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ABSTRACT

CAPILLARY ASSEMBLY OF ANISOTROPIC PARTICLES
Lu Yao
Kathleen J. Stebe
My research is in the field of interfacial phenomena. Since all materials are bounded by surfaces or
interfaces, the ability to manipulate or tune interfacial properties is broadly important. I am interested in
particle-laden fluid interfaces where surface tension plays a dominant role. In particular, I have
investigated the effect of particle shape in the interaction and assembly of non-spherical microparticles at
interfaces between immiscible fluids, such as the air-water or oil-water interfaces. In the first study, I
showed experimentally that geometric features on the surface of the cylindrical microparticles, specifically
the sharp edges, have a strong influence on both the capillary interactions and the micromechanics of the
particle assembly. In the second study, I used creatively shaped particles to model the effect of surface
roughness on the particle and carried out the first numerical and experimental demonstration of near-field
capillary repulsion. Lastly, I demonstrated experimentally and analytically that on a curved interface with
a gradient along one of the principal axes of curvature, both isotropic and anisotropic microparticles
migrate to the region of high curvature. In addition, anisotropic microparticles conform to either an
azimuthal or a radial orientation depending on their aspect ratios. My research provides fundamental
knowledge for understanding, predicting and modulating the interactions between colloidal particles at
fluid interfaces, with immense potential for various applications in which the interface stabilization is vital.
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CHAPTER 1 INTRODUCTION
Capillary interactions between anisotropic microparticles are not yet well understood. They arise quite
simply and spontaneously since anisotropic particles at fluid interfaces deform the interface around them.
The area of the interface, and hence the capillary energy, can decrease when particles approach each other
for certain particle orientations. For particles with well-defined shapes and wetting conditions, capillary
interactions bear the signature of both their shapes and wetting conditions. These interactions lead particles
to form capillary bonds of remarkable strengths, to assemble in preferred orientations, with well-defined
separation distances and at well-defined locations. These interactions are surprisingly under-utilized in
directed assembly; the aim of this work is to develop a deeper understanding to support their exploitation in
this context.
When a microparticle attaches to an interface between two fluids, it eliminates some interfacial
area and places its solid surface in contact with the two adjacent fluids. The microparticle can also distort
the interface around it because of the conditions at the three-phase contact line, where the liquid, vapor and
the solid meet. If the sum of these surface energies is less than the surface energy of the particle immersed
in either fluid, it is energetically favorable for the particle to remain at the interface. This energy difference
is the trapping energy [1-4], which causes particles to attach and remain at fluid interfaces. At the contact
line, the interface can bend to satisfy an equilibrium contact angle determined by the balance of interfacial
tension and the surface energies of the solid in contact with either fluid. Alternatively, the contact line can
become pinned or kinetically trapped on edges and corners, or at sites of wetting discontinuity. Thus, a
microparticle can distort the interface around it because of surface roughness [5, 6], chemical heterogeneity
[7-9], or shape-anisotropy [10-17]. The distortion around the particle has an area in excess of a reference
planar interface, ΔA, with an associated excess capillary energy, ΔE, where ΔE = γΔA, γ being the
interfacial tension. This capillary energy is the source of pair interactions between particles at otherwise
1

planar interfaces. When the distortions from neighboring particles overlap, the particles interact and
assemble. In this thesis, I focus solely on particles with anisotropic shapes, and study energetically
homogeneous microparticles with either contact angle boundary conditions or with contact lines pinned
along sharp edges. In general, even an energetically homogeneous particle cannot satisfy its contact angle
boundary condition without distorting the interface around it unless it is a perfectly smooth sphere. For
example, ellipsoidal microparticles [11, 14-16, 18, 19] and cylindrical microparticles [14, 17, 20] create
strong distortions, which determine the capillary energy landscape between pairs of particles, with striking
differences that depend on the details of the particle shape.
There is a simple guiding principle for capillary interactions between pairs of particles. The
interactions between particles are attractive if the particle distortions are oriented so that regions of
capillary rise from one particle are oriented toward regions of rise of the other, and regions of capillary
depression from one are oriented toward depression from the other [9, 21, 22]. In these situations, when
deformations from neighboring particles superpose, the slope of the interface between the particles
decreases, as does the area of the interface (Figure 1.1). This guiding principal holds true for the
observations presented in this thesis for particles interacting at planar interfaces. Remarkably, on curved
fluid interfaces, I find situations where this guiding principle is not obeyed, motivating an in-depth study of
rigid planar particles of varied aspect ratios at curved fluid interfaces, culminating with a study of
cylindrical microparticles of varied aspect ratio.
Gravitational potentials are typically negligible for microparticles at fluid interface, i.e. the Bond
number,

Bo 

 gR 2



 1

(1.1)

Bond number measures the relative importance of gravity to surface tension, where  is the density
difference between the two fluids, g is the gravitational constant, R is the characteristic length of the
particle and γ is the interfacial tension. For negligible gravitational potential, and assuming small slope, the
interface distortion created by a microparticle at an otherwise planar interface is given by a multipole
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expansion. Stamou et al [9] showed that the leading order mode associated with any microparticle is a
quadrupole in two dimensions, so the deformation follows a cos2ζ symmetry, ζ being the azimuthal angle
about the particle. When distortions from two or more neighboring particles overlap, the capillary energy
decreases for particles that are oriented such that their distortions are mirror symmetric, as is shown
schematically in Figure 1.2. This is a ubiquitous far field interaction between particles with undulated
contact lines. In the near field, details of the interface distortion created by the particles become important
to the interaction energy, owing to features like elongation, faceting, or local roughness. In addition, in the
near field, the interaction energies are influenced by the solid-liquid and solid-vapor wetting energies,
which come into play when the contact line displaces as particles approach contact. These near-field
interactions play a pivotal role in determining the micromechanics of capillary bonds. To elucidate these
connections, in this thesis, I study the dependence of near field capillary interactions and assembly
micromechanics on certain aspects of particle geometry. For microparticles with characteristic linear
dimension R of tens of microns on common air-aqueous or oil-aqueous interfaces, the Bond number is ~105

, indicating that gravity is indeed negligible. The magnitude of capillary interactions between particles can

be approximated by γR2, a factor of 107 kT at common interfaces. Microparticles of this size can be
observed under an optical microscope and are at most only weakly Brownian. When interacting by
capillarity, they trace trajectories that are deterministic from which we can learn about the functional form
of their interactions and extract information about the strength of the interactions. Throughout this thesis, I
use lithographic techniques and a common epoxy resin to fabricate particles with well-defined shapes and
to mold fluid interfaces. I exploit these particles and free surfaces to improve our understanding of the role
of particle geometry and interface shape on capillary interactions.
In Chapter 2, I perform experiments to demonstrate the remarkable strength of capillary bonds
between cylindrical microparticles, which have sharp edges and planar end faces. To motivate these
experiments, I summarize simulations performed by my collaborator and co-author, Dr. Lorenzo Botto, on
the capillary energy landscape and resulting micromechanics of assemblies of either ellipsoidal
microparticles or cylindrical microparticles. These predictions are compared to a rather well developed
3

literature including experiments and simulation on ellipsoidal microparticles [11, 14-16, 19, 23] and a
literature from the Stebe laboratory on cylinders [13], which show that both ellipsoids and cylinders induce
interface distortions with quadrupolar symmetry [13, 14, 17]. Both ellipsoids and cylinders interact
identically in the far field in agreement with Stamou‟s predictions. Nearer to contact, they rotate in a
mirror-symmetric configuration to bring their particle tips to contact [13, 15]. After contact, the specific
details of the particle shape become important and, as a result, distinctively different microstructures
emerge (Figure 1.3). Pairs of cylinders remain assembled end-to-end [13], while pairs of ellipsoids rotate
about each other to reach the side-to-side configuration [15]. For sparsely covered interfaces, the assembly
process leads to chains of end-to-end cylinders, Figure 1.3 (a), and chains of side-to-side ellipsoids, Figure
1.3 (c). Figure 1.3 (b) and (d) reveal that chains of cylinders remain straight even in relatively dense
systems, while chains of ellipsoids appear highly curved, for a comparable surface coverage.
Simulations by my collaborator Dr. Lorenzo Borro predict that chains of cylinders would remain
stiff even under significant torques. To test this prediction, I performed a series of experiments using
magnetic tweezers in collaboration with Professor Robert Leheny‟s research group to study the behaviors
of a chain of cylinders under a forced rotation. By integrating a nickel microcylinder into a chain of epoxyresin cylinders formed at a fluid interface by capillary interactions, and placing the assembly in a rotating
magnetic field, the chain experienced significant viscous torque. Under this torque, the chain remained
rigid, in keeping with ou prediction. Simulations suggest that the stiffness of the capillary bonds between
cylinders, and their inelastic nature, depends strongly on the steric barrier to rotation posed by the sharp
edge where the planar end face meets the curved sides of the cylinder.
In Chapter 3, I develop the concept of near field capillary repulsion, and demonstrate the concept
in simulation and experiment. To my knowledge, the concept was first suggested by Lucassen [6] in an
analytical paper, but has not been explored previously in experiment. Lucassen noted that near contact,
roughness or patchy wetting could create undulated contact lines with characteristic wavelengths far
smaller than the particle dimensions. These small wavelength contact line undulations would create
interfacial distortions close to the particle, which would decay over distances comparable to the undulation
4

wavelengths. When the distortions from neighboring particles superpose, these distortions could result in
either a near field attraction or a near field repulsion. By modeling the undulated contact line as a Fourier
mode, Lucassen showed that near field capillary interactions are attractive if the undulated contact lines on
neighboring particles are identical. These undulations strengthen the capillary bond, drawing the particles
into contact. If, however, the undulated contact lines on neighboring particles differ, near field capillary
interactions are repulsive.
Lucassen‟s arguments motivated me to design microparticles with sinusoidal corrugations of
wavelengths much smaller than the particle dimensions and to perform experiments to demonstrate
enhanced near field attraction between matching particles or near field repulsion between those with
different corrugations. Far from contact, the microparticles were designed to interact attractively according
to Stamou‟s predictions. In the near field, the interfacial distortions excited by the particle were determined
by the wavelength and phase of the sinusoidal corrugations. In keeping with Lucassen‟s predictions, I show
that particles with similar sinusoidal corrugations experience enhanced attraction, whereas particles with
differing corrugations experience strong near-field repulsive capillary forces due to a steep interface
gradient between two mismatched contact lines. The competition between a far-field capillary attraction
and a near-field capillary repulsion defines a separation distance between the particles at equilibrium.
Mismatched particles indeed assemble with finite separation distances at equilibrium in experiment. The
assemblies could behave as rigid compound entities or as elastic elements, depending on the interface
where they assembled. These results have implications for the capillary assembly of rough microparticles at
interfaces, and for the tailoring of mechanics of particle monolayers; they also suggest ways to avoid
kinetically trapped states in monolayers of interfacial colloids assembled by capillarity.
In Chapter 4, I present an ongoing study of microparticles on curved fluid interfaces. In this work,
an interface with a minimal surface was created by the same methods as in prior work by Cavallaro et al.
[24]: a tall micropost at the center of a confining ring that is much shorter than the post. A finite volume of
liquid is placed on the micropost so that its contact line pins both at the top edge of the micropost and along
the edge of the confining ring. The shape of the interface formed in this confining geometry could be
5

approximated as a monopole near the micropost. At every point on this surface, the interface has a saddle
shape, with positive principle curvature along the radial direction. The interface shape also features a
gradient along this principal axis, directed from the ring toward the micropost. Cylindrical microparticles of
varying length are placed on this interface, with aspect ratio (length to diameter) ranging from 2.5 to 20.
Microcylinders excite a capillary quadrupole. For the wetting conditions of the interface studied, the
quadrupolar depression occurred at the ends of the microcylinder, and the quadrupolar rise occurred along
its curved sides. Small aspect ratio microcylinders aligned their axis of symmetry azimuthally, with
quadrupolar rise aligned along the principle axis with positive curvature, and their quadrupolar depression
along the axis with negative curvature, that is, rise aligning with rise, depression aligning with depression.
However, large aspect ratio cylinders align radially to the micropost, in violation of the normal guiding
principle for capillary interactions. The change in preferred orientation occurs abruptly at a given aspect
ratio. These observations motivated me to perform a series of experiments to elucidate the role of
curvature-induced deformation modes in determining the preferred orientation and the migration of rigid
microparticles in curvature fields. The work is presented in three parts. First, I discuss observations of the
behavior of a thin, planar circular disk. Then I study the migration and alignment of a thin, planar elongated
wafer-shaped particle. Finally, I use the understanding developed for these two shapes to discuss the
cylinders on the curved interface.
A planar, circular disk with sharp edges on a fluid interface pins the contact line at its edge. On a
planar interface, the disk eliminates a circle of fluid interface and places its solid faces in contact with the
surrounding fluid. Since it is planar and smooth, it makes no other distortions. On a curved fluid interface,
however, the energy changes created by the disk are more complex. By attaching to the interface, the planar
disk has eliminated a saddle-shaped region of interface. The closer is the particle to the micropost, the
greater this reduction in area. This position-dependent decrease in energy can drive migration toward the
post. In addition, the disk creates a curvature-induced distortion of quadrupolar modes with associated
excess area when compared to a disk-free interface. Together these two effects reduce the overall capillary
energy, so the disks migrate to sites of higher curvature. I extend this study to thin disks with shape
6

anisotropy. I create “elongated disks”, or wafers, which also pin the contact lines. When placed at a fluid
interface, these particles align either azimuthally, with their long axis tangent to a circle encircling the
micropost, or radially. Small aspect ratio particles align azimuthally, while longer particles align radially.
The change in orientation occurs abruptly at a well-defined aspect ratio. Lastly, I return to the study of
microcylinders on these interfaces as a function of their aspect ratio.
Analysis of these experiments is ongoing. I present discussions based on a linear superposition of
position dependent trapping energies, curvature-induced deformation modes, and, for the microcylinders,
particle-sourced modes. Analysis by my collaborator, Dr. Nima Mood, is used to support this discussion.

7

Figure 1.1 Two cylinders with overlapping interface deformations interact attractively.
(a) The side view of two cylinders at a fluid interface, in which the cylinders are aligned along their
longitudinal axes. In this figure, the interface rises to the flat ends of the cylinders and depresses along the
curved sides of the cylinders. (b) Cylinders interact attractively to minimize the slope of and hence the
distortions at the interface.

8

Figure 1.2 A pair of polar quadrupoles in mirror-symmetry.

9

Figure 1.3 Assemblies of rod-like particles at fluid interfaces.
(a) Linear chain of microcylinders assembled by capillarity at the air–water interface (reprinted with
permission from ref. 28, copyright 2010, ACS). (b) Monolayer of microcylinders formed by compression
after chain formation. (c) Fluorescence microscopy image of chains of PMMA microellipsoids at an oil-air
interface (reprinted with permission from ref. 30, copyright 2011, ACS) (d) Monolayers of micro-ellipsoids
at an oil–water interface (courtesy of J. Vermant).
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CHAPTER 2 CHARACTERIZATION OF NEAR-FIELD CAPILLARY INTERACTIONS
This chapter is adapted from Ref. [18] with permission from the Royal Society of Chemistry.
2.1.

Introduction

Micrometer-sized cylinders at fluid interfaces self-assemble owing to capillary interactions, forming linear
chains of particles joined end-to-end by „capillary bonds‟ [25]. To date, little is known about the strength of
the capillary bonds, since there was no direct means of testing such near-field interactions due to the
unconstrained, mobile nature of particle assemblies at fluid interface. In this chapter, we attempt to measure
the strength of these capillary bonds by a new experimental technique, where a magnetic cylinder is
incorporated within a self-assembled chain of regular non-magnetic cylinders. Upon application of a
rotating external magnetic field, the magnetic cylinder experiences a localized magnetic torque, which
causes in-plane rotation of the entire chain. From the balance of viscous resistance and capillary forces,
important information about the chain mechanics can be extracted. We show that the capillary bond formed
between cylinders in end-to-end configuration is remarkably rigid and able to resist a rotational torque well
in excess of 105 kT.
We associate with the distinctively different microstructures formed by rod-like particles on fluid
interfaces. Previous results show that ellipsoidal particles assemble in side-to-side orientations to form
flexible chains, whereas cylinders assemble end-to-end to form rigid chains [13, 26]. To understand these
differences, we simulate the near-field capillary interactions between pairs of rod-like particles subject to
bond-stretching and bond-bending deformations. By comparing ellipsoids, cylinders, and cylinders with
smooth edges, we show that geometric details dramatically affect the magnitude and shape of the capillary
energy landscape. We relate this energy landscape to the mechanics of the chains, predicting the flexural
rigidity for chains of ellipsoids, and a complex, non-elastic response for chains of cylinders. These results
have implications in the design of particle-laden interfaces for emulsion stabilization and encapsulation of
materials.
This investigation was carried out in collaboration with Dr. Lorenzo Botto, who has performed the
11

simulations to retrieve the equilibrium energy profiles associated with particles of different shapes, with
help from Dr. Marcello Cavallro, Jr., and Mr. Joel B. Rovner in the experiment with the rotating chain. In
the following sections of this chapter, I will tell the entire story that emerged from this study. In particular,
I will discuss in details the aspects of the project that I pursued independently, which include the
experiment with the rotating chain and the analysis used to extract the information regarding the strength of
the capillary bond between cylinders.
2.2.

Simulation

The simulations are performed using Surface Evolver [27] for pairs of rod-like particles in mirrorsymmetric configuration, at a small separation between their surfaces and different angles between their
major axes, which lie in the same plane. The geometric configuration for a generic pair of particles is
shown in Figure 2.1 (a), where the bond angle ϕ is defined such that ϕ = 0° and ϕ = 180° correspond to an
end-to-end and a side-to-side alignment between two particles. dcc and d represent the center-to-center
separation between two particles and minimum separation between the solid surfaces, respectively.
A super-ellipsoid equation is used to represent the particle surface

z

2

2


L 
R2  y 2 R2    x2     1

 2  


(2.1)

where x, y, z are coordinates centered on the particle center of mass, with x oriented along the particle
major axis. R and L/2 are the cross-sectional radius and the particle half-length, respectively. In Eq. (2.1), ε
can be varied to generate a family of shapes with different minimum radii of curvature r c of the solid
surface at the edge, as shown in Figure 2.1(b). In this representation, ε = 1 and ε = ∞ define the outlines for
ellipsoids and cylinders with infinitely sharp edges respectively. For ε = 120 the height difference between
the maximum and minimum contact lines for an isolated cylinder in simulation deviates by less than 2%
from that reported for isolated cylinders with infinitely sharp edges [28]. Therefore, we use this value of ε
for results presented in the following sections.
For a given particle configuration, we compute the equilibrium interface shape while enforcing
both the contact angle boundary condition along the contact lines and a Neumann boundary condition on
12

the outer boundaries of the interface to satisfy the condition of mechanical equilibrium [28]. From the
equilibrium shape of the interface, we compute the total capillary energy:

E   Slv   ls Sls   sv Ssv

(2.2)

In Eq. (2.2), γ is the interfacial tension; Slv is the total area of the liquid-vapor interface; γls and γsv
are the liquid-solid and solid-vapor surface energies, respectively, and Sls and Ssv are the areas of the liquidsolid and solid-vapor surfaces, respectively. This equation can be re-written using Young‟s relationship γsv
= γcosζc + γls to E    Slv  cosc Sls    sv  Sls  Ssv  . As the second term remains constant, the capillary
energy has only two independent contributors: the liquid-vapor energy, Elv = γSlv, and the wetting energy of
the solid surface by the liquid subphase, Ew = -γcosζcSls. In all simulations for this work, the particles have
a uniform surface energy corresponding to ζc = 80°, and aspect ratio Λ = L/(2R) = 3, consistent with
previous experiments [12, 20, 28].
In addition, we show that the rotational or translational movements of the microparticles have little
influence to the shape of the interface by showing that the capillary number, Ca, is in the limit of Ca << 1.
As Ca compares the hydrodynamic force and the viscous force, it is negligibly small in most of the
experiments or applications where the size of colloidal particles are in the micron or submicron range. For
example, in a typical interfacial experiment with a pair of cylinders in ref. [28], the typical particle velocity,
U ~ 100 μm s-1, which gives rise to a Ca = μU/γ ~ 10-6 (where μ is the bulk liquid viscosity). Hence we can
attribute any interface deformation to capillary interactions calculated as results from quasi-static
simulation.
2.3.

Experiment

2.3.1.

Fabrication of non-magnetic microparticles

Non-magnetic cylindrical microparticles (diameter 4.5 μm, length 10 μm) were fabricated using standard
photolithography (Figure 2.2) [20]. Briefly, a negative photoresist (SU-8 2010, MicroChem Corp.) was
deposited onto a silicon wafer substrate (Montco Silicon) by spin-coating at 3000 RPM for 30 s. The
photoresist was then exposed to UV light (365 nm) through a photomask with transparent circles of a
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defined diameter, and subsequently developed in a solvent, leaving only crossed-linked cylinders on the
substrate. The cylindrical microcylinders were then liberated by sonication of in 1:1 v/v mixture of ethanol
and water. The contact angle of SU-8 with the air-water interface, ζc = 80°, as measured by optical
tensiometer (Theta Tensiometer, KSV Instrument).
2.3.2.

Fabrication of magnetic microparticles

Magnetic micro-cylinders were fabricated by sputtering 99.99% pure nickel metal (ACI Alloys Inc.) into
lithographically-defined wells (Figure 2.3). A silicon wafer was sputtered with a 100 nm-thin copper
sacrificial film. A layer of positive photoresist (SPR 220-7.0, MicroChem Corp.) was then deposited at
2250 RPM for 30 s and soft-baked at 115 °C for 60 s. The photoresist was exposed to UV light (365nm)
through the same photomask used to fabricate the non-magnetic particles, and developed to produce
cylindrical wells in the layer of positive photoresist. Nickel was then sputtered on top of the photoresist
layer and into the cylindrical wells using a magnetron drive with a direct-current (DC) power supply. The
photoresist layer was then dissolved by acetone, thus also removing the overlaying Ni film and leaving only
Ni cylinders on the substrate. The Ni particles were liberated from the substrate by etching away the Cu
film with a specific etchant (Transene CE-100).
The Ni particles were 5 μm in diameter and 10 μm in length, as determined by optical microscopy
(Zeiss Imager, M1m, Carl Zeiss Inc). The contact angle of Ni at the air-water interface was measured to be
82°. Prior to liberation from the substrate, the Ni cylinders were magnetized with a strong magnetic field
(B=3411 G, Neodymium block magnet, BY0X06-N52, K&J Magnetics) in the direction parallel to the
cylinder axis.
2.3.3.

Calibrating the magnetic moment of the magnetic particle

The resulting magnetic properties of the released cylinders were characterized by applying a small
magnetic field (B = 20 G) to isolated particles trapped at the air-water interface.
The cylinders aligned with their axis parallel to applied field. When field direction was rapidly
flipped, the cylinder axis rotated 180 degrees to follow the field, indicating that the particles indeed
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possessed a permanent magnetic dipole moment parallel to the cylinder axis (Figure 2.4). The rate of
rotation is a balance of the magnetic torque on the particle and the known viscous drag torque, from which
we can extract the magnetic moment of the Ni particle using an analytical solution [29]

  2 tan 1 k  t  t0 

(2.3).

The magnetic moment of a typical 5 by 10 µm Ni particle is found to be around μ = 1x10-10 emu.
2.3.4.

Chain formation

A very dilute (0.1% by weight) mixture of Ni and SU-8 cylinders (ratio 1:5) was spread onto an air-water
interface. The dispersion was prepared by mixing the particles in a 1:9 v/v isopropanol/deionized-water
solvent mixture. About 30 to 50 μL of dispersion was used in each experiment. After spreading, time was
allowed for the alcohol component of the solvent to evaporate. Since Ni and SU-8 have similar contact
angles, several chains of SU-8 cylinders with incorporated Ni cylinders formed spontaneously by capillary
self-assembly. We studied chains containing a single Ni cylinder and several SU-8 cylinders. The mixture
was sufficiently dilute that magnetic or capillary interactions between distant chains could be neglected.
2.3.5.

Characterizing the strength of capillary bonds

Experiments to characterize the bending strength of the cylinder capillary bond were performed by rotating
chains at the air-water interface and hence subjecting them to magnetic and viscous torques. Isolated chains
of SU-8 cylinders with incorporated magnetic cylinders were set into rotation and their motion monitored
using an inverted optical microscope with in situ magnetic field, as described in Ref. [29]. Briefly, two sets
of four computer-controlled electromagnetic coils positioned symmetrically above and below the
microscope focal plane, which was coincident with the air-water interface, created magnetic fields with
prescribed profiles in the microscope field of view. First, profiles with weak magnetic-field gradients were
employed to translate a chain into the field of view. Then, a uniform field of constant magnitude B rotating
in the focal plane at constant angular velocity ω was applied. In steady state, the low-Reynolds-number
environment dictated that the chain rotated in response to the field with the Ni cylinder's magnetic moment
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vector, and hence the chain axis, lagging the field by an angle θ such that the magnetic torque and the drag
torque from the fluid Tdrag balanced,
Tdrag   B sin 

(2.4)

where Tdrag   r  and ζr is the rotational drag coefficient of the chain. We estimate the drag coefficient as

 r  a b where ζb is the bulk rotational drag coefficient of a cylinder having length equal to that of the
chain and a is the area fraction of the chain immersed in water. A similar approach was used in Ref. [28].
For ζb we use the semi-empirical expression [30]

b 

0 L3

3  ln   Cr 

(2.5)

where η0 is the dynamic viscosity of water at 20 °C, L and Λ are the chain length and aspect ratio,
respectively, and Cr  0.662  0.917 /   0.050 / 2 . The value of a was estimated from simulations of
isolated cylinders to be about 60% [28]. In the measurements, B was held fixed at a large value (B = 80 G)
and ω was increased in steps to increase the drag torque and hence the bending torque. The maximum
achievable ω and thus the maximum torque was attained for ζ = 90°. For larger rotation rates, the chain
failed to follow the external magnetic field and instead exhibited a more complicated rotational trajectory
[31]. In the four-cylinder chain experiment shown in Figure 2.5 (a), the maximum rotation rate was 7.4Hz.
For R = 2.25 μm, L = 40 μm, and ω = 7.4Hz, the rotational drag, and thus the maximum torque supported
by each capillary bond, is calculated to be
Tdrag  2.8 105 kT

(2.6).

At this rotation rate the bonds displayed no measurable bending. Given the precision of the video tracking
of the rotating chains, we estimate that bending angles greater than 2 degrees would be resolvable (Figure
2.5 (b)). Measurements on other chains gave similar results.
2.4.

Results and Discussion

When in contact, particles of different shapes can rotate about each other in distinct ways. For instance,
ellipsoids have smooth surfaces, so they can „roll‟ over each other. On the other, cylinders have edges, so
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they remain „hinged‟ at the edges when rotating (Figure 2.6). This means that the flat ends of the cylinders
splay as the bond angle increases during „hinging‟. In contrast, in „rolling‟ the configuration of the ellipsoid
surfaces near the point of contact varies relatively mildly with ϕ, due to a continuous change in the
characteristic curvature of the solid at the point of contact. As the capillary forces are strongly dependent
on the surface-to-surface separation [21, 32], it is important to understand the characteristic separations
between particle surfaces for a given change in bond angle.
2.4.1.

Ellipsoids

Figure 2.7 (a) shows a perspective view of the liquid–vapor interface about an isolated ellipsoid for Λ = 3
and ζc = 80°, and Figure 2.7 (b) the corresponding contact line; in this latter figure, the scale of the vertical
axis has been expanded to allow the weak contact line undulations to be discerned. The interface is
depressed at the tip, and rises along the sides of the ellipsoid. For the case considered, the maximum and
minimum contact line heights are zmax = 0.1546R and zmin = 0.0872R, respectively; here, z = 0 corresponds
to the height of the particle center of mass, which is located 0.1238R below the interface height far from the
particle.
The minimum value of z along the contact line is positive, and the ellipsoid is thus immersed
predominantly in the lower phase. The opposite situation would occur for a contact angle greater than 90°,
i.e. the rise would occur at the tip, and the particle would be predominantly immersed in the upper phase.
The degree of immersion affects interactions that depend on the properties and motion of the bulk fluid, for
instance the viscous drag to translation and rotation, and is therefore of considerable practical importance.
From a separate simulation with Λ = 2 and ζc = 80, we obtain a distortion amplitude zmax - zmin = 0.042R,
which agrees well with prior work in the literature [11], in which the interface shape was computed using a
linear approximation to the Young–Laplace equation.
Figure 2.8 (a) shows the dependence of capillary interaction energy on bond angle between pairs
of ellipsoids in contact. Clearly the interaction energy, E, decreases monotonically with an increasing bond
angle ϕ, with the minimum occurring at ϕ = 180°, corresponding to a side-to-side equilibrium configuration
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similar to earlier results [11, 15]. In addition, the parabolic shape of the energy profile near the equilibrium
suggests that the pair interaction is elastic. We calculate the torque on each particle using Eq. (2.7) and
present the results in Figure 2.8 (b), as a function of angular deviation from ϕ = 180˚.

T 

E


(2.7)

The torque here is defined such that T > 0 corresponds to a resistive torque to the rotation from the
equilibrium configuration. Since the value of T is positive at all bond angles, there is a lack of metastable
configuration. For δϕ as large as 30 – 40°, T has a linear dependence on ϕ, in the form of T = Gδϕ, where G
is a constant (G ~ 0.0015γR2 for ellipsoids). Consequently, a side-to-side ellipsoid pair has a linearly elastic
mechanical response to bond-bending over a wide range of bond angles. This elastic response arises
because of the symmetry of the interface distortions about the point of contact between two elliptical
particles at equilibrium. As the capillary force (per unit contact line length) between solid surfaces in close
proximity depends on the separation distance between them, there is a larger capillary attraction for solid
surfaces closer to each other. Therefore, if a pair of ellipsoids rotates from its stable side-to-side
configuration, the capillary attraction increases on the side of the point of contact where the particle
surfaces become closer and decreases on the other, where the surfaces become further apart (see Figure 2.8
(c) for illustration). However, it should be noted that if the interface distortion near the point of contact is
not symmetrical, there is no elastic response to the bond-bending.
2.4.2.

Cylinders

Figure 2.9 (a) illustrates the shape of the fluid-fluid interface around a cylinder, with Λ = 3 and ζ c = 80°.
The interface rises up along the flat ends of the cylinder and depresses gently along the curved sides. Figure
2.9 (b) shows the corresponding profile along the three-phase contact line, which has a continuous tangent
despite a relatively sharp turn around the edges of the cylinder. As the separation distance between the end
faces of two end-to-end aligned cylinders decreases, the capillary distortions between the particles join to
form a capillary bridge, as illustrated in Figure 2.10. Even though the slope of the interface at the particle
end faces is determined by contact angle, the shape of the contact line can change substantially depending
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on the end-face separation and bond angle. This dependence is shown in Figure 2.11 (a), which describes
three different configurations for a pair of cylinders: configuration “1”, for d = 0.9R, ϕ = 0°; configuration
“2”, for d = 0.3R, ϕ = 0°; and configuration “3”, for d = 0.3R, ϕ = 20°. The corresponding contact line
profiles on the end faces and in perspective views are presented in Figure 2.11 (b).
Comparison of configurations „„1‟‟ and „„2‟‟ shows that as the two aligned cylinders approach
each other the area of the end face covered by the subphase increases. In contrast, the contact line along the
sides of the cylinders moves only very marginally; the contact lines for configurations „„1‟‟, „„2‟‟, and „„3‟‟
are practically overlapping in this region, as shown in Figure 2.11 (c). Comparison of configurations „„2‟‟
and „„3‟‟ shows that the „„capillary bridge‟‟ between the end faces is distorted as the bond angle increases,
resulting in a significant variation in the wetted area of the end face.
It is commonly assumed that the capillary attraction between interfacial colloids is controlled by a
decrease in the liquid–vapor area. The liquid–vapor energy Elv, the wetting energy Ew, and the total
capillary energy E are shown as a function of d for ϕ = 0° in Figure 2.12 (a), and as a function of ϕ for d =
0.3R in Figure 2.12 (b). It is seen that the wetting energy contribution is larger in magnitude than the
liquid–vapor contribution, and determines the trend of the total energy. This behavior can be understood
from the fact that as the surfaces of the cylinders approach each other, a larger portion of the solid surface
becomes wetted by the subphase, so Ew decreases. On the other hand, Slv and thus Elv increase as the
distance between the cylinder surfaces decreases. This trend for Slv can be understood qualitatively from
the following expression for the total area of the interface in the small slope limit:
Slv  

1  1 2 h  dxdy  A  
2

A0

0

A0

h 

2

dxdy

(2.8)

Here, h is the interface height, and the surface integral is extended over the projection A0 of the fluid
interface onto the horizontal plane. The area Slv is given by two contributions: the projected area A0, i.e. the
total area of the horizontal plane minus the „„hole‟‟ created by the particles; and the excess area, associated
with the out-of-plane distortion of the interface (last term in Eq. (2.8)). The term A0 is practically
independent of the particle configuration, since the „„hole‟‟ that the cylinders make into the horizontal
plane changes only marginally with d. However, the interface is significantly more distorted when the
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cylinders are close to each other than when they are separated. This leads to a larger h , and an increase in
Slv and Elv.
The substantial change in wetting energy is responsible for a capillary attraction that is much
larger than the change characterizing ellipsoids. From the derivative of the energy with respect to d cc, we
calculate that the capillary force at contact for end-to-end cylinders is about F ~ 0.3γR, nearly two orders of
magnitude larger than the maximum attractive force between ellipsoids. The capillary force between sideto-side cylinders is much weaker than that between end-to-end cylinders, F ~ 0.04γR.
To discuss the mechanics of cylinders in contact and the resistance to bond-bending motion, we
show in Figure 2.13 (a) the dependence of the total capillary energy E on ϕ for d = 0. The end-to-end
configuration is the (global) minimum energy state, in agreement with the experimental observations. The
capillary energy also presents a weak local minimum for cylinders paired side-by-side, which suggests that
cylinders may reach the side-to- side configuration if forced to do so. The energy barrier Eb between the
two minima is substantial; for the conditions considered, we get Eb  0.2 R2 , which corresponds to
3.6×106kT for R = 1 μm and γ = 70 mN m-1. Note the energy profile is concave down, unlike the one
shown for ellipsoids near equilibrium in Figure 2.8 (a). This observation, as we will see in Sec. 3.4, has
implications for the stability of chains composed by several particles.
Further insights into the mechanics of pairs of cylinders can be inferred from the capillary torque
(Figure 2.13 (b)), calculated as T = E/. (Consistently with the convention adopted for pairs of ellipsoids,
T is defined so that for T > 0 the capillary torque resists rotation from the minimum energy state.) The
torque decreases monotonically as  increases, from a maximum value T c attained for  = 0, which is
characteristic of strain-softening behavior. For a capillary bond subject to a constant external torque T ext,
the value Tc corresponds to the critical bending moment at which the configuration yields, leading to
capillary bond „„breakage‟‟. Owing to the strain-softening behavior, equilibrium cannot be satisfied for any
value of  when Text > Tc. For Text < Tc, cylinders pairs initially aligned end-to-end remain aligned; this
suggests why end-to-end cylinders behave as rigid elements. The angle c corresponding to T = 0 is the
threshold angle for which the configuration „„switches‟‟ from end-to-end to side-to-side, when a bond
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bending deformation is imposed. Such rapid rearrangements may occur, for instance, when a monolayer of
cylinders is compressed or sheared.
The mechanical response to bond bending suggested by Figure 2.15 (a) and (b) is non-elastic. This
is a consequence of the steric barrier to rotation posed by the cylinder edges, and of the asymmetry of the
capillary traction with respect to the point of contact. For relatively small values of ϕ, the capillary energy
may be interpreted as the work done against the attractive capillary force between the end faces, because
the contribution from the capillary attraction between the cylinder sides is expected to be relatively small.
Owing to this asymmetry, the energy profile in the neighborhood of  = 0 is not parabolic. The „„hinging‟‟
at the edge therefore plays a crucial role in shaping the energy landscape. For „„smoothed‟‟ edges, a more
even contribution to the capillary energy from the cylinder end faces and sides is expected, and therefore a
continuous transition from „„hinging‟‟ to „„rolling‟‟. We further examine this concept below.
2.4.3.

Effect of edge sharpness on capillary energy

Figure 2.14 (a) compares the energy landscapes for pairs of rod-like particles in contact subject to bond
bending. The top and middle curves are for  = 120 and  = 5, corresponding to cylinders with relatively
sharp (radius of curvature: rc = 0.01R) and smooth edges (r c = 0.2R), respectively. The bottom curve is for
pairs of ellipsoids. The magnitude of the energy barrier depends strongly on the precise shape of the
cylinder, decreasing significantly when the edges are rounded. This may have implications for other
particle shapes. Edges are often present in the design of complex-shaped particles, for instance polyhedra
[33-35] and may present different degrees of sharpness depending on the fabrication procedure. The energy
landscape for ellipsoids is included in this figure to emphasize the large difference in capillary energy
magnitude between ellipsoids and cylinders for a given contact angle and aspect ratio.
We attribute the differences in the characteristic magnitudes of the interaction energy primarily to
the relatively strong dependence of the interface distortion amplitude, which isolated particles induce, on
the specific shape of the particle; the capillary energy, essentially, results from the overlapping of these
distortions. For  = 5, isolated cylinders present a maximum contact line height difference z max - zmin =
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0.1539R, significantly smaller than the value zmax - zmin = 0.2574R obtained for  = 120. Isolated
ellipsoids induce the weakest distortion: zmax - zmin = 0.0674R. Figure 2.14 (b) shows the contact line
profiles at the flat face of an isolated cylinder for selected values of .
The change in height of the energy barrier can also be attributed to the effect of the edges on the
relative motion between the cylinders. A continuous transition from “hinging” to “rolling” occurs when the
edge curvature is reduced, as anticipated in the previous section. Our discussion of the sharp-edged cylinder
illustrates that the energy barrier originates from the „„hinging‟‟ motion coupled with the presence of the
flat face, whose rotation distorts the capillary bridge. This mechanism is mitigated when the solid surface is
rounded in the neighborhood of the point of contact, i.e. when  is decreased or, equivalently, rc is
increased, and this is expected to further contribute to the reduction in the capillary energy magnitude. The
limiting case of the spherocylinders, which is not recovered by our super-ellipsoid parameterization, would
give no interface distortion and thus zero interaction energy.
2.4.4.

Mechanics of particle chains

The results of the previous sections provide fundamental insights into the mechanics of chains composed
by several particles. Consider, for instance, the behavior of an initially straight chain stretched along its
axis. The capillary force between cylinders or ellipsoids is attractive for any value of the inter-particle
distance, and is a decreasing function of the surface-to-surface separation. Therefore, if a straight chain is
pulled by an external force Fext at one of its ends, in the direction parallel to the chain axis, it will support
the external force without stretching if F ext is less than the value of the capillary force at contact, Fc. For
Fext > Fc, it will „„break‟‟ abruptly. It is not possible to predict the position along the chain at which
breakage will occur, because for chains formed by identical particles, all the bonds oppose the same
capillary resistance and are subject to the same tensile stress.
Bond-bending deformations are dominant for elongated chains [36]. Chains of ellipsoids are
expected to behave as elastic elements in response to bond bending, since the capillary interaction between
pairs of ellipsoids is elastic, for sufficiently small values of . The flexural rigidity k of the chain can be
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estimated from the following argument. The curvature C of a chain is given by the ratio of the infinitesimal
change in angle d to the corresponding element of length[37]. The curvature in correspondence to each
bond is therefore C = /(2R), where 2R is the distance between the bonds. The flexural rigidity is simply
the proportionality constant between T and C, i.e.  = 2RG = c1R3, where c1 is a constant (which depends
on aspect ratio and contact angle). For  = 3 and c = 80, our simulations give c1  0.003. For  = 70mN
m-1 and R = 2.25 m,  is about 6 × 105 kT m, which translates to ~103–104 kT of elastic energy for chain
of ellipsoids having typical curvature (100 m)-1. Thermal fluctuations alone are thus unable to bend chains
formed by micro-ellipsoids. However, it should be emphasized that in a compressed monolayer of
microparticles chain, bending is caused by the contact forces between neighboring chains, and not by
thermal fluctuations. For an external torque of the order of 10 5 kT, comparable to that applied to the chain
of cylinders shown in Figure 2.5, a chain of ellipsoids would exhibit a very high curvature, comparable to
the inverse of the particle size. (Strictly speaking, the elastic approximation fails for such a large curvature.)
Chains of cylinders do not respond to bond bending as elastic elements, but as „„brittle‟‟ elements. Under a
localized torque, chains of cylinders are predicted to remain rigid if the torque applied on each section of
the chain is lower than Tc, and to „„break‟‟ for larger applied torques. For R = 2.25 m and  = 70 mN m-1,
Tc  5107 kT. This value is about two orders of magnitude larger than the torque applied to the chain in
the motivating experiment of Figure 2.5, thus the chain remained straight as predicted. Probing the yielding
behavior of the chains beyond Tc through experiments with rotating chains will require the development of
magnetic cylinders and magnetic tweezers capable of rotating the chain at faster rates, or the reduction of
the strength of the capillary bond. This work is, however, outside of the scope of the current paper.
The concavity or convexity of the energy profile is an important indicator of mechanical stability.
Consider Figure 2.15 (a), which shows a chain of cylinders having uniform curvature. Such a configuration,
although an admissible equilibrium configuration (under sufficient external constraints), is not stable. We
illustrate this point by considering a simple perturbation that involves only two degrees of freedom, to keep
the analysis manageable. Suppose we change the configuration of the three cylinders labeled „„1‟‟, „„2‟‟,
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and „„3‟‟ in Figure 2.15 (a), by decreasing the bond angle between „„1‟‟ and „„2‟‟ by a small angle 3 and,
concomitantly, increasing the bond angle between „„2‟‟ and „„3‟‟ by the same amount, as illustrated in
Figure 2.15 (b). In this perturbation we leave the bond angles between the other cylinders unaltered. Since
the capillary energy profile for cylinders shown in Figure 2.14 (a) is concave down, the total capillary
energy is reduced by this perturbation. The formation of a straight segment between „„1‟‟ and „„2‟‟ is thus
favored, as is the „„breakage‟‟ of the bond between „„2‟‟ and „„3‟‟. For ellipsoids, the energy landscape is
instead concave up in the neighborhood of the equilibrium side-by-side state (Figure 2.8). A perturbation to
a curved chain of side-by-side ellipsoids, analogous to the one described for cylinders, is energetically
unfavorable.
Developing constitutive equations for complex colloidal systems requires an understanding of the
mechanics of the microstructural elements[8, 38]. Our results for particle chains therefore represent a first
step towards modelling and interpreting the macroscopic behavior of interfaces laden with rod-like
particles.
2.5.

Conclusions

Motivated by the different microstructures formed at fluid interfaces by cylinders and ellipsoids, we have
simulated the interface distortion and the wetting configuration for the two particle shapes, for identical
contact angle and particle aspect ratio, and have computed the corresponding energy landscapes. By
considering pairs of particles subject to bond-bending or bond-stretching deformations, we have
demonstrated that cylinders present an energy barrier to in-plane rotation that is absent for ellipsoids. This
feature results in a resistive capillary torque that enforces a stable end-to-end configuration for cylinder
pairs and imparts rigidity to chains of cylinders. While the interaction between ellipsoids near the stable
side-by-side configuration can be described as elastic, the response of cylinders to bond bending shows
strain-softening behavior and a yield torque for small bond angles, with interaction magnitudes much larger
than those characterizing ellipsoids. From the pair interaction we infer the mechanics of chains composed
by several ellipsoids or cylinders, and discuss their distinctively different mechanical response and stability
characteristics. Finally, we show that the energy of interaction for cylinders is a strong function of the
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radius of curvature of their edges, with implications for other anisotropically-shaped particles that present
sharp features. These results, which demonstrate the strong dependence of capillary interactions on
geometric details, suggest that the mechanics of complex interfaces containing particles can be finely tuned
by using particles of different shapes and by exploiting geometric features such as facets, edges and
corners.
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Figure 2.1 Schematic defining the bond angle and edge sharpness of a rod-like particle.
(a) Parameters defining the geometric configuration of a pair of ellipsoids. The configurations for other
rod-like particles are defined similarly. (b) Effect of ε on the sharpness of the edges, as seen from the
projection of the particle surface onto the horizontal plane (x, y). The curves correspond to ε = 5, ε = 11
and ε = 120 for the results presented in the following sections. We will also compare results for different
values of ε and rc.
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Figure 2.2 Standard lithography protocol for SU-8 cylinders.
(a) Lithography protocol: a spin-coated layer of SU-8 (colored yellow) is exposed with UV light through a
photomask (colored silver) with transparent holes of defined diameter, developed in SU-8 developer to
leave only cross linked SU-8 cylinders, which are subsequently liberated by sonication in a 1:1
ethanol/water solution. (b) SEM image for SU-8 cylinders on a silicon wafer substrate. The scale bar = 50
μm.
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Figure 2.3 Lithography protocol for magnetic Ni cylinders.
A layer of positive photoresist, SPR 220-7.0 (colored red) is spin-coated on a substrate coated with a thin
Cu sacrificial film before being exposed to UV light through a photomask (colored silver) with transparent
circles of defined diameters. The exposed photoresist is then developed to produce cylindrical wells in the
photoresist layer. The entire layer is then sputtered with Ni and subsequently rinsed off with acetone to
remove both the positive photoresist and the overlaying Ni film, leaving only Ni cylinders on the substrate.
Lastly, the Ni cylinders are liberated by etching away the underlying Cu sacrificial layer.
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Figure 2.4 Calibrating the magnetic moment of one magnetic cylinder.
(a) Orientation of the magnetic cylinder during a typical time-step experiment before and after the direction
(yellow arrow) of an external magnetic field, B, was inversed by 180˚ at t = 0. The white dashed circle
helps visualize the orientation of the magnetic cylinder. (b) Orientation of the magnetic cylinder at time t
compared between experimental data (the crosses) and the analytical solution (solid line).
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Figure 2.5 Force balance on and bond angles along a spinning cylinder chain.
(a) Chain of cylinders at an air-water interface, including a Ni magnetic cylinder, labeled 1, and SU-8
cylinders, labeled 2-3-4. Upon application of a rotating magnetic field, the chain rotates about its center of
mass. (b) Cosine of angle between the axes of each pair of cylinders as a function of time confirming rigid
body rotation of the straight chain.
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Figure 2.6 Schematic of rod-like particle chain bending.
Schematic illustrating the different way in which (a) ellipsoids and (b) cylinders rotate about each other
while maintaining contact in mirror symmetric configuration. The blue circle is the instantaneous point of
contact.
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Figure 2.7 Schematic of an isolated ellipsoid.
(a) Perspective top view of an isolated ellipsoid. The light (grey) and dark (red) surfaces are the fluid
interface and the surface of the ellipsoid, respectively. (b) Contact line profile, with the height values given
in units of R. Parameters: Λ = 3, ζc = 80°, ε = 1.
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Figure 2.8. Capillary interaction and torque between two ellipsoids.
(a) Capillary interactions at different bond angles between two ellipsoids in contact. (b) Capillary torque
corresponding to the energy in (a), as a function of angular deviation from the stable side-to-side
configuration (when ϕ = 0°, geometry defined in Figure 2.1). The red dashed line represents the linearly
elastic regime. (c) The schematic illustrating the mechanism of elastic response between two ellipsoids
during bond-bending.
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Figure 2.9 Schematic of an isolated cylinder.
(a) Perspective top view of an isolated cylinder. The light (grey) and the dark (red) surfaces are the fluid
interface and the surface of the cylinder, respectively. (b) Contact line profile, with the height values given
in units of R. The parameters Λ = 3, ζc = 80°, and ε = 120 are used here and in Figure 2.9, 2.10, 2.11 and
2.12.
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Figure 2.10 Interface shape between two cylinders for d = 0.9R and ϕ = 0°.
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Figure 2.11 Interface shape between the ends of two cylinders.
Interface shape for d = 0.9R and ϕ = 0° (configuration „„1‟‟), d = 0.3R and ϕ = 0° (configuration „„2‟‟), d =
0.3R and ϕ = 20° (configuration „„3‟‟). The light (grey) and dark (red) surfaces are the liquid–vapor and
liquid-solid interfaces, respectively. Visualization of the solid–vapor interface has been disabled to allow
examination of the meniscus between the cylinders. (b) Contact line profiles at the end face of each
cylinder. (c) Perspective views of the contact line profiles shown in (b).
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Figure 2.12 Relative contributions of capillary energy between two end-to-end cylinders.
Total capillary energy E, with liquid–vapor Elv and wetting energy Ew contributions, versus (a) surface-tosurface separation, for ϕ = 0°, and versus (b) bond angle, for d = 0.3R. In (a), E, Elv and Ew are calculated
with respect to their values for d = 4.0R.
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Figure 2.13 Capillary energy and torque between two cylinders.
(a) Capillary energy and (b) capillary torque vs. bond angle for pairs of cylinders in contact. Eb is the
magnitude of the energy barrier.
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Figure 2.14 Effect of edge sharpness on capillary energy.
(a) Energy landscape for pairs of sharp-edge cylinders, smooth-edge cylinders and ellipsoids in contact,
subject to bond bending. (b) Contact line profiles on the flat face of an isolated cylinder for ε = 5, ε = 11,
and ε = 120 (bottom, middle and top curve, respectively). Parameters: Λ = 3, ζc = 80°.
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Figure 2.15 Schematic illustrating the mechanical stability of a chain of cylinders.
A chain of cylinders in the (a) base and (b) perturbed configurations. In the perturbed configuration the
bond angles between the cylinders “1”, “2” and “3” is changed by a small amount ε.
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CHAPTER 3 NEAR FIELD CAPILLARY REPULSION
This chapter is adapted from Ref. [5] with permission from the Royal Society of Chemistry.
3.1.

Introduction

Microparticles located at fluid interfaces are of broad importance to a wide range of soft materials, from
particle-stabilized emulsions [39, 40] and foams [41] to colloidosomes for drug delivery and functional
foods [42, 43]. Such applications have spurred an intense interest in the study of particle-laden interfaces.
Microparticles become trapped at fluid interfaces owing to the large change in free energy upon adsorption.
If the particles have anisotropic shape or patchy wetting, they typically attract owing to capillarity to
assemble in apparent contact [7, 10-12, 14, 17, 18, 22, 28, 44, 45], i.e., with separation distances too small
to be resolved by optical microscopy. The mechanics of the assemblies thus formed is determined by near
field capillary interactions, which are in turn defined by the energy landscape of the liquid bridge that
forms between particles near contact, termed a capillary bond [25]. The energy landscape of this bond is
thus given by the sum of the surface energies of this liquid bridge and the solid it wets [18]. As a result, the
strength and properties of the capillary bond are strongly coupled with the shape of the particles and the
distribution of liquid between them.
Simulation and experiment show capillary bonds to be remarkably strong and attractive at all
separations between similar microparticles, scaling as γL2, where γ is the interfacial tension and L is the
length scale of the particles. For microscale particles at air-water interfaces, typical bond strengths are ~ 10 5
kT. [11, 14, 28] Imparting repulsion between microparticles at interfaces is therefore a challenge, since the
usual means for introducing repulsion, e.g. using charge to impart electrostatic repulsion [23, 39], or by
appending ligands to particles to impart a repulsion [46], are too weak to overcome attractive interactions
of this magnitude. In principle, the distance of approach between microparticles could be limited by
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repulsive capillary interactions associated with small-scale contact line undulations. To our knowledge,
Lucassen [6] first suggested this concept, modeling near field capillary interactions between colloidal
microparticles on interfaces in a highly simplified geometry. He treated the particles as a pair of vertical
parallel walls with pinned sinusoidal contact lines, connected by a fluid interface. The sinusoidal contact
lines excite interfacial deformations and associated energies that decay over distances comparable to the
wavelength. When the walls are sufficiently close, the interfacial area increases when the deformation
fields superpose unless the sinusoidal contact lines are of identical amplitude and wavelength, and in phase.
The implications of this work are that undulated contact lines with small wavelengths compared to the
particle dimensions alter pair interactions only in the near field. If these features are identical, they
strengthen the capillary bond and draw the particles into contact. If, however, they differ, they create
repulsions owing to capillarity and allow particles to find equilibrium separation distances. These ideas
were further developed by Stamou et al. [9] in analysis to discuss how uncontrolled roughness or contact
line pinning could limit spherical microparticle approach to finite separations. This behavior could be
important in practice; particles of applied interest for catalysis [47], interfacial jamming („bijels‟ [48]) or
for emulsions stabilization [1] can have highly irregular surfaces with chemical heterogeneities that can
create undulated interfaces in the near field. Uncontrolled roughness or chemical heterogeneities is also a
potentially important element of particle design as they could limit the minimum separations of these
particles at interfaces, and change the mechanical response of particle laden surfaces. Furthermore, the
development of means to control the strength and mechanics of capillary bonds paves the way for the
design of particles to control the interfacial rheology in particle stabilized emulsions, and for the design of
colloidosomes with given microstructures and contact between internal and external fluids for release or
encapsulation. As far as we know, the role of small wavelength contact line undulations in modulating near
field capillary interactions has not been explored previously in experiment. In this article, we study such
interactions, using particles designed to attract in the far field, and interact either attractively or repulsively
in the near field. Key concepts related to far field capillary interactions, which are now well understood, are
reviewed briefly below.
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Particles at interfaces induce a deformation field, determined by the particle shape and its wetting
conditions. A rough or chemically heterogeneous microparticle can create an undulated contact line where
fluid, vapor and particle meet [9, 44] A non-spherically shaped particle also creates an undulated contact
line, even in the absence of chemical heterogeneities or contact line pinning. [11, 14, 18, 45] The
deformation induced by an isolated microparticle can be described in various ways depending on the
distance from the contact line. Far from the particle, the interface deformation is typically a quadrupole in
polar coordinates [9]. Closer to the particle, the deformation field is eccentric if the particle shape is
elongated [28]. Very close to the particle surface, the interface deformation is dominated by fine details of
the particle shape and the boundary conditions at the three phase contact line. [6, 7, 9, 11, 14, 18] These
particle-induced distortions create excess area, which corresponds to an increase in interfacial energy.
When deformation fields from neighboring particles overlap, far field capillary interactions occur, causing
particles to orient and attract to minimize the overall free energy of the system. These interactions can also
be understood as a function of the distance between interacting particles. Far from contact, the energy of
interaction between pairs of microparticles can be described as pairs of interacting quadrupoles in polar
coordinates [9]. This energy enforces mirror symmetric orientations as the particles attract. At moderate
separation distances, the eccentricity in the deformation field induces a torque that enforces a particular
alignment as particles approach [28]. Finally, in the very near field, where separation distances are
comparable to the characteristic lengths of the particles, the finer details of the geometry and wetting
conditions of the particle surface dominate the interaction [11, 18].
Here, we use particles with corrugated contact lines to explore the role of near field interactions in
modulating particle assembly near contact. We begin with simulations to guide experimental design and
discuss the implications of these near field interactions on the micromechanics of the capillary bonds that
form. We simulate interactions on unbounded interfaces between model particles designed to excite a far
field capillary attraction with a particular alignment, and a near field capillary repulsion or enhanced
attraction, depending on the particular geometry. Thereafter, we present experiments in which
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microparticles assemble to well-defined separation distances owing to near field capillary repulsion, or
accelerate to apparent contact owing to enhanced near field attraction.
This study was carried out in collaboration with Dr. Lorenzo Botto, who provided insightful
discussions during the development of the project, Dr. Marcello Cavallaro, Jr. and Blake Bleier, who
helped with the experiments and data analysis, and Dr. Valeria Garbin for setting up the interferometer to
map the interface contour.
3.2.

Simulations of Model Particles

The model particles are bent, corrugated sheets of width w and length l; they are designed to excite a
quadrupolar deformation in the far field, to force particles to orient along the corrugated ends, and to excite
a sinusoidal undulation of given wavelength λ and amplitude A in the near field. A schematic of the model
particle is shown in Figure 3.1 (a). The cross-section of the particles follows
x
 2 x

h  k    A cos 
 
 w
 

2

(3.1)

where h is the height profile of the cross-section of the model particle and x is the distance orthogonal to h.
In Eq. (3.1), the first term defines the overall parabolic shape of the cross-section, while the second term
describes the superposed sinusoidal corrugations. The particle geometry is specified in terms of the
corrugation amplitude; we simulate particles of aspect ratio Λ = l/w = 1.33, l = 36A, and k = 40A, with
corrugation wavelengths smaller than the particle width. The interface deformation field associated with a
particle of wavelength λ = 3.6A, simulated using Surface Evolver[27] is reported in Figure 3.1 (b). In the
simulations, a planar far field interface is enforced by imposing a homogenous Neumann boundary
condition on the simulation domain boundary; mechanical equilibrium is satisfied by allowing the domain
boundary to move freely in the vertical direction[28]. The contact line is assumed to be pinned along the
particle edges. The interface shape around the microparticle is presented as an iso-height contour plot in
Figure 3.1 (b). The interface is depressed along the short ends of the particles and raised along the long, flat
sides. Far from the particle, the four-lobed shape of a quadrupolar deformation field is apparent. The
deformation field agrees quantitatively, at any location along a contour of fixed radius, with the expected
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polar quadrupole[9]. For distances from the particle surface larger than 1.5w, the deviation between the
simulation and a polar quadrupole of fitted amplitude[9] is less than 15%; agreement improves with
distance from the particle. In the mid-range, the quadrupole is stretched along the direction of the major
axis, as expected for particles with elongated shapes[28]. Finally, near the particle, sinusoidal interface
deformations following the periodicity of the contact line are apparent near the corrugated ends (Figure 3.1
(c) and (d)). These deformations decay rapidly with distance from the particle surface, and are essentially
negligible for distances greater than a wavelength from the particle surface.
The role of these corrugations in determining near field interactions is the focus of this study. We
simulate the pair interaction between end-to-end aligned particles as a function of separation distance d
between the particle end faces. Since the contact line is assumed to be pinned, the pair interaction energy E
is given by:

E   Slv

(3.2)

where γ is the interfacial tension and Slv is the area of the liquid-vapor interface. We simulate E for bent
particles with d < 10A, i.e. particles in close proximity. Three cases are discussed in detail, including a pair
of uncorrugated particles, a pair of particles with matching corrugations, and a pair of corrugated particles
with corrugations of differing wavelengths, the latter two cases having identical amplitude. The computed
pair interactions energies are shown in Figure 3.2; geometric details are provided in the caption, with
lengths expressed in units of A. For the relatively small amplitudes that we explore, the energy is
approximately quadratic in A for the corrugated particles, as predicted by Lucassen[6] in the limit of small
deformations (not shown). Therefore, we normalize the capillary energy by γA2, the capillary force
F  E / d by γA, and distances by A. Figure 3.2 (a) compares interactions between a pair of

uncorrugated particles and a pair of particles with matching corrugations. In both cases, the energy (solid
symbols) decreases monotonically as particles approach until contact. At small separations, d < 2A, the
matching corrugated particles have a steeper change in capillary energy owing to the attraction created by
the matching near field distortions. As a result, the force (open symbols) needed to strain the capillary bond
is also larger for the corrugated particles. For both cases, a yield force is required to separate the particles,
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as has been reported previously for pairs of micron-sized cylinders[18] and pairs of micron sized
ellipsoids.[11, 18] For a pair of corrugated particles with A = 10 µm at the air-water interface with γ = 72
mN/m, the predicted yield force is 1.06 µN, in comparison to a yield force of 0.35 µN for the uncorrugated
case.
To anticipate the interactions between a pair of microparticles with corrugations of different
wavelengths, we illustrate the dominant physics of interactions between them in the inset to Figure 3.2 (b).
The attractive part of the interaction energy (solid circles) is modeled using the computed capillary energy
between uncorrugated particles, previously shown in Figure 3.2 (a). The repulsion is modeled in terms of
an analytical expression for the capillary repulsion between particles with unequal wavelengths for small d
based on Lucassen‟s approach[6] (dashed line in Figure 3.2, computed using Eq. (3.5)). The particles are
modeled as two vertical, infinitely long, parallel plates partially immersed in a liquid phase. The particles
are separated by a distance L. The height of the liquid vapor interface is given by z  h  x, y  . The contact
line where plate, fluid and vapor meet is pinned on each plate, and has a sinusoidal shape (See Figure 3.3).
The area of the liquid interface between the particles can be described by

 L
 L


sinh  k1   x  
sinh  k2   x  


 2
 2
A  A1
cos  k1 y   A2
cos  k2 y   
sinh  k1 L 
sinh  k2 L 

(3.3)

where  denotes the phase angle between corrugation of amplitudes A1 and A2, wave number k1 and k2 and
the plates are located at x = L/2 and x = –L/2 respectively. For small amplitudes, the interaction free energy
between the particles due to the surface deformation is:

 1  A 2 1  A 2 
E   S          dxdy
 2  x  2  y  

(3.4)

Lucassen evaluated this energy for the case where k1=k2 for arbitrary . Here, we evaluate this expression
for arbitrary wavenumber, and find the interaction energy for x = [-L/2, L/2] and y = [-yo/2, yo/2] to be:
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The particles attract over distances large compared to the undulation wavelength, and repel when
the undulations superpose. The sum of these two energies is shown as the solid line in the inset. These two
competing effects give a minimum in the capillary energy landscape at a finite separation distance dEQM
between the particles (asterisk). In Figure 3.2(b), the interaction energy between particles with differing
wavelengths, as given by Surface Evolver (solid symbols), is also reported; this potential agrees
qualitatively with the potential shown in the inset. The equilibrium distance is 1.1A, on the same scale as
the amplitude of the roughness itself. The force corresponding to the energy profile (open symbols) shows
that the bond is elastic and asymmetric for finite displacements from equilibrium; a greater force is needed
to compress the bond than to strain it for displacements comparable to .
The simulations suggest that near field interactions can enhance or decrease the magnitude of
capillary interactions. When near field attraction is present, particles form strengthened bonds. When near
field repulsion is present, particles can assemble at finite equilibrium separations determined by the
capillary energy landscape. The capillary bonds thus formed have associated mechanics that differ
significantly from the case of particles near contact. The results may be further generalized, in that the
sinusoidal deformation studied here can be thought of as a Fourier mode in the contact line undulation.
Particle pairs with differing contact lines – i.e. with mismatching Fourier modes – will experience local
repulsion.
The strong assumptions underlying our simulations preclude a quantitative comparison with
experiments. For example, real particles have finite thickness whereas the simulated particles are
infinitesimally thin. Moreover, the simulation does not account for the possibility of the contact line
depinning from the edge. The simulations do, however, illustrate the underlying physics and motivate the
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experimental study of pairs of particles with far field quadrupolar attraction and with sinusoidal contact
lines of wavelengths smaller than the particle length and width, to probe for near field capillary attraction
or repulsion.
3.3.

Methods and Materials

3.3.1.

Microparticle fabrication

Corrugated microparticles were fabricated with a negative photoresist SU-8 2150 using standard
photolithographic methods. SU-8 photoresist was first spin-coated onto a silicon wafer at 1500 rpm, soft
baked on a hotplate sequentially for 0.5 h at 65 °C, 3 h at 95 °C and 0.5 h at 65 °C, and then exposed to UV
light (i-line). The photoresist was subsequently hard baked on a hotplate for a further 0.5 h at 65 °C, 1.5 h
at 95 °C and 0.5 h at 65 °C before development (SU-8 developer, MicroChem). We used an optical
tensiometer (Attension Theta, KSV Instruments) to determine the contact angle of SU-8 at both air-water
and oil-water interfaces via the sessile drop method to be ζc = 80°±2° and ζc = 130°±5°, respectively.
Figure 3.4(a) shows microparticles with λ = 36 μm, w = 270 µm, l = 180-400 µm, thickness = 30 µm and A
= 10 µm.
3.2.2.

Interface preparation and characterization

Particle interactions were studied at both air-water and oil-water interfaces. The air-water interface was
prepared with deionized water (Milli-Q Integral 5, EMD Millipore Corp., water conductivity = 18.0 MΩ) in
a 60 mm Petri dish (Corning). The interface is sufficiently large compared to the interacting microparticle
pair such that it is flat in the far field and considered an unbounded interface. The surface tension of the airwater interface was previously determined to be 72.0 mN/m at 25 °C by the pendant bubble method. A
sparse monolayer was formed at the air-water interface by spreading microparticles from a dilute
suspension with particle content of 0.25-0.29% by weight in equal volume of deionized water and ethanol
(Analytic Grade Reagent Alcohol, Fisher Scientific, used as received). The shape of the air-water interface
was characterized by both SEM and a home-built Michelson interferometer.
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Microparticles were immobilized at fluid interface for scanning electron microscopy (SEM)
imaging by a gel-trapping technique[28, 49] (Figure 3.4 (c)). An aqueous solution containing 2 wt% of a
gellan gum (Kelcogel, supplied by CPKelco) was prepared in deionized water preheated to 95 °C. The
aqueous solution was centrifuged to release the air bubbles, cooled to 60 °C and gently poured into a Petri
dish. Microparticles from a similar water/ethanol suspension were spread onto the air-gellan solution
interface, after which the entire sample was cooled to room temperature for 30 min to fix the gel. An
elastomer mixture comprised of polydimethylsiloxane (PDMS) precursor (Sylgard 184 Elastomer, Dow
Corning) and curing agent (Dow Corning) in a 10:1 w/w ratio was prepared. It was centrifuged to release
air bubbles and poured over the gellan solution. The polymer mixture was then left to cure at room
temperature for 48 h, which produced a negative replica of the air-gellan solution interface. The replica was
immersed in a 75 °C water bath for 5 min to rinse off any excess gellan gum. Lastly, a 2-3 nm layer of gold
was sputtered on the PDMS replica for SEM imaging.
The interfacial deformation at air-water interface around corrugated microparticles was also
observed by microinterferometry (Figure 3.4 (b) and (d); see Figure 3.5 for the schematic of the
interferometer). For the recorded interferograms, the change from maximum to minimum intensity
corresponds to a vertical displacement corresponding to half of the wavelength of our illumination source,
λLED = 532 nm. The resulting interferograms were recorded on the camera sensor through an upright
objective.
Both unbounded and confined oil-water interfaces were prepared for experiments. Unbounded oilwater interfaces were prepared by carefully pouring an overlaying oil phase atop the water subphase. The
oil-water interface tension was determined to be 44.5 mN/m by the pendant drop method. Microparticles
were deposited from an oil suspension to the oil-water interface by sedimentation.[24] A similar procedure
was used to trap microparticles at oil-water interface for SEM. An oil superphase preheated to 60 °C was
poured over the gellan solution prior to depositing microparticles by sedimentation. The solution was then
cooled to room temperature for 30 min to fix the gel. The oil phase was subsequently removed and replaced
with the elastomer PDMS mixture and prepared for SEM imaging.
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Bounded oil-water interfaces were confined in channels with rectangular cross-section that were
separated by ridges fabricated from SU-8 on a silicon wafer by similar lithographic techniques. The
channel dimensions (depth  width) is 100 µm x 300 µm, separated by ridges of width 200 µm. The entire
substrate was cleaned by multiple rinses with isopropanol and deionized water, followed by oxygen plasma
treatment (Plasma Etch, Inc.), which rendered the surfaces hydrophilic. Immediately thereafter, the
channels were backfilled with deionized water. The profile of the interface inside the channel was viewed
from the side using the optical tensiometer to ensure that the water intersected the ridges with the desired
slope. Once the desired angle was achieved, the oil phase (Hexadecane, ≥99%, Sigma-Aldrich, used as a
received) was gently placed over the water-filled channel. Finally, microparticles were dispersed by
sedimentation through the oil phase.
3.2.3.

Microparticle tracking
Microparticle trajectories were recorded at 500 frames per second using a high-speed camera

(Phantom v 9.1, Vision Research Inc.). Vibrations were minimized using a floating optical table and a
Minus K vibration isolation platform. Trajectories were processed and tracked using ImageJ.
3.3.

Experimental Results and Discussions

First, we study pair interactions of microparticles at the air-water interface. The wavy, curved
microparticles shown in Figure 3.4 (a) adsorb on the interface in either a concave-up or a concave-down
orientation. We report experiments only for particles that attach concave-up; results for concave-down
particles are qualitatively similar. An interferogram of the deformation field around an isolated
microparticle is shown in Figure 3.4 (b). The four-lobed structure of a quadrupole is obvious, as predicted
by the simulation. Near field details of the deformation field are shown, obtained by SEM of a negative
replica of the air-water interface (Figure 3.4 (c)), and by interferometry (Figure 3.4 (d)), respectively. The
SEM image suggests that the water is pinned to the top edge of the microparticle. The interferogram shows
that the interface presents near field undulations with periodicity comparable to that of the contact line.
These particles are small enough that interface distortions and associated interactions owing to the particle
50

weight can be neglected, as the Bond number, Bo   gL2 /  , which measures the relative importance of
gravity to surface tension, is of the order of 10-3.
Images of typical assemblies obtained by optical microscopy are shown as insets to Figure 3.6(a).
Matching particles assemble in apparent contact with their undulations in registry, while particles with
differing wavelengths assemble with a gap greater than ten microns between them. In Figure 3.6(a),
trajectories of particle pairs are reported. In this figure, r12 is the instantaneous center-to-center distance, t is
time, r12,f is the final center-to-center distance, μ is the viscosity of water subphase (μwater = 1 mPa·s), γairwater

is the surface tension of air-water interface and (tf – t) is time to contact, where tf is the time at which

particles assemble. The corresponding velocities are shown in Figure 3.6 (b). As expected, in the far field,
interactions are independent of the small-scale details of the particle shape; the trajectories for both



matching and differing pairs of particles are consistent with the r12  t f  t



1/6

power-law for quadrupolar

capillary interactions (dash-dot line in Figure 3.6 (a)). [14] In the near field, however, important differences
emerge owing to details of particle shape. These differences are apparent in the time-dependence of their
velocities shown in Figure 3.6 (b). Matching particles rapidly accelerate until apparent contact, while the
differing particles slow to a stop before contact to assemble at an equilibrium separation distance of
14.0±3.9 µm (as averaged over 10 measurements). The equilibrium separation distance varied weakly over
the range of wavelengths explored, as shown in Figure 3.7.
In the second set of experiments, we studied similar microparticles at unbounded oil-water
interfaces. Microparticles at the oil-water interface induce deformation fields that differ from those at the
air-water interface owing to the differences in wetting conditions. The particles are well wet by oil with a
nominal contact angle of 130o as determined by the sessile drop method. A negative replica of the
deformation near a particle at the oil-water interface is shown in Figure 3.8 (a). The particle is mostly
immersed in the oil phase, and creates weak sinusoidal deflections near the particle edge. Like in the case
of an air-water interface, end-to-end aligned matching particles assemble in apparent contact at oil-water
interface, while end-to-end aligned particles with differing wavelengths assemble to an equilibrium
separation distance. An image of the interface between the differing particles is also shown in Figure 3.8
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(b). The distortion is qualitatively similar to the simulated interface shape between particles with differing
wavelengths (see inset) and clearly reveals the source of the repulsive interactions: the high surface area
created as the mis-matched sinusoidal oscillations superpose (see also ref. [9]).
Pair interactions of end-to-end aligned particles at unbounded oil-water interfaces are reported in
Figure 3.9 (a). The center-to-center separations for oil-water interface are normalized with the viscosity of
the oil superphase (μoil = 2.892 mPa·s) and γoil-water. Matching particles interact with the expected
quadrupolar interaction only if they are separated by distances less than 3-4 particle lengths of each other
and accelerate to contact for smaller separations. Particles separated by distances of 5-10 particle lengths
did not interact over the time of the experiment, indicating a small value of the quadrupole-quadrupole
interaction energy. In the near field, the particle acceleration is attenuated with respect to the particles at
air-water interface, as particles attain peak velocities roughly 20 times smaller than when at the air-water
interface. End-to-end aligned particles with differing wavelengths attract and subsequently decelerate to an
equilibrium separation, with rates of approach that are also smaller compared to rates at the air-water
interface. This effect may be attributable to a combination of a weaker deformation field and to the
increased viscous dissipation owing to the oil super phase. At oil-water interfaces, particles often violate
end-to-end alignment, frequently assembling at angles, perhaps because of a relatively weak quadrupolar
deformation.
To qualitatively probe the nature of the capillary bond, pairs of particles were disturbed in the
interface by shaking the sample laterally. On air-water interfaces, all particle pairs move as a rigid
compound object, regardless of whether they were formed from matching particles or differing particles.
On oil-water interfaces, pairs of matching particles also moved as a rigid body while remaining in apparent
contact. However, the response of the particles with differing wavelengths was more interesting. The
particles moved relative to each other as the assembly was shaken, with weak angular rocking and
bouncing of the capillary bond.
In our final set of experiments, we studied pair interactions of particles at an oil-water interface
confined to a channel slightly larger than the particle, so as to enforce end-to-end alignment. Particles in the
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confining channel were allowed to assemble and subsequently shaken in the direction parallel to the
channel axis. Particles with differing wavelength corrugations bounced elastically under these disturbances.
In the case reported in Figure 3.9 (b), one of the particles was fixed at the end of the channel, precluding
translation. As the entire assembly is shaken, the particle pair exhibits asymmetric displacements relative to
the equilibrium separation distance, in qualitative agreement with prediction. The relative velocities of the
microparticles against time to contact are reported in the inset of Figure 3.9(b).
3.4.

Conclusions

In this paper, we investigate the effect of small-scale geometric details on near and far field capillary
interactions between anisotropic microparticles adsorbed at fluid-fluid interfaces. Of particular interest is
the possibility of achieving capillary repulsion.
To gain insight into the problem, we first simulated the shape of the interface and computed the
corresponding capillary interaction for model particles; the particles are thin bent sheets featuring smallamplitude sinusoidal corrugations having wavelength much smaller than the particle itself. In the far field,
the model particles induce a quadrupolar distortion. This distortion leads to a far field attractive interaction
regardless of the details of the particle corrugations. In the near field, the sinusoidal corrugations induce
periodic interface distortions that can give rise to an enhanced capillary attraction, in the case of identical
particles. In the case of particles having differing wavelengths, particles assemble to equilibrium separation
distances comparable to the wavelength of the disturbances.
The numerical predictions were verified in experiments with lithographically-defined
microparticles, designed to have the key geometric features of the model particles. We considered both
unbounded interfaces, and interfaces bounded between two vertical walls. The walls were placed at a
separation slightly larger than the particle lateral size, so as to constrain the particle orientation. Particles
with matching features assembled in contact, while particles with differing wavelengths arrested at an
equilibrium separation. To probe the nature of the capillary interaction, we perturbed mechanically the
assembled particle pairs. While pairs of particles with matching features move as a compound body, the
relative position between particles with non-matching features oscillates about the equilibrium separation.
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This behavior is observed on both bounded and unbounded interfaces. The oscillations are asymmetric with
respect to equilibrium, which suggests that the repulsive component of the interaction is stronger than the
attractive one for finite displacements. These observations are in qualitative agreement with the numerical
predictions.
This study may provide insights into the role of roughness and particle surface microstructure in
modulating near field capillary interactions. It also suggests ways to avoid kinetically-trapped states in
monolayers of interfacial colloids assembled by capillarity. To our knowledge, this study is the first
experimental demonstration of capillary repulsion being used to create non-contacting assemblies of
microparticles.
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Figure 3.1 Schematic of model particle and the energy minimized interface surrounding it.
(a) Schematic of a particle for Surface Evolver simulation. (b) Iso-height contour of the equilibrium
interface around a corrugated particle. (c) Perspective view of the interface shape near the undulated
contact line. (d) Iso-height contour of the equilibrium interface in near field close to the corrugated side of
the particle. The color code in (d) corresponds to the legend in (b).
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Figure 3.2 Capillary interaction energy and capillary forces on unbounded interfaces.
Capillary interaction energy (solid symbols) and capillary forces (open symbols) on unbounded interfaces
between particles with length l = 36A, w = 27A. (a) Interactions between a pair of matching corrugated
microparticles with λ = 3.6A (squares; see bottom inset for the equilibrium configuration) and a pair of
uncorrugated microparticles (circles). (b) Interactions between microparticles with differing wavelengths λ
= 3.6A and λ = 6.0A (triangles; see bottom inset for equilibrium configuration). The top inset in (b) shows
the capillary interaction energy between uncorrugated particles (circles) and the repulsive interaction
between two flat particles with corrugations of differing wavelengths (λ = 3.6A and 6.0A) predicted by
Lucassen‟s analytical solution (dashed line). The sum of the attractive and repulsive interactions is given by
the solid line and dEQM is marked with an asterisk.
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Figure 3.3 Schematic of Lucassen’s model particles and the fluid-fluid interface between them.
The interface is in the x-y plane and is pinned at the sinusoidal corrugations of the model particles.
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Figure 3.4 Interface deformation around a corrugated particle.
(a) SEM image (JEOL 7500F HRSEM) of the microparticles. (b) Interference fringes around such a
microparticle in isolation at the air-water interface clearly show the four-lobed quadrupolar deformation of
the interface. (c) SEM and (d) microinterferometry of the interface undulations near the ends of a
microparticle. The scale bars correspond to 50 μm.
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Figure 3.5 Schematic of microinterferometry setup.
A home-built Michelson interferometer is used to charaterize the shape of the interface around a
microparticle. Briefly, light from a light emitting diode (λLED = 532 nm) is filtered by a narrow-band-pass
filter (not shown) of bandwidth Δλ = 3 nm to give a coherence length of about 40 μm in air. The light beam
is then collimated before it is split into two orthogonal beams by a 50/50 beam splitter. One beam is
projected onto a reference mirror using a 10x objective. The other beam is projected onto the sample using
an identical 10x objective, and it is reflected off the air-water interface. The two reflected beams interfere
as they recombine through the beam splitter. The resulting interferograms are recorded on the camera
sensor.
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Figure 3.6 Trajectory of particles on an unbounded air-water interface.
(a) Normalized separation distance against normalized time to contact for a pair of matching microparticles
with λ = 36 μm (red triangles; see top inset) and a pair of microparticles with differing wavelengths λ = 36
μm and 60 μm (black triangles; see bottom inset). The scale bars in the insets correspond to 100 μm. (b)
Relative velocity corresponding to the pairs of matching particles (red circles) and differing particles (black
circles) in (a).
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Figure 3.7 Particles of mismatched corrugations.
Top-view of the microparticles with corrugations of different wavelengths, showing that the equilibrium
distances depend weakly on the wavelengths. The average equilibrium separation distances over ten
measurements are (a) dEQM = 14.0±3.9 µm between microparticles of λ = 36 μm and 60 μm; (b) dEQM =
22.3±4.4 µm between microparticles of λ = 36 μm and 108 μm and (c) dEQM = 13.9±2.8 µm between
microparticles of λ = 60 μm and 108 μm. The scale bars correspond to 100 μm.
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Figure 3.8 Shape of the oil-water interface.
Shape of the oil-water interface around (a) an isolated microparticle and (b) between two microparticles of
differing wavelengths (λ = 36 µm and 60 µm respectively). The inset in (b) shows the corresponding shape
of the interface in Surface Evolver simulation.
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Figure 3.9 Trajectory of particles on an oil-water interface.
(a) Relative velocity for microparticles of the same wavelength (λ = 36 μm; red-colored symbols in both the
main figure and inset) and differing wavelengths (λ = 36 μm and 60 μm; black-colored symbols) on
unbounded oil-water interface. Inset reports the corresponding center-to-center separation between the
microparticles and time to contact in logarithmic scale. (b) Separation distance between the corrugated ends
of two microparticles with differing wavelengths (λ = 36 μm and 60 μm) on an oil-water interface confined
in channels against time, when the pair was subject to forced perturbations along the channel. The inset
reports the relative velocity of the differing microparticles against time to contact on an bounded oil-water
interface.
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CHAPTER 4 PARTICLES ON CURVED INTERFACES
4.1.

Introduction

A microparticle at an interface interacts via capillarity with the interface curvature field [4, 20, 24, 50, 51].
We have been studying these interactions in the Stebe laboratory; Lewandowski et al. [13] showed that a
small aspect ratio microcylinder (2.0 ≤ Λ ≤ 3.0) aligns its quadrupolar rise axis along principle axis with
positive curvature, and rotates to this preferred orientation if that curvature is dynamically changed.
Cavallaro et al. [24] extended this work for small aspect ratio cylinders to study particle alignment and
migration in curvature gradients on interfaces with shapes that are well approximated by minimal surfaces.
Here, I use the methods developed in Cavallaro et al. to define the interface shape and to study particle
migration, which I describe here in some detail. The fluid interface is molded by pinning the interface at the
edge of a tall micropost of height, Hm, and radius, Rm, and at a short outer ring located several capillary
lengths from the micropost, as illustrated in Figure 4.1 (a). By placing a drop of water with a contact line
pinned both at the micropost‟s edge and along the edge of the confining ring, the shape of the interface is
fixed. Typically, we study volumes of liquid for which the interface has weak slopes, and the shape of the
interface around the micropost is well approximated by a monopole. This interface has a saddle shape, with
positive principle curvature along the radial direction, negative curvature along the azimuthal direction, and
a curvature gradient directed from the ring toward the micropost. Particles on this interface interact with the
curvature field and migrate to preferred locations. For both the prior study and for my own work, particle
motion cannot be attributed to gravitational potential because of the small Bond number associated with the
particles. Nor is it a result of the Laplace pressure gradients, as the interface is well approximated by a
minimal surface.
Cavallaro et al. showed that upon attaching to this interface, a microcylinder rotates to align its
quadrupolar rise axis along the radial direction, and its depression axis along the azimuthal direction,
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matching regions of meniscus rise to rise and fall to fall [52]. For the wetting conditions of the
microcylinder at the interface studies (hexadecane-water interface), the cylinder‟s axis of symmetry was
along the azimuthal direction, as shown in Figure 4.1 (b) and (c). Rotation to the preferred alignment
occurred upon attachment at a fixed radial position, indicating that the torque driving this alignment is
local. Thereafter the particles migrated uphill. This migration was attributed to an interaction between the
particle-sourced quadrupole and the curvature field.
Inspired by this work, I placed an elongated microcylinder (Λ = 6.4) on a curved interface similar
to that used in Cavallaro et al., except that the micropost radius was smaller, and so the curvature field near
the micropost was steeper than in the aforementioned study. Surprisingly, the elongated microcylinder
rotates to align radially even in regions of curvature comparable to that in the study by Cavallaro et al.,
orienting its quadrupolar depression axis along the principle axis with positive curvature (see Figure 4.1
(c)). Such a radial alignment of the cylinder introduces tremendous distortions near the ends of the cylinder
that carry high capillary energy cost. The cylinder then accelerates along the curvature gradient toward the
micropost, increasing the energy cost at the end of the cylinder, before it slows down to a full stop
eventually in proximity to the micropost (shown in Figure 4.2). As the migration cannot be driven by the
interaction of the particle‟s quadrupolar deformation and the curvature field, which would be repulsive for
this orientation, this observation prompted me to perform a series of experiments to probe the energetic
landscape of particles at curved interfaces more deeply.
There are analytical studies of spherical particles on curved interfaces [51, 53] that underscore the
importance of curvature-dependent trapping energies and their dependence on key aspects of deformation
fields. By placing a particle at a fluid interface, the particle eliminates interfacial area, making a hole in the
interface with an associated decrease in capillary energy. The particle also perturbs the parent surface; in
order to situate itself in the parent surface, the particle makes curvature-induced deformations. The particle
also produces particle-sourced deformations imposed, for example, by particle wetting boundary
conditions. Associated with these perturbations are capillary energies. The net effect of these contributions
determines the energy field of the particle.
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Guided by these studies, I designed a series of experiments to probe these aspects of particle
deformation fields. For simplicity, I began with thin circular disks (Figure 4.3 (a)), which pin the contact
line at their sharp edges and thus have no particle-sourced deformations on planar interfaces. Disks make a
hole in the interface, and induce deformations owing to curvature. Figure 4.4 shows a parent saddle surface,
with positive curvature along one axis, negative along the other. When a disk is placed on this interface, it
eliminates the saddle-shaped fluid interface, replacing it with a planar circular solid face in contact with
each liquid. The greater is the curvature of the interface, the greater is the area of the hole in the fluid
interface, and the greater is the associated capillary energy decrease owing to the elimination of this
interface. However, to fit on this surface with a pinned contact line, the disk has to deform the interface
around it. It must „undo‟ the saddle at its edge, pulling down on the regions with positive curvature, and up
on those with negative curvature (Figure 4.4 (b)). This creates a curvature-induced quadrupole (Figure 4.4
(c)). These curvature-induced distortions around the particle cost energy. Their cost is greater the closer the
particle to the post. However, these two energies counterbalance each other. A careful treatment of the
surface area created by the particle reveals that there is a cross term between the curvature-induced mode
and the parent surface which determines the fate of the disk on the curved surface. (If a particle-sourced
quadrupolar mode is also present, a cross term between the particle-sourced mode and the curvatureinduced mode also drives migration and alignment, as was explored in the work of Cavallaro et al.)
In this chapter, I present experiments that show that disks migrate uphill, in keeping with the
capillary energy prediction for planar disks. I then study thin, elongated wafer particles (Figure 4.3 (b)),
which make only weak particle-sourced distortions. These particles align and migrate, suggesting that
alignment is not driven by particle-sourced distortions, but that anisotropic curvature-induced modes play a
key role. The preferred alignment of the particle‟s major axis depends on particle aspect ratio, switching
abruptly from one principle axis of the interface to the other. Thereafter, I return to the example of
elongated cylinders (Figure 4.3 (c)) at curved interfaces; cylindrical microparticles have both curvatureinduced distortions and strong particle-sourced distortions.
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This study was carried out in collaboration with Dr. Nima Mood, who contributed greatly to the
understanding of the capillary interactions on a curved interface with mathematical analysis and valuable
discussions, and whose main findings are summarized in Appendix 4, with Mr. Arvind Ravichandran, who
helped simulate the minimal energy configuration of the particles, and with Ms. Bi Liu, who helped with
interface experiments and the characterization of interface deformation.
4.2.

Experiment

4.2.1.

Microparticle fabrication

In Figure 4.3, the microparticles fabricated for this study are shown. The planar circular microdisks have
radius R of 5 μm and thickness tdisk of 1 μm. Flat, elongated wafer particles have widths Lb = 7 μm,
thickness twafer = 1 μm. Their lengths La varied in the range 24 ≤ La ≤ 39 μm, and so that wafer aspect ratio
Λwafer = La/Lb varies from 3.4 ≤ Λwafer ≤ 5.6. Microcylinders are fabricated with radii Rcyl of either 3.5 μm or
5 μm, and lengths Lcyl varying from 27 to 175 μm so that cylinder aspect ratio Λcyl = Lcyl/2R ranged within
2 < Λcyl < 20. The particles are fabricated using standard photolithographic methods as has been described
in prior chapters.
4.2.2.

Micropost fabrication

The microposts were fabricated lithographically in a three-step process. First, a layer of micro-cylinders of
radius of 7 μm and height of 5 μm was fabricated on a silicon wafer for better wettability of the substrate.
Then a circular bounding ring of 30 μm in height and 12.7 mm in radius was fabricated to determine the
height of the water film far from the micropost. Lastly, the micropost was fabricated in the center of the
bounding ring. All microposts are all about 200 μm in height; three micropost radii Rm were fabricated;
12.5, 25 or 125 μm. All experiments were performed around microposts of Rm = 125 μm unless otherwise
noted. (The ring is located several capillary lengths from the micropost, where the capillary length for this
system of interest is lcap= 4.77mm.)
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4.2.3.

Defining the curved interface and introducing particles to the system

Substrates were cleaned by rinsing repeatedly with pure ethanol (200 proof alcohols, Decon Labs, Inc.) and
deionized water (Millipore, resistivity = 18.2 MΩ), followed by isotropic O 2 plasma etching (Plasma Etch,
Inc.) for 60 s at 60 W with an oxygen flow rate of 25 cm3/min. Immediately thereafter, several drops of
water were placed on the substrate and allowed to spread. The profile of the interface was monitored
throughout this process with an optical tensiometer (KSV Attension Theta), to ensure that the interface
pinned to the top edges of the micropost and to the outer bounding wall. The interface height decays with
distance L from the micropost center with a slope at the contact line equal to –tan ψ , where 14° ≤ ψ ≤ 16°,
as determined from a side view of the interface. Once the desired slope of the interface around the
micropost was achieved, an oil phase (Hexadecane, Sigma-Aldrich, ≥99%) was gently added on top. The
hexadecane layer prevents evaporation of the aqueous phase, and allows particles to be gently introduced to
the interface without the use of disruptive spreading solvents. To introduce particles, the particles are
dispersed in hexadecane and carefully added to the hexadecane superphase. Particles sediment under the
action of gravity and attach to the oil-water interface.
4.2.4.

Recording of the particle trajectories

The particle trajectories along the interface were recorded at 37 or 60 frames per second by an optical
microscope (Zeiss AxioImager M1m) or at 500 frames per second by a high-speed camera (Phantom v 9.1,
Vision Research Inc.). Vibrations were minimized using a floating optical table and a Minus K vibration
isolation platform.
4.2.5.

Characterizing the interface

The interface profile around a microparticle placed on a planar interface was characterized using scanning
electron microscopy (SEM, FEI 600 Quanta FEG ESEM). Microparticles were immobilized at fluid
interface for scanning electron microscopy (SEM) imaging by a gel-trapping technique as introduced in
Section 3.2.2. The interfacial deformation at planar air-water interface around microparticles was also
directly characterized by scanning white light interferometry (Zygo NewView 3100).
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4.3.

Simulation

The open source package Surface Evolver was used to simulate the equilibrium position of particles and the
shape of the interface around them when they are positioned on the curved interface. At the minimum
energy configuration, a circular disk is always tangent to the curved interface at its center of mass, with a
pitch angle equal to the slope of the interface at the tangent point. Similarly, a planar wafer is also tangent
to the interface at its center of mass. The details of the Surface Evolver simulation are given below.
Along the contact lines at both micropost and the far-field boundary, a Dirichlet boundary
condition is enforced and the linear Young–Laplace equation is discretized with standard second-order
finite-difference formulas. A standard Jacobi algorithm then solves the discrete equations. In the
simulation, the angle made by the interface at the top of the micropost, ψ = 15°. For a flat circular disk, the
total free energy, Etot, of the entire domain is strongly dependent on the choice of the position of the disk at
its center of mass, (xp, yp, hp), and pitch angle, ξ, defined as the angle between the a radial line tangent to
the disk plane from disk center of mass to the center of the micropost, and the horizontal plane, z = hp (see
Figure 4.5 (a)), the free energy of the entire domain is minimized with respect to different (xp, yp, hp) and ξ.
For a flat rectangular disk, Etot depends not only on (xp, yp, hp) and pitch, ξ, but also on two other
orientational parameters, yaw, τ, and roll, β, which are illustrated in Figure 4.5 (b). In this study, (ξ, τ, β)
are defined according to the Tait-Bryan convention. Therefore, there are 6 degrees of freedom, (xp, yp, hp)
and (ξ, τ, β) associated with Etot.
For each particle, I compute the minimum energy associated with every combination of the
positional and orientational parameters (xp, yp, hp; ξ, τ, β) for a wide range of these parameters. Analytical
solution is then constructed based on the combination of (xp, yp, hp; ξ, τ, β) that gives the minimum energy
for a particle of a given dimension or aspect ratio.
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4.4.

Results and Discussions

4.4.1.

Shape of the parent surface

The parent surface is defined as the interface in the absence of particles. Close to the micropost (within
several radii of the micropost), the parent surface shape hparent  L  is well approximated as a minimal
surface,
hparent  L   H m  Rm tan ln  L / Rm 

(4.1)[24]

where Hm and Rm are the height and radius of the micropost, respectively, ψ = 15° is the angle made
between the top of the micropost and the pinned interface, and L the distance from center of the micropost.
This surface has a principal curvature ±1/RC depending on the particle location and decaying with distance
from the micropost as L-2. In polar coordinates (L, α) centered at the post, the principal directions of
curvature are circles of constant L and radial lines of constant α.
4.4.2.

Circular disks on planar and curved interfaces: Experiment

On planar interfaces, the circular disks make negligible interfacial deformations and have pinned contact
lines. This is verified using both scanning white light interferometry (SWLI) and SEM. SWLI images in
Figure 4.6 (a) and (b) confirm that the magnitude of interface deflection immediately surrounding the
circular disk is 2 ± 0.5 nm, which is indistinguishable from „noise‟ owing to instrument limitations (defined
as the root-mean-square „roughness‟ of a planar, unbounded air-water interface). Disks at air-gellan
interfaces were covered with PDMS, which was cross-linked to create a negative replica of the interface
imaged under SEM. The SEM image in Figure 4.6 (c) shows that the disk is not embedded in the PDMS.
This suggests that the circular disk has one face in the air-water interface, with the remainder of the disk
being immersed in the water subphase. There is also no resolvable interface deformation around the disk.
Owing to its exceedingly small particle-sourced deformation, a circular disk has extremely weak pair
interactions at a planar interface, a result also confirmed in experiment with two circular disks on a planar
air-water interface (see Figure 4.6 (d)). Over a period of 36 s, two circular disks as close as several radii
away from each other do not attract each other. The capillary interaction in the far field between two
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microparticles at planar interfaces is given by E  12 H p 2  a / r12  , where γ is the interfacial tension, Hp is
4

the amplitude of interfacial distortion up to the leading order, a is the characteristic length of the particle
and r12 is the center-to-center separation between two particles. At air-water interfaces, given a = 5 μm, r12
= 10a, Hp = 2 nm, and E ≈ 0.3 kT, which is small even compared to thermal energy. Figure 4.6 (e) shows
the mean-squared displacement (MSD) as a function of lag time for disk 1 in Figure 4.6 (d). The MSD
curves for both movement in x and y directions agree well with a Gaussian distribution, suggesting the
Brownian nature of the particle motion and absence of significant capillary interaction on a planar
interface.
To place the particles on the curved interfaces, they are placed in the oil superphase and allowed to
sediment until they contact the interface. The particles attach to the interface with their axis of rotation
perpendicular to the interface, i.e. in a “flat” configuration. Once attached to the interface, they migrate
uphill toward the micropost, as shown in Figure 4.7. In Figure 4.8 (a), a typical particle trajectory for a
circular disk is shown, where L is normalized with Lf , the separation between the micropost and the disk at
its final position, tf is the time corresponding to Lf, and t is the time elapsed since the initial image of the
disk is recorded in a given trajectory, μ is the viscosity of oil and γ the interfacial tension; from this figure
the instantaneous velocity of the disk is calculated by v =

dL
using a cubic spline scheme (as are all the
dt

derivative calculations in the following sections).
The capillary force F on the circular disks can be computed from a force balance on the disk,
m

dv
 F  Fdrag  Ftherm
dt

(4.2)

where Fdrag is the drag on the circular disk, Ftherm is the force due to thermal fluctuation, and the left-handside is the inertial term on the particle. Ftherm can be neglected because it is very weak compared to the other
terms. The inertial term is estimated from the velocity profile to be of the order 10-16 N. From the circular
disk trajectory, its linear velocity along a radial line to the micropost can be extracted to calculate its drag
force at the interface by,
Fdrag  6 CD vR
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(4.3)

where CD is the drag coefficient of order unity, v is its linear velocity along a radial path to the micropost
and R is the disk radius. Taking typical experimental values, η ≈ 0.001 Pa.s, R = 5 μm, v ≈ 200 μm/s, we
can estimate Fdrag ≈ 10-10 N; hence the inertial term can be neglected. Eq. (4.2) therefore reduces to F = Fdrag. (By adopting this simple form for the drag force, hydrodynamic repulsion effects have been
neglected, which may be important close to the micropost. In the ensuing discussion, close to the
micropost, the capillary energies have been underestimated. A more careful analysis will be performed
including their role as our analysis proceeds.) Based on this expression, the capillary force on the circular
disk is presented in Figure 4.8 (b). The capillary energy, E(L) can be computed by the following relation,
F  L  

dE  L 
dL

(4.4)

where E(L) is obtained by numerically integrating F(L) using the adaptive recursive Simpson quadrature,
with an error of O(ΔL-6) as are all the other numerical integrations performed in the following sections.
Here the energy is only computed for separation between the disk and the micropost edge larger than 5R, in
order to avoid any hydrodynamic effect near the wall. The energy profile is shown in Figure 4.8 (c); over
the entire path of motion, the capillary energy monotonically decreases with L.
4.4.3.

Energy analysis of a circular disk on a curved interface and comparison to experiment

We intend to obtain the energy of a system similar to the approach used by Wurger [53], where a circular
disk particle with a radius R and negligible thickness is placed on a point L0 located at a saddle surface here
the height of clean (no particle present at the surface) interface at any point can be obtained via:

L 
hparent  H m  Rm tan ln  0 
 Rm 

(4.5)

At the vicinity of the point L0, the above expression can be further expanded according to Taylor power
series as:

hparent ( x, y)  H m  Rm tan ln(

L0
R tan
R tan
) m
x  m 2 ( x2  y 2 )
Rm
L0
2 L0

(4.6)

Note that the above expression is solely valid close to the point L0 and x and y are Cartesian components of
a coordinate whose center is located at the disk center of mass.
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The energy associate with the first case where we have clean interface (no particle is present) can
be found as:
(4.7)
where γlv is the surface tension of the liquid vapor interface and I and P denote the domain corresponding to
interfaces outside and inside the area that will be occupied by the circular disk, respectively, and I+P
denotes the entire domain.
The energy associate with the second case where the particle is embedded on the surface can be
written similar to Eq. (4.7) as
(4.8)
where γsl and γsv correspond to surface tensions of the solid particle with the liquid and vapor respectively
and h is the height of interface in the presence of the particle which is yet to be determined.
The energy difference between the two states is:
(4.9)
where the two integrals in the bracket can be rewritten as:

(4.10)
where the second integral over domain P gives the area of a hole created by a circular disk on the parent
surface. Assuming small slope of the parent surface (see Appendix 4.1), this integral over domain P is
shown to be

(4.11)
where ξ is related to the local slope of the parent surface as

 Rm tan 

L0



  tan 1  
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(4.12)

We assume the slope of the parent surface ε at any arbitrary point L0 form the center of micropost is small
so that we can expand the argument of all trigonometric function given in Eq. (4.11)

and (4.12) with the aid of following expansions
(4.13)
(4.14)
(4.15)
to yield
(4.16)
In addition, given the same small slope assumption, the first integral in Eq. (4.10) can be
linearized to give

(4.17)
We can also write the height of the interface in the presence of the disk, h, as

h = hparent + h

(4.18)

where η is the disturbance to the parent surface due to the disk and substitute Eq. (4.18) to Eq. (4.17)
(4.19)
and using integration by parts and knowing that 2 hparent  2  0 , we have
(4.20)
Finally, using Divergence Theorem we can write Eq. (4.20) as
(4.21)
where Γi represents the surface enclosing the domain I and ein is the unit normal vector to the surface (see
schematic in Figure 4.9).
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We also assumed that the disk is small compared to the domain I, and that the disturbance due to
the presence of the disk does not propagate to the boundaries located at the micropost and the outer ring,
i.e., η  0 at  2 and  3 . Therefore, in the above integral, we are only left with evaluating the integral over
the particle surface 1 and by choosing an appropriate coordinate frame located at the particle center of
mass, where e1n  er and ds  Rd , we have
(4.22)
The sign of the right-hand-side integral given in Eq. (4.22) is the key to the disk migration, and
given the function η, we can compute the value of the integral. The first term of the integrand,

1 
, is

2 r

the self-term of the particle induced mode by placing the disk on the interface and the second term,



hparent
r

, is the cross term of the induced mode with respect to the parent surface.
We found that the disturbance filed generated by a small disk is given as the following,
(4.23)

(4.24)
where
(4.25)



R
.
Rm

(4.26)

(For a detailed derivation of the disturbance field, please refer to Appendix 4.2.)
One should note that the cross term decreases the area. The self-term of the induced modes
increases the area and precisely cancels the contribution to the area by creating a hole on the parent surface,
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Ahole
1 R 2 Rm 2 2

1

  O  4  (See Appendix 4.1). Consequently the total capillary energy difference
4 Rm 2 L20
 R2

ΔE between a disk-laden and disk-free surface is given in Eq. (4.9) is written as
(4.27)
where Eo  ( SL   SV ) R2   LV  R2 is a reference energy independent of particle position. This energy

prediction can be stated in dimensional form:

. Consistent with

this prediction are power laws for position versus time to contact, force versus distance from the micropost,
and energy versus distance from the micropost shown as dashed lines in Figure 4.8. Furthermore, the
magnitude of the energy dissipated in experiment is comparable to this prediction to within the same order
of magnitude.
4.4.4.

Elongated wafers on curved interfaces: Experiments
We study flat, elongated wafer particles designed to allow us to isolate the role of particle

elongation from particle-sourced deformations on curved interfaces. Using white interferometry (SWLI),
we confirmed weak quadrupolar deformations around an elongated wafer at a planar air-water interface
(see Figure 4.10 (a)). Interferometry reveals that the interface rises weakly along the rounded ends of the
elongated wafer and depresses along the flat sides. Figure 4.10 (b) illustrates the height profile of the
interface along a circle of radius 29 μm away from the center of mass of the elongated wafer. The height
along the circular path varies with a cos 2ζ symmetry, with two tapering peaks corresponding to the sharp
rises and two slowly decaying valleys corresponding to the gentle depressions. The amplitude of
intermediate field interface deflection for a wafer particle is 7.5 ± 2.9 nm, about 2 orders of magnitude
smaller than the deformations typically imposed by microscale cylinders of radius 7 μm. We also
confirmed that the interfacial deformation was quite weak by studying the pair interaction between a pair of
wafer particles on a planar interface. Figure 4.10 (c) shows a still image from a 30-second video, with two
wafer particles that maintained a mirror symmetrical alignment in close separation but did not migrate
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toward each other during the duration of the video. Since capillary interaction is known to enforce mirror
symmetry between two interacting quadrupoles and drive particle assembly, it is implied that the
interaction is present but too small to drive migration over this time span.
Wafer particles were placed in the oil phase and allowed to sediment onto the curved oil-water
interface. As they attach to the interface, they rotate spontaneously to a preferred orientation and migrate
toward the post while preserving that alignment. Small aspect ratio wafers align with their major axis
azimuthal to the micropost. Above a critical aspect ratio of 4.3, the particle‟s preferred alignment changes
so that their major axes radially with respect to the micropost. The transition between the two alignments
occurs abruptly, with no intermediate states observed between 0° < φ < 90°. Figure 4.11 (a) summarizes
this finding as a function of Λwafer, where φ = 0 corresponds to an azimuthally aligned particle, and φ = 90°
corresponds to a radially aligned particle. All observations were made in a region where the interface radius
of curvature Rc is large compared to the dimensions of the wafer (typically, 10-3 < Lb/Rc < 10-2).
From the rate of rotation, the rotational torque on the particles can be calculated by equating the
driving capillary torque to the drag torque on the particle (see Section 2.3.5), where Tdrag   r

d
dt

and δr is

the rotational drag coefficient at the interface, and φ defines the particle‟s instantaneous orientation. The
rotational drag coefficient, an aspect-ratio dependent quantity of order unity, is estimated using a weighted
average of the particles degree of immersion in each phase, i.e.  r  a water  (1  a) oil where δoil and δwater
correspond to the bulk rotational drag coefficients of an elongated object in oil and water phases and a is
the area fraction the particle in the lower phase. Using the empirical expression [30]

r 

 L3

 awater  1  a oil 
3  ln   Cr  

(4.28)

where ηoil and ηwater are the viscosities of the two phase at 20 °C, L and Λ are the particle length and aspect
ratio, respectively, and Cr  0.662  0.917 /   0.050 / 2 .
Figure 4.13 show the angular dependence of the capillary energy and torque extracted from the
rotation of two different wafer particles. In Figure 4.13 (a), the energy and torque are presented for a
particle with Λwafer = 4.9 which rotates to a radial orientation with respect to the micropost (φeqm = 90°). In
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4.16 (b), the corresponding information is shown for a particle of aspect ratio Λwafer = 3.6 which rotates to
an azimuthal alignment with respect to the micropost (φeqm = 0°). The capillary energy, E(L φ), is related to
the torque, T(L φ), by
T 

dE
d

(4.29)

E(L,φ) is obtained by numerically integrating T(L,φ) at a fixed L corresponding to the site where the
particle attached to the interface. For the high aspect ratio wafer, the capillary energy decreases with φ
while for the small aspect ratio particle the energy increases with φ. Correspondingly, T > 0 for the wafer
with φeqm = 90° and T < 0 for wafers with φeqm = 0°. Near their equilibrium orientations, the relation
between T and φ can be well approximated with a linear function up to δφ = (φ – φeqm) of 20 - 30°. Thus,
the mechanical response of the wafer particles about φeqm is linearly elastic.
Capillary energy and torque are also computed from simulation using Surface Evolver, for thin,
rectangular wafers with pinned contact lines on a curved interface similar to our experimental setup. These
results are preliminary in nature, pending comparison to analysis and simulation of the associated boundary
value problem. Figure 4.14 (a) and (b) present the capillary energy and torque at different φ, associated
with rectangular disks of φeqm = 90° and 0°, respectively. The curves for both energy and torque resemble
the experimental results, with no metastable state along the entire range of φ, and a linear region near φ eqm.
Near the equilibrium angles, the energy curves are concave-up parabolas, with a linear elastic response for
the torque. Such linear elasticity arises as a consequence of the symmetry of the wafer orientation. For
example, a radially aligned wafer deviates by an angle δφ from φ eqm, a force couple acting on the two ends
of the particle restore it to the equilibrium configuration. The linear combination of the two forces in
opposite directions results in a parabolic dependence of energy on φ. This simulation captures the main
features of the realignment. But it does not capture the mechanism as to why it occurs. We are working on
supporting analysis in terms of the deformation fields for elongated particles mirroring the disk calculations
given above.
Figure 4.15 (a) shows the trajectories of both radially aligned and azimuthally aligned wafer
particles migrating to the micropost. The corresponding capillary forces and energy profiles as a function of
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separation from the micropost are calculated. The shapes of these curves closely resemble that of those
circular disks, but E(L) is an order of magnitude larger than that of the circular disks, which is likely the
result of larger sizes of the wafers particles and hence larger trapping energies and changes in those
energies.
4.4.5.

Experiments with Elongated Cylinders at Curved Interfaces

Having established that disks migrate up curvature gradients, that nearly planar wafers orient and migrate
in curvature gradients, I return to the discussion of cylindrical microparticles at curved interfaces. Like the
wafers, cylinders both align and migrate in curvature fields. Unlike the wafers, cylinders have very strong
particle-sourced distortions, which can interact with the curvature field. Figure 4.16 shows the
interferometry measurements (solid triangles) of the amplitudes of the elliptical quadrupolar deformation at
the air-water interface, He, as a result of the particle wetting angles, where ζc = 80°. The open squares are
simulation data for cylinders of similar wetting angle[13]. The elliptical deformation around a cylinder
particle, He, decreases with the cylinder aspect ratio and eventually saturates at high aspect ratio, suggesting
that the near field undulations are approaching a limit value. We note that He ~ 102 nm, though small
compared to the R of the cylinder, still gives rise to considerable capillary energy, since γair-water = 18
kT/nm2. While the results from Figure 4.16 were measured at the air-water interface, they illuminate the
significance of particle-sourced deformation for cylinders at the oil-water interface (where ζc = 130° and
γoil-water = 11.4 kT/nm2), compared with elongated wafers and disks. Indeed, as shown in Figure 4.17, when
placed on the curved interface, cylinders also have an aspect ratio-dependent alignment, changing their
preferred orientations from φeqm = 0° to 90° at a critical aspect ratio of Λcyl = 12.3, a much higher value
than that found for the wafer particles. This suggests that the radial alignment was resisted by the particlesourced distortions. However, it should also be noted that a smaller He at a higher aspect ratio also implies a
weaker resistance to radial alignment.
From the rotation of the cylinders to their equilibrium orientations in experiment, torque and the
angular dependence of the capillary energy at a fixed distance from the micropost are calculated, as shown
in Figure 4.18. Like the wafer particles, cylinders rotate spontaneously with no metastable states between
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their initial φ when they first attach to the interface and the φeqm, and have linearly elastic torques near their
equilibrium orientations. Figure 4.19 (a) gives the trajectory of both a radially aligned cylinder (black
markers) and an azimuthally aligned cylinder (red markers) migrating to the micropost and (b) and (c)
present the capillary force and energy of the cylinders with respect to their positions from the micropost,
inferred from the data by equating the capillary force to the Stokes drag on the particles. From Figure 4.19
(b), the initial acceleration along increasing curvature gradients and eventual deceleration of the cylinder as
it makes contact with the micropost is reflected in the capillary force curve. Moreover, energy
monotonically decreases as the particle approaches the micropost. In comparison to the wafer particles, the
cylinders have higher capillary energy because of the larger dimensions of the cylinders.
Lastly, I return to the observation which I used to motivate this study of curvature-driven
interactions. I present in Figure 4.20 the trajectory, capillary force and energy associated with the 45 m
long cylinder migrating on a highly curved oil-water interface imposed by a 12.5 m micropost, for which
Lcyl/Rm = 3.6. This experiment includes factors not present in the previous experiments, such as non-radial
trajectories and near field repulsion from the micropost, perhaps owing to repulsion associated with placing
a linear rigid object on a highly curved interface, or to the cost of placing the particle-sourced capillary
depression axis along a steeply rising curved surface. The exact mechanisms remain open and are a focus
of ongoing work.
4.5.

Conclusion

In this chapter, I studied rigid particle migration on a curved interface. Particles located on interfaces make
holes in the interface which lower capillary energy. They also make curvature-induced deformations and
particle-sourced deformations. The net capillary energy owing to these deformation modes determines the
trajectory and alignment of particles at curved interfaces. I designed experiments so that curvature-induced
modes would dominate the energy landscape by studying rigid planar objects with weak particle-sourced
deformations. Rigid, planar disks migrate uphill, with capillary energies within an order of magnitude of
that predicted based on capillary energy arguments. Rigid elongated planar particles migrate and align on
curved interfaces, with an abrupt change in alignment from one principle axis to the other at a well-defined
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aspect ratio. Analysis of these experiments is underway. Rigid cylindrical particles also align and migrate
uphill. For moderate Lcyl/Rm (a proxy for interface curvature), the cylinders align along one principle axis.
For Lcyl/Rm approaching unity, the cylinders realign, and migrate uphill in radial alignment until contact
with the micropost. For Lcyl/Rm greater than unity, the cylinders can follow non-trivial paths and come to an
equilibrium location, suggesting repulsions from the micropost. Again, analysis of these latter observations
is underway.
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Figure 4.1 Schematic of the curved interface and the orientation of anisotropic particles.
(a) The schematic of the curved interface pinned at the top edge of the micropost of radius Rm, height Hm.
The interface forms an angle ψ with the top of the micropost. In the experiments, the subphase is water, and
the superphase is hexadecane. (b) The orientation of an anisotropic particle φ is defined as the acute angle
between the major axis of the particle and the azimuthal line centered at the micropost. (c) Schematic
showing particles in azimuthal orientation (φeqm = 0°) and in radial orientation (φeqm = 90°).
Figure 4.1
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Figure 4.2 Migration of a cylinder to a micropost.
Migration of a high aspect ratio cylinder (= 4.5) toward a micropost of radius Rm = 12.5 μm. The images
are spaced 1.35 second apart; t = 0 corresponds to the time when the particle motion stops, indicating its
equilibrium position. The cylinder first accelerates towards the micropost along the curvature gradient, then
slows down close to the micropost before it stops fully at a finite separation from the micropost. The
cylinder aligns radially when it is far from the micropost. This alignment places the site of capillary
depression at the cylinder ends along the rise axis of the curved interface. Scale bar = 50 μm.

Figure 4.2
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Figure 4.3 Microparticles fabricated using photolithography.
The SEM images and the schematics showing the dimensions of (a) flat circular disks, (b) a flat elongated
wafer and (c) a cylinder.
Figure 4.3
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Figure 4.4 The schematic illustrating the emergence of curvature-induced deformation.
(a) Perspective view of a saddle-shaped parent surface without any particle. (b) Pinning the interface to the
rigid edge of a circular disk (white circle) „undoes‟ the parent surface – pulling up the depressions of the
saddle (red arrow) and suppressing the rises of the saddle (black arrows). (c) Curvature-induced
deformation owing to the presence of a rigid circular disk on the parent surface is effectively a saddle with
the opposite sign decaying with distance from center of mass of the disk.
Figure 4.4
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Figure 4.5 Schematic of particle configuration on a curved interface.
(a) At any separation from the micropost (painted black), Etot is minimized with respect to the position of
the particle (red) at its center of mass, (xp, yp, hp), and the pitch angle, ξ. Inset: Position of the particle
relative to the center of the micropost in top view (x-y plane). (b) For a flat rectangular disk, rotational
parameters, pitch, ξ, yaw, τ, and roll, β, are defined according to the Tait-Bryan convention. Etot is therefore
minimized with 6 degrees of freedom, (xp, yp, hp, ξ, τ, β).
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Figure 4.6 Interfacial deformation imposed by circular disks.
(a) The interferometry measurement on air-water interface profile around a circular disk (R = 5 μm,
represented by the black circle). (b) The height profile of the interface along a circle of radius 7.5 μm from
the center of the disk. (c) SEM image of the shape of the oil-water interface around a circular disk. Scale
bar = 10 μm. (d) Two flat circular disks several radii apart from each other on planar air-water interface do
not attract over the duration of 36 s. The scale bars = 20 μm. (e) Mean-squared displacement of particle 1 in
(d) as a function of lag time.
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Figure 4.7 Migration of a circular disk to a micropost.
Migration of a circular disk (Rdisk = 5 μm) in radial alignment to the micropost (Rm = 125 μm) presented in
a series of images at equal time steps, where t = 0 corresponds to the equilibrium separation between the
disk and the micropost. The disk accelerates towards the micropost at first; eventually it slows down close
to the micropost before it stops in contact with the micropost.
Figure 4.7
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Figure 4.8 Trajectory, capillary force and energy of circular disks on curved fluid interface.
(a) Separation of the disk from the micropost normalized by the final separation along the trajectory, as a
function of normalized time to contact for the circular disk on the curved interface in logarithmic scale. The
dashed line has a slope of 1/6. (b) Capillary force and (c) capillary energy of a circular disk migrating to the
micropost, dashed lines in (b) and (c) have slopes of -5 and -4, respectively.
Figure 4.8
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Figure 4.9 Schematic of liquid-vapor domain.
Schematic representation of the domain of interest (blue region) and its enclosing boundaries, 1 ,  2 and

 3 , with the respective unit normal vectors of e1n , e 2n and e3n .
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Figure 4.10 Interface deformation and pair interaction of wafer particles.
(a) Interferogram of the air-water interface around a wafer particle. The particle is 32 μm long, 7 μm wide
(b) Height profile of the interface along a circle of radius 27 μm centered at the wafer particle indicating a
distortion 6 nm in height peak to valley. (c) One still frame from a pair-interaction experiment, during
which two wafer particles separated by several radii did not attract to assemble in contact with each other.
Scale bar = 50 μm.
Figure 4.10
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Figure 4.11 The equilibrium orientation, φeqm, of the elongated wafers with respect to the aspect
ratio, Λwafer.
Figure 4.11
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Figure 4.12 Simulated interface hosting a thin rectangular element with a pinned contact line.
(a) Top view and (b) perspective view of a simulated interface laden with a thin rectangular element that
pins the interface to its boundary.
Figure 4.12
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Figure 4.13 Capillary energy and torque with respect to φ
(a) Capillary energy (open markers) and torque (filled makers) of an elongated wafer (Λwafer = 4.9) during
its rotation to a radial alignment to the micropost (φ eqm = 90°) as a function of the orientation of the wafer,
φ. A torque is defined negative if it resists a rotation from φ = 0°. (b) Capillary (open markers) and torque
(solid markers) of an elongated wafer (Λwafer = 3.6) during its rotation to an azimuthal alignment to the
micropost (φeqm = 0°) as a function of φ.

Figure 4.13
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Figure 4.14 Capillary energy and torque of a rectangular disk from simulation.
Capillary energy (open markers) and torque (solid markers) of a rectangular disk with (a) φeqm = 90° and
(b) 0°, respectively.
Figure 4.14
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Figure 4.15 Trajectory, capillary force and energy on elongated wafers in experiment.
(a) The respective trajectories of two wafers migrating to the micropost in either radial (black markers) or
azimuthal (red markers) alignment plotted as normalized separation from the micropost as a function of
normalized time to contact. (b) Capillary force and (c) capillary energy computed as a function of
separation from the micropost based on the velocity profile of each wafer during its motion.
Figure 4.15
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Figure 4.16 Interface deflection as a function of cylinder aspect ratios.
The amplitude of elliptical quadrupolar deformation, He, as a function of Λcyl. The solid triangles are
interferometry measurements with cylinders of R = 5 μm and ζc = 80 °. Open squares are simulation data
for cylinders of similar wetting angle from Ref. [13].
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Figure 4.17 Preferred orientation of cylinders as a function of aspect ratios.
Figure 4.17
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Figure 4.18 Capillary energy and torque of cylinders on curved interfaces.
(a) Capillary energy (open markers) and torque (filled makers) of a cylinder (Λ cyl = 12.9) during its rotation
to a radial alignment to the micropost (φeqm = 90°) as a function of the orientation of the wafer, φ. A torque
is defined negative if it resists a rotation from φ = 0°. (b) Capillary (open markers) and torque (solid
markers) of a cylinder (Λcyl = 12.0) during its rotation to an azimuthal alignment to the micropost (φ eqm =
0°) as a function of φ.
Figure 4.18
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Figure 4.19 Trajectory, capillary force and energy of cylinders during migration.
(a) The respective trajectories of two cylinders migrating to the micropost in either radial (black markers)
or azimuthal (red markers) alignment plotted as normalized separation from the micropost as a function of
normalized time to contact. (b) Capillary force and (c) capillary energy computed as a function of
separation from the micropost based on the velocity profile of each cylinder during its motion.
Figure 4.19
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Figure 4.20 Trajectory, capillary force and energy of cylinders during migration to a micropost of
smaller radius.
(a) The trajectory of a cylinder migrating to a micropost of radius R m = 12.5 μm. (b) Capillary force and (c)
capillary energy computed as a function of separation from the micropost based on the velocity profile of
the cylinder during its motion.
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APPENDIX
Appendix 4
In this appendix, I summarize calculations performed in collaboration with Dr. Nima Mood. In Appendix
4.1, we present the calculation of the area of the hole made by a particle in the interface with extremely
small slopes and with slopes relevant in the experiments in Chapter 4. In Appendix 4.2, the calculation of
the energy cost for embedding a particle in the curved interface is presented.
Appendix 4.1 Analytical expression and numerical evaluation of area of circular hole in a surface
We obtain an analytical expression for area of a circular hole embedded on a plane that is tangent to the
parent surface at the center of the disk based on a Taylor Series expansion close to the disk. In this
calculation, we assume small slopes. We integrate to find the area of the hole in the interface made by a
circular disk numerically, also based on the Taylor Series expansion. In this calculation, we do not assume
small slopes. The scale of the energy changes caused by a 5 micron disk particle in the interface around the
125 micron micropost on an interface with a slope of 15o near the post are sufficiently small that the
numerical integration is preferred to give the required accuracy which is determined by the scale of the
change of area as the particle migrates toward the post.
The parent surface is given by:
hparent  L   H m  Rm tan ln  L / Rm 

(A4.1)

Where H m is the height of interface at the micropost, Rm is the radius of the micropost and the polar
coordinate system was set up on the micropost center. The symbol  indicates the angle made by the
interface with respect to the horizontal at the micropost edge, and L is the coordinate for radial distance
from the center of the micropost. The parent surface can be expanded at an arbitrary point L0 in a Taylor
series to yield:
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hparent  r ,    H m  Rm tan ln

L0
x
( x2  y 2 )
 Rm tan
 Rm tan
Rm
L0
2 L0 2

(A4.2)

where x and y be distances with respect to the Cartesian local coordinate centered at L0 . Let a disk of
radius R be located on this surface, centered at L0 and tilted with the slope  of the parent interface at that
point. To calculate the area cut out from the parent surface owing to the presence of the disk. This area can
be found via the following expression:
(A4.3)
where S is the area corresponding to the projection of a circular hole onto the x  y plane; this projection
is an ellipse whose principle axis are R cos  and R in the x and y directions. The slope  can be
calculated through:

 Rm tan 

 L0


  tan 1 

(A4.4)

For small slopes, we can further linearize the expression for the area to the form:
(A4.5)
The details of the evaluation of the integral in Eq. A4.5 are given below. We also obtain the area by direct
numerical integration of Eq. A4.3. The two results are compared in Table A. 1 and Table A. 2; for   1 ,
the fractional changes in area as the disk migrates toward the post are on the order of 10 -8. The analytical
result has the required accuracy for this study. For   15 , the fractional changes in area as the disk
migrates toward the post are on the order of 10 -6. The numerical evaluation without the assumption of small
slopes is required. In Figure A. 1 the change in area with respect to a circle of radius R is shown as a
function of distance from the micropost.
In Cartesian coordinate located at L0 :
2

2

 h   h    R tan Rm tan   Rm tan 
h h         m

x 
y
L0
L0 2
L0 2
 x   y  
 

2

By the coordinate transformation:
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2

(A4.6)

x

 x '  R cos 

y'  y

R

(A4.7)

the elliptical domain S on the x  y plane is transformed to a new circular domain S * with a unit radius
on x ' y ' so that:
(A4.8)
To calculate the integral in polar coordinates, we introduce our final transformation:

ì x ' = r 'cosf '
í
î y ' = r 'sin f '

(A4.9)

Recasting h( x ', y ') , these transformations allow the integral in Eq. (5) to be written as:

A

2
1
 1 Rm2 tan 2  1 Rm2 tan 2  R 2 r '

R 2 cos   d ' 1 

cos 2  cos2  ' sin 2  ' r ' dr '

2
4
2
4
L0
L0

0
0

 1 R 2 tan 2 
m
A  R 2 cos  1 
L20
 2


 R 2  cos 2   1  
1 



4 L20



(A4.10)

(A4.11)

The above expression is valid only in cases where h h  1 ; the argument was expanded only up to the
quadratic term in slope, thus any expansion must be truncated at that order. The results of the calculation
were illustrated in Table A. 1 and Table A. 2.

 A   R2 


We also graph A  
 as a function of Lo for   1 (red) and   15 (blue) in Figure A. 1.
2

R



L0

Area from Eq. (A4.3)

Area from Eq. (A4.11)

0.2
0.3
0.4
0.5
0.6
0.7
0.8

7.8539817800371477e-05
7.8539816628254088e-05
7.8539816431029920e-05
7.8539816377135003e-05
7.8539816357776316e-05
7.8539816349477751e-05
7.8539816345450089e-05

7.8539817939153706e-05
7.8539816655698335e-05
7.8539816439716792e-05
7.8539816380693802e-05
7.8539816359492716e-05
7.8539816350404283e-05
7.8539816345993220e-05

Table A. 1 Area of a circular hole with R = 5 μm, Rm = 125 μm, ψ = 1°, where L0 is given in m

L0

Area from Eq. (A4.3)

Area from Eq. (A4.11)
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0.2
0.3
0.4
0.5
0.6
0.7
0.8

7.8540133104975450e-05
7.8539881850868385e-05
7.8539837405934812e-05
7.8539825033475675e-05
7.8539820549476498e-05
7.8539818617658186e-05
7.8539817677153554e-05

7.8547662134351327e-05
7.8541390028568896e-05
7.8540316964014514e-05
7.8540021911037997e-05
7.8539915612698414e-05
7.8539869969025463e-05
7.8539847793087145e-05

Table A. 2 Area of a circular hole with R = 5 μm, Rm = 125 μm, ψ = 15°, where L0 is given in m.
Eq. (A4.11) can be expanded A    n An where the small parameter   

functions

cos  ~ 1 

2
2



 2  cos2   1 ~ 2 2   4 .

4
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8

By

  tan 1  ~  
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(A4.11)

2

 11 
   4
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recast:

 
A
1 R 2 Rm 2 2   5 1 R 2 Rm 2

1

    
 ...  4  . The  2 term is the symmetric saddle; the  4 is
2
2
2
2
2

4 Rm L0
R
 
  24 4 Rm L0
incomplete. In contains a contribution from the dipolar term, and the projection of the interface of the
quadrupolar term, and other terms, which must be accounted for by retaining the  4 terms in the expansion
of Eq. (A4.3). For a particle migrating across our domain, the magnitudes of these terms can be estimated
to be A2  14.6kT .

Appendix 4.2 Disturbance field
At this point, we are only left with calculating the height of the interface in the presence of the circular
disk, h, and the disturbance field, η.
The height of the interface at any point in the domain can be found by solving the Laplace
equation

2 h  0,

(A4.12)

with pinning boundary condition along the edge of a circular disk

bc1 : h(r  1 )  H m  Rm tan ln(
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L0
)  R cos  sin 
Rm

(A4.13)

and the height of the interface should always satisfy the far field boundary condition
bc2 : h(r  )  hparent

(A4.14)

Note that both Eqs. (A4.13) and (A4.14) are written in polar coordinates whose center is located at the
center of mass of the disk, but tilted with a slope tangent to the parent surface at the center of mass of the
disk. In this coordinate system, the x and y components of any arbitrary point on the disk circumference
can be found via

x  R cos  cos 
y  R sin 

(A4.15)

r  x  y  R cos  cos   sin 
2

2

2

2

2

at small slopes, once again we can expand Eq. (A4.15) using Eq. (4.15) to have:
(A4.16)
and therefore the first boundary condition can be rewritten as,
(A4.17)
For the Laplace equation in Eq. (A4.12), its general solution can be found via separation of variables and it
has the following form,


h(r ,  )  a0  b0 ln r   (am r m  bm r  m ) cos m  (cm r m  d m r  m )sin m

(A4.18)

m 1

However, we notice that Eq. (A4.18) cannot simultaneously satisfy both boundary conditions at the disk
edge and at infinity in any form, suggesting that we are dealing with a boundary layer problem and
therefore we use a singular perturbation technique to solve the problem. We start by stating the fact that in
the region close to the disk the correct length scales over which the height interface changes is disk radius
R, however on the region far away from the disk the presence of the disk is no longer tangible and the
interface height is dictated by Eq. (4.5) and from that it is obvious the height of interface is no longer
correct on the scales of R and the correct scaling is micropost radius Rm. This assumption is valid as long as
the disk radius is so small that we have,
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R
Rm

1

(A4.19)

We proceed by non-dimensionalizing the height of interface and the radial distance in the outer region by
Rm as (see Eq. (4.5))
(A4.20)

(A4.21)

(A4.22)
note that we use the sign ~ for non-dimensional variables in this draft. In the inner region on the other hand,
we do not know the disturbance created by the disk a priori and we need to obtain it by solving the Laplace
equation in Eq. (A4.12) in conjunction with pinning boundary condition on the disk (Eq. (A4.17)) and
matching with the parent surface at the overlap region. We proceed first by non-dimensionalizing of the
inner variable according to,

(A4.23)

followed by a series expansion of h in terms of small parameter  

R
as
Rm
(A4.24)

where each individual term in the above expansion should be found via Eq. (A4.12) and the solution for all
orders can be written in the form given in Eq. (A4.18) and the boundary condition at the disk circumference
can formally be written for each order as the following,
(A4.25)

(A4.26)
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(A4.27)
The second boundary condition can be found via matching the outer solution in the region of overlap. The
matching procedure is based on van Dykes approach or alternatively intermediate variable [54], in this draft
we only focus on van Dykes approach [55]. In order to be prepared for matching, we first write the outer
variables in terms of inner variables by the cosine rule (see Figure A. 2 for detail)
(A4.28)
and therefore the outer solution (parent) given in Eq. (A4.22) will be
(A4.29)
and finally we evaluate the outer solution in the overlap region by holding the inner variable r fixed and
then let   0 to have
(A4.30)
by separating Eq. (A4.30) for different powers of λ (up to the second order), we can retain the second
boundary condition formally for each individual term in Eq. (A4.24) as,
(A4.31)

(A4.32)

(A4.33)
At this point, we are able to determine all unknowns in Eq. (A4.18) by virtue of two sets of boundary
conditions given in Eqs. (A4.25) - (A4.27) and (A4.31) - (A4.33). Applying the bc2, we have
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(A4.34)

and by applying bc1 and expanding for small ε, we obtain

(A4.35)

Now recall the following trigonometric identities,

1
cos m cos 2  [cos(m  2)  cos(m  2) ]
2
1
cos m cos 2  [cos(m  2)  cos(m  2) ]
2

(A4.36)

noting the boundary conditions and utilizing orthogonality, one can instantly find the solution as,
(A4.37)
and therefore,
(A4.38)
For the next order, we have
(A4.39)

(A4.40)
(A4.41)
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(A4.42)
(A4.43)
Since we are only interested in the cases where ε = 1, we expand the coefficients in powers of ε as,
(A4.44)
and then utilize the perturbation technique to obtain,
(A4.45)

(A4.46)
(A4.47)
From the above equations, we have
(A4.48)
Finally, for the last term we get

(A4.49)

Again, using a perturbation scheme in ε, we can show,

(A4.50)
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(A4.51)

(A4.52)
(A4.53)
and hence,
(A4.54)
Now that we are able to have the height of interface in the presence of the disk by substituting Eq. (A4.38),
(A4.48) and (A4.54) into Eq. (A4.24). The composite solution will be
overlap
hcomposite  hinner  h parent  hparent

(A4.55)

overlap
where hinner is the dimensional form of Eq. (A4.24) and hparent and hparent
are given in Eqs. (A4.29) and

(A4.30) respectively. Consequently we can extract the disturbance field according to Eq. (4.18),
overlap
  hinner  hparent
,

(A4.56)
(A4.57)

and since we are only interested on the terms up to the order of ε2 we will have:
(A4.58)

(A4.59)

and we are also able to calculate

hparent
r

also from Eq. (A4.29),

(A4.60)
and finally we are able to evaluate the integral given in Eq. (4.22) as,
(A4.61)
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(A4.62)
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Figure A. 1 Area in the hole under the circular disk.
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Figure A. 2 Schematic of Van Dyke's approach using the cosine rule.
Polar coordinate

located at a micropost of center O’ and

O.
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located at the disk of center of mass
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