore length scales (̀ ) of a few important �ow quantities in canonical

�ows. Sillero et al. (2014) reported in their DNS of zero-pressure gradient �at plate boundary layer

up to Re� = 2000 that the integral length scale of the streamwise velocity �uctuations (u0) stays

roughly constant at � for y=� > 0:2 and approaches zero toward the wall. In the wall-normal and

the spanwise directions, the integral length scales ofu0 at y=� > 0:2 varied between about 0.2� and

0.4� . The integral length scales ofv0 and w0 were about two to three times smaller than those ofu0.

Integral length scales of the pressure �uctuations were at most 0.5� , and they remain �nite at about

0.1� at the wall (Xu et al., 2020), unlike those of velocity �uctuations (also note that the variance
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of pressure remains �nite at the wall, unlike the velocity �uctuations). Based on this observation,

one may anticipate the followings.

ˆ The mean velocity has chances to converge on typical WMLES grid resolution, because it

generally has length scales comparable to the �ow scale� .

ˆ The Reynolds stresses will generally converge slower than the mean velocity. One may be able

to converge Reynolds stresses aty=� > 0:2 with typical WMLES grid resolutions (but needs

to be �ner than the minimum grid resolution required for convergence of the mean �eld).

ˆ As the pressure �uctuations remain �nite at the wall, its convergence in WMLES may require

at least about 0.02� of grid spacing (4 to 5 cells per integral length scale).

The convergence trend reported in WMLES of channel �ow atRe� = 2000 (e.g., Fig. 1 and Table

1 from Park and Moin (2016b)) and separating/reattaching �ow over a hump up to Re� � 5000

(e.g., Fig. 9 from Park (2017)) is consistent with this suggestion. Note that the analysis above

suggests that convergence and accurate prediction of �uctuating quantities near and at the wall

(say, y=� < 0:1) may necessitate quite �ne grid resolutions. In doing so, the grid spacings in viscous

wall units might end up being small enough to be considered as WRLES, if Reynolds number is not

su�ciently high (Eq. 3.4).

3.2. A proposition on the grid convergence in WMLES

The previous section introduced a qualitative discussion on what grid convergence means in in-

herently very coarse WMLES calculations. In this section, we provide a proposition on how this

convergence behavior might be mediated by a wall modeling choice, namely, the extent of the wall-

modeled region, which is commonly referred to as the matching height in the literature (denoted

hwm in this work). We hypothesize that hwm a�ects the convergence behavior of WMLES conducted

with conventional wall-stress models, where the wall-shear stress modeled by wall models are used

as the Neumann-type wall boundary condition in the LES. Wall models take input from the LES

at y = hwm , which typically is at about 10% of the local boundary-layer thickness. Frequently, a

couple LES grid cells are deployed between the wall andy = hwm to avoid the log-layer mismatch
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problem where the wall stress is over- or underpredicted Kawai and Larsson (2012); Yang et al.

(2017); Owen et al. (2020).

For a �xed extent of the wall-modeled region, once the turbulence scales start to be resolved at

y = hwm , the wall-model input taken from the LES is likely unchanged with further grid re�nements,

leading to the converged model output (wall stress). Convergence in WMLES might be expected

from this point. Additional re�nements beyond this point will likely generate smaller length scales

in the LES only between the wall and the matching location, but not in the wall stress as well

as in the LES solution abovey = hwm . This is particularly true for widely used simple wall

models (e.g., algebraic (Owen et al., 2020; Goc et al., 2021) or ODE wall models (Wang and Moin,

2002; Bodart and Larsson, 2011; Hayat and Park, 2023)) in which the model input and output are

perfectly correlated as shown in Park and Moin (2016b). This state where the wall stress and the

outer 90% of the boundary layer is not responding to further grid re�nements may be considered

as the onset of grid convergence in WMLES for practical reasons. If this assumption is combined

with the commonly accepted notion of wall-attached eddies where the size of the coherent structures

in wall turbulence is proportional to the wall distance (therefore requiring coarser grid resolution

to converge eddies further away from the wall), one can hypothesize that WMLES would tend to

converge at a coarser grid resolution when the wall-modeled region extends further away from the

wall.

A schematic illustrating the above proposition is shown in Fig. 3.2, where a potential convergence

trend of WMLES conducted with di�erent extents of the wall-modeled region is shown. The WM-

LES would reach grid convergence at certain grid resolution� i = C � hwm;i (i = 1 ; 2; 3) that is

proportional to the wall model matching height. The constant C = � i =hwm;i could potentially

be the same among di�erent wall model matching heights. Note that Kawai and Larsson (2012)

suggested thatC be less than one in the context of removing the log-layer mismatch, and many

reported WMLES calculations adopted C = 0 :2 � 0:3 (i.e., deploying about three LES grid cells

in the wall-modeled region) (Larsson et al., 2016; Owen et al., 2020; Park and Moin, 2016b; Park,

2017).
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Note that the �nal converged states obtained with di�erent values of hwm can be potentially di�erent,

as depicted in Fig. 3.2. This can be argued in two di�erent contexts. First, wall models are

generally known to exhibit some sensitivities of the predicted wall stress to the matching height,

especially for simple type of wall models. For example, the algebraic or ODE equilibrium wall models

assume a unidirectional �ow within the wall-modeled region, which is invalid in three dimensional

boundary layer where the �ow direction depends on the wall distance. In this situation, the wall

modeling error increases with higher values ofhwm . Also note that a recent model comparison study

Hu et al. (2023) showed that more complex wall models (nonequilibrium models of the integral type

Yang et al. (2015) and the PDE type Park and Moin (2014)) are considerably less sensitive to the

change in the matching location than the ODE equilibrium wall model Kawai and Larsson (2012)

in prediction of a three dimensional boundary layer in a bent squre duct. Second, in analogy to the

role of �lter width in the explicitly �ltered LES Bose et al. (2010), the matching height (or extent

of the wall-modeled region) is expected to dictate the range of length scales that are explicitly

modeled (and also the scales somewhat prohibited from being generated) in the LES. In explicitly

�ltered LES, the converged LES result depends on the choice of �lter width (kept constant during

grid re�nements) and the sub�lter-scale (SFS) stress model. In analogy, it might be postulated

that the converged WMLES result may (or, have to) depend on the choice ofhwm (the extent of

the wall-modeled region) and the wall model. To elaborate more on this point, in explicitly �ltered

LES, the �lter prevents generation of sub�lter scales in the LES, ensuring the grid-converged LES

are free from numerical error while the sub�lter-stress model is still active. If the so obtained grid-

independent LES is any di�erent from the expected ground truth (e.g., �ltered DNS), the error

can be attributed solely to the modeling error. In a somewhat similar spirit, �xing the extent of

the wall-modeled region during the LES grid re�nement will likely have similar e�ects as �xing the

�lter width during grid re�nements in explicitly �ltered LES. For instance, no �ner scales in the

wall stress �eld will develop once the LES �ow at the matching location is resolved. Error in the

converged WMLES result may be attributed solely to the wall-modeling error, as wall models are

presumably not subject to numerical error once the �ow aty = hwm is resolved.
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Figure 3.2: A schematic of the grid convergence trend (error vs. grid resolution) for three di�erent
wall model matching heights (hwm; 1 > h wm; 2 > h wm; 3) as described in the proposition.

3.3. Numerical details and wall modeling

Numerical experiments were performed with CharLES, an unstructured cell-centered �nite-volume

compressible LES solver developed at Cascade Technologies Inc. and Cadence. The solver em-

ploys an explicit third-order Runge-Kutta (RK3) scheme for time advancement and a second-order

central scheme for spatial discretization. More details regarding the �ow solver can be found in

Khalighi et al. (2011) and Park and Moin (2016a). Vreman model (Vreman, 2004) is used to close

the SGS stress and heat �ux. The wall model used in the present work is an algebraic wall model

based on the law of the wall, which was used recently for aircraft LES at high lift con�gurations

Goc et al. (2021). The model is give as

u+ (y+ ) =

8
>><

>>:

y+ + a1(y+ )2 for y+ < 23

1
� logy+ + B otherwise

(3.5)

where B = 5 :2 and a1 is calculated to ensureC1 continuity at y+ = 23. The algebraic wall model

is adopted here due to its simplicity in the context of WMLES grid convergence, as it obviates the

need for meshing or discretization for the wall model.
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3.4. Flow con�guration

Two �ow con�gurations are considered in the present study. The �rst case is the plane turbulent

channel �ow with periodic boundary conditions in the streamwise and spanwise directions. The

Johns Hopkins Turbulence Database (JHTDB)(Li et al., 2008; Perlman et al., 2007; Graham et al.,

2016) turbulent channel �ow data (Re� = 1000) is used as the reference. The computational domain

is set to be (L x ; L y ; L z) = (2 ��; 2�; �� ), where x is the streamwise direction,y is the wall-normal

direction, and z is the spanwise direction. � is the channel half height. The �ow is driven by a

constant mass �ow rate in the streamwise direction.

The second �ow con�guration is based on the work of Spalart (Spalart, 1989), where a boundary

layer is created on an in�nite �at plate by a time-dependent freestream velocity vector, whose

magnitude is independent of time but whose direction (as seen in the wall-parallel plane) changes

at a constant angular velocity. The Reynolds numberRel = U0

�
2

f �

� 1=2
is 767, whereU0 is the

freestream velocity magnitude,f is the angular rate of rotation of the freestream velocity vector,

and � is the kinematic viscosity. In our numerical simulation, the computational domain is set to be

(L x ; L y ; L z) = (2 �; �; 2� ), where y is the wall-normal direction. The outer length scale used in the

reference study is� = u �

f , whereu� is the velocity scale (equal tou� in the basic theory in (Spalart,

1989)). The top boundary condition is set to be the rotating velocity vector given by,

U1 = U0 cos(f t ); W1 = W0 sin(f t ): (3.6)

Periodic boundary conditions are applied to the two horizontal directions,x and z. The �ow statis-

tics are computed in the coordinate system that is rotating with the freestream velocity vector. In

this coordinate system, the mean �ow is steady, having two non-zero wall-parallel velocity com-

ponents which vary in the wall-normal direction. The velocity pro�le is `skewed', where the �ow

direction changes continuously with the wall distance.
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Table 3.1: Isotropic grid resolutions (in wall units) and the matching heights used in the WMLES
of the turbulent channel �ow at Re� = 1000.

cases hwm = 0 :1 hwm = 0 :2
1 200 400
2 66.7 133
3 40 80
4 22.2 44.4
5 15.4 30.8
6 11.8 23.5

Figure 3.3: Grid convergence of the skin friction (� w) in turbulent channel �ow at Re� = 1000. (a)
Grid spacing is normalized by the half channel height� ; (b) Grid spacing is normalized by the wall
model matching height (hwm ). Blue, hwm = 0 :2� ; red, hwm = 0 :1� .

3.5. Results and discussion

3.5.1. Grid convergence of skin friction

Figure 3.3 shows the grid convergence trend for turbulent channel �ow. All the cases with di�erent

grid spacings and matching heights are listed in Table 3.1. Note that the isotropic grid resolutions are

selected such that the matching location is always located at the cell centers. This helps eliminating

the odds that the interpolation error interferes the interpretation of the convergence trend. The

error of the wall shear stress is de�ned as

e(� w) =
j� w � � w;DNS j

� w;DNS
: (3.7)
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Figure 3.3(a) shows the error as a function of the absolute grid spacing. The skin friction predicted

by the wall model gradually approaches the exact wall-shear stress and remains largely unchanged

when the grid is re�ned su�ciently. For the case with hwm = 0 :2� , the grid convergence (identi�ed

as a plateau in the �gure) can be clearly observed starting at� =� = 0 :08. For the hwm = 0 :1�

case, the grid convergence started at about� =� = 0 :02. Thus, the hwm = 0 :1� case reaches grid

convergence more slowly (i.e. at a �ner grid resolutions) than the case withhwm = 0 :2� , which is

consistent with our proposition illustrated in Fig. 3.2. When the grid spacing is normalized by the

wall model matching height (Fig. 3.3(b)), some level of self-similarity is found. The error curves

toward the �nest resolutions show a better collapse, and the onset of convergence is marked roughly

at a common value of the grid spacing as a fraction of the matching height (� =hwm � 0:4). This

suggests that the wall model matching height is closely related to the convergence trajectory.

Figure 3.4 shows the grid convergence trend for the skin friction from the 3DTBL with a rotating

freestream velocity vector. Figure 3.4(a) shows the error as a function of the grid spacing normalized

by the boundary layer thickness. Unlike the previous case, stronger sensitivity of the converged skin

friction value to the matching location is found. The simple wall model deployed in this work

assumes a unidirectional �ow within the wall-modeled region, modeling only the magnitude of the

skin friction but assuming the �ow is aligned with the LES velocity at y = hwm . This assumption is

invalid in 3DTBL, and generally the converged wall-shear stress is more accurate for smaller value

of hwm (recall that the the �ow direction varies with the wall distance). Nonetheless, it is observed

that the convergence in the skin friction starts at a coarser grid resolution for a larger extent of

the wall-modeled region, as posited earlier. For instance, the convergence starts at� = 0 :05� for

hwm = 0 :15� , while it starts at � = 0 :02� for hwm = 0 :05� . In Fig. 3.4(b), the grid spacing is

normalized by the matching height. It can be observed again that the collapse of the error curves

improve with this scaling, and that the convergence starts roughly at a common value (� 0:3) of

� =hwm . This supports our proposition that the wall model matching height would be a proper

length scale for the grid convergence of WMLES.

Note that all cases from the channel and the 3DTBL appear to share a common requirement of
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Figure 3.4: Grid convergence of the skin friction (� w) in 3DTBL. (a) Grid spacing is normalized by
the boundary layer thickness� ; (b) Grid spacing is normalized by the wall model matching height
(hwm ). Blue, hwm = 0 :15� ; black, hwm = 0 :1� ; red, hwm = 0 :05� .

� =hwm < 0:4 to claim convergence, which is comparable to the condition to avoid the log-layer

mismatch problem (Kawai and Larsson, 2012).

3.5.2. Grid convergence of mean velocity and Reynolds stress

The convergence of the mean velocity and Reynolds stress are discussed in terms of their errors

compared to the DNS results. For the mean velocity pro�le, the global error is de�ned as the

integration of the local error from the wall model matching heighty = hwm to the channel centerline,

following Lozano-Durán and Bae (2019),

e(U) =

h
1

� � hwm

R�
hwm

(U � UDNS )2dy
i 1=2

max jUDNS j
: (3.8)

Similarly, the global error of the streamwise rms intensity (urms ) is de�ned as

e(urms ) =

h
1

� � hwm

R�
hwm

(urms � urms;DNS )2dy
i 1=2

max jurms; DNS j
: (3.9)

The choice of the wall model matching height as the lower limit of integration of the error is

motivated by the fact that the sharp velocity gradient within the wall-modeled region cannot be

resolved by the LES. The mean velocity gradient pro�les from WMLES with hwm = 0 :2� are

presented in Fig. 3.5. It is worth mentioning that the velocity gradient here is calculated from the
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mean momentum balance
dU
dy

=
� u0v0� � w

y
� + � w

� + � t
: (3.10)

Equation 3.10 provides a way to obtain the mean velocity gradient without resorting to direct

gradient calculation schemes (e.g. �nite di�erence), which is inaccurate with the extremely coarse

near-wall grid in WMLES. It can be clearly seen that WMLES solutions are relatively well converged

above the matching location (y+ = 200) where the velocity gradient is relatively small. However,

the velocity gradient increases drastically towards the wall. Additionally, grid re�nements keep

introducing new information toward the wall (larger velocity gradient at the �rst grid point) until

the DNS or WRLES resolution has been achieved. Overall, grid convergence will hardly be achieved

below the wall model matching height (in general, bu�er layer and below) in typical WMLES of

high Reynolds number wall turbulence. It is therefore natural to limit our interest to convergence

abovey = hwm .

The errors of the mean �ow in channel �ow are presented in Fig. 3.6. It can be observed that the

errors gradually reach a plateau with the decrease of the grid spacing. When the grid spacing is

normalized by the half channel height (Fig. 3.6(a)), it can be seen that the �attening of the error

curve starts at a coarser grid resolution forhwm = 0 :2� , compared to the hwm = 0 :1� case. When

the grid spacing is normalized by the matching heighthwm (Fig. 3.6(b)), a better collapse in the

convergence trajectories is found for values of� =hwm < 0:6, similar to the trend in the wall-stress

convergence. Figure 3.7 shows the convergence trend of the streamwise turbulence intensity from

the channel �ow. First, it should be recognized that the error level of the intensity is an order

of magnitude larger than that of the mean velocity on the same grid, consistent with the earlier

discussion in Section 3.1. The Reynolds stresses have not converged on the grids where the mean

�ow has already converged. Although some plateau regions can be seen, they should not be taken

as a measure of convergence. Overall, compared to the mean velocity, dependence of the onset

of convergence onhwm appears much weaker, and improvement in collapsing the curves with the

� =hwm scaling is only marginal (Fig. 3.7(b)), implying that the convergence of the Reynolds stress

is not as much dependent on the extent of the wall-modeled region as the mean �ow is.
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Figure 3.5: Mean velocity gradient pro�le in turbulent channel �ow at Re� = 1000. The mean
velocity gradient is calculated from the mean momentum balance equation. Di�erent colors denote
di�erent LES grid resolutions with hwm = 0 :2� in Table 3.1. The black dashed line denotes DNS
result (Li et al., 2008; Perlman et al., 2007). The vertical black dotted line denotes the wall model
matching location.

Figure 3.6: Grid convergence of mean velocity in turbulent channel �ow atRe� = 1000. (a) Error
of mean velocity as a function of the grid resolution normalized by the half channel height� ; (b)
Error of mean velocity as a function of the grid resolution normalized by the matching heighthwm .
Blue, hwm = 0 :2� ; red, hwm = 0 :1� .
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Figure 3.7: Grid convergence of rms intensityurms in turbulent channel �ow at Re� = 1000. (a)
Error of urms as a function of the grid resolution normalized by the half channel height� ; (b)
Error of urms as a function of the grid resolution normalized by the matching heighthwm . Blue,
hwm = 0 :2� ; red, hwm = 0 :1� .

Figure 3.8: Grid convergence of mean �ow direction
 = arctan( W=U) in 3DTBL. ( a) Error of 
 as
a function of the grid resolution normalized by the boundary layer thickness� ; (b) Error of 
 as a
function of the grid resolution normalized by the matching height hwm . Blue, hwm = 0 :15� ; black,
hwm = 0 :1� , red, hwm = 0 :05� .
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For the 3DTBL, the main di�erence compared to the canonical 2DTBL is that the �ow direction

changes with wall distance. Therefore, the convergence of the mean �ow direction should also be

taken into consideration. The error of the �ow direction is de�ned as,

e(
 ) =

h
1

� � hwm

R�
hwm

(
 � 
 DNS )2dy
i 1=2

max j
 DNS j
; (3.11)

where 
 = arctan( W=U) represents the �ow angle (in degree) within wall-parallel planes,U and

W being the velocity components parallel and perpendicular to the freestream, respectively. The

convergence of the �ow direction
 is shown in Fig. 3.8. Similar to the mean �ow convergence in the

channel, the convergence of the �ow direction is marked at a coarser grid resolution for a larger value

of hwm (Fig. 3.8(a)). For instance, the convergence forhwm = 0 :15� starts at around � =� = 0 :1,

and for hwm = 0 :05� it starts at � =� < 0:02. Additionally, a better collapse of the convergence

trajectories is seen under thehwm normalization of the grid spacing (Fig. 3.8(b). These observations

from the mean �ow direction support the proposition in Section 3.2. Note that for all the three

matching heights, the mean velocity magnitude essentially converged except for the �rst very coarse

resolution, the error of which being all around 0.5% of the maximum velocity magnitude, and it is

therefore not shown here. Figure 3.9 shows the convergence ofurms for the 3DTBL (the �ow remains

laminar with the coarsest grid resolution for hwm = 0 :15� , and it is therefore not included here).

It should be noted that e(
 ) = 0 :01 represents roughly0:2 degree di�erence in the �ow direction,

leading to approximately 0:3% error in U. Therefore, the error level of the turbulence intensity

(> 2%) is much larger than that of the mean �ow. As in the channel �ow, the Reynolds stresses

do not show strong evidence of convergence on grids where the mean �ow has clearly converged.

Additionally, the � =hwm scaling does not o�er improved collapse of curves for the stresses. Overall,

it is seen again the matching location has no control over convergence of the Reynolds stress.

To understand the distinct behavior of the Reynolds stress convergence, the attached eddy theory

has been utilized. In our proposition, the dependence of the convergence on the matching height is

due to the fact that the attached eddies scale as their distance from the wall. However, for Reynolds

stresses, Hu et al.Hu et al. (2020) showed that there are energy-containing eddies other than the wall-
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Figure 3.9: Grid convergence of rms intensityurms in 3DTBL. ( a) Error of urms as a function of
the grid resolution normalized by the boundary layer thickness� ; (b) Error of urms as a function of
the grid resolution normalized by the matching heighthwm . Blue, hwm = 0 :15� ; black, hwm = 0 :1� ,
red, hwm = 0 :05� .

attached eddies, which are the small (Kolmogorov)-scale eddies and the large-scale wall-detached

eddies. A similar decomposition is adopted here for the analysis of the grid convergence. The

attached eddies are responsible for the streamwise velocity �uctuations of scales

�y < � x < ��; 
 < y + ; (3.12)

where � = 5 :7, � = 2 and 
 = 100, corresponding to the triangular region in Fig. 3.11(a) from

by three dashed lines. The small-scale eddies correspond to the trapezoid-like zone in the top-left

corner in Fig. 3.11(a). According to this scale decomposition, contributions to the energy ((u0
rms )2)

from di�erent types of eddies can be computed by summing the energy from the respective regions

in the discrete energy spectrum. The wall-normal distributions of this spectral energy contributed

from the attached eddies and the small-scale eddies are shown in Fig. 3.10. The wall-normal range

is roughly 100 < y + < 350, which is the region where the above scale decomposition is de�ned,

and also where the mean-velocity log law is valid. For the attached eddies, the spectral energy

distributions from cases 3-5 withhwm = 0 :2� show good level of collapse, which is evidence of grid

convergence of the wall-attached eddies. It can also be noticed that the total spectral energy of the

attached eddies increases as the wall-normal distance decreases. On the other hand, the spectral

energy for the small-scale eddies is clearly not grid-converged across the entire wall-normal range.
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With grid re�nement, the spectral energy for the small-scale eddies increases, showing that more

small-scale eddies get resolved with �ner mesh. Considering case 5, the distribution of the small-

scale eddies' spectral energy is nearly uniform across the log layer which is a clear contrast to the

spectral energy distribution of the attached eddies.

This explains why Reynolds stresses converge more slowly than the mean velocity, and also why

it shows weaker dependence on the matching location. On the grids where attached eddies have

been well resolved, the mean �ow (that closely follows the log law) has also converged. However,

the small-scale eddies whose contribution to the Reynolds stresses is not negligible are not fully

resolved. The small-scale eddies not scaling as their distance from the wall seem to make our

proposition based largely on the attached-eddy idea less applicable to the �uctuating quantities.

As convergence of the Reynolds stress is contingent on that of the small-scale eddies, characterizing

its resolution requirement is of interest. Figure 3.11(a) shows the proportion of the spectral energy

from di�erent scales of eddies computed from the DNS data. Three lines in the small-scale eddy

zone indicates the minimum length scales to be resolved for representing 70%, 80%, and 90% of the

energy carried by the small-scale eddies. Assuming at least four cells are required to represent these

scales in simulation, it can be argued that grid spacings of 80� 30 viscous wall units are required

to produce 70� 90 percents of the energy carried by the small-scale eddies. Figure 3.11(b) shows

the fraction of the small-scale energy resolved in the WMLES simulations (cases 3-5) relative to the

DNS data. Only the �nest calculation (case 5, �+ � 30) is shown to resolve 90% of the small-scale

energy in the outer region. Both cases 4 and 5 resolve 80% of the energy from the small-scale

eddies aty+ > 200. From Fig. 3.10(a), this condition appears to be adequate for convergence of the

energy from the small-scale eddies (� + � 50). Apparently, WMLES starts to approach WRLES

upon full�lling this condition.
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Figure 3.10: Grid convergence of the spectral energy contributed by di�erent types of eddies in
WMLES of turbulent channel �ow at Re� = 1000 (matching height hwm = 0 :2� ). The energy from
di�erent types of eddies is calculated by integrating over corresponding length scale ranges according
to Parseval's theorem. The length scales of the attached eddies are de�ned as given in Eq. (3.12).
In the current channel �ow, the de�nition is valid in the wall normal range 100 � y+ � 350. (a)
Grid convergence of the energy of small-scale eddies; (b) grid convergence of the energy of attached
eddies. Line types are for di�erent cases as described in Table 1. Dotted lines: case 3; dashed lines:
case 4; solid lines, case 5.
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Figure 3.11: (a) Proportion of the spectral energy (streamwise velocity) as a function of length scales
(� +

x , streamwise wavelength) and wall distance (y+ ). The result is computed from the DNS data
Li et al. (2008); Perlman et al. (2007). The color denotes the percentage of the energy contained
in eddies of scales larger than certain wavelength. Three colored solid lines in the small-scale (SE)
eddy zone denote the minimum length scales to be resolved for representing 70% (red), 80%(blue)
and 90%(black) of the energy contained in the small-scale eddies. The triangular region formed
by the three black dashed lines denotes the scales of the attached eddies as given in Eq. (3.12).
(b) Fraction of the small-scale eddies' energy being resolved in WMLES (hwm = 0 :2� ) at di�erent
wall-normal locations. Black dotted line, case 3; black dashed line, case 4; black solid line, case 5.
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CHAPTER 4

A HIDDEN MECHANISM OF DYNAMIC LES MODELS

4.1. Reduction of dynamic procedures along the principal directions of�Sij

In Smagorinsky-type models, the deviatoric part of the SGS stress tensor� ij is modeled as

� ij �
1
3

� ij � kk = 2C� 2jSjSij ; (4.1)

where � ij is the Kronecker delta, � is the grid �lter size, Sij = 1
2

�
@u i
@xj

+ @u j
@xi

�
is the resolved strain-

rate tensor at the grid �lter level, and jSj =
�
2Skl Skl

� 1=2
. The overbar �� denotes the grid-�ltered

quantities. The Smagorinsky coe�cient C is determined by a dynamic procedure (Lilly, 1992) based

on the Germano identity (GI),

L ij = Tij � c� ij ; (4.2)

where Tij is the SGS stress at the test-�lter level de�ned as

Tij = bui buj � dui uj ; (4.3)

and � ij is the SGS stress at the grid-�lter level

� ij = ui uj � ui uj : (4.4)

The overhat b� denotes the test-�ltered quantities. L ij contains the resolved components of the

stress tensor associated with scales between the test and grid �lter scales, and it can be computed

directly from the information available in the LES calculations,

L ij = � [ui uj + bui buj ; (4.5)

using Eq.(4.2)� (4.4). Tij is modeled similarly as in Eq. (4.1). Substituion of the modeled stresses

into the deviatoric part of the Germano identity produces an over-determined system for the un-

75



known coe�cient C,

L ij �
1
3

� ij L kk = CM ij (4.6)

where

M ij = 2 b� 2jbSjbSij � 2� 2 \jSjSij (4.7)

is again computable with the LES solution. Here,�̂ is the test-�lter size typically taken as �̂ = 2� .

The commonly used procedure is the least squares approach, which minimizes theL 2 norm of the

GIE tensor, Q = Qij Qij (Lilly, 1992). Here, Qij is the GIE tensor de�ned as the residual of the

Germano identy

Qij = L ij �
1
3

� ij L kk � CM ij ; (4.8)

and the coe�cient C is then determined as

C = hL ij M ij i
.

hM ij M ij i : (4.9)

Here, h�i denotes the averaging in homogeneous directions (if any) or local �ltering operation used

to stabilize the model. This original dynamic procedure accounts for all components (and therefore

directions) of the GIE tensor collectively with equal weights.

Vorticity dynamics in the inviscid limit implies that vortices are frozen to �uid elements and therefore

they deform in the same way �uid elements do. As the strain-rate tensor characterizes the local

deformation state of �uid elements, vortices are more likely aligned with the principal directions of

the strain-rate tensor (Davidson, 2015; Misra and Pullin, 1997). If one adopts the scale-similarity

ansatz (Bardina et al., 1980), it can be further assumed that the most energetic SGS eddies are

oriented primarily by the smallest resolved scale. Motivated from this line of argument, we postulate

that there are dynamically more important directions along which the dynamic procedure can be

further reduced, namely, the principal directions of the resolved strain rate �eld. That is, we focus

on satisfying the GI along the principal directions of �Sij only, and examine e�ectiveness of this

assumption. Three closely related formulations will be introduced below.
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Dynamic procedures which account for the GI along the principal directions ofSij only can be

expressed in a general form as

C =
nX

j =1



� j L 0

jj M 0
jj

� . nX

j =1



� j M 0

jj M 0
jj

�
; (4.10)

where � j are proper weights for the j th principal direction, and the prime symbol (0) is used to

denote tensors represented in the eigen coordinate ofSij . For instance, Q0
kl = V � 1

ki Qij Vjl , where

Vij contains the orthonormal eigenvectors ofSij . The �rst formulation denoted as PDL2 ( L 2 norm

minimization along principal directions) is de�ned as n = 3 and � j = 1 . This approach minimizes

the modi�ed cost function Q =
3P

j =1
(Q0

jj )2, i.e., the squared sum of the GIE along the principal

directions of Sij . The second formulation denoted as PDWL2 is de�ned asn = 3 and � j = � 2
j ,

where� j are the eigenvalues ofSij . This approach minimizesQ =
3P

j =1
(� j Q0

jj )2, i.e., the squared sum

of the GIE weighted according to the level of stretching/compression along the principal directions

of Sij . A maximally reduced version is wheren = 1 and � j = 1 , which cares only about the

direction with the maximum stretch: C is determined from the GI applied along the direction with

the maximum positive eigenvalue ofSij . This approach (denoted as PDMAX) assumes that the

SGS eddies align along the maximal vortex stretching direction of the resolved-scale eddies, and

only that direction matters to the SGS dynamics/energetics.

4.2. Flow con�guration

The �rst case considered in the present work is the plane turbulent channel �ow with periodic

boundary conditions in the streamwise and spanwise directions. DNS results from Moser et al.

(1999) and the Johns Hopkins Turbulence Database (JHTDB) (Li et al., 2008; Perlman et al., 2007)

are used as reference. The computational domain is set to be(L x ; L y ; L z) = (2 ��; 2�; 2��= 3) for

Re� = 395 and (L x ; L y ; L z) = (2 ��; 2�; �� ) for Re� = 1000, where x is the streamwise direction,y

is the wall-normal direction and z is the spanwise direction. � is half channel height. The �ow is

driven by the constant pressure gradient in the streamwise direction.

The second case is the boundary layer created on a �at plate by a time-dependent freestream
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velocity vector, whose magnitude is independent of time but whose direction changes at a constant

angular velocity (Spalart, 1989). The Reynolds number (Rel = U0

�
2

f �

� 1=2
) is 767. Here,U0 is

freestream velocity magnitude,f is the angular rate of rotation of the freestream velocity vector

and � is the kinematic viscosity. In our numerical simulation, the computational domain is set to

be (L x ; L y ; L z) = (2 �; �; 2� ), where y is the wall normal direction. � = u �

f is the outer length scale

whereu� is the velocity scale as de�ned in Spalart (1989). The top boundary condition is set to be

the rotating velocity vector,

U1 = U0 cos(f t ); W1 = U0 sin(f t ) (4.11)

Periodic boundary conditions are applied to the two horizontal directionsx and z. The �ow statistics

are computed in the coordinate system that is rotating with the freestream velocity vector. In this

coordinate system, the �ow is statistcally steady.

The third case is the separating �ow over periodic hills (Rapp and Manhart, 2011). The computa-

tional domain is (L x ; L y ; L z) = (9 h; 3:035h; 4:5h) whereh is the height of the hill. x, y and z denote

the streamwise, wall-normal and spanwise directions respectively. The Reynolds number based on

the hill height h and bulk velocity above the hill crest US is ReS = USh=� . It is related to the

domain-averaged bulk Reynolds number (ReB = UB h=� ) by a factor of 0.72, ReB = 0 :72ReS. The

�ow is driven by a constant mass �ow rate. Periodicity is applied to the streamwise and spanwise

directions.

4.3. Results and discussion

4.3.1. Turbulent channel �ow at Re� = 395 and Re� = 1000

Figure 4.1 shows the pro�les of �ow statistics for turbulent channel �ow at Re� = 395. The grid

spacing in wall units is (� +
x ; � +

y ; � +
z ) = (50 ; 0:22 � 13; 16:5). The LES results agree well with

DNS (Moser et al., 1999) in terms of mean velocity. As commonly reported in underresolved LES

(Bae et al., 2018), a slight overprediction of the streamwise intensity (urms ) and underprediction of

the other intensities are observed. All dynamic procedures (the original and PD versions) produce
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Figure 4.1: Pro�les of �ow statistics in wall units in turbulent channel �ow at Re� = 395. (a)
Mean streamwise velocity; (b) Turbulence intensities (urms , vrms and wrms ). Black squares, DNS
(Moser et al., 1999); green solid line, LES with DSM; red dashed line, LES with PDL2; blue dash-
dotted line, LES with PDWL2.

nearly identical result, the PD versions are seen slightly more accurate when zoomed in (see Fig. 4.2).

PDL2 and PDWL2 which use only three diagonal components of the GIE tensor in the principal

coordinate system of the grid-�ltered strain-rate tensor perform equally well compared to the original

DSM, which includes all components of the GIE tensor. It should also be noted that the GIE tensor

is found not diagonal in the eigen coordinate ofSij . The results here imply that not all the

components of the GI are equally important. By working on only partial information of the GI,

the dynamic model can produce almost identical results to the original DSM results. Although

not shown here for brevity, an identical behavior was observed in a channel �ow calculation with

Re� = 1000 using a relatively coarser grid with (� +
x ; � +

y ; � +
z ) = (100 ; 0:5 � 32; 50).

To further highlight how di�erent components of the GIE tensor contribute to the performance of

the DSM, another two models are tested in the same turbulent channel �ow atRe� = 395 as a

comparison. The �rst one includes only the non-principal components (o�-diagonal components

of the GIE tensor represented in the principal coordinates ofSij ) in the dynamic procedure. The

model is referred to as PDOFF. Another model is PDMAX introduced earlier in Sec. 4.1, which

operates only on the principal direction ofSij with the maximum stretching. The mean velocity

pro�les are shown in Fig. 4.2. It can be observed that PDOFF underpredicts the mean velocity, and

interestingly, it performs as bad as the no SGS model result. This indicates that the non-principal
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Figure 4.2: Mean velocity pro�les of channel �ow at Re� = 395. Squares, DNS (Moser et al., 1999);
green solid line, LES with DSM; red dashed line, LES with PDL2; blue dash-dotted line, LES with
PDWL2; magenta dotted line, LES with non-principal components model, PDOFF; olive green
dashed line, LES with PDMAX; cyan solid line, no SGS model.
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