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recovery and low-rank matrix recovery. It is shown that if the measurement matrix A satisfies the RIP

condition 8;* < 1/3, then all k-sparse signals f can be recovered exactly via the constrained £; minimization
based on y = Ap. Similarly, if the linear map M satisfies the RIP condition 8, then all matrices X of rank at
most r can be recovered exactly via the constrained nuclear norm minimization based on b = M(X).

Furthermore, in both cases it is not possible to do so in general when the condition does not hold. In addition,
noisy cases are considered and oracle inequalities are given under the sharp RIP condition.
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Sharp RIP Bound for Sparse Signal and Low-Rank

Matrix Recovery

T. Tony Cai* and Anru Zhang

University of Pennsylvania

Abstract

This paper establishes a sharp condition on the restricted isometry property (RIP) for
both the sparse signal recovery and low-rank matrix recovery. It is shown that if the mea-
surement matrix A satisfies the RIP condition 5,? < 1/3, then all k-sparse signals 8 can be
recovered exactly via the constrained ¢; minimization based on y = AB. Similarly, if the
linear map M satisfies the RIP condition §* < 1/3, then all matrices X of rank at most r
can be recovered exactly via the constrained nuclear norm minimization based on b = M(X).
Furthermore, in both cases it is not possible to do so in general when the condition does
not hold. In addition, noisy cases are considered and oracle inequalities are given under the

sharp RIP condition.

Keywords: Compressed sensing; Dantzig selector; £1 minimization; low-rank matrix recovery;

nuclear norm minimization; restricted isometry; sparse signal recovery.

1 Introduction

Compressed sensing has been a very active field of recent research with a wide range of ap-
plications, including signal processing, medical imaging, seismology, and statistics. The goal
is to develop efficient data acquisition techniques that allow accurate reconstruction of highly

undersampled sparse signals. It is now well understood that the constrained ¢; minimization

*The research of Tony Cai was supported in part by NSF FRG Grant DMS-0854973.



method provides an effective way for recovering sparse signals. See, e.g., Candes and Tao [6], [7],
Donoho [II] and Donoho, Elad, and Temlyakov [12]. A closely related problem is the affine rank
minimization problem, where the goal is to recover a large low-rank matrix based on an observa-
tion of an affine transformation of the matrix. Applications include linear system identification
and control, Euclidean embedding, and image compression. See, e.g., Candes and Plan [9], and

Recht, Fazel and Parrilo [1§].

More specifically, in compressed sensing, one observes (A, y) with
y=AB+z (1)

where y € R™", A € R"*P with n < p, 8 € RP is a sparse signal of interest, and z € R" is a vector
of measurement errors. One wishes to recover the unknown sparse signal 8 € RP based on A
and y using an efficient algorithm. The affine rank minimization problem aims to reconstruct a

low-rank matrix X based on a known linear map M and an observed vector b € RY where
b= M(X) + z. (2)

Here M : R™*™ — RY is a linear map, X € R™*™ is an unknown low-rank matrix of interest,

and z € RY is an error vector.

The methods of constrained ¢; and nuclear norm minimization,

~

(Ps) 3= argmin{|8] : AB—y € B} (3)
(Ps)  X.=argmin{[X]. : M(X)—be B}, (4)

as convex relaxations to fp and rank minimization respectively, have been shown to be very
effective in solving these problems. Here || X]||, is the nuclear norm of X, which is defined to be
the sum of the singular values of X, and B is a bounded set determined by the noise structure.
For example, B = {0} in the noiseless case and B is the feasible set of the error vector z in the

case of bounded noise.

One of the most commonly used frameworks for sparse signal and low-rank matrix recovery
is the Restricted Isometry Property (RIP). See Candeés and Tao [6] and Recht et al. [18]. A
vector is said to be k-sparse if |[supp(v)| < k, where supp(v) = {i : v; # 0} is the support of

v. In this paper, we shall use the phrase“r-rank matrices” to refer to matrices of rank at most



r. In compressed sensing, the RIP requires subsets of certain cardinality of the columns of A
to be close to an orthonormal system. The RIP conditions for the signal and matrix recovery
are similar and we shall state them together to save space. Let A € R™*P be a matrix and let
M : R™*" — R? be a linear map. For integers 1 < k < p and 1 < r < min{m,n}, define the
restricted isometry constants (RIC) 5,;4 and 0™ to be the smallest non-negative numbers such

that for all k-sparse vectors 8 and all r-rank matrices X,

L=olIBIE < 14813 < (L+&)I8I13 ()

(1 =IXIE < IM@X)E < A+9IXIE (6)

where || X% = x?j is the squared Frobenius norm of X = (z5).

A major focus of compressed sensing is to find explicit and simple conditions under which
the sparse signals can be recovered exactly using a computational efficient algorithm. A variety
of sufficient conditions on the RIP for the exact/stable recovery of k-sparse signals and r-rank
matrices have been introduced in the literature. Sufficient conditions for the signal recovery
include 552 < 4/2—1 in Candes [5], 5§4k < 0.472 in Cai, Wang and Xu [2], do. < 0.493 in Mo and
Li [15] and (5,? < 0.307 in Cai, Wang and Xu [4]; for the matrix recovery, sufficient conditions
are 54\;‘ < /2 —1in Candes and Plan [9], (5?{‘ < 0.607, 54\;‘ < 0.558, 55\;‘ < 0.4721 in Mohan and
Fazel [16], 55‘;‘ < 0.4931, 6™ < 0.307 in Wang and Li [20]. On the other hands, negative results
have also been obtained. In the case of signal recovery, Davies and Gribonval [10] and Cai,
Wang and Xu [4] showed respectively that it is impossible to recover certain k-sparse signals
when 552 > v/2/2 and when 5;3 = % < 0.5. For matrix recovery, Wang and Li [20] proved
that nuclear norm minimization cannot recover exactly all rank r matrices in the noiseless case

when §M = 1/3 or 63! = \/2/2 + ¢, where ¢ is arbitrarily small.

Among those RIP conditions, the ones on (5,? and &M are arguably the most natural for the
reconstruction of k-sparse signals and r-rank matrices, respectively. The main goal of this paper
is to establish a sharp condition on 5,? and 57/,‘/‘. Specifically, we show that in the noiseless case
(z = 0) the conditions

1

1
<s,g‘<g and 5,§‘4<g (7)

are sharp respectively for the exact recovery of k-sparse signals based on ([I]) and for the exact

recovery of r-rank matrices based on (2)). These conditions are also sharp for the stable recovery



in the noisy case. That is, under the condition (5,? < 1/3, all k-sparse signals can be exactly
recovered via the constrained ¢; minimization (B in the noiseless case and can be stably recovered
in the noisy case. Furthermore, it is not possible to do so in general if 5;3 > 1/3. Similarly,
for the recovery of r-rank matrices using the constrained nuclear norm minimization based on
@), the condition 5™ < 1/3 is sharp. To the best of our knowledge, (T) is the first sharp RIP

condition.

Various oracle inequalities have been given in the literature for the constrained ¢; /nuclear
norm minimization estimators, known as the Dantzig Selector, in the setting of Gaussian noise.
See, for example, Candés and Tao [7] and Cai, Wang and Xu [3] for the sparse signal recovery
and Candeés and Plan [J] for the matrix recovery under the condition ! < /2 — 1. In this
paper we derive oracle inequalities for both sparse signal and low-rank matrix recovery under

the condition &;' < 1/3 and 6™ < 1/3.

Besides providing a sharp condition on 5,‘3 and §M, the same techniques can also be used to
sharpen other RIP conditions such as 552 and 55‘;‘. We show that, in the noiseless case, 552 <1/2
and d5! < 1/2 are respectively sufficient for the exact recovery of k-sparse signals based on ()

and for the exact recovery of r-rank matrices based on (2I).

The rest of the paper is organized as follows. Section 2] reviews basic notations and defini-
tions and states some useful facts on the null spaces. Section Bl then introduces a technically
important tool called the Division Lemma, which is used in the detailed analysis for both the
signal and matrix recovery. Sections and separately analyze the sparse signal recovery
and low-rank matrix recovery, in both the noiseless and noisy settings. Section [] provides oracle
inequalities for Gaussian noise under the conditions 5,? < 1/3 and 6™ < 1/3, and discusses

other RIP conditions. The proofs of the main results are given in Section [Bl

2 Notations and Preliminaries

In this section, we introduce basic notations and definitions that will be used throughout the

paper, and state some facts on the null spaces that will be used later.

For a vector v = (vq,---,v,) € RP, define Umax(k) t0 be the vector v with all but the



largest k entries in absolute values set to zero, and let v_ ax(k) = ¥ — Umax(r)- For a matrix
X € R™" (without loss of generality, assume that m < n), let a; > ay > -+ > a,, be its
singular values and let X = """, aiuiv;f be the singular value decomposition of X. We define

Xmax(r) - 22:1 aiuivz‘T and X_ max(r) — X - Xmax(r) - Z?;T-I—l aiuiviT-

For 0 < a < oo define the £, norm of a vector v € RP as ||v]|o = (35, |vi|*)/®. In addition,
V]l = sup; |v;| and [jv]lo = [supp(v)|. For matrices X = (x;;), Y = (yi;) € R™*", define the
inner product of X and Y as (X,Y) = trace(XTY) = 31", > i—1%ijyij- The norm associated
with this inner product is the Frobenius norm, |X||r = /(X,X) = />, > iy @3, Note
that R™*" associated with this inner product is a Hilbert space. The spectral norm of a matrix
X € R™" is defined as ||X| = supgegn [|XB]2/1/8]|2, which is equal to the largest singular

value of X.

For a linear map M : R™*" — RY, we denote its adjoint operator by M* : R? — R™*" so
that for all X € R™*™ and b € RY, (X, M*(b)) = (M(X), b)s,. For any given norm |-| in an inner
product space (R™*™ (-,.)), the dual norm |- |4 is defined as | X |q = max{(X,Y) : |[Y|=1}. It is
well known that the dual norm of the Frobenius norm is itself and the nuclear norm and spectral
norm are dual norms of each other. The null spaces of a matrix A € R™*P and a linear map
M R™*™ — RY are denoted respectively by N (A) and N (M), 1. e, N(A) = {8 e RP : AB =0}
and N(M) = {X e R™*" : M(X) =0}.

Finally, we introduce a useful tool for providing conditions for the exact recovery. Stojnic,
Xu, Hassibi [19] gave a necessary and sufficient condition on the null space for the exact recovery

of k-sparse signals in the noiseless case. It was shown that one can recover all k-sparse signals

B using [B)) with B = {0} if and only if for all 5 € N'(A) \ {0},

||ﬁmax(k)||1 < ||ﬁ—max(k)||1' (*)

Oymak, Hassibi [I7] gave a similar result for the exact recovery of r-rank matrices in the noiseless
case. One can recover all r-rank matrices X using @) with B = {0} if and only if for all
X e N(M)\ {0},

[ Xmax(r) < 1 X max(r) ll+- (%)
Based on these results, one can consider the recovery problem by investigating the null spaces

of A and M instead of checking the original definition of exact recovery, which often simplifies



the problem.

3 Sharp RIP conditions for Sparse Signal and Low-rank Matrix

Recovery

With the preparations given in Section 2, we establish in this section the main results of this
paper — a sharp RIP bound for the exact recovery of sparse signals and low-rank matrices in
the noiseless case and the stable recovery in the noisy case. A unified treatment is given for
the sparse signal recovery and low-rank matrix recovery. We first introduce in Section B.I] an
elementary but important technical lemma which we call the Division Lemma, and then discuss
the main results for sparse signal recovery in Section and the low-rank matrix recovery in

Section B.3

3.1 Division Lemma

As discussed in Section 2], we will establish the RIP condition for the exact recovery using the
null space properties of A and M. In order to relate the general elements in the null space with
the RIP condition whose constraint is on the sparse vectors and low-rank matrices, a natural
approach is to divide these elements into sums of sparse or low-rank components. Consequently,
we introduce the Division Lemma below, which is a key technical tool for the proof of the main

results.

Lemma 3.1 (Division Lemma) Let r and m be positive integers with m > 2r. Let a; > ag >
as > - > am > 0 be a sequence of non-increasing real numbers satisfying

Z_:lawz Z G- (8)

w=r+1

Then there exist non-negative real numbers {s;;}1<i<r2r+1<j<m such that

T
Zsij:aj, Var+1<j<m, (9)
i=1
and
1 T m
;ZawzaHﬁ_Z sij, V1<i<r (10)
w=1 Jj=2r+1



The proof of Lemma [3.]is simply by induction on m. The Division Lemma can be illustrated
as in the following table. Each row is an inequality; every element in the first row equals the

sum of remaining elements in the same column:

ai az - Gy > | Qrp1 Qpy2 ccc G2+ G241 Gy

ai/r ag/r - apfr > | ary1 + S12041 0 Sim

ai/r ag/r -+ ap/r > aryo +  Ss22041 cc Som
> +

ay/r ag/r - ap/r > azr  +  Sr2r+1 t Srm

3.2 Sparse signal recovery

We begin with the noiseless case (z = 0) of the sparse signal recovery model (). In this case,
The commonly used ¢; minimization method is by ([B]) with B = {0}. We shall present the sharp

RIP condition on 5;3 for the exact recovery of all k-sparse signals for any given integer k > 2.

The following theorem shows that the condition 51? < 1/3 is sufficient for the exact recovery

of k-sparse signals in the noiseless case.

Theorem 3.1 Suppose the measurement matrix A € R"*P satisfies 5,? < 1/3 for some integer
2 <k<p. Lety= AB where B € RP is a k-sparse vector. Then the minimizer B of @) with
B = {0} recovers B exactly, i.e., B=B.

The result below shows that the condition 5,? < 1/3 is sharp for the exact recovery in the

noiseless case.

Theorem 3.2 Let 2 < k < p/2. There exists a measurement matriz A € R"*P with (5,‘? =1/3
such that for some k-sparse signals v, n € RP with v # n, Ay = An. Consequently, it is not
possible for any method to exactly recover all k-sparse signals B based on (A,y) with y = Ap.

In particular, the {1 minimization (3) with B = {0} cannot recover all k-sparse signals.

Theorems 3] and B2 together show that the condition 07 < 1/3 is sharp for all 2 < k < p/2.



Remark 3.1 In the above theorems, The case k = 1 is excluded because the RIP cannot provide
any sufficient condition for the exact recovery via the constrained /1 minimization in this case.
Take, for example, n = p — 1> 1. Let A € R™*P with AS = (61 — B2, B3, B4, -+ ,Bp)T for any
B = (B1,P2,P3," - ,Bp)T € RP. Then for all 1-sparse vectors (3,

P

14813 = > 57 — 2618 = 1813,

i=1
which implies the restricted isometry constant ;' = 0. However, b = Ay = An where v =
(1,0,---,0) and n = (0,—1,0,--- ,0) are both 1-sparse signals. Thus it is impossible to recover
both of them exactly relying only on the information of (A, b). In particular, the £; minimization
@) with B = {0} cannot recover all 1-sparse signals. Since 5{‘ = 0, the RIP cannot provide any

sufficient condition in this case.

We shall now turn to the noisy case of the sparse signal recovery model (). The noiseless
case provides much insight to the noisy case. In this case the error vector z is nonzero and we

shall consider two bounded noise settings

Be(m) = {z:|z]2 <n}, (11)

BP(n) = {z:]|A%z]lw <n}. (12)

The case of Gaussian noise, which is a canonical model in statistics, can be treated similarly.
See Remark below. In the noisy case we shall also consider more general signals 5 which
are not necessarily k-sparse. Decompose 8 = Buax(k) + 8- max(k)- The £1 norm minimization
approach for recovering 3 in these bounded noise settings is by solving () with B = B®(n) or
B = BP5(n).

We first consider the stable recovery of 5 with the error z in a bounded ¢y ball.

Theorem 3.3 Consider the signal recovery model () with ||z||s < e. Let 3 be the minimizer

of @) with B = B®(n) defined in () for some n > e. If § = 0 < 1/3 with k > 2, then

16— plle < L2 oy 220 E VI 8000) 1201 - 30) [0 njgm”l. (13)

In particular, for all k-sparse signals 3,

18— Bl < 2Dy

1—-30



The result is similar if the error z is in the bounded set ||A”z|| < e. The ¢; minimization

method with B = BP% is called the Dantzig Selector. See Candes and Tao [7].

Theorem 3.4 Consider the signal recovery model [@) with |AT z||o < e. Let 3 be the minimizer
of @) with B = BP5(n) defined in [[2) for some n > e. If § = 61 < 1/3 with k > 2, then

2v/2(20 + \/m) +2(1 = 38) 18- max(w) 11
1-35 vk

13— Bl < 25 (e +

~1-36 (14)

Remark 3.2 Since Gaussian noise is essentially bounded, the results for the signal recovery in
Theorems and B.4] can be directly applied to the Gaussian noise case. Interested readers are

referred to Section 4 in [2] and Lemma 5.1 in [I] for details.

3.3 Low-rank matrix recovery

We now turn to the affine rank minimization problem. As mentioned before, the results are
parallel to those for the sparse signal recovery. As in Section 3.2l we begin with the noiseless
case. The ideas and results can be extended to the noisy case later. Consider the matrix recovery
model ([Z)) with z = 0. The nuclear norm minimization method in this case is given by (@) with

B = {0}. The goal is to recover the matrix X whose rank is at most 7.

For the same reason as in the signal recovery problem, we shall only consider the case r > 2.
The following two theorems, which are parallel to Theorems B.1] and [3.2] are the main results in
this paper for the low-rank matrix recovery. Theorem [3.5] shows that the condition 5" < 1/3 is

sufficient for the exact recovery of r-rank matrices.

Theorem 3.5 Suppose 2 < r < min(m,n). Let X be a matriz of rank at most r and let
b= M(X). If 6™ < 1/3, then the solution X, of the nuclear norm minimization @) with
B = {0} recovers X exactly, i.e., X, = X.

The following theorem shows that the condition 5 < 1/3 is sharp. These results together

establish the optimal bound on 6™ for the exact recovery in the noiseless case.

Theorem 3.6 Let 2 < r < min(m,n)/2. there exists a linear map M with 5 = 1/3 such that

for some matrices X, Y € R™*™ with rank(X), rank(Y) < r, M(X) = M(Y). Consequently,



there does not exist any method that can exactly recover all matrices of rank at most r based on
(M, b) with b= M(X). In particular, the nuclear norm minimization ([{)) with B = {0} cannot

recover all r-rank matrices.

We should note that the result above is stronger than Theorem 1.2 in Wang and Li [20] as
it shows that there exists some linear map M with 5{}4 = 1/3 such that all methods, not just

nuclear norm minimization, fail to recover all rank r matrices in the noiseless case.

Remark 3.3 The reason for excluding the case r = 1 in the two theorems given above is the
same as that in the signal recovery problem: the RIP cannot provide any sufficient condition in
this case for the exact recovery through the nuclear norm minimization. An example is given as

follows. Let m,n > 2 and let the linear map M : R™*" — R™~2 be defined by

T
M(X) = (z11 — 222, T12 + 21, T13, "+, T1n, T23 "+ T2, L31, " » Lan)

for X = (;5) € R™*". Then for all matrices X such that rank(X) <1,

m n

M3 =D a3 — 2w — 212721) = | X ||

i=1 j=1
This implies the restricted isometry constant §* = 0. In addition, one can check that X =
diag(1,0,---,0), Y = diag(0, —1,0,--- ,0) are both of rank 1. In addition, b = M(X) = M(Y).
This means that the exact recovery is impossible based on (M, b) in the noiseless case. Hence
the RIP cannot provide a sufficient condition to ensure the exact recovery of all matrices with

rank at most 1.

We now turn to the noisy case. As in the signal recovery problem, we also consider bounded

noise in two settings

B2(m) = {z:|zl2 <n}, (15)

BP5() = {z: Mz <n}. (16)

We shall also consider general matrices that are not necessarily exactly low-rank. Decompose

X = Xnax(r) T X_max(r)- The nuclear norm minimization method is to recover X by solving

@) with B = B2 (n) or B = BP%(n).
We first consider the case where the error z is in a bounded /3 ball, ||z||2 < e.

10



Theorem 3.7 Consider the affine rank minimization problem [2)) with ||z||2 < e. Let X, be the
minimizer of @) with B = B (n) defined in ([IB) for some n > e. If M < 1/3 with r > 2, then

IX, — X]||p < 12(_17;;5)(5 n 4 Y20+ @) +2(1 - 308) | X_ n\l/a;(r)”*_ -

For matrix recovery under the model (2] with the error bound ||M*(z)| < &, we have the

following similar result for the matrix Dantzig Selector.

Theorem 3.8 Consider the affine rank minimization problem [2l) with |[M*(z)|| < e. Let X,
be the minimizer of @) with B = BPS(n) defined in (I8) for some n > e. If $M < 1/3 with

r > 2, then

V2r 2v/2(26 + /(1 = 36)3) + 2(1 — 38) [ X max(i) I«
gt 1-36 N

(18)

[ X = X|[F <
We omit the proof of Theorem B8, which is essentially the same as that of Theorem [B.71

Remark 3.4 Similarly as in the sparse signal recovery problem, the results for the low-rank
matrix recovery in Theorems [B.7] and B.8] can be extended to the Gaussian noise case. The

readers are referred to Lemma 1.1 in Candés and Plan [9] for details.

4 Oracle inequalities and RIP conditions on &5, and 63/

Oracle inequality provides great insight into the performance of a procedure as compared to that
of an ideal estimator. It was first introduced in Donoho and Johnstone [I4] in the context of
statistical signal processing using wavelet thresholding. This method has since been applied in
many other problems. In particular, various oracle inequalities have been given in the literature
for the constrained ¢;/nuclear norm minimization procedures. See, for example, Candes and
Tao [7], Cai, Wang and Xu [3], and Candés and Plan [9]. Theorem [Tl below provides oracle
inequalities for sparse signal and low-rank matrix recovery under the condition 5;3 < 1/3 and
(57{\/‘ < 1/3 given in this paper. The technique is analogous to the one used in Candés and Plan

[9], along with Lemma [4.1] given below, Theorem B.4] and Theorem 3.8

11



Theorem 4.1 Given the signal recovery model ([d), suppose z ~ Np(O,O'2I) and the signal
B € RP is k-sparse. Assume that B is the minimizer of @) with B = {z: |AT2]|0c < A =

40+/(2/3)logp}. If 6 < 1/3 with k > 2, then
18 =515 < 373592 TR logpzi:mm( 7,0%) (19)

with probability at least 1 — ﬁg

Similarly, for the matriz case @), suppose z ~ Ny(0,0%I) and rank(X) < r. Assume that
X, is the minimizer of @) with B = {z : [M*(2)|| < A = 160+/(1/3)log(12) max(m,n)}. If
SM < 1/3 with r > 2, then

212 Jog 12
X, — X||% < 30— 3002 Zmln X), max(m, n)o?) (20)

—cmax(m,n)

with probability at least 1 — e , where ¢ > 0 is an absolute constant, and o;(X), 1 =

1--+ ,min(m,n) are the singular values of X.

We should note that the main ideas for the proof here are essentially the same as those for
the proof of Theorem 2.6 in [9], where readers can find more details. Finally, it is noteworthy
from these oracle inequalities that in the case of 3 = 0 or X = 0, i.e., the input signal or
matrix is identically zero, the Dantzig Selector recovers the zero input exactly by zero with high

probability in the Gaussian noise case.

In addition to providing the sharp condition on 5,? and &M, the techniques developed in
this paper can also be applied to sharpen other RIP conditions such as 52Ak and 55\;‘ for the
exact/stable recovery of the sparse signals and low-rank matrices. Since d9p < 1 is known as a
necessary condition for the model identifiability (see Lemma 1.2 in [6]), much previous attention
has been on the bounds for 63, and 63 as the sufficient conditions for the recovery of the sparse
signals and low-rank matrices. Applying the same method as that used in the previous section

on M and 67, we have the following theorem for 63, and 83! .

Theorem 4.2 Suppose 1 < k < p. Let y = AB for a k-sparse vector 8 € RP. If (5&4,c <1/2, then
the minimizer 3 of @) with B = {0} recovers 8 exactly, i.e., B=5.

Similarly, suppose 1 < r < min(m,n) and let b = M(X) for some matriz X with r-rank. If
St < 1/2, then the minimizer X, of (@) with B = {0} recovers X evactly, i.e., X = X.

12



To the best of our knowledge, these are the best bounds on d4}, and &3/ available as a sufficient
condition for the exact recovery of the sparse signals and low-rank matrices, respectively. Note
that Davies and Gribonval [I0] proved that it is not possible to exactly recover all k-sparse
signals in the noiseless case when (55}C >2 /2. Hence, the upper bounds on 52Ak are necessarily
less than v/2/2. There is still a gap between the two bounds 1/2 and v/2/2 on &,. It is an

interesting future project to close this gap.

It is also noteworthy that Zhang (|21], Remark 1) proved for some concave penalty p, the

estimator

p
B= arg min (Hy — XBI3+ ) p(IBil; A))

i=1

recovers k-sparse signals exactly in the noiseless case with a suitable choice of A under the
condition dg; < 1/2 or 3 < 2/3. The constrained ¢; minimization estimator 3 defined in (33)
with B = {0} is straightforward to compute. In contrast, the concave penalized minimization

estimator requires a good choice of the tuning parameter A and is not as easy to implement.

It is also interesting to consider conditions on 5?}@ and §M for some integer s > 1. The
following result provides convenient bounds on 5;2 and 6M in terms of 5;3 and §M respectively.

It is also useful for the proof of Theorem .11
Lemma 4.1 For all matrizc A € R™P and k > 2, s > 2, we have 5;2 < (25 — 1)5;3. Similarly,

for all linear map M : R™*" — RY and r > 2, s > 2, we have 63! < (25 — 1)6M.

5 Proofs

In this section we shall first prove the main results. The proofs of some of the main theorems
rely on a few additional technical lemmas. These technical results are collected and proved in

Section

5.1 Proof of Theorem

The key to the proof of this theorem is parallelogram identity, since it provides equality rather

than inequality in the estimation in £ norm as we shall see later.

13



By (%), we only need to show for all R € N(M)\{0}, it satisfies || Rpax(r)llx < [[R= max(r)ll+-

Suppose there exists R € N (M) \ {0} such that ||Ryaxill« > [|R- max(r)lls- Assume R has
SVD decomposition R = Z:’il aiu?vi,al > a9 > -+ > Q. Since we can set a; = 0 if ¢ > m,n,

without loss of generality we can assume that m,n > r.

By Lemma B} we can find {s;;}1<i<r2r+1<j<m satisfying (@) and (I0).

1. When r is even, suppose

r/2 3r/2 2r
o7 T T T
Ry = g a;uv; , R = g a;uv; , Rop = E a;u;v; , Rog = E a;u;v;
i=r/2+1 1=r+1 1=3r/2+1
m 7“/2 m T
_ VS & — VS &
R3 = g ( g sijugv; ),  Rga = g ( g 8ijUjv; )
j=2r+1 i=1 J=2r+1 i=r/2+1

(21)
then M(R11 + Ri2 + Ro1 + Roo + R31 + Rs2) = M(R) = 0. By the parallelogram identity,

|M(=Ry1 + Ros + Rso)|*> 4 || M(—=Ri2 + Ray + R3y)|?

1
=5 [||M( Ri1 — Ris + Ro1 + Rag + Ra1 + Rso)||* + | M(—Ri1 + Ria — Ro1 + Rao — Rs1 + Rao)|)?]

1 1
HM(2R11 + 2R12)H2 + §HM(—2R11 — 2Ry — 2R31)”2 + 5”M(2R12 + 2R92 + 2R39) ||

=2||M(R11 + Ru2)|* + | M(R11 + Ray + Ra1)||* + | M(Ria + Raa + R3o)|?

(22)
We use Lemma [5.2] by setting
g:h:T/Q, bi:ai,Ci :_ai+r/27di:ai+ra V1 SZST/27
ej = ZS:’JHT, tij = Sijtor, 1<1<7/2,1<j<m-—2n
then we get
|M(Ri1 + Ra1 + Ran)||” = [|M(=Riz2 + Ra1 + Ra1)||?
r/2 3r/2 m 3r/2 m
SRS W SRT TS ST PR SRty
i=r+1 Jj=2r+1 i= r/2+1 i=r+1 Jj=2r+1
(23)

14



Similarly,

|M(Riz + Raz + Rsa)||” — | M(—Ru1 + Roz + Ra)|?

m r/2 m
>(1 — sM)( Z ai + Z Z sij)?) — (14 M)( Za + Z Z sij)?)
i=r/2+41 1—37"/2—1—1 j=2r+1 i= 3r/2+1 j=2r+1
(24)

Let the right hand side of (22]) minus the left hand side. Along with [23]), ([24]), we get

0 = RHS—-LHS

r 2r m
> 21— a}) — 26 Za —20M(> (it D si)?)
i=1 i=r+1 Jj=2r+1
> 2(1- 25M) i: a? — 26My 721':1 a;\”
sl r gt 7 r r
> 2(1-35M)) a?
i=1

The last two inequalities are due to ([I0) and Cauchy-Schwarz inequality. It contradicts
the fact that R # 0 and 5™ < 1/3.

. When r is odd, » > 3, note

(r+1)/2 r
T T T
Ri1 = aquqvy, Rip = E ajuiv; , Rz = E a;u;v;
i=2 i=(r+3)/2
(3r+1)/2 2
T T T
Ro1 = ary1tpy1v,49, Roo = E a;uv; , Rog = E a;U;v;
i=r+2 i=(3r13)/2
m m (r+1)/2 m 2r
T T T
R = g $1jUjV; Rs3p = E ( g sij)ujfuj , Rs3= E ( g sij)ujvj
j=2r+1 j=2r41 =2 j=2r+1 i=(r+3)/2

(25)
Note X1 = —Rq1 + Rao1 + R31, X2 = —Ri2 + Roo + Ro3, X3 = —Ri3 + Ra3 + R33, we can
easily show the following equality
AIM(X)|]P + 4 M(X2) ] + 4| M(X35)|?
=|M(X1 + Xo — X3)||? + [M(=X1 + Xo + X3)|? (26)

+ [M(X1 — Xo 4+ X3)|* 4+ [M(X1 + Xo + X3)|?

15



By the fact that M(R) = 0, (20) means

”M(—Rll + Roy + Rgl)H2 + ”M(—Rlz + Rog + R32)H2 + HM(—ng + Roz + R33)H2
=|M(R12 + Ri3 + Ro1 + R31)|? + || M(R11 + Ri3 + Raa + Ra3a)|?

+ HM(RH + Ris + Rog + R33)H2 + HM(RH + R + R13)H2
(27)

Similarly as the even case, by Lemma we have

HM(R12 + Ri3 + Ro1 + R31)||2 — HM(—RH + Roy + R31)||2

1—5M |:Za —|— ar_,_l—i— Z 81] :| 1+5M) al—l—(ar_,_l—i— Z 817] ]

Jj=2r+1 j=2r+1

[M(Ry1 + Rz + Rog + R32)||> — [ M(—Ri2 + Rag + R32)|?

(r+1)/2 m
(-5 [ > oy e 3 >} )

1=(r+3)/2 Jj=2r+1
(r+1)/2 (r+1)/2 m
1—|—5M |:Z (1 + Z a; + Z Sij)2]
Jj=2r+1

[M(R11 + Ria + Ros + Rs3)||> — [|M(—Ris + Raz + Ras) ||

(r+1)/2 m
>(1 -6 [Z Y e+ Y Siﬁz] (30)

i=(r+3)/2 Jj=2r+1

SRR L1 1D ST SRR S
i=(r+3)/2 i=(r+3)/2 Jj=2r+1
Let the right hand side of (27)) minus the left hand side, we can get

0 > (1-6M [32& +Zar+z+ Z sij) } (1+ M) {Za +Zar+z+ Z sij)’

Jj=2r+1 j=2r+1

B
=1

Jj=2r+1

> 2(1 —25M)§: 2 oM Cia
- r gt a; r T r
> 2(1-35M)) al

i=1
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The last two inequalities are due to (I0) and Cauchy Schwarz inequality. It contradicts
the fact that R # 0 and 5 < 1/3. O

5.2 Proof of Theorem 3.1]

The proof of Theorem [3T]is essentially the same as Theorem By (x), we only need to show
for all g € N(A) \ {0}7 it satisfies Hﬁmax(k)”l < Hﬁ— max(k)”l'

For the convenience of presentation, we call a vector with 1 or -1 in only one entry and zeros

elsewhere as the indicator vector.

Suppose there exists 3 € N(A) \ {0} such that ||Bmaxllt < 8= max(k)lli- Then 3 can be

written as
P
B = E a;u;
i=1

where {u;}!_; are indicator vectors with different support in R?; {a;}?_; is a non-negative and
decreasing sequence. Since we can set a; = 0 if ¢ > p, without loss of generality we can assume

that p > k.

By Lemma B.Il we can find {s;;}1<i<k 2k+1<j<p satisfying (@) and ({I0) with a modification

of notations.

1. When k is even, suppose

k/2 3k/2 2%
P = Zazuz, Pr2 = Z aivi, P = Y ai, Pa= Y ai
i=k/2+1 i=k+1 i=3k/2+1
/ / (31)
p k)2 p k
Bar= > O sijuy), Ba2= > (> sijuy)
j=2kt1 i=1 j=2k+1 i=k/2+1

then A(B11 + B12 + B21 + P22 + P31 + P32) = ABS = 0. By the parallelogram identity,
|A(=pB11 + P2z + 532)”2 + |[A(=pB12 + B21 + 531)”2
:% [IA(=B11 — Brz + Bor + Boz + Ba1 + B32)|I” + |A(—B11 + Biz — Ba1 + B2z — Ba1 + B2 |I]

| A(2811 + 2B12)|1* + %HA(—2511 — 2821 — 2B31)||> + %”A(2512 + 2622 + 2032)||

=2[|A(B11 + Br2)|I* + |A(B11 + Ba1 + Ba)||? + || A(Brz + Baa + B32)|I?
(32)

17



Similarly as the matrix case, we use Lemma [5.2] and get

|A(B11 + Ba1 + B31)|I> — || A(=Bi2 + Ba1 + Ba1) |2

k/2 3k/2 p 3k/2 p
>(1— 61 Za + Z a; + Z 5i7)%) — (1 +6)( Z a? + Z (a; + Z 5i1)%)
i=k+1 j=2k+1 i=k/2+1 i=k+1 j=2k+1
(33)
Similarly,
IA(B12 + Baz + B32)||* — |A(—=P11 + Boz + B2)|?
k 2% p k/2 P
1= > al+ D (ai+ Y sip)?) — 1+ Za + Z + Y si)?)
i=k/2+1 i=3k/2+1 j=2k+1 i= 3k/2+1 j=2k+1
(34)

Let the right hand side of ([B2]) minus the left hand side. Along with ([B3]), [B4]), we get

0 = RHS-LHS

k k 2k P
> 21— a)) =20 > af =251 > (ai+ Y si))
=1 =1 i=k+1 J=2k+1
k Zk a 2
> _ o5A 2 _ 9s5A i=1%
> 201 25k);a2 2<5kl<;< - >

k
> 2135 a
=1

The last two inequalities are due to ([I0) and Cauchy-Schwarz inequality. It contradicts
the fact that 8 # 0 and 07 < 1/3.

2. When k is odd, k > 3, note

(k+1)/2 k
Bu=aiu, Bu= Y au, Pz= Y  au
i=2 i=(k+3)/2
(3k+1)/2 2%
Bot = Gpaupar, Pa= Y i, Pu= Y (35)
i=h+2 i=(3k+3)/2
P p (k+1)/2 P 2k
b31 = Z 515U, B32 = Z ( Z Sij)uj7 P33 = Z ( Z Sij)uj
j=2k+1 J=2kt1 =2 J=2k+1 i=(k+3)/2

18



Note v1 = —B11 + Po1 + 831,72 = —B12 + Baz + [o3,73 = — P13 + B2z + B33, we can easily

show the following equality
4| Ay 1% + 4| A2 ||* + 4)| Ay
=[A(71 + 72 = w)IIP + [A(=71 + 72 +73) 12 (36)
1AM =72 +33) 1P+ 1AM + 72 +73) 12
By the fact that A = 0, ([86) means
IA(=Bu1 + Ba1 + Bar) 1> + | A(—Baz + Baz + B32)|I” + [|A(=Bi3 + Bz + Bss)||?
=||A(Br2 + Bis + Bo1r + Ba1)|I* + [|A(Br1 + B3 + Baz + Bs2) | (37)
+ | A(Brr + Brz + Bz + Bas) 1> + | A(Brr + Brz + Bus) I

Similarly as the even case, by Lemma [5.2] we have

|A(Br2 + Biz + B21 + Bs1)||2 — |A(=Br1 + Bo1 + B31) ||

p (38)
>(1 - [Za + (ag+1 + Z 515) ] (1462 {al (ag41 + Z Sld)z]

j=2k+1 j=2k+1

|A(B11 + Biz + B2z + B32)||? — | A(=Bra + Bz + B32) ||

(k+1)/2 P
>(1—67) {al—i— Z a? + Z (a; + Z Sij)2:| (39)

i=(k+3)/ j=2k+1
(k+1)/2 (k+1)/2 P

— 1+ al+ Y (ai+ Y si)
i=2 i=2 j=2k+1

IA(B11 + Brz + Bas + Bas)|I> — |A(—Bi3 + Bas + B3) |?

(k+1)/2 k P
>(15,§‘){ dooal+ D (it > Sij)z] (40)

i=1 i=(k+3)/2 j=2k+1

k p
(1—|—5;€4)|: Z CL + Z Z Sij)2]

i=(k+3)/2 i=(k+3)/ j=2k+1
Let the right hand side of (37)) minus the left hand Slde, we can get

k k k k
0 > (1—6) {32 Zak+2+ Z 5ij) ] 1+5k)[Za§+Z Qi + Z 5i;) ]
i=1 =1 i=1 i=1

j=2k+1 j=2k+1

k k
= |:125k Zaf—éfzamﬂr Z sij) }

j=2k+1
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k Zk o 2
> 21 —201)) a7 — 254k (%)
=1
k
> 2136 af
=1

The last two inequalities are due to ([I0) and Cauchy Schwarz inequality. It contradicts
the fact that 8 # 0 and 07 < 1/3. O

5.3 Proof of Theorem

It is well known that for matrices X, B with the same size, |(X, B)| < || X||r||B||F. The following

lemma provides a stronger result given further constraint on matrix rank.

Lemma 5.1 Let X € R™*"(m < n) be a matriz with singular values \y > Ao > -+- > X\p,, then

for all B € R™™ such that rank(B) < r, we have

(B, X)| < [IBlr

Proof of Lemma [5.1] Since the rank of B is at most r, we can suppose B, X have singular
value decomposition B = UXV, X = WAZ, where U, W € R™™ ¥ A € R™*" V, Z € R"*",
Then

(B,X) =tr(BTX) = tr(VISTUTWAZ) = tr(STUTWAZVT) = diag(®) - diag(UTWAZVT)

Since the rank of B is at most r, diag(X) is supported on the first r entries,

(B, X)| < ZE Y (UTWAZVT) < ||Bllp,| > > (UTWAZVT) = |Bllp|KAZVT ||

i=1 i=1 j=1

where we note K € R™" as the first » rows of UTW. In addition,
IKAZVT % =tr(VZIATKTKAZVT) = tr(AZVIVZTATKTK) = tr(A° KT K)

By K is the first r row of an n xn orthogonal matrix, we have tr(KTK) = tr(KK?') = tr(I,) = r

and all diagonal elements of K7 K are in [0, 1], then

r(A’KTK) = ZV KTK); < ZV
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In summary,

(B, X)| < | Bl KAZV||r < [|BlF O

It is noteworthy that the signal version of this lemma simply holds by Cauchy-Schwarz

inequality.

Now we construct an example for Theorem [B.6] then check the feasibility by the lemma

above. Note
2r
r—/ﬁ
1

ol

Suppose H = (R™*" || X||r) is the Hilbert with inner product (-,-). Since || X;]|p = 1, we can

= diag(— -,0) e R

extend X into a basis {X1, -, X;nn}. Define M : R™*" — R™" ag

\f Z a; X; (41)

for all X =3 " a; X

Then by Lemma [5.1], for all matrix X with rank at most r, we have

501 < \fr- X = | 1K

[M(X Za = HXHF_al) (HXIIF—|<X X))

Thus,
2 4
gHXII% < M3 < gIIXH?:, F(X) <1/3

Notice that

HM(dlag(l) 71707"' 70))”§ = g?" = g”(dlag(l, 71707"' 70))H%'
; o 8 4 2
||M(d1ag(17 _1707' o 70))H2 = g = nglag(l, _1707' o 70)||F

we can conclude that 57/,"‘ = 1/3. Finally, suppose

r T r

— ——
X:dla‘g(171 71707"' 70)7 Y:dlag(oa 707_17_1”' 7_1707"' 70)

Then X, Y are both matrices of rank r such that X —Y € N (M), M(X) = M(Y). Therefore,

it is impossible to recover both X and Y only given (b, M), which finishes the proof. [
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5.4 Proof of Theorems

Again, the proof to this theorem is essentially the same as Theorem Note

2k
——
1 1

., —.0,--
V2k V2k

Suppose H = (RP, || - ||2) is the Hilbert with inner product (-,-). Since ||31]]2 = 1, we can extend
p1 into a basis {1, ,5,}. Define A: RP — RP as

4 p
AB = \/; > aip; (42)
=2

B = ( -,0) € R?

for all B =" a;;.

Then by Cauchy-Schwarz inequality, for all k-sparse vector -, we have

1
0801 < 181 - Lo llalla < /2l

4 & 4 4
I4v3 = 53" a? = 203 - aD) = 21 — 6 80P)
=2
Thus,
2 2 2 4 2 A
sz <Az < iz, & <1/3
Notice that i .
HA(L 1,0, 70)”% = gk = §H(17 , 1,0, 70)“%

8
”A(17 -1,0,--- 70)“% - g - _H(17 -1,0,--- 70)”%
we can conclude that 5,‘3 = 1/3. Finally, suppose
k k k

— ——
’Y:(lul 71707'” 70)7 77:(07 707_17_1”' 7_1707"' 70)

Then ~, n are both matrices of rank k such that v —n € N(A), Ay = An. Therefore, it is

impossible to recover both v and 7 only given (y, A), which finishes the proof. [

5.5 Proof of Theorems and [3.7]

For the proof of Theorem B.3land Theorem [3.7] we only show the the latter one about the matrix

case, as the proof to the signal case is similar and simpler. Suppose R = X, — X, h = B - p.
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We will use a widely used fact. The readers may see [I], [7], [§], [13] (signal case) or [20] (matrix

case) for details:

Hh—max(k)Hl < ||hmax(k)||* + 2||ﬁ— max(k)”l
”R— max(r)H* < HRmax(r)” + 2HX— max(r)H*

For the remaining part of proof, we only prove the matrix case. Suppose R has singular value
decomposition R = Z:’il aiuiv;fp. Then we have
T m
Z a; + 2||X—ma:c(r) H* 2 Z a; (43)
i=1 i=r+1
Apply Division Lemma Bl by setting a} = a; + 2| X _ a0 l+/7,i = 1,--- 7 and @ = a;,5 >

r+ 1, we can find {s;; }1<i<r2r+1<j<m satisfying

Y sii=a;, Yr4+1<j<m, (44)
i=1

1 d 2 X—max ) |l* -

- aw+u2a,«+i+ Z sy, V1<i<r (45)

r r

w=1 Jj=2r+1
We also know
[IM(R)]| < [M(X) = bl + [Ib = M(X )| < e+ (46)

Similarly as Theorem 3.5l we finish the remaining part of proof for even or odd r separately.

1. When r is even, we define Ryy, -, Rse as (2I)), similarly as (22)) and by parallelogram

equality, we get

|M(=Ri1 + Raz + Ra2)||* + | M(—Ri2 + Ra1 + Ra1)|?

Z% [IM(=Ri1 — Riz + Roi + Ras + Rs1 + Rao)||?
+ [M(=Ri1 + Riz — Ra1 + Ros — Rs1 + Ra2)|?]

=S IM(2R1 +2R0) ~ M(R)I? + 1 M(~2R — 2R —2R)? (47)
2 IMERY + 2 + 2R - HiMER)?

=2 M(Ri1 + Ruo)||” + M(Ru1 + Ra1 + Ra1)|?
+[|M(Riz + Raz + Rao)||” = 2(M(R), M(Ri1 + Ri2))
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Let the right hand side of ([@T) minus the left hand side. Along with 23]), ([24]), one get

0=RHS—-LHS

r T 2r m
21— 6M)> af =260 af = 26M( D (ai+ Y sij)?) = 2AM(R), M(R1 + Rua))

i=1 i=1 i=r+1 j=2r+1

oM M., 22:1 ;g 2”X—mar(7‘)H* 2 M - 2

2(1 — 267 Za — 267 L+ . )2 —2(e+n),|(1+6) )Zai

M a 2 M a 2 2HX—max 7")” M - 2

> 2(1 — 26, )Zai—% Zaz+ r P 2 —2(e+ ), | (1 + 0 )Zai
i=1 i=1

(48)

By (@S8) we can get an inequality of /> "_, a?:

i=1"

2X7max7“ *
” 5|| \/F()” +e+2-n T35
E a2<
— v 1-36

ol 0 T (1= 80152 X S (49)

1-36
\/1+(5(&7+?7 +2(20 + /(1 = 36)0) | X _naw(r) s/ v/

1-30
Finally, by Lemma [5.3]

S a2 < - a2 2”X—ma:c(r)”
2 sy et T
Then
IR = gafg §a3+ iaﬂllx_yx(r \JE+ _jjxw”

+

2(1+5)(6+) 2v/2(28 + /(1 = 36)0) + 2(1 — 38) [ X _maz(r)ll+
=713 g 1-36 Jr

(50)
2. When 7 is odd, we use the definitions in (25]). Similar equality as (47]) holds as follows,
|M(=Ri1 + Ray + Ry)||” + M(—=Riz + Raz + Raa)||” + [ M(—Riz + Ros + Ras)|
=[|M(R12 + Ris + Ro1 + Ra1)||* + ||M(Ru1 + Ris + Roz + Rao)|)?
+ [ M(Ri1 + Riz + Rosz + Ra)||” + [M(R11 + Riz + Rus)|?
— 2(M(Ry1 + Rz + Ri3, M(R))
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By the method in the even case, we can still get the inequality ([@8]). Hence we have the

same estimation. 0O

5.6 Proof of Theorem

By (), we only need to show for all R € N (M)\{0}, it satisfies || Riax(r)ll« < [|R_maz(r)ll+-

Suppose there exists R € N (M)\{0} such that ||Ryaxll« > [[R- max(r)ll+- Suppose R has

singular value decomposition: >, a;u;v]. Note:

r 2r 3r m
T T T T
Ry = E a;u;v; , Ro= E a;u;v; , Rs= E a;u;v; , R.= E a;u;v; (51)
i=1 i=r+1 i=2r+1 i=3r+1
3 T m m oy oy .
Notice that ), a; > > 7% 1a; > > 1", o a;. In addition, two equalities cannot hold simul-

taneously since R # 0. Thus,

T m
Zai > Z a;.
=1

1=2r+1
Apply Lemma BTl to {a1, -+ ,ar, a2r41, -+ ;am}, we can find {s;;}1<i<r3r+1<j<m such that
T T
. _1a .
Zs,-j:aj, V3r+1<j<m; @zagrﬂ-—i- Z si5, VI<i<r
i—1 " j=3r+1

By > i ja; > > "o, 1 ai, there exists 1 <4 < r such that @ > agryi + ZT:?,TH sij. We
also have the equality in [y space as follows,
6 M(Ry + Ro)|* + 3| M(Ry + Ry + Re)||” = 2| M(=Rz + R + R) > + | M(3R1 + 2Rz + Rs + R) |
= 2| M(=Ry + R3 + R.)||> + |[M(—Ry + Rs + R.)||”
(52)

Let the left hand side of (52)) minus the right hand side, by Lemma [5.2] we get

0 = 6M(R1+ Ro)|*+2(|M(R1 + Ry + Re)||* — |[M(—Rs + R3 + R.)||?)

+ (|M(B1 + Rs + Re)||” — [|M(=R1 + Rs + Re)||)

2r
50> a+ (1 -5 22@ +3Za2r+z+ Z sij) +Z“
i=1

Jj=3r+1

v

1‘1‘5 Z a; +3Z a2r44 + Z 37,] +Za

i=r+1 Jj=3r+1
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= (8 — 1081 Za + (4 — 8631 Za2—6527,2a2r+,+ Z sij)2

r+1 J=3r+1

Za _Za2r+z+ Z 32]

J=3r+1
z 1‘%2
> 3 Za =122 ) >0

which is a contradiction. O

v

5.7 Proof of Lemma 4.1]

We only show the matrix case. For all X € R™*™ such that rank(X) < 2r, suppose X has
singular value decomposition X = ZZ 1%% , I < sr. Without loss of generality we can

assume [ = sr as we can set a; = 0 if | < i < sr. Note
w; = M(a;u;v; )GR" 1<i<sr

We can verify the following identity

Y llwi = w3

1<i<j<sr
= s—1
= A+ G- Y B +20-220) > (wiwy)
i=1 1<i<y<sr
2
s 2
= S lwi +wiy o+ w3

(srr) 1<ii << <sr

which implies

M = 11> will3
=1
s2(1 + oM s —1)(1 — oM
< % Z (a§1+...+ai)—( 33"(—1 ) Z (a7 + a)
T 1<iy < <ip<sr 1<i<j<sr
= (s(L+) = (s =1 =MD af
=1
= (1+(2s =D& X7
MO = 1) will3
=1
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2 M M
s2(1 =6 (s —1)(1 4621
> T)T Z (a§1+...+a§)— p— r Z (a?—ka?)
T 1<iy < <0 <sr 1<i<j<sr

rs

= (1= = (s =D+ af

i=1
= (1- (25 - DFIXIIE

Hence, 6 < (2s — 1)6M. O
5.8 Proof of Theorem [4.1]

By a small extension on Lemma 5.1 in [I], we know [|ATz|| < oy/(1 + ) logp < A/2 with
probability at least 1/y/mlogp. While for the matrix case, by Lemma 1.1 in [9], we know

|IM*| < 40\/max(m,n)(1 + 08 log 12 < \/2 with probability at least 1 — ec™aX("™) Then in
order to finish the proof, we only need to show ([J) or (20) given the assumption | ATzl < A/2
or |[M*(2)|| < A/2. For the following part, we only give the proof for the signal case, since the
matrix case is similar and the original proof by Candes and Plan in [9] is already for the matrix

case. Define
2

3
K(&,8) =lglo + 48 = Ag3, v == = 20" logp

Let 3 = argming K (&, 3), then we can deduce [|B]lo < [|Bllo < k by K(3,8) < K(8,8). By
Lemma [4.1],

= 2 1 = 2 1 = 2

By Lemma [5.4], we have
IAT (y = AB)lloo < [AT(y = AB) oo + [ATA(B = B)lloc < A

which implies we can apply Theorem [3.4] by plugging 3 by f:

18 -8l < ¥~ 553
Hence,
; 53 5 16][8]l0A? 2 5
—BIF < 2I8-B8|2+2|8 8|3 < AB — AB||3
18818 < 218~ BIB+ 213 ~ BB < (g + 7 gpal48 — ASIB

256 .
< WK(B,B)
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Suppose 8/ = >0, Bily|g;|>uy€i» Where e; is the vector with 1 in the ith entry and 0 elsewhere,
_ Y — 32
B= /T30 = \/ Totgamy LThen

p
K(B,8) < K(B,8)<vY s + 148 — AB'3

i=1
P P -
< D Wi + (L0 D Lgay<n il < Y min (v, (1+60)16:%)
i=1 =1 =1
p
< 210gp2min(0'27|5i|2)

i=1
The last inequality is due to 2logp > (1 + 5,;4). In summary, we get (I9) given the assumption
|AT 2||so < A/2, which finishes the proof. [

5.9 Technical Lemmas

As seen in the proofs of Theorems Bl and B.5 it is necessary to estimate the left hand side of
@3), @24), 28), 29) and (BQ). Notice that these terms are of the similar type — they are all
the differences of the squared Frobenius norm of two matrices which only differ on a few leading
terms in their SVD decompositions, we have the following lemma for the general estimation of
this type of differences. Before we present the lemma, recall that we have defined the concept

of indictor vector in Theorem B.11

Lemma 5.2 For the vector case, suppose g,h > 0,9+ h <k, {d;}{_;, {ej}é‘:lv {tij h<i<gi<j<i

are non-negative real numbers satisfying

min d; > max e;, (54)
1<i<g 1<i<l
g
> tij=ej, VI<j<lI (55)
i=1
{bi}h_ e}, are real numbers. {uiy, -+, uip;usg, - L U3g; Uat, -+ U} 05 a set of indicator
vectors with different support in RP; {ua1, - ,uop;us1, -+ ,Usg;Uar, - ,uq} is also a set of

indicator vectors with different support. Define

h g !
Bi = biuy+ Y diusi+ Y ejug; € R
i=1 i=1 =1

28



h g l
P2 = Z ciug; + Z diug; + Z ejug; € RP

Then we have
h

1ABIE (48213 = (1-6;) Zb2+Z (di +th —(+6) el Z (s +Zt”
i=1 1=

For the matriz case, suppose g,h > 0,9+ h <r, {d;}_;, {ej}é»:l, {tij hi<i<gn<j<i are non-

negative real numbers satisfying

min d; > max e;, (57)
1<i<g 1<i<i
g
Ztij:ej, Vi<j<l (58)
i=1
{bi}h | Aeidr | are real numbers. {usy,--- L U3g; Ut~ -+ U} 15 a set of orthogonal unit vectors
in R™, {uy1, -+ ,uip} and {ug1, -+ ,usp} are two sets of orthogonal unit vectors lying in the
perpendicular space of span{usi,--- ,uzg;uar, -+ ,uar}; {v31,- -, V395041, ,V4} 05 a set of
orthogonal unit vectors in R™, {vy1,--- ,v1p} and {ve1,- -+ ,vop} are two sets of orthogonal unit
vectors lying in the perpendicular space of span{vsi,--- ,v3g;va1,--- ,vq}. Define

h g !
T T T mxn
X = E biulﬂ)u + E diu;),ivgi + E €jUq5Vy; eR
i=1 i=1 j=1

h g !
T T T mxn
Xy = E CiU2;Vy; + E diu;),ivgi + E €5U4jVy; eR
i=1 i=1 j=1

Then we have
h

IMXDIEIM(X2) > (16 Zb2+zd+ztu —(+0Q_ e ZCHZ%

1=1
(59)

Proof of Lemma [5.2l We prove the Lemma by induction on [.

When [ = 0, (53) is clear to hold by the definition of 6 and the fact that g+h < r. Suppose
(B9) holds for I — 1, (I > 1), we note

Y, = —U3i?)§;~ + U4lv:ﬁ, 1<i<yg (60)
g

Po=X.—-) tgV;, z=12 (61)
=1
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g
Qiz=X. = > twYu+ta+d)Y: z2=12 1<i<g (62)
w=1

We can show the following equality in lo-space:

pM(X Zt,lY ||2+Zuz||M thlY + (ta + di)Yi)|[3

w=1

g
= MXC)I3 + MHM(Z taY)|I3 + Z Vil M(= D tur Yy + (ta + di)Y2) I3

1=1 =1 w=1

_ _ b _ g t;
where z = 1,2, v; = Tt k=10 74 By BT), B8) we have

g

til

Thus, v;, i are all non-negative numbers satisfying o+ >-7_; v; = 1. Consider the difference of

these two equalities (63]) (z = 1,2), we get

g
IMXD)[5 = IMX)I5 = p [IMPOIE = [MP)IF]+Dvi [IM@Qa)5 = IM(Qi2)[I35] (64)
=1

By computing directly we can get

T T T

P = E biuyvi, + E (di + ti)usivz; + E €jU45Vy;
i—1 i—1 j=1
h g -1

T T T

— E Cinivy; + E (di + ti)us;va; + E €jU45Vy;
=1 =1 j=1

h [ g _
Qit =Y butnwtly + | D (duw +tuw)uswvd, + (di + ta)ugvy, | + > ejugvg;
w=1 | w=1w#i ] j=
, 5
2= Y CotogVi, + | Y (du + tu)uswvg, + (di + ta)uol |+ ejuajof;
_w:l,w;ﬁz ] j

which corresponds with the assumption of [ — 1. Now by induction assumption of [ — 1, for all

1 <w < g we have

h h g l
IM(P)|3 = IMP2)]3 > (1= (b7 Zd +th — A+ E+d (di+ > tiy)?)
i=1 i=1 i=1 j=1
h h g !
IM(Qu)13 = [M(Qu2)lI3 > (1 = 62> b7 Zd+2tm — 1+ S E+ D (di+ D tiy)?)
=1 =1 1=1 =1 7=1
(65)

Together (65) with (64]), we can get (B9) for the case . O

30



Lemma 5.3 Suppose m >r, a1 > az > --- > ap >0, Y0 a; > 0" a;, then for all a > 1,

i aj < iaf‘. (66)
j=r+1 i=1

More generally, suppose a1 > az > -+ > am >0, A >0 and Y ;_ja; + X > Z?;TH a;, then for

all a > 1,

N ST P
r < —1=1 1 _
E a]_r< . +r (67)

Proof of Lemma [5.3l It is sufficient to show the general part only. Since we can set a; = 0

when j > m, we assume m > 2r without loss of generality. By Lemma B, we can find

{sij}1<i<r2r+1<j<m satisfying (@), ([@H). Hence,

m m
-1
ORI ZSu > Z it D, i sy
j=r+1 Jj=2r+1 Jj=r+1 Jj=2r+1
«
< 5 ar-l—z Ar4i + 5 Sij < 5 Qi+ E Sij
j=2r+1 j=2r+1
«
T @ r @
1 a; A L ad A
< 74<Zz—1 1_,__) Sr(“ Zz—l 7 +_> O
r T T r

Lemma 5.4 Suppose 3 = argming K (&, 3), then it satisfies ||AT A(B — B)| < A/2.

This is the vector version of Lemma 3.5 in [9], for which we omit the proof here.
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