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ABSTRACT

ON CONNECTIONS BETWEEN MACHINE LEARNING AND INFORMATION
ELICITATION, CHOICE MODELING, AND THEORETICAL COMPUTER SCIENCE

Arpit Agarwal
Shivani Agarwal

Machine learning, which has its origins at the intersection of computer science and statistics,
is now a rapidly growing area of research that is being integrated into almost every discipline
in science and business such as economics, marketing and information retrieval. As a
consequence of this integration, it is necessary to understand how machine learning interacts
with these disciplines and to understand fundamental questions that arise at the resulting
interfaces. The goal of my thesis research is to study these interdisciplinary questions at the
interface of machine learning and other disciplines including mechanism design/information

elicitation, preference/choice modeling, and theoretical computer science.
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Chapter 1

Introduction

Machine learning (ML), which has its origins at the intersection of computer science and
statistics, has recently seen remarkable success in a wide range of applications including
image recognition, information retrieval, recommendation systems, medical diagnosis, and
many more. The empirical success in these wide ranging applications has naturally led to

the integration of ML in many other disciplines of science and business.

On one hand, traditional approaches in these disciplines are being augmented with machine
learning methods so as to improve these approaches along several dimensions. For example,
traditional approaches in econometrics like A/B testing are being augmented/replaced
with more sample efficient algorithms from online/active learning (Athey and Imbens,
2019), mechanism design algorithms are using machine learning techniques in order to relax
assumptions about the underlying data distribution (Agarwal et al., 2017b), and traditional
combinatorial algorithms are using ML predictions so as to improve their performance
(Purohit et al., 2018). On the other hand, ideas/concepts from other disciplines are also
making their way into machine learning and are proving to be of importance to the science
of machine learning. For example, ideas from probability forecasting and computational
economics literature are helping to better understand the design of loss functions in ML
(Agarwal and Agarwal, 2015; Liu and Guo, 2020; Liu and Helmbold, 2020), probabilistic
models for human decision-making studied in econometrics are making their way into machine
learning and finding application in various web applications (Ie et al., 2019), ideas about
resource-constrained computing from theoretical computer science are making their way to
machine learning in order to enable efficient parallel /distributed learning (Koneveny et al.,

2016; Agarwal et al., 2017a).

While remarkable progress has been made in the science of machine learning, its integration



with many disciplines in science and business is still relatively new. Hence, there are still a
lot of gaps in our end-to-end understanding of its interaction with these other disciplines.
Therefore, it is important to study the fundamental questions resulting from such interactions

in order to fill these gaps in our understanding.

The goal of this thesis is to study interdisciplinary questions that arise at the interface of
machine learning and other disciplines including mechanism design/information elicitation,
preference/choice modeling, and theoretical computer science. A common theme in this thesis
is the use of mathematical formalism and theoretical analysis in order to first understand the
powers and limitations of current approaches for these problems, and then guide the design
of improved and principled solutions. Through this interdisciplinary study, this thesis has
contributed towards the creation of two-way knowledge bridges between machine learning and
other fields including information elicitation/mechanism design, choice/preference elicitation,
theoretical computer science, leading to the design of principled solutions for common
problems. I will describe below the three broad interfaces that I have explored in my research
and describe the contributions in each of these in more detail. The following will also serve

as a roadmap for the rest of the thesis.

1.1 Interface Between Machine Learning and Information Elic-
itation
Information elicitation, which is studied in economics and statistics, is the design of mech-
anisms that incentivize strategic humans to truthfully exchange their beliefs, for example
prediction market mechanisms for eliciting beliefs about (uncertain) future events. My
research at the interface of information elicitation and machine learning has led to new
understanding about how viewing supervised learning algorithms as information elicitation
mechanisms can help in the design of new loss functions for learning (Agarwal and Agarwal,
2015); and how machine learning can help in designing better mechanisms for information

elicitation in the absence of ground truth (Agarwal et al., 2017a).



Chapter 2— Calibrated surrogate losses and proper scoring rules. Minimization of
calibrated surrogate loss functions, such as logistic and hinge loss, is a widely used framework
in consistent supervised learning (Bartlett et al., 2006; Tewari and Bartlett, 2007); scoring
agents using proper scoring rules, such as log and Huber scoring rules, is a widely used
framework in truthful information elicitation (Savage, 1971; Gneiting and Raftery, 2007). It
is well-known that there exists a correspondence between calibrated surrogate losses and
proper scoring rules: certain surrogate losses such as the logisitc or cross-entropy loss, can be
viewed as proper scoring rules for eliciting the complete conditional label distribution given an
instance (Buja et al., 2005; Reid and Williamson, 2010). However, this correspondence was
previously understood to hold for a fairly limited class of surrogates, as not all surrogates

can be viewed as eliciting the complete underlying label distribution.

In this thesis we show a much stronger correspondence between calibrated surrogates and
proper scoring rules: a large class of calibrated surrogate losses in supervised learning can
essentially be viewed as proper scoring rules for eliciting or estimating certain properties
of the underlying conditional label distribution that are sufficient to construct an optimal
classifier; and conversely, a large class of proper scoring rules can be viewed as calibrated
surrogates for supervised learning problems. For example, we show that several surrogate
loss functions for the problem of subset ranking, such as the least-squares surrogates of
Ramaswamy et al. (2013), can essentially be viewed as eliciting linear properties of the
underlying label distribution. This connection also gives a way to design efficient calibrated

surrogates for supervised learning using the theory of proper scoring rules.

The materials in this chapter are based on a joint paper with Shivani Agarwal (Agarwal and

Agarwal, 2015) in COLT’15.

Chapter 3— Information elicitation in the absence of ground truth. Typically,
a scoring rule is designed to take as input a report from an agent and a ground truth

sample. However, in many applications of information elicitation, such as the ones involving



crowdsourcing for machine learning, there is no ground truth sample available. Peer prediction
is the general framework for designing fruthful mechanisms in this setting that score an agent
by using reports of randomly chosen peer agents as the proxy for a ground truth sample.
The problems in designing practical peer prediction mechanisms, however, have been the
presence of uninformative equilibria where the agents can just ‘agree to agree’ and maximize
their scores (Jurca and Faltings, 2005); and the fact that these mechanisms are only truthful

when all agents have homogeneous beliefs (Radanovic and Faltings, 2015b).

In this thesis we design the first peer prediction mechanism that has truthfulness guarantees
for heterogeneous agents and also avoids the problem of uninformative equilibria. We use
machine learning techniques to cluster the users based on similarity of reports and extend our
mechanism from Shnayder et al. (2016a) to work with these clusters of ‘almost’ homogeneous
users. This forms a closed loop between machine learning and information elicitation, where
information elicitation mechanisms can be used to collect truthful data for machine learning;
and machine learning can be used to learn the best mechanism out of all possible mechanisms

for information elicitation.

The materials discussed here are based on a joint paper with Debmalya Mandal, David

Parkes, and Nisarg Shah (Agarwal et al., 2017b) in EC’17.

1.2 Interface between Machine Learning and Choice Modeling

Discrete choice modeling, which is studied in a variety of fields including economics and
transportation, is concerned with the design of models of how humans make choices given
a set of alternatives. The emergence of online services in domains including entertainment
and shopping, that use machine learning to recommend alternatives to users, has presented
unique challenges at the interface of discrete choice modeling and machine learning. This
thesis addresses some of these challenges by developing fast and statistically efficient algo-

rithms for estimating the parameters of the multinomial logit (MNL) choice model (Agarwal



et al., 2018), and developing a multi-armed bandit framework for identifying (recommending)

‘best’ (‘good’) items with respect to a (unknown) discrete choice model (Agarwal et al., 2019b).

Chapter 4— Learning multinomial logit (MNL) model from choices. We study the
problem of learning the parameters of the multinomial logit (MNL) choice model, which is
one of the most widely studied models in discrete choice, using (offline) data about choices
made by a user when presented with different alternatives. We develop a spectral algorithm
for learning this model, which is orders of magnitude faster in computation time than existing
algorithms (Negahban et al., 2017; Maystre and Grossglauser, 2015), can be implemented
in a distributed setting, and is also statistically more efficient than previous algorithms

(Negahban et al., 2017).

The materials in this chapter are based on a joint paper with Shivani Agarwal and Prathamesh

Patil (Agarwal et al., 2018) in ICML’18.

Chapter 5— Multi-armed bandits and discrete choice models. How can humans
discover good items which they have never interacted with in the past? In other words, how
can we balance the ‘exploitation’ of items which we already know that the user has a ‘decent’
preference for, with ‘exploration’ of more items in order to learn more about user preference?
The framework of multi-armed bandits seeks to balance this ‘exploitation’ and ‘exploration’
trade-off by minimizing an appropriate notion of regret over a sequence of interactions. In
this thesis we develop a new framework, which we term as choice bandits, where a learner
offers a choice set of items to a user in each round of interaction and the user chooses an item
from this set according to an underlying (unknown) choice model. The regret is defined in
terms of the overall quality of the choice sets with respect to a ‘best’ item in the choice model.
We develop an efficient algorithm for this problem which has a sublinear regret for a wide
variety of choice models including random utility models. Our study also opens up several

questions at the interface of multi-armed bandits and discrete choice models, for example,



designing low-regret algorithms for a broader class of choice models such as mixture of MNLs.

The materials in this chapter are based on a joint paper with Shivani Agarwal and Nicholas
Johnson (Agarwal et al., 2020). A short version of this paper appeared in NeurIPS’20 and a

longer version is in preparation for submission to a journal.

1.3 Interface Between Machine Learning and Theoretical Com-

puter Science

In recent years there have been many avenues for exchange of ideas between machine learning
and theoretical computer science. One such avenue is the design of parallel algorithms,
which has been an important research direction in theoretical computer science, but is now
becoming increasingly popular in machine learning. This popularity is driven by the fact
many active/adaptive machine learning algorithms, such as those used in ad placement, are
highly adaptive (sequential) in their ability to process data even though they can collect
data in parallel from different users. I have contributed to the design of algorithms that have
low adaptivity for important problems in both machine learning and theoretical computer
science including best arm identification in multi-armed bandits (Agarwal et al., 2017b) and

stochastic submodular covering (Agarwal et al., 2019a).

Chapter 6— Multi-armed bandits with limited adaptivity. Best arm identification is
a widely studied problem in multi-armed bandits where the goal is to find an arm with the
highest expected reward among a finite set of stochastic arms by repeatedly pulling (sampling
reward from) these arms. Most algorithms for this problem are highly adaptive, i.e. the
algorithm only pulls an arm after observing the results of all the previous pulls. In this thesis
we study algorithms that solve this problem in a limited number of adaptive rounds, where in
each round the algorithm pulls arms in parallel. We design an algorithm that improves more

than exponentially over previous algorithms in terms of rounds of adaptivity, while requiring



the same number of pulls as the previous best algorithm (Even-Dar et al., 2006).

The materials in this chapter are based on a joint paper with Shivani Agarwal, Sepehr Assadi,

and Sanjeev Khanna (Agarwal et al., 2017a) in COLT’17.

Chapter 7— Stochastic submodular cover with limited adaptivity. Submodular
optimization is well-studied in combinatorial optimization and theoretical computer science,
but has also gained a lot of attention in machine learning recently, due to its applications in
diverse data collection, data summarization, viral marketing etc. An important problem in
this area is that of stochastic submodular covering where there is a submodular set function
that takes different values depending upon a stochastic environment, and the goal is to
adaptively probe the function value on different sets until a desired function value is reached
(Golovin and Krause, 2010). In this thesis we study algorithms that probe sets in parallel
and only use a few adaptive rounds. We show tight bounds on the number of probes required

to solve the problem given a fixed number of rounds of adaptivity.

The materials in this chapter are based on a joint paper with Sepehr Assadi and Sanjeev

Khanna (Agarwal et al., 2019a) in SODA’19.

1.4 Some Comments on Additional Connections

In this section we will outline broader themes underlying some of the problems studied in

this thesis and discuss connections with existing literature.

e Heterogeneity: The two interfaces discussed in Section 1.1 and Section 1.2 are
concerned with eliciting/aggregating/learning the beliefs/preferences of humans. It is
well-understood that humans are heterogeneous in their beliefs/preferences, and hence,
taking into account this heterogeneity is an important direction of research at these
interfaces. There is already substantial literature on heterogeneity at the interface
between machine learning and information elicitation, for example Chapter 3 in this

thesis studies mechanisms for elicitation of heterogeneous beliefs in the absence of



ground truth using machine learning techniques; Simpson et al. (2013) study the role of
heterogeneity in aggregating human labels for machine learning tasks; and Zhang et al.
(2015) study the role of multi-armed bandit algorithms for allocating crowdsourcing
tasks to humans that have a varying level of accuracy on different tasks. The interface
of machine learning and choice modeling also contains a fast growing literature on the
study of choice models that take into account heterogeneity, for example Awasthi et al.
(2014) study the learnability of a mixtures of two Mallows model; Zhao and Xia (2019);
Liu et al. (2019); Chierichetti et al. (2018); Oh and Shah (2014) study the learnability
of a mixture of multinomial logit (MMNL) models. In the future we expect to see more

work on incorporating heterogeneity for many problems at these interfaces.

e Parallelism/Adaptivity: As discussed in Section 1.3, the design of parallel/less
adaptive algorithms is an active direction of research in machine learning and spans
across many areas. Apart from the two areas discussed in Section 1.3, there are several
other areas such as regret minimization in multi-armed bandits, ranking from pairwise
comparisons, clustering etc., where adaptivity has been studied. Perchet et al. (2015Db)
study the tradeoff between adaptivity and regret in the regret minimization setting for
two-armed bandits where the goal is to minimize the regret of an algorithm that pulls
arms in batches (parallely). Gao et al. (2019) further extend the results of Perchet
et al. (2015b) to multiple arms. Ruan et al. (2021); Esfandiari et al. (2021) study
the tradeoff between regret and adaptivity for linear contextual bandits. Braverman
et al. (2019); Cohen-Addad et al. (2020) study the tradeoff between adaptivity and
sample complexity for the problem of ranking from pairwise comparisons under a noisy
comparison model. Cohen-Addad et al. (2021) study the design of parallel algorithms
for the problem of correlation clustering. In the future we expect to have more literature
on the tradeoffs that arise due to paralleism/adaptivity for many other problems in

machine learning.

Starting from the next chapter, we delve into details and present our results for each of



these problems along with formal proofs of correctness. Each chapter is designed to be

self-contained and can be read independently of the other chapters.



Chapter 2

Calibrated Surrogate Losses and Proper Scoring Rules

In this chapter we will start our discussion at the interface between machine learning and
information elicitation. We will show a close relation between surrogate risk minimization
which is a popular framework for supervised learning, and property elicitation which is a

widely studied area in probability forecasting, statistics and economics.

2.1 Introduction

2.1.1 Background and Motivation

Surrogate risk minimization is one of the most popular algorithmic frameworks for supervised
learning problems such as 0-1 (binary) classification, subset ranking, multilabel classification
and others; and has been well-studied in the machine learning and learning theory community
in recent years (Bartlett et al., 2006; Zhang, 2004a,b; Tewari and Bartlett, 2007; Steinwart,
2007; Cossock and Zhang, 2008; Xia et al., 2008; Duchi et al., 2010; Buffoni et al., 2011;
Ravikumar et al., 2011; Calauzénes et al., 2012; Lan et al., 2012; Ramaswamy and Agarwal,
2012; Ramaswamy et al., 2013). Under this framework, given a target loss or performance
measure of interest such as the 0-1 binary classification loss, the goal is to design a convex
surrogate loss such as the hinge loss which can be efficiently optimized in a learning algorithm.
It is also desirable that the surrogate is calibrated, i.e. minimization of the surrogate loss

should effectively result in the minimization of the target loss in the limit of infinite samples.

Property elicitation is a widely used framework in information elicitation, and has been
well-studied in the probability forecasting literature and has recently received renewed interest
in the machine learning, statistics, and economics communities (Savage, 1971; Schervish,
1989; Gneiting and Raftery, 2007; Lambert et al., 2008; Lambert and Shoham, 2009; Vernet
et al., 2011; Abernethy and Frongillo, 2012; Steinwart et al., 2014). Under this framework,

given a target property/function of an unknown distribution (e.g. mean) the goal is to design
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a scoring rule (e.g. Brier score) which can be used to score agents’ reports against samples
from the underlying distribution. It is desirable that the scoring rule is proper, i.e. the correct

value of the property is a minimizer of the scoring rule in the limit of infinite samples.

It is well-known that there exist similarities between several surrogate losses used for binary
classification and scoring rules used for eliciting the Bernoulli distribution (Buja et al., 2005;
Reid and Williamson, 2010; Menon and Williamson, 2016; Narasimhan and Agarwal, 2013).
For example, Buja et al. (2005); Reid and Williamson (2010) showed that any proper scoring
rule for eliciting the Bernoulli distributions, such as the log scoring rule, can be composed
with an appropriate link function to construct a calibrated surrogate for binary classification
such as the logistic loss. In other words, certain calibrated surrogates for binary classification
can essentially be viewed as eliciting the Bernoulli conditional label distribution. Williamson
et al. (2016) extended this correspondence beyond the binary case and showed that several
surrogate losses for multiclass classification effectively elicit the multinomial conditional label

distribution.

However, this correspondence was previously understood to hold for a fairly limited class
of surrogates as not all surrogates can be viewed as eliciting the complete conditional label
distribution. This excludes many surrogates for binary/multiclass classification such as
the hinge (Zhang, 2004a); and almost all surrogates for problems with large label spaces
(e.g. subset ranking) where it is highly inefficient to elicit the complete conditional label
distribution. Does this mean that such surrogates are completely unrelated to proper scoring
rules or is there a correspondence? Are these surrogates eliciting some other succinct property
of the conditional label distribution rather than eliciting the entire distribution? In this
chapter we aim to understand these questions and seek to establish a stronger connection

between calibrated surrogates and proper scoring rules.
2.1.2 Our Contributions

In this chapter we define the notion of a calibrated property for a target loss function, such that

the optimal prediction under the target loss can be constructed using this property. We show
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that given any target loss function, any strictly proper scoring rule for eliciting this calibrated
property results in a calibrated surrogate loss. Conversely, we show that any calibrated
surrogate can be used as a proper scoring rule for eliciting a calibrated property. This implies
that a large class of calibrated surrogate losses in supervised learning can essentially be
viewed as proper scoring rules for eliciting calibrated properties of the underlying conditional
label distribution, and a large class of proper scoring rules can essentially be viewed as

calibrated surrogates for certain target loss functions.

We use this framework to study the design of convex calibrated surrogates using proper
scoring rules for linear and nonlinear properties. We show how the standardization functions
studied by Buffoni et al. (2011) for subset ranking losses, as well as the general least-squares
type surrogates studied by Ramaswamy et al. (2013), effectively amount to estimating linear
properties of the distribution. We then show how using nonlinear properties can allow for
the design of lower-dimensional convex calibrated surrogates. One offshoot of our work is a
new framework for studying low-noise conditions; we show that eliciting a vector of quantiles
allows one to obtain interval estimates of the label probabilities, based on which one can
construct calibrated surrogates under any such condition where such a coarse probability

estimate suffices to find an optimal classifier.
2.1.3 Notation

For n € Zy, denote [n] = {1,...,n} and A, = {p € R} : >, p; = 1}. Denote by
S, the set of permutations on n objects. For u € R", denote argsort(u) = {c € S, :
u; > uj = o(i) < o(j), Vi,j € [n]}. For a set A C R™, denote by relint(A) the
relative interior of A, by bndry(A) the boundary of A, and by dim(A) the dimension of
the affine extension of A. For a matrix L € R"** denote by col(L) the column-space of
L, and by affdim(L) the affine dimension of the set of columns of L. For a strictly convex
function ¢ : R"—R, denote by B, the Bregman divergence with respect to ¢, defined as

By(ui,u2) = ¢(ur) — (uz) — 0d, (uy — uz) where ¢y, denotes a subderivative of ¢ at us.
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2.1.4 Organization

In Section 2.2 we set up some preliminaries related to surrogate risk minimization and
property elicitation. In Section 2.3 we define the notion of calibrated properties and give our
main result. In Section 2.4 we study the design of calibrated surrogates via linear properties

and in Section 2.5 the design of calibrated surrogates via non-linear properties.

2.2 Preliminaries

We set up some preliminaries related to surrogate risk minimization in Section 2.2.1 and
property elicitation in Section 2.2.2; the rest of the chapter will then connect these two

themes.
2.2.1 Surrogate Risk Minimization and Calibrated Surrogates

We consider supervised learning problems with instance space X, finite label space Y = [n],
and finite prediction space Y = [k] (often Y = Y, but this need not always be the case). Given
training examples (X1,Y1),...,(Xm, YY) drawn i.i.d. from some underlying distribution D
on X X [n], the goal is to learn a function h : X—[k] with good performance according
to some loss function ¢ : [n] x [k]—=R4, or equivalently, according to some loss matriz
L e RﬁXk (we will use these two notions interchangeably, with the understanding that
Ly = {(y,t) Yy € [n],t € [k]). In particular, the goal is to learn a function h with small
(-generalization error w.r.t. D, defined as erl;[h] = Exy)~p[l(Y,h(X))]; an algorithm
that given m random examples learns a (random) function h,, is ¢-consistent w.r.t. D if
er%[hm]iinfh:;(%[k] erf,[h] (as m—o0). For any z € X, we will denote p,(z) = P(Y =
y|X = z) Yy € [n] (under D) and p(z) = (p1(z),...,pn(x))". For p € A,, we will find
it convenient to define Opt(¢, p) = argmincpy Eyp[¢(Y,t)]. Clearly, any classifier h that

satisfies h(z) € Opt(¢, p(x)) Vz € X achieves the optimal ¢-error under D.

Surrogate risk minimization algorithms. Since minimizing the discrete loss ¢ directly

is hard, a common algorithmic approach is to minimize a surrogate loss 1 : [n] x R*—=R, for
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some suitable d € Z, . In particular, one learns a function f,,, : X =R? by solving

ming Y. (Y5, £(X5))

over a suitably rich class of functions f : X—R? and then returns h,, = pred o f,, for
some suitable mapping pred : Rd%[k] (for example, for multiclass 0-1 classification, where
k = n and fo.1(y,t) = 1(t # y), many common algorithms such as those considered by
Zhang (2004b) and Tewari and Bartlett (2007) learn a function f,, : X—R" and then
return a classifier h,, = argmaxof,,). In practice, the surrogate 1 is often chosen to be
convex in its second argument to enable efficient minimization. It is known that if the
minimization is performed over a universal function class (with suitable regularization), then
the resulting algorithm is v-consistent w.r.t. D, i.e. that the ¥-generalization error of f,,
w.r.t. D, defined for a function f : X -R? as er%[f] = E(x y)~p[¥(Y,f(X))], converges to
the optimal: er% [fm]i infp. y_ pa er% [f]. There has been much work over the last several
years on understanding when v-consistency (of f,,) also implies ¢-consistency (of h,,), and
how to design surrogates satisfying this property; in particular, this has led to the study of

surrogates that are calibrated with respect to the target loss ¢ (Bartlett et al., 2006; Zhang,
2004a,b; Tewari and Bartlett, 2007; Steinwart, 2007; Ramaswamy and Agarwal, 2012).

Calibrated surrogates. A pair (¢, pred) is said to be ¢-calibrated over P C A,, if

peP: inf Eyp[Y(Y,u)] > inf Ey.p[)(Y,u)]. 2.2.1
P uGRd:predl(I}l)géOpt(l,p) Y p[d}( u)] uléle Y pW’( u)] ( )

It is known that (i, pred) is ¢-calibrated over P if and only if ¢)-consistency (of f,,,) implies
(-consistency (of h,, = pred o f,;,) for all distributions D for which p(z) € P Vx (Bartlett
et al., 2006; Zhang, 2004b; Tewari and Bartlett, 2007; Ramaswamy and Agarwal, 2012, 2015).
Thus, given a target loss ¢, in order to design a surrogate risk minimization algorithm that
is (-consistent w.r.t. some class of distributions D, one needs to design (1, pred) that is
{-calibrated over the corresponding set of conditional distributions P. As noted above, one is

often interested in convex calibrated surrogates, for which ¢ is convex in its second argument,
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to enable efficient minimization.
2.2.2 Property Elicitation and Proper Scoring Rules/Losses

When the goal is to elicit a full distribution p € A,, it is well known that one can use
a (strictly) proper scoring rule/loss. A scoring rule/loss in this context is a function
¥ [n] x A,—Ry that assigns a ‘penalty’ ¢(y, p’) to an estimate/report p’ € A,, when an

outcome y € [n] is observed, and is said to be proper over P C A,, if

VpEP: p € argmingen, Ey p[t(Y, P,

and strictly proper over P if the above minimizer is unique for all p € P.! In probability
forecasting and economics, where the goal is to elicit the distribution from an agent, the agent
reports a distribution p’, and on observing an outcome y drawn from the true distribution p,
receives a reward (or in our setting, incurs a loss) given by the scoring rule, namely ¢ (y, p’);
a strictly proper scoring rule ensures that truthful reporting maximizes the agent’s expected
reward. In machine learning and statistics, where the goal is to estimate the distribution
from random observations ¥i,..., ¥y, sampled from p, one estimates p’ to minimize the
average value of the scoring rule on the observed sample, % S w(yi, p'); here a strictly

proper scoring rule yields a consistent estimator.

Proper (and strictly proper) scoring rules/losses for eliciting full probability distributions are
fairly well characterized (Savage, 1971; Schervish, 1989; Gneiting and Raftery, 2007; Vernet
et al., 2011). More recently, there has been much interest in understanding what types of
scoring rules/losses can be used when the goal is to elicit not the full probability distribution
p, but rather some property of p of interest (Lambert et al., 2008; Lambert and Shoham,
2009; Abernethy and Frongillo, 2012; Steinwart et al., 2014; Frongillo and Kash, 2015).

Property of a distribution. In general, a property is any ‘statistic’ of a distribution.

!Note that we use the terms scoring rule and loss here interchangeably; in the literature, scoring rules
usually assign a ‘utility’ to an estimate p’ that needs to be maximized, while losses assign a ‘penalty’ that
needs to be minimized. We will use the latter interpretation for both (in general, one can be obtained from
the other simply by switching signs).
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Formally, for P C A, and d € Zy, we will define a (d-dimensional) property over P as
any function T' : P—R? that maps each distribution p € P to a (d-dimensional) statistic
I'(p) € R% One such example is the mean: T'(p) = u(p) = Eyp[Y]. Other examples
of one-dimensional properties include the median, generalized quantiles, and many others.
An example of a d-dimensional property is the vector of the first d moments: T'(p) =
(11 (P), .-, 1a(p)) ", where p;j(p) = Ey.p[Y?] Vi € [d]; more generally, a d-dimensional

property is any vector of d one-dimensional properties.

Proper scoring rules/losses for eliciting properties of a distribution. Clearly, a
(strictly) proper scoring rule that elicits the full distribution can be used to elicit any property
of the distribution. However, this involves estimating an (n — 1)-dimensional property, which
can be expensive for large n and may not always be necessary. We will define a d-dimensional
scoring rule/loss as a function v : [n] x R¥ =R, and will say it is proper for a property
I': PR if

VpeP: T(p) € argmin,cga Eyp[(Y,u)],

and strictly proper for I' if the above minimizer is unique for all p € P. We will say
a d-dimensional property T' : P—R? is directly elicitable if there exists a strictly proper
d-dimensional scoring rule for I. Further, if for some d’ > d, there is a directly elicitable
d’-dimensional property I : P—R? which can be used to recover I, i.e. for which there
exists a mapping 7 : RY -R% such that 7(I"(p)) = I'(p) Vp € P, then we will say that T is
d'-elicitable. Clearly, every property is (n — 1)-elicitable, and a d-dimensional property that

is directly elicitable is d-elicitable.

Linear properties. A class of properties that are relatively better understood are linear
properties. Specifically, a property I' : P—R? is said to be linear if it can be written
as a vector of expectations, i.e. if there exists a function p : [n]—R? such that I'(p) =
Eyplp(Y)] Vp € P. It is known that linear properties are directly elicitable; moreover,
as shown by Abernethy and Frongillo (2012), all strictly proper scoring rules for a linear

property have the form of a Bregman divergence:
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Theorem 2.2.1 (Abernethy and Frongillo (2012)). Let P C A, and p : [n]—R%, and let
I : P—RY be a linear property defined as I'(p) = Eyp[p(Y)] Vp € P. Then a scoring rule
Y i [n] x RESR, s strictly proper for T if and only if there is a strictly convex function

¢ : R4>R such that

¢(yau) :B¢(p(y)vu) Yy € [n],uGRd.

2.3 Calibrated Properties

We now make a connection between the two main themes of this chapter by defining the
notion of a calibrated property for a given loss £. As we will see, any strictly proper scoring
rule for an f-calibrated property will yield an ¢-calibrated surrogate loss, and any ¢-calibrated

surrogate will yield a proper scoring rule for an /-calibrated property.

Specifically, recall that given a loss £ : [n] x [k] =R, the goal is to learn a classifier that
approaches the optimal ¢-error under D, and that this is achieved by classifying according to
h(z) € Opt(¢, p(x)) for all z. This means that for any p € A,, (or more generally, p € P for
some suitable P C A,,), one is simply interested in finding an ¢-optimal prediction t*(p) € [k],
i.e. any t*(p) that satisfies t*(p) € argmin;c,) Eypl(Y,?)]. While we could consider the
property t*(p) directly, this is a discrete-valued property that is generally hard to estimate
directly.? Instead, we will consider properties I' : P—R? that map p € P to a real number
or vector I'(p) € R from which one can recover an f-optimal prediction t*(p) € [k] using a

suitable mapping pred : R%—[k]; we will refer to such properties as ¢-calibrated properties:

Definition 2.3.1 (¢-calibrated property). Let P C A, I' : P—R?, and pred : R¢—[k]. We

*Note that in the probability forecasting/mechanism design setting, where there is an agent who holds
information about the probability distribution and the goal is to elicit this information from him by assigning
a suitable reward/loss using a scoring rule, eliciting a discrete-valued property poses no problem. However
in the learning/statistics setting that we consider here, where one gets random observations from the
underlying distribution and the goal is to estimate the property of interest from these observations by
minimizing/maximizing a scoring rule, a discrete-valued property leads to a discrete optimization problem
that in general can be hard.
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will say (T, pred) is (-calibrated over P if for all p € P and all sequences {u,,} in R?,

u, — I'(p) = EypllY,pred(uy,)] — m%ﬁEpr[E(Y,t)].
te

Note in particular this implies that if (', pred) is ¢-calibrated over P, then we have that for
all p € P, pred(I'(p)) € Opt(¢,p). The sequence convergence condition is stronger and is
needed in the proof of the following result, which tells us that the problem of designing an
{-calibrated surrogate loss in d dimensions can be reduced to finding an ¢-calibrated property
in d dimensions that is (directly) elicitable, together with any strictly proper scoring rule for

it:

Theorem 2.3.1 ({-calibrated surrogates via elicitable ¢-calibrated properties). Let ¢ : [n] X
[k] =Ry and P C A,. Let T : P—R? and pred : R?—[k] be such that T is directly elicitable
and (T, pred) is (-calibrated over P. Let 1 : [n] x R%=R . be any strictly proper scoring rule

for T'. Then (¢, pred) forms an £-calibrated surrogate over P.

Proof. Let p € P. By strict properness of ¢ for ', we have that I'(p) is the unique minimizer
of Ey.p[t(Y,u)] over u € R% for convenience, denote this unique minimizer by u*. Now,

for each t € [k], define

L — 3
regret, (t) == Eyp[l(Y,1)] — irel[llﬁ Ey pll(Y,t)].

Since (I',pred) is ¢-calibrated over P, we have pred(u*) = pred(I'(p)) € Opt(¢,p), and

therefore regretg (pred(u*)) = 0. Let

: y4
€= min regret (?).
te[k]:regrett, (t)>0 & p( )
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Then we have

i f E ~ Y,u = 1 f E N Y,u
ueRdipredl(Illl)éopt(f,p) Y p[w( )] uGRd:regreltIZ:(pred(u))ze Y pwj( )]

- inf Ey.o[0(Y,u)].
uecR?:regret, (pred(u))>regrets, (pred(u*))+e Y p[w( )]

Now, we claim that the mapping u — regretf)(pred(u)) is continuous at u = u*. To see
this, note that since (', pred) is ¢-calibrated over P, for all sequences {u,,} in R? such that
u,,—u*, we have regretf,(pred(um)) —- 0= regretﬁ,(pred(u*)). In particular, this implies

that 30 > 0 such that
lu—u*lla < = regretf)(pred(u)) - regreti,(pred(u*)) <e.
This

inf Eyv. Y,u] > inf Ey. Y,u
uecR?:regret, (pred(u))>regrets, (pred(u*))+e Y p[w( )] ueR:|lu—u*||2>6 Y p[¢( )]

inf Eyp[v(Y,u)].
ucRd

V

where the last inequality follows from the fact that u* is the unique minimizer of Ey p [¢ (Y, u)].

Since p € P was arbitrary, the result follows. O

Theorem 2.3.2 (proper scoring rules via ¢-calibrated surrogates). Let ¢ : [n] x [k| =Ry and
P C A,. Let (1,pred) be an £-calibrated surrogate where 1 : [n] x R%—=R is continuous in
the second argument and pred : Rd—>[k]. Then there exists an (-calibrated property T' : P—R?

over P such that 1 is a proper scoring rule for T' over P.

Proof. Given p € P, let uj, € inf,cga Ey~p[(Y,u)]. We will consider the property I :
P—R? defined as T'(p) := uy,. It is easy to observe that i is a proper scoring rule for I' since
['(p) = uy, € infcga Ey~p[t)(Y,u)] by definition. Hence, the rest of this proof is devoted to

showing that I' is ¢-calibrated over P.
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We will first show that uy, is such that pred(uy) € Opt(¢, p), for any p € P. To see this

suppose that pred(uy,) ¢ Opt(/,p), then we will have that

i f E ~ )/’ = ] f E ~ Y, ,
uERd:predl(ril)QOpt(f,p) Y p[w( u)] uléle Y PWJ( u)}

which contradicts the definition of ¢-calibration of surrogates (Eq. (2.2.1)).

Now, consider any sequence {u,,} € R? such that u,—u,. We want to show that
Eyp[l(Y,pred(up))] — minep) Ey~p[f(Y,t)]. Equivalently, given any ¢ > 0 we want

to find 4 > 0 such that

[u—ugpll2 <d = |Ey~p[l(Y,pred(u))] — gn%i]lEpr[E(Y,t)] <e€.
€
Let
- inf Ey.p[b(Y,u)] — inf Ey.y[(Y,u)]. 2.3.1
Cim o By - Byl (230

Clearly, € > 0 due to ¢-calibration of ). The above implies that for any u with pred(u) ¢

Opt(¢, p) we have Eyp[4(Y,u)] — Eyp[4(Y,uy)] > ¢. Conversely,
!Epr[w(Y, u)] — Ey p[¥(Y, u;)]| < e = pred(u) € Opt(¢,p). (2.3.2)
Since ¢ is continuous at uy, € R?, we know that for ¢ > 0 there exists a ¢ > 0 such that
lu—ugflz <0 = [BEy~p[(Y,u)] — Eyp[y(Y,u")]| <€ (2.3.3)

Using Eq. (2.3.2) and Eq. (2.3.3) one can observe that any u with [[u — uflj2 < ¢ is such

pll

that pred(u) € Opt(4, p). Therefore, we have that

o= uplle <& = | Byp[d(Y; pred(u))] — minByp[f(Y,0)]| =0 <.
(S
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This concludes the proof of sequence convergence requirement for ¢-calibration in Defini-

tion 2.3.1. O

As a simple example, it is easy to see that (n — 1)-dimensional properties that preserve the
full probability structure (also called ‘link’ functions) are ¢-calibrated for any loss ¢, and that
the corresponding strictly proper rules lead to class probability estimation (CPE) algorithms

that estimate the full conditional distribution p(x) (and are consistent for any loss ¢):

Example 2.3.2 (Link functions and class probability estimation (CPE)). Let X : A,—R"~!
be a bijective mapping (sometimes called a multiclass ‘link’ function) with a continuous
inverse X\~L. Then the property T : A,—R" ™! defined as T'(p) = A(p) is trivially {-calibrated
over A, for any loss £ : [n] x [k]—R.; to see this, take any mapping pred, : R" 1 —[k]
that satisfies pred,(u) € Opt(£, A~1(u)) Vu € R"~1. This property is also trivially elicitable;
indeed, this is the property effectively elicited by class probability estimation algorithms using

a multiclass proper composite surrogate loss with link X (Vernet et al., 2011).

While estimating the full conditional distribution p(z) clearly yields consistent algorithms for
any loss £, this requires n — 1 dimensions and is not always needed. Indeed, for many losses ¢,
finding an optimal classifier requires estimating only a restricted, lower-dimensional property
of p(z). In such cases, one can use a strictly proper scoring rule for the corresponding
property to design a calibrated surrogate loss operating in a smaller number of dimensions.
We shall see several examples of such surrogates below. In particular, in Section 2.4 we
shall see examples of calibrated surrogate losses that effectively elicit low-dimensional linear
properties of p(x). In Section 2.5 we will consider how to exploit low-dimensional nonlinear
calibrated properties. In both cases, we will be particularly interested in convezr scoring rules

that lead to convex calibrated surrogates.

2.4 Calibrated Surrogates via Calibrated Linear Properties

In this section we show that some recent works that have proposed general frameworks

for obtaining convex calibrated surrogates effectively amount to using proper scoring rules
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for calibrated linear properties. In particular, we start by showing that the notion of
‘standardization function’ used to obtain calibrated surrogates for certain subset ranking
losses (Buffoni et al., 2011) corresponds to a calibrated linear property (Section 2.4.1). We
then show that the general framework described recently by Ramaswamy et al. (2013) for
obtaining convex calibrated surrogates for any loss ¢ in d = affdim(L) dimensions also
amounts to using a calibrated linear property (Section 2.4.2). Finally, we show that for any
loss ¢, the number of dimensions d needed to construct an f-calibrated linear property is
fundamentally lower bounded by affdim(L) — 1 (Section 2.4.3), making the construction of

Ramaswamy et al. (2013) essentially unimprovable as far as linear properties are concerned.
2.4.1 Subset Ranking Losses and Standardization Functions

Subset ranking refers to ranking problems such as those that arise in information retrieval,
where each instance z € X consists of a query with say r associated documents, and a label
y € ) represents some ‘preference’ or ‘relevance’ information about these documents in
relation to the query; for example a label could be a (possibly weighted) directed acyclic
graph (DAG) on r nodes indicating which of the r documents are more relevant to the
query than others () = G, for some finite set G, of possibly weighted DAGs on r nodes,
with n = |G,|), or simply a vector of r binary or multi-valued relevance judgments for the
documents (Y = {0,1}" with n = 2" or Y = [g]|" for some ¢ € Z; with n = ¢"). In most
such settings, given a new query with » documents, the goal is to rank the documents by
relevance to the query, i.e. the prediction space is the set of permutations of r objects,
y= S, (thus k& = r!). There has been much work in recent years on understanding how to
design convex calibrated surrogates for various subset ranking losses used in practice, such as
the (normalized) discounted cumulative gain ((N)DCG), pairwise disagreement (PD), mean
average precision (MAP), etc (Cossock and Zhang, 2008; Xia et al., 2008; Duchi et al., 2010;

Ravikumar et al., 2011; Buffoni et al., 2011; Calauzénes et al., 2012; Lan et al., 2012).

In particular, Buffoni et al. (2011) introduced the notion of ‘standardization function’, and

showed that many previous results on calibrated surrogates for subset ranking could be
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explained through this notion. Specifically, let ) be one of the label spaces above and JA/ =S,
and let £ : ) x j)\—>R+ be any subset ranking loss. A standardization function for £ over

P C Ay is defined as any function s : Y—R" such that

VpeP: argsort (Eyp[s(Y)]) C argmin,cs Eypll(Y,0)]. (2.4.1)

We show below that if such a function s exists, then the r-dimensional linear property

I' : P=R" defined as I'(p) = Eyp[s(Y)] is -calibrated over P:

Theorem 2.4.1 (Standardization functions yield calibrated linear properties). Let £ : ) X
Sr— R4 be a subset ranking loss for some suitable Y as above, and let P C Ay. Lets: Y—R"

be a standardization function for £ over P. Let I' : P—R" be the linear property defined as

I'(p) = Ey~p[s(Y)],

and let pred : R"—S, be any mapping that satisfies pred(u) € argsort(u) Vu € R". Then

(', pred) is -calibrated over P.

Proof. Let p € P, and let {u,,} be any sequence in R" such that u,,—I'(p). We will show
that Eyp[¢(Y, pred(uy,))]— min,cg, Ey p[(Y,0)].

Let ¢ := min; je[)r; (p)-1;(p)|>0 ITi(P) — T'j(P)]. Since u,,—T'(p), we have IM such that
Vm>M: |u,—T(p)l2<9.

Now clearly, for all m > M and 4, j € [r], we must have I';(p) > I'j(p) = wmi > um; (else
the Lo-distance between u,, and I'(p) would exceed §). Therefore, for all m > M, we have
argsort(u,,) C argsort(I'(p)), and thus Ey.p [((Y, pred(uy))] = Eyp[l(Y, pred(T'(p)))].
Also, by construction of pred, we know that Eyp[¢(Y, pred(I'(p)))] = mingscg, Eyp[l(Y, 0)].

This implies that for all m > M, By p[¢(Y, pred(u,,))] = minycg, By p[l(Y,0)].
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Since p € P was arbitrary, this proves the result. O

Thus, if a subset ranking loss ¢ has a standardization function over P, then one can construct
an r-dimensional convex calibrated surrogate for ¢ over P by constructing a convex strictly
proper scoring rule for the calibrated linear property I above (e.g. by using ¢(u) = %|u||3
in Theorem 2.2.1). Note that this is a huge savings over the naive CPE approach of
Example 2.3.2, which would use || — 1 dimensions (for most subset ranking settings, |)| is

exponential in 7). The following example illustrates one application of the above result:

Example 2.4.1 (Discounted cumulative gain (DCG) loss for subset ranking). The DCG loss
for multi-valued relevance vector labels (Y = [q]" for some q € Z+ ), {pccar : [q]" X Sr—Ry4

(where T € [r] is a cut-off value), is widely used in information retrieval and is defined as

2y =1y _ 1
lpccar(y,o) = Z - Z logy (i + 1) Vy € lg]",0 € Sy
2

for a suitable constant Z that ensures non-negativity of the loss. As shown by Buffoni et al.
(2011), the function s : [q)"—R" defined as s;(y) = 2% '@ — 1 Vi € [r] is a standardization
function for {pcgar over Ay, and therefore it follows from Theorem 2.4.1 that any strictly
proper scoring rule for the corresponding linear property I' : Ay—R" given by I';(p) =
EYNP[2Y<"1(“ — 1] Vi € [r],p € Ay yields an {pogar-calibrated surrogate over Ay. In
particular, using ¢(u) = ||ul|3 in Theorem 2.2.1, one gets the convexr {pcgar-calibrated

surrogate used by Cossock and Zhang (2008).

Another example of an application of Theorem 2.4.1 involves the weighted pairwise dis-
agreement (WPD) loss for subset ranking (Duchi et al., 2010). In particular, Duchi et al.
(2010) proposed a convex r-dimensional surrogate for subset ranking which they showed to
be calibrated w.r.t. the WPD loss under a certain low-noise condition; this surrogate can
also be viewed as a strictly proper scoring rule for a linear property, composed with a link

function.
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Example 2.4.2 (Weighted pairwise disagreement (WPD) loss for subset ranking). Another
popular subset ranking loss is the WPD loss for weighted preference graph labels, {wpp :
Y x S8, =R, where Y is some finite set of weighted DAGs on r nodes; for a weighted DAG
G = ([r], B¢, W) € Y, where EC C [r] x [r] denotes the set of edges of G and W € R}*"
denotes the edge weights with Wg > 0 iff (1,7) € EY, and for a permutation o € S, this

loss is defined as
twep(Goo) = :Wg(l(a(i) > a(4)) + %1(0(1') - a(j))) .
.J

For any p € Ay, define Wil; = EGNp[Wg] and EP = {(i,7) € [r] x [r] : Wi? > Wﬁ}. Duchi

et al. (2010) considered the following set of ‘low-noise’ distributions p € Ay:

PIED = {p € Ay : the unweighted graph GP = ([r], E?) is a DAG, and
Vi€ [r]s WE > WE = Y5, (WE—WE) > 5 (Wh - wh)}.

It is easy to see that the function s : Y—R" defined as s;(G) = Z;Zl(Wg - Wﬁ) Vi € [r]
1s a standardization function for bwpp over PEY\IPD, and therefore by Theorem 2.4.1, any
strictly proper scoring rule for the corresponding linear property I' : PEY\IPD%RT given by
Li(p) = > (Wi —W§) Vi € [r],p € PINEL yields an bwpp-calibrated surrogate over
PEY\IPD. The convex r-dimensional surrogate shown to be fwpp-calibrated over PEY\IPD by

Duchi et al. (2010) can be viewed as a strictly proper scoring rule for this property composed

with a link function.
2.4.2 Affdim(L)-Dimensional Surrogates of Ramaswamy et al. (2013)

Recently, Ramaswamy et al. (2013) gave a very general framework for constructing a convex
calibrated surrogate (over the full simplex A,) for any given loss ¢ : [n] x [k]|=R4 in

d = affdim(L) dimensions. In particular, they gave the following result:

Theorem 2.4.2 (Ramaswamy et al. (2013)). Let £ : [n] x [k]>RE be such that L= AB +c

for some A € R4 B € R>* and c € R. Let ¢ : [n] x R4=R, and pred : R¥—[k] be
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defined as follows:

Y(y,u) = Zle(ui - Ayi)2 ,  pred(u) € argminte[k] Z?:l Bitu; .

Then (¢, pred) is £-calibrated over A,,.

The proof of the above result (Ramaswamy et al., 2013) can be re-interpreted as showing that
the linear property I' : A,—R? (where d = affdim(L)) given by I';(p) = Eyp[Ay;] Vi € [d]
is /-calibrated over A,, via the above mapping pred; the convex least-squares type surrogate
loss v defined above is then simply the strictly proper scoring rule for this property resulting
from using ¢(u) = 3|lu|3 in Theorem 2.2.1. For completeness, we state this below and give
a self-contained proof. Note also that this implies that any other strictly proper scoring rule
for this linear property (such as those obtained by using Bregman divergences associated
with other convex functions ¢ in Theorem 2.2.1) will also lead to an ¢-calibrated surrogate

over A\,.

Theorem 2.4.3 (Affdim(L)-dimensional calibrated linear properties). Let £ : [n] x [k]—RY
be such that L = AB + ¢ for some A € R"*% B € R>* and c € R. Let T : A,—R? be the

linear property defined as

Fi(p) = EYNp[AYi] Vi € [d],

and let pred : R%—[k] be defined as in Theorem 2.4.2. Then (T, pred) is £-calibrated over A,,.
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Proof. Note first that for any p € A,, and ¢ € [k], we have

d d
Evpll(Y,0)] = Y p, ( > AyiBit + C)
y=1 i=1

d
= Z DyAyiBit + ¢
=1i=1
d d
= Z th ZpyAyz +c
i=1 y=1
d

= Z BitEyp|Ayi] + ZBnr (2.4.2)

=1

<

Now, let p € A,, and let {u,,} be any sequence in R? such that u,,—I'(p). For each m,

define t,, := pred(u,,) € [k]. Then we have

Ey p[l(Y, )] — minEy p [0V, ¢)]

te[k]
d
= ZB“mFi( — min BZJ‘ (p), by Eq. (2.4.2)
X te[k]
d d d
= ZBitm (Fz(p) - umz) + Z Bitmumz {2%}3 BltF ( )
‘ i=1
d d d
= S Bi, (Ti(P) — wmi) + min'y " Bigtmi — min'y - By i(p),
Z it (Ti(P) u"“)Jr?el[l/ﬁ 2 it Umi ?61[113; Li(p)

where the last equality holds due to the definition of pred. It is easy to see that the term on the
right hand side goes to zero as m—o00. Thus we get that Ey _p [((Y, t;,,)] = mingep) By ~p[€(Y, 1)].

Since p € A,, was arbitrary, this proves the result. O

Ramaswamy et al. (2013) also applied Theorem 2.4.2 to obtain low-dimensional convex
calibrated surrogates for several subset ranking losses. For subset ranking losses with
affdim(L) = r (such as the DCG@r loss), the linear property constructed by the above result
effectively provides a standardization function over Ay. For other subset ranking losses,

the two approaches can give complementary results. For example, for the WPD and MAP
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losses, which have affine dimensions ©(r?) (Ramaswamy and Agarwal, 2015), it is known
that there is no standardization function over Ay (Buffoni et al., 2011), and that there is no
convex calibrated surrogate over Ay in r dimensions (Calauzénes et al., 2012; Ramaswamy
and Agarwal, 2015). On the other hand, by Theorem 2.4.2, there do exist ©(r?)-dimensional
calibrated linear properties and therefore ©(r?)-dimensional convex calibrated surrogates
for these losses over Ay; moreover, as demonstrated in Example 2.4.2, one can construct
standardization functions for these losses over restricted sets of distributions P C Ay,

allowing for r-dimensional convex calibrated surrogates over such restricted sets P.
The following example illustrates a different application of the above result:

Example 2.4.3 (Hamming loss for sequence prediction). Consider a sequence prediction
task with Y = Y = {0,1}" (thus n = k = 2"). A widely used loss in this setting is the

Hamming loss {ram : {0,1}" x {0,1} =R given by

liam(y,t) = > i 1(ti #yi)  Vy,t €{0,1}".

As shown by Ramaswamy and Agarwal (2012), affdim(LU*™) < r, and therefore by The-
orem 2.4.3, one can construct an r-dimensional linear property I' : Ay—R" that is {gam-
calibrated over Ay. Any strictly proper scoring rule for I' then forms an r-dimensional
Ctam-calibrated surrogate over Ay; in particular, using ¢(u) = %||ul|3 in Theorem 2.2.1, one

gets the surrogate given by Theorem 2.4.2.
2.4.3 Lower Bound on Dimension of Calibrated Linear Properties

Theorem 2.4.3 shows that for any loss ¢, there is a linear property in d = affdim(L) dimensions
that is ¢-calibrated over A,. In the following result, we show that this is essentially the best

one can do with linear properties:

Theorem 2.4.4 (Lower bound on dimension of calibrated linear properties). Let ¢ : [n] X

(k] =R, . Let T : A,—R? be a linear property. If there exists a mapping pred : R?—[k] such
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that (', pred) is -calibrated over A, then
d > affdim(L)—1.

Proof. For each t € [k], denote £; = (£(1,t),--- ,€(n,t))". Before proceeding with the proof,

we will need the following definition of trigger probabilities:

Definition 2.4.4 (Trigger Probabilities; Ramaswamy and Agarwal (2012)). Let ¢ : [n]x[k] —

R.. For each t € [k], the set of trigger probabilities of t with respect to ¢ is defined as

Qi ={peA,:p (&—£)<0 V' e[k]} ={peA,:tecOpt(,p)}.

Suppose Jpred : R?—[k] such that (I',pred) is /-calibrated over A,. We will show that

d > affdim(L) — 1.

Suppose for the sake of contradiction that d < affdim(L) — 1. Let s : [n]—R? be such that
I'(p) = Eyp[s(Y)] Vp € A,, and define U € R¥*™ as u;y, := s;(y) Vi € [d],y € [n]. Observe
that I'(p) = Up. For each i € [d], let u; € R"™ denote the i-th row vector of U, so that

U=[u;--uy|". Define U:=[u;---uy1]T, where 1 € R is the all-ones vector.

The main idea of the proof is to find p1,p2 € A,, such that Up; = Ups but Opt(¢,p1) N
Opt(¢, p2) = 0; this will contradict the fact that (T, pred) is ¢-calibrated over A,. We find
such p1, p2 by first finding p € A,, that lies at the intersection of two trigger probability
sets, and then perturbing it along suitable directions §, —d (see Figure 1). The following

steps give more details.

Step 1: Let 4,5 € [k] be such that ¢; — £; ¢ col(UT) and ofn Qﬁ« # (). To see that such
i,j always exist, note that by our assumption that d + 1 < affdim(L), 3¢, 5" € [k] such
that €, — £ ¢ col(UT). If Q4 N Qg, # (), define ¢ := i’ and j := j’ and we are done.

Suppose that Qf, N le = (). Consider a sequence of neighboring trigger probability sets
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(1,0,0) (3:0:3) (0,0,1)

Figure 1: Illustration of steps in the proof of Theorem 2.4.4. We first find p € Q‘i N Q%, and
then perturb p along 6 and —4 to find p; and p-.

Qf,Qf -+, Q! such that iy =i/, iy = j/, and Qf N QY 0 for all r € [m —1]. We

1 Trt1

can write £y — £; = (€, — £iy) + (Li, — £ig) + -+ + (€, _, — £i,,). Since £y — £js ¢ col(UT),

Ir € [m — 1] such that £;, —£; ., ¢ col(UT). Define i := r and j :=r 4+ 1. Then we have
£ —¢; ¢ col(UT) and Q/' N Q4 # 0.

Step 2: Fix ¢,j as above, and let p € Qf N Q? N relint(A,) such that p ¢ Qf Vt # i,
(which means that p'¢; = p'¢; < p' £, Vt # i,7). The trigger probability sets form a
power diagram of the probability simplex, which implies that Qf N Qﬁ ¢ bndry(A,) and

Qf N Q; ¢ QF Vt # i, j; therefore, such a point p always exists.

Step 3: Let § € R”™ such that Us = 0 and (€; — £;)78 # 0. To see that such a §
always exists, let p = rank(U). Observe that p < n — 1 as d < affdim(L) — 1 and
p <d. Let vi,---,v,_, € R" be an orthonormal basis of the null space of U. Clearly,
span(uy,--- ,ug, 1, vy, -, vy_p) = R", and therefore, Jov, - -+ , ag41, 1, -+, Bn—p such that

£ — £ = Zle ary + gyl + > Byv,. Since £; — £; ¢ col(UT), 3¢ € [n — p] such that
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Bq # 0. Take 6 = v,. By construction, Us =0. Moreover,

d n—p
(€ —2)'6 = Z ) vy agl v+ Z Brv, v,
r=1 r=1
Ballvall3, since Uv, = 0 and v,/ v, = 0 Vr # ¢

£ 0.

Thus we have shown that 38 € R” such that Ud = 0 and (£; — £;)"8 # 0. In the remainder
of the proof we will assume without loss of generality that (£; — £;)Td < 0 (the case

(€; — £;)78 > 0 can be treated similarly as below).

Step 4: This is the most crucial step in the proof in which we find p1, p2 by perturbing
p along § as shown in Figure 1. We have to ensure: (1) This perturbation leads to valid

probability vectors; (2) One of the perturbed vectors lands in Qf and the other one lands in

or.

J

Let a be the least positive integer such that Vr € [n], |6,/a] < min(p,,1 — p,), and let

&' := d/a. Next, let b be the least positive integer such that Vt # i, j,

p (& —2) > (8/b)T(;—42), (2.4.3)

p (—¢€) > (8/b)" (L —¢)), (2.4.4)

and define 8" := &/b. Now, Us” = 0 and (£; — £;)18" # 0. Define p; := p + 8" and

p2 :=p — 8”. We can see that p1, > 0 and py, > 0 Vr € [n]. Also,

= 140, since Us” =0 and 1 € col(U)

= 1.

Similarly, 1Tpy = 1. Therefore, p; and ps are valid probability vectors in A,,.
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Now, we claim that p; € Q¢ and p; ¢ Qf V¢ # i. We have,

(i—£) 1 = (&i—£) p+ (L —£;)" 8"
= 0+ (& —£)"8", since p € Qf N Q;

< 0.
This gives p1 & Qﬁf. Moreover, YVt # i, j, we have

(€i—2)'p1 = p (&i—&)+8"" (L —£)

< 0, by Eq. (2.4.3) .

Thus p; € Qf and p; ¢ Qf Vt # 4. Similarly, ps € Qﬁ and pp ¢ Qf Vt # j. Therefore,

Opt(¢, p1) N Opt (¢, p2) = 0. Moreover,

Up; = Up+Us’
= Up, since Ud' =0

= Upg.

This gives us a contradiction since I' will not be able to differentiate between p; and po,
even though the optimal predictions for them with respect to ¢ are different; in particular,
we get pred(I'(p1)) = pred(Up;) = pred(Upz) = pred(I'(p2)), and so we cannot have
pred(I'(p1)) € Opt(¢, p1) and pred(I'(p2)) € Opt(¢, p2), i.e. (I', pred) cannot be ¢-calibrated

over A,. Therefore we must have d > affdim(L) — 1. O

2.5 Calibrated Surrogates via Calibrated Nonlinear Proper-
ties

We now consider settings where one can exploit calibrated nonlinear properties to design

convex calibrated surrogates in an even smaller number of dimensions than is possible via
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linear properties. We start by considering quantiles, which are 1-dimensional nonlinear
(possibly interval-valued) properties; quantiles can be directly elicited via convex strictly
proper scoring rules and lead to calibrated 1-dimensional surrogates for certain ordinal
regression type losses (Section 2.5.1). We then develop a general framework for designing
low-dimensional convex calibrated surrogates under ‘low-noise’ conditions by eliciting vectors
of quantiles that yield ‘coarse’ information about a distribution (Section 2.5.2). We conclude
with a result that gives a necessary condition for a general nonlinear property to be directly

elicitable via a convex strictly proper scoring rule (Section 2.5.3).
2.5.1 Quantiles and Interval-Valued Properties

Quantiles and generalized quantiles have recently received significant attention in the prop-
erty elicitation literature (Kiefer, 2010; Gneiting, 2011; Schervish et al., 2012; Grant and
Gneiting, 2013; Steinwart et al., 2014). These are nonlinear properties; moreover, for discrete
distributions, these properties can take a range of values over an interval. Therefore we
will need to allow for interval-valued properties I' that map each distribution p € A,, (or
more generally, each p € P for some P C A,,) to a vector of intervals, T'(p) € Z%, where
7 denotes the set of all intervals on the real line. In this case, we will say a scoring rule

¥ : [n] x RE=R, is proper for T' : P—T? if

VpeP: TI(p)Cargmin,cpe Eyplt(Y,u)],

and strictly proper for I' if the above holds with equality (i.e. no value u ¢ I'(p) is a

minimizer).

Given a loss £ : [n] x [k] =R, we will say an interval-valued property I' : P—Z is {-calibrated
over P if 3 pred : R?—[k] such that for all p € P and all convergent sequences {u,,} in R%,
lim u, € I'(p) = Eyp[l(Y,pred(uy,)] - minEy ,[¢(Y,t)].

m—00 te(k]

Again, it can be shown that a strictly proper scoring rule 1 for an ¢-calibrated interval-valued
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property I' : P—Z¢ forms an /-calibrated surrogate over P.

Quantiles. For a € (0,1), the a-quantile of p € A,, is defined as the interval
Qa(p)={ueR:Py (Y <u)>aand Py p(Y >u)>1—-a}cZ. (2.5.1)
It is known that the scoring rule ¥ : [n] x R—R, defined as

y,u) = (L—a)-(u—y)r +a-(y—u) (2.5.2)

is a convex strictly proper scoring rule for the a-quantile, i.e. for the property I' : A, —7
defined as I'(p) = Qa(p). For the median I'(p) = Q1 (p), the above scoring rule becomes
2

Example 2.5.1 (Generalized ordinal regression loss). Let k = n and o € (0,1), and consider

the generalized ordinal regression loss £ : [n] X [n] =R, defined as

gord(a) (y7 t) = (1 - Oé)(t - y)+ + a(y - t)-l— :

It is easy to see that the a-quantile I'(p) = Qa(P) is an Lorq(a)-calibrated nonlinear property
over Ay ; the scoring rule ¢ in Eq. (2.5.2) is therefore a 1-dimensional convex calibrated
surrogate for Loq(q) over Ap. Note that this is a significant improvement over what can be
achieved with linear properties for these losses, e.q. for a = %, the loss matriz L") has
affine dimension n — 1, and thus by Theorem 2.4.4, any calibrated linear property for this

loss must have dimension at least n — 2.

2.5.2 Calibrated Surrogates under Low-Noise Conditions Using Vectors

of Quantiles

We now give a general framework for constructing low-dimensional convex calibrated sur-
rogates under suitable ‘low-noise’ conditions by eliciting a vector of quantiles that forms a

calibrated nonlinear property under such conditions.
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The broad idea is to estimate ‘coarse’ information about a distribution p € A, using a vector
of quantiles. Specifically, for any integer s € Z (s > 2) and for a suitable set of distributions
P C A,, we define an (s — 1)-dimensional interval-valued property I'y : P—Z*~! as follows:

Ls(p) = Q1(p) X ... xQu1(p) € I (2.5.3)

s

From the discussion in Section 2.5.1, it follows that the scoring rule 1 : [n] x RS71 R,

defined as
s—1

UNURVEDY) ((1 - é) (ui —y)e + (é) (y - um) (2.5.4)

i=1

is a convex strictly proper scoring rule for I';.

In order to design calibrated surrogates using the above vector-of-quantiles property 'y,
we will find it convenient to define for each y € [n] a function N, : R*"1—Z, which

for each u € R*~! counts how many times the label y appears in the vector |u| (where

la) = (lur), s lus1)) T):

s—1
Ny(u) = 1(y = |u;]) YueR!,

i=1

The following lemma shows that eliciting any u € I's(p) allows one to elicit for each y € [n]

an interval of width at most % containing py:

Lemma 2.5.2 (Vectors of quantiles give interval estimates for probabilities). Let P C A,
and p € P. Let Ty : P—ZI°~! be defined as in Eq. (2.5.3) above, and let u € T's(p). Then for

each y € [n], we have

[Ny(u)fl, Ny(u)+1] if Ny(u) > 1
[0, %] if Ny(u) =0.

Proof. Let y € [n]. If Ny(u) =0, then no quantile in I'y(p) consists of the singleton interval
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Figure 2: Illustration of quantile vector property I's(p) used to elicit coarse information
about a distribution p € A,, (here n = 6, s = 5). See Example 2.5.3 for details.

y}, and consequently, we must have p, < 1. Now suppose N, (u) > 1. Then the number of
Yy S Yy

quantiles in I'y(p) that consist of the singleton interval {y} is at least Ny(u) —2 and at most

Ny(u)—1 Ny (u)+1
y(s <py < Ny s) ] 0

Ny(u), and therefore we must have

Example 2.5.3 (Quantile vectors and probability interval estimates). Consider the example
shown in Figure 2 (n = 6, s = 5). The figure shows the %, %, % and %—quantz’les of the
probability vector p = (0.15, 0.45, 0.15, 0.1, 0.1, 0.05) " € Ag. Here Q%(p) = {2}, Q%(p) =
{2}, Qg(p) =[2,3], and Q%(p) = {4}, and so T's(p) = {2} x {2} x [2,3] x {4}. Consider
u= (2,2 25 4)" € T5(p). As can be seen, here N1(u) = N3(u) = N5(u) = Ng(u) = 0;
Ny(u) = 3; and N4(u) = 1. Therefore by Lemma 2.5.2, we obtain the following interval
estimates for elements of p from u: p1, ps, ps, pe € [0,0.2]; p2 € [0.4,0.8]; and ps € [0,0.4].
Similarly, consider u' = (2, 2, 3, 4)", which also lies in T's(p). In this case, we would have
Ni(u') = N5(u') = Ng(u') = 0; No(u') = 2; and N3(u') = Ny(u') = 1, and therefore we
would get the following interval estimates for elements of p from W': p1, ps, ps € [0,0.2];

p2 € [0.2,0.6]; and ps, ps € [0,0.4].

Thus vectors of quantiles give coarse information about the probability distribution p € A,,
and can be useful wherever it is sufficient to elicit not p exactly, but rather some intervals in
which py lie. In particular, this can be useful for designing low-dimensional convex surrogates
that are calibrated for a loss over a suitable set of ‘low-noise’ distributions. We give two such
examples below, one for the multiclass 0-1 loss, and one for multiclass classification with a

reject option.

Example 2.5.4. (O(log(n))-dimensional convex surrogate calibrated for 0-1 loss

36



under low-noise condition) Let k = n and consider the multiclass 0-1 loss £y.1 : [n] x [n] —
R, defined as
loa(y,t) = Ly # t).

Consider the following ‘low-noise’ condition, under which the highest-probability element

1s separated from the next highest-probability element by a probability difference of at least

2 .
[logy(n) ]

PR = {p € Ay : 3y € [n] such that py > py + vy y} )

2
[logy(n)]

Then it follows from Lemma 2.5.2 that for any p € 778'1\}, by estimating a vector u €
Diog, (n)] (p), one can accurately identify the largest-probability element under p, argmax, e, Py
(and make an optimal prediction under o1). Therefore the ([logy(n)] — 1)-dimensional prop-

erty Tiog,(n)) 18 Lo-1-calibrated over P using pred®! : Rﬂog?(”ﬂ_l—ﬁn] satisfying
pred®l(u) ¢ argmax, cp, NVy(u) .

For large n, for which the above low-noise condition is quite broad,® this construction gives
a significant improvement over the n — 1 dimensions needed for a conver surrogate to be

calibrated for o1 over A, (Ramaswamy and Agarwal, 2012).

Example 2.5.5. (O(log(n))-dimensional convex surrogate calibrated for multi-
class classification with a reject option under low-noise condition) Consider now
a multiclass classification problem with a reject option. Here k = n + 1, with the predic-

tion (n + 1) corresponding to the ‘reject’ option; a common loss in this setting is the loss

3Indeed, the low-noise condition Py here includes many probability distributions that are excluded from
the commonly studied ‘dominant-label’ condition P} = {p € A,, : MaXyc[n] Py > %}, which is required for
example for the common (n-dimensional) Crammer-Singer surrogate to be fo.1-calibrated.
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Ureject = [n] X [n+ 1] = R4 defined as

W) e
éreject(?% t) =

3 ift=n+1.

Consider the following ‘low-noise’ condition, under which each probability element is separated

from % by at least Wl(n)]:
) 1 1 1 1
,Preject:{pEAn:p |:_ , =+ :|Vy€ n}
i v 13 Togye 2 T Tog] ™ €

reject

Then it follows from Lemma 2.5.2 that for any p € Py, by estimating a vector u €
Doy (n)] (p), one can accurately identify whether any label has probability greater than % under
p (and make an optimal prediction under lreject ). Therefore the ([logy(n)] — 1)-dimensional
property Liiog, (n)] 5 lreject-calibrated over Pi%ea using predeiect . RMog2(M1=1_[n] defined

as follows:

- argmax,cp,,) Ny(u) if y € [n] such that Ny(u) > M
predreject(u) _

n+1 otherwise.

To our knowledge, the above approach gives the first general framework for designing low-
noise conditions together with convex surrogates that are calibrated under these conditions
for different losses. In particular, the framework allows one to develop convex calibrated
surrogates under any low-noise condition where a coarse estimate of the underlying probability

vector suffices to make an optimal prediction under the loss of interest.
2.5.3 Necessary Condition for Convex Elicitability

As we have seen, linear properties and quantile-based properties are always directly elicitable
by a convex strictly proper scoring rule. For general nonlinear properties, the following result

gives a necessary condition for convex elicitability:
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Theorem 2.5.1 (Necessary condition for convex elicitability of a property over A,). Let

I':A,—Re IfT is directly elicitable via a convex proper scoring rule, then
dim(I' t(u)) > n—d—1 Vu e (relint(A,)).

Proof. Suppose I is directly elicitable via a convex proper scoring rule, and let 1 : [n] x R? —

R, be a convex strictly proper scoring rule for . We will show that dim(I'~!(u)) >

n—d—1VYu € I'(relint(A,)).

Let p € relint(A,,), and let u* = I'(p). Since ¥ is strictly proper for I'; we have
u* = argmincga Eyp[(Y,u)].
Moreover, since v is convex, we have
n
0 € OBy plu(V,u)) = 3 py (. u),
y=1

where 09 (y, u*) denotes the set of subdifferentials of 1(y, u) at u* (if ¢(y, ) is differentiable,
each such set is a singleton). Therefore for each y € [n], Iw, € 0y (y,u*) such that

Y1 DyWy = 0. Let A = [wy ---wy] € R™ and let
H={qcA,:Aq=0}={q€eR":Aq=0,1"q=1,-q <0},

where 1 € R" is the all-ones vector. We have p € H, and also —p < 0. Therefore, by Lemma

14 of Ramaswamy and Agarwal (2012), we have

pn(p) > n—(d+1),
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where p,(p) is the feasible subspace dimension of H.* Now,

n
qei = Aq=0 = O0¢ qu&/)(y,u*)
y=1
= u’ = argmin,cpa By q[¢(Y, u)]

— (@) =u’

which gives # C I'"!(u*), and therefore,
(T ) > piroae(®) > D) > n—(d+1).
Since p € relint(A,,) was arbitrary, the result follows. O

Corollary 2.5.6. Let ' : A,—R? be d'-elicitable via a convex proper scoring rule in d' > d

dimensions. Then

d > n—dimT () -1 Vue(relint(A,)).

4The feasible subspace dimension of a convex set C at p € C is defined as the dimension of the subspace
Fe(p) U (—Fc(p)), where Fe(p) is the cone of feasible directions of C at p (Ramaswamy and Agarwal, 2012).
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Chapter 3

Information Elicitation in the Absence of Ground Truth

In the previous chapter we saw how tools from information elicitation can help the design of
better surrogate losses for machine learning. In this chapter we will continue our discussion
at the interface of machine learning and information elicitation, and see how information
elicitation mechanisms in the absence of ground truth observations can benefit from using

machine learning tools.

3.1 Introduction

3.1.1 Background

Recall from the previous chapter that truthful information elicitation mechanisms can be
designed using proper scoring rules that take as input an agent’s report and a ground truth
observation from the underlying distribution. However, there are many applications where
such ground truth observations are not available, for example, in massive open online courses
(MOOCs) where the instructor does not grade student assignments but instead relies on
students to grade each others assignments; in prediction markets where experts are asked
about their opinion on future events; in surveys where respondents are asked about their
feedback on a new product/feature. In the first example, there is an objective ground truth
(instructor’s grade) but it is costly to compute; in the second example, there is also an
objective ground truth (outcome of the future event) but it is not known at the time of

scoring; in the final example, there is no notion of an objective ground truth.

Peer prediction is a technique of eliciting truthful information in the absence of ground truth
by comparing an agent’s response with those of their peers. Peer prediction mechanisms
leverage correlation in the reports of peers in order to score contributions. The main challenge
of peer prediction is to incentivize agents to put effort to obtain a signal or form an opinion

and then honestly report to the system. In recent years, peer prediction has been widely
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studied in several domains, including peer assessment in massively open online courses
(MOOCs) (Shnayder and Parkes, 2016; Gao et al., 2016), for feedback on local places in a
city (Mandal et al., 2016), and in the context of collaborative sensing platforms (Radanovic

and Faltings, 2015d).

However, almost all general methods are essentially restricted to settings with homogeneous
participants, whose signal distributions are identical. This is a poor fit with many suggested
applications of peer prediction. Consider for example, the problem of peer assessment in
MOOCs. DeBoer et al. (2013) and Wilkowski et al. (2014) observe that students differ based
on their geographical locations, educational backgrounds, and level of commitment, and
indeed the heterogeneity of assessment is clear from a study of Coursera data (Kulkarni et al.,
2015). Simpson et al. (2013) observed that the users participating in a citizen science project
can be categorized into five distinct groups based on their behavioral patterns in classifying
an image as a Supernovae or not. A similar problem occurs in determining whether news
headline is offensive or not. Depending on which social community a user belongs to, we
should expect to get different opinions (Zafar et al., 2016). Moreover, Allcott and Gentzkow
(2017) report that leading to the 2016 U.S. presidential election, people were more likely to
believe the stories that favored their preferred candidate; Fourney et al. (2017) find that
there is very low connectivity among Trump and Clinton supporters on social networks,
which leads to confirmation bias among the two groups and clear heterogeneity about how

they believe whether a piece of news is “fake” or not.

One obstacle to designing peer prediction mechanisms for heterogeneous agents is an impos-
sibility result. No mechanism can provide strict incentives for truth-telling to a population of
heterogeneous agents without knowledge of their signal distributions (Radanovic and Faltings,
2015¢). This negative result holds for minimal mechanisms, which only elicit signals and
not beliefs from agents. One way to alleviate this problem, without going to non-minimal
mechanisms, is to use reports from the agents across multiple tasks to estimate their signal

distributions. This is our goal: we want to design minimal peer prediction mechanisms for
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heterogeneous agents that use reports from the agents for both learning and scoring. We

also want to provide robustness against coordinated misreports.

As a starting point, one can consider the correlated agreement (CA) mechanism proposed
by Shnayder et al. (2016b). If the agents are homogeneous and the designer has knowledge
of their joint signal distribution, the CA mechanism is informed truthful, i.e. no strategy
profile, even if coordinated, can provide more expected payment than truth-telling, and the
expected payment under an uninformed strategy (where an agent’s report is independent
of her signal) is strictly less than the expected payment under truth-telling. These two
properties remove any incentive for coordinated deviations and strictly incentivize the agents
to put effort in acquiring signals, respectively. In a detail-free variation, in which the designer
learns the signal distribution from reports, approximate incentive alignment is provided (still
maintaining the second property as a strict guarantee.) The detail-free CA mechanism can
be extended to handle agent heterogeneity, but a naive approach would require learning the
joint signal distributions between every pair of agents, and the total number of reports that
need to be collected would be prohibitive for many settings. Can we exploit machine learning
techniques to address this requirement of learning joint signals for every pair of agents and
to design a more efficient mechanism? In this chapter we seek to answer this question and

design an efficient mechanism for heterogeneous agents.
3.1.2 Our Contributions

We design the first minimal and detail-free mechanism for peer prediction with heterogeneous
agents, where the learning component has sample complexity that is only linear in the number
of agents, while providing an incentive guarantee of approximate informed truthfulness. Like
the CA mechanism, this is a multi-task mechanism in that each agent makes reports across
multiple tasks. Our mechanism is robust to any coordination between agents as long as
the task assignments are such that from an agent’s perspective every other agent is equally
likely to be her peer. Hence, our mechanism is robust to any coordination between agents

that happens prior to task assignment. Our mechanism will also be robust to coordinations
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after task assignments as long as the agents are not able to figure out which agents are more
likely to be their peers based on the identity of the tasks they are assigned. For example,
in the context of a MOOC, the organizer can anonymize the homeworks to be graded, and
hence, it will require a lot of effort for students to figure out whose homeworks they are
grading even after the homeworks have been assigned for grading. Since our mechanism has
a learning component, the task assignments to agents should also be such that both the goals
of incentive alignment and learning are simultaneously achieved. We consider two assignment
schemes under which these goals can be achieved and analyze the sample complexity of our

methods for these schemes.

The mechanism clusters the agents based on their reported behavior' and learns the pairwise
correlations between these clusters. The clustering introduces one component of the incentive
approximation, and could be problematic in the absence of a good clustering such that
agents within a cluster behave similarly. Using eight real-world datasets, which contain
reports of users on crowdsourcing platforms for multiple labeling tasks, we show that the
clustering error is small in practice even when using a relatively small number of clusters.
The second component of the incentive approximation stems from the need to learn the
pairwise correlations between clusters; this component can be made arbitrarily small using a

sufficient number of signal reports.

Another contribution of this chapter is to connect, we believe for the first time, the peer
prediction literature with the extensive and influential literature on latent, confusion matrix
models of label aggregation (Dawid and Skene, 1979b). The Dawid-Skene model assumes that
signals are generated independently, conditional on a latent attribute of a task and according
to an agent’s confusion matrix. We cluster the agents based on their confusion matrices
and then estimate the average confusion matrices within clusters using recent developments

in tensor decomposition algorithms (Anandkumar et al., 2014; Zhang et al., 2016). These

'One could also consider clustering the agents based on their observable covariates as long as agents with
similar covariates have similar ‘signal type’. However, in the applications that we consider in this chapter,
for example MOOCs, such covariates may not be observable, and hence, we only rely on agent reports for
clustering.
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average confusion matrices are then used to learn the pairwise correlations between clusters

and design reward schemes to achieve approximate informed truthfulness.

In effect, the mechanism learns how to map one agent’s signal reports onto the signal reports
of the other agents. For example, consider the context of a MOOC, in which an agent in
the “accurate” cluster accurately provides grades, an agent in the “extremal” cluster only
uses grades ‘A’ and ‘E’, and an agent in the “contrarian” cluster flips good grades for bad
grades and vice-versa. The mechanism might learn to positively score an ‘A’ report from
an “extremal” agent matched with a ‘B’ report from an “accurate” agent, or matched with
an ‘E’ report from a “contrarian” agent for the same essay. In practice, our mechanism will
train on the data collected during a semester of peer assessment reports, and then cluster
the students, estimate the pairwise signal distributions between clusters, and accordingly

score the students (i.e., the scoring is done retroactively).
3.1.3 Related Work

We provide a brief review of the related work in peer prediction, and suggest (Faltings and
Radanovic, 2017) for a detailed discussion. We focus our discussion on related work about
minimal mechanisms, but remark that we are not aware of any non-minimal mechanisms
(following from the work of Prelec (2004)) that handle agent heterogeneity. Miller et al.
(2005) introduce the peer prediction problem, and proposed an incentive-aligned mechanism
for the single-task setting. However, their mechanism requires knowledge of the joint signal
distribution and is vulnerable to coordinated misreports. In regard to coordinated misreports,
Jurca et al. (2009) show how to eliminate uninformative, pure-strategy equilibria through a
three-peer mechanism, and Kong et al. (2016) provide a method to design robust, single-task,
binary signal mechanisms (but need knowledge of the joint signal distribution). Frongillo
and Witkowski (2017) provide a characterization of minimal (single task) peer prediction

mechanisms.

Witkowski and Parkes (2013) introduce the combination of learning and peer prediction,

coupling the estimation of the signal prior together with the shadowing mechanism. Some
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results make use of reports from a large population. Radanovic and Faltings (2015a), for
example, establish robust incentive properties in a large-market limit where both the number
of tasks and the number of agents assigned to each task grow without bound. Radanovic et al.
(2016) provide complementary theoretical results, giving a mechanism in which truthfulness
is the equilibrium with the highest payoff in the asymptote of a large population and with a

structural property on the signal distribution.

Dasgupta and Ghosh (2013) show that robustness to coordinated misreports can be achieved
for binary signals in a small population by using a multi-task mechanism. The idea is to
reward agents if they provide the same signal on the same task, but punish them if one
agent’s report on one task is the same as another’s on a different task. The Correlated
Agreement (CA) mechanism (Shnayder et al., 2016b) generalizes this mechanism to handle
multiple signals, and uses reports to estimate the correlation structure on pairs of signals
without compromising incentives. In related work, Kong and Schoenebeck (2016, 2019)
show that many peer prediction mechanisms can be derived within a single information-
theoretic framework. Their results use different technical tools than those used by Shnayder
et al. (2016b), and also include a different multi-signal generalization of the Dasgupta-
Ghosh mechanism that provides robustness against coordinated misreports in the limit of
a large number of tasks. Kong (2020) use this information-theoretic framework to design
a mechanism that uses determinant based mutual information (DMI) to reward agents.
This mechanism achieves dominant truthfulness, i.e. truthfulness dominates any other non-
permutation strategy, using only a constant number of tasks. Shnayder et al. (2016¢) adopt
replicator dynamics as a model of population learning in peer prediction, and confirm that
these multi-task mechanisms (including the mechanism by Kamble et al. (2015)) are successful

at avoiding uninformed equilibria.

There are very few results on handling agent heterogeneity in peer prediction. For binary
signals, the method of Dasgupta and Ghosh (2013) is likely to be an effective solution

because their assumption on correlation structure will tend to hold for most reasonable
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models of heterogeneity. But it will break down for more than two signals, as explained
by Shnayder et al. (2016b). Moreover, although the CA mechanism can in principle be
extended to handle heterogeneity, it is not clear how the required statistical information
about joint signal distributions can be efficiently learned and coupled with an analysis of
approximate incentives. For a setting with binary signals and where each task has one of a
fixed number of latent types, Kamble et al. (2015) design a mechanism that provides strict
incentive compatibility for a suitably large number of heterogeneous agents, and when the
number of tasks grows without bound (while allowing each agent to only provide reports on a
bounded number of tasks). Their result is restricted to binary signals, and requires a strong
regularity assumption on the generative model of signals. (Kong and Schoenebeck, 2016)
design an information theoretic framework for peer prediction. Their mechanism pays each
agent the mutual information between her report and her peer’s report. This mechanism
can be extended to the heterogeneous agents setting as long as we can measure the mutual
information between all pairs of agents. However, such a mechanism would require the agents

to provide reports on a large number of tasks.

Finally, we consider only binary effort of a user, i.e. the agent either invests effort and receives
an informed signal or does not invest effort and receives an uninformed signal. Shnayder et al.
(2016b) work with the binary effort setting and provide strict incentive for being truthful.
Therefore, as long as the mechanism designer is aware of the cost of investing effort, the
payments can be scaled to cover the cost of investing effort. The importance of motivating
effort in the context of peer prediction has also been considered by Liu and Chen (2017b)
and Witkowski et al. (2013).2 See Mandal et al. (2016) for a setting with heterogeneous tasks
but homogeneous agents. Liu and Chen (2017a) also designed single-task peer prediction
mechanism for the same setting but only when each task is associated with a latent ground

truth.

2Cai et al. (2015) work in a different model, showing how to achieve optimal statistical estimation from
data provided by rational agents. They only focus on the cost of effort. They do not consider possible
misreports, and thus their mechanism is also vulnerable to coordinated misreports.
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3.1.4 Organization

In Section 3.2 we introduce the model for heterogeneous peer prediction. In Section 3.3 we
present our mechanism and prove its truthfulness. In Section 3.4 we provide learning results
for making our model detail-free. In Section 3.5 we present experiments on real-world data.

We finally conclude in Section 3.6.

3.2 Model

Let notation [t] denote {1,...,t} for ¢ € N. We consider a population of agents P = [¢], and
use indices such as p and ¢ to refer to agents from this population. There is a set of tasks
M = [m]. For example, a task can be either grading an essay or answering a question in
an online rating sytem. When an agent performs a task, she receives a signal from N = [n].
Such a signal usually indicates the quality of the task i.e. the number of points assigned to
the essay or how good the food is at a restaurant. The agents need to put some effort to
get an informative signal about the task. As mentioned before, we assume that the effort of
an agent is binary i.e. either the agent puts full effort and receives an informative signal or
the agent puts no effort and receives a signal drawn uniformly at random. We also assume
that the tasks are ex ante identical, that is, the signals of an agent for different tasks are
sampled i.i.d. For example, in the essay grading scenario, if the essays assigned to any
student are drawn uniformly at random from a large population of essays, the student’s
signal distribution for an assigned essay is ex ante almost identical to any other assigned

essay.

Each agent is assigned a set of tasks and she decides, for each task, whether to put effort
and receive an informative signal or put no effort and receive a random signal. This provides
the agent with a set of signals, one for each task. Then the agent reports back to mechanism
designer a set of signals, one for each assigned task. Before putting any effort to receive
informative signals, the agents have no knowledge about the tasks apart from the fact they
are ex-ante identical. Once the agents receive their signals, their reports are determined

completely by these signals. In other words, the agents do not use any additional information
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to determine their reports. We will assume that, for each task, the message space and the
signal space are the same. Since the payment made to the agents depend on their reported
signals (messages), the reported signals can be very different than the observed signals. The
goal of a peer prediction mechanism is to ensure that the agents put effort in all the tasks
and report their signals truthfully. For the MOOC setting, a student spends some amount of
time to figure out the grade of each of her assigned essays. She might also decide to not look
at an essay and report an arbitrary grade. The goal of our mechanism is to ensure that the
students put some effort to determine the grades of the essays and report them truthfully
back to the platform. We work in the setting where the agents are heterogeneous, i.e., the
distribution of signals can be different for different agents. These differences are captured
by the agents’ types and we say that the agents vary by signal type. In peer prediction, we
compare the reports of an agent to the reports of their peers on the same tasks, and hence,
we also need to talk about joint signal distribution of pairs of agents in addition to the signal
distribution of an individual agent. In our setting, these joint signal distributions can be

different for different pair of agents.

Let S, Sy denote random variables for the signal observed by agents p and ¢ on some task.
Let D, 4(i,j) denote the joint probability that agent p receives signal i while agent g receives
signal j on a task, i.e. Dy 4(i,j) = Pr(S, = 14,5, = j). Let D,(i) and D,(j) denote the
corresponding marginal probabilities, i.e. D,(i) = Pr(S, =) and , Dy(j) = Pr(Sy =j). An
important part of our mechanisms are the delta matrices which are defined as follows. We

define the Delta matriz A, , between agents p and q as

Ap(i§) = Dyli.d) = Dyli) - Dy(i). Vi j € [n). (3:2.1)

The delta matrices capture the correlation between pairs of realized signals. For example, if
A, 4(1,2) =D, 4(1,2) — Dy(1)Dg(2) > 0. This implies that Pr[S, = 1|S; = 2] > Pr[S, =1].
Therefore, the event of agent p observing signal 1 is positively correlated with the event of

agent q observing signal 2. This would also mean that the event that agent p receives signal
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1 and agent g receives signal 2 is more likely when these signals are for the same task, than
when they are for different tasks. Our mechanism will use these correlations to decide the
score for an agent given the reports of the agent and her peers. The correlated agreement
(CA) mechanism (Shnayder et al., 2016b) also uses these delta matrices to construct a scoring
mechanism for agent reports, however, they work in a setting where agents are exchangeable,

i.e. the delta matrix A, ; is the same for all pairs p, ¢ of agents.

Example 3.2.1. For two agents p and q, consider the following joint signal distribution

D, g is

with marginal distributions D, = [0.5 0.5] and Dy = [0.3 0.7], the Delta matriz Ay 4 is

0.2 0.3 0.5 0.06 —0.05

Ap,q = - : |:03 0.7:| =
0.1 04 0.5

—0.05 0.05

An agent’s strategy defines, for every signal it may receive and each task it is assigned, a
probability distribution over signals it will report. Shnayder et al. (2016b) show that it is
without loss of generality for the class of mechanisms we study in this chapter to assume that
an agent’s strategy is uniform across different tasks. Hence, we will make the assumption
that an agent’s strategy is uniform across tasks. Formally, let 12, denote the random variable
for the report of agent p for a given task. The strategy of agent p, denoted FP, defines the
distribution of reports for each possible signal i, with F!" = Pr(R, = r|S, = i). Therefore
if there are n signals then the strategy FP? : [n] — P,, where P, is the set of all possible
distributions with support in [n]. The collection of agent strategies, denoted {F?},cp, is
the strategy profile. A strategy of agent p is informed if there exist distinct i, € [n] and

r € [n] such that F? # Fﬂ, i.e., if not all rows of FP are identical. We say that a strategy is
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uninformed otherwise.
3.2.1 Multi-Task Peer Prediction

In this chapter we consider multi-task peer prediction mechanisms defined in Shnayder et al.
(2016b), and extend them to the setting of heterogeneous agents. In these mechanisms, each
agent performs multiple-tasks and the score of an agent depends on its reports and the
reports of its peers. For each agent, a random subset of her tasks is designated as bonus
tasks, and its complement is designated as penalty tasks, without the knowledge of the agent.
These mechanisms are characterized by scoring matrices for each pair of agents, which are
used to score agents’ reports. In our mechanism, the scoring matrix S, 4 : [n] x [n] = {0,1}
for agent pair p and ¢ will be such that S), 4(¢,j) = 1 when the event that agent p receives
signal ¢ is positively correlated with the event that agent g receives signal j on the same task,
otherwise S 4(, j) = 0. We will thus use the delta matrices (which will be learnt from agent

reports) to design these scoring matrices.

For signals ¢ and j, if Sp4(¢,7) = 1, then, for each bonus task of an agent p, we will add 1 to
her score for reporting ¢ when the report of its peer agent ¢ on the same task is j, otherwise
we will not add anything. Additionally, for each bonus task of agent p, we randomly select a
penalty task and subtract some score her total score based on her report on the penalty task.
For signals i and j, if Sy 4(4,j) = 1, then we will subtract 1 from her score for reporting i on
the penalty task when the report of its peer agent g on a different task is j, otherwise we will
not subtract anything. The penalty is included in the score in order to avoid ‘uninformative
equilibria’ where agents agree to report the same signal on every task without investing effort
in gathering the signals. The total score of an agent will be sum of all the scores over all

bonus tasks calculated this way.

In our mechanism the score of an agent on a bonus task will be ‘+1’ when its report is
positively correlated with the report of its peer agent on the same task. The score of an
agent on a penalty task will be ‘-1’ when its report is positively correlated with the report of

its peer on a different task. The intuition behind our mechanism is that when signals ¢ and j
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of agents p and q are correlated then it will be more likely that agents receive this pair of
signals on tasks they share than on tasks they do not share. Hence, the overall score will be
positive in expectation, when agents are truthful. Whenever the agents use any uninformed
strategy then the event that ‘the report of agent p is ¢ and the report of agent ¢ is j’ is
as likely to happen when they perform the same task as it is when they perform different
tasks. Hence, the expected payment of any uninformed strategy will be zero. The correlated
agreement (CA) mechanism (Shnayder et al., 2016b) also uses a scoring matrix for scoring
agent. However, in their homogeneous setting only one scoring matrix is required because
the delta matrices are the same for each pair of agents. In our heterogeneous setting we have

to use different scoring matrices for different pairs of agents.

Formally, for agent p, we denote the set of her bonus tasks by MY and the set of her penalty
tasks by M¥. To calculate the payment to an agent p for a bonus task ¢t € MY, we do the

following;:

1. Randomly select an agent ¢ € P\ {p} such that ¢t € M{, and the set M¥ U MJ has at

least 2 distinct tasks, and call ¢ the peer of p.

2. Pick tasks t' € MY and " € MJ randomly such that ¢’ # ¢” (¢ and t” are the penalty

tasks for agents p and ¢ respectively)

3. Let the reports of agent p on tasks ¢t and ¢’ be rf, and fr’g, respectively and the reports

t

" .
q and rf] respectively.

of agent ¢ on tasks t and t” be r
4. The payment of agent p for task t is then Sp(rf, 7t) — Spq(rh, 7).

The total payment to an agent is the sum of payments for the agent’s bonus tasks.
3.2.2 Task Assignments

Since we work in the setting where agents perform multiple tasks, and hence, it is important
to address how these tasks are assigned to agents. Our mechanism has two requirements

from any task assignment—
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1. From an agent’s perspective, every other agent is equally likely to be her peer. This
requires agents not to know each other’s task assignments before deciding a strategy.
For example, if agents of one ‘type’ are more likely to be peers with agents of another
‘type’ based on their task assignments, then they can coordinate amongst themselves
to decide a more profitable strategy than truth-telling. Our mechanism will be robust
to coordinations that happen before the task assignments. Our mechanism will also be
robust to coordinations after task assignments as long as the agents are not able to
figure out which agents are more likely to be their peers based on the identity of the

tasks they are assigned.

2. We should always be able to find a peer agent ¢ for any agent p. Precisely, the tasks
are assigned in a way that for every agent p we can find a peer agent ¢ such that ¢ has
performed at least one bonus task that p has performed, and we have reports from p

and ¢ for two different tasks which are not the same as the bonus task.

In addition, our mechanism has a learning component, where we learn about the correlation
between agents’ signals, and also cluster agents into groups. Hence, in order to learn these
quantities, we need to collect sufficient reports from each agent. This imposes some other
requirements for the task assignment. In Section 3.4 we propose two task assignment schemes

that a principal can use that satisfy all these requirement.
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3.2.3 Expected Payments

The expected payment to agent p under strategy profile { F'?},cp for any bonus task performed

by her, equal across all bonus tasks as the tasks are ex ante identical, is given as

up(FP {F Y ) = —1 Z Zqu i.J) Z ngF]rqS (rp,7q)

q#p \ tJ Tp,Tq

ZD Z WpZD Z Jirq Pq TpvrtI)
i

1
= m Z Z (Dp,q(iaj) Z Ty qu Tp,Tq)

q#p 4,J TpsTq
ZZAM (i,5) Y FPFL Spg(rp,my) (3.2.2)
‘Hép ,J TpsTq

3.2.4 Informed Truthfulness

Following Shnayder et al. (2016b), we define the notion of approximate informed truthfulness

for a multi-task peer prediction mechanism.

Definition 3.2.2. (e-informed truthfulness) We say that a multi-task peer prediction mecha-
nism is e-informed truthful, for some e > 0, if and only if for every strategy profile { F'4}qecp
and every agent p € P, we have uy(I, {I}42p) = up(FP, {F}42p) — €, where 1 is the truthful

strategy, and up(L, {I}42p) > up(FY, {F1}4zp) where Ff is an uninformed strategy.

An e-informed truthful mechanism ensures that every agent prefers (up to €) the truthful
strategy profile over any other strategy profile, and strictly prefers the truthful strategy
profile over any uninformed strategy. Moreover, no coordinated strategy profile provides more
expected utility than the truthful strategy profile (upto €). For a small ¢, this is responsive to
the main concerns about incentives in peer prediction: a minimal opportunity for coordinated
manipulations, and a strict incentive to invest effort in collecting and reporting an informative

signal.3

3We do not model the cost of effort explicitly in this chapter, but a binary cost model (effort — signal,
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3.2.5 Learning and Agent Clustering

Suppose that one knows A, , for every pair of agents, then one can calculate the scoring
matrices Sy, ; according to these delta matrices and use these scoring matrices to score the
agents. It is not hard to prove (see Lemma 3.3.4 for a proof) that such an extension of the
CA mechanism will be informed truthful. However, we seek to design a detail-free mechanism
where one does not have the knowledge of delta matrices, and one needs to learn them from
agent reports. However, it would require Q(¢?) samples to learn the delta matrices between
every pair of agents, which will often be impractical. Rather, the number of reports in a

practical mechanism should scale closer to linearly in the number of agents.

In response, we will assume that agents can be (approximately) clustered into a bounded
number K of agent signal types, such that agents of the same type have similar signal
distributions. Hence, a cluster of agents will be treated as a meta-agent, and we will work
with signal distributions of these meta-agents. Formally, let G1, ..., Gk denote a partitioning
of agents into K clusters. With a slight abuse of notation, we also use G(p) to denote the

cluster to which agent p belongs.

In order to reduce the sample complexity of our mechanism, we want that the clustering of
agents to be such that for each pair p, g of agents, the signals of meta-agents (clusters) G(p)
and G(q) are correlated in a similar manner as the signals of agents p and g. With this in
mind, for s,t¢ € [K], let us define the cluster Delta matrix between clusters G5 and Gy to be

the average signal correlation taken over all pairs of agents p € G5 and g € Gy, i.e.

1 .
TGLIX[Ge] zpeGs,qth Apyg if s #1
Ag,.q, =

1 . B
[GiP=C: 2pacGoatp Dra s =1

Now, the clustering of agents should be such that for each pair of agents p, g, we should be

able to use Ag(p) a(q) as a proxy for Ay ;. This will allow use learn Delta matrices for every

no-effort — no signal) can be handled in a straightforward way. See Shnayder et al. (2016b).
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cluster pair, instead of learning Delta matrices for every agent pair. This intuition results in

the following definition of an e1-accurate clustering.

Definition 3.2.3. We say that clustering G1, ...,Gk is e1-accurate, for some 1 > 0, if for

every pair of agents p,q € P,

1Ap.q — Acp),colll < e1, (3.2.3)

where Agp),a(q) 8 the cluster Delta matrix between clusters G(p) and G(q).

Example 3.2.4. Let there be 4 agents p,q,r and s. Let the pairwise Delta matrices be the

following
0.15 -0.15 —0.15 0.15 —0.05 0.05
Ap,q = y Rpor = s Ap,s
—0.15 0.15 0.15 —-0.15 0.05 —0.05
—0.05 0.05 —0.15 0.15 0.15 —-0.15
Aq,T = ) Aq,s = ) Ar,s =
0.05 —0.05 0.15 —-0.15 —0.15  0.15

In this example, agents p and q tend to agree with each other, while agents r and s tend to
agree with each other while disagreeing with p and q. Let the clustering be G1, G2 where p, q

belong to G1 and r,s belong to Go. Then the cluster Delta matrices are the following

0.15 —0.15 —-0.1

) AGl,G2 =

0.1 0.15 —-0.15
) AG2,G2 =

—-0.15

AGLGI =

—0.15 0.15 0.1 -0.1 0.15

It is easy to observe that G1, Gy is a 0.2-accurate clustering.

Our mechanism will use an estimate of Agy) a(q) (instead of Ap ;) to define the scoring
matrix S), 4. Thus, the incentive approximation will directly depend on the accuracy of the
is.

clustering as well as how good the estimate of Ag () G(q)

There is an inverse relationship between the number of clusters K and the clustering accuracy
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€1: the higher the K, the lower the £1. In the extreme, we can let every agent be a separate
cluster (K = {), which results in €; = 0. But a small number of clusters is essential for a
reasonable sample complexity as we need to learn O(K?) cluster Delta matrices. For instance,
in Example 3.2.4 we need to learn 3 Delta matrices with clustering, as opposed to 6 without
clustering. In Section 3.4, we give a learning algorithm that can learn all the pairwise cluster
Delta matrices with 5([( ) samples given a clustering of the agents. In Section 3.5, we show
using real-world data that a reasonably small clustering error can be achieved with relatively

few clusters.

3.3 Correlated Agreement for Heterogeneous Agents

In this section we define our Correlated Agreement for Heterogeneous Agents (CAHU)
mechanism, presented as Algorithm 1. Our mechanism builds upon the multi-task Correlated
Agreement (CA) mechanism of Shnayder et al. (2016b), which uses the correlation between
signals of different agents to design a scoring matrix to score the agents. However, since we
work in a heterogeneous setting we will need to design different scoring matrices for different

pairs of agents, based on the different correlations between different pairs.

For intuition, consider the case when one has knowledge of the Delta matrices for all pairs of
agents. In this case, in the multi-task peer prediction framework defined in Section 3.2.1, the
scoring matrices Sj 4 can be defined such that S, 4(¢,7) = 1 when A, , > 0, and Sy, 4(4,j) =0

otherwise. Such a mechanism will be 0-informed truthful, as we prove in Lemma 3.3.4.

However, in order to design a detail-free mechanism with low sample complexity, we will
assume that we have a clustering of agents such that the average cluster Delta matrices can
be used as a proxy for agent Delta matrices. Hence, our mechanism works with a clustering
of agents, and uses the cluster Delta matrices to design scoring matrices for pairs of agents.
Here, we will describe our mechanism when a clustering as well as estimates of cluster Delta
matrices are given as inputs to the mechanism. In Section 3.4, we will see how one can learn

such a clustering and estimates of Delta matrices from agents reports.
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Specifically, CAHU takes as input a clustering GG1, ..., Gk of agents. It also takes as input
matrices {Aq, a, }se(x] Which are estimates of the cluster Delta matrices {Ag, q, }s ek
defined in Section 3.2.5. The scoring matrix S, , for agent pair p and ¢ is then defined
such that S, 4(7,j) = 1 when Ag,) a(q) > 0, and Sy 4(4, j) = 0 otherwise, where G(p) and
G(q) denote the clusters that p and ¢ belong to, respectively. The CAHU mechanism then
calculates the reward of an agent according to the framework of multi-task peer prediction
discussed in Section 3.2.1. This would means that an agent p gets a positive score whenever
her report and her peer ¢’s report on a bonus task is such that there is positive correlation
between the corresponding signals of clusters G(p) and G(q). However, we also include a
penalty when this happens on different tasks. The idea is that if the clustering is e1-accurate
and the estimates of cluster Delta matrices are accurate, then the mechanism should retain
its truthfulness properties. With this in mind, we define an (1, £2)-accurate input to the

algorithm as follows

Definition 3.3.1. We say that a clustering {Gs} (k) and the estimates {Ag, q, }sieir] are

(e1,€2)-accurate if
o [|Apg— Ay cgllt < e1 forall agents p,q € P, i.e., the clustering is €1-accurate, and

o |Ac.c, — Ac.clli < &2 for all clusters s,t € [K], i.e., the cluster Delta matriz

estimates are 9-accurate.

An g1 clustering intuitively means that if we pick one agent from cluster G5 and another
agent from cluster GGy then their signal correlation is determined by the pair of clusters upto
an error €1 and is independent of the identities of the agents. On the other hand es-accurate
clustering simple means that we can estimate the cluster delta matrices upto an error es.
When we have a clustering and estimates of the delta matrices which are (g1, e2)-accurate, we
prove that the CAHU mechanism is (g1 + €2)-informed truthful. In Section 3.4, we present
algorithms that can learn an 1-accurate clustering and es-accurate estimates of cluster Delta

matrices.
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Algorithm 1 Mechanism CAHU
Input:
A clustering G, ..., G such that [|A,; — Agp)aelll < ée1 forall p,g € P;
estimates {Ag, @, }ste(x] such that |Aq, q, — AGS,GtHl < g9 for all s,t € [K]; and
for each agent p € P, her bonus tasks M7, penalty tasks MY, and responses {r!},c MPUME -
Method:
1: for every agent p € P do

2: for every task b € M? do > Reward response Tb

3: q < uniformly at random conditioned on b € M{ U MJ and (either |Mj| >
2,|MY| > 2 or M # MY) > Peer agent

4: Pick tasks & € M¥ and b” € My randomly such that b’ # " > Penalty tasks

5: Sp’q — Sign(AG(p),G(q)) t

6: Reward to agent p for task bis S, 4 (rf, rg) —Spq (Tf,, rg,/)

7: end for

8: end for

Sign(z) = 1 if £ > 0, and 0 otherwise.

Throughout the rest of this section, we will use €1 to denote the clustering error and 5 to
denote the learning error. We remark that the clustering error €; is determined by the level
of similarity present in agent signal-report behavior, as well as the number of clusters K used,

whereas the learning error €2 depends on how many samples the learning algorithm sees.
3.3.1 Analysis of CAHU

In this section we will prove the incentive properties of the CAHU mechanism. We will first
present an overview of the proof, before presenting it formally. Recall that the expected

payment of an agent in this setting is the following:
up(FP {F %} gzp) = ZZAPQ i,J) ZFll;ijrqS q(Tp,7q) -
q;ép 2 TpsTq

One can think of the expected payment to an agent p to be the average over all other agents

q, the expected payment when ¢ is p’s peer agents. The expected payment when ¢ is p’s peer

agent is given by the quantity Z Ay (i, 7) - er,rq Ez;,pF]qrquﬂ(rp, Tq)-

For intuition, let us only consider deterministic strategies in this discussion. Our proof covers
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general randomized strategies. For deterministic strategies we have that

Z Fﬁijqrqu,q(Tm rg) = Sp,q(Fip’ F]q) )

TpsTq
where Fip and F;I denote (deterministic) reports of agents p and ¢ given signals ¢ and 7,
respectively. In this case the expected payment for p when ¢ is her peer is Zz j Ay q(i,7) -
Spq(EF F ‘7(_1)‘ Suppose that A, , has positive diagonals, and negative non-diagonals, and the
scoring matrix S, , is the identity matrix, then it is not hard to see that the maximum value
of 37, i Apq(iyj) - Spg(Fy, F}l) for any deterministic /7 and F'? is the trace of the matrix
Ap 4. Moreover, this maximum is achieved when FP and F? are truthful. Also, suppose
that agents p and ¢ adopt an uniformed strategy, say reporting ‘1’ for every task, then the
expected payment is 3, s Ay 4(4, j) - Spg(1, 1) which is zero since the sum of the entries of the
Delta matrices is always zero. For the general case, we will show that the maximum expected
payment to p when agent ¢ is her peer is given by Z” Ay q(i,75) - Sign(Apq(i,7)). Hence,
when S, , = Sign(Ay 4(¢, 7)), then this maximum is achieved when the agents are truthful.
Also, the payment of any uninformed strategy is 0. Since, this holds for any peer agent g, this
would imply informed truthfulness of the mechanism where S, ; = Sign(A, 4(4,7)). A similar
argument also follow for any mixed strategies. A formal proof is presented in Lemma 3.3.4,
and is very similar to the proof of informed truthfulness of the CA mechanism (Shnayder

et al., 2016b).

However, we use approximate cluster Delta matrices instead of agent Delta matrices, to design
the scoring matrices. Hence, we need to additionally worry about the effect of approximations
due to clustering and learning on the incentive properties of our mechanisms. We will show
that even under these approximation a truthful strategy will attain an expected reward that
is close to the maximum possible expected reward. Precisely, we will show that when the
clustering is e1-accurate and the cluster Delta matrix estimates are es-accurate then the
expected reward of a truthful strategy is at most (1 + £2) away from the maximum reward

under any strategy and scoring matrices. Also, the expected reward of any uninformed
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strategy will always be zero. This will imply that CAHU is (g1 + €2)-informed truthful.
We will first need the following technical lemmas before proceeding to the main proof.

Lemma 3.3.2. For any matriz Se {0,1}*" and any probability distributions 1 € Py, and

¢ € Py, where P, is the set of all probability distributions over [n], we have that

Z ¢T1§(Tl’r2)¢7‘2 <1

r1,r2€[n]

Proof. The fact that 3 €ln] 1/1r1§ (r1,72)¢r, = 0 follows easily from the fact that i, > 0,

¢r, = 0 and §(r1, r9) = 0 for all r; and ry. The other direction follows from the following.

Y UnSrra)én = Y > S(rira)en,

r1,m2€([n] r1€[n] ro€ln]
< Z 71}7'1 Z 1- ¢7"2 (S\(Tl, T‘Q) < 1)
r1€[n] r2€[n]
= Z Uy, - 1 Craen) s = 1)
r1€[n]
=1 e ¥ =1)

We now prove another technical lemma which gives an upper bound on the maximum payoff

to an agent p under any scoring matrix.

Lemma 3.3.3. Let {S\p,q}p,qep be an arbitrary set of scoring matrices where §p’q e {0, 1}
denotes the score matriz for agent p and agent q. Then for every strategy profile {F},ep we

have that

ZAPQ i) Z ngngr pa(TpsTq) < Apq(iyj) -
TpsTq 1,5:8p,q(4,5)>0

61



Proof. We have that

ZquZJ Z irp ]rq a(Tpsrq) = Ap,q(i’j)z irp ]qrqS q(Tp:Tq)

TpTq (2,5):2p,q(3,5)>0 Tp;Tq

P 4 g
+ Z Apq(i,5) ZFzrngr pa(TpsTq) -
(4,5):2p,q(4,5)<0 TpiTq

(3.3.1)

Now we make two observations. Firstly,

. . p q /\
Z Ap7q(’l,j) Z pq Z «7 ZFzrij'r p.q TINT(I)
0,J:8p,q(4,7)>0 (4:9):8p,q(4,5)>0 TpiTq

which follows from Lemma 3.3.2 as Fi S q(1p,7¢) < 1. Secondly,

Tp,Tq Z?"p j’f‘q

Z Apq(i,J) Z 5«,, quqS q(rp,7q) <0,

(7’7])APJ1(27])<0 TpyTq

which again follows from Lemma 3.3.2 as 3, . F, F? S q(Tp,7q) = 0.

zrp ]’I‘

Now, the desired bound follows from Equation 3.3.1 and the two observations above. O

We will now analyze our mechanism formally using the above lemmas. The derivation of
the following result closely follows a similar analysis due to Shnayder et al. (2016b). We use
uy(+) to denote the utility of agent p when the scoring matrices are Sign(A, 4(i, j)), for all

pairs p, q.

Lemma 3.3.4. For a strategy profile {F},cp and an agent p € P, define

up (FP {F}gzp) = ZZAPQZ] Zngngrq Spa(rpi7q)

q#p Z:J TP 77'q

where S;,q(iaj) = Sign(Ap (i, 7)) for all i,j € [n]. Then, u ( {H}qip) = u;(Fp» {Fq}qsﬁp)'

Moreover, for any uninformed strategy FP, uy(I, {I}q2p) > wy(r, {F9}qp). This implies
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informed-truthfulness of the mechanism where Sy . is used for scoring agents p and q.

Proof. Let 1]-] denote the indicator function. Then the utility of the truthful strategy profile

{L, {I}4#p} is given by

(H {H}qEP\{p}) Z Z pa(isJ) Z i =rp] - 1[j = 7] ‘S;,q(rpvrq)

qEP Tp,Tq
1
= z palisd) 53406
qeP\{p} ©J

1 .
:g_]_ Z Z Apyq(laj)

qeP\{p} 1,j:Ap,q(4,5)>0

The utility of any other strategy profile {F?,{F},.y,} is given by

(F {F }qEP\{p} Z\:{ }ZAPQ i ] Z FﬁngqrqS;q TP7TQ)'
qGP p Tp,Tq

From Lemma 3.3.3 we then have

up(L T} gep\ipy) = up(F {F Y gep\ ) -

For an uninformed strategy FP such that all the rows of FP are the same, i.e. F = for all

1 where v is a probability distribution, we have

uy (B {F Y gtp) = ZZAM i, ) Z Fﬁ"pFquq Spa(Tp:7q)

‘Hép ,J Tp,Tq
*
g_lZZpr > UG, Sha(rsma)
qF#p 0J Tp,Tq

1
Ti—1 Z ZZ%PFJqTqS;qTPaTq <2qu2]>20

q€P\{p} J Tp:Tq

The last equality follows since the row / column sum of delta matrices is zero. On the other

hand, uy (I, {I}4p), being a sum of only positive entries, is strictly greater than 0. O
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We now prove our main theorem that (¢; + e2)-informed truthfulness holds when (g1, 2)-

accurate clustering and learning holds.

Theorem 3.3.5. With (1, e2)-accurate clustering and learning, mechanism CAHU is (e1 +

e2)-informed truthful if ming, uy (I, {T}4%p) > €1 + 2. In particular,

1. For every profile {F'},ep and agent p € P, we have uy(I, {I}g2p) = up(FP, {F}qzp) —

1 — €&9.
2. For any uninformed strategy FY, up(L, {I}gzp) > up(EY, {F %} qzp)-
Proof. Fix a strategy profile {F'},ep. We first show that wy (I, {T}4p) = up(FP, {F9}gp),
and then show that |u; (I, {T}¢p) — up(l, {I}gp)| < €1 + 2. These together imply that
up (I, {T} g2p) = up(FP,{F}qzp) — €1 — €2. For the former, we first observe (similarly, as

in proof of Lemma 3.3.4) that the utility of truthful reporting when the scoring matrix
Sy q(i,5) = Sign(Ay 4(i, 7)), is given by

(]I {H}qu\{p} Z Z Apq(t,7)

qGP\{p} 4,5:8p,q(1,5)>0

The utility u,(FP, {F},cp\(p)) of an agent p for any strategy profile {F?, {F},cp\(py}

under our mechanism, when the scoring matrix S, , = Sign(zg(p)g(q)), is given by

(F {F }qEP\{p} f Z ZAPQ i ] ZF;Z;"ijrqS TI“rq)

qeP\{p} @ TpTq

Now, using Lemma 3.3.3 and the expressions for uy (I, {I}4ep\(p)) and up(FP, {F9} gep\1p1)

we have that

uy (LAl gep\ip}) = up(F?, {F Jge p\(p}) -
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For the latter, we have

|u;(]l, {H}qip) - up(]l, {H}zﬁép)‘ f Z Zqu (i J)(Slgn(Ap q) 1,3 Slgl’l(Ag( )G(q)) J)

qeP\{p} ©Jj
(3.3.2)
67 Z Z]qu i,7) (Sign(Ap,q)i —Slgn(Ag(p) ())i,j)|
q€P\{p} i
r Z Z |qu ) .7 ZG(;{)),Cr'(q)(iajﬂ
q€P\{p} i
“ o Y - Bemanls
q€P\{p}
f Sl @l +18cm).c0) = Aaw).awlh
a€P\{p}
27 Z €1+eg=¢€1+¢€9.
q€P\{p}

To show that the third transition holds, we show that |a - (Sign(a) — Sign(b))| < |a — b| for all
real numbers a,b € R. When Sign(a) = Sign(b), this holds trivially. When Sign(a) # Sign(b),
note that the RHS becomes |a| + |b|, which is an upper bound on the LHS, which becomes
|a]. The penultimate transition holds by e1-accurate clustering and e9-accurate estimates of

cluster Delta matrices. This proves the first part of the theorem.

Now, we prove the second part of the theorem. For an uninformed strategy FP such that all
the rows of F? are the same, i.e. FF =1 for all i where v is a probability distribution, we

have

up(FP {F "} gtp) = ZZAP‘Y i,7) ZngF]rqS (rp,7q)

‘Hép 1,7 TpiTq
g_lzZquZ] Z¢Tp grqqu (Tps7q)
q#p i.J Tp,Tq

Z ZZ% ]Tquq Tp1Tq) (Zqu@J> 0,

QGP\{I?} ] T'p,’l’q
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where the last equality follows because the rows and columns of A, , sum to zero. Since

| (L, {T}gp) — up(L, {I}gp)| < €1 + €2 We have

up(H, {H}q7gp) > u;(ﬂ, {H}q7gp) —e1—e9>0
as uy (I, {I}4p) > €1 + €2 for any p. O

The CAHU mechanism always ensures that there is no strategy profile which gives an expected
utility more than 1 + &2 above truthful reporting. The condition miny, uy (I, {I}4,) > €1 +€2
is required to ensure that any uninformed strategy gives strictly less than the truth-telling
equilibrium. This is important to promote effort in collecting and reporting an informative
signal. Note that, the learning error €2 can be made if we have sufficient amount of data.
Therefore, we need to guarantee that miny, (I, {I}42,) > €1 to ensure that any uninformed
strategy gives strictly less than the truth-telling. Writing it out, this condition requires that

for each agent p the following holds :

E_%Z o Aplig) > e (3.3.3)

q7#P 1,5:8p,q(i,5)>0

In particular, a sufficient condition for this property is that for every pair of agents the
expected reward on a bonus task in the CA mechanism when making truthful reports is at

least €1, i.e. for every pair of agents p and g,

> Apglisg) > e (3.3.4)
1,5:8p q(2,5)>0

In turn, as pointed out by Shnayder et al. (2016b), the LHS in (3.3.4) quantity can be
interpreted as a measure of how much positive correlation there is in the joint distribution
on signals between a pair of agents. Note that it is not important that this is same-signal

correlation. For example, this quantity would be large between an accurate and an always-
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wrong agent in a binary-signal domain, since the positive correlation would be between one

agent’s report and the flipped report from the other agent.

The incentive properties of the mechanism are retained when used together with learning
the cluster structure and cluster Delta matrices. However, we do assume that the agents do
not reveal their task assignments to each other. If the agents were aware of the identities
of the tasks they are assigned, they could coordinate on the task identifiers to arrive at a
profitable coordinated strategy. This is reasonable in practical settings as the number of
tasks is often large. The next theorem shows that even if the agents could set the scoring
matrices to be an arbitrary function S through any possible deviating strategies, it is still
beneficial to use the scoring matrices estimated from the truthful strategies. Let S be an
arbitrary scoring function i.e. §p7q specifies the score matrix for two agents from p and q.
We will write u,(F?, {F9},2,) to denote the expected utility of agent p under the CAHU

mechanism with the reward function S and strategy profile (FP, {F9%} gtp).

~

Theorem 3.3.6. Let {gp,q}pﬂep be an arbitrary set of scoring matrices where Sy, €
{0,1}™*™ denotes the score matriz for agent p and agent q. Then for every profile {F},cp

and agent p € P, we have

1oup(IL {T}gzp) 2 Up(FP, {F}gzp) — €1 — €2.
2. If min, wy (I, {T}gzp) > €1, then for any uninformed strategy FY, wup(I, {T}ezp) >
ap(FéDv {F}gzp)-
Proof. Similar to the proof of Lemma 3.3.4, the utility of truthful reporting when the scoring

matrix Sy (4,7) = Sign(Ayp 4(4,7)), is given by

* 1 ..
Up(]L {H}qEP\{p}> = —1 Ap,q(%])
q€P\{p} i,j:8p,q(i,5)>0

The utility u,(F?, {F?}4ep\(p}) of an agent p for any strategy profile {F?, {F},cp\(p}}
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when the scoring matrix is .S 4, is given by

u, (FP, {F1 }qEP\{p} f Z ZquZJ Z irp ]'rqS q(Tps7q)

qeP\{p} Tp,Tq

Now, using Lemma 3.3.3 and the expressions for uy (I, {I}4ep\(py) and Up(FP, {F9} gep\1p1)

we have that

U;(]L {H}qip) > Up(FP, {Fq}qip) .

Now the proof of Theorem 3.3.5 shows that w, (I, {I}4p) = (I, {I}¢p) — €1 — 2. Using
the result above we get w,(I, {I}s2p) = Up(L, {I}42p) — €1 — €2. Similar to the proof of
Theorem 3.3.5 it can be shown that @, (F}, {F}4.,) = 0 for any uninformed strategy Fj.

The proof of Theorem 3.3.5 also shows that w,(I, {I},+,) can be made positive whenever

miny, up (L, {I}gp) > €1 O

The above theorem implies that the incentive properties of our mechanism hold even when
agents are allowed to coordinate their strategies and the mechanism is learned using reports
from these coordinated strategies. To be precise, recall that u,(I, {I},2p) is the expected
payment to agent p when the mechanism learns the true Delta matrix and the agent reports
truthfully. This is no less than the expected payment minus €1 4+ €2 when the mechanism

learns any other delta matrices and the agents misreport in any arbitrary way.

3.4 Learning the Agent Signal Types

In this section, we provide algorithms for learning a clustering of agent signal types from
reports, and further, for learning the cluster pairwise A matrices. The estimates of the A
matrices can then be used to give an approximate-informed truthful mechanism. Along the
way, we couple our methods with the latent “confusion matrix” methods of Dawid and Skene

(1979D).
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Recall that m is the total number of tasks about which reports are collected. Reports on m;
of these tasks will also be used for clustering, and reports on a further ms of these tasks will
be used for learning the cluster pairwise A matrices. We consider two different schemes for

assigning agents to tasks for the purpose of clustering and learning (see Figures 3 and 4):

® | } { e — —
° } } | @ F— —
e | % { rze | |
ree | } | rne b——
L 1 1 ] : : : :
I T T 1
myq my mp ma
m m
Figure 3: Fixed Task Assignment Figure 4: Uniform Task Assignment

1. Fixed Task Assignment: Each agent is assigned to the same, random subset of

tasks of size m1 4+ msy of the given m tasks.

2. Uniform Task Assignment: For clustering, we select two agents r1 and 79, uniformly
at random, to be reference agents. These agents are assigned to a subset of tasks
of size my(< m). For all other agents, we then assign a required number of tasks,
s1, uniformly at random from the set of m; tasks. For learning the cluster pairwise
A-matrices, we also assign one agent from each cluster to some subset of tasks of size

s9, selected uniformly at random from a second set of ma(< m — m;) tasks.

For each assignment scheme, the analysis establishes that there are enough agents who have
done a sufficient number of joint tasks. Table 1 summarizes the sample complexity results,

stating them under two different assumptions about the way in which signals are generated.

"For an arbitrary ms, this bound is Kmo as long as ms is Q (n7/(5’)2)

In the no assumption approach (resp. Dawid-Skene Model), €’ is the error in the estimation of the joint

probability distribution (resp. aggregate confusion matrix).
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No Assumption Dawid-Skene
Clustering;: 9] (?—;) Clustering: 9]
Learning: 9] (%) Learning: 9
Clustering;: O( = +m1> Clustering;: O
Uniform Assignment 7/8 ~

Learning: 9] (Km 1/ (E,)2> Learning: O

%)
& m)
(6)>T

Table 1: Sample complexity for the CAHU mechanism. The rows indicate the assignment
scheme and the columns indicate the modeling assumption. Here £ is the number of agents, n
is the number of signals, € is a parameter that controls learning accuracy ¥ , v is a clustering
parameter, K is the number of clusters, and my (resp. mg) is the size of the set of tasks
from which the tasks used for clustering (resp. learning) are sampled.

>
\IQ‘:

Fixed Assignment

/—\

~
o
V

Qm‘ S

A

3.4.1 Clustering

We proceed by presenting and analyzing a simple clustering algorithm.

Definition 3.4.1. A clustering G1,...,Gk is €-good if for some v >0

G(q) = G(r) = |18pg = Bprlly <€ =4y Vp € [(]\ {g, 7} (3.4.1)

Glq) # G(r) = [|Apg = Bprllr > & Vp € [(]\ {g, 7} (3.4.2)

We first show that an e-good clustering, if exists, must be unique.

Theorem 3.4.2. Suppose there exist two clustering {G;} k) and {Ti}ie(xn that are e-good.
Then K' = K and G =

7(j) for some permutation © over [K]

Proof. Suppose equations 3.4.1 and 3.4.2 hold with parameters v; and vy respectively for
the clusterings {G}e(x) and {7;}ic(kv)- If possible, assume there exist T; and G such that
Ti\G; #0,G;\T; # 0 and T; N G;j # 0. Pick s € T; N G; and r € G; \ T;. Then we must

have, for any p ¢ {q,s,r},
L [[Apr — Aps|l1 > € (inter-cluster distance in {T;};c[x)
2. [|Apr — Apsllt < & — 491 (intra-cluster distance in {G}};¢(x])

70



Algorithm 2 Clustering

Input: e,~ such that there exists an e-good clustering with parameter ~.
Output: A clustering {G;}5£,

1. G0, K «0 > G is the list of clusters, K = |G|

2: Make a new cluster G1 and add agent 1

3: AddGltoG K+ K+1

4: fori=2,...,4 do

5: for ¢ € [K] do

6: Pick an arbitrary agent ¢; € @t

7: Pick p; € [I]\ {7, ¢} (Fixed) or p; € {r1,m2} \ {i,¢:} (Uniform), such that p,
has at least Q(M) tasks in common with both ¢; and 4

8: Let Aphqt be the empirical Delta matrix from reports of agents p; and ¢

9: Let Apt,i be the empirical Delta matrix from reports of agents p; and %

10: end for

11: if 3t e [K]: |A pege — Dpeillt <e— 2y then

12: add i to Gy (with ties broken arbitrarily for t)

13: else

14: Make a new cluster G’KJrl and add agent ¢ to it

15: AddGKHtoG K+ K+1

16: end if

17: end for

This is a contradiction. Now suppose K’ > K. Then there must exist 7; and T}, such that

T; UTy, C G for some j. Pick ¢ € T; and r € Ty,. Then, for any p ¢ {q,r}
L ||Apg — Aprll1 > € (inter-cluster distance in {7 };c(x/))
2. ||Apg — Aprll1 < € — 4y (intra-cluster distance in {G}}e(x])

This leads to a contradiction and proves that K’ < K. Similarly we can prove K < K'.

Therefore, we have shown that for each each G; there exists i such that G; = T;. O

Since there is a unique e-good clustering (up to a permutation), we will refer to this clustering
as the correct clustering. The assumption that there exists an e-good clustering is stronger
than Equation (3.2.3) introduced earlier. In particular, identifying the correct clustering needs
to satisfy Equation (3.4.2), i.e. the A-matrices of two agents belonging to two different clusters
are different with respect to every other agent. So, we need low inter-cluster similarities in

addition to high intra-cluster similarities. The pseudo-code for the clustering algorithm is
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Figure 5: Algorithm 2 checks whether i and ¢; are in the same cluster by estimating A, 4,
and A, ;.

presented in Algorithm 2. This algorithm iterates over the agents, and forms clusters in a
2

greedy manner. First, we prove that as long as we can find an agent p; that has Q (%W)

tasks in common with both ¢; and 4, then the clustering produced by Algorithm 2 is correct

with probability at least 1 — 4.

Theorem 3.4.3. If for alli € P and ¢ € G(i), there exists p; which has € (%) tasks
in common with both g and i, then Algorithm 2 recovers the correct clustering i.e. (A?t =Gy

fort=1,..., K with probability at least 1 — 6.

We need two key technical lemmas to prove Theorem 3.4.3. The first lemma shows that in
order to estimate A, , with an L1 distance of at most =, it is sufficient to estimate the joint
probability distribution D, , with an L1 distance of at most /3. With this, we can estimate

the delta matrices of agent pairs from the joint empirical distributions of their reports.

Lemma 3.4.4. For allp,q € P, |Dpg— Dpglli <7/3= |18pq — Dpglli <.
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Proof.

18p.q = Dpgll = Z | Dy.g(i, §) = Dp(i)Dy(j) — (Dp,g(i, 5) — Dy(i) Dq(3)))|

= Z ‘an(z’,j) - Dp,q(i’j)‘
i,j

+ 2 1Dp()Dy(9) = Dyp(i)Dg ) + Dyp(i) Dy(j) = Dpli) Dy
<7v/3+ Z Dy (i) Z |Dq(4) — Dy ()| + Z Dy(5) Z | Dp(i) — Dp(i)|
</34 > |Dy(d) = Dg(d)| + Y |Dp(i) — Dyi)|

J 7

</3+ > |Dpa(i,5) = Dpgli, )| + Y | Dpgliy ) = Dpglis §)]|
4,7 4,7

<
as required. O

The second lemma is about learning the empirical distributions of reports of pairs of agents.

This can be proved using Theorems 3.1 and 2.2 from the work of Devroye and Lugosi (2012).

Lemma 3.4.5. Any distribution over a finite domain Q is learnable within a L1 distance of

1]

d with probability at least 1 — §, by observing O (d2

log(1/5)) samples from the distribution.

We can use the above lemma to show that the joint distributions of reports of agents can
be learned to within an L1 distance v with probability at least 1 — 6/K¥, by observing
0 (:—; log(Kﬁ/(S)) reports on joint tasks.

Corollary 3.4.6. For any agent pair p,q € P, the joint distribution of their reports D, 4
is learnable within a L1 distance of v using O (:—jlog(Kf/é)) reports on joint tasks with

probability at least 1 — §/K{.

We are now ready to prove Theorem 3.4.3.
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Proof of Theorem 3.4.3. The proof is by induction on the number of agents ¢. Suppose all
the agents up to and including ¢ — 1 have been clustered correctly. Consider the i-th agent
and suppose 7 belongs to the cluster G;. Suppose @t # (). Then using the triangle inequality

we have

||Apt:(h - Aptﬂ'

1S HAPt,(h - APM]tHl + HAPt,Qt - Am,i”l + HAPM - A;Dt,i”l

Since ¢; € Gy, we have ||Ap, ¢ — Ap,illi < €/2 — 4. Moreover, using lemma 3.4.4 and
corollary 3.4.6 we have that, with probability at least 1 — /K¢, ||Ap, 0 — Dp,qelli < v and
|1Ap,.i — Ap,ill < 7. This ensures that [|Ap, 4, — Ap,ill1 < €/2 — 2. On the other hand pick

any cluster G4 such that s # ¢ and G, # (). Then
”Aps»q.s - Aps,i”l 2 HAp31qS - AszH - HApsﬂs - Aps;qul - HAP&Z. - Apsﬂ“h

Since i ¢ G we have ||A,, 4. — Ap,ill1 > €/2. Again, with probability at least 1 — §/ K¢, we

have ”APS:QS - Apsﬂs ||1 < Y a‘nd ”Aps:i - A])S,iHl < - ThlS CNsures that ”APS:QS - Aps:i

l1 >
£/2 — 2. This ensures that condition on line (11) is violated for all clusters s # t. If Gy # 0
this condition is satisfied and agent ¢ added to cluster @t, otherwise the algorithm makes a
new cluster with agent 7. Now note that the algorithm makes a new cluster only when it sees
an agent belonging to a new cluster. This implies that K =K. Taking a union bound over
the K choices of g5 for the K clusters, we see that agent i is assigned to its correct cluster
with probability at least 1 — ¢/¢. Finally, taking a union bound over all the ¢ agents we get

the desired result. O

Next we show how the assumption in regard to task overlap is satisfied under each assignment
scheme, and characterize the sample complexity of learning the clusterings under each
scheme. In the fixed assignment scheme, all the agents are assigned to the same set of
my = Q(% log(K¢/6)) tasks. Thus, for each agent pair ¢; and ¢, any other agent in the

population can act as p;. The total number of tasks performed is O <%2 log(K?/ 5))
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In the uniform assignment scheme, we select two agents r; and 79 uniformly at random to
be reference agents, and assign these agents to each of m; = Q(:—j log(K(/§)) tasks. For
all other agents we then assign s; = Q(:—; log(K¢/4)) tasks uniformly at random from this
set of my tasks. If m; = s1, then the uniform task assignment is the same as fixed task
assignment. However, in applications (e.g., (Karger et al., 2011)), where one wants the task
assignments to be more uniform across tasks, it will make sense to use a larger value of m;.
The reference agent r; can act as p; for all agent pairs ¢; and ¢ other than ri. Similarly,
reference 79 can act as p; for all agent pairs ¢; and i other than r9. If ¢ =1 and i = r4 or
g+ = 79 and ¢ = r1, then any other agent can act as p;. The total number of tasks performed
is Q(Z,’;—; log(K¥¢/§) + m1), which is sufficient for the high probability result.

3.4.2 Learning the Cluster Pairwise A Matrices

We proceed now under the assumption that the agents are clustered into K groups,
G1,...,Gk. Our goal is to estimate the cluster-pairwise delta matrices Ag, ¢, as required

by Algorithm 1. We estimate the Ag, ¢, under two different settings: when we have no

model of the signal distribution, and in the Dawid-Skene latent attribute model.

Algorithm 3 Learning-A-No-Assumption
:fort=1,...,K do
Chose agent q; € G; arbitrarily.
end for
for each pair of clusters G, G; do
Let ¢s and ¢; be the chosen agents for G5 and Gy, respectively.
Let Dy, 4, be the empirical estimate of D, 4, such that ||Dy, 4 — Dg..q.ll1 < € with
probability at least 1 — 6/K?
Let Ay, 4 be the empirical Delta matrix computed using D, 4,
Set Ac,cr = Agen
9: end for

3.4.2.1 Learning the A-Matrices with No Assumption

We first characterize the sample complexity of learning the A-matrices in the absence of any
modeling assumptions. In order to estimate A, ¢,, Algorithm 3 first picks agent g5 from
cluster G, estimates A, 4 and use this estimate in place of Ag, ,. For the fixed assignment

scheme, we assign the agents g5 to the same set of tasks of size O (% log(K/é)). For the
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uniform assignment scheme, we assign the agents to subsets of tasks of an appropriate size

among the pool of mg tasks.

Theorem 3.4.7. Given an e-good clustering {Gs}X ,, if the number of shared tasks between
any pair of agents qs, q; is O (% log(K/(S)), then Algorithm 3 guarantees that for all s,t,
1AG,.c, — Ac,.c,llh < 3¢’ + 2¢ with probability at least 1 — &. The total number of samples
collected by the algorithm is O (([2;2 log(K/(S)) (resp. O (Km;/8 (:52 log(K/é)) w.h,p,)

under the fixed (resp. uniform) assignment scheme.

We first prove a sequence of lemmas that will be used to prove the result.

Lemma 3.4.8. For every pair of agents p,q, we have

180 = Bowcalr <2+ max . llB8ac— Aol

Proof. Let Ap (g = qu” ZTGG( 9 A, -, then using the property of clusters we have

1
T ~7 NI~/ N1 A'U/ v
G [G(q)] =<Cm e S

1Ap.q — Acp),co)ll = ‘ Apg—

1

1
- 7Zu v A q— Au,v
H\G(p)IIG(q)y eGp)vecia) (Bra ) 1

1
<L 18pg — A
G 2o e Al

uweG(p),veG(q)

1
< 1N () Z || p,q S'qu||1 ||Auq Auv”l
G G ’ ? ) )

| (p)’ ’ (Q)‘ uweG(p),veG(q)

1
S TEIeE Z 2 max ||Aac B Ab c”l
G G a.b.ceP-G(a)= ’ ;
G G(a) u€G(p),vEG(q) b,c€P:G(a)=G(b)

=2 ||Aa,c_Ab,c||1v

max
a,b,ce P:G(a)=G(b)

as required. O

The next lemma characterizes the error made by Algorithm 3 in estimating the Ag, q,-

matrices.
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Lemma 3.4.9. For any two agents p € G5 and q € Gy, |Dpg — Dpglli < € = [|Apg —

AGs,Gtul < 3¢’ + 2¢.

Proof. Lemma 3.4.4 shows that ||D,, — Dyl <& = [|Apg — Apglls < 3¢

Now,

18 = At < 1Bpg = Dpglli + 18pg — Ac, il < 36"+ 2e.

The last inequality uses Lemma 3.4.8 0l

Proof. (Theorem 3.4.7) By Lemma 3.4.5, to estimate D, , within a distance of ¢’ with

(e')?

pairs of clusters we see that with probability at least 1 — &, we have || Dy, 4, — Dy, ., ll1 < €.

probability at least 1 — J/K2, we need O (”—2 log(K2/6)>. By a union bound over the K?

This proves the first part of the theorem. When the assignment scheme is fixed, we can
assign all the same tasks to K agents {qt}thl, and hence the total number of samples is

multiplied by K.

On the other hand, under the uniform assignment scheme, suppose each agent {q;}X , is
assigned to a subset of so tasks selected uniformly at random from the pool of ms tasks. Now
consider any two agents g5 and ¢;. Let X; be an indicator random variable which is 1 when
i € [mg] is included in tasks of ¢s, and 0 otherwise. Also, let Y; be a similar random variable
for the tasks of q;. Let Z; = X; x Y;. The probability that both agents are assigned to a
particular task i, Pr(Z; = 1) = (s3/m2)?. Therefore, the expected number of overlapping
tasks among the two agents is mg - (;—22)2 = 7‘;—%2, ie. ED ., Zi] = ns% Now, we want to bound
the deviations from this expectations. Let R; = E[Y""2 Z;| X1, - ,X;,Y1,---, Y]], then
R; is a Doob martingale sequence for ZLI Z;. Also, it is easy to see that this martingale

sequence is bounded by 1, i.e. |Rj;1 — Rj| < 1. Therefore, we apply the Azuma-Hoeffding

bound (Lemma 3.4.10) as
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2 4
52 S2
> —| <2expq—=5,.
‘ 2m2] p{ Sm%}

Now substituting sy = / - L'/? where L = O <( 5 log(K /6)), we get

Pr

ZZ,’ < m3/4L/2] < 2exp {—\/mgLQ}.

Taking a union bound over K? pairs of agents, if each agent completes m;/ 8. LY/2 tasks
selected uniformly at random from the pool of mo tasks, then the probability that any pair of
agents has number of shared tasks L is at least 1 — K2 exp{—,/m2L?}, which is exponentially

small in ms. O

Lemma 3.4.10. Suppose X,,,n > 1 is a martingale such that Xo =0 and | X; — X;-1] < 1

for each 1 < i< n. Then for everyt >0

Pr(|X,| >t] < 2exp {—t*/2n}

3.4.2.2 Learning the A-matrices Under the Dawid-Skene Model

In this section, we assume that the agents receive signals according to the Dawid and Skene
(1979a) model. Here, each task has a latent attribute and each agent has a confusion matrix
to parameterize its signal distribution conditioned on this latent value. Recall two notations
from the introduction : D) (i) is the marginal probability of observing signal i for agent p and
Dy, 4(%,7) is the joint probability that the agents p and g observe signals i and j respectively.
Then the Dawid-Skene Model is formally defined as :

o Let {m}}_, denote the prior probability over n latent values.
e Agent p has confusion matriz CP € R™*"™ such that CZ. = D,(Sp = j|T = i) where T

is the latent value. Given this, the joint signal distribution for a pair of agents p and ¢
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is
Dpq(Sp =1,5,=17) = ZMC@C,ZJ-, (3.4.3)
and the marginal signal distribution for agent p is

Dy(S, =i) =Y _ mCY,. (3.4.4)
k=1

For cluster Gy, we write Ot = \Tld Zpth CP to denote the aggregate confusion matrix of Gy.
As before, we assume that we are given an e-good clustering, G, ..., Gk, of the agents. Our

goal is to provide an estimate of the Ag, g,-matrices.

Lemma 3.4.11 proves that in order to estimate Ag, ¢, within an L1 distance of &', it is
enough to estimate the aggregate confusion matrices within an L1 distance of £’/4. So in
order to learn the pairwise delta matrices between clusters, we first ensure that for each
cluster Gy, we have ||C* — C*|; < €’/4 with probability at least 1 — /K, and then use the

following formula to compute the delta matrices:
n n n
Ac,c,(65) =D mCiChy = > mCiy Y miCh (3.4.5)
k=1 k=1 k=1

Lemma 3.4.11. Forall G,, Gy, ||C* — C?||; < €'/4 and ||C® — C°||; < €'/4 = || Ag,.qc, —

AGava H < E/'
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Proof.

1 . 1 . ; .
AGaGb(l Jj)= |G 1G] Z Ap,q(za]): 1Gal |G| Z Dp,q(%])*Dp(Z)Dq(])
p€Ga,qeGy p€Gq,qEGY
1
= > Zﬂk%% ZﬂkCﬁZ%
clion 2=,

Zﬁk(Gp;; )( g(;cgj)
o (G 2 C’@) 2 (G Z(;C)

=" mCECl - > mCy Y mCy,
k k k

Now

1AG..c, = Acucylli =D |Ac..(0h5) — Acac, (i 5)]
2%

= Z Z ﬂkC_',‘jiC_',gj — Z e Zwk(}',gj — (Z WkC,?iC'lgj — Z mChi Z Wkng>
ij |k k k k k k

< Z Z Wkélgié]l;j — Zwkc,‘giC,’;j + Z e Z Wké]gj — Z TChi Z TFkC]I;j
ij |k k ij |k k k k

= Z Z wkc_’,‘jic_’};j — Z?ch_'gicgj + Z?ch_'gicgj — Z wkC,‘;ngj
.7 k k k k

+ Z 92 Z ch_'zj - Z e CF ZﬂkC'zj + Z?TkC_',?i ZwkC,gj - ZwkCgi Z Wkng
ij |k k k k k k k k

=> My )é};j - C,ij‘ Z@?i + Z”kz |Cri = Chil ZC,’;j
- - - - -

+Y Yy wy ‘Ck, — b, ’ 3 Z c, Zwk, Z [o/oyer
k % k'

=2) my ‘é};j -Gy

k J

<2 — Oy +2||CP — Py <A x e ja=¢

Tk

-G
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We now turn to the estimation of the aggregate confusion matrix of each cluster. Let us
assume for now that the agents are assigned to the tasks according to the uniform assignment

scheme, i.e. agent p belonging to cluster GG, is assigned to a subset of B, tasks selected

mgK)

uniformly at random from a pool of mg tasks. For cluster G,, we choose B, = 753 In( %

|Gal

This implies:

log(maK/f)

1. For each j € [mg], Prlagent p € Gia completes task j] = ==z

, i.e. each agent p

in GG, is equally likely to complete every task j.

2. Prtask j is unlabeled by G = (1— lostmek/9)' ! 8 myy ion bound
. Pr[task j is unlabeled by G,] = - < .- Taking a union boun
over the mg tasks and K clusters, we get the probability that any task is unlabeled
is at most . Now if we choose 5 = 1/poly(ms), we observe that with probability

at least 1 — 1/poly(msy), each task j is labeled by some agent in each cluster when

Ba = O3

All that is left to do is to provide an algorithm and sample complexity for learning the
aggregate confusion matrices. For this, we will use n dimensional unit vectors to denote the
reports of the agents (recall that there are n possible signals). In particular agent p’s report
on task j, mp; € {0,1}". If p’s report on task j is ¢, then the c-th coordinate of r,; is 1 and
all the other coordinates are 0. The expected value of agent p’s report on the jth task is

E [rp;] = Y51 mCy, The aggregated report for a cluster Gy is given as Ryj = ﬁ ZpEGt Tpj-

Suppose we want to estimate the aggregate confusion matrix C! of some cluster G;. To
do so, we first pick three clusters G1, Gy and G3 and write down the corresponding cross

moments. Let (a,b,c) be a permutation of the set {1,2,3}. We have:
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B[R] =Y mCy (3.4.6)
k
E[Ra; ® Ryj) = Y mCi @ C (3.4.7)
k

E[Ra; ® Ry; ® Rej] = Y mpCpf @ Cf @ Ci (3.4.8)
k

The cross moments are asymmetric, however using Theorem 3.6 in the work by Anandkumar

et al. (2014), we can write the cross-moments in a symmetric form.

Lemma 3.4.12. Assume that the vectors {C%,...,CL} are linearly independent for each

t € {1,2,3}. For any permutation (a,b,c) of the set {1,2,3} define

R; = E[Re; ® Ryj] (B [Raj © Ri;]) ™" Ry
Rj; = E[Rej ® Raj] (E [Ryj ® Raj]) ™" Ry

My = E [Ry; ® Ry;] and Mz = E [Ry; ® Ry; © Re;)

n n
Then My = ZwkC}é@Cﬁ and Ms = Zwkcg®c,§®0,‘;
k=1 k=1

We cannot compute the moments exactly, but rather estimate the moments from samples
observed from different tasks. Furthermore, for a given task j, instead of exactly computing
the aggregate label R,;, we select one agent p uniformly at random from G, and use agent
p’s report on task j as a proxy for Ry;. We will denote the corresponding report as f%gj. The

next lemma proves that the cross-moments of {Egj }5:1 and {Rgy; }é{:l are the same.
Lemma 3.4.13. 1. For any group G, E [éa]} = E[R,;]

2. For any pair of groups G, and Gy, E [éaj ® ébj] =E[R,; ® Ry
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8. For any three groups G4, Gy and G, E Eaj ® ﬁbj ® Ecj} =E[R,; ® Rpj ® Re;]

Proof.

1. First moments of {Rg]} ', and {Rg]} ' | are equal :

E[ aj} |G | Z [rpj] = E[Ra;]

peEG,

2. Second order cross-moments of {égj}{y(:l and {jo}ff:l are equal :
E [ aj ®ij} Z?TkE [ aj @ Ryjly; = k} > mE |:§aj|yj = k] ®E []Sbbj’yj = k‘}
k

Zﬂ'k< | Z ) (G ZCq) :Zﬂkcg(X)CZZE[Raj@ij}
k Ga k

pEGa qeq
3. Third order cross-moments of {ﬁgj}é(zl and {jo}ff:l are equal :
E [fiaj & ébj & Ecj} ZTrkE [ aj @ Rb] & ch|y] = k}
= Zﬂ'kE [Eaj\yj = k} R E [ij|yj = k] QB [Ecﬂyj = k]
k
S\ 2 ) e (@ 2o (\G| ch)

pEG q€Gy reG

= mCi®C} @ Cf = E[Rej ® Ry; @ Rl
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Algorithm 4 Estimating Aggregate Confusion Matrix

Input: K clusters of agents G1,Go,...,Gk and the reports ﬁgj € {0,1}" for j € [m] and
g € [K] _
Output: Estimate of the aggregate confusion matrices CY for all g € [K]

1: Partition the K clusters into groups of three

2: for Each group of three clusters {gq, g, 9.} do

3: for ((L, b, C) € {(gb7 Ye, ga)’ (gca Ya, gb)7 (gaa b, 90)} do

4: Compute the second and the third order moments ]/\/[\2 e Rmxm™ ]/\/[\3 € Rrxnxn
Compute CY and II by tensor decomposition

5: Compute whitening matrix @ € R™*™ such that @T]\/@@ =1

6: Compute eigenvalue-eigenvector pairs (@, 0x),_, of the whitened tensor
]\/4\3(@, @, @) by using the robust tensor power method

T: Compute Wy, = &,;2 and ji = (@T)_laﬁk

For k =1,...,n set the k-th column of C¢ by some /i;, whose k-th coordinate has
the greatest component, then set the k-th diagonal entry of II by @y,
9: end for
10: end for

The next set of equations show how to approximate the moments My and Ms:

-1

]TZQ]- = T;’IL-Q Z Rej ® Ry 7;2 Z Ryjr ® Ryjr Ra; (3.4.9)
j'= j'=
ma ma -1
Egj = ma Z_:l Rejr @ Rajr ma ; ébj’ @ Rajr 1y (3.4.10)
— 1 mi ~ ~ — ] 1 22 ~ ~
My = - ZIR;j, ® Ry, and M; = s ZIR;j, ® Ry @ Rej (3.4.11)
j j'=

We use the tensor decomposition algorithm (4) on Mg and J\/I\g to recover the aggregate
confusion matrix C¢ and II, where II is a diagonal matrix whose k-th component is 7, an
estimate of 7. In order to analyze the sample complexity of Algorithm 4, we need to make
some mild assumptions about the problem instance. For any two clusters G, and Gy, define

Sap = E[Ryj ® Ryj] = >3, mC2 ® C2. We make the following assumptions:

1. There exists o7, > 0 such that 0,(S.) = o, for each pair of clusters a and b, where

on (M) is the n-th smallest eigenvalue of M.
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2. K = mingg g MiNge [, Miny£s {Cl, —CL} >0

The first assumption implies that the matrices S,; are non-singular. The smallest eigenvalue
of S, controls how many samples we need to approximate S, from its sample mean. The
second assumption implies that within a group, the probability of assigning the correct
label is always higher than the probability of assigning any incorrect label. Note that this
assumption might be false for an individual confusion matrix. However, we are averaging
over all the users within a cluster to get the cluster average confusion matrix and unless a
large fraction of individuals within a cluster has the propensity to mislabel i.e. assign large
probability on incorrect labels, this assumption is usually satisfied. The following theorem
gives the number of tasks each agent needs to complete to get an &’-estimate of the aggregate

confusion matrices. We will use the following two lemmas due to Zhang et al. (2016).

Lemma 3.4.14. For any € < 01,/2, the second and the third empirical moments are bounded
as

max{||Ma — Ma|lop, || Mz — Ms|lop} < 318/07
with probability at least 1 — § where § = 6exp (—(/ma€ — 1)?) + nexp (—(\/mg— 1)2)

Lemma 3.4.15. For any € < k/2, if the empirical moments satisfy

max{|| Mz — Ma||op, | Mz — Ms]|op} < EH

1 203/2 o2
for H :=min 1/2 L
2" 15n(240;, " +2v2) 4,/3] 20,/ 4+ 8n(24/0p, + 2V/2)

then ||C¢ — Cllop < v/n&, || —11||op < € with probability at least 1 — & where § is defined in

Lemma 3.4.14

Zhang et al. (2016) prove Lemma 3.4.14 when ]\/4\2 is defined using the aggregate labels
R,;. However, this lemma holds even if one uses the labels ﬁgj. The proof is similar if one

uses Lemma 3.4.13. We now characterize the sample complexity of learning the aggregate
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confusion matrices.

Theorem 3.4.16. For any ¢’ < min{?’—1 5} n? and § > 0, if the size of the universe of

2
0772

shared tasks ma is at least O (J% log (%)), then we have |C* — Ct||; < &' for each
L

cluster G¢. The total number of samples collected by Algorithm 4 is O (Kmg) under the

uniform assignment scheme.

Proof. Substituting €= £1Ho3 /31 in lemma 3.4.14 we get

max{||My — Ma||op, | Ms — Ms||op} < E1H

1/2~
my 61HO'%

with probability at least 1 — (6 + n) exp (— ( TSV

2
- 1> ) . This substitution requires

é\lHU%/?)l < or/2. Since H < 1/2, it is sufficient to have

g1 < 31/0% (3.4.12)

Now using Lemma 3.4.15 we see that ||C¢ — Cl,p < /€1 and ||II — II||,, < &1 with the
5/2

above probability. It can be checked that H > %m. This implies that the bounds hold

1/2 11/2~ 2
with probability at least 1 — (6 4+ n) exp (— (W — 1) ) . The second substitution
requires
E1 < K/2 (3.4.13)

Therefore to achieve a probability of at least 1 — § we need

71302%n3 6+n
> —— |1 1
BT (* °g< 5 )

3

s (a2

1YL

2

It is sufficient that

to ensure ||C¢ — C|lop < v/nE1. For each k, [|Cf — Cilli < /nl|CE — Cillz < /nl|C° —
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Cllop < mE1. Substituting &1 = &' /n?, we get |C¢ — C|l1 = Y p_1ICs — Cilli < n?& =&
when mgo = Q (%log (%)) By a union bound the result holds for all the clusters
simultaneously with probability at least 1 — §K. Substituting §/K instead of 0 gives the
bound on the number of samples. Substituting & = &1 /n? in equations 3.4.12 and 3.4.13, we

get the desired bound on &'.

Now to compute the total number of samples collected by the algorithm, note that each

agent in cluster G, provides ‘75—&2‘ log (%) samples. Therefore, total number of samples

collected from cluster G, is mo log (%) and the total number of samples collected over all

the clusters is Kms log (%) O

Discussion. If the algorithm chooses my = 0] (J%), then the total number of samples
L

7
U 11). So far we have

(5/)2‘71,
analyzed the Dawid-Skene model under the uniform assignment scheme. When the assignment

collected under the uniform assignment scheme is at most 9] (

scheme is fixed, the moments of R,; and Raj need not be the same. In this case we will
have to run Algorithm 4 with respect to the actual aggregate labels {jo}le. This requires
collecting samples from every member of a cluster, leading to a sample complexity of
-

In order to estimate the confusion matrices, Zhang et al. (2016) require each agent to provide
at least O (n°log((¢ +n)/8)/(¢’)?) samples. Our algorithm requires O (n”log(nK/8)/(')?)
samples from each cluster. The increase of n? in the sample complexity comes about because
we are estimating the aggregate confusion matrices in L1 norm instead of the infinity norm.
Moreover when the number of clusters is small (K < /), the number of samples required from
each cluster does not grow with £. This improvement is due to the fact that, unlike Zhang

et al. (2016), we do not have to recover individual confusion matrices from the aggregate

confusion matrices.

Note that the approach based on the work of Dawid and Skene (1979b), for the uniform

assignment scheme, does not require all agents to provide reports on the same set of shared
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tasks. Rather, we need that for each group of three clusters (as partitioned by Algorithm 4
on line 1) and each task, there should exist one agent from those three clusters who completes
the same task. In particular the reports for different tasks can be acquired from different
agents within the same cluster. The assignment scheme makes sure that this property holds

with high probability.

We now briefly compare the learning algorithms under the no-assumptions and model-based
approach. When it is difficult to assign agents to the same tasks, and when the number
of signals is small (which is often true in practice), the Dawid-Skene method has a strong
advantage. Another advantage of the Dawid-Skene method is that the learning error ¢’ can
be made arbitrarily small since each aggregate confusion matrix can be learned with arbitrary
accuracy, whereas the true learning error of the no-assumption approach is at least 2¢ (see

Theorem 3.4.7), and depends on the problem instance.

3.5 Clustering Experiments

Our goal in this section is to empirically evaluate the incentive that an agent has to use a
non-truthful strategy under the CAHU mechanism in real-world scenarios. Recall that this

incentive error comes from two sources:

e The clustering error. This represents how “clusterable” the agents are. From theory,

we have the upper bound &1 = max,, 4y |Ap.qg — Ag(p)g(q)ﬂl.

e The learning error. This represents how accurate our estimates for the cluster Delta

matrices are. From theory, we have the upper bound ez = max; jc(x) [|Ac, 6, —

ZGZ',G]' ” 1-
Given this, the CAHU mechanism is (g1 + e2)-informed truthful (Theorem 3.3.5).

In our experiments, we focus solely on the clustering error due to two reasons. First, the
available real-world datasets have little overlap between the tasks performed by different

agents, making it harder for us to learn their true pairwise A-matrices up to a reasonable
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accuracy and evaluate the error in our estimation. Note that the overlap is only needed to
be able to evaluate the learning error of our approach; under the Dawid-Skene model, we do

not require any overlap when using our approach in practice.

More importantly, the clustering error and the learning error differ in a key sense. Even
with the best possible clustering, the clustering error €1 cannot be made arbitrarily small
with a fixed number of clusters because it depends on how close the signal distributions
of the agents really are. In contrast, the learning error €5 of the no-assumption approach
is 3¢’ + 2e1, (Theorem 3.4.7) from which the part that does not depend on clustering (&)
can be made arbitrarily small by simply acquiring a sufficient amount of data about agents’
behavior. Similarly, the learning error €2 in the Dawid-Skene approach — which we use
in this experiment — can be made arbitrarily small too (Theorem 3.4.16). Hence, given
a sufficient amount of data from the agents, the total error would be dominated by the
clustering error £1. In particular, we show that in practice even a relatively small number of

clusters lead to a small clustering error.

We use eight real-world crowdsourcing datasets. Six of these datasets are from the SQUARE
benchmark (Sheshadri and Lease, 2013), selected to ensure a sufficient density of worker
labels across different latent attributes as well as the availability of latent attributes for
sufficiently many tasks. In addition, we also use the Stanford Dogs dataset (Khosla et al.,
2011) and the Expressions dataset (Mozafari et al., 2014, 2012). Below, we briefly describe

the format of tasks, the number of agents ¢, and the number of signals n for each dataset.*
e Adult: Rating websites for their appropriateness, £ = 269, n = 4.
e BM: Sentiment analysis for tweets, £ = 83, n = 2.
e CI: Assessing websites for copyright infringement, ¢ = 10, n = 3.

e Dogs: Identifying species from images of dogs, £ = 109, n = 4.

4We filter each dataset to remove tasks for which the latent attribute is unknown, and remove workers
who only perform such tasks. ¢ is the number of agents that remain after filtering.
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e Expressions: Classifying images of human faces by expression, £ = 27, n = 4.

e HCB: Assessing relevance of web search results, £ = 766, n = 4.

SpamCF: Assessing whether response to a crowdsourcing task was spam, ¢ = 150,

n=2.
e WB: Identifying whether the waterbird in the image is a duck, £ = 53, n = 2.

Since all datasets specify the latent value of the tasks, we adopt the Dawid-Skene model and
estimate the confusion matrices from the frequency with which each agent p reports each

label j in the case of each latent attribute .

We first use a clustering algorithm to cluster the estimated confusion matrices. Typical
clustering algorithms take a distance metric over the space of data points and attempt to
minimize the maximum cluster diameter, which is the maximum distance between any two
data points in a cluster. In contrast, our objective function (Equation (3.5.1)) is a complex

function of the underlying confusion matrices. We therefore compare two approaches:

1) In this approach, we cluster the confusion matrices using the standard k-means++
algorithm with the L2 norm distance (available in Matlab) and hope that resulting

clustering leads to a small error.”

2) In the following lemma, we derive a distance metric over confusion matrices for which
the maximum cluster diameter is provably an upper bound on the clustering error,
and use k-means++ with this metric (implemented in Matlab).% Note that computing
this metric requires knowledge of the prior over the latent attribute (e.g., in the WB

dataset, this would require knowing the probability that a random image of a waterbird

SWe use L2 norm rather than L1 norm because the standard k-means+-+ implementation uses as the
centroid of a cluster the confusion matrix that minimizes the sum of distances from the confusion matrices
of the agents in the cluster. For L2 norm, this amounts to averaging over the confusion matrices, which is
precisely what we want. For L1 norm, this amounts to taking a pointwise median, which does not even result
in a valid confusion matrix. Perhaps for this reason, we observe that using the L1 norm performs worse.

SFor computing the centroid of a cluster, we still average over the confusion matrices of the agents in the
cluster. Also, since the algorithm is no longer guaranteed to converge (indeed, we observe cycles), we restart
the algorithm when a cycle is detected, at most 10 times.
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is a duck), which can be estimated easily from a small amount of ground truth data.

Lemma 3.5.1. For all agents p,q,r, we have Ay q — Dprll1 <235, w3, |CL — CFyl.

Proof. We have

”AIMI - AP»T

1= Z ’Ap,q(ivj) - AP7T(i7j)|
1,J
= Z [ Dp.q(i3) = Dp(i) Dy () = Dyp.r(i 5) + Dp(i) Dr(5)]

= Z [ Dp,q(is7) = Dpr (i, §) = Dp(i)(Dg(7) — Dr(3))]
2y
= zk:“kcificgj B g”kcgiCQj - %:chﬁi (2; mCy — z;mcfj> ‘
_ Zk:m% (et -ciy) - Zk:”k% <ZI: m (cf - 0;;)) '
< Zzwk Ci; = G ZC,Z +Z;7‘Fk;7ﬁ ’Clqj -y ZC’IZ
- ; 5 i

7 k
=S mlel - cyl+ o m Y m|ch —c| [Using Yo cf =1
ik ik l (
<Y m Y |CL = C +Z”’€Z”Z’CFJ‘_C@'
k J j

:Zﬂkz Cg]—C};J —&—ZmZ’CM Cy;| [Using Z?Tk—ll
k J

Z Z‘CZ] Chi|
k

as required. O

Note that >, Z]‘ |CZJ. — Cl:j‘ < ||C? = C"||; because Zj ‘Cq

< llca - ¢,
Lemma 3.5.1, along with Lemma 3.4.8, shows that the incentive error due to clustering is

upper bounded by four times the maximum cluster diameter under our metric, which defines

the distance between C? and C" as >, mj, > |C’Zj = Ol
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For each dataset, we vary the number of clusters K from 5% to 15% of the number of agents
in the dataset. Within the k-means++ algorithm, we use 20 random seeds and choose the

best clustering produced.

Next, we compute the clustering error. Instead of using the weak bound max, ;i |Ap,q —
A p),c(g)llt on the clustering error (which is nevertheless helpful for our theoretical results),
we use the following tighter bound from the proof of Theorem 3.3.5.

1

|“;;(]L {H}qip)_“p(]lv {H}qip” = (5 — 1) Z Z Ap,q(@j)(Sign(Anq)i,j - Sign(ZG(p),G(q))i,j)

q€P\{p} .J

(3.5.1)
Assuming no learning error, this would be an upper bound on the incentive that agent p
has to use a non-truthful strategy under the CAHU mechanism. We compare this bound
to both the maximum payoff that agent p can receive and the expected payoff that agent p
would receive under our mechanism, and plot the result averaged over p. Figures 6a and 6b
similarly show the incentive of an average agent as a fraction of her mazimum payoff with
the standard L2 metric and with our custom metric, respectively. Figures 7a and 7b show
the incentive of an average agent as a fraction of her expected payoff with standard L2 metric
and with our custom metric, respectively. We note that the expected payoff is a stronger

and more realistic benchmark than the maximum payoff.

In comparison to both the maximum and the expected payoffs, the incentive error is small —
less than 20% of the expected payoff and less than 5% of the maximum payoff — even with
the number of clusters K as small as 15% of the number of workers. The number of agents
does not seem to significantly affect this bound as long as the number of clusters is a fixed
percentage of the number of agents. We also note that using our custom metric leads to a

somewhat smaller error than using the standard L2 norm.
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Figure 6: The incentive error as a fraction of the maximum payoff of an agent, averaged over

agents, on 8 different data sets when using k-means+-+ with the L2 metric and with our
custom metric
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Figure 7: The incentive error as a fraction of the expected payoff of an agent, averaged over

agents, on 8 different data sets when using k-means++ with the L2 metric and with our
custom metric

3.6 Conclusion

We have provided the first, general solution to the problem of peer prediction with hetero-
geneous agents. This is a compelling research direction, where new theory and algorithms
can help to guide practice. In particular, heterogeneity is likely to be quite ubiquitous due
to differences in taste, context, judgment, and reliability across users. Beyond testing these
methods in a real-world application such as marketing surveys, there remain interesting

directions for ongoing research. For example, is it possible to solve this problem with a similar
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sample complexity but without a clustering approach? Is it possible to couple methods of
peer prediction with optimal methods for inference in crowdsourced classification (Ok et al.,
2016), and with methods for task assignment in budgeted settings (Karger et al., 2014)?
This should include attention to adaptive assignment schemes (Khetan and Oh, 2016a) that
leverage generalized Dawid-Skene models (Zhou et al., 2015), and could connect to the
recent progress on task heterogeneity within peer prediction (Mandal et al., 2016). Finally,
it is worth investigating if we can cluster the agents based on some observable characteristics
like demographics, reputation scores etc and reduce the sample complexity of the original

mechanism.
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Chapter 4

Learning Multinomial Logit (MINL) Model from Choices

In this chapter we will begin our discussion at the interface of machine learning and discrete
choice modeling. We present a fast and statistically efficient algorithm for learning the
parameters of the multinomial logit choice model which is a widely studied model in discrete

choice modeling.

4.1 Introduction

4.1.1 Background

Discrete choice modeling, which is studied in a variety of fields including economics and
transportation, is concerned with the design of models of how humans make choices given a
set of alternatives (Train, 2003; McFadden, 1974). These models have been used to explain
or predict consumer choices in a wide range of applications. For example, in marketing these
models are used for a variety of business problems such as pricing and product development;
in transportation planning for estimating consumer demand for various transit choices; in
labor economics for studying the participation in workforce and occupation choices; and so
on. More recently, choice models have gained a lot of attention in machine learning due
to the onset of online services in domains including entertainment and shopping, that use
machine learning to recommend alternatives to users and help them make better choices. The
presence of vast amount of consumer choice data in these applications makes it important to
design efficient algorithms that can learn these models from data and use them in a variety

of downstream applications such as demand estimation, product recommendation etc.

In this chapter we study the design of learning algorithms for the multinomial logit
(MNL) /Plackett-Luce choice model which is one of the most popular models in discrete choice
literature (Plackett, 1975; McFadden, 1974). Given a set of n items, the MNL model posits

that there is a positive weight w; associated with each item i, and the probability that item ¢
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Wy

is chosen amongst all the items in a set S is 5 The widely studied Bradley-Terry-Luce

jes Wi

(BTL) model is a special case of the MNL model when the choice is pairwise, i.e. between

two alternatives (Bradley and Terry, 1952a; Luce, 1959).

Learning choice models from pairwise choices has been an active area of research, and several
algorithms have been proposed that are consistent under the BTL model (Negahban et al.,
2017; Rajkumar and Agarwal, 2014; Hunter, 2004; Chen and Suh, 2015; Jang et al., 2016;
Guiver and Snelson, 2009; Soufiani et al., 2013). The case of multiway choices has also
received some attention recently (Maystre and Grossglauser, 2015; Jang et al., 2017; Chen
et al., 2017b). Two popular algorithms are the rank centrality (RC) algorithm (Negahban
et al., 2017) for the case of pairwise choices, and its generalization to the case of multiway
choices, called the Luce spectral ranking (LSR) algorithm (Maystre and Grossglauser, 2015).
The key idea behind these algorithms is to construct a random walk (equivalently a Markov
chain) over the comparison graph on n items, where there is an edge between two items if
they are compared in a pairwise or multiway choice set. This random walk is constructed

such that its stationary distribution corresponds to the weights of the MNL/BTL model.

Given the widespread application of these algorithms, understanding their computational
aspects is of paramount importance. For random walk based algorithms this amounts to
analyzing the mixing/convergence time of their random walks to stationarity. In the case of
rank centrality and Luce spectral ranking, ensuring that the stationary distribution of the
random walk corresponds to the weights of the underlying model forces their construction to
have self loops with large mass. These self loops can lead to a large mixing time of €2 (§ _1dmax),
where dpax is the maximum number of unique choice sets that any item participates in; and
£ is the spectral gap of the graph Laplacian. In practical settings dmax can be very large,
for example when the graph follows a power-law distribution, and can even be (n) if one
item is compared to a large fraction of the items. In this chapter we seek to design faster

algorithms for learning the MNL model whose running time has a mild or no dependence on

dmax-
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4.1.2 Our Contributions

We show that it is possible to construct a faster mixing random walk whose mixing time
is O({‘l). We are able to construct this random walk by relaxing the condition that its
stationary distribution should exactly correspond to the weights of the MNL model, and
instead imposing a weaker condition that the weights can be recovered through a linear
transform of the stationary distribution. We call the resulting algorithm accelerated spectral

ranking (ASR).

In addition to computational advantages, the faster mixing property of our random walk
also comes with statistical advantages, as it is well understood that faster mixing Markov
chains lend themselves to tighter perturbation error bounds (Mitrophanov, 2005). We are
able to establish a sample complexity bound of 0(5*2 npoly (log n)), in terms of the total
variation distance, for recovering the true weights under the MNL (and BTL) model for
almost any comparison graph of practical interest. To our knowledge, these are the first
sample complexity bounds for the general case of multiway choices under the MNL model.
Negahban et al. (2017) show similar results in terms of Ly error for the special case of BTL
model. However, their bounds have an additional dependence on dpyax, due to the large

mixing time of their random walk.

We also show that our algorithm can be viewed as a message passing algorithm. This
connection provides a very attractive property to our algorithm — it can be implemented
in a distributed manner with decentralized communication and choice data being stored in

different machines.

We finally conduct several experiments on synthetic and real world datasets to compare the
convergence time of our algorithm with the previous algorithms. These experiments confirm
the behavior predicted by our theoretical analysis of mixing times— the convergence of our

algorithm is in fact orders of magnitude faster than existing algorithms.

We summarize our contributions as follows:
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1. Faster Algorithm: We present an algorithm for learning from pairwise choices under
the BTL model, and more general multiway choices under the MNL model, that is
provably faster than the previous algorithms of Negahban et al. (2017); Maystre and

Grossglauser (2015). We also give experimental evidence supporting this fact.

2. New and Improved Error Bounds: We present the first error bounds for parameter
recovery by spectral ranking algorithms under the general MNL model for any general
(connected) comparison graph. These bounds improve upon the existing bounds of

Negahban et al. (2017) for the special case of the BTL model.

3. Message Passing Interpretation: We provide an interpretation of our algorithm as
a message passing/belief propagation algorithm. This connection can be used to design

a decentralized distributed algorithm, which can work with distributed data storage.
4.1.3 Organization

In Section 4.2 we describe the problem formally. In Section 4.3 we present our algorithm
for learning under the MNL/BTL model. In Section 4.4 we analyze the mixing time of our
random walk, showing that our random walk converges much faster than existing approaches.
In Section 4.5 we give bounds on sample complexity for recovery of MNL parameters with
respect to the total variation distance. In Section 4.6 we give a message passing view of
our algorithm. In Section 4.7 we provide experimental results on synthetic and real world

datasets.

4.2 Problem Setting and Preliminaries

We consider a setting where there are n items, and one observes noisy pairwise or multiway
choices between these items. We will assume that these choices are generated according to
the multinomial logit (MNL) model, which posits that each item i € [n] is associated with a
(unknown) weight /score w; > 0, and the probability that item ¢ is chosen is proportional to

its weight w;. More formally, when there is a (multiway) comparison between items of a set
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S C[n], for i € S, we have

W;

pi|s := Pr(i is chosen in S) = 27 )
jes Wi

This model is also referred to as the Plackett-Luce model, and it reduces to the Bradley-
Terry-Luce (BTL) model in the special case of pairwise choices, i.e. |S| = 2. Let w € R"}
be the vector of weights, i.e. w = (w1, --- ,w,) . Note that this model is invariant to any
scaling of w, so for uniqueness we will assume that > ; w; =1, i.e. w € A,, where A, is

the n-dimensional probability simplex.

The choice data is of the following form: there are d different choice sets Sy,---,Sq C [n],
with |S,| = m for all a € [d] and some constant m < n. For each set S, for a € [d], one
observes L independent m-way choices between items in S,, drawn according to the MNL
model. The assumptions that each choice set is of the same size m, and each set is compared
an equal L number of times, are only for simplicity of exposition, and we give a generalization
in the Appendix. We will denote by y. the I-th choice amongst items of S, for I € [L] and
a € [d].

Given choice data Y = {(Sa,ya)}%;, where y, = (yl,---,y%), the problem is to find a
weight vector w € A,,, which is close to the true weight vector w under some notion of
error/distance. More formally, the problem is to find w € A, such that ||w — w|| can be

bounded in terms of the parameters n, L, and m, for some norm || - ||. We will give results in

terms of the total variation distance, which for two vectors u,u € A,, is defined as

~ 1 ~ 1 .
lu =ty = Sllu-1ull =5 Z i — Uy .
i€[n]

In the following sections, we will present an algorithm for recovering an estimate w of w,
and give bounds on the error |W — w||Ty in terms of the problem parameters under natural

assumptions on the choice data.
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4.3 Accelerated Spectral Ranking Algorithm

In this section, we will describe our algorithm, which we term as accelerated spectral ranking
(ASR). Our algorithm is based on the idea of constructing a random walk' on the comparison
graph with n vertices, which has an edge between nodes ¢ and j if items ¢ and j are compared
in any m-way choice set. The key idea is to construct the random walk such that the
probability of transition from node 7 to node j is proportional to w;. If w; is larger than wy,
then with other quantities being equal, one would expect the random walk to spend more
time in node j than node i in its steady State distribution. Hence, if we can calculate the
stationary distribution of this random walk, it might give us a way to estimate the weight
vector w. Moreover, for computational efficiency, we would also want this random walk to

have a fast mizing time, i.e. it should rapidly converge to its stationary distribution.

The rank centrality (RC) algorithm (Negahban et al., 2017) for the BTL model, and its
generalization the Luce spectral ranking (LSR) algorithm (Maystre and Grossglauser, 2015)
for the MNL model, are based on a similar idea of constructing a random walk over the
comparison graph. These algorithms construct a random walk whose stationary distribution,
in expectation, is exactly w. However, this construction forces their Markov chain to have

self loops with large mass, slowing down the convergence rate.

In this section we will show that it is possible to design a significantly faster mixing random
walk that belongs to a different class of random walks over the comparison graph. More
precisely, the random walk that we construct is such that it is possible to recover the weight
vector w from its stationary distribution using a fixed linear transformation, while for RC
and LSR, the stationary distribution is exactly w. Our theoretical analysis in Section 4.5 as
well as experiments on synthetic and real world datasets in Section 4.7 will show that this

difference can lead to vastly improved results.

Given choice data Y, let us denote by G¢([n], E) the undirected graph on n vertices, with an

!Throughout this chapter we will use the terminology Markov chain and random walk interchangeably.
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Algorithm 5 ASR
Input Markov chain P according to Eq. (4.3.2)

Initialize 7 = (1,.-- )T € A,

while estimates do not converge do
7 Pw

end while

PR -1
Output w = Hg‘l

™
[

edge (i,7j) € E for any i,j that are a part of an m-way choice set. More formally, (i,7) € F
if there exists an index a € [d] such that i,5 € S,. We will call G, the comparison graph,
and throughout this chapter, we will assume that Y is such that G. is connected. We
will denote by d; the number of unique m-way choice sets of which i € [n] was a part, i.e.
d; = Zae[d] 1[i € S,]. Let D € R™™ be a diagonal matrix, with D;; being equal to d;,

Vi € [n]. Also, let dyax := max; d; and dyi, := min; d;.

Suppose for each a € [d] and j € S,, one had access to the true probability Dj|s, of j being
the most preferred item in S,. Then one could define a random walk on G. with transition

probability from node i € [n] to j € [n] given by

Pij;:% 3 pj|5a:% Y (4.3.1)

. w ;1
b a€ld]:i,jESa " a€ld]:i,jESq ZJIESa J

Let P := [P;;]. One can verify that P corresponds to a valid transition probability matrix as
it is non-negative and row stochastic. Furthermore, P defines a reversible Markov chain as it

satisfies the detailed balance equations
w; di Pij = wj dj Pji s

for all 4, j € [n]. If the graph G, is connected then @ = D w/||D w||; is the unique stationary
distribution of P, and one can recover the true weight vector w from this stationary

distribution using a linear transform D~1.

In practice one does not have access to P, so we propose an empirical estimate of P that can
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be computed from the given choice data. Formally, define p; g, to be the fraction of times
that i was chosen amongst items in the set S, i.e. pjg, = %Zle 1[yl = 4]. Let us then

define a random walk where the probability of transition from node i € [n] to node j € [n] is

given by
~ 1 .
Py = > Pis.- (4.3.2)
b a€ld]:i,jESa
Let P := [ﬁ”] One can again verify that P corresponds to a valid transition probability

matrix. We can think of P as a perturbation of P, with the error due to perturbation
decreasing with more and more choices. There is a rich literature (Cho and Meyer, 2001;
Mitrophanov, 2005) on analyzing sensitivity of the stationary distribution of a Markov chain
under small perturbations. Hence, given a large number of choices, one can expect the
stationary distribution of P to be close to that of P. Since we take a linear transform of
these stationary distributions, one also needs to show that closeness is preserved under this

linear transform. We defer this analysis to Section 4.5.

The pseudo-code for our algorithm is given in Algorithm 5. The algorithm computes the
stationary distribution 7 of the Markov chain P using the power method.? It then outputs
the (normalized) vector w that is obtained after applying the linear transform D~! to 7, i.e.

W = I D7 In the next section we will compare the convergence time of our algorithm

D17y

with previous algorithms (Negahban et al., 2017; Maystre and Grossglauser, 2015).

2The stationary distribution of the Markov chain may also be computed using other linear algebraic
techniques, but these techniques typically have a running time of O(n3) which is impractical for most modern
applications.
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4.4 Comparison of Mixing Time with Rank Centrality (RC)

and Luce Spectral Ranking (LSR)

The random walk PRC constructed by the RC (Negahban et al., 2017) algorithm for the

BTL model is given by

max ‘2, Sap SG« 1 7é ‘7
Pi[j{C - d a€ld]:i,j€ Jl ’ (4'4.1)

1 > iz PRC if i = j

dmax

and the random walk PSR constructed by LSR (Maystre and Grossglauser, 2015) for the

MNL model is given by

> .Sy PilSa ifi#j
PZE’SR — a€ld]:i,j€ Jl 7 (442)

where € > 0 is chosen such that the diagonal entries are non-negative. In general € would be

O( dmlax)' The random walks PRC and PSR constructed from the choice data are defined

analogously using empirical probabilities pjg, instead of pjg, .

We first begin by showing that for any given choice data Y, both RC/LSR and our algorithm

will return the same estimate upon convergence.

Proposition 4.4.1. Given items [n] and choice data Y = {(S4,ya)}¢_,, let T be the

stationary distribution of the Markov chain P constructed by ASR, and let W be the

stationary distribution of the Markov chain PLSE. Then wlSE = ”5:117?“1. The same result

is also true for wiC for the case of pairwise choices.

Proof. Consider the estimates W = D~1%/||D~17||; returned by the ASR algorithm upon

LSR

convergence. In order to prove this lemma it is sufficient to prove that Dw is an invariant

measure (an eigenvector associated with eigenvalue 1) of the Markov chain P corresponding
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to the ASR algorithm.

LS

Since wSR is the stationary distribution (also an eigenvector corresponding to eigenvalue 1)

of PLSR | we have

wLSR _ (I’SLSR) TwLSR'

Following the definition (Eq. (4.4.2)) of PXSR, we have the following relation for all 1 <i < n

~LSR __ ~LSR
w; T = w; 1—62 Z Dj|s,

i asi,jESa
~LSR
ey, D pils.)
i atijeSa
~LSR __ ~LSR
— > > s @ =D > pys, .
j#i a:i,j€Sq J#i a:1,j€Sq

We shall use this relation to prove that PTDwLSR — DwISR | where P is the transition
matrix corresponding to the Markov chain constructed by ASR. Consider the i*" coordinate

[PTDWLSR); of the vector PTDwLSE

~ N 1 R
PTDWSR); = 3 pys, dido "

Y 4:5€8,

1 _
D5 D psdiw™

j#i 7 b jES,

_ ~LSR ~LSR
= 2 P @+ Y piis, B

a:t€S, JF#i b, jESy
— ~LSR
= 2 (D pis.)®;

a:t€Sq JES,
-3

a:1€S,

— diﬁ}\%SR — [DWLSR]Z' ’

where the second equality follows from the relation we proved earlier. Furthermore, this

identity holds for all 1 < i < n, from which we can conclude PTDWISR — DRLSR Fy-
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thermore, if the respective Markov chains induced by the choice data are ergodic, then the
corresponding stationary distributions must be unique, which is sufficient to prove both LSR

and ASR return the same estimates upon convergence.

Since Luce spectral ranking is a generalization of the rank centrality algorithm, the transition

matrix PSR is identical to the transition matrix PRC in the pairwise choice setting after
setting € = d%, and thus, we can also conclude PTDwWRC = DRRC, Thus, the statement of

the lemma follows. O

Although the above lemma shows that in a convergent state both these algorithms will return
the same estimates, it does not say anything about the time it takes to reach this convergent

State. This is where the key difference lies.

Observe that each row i € [n] of our matrix P is divided by d;, whereas each row of PRC is
divided by dpayx except the diagonal entries. Now if dpay is very large, a row i € [n] of PRC
that corresponds to an item ¢ with small d; would have very small non-diagonal entries. This
can make the diagonal entry P;; C very large, which amounts to having a heavy self loop at
node ¢. This heavy self loop can significantly reduce the time it takes for the random walk
to reach its stationary distribution, since a lot of transitions starting from ¢ will return back

to ¢. The same analysis holds true for LSR under multiway choices.

To formalize this intuition, we need to analyze the spectral gap of a random walk X', which we
denote by p(X'), which plays an important role in determining its mixing time. The spectral
gap of a reversible random walk (or Markov chain) X is defined as p(X) := 1 — \a(X), where
A2(X) is the second largest eigenvalue of X" in terms of absolute value. The following lemma
(see Levin et al. (2008) for more details) gives both upper and lower bounds on the mixing

time (w.r.t. the total variation distance) of a random walk in terms of the spectral gap.

Lemma 4.4.2. (Levin et al., 2008) Let X be the transition probability matriz of a reversible,

irreducible Markov chain with State space [n], w be the stationary distribution of X, and
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Tmin = Mile[,) T, and let

d(r) = sup |[pX" — 7| 1v.
pEA,

For any v > 0, let t(y) = min{r € N: d(r) < ~}; then

1 1

tox(5) (g5 — 1) < 1) < o 1

YT min )m '

The above lemma States that the mixing time of a Markov chain X is inversely proportional
to its spectral gap pu(X). Now, we will compare the spectral gap of our Markov chain P with

the spectral gap of PRC (and PMSR),

Proposition 4.4.3. Let the probability transition matriz P for our random walk be as defined

in Eq. (4.3.1). Let PEC and PLSR be as defined in Eq. (4.4.1) and Eq. (4.4.2), respectively.

Then

dmin

T p(P) < p(PFY) < (P, (4.4.3)
and

edminpt(P) < p(PEF) < u(P), (4.4.4)

where € = O(-—).

dmax

Lemma 4.4.4. (Diaconis and Saloff-Coste, 1993) Let Q and P be reversible Markov chains
on a finite set [n] representing random walks on a graph G = ([n], E), i.e. P;j = Qs =0 for
all (i,7) ¢ E. Let v and m be the stationary distributions of Q and P, respectively. Then the

spectral gaps of Q and P are related as

nP)

mQ

™| Q

where o := min; jyep{m: Pij /viQij} and B := max;cp, {mi/vi}.

We are now ready to prove Proposition 4.4.3.
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Proof. (of Proposition 4.4.3) To prove this lemma, we shall leverage the above comparison
lemma due to Diaconis and Saloff-Coste (1993), that compares the spectral gaps of two
arbitrary reversible Markov Chains. Let P (Eq. (4.3.2)) be the reversible Markov chain corre-
sponding to ASR with stationary distribution 7 = Dw/||Dw||1, and let PYSR (Eq. (4.4.2)) be
the reversible Markov chain corresponding to LSR (RC in the pairwise case) with stationary

distribution w"SR. Then by Lemma 4.4.4,

/L(PLSR) - «
uP) — B
where
LSR pLSR
. P, ij
o= min — |,
(i,j):3a s.t. ,jESa i Py
LSR
T
B :=max | - .
i€[n] T
From the definition of P, and PSR we have
1 wW;
Pij = — R s
dz a€ld]:1,j€Sq Ekes“ W
Wi
Y > kS, Wh

a€[d]:3,j€Sq

From the above equations and Proposition 4.4.1, it is easy to see that

a = ¢€||Dwl|;, and
[Dwx
dmin

— M(PLSR) > Edmin(M(P))

8=

Following an identical line of reasoning, we have

pP) o

H(PISE) =
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where

o = min 77”37
(4,7):3a s.t. i,j€Sq Tl'lLSRPinSR ’

i
7 = e ()

(2

From the definition of P, and PSR we have

1
o = ——— and
[ Dw||1€
,8/: dmax
[Dw][1
— u(P) > (u(PY)).

Since € < 1/dpmax, we get the following comparison between the spectral gaps of the Markov

chains corresponding to the two approaches
edminpt(P) < p(PYR) < p(P).

The same analysis works for the Markov chain PRC constructed by rank centrality for the

pairwise comparison case with € = 1/dpax, from which we can conclude

Bwin ) (P) < (PRC) < u(P).

dmax

This lemma shows that the spectral gap of P is always lower bounded by that of PRC

(and PYSR) but can be much larger than it. In the latter case one would observe, using
Lemma 4.4.2, that our algorithm will converge faster than the RC algorithm (and LSR). In
fact there are instances where O(dpax/dmin) = €2(n) and the leftmost inequalities in both
Eq. (4.4.3) and Eq. (4.4.4) hold with equality. In these instances the convergence of our

algorithm will be Q(n) times faster. We give examples of two such instances.
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Example 4.4.5. Let n =3, m =2, w; = 1/2,wy = 1/4 and ws = 1/4. In the choice data 1
is compared to both 2 and 3; but items 2 and 3 are not compared to each other. This implies
that di = 2, and d; = 1 for i # 1. One can calculate the matrices P and PEC, and their

respective eigenvalues, and observe that pu(P) = 2u(PEC).

Example 4.4.6. Let m =2, w= (1/n,---,1/n)", and the choice data be such that item 1
is compared to every other item, and no other items are compared to each other. This implies
that dy =n—1, and d; = 1 for i # 1. One can calculate the matriz P and PEC again, and

their respective eigenvalues, and observe that u(P) = (n — 1) - w(PEY).

Note that in the above lemma, we only show the relation between the spectral gaps of the
matrices P and PRC, and not for any particular realization P and PRC. If the Markov chains
P and PRC are reversible, then identical results hold. However, similar results are very hard
to prove for non-reversible Markov chains (Dyer et al., 2006). Nevertheless, for large L,
one can expect the realized matrices P and PRC to be close to their expected matrices P
and PRC| respectively. Hence, using eigenvalue perturbation bounds (Horn and Johnson,
1990), one can show that the spectrum of P and PRC is close to the spectrum of P and PRC,
respectively. The same analysis holds true for LSR under multiway choices. In Section 4.7
we perform experiments on synthetic and real world datasets which empirically show that

the mixing times of the realized Markov chains behave as predicted.

It has been observed that faster mixing rates of Markov chains gives us the ability to prove
sharper perturbation bounds for these Markov chains (Mitrophanov, 2005). In the following
section we will use these perturbation bounds to prove sharper sample complexity bounds

for our algorithm.

4.5 Sample Complexity Bounds

In this section we will present sample complexity bounds for the estimates returned by ASR
in terms of total variation distance. The following theorem gives an error bound in terms of

the total variation distance for estimates w of the MNL weights returned by our algorithm
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Theorem 4.5.1. Given items [n] and choice data Y = {(S4,ya)}¢_,, let each set S, of
cardinality m be compared L times, with outcomes yo = (yl, - ,yL) produced as per a
MNL model with parameters w = (w1, ..., wy), such that |wly = 1. If the random walk P
(Eq. (4.3.2)) on the comparison graph G.([n], E) induced by the choice data Y is strongly
connected, then the ASR algorithm (Algorithm 5) converges to a unique distribution w, which

with probability > 1 — 3p—(C?=50)/25 satisfies the following error bound®

lw — w7y < C K davg \/max{m,log(n)}

M(P) drin L ’

davg

where k = log <d ), Winin = MiNjg)y Wi, davg = Zie[n] w;id;, dmin = minep, di, p(P)

minWmin

is the spectral gap of the random walk P (Eq. (4.3.1)), and C is any constant.

Let us start by stating some auxiliary lemmas that are needed for the proof of the above

theorem.

Lemma 4.5.2 (Multinomial distribution inequality). (Devroye, 1983) Let Yi,...,Y, be
a sequence of n independent random variables drawn from the multinomial distribution

with parameters (p1,...,px). Let X; be the number of times i occurs in the n draws, i.e.

X; =4 1[Y; =i]. For all € € (0,1), and all k satisfying k/n < €2/20, we have

k
P() " |Xi — np;| > ne) < Bexp(—ne?/25).

=1

To prove Theorem 4.5.1, we shall first prove a bound on the total variation distance between
the stationary states  and 7 of the transition matrices P and P respectively. We shall then
prove a bound on the distance between the true weights w and estimates w in terms of the

distance between 7 and 7.

1

min

There are other bounds for « in terms of the condition number for Markov chains, for example see (Mitrophanov,
2005), and any improvement on these bounds will lead to an improvement in our sample complexity. In the
worst case, k has a trivial upper bound of O(logn).

3The dependence on « is due to the dependence on -

in the mixing time upper bounds in Lemma 4.4.2.
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An important result in the stability theory of Markov chains shows a connection between
the stability of a chain and its speed of convergence to equilibrium (Mitrophanov, 2005). In
fact, we can bound the sensitivity of a Markov chain under perturbation as a function of the
convergence rate of the chain, with the accuracy of the sensitivity bound depending on the
sharpness of the bound on the convergence rate. The following theorem is a specialization of
Theorem 3.1 of Mitrophanov (2005), which gives perturbation bounds for Markov chains

with general state spaces.

Theorem 4.5.3. (Mitrophanov, 2005) Consider two discrete-time Markov chains P and
f’, with finite state space Q = {1,...,n},n > 1, and stationary distributions © and 7,
respectively. If there exist positive constants 1 < R < oo and p < 1 such that

max ||P(z,-) — w||7v < Rp', Vit e N
e}

then for E =P — f’, we have

~ 1
~# oy < (f+ =) - [Elloo.
I = Ry < (T 7—) Bl

where t = log(R)/log(1/p), and || -|ls is the matriz norm induced by the Lo vector norm.

It is well known that all ergodic Markov chains satisfy the conditions imposed by Theo-
rem 4.5.3. In order to obtain sharp bounds on the convergence rate, we shall leverage the
fact that the (unperturbed) Markov chain corresponding to the ideal transition probability

matrix P is time-reversible.

Theorem 4.5.4. (Diaconis and Stroock, 1991) Let P be an irreducible, reversible Markov
chain with finite state space Q@ = {1,...,n},n > 1, and stationary distribution m. Let
A2 := A\a(P) be the second largest eigenvalue of P in terms of absolute value. Then for all

reQ,teN,
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Comparing these bounds with the conditions imposed by Theorem 4.5.3, we can observe that

p= )\27
R = max — (i)
icln]\|  4m(7)
_ [iwl — wid,
i€[n] dw;d;
davg
~\ 4dminWmin ’

where wpyin = min;e[, w;. Substituting these values into the perturbation bounds of Theo-

rem 4.5.3, we get

?+ 1 — log(dan/(4dminwmin)) 1
1—p 2log(1/A2(P)) 1— A (P)
1Og(dawg/(Z’Ldminwmin)) 1
=T 21— n(P)) Wi
k 2d
h — log(——2v&
) 2M(P)7 e Og(dminwmin)

Now, the next step is to show that the perturbation error E := P — P is bounded in terms

of the matrix Lo, norm.

Lemma 4.5.5. For E =P — ]3, we have with probability > 1 — Sn_(02_50)/25,

max{m,logn}
E|ls < _— -
Bl < ¢ 2

where C' is any constant.

Proof. By definition, ||E|[o = max; 7, \]313 — Pj;|. Fix any row ¢ € [n]. The probability
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that the absolute row sum exceeds a fixed positive quantity ¢ is given by

ZIPU Pyl > 1)

7=1

=PI Y s, —pas)l > 0

j=1 " ai,jE€Sa

OIS Z ~pys)l 2 1)

az,jESa =

with the final pair of inequalities following from rearranging the terms in the summations and
applying union bound. We leverage the multinomial distribution concentration inequality
(Lemma 4.5.2) of Devroye (1983) to obtain the following bound for any set S, for any m
satisfying a technical condition m /L < t2/20.

2

PO 1S =)~ pys)| = L) < Bexp( =22

j€Sa =1 25

Thus, using union bound, the probability that any absolute row sum exceeds ¢ is at most

3ndmax exp(—Lt?/25). By selection of t = 5C\/max{m,logn}/L, we get

P (HEH - 50,\/max{m, logn}>
= L

—25C" L max{m,logn} )

< 3n?
= ”eXp< 251

< 3p~(C*-2)
substituting C' = 5C” proves our claim. Lastly, one can verify that the aforementioned choice
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of t satisfies the technical condition imposed by Lemma 4.5.2 for any n,m and L. 0l

Combining the results of Theorem 4.5.3, Theorem 4.5.4, and Theorem 4.5.5 gives us a high

confidence total variation error bound on the stationary states @ and 7 of the ideal and

perturbed Markov chains P and P respectively. Thus, with confidence > 1 — 3n—(C*=50)/ 2,

~ Crk [max{m,logn}
|7 —m[rv < M(P)‘\/ 7 ; (4.5.1)

where k = log(2davg/ (dminWmin))-

we have

The last step in our scheme is to prove that the linear transformation D~'# preserves this

error bound up to a reasonable factor.

Lemma 4.5.6. Under the conditions of Theorem 4.5.1, let # = Dw/||Dw||; and 7 =
Dw/||Dw||1 be the unique stationary distributions of the Markov chains P (Eq. (4.3.1)) and
P (Eq. (4.3.2)) respectively. Then we have

davg

[w —w| v < |7 — 7| 7v.

min

Proof. We shall divide our proof into two cases.
Case 1: [|[Dw||; > |Dw||1.
Let us define the set A = {¢ : w; > w;}, and the set A’ = {j : m; > 7;}. When | Dw||; >

|Dw/|1, it is easy to see that A C A'.

Consider the total variation distance |w — w||7y between the true preferences w and our

114



estimates w. By definition,

Iw =Wl =3 (w; - @)

icA
; w; = w;d;

@z‘dz’HDWh)
- Z ! ( w;d; || DW||1

S

Case 2, where ||Dw||; < ||[Dw]||; follows symmetrically, giving us the inequality

ol < P
Iw =wlrv < === = 7llrv
min
Dwl|1 N d ~
<P By = By
dmin dmin
where the last inequality follows from the assumption of Case 2, proving our claim. O

Proof. (of Theorem 4.5.1) The theorem follows easily by combining the above lemma with
Eq. (4.5.1). O

In the error bound of Theorem 4.5.1, one can further bound the spectral gap u(P) of P
in terms of the spectral gap of the random walk normalized Laplacian of G., which is a

fundamental quantity associated with G.. The Laplacian represents a random walk on G,
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that transitions from a node 7 to one of its neighbors uniformly at random. Formally, the
Laplacian L := C7!A, where C is a diagonal matrix with C;; = ‘Uae[d]:z‘esa Sa’, i.e. the
number of unique items 7 was compared with, and A is the adjacency matrix, such that for
i,j € [n], Aj; =11if (4,j) € E, and A;; = 0 otherwise. Let § := p(L) be the spectral gap of
L. Then we can lower bound p(P) as follows (proof in the Appendix)

&

P) >
wP) =25,

where b is the ratio of the maximum to the minimum weight, i.e. b = max; jcp,) w; Jw;. This

gives us the following.

Corollary 4.5.7. In the setting of Theorem 4.5.1, the ASR. algorithm converges to a unique

distribution W, which with probability > 1 — 3n—(C?=50)/25 satisfies the following error bound:

2
W — %7y < Cmb ﬁdavg\/max{m,log(n)}

& dinin L ’
w,
where b = max; jcn] w

The proof of the above corollary is given in the Appendix. In the discussion that follows,
we will assume b = O(1), and hence, u(P) = Q(§/m). The quantity day, has an interesting
interpretation: it is the weighted average of the number of sets in which each item was shown.
It has a trivial upper bound of dy.x, however, a careful analysis will reveal a better bound
of O(|E|/n) where E is the set of edges in the comparison graph G.. Using this observation

we can give the following corollary of the above theorem.

Corollary 4.5.8. If the conditions of Theorem 4.5.1 are satisfied, and if the number of
edges in the comparison graph G. are O(npoly(logn)), i.e. |E| = O(npoly(logn)), then in
order to ensure a total variation error of o(1), the required number of choices per set is upper

bounded as

L= O(,u,(P)_2 poly(logn)) = O(§_2 m?® poly(log n)).
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Hence, the sample complexity, i.e. total number of m-way choices needed to estimate w with

error o(1), is given by |E| x L = O(£~2m®npoly(logn)).

The proof of the this corollary is given in the Appendix. Note that the case when the total
number of edges in the comparison graph is O(n poly(logn)) captures the most interesting
case in ranking and sorting. Also, in most practical settings the size m of choice sets
will be O(logn). In this case, the above corollary implies a sample complexity bound of
O(§ ~2n poly(log n)), which is sometimes referred to as quasi-linear complexity. The following

simple example illustrates this sample complexity bound.

Example 4.5.9. Consider a star comparison graph, discussed in Example 4.4.6, where there
is one item i € [n] that is compared to all other n —1 items, and no other items are compared
to each other. Let w = (%, e %)T One can calculate the spectral gap p(P) to be 0.5 exactly.

In this case, the sample complexity bound given by our result is O(npoly(logn)).

Discussion/Comparison. For the special case of pairwise choices under the BTL model
(m = 2), Negahban et al. (2017) give a sample complexity bound of O(‘é’;ﬁ{” n poly(log n))
for recovering the estimates w with low (normalized) Ly error. Using Proposition 4.4.1
one can see that this bound also applies to the estimates returned by our algorithm, and
our bound in terms of L; applies to rank centrality as well. However, the bounds due to
Negahban et al. (2017) have a dependence on the ratio le:ﬁ due to the large spectral gap of
their Markov chain as compared to &, the spectral gap of the Laplacian. In Section 4.7 we
show that for many real world datasets Z:ﬁ can be much larger than log n, and hence, their
bounds are no longer quasi-linear. A large class of graphs that occur in many real world
scenarios and exhibit this behavior are the power-law graphs. Another real world scenario

in which ‘flm

ax — ()(n) arises is choice modeling (Agrawal et al., 2016), where one explicitly
models the ‘no choice option’ where the user has an option of not selecting any item from
the set of items presented to her. In this case the ‘no choice option’ will be present in each

choice set, and the comparison graph will behave like a star graph discussed in Example 4.4.6.

In fact for such graphs, the results of (Negahban et al., 2017) give a trivial bound of poly(n)
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Algorithm 6 Message Passing
Input Graph Gy = ([n] U [d], Ef), edge (i,a) € E has weight p; g
Initialize Set m'”. . « m/n, Va € [d], Vi € S,

a

a—1
for t =1,2,--- until convergence do
. ¢ ~ t—1
for all i € [n] do ml(la = d%, > arics, Pils, -m((l,_,z-)
for all a € [d] do mffll =D ies, mﬁf)%
end for
Set w; < mgt_:al), Vi € [n]

Output w/||w|1

in terms of the L9 error.

For the general case of multiway choices we are not aware of any other sample complexity
bounds. It is also important to note that the dependence on the number of choice sets comes
only through the spectral gap £ of the natural random walk on the comparison graph. For
example, if the graph is a cycle (d = n), then the spectral gap is O(1/n?), whereas if the

graph is a clique (d = O(n?)) the spectral gap is O(1).

4.6 Message Passing Interpretation of ASR

In this section, we show our spectral ranking algorithm can be interpreted as a message
passing/belief propagation algorithm. This connection can be used to design a decentralized

distributed version of our algorithm.

Let us introduce the factor graph, which is an important data structure used in message
passing algorithms. The factor graph is a bipartite graph G¢([n] U [d], Ef) which has two
type of nodes— item nodes which correspond to the n items, and set nodes which correspond
to the d sets. More formally, there is an item node i for each item i € [n], and there is a set
node a for each set S,, Va € [d]. There is an edge (i,a) € Ef between node i and a if and
only if i € S,. There is a weight p;|g, on the edge (i, a) which corresponds to the fraction of

times ¢ won in the set S,,.

We shall now describe the algorithm. In each iteration of this algorithm, the item nodes send

a message to their neighboring set nodes, and the set nodes respond to these messages. A
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message from an item node ¢ to a set node a represents an estimate of the weight w; of item
i, and a message from a set node a to an item ¢ represents an estimate of the sum of weights

of items contained in set S,.

In each iteration, the item nodes update their estimates based on the messages they receive
in the previous iteration, and send these estimates to their neighboring set nodes. The
set nodes then update their estimate by summing up the messages they receive from their
neighboring item nodes, and then send these estimates to their neighboring item nodes. This

process continues until the messages converge.

(t=1)

Formally, let m,_,

(t=1)

a—1

be the message from item node i to set node a in iteration ¢t — 1, and
m be the corresponding message from the set node a to item node i. Then the messages

in the next iteration are updated as follows:

(®) 1 . t—1
mi%a - di Z pi|Sa/ : mg/ﬁz) I

" a’eld]:ies,,
® _ (t)
My = Z My g -
/€S,

Now, suppose that the empirical edge weights p;|g, are equal to the true weights p; g, =
(t)

L Vi € [n],a € [d]. Also, suppose on some iteration ¢ > 1, the item messages m;,

2jes, Wi
become equal to the item weights w;, Vi € [n]. Then it is easy to observe that the next

iteration of messages mffal ) are also equal to w;. Therefore, the true weights w, in some
sense, are a fixed point of the above set of equations. The following lemma shows that the

ASR algorithm is equivalent to this message passing algorithm.

Lemma 4.6.1. For any realization of choice data Y, there is a one-to-one correspondence d
each iteration of the message passing algorithm (6) and the corresponding power iteration of
the ASR algorithm (5), and both algorithms return the same estimates w for any Y.

(r)

Proof. In the message passing algorithm, the item to set messages m,_ , in round 7 correspond

to the estimates of the item weights. One can verify that the estimate @ of item 4 in round
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r evolves according to the following equation.

r+1 Z Pils, - Z A(r '

d; a:i€S, J€ESa

We can represent this system of equations compactly using the following matrices. Let

Y € R¥™ be a matrix such that

~ Pise  if (j,a) € B
Vi={ @ : (4.6.1)

0 otherwise

1 if (i,a) € B
Bia == : (4.6.2)

0 otherwise

Thus, we can represent the weight update from round (r) to round (r + 1) as

v/‘\/,(r—i-l) _ (B]/))T\/A\I(T) _ MT@(T)
_ (ﬁT)rw(O)

)

where M := BV, with entry (i,7) of M being

My = d > pjs. - (4.6.3)

az]ES

The above equation implies that the message passing algorithm is essentially a power iteration
on the matrix M. Now, it is easy to see that M = DPD~! where P is the transition matrix
constructed by ASR (Fq. (4.3.2)). Therefore, there is a one-to-one correspondence between
the power iterations on M and P. More formally, if we initialize with w(®) in the power
iteration on ﬁ, and initialize with 7 = DW(©® in the power iteration on P, then the

iterates at the r-th step will be related as 7#(") = DW(). Furthermore, if 7 is the stationary
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Figure 8: Results on synthetic data: L; error vs. number of iterations for our algorithm,
ASR, compared with the RC algorithm (for m = 2) and the LSR algorithm (for m = 5), on
data generated from the MNL/BTL model with the random and star graph topologies.

distribution of 13, then w = D~!7 is the corresponding dominant left eigenvector of ﬁ, ie.
D17 = MTD~!%. Also, W is exactly the estimate (after normalization) returned by both
the ASR and the message passing algorithm upon convergence. Thus, we can conclude that
the message passing algorithm is identical to ASR for any realization of comparison data

generated according to the MNL model. O

The above lemma gives an interesting connection between spectral ranking under the MNL
model and message passing/belief propagation. Such connections have been observed for
other problem such as the problem of aggregating crowdsourced binary tasks (Khetan and Oh,
2016b). A consequence of this connection is that it facilitates a fully decentralized distributed
implementation of the ASR algorithm. This can be very useful for modern applications,
where machines can communicate local parameter updates to each other, without explicitly

communicating the data.
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Figure 9: Results on real data: Log-likelihood vs. number of iterations for our algorithm,
ASR, compared with the RC algorithm (for pairwise choice data) and the LSR algorithm
(for multi-way choice data), all with regularization parameter set to 0.2.

4.7 Experiments

In this section we perform experiments on both synthetic and real data to compare our
algorithm to the existing LSR (Maystre and Grossglauser, 2015) and RC (Negahban et al.,
2017) algorithms for recovering the weight vector w under the MNL and BTL model,
respectively. The implementation® of our algorithm is based on applying the power method
on P (Eq. (4.3.2)). The power method was chosen due to its simplicity, efficiency, and
scalability to large problem sizes. Similarly, the implementations of LSR and RC are based
on applying the power method on PLSR (Eq. (4.4.2)), and PRC (Eq. (4.4.1)), respectively.
In the definition of f’LSR, the parameter ¢ was chosen to be the maximum possible value
PLSR

that ensures is a Markov chain.

“code available: https://github.com/agarpit/asr
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4.7.1 Synthetic Data

We conducted experiments on synthetic data generated according to the MNL model, with
weight vectors w generated randomly (details below). We compared our algorithm with
the LSR algorithm for choice sets of size m = 5, and with the RC algorithm for sets of size
m = 2. We used two different graph topologies for generating the comparison graph G, or

equivalently the choice sets:

1. Random Topology: This graph topology corresponds to random graphs where
nlogy(n) choice sets are chosen uniformly at random from all the () unique sets of
cardinality m. This topology is very close to the Erd&s-Rényi topology which has
been well-studied in the literature. In fact the degree distributions of nodes in this
random topology are very close to the degree distributions in the Erd&s-Rényi topology
(Mezard and Montanari, 2009). The only reason we study the former is computational,
as iterating over all (:1) hyper-edges is computationally challenging.

2. Star Topology: In this graph topology, there is a single item that belongs to all sets;
the remaining (m — 1) items in each set are contained only in that set. We study this
topology because it corresponds to the choice sets used in Example 4.4.6, where there
was a factor of Q(n) gap in the spectral gap between our algorithm and the other

algorithms.

In our experiments we selected n = 500°, and the weight w; of each item i € [n] was drawn
uniformly at random from the range (0, 1); the weights were then normalized so they sum to
1. A comparison graph G, was generated according to each of the graph topologies above.
The parameter L was set to 300 logy n. The winner for each choice set was drawn according
to the MNL model with weights w. The convergence criterion for all algorithms was the
same: we run the algorithm until the L; distance between the new estimates and the old
estimates is < 0.0001. Each experiment was repeated 100 times and the average values

over all trials are reported. For n = 500, m € {2,5}, and both graph topologies described

SResults for other values of n are given in the Appendix.
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Table 2: Statistics for real world datasets

Dataset n m d dmax/dmin
Youtube 21207 2 394007 600
GIF-anger 6119 2 64830 106
SFwork 6 3-6 12 4.3
SFshop 8 4-8 10 1.9

above, we compared the convergence as a function of the number of iterations® for each
algorithm. We plotted the L; error of the estimates produced by these algorithms after each
iteration. The plots are given in Figure 8. These plots verify the mixing time analysis of
Section 4.4, and show that our algorithm converges much faster than RC and LSR, and

orders of magnitude faster in the case of the star graph.

4.7.2 Real World Datasets

We conducted experiments on the YouTube dataset (Shetty, 2012), GIF-anger dataset (Rich
et al.), and the SFwork and SFshop (Koppelman and Bhat, 2006) datasets. Table 2 gives some
statistics about these datasets. We also plot the degree distributions of these datasets in the
Appendix. For these datasets, a ground-truth w is either unknown or undefined; and hence,
we compare our algorithm and the RC/LSR algorithm with respect to the log-likelihood of
the estimates as a function of number of iterations. Due to the number of comparisons per
set (or pair) being very small, in order to ensure irreducibility of random walks, we use a
regularized version of all algorithms (see Appendix, and also Section 3.3 in Negahban et al.
(2017), for more details). Here, we give results when the regularization parameter A is set to
0.2, and defer the results for other parameter values to the Appendix. The results are given
in Figure 9. We observe that our algorithm converges rapidly to the peak log-likelihood value

while RC and LSR are always slower in converging to this value.

5We also plotted the convergence as a function of the running time; the results were similar as the running
time of each iteration is similar for all these algorithm.
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4.8 Conclusion

We presented a spectral algorithm for learning parameters of the MNL/BTL model from
pairwise/multiway choices. Our algorithm is considerably faster than previous algorithms; in
addition, our analysis yields improved sample complexity results for estimation under the
BTL and MNL model. We also give a message passing/belief propagation interpretation for
our algorithm. In the future it would be interesting to see if one can use our algorithm to
give better guarantees for recovery of top-k items under MNL. Moreover, it would also be
interesting to study learning algorithms for other choice models such as multinomial probit

model (MNP), nested logit model, and mixture of MNLs etc.
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Chapter 5

Multiarmed Bandits and Discrete Choice Models

In the previous chapter we designed an algorithm for learning the parameters of the multino-
mial logit (MNL) model from offline choice datasets. In this chapter we will continue our
discussion at the interface of machine learning and choice modeling and design algorithms

for learning under different choice models in the online multi-armed bandit setting.

5.1 Introduction

5.1.1 Background

As discussed in the previous chapter, discrete choice models have gained a lot of interest
in machine learning due to the onset of online services in domains including entertainment
and shopping, that use machine learning to recommend alternatives to users and help them
make better choices. In the previous chapter our goal was to learn a choice model from
offline choice data collected over time. However, in a lot of applications, the interaction of
users with the learning algorithm happens in an online manner, i.e. in sequential rounds
of interaction. Hence, it is desirable for these recommendation algorithms to continuously
learn about the tastes/choices of these users from this sequential interaction and recommend

better set of products progressively over time.

A widely studied setting for online learning is the multi-armed bandits setting where the
learner interacts with the environment in a sequential manner, and each time collects partial
feedback which is used to improve the interaction over time by minimizing an appropriately
notion of regret. Motivated by applications in online recommendation systems and advertising,

we seek to study choice models under this setting of online multi-armed bandits.

Previously, Yue et al. (2009) introduced the framework of dueling bandits that studies pairwise

choice models under the multi-armed bandits setting. This framework has gained a lot of
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interest in machine learning in recent years (Yue et al., 2009; Yue and Joachims, 2011; Yue
et al., 2012; Urvoy et al., 2013; Ailon et al., 2014; Zoghi et al., 2014, 2015a,b; Dudik et al.,
2015; Jamieson et al., 2015; Komiyama et al., 2015a, 2016; Ramamohan et al., 2016; Chen
and Frazier, 2017). Here there are n arms {1,...,n}; on each trial ¢, the learner pulls a
pair of arms (i, j;), and receives pairwise choice indicating which of the two arms has a
better quality /reward. In the regret minimization setting, the goal is to identify the ‘best’
arm(s) while also minimizing the regret due to playing sub-optimal arms in the learning

(exploration) phase.

In many applications, however, it can be natural for the learner to pull more than two arms
at a time, and seek relative feedback among them. For example, in recommender systems,
it is natural to display several items or products to a user, and seek feedback on the most
preferred item among those shown. In online advertising, it is natural to display several
ads at a time, and observe which of them is clicked (preferred). In online ranker evaluation
for information retrieval, one can easily imagine a generalization of the setting studied by
Yue and Joachims (2009), where one may want to "multi-leave" several rankers at a time
to help identify the best ranking system while also presenting good/acceptable results to
users using the system during the exploration phase. In general, there is also support in the
marketing literature for showing customers more than two items at a time (Johnson et al.,
2012). Motivated by these applications, we seek to move beyond the pairwise choice setting
of dueling bandits and design a new framework that can incorporate more general multiway

choices.
5.1.2 Our Contributions

We introduce a framework that generalizes the dueling bandit problem to allow the learner
to pull more than two arms at a time. Here, on each trial ¢, the learner pulls a set S; of up
to k arms (for fixed k € {2,...,n}), and receives relative feedback in the form of a multiway
choice y; € S; indicating which arm in the set has the highest quality /reward. The goal of

the learner is again to identify a ‘best’ arm (to be formalized below) while minimizing a
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suitable notion of regret that penalizes the learner for playing sub-optimal arms during the

exploration phase. We term the resulting framework choice bandits.

In the (stochastic) dueling bandits framework, the underlying probabilistic model from which
feedback is observed is a pairwise comparison model, which for each pair of arms (i, j), defines
a probability P;; that arm ¢ has higher reward/quality than arm j. In our choice bandits
framework, the underlying probabilistic model is a multiway choice model, which for each
set of arms S C [n] with [S| < k and each arm i € S, defines a probability Pjg that arm i
has the highest reward/quality in the set S. Figure 10 gives the hierarchy of choice models

considered in this chapter.

We first consider choice bandits under the well-known multinomial logit (MNL) choice model
(Luce, 1959; Plackett, 1975; McFadden, 1974), which generalizes the Bradley-Terry-Luce
(BTL) model for pairwise comparisons (Bradley and Terry, 1952b; Luce, 1959). Under this
model, each arm ¢ is associated with a weight w; > 0, and the choice probabilities are given
by Pjs = wi/ ) ;cqw;. We design a computationally efficient algorithm, which we term
Winner Beats All — Lazy (WBA-L), that achieves an instance-wise optimal regret bound of
O(n lognlogT), where T is the number of trials (horizon). This bound significantly improves
upon the worst-case O(n? 4+ nlogT) bound achieved by the recent MaxMinUCB algorithm
designed for the MNL model (Saha and Gopalan, 2019a).

We then study choice bandits under a new class of choice models, that are characterized by
the existence of a unique generalized Condorcet winner (GCW), which we define to be an
arm that has larger probability of being chosen than any other arm in any choice set. This
class includes as special cases the multinomial logit (MNL) and multinomial probit (MNP)
(Thurstone, 1927) choice models, and more generally, the class of random utility models
with i.i.d. noise (IID-RUMs) (Marschak, 1960; Domencich and McFadden, 1975). The main
contribution of this work is to design a computationally efficient algorithm, which we term
Winner Beats All — Aggressive (WBA-A), that achieves an instance-wise asymptotically

optimal regret bound of O(n2 logn + nlogT') under this large class of choice models that
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Figure 10: The hierarchy of choice models considered in this work.

exhibit a unique GCW.

The main challenge in designing an algorithm under our framework is that the space of
exploration (number of possible sets the learner can play) is ©(n*) which is large even for
moderate k. Therefore, it can be challenging to simultaneously explore/learn the choice
sets with low regret out of the possible ©(n*) sets and exzploit these low regret sets. We
overcome these challenges by extracting just O(n?) pairwise statistics from the observed
multiway choices under different sets, and using these statistics to find choice sets with low
regret. Since these pairwise statistics are extracted from multiway choices under different
sets, a technical challenge is to show that these statistics are concentrated. We resolve this
challenge by using a novel coupling argument that couples the stochastic process generating
choices with another stochastic process, and showing that pairwise estimates according to
this other process are concentrated. We believe that our results for efficient learning under
this large class of choice models that is considerably more general than the MNL class are of

independent interest.

We also run experiments on several synthetic and real-world datasets. Our experiments on
these datasets show that our algorithms for the special case of k = 2 are competitive as
compared to previous dueling bandit algorithms, even though they are designed for a more

general setting. For the case of k > 2, we compare our algorithms with the MaxMinUCB
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algorithm of Saha and Gopalan (2019a) which was designed for the MNL model. We observe
that our algorithms perform better in terms of regret than MaxMinUCB under all datasets
(even under synthetic MNL datasets). We further observe that under several datasets the

regret achieved by our algorithms for &k > 2 is better than the regret for k = 2.
The following is a summary of our contributions

1. Modeling Contributions: We formalize a new framework that generalizes the dueling
bandit framework by allowing the learner to play larger choice sets. Our framework
opens up several new questions, including the possibility of designing algorithms for
specific types of choice models of interest in various applications. We also propose a
new non-parametric class of choice models (GCC) which include several well-studied
choice models such as MNL, MNP, and more generally all IID-RUMs as special cases,
and can be of independent interest in other multiway choice settings such as dynamic

assortment optimization (Sauré and Zeevi, 2013).

2. Algorithmic Contributions: We develop a novel algorithmic framework for extract-
ing pairwise statistics from multiway choices and making decisions based on these
pairwise statistics. This allows the learner to have the flexibility of playing larger choice
sets while being computationally efficient and achieving tight regret under a wide range

of choice models.

3. Technical Contributions: We believe that our results for learning this large GCC
class of choice models are of independent interest. Of particular interest are our ideas of
extracting and aggregating potentially inconsistent pairwise preferences from multiway
choices, and our concentration results used to establish confidence interval bounds on

these preference estimates.
5.1.3 Related work.

There has been a lot of work recently in bandit settings where more than two arms are played

at once (although no previous work considers choice models at the level of generality we do).
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Table 3: Overview of related work in regret minimization settings. There are several
definitions of ‘best’ arm; the reader is encouraged to refer to the relevant papers and to
our problem setting for details. (Note: in multi-dueling bandits, () denotes no feedback; in
stochastic click bandits, O; denotes an ordered set; in combinatorial bandits, S denotes a set
of allowed subsets; in dynamic assortment optimization, 0 denotes the “no-purchase” option.)

Arms Pulled Feedback in
Problem in Round ¢ Round ¢ Goal
Dueling (i¢, ji) € [n]? ye € {ir,Je} Min. regret
Bandits w.r.t. best arm
Multi-dueling S, € n)* Y,={0,1,0}F*F Min. regret
Bandits w.r.t. best arm
Combinatorial |S; € S C 2["1:[S,| < k| (i) € RVi € S, Min. regret
Bandits w.r.t. top-k arms
Combinatorial Sy C[n):|Se] <k |Op TS5, |0 <m Min. regret
Bandits with w.r.t. best arm (MNL)
Relative Feedback
Battling S; € [n]F yr € St Min. regret
Bandits w.r.t. best arm (PS)
Stochastic Click | O C [n]:|Oy] = k, yr € Oy Max. expected clicks
Bandits clicks
Dynamic {0} U Sy C [n]:|Se| <k Y € St Max. expected
Assortment revenue
Choice St C [n]:|Se| < k ye € Sy Min. regret
Bandits w.r.t. best arm

We briefly review related work here; see also Table 3.

Multi-dueling bandits. In multi-dueling bandits (Brost et al., 2016; Schuth et al., 2016;
Sui et al., 2017), the learner pulls a set Sy of k items; however, the feedback received by
the learner is assumed to be drawn from a pairwise comparison model (in particular, the
learner observes some subset of the (g) possible pairwise comparisons among items in S). In
contrast, in our choice bandits setting, the learner receives the outcome of a direct multiway

choice among the items in S, generated from a multiway choice model.

Combinatorial bandits. In combinatorial (semi) bandits (Gai et al., 2012; Chen et al.,
2013; Kveton et al., 2015; Combes et al., 2015), each arm i is associated with an unknown

random variable (stochastic reward) Y;; the learner pulls a set Sy of up to k arms (possibly
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from some set of ‘allowed’ sets S C 2["]), and observes the realized rewards y;(i) for all arms
1 in Sy. The goal is to maximize the cumulative sum of all rewards. This is different from
our choice bandits setting; in our setting, the learner observes only which arm is chosen from
the set Sy of arms pulled, rather than any absolute reward feedback (indeed, in our setting,

arms may not be associated with individual rewards at all).

Combinatorial bandits with relative feedback. In this very recent framework Saha
and Gopalan (2019a), the learner pulls a set S; of up to k arms, and observes top-m ordered
feedback drawn according to the MNL model, for some m < k. In contrast, we only observe
the (top-1) choice feedback from the set S; that is played. Moreover, we study a much more
general class of choice models than the MNL model studied by them. For the special case
of (top-1) choice feedback under MNL, we give better algorithms with (almost) optimal
instance-wise bounds as compared to their MaxMinUCB algorithm which has a worst-case

bound.

Stochastic click bandits. In stochastic click bandits (Zoghi et al., 2017), the learner pulls an
ordered set of k arms/documents, and observes clicks on a subset of these documents, drawn
according to an underlying click model which is a probabilistic model for click generation
over an ordered set. However, click models in their setting are different than choice models

in our setting, and neither can be cast as a special case of the other.

Battling bandits. Another related setting is that of battling bandits (Saha and Gopalan,
2018), where the learner pulls a set S; of ezactly k arms and receives a feedback indicating
which arm was chosen. However, their setting considers a specific pairwise-subset (PS) choice
model that is defined in terms of a pairwise comparison model, whereas we consider much

more general choice models.
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Preselection bandits. There has been a recent framework called preselection bandits Bengs
and Hiillermeier (2019) where two settings are considered: (1) where the learner pulls a set
Sy of size exactly k, (2) where the learner pulls a set S; of any size less than n. In both
settings the learner receives feedback drawn from the MNL model. Firstly, the two settings
considered by this work are different than our setting where the learner plays a set of size up
to k. Secondly, we study a much more general class of choice models than the MNL model

studied by them.

Dynamic assortment optimization. In dynamic assortment optimization Rusmevichien-
tong et al. (2010); Sauré and Zeevi (2013); Agrawal et al. (2016, 2017); Chen and Wang
(2017), there are n products and each product is associated with a revenue. The learner
plays an assortment S; of up to k products, and observes a feedback indicating which (if any)

of the products was purchased; the goal of the learner is to maximize the expected revenue.

Best-of-k bandits (PAC setting). Simchowitz et al. (2016) consider a best-of-k bandits
setting, where again the learner pulls a set S; of k arms; however here each arm ¢ is associated
with an unknown random variable (stochastic reward) Y;. Of the various types of feedback
that are considered, the marked bandit feedback corresponds to a setting that is similar to
our choice bandits framework, however, the analysis in Simchowitz et al. (2016) is in the

PAC /pure exploration setting, while ours is in the regret minimization setting.

Top-k identification under MNL model (PAC setting). Recently, there has also been
work on identifying the top-k items under an MNL model from actively selected sets St in

the PAC/pure exploration setting Chen et al. (2018).
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5.1.4 Organization

We set up the choice bandits problem in Section 5.2. We present a fundamental lower
bound for our choice bandits problem in Section 5.3. We present our two algorithms in
Section 5.4. We present regret upper bounds for our algorithms in Section 5.5. We present
experimental results on synthetic and real world datasets in Section 5.6. We present proofs
of our theoretical results in Section 5.7. We finally conclude with a brief discussion in

Section 5.8.

5.2 Problem Setup and Preliminaries

In the choice bandits problem, there are n arms [n] := {1,...,n}, and a set size parameter
2 <k < n. On each trial ¢, the learner pulls (selects/plays) a choice set S; C [n] of up to k
arms, i.e. with |Sy| < k, and receives as feedback y; € Sy, indicating the arm that is most
preferred in S;. We assume the feedback y; is generated probabilistically from an underlying
multiway choice model, which defines for each S C [n] such that |S| <k, and arm i € S, a
choice probability P; g which corresponds to the probability that arm 4 is the most preferred
arm in S.! Before defining appropriate notions of ‘best’ arm and regret for the learner, we

give some examples of multiway choice models.
5.2.1 Random Utility Models with IID Noise (IID-RUMs)

IID-RUMs are a well-known class of choice models that have origins in the econometrics
and marketing literature (Marschak, 1960; Train, 2003). Under an IID-RUM, the (random)
utility associated with arm i € [n] is given by U; = v; + ¢; where v; € R is a deterministic
utility and the ¢; € R are the random noise variables drawn i.i.d. from a distribution D over

reals. For a set S, the probability of choosing i € S is given by

Pys =Pr (U; > U;Vj e S\ {i}).

!Note that for the special case of k = 2, our framework reduces to dueling bandits; the pairwise comparison
probabilities P;; := Pr (i > j) in dueling bandits can be viewed as pairwise choice probabilities P;j¢; ;3.
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We will sometimes also refer to v; as the weight of item 7. Under any IID-RUM, if v; > v;
for some 4, j € [n], then arm ¢ will be more likely to be chosen than arm j in any set. The
IID-RUM class contains some popular models, such as the multinomial logit (MNL) (Luce,
1959; Plackett, 1975; McFadden, 1974) and multinomial probit (MNP) (Thurstone, 1927), as

special cases.

Example 5.2.1 (MNL). Under MNL, the noise distribution D is Gumbel(0,1) and the

probability Py g of choosing an item i from a set S has the following closed form expression:

evi

Pg = —
Us Zjes evi

It 1s clear from this expression that arms with higher weights are more likely to be chosen.

Example 5.2.2 (MNP). Under the MNP model, the noise distribution D is the standard
Normal distribution N(0,1). Unlike MNL, there is no closed form expression for the choice

probabilities.

Under IID-RUMs there is a clear notion of ‘best’ arm: an arm that has the highest weight
max;cp, v;- We now define a strictly more general class of models where there is a clear

notion of ‘best’ arm.
5.2.2 A New Class of Choice Models

We introduce a new class of multiway choice models that are characterized by the following

condition that requires the existence of a unique ‘best’ arm.

Definition 5.2.3 (Generalized Condorcet Condition (GCC)). A choice model is said to
satisfy the GCC condition if there exists a unique arm i* € [n| such that for every choice set

S C [n] that contains i*, we have Py g > Pjg for all j € S\ {i*}.

Intuitively, the above condition requires the existence of a unique arm that is always
(stochastically) preferred to all other arms, no matter what other arms are shown with it.

This condition is a generalization of the Condorcet condition studied for pairwise comparison
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models (Zoghi et al., 2014; Komiyama et al., 2015a). Just as the Condorcet condition need
not be satisfied for all pairwise comparison models, similarly, GCC need not be satisfied
by all multiway choice models. Below we show that the GCC condition is satisfied for all

IID-RUMSs subject to a minor technical condition.

Lemma 5.2.4 (IID-RUMs satisfy GCC). For any IID-RUM choice model with utility for

arm i € [n] given by U; = v; + €;, the GCC condition is satisfied if | argmax;cp,) vi| = 1.

In this work, we study the class of all choice models where the GCC is satisfied. Under
GCC, we will refer to the unique ‘best’ arm as the generalized Condorcet winner (GCW) and

denote it by :*. Note that for any set S containing the GCW ¢*, we must have P g > ﬁ
5.2.3 Regret Notion

Similar to dueling bandits, the goal of the learner in our setting is to identify the best arm
while also playing good/competitive sets with respect to this arm during the exploration
phase.? Hence, our notion of regret measures the sub-optimality of a choice set S relative
to i*, and is a generalization of the regret defined by Saha and Gopalan (2019a) for the
special case of MNL choice models. Moreover, under our notion of regret it is optimal to play
S* = {i*}, i.e. regret of playing S* is 0. The regret of a set is defined to be the sum of regret
due to individual arms in the set, and the regret for an arm corresponds to the ‘margin’ by
which the best arm ¢* beats this arm. In other words, the regret of an arm corresponds to

the shortfall in preference probability due to pulling this arm over the ‘best’ arm.

Definition 5.2.5 (Regret). The regret v(S) for S C [n] is defined as: v(S) :== > ;cg (Pi+|sufir}—

Piisuficy)-

This notion of regret can be interpreted as: r(S) is the sum over all arms ¢ € S, the fraction
of consumers that will choose ¢* minus the fraction of consumers that will choose ¢ when *
is played together with S. It is easy to see that r({i*}) = 0, and 0 < r(S) < |S| for any set

S C [n].

2Note that we are not working in the pure exploration setting, where all sets are of equal cost during
exploration.
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Example 5.2.6 (Linearly growing regret). Consider a choice model where arm 1 is the
GCW, and for each set S containing arm 1, we have Pyg = 0.51 and Pjg = |OS'|74_91 Vi e S\{1}.

Then r({1,...,m}) = 0.51 x (m —1) — 0.49.

In the above example, the regret increases linearly as we increase m. The following gives an

example where the arms are much more ‘competitive’ and regret is smaller.

Example 5.2.7 (Sub-linearly growing regret). Consider the MNL choice model with weights

vy = log(l+¢€), fore >0, andvy =---=v, =0. Thenr({1,--- ,m}) = Zié[m] % =
j€lm
e(m—1)
m-+e

The regret here increases much more slowly in terms of m. Note that our regret is not
necessarily well-defined in the dueling bandits setting, due to the need to consider choice

probabilities for sets of size 3 even when one plays only sets of size 2.

Under the above notion of regret, the goal of an algorithm A is to minimize its cumulative

regret over T trials, defined as: R(T) = 23:1 (St).

5.3 A Fundamental Lower Bound

In this section we present a regret lower bound for our choice bandits problem. We say that
an algorithm is strongly consistent under GCC if its expected regret over 7' trials is o(T%)
for any a > 0 under any model in this class. Given a GCC choice model and an arm 7 # i*,
let us define the gap parameter A;«; as

Py s — Pys

= min . 5.3.1
SCn]:|S|<k and %,i*€S Pi*|S+Pi|S ( )

i*q -

The following theorem presents a lower bound for any strongly consistent algorithm in terms

of these gap parameters.

Theorem 5.3.1. Given a set of arms [n], choice set size bound k < n, there exist GCC

chotice models such that when choice outcomes are drawn according to these models, the regret
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incurred by any algorithm A that is strongly consistent under GCC is lower bounded as:

E[R(T 1
timint ZED]_ g >oo—1.
iem\iry T
where T is the time-horizon. Moreover, if the underlying model is MNL with parameters
V1,09, - Un € R, then:
E [R(T)] 1

minf — Ao S
T log T AMNL
Tee 08 iem\(ir) Si

where ANV = €2=€% for i € [n] \ {i*}.

eVi* fevi

Discussion. The above bound shows that any algorithm for the choice bandits problem
needs to incur instance-dependent Q(nlogT') regret in the worst case. Note that the above
lower bound does not depend on the choice set size parameter k. If the choices are generated
from an underlying MNL model, then the above theorem gives an instance-dependent lower
bound for the regret of any algorithm. Note that Saha and Gopalan (2019a) also provided
a lower bound under MNL for our notion of regret, however, their bound depends on the
worst-case gap between i* and any other arm ¢ # i*, while we provide a more fine-grained

bound under MNL which depends on gaps between i* and each individual arm i € [n].

In order to prove the above bound we construct a pair of instances that have different GCW
arms, and use the information divergence lemma of Kaufmann et al. (2016) in order to
characterize the minimum number of samples needed in order to collect the ‘information’
needed to separate these two instances. We provide a full proof of this lower bound in

Section 5.7.1.

5.4 Algorithms

In this section we describe our two algorithms, termed Winner Beats All — Aggressive
(WBA-A) and Winner Beats All — Lazy (WBA-L). The WBA-L algorithm is designed for
the MNL model while the WBA-A algorithm is designed for the more general GCC class
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Algorithm 7 Winner Beats All — Aggressive (WBA-A)

1: Input: set of arms [n], size of choice set k, parameter C'
2: t« 1,7« 1, A, < [n], a; < Unif([n]), Q < 0
3: ﬁ”<—%,w7]€[n}
4: while ¢t <7T do N
5: Select largest S C A, \ {QUa¢} with [S| <k—1and P, < 3,Vie S
6: Let Sy + SU{a:}; while |S¢| < k and A, \ Sy # 0: add an (arbitrary) arm from 4, \ S; to S;
7 Play set S; and receive y; € Sy as feedback; @ < Q U S
8: For all i € Sy, calculate Py, (t) and J;(t,C)
9:  ifVie A \{QUa}, Py, (t) > 1 then
10: Qu41 4 ATGMAX; () D i@ L (1) < 1]
11: else
12: ai41 < Qy
13: end if
14: if Q= A, or S=0 then
15: Ari1 0, r—r+1
16: for i € [n] do
17: if J;(¢t,C) =0, then A, + A, U{i}
18: end for N
19: Q41 < argmaxie[n] Zje[n] ]].[Pﬂ(t) < %], Q — @
20: end if

21: t+—t+1
22: end while

of models. However, the two algorithms are built upon the common principle of quickly
isolating the best arm ¢* by using the fact that this arm stochastically beats all other arms

in any choice set.

Both our algorithms divide their execution into rounds and each round can contain up to
n trials depending on problem parameters and the execution history. We will use r as an
index for a round, and ¢ as a (global) index for a trial. For each round r, both algorithms
maintain a set A, of active arms. These are a set of arms for which the algorithm is still not
confident enough that these are ‘bad’ arms. Note that an arm that is inactive in a particular
round, can become active in a later round. We also maintain a set @) that is initialized to
being empty at the beginning of each round and keeps track of the arms in A, that have

been played so far in the round.

Given a trial ¢ that falls in round r, both algorithms first select a set S C A, \ @ (arbitrarily)

of up to £ — 1 arms in A, that have not been played so far in round r. The set S is then
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Algorithm 8 Winner Beats All — Lazy (WBA-L)

1: Input: set of arms [n], size of choice set k, parameter C
2: t« 1,7« 1, A, < [n], a, < Unif([n]), Q < 0
3: ﬁij — %, Vi, j € [n}
4: while t <T do
5: Let a; < a,. Select largest S C A, \ {Q Ua;} with |S| <k —1.
6: Play set S; <+ S U {a;} and receive y; € S; as feedback
7 Q+—QUS R
8: For all i € S;, calculate Py, (t) and J;(t, C)
9: if @ =A,\{a -} then
10: App1 0
11: for i € [n] do
12: if J;(t,C) =0, then A, 1 + A, U{i}
13: end for
14: if J,.(t,C) =0 then
15: Q41 4= ATGMAX; [y P, (1)
16: else
17: Apy1 < Ay
18: end if
19: Q«—0,r+r+1
20: end if

21: t+—t+1
22: end while

played with a special arm a; termed the ‘anchor arm’. Both algorithms try to maximize the
size of the choice set subject to availability of active arms. In WBA-L the anchor arm has
an interpretation of a ‘candidate’ best arm, whereas in WBA-A the anchor arm is chosen
so that one can quickly find evidence that arms in S are not good. Hence, in WBA-A an
additional requirement on S and a; is that a; empirically performs better than each arm
in S. Another difference is that WBA-L updates the anchor arm per round, while WBA-A

updates it per trial.

Let 3, be the feedback received in trial ¢ when S; was played including anchor a;. For all
i,j € [n], let Nj;(t) denote the number of times (up to round ¢) that either arm 4 or j was

chosen when arm j is the anchor, i.e.
t
Nij(t) = Lay = j, {i,j} € Sy, yw € {i.j}) - (5.4.1)
=1
For each i,j € [n] and trial ¢, such that N;;(t) > 0, the algorithm maintains an estimate of
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the marginal probability of arm 7 beating the arm j as

t

1 o .

(t) > Waw =j, {i,j} S Su, ye =), (5.4.2)
t'=1

Pi(t) ==
which is the fraction of times ¢ was selected (compared to j) when both i and j were played
together and j was the anchor. (When Nj;(t) = 0, we can simply take Py (t) to be 1/2.)
Similar to Komiyama et al. (2015b), let us define an empirical divergence I;(t,S) which

provides a certificate that an arm 4 is worse than (some) arms in S, as

~ 1
] Nij () - d(F(2), 5) s
where d(ﬁij, 1) is the KL-divergence defined as d(P, Q) = Plog(g) +(1-P) 1og(%), for
P,Q € 1[0,1]. If I;(¢,S) is 0, it means that arm ¢ is empirically at least as good as all other

arms in S, and a higher [;(¢, S) would suggest that arm 4 is most likely ‘bad’. For a constant

C', we define the condition J;(¢,C) for arm i € [n] and round ¢ as
Ji(t,C) = 1{38 C [n] : Li(t, S) > |S] log(nC) + log(t) } .

If Ji(t,C) = 1 for some 14, it means that there exists a certificate S to show that i is not
likely the best arm as it loses to some arms in S by a large ‘margin’.® The larger the set
S the larger the margin needs to be. This condition can be evaluated in polynomial time
by computing argmaxgc, 1i(t, S) — |S] - log(nC) and checking if it is greater than log(t).
Specifically, we can compute argmaxgcp, Ii(t, S) — |S] - log(nC) by first sorting arms j in
the order of values ﬂ[ﬁij(t) < 3] Ny(t) - d(Ej(t), ). We can then start with S « ) and
add one arm at a time from this sorted ordering to S. We stop adding arms to the set S
once the value ]1[13ij (t) < 4] Ny(t) - d(P;; (1), 1) of the current arm j is less than log(nC).

It is easy to see that computing I;(t,S) — |S] - log(nC) for this set S gives the value of

3Note that the above condition is similar to condition used in Komiyama et al. (2015b), except that they
only use the set [n] as a certificate instead of all possible subsets S C [n]. In our analysis and experiments
will show that this condition is an improvement over the condition used in Komiyama et al. (2015b) for the
case of dueling bandits.
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argmaxgcy i(t, S) — |S] - log(nC).

Finally, let ¢ be the final trial in a round 7. In order to decide which arms to be included in
the next set of active arms A, we simply check the condition J;(¢,C) for each i € [n] and
include all arms for which J;(¢,C') = 0 holds. Note that A, can be empty, in which case
we will simply play the anchor arm until it set becomes non-empty in the future. The anchor
arm in WBA-L is updated for round r + 1 if a, € A,41, and it becomes the arm that beats
a, with the biggest margin empirically. The anchor arm in each trial in WBA-A is the arm
with the best empirical divergence among the set of unplayed arms in that round. Detailed

pseudo-code for WBA-L is given in Algorithm 8 and for WBA-A is given in Algorithm 7.

5.5 Regret Bounds

In this section we will provide regret upper bounds for our WBA-A and WBA-L algorithms.
The following theorem presents our main result which is a regret bound for our WBA-A

algorithm under any choice model belonging to the GCC class.

Theorem 5.5.1 (Regret bound for WBA-A under GCC). Let n be the number of arms, k <n
be the choice set size parameter, and i* be the GCW arm . If the multiway choices are drawn
according to a GCC' choice model with gap parameters {Aj«;}izi+ defined in Equation 5.3.1,
and Amin := mingz;< A+, then for any C' > 1/A2L. . the expected regret incurred by WBA-A

18 upper bounded by

E[R(T) <O ("Zlog”> +ol Y log(TC) )

2
min i€n]\i* v

where T is the (unknown) time-horizon. Moreover, if the underlying model is MNL with

weights vi,--- ,v, € R, then

n?logn log(TC
E [R(T)) g()((AMfL)Q)+O Yo lsTo)

min i€n]\i* %7
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The following theorem gives an upper bound for the WBA-L algorithm under the MNL

model.

Theorem 5.5.2 (Regret bound for WBA-L under MNL). Let n be the number of arms,
k < n be the choice set size parameter, and i* € [n] be the GCW arm. If the multiway
choices are drawn according to an MNL model with weights v1,--- ,v, € R, gap parameters

AMNL .= cr—cl forie [n], and AMNE .= min, .« AMNYthen for any C > 1/ (AMNL)4,

evi* 4-evi min min

the expected regret incurred by WBA-L is upper bounded by

ERT)] <0 > w ,

where T is the (unknown) time-horizon.

Note that the above upper bound depends on the value of C' being larger than 1/ Afnin which

is an instance-dependent quantity, however, we outline a way to select the parameter C' in

an instance independent manner.

Remark 1 (Selecting C). A value of T* for the parameter C suffices for Theorem 5.5.2 and
Theorem 5.5.1 to hold, giving a regret upper bound of O(log(T'C)) = O(log(T?)) = O(log(T)).
(If T is not known, one can use the doubling trick.) To see this note that in order to obtain
any non-trivial upper bound for our algorithm, Ay, has to be larger than 1/7. Hence,
either A, is upper bounded by 1/T, or the instance is too hard to allow any non-trivial
upper bound. Therefore, C > T* would suffice whenever the instance is not already too
hard. We actually believe setting C' = T may be somewhat pessimistic (it arises from taking
a union bound over all possible states of the algorithm in our regret analysis (specifically,
Lemma 5.7.4) — indeed, in our experiments, we set C' = 1 for all datasets, and our algorithm
still demonstrates sublinear regret with this choice — but it certainly suffices, and the regret
bound with C' = T is at most a constant factor 5 times what one might get with C' = 1 if

the regret bound holds in that case.
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Discussion. The above theorems yield an instance-wise O(nlognlogT') regret bound for
the WBA-L algorithm under the MNL model, and an instance-wise O(n?logn + nlogT)
regret bound for the WBA-A algorithm under the GCC class of models. Comparing these
bounds with the lower bound given in Section 5.3, one can observe the upper bound for
WBA-L is instance-wise optimal under MNL class, and our bound for the WBA-A algorithm
is asymptotically instance-wise optimal under GCC. The upper bound for WBA-L is similar
to the upper bounds obtained for some early dueling bandit algorithms such as IF (Yue et al.,
2009) and BTM (Yue and Joachims, 2011) that make a strong ‘linearity’ assumption on the
arms, while the upper bound for WBA-A is similar to the upper bounds obtained for more
recent dueling bandit algorithms such as RUCB (Zoghi et al., 2014) and RMED (Komiyama
et al., 2015b) that only assume the existence of a Condorcet winner. It is also important to
note that our regret bounds do not depend directly on the choice set size k. However, the
behavior of these bound is more subtle and depends on the specific multiway choice model
through the gap parameters {A;«;};2;. We also note that while in general the regret can
behave differently for different models, in our experiments, we find that there are choice
models (including some in real data) where our algorithms empirically achieve smaller regret
when allowed to play sets of size k > 2 as compared to k = 2. Under the MNL model, the
bounds obtained for WBA-L are better than the ones obtained for WBA-A, however, it is
important to note that WBA-A is not specialized for MNL and has almost optimal regret for
a much larger class of models. Moreover, both our instance-wise bounds under MNL are an
improvement over the upper bound for the MaxMinUCB algorithm under MNL for (top-1)

choice feedback which depends on worst-case gap parameters (Saha and Gopalan, 2019a).

Proof Overview. Our algorithms are based on the idea of isolating a ‘good’ anchor arm
and playing arms that are competitive against this anchor. Hence, in order to prove a regret
upper bound we need to show that the GCW ¢* would eventually beat every other arm i,
i.e. P+;(t) (BEquation 5.4.2) would eventually become larger than 1/2. In this case i* would

become the anchor arm. However, an important technical challenge here is to bound the
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deviation in these pairwise estimates ]3m(t) obtained from multiway choices. In the past,
Saha and Gopalan (2019b) have shown that if one uses rank breaking to extract pairwise
estimates under the MNL model, then these pairwise estimates will be concentrated. However,
this concentration result relies crucially on the independence from irrelevant attributes (ITA)
property of MNL which states that for any two arms, the odds of choosing one over the other
in any set remains the same regardless of which set is shown. This concentration result does
not apply to our setting as the IIA property does not hold for general GCC models beyond
the MNL.

Below we outline a novel coupling argument that allows us to prove concentration for the

extracted pairwise estimates between the GCW arm ¢* and any other arm i € [n]

Lemma 5.5.1 (Concentration). Consider a GCC' choice model with GCW i*. Fizxi € [n]. Let
Si,-++, ST be a sequence of subsets of [n] and y1,- - ,yr be a sequence of choices according to

this model, let Fy = {S1,y1,- - ,St,yt} be a filtration such that Syy1 is a measurable function
of F¢. We have

Pr(Pi(t) < PSC — € and Ni=i(t) > m) < e WP e PE70)m (5.5.1)
where
P
pPECC = s (5.5.2)

= 1mn
S:|S|<k,{i*,i}CS Pjxs + Pys’

and d(-,-) is the KL-divergence.

Proof Sketch. Let us consider an alternate process for generating multiway choices y; from
sets S;. In this process, given any t and a set S; such that i*,¢ € Sy with a; = ¢, we first
generate a Bernoulli random variable X; with probability P\ s+ P;s. If X¢ = 0 we set Yy =17
with probability I_Pj%&ls, for j € S\ {i,7*}. If X; =1 then we sample another Bernoulli

random variable Z; with probability Pﬁfc. If Z; =1 then we let y;, = i*, otherwise if Z; =0

we set y; = i. Let P, = Pi=|s,/(Pi=|s, + Pys,). Now, we couple y; and y; as follows: if
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y; € Sp\ {i} then we let y; = y;, otherwise if y; = i then we let y; = ¢* with probability
(Pivils, — PSECCY /(1 — PECC) and let y, = i with probability (1 — Piejjs,) /(1 — PSCC). One
can verify that g is distributed according to the correct underlying choice distribution. It
is now easy to observe that the estimates ﬁm(t) under 7 will always be larger than the
estimates ﬁi’*i(t) under 3, hence, we will have that Pr(Py;(t) < z) < Pr(ﬁi’*i(t) < z) for

any x > 0. One can then show concentration for the coupled estimates ]32‘/*2‘@)7 and use it to

bound the deviation in P;(t). O

~

Note that the above lemma only shows concentration for the pairwise estimates Pj«;(t)
between i* and any other arm ¢ € [n], but not for estimates ﬁij (t) between two arbitrary
arms ¢ € [n] and j € [n]. However, in order to prove our result we only need concentration of
estimates between ¢* and any other arm i € [n]. We believe that the above concentration
lemma is of independent interest, and might be useful in other learning from multiway choice

settings beyond MNL.

Once we have bounded the deviation for the pairwise estimates, we bound the number of
rounds 7 in which ¢* is not a part of the active set A,.. We then bound the expected number
of times that there exists an arm i such that Py;(t) < %, thus bounding the number of trials
until ¢* becomes the anchor. Finally, once ¢* is the anchor arm, we bound the regret incurred
due to sub-optimal arms. We provide detailed proofs of Theorem 5.5.2 and Theorem 5.5.1 in

Section 5.7.2.

5.6 Experiments

We compared the performance of our WBA-L and WBA-A algorithms against existing
algorithms on our choice bandits problem under different choice models. The first two choice
models were MNL models, the next three were from the GCC class, and the last three we

choice models extracted from real-world datasets:

1. MNL-Exp: A MNL model was generated by drawing random weights from the

exponential distribution with parameter A = 3.5, i.e. for arm 7 € [n], logv; as sampled
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Figure 11: Regret v/s trials for our algorithms WBA-L and WBA-A (for k¥ = 2) compared with
dueling bandit algorithms (DTS, BTM, RUCB and RMED1) (the shaded region corresponds to std.
deviation). As can be observed, our algorithms are competitive against these algorithms.
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iid. from Exp(A = 3.5).

. MNL-Geom: A MNL model was generated with weights v; = e, vo = e%, e

—1
Up = el/2"

. GCC-One: This is the choice model from Example 5.2.6, where we selected arm
1 to be the GCW, and for each set S containing arm 1, we set p; g = 0.51 and
Pils = % Vi € S\ {1}; for sets S not containing the GCW 1, we selected the
smallest-index arm in S to be the highest-probability arm ¢g in S, and set Pi|s = 0.51

and p;g = |g‘|—4_91 Vie S\ {is}).

. GCC-Two: For this choice model, we selected arm 1 to be the GCW, and for each

S| =1

set S we defined Ag := min{ =5,

0.99}. If i* ¢ S we selected the smallest-index arm

in S to be the highest-probability arm 5 in S, otherwise we let g := i*. We defined

. 1+AS . -k _ I—AS
Piyls = s[i—asyreas and forany i € SA{igh Pys = rgpi=ag)vzas-

. GCC-Three: Here, again, we selected arm 1 to be the GCW, and for each set S we

defined Ag := max{ 11;1|S| ,0.01}. Given this definition of Ag, the choice probabilities

we defined in a similar manner as GCC-Two.

. Sushi: This is a dataset from (Kamishima, 2003) which contains 5000 partial preference
orders given by humans over 100 different types of sushis. Similar to Komiyama et al.
(2015a), we selected a subset of 16 sushi types, such that there exists a GCW among

them.

. Irish-Dublin: This dataset was also downloaded from prefiib.org and also contains
data about elections held in Dublin, Ireland. The dataset contains 29,988 partial
preference orders given by humans over 9 candidates. We again selected a subset of 8

candidates, such that there exists a GCW among them.

. Irish-Meath: This is a dataset downloaded from preflib.org and contains data about

elections held in Dublin, Ireland. The dataset contains 64, 081 partial preference orders
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given by humans over 14 candidates. We selected a subset of 12 candidates, such that

there exists a GCW among them.

Details about extraction of choice model probabilities from real-world datasets can be found
in the Appendix. Below we describe the different sets of experiments that were performed.
Each experiment was repeated 10 times. The value of n was 100 for all synthetic datasets,
16 for Sushi, 8 for Irish-Dublin, and 12 for Irish-Meath. The parameter C' in our algorithms

was set to 1.

Comparison with Dueling Bandit Algorithms (k = 2). For the special case of k = 2,
we compared our algorithms with a representative set of dueling bandit algorithms (RMED1
(Komiyama et al., 2015a), DTS (Wu and Liu, 2016), RUCB (Zoghi et al., 2014), BTM (Yue
and Joachims, 2011)) for our notion of regret. Note that the purpose of these experiments is
merely to perform a sanity check and ensure that our algorithms perform reasonably well
compared with dueling bandit baselines when k£ = 2; the goal is not to argue that our choice
bandit algorithms beats the state-of-the-art for the specialized dueling bandit (k = 2) setting.
We set a = 0.51 for RUCB and DTS, and f(K) = 0.3K'%! for RMED, and v = 1.3 for
BTM. Figure 11 contain plots for these comparisons. Our algorithms either perform better
or similar to RMED1, RUCB, and BTM on all datasets; and are competitive with DTS on

most of the datasets.

Comparison with MaxMinUCB Algorithm (Saha and Gopalan, 2019a) (k > 2).
We compared the performance of our algorithms with the recent MaxMinUCB algorithm
(Saha and Gopalan, 2019a) that was designed and analyzed primarily for MNL choice models

under the same notion of regret as ours. * We set the parameter o to be 0.51 for MaxMinUCB.

*We also considered the SelfSparring algorithm of Sui et al. (2017) and the battling bandit algorithms of
Saha and Gopalan (2018), which are applicable to choice models defined in terms of an underlying pairwise
comparison model P. However, these algorithms all return multisets St, and any simple reduction of such
multisets to strict sets as considered in our setting (as well as the setting of Saha and Gopalan (2019a)) can
end up throwing away important information learned by the algorithms, resulting in a comparison that could
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Figure 12: Regret v/s trials for our algorithms WBA-L and WBA-A compared with the MaxMinUCB
(MMU) algorithm for k¥ = 2 and k = 5 (the shaded region corresponds to std. deviation). We observe
that our algorithms are better than MaxMinUCB on all datasets for both values of k. We further
observe that for several datasets the regret achieved by our algorithm for & > 2 is better than the
regret of our algorithm for k& = 2.
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Figure 12 contain plots for these experiments for £k = 2 and k = 5. We observe that our
algorithms are much better in terms of regret than MaxMinUCB under all datasets for both
values of k. One should note that WBA-A performs better than MaxMinUCB even under
the MNL datasets, even though MaxMinUCB is specialized to MNL while our algorithms
work under more general models. We further observe that under several datasets (GCC-One,
GCC-Two, Sushi, Irish-Dublin) the regret achieved by our algorithm for k > 2 is better
than for k£ = 2. We note that even though our study of more general choice feedback is
motivated by applications where it might be desirable to pull sets of size larger than 2 due to
reasons other than improving regret, these experimental results show that there exist settings
of choice models (including some in real data) where our algorithms empirically achieve a

smaller regret when allowed to play sets of size k > 2 as compared to k = 2.

5.7 Proofs

In this section we provide proofs for the theoretical results in this paper. We will prove the
lower bound result given in Section 5.3 and then proceed to the proofs of the regret bounds

given in Section 5.5.
5.7.1 Proof of Lower Bound (Theorem 5.3.1)

In order to prove this theorem we will utilize the following change of measure lemma of

Kaufmann et al. (2016).

Lemma 5.7.1 (Kaufmann et al. (2016)). Consider two multi-armed bandit instances where
A is the set of arms, and the two different collections of reward distributions are p = {u; :
Vi e A} and p' = {p, : Vi € A}, let iy be the arm played at trial t by an algorithm and X,

be the reward at time t, and let Fy = o (i1, X1, ,it, X¢) be the sigma algebra upto time t.

be unfair to those algorithms. We did explore such reductions and our algorithm easily outperformed them,
but we chose not to include the results here due to this issue of fairness. (Moreover, under the MNL model,
Saha and Gopalan (2019a) already established that MaxMinUCB outperforms those algorithms — presumably
under similar reductions — so in the end, we decided such a comparison would provide little additional value
here.)
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Consider a Fp measurable random variable Z € [0, 1], then

D EuN(T)K L(i, 1) > d(Bu[Z], B[ 2)),

€A
where N;(T') denotes the number of pulls of arm i in T trials and KL is the Kullback-Leibler
divergence between two distributions, and d(p;q) is the Kullback-Leibler divergence between

Bernoulli distributions with parameters p and q.

In the proof of the lower bound we first bound the number of times an arm is played using
the above lemma, and then bound the total regret due to this arm. Let us first define the

regret per arm i € [n] as

R(T,i) = Z 1[i € Si] - (Pi+|s,ui — Pijs,uiv) -
=1

We will now provide the proof of the lower bound.

Proof of Theorem 5.3.1. Let us consider an instance P of the choice bandits problem with n
arms such that the best arm ¢* is arm 1 and ¢* beats all other arms by the largest margin,
i.e. Apy > Aj; for any i,j € [n]. Given any set S such that ¢ € S, let i¢ be the item that
has the highest choice probability in S. Note that 75 will be equal to * when i* € S. We
will assume that for each choice set S there is a unique ig. For any set S and ¢ € S, the
instance P also satisfies that P« sy — Pjjsuix > Pi*s‘s — Pjj5. Also, in this instance the ratio
of choice probabilities of two different arms in any choice set is bounded by a constant ¢ > 1,

ie. Pyg/Pjg < cforany S C[n, [S| <k, andi,jeS.

For i € [n]\ {1}, we will now modify this instance to create a new instance P’ where the best
arm is ¢. Now, in the new instance we will have that Pz‘/’g\s = Py5 and Pi"s = Pig|S and for
all j € S\ {i%,i} we will have P]f‘s := Pjjg. Clearly, the best arm in this new instance is the

arm 7 as it has the highest choice probability in any choice set.

Now, given any set S, the probability distributions Ps and P§ associated with this set are
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categorical distributions where the feedback is j with probability P; ¢ and Pj/g, respectively.
Now, let A := {S C [n] : |S| < k} be the set of choice sets of size at most k. We can then
use Lemma 5.7.1 with arms corresponding to sets in A and the reward for set S being drawn

from categorical distributions Pg and P§. We then have the following bound—

" Ep[Ns(T)|KL(Ps, P}) > d(Ep|Z], Ep/[Z]).
SeA

where Ng(7T') is the number of times set S is played in T rounds, and Z is any Fp measurable
random variable. Also, let A = {S € A\ {i} :i € S} be all sets that contain i except the
singleton set {i}. Since, we have that for any S € A\ A’ the KL divergence K L(Ps, P§) = 0,

then the above bound becomes:

> Ep[Ns(T)|KL(Ps, P§) > d(Ep|Z],Ep/[Z]).
SeAt

Given any set S € A® we can now calculate the KL divergence between the two categorical

distributions using the inequality K L(p,q) <> cx W, where X is the support of

the two distributions.

(Pjis — P g)°

KL(Pg, P%) < ZM
jes Jjls

(Pys — Pg)? . (Pigls = Pjs)?

Pl P

i5|S
(Pis — Piis)?  (Pys — Pigjs)?
Pix s Pys

Now, similar to Saha and Gopalan (2019a), let Z be the fraction of times out of T' the
singleton set {i} is played, i.e. Z = N;(T')/T where N;(T) counts the number of times set

{i} is played. We will then have

—In2.

d@ﬂﬂﬂ@zo_mwmvl T

T T Ep [N,(T)]
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Since, the algorithm is strongly consistent it can only play a suboptimal arm {i} only a
sublinear number of times, i.e. Ep[N;(T)] = o(T%) and T' — Ep/[N;(T)] = o(T?) for some

a < 1. Hence, we have that

1 o(T*) T
— / > — — >1—-a). 7.
TILH;O lnTd(Ep[Z],Ep [Z]) Tlgléo T (1 T ) In o(T) In2>(1-a). (5.7.1)

Combining this with the previous inequality, we have that

2 2
(Piys — Pix1s) N (Py)s — Pizs) > (1-a)
Pys

. 1
#&ng:EﬂM““< Pis

which implies

(Pijs — Pirjs)  (Pys — Pigys)
E N P, P« S S > (1 —
Jim lnT Sgl p[Ns(T)] - (Pys — Pizs) < Prs + Pis > (1-a),

which implies

(Piyjs — Pys) N (Pz'gIS—PiIS)> > (1—a)

1 3
im E | p[Ns(T)] - B - (P suis ilsui) ( Pils Pys

which follows from the properties of the underlying instance. This implies

Pes—Pig)  (Pays— P,
hmEma‘»3<(“S '9+(52w”)zu—ax

T—oo InT 2 PL§|S

the last equation follows from the definition of regret per arm. We will now argue that

IN

((Pi*S|S — Pys) N (Prx1s — PiS))
NS

(Pisis + Pys)  (Pprjs + Pys)
]S S + S
Piy1s s

Pizis Pys

<A*2|S (C+3)
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Using this we will have that

T—oo InT

Pijs — Pis) _ (Pays — P
b - BRr, A, (Lss T Rs) | Pals “Pis) ) g
Pix s Pys

: 1 )
= Jlim BRI, A )] Apgis - (¢ +3) 2 (1~ a)

— lim ——E[R(T, A, i)] - max Ay - (c+3) > (1—a)

T—oo InT j€[n]
1
; N A - > (1 —
= Jim o B[R(T, A )] - Ay - (e 43) > (1 - )
) 1 ] (1—a) 1
_ > .
— Tlgrolo 1mTE[R(T7 A, i) > ‘13 A

Piia—P; . .
where Aj; := maxg.|s|<t,{ji}Cs % and the second last inequality holds because of the

property of the underlying instance. Since, we have that R(T) = 3¢, R(T',4) we get that

1 1
lim —E[R(T)] > Q
TI—I;I;O InT [R( )] B i Ai*i ’
174

which concludes the proof of the lower bound for the general GCC class.

Now, given any MNL instance, we also derive a regret lower bound which gives the minimum
instance-wise regret any strongly-consistent algorithm for the GCC class needs to incur under

this MNL instance.

Consider an instance P with an underlying MNL model with weights vy, --- ,v,. We will
assume that all these weights are distinct for simplicity, otherwise we can add a small
perturbation to these weights to break ties. We will re-parameterize this instance, and let
wj := logv; for any i € [n]. Given any set S, let wg = Zje[n] wj. We have that P;g = w;/wg
for any i € S. Given S, we will again let i to be the arm that has the highest choice
probability in S, i.e. ig = argmax;cgw;. We will denote by « the ratio of the maximum

weight to minimum weight, i.e. K = max; w;/ min; wj.

For i € [n]\ {1}, we will now modify this instance to create a new instance P’ where the GCW
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arm is 7. In the new instance, for any set S, we will have that Pi’ys = Pj5 and Pi’|5 = P s

and for all j € S\ {i%, i} we will have P;\S := Pj|g. Clearly, the best arm in this new instance

is the arm ¢ as it has the highest choice probability in any choice set. It is also easy to verify

that this new instance P’ belongs to the GCC class. Note that P’ might not belong to the

MNL class. Under the instance P we have that (1 4+ £)(Pi«|suix — Pijsuis) = (Pig|s — Pys)-

Given these two instances, we can follow steps analogous to the proof of the GCC case, to

derive the following bound

: 1 .
Tlgréo ﬁE[R(T, )] (1+k) (

(Pizs — Pis)  (Pigjs — Pis) - (1
2 + 2 >(1—-aw).
ig|S i|S

We now have that

W, + w;

w; Wiz, Wiy + w; w;

((Pigw - Pys) N (Pig|s — PiS)) Wi T Wi Wey T W0 Wi — W (wig + w; N

Pixs Pys

Towgr +wy ( K) v ( R)

Using the same steps as above we have that

1 1 1
im —— N> (1—a)- : '
Th_r)réo lnTE[R(T’ iz (1-a) AMNL (3 4+ k)(1+ k)

Since, we have that R(T) = >, .1 R(T, i) we get that

i€[n]

1 1
A BRT)] =9 ,Z, MNL |
ieln\{ir} T

which concludes the proof of the lower bound for the MNL case.

W;*
ts

Note that the lower bound for the MNL model also implies a lower bound for the general

GCC class. However, we chose to construct an instance outside MNL for the GCC lower
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Figure 13: A flow-chart giving organization for the proof of Theorem 5.5.2 and Theorem 5.5.1

bound in order to show that such a lower bound also holds beyond the MNL. Also, note that
the lower bound in Saha and Gopalan (2019a) for MNL under MNL consistent algorithms is
worst-case while our lower bound for MNL under GCC consistent algorithms applies to all

MNL instances.
5.7.2 Proof of Upper Bound Results

In this section we will present proofs for our upper bound results. We will first define some
additional notation in Section 5.7.2.1. In Section 5.7.2.2 we prove concentration results that
will be useful in proving our regret bounds. We will then proceed to the proofs of regret
bounds in Section 5.7.2.3 and Section 5.7.2.4. Figure 13 gives an overview of the proof

structure.
5.7.2.1 Additional Notation

Let M;;(t) be the number of times 7 is played when j is the anchor up to trial ¢, i.e.

Mi(t) ==Y Lay = j,{i,j} C Sy]. (5.7.2)
t'=1

Given a trial ¢ and arms 4,7 € [n], let Pltm be the choice probability of ¢ in sets Sy where j is

157



the anchor arm, averaged across ¢ rounds, i.e.

P 3 Zi’:l Pi‘St/ ' ]l[a’t' = j7 {7'7.7} g St’]
ilij "= Mij(t) )

(5.7.3)

and let P!

i be an empirical estimate of P} ., i.e.

leJ’

st 2w Uy =] Lay = j,{i 4} C Sv]
ilig - Mij(t) .

(5.7.4)

We will also define the following time-dependent gap quantity.

t _ pt
Al Pz*|zi* Pz\n
,L'* . Pt Pt

i |ig* i|ii*

Let us define the regret per arm i € [n] for a set S as
r(S,4) = 1[i € 5] - (Psuix — Pysuis) - (5.7.5)

Finally, let us also denote by Rfj the regret up to time ¢ incurred during times when arm j

is the anchor arm, i.e.
¢
Z Sy, i) - Lay = j,{i,j} C Sy]. (5.7.6)

where 7(Sy, %) is the instantaneous regret for arm ¢ at time ¢’ defined in Equation 5.7.5. Note
that
R (t> = M;- Z( ) (Pt i+ P\zz*) :

)

We will also define R;;- (t) as the regret for arm ¢ when arm i is the anchor and * is also

played together with it, i.e.

t
Ry () :=> _r(Sy,i) - Uay =i, {i,i*} C Sy]. (5.7.7)

t'=1
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Note that

)i*e

5.7.2.2 Concentration Inequalities

In this section we will prove all the concentration inequalities required to prove our regret
upper bounds. These concentration inequalities are needed to bound the deviation in the

pairwise preference estimates extracted from multiway comparisons.

Lemma 5.5.1. Consider a GCC choice model with GCW i*. Fix ¢ € [n]. Let Sy,---,Sr
be a sequence of subsets of [n] and y1,- -+ ,yr be a sequence of choices according to this
model, let 7y = {S1,y1, -+ ,St, 4} be a filtration containing the history of execution of
the algorithm such that S;;1 is a measurable function of F;. Let ﬁ“(t) be the empirical
probability estimate of ¢* beating i calculated according to Equation 5.4.2, then for any given

t € [T] we have that

Pr(P(t) < PSCC — € and Ny-i(t) > m) < e~ ST ~ePETC)m (5.7.8)
where
P
PSCC — - (5.7.9)

= mi ,
S:|S|<k{i*,i}CS Pix|s + Pijs

and d(-, -) is the KL-divergence between two Bernoulli distributions, and Nj«;(¢) := S°L_, 1(ay =

i, {i*,i} C Sy, yp € {i*,i}). The above bound implies the following bound
Pr(Pe) < 2iNeilt) 2 m) < e~ 1bPEm (57.10)

We also have the following bound-—

Pr(By-(t) > PSOC + & Ni=i(t) > m) < e P P m (5.7.11)
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Proof. We will first prove inequality 5.7.8. Let Z1, Zs,--- be a sequence of i.i.d. Bernoulli
random variables with probability of success Pl(flcc We will initialize a counter C' to 0. Let
us consider an alternate process for generating multiway choices y; from sets S;. In this
process, given any t and a set S; such that ¢*,i € S; with a; = 4, we first generate a Bernoulli
random variable X; with probability P\ g+ Pjg. If Xt =0 we sample a multinomial random

variable Y; such that Y; = j with probability 1— P:f;‘i Pis’ for j € S\ {i,i*}, and let ¢, = ;.
If X; =1, then we increase the counter C by 1, and sample the Bernoulli random variable
Zc with probability Pg‘fc. If Zo =1 we declare i* as the choice, i.e. y; = i*, otherwise if
Zc = 0 we declare i to be the choice. Let Pj«jj5 = Pj|5/(P+s + P;s). Now, we couple the
process generating y; and the process generating y; as follows: if y; € S¢ \ {i} then we let
Yt = ¥, otherwise if y; = i then we let y; = ¢* with probability (Pj«;g, — PECCY /(1 — PEEC)
and let y; = i with probability (1 — Pj+;g,)/(1 - PECC). The first thing to check is that y; is
drawn from the correct probabilities P, g, according to the underlying choice model. We

have, for any j € S; \ {i*,i}

Pry, = j|S; = Pr Xy, = 0,Y; = j|S¢

=PrX,=0|S;,PrY; = j|X, = 0,5,
Pjs,
1= Py, — Pys,

= (1 - Pi*|St - P’Llst) '

= lest
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We also have that

GCC
Ri*i|5t - Pz

YL PrX, =1, =ilS,

GCC
GCC
‘F)Z*Z|St - ‘Pi*i
GCC

PI‘yt == ’L*|St == PI‘Xt == 1,Y}/ == Z*|St +
= (Pps, + Pys,) - (Pi*icc + (1= P5°9).-

= P’L*‘St

where the last inequality follows from definition of P;«;g. The fact that Pry, = i|S; = Pyg

follows from the fact that the choice probabilities sum to 1.

Let ‘/Vz*l(t) = Zi':l :H-(at’ =1, {7’*71} - St’v Yv = Z*) and Wz/*z(t) = Zi’:l ]]-(a’t’ =1, {Z*’Z} c
Sy, y; = 1*). Due to the above coupling, we immediately have that Pr(W;«;(t)) > Pr(W/.,(t))
for any ¢ € [T]. Then

Pr(Wi-i(t) <r) < Pr(Wi(t) <r)
for any > 0, and any ¢ € [T]. Using this, we have that

Pr(Piei(t) < PSEC — € Niwi(t) > m) = Pr(Wis;(t) < Nyss(t) - (PECC — €); Niwi(t) > m)

< Pr(W}.;(t) < Nixi(t) - (PSS — €); Ni=i(t) > m)

Now, using techniques similar to Saha and Gopalan (2019b), we have the following bound

Pr(—&i ) « pGCC _ o N () > m) = Pr(&s=L__Z5 < pGCC _ . N (t) >
r(Nz*z(t> = L g*q €] 22()_m) I'( Nz’*z’(t) > L €, ,L,L()_m)
t T
= > (=B < pECC V() = 1)
r
T=m



where the last equality holds because of the fact that Z;, Zs,--- is an independent sequence
of random variables that do not lie in the sigma algebra of S, -, Sy, X1, -, X¢. Using the
KL-divergence based concentration inequality from Garivier and Cappé (2011) we have that

r
= A _ GCC _ GCC

Pr(Zs—l s < PZC*;ZCC _ 6) <e d(P; &P o) .
r

We then have that

t

r A t

S Pr(@ < PEEC — ) Pr(Npwi(t) = ) < Y e el PNy (t) = 1)
T

r=m r=m

GCC GCC
Se_d(Pi*i —&,P37Y)m

The proof of reverse direction follows from a similar coupling argument followed by the above

concentration inequality. O

Note that the above coupling technique has similarity to the coupling used in Saha and
Gopalan (2019b) in order to show concentration of pairwise estimates under the MNL model.
However, this argument relies on the IIA property of MNL, which does not hold under

general GCC models.

The above concentration inequality is, however, not enough to prove a tight instance-
wise bound for WBA-L and WBA-A, as it bounds the worst case probabilities PZC*}ZCC In
order to achieve a tight instance-wise bound we will develop new instance-wise concentration
inequalities using martingale based argument. This new concentration bound is a contribution

of this paper and was not present in the conference version (Agarwal et al., 2020).

Lemma 5.7.2. Let Sy, -+, St be a sequence of subsets of [n] and y1,- -+ ,yr be a sequence

of choices according to this model, let F = {S1,y1, -+ ,St,yt} be a filtration such that Siiq
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is a measurable function of Fy. Given A > 0, for any t € [T and any i € [n], we have that

ﬁt..* Pt 2AL )\ 2AL )\
PI‘( _ i|it _ . ilig > i*q + i*q ) < 4nT IOg(T) . ef)\ +8nT - 67)\/47
Pl + Plaan Pijise + Pijie Riix(t) -~ 3Rii=(t)
(5.7.12)
where the quantities ]3275'“*, ]%ilii*, Ag*i and R« (t) are defined in Section 5.7.2.1. Moreover,

if the underlying model is MNL, then for any i € [n| and t € [T], we have that

Dt
Pi|i*i w;

2AMNL) - 9 AMNL )
1% 4 %9
Ri|z’* (t) 3Rz|z* (t)

~

P,t*‘.*. +pt Wi + Wix

1*|i*e i|i*d

Pr( ) < 4nTlog(T) - e~ + 8nT - e~ M*

(5.7.13)

where R;;-(t) is defined in Section 5.7.2.1. Moreover, if the underlying model is MNL, for

any i,j € [n] with wi —w; < w; —w; and any t € [T| we have that

Pl . AAMNL) g ANNLY
Pr(|——7 Ui T I Yy < AnTlog(T) - e > +8nT - e M4,
Pl + Pl witw; Ri;(t) 3Ri;(t)

(5.7.14)

where all the quantities are again defined in Section 5.7.2.1.

Proof. Fix an arm 7 and anchor arm j. In order to prove this lemma we will first bound the

and P?

i In order to bound this deviation we define X; to be an

deviation between ]3;]”
indicator random variable denoting the event that arm ¢ won in trial ¢ when j was the anchor,
Le. Xy =1y =i,a¢ = 3,{i,7} C S¢|. Also, let Y; be an indicator random variable denoting
the event that ¢ was played in trial ¢ and j was the anchor arm, i.e. Y; := 1]a; = 7,{i,7} C S¢].

Note that R;;(t) = >.t_, 7(Sy,i) - Yu. We also define Z; as follows:
¢

t'=1

We can then write the deviation between ]Szt\w and Pit|ij in terms of the random variable Z;
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as follows:

e

t

> e) < Pr <| Z (Xy — Pys, Yy) ‘ > 2Mij(t)e) =Pr <|Zt| > Mij(t)e) ,
t'=1

~

t t
P = Pijij

(5.7.15)

for any € > 0. We will show that the random variables {Z;} form a martingale sequence with

respect to the filtration ;1. To see this we will calculate E[Z;|F;_1] as follows

E[Z|Fi—1] = E[Z1|Fi1] + E[Xt — Pys, 'Y;f)ft—lj|

= Zi +E[Xi|Fia] - Pys, Vi

The second equality holds because Y; is a deterministic quantity given F;—1. In the case
Y; = 0 we have that X; = 0; in the case that Y; = 1, X; is a Bernoulli random variable with
probability P;s,. Hence, in both cases we have that E[X;|F; 1] — P;g, - Y; = 0. This implies
that

E[Z|Fi—1] = Z4—1 .

Hence, we have shown that the sequence Z;’s form a martingale sequence. We can now use
the Bernstein inequality for martingales (Cesa-Bianchi and Lugosi, 2006) (See Appendix) to
bound the probability in Equation 5.7.15. This inequality bounds the deviation in Z; using

information about the second moments of the sequence. Let
t
O't2 = Z E[(th — Ri|5't/ . Y;/)Z‘Ft/_l] .

t'=1

We now calculate the value of af. Recall that if Y; = 0 then X; = 0; and if Y; = 1 then X is
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a Bernoulli random variable with probability F;g,. We then have that

t

of = Y EB[(Xy - Pys, - Vo) Fo
t'=1
t

=) Yy Var(Xy|Fy_1, Yy =1)+ (1= ¥) - 0
t'=1

t
= Z Yy - Pys, (1 = Pys,) < Myj(t) - P (5.7.16)
t'=1

We then have

Pr(|Ze| = Mij(t)e) < Pr(|Zy| = Mij(t)e, 0f < Myj(t) - Pyyj).
for any € > 0. Also, |X; — Pjjg, - ¥;| < 1. Using the Bernstein’s inequality for martingales,

we have that,

Pr (|Zt] > V20X +2)/3,0% < y) < 2e7,

for any constants A, v > 0. However, the problem with our desired bound is that we want
to bound the deviation of Z; by a quantity that depends on Pitlz.j and M;;(t) which are
random variables, whereas in the above inequality we need A and v to be constants. We
use the peeling technique (Bartlett et al. (2005)), and break down the process into different
variance classes. We will then take a union bound over all the variance classes, i.e. values of

Mi(t) - Pt

ilig*
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Let us define f(v,\) = V2vA +2)/3 for any v, \. We then have

Pr (12 > F(My(t) Pl N, oF < Mij<t>Pzﬁij)
[log(t)]
Z Pr (5 < My(t)Phyy < sip |24 > f(aMig(1), ), oF < My (0)Fl;)

+Pr (0 My(6)Ply < 1,121 > F(Mig(6) Pl \) , 0F < abMi (1))

[log(t)]
< Z Pr (th\ >f(

t
2
) = 27“—1)

+Pr (th\ > F(0,0), 02 < 1) .

2r’

The last two inequalities are due to the union bound. We now use the Bernstein’s inequality

to bound the above as:

Pr (!Ztl > f(1,A),07 < 27) <Pr (|Zty > VAN +2)0/3, 07 < 27)

< 2.
We also have that, for any A > 1,

Pr (\Zt| > f(0,)\),0? < 1) < Pr (|Zt| >\, 02 < 1)

22
< 2¢ 2(1+27/3)

22
S 2¢ 2(3+2X2/3)

22
<2 1x < e M4

Combining this all together, we have that

Pr <|Zt] > J2My; ()Pt A+ 2)\/3> < 2log(t)e* + de™ M4

iij
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Using this, we have that

e

Using the same argument as above we can also show that

2P\ 2
it 2 ) < 2log(t)et + de M4, (5.7.17)

pt. _pt | >
T M) 3Ms(t)

iig T dlig

2Pt A\ 2)\
> il < 2log(t)e + de= 4
=\ 3,0 + SMij(t)> < 2log(t)e™ + 4e

t  _ pt.
Jglig Jglig

Using the above we have that

p Pz't|ij Pztm S 2 2\
s P | Mo (6) - (Pl + PL) 30y (t) - (Pl + P )>
iy T Talid T ili ij jlig T Filig ij Glig T i

< 4log(t)et +8e™M4 .

(5.7.18)

We will prove the first part of the lemma (Equation 5.7.12) where ¢* is the anchor arm, using

_ pt
Pi|iz'*

the fact that R«(t) = My (t) - (P

i |ig*

) to get that

f)zt|zz Pit|n'* 2)‘(Pit*|ii* - Pzﬁu*) 2)‘(Pit*|ii* - Pzt|n)
PI‘( < =~ - + + Z t t + t t )
Ple T Plhiw T T Fijiis R () - (Bejjge + Bilin) - 3Ruir (1) - (P + Pie)

< 4log(t)et + 84,

Using the definition of Al; and taking the union bound over all ¢ and i gives us the desired

bound.

The second part of the lemma (Equation 5.7.13) under the MNL model, follows from

- P!

i|i*e

Equation 5.7.18, the fact that Rj«(t) = My;(t) - (P}

i*|i*e

), and the fact that

P, ... — P!

i*|i*e ilivi AMNL
t t T T
Fijini T Bijmy
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We will now prove the third part of the lemma (Equation 5.7.14) under the MNL model for

i,7 such that w; —w; < w; — w;. Under this condition we have that

Wi — Wy

]~

Rij(t) = ]l[at’ =J {Za]} - St’] )

ZaGSt/U{i*} Wa

t'=1
t

<S 1fap =4, {i,j} CSu]-2 2" _oni(t) - (P, — P

> Z lay = j,{i,j} € S¥] S = 2M;(t) - ( jlij i|ij)
V=1 a€Sy Wa

Using Equation 5.7.18 and the above we get that

P!, w; AP}, — PL.) APl — PL,)
Pl"( _ JA _ ¢ > JlJt ”Jt ]ZJt Ly : )
P+ Pl witw; Rij(t) - (Pjy,; + Piy) - 3Ri(4) - (P + Biy)

< 4log(t)e* 4+ 84,

and taking the union bound over all ¢ and ¢, j gives us the

Using the definition of A%NL

desired bound.

Recall that N;;(t) (defined in Equation 5.4.1) denotes the number of times (up to round t)
that either arm ¢ or j was chosen when they are played together and arm j is the anchor, and
M;;(t) (defined in Equation 5.7.2) denotes the number of times ¢ and j are played together
when j is the anchor up to trial . We will now prove a relation between IV;; and M;; that is

needed in the proof of our regret bounds.

Lemma 5.7.3 (Concentration of Ny+). Let Sy,---, St be a sequence of subsets of [n] and
Y1, ,yr be a sequence of choices according to this model, let F; = {S1,y1, -+ ,St,y+} be a

filtration such that Syi1 is a measurable function of Fi. For any t € [T] and any i € [n], we

have that
(Pl + Plie) 5121og(nCT) 1
Prl| N.w(t - My (t), My« (t) > <
r| Ny(t) < 5 i (1), My () 2 (P, — Pl ) DAy ] = (nT)30
ix|ig iléd

168



where the quantities P;"“*, pt

Aj+; and M;;«(t) are defined in Section 5.7.2.1. Moreover,

¥ |”* )

if the underlying model is MNL, then for any i,j € [n] and any t € [T], we have that

(wa * P;\ij) 5121og(nCT) 1
" <Nij(t) - oz MMt = (Pjtlzj n Pztlw) AMNE )= ()30

Pt

where the quantities pt i
J

i)ig’

Aji and M;j(t) are defined in Section 5.7.2.1

Proof. Let us define X; to be an indicator random variable denoting the event that either arm
i or i* won in trial ¢ when ¢* was the anchor, i.e. X; := 1[y; € {i,i*},a; = i*,{3,7*} C Sy
Also, let Y; be an indicator random variable denoting the event that i was played in trial ¢
and i* was the anchor arm, i.e. Y; := 1[a; = ¢*, {i,i*} C S¢]. Note that M (t) = Zf&’:l Yy
and N+ (t) = Zi’:l Xy . Throughout this proof we will let Py; ;+ys, 1= Pys,, + Ppx|s,,. Let

Pt

i/

— (P!

z*|zz*

) and By := 512log(nCT)

A . v We also define Z; as follows:

t
Zii= Y (Xo = Py, Vo).

t'=1

We can now write the deviation in Ny« in terms of the deviation in Z; as follows:

Pr(Nas(t) < 5 - Mas (1), Mys= (t) = 6) = P (Zxﬂ Z {“”St' Y, u<>>ﬂt)

t'=1 t'=1
( Z {”}'Sf’ Yy, ,,()>5t>
t'=1

(8%
<Pr (17 > 5 Mige (1), Mig- (1) 2 62) |
(5.7.19)

where the first equality follows from the definition of oy given above and the definition of

Pl.t* and P!

il given in Equation 5.7.3. Similar to the proof of Lemma 5.7.2, we will show

|is*

that the random variables {Z;} form a martingale sequence with respect to the filtration
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Fi—1. To see this we will calculate E[Z;|F;—1] as follows

E[Z|Fi1] = E[Z; 1| Fe1] + E[Xt — Priivs, 'Y;‘/‘]:tfl}

=Zi1+ E[Xt)ftfl} — Piiys, Yo

The second equality holds because Y; is a deterministic quantity given F;_1. In the case
Y; = 0 we have that X; = 0; in the case that Y; = 1, X} is a Bernoulli random variable
with probability Py; s, Hence, in both cases we have that E[X¢|F—1] — Py +ys, - Y2 = 0.
This implies that

E[Z|Fi-1, Y} = Zi1.

Hence, we have shown that the sequence Z;’s form a martingale sequence. We can now use the
Bernstein inequality for martingales (Cesa-Bianchi and Lugosi, 2006) given in Theorem A.2.1
to bound the probability in Equation 5.7.15. This inequality bounds the deviation in Z;

using information about the second moments of the sequence. Let
¢

ot = Y B[(X = Priseys, Yol lFoa).
t'=1

We now calculate the value of o2. Recall that if ¥; = 0 then X; = 0; and if ¥; = 1 then X is

a Bernoulli random variable with probability P; ;«ys,. We then have that
t
of = ZE[(Xt’ — Ppiisys, - Yo) | Fo

t'=1

t
=Y Yy Var(Xe|Fy_1,Yy = 1)+ (1= ¥p) - 0
t'=1

t
= Z Y;f’ . P{i,i*}ISt/ (1 - P{i,i*HSt/) < OétMii* (t) . (5720)
t'=1
We then have

Pr(|Zy| > M= (t) /2, My (t) > By) < Pr(|Zy| > ce Mg (t) /2,07 < oy My (t), My (t) > By) .
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Also, | X; — Py Sy Y:| < 1. Using the Bernstein’s inequality for martingales, we have that,
Pr (|Zt] > V2N +2)/3,07 < 1/) < 2e?,

for any constants A, v > 0. However, the problem with our desired bound is that we want
to bound the deviation of Z; by a quantity that depends on a;M;;+(t) which is a random
variable, whereas in the above inequality we need A and v to be constants. We use the
peeling technique (Bartlett et al. (2005)), and break down the process into different variance

classes. We will then take a union bound over all the variance classes, i.e. values of a; M« (t).

Let us define f(v,\) = vV2vA + 2)\/3 for any v, A. Let A = o, M;;+(t)/16. We are interested
in the events where M;;+(t) > By, i.e. ap M+ (t) > aufy > 5121log(nCT). This implies that
A > 321og(nCT). We then have

Pr (!Zt| > oy My (1) /2,07 < o My (), My () > /Bt)

<Pr (!Zt\ > flaeMy (t), ), 0F < g My« (t), My« (t) > 5t)

Mlog ()]
< — (1) <
= Pr<2r < My (t) <

t
gr—1’

| Zy| > faeMig (), N), 07 < oMy (t), My (t) > ﬁt)

Mlog(t)]
t t
< > Pe(14] > (5, 82108(nCT)) 0 < 5 )
r=1

27"71

The second last inequality is due to the union bound. We now use the Bernstein’s inequality

to bound the above as:

Pr (12 > £(7,32108(nCT)) 0 < 27)

< Pr (yzt| > /1287 log(nCT) + 64log(nCT) /3, 0% < 27)

< 26732log(nCT) ]
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Combining this all together, we have that

2logT

(nCT)®

IN

Pr (|Zt‘ > % - Mg (t), M= (t) > 5t>

Using the above and applying the union bound over all arms and trails gives the desired

bound. The proof of the MNL case follows the same argument with ¢* replaced with j. O

5.7.2.3 Proof of Regret Upper Bound for WBA-A (Theorem 5.5.1)

In this section we will prove the regret bound for our WBA-A algorithm given in Theorem 5.5.1.
The proof of this theorem hinges on three main lemmas given below. A flow-chart for the
proof is given in Figure 13. Before stating these lemmas, we would like to remind the reader
that the execution of our algorithm is divided in rounds and each round contain up to n

trials. The first lemma bounds the number of rounds arm ¢* is not in the active set.

Lemma 5.7.4 (Number of rounds where i* is not active). Fiz an anchor arm a € [n]\ {i*}.

The expected number of rounds arm i* will not be a part of the active set is bounded as

E|) 1[* ¢ A,]

r=1

<2.

The proof of this lemma is given in Section 5.7.2.5. We will define a, to be the arm
that empirically beats all other arms at the end of round r — 1 if such an arm exists, i.e.
> jen] ]l[ﬁjw (t) < 3] = n—1, where ¢ is the last trial in round r — 1. If there is no arm that
empirically beats all other arms then we will let a,, = 0. If there are multiple such arms, then

we will choose one arbitrarily. The following lemma will now bound the number of rounds

arm 7* does not empirically beat every other arm.

Lemma 5.7.5 (Time when i* is not the empirically best arm). The total number of rounds

when the best arm i* will not be the empirically best arm, even when it is in the active set, is
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upper bounded as

E|) 1 #£i% i€ 4] < ) !

GCC ’
— el iy &P d(1/2,P3%) —1
where PSCC is defined in Equation 5.5.2.

The proof of this lemma is given in Section 5.7.2.6. Note that if a, = ¢* then the anchor
arm in all the trials in that round becomes i*. The following lemma now bounds the regret

incurred due to each suboptimal arm when played against the anchor *.

Lemma 5.7.6 (Regret due to a bad arm). Given an arm i € [n]\ {i*} the expected regret

wcurred due to arm i when arm i* is the anchor is upper bounded as

< 5121og(nCT)

E Y r(Si) - Lar = i*,i € Sy A

t=1

+13,

where Aj; is defined in Equation 5.3.1 and r(S, i) is defined in Equation 5.7.5.

The proof of this lemma is given in Section 5.7.2.7. We will now prove Theorem 5.5.1 using

the three lemmas above.

Proof of Theorem 5.5.1. The execution of the algorithm can roughly be divided into three
intermittent phases— (1) when the GCW arm ¢* is not in the active set, (2) when ¢* is in
the active set but does not beat all other arms empirically, i.e. a, # i*, (3) when * is in
the active set and also beats all other arms empirically. The three lemmas above bound the

number of rounds spent in these three phases.

However, in order to prove a regret upper bound we will also have to bound the total regret
incurred due to a single round. The first thing to observe is that each arm is played at most
once in each round except a few arms that might be played multiple times due to step 6 of
the algorithm. Hence, the regret for all steps except step 6 is upper bounded by n as the

regret for each arm is at most 1. Now, in order to bound the regret for step 6, we need to
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observe that the number of times the anchor arm is changed in a single round can be at most
logn. This is due to the fact that A, \ @ reduces by a factor of at least 2 each time a new
anchor arm is selected by the algorithm. Now, we can bound the regret incurred due to step
6 of the algorithm by klogn < nlogn as the regret for each arm is upper bounded by 1 and

there can be at most k£ arms added in step 6 per anchor arm.

Hence, we now have that

T T
E[R(T)] < nlogn - <E > 1 +E ) La, #i*,i* eA])
r=1 r=1
+ Z E ZT‘St, at—z ZGSt]]
i€[n]\{i*} t=1
1 5121log(nCT)
<nlogn- {2+ Y + > <+13>
d(1/2, P$CC) — 1 AV
et ey P AL/2 ) z'e[n}\{i*}
51210g 5121og(CT)
<nlogn - < e >+13n+ Z A Z —
min i€[n]\{i*} i€[n]\{i*}
n?logn log(T'C)
:O< Al >+O 2 AV

where the last inequality follows from the fact that exp{d(1/2, P$¢¢)} —1 > d(1/2, P£CC) >

2(PELC — £)? = A2, /2 which follows using the well-known Pinsker’s inequality. This gives

the desired bound under any GCC model.

Now, if the underlying GCC model is MNL, using the defintion of A%NL and AMNL we easily

min

have

E[R(T)] < O <( n’logn > ro| Yo lellc)

AMNL 2 MNL
min ) ie[n]\i* %
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5.7.2.4 Proof of Regret Upper Bound for WBA-L (Theorem 5.5.2)

In this section we will prove the regret upper bound for our WBA-L algorithm given in
Theorem 5.5.2. The proof of this theorem hinges on three main lemmas. Figure 13 gives a
flow-chart depicting the various lemmas involved in this proof. The first lemma will bound

the number of rounds where ¢* is not active.

Lemma 5.7.4 (Number of rounds where i* is not active). Fix an anchor arm a € [n] \ {i*}.

The expected number of rounds arm ¢* will not be a part of the active set is bounded as

E|) 1l ¢ A,]

r=1

<2.

This is the same lemma that is used in the proof of Theorem 5.5.1 and the proof of this
lemma is given in Section 5.7.2.5. We will also like to remind the reader that an anchor arm
ar is selected in each round which is a considered the candidate best arm by the algorithm.
Recall that under the MNL model there is a total ordering o over the arms such that o; < o

if w; < w;. Let us also define the event &) as follows:

o

~

t
ilij w;

e
P+ Py Wit

4AMNL ) 4 AMNL \
Jt 4 Jt
Rij(t) 3R;;(t)

Dt
and e 2ANTA + 200 o n]
Pf‘z*z + Pit*|i*i w; + w;= R+ (t) 3R (t) ) y

My (t), Myy(t) =

and (Nij (t) >

5121log(nCT)
2 )

t t MNL
(Pj\ij - Pi|ij) ’ Aji

We will define a mistake-free execution of WBA-L.

Definition 5.7.7 (Mistake-free execution). We say a mistake is made in the execution of

WBA-L if for some r, w,, < Wa,,,. We will say a call to WBA-L is mistake-free if it makes
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no mistake.
The next lemma bounds the probability of an arm becoming an anchor arm.

Lemma 5.7.8 (Probability of becoming anchor). Given a set of arms [n|, and MNL weights
{witiem), let (o1,-++ ,0n) be an ordering of arms such that o; € [n] is the arm at position i
and wy, > Wy, ,, fori € [n]. Let X; be a random variable indicating that arm o; becomes an

anchor arm for some round. If the execution of WBA is mistake-free, then we have

The proof of this lemma is similar to the proof of a similar bound shown in Yue et al. (2009)
for the IF algorithm and is given in Section 5.7.2.8 below. We will denote by 7 (r) all
the trails that belong to round r, i.e. if round r starts at trial ¢ and ends at ¢ > ¢ then
T(r):={t,t+1,--- ,¢'}. Fort € T(r) we will also denote by a; the anchor arm that was
selected at the beginning of round r, and by A; we will denote the set of active arms at the

beginning of round r. The last lemma bounds the regret for any given anchor arm.

Lemma 5.7.9 (Regret due to a bad arm). Given an arm i € [n]\ {i*}, the expected regret
incurred due to arm i when arm j is the anchor conditional on event £y for A := 8log(nCT),

s upper bounded as

E S (i) - La; = ji € Sy ] &

t=1

<Pr(3te[T]:ar=j|EN) - <20481cwg(nC’T) 1)

MNL
Ai*i

+E

T
Z]l[at =7J,1 € St,i* §ZA,5] ‘ g)\] ,
t=1

where A%ZI\IL is defined in Equation 5.3.1 and r(S, i) is defined in FEquation 5.7.5.

The proof of this lemma is given in Section 5.7.2.9. We are now ready to prove Theorem 5.5.2.
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Proof. Fix A := 8log(nCT). We have that
E[R(T)] = Pr(&x) - E[R(T)|Ex] + (1 = Pr(E))) - E[R(T)[=E)] - (5.7.21)
We will now bound each of the terms in the above equation one by one. We first have
E[R(T)|=&\) < kT, (5.7.22)

which follows from the fact that the R;;+(f) is upper bounded by 1 in each trial ¢ and there
are at most T trials. Also, using Lemma 5.7.2 and Lemma 5.7.3 we can observe that the

event &£, happens with high probability, i.e.

25
— < — .
L-Pr(&) < . (5.7.23)

Combining the above gives a bound on the second quantity of Equation 5.7.21. Now, we
will bound the first quantity in Equation 5.7.21. Without loss of generality, assume that the

arms are ordered such that wi; > wg > ws--- > w,. We have that

Dié=2 ) B

T
ZT(St,i) . Il[at = j,Z S St] ‘ g)\]

j€[n] i€[n] t=1
_ 2048 log(nCT
< Z Z Pr(3t € [T]: ar = j|Ey) - (AMIEIL) +1)
jeln) i€ln] "
T
3 B (Y =i Siit g A &
JEM] =1

, 2048 log(nCT
gZPr(Hte[T]:atZﬂgx)' Z#Jﬂl

j€[n] i€[n] (0

n-E

T
Zl[i € Sp,i" & Ay ’ 5/\] ;
=1
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where the first inequality follows due to Lemma 5.7.9. We first have that

t=1

T
E|Y 1fi€ 8, ¢ Al ] 5A] <2,

using Lemma 5.7.4. Now, observe that given the event £, occurs we will have concentration
for all trials and arms, and hence, an arm which is worse than the current anchor will not be
able to replace the anchor. Hence, similar to Yue et al. (2009), this implies that the execution

of WBA-L will be mistake-free. Hence, using Lemma 5.7.8 we have that

1
Pr(3t € [T]:a;=j|E)) < i
Combining the above inequalities we have that
20481og(nCT)
)& < Z = Z T AMND T +2n (5.7.24)
JG[n] i€n]\{i*}
20481 CcT
<log(ny [ 3 2048loslnCT) +2n (5.7.25)
L AN
i€[n]\{i*}
Combining Equation 5.7.21 and Equation 5.7.25 gives the required bound. O
5.7.2.5 Proof of Lemma 5.7.4
Proof. We have that
T T T
E D 1i*¢ Al =E|> 1[i*¢A]| <E|> 1[-Jx(t0)
r=1 r=2 t=2
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The first equality above follows due to the fact that A; will always include i*. Using the

union bound we have the following inequality-

IIEVANIESEDY DD

SCln]\{i*} {na}ye[T]®
1
ﬂ[ﬂ{Ni*a( —naa i* < }ﬂ ﬂ{PZ a > i}m{ﬂ‘Z*(t,C)}]
a€s ag¢sS

Fix some set S C [n] \ {i*}. Also, let s := |S|. Fix some n, € [T] for all a € S. Let 13133 be
the empirical probability of ¢* beating a after being pulled together n, times. We will analyze
the number of rounds that i* is excluded from the active set due to the above configuration

of S,{ny}. The conditions J;«(t,C') will hold when

Zna plna ) <log(t) + slog(nC) = t > exp (Z nad(ﬁﬁz, %) — slog(nC)) .

a€sS a€S

Hence, we have that

SR Nealt) =m0, Pralt) < 330 (V{Bralt) > 3} 1 {3 (1, O]
t=2 aeS ags
< exp (Z nad(Ple, =) slog(nC))
acsS

Now, we will use the method similar to the one used in Lemma 5 of Komiyama et al. (2015b),
to bound the expectation of the above quantity. Fix z, € [0,log2] for all a € S. Let
P,(z,) =Pr < P”“ <1 d+(PZ"“ Ly >z, ), where d*(P,Q) = 1[P < Q] - d(P,Q). We then

*a’ 2
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have

> 1 {Niva(t) = na, Pralt) < %} N ({Pralt) > %} N{=Ji-(t, C)}]

t=2  acS ags

< Nexq — slog(nC) d(—
/{xa}E[O,log(Q)]S (Z ) H

a€esS a€eS

= exp (—slog(nC)) - exp (ngxq) d(—Py(z,
b (—slog(nC)) aell/wmg(” P (naa) d(~ Pa(2))

(due to the independence of comparisons with respect to different anchors)

= exp (—slog(nC)) -

H ([_ eXp(naxa)Pa(xa)]i)og@) + / Ng €XP (NaTa) Pa(xa)dxa>
x4 €[0,log(2)]

a€esS

(integration by parts)

< exp (—slog(nC)) -

11 (Pa(0)+ / N exp (NaZq) €xp —ng (x4 + C1(PECC, ))dxa>
24 €[0,log(2)]

acs
(Using Lemma 5.5.1, Fact 10 in Komiyama et al. (2015b) with C1(p,q) = (p — q)?/2p(1 — q))

= exp (—slog(nC)) -

1 1
11 exp—nad(,PiggC)—l-/ ng exp —n,C1(PESC, = )dz,
2 24 €[0,log(2)] 2

a€esS

1 1
= exp (—slog(nC)) - H <exp —nad(§, PSCCY 4 1og(2)ng exp —na C (PEEC, 2)) .
acs
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We will now take a union bound over {n,}. We have that

ZZ Zexp —slog(nC)) - H (exp —nad(%’Pig}SC)+log( )1 exp —naCh (PSCC, 1)>

2
{na}€[T]s a€sS

= exp (—slog(nC)) -

H Z <exp Nad PGCC) + log(2)ng exp —nC1 (PEEC, 1))

2
a€S naq

1 exp{C1(PFEC, 1)}
< exp{=slog(nC)} - Hq <expd<§7a§¢?0> 1 AP D) - 1>2>

' 2

< exp{—slog(nC) + slog(C")},

where the constant C’ is defined as

o 1 exp{C1(PF, 3)}
= Inhax
aclnl\i* \ expd(1, PSCC) — 1 (exp{C1(PSCC, 1)} —1)2

We will now apply the union bound over all subsets S C [n] \ i*. Now, if the parameter C' is

larger than C’, then we have

n—1
Z exp{—|S|log(nC) + |S|log(C")} = Z Z exp —slog(nC) + slog(C")
SCn\{i*} s=1 SCln]\{i*},|S|=s

IA

Z (%)S exp —s log(nC) + slog(C")

s=1

n—1

= Z exp —slog(nC) + slog(C") + slog(n) + s — slog(s)

s=1
n—1

Zexps — slog(s) < 2.
s=1

IN

5.7.2.6 Proof of Lemma 5.7.5

Proof. In the following we overload notation slightly and for a round r define Ny« (r) and

Pis (r) to be the equal to Ny (t) and Py-(t), where t is the last trial in round 7. We have
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the following set of inequalities:

=

]l[ai 75 i*,i* S AmNii* (T) > Nii* (7’ — 1),@*@(7’ — 1) <

M’ﬂ

T
E|) lfa, #i%,i* € 4] =

—_

r

ﬁ
Il
R
r

S

<E|Y Y 1l € A, Na (1) > Nigo(r — 1), Prs(r — 1) < %]
| r=1dc[n]\i*

[ T T _
~. 1
SEY D> D MNie(r—1) =i, Naw(r) > i, P < 5]
| =1 ie[n]\{i*} ni=0 |
T T R . B
=F D037 UNi (= 1) = iy N () > i, P < ]
|ie[n]\{i*} r=17n;=0 |
- . 1
<E [P < =
< PIRGEES)
ze[n}\{z*}nizo
T
1
- > Sie[ubn< )

ien]\{i*} ni=0

T
— Z Zexp—nid(l/Q,Pi%CC)

i€[n]\{i*} ni=0

(using concentration Lemma 5.5.1)

1
= > GCCy _
ie[n]\{i*}expd(l/Q,PZ*Z )—1

5.7.2.7 Proof of Lemma 5.7.6

Proof. In order to prove this lemma we will use the concentration lemmas given in Section 6.6,

specifically Lemma 5.7.2 and Lemma 5.7.3. Let us define \ := 8log(nCT). Let us also define
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the event &£, as follows:

pt t
|70k Y70 % 2At.*.A 2At.*.A
T ) R U — i < 2y 25T and (5.7.26)
{ Pl + Pias Pijiie + Pl Riix(t) -~ 3Rii=(t)
(P!

y ok >
(N“ t) 2 2 (Pl = PL.) A

ix|id* ilii*

elie T Pz'tii*) 5121 cT
| o My (£), My (£) > 0g(nCT) ) (5.7.27)

We then have that

E | r(Spi)-Lar=i%i € S| =B | > Ri(t)
t=1 t=1
T
=Pr(£))-E | ) R (1)
t=1
T
-+ (1 — Pr(é’)\)) -E ZR”* (t)|—|g)\] . (5.7.28)
t=1

We will now bound each of the terms in the above equation one by one. We first have

T

> R (t)|=E€x

t=1

E <T, (5.7.29)

which follows from the fact that the R~ (t) is upper bounded by 1 in each trial ¢ and there
are at most T trials. Also, using Lemma 5.7.2 and Lemma 5.7.3 we can observe that the

event £, happens with high probability, i.e.

1

1= Pr(&) < . (5.7.30)

Combining the above gives a bound on the second quantity of Equation 5.7.28.

Let us define Rypax := %_(J?CT) + 1. Finally, we will argue that the expected regret R;;«(t)

conditional on the event &) is upper bounded as

T

> Rii(1)[En

t=1

E < Ruax (5.7.31)
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Towards a contradiction, suppose that the above regret is strictly larger than Ry ax for some
round s. Let ¢’ < s be the first round at which the regret becomes larger than or equal to
Rmax — 1. Note that Rj»(t') < Rmax since the regret before round t' is strictly less than
Rpax — 1 by definition and the regret can at most increase by 1 each round. We will now
show that for any round ¢ after ¢/, arm 4 will not be a part of the active set of arms, thereby

leading to a contradiction. To see this observe that,

Ruax — 1 3(Rmax — 1) = 32 9%6 = 4

where the above inequality follows from the fact that A+ < Aﬁ*i < 1. Given that the event

&y, we have that

t t

il ilii* < Al
Pl e T Pl Pl + Bilis 4
~ pt Pt
Recall from Equation 5.4.2 that Py« (t) = #;Z*ﬁt__* and Py« (t) = WJ‘% Using the

¥ |ig* i|id

definition of AL, we know that AL, = 2(1/2 — P;;»(t)). Using this we have that

[P (8) = P (8)] < =2 = Pie(t) < Pir(t) + =22 = Pn(t) <5 — =%, (5.732)

Using this bound, we will now argue that the above condition is sufficient to ensure that ¢
will not be included in the active set A; for any trials ¢ > t'. To see this recall that in order

to include 7 in the active set at time ¢ we need J;(¢,C') = 0 which is defined as:
Jilt,C) = 1{38 C [n] : Li(t, 9) = |S] 1og(nC) + log(t) }

where

| Ny () d(Pis(t), ).

N

I(t,5) = 3 1[Py(t) <

jes

Consider the set S = {i*}. In order to show that J;(¢,C) =1 for all t > ' we want to show
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that

1P () < 5] Nie (1) - d(Pa (1), 5) > log(nCT) . (5.7.33)

N | =

Using the well-known Pinsker’s inequality we have that d(P,Q) > 2(P — Q)? for any

0 < P,@Q < 1. Combining this with Equation 5.7.32, we have that

(5.7.34)

In order to show our desired bound we also need to lower bound the value of Nj;«(t). Using

Equation 5.7.6 we have that

Rpax — 1
i*[ii* ilii*
Using Lemma 5.7.3 we also know that
(PL,...+Pt..)
Ni- (t) > i*|ig 5 )it - M (t)
Combining this with the above we know that
Rpax — 1 Rpax — 1 _ 8log(nCT)
i*|ii* ildi* ( (Am)

Combining Equations 5.7.34 and 5.7.35 we get the desired bound of Equation 5.7.33. Hence,
for any ¢’ > ¢ arm ¢ will not be the part of the active set as J;(¢,C') will be 1. This implies

that the regret cannot strictly exceed Ry.x leading to a contradiction.

Combining the bound for each term in Equation 5.7.28 we get that

5121og(nCT) 12

E ;r(St,i)-]l[at:i,ieSt] < A +l4+ T
< 5121log(nCT) 413,
AV
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5.7.2.8 Proof of Lemma 5.7.8

Proof. For this lemma, we will assume without loss of generality, that arms are indexed in
the order of decreasing weights, so that w; > we > w3 > - -+ > w,, and ¢* = 1. The proof of
this lemma follows using a similar analysis as Yue et al. (2009) for the IF algorithm. The
idea is to think of the sequence of anchor arms a1, as,as--- as a random walk over a graph
over n node where node i € [n] corresponds to the bandit arm i € [n]. The probability of
transition from node ¢ to node j is the probability that WBA-L choses arm j as the next
anchor when the current anchor is arm i. GCC node 1 is the absorbing node in the random
walk, and the goal is to find the absorption time to node 1 in this random walk. Given that
the execution of WBA-L is mistake-free and given the current anchor is j, the linear order
of weights under the MNL model ensures that, for i < i’ < j, the probability that arm i
becomes the next anchor is greater than equal to the probability that arm i’ becomes the
next anchor, and these probabilities can be equal in the worst case. Also, given that the
execution is mistake-free and given the current anchor is j, for i > j the probability that
arm 7" becomes the next anchor is 0. Hence, given that the random walk is at node j, it
jumps to any 1,---,j — 1 uniformly at random. Lemma 5 in Yue et al. (2009) shows that
the probability that the random walk arrives at arm 4 is upper bounded 1/i. Hence, the

proof of this lemma follows from Lemma 5 in Yue et al. (2009). O

5.7.2.9 Proof of Lemma 5.7.9

Proof. We need to show that

B[Ry(1) | 6] < Pr e 1) 0= slen) - (PG 1)

MNL
Ai*i

T
+E Y Lo = jii € 5,0 ¢ A ‘ Ex

t=1

In order to show the above bound we will consider three cases:
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Case 1: w; < w; and A%;-\IL < A%NL. In this case we have that w; —w; < w; — w;, hence,

we will use the first condition in £\ to show that

Dt
P 4A§.§NLA 4A§§NLA

ilji W n
z‘t|ji + Pjt|j’l w; + W; Rij (t) 3Rij (t)
Similar to the proof of Lemma 5.7.6 we define Ry ax := %ﬂ?ﬁm + 1 and show that the

regret in this case is upper bounded by Ry.x. We will again prove this by contradiction
similar to the proof of Lemma 5.7.6, by assuming that there is a trail ¢ such that the regret

exceeds Ry ax. We will then have that

MNL MNL MNL MNL MNL MNL MNL
AMINEAAANNEA - JANNE ANNL AT ANNE A

max -~ 1 3(Rmax - 1) o 64 192 o 4 ’

where the above inequality follows from the fact that AM%\TL < QA%INL. Given the event &),

we have that

Dt MNL
‘ Plyi  w Aji
Pt 4+ Pt w+w; 4
ilji + Jjlgi ! J

We also have that

t
PR Wy — Wy
2Mij(t) ) (P;W - Pztm) = Z Uay = j,{i,j} € Sp]-2 =

=1 Zaest/ Wa
t
. Wi — W
> ) lay =5 {i,j} CS] =
ﬂ; s ZaESt/u{i*} Wa

— Rij(t) > Rmax -1

Now, combined with Lemma 5.7.3 to show that N;;(t) > 8 log(nCT)/(A%NL)Q, and following
along an argument similar to Lemma 5.7.6, we can show that arm ¢ will be eliminated on
or before trial ¢. Therefore, the regret cannot strictly exceed Ry,.x which is a contradiction.
Moreover, the regret in this case is 0 if arm j does not become the anchor. Hence, the final

regret in this case is upper bounded by P(3t € [T] : a; = j|E)) Rmax-
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Case 2: w; < w; and A?@IL > A%[NL. This condition implies that w; — w; > w; —w;. In

this case we will bound the regret of arm ¢ using the regret of arm j.

E[Rm(t”g)\] =E Z ]l[at/ :ja {273} € St’] <u}Z*_wZ> ’5)\]

ZaESt/U{i*} Wa

aw = j. {i.} € 5] <2(“’_“’J)> \&]

ZaESt/U{i*} Wa

1[ay = j, {i*, 5} € Sy] ( 2(wi» — wy) > ‘5A]

ZaESt/U{i*} Wa

=E [2R;;~(1)[€)]

where the second last inequality follows from the fact that the partition of arms is random in
nature, hence the expected weight of set Sy 5 i is that same as the expected weight of set

Sy 3 1*. We will now use the second condition in £, to show that

~

MNL MNL
Similar to the proof of Lemma 5.7.6 we define Rpyax := %&CT) +1< %%&CT) +1
i*j %4

and show that the regret Rj;+ in this case is upper bounded by Rpyax. We will again prove
this by contradiction similar to the proof of Lemma 5.7.6, by assuming that there is a trail ¢

such that the regret exceeds Ry.x. We will then have that

MNL MNL MNL MNL MNL MNL MNL
max — 1 3(]%max - 1) o 32 96 - 4

where the above inequality follows from the fact that A%NL < QA%INL. Given the event &),

we have that

pt MNL
Piag  w Ay
Dt Dt . .
Pjiej & Pginy W30 !
We also have that Rj«(t) = M;«;(t) - (Pz.t*“*j — P;\i*j)‘ Now, combined with Lemma 5.7.3

to show that Ny (t) > 8log(nCT)/(AMN)2 and following along an argument similar to
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Lemma 5.7.6, we can show that arm j will be replaced by a new anchor. Therefore, the
regret R;;« cannot strictly exceed Rmax which is a contradiction. Moreover, the regret in
this case is 0 if arm j does not become the anchor. Hence, the final regret in this case is

upper bounded by P(3t € [T] : a; = j|Ex) Rmax-

Case 3: w; > wj. In this case again we will bound the regret of arm 4 using the regret of

arm j.

E[sz(tﬂg)\] =E Z ]l[at’ =7, {27]} S St’] <M> ‘5)\]

ZaeSt/U{i*} Wa

[t/=1
[t
Wix — Wj
<E Lay = j.{i,j} € Sp] | &= ‘&
;—:1 2 aeS,Ufir} Wa

<E Z Lay = j,{i",j} € Sy] (W) ‘5/\]

ZaESt/U{i*} Wa

=E [Rj;+(1)|€x]

where the second last inequality follows from the fact that the partition of arms is random
in nature, hence the expected weight of set Sy > 7 is that same as the expected weight of
set Sy 3 ¢*. Using the argument in case 2, one can show that the final regret in this case
is upper bounded by P(3t € [T] : a; = j|Ex)Rmax- Finally, the regret due to anchor can be

bounded by the regret of any other arm that is player with the anchor. O

5.8 Conclusion

We have introduced a new framework for bandit learning from choice feedback that generalizes
the dueling bandit framework. Our main result is to show that computationally efficient
learning is possible in this more general framework under a wide class of choice models that is
considerably more general than the previously studied class of MNL models. Our algorithms
for this general setting, achieve (almost) optimal regret for the GCC class of models. For the

special case k = 2, our algorithms are competitive with previous dueling bandit algorithms;
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for k > 2, our algorithms outperform the recently proposed MaxMinUCB (MMU) algorithm
even on MNL models for which MMU was designed.
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Chapter 6

Finding the Best Coin with Limited Adaptivity

In this chapter we start our discussion at the interface of machine learning and theoretical
computer science. We will study how to find the most biased coin from a set of coins
using parallel interactions— a problem that has applications in both machine learning and

theoretical computer science.

6.1 Introduction

6.1.1 Background

In the classical machine learning settings, the learner is a passive observer who is given a
collection of randomly sampled observations from which to learn. In recent years, there has
been growing interest in active learning models, where the learner can actively request labels
or feedback at specific data points; the hope is that, by adaptively guiding the data collection
process, learning can be accomplished with fewer observations than in the passive case. Most
learning algorithms operate in one of these settings: learning is either fully passive, or fully

active.

In an increasing number of applications, while active querying is possible, the number of
rounds of interaction with the feedback generation mechanism is limited. For example, in
crowdsourcing, one can actively request feedback by sending queries to the crowd, but there
is typically a waiting time before queries are answered; if the overall task is to be completed
within a certain time frame, this effectively limits the number of rounds of interaction.
Similarly, in marketing applications, one can actively request feedback by sending surveys to
customers, but there is typically a waiting time before survey responses are received; again,
if the marketing campaign is to be completed within a certain time frame, this effectively

limits the number of rounds of interaction.
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In this chapter, we study active/adaptive learning with limited rounds of adaptivity, where
the learner can actively request feedback at specific data points, but can do so in only a
small number of rounds. Specifically, the learner is free to query any number of data points
in each round; however, all data points to be queried in a given round must be submitted
simultaneously, based only on feedback received in previous rounds. In this setting, we are
interested not only in bounding the overall query complexity of the learner, but rather in
understanding the tradeoff between the number of rounds and the overall query complexity:

how many queries are needed given a fixed number of rounds?

We study this question in the context of an abstract coin tossing problem, and discuss
how the results give us novel insights into the round vs. query complexity tradeoff for two
problems that have received increasing interest in the learning theory community in recent

years: multi-armed bandits, and ranking from pairwise comparisons'.

The abstract coin problem we study can be described as follows: say we are given n coins with
unknown biases, each of which can be ‘queried’ by tossing the coin and observing the outcome
of the toss. The goal is to find the k coins with highest biases. This problem is a special case
of the problem of finding the &k best arms in a stochastic multi-armed bandit (MAB), and has
received considerable attention in recent years (Even-Dar et al., 2006; Kalyanakrishnan and
Stone, 2010; Audibert and Bubeck, 2010; Kalyanakrishnan et al., 2012; Gabillon et al., 2012;
Jamieson et al., 2013; Bubeck et al., 2013; Karnin et al., 2013; Chen and Li, 2015; Kaufmann
et al., 2016; Jun et al., 2016; Chen et al., 2017a). In particular, it is known that O(%gk)
coin tosses suffice to find the & most biased coins with arbitrarily high constant probability,
where Ay, is the gap between the k-th and (k + 1)-th largest biases (Kalyanakrishnan and
Stone, 2010; Even-Dar et al., 2006). It is also known that this bound is optimal in terms of
the worst-case query complexity (Kalyanakrishnan et al., 2012; Mannor and Tsitsiklis, 2004).

(see Table 4; see also Section 6.2 for the exact definition of parameters involved). However,

the previous best algorithms for this problem all required Q(logn) rounds of adaptivity to

'In the MAB and ranking literature, the query complexity of an algorithm is often referred to as simply
its sample complexity. In this chapter we use the two terms interchangeably.

192



achieve the optimal worst-case query complexity. But are €(logn) rounds necessary for
achieving this optimal query complexity? In this chapter we seek to answer this question by

designing an algorithm that requires much less that logn rounds of adaptivity.
6.1.2 Our Contributions

We present, an algorithm, AGRESSIVE-ELIMINATION, that significantly improves upon the
round complexity of state-of-the-art algorithms, yet still achieves the optimal worst-case

query complexity: given the gap parameter Ag, our algorithm returns the & most biased

nlog k
AR

coins using O( ) coin tosses with arbitrarily large constant probability in only log™ (n)
rounds of adaptivity. The algorithm proceeds in rounds and in each round performs: (i) an
“estimation” phase to approximate the bias of each coin, and (7i) an “elimination” phase to
reduce the number of possible candidates and finds the top k& most biased coins among the
remaining candidates in the subsequent rounds. The elimination phase gets more “aggressive”
over the rounds: in each round, the number of remaining coins reduces to an exponentially
smaller fraction (across different rounds) of the current coins. This allows the algorithm to
find the top k£ most biased coins in only log* n rounds of adaptivity (as opposed to logn
if the fraction was constant throughout). Figure 14 gives an example of the rate at which
items are eliminated per round for AGRESSIVE-ELIMINATION algorithm, and the log n-round
HALVING algorithm (Kalyanakrishnan and Stone, 2010; Even-Dar et al., 2006). The main
insight behind our algorithm is that by removing more and more coins in the elimination
phase we can allocate more and more budget (i.e., samples for each remaining coin) to the

estimation phase which in turn results in even more decrease in the number of candidate

coins for the next round.

Finally, we address the question of round vs. query complexity tradeoff for this problem in a
more fine-grained level: For any fixed number of rounds r, we present an algorithm for the
above coin problem that uses O(Al%(ilog(r)(n) +log k)) coin tosses. Here, ilog™(-) denotes
the iterated logarithm of order r. Our results provide a near-complete understanding of

the power of each additional round of adaptivity in reducing the query complexity of the
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— Aggressive-Elimination
— Halving

Size of candidate set

. .
0 2 4 6 8 10 12 14 16
round

Figure 14: An example illustrating that our algorithm eliminates items more “aggresively” as
compared to the HALVING algorithm of Kalyanakrishnan and Stone (2010); Even-Dar et al.
(2006). Here, n = 216 and k = 1.

Table 4: Summary of some results for k£ best arms identification in stochastic multi-armed
bandits.

Algorithm # Rounds Sample/Query

of Adaptivity Complexity
Even-Dar et al. (2002) O(log(n)) O(%(%/ﬁ))

Audibert and Bubeck (2010) O(n) o, AZ logQ(%))

=1 og(min{n,A;"
K Chen and Li (2015) Q(log(n)) O (EZ; A2 1@%))
Kalyanakrishnan and Stone (2010)  ©(log(n)) O(%(ka)
:

All & € [n] Bubeck et al. (2013) O(n) o, A7? logz(%))

This work log*(n) O(nl%(;m)

algorithms for this problem.

Our results for the above coin problem are also applicable to the problem of top-k ranking
from pairwise comparisons, another problem that has received considerable interest in recent
years (Feige et al., 1994; Busa-Fekete et al., 2013; Chen and Suh, 2015; Shah and Wainwright,
2015; Jang et al., 2016; Heckel et al., 2016; Davidson et al., 2014; Braverman et al., 2016a).
Most top-k ranking approaches we are aware of assume either a non-adaptive setting or a fully
adaptive setting; the main exceptions to this are Feige et al. (1994); Davidson et al. (2014);
Braverman et al. (2016a), who consider the top-k ranking problem under limited rounds

of adaptivity, but under the restricted noisy permutation model of pairwise comparisons
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Table 5: Summary of some results on top-k ranking from pairwise comparisons.

Pairwise # Rounds Sample/Query
Comparison Model of Adaptivity Complexity
Chen and Suh (2015) Bradley-Terry-Luce Non-adaptive 0 ( ( tlog(z/fl) )2)
Shah and Wainwright (2015) General Non-adaptive o257~ log(n/9)
Braverman et al. (2016a)  Noisy Permutation 4 (”(lfgg’;gf )
Busa-Fekete et al. (2013), 9 ( 9 n )
Heckel et al. (2016) General Q (A% log(n)) O (X7, A; log(5)
This work General log*(n) O(nl%(g/&))

(defined in Section 6.4). In our work, we make no assumptions on the underlying pairwise
comparison model. Again, our results for the abstract coin problem above give us a novel
algorithm for top-k ranking from pairwise comparisons that requires only log*(n) rounds;
to our knowledge, this is the first study of this problem under general pairwise comparison
models in the limited-adaptivity setting. See Table 5 for a summary (see also Section 6.4 for

the exact definition of parameters involved).

Our work shows that for a well-studied class of learning problems, the power of fully adaptive
exploration in minimizing worst-case query complexity is realizable by just a few rounds of
adaptive exploration. In fact, for any realistic input size for the problems considered here, our
work shows that at most 5 adaptive rounds are needed to realize optimal worst-case query
complexity. We hope that our techniques can be used for other classes of learning problems
to gain an insight into how the query complexity changes as one interpolates between the

fully passive and fully active settings.

Remark 6.1.1. Agarwal et al. (2017a) also shows that log*(n) rounds are necessary for any
algorithm that achieves the optimal query complexity bound. This lower bound result is a

contribution of Sepehr Assadi’s thesis who was a co-author in this work.
6.1.3 Related Work

The general question of computation with limited rounds of adaptivity has been studied for

certain problems such as sorting and selection in the theoretical computer science (TCS)
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literature under the term parallel algorithms (Valiant, 1975; Bollobas and Thomason, 1983;
Ajtai et al., 1986; Pippenger, 1987; Alon and Azar, 1988; Cole, 1988; Bollobas and Brightwell,
1990; Feige et al., 1994; Davidson et al., 2014; Braverman et al., 2016a). However, with the
exception of Feige et al. (1994); Davidson et al. (2014); Braverman et al. (2016a), these studies
all operate in a deterministic setting, where any sample yields a deterministic outcome; this
is unlike the setting we consider in our problems, where there is an underlying probabilistic

model and queries yield noisy outcomes.

We note that the coin problem studied by Karp and Kleinberg (2007) is different from ours:
there, given a ranked list of coins with unknown biases and a target bias p € (0, 1), the goal
is to find the coins that have bias greater than p. In our case we do not know a ranking on
the coins. Another line of work on biased coin identification is that of Chandrasekaran and
Karp (2014); Malloy et al. (2012); Jamieson et al. (2016): there, given an infinite population
of coins, each of which is of one of two types, ‘heavy’ or ‘light’, the goal is to identify a coin
of the heavy type. In our case we have a finite population of coins, each of which can be of a
different type. Moreover, all these previous papers work in the fully adaptive setting, while

our focus is on the limited-adaptivity setting.

The problem of best arm identification in MABs has mostly been considered in a fully adaptive
setting, where the learner can observe the outcome of any arm pull before selecting the next
arm to be pulled (Even-Dar et al., 2006; Audibert and Bubeck, 2010; Kalyanakrishnan et al.,
2012; Gabillon et al., 2012; Jamieson et al., 2013; Bubeck et al., 2013; Karnin et al., 2013;
Hillel et al., 2013; Perchet et al., 2015b; Chen and Li, 2015; Kaufmann et al., 2016; Jun et al.,
2016; Chen et al., 2017a). A recent work by Jun et al. (2016) is most closely related to our
work. It considers algorithms that pull multiple arms in each round and there is a bound
on the number of arms that the algorithm is allowed to pull in each round. However, the

number of rounds required by their algorithm in the worst-case is Q(log(n)) irrespective of

the bound on the number of pulls in each round.

The problem of top-k ranking from (noisy) pairwise comparisons has mostly been considered
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in either the non-adaptive setting or the fully adaptive setting (Busa-Fekete et al., 2013; Chen
and Suh, 2015; Shah and Wainwright, 2015; Jang et al., 2016; Heckel et al., 2016). Feige et al.
(1994), and more recently Davidson et al. (2014); Braverman et al. (2016a), considered a
setting with limited rounds of adaptivity, but under a restricted pairwise comparison model
that we refer to as the noisy permutation model (see Section 6.4 for details). In contrast, in

this work, we make no assumptions on the underlying pairwise comparison model.
6.1.4 Notation

For any integer a > 1, [a] := {1,...,a}. For a (multi-)set of numbers {ai,...,a,}, we
define aj; as the i-th largest value in this set (ties are broken arbitrarily). For any
integer r > 0, ilog(™(a) denotes the iterated logarithms of order r, i.e. ilog™(a) =
max {log (ilog(’"fl)(a)> , 1} and ilog(® (a) = a. Matrices and vectors are denoted in boldface,

e.g., A and b, and random variables in serif, e.g., X.
6.1.5 Organization

We start by formalizing the coin tossing abstraction we use in this paper in Section 6.2.
Section 6.3 presents our algorithm. In Section 6.4, we present our results for the ranking
problem as a corollary of the results for the most biased coins problem. We present an
extension of our results to the case of sub-Gaussian rewards in Section 6.5. We conclude in

Section 6.6.

6.2 Finding the k¥ Most Biased Coins / k Best Arms

Here, we present our main results on finding the & most biased coins using coin tosses with a
limited number of rounds of adaptivity. We give an algorithm for this problem in Section 6.3
that achieves an optimal worst-case tradeoff between round and query complexity. The coin
problem is equivalent to the problem of the & best arms identification problem in MABs with
Bernoulli reward distributions. Our results also extend to the more general case of MABs

with sub-Guassian reward distributions (see Section 6.5).

The specific problem we consider can be stated formally as follows: given n coins with
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unknown biases pi, ..., pn, and an integer k € [n], the goal is to identify (via tosses of the
n coins) the set of k£ most biased coins. An important parameter in determining the query
complexity of this problem is the gap parameter Ay := pp — pjg41], 1.e. the gap between the
k-th and (k + 1)-th highest biases (recall that pj; denotes the bias of the i-th most biased
coin). We also define A; = max{}pm — p[k+1]| , |pm — p[k”}. We will assume throughout that
the set of k most biased coins is unique, i.e. that A, > 0; we will also assume our algorithm

is given a lower bound A on the gap parameter (A, > A > 0).2

We are interested here in algorithms that require limited rounds of adaptivity. In each
round, an algorithm can decide to query various coins by tossing them (with no limit on
the number of coins that can be tossed in a round or on the number of times any given coin
can be tossed in a round); however, all tosses to be conducted in a given round must be
chosen simultaneously, based only on the outcomes observed in previous rounds. We say an
algorithm is an r-round algorithm if it uses at most r rounds of adaptivity; the total number
of coin tosses it uses is termed its query complezity. For any 6 € [0, 1), we say an algorithm
is a §-error algorithm for the above problem if it correctly returns the set of k most biased

coins with probability at least 1 — 4.

6.3 A Limited-Adaptivity Algorithm for Finding the k£ Most

Biased Coins

Our main algorithmic result is the following:

Theorem 6.3.1. There exists an algorithm that given an integer k € [n], a set of n coins with
gap parameter Ay € (0, 1), target number of rounds r > 1, and confidence parameter § € [0,1),
finds the set of k most biased coins w.p. > 1— 0 using O (AL% . (ilog(r) (n) + log (k/é))) coin

tosses and r rounds of adaptivity.

2We point out that the assumption that A > 0 is only for simplicity of exposition; by picking Ay to be
the gap between the bias of the k-th most biased coin and the next largest distinct bias value, our algorithm
works as it is. The assumption about knowledge of A is also common in the MAB and ranking literature; see,
e.g., (Even-Dar et al., 2006; Kalyanakrishnan and Stone, 2010; Chen and Suh, 2015; Shah and Wainwright,
2015).
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We also point out that by setting r = log™ (n) in Theorem 6.3.1, we can achieve the optimal
worst-case query complexity (Kalyanakrishnan et al., 2012; Mannor and Tsitsiklis, 2004) in a

significantly smaller number of rounds of adaptivity than previous work.

Corollary 6.3.2. There exists an algorithm that given an integer k € [n], a set of n coins
with gap parameter Ay € (0,1), and confidence parameter § € [0,1), finds the set of k most
biased coins w.p. > 1 — 6§ using O (Aii -log (k/5)> coin tosses and only log™ (n) rounds of

adaptivity.
6.3.1 Algorithm

We design a recursive algorithm, which we term as AGRESSIVE-ELIMINATION, for proving
Theorem 6.3.1. The pseudo-code is given in Algorithm 9. It takes as input a set S C [n]
of m > k candidate coins for the top k coins and a parameter r denoting the number of
rounds of adaptivity the algorithm can use. In addition, the algorithm is given the confidence
parameter 0 € (0,1) and a lower bound on the gap parameter A < Aj. Given this input,

Algorithm 9 essentially does the following:

1. Estimation phase: Toss each coin O (é : (ilog(r) (m) + log (k:/(S))) many times
and estimate the bias of each coin.

2. Elimination phase: Let S’ be the set of O( coins with the largest

Ty
ilog("=1 (m)

estimated biases. Recursively solve the problem for the set S’ in the remaining r — 1

rounds.

We point out that the estimation phase of the algorithm is allowed to be erroneous, i.e. there
might be large deviations between the estimated biases and the true biases for a relatively
large fraction of coins. The elimination phase is then designed to be robust to such errors by
selecting a suitably large subset for the next round. As rounds progress, the set of candidates
for k most biased coins shrinks more and more such that in the last round, the algorithm
can estimate the bias of each candidate with high confidence and return the k most biased

coins. We should also point that in any round, if the input set S becomes too small, i.e. is of
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Algorithm 9 AGRESSIVE-ELIMINATION(S,, k, 7,8, A)

1: Input: set S, C [n] of coins, number of desired top items k, number of rounds r,
confidence parameter ¢ € (0, 1), and lower bound on gap parameter A < Ay

2: Let m =m, =9, and ¢, := 35 - (ilog(r)(m) + log (8k:/5)>

3: Toss each coin ¢ € S, for ¢, times.

4: For each i € S, define p; as the fraction of times coin i turns up heads.

5: Sort the coins in S, in a decreasing order of p-values.

6: if r =1 then

7: Return: the set of & most biased coins (according to p-values).

8: else

9: Let mp—1 :=k+ m and S,_1 be the set of m,_1 most biased coins according
to p.

10: end if

11: if m,_1 < 2k then

12: Return: AGRESSIVE-ELIMINATION(S,_1,k,1,6/2,A).

13: else

14: Return: AGRESSIVE-ELIMINATION(S,_1,k,7 —1,§/2, A).

15: end if

size O(k), then Algorithm 9 bypasses the subsequent rounds and simply runs the 1-round

algorithm on this set to recover the answer.
6.3.2 Analysis

We present the proof of Theorem 6.3.1 in detail in this section. Throughout this section, for
any algorithm A, cost(A) denotes the query complexity of A and deg(A) denotes the degree
of adaptivity it uses, i.e., its round complexity. We start by providing a high level overview

of the proof.

Overview: To illustrate the main ideas behind our algorithm, we focus on the case that
k = 1. Consider the following type of input for best k& coins problem: there exists a single
heavy coin and n — 1 light coins with the gap of A between the bias of the heavy coin and
any light coin. It follows from a simple application of the Hoeffding’s bound that for any
§ € (0,1), O(log (1/6)/A?) coin tosses are sufficient to distinguish whether a single coin is
heavy or not with probability 1 — d. We can now use this simple observation to design an

r-round algorithm for each number of rounds r.
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The case of r = 1 is quite simple: simply set § = @(%) and a union bound ensures that
with some constant probability, every coin is distinguished correctly, which allows us to
output the heavy coin correctly. Now consider the case when r = 2. Here, the limited
budget for 2-round algorithms in Theorem 6.3.1 does not allow us to distinguish every
coin correctly in the first round of coin tossing. Instead, we make the following simple yet
crucial observation: it is enough for us to only classify the heavy coin and a large fraction of
light coins correctly in the first round. Indeed by setting the parameter § = @(@) (i.e.,
performing O(nloglogn/A?) coin tosses in the first round), we can reduce the set of possible
choices for the heavy coin to roughly n/logn coins. But then our budget allows us to run
the previous 1-round algorithm in the second round on this smaller set of coins to find the
heavy coin. This results in the total number of coins tosses being O(nloglogn/A?) (in the
first round) plus O ((n/logn) -log (n/logn)/A?) = O(n/A?) (in the second run), which

matches the bounds for the r = 2 case in Theorem 6.3.1.

This discussion leads us to the following generic r-round algorithm: perform a number of
coin tosses in the first round to recover a sufficiently smaller set that almost surely contains
the heavy coin; recursively solve the problem on the remaining coins using the (r — 1)-round
version of the algorithm in the subsequent rounds. Here, “sufficiently smaller set” should be
chosen such that the query complexity of an (r — 1)-round algorithm on this set is within the
budget of the r-round algorithm (over the original set of coins). Exploiting this approach to
its fullest allows us to design our r-round algorithm for any number of rounds r and prove

Theorem 6.3.1.

We now provide a more formal proof for the theorem by proving Lemma 6.3.3 and then

providing a bound on the number of coin tosses that our algorithm makes in Lemma 6.3.5.

Lemma 6.3.3. Suppose S is any subset of coins [n| with size m and gap parameter A < Ay
such that [k] C S. For any number of rounds 1 < r < log* (m) — 3 and any confidence

parameter § € (0,1), Algorithm 9 returns the set of k most biased coins w.p. at least 1 — 0.
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Before proving Lemma 6.3.3, we need the following simple claim. In the remainder of this

section, we fix € := A/2.

Claim 6.3.4. For any round r > 1, and any coin i € S,

)
Pr(|pi —pi| > ¢) < .
(Ip: =i ) 4k - ilog"=V (m)

Proof. By Hoeffding’s inequality, we have,

Pr(|p; —pil > €) < 2exp (—262 . tT)

. r 5
< 2exp <— <1log( )(m) + 10g(8k/5))) < 4k - ilog" D (m)

as ilog™ (m) = logilog" Y (m). O

In the following, for any integer > 1, we use A, to denote Algorithm 9 with r» number of

rounds. We now prove Lemma 6.3.3.

Proof. (of Lemma 6.3.3.)

The proof is by induction on the number of rounds r.
Base case: The base case follows immediately from Claim 6.3.4. Indeed for r = 1,

Claim 6.3.4 ensures that for any i € S,

) 5
Pr(lpi—pil>e) < ————7 < —
(1P =il 2 €) 4k - ilog® (my) ~ mu

as ilog(r_l)(ml) = my by definition. By taking a union bound over all m; coins, we obtain

that w.p. 1 —§, simultaneously for all coins i € Sy, |p; — p;| < €. This implies that w.p.

202



Vi € [k] pi>pi—e=pi—A2>p—A)2

VieSi\lk] pj<pi+e<pi+AJ/2<pp1+A)2

As A < pr — pi+1, we obtain that the returned set of £ most biased coins according to

p-values is the correct answer, finalizing the proof of the base case.

Induction step: Suppose the lemma is true for all number of rounds smaller than r <
log* (m) — 3 and we prove it for the case of r rounds, i.e., for A,. In particular, we need to

show that A, returns the set of k most biased coins with probability at least 1 — 4.

Let I ={i€c[k] :pi <pi—e}and J ={j € S \[k] : Dj > pj+e}. Weknow that for all i € [K]
and j € S, \ [k], pi — pj > 2e. As the algorithm identifies a set of m,_1 =k + ilog(rth
coins with the highest estimated biases (according to p) to recurse upon, we have,

Pr (A, errs) < Pr(|I| > 0) +Pr [ [J]> — ) 4+ Pr(A_iems | €)  (63.1)
ilog" =1 (m,)

where £ denotes the event that |I| = 0 and |J| < W’ i.e., the complement of the

first two events above.
In the following, we bound probability of each event above. We first have,

5
4k - ilog" =Y (m,.)

~ )
Pr(|I] >0) < Y Pr(pi <pi —€) <Claim 6.3.4 k <7 (6.3.2)

i€[k]
where the last inequality is true because ilog(r_l)(mr) > 1.

We next bound the probability that |J| > ﬂog(fif)

(my)

. For all j € S, \ [k], we define an
indicator random variable Y; which is 1 iff p; > p; + . We further define Y := Zj Y;. We

have,
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) -my,
<

E[Y] = ZE Y] = ZPr (Pj > pj +¢€) <Claim 6.3.4 Z

; Z - Ak - ilog" Y (m,) ~ 4-ilog" Y (m,)

Notice that Y = |J|; hence,

S

Pr (\J\ > ﬂog(ﬁ)(m)> < Pr (Y > % : E[Y]) < (6.3.3)

where the last inequality is by Markov bound.

Finally, we calculate the probability of error of A,_1 conditioned on that none of the two
events above happens (i.e., the event £). In that case, we have [k] C S,_; and that A < Ay.
As r < log* (m,) — 3 (by the lemma statement), we have r — 1 < (log* (m,) —1) — 3 <
log* (logm,) — 3 < log™ (m,_1) — 3. Therefore, the input to A,_; satisfies the assumptions
in the lemma statement as well and since the confidence parameter for A,_; is §/2, we
obtain that Pr(A,_1 errs | £) < §/2. By plugging in this bound, together with Eq (6.3.2)
and Eq (6.3.3) to Eq (6.3.1), we obtain that A, is also a d-error algorithm, finalizing the

proof of induction step. O

Next, we prove an upper bound on the query complexity of A, for any r > 1.

Lemma 6.3.5. Suppose the input to Algorithm 9 satisfies the assumptions in Lemma 6.3.3;

then Algorithm 9 makes at most 1§—T . (ilog(r) (m) + log (8k/5)) many coin tosses.

Proof. The proof is again by induction on the number of rounds r. The base case of r =1 is
trivially true. Now suppose the bounds are true for all integers smaller than r < log* (m) — 3
and we prove the lemma for the case of r rounds, i.e., for A,. Note that the total number of
coin tosses in A, is the sum of coins tosses in step 3 (which is m - t,) and the coins tosses
in the recursive call which we bound bellow. For the recursive call there are two cases to

consider depending on which of step 12 (Case 1) or step 14 (Case 2) in Algorithm 9 is being
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executed.

Case 1: In this case A; is called with the confidence parameter 6/2 on at most 2k coins.

We do not use the induction hypothesis here and instead argue directly that,

cost(A,) = m - t, + cost(A;)

4k

<m-t,+ Az (log (2k) + log (16k/0))
8k

<m-t,+ A2 -log (8k/9)
8m

A2
2m ¢, r 8m
- (ﬂog( )(m) + log (8k/5)) + Ao+ log (8k/0)

(by plugging in the value of ¢,)

<m-t,+ -log (8k/9) (as k < m)

10m
= (iloe™
<—5 <1log (m) + log (8k/(5))

which proves the induction step in this case.
Case 2: In this case, A,_; is called with the confidence parameter §/2 on at most ﬂog(i%

coins. Hence, by induction, the total number of coin tosses made in recursive calls is

cost(A,) = m - t, + cost(A,_1)
20m
A2 - ilog Y (m)
20m
A2 - ilog™ Y (m)
20m ~ 22m - log (8k/9)
A2 A2 log D (m)

<m-t, +

: <ilog(7"_1)(2m) +log (16k/5))

<m-t,+

. <ilog(r_1)(m) + 1+ log (8k/6) + 1)

<m-t,+

8m -ilog™(m)  8m - log (8k/4)
AT T A

2m
2 (ilog™
< (1log (m) + log (8k/5)> +

where in the last inequality we used the bound on ¢, plus the fact that ilog(") (m) > 16 as

r <log® (m) — 3. This concludes the proof of Lemma 6.3.5. O

Theorem 6.3.1 now follows immediately from Lemma 6.3.3 and Lemma 6.3.5.
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6.4 Top-k Ranking from Pairwise Comparisons

The problem of ranking from pairwise comparisons arises in many applications including
sports rankings, recommender systems, crowdsourcing and others, and has received increasing
attention in recent years (Gleich and Lim, 2011; Jamieson and Nowak, 2011; Negahban et al.,
2012; Busa-Fekete et al., 2013; Rajkumar and Agarwal, 2014; Chen and Suh, 2015; Shah
and Wainwright, 2015; Jang et al., 2016; Heckel et al., 2016; Braverman et al., 2016a). Here
there are n items, and an unknown preference matrix P € [0, 1]"*" satistying P;; + Pj; = 1
for all 7, j € [n], such that whenever items ¢ and j are compared, item i beats item j with
probability P;; and j beats i with probability P;; = 1 — P;;. Previous studies have often
made strong assumptions on the preference matrix P; here we consider a very general setting

where we make no assumptions on P.

We are interested in the problem of identifying the top-k items according to the Borda score,
which for item ¢ is defined as the probability that ¢ beats another item j drawn uniformly at

random:

7—i:nilzzpij'

J#i
Ranking according to Borda scores is very natural and encompasses several special cases. For

example, Chen and Suh (2015) and Jang et al. (2016) assume P follows a Bradley- Terry-Luce

Wj
Wi+ w;

(BTL) model, under which there is a ‘score’ vector w € Rl | such that Pj; = Vi, g,
and seek to identify the top-k items according to the scores wj; it can be verified that for
such P, ranking by Borda scores is equivalent to ranking by the scores w;. Feige et al. (1994);
Braverman et al. (2016a) assume P follows a noisy permutation model®, under which there
is a permutation o € S,, and noise parameter p € [0, %) such that Pj; =1 —pif o(i) < o(j)
and P;; = p otherwise, and seek to identify the top-k items according to o; again, it can be

verified that for such P, ranking by Borda scores is equivalent to ranking according to . Here

we make no such assumptions on P. The general problem of top-k ranking from pairwise

3The results of Feige et al. (1994); Braverman et al. (2016a) can be further extended to a slightly more
general model where P is such that there is a permutation o € S,, and noise parameter p € [0, %) such that
Pj; >1—pifo(i) < o(j) and P;; < p otherwise.
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comparisons under Borda scores has been considered recently by Busa-Fekete et al. (2013),
Shah and Wainwright (2015) and Heckel et al. (2016); however, these studies are either in
the non-adaptive setting (where pairwise comparisons are observed for randomly drawn item
pairs) or in the fully adaptive setting (where one can actively query pairs to be compared
with no limit on the number of rounds of adaptivity). Here we consider the limited-adaptivity
setting, and show that our results for the coin problem studied in Section 6.2 also yield an

optimal algorithm and corresponding lower bound for top-k ranking in this setting.

In order to apply the algorithm of Section 6.2 to the top-k ranking problem, observe that
we can view each item ¢ as a coin with bias p; equal to its Borda score 7;. In order to toss
coin i, we simply select another item j € [n] \ {i} uniformly at random, and compare i
and j; clearly, this results in a win for item ¢ (heads outcome) with probability 7;. Thus,
the AGRESSIVE-ELIMINATION algorithm from Section 6.2 applies directly, with O(Ali log k)
pairwise comparisons and log* (n) rounds of adaptivity. Thus we require fewer comparisons
than in the passive setting, and fewer rounds of adaptivity than the previous active algorithms

of Busa-Fekete et al. (2013) and Heckel et al. (2016) (see Table 5).

6.5 Extension to Sub-Gaussian Rewards

In this section we discuss the problem of best arms identification in multi-armed bandits

with sub-gaussian reward distributions defined as:

Definition 6.5.1. (Sub-Gaussian Distributions) For any b > 0, we say a distribution D on

R is b-sub-gaussian if for the random variable X drawn from D and any t € R, we have that

E [exp(t - X — t E[X])] < exp(b? - t2/2).

The Bernoulli distribution is a special case of the 1-sub-Gaussian distribution. Any distribu-
tion with support in [0, b] is a b-sub-Gaussian distribution. The b-sub-Gaussian family also

contains many unbounded distributions such as the Gaussian distribution. We next give a
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version of Hoeffding’s inequality for b-sub-Gaussian distributions.

Lemma 6.5.2. (Hoeffding’s inequality) Let X1,...,Xm be an i.i.d. sequence of random

variables drawn from a b-sub-Gaussian distribution D with p = Ex..p[X]. Then for any € > 0,

2
Pr( Ze) < 2exp (—Z;)

We are given n arms, and the reward that we get on pulling each arm is a b-sub-Gaussian

we have

1 m
m;Xi_M

random variable with unknown mean. Let p; be the mean reward of arm i € [n]. We define
the problem of k best arms identification as: given arms [n] with (unknown) mean rewards
{pi}l,, a parameter k € [n], the goal is to identify a set of k best arms in terms of mean

rewards. We will assume that the set of k best arms is unique.

For any 0 < § < 1, a d-error algorithm A for solving this problem is allowed to pull the arms
in [n] and based on the outcomes of these pulls, return a set of arms which is the set of top-k

arms w.p. at least 1 — 9.

We now define the gap parameter for an instance of this problem in terms of the differences

in mean rewards. For any i € [n], let,

Pl — Mk+1 ifi<k
A, = (4] [k+1]

Pk — Mg otherwise

The gap parameter is then Ag, which is the difference between the mean rewards of k-th

and (k + 1)-th best arms.

We consider algorithms that in each round chooses a multi-set of arms to pull. The choice of
this multi-set is adaptive, i.e. it is dependent on the history of rewards in previous rounds.

Following the coin tossing problem, we denote by deg(.A) the round complexity of algorithm
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A, and by cost(A) the total number of arms pulled. We are interested in algorithms for
solving this problem which have low round complexity. In particular, given a parameter r we

are interested in d-error algorithms .4 which have deg(A) < r.

We now show that Algorithm 9 can be extended to solve the problem of best-arms identification
in multi-armed bandits when the reward distribution is sub-Gaussian. We prove the following

theorem:

Theorem 6.5.3. There exists an algorithm that given any number of rounds r > 1, integer
k > 1, n arms with b-sub-Gaussian rewards with b > 0, and the gap parameter Ay € (0,1),

and confidence parameter 6 € (0,1), finds the set of the k best arms w.p. 1 —§ in r rounds

with O (%g : (ﬂog<’”> (n) + log (k/é))) pulls.

To prove the above theorem, the only change required in Algorithm 9 is that the number
of pulls in each round also depends on the parameter b of the sub-Gaussian distribution.

Specifically, we set

82

=2

. <ilog(7") (m) + log (87{7/5)) ’

in step 2 of Algorithm 9, while all the other steps remain the same. We first prove a claim
on the estimation of rewards of sub-Gaussian rewards. This is similar to Claim 6.3.4 for the

coin problem and we define € in the same way as done in the proof of Theorem 6.3.1.

. . -~ )
Claim 6.5.4. For any round r > 1, and any arm i € Sy, Pr (|f; — pi| > ¢) < Telos D ()

Proof. By Hoeffding’s inequality for b sub-Gaussians Lemma 6.5.2, we have,

—~ 62'tr
Pr(|fis — pul 2 €) < 2exp | =5

. r 5
< 2exp <_ (ﬂog( (m) + log(8k/5))> = 4k - ilog" =V (m)
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as ilog™ (m) = logilog" ™ (m). O

The rest of the proof is exactly the same as the proof of Theorem 6.3.1. The lower bound
follows from the fact that Bernoulli distributions are a special case of the 1-sub-Gaussian

distributions.

6.6 Conclusion

We considered the question of learning with limited rounds of adaptivity in the context of
several learning problems: the k£ most biased coins problem, the closely related & best arms
identification problem in stochastic multi-armed bandits (MABs), and top-k ranking from
pairwise comparisons. We developed an algorithm which applies to all these problems, and
that achieves the optimal worst-case query complexity for these problems in just log*(n)

rounds of adaptivity, in contrast with previous results which require (logn) rounds.

In recent years, there also has been much interest in the MAB literature (and increasingly,
in the ranking literature) in adaptive algorithms whose query complexity depends not only
on the gap Ay between the k-th and (k 4 1)-th best items, but also on the gaps of other
items (see Tables 4-5). The optimal query complexity as a function of these parameters,
referred to as instance-wise optimality, is not yet fully understood despite significant progress
in recent years; see, e.g., (Chen and Li, 2015; Chen et al., 2017a) and references therein. The
round complexity of the state-of-the-art algorithms (Karnin et al., 2013; Jamieson et al.,
2013; Chen and Li, 2015) for this setting has at least a logarithmic dependence on n, as
they call the log(n)-round HALVING algorithm of Even-Dar et al. (2006) as a subroutine. It
is possible to reduce the round complexity of these algorithms to have a log* dependence
on n by using an (e, §)-PAC version* of our algorithm as a subroutine instead of HALVING.
The round complexity of these algorithms also depends on the gaps A;’s, and it is not clear
whether the dependence on these A;’s is necessary. Closing this gap remains an interesting

open question; its resolution would further enhance our understanding of the role of the

“Here, the goal is to return a set of k coins whose biases are at least prx) — € with probability > 1 — 4, for
some parameters €, . Our algorithm can be easily extended to this (¢, §)-PAC setting.
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degree of adaptivity in designing learning algorithms.
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Chapter 7

Stochastic Submodular Cover with Limited Adaptiv-
ity

In this chapter we continue our discussion at the interface of machine learning and theoretical
computer science, and study limited adaptivity for the problem of stochastic submodular

cover which has received a lot of interest in both communities.

7.1 Introduction

7.1.1 Background

Submodular functions naturally arise in many applications domains including algorithmic
game theory, machine learning, and social choice theory, and have been extensively studied in
combinatorial optimization. Many computational problems can be modeled as the submodular
cover problem where we are given a non-negative monotone submodular function f over a
ground set F, and the goal is to choose a smallest subset S C E such that f(S) = @ where
Q = f(F). A well-studied special case is the set cover problem where the function f is the
coverage function and the items correspond to subsets of an underlying universe. Even this
special case is known to be NP-hard to approximate to a factor better than (log @) (Dinur
and Steurer, 2014; Feige, 1998; Lund and Yannakakis, 1994; Moshkovitz, 2015), and on the
other hand, the classic paper of Wolsey (Wolsey, 1982) shows that the problem admits a

poly-time O(log @)-approximation for any integer-valued monotone submodular function.

In this chapter we consider the stochastic version of the problem that naturally arises when
there is uncertainty about items. For instance, in stochastic influence spread in networks, the
set of nodes that can be influenced by any particular node is a random variable whose value
depends on the realized state of the influencing node (e.g. being successfully activated). In

sensor placement problems, each sensor can fail partially or entirely with certain probability
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and the coverage of a sensor depends on whether the sensor failed or not. In data acquisition
for machine learning (ML) tasks, each data point is apriori a random variable that can take
different values, and one may wish to build a dataset representing a diverse set of values.
For example, if one wants to build a ML model for identifying a new disease from gene
patterns, one would start by building a database of gene patterns associated to that disease.
In this case, each person’s gene pattern is a random variable that can realize to different
values depending on the race, gender, etc. For other examples, we refer the reader to Liu
et al. (2008) (application in databases) and Anagnostopoulos et al. (2015) (application in

document retrieval).

In the stochastic submodular cover problem, we are given m stochastic items which are
different random variables that independently realize to an element of E, and the goal is
to find a lowest cost set of stochastic items whose realization R satisfies f(R) = Q. In
network influence spread problems each item corresponds to a node in the network, and its
realization corresponds to the set of nodes it can influence. In sensor placement problems an
item corresponds to a sensor and its realization corresponds to the area that it covers upon
being deployed. In the case of data acquisition, an item corresponds to a data point and its
realization corresponds to the value it takes upon being queried. The problem captures as a
special case the stochastic set cover problem and more generally, stochastic covering integer

programs.

In stochastic optimization, a powerful computational resource is adaptivity. An adaptive
algorithm for stochastic submodular cover chooses an item to realize and based on its
realization, decides which item to realize next. A non-adaptive algorithm on the other
hand needs to choose a permutation of items and realize them in the order specified by the
permutation until the function value reaches ). The cost of the algorithm in both cases
is the number (or costs) of items realized by the algorithm. It is well-understood that in
general, adaptive algorithms perform better than non-adaptive algorithms in terms of cost of

coverage. However, in practical applications a non-adaptive algorithm is better from the point
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of view of practitioners as it eliminates the need of sequential decision making and instead
requires them to make just one decision. This motivates the study of separation between
the performance of adaptive and non-adaptive algorithms, known as the adaptivity gap. For
many stochastic packing problems, the adaptivity gap is only a constant. For instance, the
adaptivity gap for budgeted stochastic max coverage where you are given a constraint on the
number of items that can be chosen and the goal is to maximize coverage, the adaptivity gap
is bounded by 1 — 1/e (Asadpour et al., 2008). In a sharp contrast, for the covering version
of the problem, it is not difficult to show an adaptivity gap of Q(Q) (Goemans and Vondrak,
2006).

Motivated by this striking separation between the power of adaptive and non-adaptive
algorithms, we consider the following question in this chapter: does one need full power of
adaptivity to obtain a near-optimal solution to stochastic submodular cover? In particular,
how does the performance guarantees change when an algorithm interpolates between these

two extremes using a few rounds of adaptivity.
7.1.2 Our Contributions

We define an r-round adaptive algorithm to be an algorithm that chooses a permutation of
all available items in each round k € [r], and a threshold 7, and realizes items in the order
specified by the permutation until the function value is at least 74,. A non-adaptive algorithm
would then correspond to the case r = 1 (with 71 = @), and an adaptive algorithm would
correspond to the case r = m (with 7, = 0 for all k € [r]). The permutation for each round k
is chosen adaptively based on the realization in the previous rounds, but the ordering inside
each round remains fixed regardless of the realizations seen inside the round. We will call

this the “permutation framework” for an r-round algorithm.

Our main result is that for any integer r, there exists a poly-time r-round adaptive algorithm
for stochastic submodular cover whose expected cost is 6(@1/ ") times the expected cost of a
fully adaptive algorithm, where the O notation is hiding a logarithmic dependence on the

number of items and the maximum cost of any item. Prior to our work, such a result was not
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known even for the case of r = 1 and when f is the coverage function. Indeed achieving such a
result was cast as an open problem by Goemans and Vondrak (Goemans and Vondrék, 2006)
who achieved an O(n?) bound (corresponding to O(Q?)) on the adaptivity gap of stochastic
set cover. Furthermore, we show that for any r, there exist instances of the stochastic
submodular cover problem where no r-round adaptive algorithm can achieve better than
Q(QI/ ") approximation to the expected cost of a fully adaptive algorithm. Our lower bound
result holds even for coverage function and for algorithms with unbounded computational
power. Thus our work shows that logarithmic rounds of adaptivity are necessary and sufficient
to obtain near-optimal solutions to the stochastic submodular cover problem, and even few

rounds of adaptivity are sufficient to sharply reduce the adaptivity gap.

Remark 7.1.1. One may consider an alternate notion of r-round adaptive algorithm: In
each round k € [r], the algorithm chooses a fixed set of items to realize in parallel where the
choice of the set depends on the realizations in the previous rounds (instead of a permutation
over items). Let us call this framework the “set framework”. One benefit of this variation is
that items in each round can be realized in parallel. Unfortunately in this framework, any
algorithm that always outputs a valid cover (as is our requirement), must in general include
all remaining items in the last round, because for any proper subset of the remaining items
there will be positive probability that this subset will not able to cover the entire set. Hence,

the r-round adaptivity gap would be (m).

Hence, one would have to consider a relaxed version of the problem and require that the
algorithm achieves the desired coverage guarantee only with probability 1 — o(1). Our
algorithmic results directly carry over to this variant of the problem. In particular, for any
fixed r, we obtain poly-time r-round adaptive algorithm in the set framework whose cost
is 6(@1/ ") times the expected cost of a fully adaptive algorithm, and that succeeds with
probability at least 1 — o(1). At the same time, our lower bound of Q(Q'/") continues to
hold in this relaxed setting. In the following we will provide results for only the permutation

framework, with the understanding that all our results carry over to the set framework with
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the relaxed version of the problem.
7.1.3 Related Work

The problem of submodular cover was perhaps first studied by Wolsey (1982), who showed
that a greedy algorithm achieves an approximation ratio of log(Q). Subsequent to this there
has been a lot of work on this problem in various settings (Golovin and Krause, 2010; Azar
and Gamzu, 2011; Azar et al., 2009; Im et al., 2016; Deshpande et al., 2014; Grammel et al.,
2016; Kambadur et al., 2017). To our knowledge, the question of adaptivity in stochastic
covering problems was first studied in Goemans and Vondrak (2006) for the special case of
stochastic set cover and covering integer programs. It was shown that the adaptivity gap
of this problem is Q(n), where n is the size of the universe to be covered. A non-adaptive

algorithm for this problem with an adaptivity gap of O(n?) was also presented.

Subsequently there has been a lot of work on stochastic set cover and the more general
stochastic submodular cover problem in the fully adaptive setting. A special case of stochastic
set cover was studied by Liu et al. (2008) in the adaptive setting, and an adaptive greedy
algorithm was studied!. In Golovin and Krause (2010) the notion of “adaptive submodularity"
was defined for adaptive optimization, which demands that given any partial realization of
items, the marginal function with respect to this realization remains monotone submodular.
This paper also presented an adaptive greedy algorithm for the problem of stochastic submod-
ular cover, and stochastic submodular maximization subject to cardinality constraints.? In
Im et al. (2016) a more general version of stochastic submodular cover problem was studied
in the fully adaptive setting, and their results imply the best-possible approximation ratio
of log(Q) for stochastic submodular cover. In Deshpande et al. (2014) an adaptive dual
greedy algorithm was presented for this problem. It was also shown that the adaptive greedy

algorithm of Golovin and Krause (2010) achieves an approximation ratio of klog(P), where

IThe paper originally claimed an approximation ratio of log(n) for this algorithm, however, the claim was
later retracted by the authors due to an error in the original analysis (Parthasarathy, 2018)

It was originally claimed that this algorithm achieves an approximation ratio of log(Q) where Q is the
desired coverage, however, the claim was later retracted due to an error in the analysis (Nan and Saligrama,
2017). The authors have claimed an approximation ratio of log®(Q) since then.
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P is the maximum function value any item can contribute, and k is the maximum support
size of the distribution of any item. There has also been work on this problem when the
realization of items can be correlated, unlike our setting where the realization of each item
is independent. In this setting, Kambadur et al. (2017) gives an adaptive algorithm which
achieves an approximation ratio of log(Qs), where @ is the desired coverage, and s denote
the support size of the joint distribution of these correlated items. In the case of independent
realizations this quantity will typically be exponential in the number of items. In Grammel

et al. (2016) a similar result was shown for a slightly different algorithm.

The question of adaptivity has also been studied for a related problem of stochastic submodular
maximization subject to cardinality constraints (Asadpour et al., 2008). The goal in this
problem is to find a set of items with cardinality at most k, so as to maximize the expected
value of a stochastic submodular function. This paper showed that a non-adaptive greedy
algorithm for this problem achieves an approximation ratio of (1 — %)2 with respect to an
optimal adaptive algorithm. This result was later generalized to stochastic submodular
maximization subject to matroid constraints (Asadpour and Nazerzadeh, 2016). In Gupta
et al. (2017), the adaptivity gap of stochastic submodular maximization subject to a variety
of prefiz-closed constraints was studied under the setting where the distribution of each
item is Bernoulli. This class of prefix-closed constraints includes matroid and knapsack
constraints among others. It was shown that there is a non-adaptive algorithm that achieves
an approximation ratio of 1/3 with respect to an optimal adaptive algorithm. In Hellerstein
et al. (2015), the problem of stochastic submodular maximization was also studied under
various types of constraints, including knapsack constraints. An approximation ratio of 7 for
this problem under knapsack constraint was given, where 7 is the smallest probability of any
element in the ground set being realized by any item. The question of adaptivity has also
been studied for other stochastic problems such as stochastic packing, knapsack, matching
etc. (see, e.g. Dean et al. (2005, 2008); Yamaguchi and Maehara (2018); Blum et al. (2015);

Assadi et al. (2017, 2016) and references therein).
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There has also been a lot of work under the framework of 2-stage or multi-stage stochastic
programming (Shapiro et al., 2009; Swamy and Shmoys, 2012; Charikar et al., 2005; Shmoys
and Swamy, 2004). In this framework, one has to make sequential decisions in a stochastic
environment, and there is a parameter A, such that the cost of making the same decision
increases by a factor A after each stage. The stochastic program in each stage is defined
in terms of the expected cost in the later stages. The central question in these problems
is— when can we find good solutions to this complex stochastic program, either by directly
solving it or by finding approximations to it? This largely depends on the complexity of
the stochastic program at hand. For example, if the distribution of the environment is
explicitly given, then one might be able to solve the stochastic program exactly by using
integer programming, and this question becomes largely computational in nature. This is

fundamentally different than the information theoretic question we consider in this chapter.

Aside from the stochastic setting, algorithms with limited adaptivity have been studied across
a wide spectrum of areas in computer science including in sorting and selection (e.g. Valiant
(1975); Cole (1986); Braverman et al. (2016b)), multi-armed bandits (e.g. Perchet et al.
(2015a); Agarwal et al. (2017a)), algorithms design (e.g. Balkanski and Singer; Emamjomeh-
Zadeh et al. (2016); Ene and Nguyen (2018); Balkanski et al. (2018); Balkanski and Singer
(2020); Breuer et al. (2020); Fahrbach et al. (2019)), among others; we refer the interested

reader to these papers and references therein for more details.

Remark 7.1.2. Our study of r-round adaptive algorithm for submodular cover is reminiscent
of a recent work of Chakrabarti and Wirth (2016) on multi-pass streaming algorithms for
the set cover problem. They showed that allowing additional passes over the input in the
streaming setting (similar-in-spirit to more rounds of adaptivity) can significantly improve
the performance of the algorithms and established tight pass-approximation tradeoffs that
are similar (but not identical) to r-round adaptivity gap bounds in Results 1 and Results 2.
In terms of techniques, our upper bound result—our main contribution—is almost entirely

disjoint from the techniques in Chakrabarti and Wirth (2016) (and works for the more
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general problem of submodular cover, whereas the results in Chakrabarti and Wirth (2016)
are specific to set cover), while our lower bound uses similar instances as Chakrabarti and

Wirth (2016) but is based on an entirely different analysis.
7.1.4 Organization

In Section 7.2 we introduce the problem more formally. In Section 7.3 we provide an overview
of our technical results. In Section 7.4 we present some preliminaries for our problem. In
Section 7.5 we present a technical overview of our main results. In Section 7.6 we present
a non-adaptive selection algorithm that will be used to prove our upper bound result in

Section 7.7. We present the lower bound result in Section 7.8.

7.2 Problem Statement

Let X := {X1,...,X;»} be a collection of m independent random variables each supported
on the same ground set E and f be an integer-valued?® non-negative monotone submodular
function f : 2FE N,. We will refer to random variables X;’s as items and any set S C X as a
set of items. For any ¢ € [m], we use x; € E to refer to a realization of item (random variable)
X; and define X := {x1,...,2,,} as the realization of X. We slightly abuse notation* and
extend f to the ground set of items X such that for any set S C X, f(S) := f(Ux,esX;): this
definition means that for any realization S of S, f(S) = f(Uz,esx;). Finally, there is an

integer-valued cost ¢; € [C] associated with item X; € X.

Let @ := f(F). For any set of items S C X, we say that a realization S of S is feasible iff
f(S) = Q. We will assume that any realization X of X is always feasible, i.e. f(X) = Q°.
We will say that a realization X of X is covered by a realization S C X of S iff S is feasible.
The goal in the stochastic submodular cover problem is to find a set of items S C X with the

minimum cost which gets realized to a feasible set. In order to do so, if we include any item

3We present our results for integer-valued functions for simplicity of exposition. All our results can easily
be generalized to positive real-valued functions.

“Note that here f : 2 — N, is being extended to a function f’: 2* — N, but we chose to refer to f’ as
f-

®One can ensure this by adding an item X; to the ground set such that f(z;) = Q for all realizations z; of
X, but cost of this item is higher than the combined cost of all other items.
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X; to S we pay a cost ¢;, and once included, X; would be realized to some x; € F and is fixed
from now on. Once a decision made regarding inclusion of an item in S, this item cannot be

removed from S.

For any set of items & C X, we define cost(S) to be the total cost of all items in S, i.e.
cost(S) = i) G - 1[Xi € S, where 1[-] is an indicator function. For any algorithm A, we
refer to the total cost of solution S returned by A on an instantiation X of X as the cost of
A on X denoted by cost(A(X)). We are interested in minimizing the expected cost of the
algorithm A, i.e., Exx [cost(A(X))].

Example 7.2.1 (Stochastic Set Cover). A canonical example of the stochastic submodular
cover problem is the stochastic set cover problem. Let U be a universe of n “elements” (not to
be mistaken with “items”) and X = {Xy,..., X} be a collection of m random variables where
each random variable X; is supported on subsets of U, i.e., realizes to some subset T; C U.
We refer to each random variable X; as a stochastic set. In the stochastic set cover problem,
the goal is to pick a smallest (or minimum weight) collection S of items (or equivalently sets)

m X such that the realized sets in this collections cover the universe U.

We consider the following types of algorithms (sometimes referred to as policies in the

literature) for the stochastic submodular cover problem:

e Non-adaptive: A non-adaptive algorithm simply picks a fixed ordering of items in X

and insert the items one by one to S until the realization S of S become feasible.

e Adaptive: An adaptive algorithm on the other hand picks the next item to be included
in S adaptively based on the realization of previously chosen items. In other words,
the choice of each item to be included in S is now a function of the realization of items

already in S.

e r-round adaptive: We define r-round adaptive algorithms as an “interpolation”

between the above two extremes. For any integer » > 1, an r-round adaptive algorithm
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chooses the items to be included in S in r rounds of adaptivity: In each round ¢ € [r],
the algorithm chooses a threshold 7; € Ny and an ordering over items, and then
inserts the items one by one according to this ordering to S until for the realized set
S, f(S) > 7;. Once this round finishes, the algorithm decides on an ordering over the

remaining items adaptively based on the current realization.

In above definitions, a non-adaptive algorithm corresponds to case of r = 1 round adaptive
algorithm (with 7 = @) and a (fully) adaptive algorithm corresponds to the case of r =m

(here 7; is irrelevant and can be thought as being zero).

Adaptivity gap. We use OPT to refer to the optimal adaptive algorithm for the stochastic
submodular cover problem, i.e., an adaptive algorithm with minimum expected cost. We use
the expected cost of OPT as the main benchmark against which we compare the cost of other
algorithms. In particular, we define adaptivity gap as the ratio between the expected cost of
the best non-adaptive algorithm for the submodular cover problem and the expected cost of
OPT. Similarly, for any integer r, we define the r-round adaptivity gap for r-rounds adaptive

algorithms in analogy with above definition.

Remark 7.2.2. The notion of “best” non-adaptive or r-round adaptive algorithm defined
above allow unbounded computational power to the algorithm. Hence, the only limiting factor
of the algorithm is the information-theoretic barrier caused by the uncertainty about the

underlying realization.

7.3 Overview of Results

In this chapter, we establish tight bounds (up to logarithmic factor) on the r-round adaptivity
gap of the stochastic submodular cover problem for any integer » > 1. Our main result is
an r-round adaptive algorithm (for any integer » > 1) for the stochastic submodular cover

problem.
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Result 1 (Main Result). For any integer r > 1 and any monotone submodular function
f, there exists an r-round adaptive algorithm for the stochastic submodular cover problem
for function f and set of items X with cost of each item bounded by C' that incurs
expected cost O(QY" -log @ - log(mC)) times the expected cost of the optimal adaptive

algorithm.

A corollary of Result 1 is that the r-round adaptivity gap of the submodular cover problem is

5(@1/ ). This implies that using only O (m?ﬁ §Q> rounds of adaptivity, one can reduce the
cost of the algorithm to within poly-logarithmic factor of the optimal adaptive algorithm. In
other words, one can “harness” the (essentially) full power of adaptivity, in only logarithmic

number of rounds.

Various stochastic covering problems can be cast as submodular cover problem, including the
stochastic set cover problem and the stochastic covering integer programs studied previously
in the literature (Goemans and Vondrak, 2006; Golovin and Krause, 2010; Deshpande et al.,
2014). As such, Result 1 directly extends to these problems as well. In particular, as a
(very) special case of Result 1, we obtain that the adaptivity gap of the stochastic set cover
problem is O(n) (here n is the size of the universe), improving upon the O(n2) bound of
Goemans and Vondrak (Goemans and Vondrak, 2006) and settling an open question in their
work regarding the adaptivity gap of this problem (an Q(n) lower bound was already shown

in Goemans and Vondrak (2006)).

We further prove that the r-round adaptivity gaps in Result 1 are almost tight for any r > 1.

Result 2. For any integer r > 1, there exists a monotone submodular function f : 2F —
N4, in particular a coverage function, with Q := f(E) such that the expected cost of
any r-round adaptive algorithm for the submodular cover problem for function f, i.e.,
the stochastic set cover problem, is Q(%3 . Ql/r) times the expected cost of the optimal

adaptive algorithm.
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Result 2 implies that the r-round adaptivity gap of the submodular cover problem is

Q(%3 -Ql/’"), i.e., within poly-logarithmic factor of the upper bound in Result 1. An immediate

log @
loglog Q

corollary of this result is that €( ) rounds of adaptivity are necessary for reducing the
cost of the algorithms to within logarithmic factors of the optimal adaptive algorithm. We
further point out that interestingly, the optimal adaptive algorithm in instances created in

Result 2 only requires r + 1 rounds; as such, Result 2 in fact is proving a lower bound on the

gap between the cost of r-round and (r + 1)-round adaptive algorithms.

We remark that our algorithm in Result 1 is polynomial time (for polynomially-bounded
item costs), while the lower bound in Result 2 holds again algorithms with unbounded

computational power (see Remark 7.2.2).

7.4 Preliminaries

Notation. Throughout this chapter we will use symbols S, 7T, and R to denote subsets of
the ground set E, and use symbols A and B to denote subsets of [m], i.e., indices of items.
We will also use symbols S, T and R to denote subsets of X which realize to subsets S, T

and R of the ground set E.

Submodular Functions: Let E be a finite ground set and N be the set of non-negative
integers. For any set function f : 2¥ — N, and any set S C E, we define the marginal

contribution to f as the set function fg:2F — N, such that for all T C FE,

fs(T) = f(SUT) = f(S5).

When clear from the context, we abuse the notation and for e € E, we use f(e) and fs(e)

instead of f({e}) and fs({e}).

A set function f:2¥ — N, is submodular iff for all S C T C E and e € E: fg(e) > fr(e).
Function f is additionally monotone iff f(S) < f(7'). Throughout the chapter, we solely

focus on monotone submodular functions unless stated explicitly otherwise.
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We use the following two well-known facts about submodular functions throughout the

chapter.

Fact 7.4.1. Let f(-) be a monotone submodular function, then:

VSTCE  f()<HD)+ Y frle).

ecS\T

Fact 7.4.2. Let f(-) be a monotone submodular function, then for any S C E, fs(+) is also

monotone submodular.

7.5 Technical Overview
We give here an overview of the techniques used in our upper and lower bound results.
7.5.1 Upper Bound on r-round Adaptivity Gap

In this discussion we focus mainly on our non-adaptive (r = 1) algorithm, which already
deviates significantly from the previous work of Goemans and Vondrak (Goemans and
Vondrék, 2006). A non-adaptive algorithm simply picks a permutation of items and realize
them one by one in a set .S until f(S) = Q. Hence, the “only” task in designing a non-adaptive
algorithm is to find a “good” ordering of items, that is, an ordering such that its prefix that

covers @ has a low expected cost.

Consider the following algorithmic task: In the setting of stochastic submodular cover
problem, suppose we are given a (ordered) set S of stochastic items. Can we pick a low-cost
(ordered) set T of stochastic items non-adaptively (without looking at a realization of S or T)
so that the coverage of SU T is sufficiently larger than S, i.e., E[fs(T)] is large? Assuming
we can do this, we can use this primitive to find sets with large coverage non-adaptively and
iteratively, by starting from the empty-set and using this primitive to increase the coverage

further repeatedly.

Recall that in the non-stochastic setting, the greedy algorithm is precisely solving this
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problem, i.e., finds a set T such that Cj; it((TT)) > cfj;(g(lf%), where with a slight abuse of
notation, OPT here denotes the optimal non-stochastic cover of f(F). This suggests that one
can always find a “low” cost set T" with a large marginal contribution to .S. For the stochastic
problem, however, it is not at all clear whether there always exists a “low cost” (compared
to adaptive OPT) T whose expected marginal contribution to S is large. This is because
there are many different realizations possible for S, and each realization S, in principle may
require a dedicated set of items T(S) to achieve a large value E [fs(T(S)) | S]. As such, while
adaptive OPT can first discover the realization S of S and based on that choose T(S) to
increase the expected coverage, a non-adaptive algorithm needs to instead pick UgesT(5),
which can have a much larger cost (but the same marginal contribution). This suggests that
cost of non-adaptive algorithm can potentially grow with the size of all possible realizations

of S. We point out that this task remains challenging even if all remaining inputs other than

S are non-stochastic, i.e., always realize to a particular item.

Nevertheless, it turns out that no matter the size of the set of all realizations of S, one can
always find a set of stochastic items T such that E [fs(T)] = Q(1)-E [@Q — f(S)] while cost(T) =
O(Q) - E [cost(0PT)], i.e., achieve a marginal contribution proportional to E[Q — f(S)] while
paying cost which is 6(@) times larger than OPT (here OPT corresponds to an optimal
adaptive algorithm corresponding the residual problem of covering @ — f(S)). Compared
to the non-stochastic setting, this cost is 6(@) times larger than the analogous cost in the
non-stochastic setting (see Example 7.6.1). This part is one of the main technical ingredients

of our chapter (see Theorem 7.6.2). We briefly describe the main ideas behind this proof.

The idea behind our algorithm is to sample several realizations S1, ..., Sy from S and pick a
low cost dedicated set T; for each S; such that E [fs,(T;)] is large (here, the randomness is
only on realizations of T;). This step is quite similar to solving the non-adaptive submodular
maximization problem with knapsack constraint for which we design a new algorithm based
on an adaptation of Wolsey’s LP (Wolsey, 1982) (see Theorem 7.6.3 and discussion before

that for more details and comparison with existing results). This allows us to bound the
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cost of each set T; by O(E [cost(OPT)]). The final (ordered) set returned by this algorithm is

then T:=T;U...UTyg. The ordering within items of T does not matter.

The main step of this argument is however to bound the value of ¥, i.e., the number of
samples, by O(Q). This step is done by bounding the total contribution of sets Tq,..., Ty
on their own, i.e., E[f(T1U...UTy)] independent of the set S. The intuition is that if we
choose, say T, with respect to some realization S of S, but T; does not have a marginal
contribution to most realizations S’ of S, then this means that by picking another set To,
the set T; U T4 needs to have a coverage larger than both T; and T,. As a result, if we
repeat this process sufficiently many times, we should eventually be able to increase E [fs(T)],

simply because otherwise f(T) > @, a contradiction.

We now use this primitive to design our non-adaptive algorithm as follows: we keep adding set
of items to the ordering using the primitive above in iterative phases. In each phase p, we run
the above primitive multiple times to find a set S, with E [Q — f(Sp) | E,—1] = o(1), where
Ep—1 is the event that the realization of items picked in previous phases of the algorithm
did not cover @ entirely. We further bound the cost of the set S, with the expected cost of
OPT conditioned on the event &,_1, i.e., E[cost(OPT) | £,—1]. Notice that this quantity can
potentially be much larger than the expected cost of OPT. However, since the probability
that in the permutation returned by the non-adaptive algorithm, we ever need to realize the
sets in S is bounded by Pr (€,-1), we can pay for the cost of these sets in expectation. By
repeating these phases, we can reduce the probability of not covering Q) exponentially fast

and finalize the proof.

We then extend this algorithm to an r-round adaptive algorithm for any r» > 1. For simplicity,
let us only mention the extension to 2 rounds (extending to r is then straightforward). We
spend the first round to find a (ordered) set S with f(S) > @Q — +/Q with high probability for
any realizations S of S. We extend our main primitive above to ensure that if E [Q — f(S)] >
V@, then we can find a set T with E [fs(T)] = Q(1) - E[Q — £(S)] and cost(T) = O(v/Q) -

[E [cost(OPT)] (as opposed to O(Q) in the original statement). This is achieved by the fact
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that when the deficit @ — f(S) is sufficiently large then the rate of coverage per cost is higher,
as opposed to when the deficit @ — f(S) is very small. Precisely, we exploit the fact that
the gap of @ — f(S) is sufficiently large to reach the contradiction in the original argument
with only O(1/Q) sets Ty, T, .... We then run the previous algorithm using this primitive
by setting the threshold 71 = @Q — +/Q. In the next round, we simply run our previous
algorithm on the function fg(-) where S is the realization in the first round. As fg(-) has
maximum value at most O(,/Q), by the previous argument we only need to pay O(v/Q)
times expected cost of OPT, hence our total cost is O(/Q) - E [cost(OPT)]. Extending this
approach to r-round algorithms is now straightforward using similar ideas as the thresholding

greedy algorithm for set cover (see, e.g. Cormode et al. (2010)).
7.5.2 Lower Bound on Adaptivity Gap

We prove our lower bound for the stochastic set cover problem, a special case of stochastic
submodular cover problem (see Example 7.2.1). Let us first sketch our lower bound for two
round algorithms. Let := {Ui,...,Ux} be a collection of k = poly(n) sets to be determined
later (recall that n is the size of the universe U we aim to cover). Consider the following
instance of stochastic set cover: there exists a single stochastic set T which realizes to one
set chosen uniformly at random from sets Uy, ..., Uy, i.e., complements of the sets in . We
further have k additional stochastic sets where T; realizes to U; \ {e} for e chosen uniformly
at random from Uj;. Finally, for any element e € U, we have a set T, with only one realization

which is the singleton set {e} (i.e., T, always covers e).

Consider first the following adaptive strategy: pick T in the first round and see its realization,
say, U;. Pick T; in the second round and see its realization, say U; \ {e}. Pick T in the third
round. This collection of sets is (U \ U;) U (U; \ {e}) U ({e}) = U, hence it is a feasible cover.

As such, in only 3 rounds of adaptivity, we were able to find a solution with cost only 3.

A two-round algorithm is however one round short of following the above strategy. One
approach to remedy this would be try to make a “shortcut” by picking more than one sets

in each round of this process, e.g., pick the set T; also in the first round. However, it is
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easy to see that as long as we do not pick (k) sets in the first round, or Q(|U;|) sets in the
second round, we have a small chance of making such a shortcut. We are not done yet as it
is possible that the algorithm covers the universe using entirely different sets (i.e., do not
follow this strategy). To ensure that cannot help either, we need the sets in Uy, ..., Uy to
have “minimal” intersection; this in turns limits the size of each set U; and hence the eventual

lower bound we obtain using this argument.

We design a family of instances that allows us to extend the above argument to r-round
adaptive algorithms. We construct these instances using the edifice set-system of Chakrabarti
and Wirth (2016) that poses a “near laminar” property, i.e., any two sets are either subset-
superset of one another or have “minimal” intersection. We remark that this set-system was
originally introduced by Chakrabarti and Wirth (2016) for designing multi-pass streaming
lower bounds for the set cover problem. While the instances we create in this work are
similar to the instances of Chakrabarti and Wirth (2016), the proof of our lower bound is
entirely different (lower bound of Chakrabarti and Wirth (2016) is proven using a reduction

in communication complexity).

7.6 The Non-Adaptive Selection Algorithm

We introduce a key primitive of our approach in this section for solving the following task:
Suppose we have already chosen a subset S C X of items but we are not aware of the
realization of these items; our goal is to non-adaptively add another set T to S to increase
its expected coverage. Formally, given any monotone submodular function g : 26N,
let Qg := g(F) be the required coverage on g. Also, for any realization S of S, we use
A(S) := Q4 — g(S) to refer to the deficit in covering @4, and denote by A := E[A(S)]
the expected deficit of set S. Our goal is now to add (still non-adaptively) a “low-cost”
(compared to adaptive OPT) set T to S to decrease the expected deficit. It is easy to see that
such a primitive would be helpful for finding sets with “large” coverage non-adaptively and
iteratively, by starting from the empty-set and use this primitive to reduce the deficit further

by picking another set and then repeat the process starting from this set.
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Let us start by giving an example which shows some of the difficulty of this task.

Example 7.6.1. Consider an instance of stochastic set cover: there exists a single set, say
X1 which realizes to U \ {e*} for an element e* chosen uniformly at random from U and n
singleton sets X, -+ Xp11, each covering a unique element in U. If we have already chosen
X1, and want to chose more sets in order to decrease the expected deficit, then it is easy to
see that even though the cost of OPT is only 2, no collection of o(n) sets can decrease the
expected deficit by one. This should be contrasted with the non-stochastic setting in which

there always exists a single set that reduces a deficit of A by A/cost(OPT).
We are now ready to state our main result in this section.

Theorem 7.6.2. Let X be a collection of items, and let g be any monotone submodular
function such that g(X) = Qg for every realization X of X. Let S C X be any subset of
items and define A :==E[Qq — ¢g(S)]. Given any parameter o > Q4/A, there is a randomized
non-adaptive algorithm that outputs a set T C X\S such that cost of T is O(«)-E [cost(OPT)]
in expectation over the randomness of the algorithm and E[Qq — g(SUT)] < 5A/6 over
the randomness of the algorithm and realizations of S and T. Here OPT is an optimal

fully-adaptive algorithm for the stochastic submodular cover problem with the function g°.

The goal in Theorem 7.6.2, is to select a set of items that can decrease the deficit of a
typical realization S of S (i.e., the expected deficit). In order to do so, we first design a
non-adaptive algorithm that finds a low-cost set that can decrease the deficit of a particular
realization S of S. This step is closely related to solving a stochastic submodular maximization
problem subject to a knapsack constraint. Indeed, when costs of all the items are the same,
i.e., when we want to minimize the number of items in the solution, one can use the
algorithm of Asadpour et al. (2008) (with some small modification) for stochastic submodular

maximization subject to cardinality constraint for this purpose. Also, when the random

SThroughout this chapter we will abuse notation by refering to an optimal fully-adaptive algorithm for
different problem instances using the same notation opT. The specific problem instance will be clear from
context.

229



variables X;’s have binary realizations, i.e. take only two possible values, then one can use the
algorithm of (Gupta et al., 2017) for this purpose. However, we are not aware of a solution
for the knapsack constraint of the problem in its general form with the bounds required in
our algorithms, and hence we present an algorithm for this task as well. The main step of
our argument is however on how to use this algorithm to prove Theorem 7.6.2, i.e., move

from per-realization guarantee, to the expectation guarantee.
7.6.1 A Non-Adaptive Algorithm for Increasing Expected Coverage

We start by presenting a non-adaptive algorithm that picks a low-cost (compared to the
expected cost of OPT) set of items deterministically, while achieving a constant factor of
coverage of OPT. For any set A C [m], i.e., the set of indices of stochastic items, and any
realization X of X, we define X 4 := {x; | ¢ € A}, i.e, the realization of all items corresponding

to indices in A.

Theorem 7.6.3. There exists a non-adaptive algorithm that takes as input a set of items
X, a monotone submodular function f, and a parameter Q such that f(X) = Q for any
realization X of X, and outputs a set A C [m] such that (i) cost(X4) < 3 - E [cost(OPT)] and
(17) Ex, ~x [f(Xa)] > Q/3. Here, OPT is the optimum adaptive algorithm for submodular

cover on X with function f and parameter Q = Q.

As argued before, Theorem 7.6.3 can be interpreted as an algorithm for submodular maxi-

mization subject to knapsack constraint.

To prove Theorem 7.6.3, we design a simple greedy algorithm (similar to the greedy algorithm
for submodular maximization) and analyze it using a linear programming (LP) relaxation in

the spirit of Wolsey’s LP (Wolsey, 1982) defined in the following section.
Extension of Wolsey’s LP for Stochastic Submodular Cover

Let us define the function F : 2™ 5N as follows: for any A C [m),

F(A):= E [f(Xa)]. (7.6.1)



As we assume in the lemma statement that Q := Exx[f(X)], we have F([m]) = Q as well.
For any B C [m], we further define the marginal contribution function Fp : 2"l LN, where

Fp(A):= F(AUB)—F(B) for all A C [m]\ B. The following proposition is straightforward.

Proposition 7.6.4. Function F' is a monotone submodular function.

Proof. F is a convex combination of submodular functions, one for each realization of X.

We will use a linear programming (LP) relaxation in the spirit of Wolsey’s LP (Wolsey, 1982)
for the submodular cover problem (when applied to the function F'). Consider the following

linear programming relaxation:

st Y Fa(i)-yi > Q—2F(A), VAC|m] (7.6.2)

The difference between LP (7.6.2) and Wolsey’s LP is in RHS of the constraint which is
Q — F(A) in case Wolsey’s LP. In the non-stochastic setting, one can prove that Wolsey’s
LP lower bounds the value of optimum submodular cover for function F'. To extend this
result to the stochastic case (for the function f) however, it suffices to modify the constraint

as in LP (7.6.2), as we prove in the following lemma.

Lemma 7.6.5. The cost of an optimal adaptive algorithm OPT for submodular cover on

function f is lower bounded by the optimal cost P of LP (7.6.2), i.e. P < E[cost(OPT)].

Proof. For a realization X of X and any i € [m], define an indicator random variable w;(X)

that takes value 1 iff OPT chooses X on the realization X, i.e.

wi(X) = 1[&; € oPT(X)).
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Let w; be the probability that OPT chooses A, i.e.,

w; = Pr (wi(X)=1)=E[w(X)].

X~X
We have that,
m m
E [cost(oPT)] = E Z 1[X; € oPT(X)] - ¢i| = Zw o
i=1 i=1
In the following, we prove that w := (w1,...,wy,) is a feasible solution to LP (7.6.2), which

by above equation would immediately imply that P < E [cost(OPT)].

Clearly w € [0,1]™, so it suffices to prove that the constraint holds for any set A C [m]. The

main step in doing so is the following claim.

Claim 7.6.6. For any set A C [m], and any two realizations X and X' of X:

f(Xa)+ f(XY) + fxr (22) - wi(X) > Q.
i€[m]\A

Proof. Recall that we assume f(X) = Q always, and hence f(opPT(X)) = Q as well.
Moreover, for any i € opT(X), w;(X) =1 and for i € [m] \ opT(X), w;(X) = 0. We further

define the sets:

B:=oprT(X)NA and C :=oprT(X)\ B.
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We have,

FX) + FXD) + > (@) - wilX) = F(Xa) + F(X0) + Y fxr,(w3)

i€[m]\A z;€C

> f(Xa)+ f(X4UC) (by submodularity)
Fact 7.4.1

> f(XB) + f(Xc)

(by monotonicity as Xp C X4)

= f(XpUX¢) =Q,

(by submodularity and since Xp U X¢ = oPT(X))

which finalizes the proof. B cloim 766

Fix any set A C [m]. We first take an expectation over all realizations of X in LHS of

Claim 7.6.6:

Q < E[f(Xa)+ XD+ D () wi(X)]

i X
Claim 7.6.6 iefm]\A

ELf(Xa]+ (X0 + > E|fx, (@) wilX)]
i€[m\A

= E[f(Xa)] + (X)) + Z E | fx, (@) - Efwi(X)],
as random variables fx (X;) and w;(X) are independent since the choice of X; by OPT is

independent of what X; realizes to. We further point out that Ex [f(X4)] in the RHS of last

equation above is equal to F'(A) by definition in Eq (7.6.1) and Ex [w;(X)] = w;.
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We further take an expectation over all realizations of X’ in the RHS above:

Q<E [F(A) +fXD+ D E [fXA(xiﬂ “’}

1€[m]\A

Eq (7.6.1) (4)+ F( )—FZ‘E%:\AX'X[fXA(:C )} v

=2-F(A)+ Z Fa(i) - w;,
i€[m]\A
as Fa(i) = Ex' Ex [f(X, UX;) — f(X))]. Rewriting the above equation, we obtain that
the constraint associated with set A is satisfied by w. This concludes the proof that w is a

feasible solution. Brewma 765

The Non-Adaptive-Greedy Algorithm

We now design an algorithm, namely NON-ADAPT-GREEDY, based on “the greedy algorithm”
(for submodular optimization) applied to the function F' in the last section and then use
LP (7.6.2) to analyze it. We emphasize that the use of the LP is only in the analysis and not

in the algorithm.

NON-ADAPT-GREEDY (X, f, Q). Given a monotone submodular function f, the set of
stochastic items X, and a parameter Q = f(X) for all X, outputs a set A of (indices of)
stochastic items.
1. Initialize: Set A + () and F be the function associated to f in Eq (7.6.1).
2. While F'(4) < Q/3 do:
(a) Let j* < argmax;cp,) Fa(j)/c;-
(b) Update A « AU {j*}.
3. Output: A.

It is clear that the set A output by NON-ADAPT-GREEDY achieves Ex, [f(X4)] = F(A) >
Q/3 (as F([m]) = Q, the termination condition would always be satisfied eventually). We

will now bound the cost paid by the greedy algorithm in terms of the optimal value P of
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P (7.6.2).
Lemma 7.6.7. cost(X4) < 3P.

To prove Lemma 7.6.7 we need some definition. Let the sequence of items picked by the
greedy algorithm be j1, 2,73, where j; is the index of the item picked in iteration 1.
Moreover, for any i, define A<; := {j1,...,Ji—1}, i.e., the set of items chosen before iteration

1. We first prove the following bound on the ratio of coverage rate to costs in each iteration.

Lemma 7.6.8. In each iteration i of the non-adaptive greedy algorithm we have,

FA<1(]Z) > Q - ZF(A<1')
Cj, - P ’

K3

where P is the optimal value of LP (7.6.2).

Proof. Fix any iteration i. Recall that in each iteration, we pick item j; € argmax;c(,,) Fa_, ( 7)/cj.
Suppose towards a contradiction that in some iteration i:

Fa_,(j) < Q- 2F(A<i).

vi
j € [m] Cj fz

(7.6.3)

Let y* be an optimal solution to LP (7.6.2), then by the constraint of the LP for set A-; we

have

Q-2F(Ac) < Y Fal()-y

JelmN\A<;
. Q—2F(A-)
Eq (7.6.3) Jeim AL P
Q 2F A<7,

< Y yje=Q—2F (A,

JE€m|

where the last equality is because by definition Z y] c; = P. By above equation,
Q—2F(A.;) < Q—2F(A.;), a contradiction. [

235



Proof of Lemma 7.6.7. Fix any iteration ¢ in the algorithm where F(A-;) < Q/3. By
Lemma 7.6.8,

Q-2F(4.) . Q

R 7.6.4
P - C.]’L 3P ( )

Fa, (i) = ¢
Lemma 7.6.8

Let k be the first index where Fa_, < Q/3 but Fa_,., > Q/3 (i.e., the iteration the
algorithm terminates). Note that cost(X4) = Zle c;;- We start by bounding the first k£ — 1

terms in cost(X4):

N

-1

k-1
' Q
Q/3>F(As) =Y Fa (i) > 9P
/ (Ack) ; <(Z)Eq(7.6‘4)i:1j 3P
k-1
:>chi<P'
i=1

Now consider the last term in cost(A), i.e., ¢j,. Again, by Lemma 7.6.8, we have,

s FA<k (jk) P
% Lemma 7.6.8 Q — 2F(Acy)

(

Q-F(Aw))-P
Q- 2r(Ag) 2P

<
using the fact that F'(A<) < Q/3. Assuch, cost(X4) < 3P finalizing the proof. [ Lemma 7.6.7

Theorem 7.6.3 now follows immediately from Lemma 7.6.7 and Lemma 7.6.5 as P <

E [cost(OPT)].
7.6.2 Proof of Theorem 7.6.2

We use the algorithm in Theorem 7.6.3 to present the following algorithm for reducing the

expected deficit of any given set S in Theorem 7.6.2.

SELECT(X, g,S, a). Given a collection of indices X, a monotone submodular function g with
9(X) = Qg for every X ~ X, collection of items S with expected deficit A = E[Q4 — g(S)],
picks a set T of items to decrease the expected deficit.

1. Let ¥ := 6¢.
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2. Fori=1,---,¥ do:
(a) Sample a realization S; ~ S.
(b) T; <= NON-ADAPT-GREEDY (X \ 'S, gs,, A(S;)) (recall that A(S;) = Q4 — g(Si)).

3. Return all items in the sets T:=T{ U Ty - U Ty.

The SELECT algorithm repeatedly calls the NON-ADAPT-GREEDY algorithm for samples
drawn from realizations of the set S. By Fact 7.4.2, for any realization .S; of S, gg, () is also
a monotone submodular function. Moreover, by the assumption that g(X) = @, always, we
have that gg, (X \ S;) = Q4 — f(S;) always as well. Hence, the parameters given to function

NON-ADAPT-GREEDY in SELECT are valid.
We first bound the expected cost of SELECT.

Claim 7.6.9. E [cost(T)] = O(«) - E [cost(OPT)].

Proof. Cost of T is the cost of the sets Ty,..., Ty chosen by NON-ADAPT-GREEDY on ¢g,
for each of the W realizations of S. By Theorem 7.6.3, we can bound the cost of each T;

using OPT conditioned on realization S; for S (as we consider gg,). As such,

[cost(T;)]

I
[]<
o
&

@
Il
—

E [cost(T)]

e

E

. {3 . @ [cost(OPT(X)) | S = 5]

S

A
®
£
~
I
—_

3

I

s
I
—

- E E t(orPT(X
&@Xd&k%( (X))

3 - g [cost(oPT(X))] ,

where the inequality (a) follows from Theorem 7.6.3 because even though the OPT used in
Theorem 7.6.3 is an optimal algorithm on the problem instance (CNQ, X\'S), but the cost of

Eyx [cost(OPT(X)) | S = S;] can only be larger than the cost of OPT on the instance (Q, X'\ S).
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The bound now follow from the value of ¥ = 6a. [ |

We now prove that the expected deficit of f(SUT) is dropped by at least a A/6 factor. The

following lemma is at the heart of the proof.

Lemma 7.6.10. E[A(SUT)] <5A/6.

Proof. We start by introducing the notation needed in the proof. It is useful to note that
the randomness in T; is due to two sources: (1) the sample S; ~ S which determines which
sets are indexed by T;; and (2) the randomness in the realization of the sets indexed by T;.
For any realization S of S, we use T;(S) to denote the set T; chosen (deterministically now
by NON-ADAPT-GREEDY) conditioned on S = S (this corresponds to “fixing” the first source
of randomness above). We use the notation T<; to denote the collection Tq U---UT; of sets
selected in iterations 1 through ¢, and S<; to denote the tuple of realizations (Si,--- ,.S;)
(we define T; and S.; analogously, where T1 = S<; = ). We also denote by T<;(S<;) the

sets selected in iterations 1 to @ given S<;.

Consider any i € [¥]. For a realization S; ~ S, we are computing NON-ADAPT-GREEDY on
gs; with parameter Q = A(SS;). As such, by Theorem 7.6.3, for the set T;(S;) returned, we
have Ex [gs;(T:(S:))] > Q/3 = A(S;)/3. Consequently,

Si~S X Si~ST 3

| = (7.6.5)

A
3
We now use this equation to argue that adding each set T; can decrease the expected deficit.
Before that, let us briefly touch upon the difficulty in proving this statement and the intuition
behind the proof. In SELECT, we first pick a realization S; of S and then add “enough” sets
to T; to (almost) cover the deficit introduced by S;. This corresponds to Eq (7.6.5). However,

our goal is to decrease the ezpected deficit of S (not a deficit of a single realization). As such,
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the quantity of interest is in fact the following instead:

%[QS(Ti)] = SES SES% [gs;(Ti(Si))} : (7.6.6)

i.e., the marginal contribution of T;(.S;) (chosen by picking a set S;) to a “typical” set S} ~'S;
(not exactly the set S;). The set T,; we picked in this step is not necessarily covering the
deficit introduced by S; as well (in the context of the stochastic set cover problem, think
of S; and S/ as covering a completely different set of elements and T; being a deterministic
set covering U \ S;). As such, it is not at all clear that picking the set T; should make “any

progress” towards reducing the expected deficit.

The way we get around this difficulty is to additionally consider the marginal contribution
of the sets Tq,..., Ty to each other. If T cannot decrease the expected deficit of most
realizations S chosen from S, then this means that by picking another set T5(S) (for a
realization S of S), the set T; U Ty needs to have a coverage larger than both T; and T,
individually (in the context of the set cover problem, since T is “useless” in covering deficit
created by S, and To can cover this deficit, this means that T; and To should not have many
elements in common typically). We formalize this intuition in the following claim (compare

Eq (7.6.7) in this claim with Eq (7.6.6)).

Claim 7.6.11. Suppose at the start of iteration i the following holds

> >

E E Elgs, (T<i(5<))] <

(7.6.7)
SimS ScimS X

Then,

> 1>

s B Elorasa(@s))] >

Proof. By subtracting Eq. (7.6.7) from Eq. (7.6.5), and using linearity of expectation we get
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that:

% < s}Es S<1£*3N$g[gsi (Ti(Ss)) — gs, (T<i(S<i))]
= Eg o B (Elo(TiS:) US:) - g(T<i(S<i) U Si)
< SES S<IE:~S %[g (T<i(S<i) US;) — g(T<i(S<i) U S;)] (by monotonicity)
< Eg S<I?NS§[9(T§i(Sgi)) —9(T<i(S<))]
(by submodularity as T'«;(S<;) C T<;(S<i))
= SSI,ENS% l97 (52 (T3(S))] 4 (7.6.8)
finalizing the proof. Bcuim 7611

Suppose towards a contradiction that E[A(SUT)] > 5A/6. This implies that,

SA/6 <E[Qg —g(SUT)] =E[Qg —g(S) —gs(T)]

= E E[gs(T)] < A/6.

EElgs(M] <4/

By monotonicity of f and since T = T; U...U Ty, this implies that for all i € [¥],
/6 - S~S X [gS( S7’>] S;~S S<i~$X[gSI( <z(S<z))]

Hence, we can apply Claim 7.6.11 to obtain that for any i € [¥]:
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As such, by linearity of expectation and above equation,

Scyg~S X <i~S
< 5 5<
A A
V.= —6a.-=
Z¥ e T
> =Elg(X
> Q, = Elg(Y)]

where the last inequality follows due to the condition that o > Qg4/A. The above is a

contradiction as T C X and g is monotone. Hence, E[A(SUT)] < 5A/6, finalizing the proof.

I Lemma 7.6.10

Theorem 7.6.2 now follows immediately from Claim 7.6.9 and Lemma 7.6.10.

7.7 Algorithms for the Stochastic Submodular Cover Problem

In this section, we present our main algorithmic result which formalizes Result 1.

Theorem 7.7.1. Let E be a ground-set of items, f : 28 — N, be a monotone submodular
function with Q := f(E), and X := {Xq,...,Xn} be a collection of m stochastic items with
support in E. Let ¢; € [C] be the integer-valued cost of item X;. For any integer r > 1, there
ezists an r-round adaptive algorithm for the stochastic submodular cover problem for function
f and items X with expected cost O(r - QY™ -log Q - log(mC)) times the expected cost of the

optimal adaptive algorithm.

Theorem 7.7.1 immediately implies that the r-round adaptivity gap of the stochastic sub-
modular cover problem is 6(@1/ "). The rest of this section is devoted to the proof of

Theorem 7.7.1.

Overview. The underlying strategy behind our algorithm is as follows: in each round of
the algorithm, reduce the deficit of the currently realized set T chosen in the previous rounds
(i.e., the quantity Q — f(T')) by a factor of roughly Q'/”. This suggests that after  rounds

the deficit should reach zero, hence we obtain a submodular cover. In order to do so, the
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algorithm needs to specify an ordering of items without knowing the realizations of these
items in advance (i.e., non-adaptively). This step is itself done by running the algorithm in
Theorem 7.6.2 over multiple iterative phases to reduce the deficit without knowing realization
of any chosen items in this round. We now present our algorithm in details, starting with its

main component for reducing the deficit in each round.
7.7.1 The REDUCE Subroutine

Let Ty be the items selected by the r-round adaptive algorithm in rounds up to (and
including) k, and T} be their realization. In round k, the algorithm creates an ordering of all
the available items and sets a threshold 73, := Q — Q("~%)/" for coverage in this round: after
deciding on an ordering of the items non-adaptively, the algorithm picks items according to
this ordering one by one until the total coverage of the function reaches 7. In this section,
we design an algorithm, namely REDUCE, which returns an ordered set S C X \ Ty_1 in
round k such that items in S are enough to reach the coverage threshold for this round with
high probability. If there are items that are not included in S by REDUCE, we will simply

add them at the end of S in any arbitrary order.

The input to the function REDUCE in round k is the set of items X\ Tx_1, and the function
marginal fr, ,; by Fact 7.4.2, fr, | is also a monotone submodular function. The execution
of REDUCE is partitioned over I' := O(log (mC)) phases, where in each phase, the algorithm
picks a new set of items to be added to the (ordered) set returned by it. The final set of
items returned by REDUCE are ordered in increasing order of the phases (with arbitrary

ordering in each phase).

For any phase p € [I'], we define S, as the ordered set of items selected in phase 1 up to
(and including) p. Let Qg := Q — f(Tk_1); this is the deficit of the set Tp_; with respect to

function f. For any set S of items, we define the following event &£(S):

E(S) = 1[Qk — f1,_,(S) > Qu/Q""]. (7.7.1)
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Intuitively speaking, £ (S) happens if the set of items S cannot cover most of Q. yet.

In each phase, REDUCE makes A := O(log Q) calls to SELECT subroutine (Theorem 7.6.2).
Each call in phase p is to increase the coverage of the set S,_; to eventually achieve a
larger coverage in S,. Instead of passing S,_;1 directly to SELECT, we instead pass the
set gp_l :=Sp—1 | £k(Sp—1) which is a set of items that has the same distribution as S,
conditioned on the event & (S,—1) (i.e., we only consider such realizations of S,_; where
Ek(Sp—1) occurs). We show in Claim 7.7.2 that the performance of SELECT remains the same
in this case also (simply because in SELECT we only access the distribution of input sets by
sampling from it and hence we can sample from gp,l instead of S,_1). This step is required
to ensure that we can indeed achieve a larger coverage with higher probability across phases
as we are “focusing” on realizations that are “bad” in previous phases, i.e., cannot cover a
large fraction of Q. Formally, we prove that the Pr (&, (S,)) < 1/2 - Pr(&,(Sp-1)), hence
after I' = ©(log (mC)) phases, the probability of this bad event reduces to 1/(mC)°™") and

we can move on to the next round. We present the pseudo-code of REDUCE algorithm below.

REDUCE(X, fr,_,): Given a set X of items and a monotone submodular function fr, |,
outputs an ordered set of items S to be used in round k of the r-round adaptive algorithm.
1. Initialize: Set A < 12log(Q), and I' < 2log (mC) .
2. Set Sy « 0.
3. For phases p=1,---,I do:
(a) Set Rg « 0 and let S, 1 :=Sp 1 | E(Sp_1).
(b) For iterations i =1,---, A do:
i. R; « R;—1 USELECT(X \ {R;—1 US,-1}, fr,_,, Ri—1 U gp,l, 2Q1/7).
(c) Sp+ Sp—1 URy.

4. Return the set Sr, ordered according to the order in which items were added to Sr.

Before analyzing REDUCE we need the following straightforward extension of Theorem 7.6.2.

Claim 7.7.2 (Extension of Theorem 7.6.2). Let fr be any monotone submodular function,
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for some T C E, such that Q' := Q — f(T). Let S C X be any subset of items, and € be
an event which is a function of S and S := S | €. Let A := E[Q' — fr(S)], then SELECT,
given parameter o > Q'/A, and 6a samples from g, outputs a set R C X'\ S such that
cost of R is O(«) - E [cost(OPT)|E] in expectation over the randomness of the algorithm and
E [Q’ — fT(g UR)| <5A/6 over the randomness of the algorithm and realizations ofg and

R.

Claim 7.7.2 can be proven as follows: in SELECT we only need samples from the distribution
S, hence by sampling from the distribution of S instead we obtain the same result conditioned
on event £. One should be careful though, as the items in S are no longer independent due
to the conditioning on £. However, SELECT does not require independence between items in

S and we can simply use S instead of S.

We start by bounding the cost of the sets returned by REDUCE in each phase. Note that not
all these sets are going to be chosen by the r-round algorithm in round k (as we may cover
7 before reaching these sets and move on to next round) and hence this cost is not a lower

bound on cost of the r-round algorithm.

Claim 7.7.3. For any p € [T, E[cost(S, \ Sp—1)] = O(Q'" -log Q) - E[cost(0PT)|Ex(Sp—1)].

Proof. We call SELECT with the parameter 2Q'/" for O(log Q) iterations. By Claim 7.7.2,
cost of each iteration of phase p is at most O(Ql/ ") times the expected cost of OPT condi-
tioned on & (S,—1). Hence, total cost of phase p is E[cost(S, \ Sp—1)] = O(QY" - log Q) -
E[cost(OPT)|Ek(Sp-1)]- |

We now prove the main property of the REDUCE subroutine, i.e., that the sets returned by

it can cover the required threshold 7, with high probability.

Lemma 7.7.4. Suppose Sy := REDUCE(X, fr,_,). Then,

Pr(£,(Sr)) < 1/(mC)?,
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with respect to the randomness of the algorithm and the realizations of Sr.

Proof. We prove that the probability of the event &£;(S,) decreases after each phase p by
a constant factor. Fix a phase p € [I']. For a realization S we define deficit A(S) =
Qr — fr,_,(5). Recall that R; is the set of items picked up to (and including) iteration ¢
in phase p on calls to SELECT with parameter o = 2Q'/". By Claim 7.7.2 we know that
each iteration reduces the expected deficit by a constant factor. More formally, fix an R;_1
selected up to iteration i — 1. If B [A(R;_1 US,_1)|Ep-1] > Q&/2Q"", then the condition of
Claim 7.7.2 that a > Q'/A is satisfied with A = E[A(R;_1 USp_1)|Ep-1], @ = 2Q'/", and
Q' = Q. We then have

E [A(Ri U 5p71)|5k(5p71)]

5
<GE [AR—1 U Sp—1)|Ek(Sp-1)]

where the above expectation is also over the randomness of the SELECT subroutine in iteration
i, in addition of the realization of R; US,_1. Now, we will prove that A iterations are enough
to drop the expected deficit below @/ 2Q/7. Suppose for a contradiction that this is not
the case, i.e. after A iterations we have that

Qk

E[ARA U Sp—1)[Ek(Sp-1)] = 2017

(7.7.2)
Due to the fact that fr, | is a monotone function, we have
EIAR; USp—1)|€(Sp-1)] = E[ARA U Sp—1)[E(Sp-1)],

for all R;. Then using Eq. (7.7.2) and the above equation, we can observe that the condition
of Claim 7.7.2 that E[A(R; US,-1)|&(Sp—1)] > Qx/2Q/" is satisfied for every R;. This
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implies that after A iterations the expected deficit can be written as

5 A
BIAR USy-0lEwSy1)] < (5 ) - EIAG-IEuS,-)

6
5 12log Q
< <6) - Qp (Recall that A = 121og Q)
Qk Qk
< @ < QQI/T . (7'7'3>

Eq. (7.7.2) and Eq. (7.7.3) lead to a contradiction. Hence, we will have that

Qk

E[A(Sp)[Ek(Sp-1)] = E[A(RA U Sp—1)[Ek(Sp-1)] < 201/

where again the expectation is over the randomness of the SELECT subroutine. Now, using

Markov’s inequality we have that

Pr (5k(8p) ’&(Sp_l)) = Pr (A(Sp) S @k

> o (7.7.4)

1
2 )

Ek(Sp_1)> <

where the above probability is both with respect to the realizations of S, and the coins used

by the algorithm to select S,. Now, we have that

Pr(&,(Sr)) = Pr(€x(S1)) - T,_p Pr (Ex(Si) | Ex(Si-1))

< <1)“< 1
Eq (7.7.4) \ 2 — (mC)¥’

by the choice of I' = O(log (mC)), which proves the desired result. [ —

7.7.2 The r-Round Adaptive Algorithm

We are now ready to present our r-round algorithm which is based on successive applications

of the REDUCE subroutine.
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r-ROUND-ADAPTIVE(X, f,Q): Given a set of items X', a monotone submodular function
f, and the desired coverage value @), outputs a set T such that its realization T is feasible.
1. Initialize: Set To «+ 0, Ty + 0
2. For k=1,2,--- ,r do:
(a) Set threshold 73, < Q — QU —k)/7
(b) T < REDUCE(X \ Ty—1, fr,_,)
(c) Add the remaining items X' \ (T U Ty_1) at the end of T in any arbitrary order.
(d) Observe the realizations T” of the set of items T’ C T selected by running through
the ordered set T until a total coverage of 7y is reached, i.e. f(Tp_1 UT") > 7

() Tg « TUTp_qand T + T'UTp_1

3. Return T, with realization T, as the final answer.

We are now ready to prove Theorem 7.7.1 by analyzing the above algorithm. The overall plan
is to bound the cost of each round of the r-round algorithm. In each round the algorithm
selects an ordering returned by a call to REDUCE and adds the remaining items at the end
of this ordering. As argued earlier, not all the sets in the ordering are going to be chosen by
the r-round algorithm in round k. We will use Claim 7.7.3 and Lemma 7.7.4 to bound the
expected cost of the items selected from the ordering in round & in terms of the expected

cost of OPT. In order to do so, we first lower bound the cost of OPT.

Claim 7.7.5. For any (possibly randomly chosen) collection S C X, and any event & which

s a function of S, the expected cost of OPT can be lower bounded as

E[cost(oPT)] > Pr(€) - E[cost(0OPT)|E].
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Proof. The expected cost of OPT can be written as

E[cost(oPT)] = Pr(&) - E[cost(OPT)|E] + Pr(—=E) - E[cost(oPT)|=£]

> Pr(&) - E[cost(OPT)|£].
Note that the above also holds even if the collection § is itself randomly chosen. B Lemma 7.7.5

We now prove the lemma bounding the expected cost of each round of ~-ROUND-ADAPTIVE.
We will define the notation cost(ROUNDy) to be the total cost of all the items added to the

feasible set in round k. More formally,
cost(ROUNDy,) := cost(Tg \ Tr—1) .

Now, we will provide a bound on E[cost(ROUNDy)].

Lemma 7.7.6. For any round k < r, given Ty_1, the expected cost paid by the r-ROUND-ADAPTIVE

algorithm in round k can bounded as
E[cost(ROUNDy)|Tk—1] < O(Q" 1og(Q) log(mC)) - E[cost(0PT)|Ty_1] .

Proof. Recall that in round k we call REDUCE with parameter fr, , = fr, , such that
Qr = Q— f(T)—1). Also, recall that in phase p, REDUCE adds items S, \ S,—1 to the ordering

Sr returned by it. Using Claim 7.7.3 we have that
Elcost(S, \ Sp_1)|Tk_1] = O(QY" -1og Q) - E[cost(0PT)|T_1, Ex(Sp_1)] -

Also, recall that while running through the ordered set of round k we select items from S,\S,—1
only if the realization is such that the items in S,,_1 are not able to reach the required coverage
threshold 75, More formally, we only pay for the cost of items in S, \ S,—1 when the event

Ek(Sp—1) occurs. Hence, we will pay the cost of phase p items with probability Pr(&;(Sp—1)).
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Also, in the case that all the items S returned by REDUCE are not able to reach the required
coverage threshold, we trivially bound the cost by mC. Since, Q) < QU—F+1/" this event
happens with probability at most Pr(€(Sr)) which is upper bounded by 1/(mC)? using

Lemma 7.7.4. Combining all this, we have that, given T}_1,

E[cost(ROUNDy)|T}—1]

T
<> Pr(&(Sp-1)) - Elcost(S, \ Sp-1)|Th-1] + Pr (Ex(Sr)) - mC
p=1

r

Claims 773 I; Pr(€n(8p-1))-O (QI/T log(Q)) - Elcost(OPT)|T -1, Ek(Sp-1)]

+ Pr(&(Sr)) - mC

< 0 (Ql/T log(Q) 1og(m0)) E [cost(0PT)|T_1] + Pr (E(Sr)) - mC'

Claim 7.7.5
1
< 1/7' .
- @) (Q log(Q) log(mC)> E [cost(OPT)|T)—1] + (mC)? mC

0 (Ql/r log(Q) 1og(m0)) E [cost(0PT)|Ty_1] .

I Lemma 7.7.6

We are now ready to prove Theorem 7.7.1 which uses the above lemma to give a combined

bound on the cost of all the rounds.

Proof. (of Theorem 7.7.1) We will first divide the cost(r-ROUND-ADAPTIVE) into the cost

of each round.

T

E[cost(r-ROUND-ADAPTIVE)| = Z]E[cost(ROUNDk)] , (7.7.5)
k=1

where recall that cost(ROUNDy,) := cost(Tg \ Tr—1) and Ty are the items selected up to (and
including) round k. Let T} be the realization of Tj. We first need to understand that there

are two sources of randomness— 1) due to the coins used by the algorithm to sample the
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realizations; 2) due to stochastic nature of items. We will first fix the randomness due to the
coins used by the algorithm for sampling. Once we fix the realization of coins used by the
algorithm, the only randomness in the algorithm is due to the stochastic nature of items.

Then for any k < r, given a fixed realization of coins in rounds up to k£ — 1, we have

E[cost(ROUNDy)] < O(Ql/flog(Q)log(mC)>- E  Elcost(opT)|Th_1]
Lemma 7.7.6 Typ1~Tg-1

-0 (Ql/r log(Q) log(m0)> E[cost(oPT)],

where the last equality is due to the fact that once we fix the randomness due to coins up to
round k — 1, then the realizations T}._; form a partition over the space of all realizations X.

Since the choice of coins was arbitrary, we have that E[cost(ROUNDy)] < O(QY/")cost(0PT).

Then, using Eq. (7.7.5) and the above, the total cost can be bounded as
cost(r-ROUND-ADAPTIVE) = O (rQI/T log(Q) log(mC’)) E[cost(oPT)].

I Theorem 7.7.1

Remark 7.7.7. We can implement the r-round algorithm in polynomial time as long as the
costs are polynomially bounded, i.e., achieve a pseudo-polynomial time algorithm. Indeed, the
only “time consuming” step of the algorithm is to sample from the conditional distribution
S|E for some event £. This is however is only needed as long as the Pr(£) > 1/(mC)®M),
Hence, one can use rejection sampling with the total running time bounded by poly(QmC') to
implement this step. The probability that we do not get the required number of samples from
the event € with Pr(E) > 1/mC' after poly(QmC) trials is negligible, and we can pay for the

cost in case this bad event happens.

7.8 A Lower Bound for r-Round Adaptive Algorithms

In this section, we prove a lower bound on the approximation ratio of any r-round adaptive

algorithm for the submodular cover problem and formalize Result 2. We prove this lower
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bound for the stochastic set cover problem (see Example 7.2.1) which is a special case of the

stochastic submodular cover problem.

Theorem 7.8.1. For any integer v > 1, any r-round adaptive algorithm for the stochastic
set cover problem on instances with m stochastic sets from a universe of size n elements such

atrm=mn as erpectea cos =N mes the cost o € opttmat aaaplive atgoritnm.
that o) b ted cost (% -nl/") times the cost of the optimal adaptive algorith

Theorem 7.8.1 formalizes Result 2 as by definition, () = n in the stochastic set cover problem.

Overview. Consider first an instance of the stochastic set cover problem which was used
in Goemans and Vondréak (2006) for proving a 1-round adaptivity gap. There exists a single
stochastic set, say T, which realizes to U \ {e*} for e* chosen uniformly at random from U
(support of T has n sets). The remaining sets in this instance are n singleton sets that each
deterministically realize to some unique element e € U. Solving such an instance adaptively
with just two sets, and indeed even in two rounds of adaptivity, is trivial: choose the set T
and observe its realization in the first round; next choose the singleton set that covers e*.
However, consider any non-adaptive algorithm for this problem: even though it is obvious
that the set T needs to be the first set in the ordering returned by the algorithm, there is
no “good” choice for the ordering of the remaining sets as the algorithm is oblivious to the
identity of e* at this point. It is then fairly easy to see that no matter what ordering the
non-adaptive algorithm chooses, in expectation Q(n) sets needs to be picked before it could
cover e¢* and hence the universe U. An adaptivity gap of £2(n) now follows easily from this

argument.

Our main contribution in this section is to design a family of instances in this spirit that
allows us to extend the above argument to r-round adaptive algorithms. Roughly speaking,
these instances are constructed in a way that at the beginning of each round, the algorithm
has access to a set that covers a “large” portion of the remaining universe “randomly”, but
since the realization of this set is not known to the algorithm, unless it picks many more sets,
it would not be able to also cover the “remainder of universe” (left out by the realization of

the aforementioned set). Morally speaking, this corresponds to replacing the set {e*} with
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larger subsets of U in the above argument and then recurse on each subset individually.

The rest of this section is devoted to the proof of Theorem 7.8.1. We start by introduc-
ing an algebraic construction of a set-system, named an edifice, due to Chakrabarti and
Wirth (Chakrabarti and Wirth, 2016) and use it to introduce a family of “hard” instances
for the stochastic set cover problem. We then prove that any algorithm with limited rounds
of adaptivity on these instances necessarily incurs a large cost compared to the optimal

adaptive algorithm and prove Theorem 7.8.1.
Edifice Set-System

An edifice over a universe U of n items is a collection of sets in which for any two sets, either

one of them is a subset of the other, or the two sets have a small intersection. Formally:

Definition 7.8.2 (Edifice Set-System (Chakrabarti and Wirth, 2016)). For integers k <
s<b<d, a(s,b,k,d)-edifice T over a universe U is a complete d-ary k-level rooted tree

together with a collection of associated sets, satisfying the following properties:

1. Each vertex v in T is associated with a set U, C U such that the set associated to the

root of T is U, and U, C U, if u is a child of v in T.
2. Ifv is a leaf of T, then |U,| = b.
3. For each leaf u and each node v not an ancestor of u in T, |U, NU,| < s.
In this definition, we say that root is at level 1 of the tree and the leaf-vertices are at level k

Edifices are typically interesting when the parameter s is small and parameter b is large
compared to the size of the universe, i.e., when we have large sets which are almost disjoint
from each other in a recursive manner suggested by the tree-structure of an edifice. For our
purpose, we are interested in edifices with parameters r = k ~ s (r is the number of rounds
we want to prove the lower bound for), b ~ nt/* and d = n®W (n is the number of elements
in the universe). The existence of such edifices follows from the results in Chakrabarti and

Wirth (2016) (see Theorem 3.5; see also RND-set systems in Assadi and Khanna (2018) for
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a similar construction), which we summarize in the following proposition.

Proposition 7.8.3 Chakrabarti and Wirth (2016)). For infinitely many integers N and

any integer k > 1, there exists a (4k, N, k, N?)-edifice over a universe U of size N*.
Hard Instances for Stochastic Set Cover

Fix an integer k > 1 and a sufficiently large integer N > k and let U be a universe of size
NF elements. Define T as any arbitrary (4k, N, k, N?)-edifice over U which is guaranteed to
exist by Proposition 7.8.3. We define the following family of “hard” instances for stochastic

set cover.

Family X(®): A collection of stochastic sets over universe U using edifice 7.

e For any vertex u € T and any element e € U, there exists a dedicated stochastic set
X, and X, in X®) | respectively, defined as follows.

e For any non-leaf vertex u € T with child-vertices vy, ..., vq, the stochastic set X,
realizes to one of the sets Ty, y,, . . ., Ty, uniformly at random where Ty, ., := Uy, \ Uy, .

e For any leaf vertex u € T with U, = {e1,...,en} (recall that |U,| = N be Defini-
tion 7.8.2), the stochastic set X,, realizes to one of the sets Ty ¢, , ..., Ty, uniformly
at random where T, ., := U, \ {e;}.

e For any element e € U, X, deterministically realizes to the singleton set {e}.

For any realization of X¥)| we define the canonical path of the realization as the root-to-leaf

path P = vy, v9,...,v; over the vertices of the edifice T as follows:
1. vy is the root of the tree T.

2. For any 1 < i < k, v; is the child-vertex of v;_; corresponding to T, = Xy;_1-

i—1,V3

We have the following simple claim on the cost of the optimal adaptive algorithm on the

family X®) for any integer k > 1.
Claim 7.8.4. For any integer k > 1, the expected cost of oPT on X*) is at most k + 1.
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Proof. We prove that the following algorithm has expected cost k+1; clearly optimal adaptive

algorithm can only have a lower expected cost.

Consider the adaptive algorithm that constructs the canonical path of the underlying
realization one vertex at a time: it first chooses v; which is the root of 7 and add X,, to S.
Next, based on the realization of X,,, it can determine the second vertex vy in the canonical
path and adds X,, to S. It continues like this until it has added all sets X,,,...,X,, to S
where P :=wvy,...,v; is the canonical path of the realization. Finally, a realization of X,,
for a leaf vy, corresponds to a set Ty, . that covers all of U, (the set associated with the
leaf-vertex vy, in the edifice) except for a single element e. The algorithm then picks the set

Xe which deterministically realizes to {e}.

Clearly, the number of stochastic sets picked by this algorithm is k + 1. We argue that these
sets cover the universe U entirely. This is because, X,, covers U \ U,,, Xy, covers Uy, \ U,
and so on until X,, covers U, \ {e}. As such, X, U...UX,, covers U \ {e} and picking X,

would cover the whole universe as X, always realizes to {e}. |

In the remainder of this section, we prove that any (r =)k-round adaptive algorithm for

k) should incur a cost of roughly n!/*, hence proving Theorem 7.8.1.

stochastic set cover on X(
It is worth remarking that the adaptive algorithm in Claim 7.8.4 that achieves the cost of
k 4+ 1 requires only k£ + 1 rounds of adaptivity; as such, our results are in fact proving a

separation between the cost of any k-round and k + 1-round adaptive algorithms.

Before we move on to the proof of Theorem 7.8.1, we prove the following crucial lemma using

properties of edifice 7.

Lemma 7.8.5. Let U,, be the set associated to the k-th vertex vy, in the canonical path of X (k)

in edifice T and C be any collection of sets in X¥) \ Xy, Then ‘UTGCT N ka‘ <4|C|- k.

Proof. Fix any set T' € C. We prove that |T'NU,,| < 4k which would immediately imply

the lemma.
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If T is a realization of some set X, for some element e € U, then |T'| = 1 and hence the claim

immediately holds. Hence, suppose that T is a realization of X, for some vertex v € T.

If v is an ancestor of v, then T = U, \ U, where v’ is either another ancestor of vy or it
is equal to vy itself by definition of the canonical path. In either case, by property (I) of
edifices in Definition 7.8.2, U,, C U, and hence T NU,, = 0.

If v is not an ancestor of vy, then T' C U, as X, C U, and by property (III) of edifices in
Definition 7.8.2, |U, NV, | < 4k (here parameter s = 4k) and hence |T' NV, | < 4k, finalizing

the proof. |}

Proof of Theorem 7.8.1

Fix any £ > 1 and a k-round algorithm A for the stochastic set cover problem on instance
X®*) By Yao’s minimax principle (Yao, 1979), we can assume that A is deterministic. We
use Si,...,S; to denote the collections of stochastic sets chosen by the algorithm in each
of its k adaptivity rounds. We further use the random variables Vi,...,V} to denote the

vertices on the canonical path of X(*) (note that V is always root of the edifice 7).

Let d := N? denote the number of children any non-leaf vertex has in 7. For any i € [k — 1]

we define the following two events:

Event &gy (1’)

The collection S; chosen by A in round i has size |S;| < N/8k.

The event Ema(i) is only a function of the realizations of first ¢ — 1 sets Sy,...,S;_1 chosen
by A in the first ¢ — 1 rounds plus the sets visited in round ¢ and their realizations before

reaching the threshold fixed by the algorithm to stop the round.
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Event & (1)
The collection S; chosen by A in round ¢ contains no set X, where u is a

descendant of v;y+1 = V,11, i.e., the (i + 1)-th vertex in the canonical path of

X (k)
The event &t (4) is also only a function of the realizations of the first i — 1 sets Sy,...,S;—1,S;,
as well as V1,...,Vq1.

The following claim implies that event Egmay(7) is most likely to result in &y (i) as well.

Claim 7.8.6. For any i € [k’—l], Pr (Ehit(i) | gsmall(l)y s 7gsma||(i)7 ghit(l)v s ,ghit(i - 1)) 2

1
1— 4.

Proof. Let v1,...,v; be the first i vertices on the canonical path of X*). By definition of

events Eqit(1),...,Emit(i — 1), and since v; is a descendent of all vy, ...,v;—1 by definition, we
know that no set X, belong to Sy,...,S;—; for any descendent v of v;. In particular, X,, has
not been chosen in Sq,...,S;_1 and hence its distribution conditioned on Sq,...,S;_1 is still

the same distribution as before. As such, the (i + 1)-vertex of the canonical path of X®) e,
vi+1 18 still chosen uniformly at random over the child-vertices of v;, even conditioned on the
realizations of S1,...,S;_1. On the other hand, conditioned on realizations of Sy,...,S5;_1,
the ordering for set S; chosen by A is determined deterministically. Let S be the set of first

N/8k (as in event Egmayi(7)) items in S;.

For any j € [|S|], we define an indicator random variable Y; € {0,1} which is 1 iff the j-th
set chosen in S is some X, for a descendent v of v;11 (notice that this event is based on the

set of items chosen in S not their realizations). Let uq,...,uq be the d child-vertices of v;.

We have,

. (7.8.1)

ISR

Pr (Y} =1 | gsmall(l)a s agsmall(i),ghit(l)a s 7ghit(7; - 1)) <

Vit1
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This is simply because only 1/d fraction of descendants of v; are also descendent of v;y; as

: S :
T is a d-ary tree. Define Y = le‘l Y;, i.e., the number of sets chosen from a descendent of

Vi41:

Pr (Y >1 ‘ gsmall(l)v s 7gsma||(i)7 Shit(l)a s 75hit(7: - 1))
< E [Y ‘ 5sma||(1)7 N ,Esma”(i), ghit(1)7 NN ,ghit(i — 1)] (Markov inequality)

. B

— (as d = N2 and |S| < N/8k and N > 1)
78.1) d

1
< —.
Eq 8k

—

Now notice that under event Emai(i), in the i-th round, we only pick the sets that are in S
and hence under this conditioning, the probability that any descendants of v;; belongs to

S is at most 1/8k. This concludes the proof. |

Define the events Egmali(*) := Esman (1), - -+, Esman(k — 1) and Epir (%) := Epie(1), .. ., Enic(k — 1).
We now prove that conditioned on these two events, expected cost of A is large, in particular

Sk needs to be large in expectation.

Lemma 7.8.7. ESI’._.75’,€_1 Esk [[Sk\ ‘ Sl, . ,Skfl, gsmall(*)v ghit(*)] = Q(N/k‘)

Proof. Fix any Si,...,Sk_1 conditioned on events Eman(*), Enit(*); as argued before, these

events are only a function Si,. .., Sk—1. We now bound |Sg| in expectation.

Recall that vy is the k-th vertex of the canonical path of X(*) which is a leaf vertex of 7.
By event &pit(*), we know that X,, has not been chosen by A in Si,...,S,_1. As such,
conditioned on (51, ..., Sk—1, Esmall(*), Enit(*)), the set X, still realizes to some set Uy, \ {e*}

for e* € U,,, uniformly at random. In particular, for any element e € U,,,

1
Pr (6* =e ‘ Sla o 7Sk717 gsmall(*)v ghit(*))

= —. 7.8.2
er |ka| ( )

Let Ugyy be the set of elements covered in the first £ — 1 rounds, i.e., by S1,...,Sk_1. Let

U{,k := Uy, \ Ucop be the set of elements in U,, which are not covered in the first k£ — 1 rounds.
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As Si,...,Sk—1 do not contain X,, , we can apply Lemma 7.8.5 and obtain that

UL | = U, = Uy, N Ucou (7.8.3)
k—1

> Uy | =Y _|Si|-2k > N — (N/8k) - 4k (7.8.4)
Lemma 7.8.5 i—1

= N/2, (7.8.5)

as by event Egman(*), |Si| < N/8k for all i € [k — 1].

Conditioned on Si,...,Sk_1, the ordering chosen for Sy is fixed. Let 7 := N/16k and
X1,...,X; be the first 7 sets in this ordering. Now consider the element {e*} = U,, \ Xo,;
this element is chosen uniformly at random from U,, as argued before. We lower bound the
probability that the first 7 sets in Sy can cover this element e*. Clearly X,, cannot cover e*,
hence in the following, without loss of generality, we assume that Xi,...,X; do not contain

Xy, This together with Lemma 7.8.5 implies that [(X; U...Xg) NUy,| < 7-4k. We have,

Pr (6* EUppp UXL U ... UX; | S, .. -7Sk;—1agsma||(*)7ghit(*))
Ueool (X1 U UXg_1) N U, |

<
Bq (7.8.2) Uy, U |
N 71-4k 3
< 4Tl
Eq (7.8.5) 2IV N 4

(by choice of 7 = N/16k and since |U,, | = N by Property (II) of edifice in Definition 7.8.2)

This means that with probability at least 1/4, Sy needs to pick more than 7 sets to cover

the universe U (in particular the element e*), hence,
E{ISkl [ S1:- -+ Sk—1, Esman (+), Ehie(¥)] = 7/4 = QUN/k).
k

Taking an expectation over Si,...,Sk_1 conditioned on Egmay(*), Enit(*) concludes the proof.

We are now ready to finalize the proof.
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Lemma 7.8.8. Ey ) [A(X)] = Q(N/k?).

Proof. We can write the expected cost of A as:

LE X)) =EE [AX) | 5]

= Pr (Eman(1)) - EE [A(X) | Sl,&mau(l)}
+ (1= Pr (Eman(1))) - EE[ACX) | 51, Eoman(1)]
> Pr (Eaman(1) - EE [A(X) | 51, Exman(1)]

+ (1 = Pr(&man(1))) - N/8k.

The inequality is by definition of Eman(1) as this means that |S1| > N/8k. As such, if
Pr (Eman (%)) < (1 —1/2k), we are already done as in this case the second term in RHS above

is at least (N/8k) - (1/2k) = Q(N/k?). Otherwise,

E A=A -1/2k) - EE [A(X) | St Esman(1

)
> (1 - 1/2k) - Pr (ghit(l) | gsmall(l)) E% |:A(X) ’ Slaghit(l)agsmall(l)]

> (1-1/2k) - EE [AX) | St (1), Eaman(1)].
Claim 7.8.6 S1 X

We now continue this calculation for the RHS using the sets Sy in second round:

}E@ A(X) | 81, Enit(1), Esman (1)

—

EE% |:.A(X) | SZaslaghit(l)agsmall(l)}

=Pr (Esma||(2) ‘ ghit(l)v gsmall(l)) g]j:i gE % [A(X) | S?) Sla gsma||(2)a ghit(l)v gsmall(]-)}

+Pr (gsmall(2) | ghit(l)v gsmall(l)) -E E% [A(X) ‘ Sa, 51, gsma||(2)7 ghit(l)a gsmal|(1>

Again, if Pr(Eman(2) | Enit(1), Esman(1)) < (1 — 1/2k), we are already done as in this case
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the second term in RHS above is at least Q(N/k?). Combining this with previous equation,
we obtain that expected cost of A is at least (1 —1/2k)3 - Q(N/k?) = Q(N/k?). Hence, we
can assume that Pr (Eman(2) | Enit(1), Esman(1)) > (1 — 1/2k). Using this, and the previous
argument we did for the first round, and by Claim 7.8.6, we obtain that:

4
[A(X)] > (1 - 1) -EEE [A(X) | SQa Slaghit(Q)vgsma||(2)’ghit(1)a gsmall(l) :

XXk 2k S1 S8y X

We can thus continue this argument until processing the last round, and either we already have
E . xx) = Q(N/E?) as for some i € [k—1], Pr (Esman(i) | 1, - -+, Esman(i — 1), Enie(1), -+, Enie (i — 1))
is greater than or equal to (1 — 1/2k), or:

Az (1= ) B BAC 81 s (). B9

X ~oX (k) 2k Sk_1 X

>Q1)-  E  E[|Sk| | S1,---, k=1, Enit(*), Esmal (*)]
S1,.035k_1 Sk

> Q(N/K).
Lemma 7.8.7

This concludes the proof. |}

Theorem 7.8.1 now follows from Lemma 7.8.8 and Claim 7.8.4, by setting r = k and noticing

that N = n'/¥ in this construction.
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Chapter 8

Conclusion

I believe that in order to develop machine learning into a rich scientific discipline we
need to create bridges for two-way exchange of ideas between machine learning and other
disciplines that allow us to develop principled solutions to common problems. My research
has contributed towards the creation of these two-way bridges between machine learning
and information elicitation/mechanism design, choice/preference elicitation, and theoretical
computer science. In the future, I hope to explore more problems at these interfaces and

further contribute towards exchange of ideas between these fields.
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APPENDIX

A.1 Appendix to Chapter 4

A.1.1 Generalization of the ASR algorithm with Regularization

In this section, we shall present a generalized version of the ASR algorithm that relaxes the
assumption that each set S, is of the same fixed cardinality m, and each set S, is compared
the same number of times L. The intuition behind this generalization is that each comparison
carries an equal amount of information, and thus, we should give a higher preference to
the empirical estimates p;|g, corresponding to sets with more comparisons. Furthermore,
comparisons on smaller sets are more reliable than comparisons on larger sets. In general, sets
with larger cardinality should have proportionately more comparisons. Lastly, in practice,
we often encounter comparison data for which the random walk P on the comparison graph
G, is not strongly connected. We can resolve this issue through regularization. With these

in mind, we update our algorithm as discussed below:

Given general comparison data Y’ = {(Sa,ya4)%_;}, where S, C [n] is of cardinality |S,|, and

Yo = (yl,...,yke), we define d. for each i € [n] as

i > ()

a€ld]:ieS,

where X is a regularization parameter. Intuitively, one can think of the regularization as
adding A|S,| pseudo-comparisons to each set S, with each item in the set winning an equal A
times. Furthermore, we define n;/g, to be the number of times item i € S, won in a |5, |-way

comparison amongst items in Sg, i.e. for all a € [d], for all ¢ € S,

L,
ns, = > 1lyh =) (A.L1)
=1
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Algorithm 10 Generalized-ASR

Input Markov chain P’ (according to Eq. (A.1.2))
Initialize 7# = (1,.-- , )T € A,
while estimates do not converge do
7« PR/
end while

~; _  Dp-lx
Output w' = =TT

Using the above notation, we set up a Markov chain P’ € R*™ such that entry (4,7) is

pP..=

w2, () o
a€ld]:i,7€8q
One can verify that this non-negative matrix is indeed row stochastic, hence corresponds to
the transition matrix of a Markov chain. One can also verify that this construction reduces to
a regularized version of P (Eq. (4.3.2)) when all sets are of an equal size and are compared an
equal number of times, and is identical to P when \ = 0. Lastly, we define the matrix D’ as
a diagonal matrix, with diagonal entry D), := d;, Vi € [n]. Similar to ASR, we compute the
stationary distribution of P’ , and output a (normalized) D'~! transform of this stationary

distribution.
A.1.2 Proof of Corollary 4.5.7
Corollary 4.5.7 follows from the following lemma which compares the spectral gap of the

matrix P with the spectral gap of the graph Laplacian.

Lemma A.1.1. Let L := C7'A be the Laplacian of the undirected graph G.([n], E). Then
the spectral gap p(P) = 1—Xa(P) of the reversible Markov chain P (Eq. (4.3.2)) corresponding

to the ASR algorithm is related to the spectral gap £ =1 — Xo(L) of the Laplacian as
£

P)> —-

ILL( ) — b2

Proof. To prove this inequality, we shall leverage the comparison Lemma 4.4.4 of Diaconis

and Saloff-Coste (1993), with Q,v = L,v. From the definition of the Laplacian, it is clear

263



that for all ¢, ;L;; = 1/2|E|. Furthermore, v; = ¢;/2|E| > d;/2|E|, where ¢; is the number of
unique items ¢ was compared with, which is trivially at least the number of unique multiway

comparisons of which ¢ was a part. Thus,

_ T _ w;d; /|| Dw|[1
3 :=max — = max ———————
i€[n] Vj 1€[n] Cl/2|E|
2| E|wmax
| Dw|[1
L mPy
o = min

(i,)EE ViLij
ws
_ ||Dw||1d Z (i,§)€Sa Zkes] wr,
min
(i.4)€E 1/2|E|
2|E|w?
~ MWmax||Dwl1

min

Thus, a/ > 1/mb?, which proves our claim. O

A.1.3 Proof of Corollary 4.5.8

In order to prove this corollary we first give the following claim.

Claim A.1.2. Given items [n], and comparison graph G. = ([n], E) induced by comparison
data Y = {S,,ya}2_,, let the vector of true MNL parameters be w = (w1, ..., wy). Further-
more, let d; represent the number of unique comparisons of which item i € [n] was a part.

Then we have

2 E
dovg = > wid; <wLX||,

w n
icln min

where Wmax = MaX;e[,] Wi, and Wpin = min; €ln] Wj -

Proof. Clearly,

Wmin Z wid; < — Z wid; < Dmax Z d;,

i€[n] 1€[n i€[n]

The statement of the lemma follows by realizing that > ;cr, di < > iy ¢ < 2|E]. O

Proof. (of Corollary 4.5.8) Substituting the above bound on d,ys in the sample complexity
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bounds of Corollary 4.5.7, we get the following guarantee on the total variation error between

the estimates w and the true weight vector w

Cmbk|E| \/max{m, log(n)}
—  nédunn L

il

where b = 7max_ Furthermore, this guarantee holds with probability > 1 — 3p—(C*=50)/25,

min

From this, we can conclude that if

10mb3/f]E)2

L > max{m, log(n)} ( & do

then it is sufficient to guarantee that ||w —w||Tv = o(1) with probability > 1—3n=2. Trivially
bounding £ = O(logn), and from the assumptions b = O(1) and |E| = O(n poly(logn)), we
can conclude

L = O(¢ *m?poly(logn))

where the additional m factor comes from trivially bounding max{m,logn} < mlogn. This

gives us a sample complexity bound of
|E| x L =0(£?m>npoly(logn))

for our algorithm, which proves the corollary. O

A.1.4 Additional Experimental Results

In this section we will describe additional experimental results comparing our algorithm
and the RC/LSR algorithms on various synthetic and real world datasets. Since we require
additional regularization when the random walk induced by comparison data is reducible, we
will first describe the regularized version of the RC and LSR algorithms (regularized version

of our algorithm is given in Appendix A.1.1).
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A.1.5 RC and LSR algorithms with regularization

In this section, for the sake of completeness, we state the regularized version of the RC
(Negahban et al., 2017) and LSR (Maystre and Grossglauser, 2015) algorithms.! These
algorithms are based on computing the stationary distribution of a Markov chain. In the
case of pairwise comparisons, for a regularization parameter A > 0, the Markov chain

PRC .= [P/RC], where, Vi, j € [n],

1 nji{i,53HA ) e
if 7
PRC,_ [ dmax <”j\{i,j}+nu{i,j}+2>\ , 7]
1] .

dmax

and n;g; ;1 is defined according to Eq. (A.1.1). In the case of multi-way comparisons, the

Jl

Markov chain P/2SR .= [ﬁi’jLSR], where, Vi, j € [n],

1|5 TA e

ﬁ/LSR L EZae[d}:i,jeSa ( j|5a| ) , ifi#j
ij =

1—ed i, PR, if i = j

f)/LSR

where € is a quantity small enough to make the diagonal entries of non negative, and

njs, is again defined according to Eq. (A.1.1).
A.1.6 Synthetic Datasets

In this section, we give additional experimental results for various other values of parameters
m and n. The plots are given in the figures below. The general trends observed from these
experiments are exactly as predicted by our theoretical analysis. In particular, we note that
even in the case of a star graph topology, the convergence rate of ASR remains essentially
the same with increasing n, while the performance of RC and LSR degrades smoothly. This

really conveys the low dependence on the ratio dpax/dmin-

!See Section 3.3 in Negahban et al. (2017) for more details.
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Figure 15: Results on synthetic data: L; error vs. number of iterations for our algorithm,

ASR, compared with the RC algorithm (for m = 2) on data generated from the MNL/BTL
model with the random and star graph topologies.

A.1.7 Real Datasets

In this section, we provide additional experimental results for more datasets, and additional
values of the regularization parameter A. We conducted experiments on the YouTube dataset
(Shetty, 2012), various GIF datasets (Rich et al.), and the SFwork and SFshop (Koppelman

and Bhat, 2006) datasets. Below we briefly describe each of these datasets (additional

statistics are given in Table 6).

1. YouTube Comedy Slam Preference Data. This dataset is due to a video discovery

experiment on YouTube in which users were shown a pair of videos and were asked to

vote for the video they found funnier out of the two.?

2. GIFGIF datasets. These datasets are due to a experiment that tries to understand
the emotional content present in animated GIFs. In this experiment users are shown a

pair of GIFs and asked to vote for the GIF that most accurately represents a particular

2See https://archive.ics.uci.edu/ml/datasets/YouTube+Comedy+Slam+Preference+Data for more de-
tails.
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Figure 16: Results on synthetic data: L; error vs. number of iterations for our algorithm,
ASR, compared with the LSR algorithm (for m = 3) on data generated from the MNL/BTL
model with the random and star graph topologies.

emotion. These votes are collected for several different emotions.?

3. SF datasets. These datasets are from a survey of transportation preferences around
the San Francisco Bay Area in which citizens were asked to vote on their preferred

commute option amongst different options.*

As expected, the peak log likelihood decreases with increasing A, as this regularization
parameter essentially dampens the information imparted by the comparison data. We also
plot degree distributions of these real world datasets in order to explore the behavior of
the ratio dpax/dmin in practice. In particular, we observe that this quantity does not really
behave like a constant, and is very large in most cases. This is particularly evident in the
Youtube dataset, where the degree distribution closely follows the power law relationship

with n.

3See http://gif.gf for more details.
4These datasets are available at https://github.com/sragain/pcmc-nips.
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Figure 17: Results on synthetic data: L; error vs. number of iterations for our algorithm,
ASR, compared with the LSR algorithm (for m = 5) on data generated from the MNL/BTL

random graph, n = 500, m =5
0.2

model with the random and star graph topologies.

Table 6: Statistics for real world datasets

Dataset n m d total choices
Youtube 21207 2 394007 1138562
GIF-amusement 6118 2 75649 77609
GIF-anger 6119 2 64830 66505
GIF-contentment 6118 2 70230 72175
GIF-excitement 6119 2 80493 82564
GIF-happiness 6119 2 104801 107816
GIF-pleasure 6119 2 86499 88959
GIF-relief 6112 2 38770 39853
GIF-sadness 6118 2 63577 65263
GIF-satisfaction 6118 2 78401 80474
GIF-shame 6116 2 46249 47550
GIF-surprise 6118 2 63850 65591
SFWork 6 3-6 12 5029
SFShop 8 4-8 10 3157
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Figure 20: Results on real data: Log-likelihood vs. number of iterations for our algorithm,
ASR, compared with the RC algorithm (for pairwise comparison data) and the LSR algorithm
(for multi-way comparison data), all with regularization parameter set to 1.

272



A.2 Appendix to Chapter 5

A.2.1 Estimation of Choice Models from Real-World Datasets

We estimate choice probabilities from several real-world preference datasets, which contain
multiple partial preference orders over items. The choice probability P g of an item ¢ over S,
was taken to be the fraction of times in these partial order item ¢ was the top ranked items
in S. More formally, let there be m partial orders, Py, - - , Pp,, over n items. For any subset

S C [n], and i € [n], let N;g be defined as:

Nys:= Y _ 1[¢i' € S\ {i} :i=p, i'].

j€[m]
The choice probability Pjg is then estimated as:

P s
s == -
! 2ires Nijs

A.2.2 Runtime and Space Complexity of WBA-A and WBA-L

The space complexity of our algorithms is O(n?) as they only store the pairwise statistics
extracted from multiway choices. Each trial in our algorithms runs in time polynomial in n.
The most non-trivial step is computing J;(t, C') for each arm. This step requires polynomial
time because we can compute the quantity argmaxgcp, Ii(t, ) — |S| - log(nC) and check
if it is greater than log(t). We compute argmaxgcp, Ii(t, ) — |S| - log(nC') by first sorting
arms j in the order of values 1[]32-]- (t) < 1]~ Ny(t) - d(]%«j (t),3). We then start with S + 0
and add one arm at a time from this sorted ordering to .S. We stop adding arms to the
set S once the value ]1[13@- (t) < 3]+ Nij(t) - d(Py;(t), 1) of the current arm j is less than

log(nC). It is easy to see that computing I;(¢,S) — |S| - log(nC') for this set S gives the value

of argmaxgcp, Li(t, ) — [S] - log(nC).
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A.2.3 Technical Lemmas

Theorem A.2.1. [Bernstein Inequality for Martingales; Cesa-Bianchi and Lugosi (2006)]
Let Xq,..., X, be a bounded martingale difference sequence with respect to the filtration
F = (Fi)i<i<m and with | X;| < K. Let Z; = Z;Zl X be the associated martingale sequence.
Let the sum of the conditional variances be X2, = >"1" | E[X2|F;_1]. Then for all constants
A v >0,

Pr <{2%|le > V2ut +2Kt/3,%2 < 1/) <27t
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