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and behavior. Building upon this work, we consider a complimentary problem
that has received far less attention: Given a model of human expectations, what
types of structures support efficient human communication? The answer to this
question may shed light on the organization of real communication systems and
help us to design new systems with desirable properties.

7.8.1.1 Definitions of network entropy

Information theory has been linked with network science since its inception, when
Shannon estimated the entropy rate of the English language by studying a random walk
on the network of word transitions in a book(603). Since then, information theory has
been used extensively to characterize the structure and function of complex networks
(11, 263, 405, 478, 569–571, 615, 639). Of particular interest are ongoing efforts studying
the entropies of random walks on complex networks. For example, the entropies of a
number of canonical network families have been derived, including constant-degree
networks (161) and power-law distributed networks (263). Meanwhile, researchers have
developed strategies for maximizing the entropy of random walks by tuning the edge
weights in a network (117, 148, 183, 615), and it is now known that temporal regularities
in random walks reveal key aspects of modularity and community structure (569, 570).

Our work extends these efforts by taking into account human expectations. Specif-
ically, we consider the cross entropy (or perceived information) of random walks
relative to human expectations, which can be broken down into network entropy (or
produced information) and KL divergence (or the inefficiency of human expectations).
Importantly, we discover that the entropy and KL divergence characterize distinct
aspects of network structure: while entropy is driven by degree heterogeneity, the
KL divergence is determined by a network’s modular organization. Additionally, we
provide a number of novel results concerning network entropy and KL divergence
that may be of independent interest. These include analytic approximations for the
entropies of networks with Poisson and exponential degree distributions as well as
static model networks (see Sec. 7.8.11) and the KL divergences of Erdös-Rényi and
stochastic block networks (see Sec. 7.8.12).

7.8.1.2 Human information processing

Efforts to relate human cognition to information theory have a rich history, spanning
the fields of cognitive science, psychology, and neuroscience. For example, information
theory has been used to study linguistics (48, 193), decision-making (309, 708), Bayesian
learning (493), neural coding (559), and vision (182). In fact, the relativity of information
– the notion that the amount of information conveyed by a message depends not just
on the inherent complexity of the message, but also on the expectations of a receiver
– was previously studied in linguistics to understand the dependence of meaning in
language on context (193). To quantify perceived information, however, one requires a
mathematical model of human expectations.
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components of the combined data and calculating net fluxes in this low-dimensional
state space. At high temperature, stochastic fluctuations dominate the system, and we
only observe weak fluxes between states (Fig. 9.2c, right). However, as the temperature
decreases, the interactions between spins overcome the stochastic fluctuations, giving
rise to clear loops of flux (Fig. 9.2c, middle and left). These loops of flux demonstrate
that large-scale non-equilibrium dynamics can emerge from fine-scale asymmetries in
the interactions between elements. Moreover, by tuning the strength of interactions, a
single system can transition from near equilibrium to far from equilibrium, suggesting
that the brain may operate at different “effective" temperatures when performing
distinct cognitive functions (Fig. 9.1d,e).

9.4 quantifying entropy production in complex systems

While fluxes in state space reveal non-equilibrium dynamics, quantifying this non-
equilibrium behavior requires measuring the “distance" of a system from equilibrium.
One such measure is the entropy production, a central concept in non-equilibrium
statistical mechanics (598), which quantifies the amount of entropy that a system
generates. Consider a system with joint transition probabilities Pij = Prob[xt-1 =
i, xt = j], where xt is the state of the system at time t. If the dynamics are Markovian
(as, for instance, is true for the Ising system), then the entropy production is given by
(562)

S =
X

ij

Pij log
Pij
Pji

, (9.1)

where the sum runs over all states i and j. If the system obeys detailed balance (that
is, if Pij = Pji for all pairs of states i and j), then the entropy production vanishes.
Conversely, any violation of detailed balance leads to an increase in entropy production,
thereby reflecting the non-equilibrium nature of the system.

Calculating the entropy production requires estimating the transition probabilities Pij.
However, for complex systems the number of states grows exponentially with the size of
the system, making a direct estimate of the entropy production infeasible. To overcome
this hurdle, we employ a hierarchical clustering algorithm that groups similar states in
our observed data into a single cluster, yielding a reduced number of coarse-grained
states (Fig. 9.3a; see Methods). Estimating the entropy production this way yields two
desirable properties: First, because a system’s entropy production can only decrease
with coarse-graining (208), in order to establish that a system is fundamentally out of
equilibrium, one must simply demonstrate that the coarse-grained entropy production
is significantly greater than zero. Second, by defining the clusters hierarchically (388),
we prove that the estimated entropy production becomes more accurate (ignoring
finite data effects) as the number of clusters increases (Fig. 9.9). Indeed, across all
temperatures in the Ising system, the estimated entropy production increases with the
number of clusters k, thereby providing an improving lower bound on the true entropy
production (Fig. 9.3b). Moreover, as the temperature decreases the entropy production
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Figure 9.3: Estimating entropy production using hierarchical clustering. (a) Schematic of
clustering procedure, where axes represent the activities of individual components (e.g., brain
regions in the neuroimaging data or spins in the Ising model), points reflect individual states
observed in the time-series, shaded regions define clusters (or coarse-grained states), and
arrows illustrate possible fluxes between clusters. (b) Entropy production in the asymmetric SK
model as a function of the number of clusters k for the same time-series studied in Fig. 9.2c,
with error bars reflecting two standard deviations estimated using trajectory bootstrapping (see
Methods).

grows dramatically, revealing the stark difference in the non-equilibrium nature of the
system at high versus low temperature.

9.5 entropy production in the brain

We are now prepared to investigate whether the brain operates at different distances
from equilibrium when performing distinct functions. We study seven tasks, each of
which engages a specific cognitive system: emotional processing, working memory,
social inference, language processing, relational matching, gambling, and motor ex-
ecution (52). To estimate the entropy production, we cluster the neuroimaging data
(combined across all subjects and task settings, including rest) into k = 8 coarse-grained
states, the largest number for which all transitions were observed at least once in each
task (Fig. 9.10). Across all tasks and rest, the brain produces a significant amount of
entropy (specifically, the entropy production is significantly greater than the noise floor
that arises due to finite data; one-sided t-test with p < 0.001), confirming that the
brain operates out of equilibrium (Fig. 9.4a). Furthermore, the brain produces more
entropy during all of the cognitive tasks than at rest, with each task inducing a distinct
pattern of fluxes between states (Fig. 9.11). In fact, the motor task (wherein subjects
are prompted to perform specific physical movements) induces a 20-fold increase in
entropy production over resting-state dynamics, thereby demonstrating that the brain
is capable of operating at a wide range of distances from equilibrium.
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Figure 9.4: Entropy production in the brain varies physical and cognitive demands. (a) En-
tropy production at rest and during seven cognitive tasks, estimated using hierarchical cluster-
ing with k = 8 clusters. (b) Entropy production as a function of response rate (i.e., the frequency
with which subjects are asked to physically respond) for the tasks listed in panel (a). Each
response induces an average 0.07± 0.03 bits of produced entropy (Pearson correlation r = 0.774,
p = 0.024). (c) Entropy production for low cognitive load and high cognitive load conditions in
the working memory task, where low and high loads represent 0-back and 2-back conditions,
respectively, in an n-back task. The brain produces significantly more entropy during high-load
than low-load conditions (one-sided t-test, p < 0.001, t > 10, df = 198). Across all panels, raw
entropy productions (Eq. (9.1)) are divided by the fMRI repetition time �t = 0.72 s to compute
an entropy production rate, and error bars reflect two standard deviations estimated using
trajectory bootstrapping (see Methods).

To carry out the physical and cognitive functions required for each task – from
focusing attention to performing computations and responding to stimuli – the brain
consumes large amounts of energy (295). In living systems generally, such energy
consumption is often critical for supporting non-equilibrium dynamics (255). Therefore,
it is natural to wonder whether increases in physical and cognitive demands drive
the brain away from equilibrium. Indeed, across tasks, entropy production increases
with the frequency of physical responses (Fig. 9.4b), with each response producing
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Figure 9.11: Flux networks reveal non-equilibrium dynamics unique to each cognitive task.
(a) Coarse-grained brain states calculated using hierarchical clustering (k = 8), with surface
plots indicating the z-scored activation of different brain regions. For each state, we calculate the
cosine similarity between its high-amplitude (green) and low-amplitude (orange) components
and seven pre-defined neural systems (662): default mode (DMN), frontoparietal (FPN), visual
(VIS), somatomotor (SOM), dorsal attention (DAT), ventral attention (VAT), and limbic (LIM).
We label each state based on its largest high-amplitude cosine similarities. (b-i) Flux networks
illustrating the fluxes between the eight coarse-grained states at rest (b) and during seven
cognitive tasks: emotional processing (c), working memory (d), social inference (e), language
processing (f ), relational matching (g), gambling (h), and motor execution (i). Edge weights
indicate flux rates, and fluxes are only included if they are significant relative to the noise floor
induced by the finite data length (one-sided t-test, p < 0.001).
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9.8.10 Robustness to head motion and signal variance

In the main text, we showed that the brain’s entropy production is significantly corre-
lated with the frequency of physical responses (Fig. 9.4b) and increases during periods
of cognitive exertion (Fig. 9.4c). Here, we show that the effects of physical and cognitive
effort on entropy production cannot be explained by head movement within the scanner
(a common confound in fMRI studies (231)) nor variance in the neural time-series. To
quantify head movement, for each time point in every time-series, we compute the
spatial standard deviation of the difference between the current image and the previous
image. This quantity, known as DVARS, is a common measure of head movement
in fMRI data (539). Importantly, we find that entropy production is not significantly
correlated with the average DVARS within each task (Fig. 9.14a), thereby demonstrating
that the relationship between entropy production and physical response rate is not
simply due to the confound of subject head movement within the scanner. Additionally,
we find that entropy production is not significantly correlated with the variance of the
neural data within each task (Fig. 9.14b). This final result establishes that our entropy
production estimates are not simply driven by variations in the amount of noise in the
neural data across different tasks.

9.8.11 Data processing

The resting, emotional processing, working memory, social inference, language process-
ing, relational matching, gambling, and motor execution fMRI scans are from the S1200
Human Connectome Project release (52, 678). Brains were normalized to fslr32k via the
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Figure 9.14: Entropy production in the brain cannot be explained by head movement nor
signal variance. Entropy production versus the average DVARS (a) and the variance of the
neural time-series (b) at rest and during seven cognitive tasks. Across both panels, entropy
productions are estimated using hierarchical clustering with k = 8 clusters and are divided by
the fMRI repetition time �t = 0.72 s to compute entropy production rates. Error bars reflect
two standard deviations estimated using trajectory bootstrapping.
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MSM-AII registration with 100 regions (581). CompCor, with five principal components
from the ventricles and white matter masks, was used to regress out nuisance signals
from the time series. In addition, the 12 detrended motion estimates provided by the
Human Connectome Project were regressed out from the regional time series. The
mean global signal was removed and then time series were band-pass filtered from
0.009 to 0.08 Hz. Then, frames with greater than 0.2 mm frame-wise displacement
or a derivative root mean square (DVARS) above 75 were removed as outliers. We
filtered out sessions composed of greater than 50 percent outlier frames, and we only
analyzed data from subjects that had all scans remaining after this filtering, leaving 590
individuals. The processing pipeline used here has previously been suggested to be
ideal for removing false relations between neural dynamics and behavior (612). Finally,
for each subject and each scan, we only analyze the first 176 vectors in the time-series,
corresponding to the length of the shortest task (emotional processing); this truncation
controls for the possibility of data size affecting comparisons across tasks.
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