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ABSTRACT
F-THEORY REALIZATIONS OF EXACT MSSM MATTER SPECTRA
Muyang Liu
Mirjam Cvetic¢

F-theory is remarked by its powerful phenomenological model building potential due to
geometric descriptions of compactifications. It translates physics quantities in the effective
low energy theory to mathematical objects extracted from the geometry of the compactifi-
cations. The connection is built upon identifying the varying axio-dilaton field in type IIB
supergravity theory with the complex structure modulus of an elliptic curve, that serves
as the fiber of an elliptic fibration. This allows us to capture the non-perturbative back-
reactions of seven branes onto the compactification space B3 of an elliptically fibered
Calabi—Yau fourfold Yy. The ingredients of Standard model physics, including gauge
symmetries, charged matter, and Yukawa couplings, are then encoded beautifully by Y4’s
singularity structures in codimensions one, two, and three, respectively. Moreover, many
global consistency conditions, including the D3-tadpole cancellation, can be reduced to

simple criteria in terms of the intersection numbers of base divisors.

In this thesis, we focus on searching for explicit models in the language of F-theory
geometry that admit exact Minimal Supersymmetric Standard Model (MSSM) matter
spectra. We first present a concrete realization of the Standard Model (SM) gauge group
with Zo matter parity, which admits three generations of chiral fermions. The existence
of this discrete symmetry beyond the SM gauge group forbids proton decay. We then
construct a family of O(10'%) F-theory vacua. These are the largest currently known
class of globally consistent string constructions that admit exactly three chiral families

and gauge coupling unification.

We advance to study the vector-like spectra in 4d F-theory SMs. The 4-form gauge back-

vi



ground G4 controls the chiral spectra. This is the field strength of 3-form gauge potential
('3, which impacts the vector-like spectra. It is well known that these massless zero modes
are counted by line bundle cohomologies over matter curves induced by the F-theory
gauge background. In order to understand the line bundle cohomology’s dependence on
the moduli of the compactification geometry, we pick a simple geometry and create the
database consisted of matter curves, the line bundles and the vector-like spectra. We
analyze this database by machine learning techniques and ugain full understanding it via
the Brill-Nother theory. Subsequently, we present the appearance of root bundles and
how they enter as significant ingredients of realistic F-theory geometries. The algebraic
geometry approaches to root bundles allow combinatoric descriptions, which facilitate the

analyze of statistics on the vector-like spectra at the end of this thesis.
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CHAPTER 1: Motivation

From natural philosophy to modern physics Due to the rise of universities in me-
dieval times, the concepts of mass, energy and motion slowly shaped into the form we
are familiar with today. Those conceptual developments prompted physics to evolve from
the rubric of natural philosophy. During the renaissance, scholars devoted themselves to
the foundation of modern science. For instance, Galileo Galilei realized that the leading
criteria of a successful physics theory is the extent to which its predictions agree with em-
pirical observations. Since then, theoretical physicists endeavor to apply proposed models
to explain phenomena in nature that have been observed in experiments and predict new
phenomena. Meanwhile, they undertake great efforts to explore the connection between
mathematical theorems and physics objects. The vision provided by pure mathematical
systems can provide clues to how a physical system might be modeled. For instance,
the notion of differential geometry that spaces can be curved, had a significant impact
on the theory of general relativity (GR). Entering the 19th and 20th centuries, the most
significant conceptual achievements were the laws of thermodynamics as well as the elec-
tromagnetic force, which was initially explained by Maxwell’s equations. Moving forward,
the revolution of modern physics lies on the root of two branches: relativity theory and
quantum mechanics. The theory of GR describes the gravitational dynamics of large-scale
objects like galaxy clusters. In contrast, quantum mechanics attempts to understand the

internal structures and interactions of atoms and molecules at small scales.

To date, in the framework of quantum field theory (QFT), the Standard Model (SM)
of particle physics has combined effects of three of the four known fundamental forces.
It contains electromagnetism, weak and strong interactions described by a QFT with
SU3)c x SU(2)r, x U(1)y gauge symmetry. However, if we bring GR naively to the
quantum scale, the theory is not renormalizable. To that end, string theory is one of the
promising candidates for a theory of quantum gravity. It provides various applications

which range from heavy ion physics to condensed matter, black hole physics, or early



universe cosmology. It has also stimulated a number of outstanding developments in pure

mathematics.

. m
point like particles

open string closed string

Figure 1: Strings behave as ordinary point-like particles at the energy well below M.

String theory — A consistent theory of quantum gravity String theory proposes
that the building blocks of elementary particles are not point-like. Instead, they are small
one-dimensional objects, strings, of typical size ly = 1/M,, with My known as the string
scale. As we have not observed strings in experiments, the string scale must be incredibly
large compared to any experimentally probed energy scale. Many string models believe
that the string scale M, is of the order of the Planck energy Mpianck ~ 10 GeV. On
the distance at least several magnitudes larger than the string length I; (at the energy
well below Mj), strings behave as ordinary point-like particles, with dynamics described
by the low energy effective theory of particle physics. Different vibrational states of
strings determine various properties (mass, charges, spin, etc.) of the oscillation states

and behave as distinct particles.

There are two types of strings: they can be either open or closed as depicted in Figure
A closed string is topologically equivalent to a circle and has no end-points. On the
other hand, an open string has two end-points and is topologically equivalent to a line
interval of a closed string. One of the many oscillation states corresponds to a spin two
particle — graviton, the force carriers of gravity. Moreover, a string perturbation series
can provide its UV-completion — the string scattering amplitudes are finite at each loop,
hence are already renormalizations of the underlying effective field theory amplitudes.

E| Thus, it is commonly believed that string theory is a UV-finite quantum description

Tt is commonly argued that the string is UV-finite to all orders. However, IR-finiteness is only discussed
much more recently at low loop order.



including a graviton, which makes it a consistent theory of quantum gravity. In addition,
string theory also leads to significant progress in other aspects of gravity, like accounting
for the microscopic degrees of freedom of certain black holes, and explicitly realizing
holography in terms of the AdS/CFT correspondence. Most remarkably, string theory
is not a purely gravitational theory, but contains the basic building blocks of the SM,
naturally including non-abelian gauge interactions, charged chiral fermions in replicated

families, fundamental scalars, Yukawa couplings, etc. [3, 4] 5 6l [7, ]

The earliest version of string theory, bosonic string theory, incorporated only the class of
particles known as bosons. It has good behavior at high energy only if the spacetime has
the critical dimension D = 26. If we include fermionic excitations and enforce supersym-
metry between bosons and the fermions, consistency of string theory requires D = 10.
This physical theory is known as superstring theory. Prior to the mid 1990s, five consistent
versions of superstring theories in flat 10-dimensional Minkowski spacetime, were known.
These are termed type I, type ITA, type IIB, heterotic Eg x Eg and heterotic SO(32) string
theory. They were seemed to be independent of each other. However, Edward Witten
realized [9] that they were different perturbative limits of a single underlying theory in 11
dimensions, which is today known as M-theory. This insight uncovered relations among

these perturbative string theory formulation by so-called dualities.

Compactification As fermions are observed in our daily experience, we focus on su-
perstring theories in this thesis. In order to explore the connections between the con-
structed string models and the observed physics in the 4 dimensional spacetime, we em-
ploy the mechanism of compactification as a generalization of Kaluza—Klein (KK) theory
[10, 1T, 12]. The theory of KK was an extension of GR. It is a classical unified field
theory of gravitation and electromagnetism built around the idea of an extra fifth dimen-
sion depicted as a circle beyond the common 4 dimensional spacetime. It turns out that
the 5d field equations can be reinterpreted in terms of physics in the four non-compact

dimensions as ‘ordinary’ GR coupled to an electromagnetic gauge field. Furthermore, the



11D supergravity

EsxEs heterotic
Type lIA

Type IIB
S0(32) heterotic

Type |

Figure 2: A schematic visualization of the relationship amongst M-theory, the five super-
string theories and eleven-dimensional supergravity. The shaded region represents possible
physical configurations of M-theory (also known as its ‘moduli space’). The five different
superstring theories sitting at certain corners represent certain limits of the moduli space
of M-theory.

coupling strength can be related to the size of the extra dimension, which is a so-called
(Kéhler) modulus. Each modulus gives rise to a massless scalar field that freely propa-
gates in 4D spacetime. Hence, KK theory is considered an important precursor to string
theory, where we introduce compact dimensions to obtain a higher-dimensional manifold
with much richer structure of the moduli space compared to the simple circle applied by

KK theory. This mechanism is referred to as string compactification.

The string compactification is defined on a spacetime Mg = My x Xg. Xg is called the
internal space, which is a 6-dimensional compact manifold. The size of the internal space
is taken small enough so that at energies well below M, the 4d effective theory agrees
with the physics of our everyday experience. Calabi-Yau manifolds were first considered

[13] for compactifications of six dimensions in superstring theory because they leave some



of the original supersymmetry unbroken. The unbroken A/ = 1 supersymmetry requires
that the manifolds have, for perturbatively accessible configurations, SU(3) holonomy
and that the four-dimensional cosmological constant vanishes. The existence of spaces
with SU(3) holonomy was conjectured by Calabi [I4] and proven by Yau [15]. Many Cal-
abi—Yau varieties/orbifolds can be found as weighted complete intersections in a weighted
projective space. Various constructions of Calabi-Yau varieties allow us to explore possible
embeddings of the SM of particle physics in the 4 dimensional spacetime in string theory.
Such questions are interested in a field commonly known as string phenomenology, and

this thesis is part of it.

D-brane Objects called Dp-branes are extended objects of p spatial dimensions, which
at weak coupling can be defined as (p+1)-dimensional subspace of the spacetime on which
open strings end. These Dp-branes feature prominently in string compactifications and
obey non-perturbative dynamics [16]. It is crucial to observe that stacks of coincident
Dp-branes realize gauge algebras [3, 4, Bl 6] [7), [§] and thus make it possible to engineer
non-trivial gauge theories in string compactifiations. In braneworld models, systematic
studies of D-brane configurations in a Calabi-Yau manifold leads to various approaches of
SM building in string theory. Past work on intersecting branes models in type II include

[17, 18] 19] 20, 211 22] 23] (see also [24] and references therein).

The most important ingredient in type ITA brane world models are the D6-branes as well as
their intersection patterns. We consider a flat 10d space, decomposed as My x R? x R? x R?
and two stacks of D6-branes. E| These D6-branes are "flat” (considered as straight lines)
in each R2-factor and fill all of the external Minkowski space. Their relative position is

therefore completely specified by the enclosed angle ; in the i-th R? factor.

N =1 supersymmetry is preserved if Y, 6; = n - 2w, n € Z. Chiral fermions are localized

at the intersection of the brane volumes. Perturbative type IIB superstring theory is

*In fact, many constructions consider T2 instead of R? (the 2-dimensional torus). Generalization
considers the orbifold quotients of this space.



closely related to type ITA via T-duality. The engineering of desired gauge groups can
easily be realized in compactifications with D3- and D7-branes [24], 25] Unfortunately,
backreactions of the D7-branes cause a breakdown of the perturbative theory as reviewed
in [26]. Consequently, people began to push beyond the perturbative limits of M-theory to
handle such compactifications. One of the most prominent non-perturbative frameworks

of constructing string compactifications is F-theory.

F-theory As a branch of string compactifications, F-theory encodes the back-reactions
of the seven branes in IIB theory in the geometry of an elliptically fibered Calabi-Yau
space Y41 — By. E| By studying this space Y11 with well-established tools of algebraic
geometry, one can then ensure the global consistency conditions of the physics in 10 — 2n
non-compact real dimensions. Developed by Cumrun Vafa.[27], F-theory provides a very
flexible tool to cover the to date largest set of consistent vacua [28, 29] 30, B1, [32](see
[33, 34, 35, 26] for some reviews). This flexibility follows from the systematic engineering

of gauge theories coupled to gravity by use of powerful tools of algebraic geometry.

Motivated by the capability of F-theory constructions, this thesis focuses on an important
characteristic of 4d N' = 1 F-theory compactifications (i.e.,n= 3). Namley, by following
the philosophy of string phenomenology, we search for geomemtries such that the 4d low
energy effective theory closely resembles the MSSM. As a first step beyond the gauge
group, we focus on a chiral fermionic spectrum. It is fixed by a background gauge flux,
which is specified by the internal C3 profile in the dual M-theory geometry. Namely,
the chiral spectrum only depends on the flux G4 = dC5 € H22) (Yy). By now, there
exists an extensive toolbox for creating and enumerating the so-called primary vertical
subspace of G4 configurations [36], 37, 38, 39, 40, 41l 42]. The application of these tools
led to the construction of globally consistent chiral F-theory models [40, 42| 43, 44], which
recently culminated in the largest class of explicit , globally consitent string vacua which

realize the Standard Model gauge group with its exact chiral spectrum and gauge coupling

3n is the complex dimension



unification [32].

However, these methods are insufficient to determine the exact vector-like spectrum of the
chiral zero modes (i.e., not just the difference between chiral and anti-chiral fields). This
is because the zero modes depend not only on the flux G4, but also on the flat directions
of the potential C5. The complete information of the gauge potential is encoded in the so-
called Deligne cohomology. In [45] 46, [47], methods for determining the exact vector-like
spectra were put forward. This approach exploits the fact that (a subset of) the Deligne
cohomology can be parameterized by Chow classes. By use of this parameterization, one
can extract line bundles Ly that are defined on curves Cr C Bs. In the dual IIB picture,
this can be interpreted as localization of gauge flux on matter curves, which lifts some
vector-like pairs on these curves. Explicitly, the zero modes are counted by the sheaf
cohomologies of Lr and we have h%(Cr, Lr) massless chiral and h'(Cr, Lr) massless
anti-chiral superfields in representation R on Cr. Based on this motivation, the goal of
this thesis is to find a realistic F-theory geometry with situable line bundle cohomology
on each matter curve C'r such that the produced spectrum exactly matches the massless

matter spectrum of the MSSM.

Outline of the thesis Part I provides a broad summary of techniques used throughout
this thesis, which experts may skip. In section 1 we review generalities of String theory.
Subsequently, we explain in section 2 how F-theory encodes the physics of B,, in an elliptic

fibraton Y, 11 — By

In Part II, we discuss the model building of the exact chiral spectrum in the F-theory
realizations. Different gauge symmetries are realized by different fiber geometries, as pre-
sented in chapter 3 and chapter 4. We advance to seek the approaches towards complete
matter spectra in 4d AN/ = 1 F-theory compactifications in Part III. First, we introduce
how line bundle cohomologies dependen on the complex structure moduli of the compact-
ification geometry. To this end, we focus in chapter 5 on a simple geometry, for which

we can compute the vector-like spectrum by brutal force. We generate a database and



analyze this data with machine learning techniques. We find that jumps in the vector-
like spectrum ca somtimes, but not always, be predicted from topology. A complete
understanding of our data is acheived with Brill-Nother theory. Equipped with this un-
derstanding, we turn back to fully F-theory steups in chapter 6. In QSM geomemtries, we
notice that root bundles are significant ingredients of realistic F-theory SMs. We prove
existence of root bundles on all/but the Higgs matter curve with cohomologies required
for F-theory MSSMs. The algebraic geometry approaches and the programming scanning
of root bundles give rise to key outputs of statistics that are heavily applied in chapter
7. We focus on searching for explicit models in our landscape of F-theory Standard Mod-
els that have a realistic vector-like spectrum. The results of chapters 3 to 7 have been

presented in the publications [44) [32), 48], 49, [50].
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CHAPTER 2: Preliminaries: String and F-Theory

In this chapter we start with the motivations for string compactifications followed by a
brief introduction to M-theory. For a detailed review of string theory, see [3|, 4] 5l 6] [7, [§].
Then we follow with a very short review of F-theory [27] as a non-perturbative extension
of type IIB string theory and as a decompactification limit of M-theory compactifications.
With these ingredients, we will then present the appearance of gauge symmetries, matter

states and Yukawa couplings along singularities in 4D F-theory compactifications.

2.1 String Theory Basics

2.1.1 Warm up - the bosonic string

As a string propagates in spacetime, it sweeps out a two-dimensional surface ¥, known as
the worldsheet. Any point in the worldsheet is labeled by two coordinates (¢,0), where
t denotes the "time” coordinate analogous to that in point particle worldlines, and with
o parameterizing the extended spatial dimension of the string at fixed ¢. A classical
string configurations in D-dimensional Minkowski space Mp is given by a set of functions
XM(t, o) with M =0,---, D — 1, which specify the spacetime position of the worldsheet
point (¢,0). More precisely, the functions X (¢, ¢) provide an embedding of the surface

Y. (worldsheet) into D-dimensional spacetime Mp (target space).

The string dynamics is defined by an action S[X (¢, 0)]. A natural proposal for the classical
string action is called Nambu-Goto action, E] which is the total area spanned by the

worldsheet (analogous to the point particle action given by the worldline interval)

SNg = —

1
,/ dA:——/ V—dethdodt, (2.1.1)
2o’ Jx 2w Jy

where 1/(2ma’) ~ M?2 is the string tension. As for the second equality, we have express

the action in terms of X (¢, o) by using the 2d worldsheet metric (which is the pullback

!The Polyakov action with a suitable worldvolume cosmological constant term added is classically
equivalent to the Nambu-Goto action.
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of the spacetime metric to the string worldsheet along the embedding ¥ < XM (¢, 7))

hie = XM X0r,  hoo = 0, XM05X0r,  hie = XM, Xy . (2.1.2)

Many remarkable properties of string theory emerge from the subtle relations between the
physics in 2d worldsheet and physics in spacetime. Different string theories are defined

by different worldsheet structures.

UV finiteness and critical dimensions A fundamental property of string theory is
that the scattering amplitudes are unitary, and moreover finite, order by order in perturba-
tion theory. It defines consistent quantum theories, which are free of the ultraviolet (UV)
divergences of quantum field theory. String theory provides a regularization of quantum
field theory, with the effective cutoff M, above which the amplitudes soften rather than
diverge. In a quantum field theory, UV divergences occur when two interaction vertices
coincide in spacetime; however, in string theory, they are delocalized in a region of size

Lg ~ 1/M,, which acts as an effective position space cutoff for the amplitude.

The conformal symmetry of the worldsheet action is the single reason we can fully solve
the quantum string (at least for flat target space). The conservation of the conformal
symmetry at quantum level restricts the dimension of the target space Mp to a critical
value, called critical dimension. The Nambu-Goto action can be extended by addi-
tion to the bosonic scalar fields X fermionic fields in a natural way. This leads to the

action of the so-called superstring, for which the critical dimension is D = 10.
2.1.2 Superstrings

In order to have fermionic string excitations in the target space, one needs to modify the
worldsheet field content. Concretely, there is a set of 2d fermionic fields ¢™ (¢) (spinors)
as superpartners of bosonic fields X (¢). In addition, there is a worldsheet gravitino
©0a(€), related to gqp(§). Supersymmetry relates the worldsheet fermions to their bosonic

cousin fields in spacetime. Subtle exceptions include type 0 theories, which are omited
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here since these theories have no application to construct particle physics models and
deviate away from our focus in this thesis. The appearance of spacetime supersymmetry
guarantees the absence of spacetime tachyons, and thus provide stable string vacua. The
five superstring theories have a high degree of spacetime supersymmetry, with the same
number of supercharges as 4d N' = 8 in type II theories and as of 4d N' = 4 in heterotic
and tyoe I theories. In 4d compactifications, the degree of supersymmetry can be reduced,
leading to theories with 4d A/ = 1 (or no) supersymmetry, with potential particle physics

model building applications.

D-brane In particular, objects called Dp-branes feature prominently in string com-
pactifications when studying interesting non-perturbative dynamics [16] as well as its
low-energy limit towards gauge theories with non-perturbative effects. In short words,
Dp-branes are extended objects of p spatial dimensions, which at weak coupling can be
defined as (p + 1)-dimensional subspace of the spacetime on which open strings end. It is
crucial to observe that stacks of coincident Dp-branes realize gauge algebras [3], 4L 5] 6] [7) [8]
and the gauge bosons are open strings that start and end on the same stack of D-branes.
Those observations thus make the string engineering of non-trivial gauge theories more
flexible. In braneworld models, we are confined to consider a small subset of the Calabi-
Yau manifold on which it intersects a D-brane. The systematic study of D-brane config-
urations in Calabi-Yau manifolds leads to various approaches to realize the SM in string

theory models/geometries.

As open string modes on D-brane describe the dynamics of the D-brane, one can gen-
eralize to the so called Dirac-Born-Infeld (DBI) action. The DBI action describes
the coupling of the D-brane to the NSNS fields, and in particular to gravity. By using
the gauge transformations of the Kalb-Ramond field By in the DBI-action, one can de-
rive the Yang—Mills action for world worlume gauge field as well as its supersymmetric
completion, which involves the world-volume scalars X and the world-volume fermions

™. However, there exists no similar symmetry on the brane like conformal symmetry on
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the worldsheet. Thus, we lack the ability to quantize the solutions to the D-brane action.

This can be understood as result of the non-perturbative nature of Dp-branes.
2.1.3 Compactification

The string compactification is defined on a spacetime My = My x Xg. Xg is called the
internal space, which is a 6-dimensional compact manifold. The size of the internal space
is taken small enough to agree with current experimental observations, and we expect that
the physics at energy well below M reduces to an effective 4 dimensional theory which is
in agreement with our everyday experience. Calabi-Yau manifolds were first considered in
[13] for compactifications of six dimensions in superstring theory because they leave some
of the original supersymmetry unbroken. The unbroken A/ = 1 supersymmetry requires

that the manifolds have, for perturbatively accessible configurations, SU(3) holonomy.

Calabi-Yau Manifolds The condition that compactifiations on X leads to some un-
broken supersymmetry can be described as follows. Around each point P in My x Xg,
the spacetime is locally isomprphic to R'® and we have a local set of 10d supercharges,
which transform as spinors of SO(10). As Dirac spinor of SO(n) has 2("/?) components
with the same amount of supercharges. Thus, we can naively argue that the Dirac spinor
of S0(10) is composed by that of SO(6) and SO(4). Supercharges of the 4d theory cor-
respond to supercharges which are well defined globally on Xg. Since Xg is curved, local
supercharges at different points in X¢ are related by parallel transport with the SO(6)
spin connection induced from the metric of Xg. Supercharges which are rotated upon
parallel transport do not lead to globally well defined supercharges. Hence, the condition
that compactifiation on Xg preserves some supersymmetry is that there exist sufficiently
many E| non-trivial spinors on Xg, which remain constant upon parallel tranport. Such
covariantly constant spinors are called killing spinors. The existence of such spinor can

be recasted into demanding Xg to be a manifold with special holonomy, i.e. its holonomy

Zsufficiently many’ means that we want to demand the holonomy group of the Calabi-Yau threefolds
X is identical to SU(3). However, some authors introduce Calabi—Yau threefolds by the condition that
the holonomy group is allowed to be a proper subgroup of SU(3).
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group must be a subgroup of SO(6). This is satisfied by the Calabi—Yau manifolds with
SU(3) holonomy. According to the conjecture of Calabi [I4], followed by its proof by Yau
[15], an N-dimensional complex Kéhler manifold with vanishing first chern class admits a

metric with SU(N') holonomy.

The constructions of Calabi-Yau manifolds rely heavily on the computational power of
algebraic geometry and the model building potential benefited from programming skills.
In fact, a large portion of the geometry is encoded in the descriptions of vanishing loci,
which specify the Calabi-Yau spaces as hypersurfaces or even higher complete intersec-
tions of the ambient manifolds. For instance, many Calabi-Yau varieties/orbifolds can be
found as complete intersections in a weighted projective space. Those combinatoric data
derived from the applications of the toric geometry method upon Calabi-Yau manifolds
allows us to calculate many physically relevant quantities (i.e., charges, chiral indices) or
verify various physical conditions (e.g., tadpole cancellation for the global consistency,
quantization conditions). In this thesis, we will employ both toric geometry methods and

program scanning skills to systematically construct and study Calabi-Yau manifolds.

M-theory It turns out that the consistent formulation of superstring theory is not
unique in flat 10 dimensional Minkowski spacetime. Five superstring theories are related
by the so-called S-duality and T-duality. Moreover, they can be seen as different limits
of an 11 dimensional supergravity theory, which preserves N' = 1 supersymmetry. It is
believed that there exists a UV-completion of 11 dimensional supergravity. This compact-
ifiation is called M-theory. Thus the 11 dimensional supergravity theory is comprehended
as the low energy limit of M-theory. Its bosonic part is governed by the metric G and an
anti-symmetric 3-tensor, i.e. 3-form C5. Denote the 11 dimensional Planck mass as M11p
and R being the Ricci scalar, the dynamics of M-theory is described by the action
Miip

1 1
Syp = —Hp d'ax <\/detGR — Gy NGy — —C3 NGy A G4) ;
2 Juvg, 2 6
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where G4 = dCs. In analogy to the gauge transformations in Yang—Mills theory, the
action of dynamic is invariant under a gauge transformation: C3 — C3 + dAs, which
allows us to interpret G4 as the field strength of the gauge potential C5 followed from F-
M-theory duality. Moreover, there exist similar brane configurations in M-theory, which
are called M2-branes and Mb-branes. They are charged electrically and magnetically,
respectively, under C'5. M-branes and the G4-flux are prominent features of the F-theory
regime. Later in this thesis, we will parameterize a subset of G4-fluxes by the so-called

Chow ring [45] and the gauge potential Cs by Deligne Cohomology.

We emphasize that this thesis focuses on F-theory. This is because F-theory compacti-
fications provide physicists a large number set of compactifiations in the so-called string
theory landscape. We devote the following section to a brief review of type IIB theory,
followed by the approaches to F-theory as a non-perturbative formulation of Type I1B

compactifications.
2.1.4 Type 1IB theory

The low energy description of type IIB string theory in flat 10d spacetime admits an
effective formulation, which preserves N/ = (2,0) supersymmetry. The bosonic part of

this classical action is [26]

1

1
%SHB = /dlox e 2% /=g (R+40,00"¢) — 3 /6_2¢H3 A xHj

14 1 (2.1.3)
— EZ/FQP"‘l/\*FQp"‘l — 5/04/\H3/\F3.
p=0

The relevant equation of motion is completed by the duality relation Fy = %Fjy since this

action is pseudo.lIt is conventional to define field strengths as follows:

Hs; =dBy, Fy=dCy, F3=dCy— CydBo,
1 1 (2.1.4)
F52d04—502/\d32+532/\d02, Fy=xF;, F;=—xFj3.
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field symbol type electric BPS state magnetic BPS state

dilaton 10} scalar — —

metric G symmetric 2-tensor - -

B-field By 2-form F1-string NS5-brane
RR 0-form Co 0-form D(-1) instanton D7-brane
RR 2-form Cy 2-form D1-string D5-brane
RR 4-form Cy 4-form D3-brane D3-brane

Table 1: Bosonic field content of 10-dimensional type IIB supergravity — based on [I].

The vev of the dilaton ¢ affects the string coupling constant, g, = €', which plays a key
role in the perturbative description of type IIB strings[3} 14} [5, [6]. D7-branes, on the other
hand, are magnetic sources for the IIB Ramond-Ramond (RR) axion Cjy. Together with

the dilaton ¢, we introduce the complex axio-dilaton field
T =Co+ie ?. (2.1.5)

This allow us to rewrite in the Einstein frame as

ouToHT  1|Gs* 1, ., 1 1 -
- - — IR — [ —Cyi+GsnG
2(Imr)?2 2 Imr ik +4i/1m7 1T 3N Gs,

1
TSHB = /dlox\/—g <R —
™

(2.1.6)
where G3 = dCy — 7dBs and \Fp|2 = ﬁFm._,upF“I'"“P. This action enjoys an SL(2,R)
symmetry [51] under the transformations

Ca Cy b Cs a b\ [Cs a b
> , THL_’—d, > : € SL(2,R),
G G T + B2 c d BQ c d

(2.1.7)
and even breaks to an SL(2,Z) subgroup upon quantizaionﬂ It is believed that this

remant group persists as a symmetry of the full non-perturbative IIB string theory.

Seven branes in type IIB Since seven branes are electric and magnetic sources for

the form fields Cs and Cj in the action, their presence will alter the fields by backreactions

3The breaking is induced by the factor exp(2imr) contributed by D(-1) instantons to the partition
function. This factor is only invariant under SL(2,Z) of 7.
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in a similar way as a classical electron backreacts onto the electromagnetic field. Consider

a D7-brane along RM ¢ RM ~ RL7 x C. The Bianchi identity of Fy implies

/Sl *Fg = /Sl dC() = 1, (218)

where S! is a circle around the D7-brane in the normal space C. Let zy denote the position
of D7-brane in the normal space with coordinate z. To preserve supersymmetry, in the

vicinity of the D7-brane we must have a field profile

1
T(z) = %ln(z — 2p) + terms regular at zg . (2.1.9)

In the complex plane, as we encircle zp, the logarithmic branch cut induces a monodromy

of the axio-dilaton profile
T—=17+1.

This monodromy can be interpreted by the SL(2,7Z) symmetry namely, one D7-
brane induces an SL(2,7Z) transformation given by the matrix M g = ({{). There are
other types of seven branes specified by different monodromy matrices. In the perturba-
tive regime of type IIB description, we define a (p,q) string as a BPS bound state of p
fundamental strings and ¢ D1-strings, which ends on a [p, ¢q] 7-brane. These strings are

I+pg p?

invariant under the [p, g]-brane induced monodromy Mj, ;) = ( 2

pad =\, l—pq)' Depending on

the brane configurations, various gauge algebras can be realized. For instance, a stack of
N coincident D7-branes ([1, 0]-branes) supports an SU(N) gauge groups. Hence a basis of
seven branes is sufficent to generate all ADE groups [52]. The study of (p, ¢)-strings and
branes by so-called string junctions [53], [54], [55] is one way to describe non-perturbative
type IIB theory. However, we follow a geometric approach to explore the profile of varing
axio-dilaton 7 induced by general seven brane configurations. This geometric description

is F-theory, the main focus of this thesis.
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2.2 F-theory in a nutshell

Due to the backreactions on the seven branes, the axio-dilaton 7 has non-trivial profile in
the normal space of the branes. This non-trivial profile connects to an elliptic fibration
by interpreting the axio-dilaton of type IIB theory as the complex structure modulus of
an elliptic curve. F-theory is remarked by its geometric descriptions of compactifications

involving such profiles.

Recall that an elliptic curve E;, which is a complex torus with a marked point. Every

complex torus can be described as
E,=C/A={weC:w~w+ (n+m7)}, n,m € Z, T=m+irp € H, (2.2.1)

where H is the complex upper half-plane. The shape of lattice is invariant under the

/S /

1 i §R>(

Figure 3: The lattice A defining a torus, it is obtained from identification z ~ z+1 ~ z+7.

S (2)n

z)

transformation 7 — Z;ig with (2%) € SL(2,Z). This inspires us to identify type IIB
supergravity field 7 with the complex structure of the torus. Thus the varying of 7 under
the monodromy SL(2,7Z) is encoded in the geometry of elliptic curve E., and it is natural

to consider an elliptic fibration E; — Y11 — B,. Note that the elliptic curve fiber E;,
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In particular, the lattice spanning vectors can be related to the two non-trivial cycles on
the torus. The value of 7 can be related to the ratio of the length of the two cycles, and
thus determine the shape of the torus. An infinite value of 7 is geometrically interpreted
as shrinking the size of one of the cycles to zero, namley, the torus becomes singular. On
the other hand, in the type IIB decription, the axio-dilaton field function indicates
that this infinity corresponds to the limit z — zg. Therefore, the singular torus occurs
at the postion where seven branes locate. From the compactification perspective, type
IIB compactified on B, is corresponding to an F-theory compactification as a fibration
Xn+1, the elliptic fiber becomes singular at certain codimension one locus A € B,, as

depicted below. Furthermore, supersymmetry preserving requires that the fibration must

= D

TSinguIar fiber

A
By

Figure 4: The elliptic fibration Y,, 11 of F-theory, where singular fiber appears along certain
base locus A € B,,.

ve -

be Calabi-Yau. We will see momentarily that the type of singularity over A encodes the

gauge dynamics on the D7-branes in question.

The Weiestrass form It is commonly to apply the so-called Weierstrass form to rep-

resent an elliptic curve, which is described by the vanishing locus of the polynomial

Py = y? — (2% + fazt + g2%), (2.2.2)

where [z,y, z] are homogeneous coordinates of the weighted projective space Pog;. Glob-
ally, f,g are sections of line bundles on the base By, such that they determine the shape

of the elliptic curve. The vanishing of the discriminant A := 4f3 + 27¢? is tied to the
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degenerating of the fiber
feO(-4Kp,), g€ O(-6Kp,), AecO(-12Kp,) (2.2.3)

On the local patch z = 1, where the point [1 : 1 : 0] lies at infinity, the real parts

of the vanishing locus can be ploted as below The singularity type has been classfied

y2=x3—x y =x y2=x3—3x+2

~ C N
RN N\

smooth cusp node

Figure 5: A smooth elliptic curve (a), and two types of singular curve (b) and (c).

systematically by Kodaira [56] by the vanishing order of f,g and A. Below we list the
Kodaira classification inspired by [57] of singularities as well as their associated gauge

groups:

‘ ord (f) ‘ ord (g) ‘ ord (A) ‘ singularity | nonabelian symmetry algebra ‘

>0 >0 0 none none
0 0 n>2 Ap su(n) or sp(|n/2])
>1 1 2 none none
1 > 2 3 Ay su(2)
>2 2 4 Ay su(3) or su(2)
> 2 >3 6 Dy 50(8) or s0(7) or go
2 3 n>"7 Dy, s0(2n —4) or so(2n — 5)
>3 4 8 ¢ ¢ OT f4
3 >5 9 e7 e7
> 4 5} 10 €g €8
>4 > 6 >12 does not occur in F-theory

Table 2: Kodaira’s classification of singular fibers and gauge groups.

Therefore, the framework of F-theory provide an one-to-one correspondence between seven

brane configurations with backreactions in the type IIB supergravity decription and Cal-
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abi—Yau elliptic fibration. The geometry of F-theory compactifications allows us to read
off physics concerned objects in type IIB, for instance, the non-abelian gauge group G;
specified by stack of coincident seven branes are translated into the singularity occurance
at certain codimension one locus ¥; of the base B,,. The origin of abelian symmetry like
U(1) can be traced back to the existence of extra rational sections other than the zero
section [1: 1 : 0] in the fibration. We consider the appearance of multi-sections when the

discrete symmetry is involved.

Over special loci C; ; = ¥; N3}, the singularity becomes more severe due to the increasing
of vanishing orders (ord(f),ord(g),ord(A)). We expect the occurance of matter charged
under both gauge group G; and Gj and relates to the bifundamental representation of the
group G; x G;. Let us assume that the discriminant divisor is of the form ¥ = ¥ U X
with only one non-abelian gauge algebra along a smooth divisor ¥, but the model is
otherwise maximally generic. The possible enhancement types of the Weierstrass model
in codimension two and the associated matter representations have been classified in

[58] 57] for all Weierstrass models.

We advance to seek more realizations of ingredients in the realistic model building.
Chirality in 4D F-theory compactification can be computed by introducing a G4-flux

[36, 37, 38, 39, 40, [41), 42]. Namely, the chiral index can computed by:

x(R) = /S(R) Gy (2.2.4)

where S(R) is the fibration over the codimension two matter curve Cr € B,,. Moreover,
the exact value of chiral and anti-chiral multiplets are counted by the sheaf cohomolo-
gies of Lr specified by the internal C'5 profile in the dual M-theory geometry. We have
hY(Cr, Lr) massless chiral and h'(Cgr, Lr) massless anti-chiral superfields in represen-
tation R on Cr. We address more in the following chapters when visit the realizations

of different model buildings.
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F-theory Realization of the exact

Chiral MSSM
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CHAPTER 3: A Model with SU(3) x SU(2) x U(1) x Zs Symmetry

After the pedagogical introductions of the previous chapters, we would like to use F-theory
to construct 4D N = 1 SUGRA theories with the Standard Model gauge group, three
chiral generations, and matter parity in order to forbid all dimension four baryon and
lepton number violating operators. The underlying geometries are derived by construct-
ing smooth genus-one fibered Calabi—Yau fourfolds using toric tops that have a Jacobian
fibration with rank one Mordell-Weil group and SU(3) x SU(2) singularities. The neces-
sary gauge backgrounds on the smooth fourfolds are shown to be fully compatible with the
quantization condition, including positive integer D3-tadpoles. This construction realizes
for the first time a consistent UV completion of an MSSM-like model with matter parity
in F-theory. Moreover our construction is general enough to also exhibit other relevant Zo
charge extensions of the MSSM such as lepton and baryon parity. Such models however
are rendered inconsistent by non-integer fluxes, which are necessary for producing the
exact MSSM chiral spectrum. These inconsistencies turn out to be intimately related
to field theory considerations regarding a UV-embedding of the Zsy into a U(1) and the

resulting discrete anomalies.

3.1 Introduction

One of the major goals of string theory is to provide a possible framework to UV complete
the Standard Model of particle physics together with gravity. The web of string theories,
connected by various dualities, exhibits a rich landscape of possibilities, and each corner
provides an interesting starting point towards this goal, coming with its own benefits and
challenges. In particular, F-theory [27] provides a very flexible tool to cover the to date
largest set of consistent vacua [28] 29] 30} B1] from string theory by using a non-peturbative

extension of Type IIB strings (see [33] 34, [35] 26] for some reviews).

This flexibility lies in the systematic engineering of gauge theories coupled to gravity using

powerful tools of algebraic geometry, that combines the strength of various perturbative
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string theories. In its early days, F-theory has been employed to engineer the whole
Standard Model through a unified gauge group SU (5) on a single divisor [59, 60, 61], which
then has to be broken to the Minimal Supersymmetric Standard Model (MSSM) by a flux
in the hypercharge Cartan subgroup [62]. The localization of the SU(5) made a simple
local treatment of the compactification space possible, although it was required to enhance
these models by additional Abelian symmetries to control proton decay and Yukawa
textures [63]. The global realization of Abelian gauge symmetries and its connection
to the Mordell-Weil group of the fibration, although already pointed out earlier [64],
was only further explored later on in [65] [66, 67]. These developments kicked off the
construction of globally consistent realizations of GUTs together with U(1) symmetries
[68, 38, 69, [39, [70, [7T), [72]. Nevertheless, these construction were still relying on a GUT
breaking mechanism via hypercharge flux [73] which is often technically hard to implement

or might lead to vector-like exotics [74] when global Wilson lines are used.

However, the newly gained insights into Abelian symmetries made the direct engineering
of the MSSM another valid option [75] [76] [40, [42]. But similar as in the GUT picture,
the MSSM gauge group per se is not enough to forbid various dangerous proton decay
inducing operators and must be considered incomplete. One possibility is to extend the
symmetries by another gauged U(1) [76l, 42], however, one is then faced with the issue of
how to lift the additional massless photon from the spectrum. Alternatively, one can add
a discrete symmetry, which from the effective field theory perspective is rather minimally
invasive and unproblematic, due to the lack of strong anomalies. However this is not
true anymore when coupled to (quantum) gravity, as here black hole arguments [77, [7§]
suggest an inconsistency of every symmetry that does not have a gauged origin. Hence,
if we couple gravity to the MSSM, we can only add very specific discrete symmetries
that allow a gauging. One of the mildest additions to the MSSM that forbids baryon
and lepton number violating operators at the renormalizable level which is also known

to be (discrete) anomaly free [79] is matter parity. Therefore, a valid quest is to explore
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F-theory constructions of such models.

This article is structured as follows: In Section we review the need for additional
discrete symmetries in the MSSM and their field theory constraints from anomaly con-
siderations. In Section we present an F-theory model with matter parity, together
with the relevant computational details regarding the geometry and G4-fluxes. We then
demonstrate that these rather formal techniques, when applied to the most simplistic
fibrations over the base B = P3, can produce a number of different, consistent configura-
tions that has the exact chiral MSSM spectrum. Along the way, we highlight the subtle
interplay between discrete gauge anomalies in the field theory and intersection number
arithmetic of the geometry. In Section [3.4 we construct another fibration in which we will
look for other parity assignments, and confront these with discrete anomaly cancellation
conditions. Section summarizes the results and gives an outlook onto possible future

directions.

3.2 Prelude: R-parity violation in the MSSM

In this section we provide a short summary of R-parity violating operators in the MSSM
and their tension with experimental bounds. These operators have also appeared in
earlier F-theory constructions that directly engineer the MSSM [75] [76, 40} [42]. We

review possible Zo symmetries that can forbid these operators.

At the renormalizable level, the superpotential of the MSSM can be written as

Wassm = YQuH, + Y5QdHy + Y eLHy + nH, Hy
’ 7 ’ (3.2.1)

+ B;L;H, + )\Z‘J,].CELL + )\Q,j,kQEL + )‘;/,],kﬂ@

The couplings in the second row violate baryon and lepton number conservation and are
severely constrained by experimental bounds. These usually come from proton or lepton

decays mediated by massive superpartners. The strongest bounds are related to products
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of the above couplings and less strong for the single ones. Roughly, they are as follows:

~ ~ 2

" —(2-6) m " —(3-19) (™M

AT<10 (100Ge\/> ’ AN <10 (100Ge\/> ’
~ ~ 2

/ o m I\ o7 ™M 3.2.9

A <0'01(100Gev) , IMN| < 10 (100GeV) , (3.2.2)
m

01—
A <00 (100GeV) ’

where m are the masses of the decay mediating superpartners generated upon SUSY
breakdown (see [80} RI] and references therein). These couplings can effectively be for-
bidden by imposing a discrete symmetry on the MSSM which in the simplest case is a Zs.
Differing by the discrete charge assignments of MSSM superfields, the phenomenologically

most relevant cases are matter, lepton and baryon parity, as summarized in Table

Gsm Rep  Matter _
3, 2)% 0 = Qluw|d|L|e| Hyg| Hy
— — /oL U IR R S (N (N
(37 1)—2 U ]\/[2
= 3 = Z -l -1 -1-1-1+ +
(37 1)1 d I
3 T Zy |+ |+ |+ -|-]+ +
(17 2):&% y 11dy 11y ZQB + - ] s+ ~ ]
(1, 1)1 e

Table 3: Summary of gauge quantum numbers of chiral MSSM superfields. The left table
shows the gauged quantum numbers, while the table on the right shows the Zy charge
assignments for matter parities Zé\/h, ZéVIQ, lepton parity Z& and bayron parity ZZ.

For each charge assignment we summarize the field theoretically forbidden tree level cou-

plings in Table [

Both matter parities can forbid all unwanted baryon and lepton number violating cou-

plings while lepton and baryon parity can only forbid their respective ones.

Two comments concerning the discrete charge assignments are in order. First we note

that the two matter parities are field theoretically equivalent by mixing the U(1)y charge
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Coupling | Z3" | Zo> | z& | 78
QuH, v v v |V

Yukawa- _
. QdHy4 v v v |V

Couplings =

elLH, v v v |V
pu-term H,Hy v v v |V
LH, X X X | Vv
B-& L- QdL X X X | Vv
Violation eLL X X X v
udd X X | v | X

Table 4: Summary of allowed and forbidden tree level couplings under different Zo
symmetry charge assignments. While the first four terms are required to be present the
later four should better be forbidden.

with the Zo. Explicitly, we have
Zd =73 1 6U(1)y mod 2. (3.2.3)

As all SU(3) triplets have hypercharges that are multiples of 1/3, the above redefinition is
trivial for them. Meanwhile, SU(2) doublets as well as the bifundamental states have hy-
percharge 1/2 or 1/6, which leads to a sign flip upon performing the rotation Second
we note that matter parity is clearly superior to the other Zy charge assignments when it
comes to the problematic tree level couplings. However, in SUSY breaking schemes where
the sfermion masses are large, the other charge assignments might still be phenomeno-
logically interesting. In such cases certain individual couplings might still be within their
mild experimental bounds and thus acceptable. Only the products in with the \’

coupling are strongly constrained and those are still forbidden for both parities.

Zo—G*: Y QuR)CER)=m, meZ, (3.2.4)
Rg
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where G is the non-Abelian gauge groupE]

3.3 F-theory construction of 4d MSSM vacua with matter
parity

In this section, we will present the details of an F-theory compactification which realizes
a three-family MSSM vacuum with an additional Zo symmetry that is identified with the
matter parity ZSJQ. The necessary ingredients, which we will now discuss in the same

order, are
1. the generic fiber structure that realizes the Abelian part of the gauge symmetry,

2. codimension one singularities (with resolution) corresponding to the non-Abelian

gauge algebra,

3. matter representations associated with codimension two fiber components and G4-

fluxes,
4. specification of the base and fibration and consistent three-family configurations.
By keeping the base generic for the first three points, we will have the capabilities to
analyze a large number of concrete models for the last point.

3.3.1 Toric hypersurface with two bisection classes

With our phenomenological motivations, we seek to realize an F-theory model whose
Abelian gauge sector is U(1) x Zg. As studied in [82], a straightforward fiber type that
does the job is described in terms of one of the 16 reflexive 2D polygons. Labelled as Fb

in [82], the generic fiber f of this geometry is a bi-quadric curve, given as the vanishing of

!There are also mixed Abelian discrete symmetries, that are less conclusive due to ambiguities in the
charge normalization [79].
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the polynomial

PR, = (b1y2+bgsy+b352)x2+(b5y2+b65y+b782)xt+(bgy2+bgsy+blos2)t2

(3.3.1)

inside the surface P! x P! with homogeneous coordinates ([z : t], [y : s]). By promoting
the coefficients b; to functions over a complex threefold base B, we obtain a genus-one
fibered fourfold Y C A. Here, A is the ambient space obtained by fibering P! x P! over

the same base B. The full configuration is summarized via the commutative diagram:

fe——PIxPl — A

/ l : (3.3.2)

Y ——B

The ambient space fibration is specified by two line bundles with divisor classes S; and
So over the base. They determine the relative “twisting” of the fiber coordinates over the

base via the linear equivalence relations
[z] =[] - Kp+ S, [yl=[s]-Kp+57, (3.3.3)

where K p is the anti-canonical class of the base. For Y to be Calabi-Yau, the coefficients

b; of the polynomial have to be sections with the following divisor classes:

1] =3Kp—S7— Sy, [bo]=2Kp—2Sy, [bs]=Kp+S7r—39,
[b5] =2Kp — S7, lbs] = Kg, [b7] = S7, (3.3.4)

[bs] = Kp+ Sg— S7,  [bg] = S, [bio] = S7+ S9 — K.

The genus-one fibration Y has no rational section, but two independent bisection classes
corresponding to the two hyperplanes of the fiber ambient space P! x P! (modulo

vertical divisors). They have been shown to give rise to a U(1l) X Zg symmetry in F-
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theory [82, 83]. A multisection of a genus-one fibration is just as good as a section of
an elliptic fibration when it comes to identifying the Kaluza—Klein (KK) U(1) in the
dual M-theory compactification [84]. However, in the absence of a section, new subtleties
arise in the additional possibilities that an n-section can intersect codimension two fiber
components. As has been extensively studied in [85] [86], [87) 88, [89], one can understand
these intersection numbers as the mod n charge of the matter states under a discrete Z,
symmetry, which in the M-theory phase is mixed with the KK-U(1) to give rise to the

massless Abelian vector field dual to the n-section class.

For the model we pick the divisor class
Dy, := [z] (3.3.5)

to be the one dual to the massless vector of the KK/Zy combination. Then the other
bisection class, [y] = [s] mod Dp, gives rise to another massless vector that uplifts to a
genuine massless U (1) gauge field in F-theory. To be precise, this U(1) is dual to a divisor

class that is “orthogonal” to Dz,, which is
1 —
Dyqy = [yl = [a] + 5 (KB + 57 = 5y). (3.3.6)

This modified divisor can be understood as a generalized Shioda map for genus-one fibra-

tions with more than one independent multisection class [83].

As extensively studied in [82], this bisection geometry can be obtained through a complex
structure deformation of an elliptic fibration with Mordell-Weil rank two, which in F-
theory gives rise to a U(1)? gauge group. The associated conifold transition corresponds
in field theory to the Higgsing of one of these U(1) factors to a Zs by giving vev to a
singlet of charge (0,2). Therefore, we see explicitly that the Zo symmetry we construct
via F-theory has a gauged origin, and hence should have a consistent quantum gravity

embedding.
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3.3.2 Non-Abelian symmetries with matter parity via tops

We include non-Abelian SU(3) x SU(2) gauge symmetries using the methods of tops
[90, 9I]. There are four possibilities for each of the SU(3) and SU(2) tops, cf. appendix
In the following, we will focus on a combination of SU(3) top 3 and SU(2) top 1. The toric
description modifies the ambient space A to include additional toric divisors { f; }i=0,1,2 and
{€;}j=0,1, which themselves are fibered over codimension one loci {ws} resp. {w2} inside
the base B. Their restriction, or intersection, with the likewise modified hypersurface
Y = Y3; are now the exceptional, or “Cartan” divisors that resolve the SU(3) resp. SU(2)
singularities over respective codimension one loci on B. The P! fibers of these divisors

intersect in the affine Dynkin diagrams of the corresponding Lie algebra.

Explicitly, the modified hypersurface equation is given by the vanishing of a polynomial

p31, which is a specialization of the polynomial 3.3.1] with coefficients

by =dieofi, by=daeofofi, bz=dseofsfi, bs=dsfif,

be =ds, br=drfo, bs=dserf1fy, by=dgerfo, bio=dioerfofr.

(3.3.7)

The functions d; are again sections of line bundles over the base, whose divisor classes are

related to those without the top [3.3.4] via

[di] = [b1] = Wa, [do] = [ba] = Wa — W5, [ds] = [bs] — W2 —2 W3,
[ds] = [bs], [de] = [b6] , [d7] = [b7] — W3, (3.3.8)
[ds] = [bs] [do] = [bo], [d1o] = [b10] = W3,
where we have denoted the classes of {wy/3} by Wy/3. Furthermore, we shall denote
the classes of the exceptional divisors by F; resp. Ej. Though these are strictly speak-

ing classes on the ambient space A, we will abusively use the same notation for their

restrictions to Y3i.

Through the toric construction, we can straightforwardly determine the linear equivalence
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relations (LIN) between the divisors and the Stanley—Reisner ideal (SRI), that is, the set

of divisors whose intersection product is trivial in the Chow ring. For Y3, these are

LIN={[z] =[t] + E1 + Fs — K+ So, Wo = Eo + E1,
[s| =[]+ Fi+ Fo+ Kp — Sy, Wa = fo+ fi + fa}, (3.3.9)

SRI = {l’t, xel,fo,yS,ny,te(), eOf27tf17 Sf17 SfQ} .

In the presence of codimension one reducible fibers, the divisors dual to the KK/Zy and
the U(1) vector field needs to be refined, in order for these to be “orthogonal” to each
other and to the Cartan U(1)s of the non-Abelian symmetries. Geometrically, this is
necessary because the bisections will intersect the fibers of the exceptional divisors non-
trivially. For example, while the bisection [z] intersects only the affine node (the fiber
component of Ey) of the SU(2), it intersects the SU(3) divisors non-trivially, namely each
of the fibers of Fy and F; once. Physically, it would mean that the W-bosons of SU(3)
were charged non-trivially under the Zso, which is of course unacceptable. However, much
like in the case of U(1)s, we can add a linear combination of the Cartan divisors to the
(bi-)section to correct the intersection numbers [86) [87), [41) 92]. For the case at hand, it

can be checked that the correct Zs is given by the divisor
1
Dz, = [a]+ 32 F1 + F). (3.3.10)

Similarly, the modified U (1) generator that is orthogonal to the Cartans as well a the Zy

is

1 1 2 1 1 1 1
DU(l):[x]_[y]_QEl_ (3F1+3F2> _§W3+§KB+§S7—§SQ. (3.3.11)

Note that we have also flipped the sign of the bisections compared to [3.3.6 so that it

matches the hypercharge U(1)y of the MSSM.

33



The global gauge group structure

Let us briefly discuss the global group structure of this model. Though our fourfold Y3 is
not elliptically fibered, we can apply the same intersection number argument employed in
[93] to determine the constraints on the charges and non-Abelian representations of matter
states arising from M2-branes wrapping fibral curves I'. Essentially, one employs the fact
that multisections as integer divisor classes have integer intersection number with any fiber
component. This in turns means that the Abelian charges—given by intersection numbers

of T with the divisors [3.3.10] and [3.3.11}—differ by an integer from the specific fractional

linear combinations of the non-Abelian weights—given by the fraction linear combination

of exceptional divisors in |3.3.10] and [3.3.11} For the U(1), the fractional contributions

from the exceptional divisors of both SU(3) and SU(2) are exactly those compatible with
the Zg quotient of the continuous part of the gauge algebra [93], namely charge 1/2 mod Z

for doublets, 2/3 mod Z for triplets, and 1/6 mod Z for bifundamentals.

For the discrete symmetry, note that triplets will generically have charges quantized in
1/3 with respect to the divisor in Because the generic fiber still has intersection
2 with Dgz,, we can still only interpret the charge under Dz, modulo 2. Thus, naively,
we would expect that the discrete symmetry is enhanced to a Zg by the presence of the
non-Abelian symmetries. But not all charges of the Zg can appear! First, it is clear
that SU(2) matter will only be charged under a Zy subgroup, because their intersection
numbers with Dy, are integer. Furthermore, by the analogous argument as in [93], one
can construct an order three central element of SU(3) x Zg which acts trivially on any
matter states. Essentially, it follows because (Dyz, — 1/3(2F1 + Fy)) -T' = [z] - T € Z.
Since Zg = Zo X Z3 has a unique order three subgroup, we conclude that the only non-
trivially acting part is the Z,. To infer the charges under it, we can simply multiply all
intersection numbers with Dz, with three and then take the result modulo 2. In order

to differentiate it more easily from the U(1) charges, we will denote even/odd charges by
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+/—. To summarize, the global gauge group of the F-theory model on Y3; is

SU(3) x SU(2) x U(1)
L

X Zs . (3.3.12)

Note that it was already anticipated before in [85] that, by engineering a non-Abelian
symmetry algebra g inside an n-section fibration, the discrete symmetry can be potentially
enhanced to Zj,x,, where r is the order of the center Z(g). In general, Z, x, # Zyn X Zy
(namely, whenever n and r are not coprime), and the enhancement can be physical.
However, due to the mechanism that leads to such an enhancement—namely, the divisor
associate with the discrete symmetry is shifted by the Cartan divisors—the resulting
global gauge group necessarily has to be non-trivial. For example, there is an SU(2) top
constructed over the F5 polygon that has an enhancement, such that the gauge group is
[SU(2) x Z4)/Zs (we have omitted the U(1), which itself has a non-trivial gauge group
structure associated with the SU(2), see Table . We will leave a detailed derivation

and classification along the lines of [93] for future work.
3.3.3 Matter surfaces, fluxes and the chiral spectrum

To specify the chiral spectrum of the F-theory compactification, we need two geometric
ingredients, namely the surfaces on which the matter states are localized, and the descrip-
tion of the G4-flux in terms of their dual four cycle classes. Based on the techniques first
developed in [43]37] and further advanced in [39, 40, [41], 142} [46], we perform a completely
base independent analysis of fluxes and chiralities, which then can be straightforwardly

applied to specific fibrations.
Matter surfaces and their homology classes

Through the mapping to its Jacobian [82], we can straightforwardly determine the codi-

mension two loci where the fiber singularities of Y3; enhance. These are of them form

35



{w;} N {gr} for some polynomials gr:

g2, = d1odids — diodsdedy — dedrdsdy + dsdrd3 + w3 (diyds — 2d19ds + d2d3)
g, = didzds — dydadgdy + d3d2 + w3 (dadsdy — dadsdsds — 2dydsdsdy + dad2ws)
g3, = d1,

93, = diodg — drdy,

g3, = dzdg — dadedy + d1d

g3, = dids — dsdgdy + dydiw, .

(3.3.13)

Furthermore, there are two charged singlets with U(1) charge 1, but differ in their Z,

charge, which are localized over curves given by complicated ideals I, ,_.

There is also an uncharged singlet with negative Zy parity [82]. These matter states have
the same quantum numbers as right-handed neutrinos. Correspondingly, they interact
with Higgs and lepton doublets via perturbatively realized Yukawa couplings in the F-
theory geometry. The presence of such massless states in the effective field theory not
only depends on the flux, but also on the complex structure moduli [45] [46]. However,
because it is a real representation, there cannot be any net chirality associated with these
matter states. Geometrically, this is reflected in the fact that the components of the
I, fiber associated with this matter are exchanged via monodromy. Consistently, the
transversality conditions imply that the intersection product between the flux and
this singlet’s matter surface is 0. Hence, we will disregard this representation for the rest

of this paper, since we are mainly interested in the chiral spectrum.

Over the codimension two loci Cr = {w;} N {gr}, the reducible fibers contain localized
P! components, giving rise to matter states in the representation R in F-theory. By
fibering one such P! over the curve on the base, one obtains a four-cycle vr, a so-called

matter surface associated with a weight w of a representation R (or its conjugate). To
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determine the homology classes of these matter surfaces, we use prime ideals techniques
and algorithms detailed in [42], utilizing the computer algebra program Singular [94].
The specific states, whose matter surfaces we determine this way, are listed in Table

Their corresponding matter surface classes are collected in the appendix, cf. Table

rep | U(1) x Zj | Cartan charges | parent exceptional | base locus | Z3" Rep.

2 | (3-) | ©o By {wob {2} | L

2, <;+> 0,0 —1) B {ws} N {ga,} | Higes

5 | (5-)| ©1o R fushn{gs} | 4

3 (g +> (=1,1]0) ) {ws} N {gs,} | exotic

5 | (5-) | @-10 Py fus}nios}|

3, (; +) 0,1]0) F (w3} {gs,} | exotic
G| (-5-) | ©1-1 EnRo | {wbnfu} | Q

no| (1, 0,00 na. V() E

1 (-1,4) (0,0]0) n.a. V(I1,4)) exotic

13 0,-) (0,01]0) n.a. V(lo,-)) | exotic(vg)

Table 5: States and charges associated with the matter surfaces. The polynomials g;
defining the matter curves in the base are in equation [3.3.13] We have included the
identification with the MSSM spectrum, where the Zs is identified with matter parity.

Note that the only bifundamental matter states we have in this model have odd Zs charge.
Therefore, this toric model Y31 only allows for an identification of the geometrically real-
ized Zs with the second matter parity Zg/[? listed in Table We will see in the next section

other geometries whose corresponding F-theory model may realize the other parities.

37



Vertical fluxes from matter surfaces

We now turn to the computation of G4-fluxes. In practice, these are expressed through
their Poincaré-dual four cycle classes (also denoted by G4), such that the integral giving

the chiral index can also be computed via intersection product:

X(R) = A Gi=Gi ] (3.3.14)

Not all four cycles give rise to consistent fluxes. As is well known by now, the fluxes
have to satisfy the so-called transversality conditions [95] in order to uplift from M- to

F-theory. These conditions have been generalized in [41] to genus-one fibrations:

Gy-DY D =0, Gy Dp-[2]=0 (3.3.15)
for some vertical divisors Dg). In addition, the flux must not break the non-Abelian

symmetries, which requires
G4-Ex-Dp =0, (3.3.16)

where Ex € {E1, F1, F»} are the Cartan divisors.

For a fibration over a base threefold B, we can use the quotient ring description to
determine a basis of vertical fluxes [42]. For generic choices of fibration and base, i.e., such
that no further singularity enhancements are induced whose resolution would introduce
further divisors, the space of vertical fluxes is spanned by U (1)-fluxes of the form Dy (- F,
where F € 7*(HY(B)), and five non-U(1)-fluxes. In this paper, we follow the method
of J46] and express the non-U(1)-fluxes through so-called matter surfaces fluxes. At this
point, there is no technical advantage for this procedure, and we could also use the flux
basis provided by the algorithm of [42] to compute the chiralities. However, hoping that

in future works we will have the computational power to also determine the vector-like
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spectrum with the methods of [46], we will collect the necessary input in the Appendix
For now, we content ourselves with a basis for vertical fluxes in terms of matter

surfaces.

As the name suggests, the matter surface fluxes are constructed using the matter surfaces

[Sr]. By construction, these surfaces are orthogonal to any curve in the base:
[Sg]- DY - D =0, (3.3.17)

thus automatically satisfying the first of the transversality conditions [3.3.15, To satisfy
the other as well as the gauge symmetry condition [3.3.16] we can add correction terms of
the form Ex; - D + Dg}) . Dg’) to [Sr]. Note that these correction terms will not spoil
the condition Denoting such corrected matter surfaces by A(R), we can choose
a basis of five of them such that together with the U(1)-fluxes, they span the full space
of vertical fluxes. Here, we will use the fluxes associated with 29, 39,34, (3,2), 12, which

are:

A(22) = [522] + Ey - (WQ + W3 — 3?3 + 59) ,

A(32) = [S5.) + 5 (=Fy + Fa) - (S0 + S5 — Wa) = 2 Wa - [gaa),

1 _ 2
ABe) = [S5)+ 5 (F1 +2 ) - (3K p — S7+ 80) — S Wi - [ga,]. (3.3.18)
1 1 1
A<(3,2)) = [S(§,2)] + g (Fl + 2F2) - Wy — §E1 - W3 — 6 Wy - Wy,
A(12) = [S,]

Including the U(1)-flux, we parametrize the most generic vertical G4 in this model as

G4 = a1A(22) + a2A(32) + azA(34) + a4 A((3,2)) + CL5A(TQ) + DU(l) NF. (3.3.19)

The chiral indices of matter representations can be straightforwardly computed in the

quotient ring description of the vertical cohomology ring. Instead, one can also use the
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more geometric picture laid out in [45] 46] and relate the chiralities to the homology classes
of the Yukawa points. Their rather uninspiring explicit expressions are presented in the
appendix, Formula As a consistency check, it is straightforward to verify that all
4D continuous gauge anomalies induced by the chiral spectrum are indeed canceled. It
would be interesting to reproduce this result also in the weakly coupled type IIB limit of

this model, along the lines of [96].
3.3.4 Concrete three family models

We are now in a position to scan for configurations that admit a three family flux solution.
Recall that because the bifundamental states in this geometry have odd Zs charge, the
only phenomenological parity extension that is compatible is the matter parity Zé\/b.
Then, consistency with the observed spectrum (cf. table [3]) requires to have the following

chiral indices of the matter representations:

(3.3.20)

In addition to these chiral indices, we have to ensure the vanishing of the flux-induced

D-term of the U(1),

E~Gy N DU(l) ANJp, (3.3.21)

where Jp is the Kéhler form of the base. Note that this expression can be easily computed
when we express G4 in terms of the matter surface fluxes [3.3.18] because the U(1) gen-
erator Dy (1) is orthogonal to all the correction terms. Hence, the D-term is just a linear

combination of the matter curves times the base’s Kéhler form, where the coefficients are
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the U(1) charges. For the explicit flux parametrization [3.3.19} this yields

2 1 2 —
&~ Jp- %0224—%032-"-%032—%W2Wg—a5012+<§W2+§W3—2KB) F

=m+(Dy)-Du))

(3.3.22)

To find explicit models with this chiral spectrum, we need to specify the base B, the
fibration structure in terms of the classes S7/9, the choices for the non-Abelian divisors
Ws,3, and the explicit flux which induces the correct chiralities. To make our lives as easy
as possible, we will restrict ourselves to the simplest possible base, B = P3. As we shall

see, this choice admits multiple solution and is hence by no means too restrictive.
Realistic chiral models over the base P?

For this simple choice of the base, the only independent divisor class is the hyperplane

class H. Parametrizing the divisors in terms of H,
FB =4H y W2 = 7’LQH y W3 = n3H y S7 = S7H y Sg = SgH. (3323)

the integers n;, s; have to be such that the classesof the coefficients d; as well as Wa 3
are non-negative. On this specific base, the generic vertical flux [3.3.19)is parametrized by
the five coefficients a; of the matter surfaces fluxes and the U(1)-flux D1y A (A H). We
collect these numbers in the flux vector F = (a1, az, as, a4, as,\). We can now scan over
all possible fibrations over B = P? for flux solutions that generate the spectrum as
well as a vanishing D-term (for B = P3, the Kihler form is simply Jg ~ H). In

Table [6] we list the five configurations satisfying these requirements.

A few comments about these results are in order. First, we emphasize that the search
procedure is based on the base independent flux [3.3.19 and chirality computation. This
way, we do not have to first construct the full fibration and then construct the fluxes,

which, as demonstrated in [42], can be very inefficient (largely due to the technical issues
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(na,ns3, s7,59) | lux F = (a1, a2, as, a4, a4, A) | nps3
(1,3,7,3) o, I -3 -2 3 -3 33
(3.1.5.1) 0. ~h b 3 b p|
27| (L2539 G &~k b & B |
(2,1,5.2) (0 91 —@ —& 1 ) | M
(3:1,5.2) (6 T~ —o 3 18) | 39

Table 6: The summary of geometric and flux data that lead to three chiral generations
in the Zé\b matter parity assignment. The first two configurations each contain a re-
dundant flux parameter; we chose to eliminate this redundancy by setting a; = 0. For
completeness, we have also included the D3-tadpole.

of triangulating the polytope of the toric ambient space). In particular, as our results in
Table @ show, the gauge divisors W3 3 are never both toric (i.e., have the divisor class H)
in fibrations with three generation flux configurations. Realizing such fibrations explicitly
would of course be a good consistency check, but very ineffective for the purpose of scan-
ning a large number of different models. We content ourselves with the verification that
these choices of classes generically do not induce any additional non-abelian gauge divisors
or any factorization of the generically present matter curves. Second, we point out that
first two solutions in Table [f] are at the boundary of the allowed region for (na, ns, s7, s9),
i.e., at these points, some of the coefficients d; become constant. Concretely, in the two
cases here, it is dg. When this happens, also the chosen flux basis becomes linearly
dependent, meaning that one parameter becomes redundantE] For concreteness, we set
a1 = 0 in these cases. Third, note that in all these cases, the D3-tadpole (see below) is
positive, which is required for a stable vacuum. Moreover, the fact that all of them are
integer is a necessary condition that fluxes are properly quantized. In the following, we

will provide further arguments for the correct flux quantization in our realizations.

2In some cases it can happen, that some constant d; lead to an enhanced Mordell-Weil group, induced
by a multi-section that can become rational. We checked that this jump does not happen in the [ds] =0
case.
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3.3.5 Flux quantization and discrete anomalies

The condition for flux quantizaion reads [97]:
1
Gy + 5c2(Y) e HY{(z,Y), (3.3.24)

where c2(Y') is the second Chern class of the fourfold. In practice, verifying this condition
explicitly is extremely challenging, and we will not attempt it here. However, we will
perform several non-trivial sanity checks, which in particular involves the relationship of

the quantization condition to the gauge anomalies of the Zs.
D3-tadpole and intersection numbers

One important quantity which has to be integer for a properly quantized flux is the
D3-tadpole [98],

_1_1/
ng = 94 9 YG4/\G4. (3.3.25)

Here, x is the Euler characteristic of the fourfold Y, which can be computed as the
integral of the fourth Chern class of Y over Y. For toric fibrations, one can compute the
Chern classes via adjunction for any base B (see [82, 41, 142] for examples). As we already
mentioned above, it turns out that the tadpole is always integer for all three generation

flux configurations (cf. table [6]).

Furthermore, given the integrality condition [3.3.24] we necessarily need to have

<G4 + ;cQ(Y)) D1 DyeZ (3.3.26)

for any two integer divisor classes D1, Ds. In practice, we test this condition with D; being
the restrictions of one of the toric divisors from the ambient space. On the hypersurface,
these give rise to the Cartan divisors and the four bisections and are thus manifestly integer

classes. In the above models with three family spectra, all these intersection numbers are
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integer, thus further supporting the claim that the flux is properly quantized.
Geometric incarnation of discrete anomaly cancellation

One particularly fascinating aspect of the quantization condition is its relationship to
the cancellation of discrete anomalies Recall that for the case at hand, we are only
interested in the Zs — G2 anomaly. For G = SU(2), it receives contributions from doublets
which have odd Zy charge. Within the spectrum (cf. Table [5) of F-theory on Y3;, these
are the bifundamentals (3,2) and the doublets 29. Therefore, the geometric version of

the Zs — SU(2)? anomaly cancellation condition is
Az,—su(2 = 3-X((8,2)) + X(22) = Ga - (3[S(s.2)] + [S2,]) € 2. (3.3.27)

Inserting the matter surface classes and using the transversality [3.3.15] and gauge sym-

metry [3.3.16| constraints of G4, this expression simplifies to
Az,—suy2 = Ga - (2[y] [eo] —4 Er F1) . (3.3.28)
Thus, the anomaly is canceled if and only if

1
AZQ—SU(Q)Q €27 <— 5./422_5[](2)2 =Gy - ([y] [60] —2F Fl) el. (3329)

While this expression depends on the flux and has a priori no reason to be integer, we
note that the four cycle class in parenthesis is manifestly integer. Thus, as long as the

flux is properly quantized one necessarily has to have

<G4 + ;cz(ym)) (lyllec] —2EL F1) € Z. (3.3.30)

Hence, to guarantee [3.3.29] it suffices to show that

Ser(¥n) - (o] [eo] — 21 Fy) € 2. (3:3.31)
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The same method has been used in [88] to proof that an F-theory model with SU(5) x Zs
has no Zy anomaly. There, to show that the equivalent version of held for any
choice of base and fibration, it was crucial to know how the fluxes and chiralities matched
across the conifold transition which unhiggsed the Zg into a U(1). Doing the same for
our model here is beyond the scope of this paper. However, we can simply evalute
for every explicit choices of base and fibration structure, in particular on which we found

three generation configurations. And indeed, it turns out that in all fibrations over P2,

the Zo — SU(2)? anomaly [3.3.29] is canceled due to [3.3.31

Likewise, the Zs — SU(3)? anomaly is
!
AZQ—SU(3)2 = X(31) + X(33) = G4 : ([531] + [533]) = G4 . (2 F1 Fg) €27. (3.3.32)
Proceeding analogously as above, this condition is equivalent to
1
562(1/31) - Fy e Z, (3333)

which we can explicitly verify to be true in all cases with B = P3.

3.4 Other Zs; symmetries assignments

In this section we want to consider other Zs charge assignments that can be of phe-
nomenological relevance. These include the other matter parity assignment Zé\/h as well
as lepton and baryon parity, as discussed in Table (3| In order to realize them, we consider
a different top combination, but perform exactly the same steps that were presented in

the previous section. Hence, we will be brief about the details in this section.
3.4.1 Summary of geometric data

The top combination that we are considering is SU(2) top 1 and SU(3) top 2, as given

in Appendix [A23] The toric data of the model is summarized in Table [7]
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SU(2): eo:(0,0,1), e1:(1,0,1),
SU@B3): fo:(0,0,-1), f1:(0,1,—-1), fo:(=1,1,-1)
bi =eofifadi by =eofofods bs=ds bs=eifids  bio=e1f§fidio
b =eofada  bs = fifads by = fod7 by = e1fofidy
SRI:  {xt,we1,zf1,ys,yfo,teo, tfa, sf2,€1f2,8f1} -
Dyqy= [2] = [yl - 5E1 — (§F1 + 5F2) — W3 + 5K + 557 — 550,

top vertices

DZQZ LI}+%(F1—|—2F2).
{dﬂ = 3?3 — S7 — Sg — W2 [d5] = QFB — S7 [dg] = FB + Sg — S7
[do] = 2K g — Sg — W5 [de] = K [do] = Sg — W3

lds] = Kp+ S7—Sg— W3 —Way [d7] = S7— W; [dio) = So + S7 — Kp — 2W3

Table 7: Geometric data for the hypersurface specialization of the second top.

The matter loci can easily be determined by the information of the two tops given in
Appendix including the additional bifundamental representation at Wy = W3 =0 as
summarized in Table The spectrum is very similar as before but includes a Zs-even

charged bifundamental.

This allows for a straightforward identification of the geometric Zo with the other three

parities listed in Table

The matter homology classes of the curves in terms of ambient divisors is given in Table

of Appendix which can be used to obtain the five independent matter surface fluxes:

1

A(22) = [822] - §E1 : (—2W2 — W3 + 6?3 — 259) ,
_ 1 _ 1
A(32) = [Ss,] - §(2FI + I2) - (2Kp — Wy — W3 + 57 — So) + 303
1 — 1
A(34) = [S3,] + 5 (2F1 + F2) - (W2 + 5K — S7 — ) = 5Ca, (3.4.1)

1 1 1
A((3,2) = [S32)] + g(*Fl + Fy) - Wa + g b Ws — oW - W,

A(12) = [S,],

where Cr denotes the classes of the associated matter curves. These admit the following
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‘Label‘GSMXZ2Rep~‘ Zéwl ‘ Z% ‘ZQB‘

2, 1,2) 1y |HaoHe| L L
29 (1,2) 1 L | HgH,| —
3 (3,1) 2 u - u
39 (3,1) 2 1) - u —
33 (3,1) 1 d - d
34 (3, 1)—14) - d -

ol
ol
|

1 (1,1)a,-

1y (1,114 - -

@l

Table 8: Matter curves and their charges as given for the second top combination. MSSM
field identifications under various Zo symmetries are given in the last three columns. For
each identification we assign the chirality three to MSSM fields whereas states marked
with a “—” must be non-chiral.

algebraic equivalence relations between the above flux basis and other vertical 4-cycles:

A(22) — A((3,2)) = 2Dy(1y - W2 + A(21) =0,

A((3, 2)) — A(gg) + DU(l) - W3 — A(gl) =0, (3 A 2)
A(34) + A((3,2)) — Dyqy - Ws + A(33) =0,

A((8,2)) + A(12) + Dyq1y - (—6K g + 2Wa + 3W3) — A(11) = 0.

The G4-flux in the above basis is then given by

Gy = alA(22) + (IQA(32) -+ a3A(34) + CL4A((§, 2)) + CL5A(IQ) + DU(l) NEF. (3.4.3)
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3.4.2 Three family searches and discrete anomalies

For concrete three family realizations, we again pick the base to be P3. In this model, we
now have the possibility to assign different physical interpretations to the Zs. In each fibra-
tion parametrized by (nga,ns, s7, s9), we search for flux configurations (a1, as, as, a4, asz, \)
compatible with one of the three possible identifications listed in Table [§] In all of them,
we again impose the vanishing of the fluxed induced D-term of the U(1). Those solutions

that also have a positive integer D3-tadpole are listed in Table [9

(n2,ns,s7,89) | (a1, a2, a3, a1,  as, A | nps
(1,3,7,4) (o, I 3 2, 3. _3y | 33
(3,1,5,4) o, -2, & 2 L _1)| a3
Z" | (1,2,54) (& -3 & uo oyl
Clsd) |G~k & L kb4
(3153 | (& % H B b b |
0240 | 0 & & B & B
(1253 | O % —f 4 00 |4
Zk | (1,2,5,5) o L 1 1 0o 0 |40
(3,253) o, 5 i & 0 0 |32
(1L.264) | (G 330 —m0 30 s 88) | 39
25 (3,2,5,4) (0, 0, e T
(1,2,5:4) (_T127 _%v 1127 %v _%7 %) 38

Table 9: The summary of geometric and flux quanta that lead the three chiral generations
for the three discrete symmetry assignments of the second top combination.

First we note that the solutions we obtain for the second matter parity assignment have
a very similar structure compared to the models we obtained in the previous section
(cf. Table @, including the same number of D3-branes. This points towards an equivalence
between the two fibrations defined via the two different top combinations )] A more general

analysis of this equivalence including the necessary redefinitions of the abelian symmetry

3The classes of the sections of the two tops can be related by a change di <+ dg, do <> da,d1o > ds.
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generators is left for future research. Secondly it is important to emphasize that only the
flux configurations for matter parity fulfill the G4-flux integrality condition

1
(G4 + §CQ(Y)) . D1 . D2 S Z, (344)

whereas the lepton and baryon parity assignments do not. Again, we can nicely relate

this rather obscure geometric property directly to the cancellation of Zs anomalies.

Namely, these are

Az, _su@? =x(21) = G4 ([S2,]) = —2[y| Eo € 2Z
(3.4.5)

Az, —su@)z =X(31) + x(33) = Ga - (—=[S3,] + [S3,]) =2 F1 Fh € 2Z.
Like in the previous section, the quantization condition translates these conditions into a
question about integrality of the intersection numbers

%cz(Y:sQ) . ] Eo , (3.4.6)

) F,
which both turn out to be indeed integral for all the fibrations we scanned over. However,
we also know that only the matter parity Zé\/h assignment of the chiralities is anomaly
free, whereas the lepton and baryon parity assignments are not with the spectrum in
Since the flux configurations are chosen to reproduce these chiral spectra, we arrive at
the same conclusion—but based on field theoretic anomaly considerations—that the flux

solutions for these two assignments in Table [9] cannot be properly quantized.

3.5 Summary and Conclusion

In this chapter we have engineered globally consistent four dimensional MSSM-like parti-
cle physics models with three chiral generations that admit Zo quantum numbers under
the matter parity extension of the Standard Model gauge group. Our compactifiations

are genus-one fibered fourfolds with G4-flux over a simple P? base space that pass all
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necessary consistency conditions: The G4-flux is properly quantized, and the D3-tadpole
is canceled with a positive and integral number of D3-branes. For this explicit construc-
tion we employed toric geometry to engineer the resolved fourfold which allows the direct
computation of all (discrete) gauged quantum numbers. In addition, the fact that the
internal space is smooth allows us to easily handle the gauge background, giving us the
power to scan systematically for configurations leading to three chiral generations. These
constructions are flexible enough to also allow, at least in principle, for other Zs symme-
tries, such as lepton and baryon parity, by choosing different flux configurations. These
models however suffer from non-properly quantized G4-fluxes, even though they give three
chiral families and a positive integer number of D3-branes. We have shown that this is
not just a coincidence, but actually intimately related to the fact that lepton and baryon

parities are not free of discrete anomalies with just the MSSM spectrum.

However several interesting questions remain. First it would be exciting to investigate the
interplay between fluxes and discrete anomalies further. For example, an analysis similar
to [87, [41] of the conifold transition that unhiggses the Zs into a U(1) could allow us to
proof the cancellation of discrete anomalies for generic fibrations. Moreover we have left
out possible Abelian-Zs anomalies as they are hard to investigate in the field theory due
to an ambiguous U(1) charge normalization [79). However, since in F-theory there is a
natural charge quantization inherited from the Mordell-Weil lattice [93], one might hope
that a more geometric treatment of this issue is possible. Further important steps towards
more realistic phenomenology is to understand the full vector-like sector and to decouple
possible (vector-like) exotics while keeping one pair of Higgs doublets light. This would
also allow us to determine the presence of right-handed neutrinos, whose representation
is, at least in principle, realized explicitly in the geometry. Due to recent progress [45)], [46]
this goal seems to be in reach. However, applying the methods presented there to a
complex configuration of matter curves, such as we have in our models, are not feasible

with the given algorithms and computing power today. But even without exotics, this
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model might still suffer from higher dimensional operators in the effective action such as

W 3 k'QQQL + x*wudE (3.5.1)

whose coefficients are strongly constrained by proton decay but can not be forbidden with
matter parity alone. Hence one might want to construct higher order discrete symmetries,
ideally the Zg proton hexality [99] which forbids also other dangerous higher dimensional
operators, and is anomaly free. The classification or construction of higher order (possibly
non-Abelian [100} 101, T02]) discrete symmetries base-independently beyond Z, [103], [104]
are unknown yet (see, however, [105] for some recent examples over specific bases) and,
hence, a topic of great interest. Once such a classification is available, we hope that a
generalization of our work can realize the chiral MSSM with such a discrete symmetry

extension.
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CHAPTER 4: A Quadrillion Standard Models from F-theory

This chapter is based on the paper [32]. In this chapter we present O(10?) string compact-
ifications with the exact chiral spectrum of the Standard Model of particle physics. This
ensemble of globally consistent F-theory compactifications automatically realizes gauge
coupling unification. Utilizing the power of algebraic geometry, all global consistency
conditions can be reduced to a single criterion on the base of the underlying elliptically
fibered Calabi—Yau fourfolds. For toric bases, this criterion only depends on an associ-
ated polytope and is satisfied for at least O(10'%) bases, each of which defines a distinct

compactification.

4.1 MSSM model buildings in F-theory constructions

As a theory of quantum gravity that naturally gives rise to rich gauge sectors at low
energies, string theory is a leading candidate for a unified theory. Achieving unification is
an ambitious goal that requires accounting for all aspects of our physical world, which in-
cludes not only a rich cosmological history, but also the detailed structure of the Standard

Model of particle physics.

In this paper we present an explicit construction that guarantees the existence of O(10'?)
fully consistent string compactifications which realize the exact chiral particle spectrum of
the minimally supersymmetric Standard Model (MSSM). This construction is performed
in the framework of F-theory [27], a strongly coupled generalization of type IIB superstring
theory. It captures the non-perturbative back-reactions of 7-branes onto the compactifi-
cation space Bs in terms of an elliptically fibered Calabi—Yau fourfold 7 : Y4 — Bj over it.
Gauge symmetries, charged matter, and Yukawa couplings are then encoded beautifully

by Y)’s singularity structures in codimensions one, two, and three, respectivelyE]

In the present work, we consider a class of elliptically fibered Calabi—Yau fourfolds giving

rise to precisely the three-generation MSSM spectrum provided certain geometric condi-

!We refer the interested reader to [26] and references therein for recent reviews on F-theory.
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tions on the base of the fibration are satisfied. We perform a concrete analysis, finding
O(10'%) such bases. All these models come equipped with moduli-dependent quark and
lepton Yukawa couplings, as well as gauge coupling unification at the compactification

scale.

The existence of a very large number of Standard Model realizations in string theory could
perhaps be anticipated within the set of an even larger number of string compactifica-
tions (see, e.g., [106]) that form the so-called string landscape. Indeed, though Standard
Model realizations within the landscape could potentially be scarce [107], recent works
hint towards an astronomical number of them [108]. Our construction ezplicitly demon-
strates this possibility, increasing the number of concretely known, global Standard Model

compactifications in string theory by about ten orders of magnitude.

There are also explicit constructions of the Standard Model in other corners of string
theory. Some of the early examples of globally consistent intersecting brane models [23] in
type II compactifications (see also [24] and references therein) were strongly constrained
by global consistency conditions such as tadpole cancellation. In the heterotic string,
the typical difficulties of constructions like [109} [IT0] arise from having a stable hidden
bundle and the existence of Yukawa couplings. These issues are solved elegantly in F-
theory through the geometrization of non-perturbative stringy effects: (almost al]EI) global
conditions analogous to tadpole cancellation or bundle stability are automatically taken
care of by having a compact, elliptic Calabi—Yau fourfold Yy, and the presence or absence

of Yukawa couplings can be easily read off from codimension three singularities of Yj.

Despite these advantages, only a handful |40} 44] of F-theory compactifications that realize
the exact chiral spectrum of the MSSM are currently known, due to focusing on a very
simple base, B3 = P3. This limitation will be avoided in the current work by instead

studying smooth toric varieties, which provide a much larger class [30] of geometries. To

2In F-theory, D3-tadpole cancellation requires extra care, and will be a major theme in our construc-
tions.
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take advantage of this large ensemble, we first construct a class of elliptic fibrations (based

on the class Pp, in [82]) that can be consistently fibered over all such toric threefolds.

Every such fibration realizes the precise Standard Model gauge group [SU(3) x SU(2) x
U(1)]/Z¢ as well as its matter representations and Yukawa couplings [82) 40, 93]. More-
over, all models exhibit gauge coupling unification at the compactification scale, compat-
ible with the existence of a complex structure deformation to a geometry realizing the

Pati-Salam model with unified gauge coupling [82] [40)].

Furthermore, for each compatible Bs there exists a G4-flux that induces three families
of chiral fermions. These models have a particularly pleasant feature: all global consis-
tency conditions on the flux (including quantization and D3-tadpole cancellation) can be
reduced to a single criterion on the intersection number ?:; of the anti-canonical class
K p of the base Bs. For toric threefolds which have a description in terms of a reflexive
polytope A, K% depends only on the point configuration of A and not its triangulation.
On the other hand, for a single polytope there can be multiple different toric threefolds
associated with the different fine regular star triangulations (FRSTSs) of A, the number of
which grows exponentially with the number of lattice points in the polytope [30]. Putting

toric

together these different components, we find that the number NgJi'® of globally consistent

three-family Standard Models in our construction is
7.6 x 10" < N&He < 1.6 x 1016, (4.1.1)

We emphasize that this number is construction dependent; F-theory could realize more

Standard Models.

The detailed derivation of this count first requires the construction in section of a
class of elliptic fibrations with a flux inducing three chiral families. All flux consistency
conditions reduce to a single criterion on the base Bs. To count how many Bs satisfy

this criterion, we discuss the methods to construct FRSTs of 3D polytopes in section
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which ultimately lead us to O(10%%) possibilities. We close in section with some

geometric and physical comments, as well as future directions.

4.2 Universally Consistent Fibrations with Three Families

The class of elliptic fibrations we are interested is based on an elliptic curve that is
a specialized cubic inside P? with homogeneous coordinates [u : v : w|, given by the

vanishing of the polynomial

P = s1u® + s9uv 4 s3uv® + ssulw + sguvw + sgvw?. (4.2.1)

By promoting the coefficients s; to rational functions over a Kéhler threefold Bs, one
obtains a singular, elliptically fibered fourfold 7 : Y4(S) — Bs. For Y4(S) to be Calabi—Yau,
the functions s; have to be holomorphic sections of line bundles on Bg with first Chern

classes [s;] € HYY(Bs3,Z) given by [82, [40]:

[s1]=3Kp ~ S~ So, [s2] =2Kp—Sy, [s6]=Kp,
(4.2.2)
[53]:FB+S7_897 [55]:2F3—57, [59]259’

where Kp = c1(Bj3) is the anti-canonical class of Bs. The classes S;g € HY(B3,7)
parametrize different fibrations over the same base, on which {s; = 0} define effective

divisors.

When all s; are generic, (that is, irreducible and s; # s; for i # j), F-theory compactified
on Y;l(s) has the gauge symmetry [SU(3) x SU(2) x U(1)]/Z¢ |82, 93]. The global gauge
group structure is reflected in the precise agreement between the geometrically realized

matter representations and those of the Standard Model:

(3,2)1, (1,2)_%, (5,1)_%, (3,1)1, (1,1);. (4.2.3)

wl—=

1
6

These data can be extracted via the M-/F-theory duality from an explicit resolution Yy
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of Y4(s), which preserves the Calabi-Yau structure.

A chiral spectrum in F-theory requires a non-zero flux G4 € H?*?%(Y}), which must also
be specified. For the relevant subspace of so-called primary vertical G4-fluxes, there is by
now a large arsenal of computational methods [41l 42] (see also [39, [40l 96]) that allows

us to determine base-independently the most general flux on Yj.

For physical consistency, this G4-flux has to satisfy certain conditions. The first condition

is a proper quantization [95] [T11]:
1
Gi+ 3 c2(Yy) € H*2(Y,,Z) , (4.2.4)

where c2(Yy) is the second Chern class of Y. Heuristically, this condition ensures that
the notion of fermions (that requires a flux-dependent spin structure on subspaces of Yy)
is well-defined. Since explicitly verifying this condition for concrete geometries is difficult,
we will content ourselves with the usual necessary consistency checks [112} 39, 40, 42} 44].

The second consistency condition is a D3-tadpole satisfying [98],

Y, 1 !
np3 = M - = Gi NGy € Z>g. (4.2.5)
24 2 Jy,

While integrality follows as a consequence of the quantization condition positivity

aids in ensuring the stability of the compactification.

We must also impose phenomenological constraints on the flux. A massless electroweak

hypercharge U(1)y is guaranteed if the D-terms vanish [I13] [114]:
Vn € H"(Bs) : GiNo ATy = 0. (4.2.6)

Ya

Here, o is the (1,1)-form Poincaré-dual to the so-called Shioda-divisor associated with
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the U(1) [I1I5]. A three-family chiral Standard Model requires that [59],

x(R) =L Gy =3, (4.2.7)

for all representations R in The geometric data ca(Yy), x(Ys), and the matter
surfaces yg were computed in [82, 40]. In the supplemental material, we provide the
explicit expression of the generic vertical flux in the resolution Y presented in [82], and
explain in detail how the above conditions can be checked using well-studied topological

methods.

We now present our main result, on how these consistency conditions can be satisfied
for a large ensemble of explicit geometries. For that, we first consider the generic flux
configuration on (smooth) fibrations Y with Sz 9 = K g, which simplifies the expressions
for the topological quantities In fact, one can show that all consistency

conditions are reduced to a single criterion on Bs from the D3-tadpole:

5 — 45 !
npg =124 2 K — —— € Zsg, (4.2.8)
8 2Ky
where K denotes the triple self-intersection number of the anti-canonical class K g of

the base. This dramatic simplification only requires ?33 of appropriate value and a base

that allows irreducible and distinct s;, all of which are sections of the anti-canonical class.

In summary, we have constructed a class of elliptically fibered Calabi—Yau fourfolds which
gives rise in F-theory to the Standard Model gauge group and matter representations
with three chiral generations. The only consistency requirement that guarantees flux
quantization and D3-tadpole cancellation is that the base Bs of the fibration is a smooth
Kéhler threefold with non-rigid irreducible anti-canonical divisors that satisfy In

fact, some basic arithmetic shows that the only values F% can take such that np3 € Z>g
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are

Ko € {2,6,10,18,30,90} . (4.2.9)

4.3 Counting Standard Model Geometries

Any smooth threefold Bs with non-rigid anti-canonical divisors satisfying realizes a
globally consistent three-family MSSM in F-theory. A subset of such spaces, which can
be enumerated combinatorially, is the set of weak Fano toric threefolds encoded by 3D
reflexive polytopes A. While there are “only” 4319 such polytopes [2], each A can specify
inequivalent manifolds Bs through different fine-reqular-star triangulations (FRSTs) of

the polytope, whose numbers can be very large [30].

What makes this ensemble particularly attractive for our purpose is the fact that the
intersection number F?}g is determined solely by the polytope A, and is completely
triangulation-independent. Therefore any Bs associated to an FRST of A gives rise
to a consistent chiral three-generation MSSM by our construction, provided that the
triangulation-independent constraint on f% is satisfied. In fact, there is a set S with 708

polytopes that satisfy [£.2.9] By our construction we immediately have

NI = Y Nersr(4), (4.3.1)
N

where Nprgr(A) is the number of FRSTs of A.

Hence, the problem of counting the number of consistent F-theory models that admit
the chiral MSSM spectrum by our construction reduces to counting FRSTs of reflexive

polytopes.

Since Nprst(A) grows exponentially with the number of lattice points in A, the set
of consistent threefolds Bjs is dominated by triangulations of the largest polytope [30],
labelled Ag in the list of [2]. The FRSTs of this polytope (with F?é = 6 and 39 lattice
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points) cannot be all constructed explicitly using the standard computer programs such
as SageMath [116]. To enumerate them, we therefore follow the strategy put forward in

[30] to provide bounds on Nprgr(As).

The idea is to reduce the complexity by first counting the number of fine-regular trian-
gulations (FRTs) of each facet of a polytope A. Since the facets are two dimensional
polytopes, it is possible to brute-force the combinatorics of FRTs for (almostﬂ) all poly-
topes’ facets. By virtue of the reflexivity of A, any combination of FRTs of all its facets

yields fine star triangulation of A.

The drawback of this approach is that the triangulation of Ag obtained this way is not
guaranteed to be regular. To tackle this issue, we randomly pick 1.3 x 10* samples out
of O(10?) fine-star triangulations constructed by gluing together FRTs of the facets Ag.
Out of these samples, we find roughly % to be also regular triangulations. Combining the
factor 2 with the bounds of fine-star triangulations (FSTs) for Ag [30], we then obtain

2.6 x 1013 < Nprer(Ag) < 1.6 x 1016,

For the other polytopes in S (i.e., those leading to threefolds Satisfying we can either
compute all FRSTs, or we can resort to a similar estimation as with Ag if the polytope is
too large to brute-force all FRSTs. We find that these other polytopes sum up to “only”
~ 5 x 10'3 FRSTs, which confirms the dominance of Ag. In total, we therefore expect
the number of consistent three-family F-theory Standard Models in our construction over

toric threefold bases to be

7.6 x 101 < NigHe < 1.6 x 106

3For facets with more than 15 lattice points, brute-forcing FRTs also becomes computationally too
costly. For these facets, we use different methods outlined in [30] to obtain lower and upper bounds for
the number of FRTs.

99



4.4 Discussion and Outlook

We have presented a construction that ensures the existence of O(10%%) explicit, glob-
ally consistent string compactifications having the exact chiral spectrum of the Standard
Model within the framework of F-theory. To our knowledge, this is the largest such en-
semble in the literature, outnumbering existing results by about 10 orders of magnitude.
The models arise by varying the base of one “universal” class of elliptic fibrations intro-
duced in [82] [40]. We have only focused on the set of toric bases, which already produces
around a quadrillion examples. However, we expect that the ensemble of Standard Mod-
els arising from our construction is of orders of magnitude larger than this, as might be

shown, for instance, by including non-toric bases.

All these models have in common that the Higgs and lepton doublets are localized on
the same matter curve. As such, this curve must have non-zero genus to allow for the
existence of vector-like pairs [45]. Given the homology class of the doublet curve [40] and
our restriction S;9 = K p, the genus in question is indeed g = 1+ 9/ 2?% > 0, since
F?]’g > 2 by It would be very interesting, albeit extremely difficult with current
methods, to study the precise complex structure dependence of the number of Higgs

doublets and other charged vector-like pairs in this ensemble.

Furthermore, since our models have no additional (possibly massive) abelian gauge sym-
metries, all Yukawa couplings relevant for the Standard Model are automatically realized
perturbatively, as can be shown by an explicit study of codimension three singularities
[82]. However, this in turn also implies that certain proton decay operators compatible
with the Standard Model gauge group will in general be present [40]. We expect that in
some corners of the moduli space, which incidentally could also support high-scale SUSY
breaking, these operators can be suppressed. Another avenue could be to instead focus on
“F-theory Standard Models” that have additional (U(1) [76},42] or R-parity [44]) selection

rules, and estimate their numbers in the toric base landscape. We leave this for future
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work.

One interesting aspect of our ensemble is gauge coupling unification without a manifest
GUT-origin at the compactification scale. It can be easily read off geometrically from
the divisors on Bs, which the 7-branes supporting the gauge symmetries in the type I1B
picture wrap. Due to our restriction 879 = K g, both SU(3) and SU(2) gauge symmetries
are realized on anti-canonical divisors {sg = 0} and {s3 = 0} with class FBH Therefore,
the gauge couplings are gg,z = 2/vol(K ) [113| 117] The U(1)y coupling is the inverse
volume of the so-called height-pairing divisor b C Bs [67], which has been computed in
[82 22] and reduces to b = 5K /6 in our ensemble. Therefore, we have the standard

MSSM gauge coupling unification,

2

=TSk (4.4.1)

5
g§=9§=§gx2z=

which for our models is achieved at the compactification scale. While this scale as well
as the actual values of the couplings will depend on the details of moduli stabilization,
the relationship [4.4.1] is independent of Kéahler moduli. It would be interesting to see
if this relationship originates from an honest geometric realization of a GUT-structure.
Given the known connection of our ensemble to a Pati-Salam [SU(4) x SU(2)?]/Zz model

[82, [40], we expect an underlying SO(10).

Our results may provide phenomenological motivation for the study of new moduli sta-
bilization scenarios. Specifically, though gauge coupling unification is automatic in our
ensemble, it is natural to ask whether the correct value agyr =~ .03 can be obtained in
canonical moduli stabilization schemes. For instance, the KKLT and Large Volume sce-

narios assume that cycles are at sufficiently large volume to safely ignore string worldsheet

4Note that because K 5 is not rigid, its deformation moduli give rise to non-chiral charged matter at
the compactification scale. They have to stabilized suitably at low energies.
5The factor of 2 arises because in F-theory, the normalization dictated by geometry is one where the

Cartan generators satisfy trrna (75 T5) = Cy; with C' the Cartan matrix. On the other hand, the particle

Sij

physics convention necessary to determine the coupling is trema (75 T5) = 5h.
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instanton corrections to the Kéahler potential. This is essential because it is not known
how to systematically compute and control all instanton contributions in A/ = 1 back-
grounds. A necessary condition for safely ignoring these corrections is to have vol(C) > 1
(in string units) for all curves C' C Bs. This condition defines a stretched out subset of
the Kéhler cone [I18], where it was also shown that the Kéahler cones become increasingly
narrow for increasing h''. In effect, this forces toric divisors to be increasingly large in
order to safely ignore worldsheet instantons, leading to smaller gauge couplings, because
on toric B3 the class K g is the sum of all toric divisors. Brief calculations suggest that the
correct aguT cannot be obtained in this controlled regime, in which case realistic models
in our scenario are not consistent with the KKLT or Large Volume scenarios. Firmly
concluding this requires a more detailed study, but we emphasize that it would not rule
out our models, and instead motivate the study of new moduli stabilization scenarios that

allow for the observed value of gauge couplings.

Our compactifications also exhibit D3-branes. These sectors generically give rise to U(1)
gauge theories that could be cosmologically relevant as dark photons. Each has its own
open string moduli, the position of the D3-brane, which are massless at tree level but may
be stabilized by non-perturbative effects due to their appearance in instanton prefactors
[119]. However, since all but one of the toric divisors are rigid in the geometries we
study, it is likely that there are many instanton corrections to the superpotential. Each
instanton acts with an attractive force on the D3-brane, pulling it toward the associated
divisor, but the existence of many such contributions would provide competing forces that
stabilize the D3-brane away from each toric divisor. In particular, due to these competing
effects we see a priori no reason that the D3-branes should be stabilized anywhere near
the SU(3) or SU(2) 7-branes, in which case jointly charged matter in the form of 3-7
strings decouple from the spectrum. Such a scenario gives rise to numerous dark photon
sectors that have cosmological effects only through kinetic mixing with the visible sector

and with one another. It would be interesting to study these sectors further, in light of
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current and future dark photon experiments.

We note that gravity cannot be decoupled in our ensemble since the Standard Model gauge
divisors are in the anti-canonical class, yielding a non-trivial interplay between gravity and
the visible sector. This interplay arises due to the details of our construction and could
lead to other interesting interactions between particle physics and cosmology. At the level
of toric geometry, the models of our ensemble differ from one another by how the facets
are triangulated. This does not affect the structure of the anti-canonical divisors that
realize SU(3) and SU(2), and thus the particle physics spectrum is insensitive to details
of the triangulation; it is, after all, what gives rise to the large number of Standard Models
in our construction. The triangulation is critical, however, for moduli stabilization. For
instance, the classical Kahler potential on Kéhler moduli is determined by triangulation-
dependent topological intersections. This affects numerous aspects of the cosmology of

these models, including inflation.

This visible sector universality in the midst of cosmological diversity might lead one to
question the extent to which these should be counted as truly different models. Though
a natural question, it has a clear answer: since the geometries are different they lead to
distinct four-dimensional effective theories below the Kaluza—Klein scale, each of which
could give rise to numerous metastable vacua. Instead, our view is that the universal
structure in the visible sector provides some evidence for a long-held hope in the string
landscape, that, despite large numbers of vacua, there could exist semi-universal features

that lead to meaningful statistical predictions.
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Part 1V

Towards Complete Matter

Spectra in 4d F-theory
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CHAPTER 5: Machine learning and Algebraic Approaches

Motivated by engineering vector-like (Higgs) pairs in the spectrum of 4d F-theory com-
pactifications, we combine machine learning and algebraic geometry techniques to analyze
line bundle cohomologies on families of holomorphic curves. To quantify jumps of these
cohomologies, we first generate 1.8 million pairs of line bundles and curves embedded in
dPs, for which we compute the cohomologies. A white-box machine learning approach
trained on this data provides intuition for jumps due to curve splittings, which we use to
construct additional vector-like Higgs-pairs in an F-Theory toy model. We also find that,
in order to explain quantitatively the full dataset, further tools from algebraic geometry,
in particular Brill-Noether theory, are required. Using these ingredients, we introduce
a diagrammatic way to express cohomology jumps across the parameter space of each
family of matter curves, which reflects a stratification of the F-theory complex structure
moduli space in terms of the vector-like spectrum. Furthermore, these insights provide an
algorithmically efficient way to estimate the possible cohomology dimensions across the

entire parameter space.

5.1 Introduction

The spectrum of light chiral particles is a defining feature of any four dimensional quantum
field theory. Their precise number affects aspects such as the moduli space of vacua, or the
behavior of the theory under RG flow. Moreover, they are also of paramount importance
to phenomenology, in particular when it comes to models of beyond-the-Standard-Model
physics. Therefore, to be able to draw formal and phenomenological lessons from string
theory about 4d field theories, one needs efficient methods to compute the spectrum in

compactification scenarios.

From an effective field theory perspective, the chiral excess x(R) — the difference be-
tween chiral and anti-chiral modes of the same matter representation R — is a discrete

parameter, whereas the individual number of light (anti-)chiral modes depend on contin-
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uous mass parameters. In string theory, this is reflected by the fact that x(R) is typically
a topologically protected quantity, whereas the (perturbative) mass parametersﬂ are cap-
tured by continuous deformations, or moduli, which for certain values can lead to a pair

of chiral and anti-chiral modes — a vector-like pair — to become massless.

In many string compactification scenarios, we know in principle what the relevant compu-
tations are: massless fields are zero modes of some differential operators on the internal
space, and therefore counted by appropriate sheaf cohomologies. However, oftentimes
these computations are so complicated that in practice, they can only be carried out ex-
plicitly for toy models, or for specialized values of the deformation parameters. On the
other hand, an exact understanding of how the cohomologies depend on these parameters
is necessary for a complete description of the physical interpretation. The moduli depen-
dence and the possibility of jumps in the massless spectrum have been first discussed in
the context of heterotic string theory in [120], 121], 122, 123| 110} 124]. More recently, the
complex structure moduli dependence of the cohomology dimensions has been studied
in [125, [126] and [127] in the context of instanton and perturbative superpotential terms,

respectively.

In comparison, an analogous analysis in the context of F-theory compactifications [27]
is largely missing and has only been discussed in part in [I28]. The main reason is
because, unlike the chiral spectrum which is accessible via intersection theory [59] 129,
1301, 1311, [43] 37, 132, [38], 39, 40, [41), 42}, 44, [32], the vector-like spectrum in F-theory
depends on a gauge background, which is encoded in mathematically rather intricate
objects such as the intermediate Jacobian and Deligne cohomology [133], 134} [135] 136].
Recent progress [45], [46] has made the spectrum computationally more accessible. Namely,
for a four-dimensional N' = 1 F-theory compactifications on an elliptically fibered Calabi—
Yau fourfold 7w : Y, — Bs with a given gauge background, the massless spectrum of

chiral particles in representation R can be counted by certain line bundle cohomologies

n this work we will neglect moduli stabilization, flux-induced superpotentials and non-perturbative
effects.
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h*(Cr,LR),i = 0,1 on complex curves Cr C B3 — the matter curves — in the base.
Given a compact model with a fixed gauge background, Cr and Lgr are specified by
global data in terms of polynomials on Bs , whose coefficients are (parts of) the complex
structure parameters of Y. In this case, one can model the line bundle as a coherent sheaf
on Bs, whose cohomology computation can be systematized in a computer algebra system
[47]. While this algorithm can be applied to a broad class of global F-theory models,
the calculations for almost all phenomenologically interesting examples overburden even
super-computers specifically designed for such tasks. The reason is that here, and in fact
in many cohomology computations using commutative algebra or computational algebraic
geometry, we need to compute Groebner Bases, whose computational complexity scales

extremely poorly.

The introduction of ideas from Big Data and machine learning (ML) to string phe-
nomenology [137, [138], 139, 140] provides new perspectives; see [I41] for an introduction
and comprehensive overview. One advantage that a trained algorithm provides is that
it recognizes more subtle patterns without the need of a complete, “microscopic” under-
standing of the task. In particular, recent studies suggest that supervised learning can
be used to predict line bundle cohomologies in string compactifications [139, [142], 143].
One may be tempted to apply these techniques, which are mostly motivated by heterotic
compactifications, directly to the F-theory. However, there is a significant difference in
the way the line bundle data are specified in global heterotic vs. F-theory models. In
heterotic examples, the line bundles are typically given in a “canonical” way, namely as
an element of the Picard group Pic(X) of the underlying manifold X. This was used,
e.g., in [144, 145] to derive formulae for line bundle cohomologies in terms of topological

indices.

However, in the F-theory setting, there is no straightforward fashion to extract even the
structure of the Picard group of Cr, given its polynomial description. Likewise, because

the same data specifies Lr essentially as a sum of points p; on Bs that also lie on CRr,
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it is by no means obvious if, say, p;1 — pe2 is trivial or not on Cr. What makes the
situation particularly challenging is that, by varying the complex structure parameters,
the structure of Pic(Cr) as well as the points specifying £r will change. Together with
the fact that we simply do not have a large data set of non-trivial F-theory examples, it is a
priori unclear whether we could train an algorithm that reliably predicts the cohomologies

for realistic models with arbitrary complex parameters.

Instead, we will use machine learning techniques on less complex examples to gain some
intuition for circumstances under which line bundle cohomologies jump. Physically, this is
already interesting as such a jump can engineer one or possibly more massless vector-like
pairs in situations where one generically expects none. Even if the trained algorithm does
not perform perfectly, understanding its strategy can provide a guiding principle for the
behavior of the vector-like spectrum in non-trivial examples. For this reason, we focus on

white-box machine learning techniques, in particular on decision trees.

To fully understand the results of the machine learning, we further employ “formal”
techniques from algebraic geometry, in the form of Brill-Noether theory. This allows to
identify “microscopically” the sources for jumps in cohomology, either from the curve
Cr or the line bundle £g becoming non-generic. With these insights, we provide an
algorithmic way to estimate the admissible numbers of vector-like pairs over the entire
parameter space of a matter curve in a global F-theory model with given gauge back-
ground. Furthermore, our analysis also reveals a convenient diagrammatic way to encode
the stratification on the parameter space induced by the number of vector-like pairs. We
believe that this is progress towards understanding the full complex structure dependence

of the vector-like spectrum in global F-theory models.

The paper is organized as follows. In[5.2] we discuss our machine learning approach. Using
the exact methods implemented in [146], we generate a database [147] of cohomologies
of pullback line bundles on hypersurface curves in dPs. Interpreting these results with

decision trees, we find that curve splittings typically lead to jumps in the vector-like
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spectrum. In [5.3] we demonstrate that such curve splittings provide a practial way to
engineer jumps in a global F-theory GUT-model. To investigate the origin of these jumps,
we turn in[5.4]to algebraic and analytic techniques. We find a unified perspective on jumps
due to curve splittings and non-generic line bundles described by Brill-Noether theory,
and introduce a diagrammatic way to illustrate the natural stratification of the complex
structure parameter space in terms of the vector-like spectrum. In [5.5] we present a
refined analysis of jumps due to curve splittings. This rests on a procedure to count the
global sections by gluing “local contributions” along intersections of curve components,
which leads to two interesting results: First, we are able to formulate sufficient conditions
for jumps of vector-like spectra. Second, we can propose an algorithmic h° estimate,
which relies mostly on topological data, and hence provides a quick, approximative scan
of the vector-like spectrum over the entire parameter space of a matter curve. In contrast
to currently existing exact methods, such as [146], our implementation [I148] has a much

lower demand of computational resources and run times.

5.2 Machine learning

5.2.1 Introduction to Decision Trees

We are interested in tuning complex structure moduli to engineer jumps in the dimensions
of sheaf cohomologies over complex curves. It is a priori not clear how to efficiently identify
these subloci in complex structure moduli space. In order to state (at least) necessary
conditions for jumps to occur, we address the problem using ML. Since we are interested in
interpreting the results of the ML algorithm, we resort to white-box models, in particular

to binary decision trees.

In more detail, we use binary decision trees as classifiers in supervised machine learning,
following the notation and conventions of [I41]. Supervised learning means that we have

a set of inputs z!' (called features) together with associated labelﬂ Yy, wherei =1,... N

2In general, there could be more than one label for each feature vector; however, for the cases studied
in this paper, the label corresponds to a class the input belongs to, labeled by an integer.
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counts the feature-label-pairs, and u =1, ..., F counts the F' features of each input. This
set of feature-label combinations is now divided into a train set and a test set (typically
around 90 percent of the pairs are assigned to the train set and 10 percent to the test
set). Using the train set, an algorithm is trained to learn a map from the features to the
labels. The training consists of adjusting parameters of the algorithm to optimize the
map. This is typically done by minimizing the loss, which is a measure for how well the
algorithm reproduces the labels. Once training ends, the algorithm is tested on the test
set. This is necessary in order to see how well it performs on (hitherto unseen) data. If
the test set have been chosen generically enough, performance on the test set will serve

as an indicator for how well the trained algorithm will perform.

After this general discussion, let us describe these steps in the context of binary decision
trees. Trees are data structures that appear abundantly in computer science. They can
be thought of as acyclic, directed, connected graphs with a unique root vertex (in trees,
vertices are called nodes). In binary trees, each node has either zero or exactly two
vertices, each of which is connected to a unique node. These two subnodes are called
child nodes, and the original node is called parent node. A node with no children is called

a leaf node.

(0)

A decision tree expects numerical features x;

(0)

%

It then introduces boolean splitting
criteria of the type x; ' < k; for some constant k; € R. All data that satisfy this criterion
are assigned to one child node, while data that does not satisfy the criterion is assigned
to the other child node. The tree is now built recursively by splitting each child node
according to some other feature xg-o) < kj, etc. This procedure segments feature space

(which is in our case RYV) along hyperplanes x; = x; with the goal to find regions such

that all inputs in that region belong to the same class.

At each node, it is checked how many of the data carry which label. For single membership
classification problems, which is what we will be using, the labels are just the different

classes which the input feature vector belongs to. A typical loss function is the Gini
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impurity of a node, which measures how “impure” the data at that node actually is, i.e.,
how many features with different classes are in the region in feature space corresponding
to this node. Denoting the set of features in the region of node a by N,, we find for K

classes the fraction of elements that belong to a class y; € K via

1
Pa,k = |N | Z 6i,k' (521)
@l jeN,

The Gini impurity G, at node a can then be written as

K
Ga=_ Pap(l—pas)- (5.2.2)
k=1

In particular, if all elements of N, belong to the same class, G, = 0. In such a case, the

node is turned into a leaf, since no further splits are necessary.

The decision tree is now trained by starting from the root node and trying to split by
any of the F features. For k;, one tries al]E| intermediate values between consecutive
values of feature . The solution that leads to the lowest Gini impurity at the child nodes
is accepted, and the procedure is repeated for the two child nodes and the remaining

features, etc.

In cases where the map from the input to the labels is not one-to-many, one can eventually
reach a perfect classification, if need be with a single element in each region. Typically,
this is undesired and hence one stops splitting a node if there are less than some fixed
number of elements in its corresponding region. Turning this around, if the minimal
number at which a node is split is set to 2, and if the tree does not find a solution
where all leaves have Gini impurity zero, this means that the map defined by the input-
label-pairs is many-to-one, i.e., even all features combined are not sufficient to distinguish

between the class labels.

3In case of many different values for a feature, this might be unfeasible, in which case a number of
equally spaced values are tried for s;.
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5.2.2 Divisors and line bundles on dP;

While in the general F-theoretic setup, matters curves Cr are a priori defined on a
threefold Bs, in most models there is a distinguished surface S C Bs that is wrapped
by the 7-branes supporting a non-abelian gauge theory, in which the matter curve sits.
A part of the complex structure moduli then parametrizes deformations of the curve
inside S, which will in general affect the vector-like spectrum. These deformations can be
described by pulling back all defining polynomials on Bs onto S, and then simply consider

the coefficients of these in terms of the homogeneous coordinates on S.

For our data collection, we will mimic such a “pulled back” description by focusing on
curves embedded inside the del Pezzo surface dP3;. One advantage of this choice is that dPs
has a toric description in terms of a reflexive polygon, which simplifies many computations.
Another one is that it fits the setup for section [5.3] where we consider an F-theory toy

model with non-abelian gauge degrees of freedom localized precisely on a dPs surface.

To set the notation, we denote the toric coordinates of dPs; by z;,7 = 1,...,6. They are
graded by homogeneous scalings with associated divisor classes, which are summarized in

the following table:

Ty ®2 T3 T4 Ts Te
H |1 1 1
Ey | -1 1 -1
Es -1 -1 1

The columns give the divisor classes of the coordinate’s vanishing loci. E.g., [{z1}] =

H — Ey — Es. The Stanley—Reisner ideal is

Isg = (x376, X2%6, T1T6, T4T5, L2L5, T1T5, T3T4, L1L4, T2T3) , (5.2.4)
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and the anti-canonical class is —K4p, = >_;[{zi}] = 3H — E1 — E5 — E3. The independent

intersection numbers are
H?*=1, E;-Ej=-0y;, H-E=0. (5.2.5)

In order to simplify the notation, we introduce the short-hand notation (a;b, ¢, d) with

a,b,c,d € Z for a divisor D = aH + bE1 + cEy + dFEs.

We then define curves C inside dP; via C = {P = 0} = V(P) with

P = Zcimi(:vl,...,xg;), (526)
)

where m;s are monomials of appropriate multi-degree under the grading in Impor-
tantly, the coefficients ¢; parametrize the shape of the curve and thus model (parts of)
the complex structure parameters of a global F-theory compactification. The (arithmetic)
genus of the curve depends only on the divisor class [C] of the curve (equivalently, the

multi-degree of the monomials in P) and is given via adjunction formula as

g=1+ %[C] A([C] + K). (5.2.7)

Next, we also need to specify a line bundle £ on C. Again, instead of focusing on the
most general setup, where £ is directly specified by a set of points on C, we consider the

slightly simpler cases where L is a pullback of a line bundle L = Ogp,(D) on dPs:
L= (’)dp:j(D)\dP3 : (5.2.8)

One can think of the points then as the (weighted) intersections {a; p;} between C and a
generic representative in the class D. Note that in this case, another representative of D,
intersecting C at {b; p; }, necessarily must give the same divisor on C, i.e., {a;p;} ~ {b; pj}

are linearly equivalent on C'. However, in general we cannot say anything about linear
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equivalences among any two of the points. Therefore, we expect, and also will find, that
even for pullback line bundles, there can be special divisor alignments, i.e., p; and ps, say,

move into special positions, when we deform C', thus leading to jumps in the cohomology.
5.2.3 Generating the data set

We generate training data by picking 6 different curve classes [C] with genus 1 < g < 6.
For each class we consider several line bundles L on dPs; and compute (using techniques
from [47]) the cohomologies h'(C(c), L|¢(c)), where we vary the curve C/(c) by considering
all possible combinations of ¢; € {0,1},7 = 1,...,d for the coefﬁcientsﬁ This way, we
calculate cohomologies of L pulled back to 2¢—1 genus g curves in the class [C]. While this
seems to be a very limited choice, it nevertheless reveals enough structures to correlate
jumps in cohomology with degenerations of the geometry. On the other hand, it also
introduces some bias in the data. For example, a common way the curve degenerates
is if all monomials in the defining polynomial share a common variable; this happens
frequently if many ¢; are set to 0. However, for certain polynomials, restricting ¢; € {0, 1}
misses out possible factorizations, where factors are not just a single variable. We will
see later that we can easily generalize the interpretation based on our data with algebraic

methods to these cases as well.

For this data set, we then compute/collect the following features for each choice of line

bundle L on each curve C with coefficients c¢;:
1. The coefficients ¢; that define the curve.
2. The genus of the curve.
3. The number of global sections of the line bundle[’

4. Are the curves smooth?

“We exclude the case where all ¢; = 0.
®The dimension of HI(C, L) can then be computed from the index which is topological and does not
depend on c¢;.
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5. The number of components the curve splits into.

6. Are the splits smooth?

7. Are the splits reduced?

8. The genera of the split components.

9. The intersection numbers among the split components.

Note that all of this data is numerical (the true/false features are encoded as 1/0). We
aggregate the features above into a single feature called the split type. We want to consider
two curves as identical if their features P@ are identical (up to relabeling the individual
components). In order to check this, we would in principle have to check all permutations
of all split components and see whether any of them have the same data. Since this

becomes prohibitively expensive, we perform the following necessary checks:
o Are the data Fidl and Fl identical for the two curves?

o Are the data F[6LFJ identical as sets for the two curves? This can be checked by
ordering the tuples and comparing them, which is much faster than checking actual

permutations.

e Is the determinant of the intersection matrix in F9 identical for the two curves?
Note that the determinant is permutation invariant. However, at that point we do

not check whether the permutations that make all sets match are actually the same.

Curves which are identical under these checks are assigned the same integer that encodes

the split type.

Equipped with this data, we generate four different data sets which we use to train the
decision trees and compare the results. In the first, we use the coeflicients ¢; as features

and assign a label of 0 if the cohomology dimension of H°(C(c), £) has the generic (i.e.,
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Figure 6: Average accuracy on the test set as a function of the genera of the curves for
different features.

the lowest) value and a label of 1 if there is a jump. Note that at this point, we only
classify the curve according to whether a jump occurs, but not according to how large the
jump is. For the second data set, we use the same labels, while the features are taken to be
the topological intersection numbers between the curve components and the line bundle
divisors. For the third data set we use the split type as explained above. Finally, for
the fourth data set, we use both the split type and the topological intersection numbers
between the curve components and the line bundle divisor as features. In addition, we

perform a train:test split of 90:10 for all four data sets.
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5.2.4 Decision Trees to learn cohomology jumps

Training the decision trees only takes a few seconds on a modern desktop computer. We
train a separate decision tree for each line bundle and each of the four data sets. It is
instructive to compare the performance of all four training sets on both the train and the

test set.

The results for the accuracy of the trained trees on the test set are summarized in Figure|6]
One notices that the accuracy of all data sets improves with the genus of the curve. This
is due to the fact that the size of the data set grows with the genus: While the genus 0
curve we are considering has only 7 coefficients ¢; and hence only 27 — 1 = 128 data points

per line bundle, the genus 6 curve has 2'8 — 1 = 262143 data points.

For the blue data points, which uses the coefficients ¢; as labels, we find that the decision
tree performs best. This is to be expected, since these are the finest feature set, i.e., the
one with the most information, out of the four feature sets we studied. Indeed, the trees
reach an accuracy of essentially 1 as soon as the training set becomes large enough (there
are 3685 points in the training set for genus 3). For the other three data sets, we see
that they perform worse, but still reaches high accuracies. Using just the split type as
a feature, for the larger genus cases where enough data is available, we reach accuracies
around 80 to 85 percent. Using the intersection numbers, accuracies around 94 percent
are obtained. Lastly, combining the split type and the intersection numbers, improves the
results obtained when either is used individually, to an accuracy of around 97 percent.
This means that the two features contain different types of information which the three

can use in order to improve its prediction when given access to both.

One can learn more information about the data by also analyzing the performance on
the training set, as explained in Section Indeed, we find that, when not imposing
constraints on the tree, the accuracy on the train set when using the coefficients as features

is always 100 percent. This is not surprising, since the coefficients uniquely identify each
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case and hence the tree can learn a sequence of splits that puts each data point in the
correct leaf node (if necessary, this leaf might only contain this single data point). For the
other data sets, we find that the performance on the test set is already below 100 percent.
Hence, the features are not enough to decide whether a jump in cohomology occurs, not

even in principle.

Let us illustrate this by looking at the decision tree trained on the full data set for a
genus three curve Do = (4;—1,—1,—1) inside dPs with line bundle Dy = (1,2,—2,—1),
cf. Section [B:2.1] We give the full decision tree in Figure[7] Looking at the root node, we
see that for this bundle, there are 4095 different data points (“samples”). Out of these,
1791 exhibit a cohomology jump for this line bundle, while 2304 do not. The tree assigns
a class label to this (non-leaf) node based on the majority, which is “no jump”. However,
there are almost as many data points with a jump as there are data points without, which
is why the uncertainty is high. This is encoded in the light blue color: the more certain
a node predicts no jump, the darker blue it is colored. Similarly, the more certain there

is a jump, the darker orange it is.

Recall that integers labelling the split type (based on the features F@ are by construc-
tion small if the number of components the curve splits into is small. Hence, small split
types correspond to irreducible curves, or curves with only few split components. We
expect such curves being close to generic (in a sense that will be made mathematically

more precise in Section [5.4)), hence the cohomologies should also take generic values.
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Indeed, we observe that the first split is performed according to whether or not the split
type is smaller than 5.5. This first split already gives a good indicator in the sense that
out of the 1710 training data points that have a split type of 5 or smaller, 85 percent
actually do not have a jump in their cohomologies. This also illustrates that decision
trees can be used for feature selection: important features that are good indicators for
the classes tend to be used for splitting higher up in the tree, while more unimportant
features are used further down the tree (or not at all, if they do not have any predictive
power for the class membership). Now, in our case, we only have a single feature, but it
is a composite feature of several quantities. The fact that the first split does not occur
around the median (which would be 27) but at much smaller value indicates that the

number of split components is a good criterion to distinguish jumps.

While the split types are integers, the tree always chooses half-integer decision boundaries.
The reason is that the tree does not know that the feature only takes integer values. Hence,
splitting in the middle between the feature values that appear in the train set will allow

the most slack in either direction when the tree is presented with unseen data.

By focusing on the leaf nodes, we can also see that the tree is not classifying the data
perfectly, not even the training data. Indeed, many nodes have a non-zero Gini impurity,
i.e., both curves with and without jumps share the same split type associated with this
leaf node. Looking for example at the bottom right leaf node, we see that three curves
have the same split type (with value 48). However, two of these have a jump while one
does not. This means that the topological data FA}FF9 used to construct the split type is

not enough to decide whether or not a cohomology jump occurs.
5.2.5 Interpretation of results
Jumps from curve splittings

We have seen that the decision tree trained on a combination of split types and intersection

numbers performs very well. Moreover, the tree trained with just the split types splits
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on small split types first. This suggests that there is a tight correlation between changes
in the topology of the curve and jumps in the line bundle cohomology. In particular, the
data set has an abundance of cases with jumps where the curve C splits off one or more
rigid components: For 78 (about 95%) of the 82 pairs of geometries D¢ and line bundles
Dy, considered in our database, we find that we can split off a rigid component FE, i.e.,
C — C U E, such that
0 (A 0

hmin(CUEaL‘C'UE) > hmin(ch‘C) . (529)

Put differently, for almost all pairs (D¢, D) in our database, there exists a rigid divisor

such that splitting off this rigid divisor from the curve C' leads to a jump in the number

of global sections on that curve. At the same time, for a given combination (D¢, Dy,), we

observe a jump of 2. only for a subset of all possible splits C' — C UE, suggesting that
FE and Dy, must have some correlation in order for the cohomology to enhance. We list

the details of these splittings and jumps in [B:2.1]

It is obvious that the jumps stemming from rigid component splittings can be associated
with the curve C' becoming non-generic. While per se not unexpected, the machine learn-

ing process reveals — without explicitly “knowing” algebraic geometry — these features.

It is important in this context to address the bias in the data coming from considering
only values of {0,1} for the coefficients. Namely, within the data, we only observe jumps
associated with splittings of rigid components. Naively, one might conclude that rigidity
of a split component is a necessary condition. However, as we already stressed in the
beginning of [5.2.3] setting enough coefficients to 0 usually factors out one of the homo-
geneous coordinates x;. The corresponding curve splitting then always involves the toric
divisor V (z;) which on a dPs is rigid for any ¢ = 1, ...,6. Therefore, the strong correlation

between a rigid component and a jump is likely due to the bias in the data.

Indeed, we will find in sections and with insights from algebraic geometry, that
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the main source for cohomology jumps in cases of curve splittings is actually insensitive
to components being rigid. We will also supplement a concrete example in [5.4.1| where
we find a jump from non-rigid curve splittings. Furthermore, we will combine these
arguments with the intuition about curve splittings we gained through the data to phrase
a sufficient condition for a jump in cohomology to occur in terms of topological data only.
We will discuss this idea in 5.5

Unpredicted jumps

The fact that the decision tree cannot predict all jumps hints towards sources for addi-
tional sections (and hence cohomology jumps) beyond curve splitting. Within the data
set, we observe that in rare occasions, the curve remains smooth despite a deformation

which induces a jump.

For illustration purposes, consider again the genus three curve with the line bundle dis-

cussed above. Generically, this genus 3 curve is cut out by the polynomial

P(c) = clxil)’w%xgm + CQ:B%x%xgxixﬁ + c;;ww%mix% + 04.21?%.%'%1'%.%5 + cw%x%x%mxwg
2 2 2 2 2 2 2 2.2
+ CT1T5T3T 45X + C7LL‘21'23351,‘% + 08:E13:2:1:§:E5:L‘6 + C9T1T2T3T4T5Xg
2.2 2 2
+ 010332:1:3:64x5xg + cnxlxgxgxﬁ + 012x3x4x§x2 .

(5.2.10)

The pullback of Ogp,(Dy,) onto C defines a line bundle £ of degree d = 3. By Riemann-—
Roch we have x(£) = hY — bl = 1.

In our database, we have computed the number of global sections for this line bundle for

coefficient choices ¢ € {0,1}!2 — 0. For these 4095 curves, we find
o hY=1: 2304 (56.3%) |,
o K0 =2: 1664 (40.6%) ,
e hY=3:127 (3.1%) .
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Our database indicates that a jump to R’ = 3 occurs whenever ¢; = ¢ = ¢3 = ¢ =

c12 = 0. This corresponds to a splitting

C = V(xs) UV (x5) UV(P| (5.2.11)

c1 =62=C3=C11=012=0) :

The majority of the cases with hY = 2 are where either V(x2) or V(z5) splits off, each
being a rigid P!. This is in line with the above observation. However, we also have
instances (about 9% of all curves with h® = 2) where the curve remains smooth and
irreducible. Despite having h? = 2, the split type features cannot distinguish these cases
from the generic setup with A = 1, thus leading to an imperfect performance of the

decision tree.

While we will come back to a detailed discussion of this phenomenon and the associated
algebraic description in terms of Brill-Noether theory in it is evident that these cases
of jumps are associated to the line bundle £ on C becoming non-generic. Moreover, we
also observe that such Brill-Noether-type jumps can sometimes produce values of h° that
cannot be obtained by splittings off rigid curve components. This becomes particularly

important in F-theory models, as we will discuss now.

5.3 Application: F-theory model building

In the previous section, we have used machine learning techniques to gain some intuition
on how line bundle cohomologies jump under complex structure deformations. While
we will discuss the underlying “precise” description of these various sources of jumps in

“rules of thumb” inferred from the

the next section, we would like to show that these
withe-box machine learning results can be applied directly in string phenomenology. To
this end, we consider an F-theory toy model and exemplify how curve splittings help

“controlling” the number of vector-like pairsﬁ

SFor the purpose of this work, and in particular this section, we will only focus on the matter curves
and their embeddings into the “GUT”-surface that supports the non-abelian gauge symmetry. We refer
the interested reader to recent reviews [26] [I49] for detailed introduction to F-theory.
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Let us first summarize the relevant features of the model, whose explicit construction is
detailed in [47]. The model has an SU(5) gauge symmetry localized on a dPs surface inside
the compact base threefold Bs, which itself is a smooth hypersurface inside a toric variety.
There are matter states in the representations 101, 53 and 5_o, where the subscript denote
the charges under an additional U (1) gauge symmetry. Each representation R resides on
a curve CR inside the dPs surface. One can find a globally consistent vertical Gy4-flux

configuration that induces the chiral spectrum

x(101) =3, x(53) =15, x(5_3)=—18. (5.3.1)

In the following, we will analyze in detail the vector-like spectrum in this setup.
Geometry of curves

In the global geometry, the matter curves Cr are complete intersections involving the dPs
surface and another divisor on the base Bz. As discussed in [47], a generic choice of the
complex structure parameters for the elliptic fourfold also induces a generic curve Cr on
dPs. In other words, we can parametrize them in terms of global sections of O4p, ([CR]),

where [Cr] denotes the divisor class of the curve inside dPs.

Furthermore, the data defining the zero mode spectrum in a global F-theory model can be
extracted from the G4-configuration and packaged into a line bundle (or, more generally,
a coherent sheaf) for each curve Cr [45] [46]. For the case at hand, the flux inducing the
chiral spectrum induces line bundles which are pullbacks of various bundles on dP;s

to the curves [47].

Using the same notation as in the previous sectionﬂ the curves with their genus and their

"Divisor classes aH + bE; + cE2 + dE3 are denoted by (a;b, ¢, d).
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corresponding zero-modes counting bundles are:

curve class genus bundle ht

Cro, (4—1,—-1,-2) 2 | Ogp, (1;—1,—1,1) (3,0) (5.32)
Cs, (10;—3,-3,—4) 24 | Ogp, (5:—4,-4,3) (154 n,n)

Cs., (17;=5,-5,—7) 79 | Oup, (6;0,0,—6) (7,25)

Note that the cohomologies on Ci9, and C5_, are fixed by the exactness of the corre-
sponding Koszul resolutions, and hence there are no complex-structure-dependent jumps
possibleﬁ For the representation 53, no such arguments apply, and thus we expect the

number n of light vector-like pairs to vary.

The curve Cs, = {az2 = 0} is the vanishing locus of a polynomial with class (10; -3, -3,
-4), whose explicit expression in the parametrization of the toric dPs coordinates z; are
given in appendix [B1] cf. [B:1.60] With the curve having genus 24, it would be almost
impossible to perform a scan by varying all the complex structure parameters has
44 coefficients), as we did previously for the low genus cases. However, the intuition we
gained from the low genus examples will help us to “control” n — that is, to efficiently

find suitable geometries realizing the desired vector-like spectrum.
5.3.1 Engineering jumps in cohomology

What we have learned from the machine learning results is that the line bundle cohomol-
ogy is more likely to jump if the curve in question is reducible. Though we have already
emphasized that rigidity of the components is not necessary, the abundance of toric co-
ordinates makes it handy to factor out various different curves which in this case happen
to be rigid. For the purpose of finding a concrete realization of a particular jump in the

vector-like spectrum, these rigid factors turn out to be sufficient.

8This can change if we modify the flux by, e.g., horizontal pieces. However, for the purpose of this
work, we focus on jumps induced by geometric changes.
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We thus modify the coefficients of the defining polynomial a3 2 in[B.1.60]such that individ-
ual toric coordinates x; of dP3 factor out. Of course, not every such factorization will lead
to a jump: the rigid component must in some way receive a “non-trivial contribution”,
i.e., intersection, from the divisor D defining the line bundle. The intuitions we gained
from the previous section is that a negative intersection of Dy with V(x;) will lead to a
jump. It is then intuitive to assume that the more rigid components splits off, the higher
the jumps tend to be. With this intuition, we now proceed to engineer step-wise jumps

of the vector-like spectrum.

Using the linear relations and intersection numbers we easily verify the divisor
defining the line bundle, Dy = 5H — 4F; — 4F> + 3FE3, has only negative intersections
with [z1] and [z6]. Inspecting [B.1.60} one finds that if we set

C40 = C41 = C42 = C43 = 44 = 0, (5.3.3)

the polynomial factors as az2 = xe 2, where Ry is an irreducible polynomial in the class
(10; —3,—3,—5). And indeed, a computer-assisted computation with methods from [47]

reveals that for this curve Cy = {xg Ry = 0}, we have

h'(Ca, Ogp, (5;—4, —4,3)|c,) = (17,2) (5.3.4)

We can factor out another factor xg from Ra by setting

€34 = 35 = C36 = C37 = C38 = C39 = C40 = C41 = C42 = €43 = C44 = 0, (5.3.5)

yielding Cs, — C3 = {22 R3 = 0}, with R3 an irreducible polynomial of class (10; -3, -3,

-6). In this case, we find a jump by three,

h'(Cs, Ogp, ((5;—4,—4,3)|,) = (18,3).. (5.3.6)
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To achieve a jump by four, we factorize Cs, — Cs = {x126 R4 = 0}, with [R4] =

(9; —2, -2, —5), with the following choice of complex structure:

C] =Ca=C3=1C4=C5=0Cq0 =0C41 = Cg2 =043 = Caq = 0. (5.3.7)
Then we find

h*(Cy, Oap,((5; —4, —4,3)|c,) = (19,4) . (5.3.8)

Lastly, we also easily construct a model with five vector-like pairs, by setting

Cl=Cy=C3=0C4=C5=C34=C35=0C36=0C37 =0
(5.3.9)

€38 = €39 = C40 = C41 = C42 = €43 = €44 = 0.

On this sublocus in complex structure moduli space, the matter curve factorizes as Cs, —

Cs = {x1 22 R5 = 0}, with [R5] = (9; —2, 2, —6). In this case we have

h'(Cs, Ogp, ((5;—4,—4,3)[.) = (20,5) . (5.3.10)

5.3.2 Single vector-like pair from Brill-Noether theory

The above examples demonstrate how the machine learning intuition led us to a step-wise
increase in the number of vector-like pairs by suitable tuning of the complex structure
parameters. These jumps occur because the matter curve in question splits into several
components. However, such splittings induce a jump from zero vector-like pairs to at least
two (or three, or four, or five). If we are interested in models with a single vector-like
pair — such as for the Higgs field in MSSM realizations — then we need to look for other

effects than curve splitting.

As we have seen earlier, such effects are related to the cases not predicted by the trained
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decision tree. Here, the jumps in cohomology are not due to the curve becoming non-
generic, but rather the line bundle. In fact, Brill-Noether theory (to be discussed in the
next section, see also tells us that for the matter curve Cs, of genus 24, we expect
that a scenario with a single vector-like pair — i.e., one having h* = (16,1) — to occur
on a subvariety of dimension p = g —h®-h! = 8 of the space Jac(Cs,) which parametrizes
the line bundles on Cs,. Note that the same formula would yield p = —10 for jumps by
two, and hence no such jumps can occur for a generic Cs,. This agrees with the above

instances, as each of those requires the curve to become non-generic.

Because of this, engineering the jump by 1 becomes more challenging, and in particular
requires additional tools from algebraic geometry. We defer the details of the relevant
computations to [B.I] and simply remark here that the necessary tuning is

Cl:CQZCB:C4:CS267268:69:010:035:036:037:638:17
(5.3.11)

cap=cn=cCp=c3=cu=1, cn=cu=-1, cc=c3=2.
One can easily verify that the polynomial ag2 in does not factorize in this case,
and that the curve Cs, remains smooth. Therefore, the enhancement in cohomology in

this case is indeed of Brill-Noether type.

5.4 Cohomology jumps throughout the moduli space

To put the intuition we gained from machine learning onto more solid grounds, we now
apply tools from algebraic geometry to develop a more complete, “microscopic” under-
standing for the various sources of jumps we encountered in our data. As we will see, the
resulting insights lead to a diagrammatic representation of a stratification of the complex

structure moduli space of F-theory compactifications induced by vector-like spectra.

As we have alluded to in based on our database we can essentially distinguish two

types of jumps:
1. Jumps due to a non-generic line bundle.

88



2. Jumps due to a non-generic curve.

This shows that our samplings are very atypical. Namely, true jump loci have lower
dimensionality than the full set of parameters. Therefore, jump loci form sets of measure

0 and should never be encountered by a genuinely random sample.

It is central to our discussion that algebraic geomemtry can bound from below the ‘size’
of such jump loci. In particular, this is true for jumps due to non-generic line bundles.
Such jumps have been analyzed since 1874 in the context of Brill-Noether theoryﬂ [150].
Given a generic curve Cy of genus g and an integer d, Brill-Noether theory provides an
integer p(r, g,d) which measures how likely it is that a line bundle L4 of degree d on Cj

has r + 1 independent non-trivial global sections, i.e., has h®(Cy, L;) = r + 1.

To formulate this more precisely, first recall that the Jacobian Jac(Cy) of the curve Cj is
isomorphic to C9/A where A is the full-dimensional period lattice of Cy. By the Abel-
Jacobi map, equivalence classes of line bundles of degree d form a copy of the Jacobian
Jac(Cy). Let us focus on the subset of the Jacobian formed by all equivalence classes of
line bundles of degree d which admit exactly r + 1 global sections. Then a lower bound

on the dimension of this space is given by the integer
plr,g,d)=g—(r+1)-(r+1—(d—g+1)=g—n’-n'. (5.4.1)

In the last equality we use the intuitive notation n® = r + 1. Furthermore, we have
used that by the Riemann-Roch theorem, n' =n" — (d — g + 1) is equal to h'(Cy, Lg) if
h9(Cy, L4) = n°. Further details on Brill-Noether theory can be found in appendix

and a more complete presentation is given in [I51l 152].

An important result follows from [I53]: If the curve is generic, then lines bundles of degree

d only admit numbers r 4+ 1 of global sections for which p(r, g,d) is non-negative. Put

9The physics community may find it entertaining to learn that this theory is named after Max Noether,
the father of Emmy Noether.
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differently, there are no line bundles on generic curves with r + 1 global sections with
p(r,g,d) < 0. Furthermore, the value of p gives a very clear notion of the likelihood to

have r 4+ 1 sections in terms of a dimension on the “moduli” space of line bundles.

Let us demonstrate this for a line bundle £ of degree d = 2 on a curve C, of genus g = 3.
By general theory, the number of section of this line bundle cannot exceed its degree.

Hence, it has 0, 1 or 2 sections. With this information, let us compute p(r,d, g):

r k| p(r.d,g)

-1 (0,0 3 (5.4.2)
0 (1,1 2

1 (2,2)| -1

From this we learn, that most line bundles £ of degree d = 2 on a genus g = 3 curve Cj
satisfy hY (C3, L) = 0. Since for these bundles p matches the dimension of the Jacobian
of ('3, we can say that these line bundles are associated to generic points of the Jacobian.
Furthermore, we learn that there are line bundles with h° (C3,£) = 1. However, these

are special in the sense that they are associated to a codimension-1 locus in the Jacobian

Jac(Cs).

Finally, p = —1 for r = 1 begs for an explanation. This explanation follows from work of

Griffiths and Harris [153]:
On generic curves, dim(GQH) =p(r,d,g).

So in particular, on generic curves it holds GZ'H = () if and only if p(r,d,g) < 0. Con-
sequently, we conclude from that on generic genus g = 3 curve, there is no line
bundle £ of degree 2 such that h%(C3, £) = 2.

Note however, that this does not rule out the possibility that non-generic curves may

host such line bundles. In the case at hand, it follows from the theorem of Clifford [153]
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that hyperelliptic curves Hs of genus ¢ = 3 admit line bundles £ of degree d = 2 and
hY(Hs, L) = 2. Note that hyperelliptic curves of genus g > 2 are non-generic. Hence,
this points us to jumps of the vector-like spectrum, which originate from non-generic

deformations of the curve.

Let us give another such example, which illustrates a jump on a singular curve. To this
end, let us consider a line bundle £ of degree d = 5 on a genus g = 2 curve. Then y(£) =4

and h°(Cy, L) € {4,5}. Let us compute p(r,d, g) for these two values of global sections:

r hZ(CQNC) P(T, dag)

3 (40) 5 (5.4.3)

4 (51 -3

Thus, on a smooth curve of genus g = 2, any line bundle of degree d = 5 has 4 global
sections. Even more, since the degree d is in the stable range, we find 4 global sections
for this line bundle on every smooth curve of genus g = 2 — generic or not. Hence, 5

sections can only be realized on a singular curve.

This can be achieved by choosing the curve parameters (which model the complex struc-
ture moduli of global F-theory models) such that the curve becomes reducible, and factors
into various components which intersect transversely in a number of points. A way to
construct global sections on such curves is then as follows: First, consider each component
individually and identify which sections they support. Then, by demanding that these
sections agree at the intersection points, we glue these local sections to global sections.

We will return to this gluing procedure in more detail in

In this section, we will take a closer look at the interplay of jumps that occur due to non-
genericity both of the line bundle and the curve. In particular, since in global F-theory
models, both the bundle and the curve depend on the complex structure parameters of

the elliptic fibration in the same fashion (namely through the coefficients of its defin-
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ing polynomials), they should be treated on the same footing, which we can summarize
diagrammatically. The following analysis requires, at a technical level, a working under-
standing of the Koszul resolution of a pullback bundle, its associated long exact sequence
in sheaf cohomology, inferring the maps in this long exact sequence from Cech ochomol-
ogy as well as a basic understanding of on-reduced curves. For convenience of the reader,

further details are provided in
5.4.1 Jumps from curve splittings

We first analyze examples with jumps from curve splittings. We will see that rigidity of
the components that split off play no role in the section counting. The reason why we
found in earlier chapters that rigid divisors split off is due to our special choice of setting

all coefficients in the polynomial that specify the curve in dPj to either zero or one.
Example: one additional section

Setup Let us return to the example of a line bundle on a genus 2 curve discussed above.

In more detail, the curve and line bundle are given by
Do = (4;-1,-2,-1), Dy = (3;-3,-1,-2). (5.4.4)

The curve C (c) = V (P(c)) is defined by a polynomial P(c) € H® (dP3, O4p3(Dc¢)) = C©

with

3,..3 2,32 3,2 2 2,2 2,.2 2
P(c) = C1T]XX3T4 + CoT]XL T + C3TTLLT3T5 + CATTXRT3TA4L5T6 + C5T1 XL T5X G
2 2,2 2,2 2,2 2 2
+ CeXIT2X3TELE + CTT1T2LIT4TE L + 08x2x4x5xg + 09x1x3x§x6 + clox3x4x§$% ,

(5.4.5)

where the coefficients ¢ € C!0 form the parameter space of this genus g = 2 setup. The

line bundle £(c) = Oap3(DL)|¢(c satisfies deg(L(c)) = 5. Hence, on smooth curves, the
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theorem of Riemann—Roch tells us

X(L(c)) =deg(L(c)) —g+1=5—-2+1=4. (5.4.6)

Moreover, since deg(L(c)) = 5 > 2g—2, we know that for smooth curves h!(C(c), L(c)) =

0. Hence, h°(L(c)) = 5 is only possible on non-smooth curves.

Comparison with database In our database, we have considered choices of parame-
ters ¢ € {—1,0,1}% — 0. On about 96% of these 59048 curves, £(c) has 4 sections. This
fits with the above picture, that generically we expect 4 sections. However, we also find
2186 curves for which £(c) has 5 sections. Those curves satisfy c¢s = ¢ = cg = 0, which

means that C(c) = V(z4) U B, where

2 2,2 2 2
B = V(c1z3x3zs + coxaizyzs + cariaizszsze + C5T1T5T4T5Tg ( )
5.4.7

2,2 2.3 3,.3
+ 712223 5Tg + C8T2X4T5XTG + clox3x5x6)

is a genus-0 curve with V(z4) - B = 3. We will now argue that £(c) admits 5 sections if

and only if C'(c) decomposes in this way.

Classification of jump geometries To this end, we consider the Koszul resolution

0 — Oap, (D, — Dc) = Ogp, (Dr) — L(c) — 0. (5.4.8)

Its associated long exact sequence in sheaf cohomology takes the form

0 0 H° (dP3,Dy) = C' — HY (C(c), L(c)) j

L H'(dPy, D1 — Do) = C* 25 HY (dPy, D) = C' —s H' (C(c), £(c)) 7

[%0 0 0 0

(5.4.9)
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The exactness of this sequence implies that

h(C(e), L(c)) = 5 — dim (imgp) = 5 — 1k (M,,) , (5.4.10)

where M, = (c3,cq,c9,0). We explain the construction of the mapping matrix M, in

more detail in [B11

Obviously, M, has rank 1 iff (c3, c6,c9) # 0 and its rank vanishes iff (c3, ¢g,c9) = 0. This

immediately leads to the following classification of curve geometries:

rk (M) explicit condition curve splitting

1 (c3,¢6,¢9) # 0 C (5.4.11)
0 (637 C6, 09) =0 V(;L'4) UB

showing that we obtain one additional vector-like pair if and only if the curve factors as

V(z4) U B. We illustrate this result in the following diagram:

(R° p) = (4,1)

(5.4.12)

(0. p) = (5,~3) V(z) UB

In this diagram, the a'® node represents a family F, of curves, for which we give the

generic element in this family.

For example, the family F; of curves at the first node is defined by the nonvanishing
condition (cs, cg,c9) # 0 and has the curve C as its generic element, which is a smooth,
irreducible curve of genus ¢ = 2. Note that (non-generic) members of F; can also be
singular curves with several components. For example, the curve V (x3z3z3x5) is defined

by the condition that all ¢; but ¢3 vanish. This curve is clearly singular and has several

connected components. Recall that Fj is the family of curves on which the line bundle
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in question admits four global sections. Hence, the statement is that even on such a very

singular curve, the bundle in question admits exactly four sections.

This feature changes exactly on the family of curves Fa, which are defined by (c3, cg, c9) =
0. Its generic element is a curve of the form V' (x4) U B, where B is a smooth genus g = 0
curve touching V' (z4) in 3 distinct points. We can also view F; = {c| (¢3, s, c9) # 0} and
F> = {c|(c3,cq,c9) = 0} as subspaces of the parameter space C'° > c. In this case it is

trivial to see that

FNF-0, FRCT, (5.413)

where Fi the closure with respect to the standard topology on C'°. We will come back

to this property shortly.
An hl-gap

Whilst factoring-off curve components typically increases the number of global sections,
this effect need not necessarily generate exactly one additional section, as we have already
seen above. Rather, it can force multiple additional sections to appear simultaneously.

An example of this sort is

Do =(3;-1,-1,—-1),  Dp=(1;-1,-3,—1). (5.4.14)

In this case, C(c) = V(P(c)) is a genus 1 curve defined by

P(c) = c1o3win3my + cortroriars 4+ c3w1 250506 + CAT1ToTITATS T

(5.4.15)
+ 0527137%:6%366 + cﬁxgxiwg,:c% + cm;;mx%x% .
Moreover, L is a line bundle of degree d = —2. Hence, its degree is in the stable regime

and on any smooth curve we find h°(C,£) = 0. Still, as demonstrated in non-

smooth curves can admit higher numbers of global sections. Here, we will argue, that
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even on singular curve, the pullback line bundle £ can never have exactly one section.

To see this, let us look at the long exact sequence in sheaf cohomology associated to the

Koszul resolution of the setup:

0 0 0 H° (D¢, L) D

L H'(dP3, Dy, — D¢) & C3 o (dP3,Dp) = C> — H'(C, L) B

LO 0 0 0

(5.4.16)

The exactness of this sequence implies h?(C, £) = 3 — dim (imy) = 3 — rk (M,,) with

ce O (O]
M, = (22?? 0) . (5.4.17)

c1 0 c3
Cq C3 Co

Consequently, the statement that on the curves in class D¢ the pullback of D, never has
exactly one section is equivalent to saying that M, never has rank 2. We see this by

studying the four non-trivial and independent 3 x 3-minors of M,:
my = cacs, my = cp ms = c3, My = ceeac3 — C7Ca — ciey . (5.4.18)

Now, rk(M,) < 3 requires m; = mg = m3 = m4 = 0. This is equivalent to c3 = ¢ = 0

M‘P|03:06:0 = (

which can have at most rank 1. More generally, we can classify the rank of M, and

and

o
LLo0fo
cocococo

0
0
8) : (5.4.19)
0
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thereby summarize the curve geometry as follows:

rk(M,) explicit condition (F;) splitting of curve

3 63,66750 C

1 c3=cg=0 E,UB

0 cor=c3=cga=cg=cy=0 EGUE4UE§2)UA

Observe again that within the parameter space of ¢, we have
FinF;j=0, FiDF, F2DFs.
The corresponding diagram is

Fi: (W0,p) = (0,1) c]

Y

Fa: (Wp) = (2,-7) | B2U B

\

Fs: (W0, p) = (3,-14) EsUE,UESY UA

Jump from non-rigid curve splitting

(5.4.20)

(5.4.21)

(5.4.22)

We now address the bias in our data, and provide a concrete example of jumps from

curve splitting where none of the components are rigid. To this end, we consider Do =

(2;—1,-1,0) and Dy = (—2,0,4,0). This curve is thus given by

2 2
P = ClT4T5Tg + C2T1T3T5X6 + C3T1T2T4T6 + C4T]T2T3 -
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For generic coeflicients ¢;, the curve C is a smooth curve of genus ¢ = 0 and £ has degree

d = 0. Hence we conclude h°(C, L) = 1.

To understand jumps at special coefficients, we employ the Koszul resolution and find

R (C(c), L(c)) = T — rk(M) where

0 0 0 C1 0 C3 0
ca 0 0 0 ¢ ca c3
C3 0 0 0 0 C1 0
M= (5.4.24)
0 C1 0 Cy C3 C4 0
0 0 Cl1 C3 0 0 0
0 0 0 0 C2 0 C4

The rank drops of this matrix include both cases of rigid and non-rigid splittings. Ex-
plicitly, let us set A; = V(z;), which are rigid components. Moreover, we also have the

following possible genus g = 0 components which are non-rigid:

Dy = V(coxsxsxe + 3020476 + C4T12223)

Dy = V(cawawe + caz173),

D3 = V(cyzix9 + cox576) (5.4.25)
Dy = V(corix3 + c12476) ,

D5 = V(03$1I2 + Clx5$6) .
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With these, we can then summarize the rank drops as follows:

rk(M) explicit condition curve splitting

6 generic C
5 =0 A UD; (5.4.26)
5 C1C4 = C2C3 Dy U Dg
3 ci=c3=0 A1 UA3U Ds
The corresponding diagram is of the form
Fi: (k% p) = (1,0)
Fo: (R0, p) = (2,-2) (5.4.27)

Fu: (ho,p) = (4, —12) A1 UA3U Dsg

Similar to our discussion in there is a gap at A’ = 3. Crucially, since Dy and Ds
are non-rigid, the deformation C' — Dy U D3 provides an explicit example of a jump

associated to curve splitting with no rigid components.
5.4.2 Jumps from non-generic line bundles

We now turn to jumps due to special alignments of the points that define a line bundle

divisor. These phenomena are described by Brill-Noether theory.
Additional section due to special divisors

Let us consider the pair

De = (4;-1,-1,—-1), Dy =(1;2,-2,-1). (5.4.28)
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This genus g = 3 curve C(c) = V(P(c)) is defined by

3,..3..2 2.3, .2 3,32 3,23 2,2 2
P(c) = c1a7x523T4 + o THT3TIT6 + C3T1THTYTE + CAT]THTZTs + C5T]TZTZT4T5T6

2 2 2 2 2 2 2 2 2
+ cgr1T503T T5T5 + 07562:1:23:595% + 08x1x2x§x59§6 + CoT1T2T3T4TETG

2,2 2 2
+ clox2x3x4m5x§ + cna:lx%xgxﬁ + c12x3x4m§’x% .

(5.4.29)
Brill-Noether theory implies
curve g L x d | BN-theory
RO At p
C=V(P) 3| Oap3(D)lc 1 3
2 1 1
3 2 =3

Hence, a jump on the generic curve — a Brill-Noether jump — to h%(C(c), L(c)) = 2 is
possible. To explicitly construct such curves, we again inspect the long exact sequence,

associated to the Koszul resolution of £(c), which is given by

0 0 0 H (D¢, L) D

L H'(dP3, Dy, — D¢) = C? R (dP3,Dp) = C? — H'(C, L) j

[%0 0 0 0

(5.4.31)

From the exactness of this sequence, we learn that h(C(c), £(c)) = 3 — rk (M,,) with

My = (T ey e ) - (5.4.32)
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We set P! =V (z3), Pt = V(x5). Then the possible h° jumps are classified as

rk(M,) explicit condition curve splitting
2 (c3c11, c3c12, cac11 — c1c12) # O ct
1 C3 = 0, C2C11 — C1C12 = 0 C2 (5.4.33)
1 cpr=co=c3=0 BQU]P%
1 ci1=ci2=0 P}IUBl
0 cr=ca=cg=ci1=ci2=0 P}lUAUIF%
The corresponding diagram is of the form
Fi: (h%p) = (1,3) c!
y Y
Fo: (h0p)=(2,1) |PLUB, 2 B, UP}
\ | /
Fz: (h%p) = (3,-3) PLUAUP;
(5.4.34)

The change of coefficients

c=(1,1,1,1,1,1,1,1,1,1,1,1) — e¢=(1,1,0,1,1,1,1,1,1,1,1,1) (5.4.35)

leads to a transition C' — C? of smooth, irreducible curves. Since the topology of
the curve does not change for this choice of parameters, such a transition cannot be
detected from the topological data which we used for our machine learning. Therefore,

such transitions are the major source of error in our decision trees.

On smooth curves C?, the nature of the jump C' — C? can be analyzed by using Serre
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duality:

R (C,0c (Drlp) >0 <  hY(C,0c¢ (Ko — Dilg)) >0
&  Kc — Dy effective (5.4.36)

& dpelC:Ke—p~ Die .

Hence, the origin of this jump is that K¢ and the line bundle divisor differ, modulo linear
equivalence, only by a point on C. Such a divisor is known as a special divisor. Loosely
speaking, we may thus say that the origin of this one additional sections is that the points,

which define the line bundle on the curve, move into a special alignment.

Note that also in this case, the diagram [5.4.34] encodes a hierarchy F; D Fo, Fo O F3.
This is a generic feature of the parameter space and reflects a stratification induced by

the vector-like spectrum.
5.4.3 hO%-stratification of the parameter space

A stratification of a topological space X is a decomposition X = |J; F; into locally closed

subspaces F; such that
1. FinF;=0if i # j,
2. if F;NF; #0, then F; C F;.

Intuitively speaking, a feature associated to a subspace F; — a so-called stratum —
becomes “less likely” with increasing codimension of F;, and being contained in (the
closure of) a higher dimensional stratum JF; implies a “specialization” of the feature
when going from F; to F; with j > i. The second defining property has a convenient
diagrammatic representation: Let the strata F; form vertices of a graph, then there is a

directed edge going from j to i if F; C F;. This is precisely the structure of the diagrams

[5.4.12] [5.4.22] |5.4.27, and [5.4.34] Here, the stratified X is the parameter space {c}

associated with a pair (D¢, D), and the strata are defined by the value of h°(C(c), £(c))

102



in the notation of the previous subsections. Hence, we call these diagrams h°-stratification,

or in short, stratification diagrams.

Note that Brill-Noether theory basically provides an analog description of the moduli
space of line bundles / divisors on a smooth curve. In particular, it provides lower
bounds on the dimension of the strata in terms of p. For F-theory models, where also
deformations of the curve’s topology become relevant, we see that the stratification by h"

can be extended to the enlarged moduli space.

We observe that in this generalized setting, a stratum associated to a certain value of h°
can consist of several disjoint subfamilies of different dimensions. In the example [5.4.34]

the stratum JF, associated with h® = 2 decomposes as Fy = 2(a) U ]-"25) U ]:Q(b) with

fg(a) ={clcii=ci2=0,c1 #0,c2 #0,c3 # 0},
FP ={clen=ca=c3=0,e1 #0 # ez}, (5.4.37)

]:2(8) ={c|e3 =0=cac11 —cic12,c1 #0# ca,c11 # 0 # c12}.

It is easy to see that each of these components also satisfies the axioms for strata (since
they satisfy .7:2(x) N .fgy) = () for x # y). Furthermore, their closure contains the common
stratum F3 = {c|ec; = ... = c12 = 0} of higher codimension with h® = 3, as can be seen

from the arrows connecting the three subfamilies of the stratum F» to F3 in

In general, a stratification diagram can be roughly divided into three regions. At low
values of h?, jumps typically occur for divisor alignment, i.e., are allowed by Brill-Noether
theory on a smooth curve. To get to high h°, i.e., many vector-like pairs, the curve
typically needs to factorize into many components. In the middle regime, we can have
a mixture, meaning in particular that a jump occurs due to divisor alignment on a split

component.
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To illustrate such a “typical” case, consider
D¢ = (5;-1,-1,-2), Dy =(1;1,-4,1). (5.4.38)

This genus g = 5 curve is given by C(c) = V(P(c)) with

3,42 2 2.4, .3 4,4 2 3,.3.3 2,322
P = cixjz5r32] + cox1x503T 6 + C3T1T5X 4T + CATTTHX3L4T5 + C5TTTHTZ3L4T5T6

+ C6$1x3$3$2$5x% + cm%xixw% + csxi’x%achg + cw%w%x%mx%xﬁ
2,2.2 2 2 2 2 2 4 2
+ C10T1X5X3T 4 T5T5 + 611:172533362:1:5:6% + clgxlxgmg,wgznﬁ + clgxlzvgxgmmga:(j

22,33 4,42 3, 4.3
+ C14T2X3X4 T35 + C15T1X3L 5T + Cl6L3L4TFLy -

(5.4.39)
From Brill-Noether theory, we then find
curve g L X d | BN-theory
RO At p
C=V(P) 5| Ogp3(Dr)l» 0 4
1 1 4
2 2 1
The stratification of curve geometries follows from the long exact sequence
0 0 0 H° (C(c), L(c)) j

L H'(dP3, Dy, — D¢) = C7 -5 H' (dPs, Dp) = C7 — H' (C(c), L(c)) 7

[%0 0 0 0

(5.4.41)
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Consequently kY (C(c), L£(c)) = 7 — rk(M,,) and we find

ci5 ci1 ¢c¢c 0 0 0 O
0 co ¢ c3 ci1 cr O
ci2 ¢ ¢c3 0 ¢ 0 O
My=1 0 ¢ ¢ 0 ¢ c3 ¢7 |- (5.4.42)
cg co 0 0 ¢ 0 O

0 Cl4 C11 C7 0 0 0

0 C1 0 0 C2 0 C3
We list the curve strata in [10| and display the corresponding stratification diagram in

Of particular interest is the transition A3 U Dy — Az U Dy. The former curve admits
3, the latter 4 sections. This change in the number of sections is due to a Brill-Noether

jump on the curve components D;:

curve class genus d | Y Rl p

D | (5,-1,-2,-2) 4 0

Hence, provided that the line bundle divisor is chosen such that Kp, — Dy p, Is effective,
we find an additional section on D;, due to a Brill-Noether effect. More explicitly, in the
case at hand this condition states that the line bundle divisor is linearly equivalent to the
trivial divisor, i.e. Dp]| D, ™ (. This condition is satisfied on Dy but not on D;. For this

reason we find one additional section on Ag U Ds.

5.5 Local to global section counting

In this section, we provide an in-depth analysis of the procedure of gluing local sections
on reducible curves. As a result, we can place a lower bound on the number of global

sections. We find sufficient topological conditions for a jump of h° to occur. This further
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rk(M,) explicit condition curve splitting

7 det(M,) £ 0 0
6 det(M,) =0 oh
_ 2 2 2 _ 9
5 €3C7C12 = C15C5 + €8C7,  C11C3 = C3C6CT — C2C7 o2
clc% + cloc§07 = cl4c§ + 03C5C% 1
4 cg=cr=0 Az U Dy
c3=cyr=0 c11c8 =cy5¢C C11C12 = C15C
3 3 7 ) 1168 1562 11€12 5 15¢6 Ag UD2
C11C2C5 = €14C5 + C1C11C6  C10C11C2 = C1C7 + C14C2C6
3 c3=cr=cg=cipo=ci5 =0 A3 U A4 U Ds
2
2 co=c3=cg=cr=ci1 =0 A:(S)UD4
3
1 cr=c=cg=cg=cg=cyr=cig=c11 =c14 =0 A:(;)UA5UD5
2
1 co=cg=cg=cr=cg=ci1=cipo=ci5 =0 Ag)UA4UD6
6126226326526626720 3
0 Ag)UA4UA5UD7

cg=clp=ci1 =clg=cig=ci5=0

Table 10: The curve strata for Do = (5;—1,—1,—2) and Dy, = (151, —4,1).
allows us to formulate an algorithm to estimate the possible numbers of vector-like pairs
on the moduli space of F-theory compactifications.

5.5.1 Gluing local sections to global sections

Trivial boundary conditions

Let us start by looking at a simple example. To this end, we go back to the geometry

discussed in ie.

De = (3;-1,-1,-1), D= (1;-1,-3,—1). (5.5.1)

Recall that in this case, C'(c) = V(P(c)) is a genus 1 curve defined by

P(c) = c122030304 + cortworirs + c3w1 252506 + CATT2TITATS T
(5.5.2)

2,.2 2. .2 2.2
+ C5T123T5X6 + CeX2T4T5Lg + CTTIT4XELG -

106



Ko =0 (]

RO =1 oh
A
O — 9 C3
glo 7777777777777777777777777777777 .
< B n’ =3
& &
. N
~ 9]
g o
s Z ho =4 A3 U A4 U D3
h =5 A:(SQ)UD4
Ko =6 Agg) U As U Ds A(g) U A4 U Dg
RO =7 AP U A4 U A5 U Dy

Figure 8: The stratification diagram for Do = (5;—1,—1,—-2), Dy, = (1;1,—4,1).

We found that for ¢; = ¢3 = ¢4 = ¢ = ¢7 = 0 we have 3 global sections. Furthermore, we

have already seen that for this choice of parameters, the curve has 4 components

Clc)=EsUE,UEY UA. (5.5.3)
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These components have the following properties:

curve component equation class g d | h°(C;, Dp)
A V(coxi120 + c52516)  (150,—1,0) 0 -2 0
E, V(ar) (1;-1,-1,0) 0 -3 0
Eg V(xs) (1;0,-1,-1) 0 -3 0
g V(22) (0:0,2,0) -2 6 9
(5.5.4)

In the last column we give the number of sections of the restriction of the bundle O4p, (Dr,)
to these curve components. We will refer to these sections in the following as the local

sections.

We display this geometry in[9] Our task is to glue the local sections to global sections on
the curve C' = Eg U Fy U E§2) U A. To this end, we work out the sections explicitly and
then subject them to boundary conditions at the intersection points of the different curve

components.

For the components A, E4 and Eg we already know that the only allowed local section
vanishes identically. On E§2) however, the situation is a bit more involved since EéQ) is a

non-reduced curve. As a set, Eéz) is the locus V' (z3). Using the scaling relations of dPs,

we can then set x9 = x4 = ¢ = 1 and thereby identify (x1,x5) as coordinates of Eéz).

Note, however, that since EéQ) is a non-reduced curve, the polynomial z3 is a non-trivial

function on this curve component. These observations allow us to conclude
HO <E§2), Odp3 (DL)|E§2)> = P3(£C1, $5) &) xr3 P4($1, :L‘5) y (5.5.5)

where P;(x1, z5) is the space of polynomials of degree 7 in 21 and 5. Upon homogenization
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Figure 9: The 9 local sections on A lead to 9 — 3 x 2 = 3 global sections.

with xs, x4, x4, we can then write

3 2 2 3
0 (2 ~ I B U R |
H (Ez aOdps(DL)’Eé2)> —Span(c{ 3,22 2 2,272 3

Y 9

vs  xdry 2l 2das 2
Sz -Spancq 3, 35— 3 35, 53, 3
(5.5.6)

From this, we learn that the only sections on V(z%), which vanish at V (1), V(z5) and

V(cox1x9 + c5x526), are linear combinations of the following three sections:

2 2
1T Tixs T1T5 (C2T1X2 + C5T5%¢
81 = C5—5 25 + c2 12 5 = ( 55 5 ) , (5.5.7)
3 2,.2 2
6 — ¢ T5x1 c T1T5 o T1T5 (CQ.TlLUQ + C5l‘5$6) (5 5 8)
2= %03 3 279,392 3,.3,.2 J "9
2L4L6 LoTyTe ToXyTg
2,.2 3 2
TiTE x5Ts x5 (cor1T2 + C5T5%6)
83 = Cj 3 3 9 C9 3 3 — 3 3 3 . (559)

Consequently, by extending these sections by zero outside of V(23), we obtain 3 global

sections.
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Es EY EY Ey

Figure 10: A non-trivial gluing example which gives no global sections.

Non-trivial boundary conditions

Let us consider Do = (3,—1,—1,—1) and Dy, = (5; —4,—4,3). We pick special values for
the parameters such that C' = V (z1232326). The curve thus factors into four components,

as displayed in [I0] These components have the following properties:

curve class eqn. d g R0 basis of sections

EY  (2-2,0,-2) V(a3) -2 -2 1 o (5.5.10)
2 2 2

EY (02000 VR 2 -2 5 ghm G mm

E, (1,-1,-1,0) V(1) -3 0 0 0

We have also listed bases for the sections on the individual curve components. By starting
in F3, we see that there is a unique section which extends to Eéz) and then to E%z) — this

section is i—g However, this section fails to vanish on V' (z1). Consequently, this geometry

only admits the global section which is identically zero.
From trivial to non-trivial boundary conditions

We have seen an interesting geometric transition when we discussed Do = (5, —1,—1, —2)

and Dy = (1;1,—4,1) in Namely, the transition
AsU Dy — A3U Dy (5511)
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enforces a Brill-Noether jump on Ds. Whilst Dy only supports the trivial section, Dy
supports a one-dimensional space of non-trivial sections. As a consequence, As U Dy
admits one additional section as compared to As U Dj. Let us investigate this finding in

more detail. We depict this geometry in [L1] and recall the following information:

curve class degree genus hY
As (0;0,1,0) 4 0 5
Dy (5,-1,—-2,-2) 0 4 0
Dy (5,-1,-2,-2) 0 4 1

To simplify our analysis, let us work with a particular class of curves D; and Dj, for

which the transition Dy — Ds is particularly simple:

D=V (qm%mx%x%xﬁ + 1371 B A Tartad + crexdraxiad + cardadadagns

+ cw%x%x%xw%xa + l‘?x%l‘g.fi + x%x%x%x% + x%x%xixa
— atrdwaairswe — v1r5TaIAETE — vTiTRAE — ThTREAY (5.5.12)
+x2x3xixgazg) ,

Dy = Dil,,— -

Next, we turn to the sections on A3 = P'. We note that the homogeneous coordinates

are [x1 : x5). Hence, the line bundle sections at hand are of the form (A = zozg"):

H° (Ag, L\A3> = — - Spangc {xil R D W L M T )\_2} . (5.5.13)

&
FNET) M

At 3 = 0, we may set zo = x4 = g = 1 by the scaling relations of dPs. In terms of these

inhomogeneous coordinates, we find

AsND; =V(xz,x1 —x5) UV (x3, 21 + x5) . (5.5.14)
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As D1/D,

Figure 11: A Brill-Noether jump D; — D, generates one additional global section.

That all said, we can discuss the global sections on A3 U D1 and A3 U Ds:

e On D1, the only supported section vanishes identically. Hence, we may only consider
sections on Ag, which vanish at A3 N Dy. It is not too hard to see that the space of

these sections is generated by

4, 4 4., .22
s1 = —x] + w5, 59 = —ahTs + 1178, s3 = —x] + xixs . (5.5.15)

e On Ds however, the line bundle divisor is special. In fact, since it is a divisor of
degree zero, this divisor must be the trivial divisor. Consequently, the sections on
Do are the constant ones. It is not too hard to see that the sections on Ajs, which

have value 1 at the intersection points As N Da, are generated by

tlzl‘il, to =1t + 51, ts =t1 + s2, ty =11+ s3. (5516)

This explains the one additional section on A3 N Dy as opposed to A3 N Dj.
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Overcounting boundary conditions

As a final example, let us look at Do = (4;—1,—1,—1) and Dy = (1,1,—3,0). Let us

deform the curve C such that it is given by

P=xz-Q, Q = P2x3xdas 4+ ririxd + xdxdal (5.5.17)

We display this curve geometry in [I2 The two curve components have the following

properties:
component equation class g d R
Cl V(acl) (1;—1,—1,0) 0 -1 0
Cy V(Q) (3;0,0,-1) 1 3 3

Up to canonical isomorphism (induced from the connection homomorphism), we find a

basis of the sections on Cy as

1 Ts5 1
B:{ 5 T3 3 5 5335 ( - (5.5.18)

From this we can see that the third section automatically vanishes at the intersection
C1NC5, whilst the other two sections do not vanish there. Consequently, and in agreement

with the computational results by gap, we find h° (C; U Oy, L) = 1.

Importantly, a naive guess cannot predict this number. In this case, we would have
counted as follows: 3 sections on C'5 subject to vanishing conditions at the 3 intersection
points C1 N Cy should leave us only with the trivial section. Hence, in this example, a
naive counting fails. Such phenomena were originally studied more generally in [154] [155]

— see also [I56] for a more modern exposition of the material.
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C 1 02

Figure 12: Naively, we expect 3 — 3 = 0 global sections. However, one section on Cy
automatically vanishes at C; N Cs, leading to h° (CLUCy, L) =1.
5.5.2 Sufficient jump condition and algorithmic section estimate

As demonstrated in the previous section, gluing local sections to global sections is a non-
trivial task. The exact details depend, among other things, on the relative position of
the line bundle divisor and the intersection points of the curve components: the results
change when some of these intersection points coincide and when the bundle divisor is

special on some curve components.

In the following, we will propose a counting mechanism with the following key properties:
o It relies mostly on topological data.
o It provides a lower bound on the number of global sections.

Of course, such a simplified counting procedure will fail to predict intricate geometries
as discussed in [I54], 155, 156]. Still, it has two distinct advantages. First, since it relies

mostly on topological data, it is very fast. Given a curve C' and a line bundle £ on C, we
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can apply the strategy to place a lower bound on h° (C(c), £(c)) for many different choices
of parameters ¢ of C. The collection of these lower bounds can then serve as an estimate
of the vector-like spectrum of (C, £) over the parameter space. Note that obtaining such
an estimate is unfeasible with existing exact algorithms, e.g., those implemented in [146],
since these algorithms require extensive computational resources and often take a long
time to finish. The second advantage results from the fact that our counting procedure
systematically underestimates the actual number of global sections. Therefore, it allows

us to formulate sufficient conditions for a jump in the vector-like spectrum to happen.
Counting procedure

Let us consider a curve C with
c=a, (5.5.19)

i.e., C' has N components C;. For our counting procedure to be as simple and reliable

as possible, let us avoid setups of the type discussed in [5.5.1] and [5.5.1] Hence, let us

consider a line bundle £ on C such that neighboring curve components do not support
non-trivial sections simultaneously. Put different, we only consider setups where for all

curve components C; the following holds true:
W (Ci Llg) >0 = B0(Cj L) =0 VCjwith C;NC; 0. (5.5.20)

Let us denote by b; the number of intersection points of C; with the other curve compo-
nents. Generically, we then impose b; conditions on the “local” sections in H(C;, L| c.)-

Consequently,

hO(Ci, Ll e,) — bi if KO(Cy, L]e,) > bs
n:(Cy) = i < (5.5.21)

0 else
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is a lower bound to the number of sections on C; which satisfy the gluing boundary
conditions. The sum of these contributions over all curve components places a lower

bound on h°(C, L):
N
> ni(Ci) < h0(C,L). (5.5.22)
i=1

We expect that equality holds in generic situations and that only fairly tuned geometries,

in the spirit of [154] [I55] 156], will lead to a proper inequality.

As simple demonstration, let us apply this procedure to the geometry discussed in [5.5.1}
L5k

component Cj hO(Ci,EICi) b, n;

V(z1) 0 2 0
V(23 9 6 3
V(xs) 0 2 0

A 0 2 0

Indeed, 2?21 n; = 3 in agreement with our discussion in [5.4.1, However, if we apply this

counting to Az U Do, as discussed in then we find the inequality
ni+ng=(5-2+0=3<4="h"A3UDyL). (5.5.23)

This shows that, if we are interested in the exact number rather than a lower bound,
we should restrict our counting procedure to curve geometries where neighboring curve
components do not support non-trivial sections simultaneously. Furthermore, the geom-
etry studied in shows that even under this assumption, there are exceptions to this
counting procedure. In this case, this can be attributed to a special alignment of the line
bundle divisor and the intersection points, such that one of the sections automatically

satisfies all of the boundary conditions.
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Accuracy on our database

Let us now apply this counting procedure to our database [147] to obtain an estimate
of how often the inequality is satisfied. To this end, we need to identify the number of
local sections, which can be challenging for complicated curve geometries and could call
for an application of, e.g., the exact methods implemented in [I46]. However, given the
vast number of curve components in our database, we find it more appealing to focus on
those curves for which we can identify the number of local sections quicker. To this end,

we focus on the following two types of curves:

e Smooth curves:
We consider the line bundle degree d = deg(L|c,). Provided that d < 0, we know
that L[, does not admit non-trivial sections. Conversely, if d > 2¢(C;) — 2, then
it follows from application of the Kodaira vanishing theorem, that h°(C;, Llg,) =

d — g+ 1. If none of these conditions is satisfied, we discard the curve for this test.

e Non-split curves:
For these curves, we can simply read off the number of local sections from our

database.

Based on these local section counts, we have then applied the counting procedure presented
in [5.5.2] Recall that a large number of curves in our database do neither consist of
smooth curve components nor are non-split. Furthermore, recall that we subject the
curve geometry to the condition that neighboring components do not support non-trivial
sections simultaneously. Let us emphasize that the latter is a simplifying assumption to
simplify our counting procedure. Whilst we leave extensions in this direction to future
work, we can still apply our (restricted) counting procedure to roughly 60% of the cases
in our database. For these, we predict the correct number of global sections with an
accuracy of more than 99%, i.e. our counting procedure works remarkably well. We list

the detailed results in [B.2.2)

117



Sufficient conditions for jumps in cohomology

These insights of gluing local sections to form global sections, imply sufficient conditions

for jumps in cohomology. First, we have the following

Lemma 5.5.1. Let S be a smooth surface, L € Pic(S) a line bundle, and |C| a linear
system of curves on S. Consider a special member C1 U Cy such that the curves C1,
Co meeting transversely in Cy - Cy > 0 distinct points. Let Ny = h°(Cy, ‘C|Cl) and
Ny = h0(Cy, L|e,) Then

RO (CLUCo, L) > Ny + Ny — Cy - Cy. (5.5.24)

Proof We consider the short exact sequence 0 = L]0, = £Llo,u0, = Lloyne, — 0-

The associated long exact sequence in sheaf cohomology begins with

0— A (Cl U Cs, £|01U02) — hY (Cl U Cy, [,’01‘_@2) — h (Cl N Ca, ‘C|C1QC2) B
(5.5.25)

Now, since hO(Cl U Co, £‘01u02> = N; + Ny and hO(Cl N Csy, £‘01002> = (1 - Cy, the

statement follows. O

We can use this result, together with the insights on gluing local sections to global sections,

to derive the following

Corollary 5.5.2. Let S be a smooth surface, L € Pic(S) a line bundle, and |C| a lin-
ear system of curves on S with smooth general member C and special member C7; U Cy
where C1, Cy are smooth curves of genera g1, ga meeting transversely in Cp - Co > 0
distinct points. We assume h'(C, L|) = 0, deg (L‘Cg) > 2g2 — 2 and deg (ﬁ\(;l) <
min {0,g1 — 1}. Then

B (CLU Gy, £) = B (C,£) > g1 — 1 — deg (L], ) - (5.5.26)
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Proof Since deg (E\Cl) < 0, there are no sections on C'1. Hence, from [5.5.1| we obtain

the inequality
WO (CLU Gy, £) > 10 (Ca, £],) = Cr - Ca. (5.5.27)

Note that go = g1 + g2 + C1 - Cy — 1. Consequently, since deg <£|02> > 299 — 2, we can

write

BO(Co, £],) = deg (L], ) — g2 +1
=deg(Llg,) —(9c —91 —C1-C2+1)+1
(4le.) (5.5.28)
= (deg (Ll¢) — g +1) + C1 - Co+ g1 — 1 — deg (L], )

= W(C, L|g) + C1-Cot g1 — 1 —deg (£, ) -

Hence, we conclude

B(CLUCy, L) > B (G, L],) = Cr - Ca = h(C, L) + g1 — 1 — deg (£, )
& h(CrUCy, L) —hY(C, L) > g1 — 1 — deg <£|cl) :

(5.5.29)

Finally, since we assume deg (E] Cl) < min {0, g; — 1}, the number of additional sections

on C7 U (Y is bounded from below by the positive integer g — deg (E\Cl) -1 O

We expect that equality holds in generic situations and that only special setups in the
spirit of [154] [155] lead to a proper inequality. Still, our result is powerful enough to give
a sufficient condition for a jump. Let us demonstrate this in the geometries discussed in

Recall that we are looking at S = dP3 and
D¢ = (10;-3,-3,—-4), Dy = (5;—4,-4,3). (5.5.30)

We found that on the genus g = 24 curve C it holds h'(C, £|,) = 0. Moreover, let
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us consider the splitting C' — C7 U Cy where C; = V(xg). These two curves have the

following properties:

curve class degree genus h°

C1 (0;0,0,1) -3 0 0 (5.5.31)
Cy  (10:-3,-3,-5) 41 20 22

From this we see that applies to this geometry and implies
W(CLUCy, L) = B0 (C,L) > g1 =1 —deg (L], ) =0-1-(-3) =2,  (5532)

This is in agreement with our discussion in [5.3.1

In many string theory constructions, it is important to engineer exactly one additional
vector-like pair. This is particularly true when generating exactly one Higgs pair in MSSM
constructions. It is intuitive, that such a minimal change in the vector-like spectrum,
requires only mild changes in the geometry. As long as[5.5.2lapplies, a necessary condition
for such a mild change is to merely split off either a P! or a torus — g; > 2 implies

O (Cy U Cy, L) — b0 (C, L) > 2.

More generally, it is of interest to identify the allowed numbers of global sections on a

given curve. Therefore, we will now describe an estimate for these values, which is based

on the counting procedure presented in[5.5.2] [5.5.1] and [5.5.2]

Algorithmic spectrum estimates

We can use our results to formulate an algorithmic estimate for the vector-like spectrum
over the parameter space of a given setup (D¢, Dyr) in a global model. For the time
being, our algorithm is focused on the case of a curve in dPs defined by {P = 0} and
pullback line bundles on these curves. We have implemented this algorithm in the package

HOApprozimator [148] as part of [146]. Our algorithm proceeds as follows:

120



1. Input: Curve class D¢ and line bundle class Dy,
2. Identify all combinations of toric P's that can be split off from the curve Dg.
3. Identify the generic number of sections of Dy, on each curve component.

4. Use the counting procedure presented in as well as |5.5.1] and [5.5.2| to place a

lower bound on the number of global sections.

= The collection of all these global section estimates forms an estimate for h® of Dy,

on the parameter space of the curve D¢.

Let us emphasize a couple of important points of this counting procedure. First, in the
second step we do not apply exact methods, such as [146], to find the exact number of
local sections. Rather, we identify the generic number of sections, by which we mean
RY(C, L) = x(L) if x(£) > 0 and h°(C, L) = 0 otherwise. The advantage of this is, that
the chiral index can be obtained from topology only. Hence, the number of global sections
can be estimated very quickly. Furthermore, this strategy does not violate our lower bound
philosophy, since the generic number of sections is never larger than the actual number of
sections. Consequently, this strategy allows us to quickly identify a lower bound to the

actual number of global sections.

Secondly, let us point out that one disadvantage of our approach of generic local sections
is that we are unable to identify Brill-Noether jumps on the curve components in this
way. However, since such a quick spectrum estimate over the entire parameter space of
the curve is currently unfeasible or impossible to obtain with the fully accurate methods,

we accept this minor drawback.

Finally, note that upon splitting off P!s from the curve, the curve could (accidentally)
factor further. Computing these further factorizations requires a primary ideal decompo-
sition of the corresponding principal ideal. Currently, this is the most time consuming

operation in our algorithm. We reserve optimizations for future work.
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This algorithm correctly predicts all the possible values of hY for 67 of the 83 pairs
(D¢, D) in our database [147]. Only for one pair (D¢, Dy), our prediction misses more
than 2 values of the exact spectrum. Given the simplicity of our approximation, which
means that we cannot detect intricate Brill-Noether jumps and effects discussed in [154]

155], we consider this a very positive result. We list the details in

Let us complete this section by applying our procedure to estimate the vector-like spec-
trum of the F-theory setup discussed in Recall that in this case we are looking at
Do = (10; -3, -3, —4), i.e., a complicated genus 24 curve. The line bundle in this case
is D, = (5;—4,—4,3). Even though this geometry is fairly involved, our approximator
can estimate the spectrum in a couple of minuteﬂ Hence, we have identified 26 curve
splittings into irreducible components, for which our counting procedure can estimate the
spectrum. Based on this, we expect h® € {15,17,18,19,20,21}. As we know from our
analysis in[5.3] indeed 15 < h® < 21 and h° = 16 is only possible by a Brill-Noether jump.
The latter cannot be predicted by this method. More information on this implementation

can be found in [146].

5.6 Conclusion and Outlook

Motivated by a better understanding of the exact massless spectra of 4d F-theory com-
pactifications, we have analyzed in this work families of curves C(c) in a complex surface
and line bundles £(c) on these. Our focus has been on the interplay between changes in
the cohomology h°(C(c), L) and variations of the parameters c, which play the role of
complex structure moduli in the context of global F-theory models. To gain insights on

how these two are related, we have used two approaches.

To begin with, we first used ideas from Big data and machine learning to gain some
intuitions, based on computationally simpler examples, under what circumstances the

cohomology may jump, leading to additional vector-like pairs in the F-theory interpreta-

1011 this case, this long run time is mostly attributed to the primary decomposition, which we perform
to check irreducibility of the curve components.
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tion. To this end we have generated, in a database [147] of cohomologies for pairs
(C(c),L(c)) by varying the parameters c, where the curves are of genus 1 < g < 6, and
the line bundles were pullback bundles from a dP5 surface. For these less complex exam-
ples, the cohomologies can be computed using the computer implementations in [146]. We
then use supervised learning on decision trees to predict jumps in the value of Y. Using
different features for training, we find that, while not performing perfectly, topological
criteria are surprisingly well-suited (reaching about 95% accuracy) for distinguishing cases
with generic vs. enhanced hY. In particular, the algorithm learns from the data a strong
correlation between jumps and curves C(c) which split into various components. This
intuition can be applied, without any detailed understanding of the origin of the jumps,
directly to find complex structure tunings targeted at generating additional vector-like
pairs in F-theory model building. We demonstrate this in [5.3] with an F-theory toy model
containing a curve of genus 24, for which a scan over the relevant parameter space would
be computationally infeasible. Nevertheless, we found that we can use curve splittings
alone to easily engineer 2 to 5 additional vector-like pairs. This highlights the effective-
ness of the machine learning approach to learn certain features from simpler examples,
and without any previous knowledge. However, we also saw there that by curve splitting

alone, a spectrum with just one vector-like pair is impossible to achieve.

To overcome this obstacle, we have employed well-known techniques in algebraic geometry,
such as the Koszul resolution and Cech cohomology, which also helps to explain our find-
ings from the machine learning approach in more detail. We conclude that deformations
of the parameters ¢ leading to a jump in cohomology can be largely classified as either
the curve C(c) or the line bundle £(c) becoming non-generic. While the former comes
from curve splittings and is thus topologica]EL the latter is due to special alignments of
the points on C(c) defining £(c), and not visible just from topological criteria. The fact

that the learner performed so well with the topological criteria is due to a bias in the

"More generally, a curve can also remain smooth while being non-generic, e.g., if it becomes hyper-
elliptic. Such transitions are of non-topological nature, and therefore more subtle to detect. We have
neglected them for simplicity in our discussions.
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dataset, which contains only a small number of instances with non-generic line bundles.
Such jumps can never be predicted by the learner based just on split type and intersection
numbers. However, as we discussed in we find in general “equally likely” jumps due
to non-generic line bundles. The likeliness can be quantified by comparing the dimension
of the corresponding subspace of the parameter space on which the jumps occur, which
for non-generic line bundles is the subject of Brill-Noether theory. This is generalized in
the F-theoretic setup, where complex structure deformations affect genericity of the curve
and line bundle democratically. This leads to a stratification of the parameter space by
the values of h%. That is, the complex structure moduli space of global F-theory models
decomposes into disjoint subspaces labelled by the vector-like spectrum. The relation-
ship between the strata can be represented by a Hasse-type diagram, which we term

hO-stratification diagrams.

The connection between decision trees and the stratification diagrams, which are also
Hasse diagrams, is rather intriguing. While they bear some resemblance with decision
trees, a key difference is that, unlike in decision trees, nodes can have more than one
incoming edge. It would be interesting to investigate whether other graph-based machine
learning techniques, such as Graph NNs, can be used to train algorithms that can predict
the presence of jumps more accurately than the decision trees. Furthermore, recall that
global F-theory models typically contain more than one matter curve. The complex
structures of these curves are determined by the global moduli of the elliptic fibration,
and it is in general not possible to tune the complex structures of all of these curves
independently. Therefore, it would be important to extend our analysis to a simultaneous

hO-stratification of the moduli space by all the matter curves in a global F-theory model.

In [5.5] we then investigated the “microscopic” origins of jumps due to curve-splittings.
It follows a simple counting procedure of local sections on individual curve components,
which we then glue to global contributions to h° on the whole curve. The boundary

conditions are imposed by the intersection patterns of the components, these can lead
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to a net-increase of global sections on the reducible curve compared to the generic case.
We have used this understanding to formulate sufficient conditions for a jump in the
vector-like spectrum to occur as a result of a curve splitting. These criteria are purely
topological, and combine the gluing arguments with vanishing theorems on individual
components. Let us stress that this in general provides only a lower bound for h° for the
split curve, because it does not take into account alignments of the intersection points
of the components and divisors on the individual components. It will be interesting to

investigate, if these bounds can be further improved by topological considerations.

Despite these simplifications, we found these criteria extremely useful to provide a rough
estimate of the possible spectrum of h? on the moduli space of F-theory compactifications,
and implemented the algorithm in [I48]. To fully appreciate this implementation, let us
mention that to the best knowledge of the authors, the exact algorithms implemented
in[I57, 158, [146] do not allow for a parametric cohomology computation. Rather, they
will focus on one particular point in the complex structure moduli space and provide the
exact answer at this very point. Since each of these computations requires huge amounts
of computational resources and runtime, it is impractical to repeat such computations
for many points in the complex structure moduli space. In contrast, the new algorithm
yields an approximate, but oftentimes sufficiently accurate, estimate — even for compli-
cated examples such as the genus 24 curve discussed in — within minutes. We leave
generalizations of this counting algorithm, as well as extensions to other toric surfaces,

for future work.

Another limitation of our approach is that we have only considered pullback line bundles
so far. However, as already alluded to in the introduction, vector-like spectra in F-theory
are oftentimes encoded in line bundles described by a formal weighted sum of points. Such
a description is computationally harder for two main reasons. First, it takes much longer
to compute line bundle cohomologies of non-pullback bundles with the technologies of

[146]. This makes it more challenging to generate a sufficiently large database to apply
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ideas from Big data and machine learning. The second obstacle is the parametrization of
the line bundles. Namely, distinct point configuration can encode equivalent line bundles
if their difference is the divisor of a meromorphic function. To have a better handle on
tracking how these equivalences change with complex structure deformations, we need a
better understanding of meromorphic functions on higher genus curves. The crucial tool
in this direction is the Abel-Jacobi map, which also plays a similar role in the hyperelliptic
curve cryptography. It would be interesting to see to what extent machine learning ideas

can be beneficial here.

A related issue arises for fractional bundles or root bundles. These appear frequently in
explicit global F-theory constructions that engineer a three-generation Standard-Model-
like particle physics sector [43] 140, [42], 44} [32]. The constraint to have chiral indices with
|x| = 3 in these models lead to line bundles £ on curves C which satisfy £L%" = L|, where
L is a line bundle on the base B3z of the elliptic fibration. In case n = 2 and L = Kz,
is the canonical bundle of the base, the bundle £ can be understood as the pullback of
the spin bundle of Bs to C. However, for general F-theory constructions, also 3rd and
higher roots of bundles £ # Kp, appear. An understanding of which line bundles £ on
C satisfy such an equation again requires a detailed understanding of which points — in
this case the intersection points of C' with the divisor on Bs dual to L — on the curve
define equivalent divisors. We expect that this will also be intimately related to satisfying

the quantization condition [97] for the gauge flux background.

Finally, it is important to point out that the complex structure parameters of the elliptic
fibration are not the only parameters of the physical theory. Rather, a large part of this
parameter space which we have not touched upon is in the parametrization of all possible
gauge backgrounds. This includes in particular backgrounds with so-called non-vertical
G4-flux [159, 160], for which explicit construction methods in global models are largely
unknown. While these typically do not contribute to the chiral index, it is not clear at the

moment if they could modify the flux-induced line bundles on the matter curves. However,
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since non-vertical fluxes contribute prominently to a superpotential for the moduli, their
presence will dynamically select points in the moduli space that can be a vacuum for the
theory, thus have a very different, but direct influence on the vector-like spectrum. We
will therefore need a much better handle on these gauge backgrounds first before we can

develop a full understanding for the space of 4d F-theory vacua.
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CHAPTER 6: Root bundles in F-Theory and Limit root applications in F-theory

Motivated by the appearance of fractional powers of line bundles in studies of vector-like
spectra in 4d F-theory compactifications, we analyze the structure and origin of these
bundles. Fractional powers of line bundles are also known as root bundles and can be
thought of as generalizations of spin bundles. We explain how these root bundles are

linked to inequivalent F-theory gauge potentials of a G4-flux.

While this observation is interesting in its own right, it is particularly valuable for F-
theory Standard Model constructions. In aiming for MSSMs, it is desired to argue for
the absence of vector-like exotics. We work out the root bundle constraints on all matter
curves in the largest class of currently-known F-theory Standard Model constructions
without chiral exotics and gauge coupling unification. On each matter curve, we conduct
a systematic “bottom”-analysis of all solutions to the root bundle constraints and all
spin bundles. Thereby, we derive a lower bound for the number of combinations of root
bundles and spin bundles whose cohomologies satisfy the physical demand of absence of

vector-like pairs.

On a technical level, this systematic study is achieved by a well-known diagrammatic
description of root bundles on nodal curves. We extend this description by a counting
procedure, which determines the cohomologies of so-called limit root bundles on full blow-
ups of nodal curves. By use of deformation theory, these results constrain the vector-like

spectra on the smooth matter curves in the actual F-theory geometry.

6.1 Introduction

String theory elegantly couples gauge dynamics to gravity. This makes string theory a
leading candidate for a unified theory of quantum gravity. As such, it must account for all
aspects of our physical reality, especially the low energy particle physics that we observe.
As a first order approximation, one desires an explicit demonstration in which one can

actually obtain the particle spectrum of the Standard Model from string theory.

128



In the past decades, enormous efforts have been undertaken to achieve this goal. Many of
these models concentrated on perturbative corners of string theory, such as the Eg x Fjg
heterotic string [13, 161, 109, 110, 124}, 162, [163), T08] or intersecting branes models in type
IT [T77, (18] [19] 20, 21} 22], 23] (see also [24] and references therein). These perturbative
models were among the first compactifications from which the Standard Model gauge
sector emerged with its chiral or, in the case of [I10} 124], even the vector-like spectrum.
Unfortunately, these constructions are limited due to their perturbative nature in the
string coupling, and they typically suffer from chiral and vector-like exotic matter. Among
these perturbative models, the first globally consistent MSSM constructions are [110}, [124]
(see [164] 165] for more details on the subtle global conditions for slope-stability of vector

bundles).

The non-perturbative effects in string theory are elegantly described by F-theory [27, [166),
167]. As anon-perturbative extension of type IIB string theory, the framework of F-theory
describes the gauge dynamics on 7-branes including their back-reactions (to all orders in
the string coupling) onto the compactification geometry B,. These back-reactions are
encoded in the geometry of an elliptically fibered Calabi-Yau space 7: Y11 — B,. By
studying this space Y, 11 with well-established tools of algebraic geometry, one can then

ensure the global consistency conditions of the physics in 10— 2n non-compact dimensions.

An important characteristic of 4d N’ = 1 F theory compactifications (i.e., n = 3), which
must match the particle physics that we observe, is the chiral fermionic spectrum. In
F-theory, this spectrum is uniquely fixed by a background gauge flux, which in turn is
most conveniently specified by the internal C3 profile in the dual M-theory geometry. The
chiral spectrum then only depends on the flux G4 = dC3 € H®?) (Y4). By now, there
exists an extensive toolbox for creating and enumerating the so-called primary vertical
subspace of G4 configurations [131), 37, [38], 39, [40} 41, 42]. The application of these tools
led to the construction of globally consistent chiral F-theory models [43], 40, 42}, [44], which

recently culminated in the largest class of explicit string vacua that realize the Standard
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Model gauge group with their exact chiral spectrum and gauge coupling unification [32].

However, these methods are insufficient to determine the exact vector-like spectrum of the
chiral zero modes (i.e., not just the difference between chiral and anti-chiral fields). This
is because the zero modes depend not only on the flux G4, but also on the flat directions
of the potential C3. The complete information is encoded in the so-called Deligne coho-
mology. In]45l 46, 47], methods for determining the exact vector-like spectra were put
forward. This approach exploits the fact that (a subset of) the Deligne cohomology can
be parameterized by Chow classes. By use of this parameterization, one can extract line
bundles Ly that are defined on curves Cr in Bj3. In the dual IIB picture, this can be in-
terpreted as localization of gauge flux on matter curves, which lifts some vector-like pairs
on these curves. Explicitly, the zero modes are counted by the sheaf cohomologies of Ly
and we have h°(Cr, Lr) massless chiral and h'(Cr, Lr) massless anti-chiral superfields

in representation R on CR.

Although this procedure works in theory for any compactification, technical limitations
arise in practical applications. Intuitively, one may think of the technical difficulties as
reflections of the delicate complex structure dependence of the line bundles cohomologies.
Even state-of-the-art algorithms such as [168|, 157, [169] (see also [46, [47]) on supercomput-
ers specifically designed for such computations (such as Plesken at Siegen University),
can oftentimes not perform the necessary operations in realistic compactification geome-
tries. For instance, the models studied in [45] [46], 47] focused on computationally simple
geometries as a result. While this led to a proof of principle, these models have unreal-
istically large numbers of chiral fermions. Therefore — even though it is expected — it
remains an open question whether or not F-theory compactifications can actually realize

effective theories that resemble the matter spectra of the Standard Model.

Recently, [48] the complex structure dependence of line bundle cohomologies was
investigated . This analysis was inspired from the F-theory GUT models discussed in

[47] and focused on simple geometries, in which the algorithms in [I68] could generate a
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large data set [147]. This data was analyzed by use of data science techniques, in particu-
lar decision trees. A theoretical understanding of this data was achieved by supplementing
the data science results by Brill-Noether theory [I50] (see [I56] for a modern exposition
and [128] for an earlier application of Brill-Noether theory in F-theory). These insights
led to a quantitative study of jumps of charged matter vector pairs as a function of the

complex structure parameters of the matter curves.

Results In globally consistent F-theory constructions with the exact chiral spectra of
the Standard Model and gauge coupling unification [32], the vector-like spectra on the
low-genus matter curves are encoded in cohomologies of a line bundle, which are identified
with a fractional power of the canonical bundle. On high-genus curves, these fractional

powers of the canonical bundle are further modified by contributions from Yukawa points.

In order to make sense of these fractional powers, we study the G4-flux in more detail.
The models in [32] consider a background G4-flux, which not only leads to the exact chiral
spectra but also satisfies global consistency conditions, such as the D3-tadpole cancelation
and masslessness of the U(1)-gauge boson. We lift this very background G4-flux to a gauge
potential in the Deligne cohomology to identify the line bundles Lg. This process requires
an understanding of the intermediate Jacobian J?(Y}), which labels inequivalent gauge
backgrounds. A naive analysis, which does not properly take the intermediate Jacobian
into account, leads to the fractional line bundle powers mentioned above. In past works
[45, 46}, [47], such scenarios were avoided as it is not immediately clear how to interpret
these fractional expressions. However, since these expressions appear ubiquitously in
compact models with realistic chiral indices, this work analyzes the origin and meaning

of these bundles in detail.

The objects we are therefore interested in are fractional powers of line bundles, also known
as root bundles. They may be thought of as generalizations of spin bundles. Similar to
spin bundles, root bundles are far from unique. The mathematics of root bundles indicates

that we should think of the different root bundles as being induced from inequivalent gauge
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potentials for a given G4-flux. While [45], 46, 47] has already anticipated that inequivalent
gauge potentials for a given G4-flux lead to different vector-like spectra, the root bundle

interpretation allows one to test this expectation.

In general, not all root bundles on the matter curves are induced from F-theory gauge
potentials in the Deligne cohomology H% (Y, Z(2)). This mirrors the expectation that
only some of the spin bundles on the matter curves are consistent with the F-theory
geometry Yy. This raises the interesting and important question of identifying which roots
and spin bundles are induced top-down. While this work does not answer this question,
we hope that it initiates and facilitates this analysis by providing a systematic approach
to all root bundles and spin bundles on the matter curves. In particular, we identify pairs
of root bundles and spin bundles such that their tensor product is a line bundle whose

cohomologies satisfy the physical demand of the presence/absence of vector-like pairs.

On a technical level, this requires a sufficient understanding of root bundles and their
cohomologies on a matter curve Cr. We gain this control from a deformation Cr, — Cg
into a nodal curve. On the latter, root bundles are described in a diagrammatic way by
so-called limit roots [I70]. We extend these ideas to a counting procedure for the global
sections of limit roots, which we use to infer the cohomologies of root bundles on CRr.
This approach is demonstrated in the largest class of currently-known constructions of
globally consistent F-theory Standard Models without chiral exotics and gauge coupling
unification [32]. In one particular such geometry, we derive a lower bound to the number
of pairs of root bundles and spin bundles whose tensor product is a line bundle without

vector-like exotics.

Outline In we recall zero mode counting in F-theory and the appearance of frac-
tional line bundle powers. We explain that these fractional powers of line bundles, also
known as root bundles, relate to inequivalent gauge potentials in F-theory. These ideas are
subsequently applied to the largest currently-known family of globally consistent F-theory

Standard Model constructions without chiral exotics and gauge coupling unification [32].
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We explain how the background G4-flux, which satisfies global consistency conditions
such as the cancellation of the D3-tadpole and the masslessness of the U(1)-gauge boson,
induces root bundles on the matter curves. Details of this derivation are summarized in
[C2] This derivation heavily relies on a detailed understanding of the elliptically fibered
4-fold F-theory geometry 574, including intersection numbers in the fiber over the Yukawa
points. We supplement the earlier works [82, 40] 32] with a complete list of all fiber

intersection numbers in

In we first summarize well-known results about root bundles before we describe the
limit root constructions, which were originally introduced in [I70]. We extend the limit
root constructions by a counting procedure for the global sections of limit roots on full
blow-ups of nodal curves. In fortunate instances, this even provides a means to explore
Brill-Noether theory of limit roots, which we demonstrate in an example inspired from

[171).

Finally, we apply these ideas to globally consistent constructions of F-theory Standard
Models without chiral exotics and gauge coupling unification [32] in In an explicit
base space geometry, we deform the matter curves to nodal curves, construct limit roots
on these nodal curves, identify the number of global sections of these limit roots and
finally use deformation theory to relate these counts to the cohomologies of root bundles
in the actual F-theory geometry. Thereby, we explicitly prove the existence of root bundle
solutions without vector-like pairs. Technical details of the specific base geometry and

the limit root constructions are summarized in [C.2.4]

6.2 Root bundles in F-theory

6.2.1 The appearance of root bundles

Zero mode counting in F-theory We consider an F-theory compactification to four
dimensions given by a singular, elliptically fibered 4-fold 7: Yy — Bs. We assume that

this fibration has a section s = Bs and admits a smooth, flat, crepant resolution 7: )//Z —»
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Bs. In such a compactification, the flux G4 € H 22 (}?4) is subject to the quantization

condition [97]
1 _ _ ~
Gi+ (T3, € 2P (V) = H®Y (V) N HA(Y,,Z) . (6.2.1)

For simplicity, we focus on compactifications with even CQ(T?AL), which holds true for F-
theory compactifications on an elliptically fibered smooth Calabi-Yau 4-fold with globally
defined Weierstrass model [111]E| Under the simplifying assumption that co (T)A,4) is even,
requires that G4 € Hg,z) (Y). We will show an example of this and the following
root bundle analysis in the largest currently-known class of F-theory Standard Model

constructions with gauge coupling unification and no chiral exotics [32] in

Over the codimension-2 matter curves Cr C Bs, the reducible fibers of 174 contain a chain
of Pls. A state with weight w in the representation R corresponds to a linear combination
of these P!’s. By fibering this linear combination over the matter curve Cr, one obtains
the matter surface Sr ] The chiral index of the massless matter localized on the matter

curve Cr C Bs is then specified by [59, 172], 173, 174} 130} 36, 129] [43| B7, 112] as
Y(R) = /G4. (6.2.2)
Sr

The vector-like spectrum induced by a G4-flux has been analyzed in [45] 46, 47]. We

employ the short exact sequence

0= J2(YV2) = (Hb (Y4, Z(2)) — cHPP (V) = 0, (6.2.3)

where there exists a surjection ¢ that maps the gauge potential A € H2 (Y, Z(2)) as an

element of the Deligne cohomology group to its G4-flux. The Deligne cohomology classes

'For zero mode counting of half-integer quantized G4-fluxes, see e.g. [45].

2In general, a G4-flux can induce different chiral indices and vector-like spectra on the different weight
states. In such instances, it makes sense to keep track of w and write Sg. However, in anticipation of
[32], we focus on gauge invariant G4-fluxes, which induce the same chiral index and vector-like spectra for
all weight states.
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encode the full gauge background data. Therefore, they parallel the internal 3-form
potentials C3 in the dual M-theory picture in which G4 = dC3. As long as C4 — C3 is a
closed 3-form, C% has the same field strength G4 as Cs. In F-theory, such closed 3-form
potentials are encoded by the intermediate Jacobian. Put differently, two inequivalent
AV A e HY (Y4, Z(2)) with &(A") = &(A) = Gy differ by A’ — A = 1(B), where B € J2(Y))
is an element of the intermediate Jacobian corresponding to a closed M-theory 3-form

potential fJ

The Deligne cohomology group H#(Yy, Z(2)) is hard to handle in explicit computations.
However, we can parametrize (at least a subset of) Hé(fq,Z(Q)) by the Chow group

CH?(Yy,Z). This is summarized in the commutative diagra

0 —— CHZ,p, (Y, Z) —— CHX(Y3,Z) —— HGP (V1) —— 0

J P l (6.2.4)

00— J2(V) — H Vi, 2(2)) — HPP (V) —— 0

Unless stated differently, the symbol A is reserved for an element A € CHQ(}A@,Z), by

which we specify an F-theory gauge potential A = 7(A).

In order to count the zero modes in representation R in the presence of such a gauge

potential 5(A) € HE (Y4, Z(2)), we consider the matter surface Sg with
LSy * SR — 5}4, TSg - SR — CR. (6.2.5)

The cylinder map, which sends A € CH?(Y},Z) to a class Dp(A) € Pic(CR), is the

restriction to Sg followed by integration over the fibers to Cr:

Dr (A) = 7. (15, (A)) € Pic (Cr) - (6.2.6)

3Equivalently, different gauge potentials in H7 (174, Z(2)) differ by their Wilson lines [I75}, [176].
“For more details, see [45] and references therein.
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The matter spectrum is then determined in terms of sheaf cohomology groups:

h? (Cr,Lr (A)) < chiral zero modes,

(6.2.7)
h'(Cr,Lr (A)) < anti-chiral zero modes,
where
Lr (A) = Oy (Dr (A)) @0, O, (6.2.8)

with (’)ZP;H an appropriate spin bundle on Cg. This is a refinement of|6.2.2| since Riemann-

Roch gives

x(R) = h? (Cr, Lr (A)) — h' (Cr, Lr (A)) = x (Lr(A)) = deg (Dr(A)) = ; G4. (6.2.9)
R

Roots of F-theory gauge potentials For an F-theory model, we need an F-theory

gauge potential, i.e. a class in the Deligne cohomology group H?)(}AQ,Z@)). This will

be specified as 5(A) for some “potential” A € CH?(Y,,Z). We find that the geometry

determines a class 3(A') € Hb(Yy,Z(2)) and an integer & € Zsq such that A is subject

to the two constraints:
Y(A) =Gy,  £-A(A) ~FA). (6.2.10)

The condition vy(A) = G4 immediately follows from and it means that J(.A) is an
F-theory gauge potential for the given G4-flux. We will illustrate with several examples
below that the absence of chiral exotics in the F-theory Standard Models boils down to
the second constraint. It is important to notice that the gauge potential A specified by
the two conditions in [6.2.10] is in general not unique. It is difficult to say much about
solutions in the Chow group itself, but going to the bottom row in [6.2.4], we see that the
collection of all £&-th roots of (. A") (if non empty) is a coset of the group of all &-th roots

of 0. In particular, the number of solutions is 52'dimc(”72(y4)).
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All these solutions lead to the same chiral spectrum [6.2.2] since they all have the same
degree when restricted to the curves Cr, hence the same index. However, they could
differ in their actual spectrum This extra flexibility is the key tool that we intend

to use to produce a desirable spectrum such as the MSSM.

Roots on the matter curves In theory, we could simply analyze the algebraic cycles
A which satisfy However, as we will demonstrate momentarily, we can explicitly
construct A’ € CH? (1721, Z). Therefore, we have a sufficient level of arithmetic control over
7(A’) and it is natural to ask how the induced divisors Dr(A’) and Dgr(A) are related.
The map Dg: CH2(§74, Z) — CH!(CR,Z) = Pic(CR), as defined in factors through

~ and a group homomorphism

H} (Y4, Z(2)) — Pic(CR) . (6.2.11)
Thus, it follows that
¢ Dr (A) ~ Dgr (A') € Pic(Cr) . (6.2.12)

This means that the F-theory gauge potential A = 7(.A) induces a divisor Dgr(.A), whose
&-th multiple is linearly equivalent to the divisor Dg (A’) that is induced by the F-theory
gauge potential A’ = J(A') € HA (Y4, 7Z(2)). Such a divisor Dg (A) is termed a &-th root
of Dr (A').

In general, &-th roots of Dgr (A’) do not exist. When they do, they are not unique. This is
particularly well known for the case { = 2 and Dr (A’) = KR, where the 2nd roots of the
canonical bundle are the spin structures on Cr. If CRr is a curve of genus g, then it admits
229 spin structures (see e.g. [I77, [178]). This easily extends to &€ > 2 and Dgr (A’) # Kr.
While we will provide more details on root bundles in [6.3.1] it suffices to state here that
&-th roots of Dgr (A’) do exist if and only if ¢ divides deg (Dgr (A’)). So on a genus g

curve, there exist £29 &-th roots of Dr (A').
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In general, it cannot be expected that &-th roots of Dg (A’) € Pic(Cr) and &-th roots
of A =7(A) € H%(}AQ,Z(Q)) are one-to-one. Rather, only a subset of the &-th roots of
Dr (A’) will be realized from F-theory gauge potentials in Hﬁ(fq,Z@)). In this sense,
the root bundle constraint in [6.2.12] is necessary but not sufficient to conclude that the

divisor DR (A) stems from an F-theory gauge potential.

It is an interesting question to investigate which roots of Dgr (A’) € Pic(Cr) are induced
from F-theory gauge potentials. While this work does not answer this question, we hope
to initiate and facilitate this study by providing a systematic approach to all £&-th roots
of Dr (A’). In particular, we will provide a counting procedure, which allows one to infer
the cohomologies of some of these root bundles. This allows one to search for roots which

satisfy the physical demand of the presence/absence of vector-like pairs.

Before we show an example of these notions in the F-theory Standard Models [32], let us
briefly comment on spin bundles Og’lin. Recall that Freed-Witten anomaly cancelation
requires spin®-structures on D7-branes in perturbative IIB-compactifications [I79]. As
explained in [60], this extends to the demand of spin®-structures on gauge surfaces S C B3
in F-theory compactifications. Then, a choice of spin®-structure on N¢y | g induces a unique
spin®-structure on Cr [I80]. Therefore, the question of which spin®-structures are realized
from the F-theory geometry Ys arises. While this is a fascinating question, we will not
answer it in this work. Rather, we will systematically study all £-th roots of Dg (A’) and
all spin bundles on Cr. Our goal is to identify combinations of root and spin bundles

such that their tensor product is a line bundle whose cohomologies satisfy the physical

demand of presence/absence of vector-like pairs.
6.2.2 Root bundles in F-theory Standard Models

We will now exhibit an example of the root bundle analysis in the largest class of currently-
known globally consistent F-theory Standard Model constructions that support gauge
coupling unification and avoid chiral exotics [32]. Earlier geometric details can be found

in the works [82, 40]. For convenience, we briefly summarize the geometry before we
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discuss the G4-flux and its lifts.

The analysis of the induced line bundles, i.e., evaluating [6.2.6] is both tedious and lengthy.
It makes use of the intersection numbers in the fibers over the matter curves and Yukawa
points. As an extension of the past works on this class of F-theory geometries, we list
exhaustive details of the fiber geometry in[C.I] The necessary intersection computations
are detailed in The latter includes a section on topological intersection numbers of
non-complete intersections, which we determine rigorously from the Euler characteristic

of the structure sheaf of the intersection variety.
The resolved elliptic fibration ?4

4-fold geometry For a base 3-fold Bs, the resolved elliptic fibration Yiisa hypersurface
in the space X5 = B3 x Pp,,. The fiber ambient space Pr,, is the toric surface with the

following toric diagram. In the accompanying table, we indicate its Z%-graded Cox ring:

€4
q
u vV W e e2 ez e4
€1 H 1 1 1
X
E | -1 -1 1
€9 ¢ w Ey | -1 -1 1
Es -1 -1 1
) Ey | -1 -1 1
€3 (%

(6.2.13)

Equivalently, the Stanley-Reisner ideal of Pr,, is given by

ISR (]P)Fn) - <€4’UJ, €4€2, €4€3, €40V, €1U, €1€2, €1€3, €1V, WU, WE2, WEZ, V€2, UV, e3u> . (6214)
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Consider sections s; € H°(Bs, K ;). Then, in the space X3, the resolved 4-fold Yy is the

hypersurface V(pp,,) with

Pr, = 816%6563(23@3 + Sgelegegeiu% + 836%(3%1“)2 + 85e%egeiu2w
(6.2.15)
+ sgeiesesequvw + 89611)11}2 .
It is instructive to note that
{e%e%egeiug, elegegeiu%, e%e%qu, e%egeiqu, €1€2€3e4UVW, elva} (6.2.16)

is a basis of H° (]P’FH,XPFH). Since X5 = B3 x Pgy, and s; € H(Bs, Kp,), it follows
from the Kiinneth-formula that pr,, is a section of K x,. Consequently, Y3 is a smooth

elliptically fibered Calabi-Yau 4-fold.

Gauge group, matter curves and Yukawa points Over V(s3) = {s3 = 0} C Bs,
the fibration Y; admits an SU(2) gauge enhancement. Similarly, there is an SU(3)
enhancement over V(sg). The fibration 7: ?4 — Bs admits two independent sections
so = V(v) and s; = V(eq). We call sy = V(v) the zero section and employ the
Shioda map to associate a U(1)-gauge symmetry to s;. Consequently, Y, admits an

SU(3) x SU(2) x U(1) gauge symmetry with zero section sy = V' (v).

We label the matter curves by the representations of SU(3) x SU(2) x U(1) in which the

zero modes, localized on these curves, transform:

C’(3,2)1/6 =V (s3,89), C(1,2)71/2 =V (33, 323% + s1(s189 — 3536)) , (6.2.17)
0(511)72/3 = V(ss,89), 0(571)1/3 =V <89, 333% + se(s186 — 3235)) , (6.2.18)
Cia,1), = V(s1,85)- (6.2.19)

These curves intersect in the Yukawa loci

Y1 =V(s3,85,89),  Yo=V(s3,59,5085 —s156), Y3 =V(s3,56,59), (6.2.20)
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Yy =V(s1,83,85), Ys = V(so, s5, sg), Yo =V (s1, 85, 89) . (6.2.21)

We represent the intersections among the matter curves including the physically relevant
self-intersections as follows:
(3, 1) 23
(17 2)71/2

Y Y5
(3,2)1/6 Y3

D13
Y Y,
1’1)1\' 6 4

(6.2.22)
The topological intersection number is K%?) at Y1, Y3, Yy, Ys and 2 - F‘?B?) at Y, Ys.
G4-ﬂllX

Let us identify the root bundles whose sections count the localized zero modes in the
presence of the (candidate) G4-flux introduced in [32]. This flux is a base dependent

linear combination of the U(1)-flux w A o, where o is the Shioda (1, 1)-form associated to

the divisor s1 = V'(e4), and of the matter surface flux G513’2)1/6 on the curve C'3 9y,
Gala,w)=a-GLP 4+ wno e HED(Y)). (6.2.23)

The parameters ¢ € Q and w € 7* (H(l’l)(Bg)) are subjected to flux quantization, Ds-
tadpole cancelation, masslessness of the U(1)-gauge boson, and exactly three chiral fam-

ilies on all matter curves. These conditions are solved by

w = — FBB s a = —_ - (6224)
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Explicitly, the resulting flux candidate can be expressed as (see for details)

Gy — [;%.(5[61] A fed]

Ya
(6.2.25)

) 18- () 010

In this expression, [e1] = v(V(e1)) € Héllg’l)(Xg)) is the image of the divisor V(e1) C X5
under the cycle map . Also, we use the projection map 7: Vi — Bs. This G4-flux

candidate cancels the D3-tadpole and ensures the masslessness of a U(1)-gauge boson.

We must verify that the G4-flux candidate in [6.2.25] satisfies the flux quantization G4 +
3¢ (Tf/4) € Hg’Z)(ﬁ)[QY]. As a necessary check, in [32], the integrals of G4+%62(T§;4) over
all matter surfaces Sg and complete intersections of toric divisors were worked out. By
employing the results in [I11], [I81], these were found to be integral. A sufficient check for
to be properly quantized is computationally very demanding and currently beyond
our arithmetic abilities. Therefore, the authors of [32] proceeded under the assumption

that this candidate G4-flux is properly quantized. We will also follow this line of thought.

Furthermore, we slightly extend this result. Namely, we integrate only cs (T}A,4) over the
matter surfaces and over the complete intersections of toric divisors. By the reduction
technique in [42], we can relate these integrals to intersection numbers in the base Bs. An

explicit computation reveals that the only quantities which are not manifestly even are
/ (B)AKp, / an(ea(By) + K2) forall a € HYY(Bs,Z),  (6.2.26)
B3 Bg

where co(B3) is the second Chern class of Bs. For smooth 3-folds Bs that appear as a
base of a smooth elliptic Calabi—Yau 4-fold, it is known [I11] that c2(Bs) +F?3 is an even
class. Furthermore, [I81] states that [g, c2(Bs)- Kp = 24 is even as well. It thus follows
that CQ(T?4) passes the necessary conditions for being even. Likewise, we can integrate

the G4-flux candidate [6.2.25| over the matter surfaces and over the complete intersections
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of toric divisors. All of those are found to be integral. Since a sufficient check is currently
beyond our arithmetic abilities, we proceed under the assumption that CQ(T?AL) is even

and that the G4-flux candidate [6.2.25] is integral.

It should be mentioned that the G4-flux (candidate) [6.2.25] was chosen so that the F-
theory Standard Model vacua are stable, that is the D3-tadpole can be canceled. This

requires

x(7p,)
24

1 !
nps = — 5 / Gy NGy € ZZQ. (6.2.27)

Ya
Moreover, the masslessness condition for the U(1)-gauge boson was enforced:

Vn e HYY(Bs) : GyNo AT™n 0. (6.2.28)
Yy

Here, o is the (1,1)-form that relates to the so-called Shioda-divisor associated with the

U(1) [115, 66].
Zero modes and root bundles

We now discuss the zero modes in the presence of the flux in [6.2.25] As explained in
we thus look for a lift to H%(Yy,Z(2)) in the diagram For computational
simplicity, we aim to parametrize such a lift as A = 5(A) with A € CH*(Y,,Z). To
describe a candidate, we recall that the cycle map v: CH?(Y,,Z) — Hzfs(f@) is a ring
homomorphism in which the intersection product in CH*(X5,Z) is compatible with the
cup product in H*(X5,C). By De Rham’s theorem and the Hodge decomposition, it

follows that

H?*(X5,C) & HPRp(X5,C) = P HPI(Xs). (6.2.29)
p+q=2k

The cup product in H*(X5, C) respects the grading, and restricts to the wedge product

of (p,q)-forms. For any two divisors V(r) and V(s) on X5, it therefore follows that
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Y(V(r,s)) =5(V(r) - V(s)) = [r] A[s]. This also shows that [r] A [s] € HZ(Y}) is in the

image of v. With this in mind, it is natural to consider

A = -3 (5V(el, e4) — 3V (e1,t1) — 2V (e, ta) — 6V (e, t3)
(6.2.30)
FV (ta ts) — AV (te, 1) + V(tw))  CCHY(Vi7),
Yy

where t; € H(X5,a*(Kpg)) and a: X5 = B3 x Pr, — Bs. Note that v(A') = F% - Gy.
Therefore, the gauge potential A’ = 5(.A") would induce chiral exotics unless we “divide”
it by & = FgB. Hence, we are led to consider gauge potentials A = 5(A) € H}(Ya, Z(2))

with
Y(A) =Gy,  &-A(A) ~FA). (6.2.31)

Hence, we can infer that the line bundles induced from A = 7(.A) are F:;S—th roots of
the ones induced from A’ = 5(A’). We can explicitly compute the latter from [6.2.30] and
As an example, let us consider the curve C(3 2)

n[C2)

/s For this curve, we find (details

,  tc H°B3,Kp), (6.2.32)

D(372)1/6 (A/) =3- V(t, S3, 59) =3- FB‘C(S 2
“)1/6

where the last equality follows from the adjunction formula. From this, we conclude that

D32, (A) satisfies
73 —_—
€ D2, (A) =Ky Day, o (A) ~ Digz), e (A) =3 KB‘ . (6.2.33)

The zero modes in the representation (3,2) s are counted by the tensor product of the

line bundle associated with D(3 o) (A) and a spin bundle. Let us emphasize again that

1/6

we wish to provide a systematic study of all {-th roots of D(3 2) A’) and all the spin

1/6(
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bundles on C(3 2 To this end, recall the defining property of spin bundles on C3 2

1/6° 1/6:

9. Dspin ~ ~ F

3216 ~ K@ (6.2.34)

B .
C(3,2) 6
Consequently, we notice

-3 spin ——3 -3 spin
9K, . (D(3’2)1/6 (A) + D(§,2)1/6> ~2. (KB Di32), (A)) TR (2 : D(gzhm)

~ (6—1—?%) -FB‘

C(3.2), /6 ‘
(6.2.35)
Expressed in line bundles, we thus conclude thatf]
-3
Pk (7 o (0+7%) o(o+K3) (6.2.36)
(8,2)1/6 ~ B‘C(s,z)l/ﬁ ~ (3,2)1/6

By repeating this computation for the other matter curves, one finds the following root

bundle constraints:

curve root bundle constraint
_— ®(6+Ky
C'(3’2)1/6 - V<83’ 89) P(Qg?;)(l‘its - (31(2)1/6 )
29T ®(4+Ky
Camp =Vt Fagl, =Koy, ©Os,, (7301
—3 ®<6+F%) (6.2.37)
CE1) s = Viss o) B — K
1)—2/3 (8,1)_2/3 (3,1)_o/3
927 ®(4+F‘})
C(§’1)1/3 =V (89’ PR) P(gvl)lfjs - (511)1/3 OC(§71>1/3 (_30 . Y3)
_— ®(6+Ky
Ca,1), = V(s1,55) PRs = K(l,(nl )

In this table, we use Py = s252 + s1(s159 — s556) and Pr = 5352 + s6(5156 — 5255). Note

that the line bundles on the Higgs curve C(q o) and the curve C(g 11 depend on the

—1/2

Yukawa points Y7 = V(s3, s5, 89) and Y3 = V(s3, sg, S9) (see for details). It must also

SInspired by greek word for root, P refers to root bundles throughout this article.
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be noted that for two divisors D and F,
D~FE = n-D~n-E. (6.2.38)

The converse is not true. This is why we do not cancel common factors. Finally, let
us point out that the toric base spaces for these F-theory Standard Model constructions
must satisfy F3B € {6,10,18,30} [32]. We provide an explicit list of the root bundles
constraints for these values of ?% in

6.3 Root bundles from limit roots

In the previous section, we explained that root bundles feature prominently in vector-like
spectra in F-theory. For the largest currently-known class of globally consistent F-theory
Standard Model constructions without chiral exotics and gauge coupling unification [32],
we have worked out these bundle expressions explicitly and summarized them in[C.2.3l In
aiming for MSSM constructions, i.e., vacua without vector-like exotics, the cohomologies
of root bundles beg to be investigated. Therefore, our goal is to construct roots whose

number of global sections is exactly the amount required by the physical considerations.

Before we exhibit an example of this in [6.4], we first summarize well-known facts about
root bundles in general. In particular, we outline an argument for the existence of such
bundles on smooth, irreducible curves. From this argument, it can be extrapolated that
explicit constructions of root bundles on smooth, irreducible curves — not to mention an
explicit count of their sections — are very challenging at best. Fortunately, we can employ
deformation theory to simplify the task. Namely, it is possible to relate root bundles on
smooth, irreducible curves to so-called limit roots on nodal curves. This follows from the
detailed study in [I70]. For convenience to the reader, we summarize the essential steps in
these limit root constructions before we extend these ideas. Namely, we provide a simple
counting procedure for the global sections of many limit root bundles. Our analysis in

will employ exactly this counting strategy in order to gain insights into the vector-like
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spectra of F-theory Standard Models.
6.3.1 Root bundles

Let us look at root bundles on a smooth, complete Riemann surface (or curve) C' of genus
g. We focus on a line bundle L € Pic(C') and an integer n with n > 2, and n|deg(L). We

first recall the following definition.

Definition 6.3.1 (n-th root bundle). An n-th root bundle of L is a line bundle P such

that P" = L. Collectively, we denote the n-th roots of P by Roots(n, L)

Equivalently, in the language of divisors, an n-th root D of a divisor D is a divisor such
that nD ~ D. The first important result about root bundles concerns their existence.
While this seems to be a well-known fact, we were surprised to notice that well-established
references, such as [I82] [I83] [152], do not give an explicit proof. Not only does the proof
nicely illustrates the challenge in constructing root bundles on high genus curves, it also
allows us to easily understand why there are n?? root bundles and why their differences
are torsion divisors. For all these reasons, let us give a proof for the existence of root

bundles on smooth, complete Riemann surfaces.

Proposition 6.3.2. Let n € Z with n > 2. For every L € Pic(C), there exists an n-th
root bundle P of L if and only if n|deg(L).

Proof. For the forward direction, if there exists an n-th root bundle P such that P" = L,
then ndeg(P) = deg(L) and n|deg(L). Conversely, suppose that n|deg(L). Recall that
J(C) is a complex torus of the form V/A, where V is a vector space of dimension g, and
A is a discrete subgroup of V' of rank 2g. Denote the n-fold tensor product of line bundles
by [n]: P+~ nP.

First, we will describe some properties of the map [n] : J(C') — J(C). Observe that its
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kernel is given by

ker([n]) = {P € V/A:nP + A=A} = ((1/n)A)/A = A/nA = (Z/nZ)% , (6.3.1)

because A is a discrete subgroup of rank 2g. Hence, ker([n]) = [n]71(0) is finite, and has
dimension 0. Since J(C) is a complete variety, its image [n](J(C)) is a closed subvariety.

For any a € [n](J(C)), the translation map

te: [n]7H0) = [n] Ya), z—x+a, (6.3.2)

is an isomorphism. It follows from the dimension formula that

0 = dim[n]~*(0) = dim[n] ! (a) > dim(J(C)) — dim[n](J(C)) > 0. (6.3.3)

Hence, [n] : J(C) — J(C) is surjective.

Now, consider the following commutative diagram, where deg is the degree map, and (xn)

is the multiplication of integers by n.

deg

0 —— J(C) — Pic(C)

Z
l[n] l[n] lxn (6.3.4)
deg

0 —— J(C) — Pic(C) Y/ 0

Applying the Snake Lemma yields an exact sequence of the cokernels of the vertical maps,

0= J(C)/[n](J(C)) — Pic(C)/[n](Pic(C)) = Z/nZ — 0, (6.3.5)

where the isomorphism is provided by the degree map. Since n|deg(L), we have that

L € [n](Pic(C)). So, there exists P € Pic(C) such that P® = L, i.e. an n-th root
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bundle. O

There are two important lessons that we can learn from this proposition. First, there are

n29 n-th root bundles P of L. This is because is an isomorphism, and so,
tdeg(L) (Z/nZ)29 = ker([n]) = [n]_l(O) — [n]_l(deg(L)) = Roots(n, L), (6.3.6)

is an isomorphism as well. If L = K¢, then the n-th roots are called n-spin bundles [184].

The second lesson concerns the difference between two root bundles. Any two n-th root
bundles differ by an n-torsion line bundle, i.e. a line bundle M € J(C) such that M™ =

Oc.

The Jacobian and the linear equivalence of divisors is well-understood for elliptic curves
E (see [182, [I83], [152] for background). This allows us to exhibit examples of the above
notions fairly explicitly. First, recall that £ = J(F) 2 C/A and A = Z ® Z - T, where

7 € C is the complex structure modulus of the elliptic curve. We denote D € Div(E) by

i.e. we place the points p; € F in round brackets for notational clarity. Note that

deg(D) = >"1 | n; and that a zero degree divisor satisfies

D~0 & (Zni .p,) €A. (6.3.8)
=1

From this, we can work out the divisor classes of the 2-torsion divisors in J(E):

Dy =1[0], Dy = [—1 0)+1- (;)} , (6.3.9)

D = {—1 (0)+1- (;)} : Dy = [—1 (0)+1- (1‘57)] . (6.3.10)
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It follows ker([2]) = (Z/27Z)?, which we can intuitively collect in the following picture:

% (Z)z\
.
D
Ds S
D1 Dj R (2)

(6.3.11)

Note that {D1, Do, D3, D4} are exactly the four spin structures on E.

In making contact with our physics applications, we should next investigate the sheaf co-
homologies of root bundles. Generally speaking, this is a very challenging task. However,
on elliptic curves, the situation simplifies and we can achieve a complete classification.
Recall that any line bundle L € Pic(E) with deg(L) # 0 is in the Kodaira stable regime,

i.e. we can infer its cohomologies from its degree. For deg(L) = 0 we have
W(EL=1 < L=20g. (6.3.12)
Therefore, it merely remains to study the cohomologies of roots P of a line bundle L €

Pic(E) with deg(L) = 0. This is achieved by the following proposition.

Proposition 6.3.3. Let L € Pic(E) with deg(L) = 0 and consider an integer n with

n > 2. Then,

1. L = Og: Ezactly one n-th root P of L has h°(E, P) = 1, and the remaining n-th
roots @ have h'(E,Q) = 0.

2. L% Og: All n-th roots P of L have h°(E, P) = 0.

Proof. 1. Since Of is an n-th root of itself, there is one n-th root P = Op with

hY(E, P) = 1. Any other n-th root Q differs from P by a non-trivial n-torsion line
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bundle. As such, @ is non-trivial and has h°(E, Q) = 0.

2. L is non-trivial. Hence, all n-th roots P are non-trivial and have h°(E, P) = 0. O

For example, among the 9 3rd roots P of a line bundle L € Pic(F) with deg(L) = 0, at
least 8 have h(E, P) = 0. We will make use of this simple result in

6.3.2 Deformation theory and global sections

For applications in F-theory, we wish to generalize to matter curves Cr with g > 1.
Unfortunately on such curves, it is very hard to tell if a divisor is linearly equivalent to
zero. This is due to the current lack of practical understanding of the Abel-Jacobi map
Divo(Cr) — J(CRr), whose kernel is exactly given by the (classes of) trivial divisors. This
in turn makes it very challenging to identify n-torsion bundles, which forms a measure-0
subset of the Jacobian J(Cr). Consequently, it becomes almost impossible to explicitly

identify a single n-th root bundle P of a line bundle L on CR.

To overcome this hurdle, we wonder if it is possible to simplify the matter curves CRr.
However, recall that the geometry of the matter curves is dictated by that of the elliptic
fibration 7: Yy — Bs. Therefore, even though special, non-generic elliptic fibrations Ya
may contain matter curves Cr with simple geometries, it can be expected that such

fibrations lead to physically unwanted gauge enhancements.

Therefore, in order to remain on physically solid grounds, we stick to the geometry of the
matter curves Cr as enforced by the generic fibration Ys. In this situation, there is still
a way to improve our situation. Namely, suppose that ¢: C’;imple — (R is a deformation
of a curve Cﬁmple, whose simple geometry allows easy access to root bundles and their

cohomologies, into the actual physical matter curve Cr C Ya. Then, we can wonder if

the root bundles Pﬂimple on C’lsimple approximate the roots Pg on CR.

In general, this sort of question leads to a deep discussion of deformation theory (see e.g.

[185], [186] for a modern exposition). In this work, we will not attempt to give a complete
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simple

answer. Rather, we make a special choice for Cg™"". Inspired by [170], we focus on
curves C’lsimple with singularities, which locally look like {x -y = 0}, i.e. are nodes. On

such nodal curves Cg, roots P admit a description in terms of weighted diagrams [I70].
Even more, there are exactly as many roots Pg as there are roots Pr and we can, at
least in theory, identify them with each other by tracing them along the deformation

Cl.l — CR.

That said, the next question is in what sense we can use the roots Pg on CR{ to approx-
imate the cohomologies of the roots Pr on the physical matter curve Cr. To this end,
we first recall that refined section counting mechanisms exist for line bundles on singular
curves [48]. In exactly this spirit, we are able to extend the ideas from [I70]. In we
will argue that it is often possible to count the number of global sections of roots Pg on

a nodal curve C{ from simple combinatorics.

It now remains to relate the cohomologies h'(CR, Pg) to h'(Cr, Pr). Since, the chiral
index is fixed from topology, it suffices to study how h°(Cg, P&) relates to h'(Cr, Pr).
Since Cg is singular (and therefore non-generic) and Cr expected to be smooth, a ten-
dency is known. This tendency goes by the name upper semi-continuity. It means that
the number of global sections of Pr must not increase when traced along Cx — CRr to

the root PR, i.e.

h° (Cr, Pr) < h° (Cx, PR) . (6.3.13)

It is a very interesting but also very challenging question to distinguish the roots Py that
lose sections along Cy — CRr from the roots with a constant number of sections. While
we hope to return to this question in the future, the physics applications in [6.4] focus on

a subset of roots, which do not lose sections. Namely, if x (Pg) > 0 and

h° (Ch, PR) = x (PR) (6.3.14)
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then Pg cannot lose sections, since its numbers of sections is already minimal. In partic-

ular, it then holds h° (Cr, Pr) = h° (C&, P&)-
6.3.3 Limit roots

In [6.3.2] we saw that n-th roots P of a line bundle L on a smooth curve C' exist if
deg(L) is divisible by n. This is not the case for reducible, nodal curves C*. Indeed, a
root P*® of a line bundle L® on such curves should restrict to a root on the irreducible
components. However, even if n divides the degree of L®, it may not divide deg(L|z)
for some irreducible component Z of C®. This is elegantly circumvented by passing to
limit n-th root bundles P° on (partial) blow-ups C° of C*®, as originally introduced in
[I70]. Just as every nodal curve C* can be described through its dual graph, these limit
n-th root bundles P° are determined by weighted graphs. This combinatorial data can
be exploited to make the task of section-counting more tractable. For convenience to the
reader, let us outline the important steps in these constructions before we explain the
section counting for limit roots. For more material on limit roots, we refer the reader to
[187, [188] in which the pushforwards of these limits roots along the blow-up map, and

their moduli are extensively studied.
Nodal curves and blow-ups

A point is a node if it has a neighborhood where the curve locally looks like {zy = 0} in
C2. A nodal curve is a complete algebraic curve such that every point is either smooth,
or a node. Let C*® be a connected (possibly reducible) nodal curve of arithmetic genus g.

We associate to C*® a dual graph Ilce in which
1. every vertex corresponds to an irreducible component C; of C*®,
2. every half-edge emanating from a vertex C} is a node on C;.

If a node lies on both C? and C7, then the half-edges exiting from C7 and C? join together

to form an edge. For example, consider the Holiday lights — a nodal curve H® with 11
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components given byﬁ
o a rational curve I" with genus g(I") = 0,
o 10 elliptic curves Ey, ..., F1g with genus g(F;) = 1.

Each elliptic curve intersects no other curve except I', hence the name Holiday lights. Its

dual graph can be visualized as follows:

FEs Ey
B B
E @ @ Es (6.3.15)
r
Eqo Er
Ey Eg

Each elliptic curve E; is represented by a green vertex, while the rational curve I' is

represented by the pink vertex.

If 7 : C° — C* is a blow-up of C'®, then for every node n; € C'*, we denote the exceptional

components by

1 (n;) =& =P, (6.3.16)

Set CN = C°\ U;&;. Then, 7|y : O — C*® is the normalization of C'*. For every node

ni, the points in (7o~ )1 (n;) = & NCON = {p;, ¢;} are called the exceptional nodes.

5In all base spaces Bs of the globally consistent F-theory Standard Model constructions discussed in
and originally introduced in [32], the matter curves Cr are contained in K3-surfaces. Motivated from
[I71], it stands to wonder if the matter curves Cr admit a deformation into such a Holiday lights. Even
more, Holiday lights allow easy access to Brill-Noether theory of limit roots as we will see momentarily.
As such, they are very favorable nodal curves for our study. We hope to return to this question in the
future.
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From this point forward, we will consider blow-ups of C'* on the full set of nodes un-
less stated otherwise. We will often refer to this setup as a full blow-up. More general

statements exist for partial blow-ups, the details of which are fully treated in [I70].
Limit n-th roots and weighted graphs

Let n be a positive integer, and L*® be a line bundle on C* so that n| deg(L®). Denote the

full set of nodes by Ace.

Definition 6.3.4. A limit n-th root of L® associated to Acs is a triple (C°, P°, «) con-

sisting of:
e the (full) blow-up 7 : C° — C*,
e a line bundle P° on C°,
e a homomorphism « : (P°)" — 7*(L*),
satisfying the following properties:
1. deg(P°|g,) = 1 for every exceptional component &;,
2. « is an isomorphism at all points of C° outside of the exceptional components.

3. for every exceptional component &; of C°, the orders of vanishing of a at the excep-

tional nodes p; and ¢; add up to n.

We can also define limit n-th roots associated to a subset A C Age in which the full

blow-up is replaced by the partial blow-up at A, see [170] for details.

Limit n-th roots over C*® carry some combinatorial data, in the form of weighted graphs,
that takes into account the combinatorial aspects of the nodal curve C*®. Conversely,
these weighted graphs allow one to construct and recover limit n-th roots. Although the
correspondence between limit n-th roots and these weighted graphs are not one-to-one, it

allows for a convenient parametrization of limit roots. First, let us introduce the weighted
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graphs in question. Let Aco be the exceptional nodes corresponding to Age.

Definition 6.3.5. A weighted graph associated to a limit n-th root (C°, P°,«) of L® is

the dual graph Ilge endowed with weights assigned by the weight function
w:Ace = {1,...,n—1}, (6.3.17)
where w(p;) = wu; and w(g;) = v; are the orders of the vanishing of a at p; and ¢;
respectively.
Such weighted graphs naturally satisfy two conditions:
L w(p;) +w(g:) = u; +v; = n,

2. For every irreducible component C? of C*®, the sum of all weights assigned to the

vertex corresponding to C is congruent to deggoe L® (mod n).

We illustrate an example of a weighted graph by returning to the Holiday lights H®.
We wish to find the limit 3rd roots of K%.. If C? is a component of H®, then set
ki = #C7 N (H*\ C7). Therefore, deg(Kpe|ce) = 29(C7) — 2+ k;, and the multi-degree

of Kye is

(deg(Kpelr),deg(Kpe|g, ), .-, deg(Kns|p)) = (8,1,...,1), (6.3.18)

which has total degree is 2g(H®) — 2 = 18. So, the multi-degree of K%. is (16,2,...,2).
A weighted graph associated to the limit 3rd roots of K%., as well as the multi-degrees

of K%., is given below. The labels inside the vertices are the multi-degrees of K%., while
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the labels outside the vertices are the weights.

@ 9
e, /,®
‘2/11\2' (6.3.19)
(2 (@

2 1 1 2

¢ o

Given a weighted graph satisfying conditions A and B, we have a recipe for constructing

limit n-th roots of L°®.

Proposition 6.3.6. Every weighted graph, whose underlying graph is Ilge, and whose
weight function w : AC. —{1,...,n—1} satisfies conditions A and B, encodes a limit n-
th root (C°, P°,«) of L. Moreover, this weighted graph coincides with the weighted graph

associated to (C°, P°, a) of L°®.

Proof. Suppose we have a weighted graph satisfying the hypothesis of the proposition,
and let 7|on : OV — C*® be the normalization of C*. Thanks to condition B, the line

bundle

(rlen ) (L) | = Y (uipi + vigi) (6.3.20)

DPi i EA
has on each irreducible component of C degree divisible by n. Thus, on each irreducible
component of CV it admits an n-th root. The collection formed from an n-th root on
each irreducible component is a line bundle PY € Pic(CV). Let 7 : C° — C*® be the
full blow-up. Over each exceptional component, glue a degree one line bundle to PV to

obtain a line bundle P° € Pic(C®). Finally, define o : (P°)" — 7*(L*®) to be zero on the
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exceptional components, and

alew + (PM)* = (mlen)" (L) [ = > (wpi +vigs) | = (xlen)*(L°) (6.3.21)
piyqiez
on CN. Then, (C°, P°, ) is the desired limit n-th root of L® associated to Ace. O

The same statements follow when Age is replaced by a subset A. In this case, the limit
roots associated to A give rise to weighted subgraphs satisfying conditions A and B. Using

the same procedure from [6.3.6] we can construct a limit root from a weighted subgraph.

Every nodal curve C'* and line bundle L® on C*® has a total of n®*(1c*) weighted subgraphs

satisfying conditions A and B, where
b1 (Ilge ) = #edges + #connected components — #vertices , (6.3.22)

is the first Betti number of Ilce. We emphasize that this counts all of the weighted
subgraphs, whose edge sets coincide with subsets of Age. Curves, whose dual graphs are
trees, will have zero by, and thus, will only have one weighted graph. These curves are
said to be of compact type. This is certainly the case for the Holiday lights H®. Here,
b1(Ilfre) = 0 and the weighted graph depicted in eq. is the only possible weighted

graph for the 3rd limit roots of K%..

The correspondence between limit n-th roots and weighted graphs satisfying conditions
A and B is not one-to-one. Indeed, the construction detailed in involves a choice of
a root PN of (m|on)*(L®)(— S (uips + vig;)). A careful count reveals that there are n29

limit n-th roots [170].

We will apply the limit root construction in m to describe the limit 3rd roots of K%.

on the Holiday lights H®. We proceed as follows:
1. Blow-up all nodal singularities, and denote the exceptional component at the i-th
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node by & = P!. This P! touches E; at the exceptional node p; and I at ¢;.

. Let H" be the (full) normalization of H*®, and consider the bundle

10 10
(| grv)* (K ) <—2 dpi—Y Qi> ; (6.3.23)
i=1 iz1

which has multi-degree (16 — 10,2 — 2,...,2 — 2) = (6,0, ...,0). This bundle admits
3rd roots on HV, namely 329(Ei) = 9 roots on each elliptic curve E; and 32900 =1

root on I'. Hence, there are 9'° = 3% roots, and each has multi-degree (2,0, ...,0).

. Pick a 3rd root PV, and glue to it a degree one bundle over every &. The resulting

limit 3rd root P° of K%. has multi-degree (2,0,...,0,1,...,1) over H°, where
deg(P°|cs) = deg(PN|cs), deg(P°le,) = 1. (6.3.24)

These limit roots can be represented as follows:

. . 9 . . (6.3.25)

As before, the green vertices represent the elliptic curves E;, and the pink vertex
represents I'. The blue vertices represent the exceptional component &;, which
intersects E; and I". The multi-degrees of the limit root P° is written inside the

vertices. In particular, P° restricts to a degree 1 line bundle over each exceptional
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component.
6.3.4 Global sections of full blow-up limit roots

Of ample importance for our analysis is the number of global sections of the limit roots.
These arise from gluing sections on the irreducible components of the nodal curve across

exceptional divisors, which is addressed in the next lemma.

Lemma 6.3.7. Let p1,p2 be two distinct points on P!, and a1,as € C. For every ps €

PL\ {p1,p2}, there exists a unique section s € HO(P', Op1(p3)) such that s(p1) = a1 and

s(p2) = as.

Proof. Endow P! with its standard open cover {Up, U }. Let 2z € Uy and w € U; be local
coordinates so that w = % in Uy N U;. Since PGL(2) acts transitively on P!, we may

assume that
=0, p2=1, p3=o00, (6.3.26)
without loss of generality. The desired section s is given by
slug(2) = (a2 —ar1)z+ a1, sy, = (a2 —a1) + aqqw. (6.3.27)

It remains to show uniqueness. Recall that every section t € I'(P!, Op1(p3)) is given by
two analytic functions ty = t|y, € I'(Uo, Op1(p3)) and t; = t|y, € T'(Ur, Op1(p3)) such

that over Uy N Uy,
to(z) = zt1(w) = zt1(1/%). (6.3.28)

If t9(2) = Ypz0 ak2® and t1(w) = 3350 Brw”, the above implies that

k>0 k>0 k>0 k>0

Z a2t =z (Z Bkwk) =z (Z Bkz_k) = Z Bezt k. (6.3.29)
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It follows that ap = B = 0 for k > 1, which leaves ag = 1 and a3 = By. As such, every
section t is given by to(z) = gz + a1 and t1 = ap + cyw. If t also satisfies ¢(0) = a; and

t(1) = ag, then within the chart Uy containing 0,1 € P!,
a] = to(O) =1, as = to(l) =ap+a =ap+ay. (6330)
Thus, t9(z) = (a2 — a1)z + a1 and t;(w) = (a2 — a1) + ajw, which coincides with s. [

By virtue of the above lemma, there is a unique way of gluing a local section over an
exceptional component to local sections over the irreducible components at each end.

This leads us to the following corollary.

Corollary 6.3.8. Let C* be a connected nodal curve with irreducible components C7. Let
L® be a line bundle on C*, and n be an integer with n > 2 and n|deg(L®). For any limit

n-th root (C°, P°,«) of L®,
ho(C°, P°) = hY(CP, P°lcs). (6.3.31)

Proof. Let two irreducible components C? and C; intersect an exceptional component

EXPlatp, € CPand p; € C7 respectively. Set Y = C? UEUCY. Then, we have

hO(Y, P°) 2 h%(CY, P°lcs) + hO(C5, P°lcs) + hO(E, P°le)
—h%(C NE P?lesng) — hO(C NE, Plesne)
> hO(CF, P?les) + h°(Cy, PPlos) +2 -1 -1

> B(CF, P?los) + h(CF, P°lcs). (6.3.32)

It remains to prove equality. Recall that the number of independent conditions met at p;
and p; is at most 2 — the number of intersection points on €. The previous lemma showed

that there are exactly two independent conditions; one at each p; and p;. Thus, equality
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holds. Since any two irreducible components of C'*® either intersect a common exceptional

component, or they do not in the full blow-up, the result follows. O

Let us apply these results to the Holiday lights H®, and count the global sections of the
limit 3rd roots of K?%.. Recall that H® is the union of a rational curve I', and 10 elliptic
curves E;. Also, the limit 3rd root P° of K%. has multi-degree (2,0,...,0,1,...,1). Since

I is rational, h°(T', P°|r) = h9(P!, Op1(2)) = 3. By the above results, we have

10 0 0
hY(H®, P°) = h(T, P°|p) + Y hO(E;, P°lg,) =3 + + -+ (6.3.33)
i=1 1 1

The last term in the above expression means 0 or 1. This refers to the two cases described

in in which P°|g, is either non-trivial or trivial.

This example highlights the general fact that a line bundle of degree d over a smooth curve
can have different h%’s. Since counting the global sections of a limit root is equivalent to
counting its local sections over the smooth irreducible components, we address the effect

of this phenomenon on section-counting in the following corollary.

Corollary 6.3.9. Let C*® be a connected nodal curve with irreducible components C7. Let
L® be a line bundle on C*, and n be an integer with n > 2 and n|deg(L®). For any limit

n-th root (C°, P°,«) of L®,

k k
> minh%(CF, P°|cs) < B°(C°, P°) <Y max h’(CF, P°|cs), (6.3.34)
=1 =1

where for each i, the minimum and mazximum are taken over all line bundles of degree

deg(P°|cs) over C7.

In the example of the Holiday lights H®,

min AT, P°|p) = 3, max A%, P°|p) = 3, (6.3.35)
Pe|pePic?(I) Pe|pePic?(I)
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. hO E:. P°ln)=0 hO B P°lm)=1 6.3.36
PO‘EIZHGH}(EZ) ( (2 |E'z) ) PO\,IE???(EZ) ( 79 |EZ) s ( )

for i = 1,...,10. Hence, 3 < h°(H®°, P°) < 13.

Let Roots(n, L*®)° be the set of limit n-th roots of L®* on C*®. In a broader sense, we wish

to understand the map,

R°(C°,-) : Roots(n, L*)° — NU {0}, P°— h%(C°, P°), (6.3.37)

For curves of compact type, every limit root comes from one weighted graph, and is
constructed over the full blow-up. In this case, the global sections of the limit root are
fully determined by the local sections over the irreducible components. Hence, we can
compute |h°(C°,-)~1(a)| for every a € NU {0}, i.e. the number of limit n-th roots with
h® = a. We illustrate this with the Holiday lights, which is a curve of compact type.
Denote the number of elliptic curves on which P°|g, is non-trivial by N;. Then, the

number Npe(h°) of limit 3rd roots with specific h? are as follows:

N; 10 9 8 7 6 5 4 3 2 1 0
Np@3) | 1 (8 ()-8 ()8 @88 §8 @8 @8 @8 (()s°
Npo(4) Lo@)st (8 @08 O Q8 08 G (1)
Nps(5) LG8t 8]Q 8 (8 58 (8 @8 ()8
Npe(6) L ()-8 ]( 8 68 @8 58 (8 (38
Npo (7) Lo@st @8 -8 @8 Q8 48
Npo(8) L8 G- G- G858
Npo (9) L8 Q8 @8 ()8
Np-(10) L @8t (-8 (78
Npe (11) L8 ()8
Nps (12) L (9)-8
Npo(13) 1
Factor 320 318 316 314 312 310 38 36 34 3'3 30
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This table says that for N; = 10, we find Npo(3) = 1320 limit 3rd roots P° with h® = 3.
Similarly, for N; = 4, we find Npo(3) = (g) - 83 . 3% limit 3rd roots P° with h% = 6. For

ease of presentation, the overall factors are collected at the bottom of this table.

We would like to generalize this section-counting of limit roots for all curves, which may
have multiple weighted subgraphs. Complications arise when counting the global sections
of limits roots over partial blow-ups; namely, it is unclear what A° of a limit root is over
a singular component of the curve, i.e., the component containing a singularity that has
not been blown up. Although we will not discuss this direction in this paper, it presents

an interesting problem which we hope to revisit in the future.

6.4 Limit root applications in F-theory

After the detailed exposition of root bundles and limit roots in the previous section, we
now wish to apply these techniques to F-theory. We first outline how limit roots can
be used to provide an explicit and oftentimes constructive argument for the absence of
certain vector-like exotics. We demonstrate these ideas in one particular geometry among
the largest class of currently-known globally consistent F-theory Standard Models without
chiral exotics and gauge coupling unification [32]. We will argue that there are solutions

without vector-like exotics in the representations C(372)1/6, C(§ 1) s C'(g 115 and C(q 1), -
6.4.1 Absence of vector-like exotics

Let us look at an F-theory compactification to 4-dimensions on a space Yy, which admits a
smooth, flat, crepant resolution ?4. As explained in root bundles appear naturally in
such settings when studying vector-like spectra. We found that the geometry determines
a class A’ = 5(A) € HL(Y,,Z(2)) for some A’ € CH?(Yy,Z), and an integer £ € Zsq such

that A is subject to the two constraints:

YA =Gy, &A(A) ~F(A). (6.4.1)
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The condition 7(A) = G4 immediately follows from and it means that A = 7(A)
is an F-theory gauge potential for the given G4-flux. The second condition ensures the
absence of chiral exotics in the F-theory Standard Models [32]. It follows that the line

bundle on the matter curve CR satisfies

Pr = Oy (DR(A)) ©0c,, Ocr (DEY) | (6.4.2)
where Dgr(A) and Dscl?lin are solutions to the root bundle constraints

- Dr(A) ~Dr(A),  2-DE" ~ Kg. (6.4.3)

Recall from [6.3] that these root bundle constraints have many solutions. In general, it
cannot be expected that all solutions are realized from roots in H%)(EAQ, 7(2)) and spin®-
structures on the gauge surfaces. We reserve a detailed study of this interesting and
challenging question for future works. In this article, we study all the &-th roots of
Dgr (A’) and all of the spin divisors DSCP;H systematically. Our goal is to identify roots Pr
subject to the physical demand of absence/presence of vector-like pairs. In future works,

we hope to identify which of these desired roots stem from F-theory gauge potentials in

HE (Y1, Z(2)).

At special loci of the complex structure moduli space, massive vector-like pairs can be
rendered massless. Mathematically, this is reflected in the fact that deformations of a line
bundle can have higher cohomologies. For example, if we assume y(Pr) > 0, then we

could have:
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Geometry of curves Cr (h°(Cr, Pr), ' (Cr, Pr))

Generic (x(Pr),0)
Less generic (x(Pr)+1,1) = (x(Pr),0) & (1,1)
Even less generic (x(Pr) +2,2) = (x(Pr),0) ® (2,2)

In [48], such cohomology jumps have been analyzed in large detail. In particular, it was
explained that even on generic curves, line bundles with the same chiral index need not
have the same cohomologies. This classic observation goes by the name of Brill-Noether
theory [I50] (see also [128] for another application of Brill-Noether theory to F-theory).
This observation in particular applies to root bundles. In we have explained that
of the four spin structures on an elliptic curve, one has h°(E, O™) = 1 and the other
three have vanishing number of global sections. This is a special instance of the results in
[177, 178], which show that all odd spin structures have odd number of zero modes, while
the remaining even spin structures have even number of zero modes. Generally speaking,

different roots Pr will have different numbers of zero modes.

That said, our task is to construct root bundles Pr with the cohomologies that are
physically desired. For simplicity, let us assume x(Pr) > 0. Inspired by physics, we should
then distinguish the generic case h’(Pr) = x(Pr) and the non-generic case h°(Pr) >
X(Pr). The former corresponds to the absence of exotic vector-like pairs, while the latter
most prominently features on the Higgs curve in F-theory Standard Model constructions.
In the latter case, for MSSM constructions, one wishes to achieve h®(Pr) = x(Pr) + 1 so

that the additional vector-like pair describes a Higgs field.

We approach the task of constructing such physically desired root bundles Pr by first
considering a deformation Cr, — Cg, where CR is a nodal curve. Therefore, PR — Pg
becomes a root bundle on the nodal curve Cg. We focus on roots Pg, which we can

describe by limit roots Pg on the full blow-up CR of Cg. For those limit roots, we can
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employ the technology described in in order to identify h°(Cg, Pg). This enables
us to identify roots P§ with h°(Cg, Pg) = x(P°) + ¢ from simple combinatorics, where

0 € Z>o is the physically desired offset.

The pushforward of limit roots Py along the blow-up map 7: Cg — Cg preserves the
number of global sections, i.e. h%(Cg,PR) = h°(Cx,P%). We have thus identified the
roots on C'* which have the physically desirable cohomologies. In theory, we can trace
those roots P along the deformation Cy — CR to find roots Pr on the original curve
Cr. Crucially though, such a deformation can change the number of sections (see e.g.
[48]). For the deformation Cx — CRr, which turns a nodal (i.e. singular and thus non-
generic) curve into a smooth, irreducible curve, it is known that the number of sections
is an upper semi-continuous function. This means that the number of sections either

remains constant or decreases as we trace Py to Pr on Cr:
h°(Cr, Pr) < h°(CR, PR) = x(Pr) + 6. (6.4.4)

The natural question is thus to look for roots Pg for which equality holds. This happens
in the generic case, i.e. the case § = 0. This is because the number of sections is then

already minimal on Cj and thus, it must remain constant along the deformation to CR:
h°(Cr, Pr) = h°(CR, PR) = x(Pr) - (6.4.5)

The upshot of this strategy, which we summarize in [I3] is that we can provide a lower
bound to the number of roots Pr without vector-like exotics by studying the combinatorics

of limit roots on the full blow-up Cg of the nodal curve Cﬁﬂ

In aiming for F-theory MSSMs, the non-generic case § = 1 is also fairly important for

o

the Higgs curve. While it is not hard to construct limit roots on C with exactly

(1,2) 10
4 sections, the corresponding roots P('1 2) 1 satisfy hO(C(°1 2)_1 0 P(‘1 2)_1/2) = 4, which

"Recall that at least one of these roots stems from an F-theory gauge potential in CH2(1747 Z).
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Matter curve Cr Nodal curve Cx Blow-up curve Cx

Pr Deformation Py Limit roots Py
| | :
Upper SC Pushforward
T N~ — — P NN S ——
hY remains 3 RO(P°) = hO(P*)

Figure 13: Roots Pr with h%(Cr, Pr) = 3 from roots Pg on a nodal curve C{ and limit
roots Pg on its blow-up CR.

is larger than the minimal value X(P(l,z) = 3. Since the number of sections is non-

1)
minimal, we cannot conclude from upper semi-continuity that the number of sections
remains constant. Rather, we expect some of those roots P(°172)71/2 to lose a section when
traced to C(y2) , e Currently, we do not know a sufficient discriminating property that

allows us to identify the roots P(°1 2)_1 ) for which the number of sections remains constant.

We reserve this interesting mathematical question for future work.
6.4.2 Application to F-theory Standard Models

We now continue the analysis initiated in[6.2.2] where we summarized the geometry of the
largest currently-known class of globally consistent F-theory Standard Models without

chiral exotics and gauge coupling unification [32]. The chiral index on all five matter

curves
C32),/ = V(s3,59), Caz_,,=V (33, $25% + s1(s189 — 5556)) , (6.4.6)
C(§,1)_2/3 = V(ss,59), C(§,1)1/3 =V (89, 5352 + 56(5156 — 3235)) , (6.4.7)
Ca1y, = V(s1,85), (6.4.8)

is thus exactly three. We worked out the root bundle constraints (c.f. [C.2.3)). In aiming
for an MSSM construction, which comes with exactly one Higgs pair, the vector-like
spectrum is subject to the demand 4 = hO(C(Lz)_l/Q,P(172)_1/2). As explained above,
since 4 =1+ X(P(172)71/2), our current technology does not allow us to tend to this case.

However, we can address the absence of vector-like exotics on the remaining matter curves
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in a constructive way. That is, we can construct solutions to the constraint

_ 30 — 50 _ _
3 - h (C(372)1/6’ P(3:2)1/6) - h (0(3,1),2/3’ P(3,1),2/3) (649)

- hO(C(§,1)1/37 P(§,1)1/3) = hO(C(1,1)17P(1,1)1) .

To outline these steps, let us first look at the quark-doublet curve C(3 2), o = V(s3, 89),
where s3, sg are generic sections of K. To make our construction explicit, let us focus
on base spaces Bs with fz‘]} = 18. It then follows from that we are trying to argue
for the existence of root bundles that satisfy

®36 ®24 0 —
P(3=2)1/6 ~ K(372)1/6 5 h (0(3:2)1/6’ P(372)1/6) — 3 . (6410)

For this, it suffices to argue that root bundles with the following properties exist

®3 ®2 0 —
P(372)1/6 ~ K(3:2)1/6 B h (0(3721/6)’ P(3:2)1/6) - 3 . (6411)

We achieve a proof of existence by studying a deformation C(3 ), , — C'('3 216" Let

1/6 1/6

us work with a concrete base geometry, we opt for the toric base space By = Ps9 with

K% = 18, whose details are summarized in

To describe the deformation C'3 2), 6" C'(‘3 2), 4 Ve first notice that s3 is a polynomial in
the homogeneous coordinates {z;},.,;.;; of Psg. Since s3 is a section of K p,,, it contains

the monomial []%, l’i This allows us to consider the deformation

V(Sg, Sg) C(3 2)1/6 — C". (3,2) 1/6 = (H X, Sg) . (6.4.12)

Since we assume generic sg, Cf o) e is manifestly nodal in the K3-surface V' (sg9) and the

techniques of [6.3| apply. To this end, we first identify the dual graph of 0(3 2), 67 which

8For any toric base space Bs with homogeneous coordinates x; ~x; 1s a section of K g ~ sl
? i i
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has 17 irreducible components:

curve equation genus deg <2 - Kee )
(3.2)1 /6 c;
01 V(l’l, Sg) 1 6
Cg V($3, 89) 1 6
06 V($6, 59) 0 12 (6.4.13)
Ciu V(z11, s9) 0 12
CQ V(.%'Q, 89) 0 0
{Céi)}1<i<6 V(.’L‘g, r1 — Oéil‘3) O 0
{C%)}l<i<6 V(a)lo, xr1 — Oéi.’l?g) 0 0

For convenience, we list the degree of 2 - KC(-3 2., O all irreducible components since
2)1/6

6.4.11] instructs us to construct third roots of this bundle. By taking the Stanley-Reisner
ideal of P39 into account (see , one finds the dual graph of C('3 2

)1/6”

We mark the P's in pink and the elliptic curves in green. This diagram is easily extended

to a weighted diagram, which encodes a 3rd root of 2 - KC('a _— This involves placing
2)1/6

weights w; € {1,2} subject to the following two rules (cf. [6.3.3):

1. Along each edge: The sum of weights is 3.
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2. At each node: The sum of weights equals the degree in [6.4.13| modulo 3.

It is readily verified that the following weighted diagram satisfies these rules:

2T
@@w shavee”

We then study the limit roots P(°3’2)1/6 on the full blow-up 05’372)1/6 of 0{372)1/6, which are

2 1
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encoded by this diagram. The degree of each such limit root P(""3 2)1 6 is as follows:

(6.4.16)

Note that we denote the blow-up P's in blue and that, by construction of the limit roots,
we consider a degree 1 line bundle on each of these. It follows that the (total) degree of

each such limit root P(% 2) is 12. This is expected from since it is equivalent to

1/6

X(P(O3 2)1/6) = 3. Here, we claim even more, namely that some of these limit roots have

exactly three global sections.

. . o o .
To see this, recall from that the number of global sections of a limit root P(372)1/6 is
simply given by the sum of the sections on each irreducible component of C('3 2), 6" Hence,
we have to add the number of sections on the green and pink components in[6.4.16, From

the degrees, it follows that only Cq, C3 and C7; support a non-zero number of sections,

namely

0

W (Cr, Pl g, ) = . B (Cs, Phgy, ) =1, B (Cu, Phg, ) =2. (6417)

1

The notation for C7 reminds us of the fact that on an elliptic curve, a line bundle with
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vanishing degree can either have 0 or 1 global section. Moreover, recall from [6.3.3] that
the limit roots on C} are actually the 3rd roots of a line bundle of vanishing degree. In
anticipation of this situation, we have already given a detailed exposition of exactly those
root bundles on elliptic curves in[6.3.1] In particular, it follows from [6.3.3] that at least 8

of the 9 3rd roots on Cy satisfy h%(Cy, P(O372)1/6) =

Note that also C3 admits 9 = 3%! different roots. However, in contrast to Cj, all of
these roots are in the Kodaira stable regime and have exactly one section. Therefore, we

conclude that we found at least 8 - 9 = 72 limit roots P(O3 2)1 /6 with

_ 130 o o
3—h (0(3’2)1/6,P(372)1/6) . (6.4.18)

It therefore follows from our discussion in[6.4.1lthat there are at least 72 solutions to[6.4.11]
and consequently, also to [6.4.10} Let us emphasize that this analysis does not guarantee
that one of these 72 solutions stems from an F-theory gauge potential in H]Af)(fﬁ, 7(2)).

This top-down study is reserved for future work.

Along exactly the same lines, we can argue that also C(§ 1) o = V(s5,89) and the singlet
curve C(q1), = V/(s1,55) admit at least 72 solutions to the root bundle constraints with

exactly three global sections. This leaves us to discuss the vector-like spectrum on

0(5,1)1/3 =V (897 s35% + 56(5186 — 8285)) . (6.4.19)

On this curve we look for root bundles spicied in To this end we consider the

deformation 0(571)1/3 — C(.§71)1/3 with
0{571)1/3 =V (s9,85 — 56) UV (89,53 —56) UV (59,85 +56) =Q1UQ2UQ3, (6.4.20)
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which is obtained from

11 11
S1 — S¢ — S3, 52%85*1_[.131', SQHHIEZ‘, (6421)
i=1 i=1

.7
(8, 1)1/3

nodal curves, each of which looks like the curve C('3 2)1 /6 that we discussed above. From

and generic s3, S5, sg. Therefore, C(§ 1,5 C turns this matter curve into three

this point on, we can again employ the limit root techniques. On a technical level, the only
distinction to the constructions presented for C(’3’2)1/6 is that we have to carefully take
into account the line bundle contributions from the Yukawa point Y3. Also, the resulting
weighted diagrams become very large since the nodal curve C(.g,l)l/g has 51 irreducible
components. For these reasons, it suffices to state that we can argue for at least 362 - 35%
solutions. Details are provided in [C:2.4f We reserve a detailed top-down study of which

root bundles arise from an F-theory gauge potential in H,%(ﬁ, Z(2)) for the future.

6.5 Conclusion and Outlook

This work is motivated by the frequent appearance of fractional powers of line bundles
when studying vector-like spectra of globally consistent 4d F-theory Standard Models
with three chiral families and gauge coupling unification [32]. In these models, the vector-
like spectra on the low-genus matter curves are naively encoded in cohomologies of a
line bundle that is identified with a fractional power of the canonical bundle. On high-
genus curves, these fractional powers of the canonical bundle are further modified by
contributions from Yukawa points. In order to understand these fractional bundles, we

have analyzed their origin and nature.

First, in[6.2.1] we analyzed the origin of such fractional powers of line bundles. We recalled
that the vector-like spectra are not specified by a G4-flux, but rather by its associated
gauge potential in the Deligne cohomology H%)()AQ,Z(Q)) [45, 146l [47]. In fact, a given
G4-flux has many such gauge potentials. To see this, recall that in the dual M-theory

picture, G4 = dC3, where Cjs is the internal M-theory 3-form potential. Any other 3-form
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potential C% with closed C5 — Cs still has G4 as its field strength. Such closed 3-form
potentials are encoded by the intermediate Jacobian JQ(IAQ) in the F-theory geometry.
While it is well-defined in theory, it can be very challenging to associate even a single
gauge potential in H%(EAQ,Z(Q)) to a given G4-flux in practice. We were able to tie the

appearance of fractional powers of line bundles to exactly this challenge.

For an F-theory model, we need an F-theory gauge potential, i.e., a class in the Deligne
cohomology group A € H}, (174, Z). This will be specified as 7(.A) for some “potential” A €
CH?(Yy,Z). We found that the geometry determines a class A’ = 5(A') € Hb(YVy, Z(2))

and an integer £ € Z~q such that A is subject to the two constraints:
Y(A) =Gy, &-F(A) ~FA). (6.5.1)

The condition y(A) = G4 immediately follows from and it means that A = 5(A) is
an F-theory gauge potential for the given G4-flux. In the dual M-theory picture, it states
that the 3-form potential C5 satisfies dC3 = G4. We illustrated with several examples
that the absence of chiral exotics in the F-theory Standard Models [32] boils down to the

second constraint.

It is important to notice that the gauge potential A = 7(.A) specified by the two conditions
in is in general not unique. The collection of all &-th roots of 7(A’) (if non-empty)
is a coset of the group of all £&-th roots of 0. In particular, the number of solutions is
52'dim‘c(‘]2(?4)>. All these solutions lead to the same chiral spectrum since they
all have the same degree when restricted to the curves Cr, and hence, the same index.
However, they could differ in their actual spectrum . This extra flexibility is the

key tool that we intend to use to produce a desirable spectrum such as the MSSM.

In theory, we could proceed by studying gauge potentials A = F(A) € H%)(?4,Z(2))
subject to [6.5.1] However, in practice it seems more efficient to proceed with the alge-

braic cycle A’, which we could construct explicitly in the largest currently-known class of
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globally consistent F-theory Standard Models without chiral exotics and gauge coupling
unification [32]. Hence, we have a sufficient level of arithmetic control over A’ = 5(A’). In
particular, we can identify the Z-Cartier divisor Dr(A’) induced from A" on the matter

curve Cr. It follows that
¢ Dr(A) ~ Dr(A'). (6.5.2)

Divisors Dg(.A), which solve this equation for given Dg(A’) and &, are called root divisors
and their associated line bundles are root bundles. They exist if and only if & divides the
degree of Dr(A’). Such root bundles are by no means unique. For example, spin bundles
on a genus g matter curve Cr are 2nd roots of the canonical bundle Kr and there are

229 such roots. Similarly, on a genus g-curve, admits €29 solutions (if they exist).

It is well-known that not all spin bundles have the same number of global sections. Rather,
roughly half of the spin bundles on a curve Cr have an odd number of global sections
and the remaining ones have an even number [I77, [I78]. More generally, we can therefore
expect that the gauge potentials A = 7(A) subject to lead to different vector-
like spectra. This mirrors the physical expectation that inequivalent F-theory gauge
potentials — equivalently, in the dual M-theory picture, two 3-form potentials C3 and C%
that differ by a closed 3-form — will in general lead to different vector-like spectra. This

was anticipated e.g. in [45] 46 [47].

In general, only a subset of the root divisors in [6.5.2] are induced from F-theory gauge
potentials in HE")(}A@,Z(Z)). While this work does not answer the important question of
which root divisors are induced from F-theory potentials, we hope that this work initiates
and facilitates this study by providing a systematic analysis of all root bundles and spin
bundles on the matter curves. Our goal in this work was to identify combinations of root
bundles and spin bundles on the matter curves, such that their global sections satisfy the

physical demand of the presence/absence of vector-like pairs.
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While we expect that our techniques apply more generally, we have focused on the largest
currently-known class of globally consistent F-theory Standard Models with realistic chiral
spectra [32], which emphasizes the genuine appearance of root bundles in vector-like
spectra of F-theory compactifications. It should be mentioned that the background Gy-
flux in these F-theory Standard Models models does not only lead to realistic chiral
spectra, but also allows cancelation of the D3-tadpole and ensures masslessness of the
U(1)-gauge boson. We summarize the involved technical steps in the derivation of these
root bundle constraints in This derivation heavily relies on a detailed understanding
of the elliptically fibered 4-fold F-theory geometry Y, including intersection numbers
in the fiber over the Yukawa points. We supplement the earlier works [82, 40, [32] by

providing a complete list of all fiber intersection numbers in

Our approach to identifying root and spin bundles on the matter curves, whose coho-
mologies are physically desired for the presence/absence of vector-like pairs, is inspired
by the work in [I70], which gives a diagrammatic description of root bundles on nodal
curves Ck. More explicitly, it relates these roots with so-called limit roots on (partial)
blow-ups Cg of Ck. We summarized these ideas in and then introduced counting
procedures for the global sections. In order to fully appreciate this finding, recall from
[48] that in general one will merely find a lower bound. The argument that we provide in
this work is stronger — it provides an exact count of the global sections of limit roots on
full blow-ups of Cy. This observation may be interesting in its own right since it provides
a combinatoric access to Brill-Noether theory of limit roots. We demonstrated this for a
nodal curve — the Holiday lights H®. This curve is of compact type and its only blow-up
that is to be considered for the limit root is its full blow-up. Our approach then allowed
us to identify exactly how many limit roots possess a certain number of global sections.
It will be an interesting mathematical question to extend these ideas to partial blow-ups.

We reserve this analysis for future work.

Given these insights on root bundles on nodal curves CR, it remained to extract informa-
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tion on root bundles on actual matter curves Cr in F-theory compactifications. As the
latter are typically smooth, it is natural to wonder what we can say about (limit) roots
when traced along a deformation Cx — Cr. In particular, we can wonder if there are
deformations of Cr that are conducive for a more fruitful analysis. As we have already
mentioned, curves of compact type, such as the Holiday lights, are prime candidates. The
lack of cycles in their dual graph limits the number of possible weighted graphs, so much
so that we have a complete understanding of the limit roots and their global sections. In
contrast, the dual graphs of the deformed matter curves Cg in explicit geometries are
more complex in which there are multiple weighted subgraphs, and limit roots over partial
blow-ups. In particular, some singularities on the curve still remain in its partial blow-up,
and it is therefore far more challenging to count the sections. It would be useful to com-
pare these two examples in more depth and to determine exactly what features of the dual
graph allow for better section-counting. One obvious feature is the cyclomatic number,
which happens to be the first Betti number of a graph when viewed as a 1-dimensional
simplicial complex. Curves of compact type have zero cyclomatic number, and thus, are
topologically simple. Subsequently, we can explore possible ways of deforming Cr to a

nodal curve whose dual graph has these desirable features.

In this work, we have focused on deformations Cr — Cg{ which arise naturally by mod-
ifying the defining polynomials in a concrete base geometry Bs. Most curves that we
encountered in this way had planar dual graphs. Still, for the most involved matter curve
discussed in this article, the dual graph is non-planar. The subject of planarity raises
many interesting questions and applications in graph theory [189, 190} 191] 192, 193].
However, the geometric significance for a nodal curve to have a non-planar dual graph is
not mentioned in the literature to our knowledge [194) 195]. It is possible that planarity
does not play a role in the geometry of nodal curves. Indeed, the curve associated to the
well-known non-planar graph K33 is quite ordinary. Nevertheless, it would be useful to

explore this feature as it raises the question of whether there are better ways to represent
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a given dual graph.

For a physical application, we have studied vector-like spectra of F-theory Standard Mod-
els without chiral exotics in In aiming for MSSM constructions, we should wonder
what we can say about the global sections of a root P§ as we trace it to a root Pr along
a deformation Cx — CR. In this work, we did not attempt to provide a complete answer
to this question. Rather, we recalled that a certain behavior of the cohomologies along
such a deformation is known. This is called upper semi-continuity and it means that the
number of global sections cannot increase when tracing a root P§ on Cg to a root Pr on

Cr. Put differently,
h° (Cr, Pr) < h° (CR, PR) . (6.5.3)

For F-theory MSSM constructions, it is important to understand (limit) roots on the

Higgs curve with hO(C(l,z)_l/Q, P(1,2)_1/2) =4=1+x(Paz2)_,,)- While we can construct

—1/2
roots P(.1,2)_1/2 with hO(C('l’z)_l/z,P(‘l’z)_m) = 4, upper semi-continuity does then not
guarantee that 13('172)71/2 — P(172)71/2 along C('172)71/2 — C(172)71/2 yields roots with 4

global sections. Rather, the roots could lose sections along this transition (cf. [48]). To
our knowledge, a sufficient criterion that identifies the Higgs roots P('l 2) 1 that do not
lose sections is currently unknown. However, given the physical significance of such a

condition, we hope to return to this interesting question in the future.

Even a subset of (limit) roots that do not lose sections along Cp — CRr is valuable. We
identified a family of such roots Pg. Namely, for a root with h® (Cg, P%) = x(Pr) > 0,
it follows from upper semi-continuity that h® (Cr,Pr) = h° (CR, P%). Any such root
thus satisfies h’ (Cr, Pr) = (x(Pr),0), which means it describes a zero mode spectrum
on CR without vector-like pairs. For example, in the F-theory MSSM constructions, this
is a desired feature for the representations 0(372)1/6, C(§,1)72/3, C(§71)1/3, C(1,1), for which

vector-like pairs are exotic, i.e. have thus far not been observed in particle accelerators.
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We have applied these techniques to a particular F-theory geometry among the largest
currently-known class of globally consistent F-theory Standard Model constructions with-
out chiral exotics and gauge coupling unification [32]. To this end, we worked with the
base space Bs = P39. This 3-fold is one of the triangulations of the 39-th polyhedron of
the Kreuzer-Skarke list[2], hence the name. In this space, we have explicitly deformed
the matter curves Cr to nodal curves Cg. On those nodal curves, we could then easily
construct limit roots on the full blow-up Cx of CR which have exactly 3 sections. We
collect details on the base space By = Psg and limit roots on the blow-up of a genus g = 82
matter curve in[C.:2.4] In future works, we hope to investigate which of these desired root

bundles are realized from F-theory gauge potentials in Hj%)(ﬁ, 7Z(2)).

To fully appreciate these findings, let us point out that this task cannot be performed
with state-of-the-art algorithms such as [168] unless one explicitly specifies the line bundle
divisor in question. In past works [46, 47], such constructions were described. A computer
model of such line bundles (by dualizing the corresponding ideal sheaf) requires Grobner
basis computations. Even by the use of state-of-the-art algorithms such as [94], the
involved geometries resulted in excessively long runtimes and heavy memory consumption.
By approaching root bundles from limit roots on full blow-ups, these complications are

circumvented at the cost of studying deformation theory.

This work provides a constructive approach to identifying limit root bundles on full blow-
ups of a nodal curve with specific number of global sections. Since our approach is
completely constructive, we anticipate a computer implementation which can find all such
limit roots. For this, one would work out all of the weighted diagrams associated to the
dual graph of a nodal curve CR, and then identify the limit roots with the desired number
of global sections. In generalizing this approach even further, we anticipate a scan over
many of the F-theory Standard model geometries in [32]. By employing state-of-the-art
data-science and machine learning techniques, it can be expected that such a scan will

lead to a more refined understanding of F-theory Standard Model constructions. We hope
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to return to this fascinating question in the near future.
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CHAPTER 7: Statistics of Limit Root Bundles

In the largest, currently known, class of one Quadrillion globally consistent F-theory
Standard Models with gauge coupling unification and no chiral exotics, the vector-like
spectra are counted by cohomologies of root bundles. In this work, we apply a previously
proposed method to identify toric base 3-folds, which are promising to establish F-theory
Standard Models with exactly three quark-doublets and no vector-like exotics in this
representation. The base spaces in question are obtained from triangulations of 708
polytopes. By studying root bundles on the quark doublet curve C3 2y, /6 and employing
well-known results about desingularizations of toric K3-surfaces, we derive a triangulation
independent lower bound N](D?’) for the number Ng) of root bundles on C(372)1/6 with exactly

is

three sections. The ratio NI(D?’)/NP, where Np is the total number of roots on C’(3,2)1/6,

largest for base spaces associated with triangulations of the 8-th 3-dimensional polytope
Ag in the Kreuzer-Skarke list. For each of these O(10'%) 3-folds, we expect that many root
bundles on C(3 2), /6 AT induced from F-theory gauge potentials and that at least every

3000th root on C'3 2y, , has exactly three global sections and thus no exotic vector-like

1/6

quark-doublet modes.

7.1 Introduction

Like no other framework for quantum gravity, string theory encodes the consistent cou-
pling of gauge dynamics to gravity. Therefore, it is a leading candidate for a unified
theory that accounts for all aspects of the observed low energy physics. Enormous
efforts have been undertaken to demonstrate the particle spectrum of the Standard
Model from string theory. The earliest studies focus on the Eg x Eg heterotic string
[13, 161, 109, 110, 124, 162, 163, 108] and were later extended by intersecting branes

models [17) 18, 19, 20, 2T, 22, 23, 24].

While these compactifications realize the gauge sector and chiral spectrum of the Standard

Model, they are limited to the perturbative regime in the string coupling. Typically, they
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also suffer from vector-like exotics. The first globally consistent, perturbative MSSM

constructions are [I10} 124] (see [164, [165] for more details).

In string compactifications, a significant amount of information is encoded in the geometry
of the compactification space. A coherent approach to analyze the relations between
geometry and physics is F-theory [27], 166] 167]. It describes the gauge dynamics of 7-
branes including their back-reactions to all orders in string coupling. In 4-dimensional
compactifications, this is achieved by encoding the back-reactions in the geometry of
a singular elliptically fibered Calabi-Yau 4-fold w: Y4 — Bs. The global consistency
conditions of the 4-dimensional physics are enforced by studying the geometry of Yy, e.g.,

by a smooth, flat, crepant resolution }74.

The chiral spectrum of 4d NV = 1 F-theory compactifications is determined by a back-
ground Gy4-flux. This flux is specified by the internal Cj profile of the dual M-theory
compactification via G4 = dCs € H22(Y;), where H%>2(Y,) is the middle vertical fourth
cohomology of Ys. The primary vertical subspace of G4-configurations has been studied
extensively [131, 37, [38 B9, 40l 41, 42]. Applications to globally consistent chiral F-
theory models [43] 40), [42], [44] have lead to the discovery of the largest, currently-known,
class of one Quadrillion globally consistent F-theory Standard Models (QSMs) with gauge

coupling unification and no chiral exotics [32].

The massless vector-like spectrum depends not only on G4, but also on the Cs-flat di-
rections. The full gauge information is encoded in Deligne cohomology. In [45] 46 47],
F-theory gauge potentials were parametrized by Chow classes, which in turn induce line
bundles Ly on the matter curves Cr C Bs. The (vector-like) zero modes are counted by

the cohomologies of these line bundles.

In principle, this approach works for any compactification. Technical limitations arise in
explicit geometries due to the intricate complex structure dependence of the cohomologies

h*(Cr, Lr) of the line bundles Lg on the matter curves Cr. This dependence was
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investigated for special examples of F-theory compactifications in [48]. A large data set
was generated [147), [168] and investigated with data science techniques and completely

understood by Brill-Noether theory [150] (cf., [156] 128]).

For the QSMs [32] another complication arises. As explained in [I96], in these models the
line bundles Lr are necessarily root bundles Pr, which one may think of as generalizations
of spin bundles. Just as spin bundles, there are typically Np(Cgr)gl root bundles on Cr.
Some of the Np(CRr) roots stem from F-theory gauge backgrounds which induce the same
chiral index but differ in their Cs-flat directions. An important task is to find the roots
which are induced from F-theory gauge potentials and have cohomologies that define

Minimal Supersymmetric Standard Models (MSSMs).

As a first step, a “bottom-up” analysis was conducted in [I96]. This work does not
identify exactly which root bundles on Cg are induced from F-theory gauge potentials in
the Deligne cohomology. Rather, a systematic study of the cohomologies of all admissable
root bundles on Cr has been performed. Except for the Higgs curve, the prime interest
are the N 1(33) (Cr) < Np(CRr) roots with exactly three sections. By extending the results in

[197], the authors formulated a technique to derive a lower bound N 1(33)(CR) to N ](33)(03).

The toric base spaces of the QSMs are obtained from triangulations of 708 polytopes in
Kreuzer-Skarke list [2]. The goal of this letter is to explain that N 1(33)(CR) is independent
of the triangulations. We use this observation to identify promising toric 3-folds for F-

Theory Standard Models without vector-like exotics on the quark-doublet curve C(3 2), e

In [7.2] we recall the relation of the toric QSM base 3-folds and toric K3-surfaces. By
studying limit roots on a nodal curve C('372)1/6 and employing results of resolutions [198|
199| 200, 201, 202], we demonstrate in that the derived lower bound N}(DS)(CR) is
independent of the triangulation. We utilize the Gap4-package QSMEzplorer [168] in
to compute the ratio N 1(33) /Np for several classes of toric QSM base 3-folds. We
focus on bases, for which it can be expected that many root bundles on C(33), , are

1/6
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“top-down” determined by gauge potentials of the F-theory compactification. This points
us to the 3-folds associated with the O(10'%) triangulations [30] of the 8-th polytope A3

in the Kreuzer-Skarke list [2]: At least every 3000-th root on Cig ), , has exactly three

1/6

global sections and thus no vector-like exotics.

7.2 Genesis of 3-fold bases

Desingularizations of Calabi-Yau (CY) hypersurfaces in toric ambient space are studied
in [198]. We focus on CY 2-folds, i.e. toric K3-surfaces. Those are associated to three-
dimensional, reflexive lattice polytopes A C Mg and their polar duals A° C Ng, defined
by (A,A°) > —1. Kreuzer and Skarke list all possible 3-dimensional polytopes [2]. We

consider the i-th polytope A7 in the Kreuzer-Skarke list as subset of Ng.

From a polytope A C Mg, one can build the normal fan ¥5. Its ray generators are
the facet normals of A and the maximal cones are in one-to-one correspondence to the
vertices of A. We give a two-dimensional example in Neither the toric variety XA =
Xs, nor the CY-hypersurface need be smooth. Resolutions of these CY-hypersurfaces
were introduced in [198] as mazimal projective crepant partial (MPCP) desingularizations.
Equivalently, [200] refers to such desingularizations as maximal projective subdivisions of

the normal fan.

To find MPCPs, we note that a refinement of the normal fan X5 by ray generators
corresponding to lattice points of A° is crepant. We can therefore consider refinements
Y(T) — XA where X(T) is associated to a fine, regular, star triangulation (FRST) of the
lattice polytope A°. We recall that star means that every simplex in the triangulation
contains the origin, fine ensures that every lattice point of A° is used as ray generator and
that regular implies that X is projective. Together, this implies that ¥(T") defines a

mazimal projective refinement of ¥ 5. This is illustrated in

In our applications to toric K3-surfaces, Xx(7) is guaranteed to be smooth. This is be-

cause a maximal projective subdivision of ¥ Ao then constructs a 3-dimensional Gorenstein
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orbifold with terminal singularities [200] which must be smooth by proposition 11.4.19 in

[203] (see also [198]).

Of the 4319 polytopes in [2], 708 lead to toric 3-folds with ?i{z () € {6,10,18,30}. Those
are the base spaces for the Quadrillion F-theory Standard Models (QSMs) [32], in which
the gauge divisors are K3-surfaces. This leads to gauge coupling unification. In the rest
of this paper, we reserve the symbol B3(A°) for the family of all toric 3-folds obtained

from FRSTs of the polytope A°. Our standing example will be the spaces obtained from

A2, displayed in

Figure 14: MPCP of Fiy = Conv(ey, e2, —2e1—e2) C Ng refines normal fan ¥, of polytope
Fy, C Mg by Es.

Figure 15: A2y, C Ng on the left and Asp C Mg on the right [2]. The magenta point
is the origin. The generic K3-surface meets trivially with gray divisors, in an irreducible
curve with the pinks and in finite families of P's with the cyans.
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7.3 Triangulation independence

7.3.1 Dual graph

We will demonstrate that the dual graph of the nodal quark-doublet curve C('3 2)1/6 in-
troduced in [196] is identical for all 3-folds B3(A°) obtained from FRSTs of A°. Hence,

this dual graph only depends on A°.

The homogeneous coordinates of Xy correspond to the lattice points of A°. A coor-
dinate associated to a facet interior point is denoted by z.. For a lattice point in the
interior of an edge ©° C A°, two facets F1, Fy of A° meet at ©°. We notice that they are
dual to vertices m1, mo € A, and the dual edge © is the edge connecting m; and mo. If
© has interior points, we denote the homogeneous coordinate as y; and otherwise by x,.
We mark these distinct types of lattice points in different colors in [I5} The nodal curve
C('3’2)1/6 [196] is given by

Cla2),6 = agAV(l‘a«, s9) U bgBV(yb, s9) U ch V(2e, 59) 5 (7.3.1)

where sg is a generic section of FXE(T)' The rational behind this classification is that
will now explain that V(z,s9) 4s irreducible, V(yy,s9) a finite collection of P's and

V(ze, s89) = 0.

We begin with V(z., s9) = ), which was originally proven in [I98, 200] (see also [204]).
Since X 7) is associated to a refinement of ¥, there is a toric morphism ¢: Xy — Xa.
By construction, this blow-down morphism is crepant and V'(z.) is blown-down to a point,
so that it does not intersect generic members of |K x, |. Since ¢ is crepant and birational,
V(2.) does therefore not intersect generic members of FE(T), ie., V(zc, s9) = 0. Hence,

only the pink and cyan lattice points in [I5| matter.

To see that V (yp, s9) is reducible, we compute its self-intersection in the K3-surface V (sg).

More generally, topological intersection numbers capture properties of C('3 2), 6" For ex-
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ample, a curve component C; associated to D; € Divy(Xxr)) has arithmetic genus g(C;)
with 2¢(C;) — 2 = D?FXE(T). Similarly, the topological intersection of C; and Cj is

DiDjFXE<T . From the original work [199] (see also [201]), it follows that these inter-

)
section numbers are counted by properties of (A°, A) and are thus independent of the

FRST. Let us restate this result.

Proposition 7.3.1. Let D1, Dy € Divy(Xy(ry) be two distinct divisors corresponding
to lattice points vi,vo € A°. If vy, vo are not contained in an edge ©° C A°, then
DlDQFXZ<T) = 0. Otherwise, DlDQFXE(T> = 14 1'(®), where I'(©) is the number of

interior lattice points on the dual edge ©.

Proof. Consider a triangulation T of A°. Then the triple intersection among divisors Dy,
Dy and KXE(T) vanishes unless v1, v9 belong to two triangles in T, which we denote as
v1vovg and vivavy. It follows D1 Do D; = 0if i ¢ {1,2,3,4} and D1DyD3 = D1DyDy = 1.

Hence
DlDQFXE(T) =D1Do (D1 + Do + D3 + D4) . (732)

The affine span of vy, vo, vs contains a facet F3 of A°. The dual of F3 is a vertex
ms3 € A with (mg,v;) = —1. Let N =1k (DivT(XE(T))), then 0 ~ YN, (mg3,v;) D; and
Dy + Dy + D3 ~ (ms,vq) Dy + S, where S satisfies SD1Dy = 0. By substituting this
back into we find D1D2FXE(T> = 1+ (mg,vq). If v1, vy are not contained in an edge
©° C A°, then vy € F3, (m3,vq) = —1 and Dngfxz(T) = 0.

Conversely, if v1,ve € ©° C A°, then vivovy is contained in a facet Fy # F3 of A° with
dual vertex my € A. The dual edge © from mgs to my4 only depends on vy, v but not the

triangulation 7. We now compare the number of interior lattice points I'(©) on © to

Iio = D1D2FXZ(T) =14+ <m3,v4> . (733)
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vy, Vg, vg generate Ng. Therefore, m € My is a lattice point iff (m,v1), (m,vs) and
(m,v4) are integers. Hence, lattice points on © are m(k) = ms + (%) - (myg — mg),

where k € {—1,...,I12}. Therefore, I'(©) = I15 — 1. O

We extend this to the arithmetic genera by restating another result from [199].

Corollary 7.3.2. Let D1 € Cl(Xyx 1)) be the divisor associated to the lattice point vy €
A°. Then D%Fsz is independent of triangulations of A°. Furthermore, if vi is an

interior point of an edge ©° C A°, then D%Xsz =—-2-2/'(@).

Proof. We consider a facet ' C A° with v; € F. The dual vertex m € A € My
establishes 0 ~ Y% | (m, v;) D; and hence D%FXE(T) =N, (m,v) DlDi?XEm, which

is independent of FRSTs of A° by the preceding proposition.

Next, assume that v in an interior point of an edge ©° C A° and denote its neighbors
along ©° by vg, vs. The associated divisors Do, D3 are the only divisors with non-zero
D1D2FXE<T), D1D3FXE(T). Note that v1, ve, vg are contained in a facet of A°, whose
dual vertex m € A establishes D; ~ —Dy — D3 + S with Dlsfxm) = 0. Hence,
DK xy .y = —2 = 20'(O). O

V (yp, 89) corresponds to v, € ©° C A° with I(©) > 0. Hence D} 'FXE(T) = —-2(I'(0) +
1) < —2 and V(yp, s9) is reducible into a collection of I'(©) + 1 non-intersecting and

smooth P's [T98, [199].

Finally, let us turn to the components V (x4, s9). A subset of these components is as-
sociated to lattice points v, € ©° such that I'(©) = 0. By the previous result, these
components are irreducible and smooth. The remaining V' (z,, s9)’s are associated to the

vertices of A°. These components are smooth and irreducible by [198].
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7.3.2 Computing the lower bound ]\71(33)

We have established that in every space in Bsg(A°), Cls 2)1/6 consists of the same com-
ponents C; with the same topological properties. Therefore, the dual graph G (C(’3 2)1/6),
in which components are vertices and intersections are edges, only depends on A°. We

recall from [196], that on C('372)1/6 we look for limit roots P(‘372)1/6 with

(7.3.4)

Yo
(3,2)1 /6

—3
i R6+Kx..,...)
Q2K % . _ =)
(P' ) =r — | K
(3,2)1/6 Xs(1) 1o

Such roots are specified by weight assignments to G(C. ), constrained by (6 +

(3:2)1/6
?;E(T))—times the degree of FXE(T) ‘C[ For V (zg, s9), szm 'C! has degree Dafizm.
For the irreducible components of V (i, s9), this degree is Dbfi(z . /('(©) + 1). Since
Kxypy = SN, D;, we have DF%%(T) =N, DD;K xy,,, and by the results of [199]
restated in the previous section, these degrees are FRST-invariant. Similarly, fiz . is
FRST-invariant. Consequently, the data that specifies the limit roots on C’(°3’2)1/6 depends
only on A°. By extending the techniques of [196], we can thus compute an FRST-invariant

lower bound N ](33) to the number of root bundles on C3 3, , With exactly three global

1/6

sections.

We illustrate our strategy with Ag, in Its FRSTs give toric 3-folds with hgl(fq) =
7>6=9(Cgg2),,) and ?‘; = 10. The dual graph G(C32), ) is:

The labels inside the nodes are the degree of 16 ~FC(-3 2, OB the components C;. To find

1/6

the (2F§(2<T))'th roots, we place weights u;,v; € {1,2,... ,2?§(2(T) — 1} along each edge

in G(C3,2), ,) subject to the following rules (see [197, T96] for details):

1/6
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1. Along each edge, the sum of weights is QFiE .

2. At each node Cj, the sum of weights equals (6 + Fi(z (T))—times Difiz () modulo

-3
2K Xy -

The number of possible weight assignments grows rapidly with the complexity of the dual
graph. To speed up the counting, it is possible to replace G(C(372)I/6) with a simplified
graph. We remove components C; which are connected to exactly two other components

and have Difiz T = 0. We are thus looking at transitions:

Ci Ck
(0) M
N N
l vi

Uj n—v;

Cx

(M
N\

n—v;

2@ 0:0 0
K

|
&

To see that this does not change the lower bound N },3), let us focus on n-th roots. Then
1 < w;,v; < n—1. For given u; the weight v; is uniquely fixed as v; = n — u;. Since,
Difi(z = 0, the resulting root on C; has degree —1 and supports no non-trivial sections
(cf. [197, 196]). Conversely, given the diagram at the bottom, we can reconstruct the

top-line by noting that v; = n — u;. For Ag,, this leads to the simplified graph:

The algorithmic task of finding all weight assignments and counting the associated limit
roots, can be conducted with a computer implementation. The algorithms employed are
available in the Gap4-package QSMEzxplorer, as part of the ToricVarieties_project [168)].
On the computer plesken.mathematik.uni-siegen.de, our algorithm completes for Ag;
in roughly three minutes and finds N ](33) = 34.980.351. This number is to be compared to

the total number of root bundles Np = 20'2 on this g = 6 curve. Hence, at least every

1.2 x 10%-th root on C(372)1/6 has exactly three global sections.
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7.3.3 Towards favorable F-theory base spaces

We extend this analysis to several classes B3(A°). Among the 708 polytopes, we focus
on base spaces for which it can be expected that many roots stem from inequivalent F-
theory gauge potentials in the Deligne cohomology Hf—)(ﬂ,Z@)), i.e., gauge potentials
which induce the same chiral index but differ in their Cs-flat directions. In the 4-fold
geometry 174, these C3-flat directions are described by the intermediate Jacobian J2 (174)
Since h30(Y}) = 0, we have (see [45] and references therein) J2(Yy) = H21(Y,)/H3(Yy, Z)
and dimge (J2(Y;)) = h21(Y,). In particular, if a gauge potential in Hé(fﬁ”Z@)) admits
(2F§(Z(T) )-th roots, then it admits (Q?izm)%m(ﬁ) roots. On the genus g curve C'(3 2),

we find (QFiEm)% roots. Therefore, a necessary condition for many roots on C(3 g), /6

to stem from F-theory gauge potentials is h2’1(174) > g:

F% # Polytopes h2L(Yy) g
6 7 (8,9,10,12,16} 4
10 54 2,3,...,11}U{13} 6
18 373 {0,1,...,12} 10
30 274 (0,1,...,9) 16

All 7 polytopes with F% = 6 satisfy this necessary condition. Their triangulations give
at least 50% of the QSM 3-fold base spaces [30]. In addition, 27 polytopes with K?I’; =10
and three with F?é = 18 have this property. For the ?% = 10 polytope AJ, and the three
F% = 18 polytopes A%, ASy9 and Ag,,, the quark-doublet curve has a component with
genus larger than one. Hence, for these space the counting procedure introduced in [196]
does not apply. However, for the remaining 33 polytopes, our computer implementation

finds N 1(33 )(C'(3,2) within a few minutes. These results are listed in

1/6)

Among these 33 polytopes, the ratio N };3) /Np is largest for Ag. In addition, within the
QSMs, base spaces obtained from FRSTs of A have the maximal 16 = 2! (Y}) and the
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minimal g = 4. In this sense, they most positively satisfy the necessary condition for a
top-down origin of at least some of the root bundles. In this sense, these O(10'%) toric base
3-folds [30] are currently the most promising candidates to establish an F-theory Standard

Model with exactly three quark-doublets and no vector-like exotics in this representation.

7.4 Discussion and Outlook

A construction of one Quadrillion globally consistent F-theory Standard Models (QSMs)
with gauge coupling unification and no chiral exotics was presented in [32]. In this work,
we apply the techniques introduced in [196] systematically to the toric QSM base 3-folds.
Our goal is to identify toric base spaces, which are promising candidates to establish F-
theory Standard Models with exactly three quark-doublets and no vector-like exotics in

this representation.

We recall that vector-like spectra are counted by cohomologies of line bundles Ly on
the matter curves Cr. In [196], it was argued that these bundles must necessarily be

root bundles. For instance, on the quark-doublet curve C3 2), PR consider line bundles

P3.2), /6 which solve|7.3.4] where F?]} is the triple intersection number of the anticanonical

class of the 3-fold Bz. This constraint has Np(C(s ) = (2?31’3)29 solutions, where g

1/6)

is the genus of C(3 ) In every QSM vacuum, the zero mode spectrum is counted

1/6°
by the cohomologies of one of these solutions. It is currently not known exactly which
roots stem from F-theory gauge potentials in the Deligne cohomology H?, (Y4, Z(2)) of the

elliptic 4-fold }721.

In this work, we did not attempt to give a detailed answer to this question. Rather,
we focused on base spaces for which it can be expected that many roots are induced
from inequivalent F-theory gauge potentials, i.e., gauge potentials which induce the same
chiral index but differ in their Cs-flat directions. In the 4-fold geometry }A/4, these Cs-
flat directions are described by the intermediate Jacobian J2(Yy). Since h30(Y;) = 0, it

holds J2(Y,) = H>Y(Yy)/H3 (Y4, Z) (see [45] for details) and dime(J2(Yy)) = h21(Yy). If
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a gauge potential in H? (Y, Z(2)) admits (2?:;)—th roots, then it admits (2?%)2’12’1(?4)

roots. On C(3 ), ., We find (2K B)?9 roots. Therefore, a necessary condition for many

1/6’

roots on C(3g), , to stem from F-theory gauge potentials is h271(f/4) >g.

1/6

The QSM toric base 3-folds are obtained from fine, regular, star triangulations (FRSTs)
of 708 3-dimensional, reflexive, lattice polytopes [32]. In these spaces, the gauge divisors
are K3-surfaces. This leads to gauge coupling unification and emphasizes the physical
significance of K g. Only 37 of the QSM polytopes lead to spaces with h2’1(ff4) > g. Still,
the triangulations of these 37 polytopes provide the majority of the O(10'°) toric QSM
base 3-folds [30), 32].

The natural next step is to count the number N ](33) of roots which solve and admit

exactly three global sections, thus ensuring no vector-like exotics on the quark-doublet

(3,2)1/6

introduced in [196], which establishes a lower bound ]\71(33) <N g ), Crucially, we argue

curve. In following [I96], we achieve this by studying limit roots on a nodal curve C

that ]\71(33) is identical for all spaces B3(A°) obtained from FRSTs of A°, that is NI(DB)

depends only on A° and not the FRSTs.

We establish this result by arguing that the data, which specifies the limit roots, is
identical for all spaces in B3(A°). This in turn follows by noting that the QSM base
spaces are obtained from desingularizations of toric K3-hypersurfaces. Since the nodal
curve C('3’2)1/6 is closely related to the Picard lattice of the resulting smooth, toric K3-
surface, we could employ powerful and well-known results about such desingularizations
[198], 199, 200}, 201] (see also [202] for recent work on related topics), and thereby establish
the claim. Explicitly, this reduces to the FRST-invariance of topological triple-intersection

numbers, which are related to FRST-independent counts of lattice points in the polytope

A [199].

Among the 37 polytopes with h21(?4) > g, there are four polytopes for which C(3 )

1/6

has components with genus larger than one, so that the techniques introduced in [196]
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cannot be applied. For the remaining 33 polytopes, we list the lower bounds in [I1}
These counts were determined with the Gap4 package QSMFEzplorer, which is part of the

Toric Varieties_project [168]. We have optimized the input for this algorithm by simpli-

(3,2)1/6

runtimes from a few seconds to around 10 minutes for the lower bounds in [Tl

fying the dual graph of C . For one polytope and a personal computer, we expect

Surprisingly, the simplifications of the dual graph of 0(3 2), /6 lead to very similar graphs
for distinct polytopes, and at times even identical lower bounds. For example, this applies
to Afag, Af3g, Afzg and Afss. We reserve a detailed study of this phenomenon for future

work.

We read-off from [11] that N](J?’)/Np and hQI(ﬁ)/g(C(&z)l/ﬁ) are largest for B3(Ag). At
least every 3000-th root on Ci3 ), /6 has exactly three global sections. Furthermore,

16 = h21(?4) >g= g(C(372)1/6) = 4, for these spaces, which is the largest, respectively

smallest possible value among all QSMs. Therefore, the triangulations of Ag lead to
O(10'%) [30] promising toric base 3-folds for F-theory Standard Models with exactly three

quark-doublets and no vector-like exotics in this representation.
The study of root bundles on the matter curves C(y 1), and 0(371)72/3 is identical to the

presented study of roots on C(3 2), /6" The matter curve C(gy), , is more complicated

1/3
due to its higher genus, but can at least in principle be treated analogously. The real

challenge however, is to establish one vector-like pair on the Higgs curve C(q nd

—1/2 a
to investigate the “top-down” origin of the root bundles from F-theory gauge potentials.
It can be anticipated that a detailed study of these questions will shed more light on the
structure and construction of F-theory MSSMs. We hope to return to this thrilling and

challenging task in the near future.
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53
KB =6: NP(C(3,2)1/6) = 128

N NN NO  Np/RO
A3 142560 3.0-10°  Ajy 8910 4.8 -10*
A 11110 3.8-10% || Afsg 8910 4.8 -10%
% 10100 4.3 - 10* 936 8910 4.8 - 10*

ASog 8910 4.8-104

53 H
K =10: Np(f(32), ,) = 20"

N NN N Np/RO
o 781.680.888 5.2-10% || A%, 32.858.151 1.2-10%
AS, T738.662.983 5.5-10% || A3, 32.857.596 1.2-10%
S79  736.011.640 5.6 - 106 %5 32.845.047 1.2-10%
S74 736.011.640 5.6-10° | A%, 32.844.379 1.2-10°
ASe;  733.798.30  5.6-10° || A3, 30.846.440 1.3-10%
%5 690.950.608 5.9-10° || ASyy 30.846.440 1.3-108
208 690.950.608 5.9 -10° %3 30.846.440 1.3-108
A3, 690.950.608 5.9-10% || ASys  30.845.702  1.3-10%
A3 690.950.608 5.9-10° | Agg, 30.840.098 1.3-108
ASs,  35.004.914  1.2-10% || AJy 28.954.543  1.4-108
Ag,  34.980.351  1.2-10% %579 28.950.852  1.4-108
A5y,  34.908.682  1.2-10% 9294 27.178.020 1.5-108
ASes  32.860.461  1.2-10% || Agys 22.807.749 1.8-10%

Table 11: N](D?’)

for 33 QSM polytopes with h21(§74) >g.
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CHAPTER 8&: Conclusions

In summary, F-theory is remarked by its powerful phenomenological model building po-
tential due to its geometric description of compactification. It translates physics quanti-
ties in the effective low energy theory to the mathematical objects in en elliptic fibration
Yn+1 — Bp. This connection is built upon identifying the varying axio-dilaton field in
type IIB supergravity theory with the complex structure modulus of an elliptic curve,
which serves as the fiber of the elliptic fibration. In 4d compactifiation, this allows us
to capture the non-perturbative back-reactions of seven branes onto the compactification
space Bj in elliptically fibered Calabi—Yau fourfold Y;. The ingredients of SM physics,
including gauge symmetries, charged matter, and Yukawa couplings, are then encoded
beautifully in Y;’s singularities in codimensions one, two, and three, respectively. More-
over, many global consistency conditions, including the D3-tadpole cancellation, can be

reduced to simple criteria on intersection numbers of base divisors.

In this thesis, we focus on searching for F-theory SM geometries that admit exact MSSM
matter spectra. Our goal is to realize the gauge group, chiral and vector-like spectra of
MSSM in F-theory. To begin with, Part I of the thesis constructs torus fibered Calabi—
Yau fourfolds which realize a SM with exactly three chiral families in the presence of a
Gy4-flux. In chapter 3, we present a compactification which realize the SM gauge group
with an additional Zy matter parity. This additional discrete symmetry beyond the SM
gauge group forbids proton decay. In chapter 4, we explicitly construct O(10'%) globally
consistent F-theory SMs without chiral exotics and support the gauge unificston. To
our knowledge, this is the largest such ensemble in the literature, outnumbering existing

results by about 5 orders of magnitude.

We advance to seek approaches towards exact matter spectra in 4d F-theory, i,e. the full
determination of the vector-ike spectra. This is important to identify the number of Higgs

pairs in this compactification. It is well known that certain line bundle cohomologies count
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the massless zero modes localized on matter curves in the presenece of a gauge background.
The 3-form potential C3 in the dual M-theory encodes the full gauge data, whose field
strength G4-flux only controls the chiral spectra. In order to understand the line bundle
cohomology’s dependence on the moduli of the compactification geometry, we investigate
this dependence of vector-like spectra in computationally simple geometry in chapter 5.
We approach it by collecting the topological data extracted from various curve and line
bundle setups on this surface for which we compute the vector-like spectra by brutal force.
Utilizing machine learning techniques, we eventually achieve a comprehensive analysis
of the input data by decision tree and successfully predict the appearance of vector-like
jumps with accuracy of 95% accuracy. The pure topological data here surprisingly predict
vector-like jumps, which is very unexpected since the vector-like spectra depend heavily
on the complex structure moduli. We employ additional tools, particularly Brill-Noether

theory. To explain cohomology jumps occurrence in the rest corner.

Moving to the realistic F-theory geometry, the appearance of fractional powers of line
bundles in studies of vector-like spectra in 4d F-theory compactifications is presented in
chapter 6. They are also known as root bundles and can be thought of as generalizations
of spin bundles. We explain how these root bundles are linked to inequivalent F-theory
gauge potentials of a G4-flux. In aiming for MSSMs, it is desired to argue for the absence
of vector-like exotics. We work out the root bundle constraints on all matter curves in the
largest class of currently-known, globally consistent F-theory Standard Model construc-
tions without chiral exotics and gauge coupling unification [32]. On a technical level, this
systematic study is achieved by a well-known diagrammatic description of root bundles
on nodal curves. We extend this description by a counting procedure, which determines
the cohomologies of so-called limit root bundles on full blow-ups of nodal curves. Conse-
quently, We identify roots on all matter curves except the Higgs curve in SM that admit

exactly three sections.

In generalizing this and perform even further, we anticipate a scan over many of the F-
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theory Standard model geometries in [32]. By studying root bundles on the quark doublet

curve C(39), , and employing well-known results about desingularizations of toric K3-

1/6
surfaces, we derive a triangulation independent lower bound N ](33) for the number N ](33) of

root bundles on C(3 g), . with exactly three sections. The ratio N ](33) /Np, where Np is the

1/6
total number of roots on C(3 2), /67 provides a numerical discrimination. The larger the
ratio computed on a specific base the higher chance that we catch a meaningful physics

root on C'(3 9), . With exactly three global sections and thus no exotic vector-like quark-

1/6
doublet modes. This discrimination indicates that the most promising base are associated
with triangulations of the 8-th 3-dimensional polytope Ag in the Kreuzer-Skarke list. For
each of these O(10'%) 3-folds, we expect that many root bundles on Cs,2), /6 ATe induced

from F-theory gauge potentials and that at least every 3000th root on C(3 2), /6 has exactly

three global sections and thus no exotic vector-like quark-doublet modes.

It remains to establish one vector-like pair on the Higgs curve Cy 9y | P and to investi-
gate the “top-down” origin of the root bundles from F-theory gauge potentials. It can be
anticipated that a detailed study of these questions will shed more light on the structure
and construction of F-theory MSSMs. We hope to return to this thrilling and challenging
task in the near future. As a long-term goal, by a continued study of F-theory compact-

ifications, we may hope to reproduce the whole picture of physics in the 4d effective low

energy theory and thereby reveal new insights on the inner workings of our universe.
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CHAPTER A: Chapter 3 Appendix

A.1 Homology classes of matter surfaces

In this appendix, we collect the matter surface homology classes of the two top combina-

tions considered in Sections [3.3] and in Table [12] and [L3] respectively.

R Matter surface homology classes
2 —(ElFl) — ElfB + E1S7 — E1Sq + F1Wo +FBW2 — S; Wy + SgWy — WQ[{E]
—Walz] — 2E1[y] 4+ 2Wa]y]
2, 3E K — E1S7 — E1Sg + FoWay — K gWa + SoWa — Wala] + 2E1 [y]
3 Fi — R Kp + FySy + FoWo — EYW3 — FoWs + K pW3 — SoWs + Wiz
3, —(B1F) + Fi + 1K + o K — F2S7 + Wsly]
35 O, — F2 + 55,
3, E\Fy + 2P\ Fy + F2 — 211K — FoKp — F»S9 + FiW3 + 2K W3
—S7Ws3 + SogWs3 — Ws[z] + Ws[y]
(3,2) E\Fy
—OF\Fy— F} + B\Kp +3FKp + FoKp + 2K 3, — E1Sr — F1S7 — 3K Sy + S2
1, +E,Sg — F1Sg + F3S9 + 2K gSg — S7S9 — F1Wy — K gWa + S7Wo — SgWs
—4K glx] 4+ 2S7[x] + Walz] 4+ 2E1[y] + 2K gly] + 2So[y] — 2Wa[y] — 2Ws[y] — 4[z][y]

—(B\F)) —2F\F, — F2 — 2B, Kp + F\Kp — 3F,Kp + 2K — E1S7 — F1.S;
i +2K pSy + E1Sg — F1S9 + F3Sg — 3K Sy — S189 + S5 + ExWa + FaWs

— KWy + 2E,W3 + F1W3 + 2F5W3 — 3K gW3 + 2S59Ws5 + QKB[(E] + 257[%}

—Wa[z] — 3Wala] 4 2E:[y] — 4K ly] + 2Ss[y] + Waly] — 4[z][y]
Table 12: Summary of matter homology classes restricted to CY of first top combination.
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R Matter surface homology classes
—(Elfg) — E1S7 — E1Sg + KWy + S7Ws + SoWs

21 +2E, W3 — 2WoWs + Wa[z] + 2B [y] — 2Waly]
N —(ErFy) + 3B\Kp + E1S7 — E1Sg — 25, Wa + FyWs
+K gWy — SoWy — E1 W3 + Walz] — 2E4 [y]
§1 F22+F2?37F259+W3[I]
3, —(E1Fy) — Fi+ 'Kp — oK + F1S7 + F2S; — F1Sg — F1 W3 — Ws[y]
33 2F1F2+F22+F2FB+F25972F2W3
34 ElFl—2F1F2—F22—3F1?B—2F2F3+F157+FQS7+F159
—E1W3 — FyWs3 + FoW3 + 2K gW3 — SoW3 + Wi[z] — Wi[y]
3.2) —(ErF) + B,

OF\Fy +3F2 + E\Kp + F\Kp + 3FKp + 2K 5 — E1Sr — 1Sy — 2F,Sy — 3K Sy
1, +S$ + FE1Syg + F1Sg — F559 + 2K 3Sg — S789 — K gWo + 57 Wy — SqWy — 4?3[%]
+257[x] + Walz] + 2 [y] + 2K gy + 2So[y] — 2Way] — 2Wa[y] — 4[x][y]
E\Fy + 2R\ Fy + 3F2 — 2B\ K — F\Kp + 5F,Kp + 2K 5 — B\ Sy — F1S7 — 2F3 5+
- +2K St + E1Sg + F1Sg — F5Sg — 3K Sy — 5759 + 5§ + E1Wa — FoWo — KW,
+SoWo + EyWs3 + Fy W3 — FoW3 — 2K gWs3 + SoWs + 2K gx] + 257 [x] — Wa[z]
—3Ws[z] + 2B [y] — 4K 5[y] + 2So[y] + Wa[y] — 4[=][y]

Table 13: Matter surface homology classes of the second top restricted on the fourfold.

A.2 Towards the vector-like spectrum of the first top

In this section we want to give all information that is needed to compute the vector-like
spectrum of our first model realizing Zéw 2 using the methods of [46]. The key point is
to assign to each matter curve Cr C B a divisor D, i.e., a collection of points on CR,
based on the intersection properties between the G4-flux and the matter surface Sg.
By expression the flux in terms of matter surfaces, evaluating this intersection product
reduce to properly counting the points, in which various matter surfaces meet. In F-theory
geometries, these points are in the fibers over codimension three enhancement loci, i.e.,
Yukawa points Y;. Thus, the resulting divisor D is a linear combination ), i;Y; of these
points. From this divisor, one can then extract the left- and right-handed fermions as the

sheaf cohomologies

h(Cr, Ocg (D) ®/Kcy), i=0,1, (A.2.1)
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where /K¢y is the spin bundle on Cr. These cohomologies depend on the complex
structure parameters of the fourfold. However, the chiral index y = h®—h! is a topological
invariant, which is simply the number of points (including signs) that constitutes D C B.

More details and examples can be found in [46].

For the first top realizing the MSSM with matter parity Zé\/[ 2. we need, in addition to
the particular flux basis (3.3.19) that we have picked, also algebraic equivalence relations

between fluxes and other vertical 4-cycles. Explicitly, these are

A(22) ~ A((3,2)) +2 Dyy - Wa +[S2,]+ 5 Br - [{f2,}] = 5 Coy =0,
A((3,2)) — A(83) — Doy Wi +[S,] + 5 (Fi +2B2) - [{fa,}] — 5 Ca, =0,
A1) + A((8,2)) + Dyt Wa + [Sa,] + 5 (Fr = F) - [{ s, 1] — 5 Cs, =0,

_ 1
A((3.2)) = AL, 1) + Dugy - (6K —2Wa = 3Wa) + [S1, || =5 Cr, =0

(A.2.2)

The Yukawa points and their homology classes are listed in Table In terms of the

homology classes, we can write the chiral indices of the matter states induced by the flux

s

X)) =~ 205, F+ arl¥s] + saal¥ie] +as (5 Vo] — 5 V) — sl — as[¥ia]

X(82) =5Ca, F + aa (5 Vil + 5 [¥6] — 5 Cou W5) — as(5 V] — 5 Vis)
+ %CM[Yd + as[Y1s]

_ 1 1 4 2 1 1

X(33) =3C5, F — ar[¥7] + az(5[Y14] = 5[Yaol) + as(5[¥o] — S [¥17]) = gaa[¥7] + as[Ya],

X(84) =505, F + aa(— 5[Vl + 1 [Vis]) + as(5[¥5] — 2[Yis] — 2 (%] + 3 [Yr] — 305, 1W5)
+aa(—5[¥5] + 3 Visl) + os[Yia],

(A.2.3)
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Coupling

Homology classes

Vi = Wy - (6K 5 — 4K gSv + 252 + 4K pSo — 252 — 2K W,
B 7 9

222100 —285Wy — K gWs — 35; W5 — SgWs + WoWs 4 2W2)
2121 m [YQ] =Ws- (2?357 — S? + KpSy + Sg — 2K gWs5 + S; W5 — SoWs)
2 .71 Y] = Wy (6K + 4K 5S7 — 253 + 4K 5So — 253 — 2K s W
©.-) —259W2 — 9K W3 + 3S7W3 — 59W3 + W2W3)
2,2, 1(1 5 [Y4] =Wy - (GFQB + 27F357 — Sg — 5?359 + Sg — 5FBW2 + 259W5
’ FW2 — TR 5 W3 + 287 Ws + 289 W3 + 2W,W3)
2,-34-(3,2) [Y5] = Wy - W3- (2K — S7 + So)
21-32~(3,2) [%}:W2W5(S7+59—W3)
2,-33-(3,2) [Y7] = Wy - W3- (3K g + Sy — Sg — Wo — 2W3)
2,-31-(3,2) [Yz] = Wo - W3- (3K — S7 — S — W)
3,-33-3, [Yo] = W3- Kg(3Kp — S7 — Sg — Wa)
35-33-33 [Yio] = W3 - Kp(S7 — W)
323434 [Yi1] = W3 - KpSg
31-33-1¢1 4y [Yio] = W3- (3K — S7 — Sg — Wa)(2K g + S7 — Sg — Wo — 2W3)
3134 1(1 ) [Y13] =Ws- (2?3 — S7+ Sg)(?)FB —S7 —Sg — Wg)
3, §3 ' 1(1 5 [YM} =Ws- (FBS7 + S? + SFBSQ - Sg — Sy Wy — SgWo — FBW3
—3S57 W3 — SoW3 + WaWs3 + 2W2)
3234 114 | [Yis)]=Ws-(3KpS7 — S7 + KpSy + 55 — 3K pW3 + 57 W3 — SgWs3)
3132100, [Yig] = W35 - (3?3 — S7 — Sg — W2)(S7 + Sg — Ws)
- [Yi7] = Ws - (6K 3 + KpS7 — S2 + K Sy + 25789 — 53 — 2K W
3534 1o

+S7 Wy — SgWs — GKBW;g + 25, W3 — 259W3)

[Yig]| =W>- W3- Kp

Table 14: Yukawa points of the first top.

_ 1 1 1 1 —
X(3, 2) = — 60(12) F + 5&1([}/7] — ng]) + gag[YG] + 6a4C(§’2) (6KB —2Wy — 3W3)
2 1
21Vig] — S [v2
+a3(3[ 18] 3[ 5)
1 1 1 1 1
x(22) =502 F'+ @1(—5[5/8] + §[Y7] — C2, Wa + g[Yl] - 5[3’3])

+aa(—5[5] + 5 [¥4]) + 205

X(21) =5Ca, F+ a1 (5¥i] — 5[¥5]) — aa[Ye] — as[¥5] + as(5 ¥5] — 5[¥e]) + 205[¥3],

X(l(l,,)) = — Cl(lﬁ) F + 2a1[Yy] + ao[Y1s] + as[Yis] + a5 V',

X(L14)) =C1y F —ar[Y1] — aa[Yi4] — as[Yis] + a5 V',
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where

V =—Cu,,, (6Kp—2Wy — 3W3) — W5 W3 — 2Wo W3 + 2W5 K p
+13WoW3K g + 12W2K 5 — 10WoK 5 — 24W3K 5 + 12K 5 — 2Wo W57
— AW2S; — AW, K 5Sr — W3K Sy + 8K 557 + 2W,S2 + 3W3S2 — 4K 5S2 (A.2.5)
+ 2W2Sy + AW W3Sy — 8WoK 5Se — W3 K 5So + 8K 5S¢ + 2W3S75,

+ 2W,S2 4 3W3S52 — 4K S .

A.3 Summary of toric tops

In this section we summarize the toric data of all four SU(2) and SU(3) tops over polygon
F, following the prescription of [91]. The factorization of the generic hypersurface is
given together with the SR-ideal and the abelian generators. Furthermore we present the
matter loci, the class of fiber component we use for the matter surfaces, and the associated

representations.

Top 1 Top 2 Top 3 Top 4

o
A\ 74
D
Y
A\ 74
A\ 4

Figure 16: The toric diagram of the four inequivalent SU(2) tops over Fb.
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bl — eodl bg — 60d2 bg — eodg
Factorization: bs — ds be — dg br — dr
bg — eldg bg — eldg blO — €1d10
SRI: {zt, ze1,ys,teg}
D = [y] — 1/2
Charge Generators vy = Wl = le]+ 1/2en]
Dy, = ["ﬂ
Locus V(f,g,A) | matter P! weight Rep
d?.d? + digd2dg — 2d1odsdrds + d?d3
Todé + diodgds 10dsd7 82"’ 798 (0,0,3) [eo][s] (L)1 | 21
—dﬁ(d10d5 + d7d8)d9 + d5d7d9 =0 2’ 2’
d2d? — dodsdsde + didsd2 + d3dsd
3d5 — dod3dsdeg + d1d3di + didsdy (0,0,3) lex][s] (1’_1)(710) 20 )
—2d1dsdsdr — didadgdr + d%d% =0 2 2
Adydig — d2 =0 (1,2,3) - - -
Table 15: Summary of SU(2) top 1.
bl — d1 bg — €0d2 b3 — e%dg
Factorization: bs — e1ds bg — dg b7 — eody
bg — €%d8 bg — eldg b10 — d10
SRI: {xt, ys, xey, se1}
Dy 1y = [yl — ] — [eo]
Charge Generat va)
arge Generators Dy, =[]
Locus V(f,g,A) matter PT Weight Rep
di =0 (0,0,3) leo] [t] (=1, D)0 2(1,4)
. le =0 (07073) [60][:[/} (7171)(71,1) 2(7177
—dyod3 + 4d1d1od3 _
—d3d% + dydgdy — d1d$ =0 (0705 3) [61][:9} (la 1)(0,0) 2(0,+)
—dlodg + 4dydypdg — d%ds _
tdsdgdy — did2 = 0 (0,0,3) | [eollex+t+y] | (1,-1)n) 2(0,-)
4d1d10—d% =0 (1,2,3) - - _
Table 16: Summary of SU(2) top 2.
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b1 — 61d1 b2 — dg b3 — €0d3

Factorization: bs — e1ds bg — dg by — eodr
bg — €1d8 bg — d9 b10 — 60d10
SRI: {xt, ys, yeo, se1}

Dy1y = [yl — [x] + 1/2[ed]
Dy, = [z] +1/2]e)]

Locus V(f,g,A) | matter P! Weight Rep
—dydsdeds + did2ds + BdE + dadZdy

Charge Generators

—dydadgdy — 2dydadsdy + d2d2 = 0 0,0,3) | [efle+1] | (L, =D 1y | 213
diodsdi — diodadedr — 2d10dadsdy _
+d3yd2 — dsdgdrdg + dyd2dy + d2d2 = 0 0,0,3) | feolle 4] | (=L 1)1y | 214
Adydy — di = 0 (1,2,3) - - -

Table 17: Summary of SU(2) top 3. In this model the discrete symmetry is enhanced to
Zy due to the form of Dz,. Hence, the representations are labeled by Z, charges, which
here are multiples of % modulo 27Z. Note that the charge assignments exhibit the global

gauge group structure [SU(2) x U(1) x Z4]/(Zg(1) x 75e¢). Both quotient factors are
embedded in the center of SU(2), however, the first one only affects the U(1) charges
while the second one restricts the Z4 charges.

b1 — 6%(11 bQ — €1d2 bg — d3

Factorization: bs — e1ds bg — dg by — epdr
bg — dg bg — eodg blO — G%dlo
SRI: {xt,ys, zeq, ser}

o(s1) = [y] - [«]

Charge Generators 0(3(2)) = [x] + [e1]

Locus V(f,g,A) | matter P! Weight Rep
d3 =0 (0,0,3) [eo][y] LDy [ 2010
. dg =0 , (0,0,3) leo][] L, Dao | 204
d3d5 — dodsdg + d1d6 _
+d%d8 — 4dydsdg = 0 (07 0, 3) [60] [:L' + 5] ( 1, 1)(0,1) 2(0,—)
—d10d2 + 4dyod3ds — d3ds B
+dgdrdy — dad2 — 0 (0,0,3) | [eallz+s] | (1,=D)o0) | 20,4
4dsds — dz =0 (1,2,3) - - _

Table 18: Summary of SU(2) top 4.
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Top 4

AN

Top 3
Top 2
a D oD
\’ N

Figure 17: The toric diagram of the four inequivalent SU(3) tops over Fj.

by — fady by = fofods b3 — f2ds
Factorization: bs — fifods bg — dg by — fodr
bg — f12f2d8 by — f1dyg big — fofidio
vertices: fo:(0,0,1), f1:(1,1,1), f2: (0,1,1)
SRI: {xt,xf1,ys,yfo,tf2,5f2,5f1}

Charge Generators

o(s1) = [y] — [z] + 32[A] + [f2])
o (s?) = [a] + +5(2[A] + [f2))

Locus V(f,g,A) | matter P! Weight Rep
dl =0 (07074) [fO][ﬂ (170)(%7%) 3(%,_)
dgd% — dadgdy
tdyd2 =0 (0,0,4) [f1][y] (-1, 1)(_§,é) 3(_§,_)
d%dg — dsdgdgy
tdyd2 =0 (0,0,4) [fo][z] 0,12 2y |31y
deg =0 (2,2,4) - - -
Table 19: Summary of SU(3) top 1.
by — fady by — f1da bz — fofids
Factorization: bs — fifads be — dg by = fodr
bg — fadg by — fofads bio — f§f2dio
vertices: fo:(0,0,1), f1: (—=1,1,1), f2: (0,1,1)
SRI {xtax.féays7yf07tflasf173f2}

Charge Generators

o(s1) = [y] = [2] — 3([Hh] — [f2])
o(s?) =[] + 22[1] + [2])

Locus V(f,g,A) | matter P! Weight Rep
=0 004 | ] | L0y | Se
—dzdz —; dgd; 220 (0,0,4) [f2][t] (0, —1)(%7_%) 3(%,_’_)
—da2d5de + d1dg
d10d3 + d3dsg
—d6d7d9 =0 (07074) [fl”y] (_171)(—%,%) 3(—%,—)
dg =0 (2,2,4) - _ _

Table 20: Summary of SU(3) top 2.
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bi = fofadi b2 — foda b3 — f§f1d3

Factorization: bs — fads bg — dg b7 — fofids

bs — fi1f3ds by — fifads big = fidio

vertices: fo:(0,0,1), f1:(0,1,1), fo: (1,1,1)
SRI: {xtgmflaxf27ys7yf17tf07Sf2}

Charge Generators

o(s1) = [y — [o] + 3(LA] + 2[f])

o(s?) = [o
Locus V(f,g,A) | matter P! Weight Rep
dip=0 (07 0, 4) [fo] [y] (07 1)(7%,1) 3(%,7)
d10d§ + dgd%
—dodgdy =0 (07074) [fQHt] (17_1>(%,0) 3(%,—1—)
d10d2 + d3ds
—dsdsdy = 0 (0,0,4 [fols] (LO) 1y | 31y
ds =0 (2,2,4) - - ;
Table 21: Summary of SU(3) top 3.
by — foffdi by — fofidz b3 — fods
Factorization: bs — fids bg — dg by — fofody
bs — fifods by — fadyg bio = fof3duo
vertices: fo:(0,0,1), f1:(0,1,1), f2: (1,0,1)
SRI {l‘t,.’[‘fg,yS,ny,ny,Sfl,tf()}

Charge Generators

o(s1) = [yl — [=] + 32[A] + [f2])
o(s®) = [z] + 12[A] + [f2))

Locus V(f,g,A) | matter P! Weight Rep
d3 =0 0,0,4) [A]lE] LDz 1 | 32
—dgdg + dsdg = 0 0,0,4) [fol[x] (1, 0)(%7%) 3(%74_)
d3d — dadsdy
+d1d% =0 (0a0a4) [fQHS] (07_1)( %7 ) 3(,%7,
d1od3 — dedrdg
+ddy = 0 0,0,4) 1 [Allel | (=1.0)g-2) | B34y
dg = 0 2,2,4) - - -

Table 22: Summary of SU(3) top 4.
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CHAPTER B: Chapter 5 Appendix

B.1 Tools: Koszul resolution, Brill-Noether theory and fat
points

The purpose of this appendix is to cover some of the necessary mathematical backgrounds,

and also provide more details of computations carried out throughout the paper.

B.1.1 Brill-Noether theory

Our exposition of Brill-Noether theory is based on [I51) 152]. We refer the interested

reader to these references for more details.
The Jacobian of Riemann surfaces

To each smooth Riemann surface Cy one can associate a Jacobian variety Jac(Cy). This
variety is of dimension g and classifies equivalence classes of line bundle divisors of degree

0:

Jac(Cy) = Divg(Cy)/Prin(Cy) . (B.1.1)

In this expression DiVO(Cg) is the group of all divisors of degree 0 and Prin(Cj) the group
of all principal divisors on C,. Line bundles on C, are isomorphic iff their divisors differ
by a divisor in Prin(Cy). Hence, sheaf cohomologies of line bundles can only differ if
the line bundles are not isomorphic, or equivalently if their divisors differ by more than
elements of Prin(Cy). Consequently, the Jacobian of Cy plays an important role for our
analysis and in Brill-Noether theory. Let us therefore introduce the Jacobian in more

detail.

Historically, the Jacobian of a curve Cy of genus g was discovered by investigating integrals
Jpw where P C Cy is a (not necessarily closed) path and w a holomorphic differential.

More generally, mark a point py € Cy, let (wi,...,wy) be a basis of the holomorphic
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differentials on C; and consider the map

D P
qb:CgH(Cg,pH(/ wl,...,/wg>. (B.1.2)
iz iz

0

The value of this map strongly depends on the path P C C,; which we choose to connect pg
and p. This redundancy can be removed by taking the period lattice of Cy into account.
To this end, recall that there are 2¢g homologically distinct closed 1-cycles in Cy, i.e.,

H,(Cy,7Z) is a 2g-dimensional vector space over ZH We now consider the map

gb:Hl(Cg,Z)—)(Cg,aH</aw1,...,/awg>, (B.1.3)

where w; denote the above basis of holomorphic differentials on Cy. Hence, for every of
the 2g-basis elements of H;(Cy,7Z), we obtain an element ¢(a) € C9. It turns out that
these 2g elements span a full-dimensional lattice A in CY — the period lattice of Cy. By

virtue of this lattice, we obtain a well-defined map

d):CgH(Cg/A,pH(/p:wl,...,/ppwg>. (B.1.4)

(0]

This map is known as the Abel-Jacobi map. It can easily be extended to divisors in Clj.

Namely, for a divisor

N

D=> XN-pi, NE€EZ,  p;€Cy, (B.1.5)
=1
we define
N
¢: Div(Cy) = CI/A, D> X (pi). (B.1.6)

i=1

The theorem of Abel (see [183] and references therein) states that two effective divisors D

and E satisfy ¢(D) = ¢(F) iff D and FE are linearly equivalent. Consequently, we obtain

!See e.g. [I51] for an explicit construction of the 2g-generators A;, B; of H1(Cy,7Z).
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an injective group homomorphism

N
®: Divo(C,)/Prin(Cy) — CI/A, [D] = S\ - 6 (ps) (B.1.7)
i=1

of divisor classes of degree 0. It turns out that this map is also surjective (see [I83] for a

proof). Hence, there is a natural isomorphism

Jac(C,) = Divo(C,)/Prin(Cy) = CI/A . (B.1.8)

Central results

For ease of notation let Div(Cy)4 denote all divisors of degree d. Then, let us consider

the restriction of [B.1.6| to Div(Cy)g, i.e.
N
®y: Div(Cy)q/Prim(Cy) — CI/A, D — > X (ps) - (B.1.9)
i=1

Let us pick an integer r > —1 and study the subvariety of Jac(Cy)
G = {p € im (9y) , h° (Cg, ocg(qgl(p))) =7+ 1} . (B.1.10)
Then, the central result of Brill-Noether theory states [150]
dim(Gy) > p(r,d,g) =g—(r+1)-((r+1)—(d—g+1)). (B.1.11)
By use of the Riemann—Roch theorem
W0 (Cy, Oc, (D)) — b (Cy, Oc, (D)) = deg (Oc, (D)) —g+1=d—g+1, (B.1.12)
we can rewrite this results in the suggestive form
dim(G%) > p(r,d,g) =g —n-n', (B.1.13)
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with n® =r+1and n! =r+1—(d—g+1). We may thus use p (r,d, g) as a measure for
how likely it is that a line bundle of degree d on a genus g curve Cy has n® = r +1 global

sections.

Let us demonstrate this for degree d = 2 bundles on a genus-3 curve. By general theory,
the number of section of a line bundle on a curve Cy; with g > 1 can never exceed its
degree. Hence n° € {0,1,2}. With this information, let us compute p(r,d,g) for the

admissible values of r:

r (n%nl) | p(r.d, g)

-1 (0,0 3 (B.1.14)
0 (1,1) 2

1 (2,2) 1

From this we learn, that most line bundles £ of degree 2 on a genus-3 curve Cs satisfy
hY(C3,L) = 0. Since for these bundles p matches the dimension of the Jacobian of
Cs, we can say that these line bundles are associated to generic points of the Jacobian.
Furthermore, we learn that there are such line bundles with h? (Cs, £) = 1. However,

these are special in the sense that they are associated to a codimension-1 locus in the

Jacobian Jac(Cj).

Finally, p = —1 for 7 = 1 begs for an explanation. This explanation follows from work of

Griffiths and Harris [153]:
On generic curves, dim(G}) = p (r,d, g).

So in particular, on generic curves it holds G, = ) if and only if p(r,d,g) < 0. Con-
sequently, we conclude from that on generic genus g = 3 curve, there is no line
bundle £ of degree 2 such that h°(C3, £) = 2.

Note however, that this does not rule out the possibility that non-generic curves may host

such line bundles. In the case at hand, it follows from the theorem of Cliffford [I53] that
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hyperelliptic curves Hs of genus ¢ = 3 admit line bundles £ of degree 2 and h°(H3, L) = 2.
Brill-Noether jump

As we see from [B:I1.14] we can in general modify a line bundle on a generic curve such
that it admits additional sections. A jump from 7 = 7generic tO Tgeneric + 1 is equivalent to

saying that the Serre-dual bundle admits a section, i.e., becomes effective:
Kc—D>0 < 3p:Kec—D~> p;. (B.1.15)
i

where ~ represents linear equivalence of divisors. Obviously, this requires the line bundle
divisor D to move into special alignment relative to K¢. Such a divisor is termed a special
divisor. We term a change in h°, which is solely attributed to a special alignment of the

line bundle divisor, a Brill-Noether jump.
B.1.2 Koszul resolution
Generalities

Given a curve C and a line bundle £ on C, we wish to identify which deformations of the
curve lead to an increased number of global sections for £. For hypersurface curves in dPs,
the answer follows from a study of the Koszul resolution. In this case C(c) = V(P(c))
for a polynomial P(c). The coefficients ¢ model the complex structure moduli of a global

F-theory setting.

For such a setup, the Koszul resolution is given by the short-exact sequence
0 — Oup, (D1, — D) = Ogp, (D1) — L(c) = 0. (B.1.16)
The map « is induced by the polynomial P(c). Namely, for U C dP; open, « is given by

s € Ogp, (D, — Dc) (U) = s - P(c) € Ogp, (Dr,) (U) . (B.1.17)
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The Koszul resolution then induces the following long exact sequence in sheaf cohomology:

0 — HO (dPy, Dy, — D¢) —» HO (dP3, Dp) — HO (C(c), £(c)) 7

L H'(dP;, Dy, — D) — H' (dP3, Dp) — H' (C(c), L(c)) 1 (B.1.18)
L%Iq—Q(dP3ul)L_DC)£>I—I2(dP3,DL) 0 0.

The maps ¢; = ¢;(c) are induced from multiplication with P(c). Therefore, these maps
are sensitive to the choice of parameters c for the curve C(c). Explicitly, the maps ¢;
are vector-space morphisms and the entries of their defining matrices are functions of the
parameters ¢;. Provided that we know these mapping matrices, we may thus use the
exactness of the Koszul resolution of infer h* (C(c), £(c)) as a function of the coefficients

¢; in P(c).

For example, in we consider Do = (4;—1,-2,—1) and Dy = (3;-3,—1,-2). In

this case, the Koszul resolution simplifies and takes the form

0 0 0 H° (C(c), L(c)) D

& H'(dP3, Dy — Do) = C* -5 H' (dPy, D) = C! — H' (C(c), £(c)) D

[%0 0 0 0

(B.l..19)

Then it follows

H' (C(c), L(c)) = cokeryp,
(B.1.20)
R} (C(c), L(c)) = 1 — dim (ime) .

A detailed study of Cech cohomology [203] shows that in this geometry we have M, =
(¢3,¢cq,¢9,0). Hence, h'(C(c),L(c)) = 1 on curves with c3 = cg = cg = 0 and otherwise

ht(C(c),L(c)) = 0. Along these lines, we classify the curve geometries according to their
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admitted number of global sections.

Recall that Cech cohomology expresses H'(dPs, Ogqp,(Dy, — D¢)) and H(dPs, Ogp,(Dr))
as collections of local sections. The mappings of these local sections follow from
i.e., are given by multiplication with the polynomial P(c) which defines the curve C(c).
Importantly, these bases are expressed modulo equivalence relations induced from Cech

coboundaries. Therefore, these computations are typically fairly tedious.

Oftentimes, cohomCalg [205, 206] 207, 208, 209] 210, 211] can help to simplify this task.
Namely, it identifies bases of H'(dPs, Ogp,(Df, — D¢)) and H(dP3, Ogp,(Dy)) in terms
of rationoms — quotients of monomials in the homogeneous coordinates — and therefore
simplifies the task to find the bases in Cech cohomology. Even more, we may be tempted
to simply multiply the basis elements identifed by cohomCalg [205] 206, 207, 208, 209,
210, 211] with the polynomial P(c) and ignore all image rationoms that have not been
identified as bases for H*(dPs, Ogqp,(D1)) by cohomCalg under the assumption that they

correspond to Cech coboundaries.

This procedure fails whenever Cech cohomology chamber factors greater than 1 appear. In
this case, cohomCalg finds that one rationom R spans a vector space of dimension greater
than 1 in sheaf cohomology. The interpretation of this is, that there are at least two
distinct Cech cochains, i.e., collections of local sections, in which the rationom R is the only
non-trivial entry. Hence, these distinct Cech cochains are both canonically isomorphic to
R. However, to identify the mapping matrices of the line bundle cohomologies correctly,
the information about R is insufficient. Rather, the corresponding Cech cochains need to

be identified explicitly.

Given these insights, we have taken extra care, to work out the mappings presented in
this work carefully with Cech cohomology. We present such a computation in large detail

in the following section.
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Before we come to this, let us mentioned that a detailed study of the Koszul resolution
is not original to this work. For example, in the context of heterotic compactifications,
these resolutions — including the mappings in the induced long exact sequence — have
been studied extensively [212, 213] [162] 163, [108]. However, to the best of our knowledge,
chamber factor greater than 1 do not show in products of projective spaces. Hence, this

complication does not arise in heterotic compactifications with CICYs.

Cech cohomologies for [5.4.2

Here, we present a more detailed computation of the example discussed in Recall

that the curve and line bundle in question are given by
Do = (4;-1,-1,-1), Dy =(1;2,-2,-1). (B.1.21)
Moreover, recall that in this case h° (C(c), £(c)) is uniquely determined by the mapping
o: H' (dP;, Ogp, (D1, — Dc)) 2% HY (aPy, Oup, (D)) | (B.1.22)

where

3,.3,.2 2.3, .2 3,.3,.2 3,23 2,22
P(c) = c1a7x523524 + o T5x3T1T6 + C3T1THTYTE + CAT]THTRTs + C5T]T5TZL4T5T6

+ Cﬁ$1$%l’3$i$5x% + cw%xi%x% + ng%xgxgzrg:vﬁ + 093013:2:6%96433%33%

2,23 3,.3..2 2, 3.3
+ C10T2X3T 4 T5T + C11T1T3T5Tg + C12X3T4T5Tg -

(B.1.23)

Namely, h°(C(c), £(c)) = 3—rk (M,,). With cohomCalg [205, 207, 208, 209, 210, 206, 211],

we obtain a basis of the line bundle cohomologies:

1 1 1
HY(Dy — Do) =S ~ 3 B.1.24
(Dr c) batle {l’3$§1$g7 ra3zied’ x3xdrywe } ’ ( )
3 3
HY(Dy) = Spang { } ~c (B.1.25)
T1T4 T3X6
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By polynomial multiplication we then have

1 3
e Ple) =2 (B.1.26)
T3TyTg T3T¢
1 T3 zig
5 5 5 P(C) = C2 + C12 + ..., (B127)
.T1:133.CC4.T6 T3¢ T1%4
1 73 3z
o Ple) =12 e 2 (B.1.28)
TIX3T4T6 T3¢ T1T4

On the RHS of these equations, we have omitted all rationoms which cannot be expressed
as Z-linear combinations of those listed in [B.I1.25l The remainder of this section will

justify that we can indeed omit these terms. For the time being, note that this leads to
M‘P = (%3 06122 Cclll ) ) (B129)

which is the matrix analyzed in [5.4.2]

Strategy In order to justify that all omitted terms in[B:1.28|can be ignored, we will now
analyse H'(dP3, O4p,(Dy)) and H'(dPs, Ogp,(Dy, — D¢)) from the perspective of Cech
cohomology. For additional background we refer the interested reader to [203]. Recall

that for H(dPs, O4p,(Dy)) it holds
HY(dPs3, O4p,(Dr)) = HY (U, O4p,(D1)) = ker (81) /im (o) . (B.1.30)

In this expression, U is the affine open cover of the dP5 surface — we will discuss this

momentarily — and the maps d; are the boundary morphisms in the Cech complex
0 — COU, Op, (D)) 2 CHU, Oap, (D)) 25 ... . (B.1.31)

Thereby, let us specify our statement regarding the RHS of [B:1.28] We claim that all
omitted terms are in im(dy), i.e., are Cech coboundaries. To justify this statement, we

proceed by investigating the following objects:
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1. im (dp(Dpr)).
2. ker (51(DL)),
3. ker (6,(Dr, — D¢)),

4. the map ker (6;(Dy, — D¢)) — ker (61(Dr)).

Cech 0-cocycles of Dy To understand o (U,O4p,(Dr,)), recall that dPs has 6 homo-

geneous variables x;. These correspond to the ray generators

Uy = (0, —1) s Ug = (—1,0) s uz = (1, —1) y (B.1.32)

up=(-1,1), wus=(1,0), ug=(0,1). (B.1.33)
In terms of these, the maximal cones in the fan of dP; are given by

Ui = Spans {u1, us} , Uz = Spans {us, us} , Us = Span {us, ug}
(B.1.34)

Us = Spany {ug, us} , Us = Spans {u4, u2} , Us = Spans {ug,u1} .
These cones correspond to open affine subsets of the dP3, namely the subsets of the form
{z; # 0}. Collectively, Y = {U;}1<i<¢ is the open affine cover of dP;. To compute

CO(U,Ox,,(Dy)) with respect to this open affine cover U, we note

6
Dy =(1;2,-2,—1) = H+2E, — 2B, — B3 = 3 a;V (xy), (B.1.35)
=1
with a1 = a4 = ag = 0 and ag = 2, ag = —1, a5 = 1. Now, we can quote from [203] that
C'U,0x, (D)) = @ H(Ui, Ox(DL)ly, » (B.1.36)
1<i<6

H(Ui, Oxy(Dy)ly,.) = (Hm ) - P c- (ﬁ x§m’“j>) , (B.1.37)
j=1

mEPD(Ui)

Pp(U;) = {m € Z*, (m,u,) > —a, Vp € o(1)}. (B.1.38)
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The normalization in [B.1.37] ensures that we are looking at rationoms of degree Dy, as

analysed by cohomCalg. Explicitly, it holds

PD(Ul)z{meZz,—mgZOandml—mzzl},
PD(UQ):{mezz,ml—mQZ 1 and my > —1},
Pp(Us) = {m € Z* ,my > —1 and my > 0},

Pp(Uy) ={m € Z* ,my >0 and —my +mg >0},
Pp(Us) = {m € Z*,—mi +my >0and —mq > —2},

Pp(Us) = {m € Z*,—my; > -2 and —mg >0}.

(B.1.39)
(B.1.40)
(B.1.41)
(B.1.42)
(B.1.43)

(B.1.44)

To express these polytopes in simpler terms, we define the regions A, B, C, D, E, F, G,

H:

In an abuse of terminology, we use A to denote all polynomials formed from linear combi-

nation of the Laurent monomials associated to the lattice points of the region A. Similarly,
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we use the names for the other regions. Thereby, we can write

$%3§‘5

CoU, Ox,. (D)) = (H+A+B,A+B+C,C+D+E, (B.1.45)

T3

D+E+FE+F+GG+H+A) . (B.1.46)

Finally note that the map dy: CO(U, Ox,, (D)) — C' (U, Ox,(Dy)) is given by multipli-

cation with the following matrix:

110 0 00
10 1 0 00
10 0 1 00
10 0 0 10
10 0 0 01
0-11 0 00
0-10 1 00

Msy=10-10 0 10 (B.1.47)
0 -10 0 01
0 0-1100
0 0-10 10
0 0-10 01
00 0-110
00 0-101
000 0-11

Cech 1-cocycles of D;,  We repeat this analysis for C' (U, Ogp,(Dy)). The elements in
this Cech cohomology are given by local sections on pairwise intersections of the U; which
form the affine open cover of dP3. These pairwise intersections and the corresponding

polytopes are as follows:
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Intersection Cone Pp(Uij) Presentation

Ui NU;y Spans(u3) {meZ?, my >1+ms} B,C,D,E,F,N
Ui NU; Spans(0) 72
UrNUy Span(0) 7?2
Ui NUs Spans((0) /e
UyNUs | Spansg(u1) {m € Z?, m <0} A B,CI,K, L

U2mU3 SpanZO(u5) {mezzamlz_l} C7D7E7F7G7H>17L7MaN

Uy NUy Span(0) /e

UsNUs Spans(0) 7?2

Uz N Us Span(0) 72

UsNUy Spans(ue) {m € Z?, my > 0} A,B,C,D,E, LM
Us N Us Spans(0) 7?2

UsNUg Spanzo (0) 72

UsNUs Spans(us) {m € Z?, my >my} AG H,I K, L
Uy NUs Span(0) 7?2

UsNUs | Spansg(uz)  {meZ?,m; <2}  AB,C,D,HIK,LMN

In this table, we have use the following geometric loci to express the polytopes in question:

221



To identify a basis of ker(d;), we look at the corresponding mapping matrix

(B.1.48)

cococococcooooocococo oo
— — —
coocooccocooocococo oo o
— — — —
coocoocco ooocoo oo oo
— i
cocococococ(ocoocoo|cococom~o
— — —
coococo|coocoooccoco~oT o
— — -
cooco(cococooooccoo oo
cooloocococoooco~o~-oo00
— —
colooccococooco~oc~o oooo
— — -
oToooccocococo~ocooocooo

Toocooocococoo | oococoooo

OO0 HOOHOHAHOOOOOODOODOOO
0010010101_.0000000000

=

— =

T occocooocooccocoooooe

I
=S

Let us introduce the points

(B.1.49)

pQ:(_lf_D'

D2 = (271)7

mlmg

T1T4’ T3T6’

3
_ 6 aj T5T6
= Hj:l €Ty, are

The corresponding Laurent monomials, once multiplied by x¢

as basis of the coho-

i.e., exactly those rationoms which cohomCalg identified in
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mology:

3 3
HY(Dy) = Spang {%%, W} . (B.1.50)
T1T4 X3T6

However, here we can make this isomorphism explicit. In an abuse of terminology let po,
pg denote their Laurent monomials. Then it is readily verified that the following Cech

1-cocycles furnish a basis of ker (4;):

3
~ T5T6
(07 —p2, —P2, —P2, 07 —Pp2, —P2, —P2, Oa 07 07p27 07p27p2) = ﬁ ) (B151)
~ 123
(07 —P9, —P9, —P9, 07 —P9, —P9, —P9, Oa 07 07p97 07p97p9) = T3T6 . (B152)

Cech 1-cocycles of D, — D¢ Finally, let us identify C (i, Oap, (D, —Dc¢)). We have
DL — DC = (—3; 3, —1, 0) = 3V($2) — 4V(.%'3) — 3V($5) — 3V($6) . (B.1.53)

Thus a1 = a4 =0, ap = 3, a3 = —4 and a5 = ag = —3. The points associated to the

Laurent monomials identified by cohomCalg in are:

1 T3 r3xd

= . <~ q = (3,0
ryxiry  wixded adxd (3,0),
1 3 r3xiw
3456

555 = 133 35 > = (3,1), (B.1.54)
1 z3 raxia?

_ 2 34546 _

= 133 3 2 AR g3 = (3,2).

2,3 7! '

The relevant pairwise intersection and polytopes are as follows:
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Intersection Cone Pp(Uij) Points contained
Ui NUs Spansg(ug)  {m € Z*, mi —my > 4} 1)
UyNUs | Spans(0) 72 1,42, 3
Uy NU, Span(0) 7> a1, 92, q3
Uy NUs Spans(0) 7* q1,92, 93
UinNUs | Spansg(u1) {meZ?, —my >0} @
Us NU;3 Spans(us) {m € Z?, m >3} q, 92,93
Us N U, Span(0) /i q1, 92, q3
Ux N Us Span((0) z? 01,92, 93
Us N Ug Span(0) /e q1,92, 93
UsNUy Spans(ue) {m € Z*, my > 3} 0
UsNUs Spans(0) 72 a1, 92,3
UsNUs | Spansg(0) z? 1,42, 3
UsnUs Spansg(us) {m € Z*, —my +my > 0} 0
Us N Ug Span(0) v/ q1,92, 93
Us N Ug Spans(u2) {meZ*, —m < -3} q1,92, g3

It is not hard to verify that ker (01) = Spany, {b1, b2, b3} where

bl = (07 Q17Q1aQ1a0aQ1,QI7Q17070;07 —QLOa —q1, —Q1) )

b2 = (07quq27q2707q27QQ7QQ7070707 _q2707 —q2, _QQ) )

b3 = (07 q3,43,43, Oa 43,943,493, 07 07 07 —qs, Oa —(qs, _q3) .
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Images of by, ba, bg in C1 (U, D) The mapping between the Cech cocycles happens

through the following mapping of complexes

v 0, y J .
0— CO(U,DL—Dc) —0> Cl(u’DL _DC) —1> 02(U,DL—D0) 5

-P(c)l -P(c)l -P(c)l
] J

0 — U, D) ———— CV(U, D) —————— C2(U, D) — -+~
(B.1.56)

where P(c) is the global section of D¢ in|B.1.23] From this it is now readily verified, that
the terms omitted on the RHS of [B.1.28| correspond to elements of C' (4, Dy,) of the form

Vi = (0, TiyTiyTiy O, TiyTisTiy 0, 0, 0, —Ti, 0, —Ti, —TZ') s (B.1.57)
2
where r; is the Laurent monomial associated — upon multiplication by z% = %:5 —to
rr=(-1,-3), r=(—-1,-2), r3=(2,—-1), r4=(-1,0),
(-1,=3), ra=(-1,-2), 1=, r=(-10 B

rs = (2,0), re = (—1,1), rr = (1,1).

From this we can verify that o; = 6o(u;) for y; € COU, Dy) as follows:

Pi 203

¥1 (Tl,Tl,0,0,0,Tl)
©2 (7’2,7‘2,0,0,0,7"2)
©3 (_T37 _T3707O7O7 _T3)

¥4 (0703T47T47T4a0)

©5 (_T5a —7"5,0,0,0, _T5)
Y6 (0,0,TG,Tﬁ,Tﬁ,O)

w7 (0,0,T?,T7,’f’7,0)
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Hence, we conclude

3 3 3 3 3
@ (b1) = c3 , p(be) Eeo + c12 , pl(b3) = +c . (B.1.59)
T3¢ T3xe T1T4 T3¢ T1T4

Application to GUT-example

For the example in we consider D¢ = (10; —3,—3,—4) and Dy, = (5; —4, —4,3). This

curve Cs, is cut-out by the following polynomial a3 o:

6,.7,.3,.4 6,.6,.4..3 6,.5.5..2. 2 6,.4,.6 3 6,.3,..7..4
a372 == C44$11‘2333.’L‘4 + C43:U1I2£C3a?4x5 ‘I— C42x1$2$3x4$5 + C411‘1$2$3CL‘4$5 + C40$1$2ZE3:L‘5

+ 03956?33333%112%6 + 638xi’xga:§xix5x6 + 637x?x3m§xi$§x6 + ngx?xgxgxixgxg

5.3,6, .4 5.2,.7.5 4,7, .62 4,6.2.5. . 2
+ 3507 XT3 T4T5T6 + C34X1 LT3 L5 L6 + C33L{LX3L4Tg + C32X{ Ly L3L4T5Tg

+ enziasadaiaial 4+ caontasaiadadal + coonladadaiviad + cogalriabu adad

7 3,.7 3,6, .6 3,5,2.5.2 3
+ 627x1w2m3x5$6 + 626x1$21‘4x6 + 025l‘1$2$31‘43§‘5l‘6 + cz4x1x2x3m4x5x6

3,.4,..3 3 3.3 3 3 3,.2,.5.2.5.3 3 6 6,.3
+ 023$1x2x31: m5336 + 022m1x2x3:c4x Tg + Co1 X1 THX3T YT + Co0L | T2X3L4T Xy

+ clgx‘;’xg%xﬁi + clgxlxga:ng)xG + cl7x1xgx3xgx5:c6 + clex%xéxzj’xix%xé

2,334 4 4 2,2 4.3 5 4 2. 5.2 2 7.4
+ C15X]T3X3T 4T T + C14XTX3T3TY T T + 013$1x2x3x4x5x6 + 012x1x3m4x5x6

+ cnxl:rg:L‘Zac%:rg + cloxlx%xgxgxgxg + cww%x%xixéw‘g + csmlx%xgxﬁxg:rg

4 2 4 4
+ C7a:1x2:r31:ixg:rg + cﬁxlxgx4xgxg + C5x2$1m§x2 + C4m§x3x2$5x2

2.2 4 4
+ 03x2x3xixg:pg + 02m2x§x4xgxg + cm;@ix%x%

(B.1.60)

Hence, the Koszul resolution of the line bundle £ = Ogp, (Dp)] Cs, is given by

0 — Og4p, (D — D) % Oqp, (D) — L -0, (B.1.61)
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and the map ¢ is induced from multiplication with a32. The associated long exact se-

quence in sheaf cohomology is then:

0 0 H°(dP3,Dr) = C* — H° (D¢, L) j

L H'(dPs, Dy, — D¢) = C* Zom (dP3,Dp) = C® — H'(Cs,, L) )

[%O 0 0 0

(é.1.62)

By exactness of this sequence, we have h'(Cs,, L) = 6 — rk(M,,), where the mapping

matrix M, is determined by the coefficients of a3 »:

Cs 0 0 0 c1 C2 C3 Cy 0 0 0 0 0 0 0 0 0
C11 Cg 0 0 cy Cg C9g Ci1o C1 (&) Cc3 Cy Cs 0 0 0 0
0 0 c39 e3¢ 0 0 0O O cap ca1 ca2 ca3 Caa C35 C36 C37 €38

0 0 C44 0 0 0 0 0 0 0 0 0 0 Cq40 C41 C42 C43

0 0 0 C40 0 0 0 0 0 0 0 0 0 Cq41 C42 C43 Cq4
(B.1.63)

Some linear algebra yields that the rank of this map drops by one, if

Cl:CZ:CS20420520720820920102035203620372038:1
(B.1.64)

cap=cyn =cpp=ci3=cu=1, cn=cu=-1 cc=c3=2.
One can easily verify that the polynomial [B.1.60] does not factorize for generic other
coefficients not tuned above. Hence the curve Cs, remains irreducible. By applying
sagemath [169], one can further justify the smoothness of Cs,. Therefore, this tuning
condition leads to one additional section without topology change for Cs,. This is an

example of jump from Brill-Noether theory.
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B.1.3 The fat point

Finally, in our analysis, non-reduced curves feature prominently. Consequently, a basic
understanding of such curves is required. Let us therefore briefly discuss the mother of all
non-reduced varieties, the fat point. This is an example in non-compact affine space C?
with coordinates x,y. Most of this intuition carries over to compact curves. More details

can for example be found in [I52] 214].

Let us consider V(x) € C2. This is the complex (non-compact) curve with coordinate
y. The difference between V(x) and V(z?) is not the collection of points, which these
vanishing sets contain, but rather the allowed functions on these spaces. Namely, recall
that in the modern language of algebraic geometry, a scheme (or equivalently in the
analytic regime — a geometric space) is a pair of a topological space and a structure

sheaf. The difference between V (x) and V (x?) is this very structure sheaf.

In staying within the regime of algebraic geometry, the structure sheaf of C? is given by
(the sheafification of) the total coordinate ring Clx,y] — the ring of all polynomials in
the variables = and y. Likewise, we can understand the structure sheaf on V(z) from its

coordinate ring:
Ry (z) = Clz,y]/ () = Cly]. (B.1.65)

Hence, functions on the variety V() correspond to polynomials in y. How about V (22)?

On this space it holds

Ry (s = Clz,y]/ <x2> = Cly) & (z) . (B.1.66)

Consequently, on V(z?), the polynomial x provides a non-trivial function! This is the

difference between V(z) and V (z?).
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We can extend this example slightly by looking at V (y, z?). For this space we find

Ry (%) = Cla,y)/ (y,2?) = () . (B.1.67)

Hence, on this point in the affine plane C, the set of non-trivial functions is 1-dimensional
and is generated by the polynomial z. This lends V (y,x?) its name — as point set it is
just a single point, yet this point is large enough to admit non-trivial functions — it is a

fat point.

B.2 Collection of data

B.2.1 Curve splittings and jumps

Recall that the six toric P's of dPs correspond to the exceptional divisors Ey, Es, E3 and

the following three divisors:

Ey,=H—-FE; — Es, Es=H—-FE; — E3, Eg=H — Ey — E3. (B.2.1)

Dc=(3;-1,-1,-1)

For this genus-1 curve we find:
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bundle h9-values E-splits E-splits Ej3-splits Ey-splits E5-splits Eg-splits
(2,1,-4,1) (4,5,6) (4,5, 6) (4,5, 6) (4,5, 6) (4,5, 6) (4,5, 6) (4,5, 6)
(1,-3,-3,-2) (0,1,2,3,4,5) | (2,3,4,5) (2,3,4,5) | (1,3,4,5) (0,1,2,3,4,5) | (0,1,2,3,4,5 (0,1,2,3,4,5)
(1,-1,-3,0) (0,1,2,3) (0,1,2,3) (2 (0,1,2,3) (1,2,3) (0,1,2) (0,2,3)
(1,-2,-3,-2)  (0,1,2,3,4) (1,2,3,4) (2,3,4) | (1,2,3,4) (0,1,2,3,4) (0,1,2,3,4) (0,1,2,3,4)
(1,-1,-3,-1) (0,2,3) (0,2,3) (2 (0,2,3) (0,2,3) (0,2) (0,2, 3)
(0,1,2,3,4) (0,1,2,3,4) | (0,1,2,3,4)  (0,1,2,3,4)
(1,-3,4,-2) (2,3,5,6,7) (3,4,5,6) | (1,3, 4,6)
(5,6, 7) (5, 6) (5,6) (5,6, 7)
(2,1,-4,2) (5,6,7) (5,6,7) (5,6,7) (6,7) (5,6, 7) (5,6,7) (5,6,7)
(2,2,-4,2) (6,7,8,9) (7,8,9) (6,7, 8) (7,8,9) (6,7,8,9) (6,7, 8) (6,7,8,9)
(1,-1,-4,-1)  (0,3,5) (0, 3, 5) (3) (0, 3, 5) (0, 3, 5) (0, 3) (0,3, 5)
(1,1,-3,1) 2, 3,4) 2,3,4) (23,4 | (234 (2,3, 4) 2, 3,4) (2, 3,4)
(1, 1,-3,0) (1,2,3) (1,2,3) (2,3) (1,2,3) (1,2,3) (1,2,3) (2,3)
(1,-1,-2,0) (0, 1) (0, 1) (1) (0, 1) 1) (0, 1) (0, 1)
(1,1,-3,2) (3,4,5) (3,4,5) (3,4,5) (4,5) (3,4,5) (3,4,5) (3,4, 5)
D¢ = (4; -1,-2, 1)
For this (generically disjoint) union of a genus-0 and a genus-2 curve, we find:
bundle hO-values Eq-splits FEs-splits FEs-splits Ey-splits Es-splits Eg-splits
(2,-1,-2,5) (2,5,7,8) (2,5,7, 8) (2,5,7,8) (2) (2,57, 8) (5,7, 8) (5,7, 8)
(17 -1, -2, '1) (27 3) (2¢ 3) (27 '3) (2> <2~ 3) (3) <3>
1,-2,-2,-2)  (3,4,56,7) (4,6,7) (3,4,5,6,7) (3.4 (3,4,56,7) (5, 6,7) (5,6,7)
(2,-3,-2,-1) (2,3, 4,5, 6) (4, 5) (2,3,4,5,6) | (2,3,4,5) (4,5, 6) (3, 5, 6) (3,4, 5, 6)
(1,-2,-1,4) 0,1,2,3) (1,2,3) (0,1, 2,3) (0, 1) (1,2,3) (1, 2,3) (1,2,3)
(4,5,7,8,9) (4,5,7,8,9) (4,5,7,8,9)
(1,-2, -2, -3) (5, 8, 10, 11) (4,5) (7,8,9,10,11) (7, 8,9, 10, 11)
(10, 11) (10, 11) (10, 11)
(3,4,5,6,7)
(2, -3, -2, -2) 5.9 (5, 6,7, 8) (3,5,6,7,8,9) | (3,4,56) (567,809 | (56,78 9) (5,6,7,8,9)
(1,-2,1,-1) (5, 6) (5, 6) (5, 6) ( (5, 6) (6) (5, 6)
(2,-2,-1,-2) (6,7) (6,7) (6, 7) (6) (6,7) (7) (6,7)
(1,2, 6,7, 10) (2, 6, 7,10, 11) (1,2, 6,7, 10) (6,7,10,11,13) (6,7, 10, 11, 13)
(2,-2,-2,7) ,2) (2,7, 11, 14)
(11,13, 14,15) | (11, 13, 14, 15) (13, 14, 15) (13, 14, 15) (14)
(3,-1,-2,10) (6, 14, 21, 27, 32) | (6, 14, 21, 27, 32) (6, 14, 21, 27, 32) (6) (6,14, 21, 27) | (14, 21, 27, 32) (14, 21, 27)
(1,-3,1,-1) (4,5,6,7) (4,5,6,7) (4,5,6,7) (4, 5, 6) (4,5,6,7) 6, 7) (4,5,6,7)

Dc =(4;-1,-2,-1)

For this genus-2 curve we find:
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bundle hO-values E1-splits E-splits E3-splits Ey-splits Es-splits FEg-splits
(2,3,-3,1) (5,7, 8) (7) (5,7,8) (5,7,8) (5,7, 8) (5,7, 8) (5,7, 8)
(3,1,-4,-1) (3, 4) (3,4) (3, 4) (3,4) (3,4) (3,4) (4)
(22,400 (1,2.3.4) (2,3,4) 2.3,4) (12,3, 4) (1,2,3,4) (2,3,4) (2,3,4)
0,1,2,3,4) | (0,1,2,3,4) (2,3, 4,5,6) (2,3, 4,5) (0,1,2, 3, 4) (0,1,2,3,4)
(2,1, -4,-3) (1,2,3,4)
(5, 6) (©) (5, 6) (5, 6)
(1,-1,-3,-2) (0,1,2) (0,1, 2) (1,2) (1,2) (0,1,2) (0,1, 2) (0,1, 2)
(1,-2,-4,2)  (0,1,2,3,4) (1,2,3,4) (2,3, 4) (0,1,2 3, 4) (0,1,2,3) (0,1,2,3,4) (0,1,2,3,4)
(4,5,6,7.8) | (6,7,8,9,10) (4,5,6,7,8) (7, 10, 12, 13, 15) (4,5,6,7,8) (4,7,9, 10, 12)
(4,3,-3,-8) (10,12, 13, 15) | (12, 13,15,16) (9, 10, 12, 13) (17) (9, 10, 12, 13, 15) | (13, 15, 16, 18, 19) (10, 12, 13, 15, 16)
(16, 17, 18, 19) (17, 18) (15, 17, 18, 19) (16, 17, 18, 19)
( ) (0, 1,2, 4,6) (0,2,4,6,7) (2,4,6,8,9) (4, 6,8) (0, 1,2, 4,6) (0,2,4,6,7) (0, 1,2, 4,6)
1,3,-4,-5
(7,8,9, 11) (8,9) (11) (7,8,9,11) (9,11) (1)
( : 0,1,2,4,5) | (0,1,2,4,5) (2,4,6,8,9) (4, 5, 6, 8) (0,1,2 4,5) (0,1,2,4,5) (4,5,6,7)
3,1,-4,-5
(6,7,8,9,11) (6,7,8,9) (11) (6,7,8,9,11) (6,7,8,9,11)
0,1,2,3,4) | (1,2,3,4,6) (1,3,4,6,7) (6,7, 9,10, 11) (1,2, 3,4, 6) (1,3,4,6,7) (6, 7,9, 10, 11)
(3,2,-3,-7)  (6,7,9,10,11) | (7,9, 10, 11) (7,910, 11) (12) (7,910, 11) (9, 10, 11, 12) (12)
(12, 14, 15, 16) | (12, 14, 15) (12, 14, 15, 16) (12, 14, 15) (14, 15, 16)
(2,3,4,5,6) | (3,4,5,7,38) (2,3,4,6,7) (4,5,6,7,8) (2,3,4,5,6) (2,3,4,5,6) (6,7, 8)
3,2,-3,-5
* ) (7,8,9, 10, 11) (10) (8,9, 10, 11) (9,10) (7,8,9,10,11) | (7,8,9, 10, 11)
(1,1,-4,2)  (0,1,2,3,4) | (0,1,2,3,4) (2,3,4) (0,1,2,3,4) (0,1,2,3,4) (2,3, 4) (0,1,2,3,4)
(1,0, -4, -1) (0, 2,3) (0,2,3) () (0,2, 3) (0,2, 3) (0, 2) (0,2,3)
(3,-3,-1,-2) (4, 5) (4,5) (4, (4,5) (4,5) (4,5) (4,5)
(3,4,5,6,7) (3,4,5,6,7) (3,4,5,6,7) (3,4,5,6,8) (3,4,5,6,7) (3,4, 5,6,8) (3,4,5,6,7)
(4,-7,-1,-3)  (8,10,11,12) | (8,10,11,12) (8,10, 11, 13,15) | (10, 11,12,13) (8,11, 13, 15) (10,11, 13,15) (10, 11, 12, 13, 15)
(13, 15, 17) (15, 17)
D¢ = (4;-1,-2,0)
For this genus-2 curve we find:
bundle hO-values E,-splits Es-splits Es-splits  Ey-splits FE5-splits FEg-splits
(1,-2,-1,4) (0,1,2,3,4,5,6) | (1,2,3,4,56) (0,1,23,4,56) | (23) (1,3,56)]|(2,3,4,56) (2,3,4,56)

D¢ = (4;-1,-1,—1)

On this genus-3 curve we find:
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bundle hO-values E;-splits Es-splits E3-splits Ey-splits Ejs-splits Eg-splits
1,-2,-3,-1)  (0,1,2,3,4) @, 3, 4) @, 3) (0,1,2,3,4)  (0,1,2,3,4)  (0,1,2,3,4)  (0,1,23,4)
0,2,3,4,5 | (24578 (35678 | (24578  (0,23.45 | 02345 (0,23 45)
(bt (6,7, 8,9, 10) (9, 10) ) (9, 10) (6,7,8,9,10) | (6,7,8,9,10) (6,7, 8,9, 10)
(1, 1, -3, 0) (0,1, 2, 3) (0,1, 2, 3) (2) (()7 1,2, 5) (1, 2, d) (0, 1,2, 3) (1, 2, 3)
0,2,3,4,5 | (24567 (24567 | (24567  (0,2345 | (02345 (0,234 5)
(43.379) (6,7, 8) (8) (8) (8) (6,7,8) (6,7, 8) (6,7,8)
0,1,2,3,4) | (234,56 (1,3,456) | (234,56  (0,1,2,34) | (01,234  (0,1,23 4)
(43 29) (5,6,7) ) (5,6,7) (5, 6) (5.6, 7)
,2,-2,-1) (1,2, 3) (2. 3) 1,2, 3) 1,2, 3) 1,2, 3) a2, 3) 2, 3)
0,1,2,3,4) | (0,1,2,3,4) (2.4, 5) (2, 4,5) 0,2,3,4,5 | (0,2,3,4,5) (1,2 3 4,5)
ot (5,6) (5, 6) (©) (©)
(2,3,4,-1) (4,5,6,7,.89) | (6,7,89) (456,789) | (4567809 (4567809 | 456789  (6789)
(2,3,4,5,6) | (3,4,5,6,7) (34567 | (34,567 (23456 | (34,567 (234,506
o (7.8) ®) ®) (8) (7.8) ®) (7, 8)
(1,-2,-3,-2) (0,1,2,3,4,5) | (1,2,3,4,5) (2,3, 4) (1,2,3,4,5)  (0,1,2,3,4,5) | (0,1,2,3,4,5 (0,1,2 3,4,5)
(1,3,-3,1)  (3,4,5,6,7) (5,6, 7) (3,4,5,6,7) | (34,567 (34567 | (34567 (34567
1,-1,3,0)  (0,1,2,3) (0,1,23) @) 0,1,2,3) 1,2, 3) (0,1,2,3) (0,2, 3)
Dc = (5;-2,-2,-1)
On this genus-4 curve we find:
bundle hO-values E-splits Es-splits Ej3-splits E4-splits FEs5-splits FEg-splits
(2,-2,-4,-2) (0,1,2,3,4) | (0,1,2,3,4) (2, 3) (1,3,4)  (0,1,2,3,4) | (0,1,2,3,4) (0,1,2,3,4)
(1,-1,-3,0) (0, 1) (0, 1) (1) (0, 1) 0, 1) 0, 1) (0, 1)
(1,2,-2,0) (2,3) 3) (2, 3) (2, 3) (2, 3) (2, 3) (2,3)
(1,2,-2,1) (3,4) (4) (3,4) (3,4) (3,4) (3,4) (3, 4)
(1,1, -4, -1) (0,2, 3) (0,2, 3) (2) (0,2, 3) (0,2, 3) (0,2, 3) (0, 2, 3)
(1,-1, -4, -1) (0,2, 3) (0,2, 3) (2) (0, 2, 3) (0, 2, 3) (0, 2, 3) (0,2, 3)
(1,-2, -4, 2) (0,2, 3) (0,2, 3) (2) (0,2, 3) (0,2, 3) (0,2, 3) (0, 2, 3)
(1,1,-4,1)  (0,1,2,3,4) | (0,1, 2,3, 4) (2, 3) 0,1,2,3,4) (0,1,2,3,4) | (1,3,4)  (0,1,2,3,4)
(1,-1,-2 0,1,2,3) | (0,1,2,3)  (0,1,2,3) (1,2) (0,1,2,3) (1,2,3) (0,1,2,3)
(2,-1,-4,1)  (0,1,2,3) | (0,1,2,3) (2) (0,1,2,3)  (0,1,2,3) | (0,1,2,3)  (0,1,2, 3)
(1,2,-3,1) (1,23, 4) (2,3, 4) (1,2,3,4) | (1,2,3,4) (1,23, 4) (2,3, 4) (1,2,3,4)
(1,1,-4,0) (0,2, 3) (0,2, 3) (2) (0,2, 3) (0,2, 3) (0,2, 3) (0, 2, 3)
(1,2,-2,-2)  (0,1,2,3,4) | (1,2,3,4) (0,1,2,3,4) | (1,2,3,4) (0,1,2,3,4) | (0,1,2, 3, 4) (2,3)
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Dc = (5;-1,-1,-2)

On this genus-5 curve we find:

bundle hO-values FE1-splits FE>-splits Es-splits E4-splits E5-splits Eg-splits
(1,-2,-2,-3) (0,1, 2, 3) (1,2,3) (1,2,3) (1,2, 3) (0,1, 2, 3) (0,1,2, 3) (0,1, 2,3)
( : (2,3,4,5,6) | (2,3,4,5,6) (3,4,56,7) | (3,4,56,7) (3,4,5,6,7) (2,3,4,5,6)  (2,3,4,5,6)

1,1,4,2

(7.8) (7.8) (8) (8) (7,8) (7,8)
(0,1,2,3,4) |(0,1,2,3,4) (3,4) 0,1,2,3,4) (1,2 3,4,5) (1,2,4,6,7) (1,2, 3,4,5)

1,1,-4,1
(1t (5,6, 7) (5,6, 7) (5,6,7) (5,6,7) (6, 7)
(1, -1, -3, -2) (0, 2,3) (0, 2,3) (2) (0, 2, 3) (0, 2, 3) (0, 2,3) (0, 2, 3)
(1,1,-3,-1) (0,1,2,3) (0,1,2,3) @) (0,1,2,3) (0,2, 3) (0,1, 2,3) (1,2, 3)
(1,1,-3,-2) (0, 2, 3) (0, 2, 3) @) (0,2, 3) (0,2, 3) (0, 2, 3) (0,2, 3)
(L 2,-2, ’1) (07 1) (07 1) (1) (0 1) (0 1) <0~ 1) (1)
(1,1,-4,0)  (0,1,3,5,6) | (0,1,3,5,6) (3) (0,1,3,5,6)  (1,3,5,6) (0,1, 3, 5, 6) (1,3, 5, 6)
-2 -1, -3) ©,1,2) 1, 2) 0,1, 2) 1, 2) 0, 1,2) 0,1, 2) ©,1,2)
(1,1,-3,1) (1,2,3,4) (1,2,3,4) (2,3) (1,2,3,4) (1,2,3,4) (1,2,3,4) (1,2,3,4)
(1,-1,-2, -2) (0, 1) (0, 1) 1) (0, 1) (0, 1) (0, 1) (0, 1)
(1,-2,-3,-3) (0,1,2,3,4,5) | (1,2,3,4,5) (2 3,4) (1,2,3,4,5) (0,1,2,3,4,5) | (0,1,2,3,4,5) (0,1,2 3,4,5)
(1,1,4,-1)  (0,1,3,5,6) | (0,1,3,5,6) (3) 0,1,3,56)  (0,3,5,6) (0,1, 3, 5, 6) (1, 3, 5, 6)

D¢ = (6;—3,-2,—1)
On this genus-6 curve we find:
bundle hO-values F-splits FE>-splits FEs-splits FE4-splits F5-splits Fg-splits

(1,1,-4,1) (0,1,2,3,4) | (0,1,2,3,4) (2, 3) (0,1,2,3,4) (0,1,2,3,4) | (1,3,4) (0,1,2,3,4)
(1,0,-3,1) (0, 1) 0, 1) (1) (0, 1) 0, 1) 0, 1) (0, 1)

B.2.2 Local to global section counting applied to our database
In this section, we list results which quantify how good the counting procedure proposed

in works, when applied to our database. We have preformed two tests:

1. We consider those curves in our data, for which we can quickly identify the exact
number of sections on all curve components. This can be done quickly for non-split

curves and for curves with only smooth components. For the latter curves, we have
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read-off the genus g and the line bundle degree d from our database. If d < 0, we
know that there are no non-trivial sections on this curve component. However, if
d > 2g — 2, then h%(C, L) = d — g + 1. Based on these exact local section counts,

we have then tried to predict the number of global sections. The accuracy for this

is listed in [B-2.2]

2. Our second test is based on our HOApproximator-program [148], which is part of
[168]. This program considers curve degeneration, which split-off combinations of
the 6 toric P's in dPs. For each such curve splitting, the program assumes that the
number of local sections on each curve component is generic. Since this generic value
is a lower bound to the actual number of local sections, we can use these estimates
to derive a lower bound on the number of global sections. By repeating this strategy
for many curve splittings, we obtain an estimate for the allowed h%-values over the
parameter space of the curve in question. We list the so-obtained results for all

pairs (D¢, D) in our database [147] in

Accuracy

Table 23: Accuracy of counting procedure for exact numbers of local sections

Dc Dy Applicable data sets [%] Accuracy [%)]
(3,-1,-1,-1) (1, 1,-3,0) 62.2 100
(3,-1,-1,-1)  (1,1,-3,1) 71.6 100
(3,-1,-1,-1) (1, 1,-3,2) 52.7 100
(3,-1,-1,-1)  (1,-1,-2,0) 52.7 100
(3,-1,-1,-1) (1, -1, -3, 0) 66.9 100
(3,-1,-1,-1) (1,-1,-3,-1) 76.4 100
(3,-1,-1,-1) (1, -1, -4, -1) 76.4 100
(3,-1,-1,-1)  (1,-2,-3,-2) 90.5 100
(3,-1,-1,-1) (1,-3,-3,-2) 90.5 100
(3,-1,-1,-1) (1,-3, -4, -2) 90.5 100
(3,-1,-1,-1) (2, 1,-4, 1) 62.2 100
(3,-1,-1,-1) (2,1, -4, 2) 48.0 100

Continued on next page
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Table 23 — Continued from previous page

Dc D, Applicable data sets [%] Accuracy [%)]
(3,-1,-1,-1) (2,2, -4,2) 37.0 100
(4,-1,-2,1)  (1,-1,-2,0) 38.7 100
(4,-1,-2,1) (1, -1,-2,-1) 38.7 100
(4,-1,-2,1)  (1,-2,1,-1) 26.9 100
(4,-1,-2,1)  (1,-2, -1, 4) 12.6 65.1
(4,-1,-2,1) (1, -2,-2,-2) 43.4 100
(4,-1,-2,1)  (1,-2,-2,-3) 43.4 100
(4,-1,-2,1)  (1,-3,1,-1) 9.2 100
(4,-1,-2,1) (2,1, -2, 5) 43 100
(4,-1,-2,1)  (2,-2, -1, -2) 28.3 100
(4,-1,-2,1)  (2,-2,-2,7) 4.4 100
(4,-1,-2,1) (2, -3,-2,-1) 12.6 100
(4,-1,-2,1) (2, -3,-2,-2) 12.6 100
(4,-1,-2,1)  (3,-1,-2, 10) 23.9 100
(4,-1,-2,-1) (1,0, -4,-1) 80.4 100
(4,-1,-2,-1) (1, 3, -4, -5) 83.4 99
(4,-1,-2,-1)  (1,-1,-3,-2) 88.3 100
(4,-1,-2,-1)  (1,-2,4,2) 84.2 100
(4,-1,-2,-1)  (3,2,-3,-7) 71.8 100
(4,-1,-2,-1) (2,1, -4,-3) 76.4 100
(4,-1,-2,-1) (2,2, -4, 0) 50.6 100
(4,-1,-2,-1)  (2,3,-3,1) 44.8 100
(4,-1,-2,-1) (3,1, -4,-1) 45.4 100
(4,-1,-2,-1) (3,1, -4, -5) 69.4 100
(4,-1,-2,-1) (3, 2,-3,-5) 54.3 100
(4,-1,-2,-1) (1,1, -4, 2) 76.3 98.6
(4,-1,-2,-1) (4, 3, -3, -8) 60.6 100
(4,-1,-2,-1)  (3,-3,-1,-2) 66.5 98.7
(4,-1,-2,-1)  (4,-7,-1,-3) 74.1 92.6
(4,-1,-2,0)  (1,-2, -1, 4) 58.7 92.5
(4,-1,-1,-1) (1,1, -3,0) 52.2 95.8
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Table 23 — Continued from previous page

Dc Dy Applicable data sets [%] Accuracy [%)]
(4,-1,-1,-1) (1, 1,-3,-1) 56.5 100
(4,-1,-1,-1) (1, 1,-3,-3) 73.8 100
(4,-1,-1,-1) (1, 2,-2,-1) 45.6 100
(4,-1,-1,-1) (1,2, -4,2) 65.3 100
(4,-1,-1,-1) (1, 3,-3,1) 56.9 100
(4,-1,-1,-1)  (1,-1,-3,0) 64.3 96.6
(4,-1,-1,-1)  (1,-2,-3,-1) 82.4 100
(4,-1,-1,-1)  (1,-2,-3,-2) 87.5 100
(4,-1,-1,-1)  (1,-3,-2,-3) 85.8 100
(4,-1,-1,-1)  (1,-3,-3,-3) 84.0 100
(4,-1,-1,-1)  (1,-3, -4, -3) 86.2 100
(4,-1,-1,-1) (2,3, -4, -1) 45.5 100
(5,-2,-2,-1) (1,1, -4, 0) 62.0 100
(5,-2,-2,-1) (1,1, -4, 1) 58.4 99.7
(5,-2,-2,-1) (1,1, -4, -1) 67.9 100
(5,-2,-2,-1) (1,2, -2,0) 45.2 100
(5,-2,-2,-1) (1,2, -2, 1) 50.8 100
(5,-2,-2,-1) (1, 2,-2,-2) 46.7 98.9
(5,-2,-2,-1) (1,2, -3,1) 48.9 99.0
(5,-2,-2,-1) (1,-1,-2,3) 45.1 99.9
(5,-2,-2,-1)  (1,-1,-3,0) 72.7 100
(5,-2,-2,-1) (1,-1, 4, -1) 88.6 100
(5,-2,-2,-1) (1, -2, -4, 2) 77.3 100
(5,-2,-2,-1) (2, -1, -4, 1) 51.4 97.9
(5,-2,-2,-1)  (2,-2, 4, -2) 75.2 100
(5,-1,-1,-2) (1,-2,-2,-3) 88.1 100
(5,-1,-1,-2) (1,-2,-1,-3) 84.4 100
(5,-1,-1,-2) (1,-1,-3,-2) 82.7 100
(5,-1,-1,-2) (1,-1,-2,-2) 79.3 100
(5,-1,-1,-2) (1, 2,-2,-1) 42.1 100
(5,-1,-1,-2) (1,1, -4, 2) 54.3 99.2
(5,-1,-1,-2) (1,1, -4, 1) 47.5 99.2
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Table 23 — Continued from previous page

Dc D, Applicable data sets [%] Accuracy [%)]
(5,-1,-1,-2) (1,1, -4, 0) 56.8 95.0
(5,-1,-1,-2) (1, 1,-3,-2) 65.9 100
(5,-1,-1,-2) (1, 1,-3,-1) 55.5 98.6
(5,-1,-1,-2) (1, 1,-3, 1) 46.1 99.4
(5,-1,-1,-2) (1,-2,-3,-3) 88.1 100
(5,-1,-1,-2) (1, 1,-4,-1) 64.4 98.8
(6,-3,-2,-1)  (1,0,-3,1) 51.8 100
(6,-3,-2,-1) (1,1, -4, 1) 52.4 99.7

Spectrum estimate

Table 24: Spectrum estimates from the HOApproximator

Dc Dy Predicted spectrum Missing values
(5,-2,-2,-1) (2,-2,-4,-2) (0,1,2,3,4) -
(5, -2, -2, -1) (1,-1,-3,0) (0,1) -
(5, -2, -2, -1) (1, 2,-2,0) (2,3) -
(5, -2, -2, -1) (1,2,-2,1) (3,4) -
(5, -2, -2, -1) (1, 1, -4, -1) (0,2,3) -
(5,-2,-2,-1) (1,-1,-4,-1) (0,2,3) -
(5, -2, -2, -1) (1, -2, -4, 2) (0,2,3) -
(5, -2, -2, -1) (1,1,-4,1) (0,1,2,3,4) -
(5, -2, -2, -1) (1, -1, -2, 3) (0,1,2,3) -
(5, -2, -2, -1) (2,-1,-4,1) (0,1,2,3) -
(5, -2, -2, -1) (1,2,-3,1) (1,2,3,4) -
(5, -2, -2, -1) (1,1, -4, 0) (0,2,3) -
(5, -2, -2, -1) 1, 2,-2,-2) (0,1,2,3,4) -
(3, -1, -1, -1) (2,1,-4,1) (4,5,6) -
(3,-1,-1,-1) (1,-3,-3,-2) (0,1,2,3,4) (5)
(3,-1, -1, -1) (1,-1,-3,0) (0,1,2,3) -
(3,-1,-1,-1) (1,-2,-3,-2) (0,1,2,3) (4)

Continued on next page
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Table 24 — Continued from previous page

D¢ Dy, Predicted spectrum Missing values
(3,-1,-1,-1) (1,-1,-3,-1) (0,2,3) -
(3,-1,-1,-1) (1, -3,-4,-2) (0,1,2,3,4,5) (6,7)
(3,-1, -1, -1) (2,1, -4, 2) (5,6,7) -
(3,-1, -1, -1) (2, 2, -4, 2) (6,7,8,9) -
(3,-1,-1,-1) (1,-1,-4,-1) (0,3,5) -
(3, -1, -1, -1) (1,1,-3,1) (2,3,4) -
(3, -1, -1, -1) (1, 1, -3, 0) (1,2,3) -
(3,-1, -1, -1) (1, -1, -2, 0) (0,1) -
(3,-1, -1, -1) (1, 1, -3, 2) (3,4,5) -
(5,-1,-1,-2) (1,-2,-2,-3) (0,1,2,3) -
(5, -1, -1, -2) (1, 1, -4, 2) (2,3,4,5,6,7,8) -
(5, -1, -1, -2) (1, 1,-4,1) (0,1,2,3,4,5,6,7) -
(5,-1,-1,-2) (1,-1,-3,-2) (0,2,3) -
(5, -1, -1, -2) (1,1, -3,-1) (0,2,3) (1)
(5, -1, -1, -2) (1, 1, -3, -2) (0,2,3) -
(5, -1, -1, -2) (1, 2,-2,-1) (0,1) -
(5, -1, -1, -2) (1,1, -4, 0) (0,3,5,6) (1)
(5,-1,-1,-2) (1,-2,-1,-3) (0,1,2) -
(5, -1, -1, -2) (1,1,-3,1) (1,2,3,4) -
(5,-1,-1,-2) (1,-1,-2,-2) (0,1) -
(5,-1,-1,-2) (1,-2,-3,-3) (0,1,2,3,4,5) -
(5, -1, -1, -2) 1, 1, -4, -1) (0,3,5,6) (1)
(4,-1,-1,-1) (1,-2,-3,-1) (0,1,2,3,4) -
(4,-1,-1,-1) (1,-3,-4,-3) (0,2,3,4,5,6,7,8,9) (10)
(4, -1, -1, -1) (1, 1, -3, 0) (0,1,2,3) -
(4,-1,-1,-1) (1, -3,-3,-3) (0,2,3,4,5,6,7) (8)
(4,-1,-1,-1) (1,-3,-2,-3) (0,1,2,3,4,5,6) (7)
(4,-1,-1, -1) 1, 2,-2,-1) (1,2,3) -
(4,-1,-1,-1) (1, 1,-3,-3) (0,1,2,3,4,5,6) -
(4,-1,-1,-1) (1, 1,-3,-3) (0,1,2,3,4,5,6) -
(4,-1, -1, -1) (2, 3, -4, -1) (4,5,6,7,8,9) -
(4, -1, -1, -1) (1, 2, -4, 2) (2,3,4,5,6,7,8) -
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Dy, Predicted spectrum Missing values
(4,-1,-1,-1) (1,-2,-3,-2) (0,1,2,3,4,5) -
(1, 3,-3,1) (3,4,5,6,7) -
(1,-1,-3,0) (0,2,3) (1)
(1, -2, -1, 4) (0,1,2,3,4,5,6) -
(2,-1,-2,5) (2,5,7,8) -
(1,-1, -2, -1) (2,3) -
(1, -2, -2, -2) (3,4,5,6,7) -
(2,-3,-2,-1) (2,3,4,5,6) -
(1, -2, -1, 4) (0,1,2,3) -
1, -2, -2,-3) (4,5,7,8,9,10,11) -
(2,-3,-2,-2) (3,5,6,7,8,9) (4)
(1,-2,1,-1) (5,6) -
(2,-2, -1, -2) (6,7) -
(2,-2,-2,7) (1,2,6,7, 10,11, 13, 14, 15 ) -
(3, -1, -2, 10) (6,14, 21, 27,32) -
(1,-3,1,-1) (4,5,6,7) -
(1,1,-4,1) (0,1,2,3,4) -
(1,0,-3,1) (0,1) -
(3,-3,-1,-2) (4,5) -
(4, -7, -1, -3) (3,6,8,11,12,13,15) (4,5,7,10,17)
(2,3,-3,1) (5,7,8) -
(3,1, -4, -1) (3,4) -
(2, 2, -4, 0) (1,2,3,4) -
(2, 1, -4, -3) (0,1,2,3,4,5,6) -
(1, -1, -3, -2) (0,1,2) -
(1, -2, -4, 2) (0,1,2,3,4) -
(4,3,-3,-8) (4,6,7,9,10,12,13, 15, 16, 17, 18, 19) (5,8)
(1, 3, -4, -5) (0,2,4,6,7,8,9,11) (1)
(3,1, -4, -5) (0,2,4,5,6,7,8,9,11) (1)
(3, 2,-3,-7) (0,1,3,4,6,7,9,10, 11, 12, 14, 15 ) (2,16)

Continued on next page
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D¢ Dy, Predicted spectrum Missing values
(4,-1,-2,-1) (3,2,-3,-5) (2,3,4,5,6,7,8,9,10,11) -
(4, -1, -2, -1) (1,1, -4, 2) (0,1,2,3,4) -
(4, -1, -2, -1) (1,0, -4, -1) (0,2,3) -
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CHAPTER C: Chapter 6 Appendix

C.1 Fiber structure of F-theory Standard Models

In this section, we investigate the fiber structure of the resolved 4-fold with the SM gauge
symmetry as employed in the largest currently-known class of globally consistent F-theory
Standard Models without chiral exotics and gauge coupling unification [32]. We work out
the intersection numbers in the fibers over generic points of the gauge divisors, matter
curves and Yukawa loci. The knowledge of the fiber structure determines the vector-like

spectrum in this F-theory vacuum.
C.1.1 Away from Matter Curves
SU(2) Gauge Divisor

This gauge divisor is V(s3). Here, the defining equation of Pp,, factors as

PE, = €1 (elegegeﬁm?ﬁ + e3e5etsou’v + epegelssuiw + egegeqsguvw + 89vw2) . (C11)

The Cartan divisors are therefore as follows

SU(2
D0 @ _ \%4 (ew%egeﬁslu?’ + e%egeisw?v + 616262$5u2w + esezeqSguvw + $9vw2, 33> ,

(C.1.2)
DlsU(Q) =V (61, 53) .
The intersection numbers in the fiber over a generic base point p € V(s3) are:
S S ~A— S S
D@ D at ) | DFUE DI o)y
Dé’)’U(?) 9 9 0 (C.1.3)

D@ 2 -2 0
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SU(3) Gauge Divisor

This SU(3) gauge divisor V (sg) relates to the Cartan divisors as follows:

SU(3 :
D0 ®) =V (6%62636381’(1,2 + elegegeiswv + ege§53v2 + e%eissﬂcw + ejeseqSgvw, 59) s

(C.1.4)
DfU(3) =V (e, 89) , DQSU(3) =V (u,sg) .
The intersection numbers in the fiber over a generic base point p € V(sg) are:
SU(3 SU@3) ~— SU(3 SU(3 SU(3
Di ()D] ()ﬂ'l(p) DO() l)1 (3) DS() U(l)y
SU(3)

Dy -2 1 1 0 (C.1.5)

DV 1 -2 1 0

D' 1 1 -2 0

C.1.2 Over Matter Curves

Intersection Structure over C 3 2), /6 AWAY from Yukawa Loci

Over the matter curves, singularity enhancements occur. They are geometrically related
to the presence of new P!-fibrations, of which linear combinations eventually serve as

matter surfaces. Over C(3 ), . = V(s3,59) the following P!-fibrations are present:

1/6

P} ((3, 2)1/6) = V(s3, 89, e1e2e3€551u> + eae3eqsauv + eredssuw + ezsevw)
PL((3,2)1/6) = V(ss,s0,01),  P3((3,2)1/6) = V(s3,50, 1), (C.1.6)

P; ((3» 2)1/6) =V (s3,89,u), P} ((3, 2)1/6) = V(s3, 89, €2) .
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These P!-fibrations relate to restrictions of the SU(3) and SU(2) Cartan divisors:

Original Split components over Ci

D" Py ((3,2)1/5) + P4 ((3, 2)1/6) +P4((3,2)16) + P4 ((3,2)1/6)

Dy P1((8.2)170) (C.1.7)
pSv® P ((3,2)1/6) + P ((3,2)1/6) + P4 ((3,2)1s6)

pSve P1((3.2)10)

psve P ((3.2)10)

Over p € C(32), /6 which is not a Yukawa point, these P!-fibrations intersect as follows:

P5((3,2)16) PH((3:2)16) P5((8:2)1/6) P3((8:2)16) P}((8,2)10)
P5 ((3,2)1/6) -2 1 0 0 1
P} ((3.2)16) 1 -2 1 0 0 (C.1.8)
P} ((3,2)1/5) 0 1 -2 1 0
P} ((37 2)1/6) 0 0 1 -2 1
P} ((3,2)1/6) 1 0 0 1 -2

The intersection numbers between the pullbacks of the Cartan divisors and the P!-

fibrations over C'(3 9, . and are readily computed as follows:

1/6

DE)S‘U(Q) DiS‘U(2) D69U(3) DfU(?)) DQSU(B) U()y

Py ((3,2)1) | -1 1 1 1 0 -1/6

PL((3.2)16) | 2 -2 0 0 0 0 (C.19)
Pl ((3, 2)1/6) 0 1 0 0 1 1/6

P} ((3, 2)1/6) 0 0 1 1 -2 0

Pl ((3, 2)1/6) 0 0 1 -2 1 0

The matter surfaces S, ((g)z) over C(3 2), , are linear combinations of the above P!-fibrations.
»2)1/6 <)1/6

We use P to denote such a linear combination compactly. Explicitly, P is a list of the
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multiplicities with which these P!-fibrations appear in the above order:

P=(0,1,0,4,0) < 1-1@}((3,2)1/6)+4-P§((3,2)1/6).

We apply S to indicate the Cartan charges of such a linear combination, these notations

will also be adopted for the other matter curves. All that said, the matter surfaces over

0(3,2)1/6 take the following form:

Label P B Label P B
(1) (4)
Sy (00100 MO |5y, OLLLO (=h)ed-h) 10
(2) (5)
5(312)1/6 (071717070) (_1) ®(071) 5(312)1/6 (070717171) (1) ® (_150)
(3) (6)
5(372)1/6 (07031:170) (1)® (Lfl) 5(372)1/6 (Ovlalvlvl) (71) ® (7170)
Intersection Structure over Cy q) | J» AWay from Yukawa Loci
For convenience, we employ pfl to denote the following polynomials:
H _ H 2 3, 2
Py = Si1€2e3e4u + Ssw, Py = Sje1e2€,u” + S1Sge2€3e4UV — S9S5VW + S1S6VW ,
ng = 8265636?1712 + Sgeaeszequw + 59w2 R pf = S285€2€3€4U + S5SgW — S1S9W ,
pé{ = 525§ + 5%59 — 818586 , pé{ = sls5elegeiu2 + S285€9€3€4UV + S1S9VW ,
H_ 2 3,2
P7 = S5€1€2€4U” + S556€2€3€4UV — S159€2€3€4UV + S5S9VW .
(C.1.11)

Over C(y,9)_, P which is not a Yukawa point, the following P!-fibrations are present:

]P)(l) ((17 2)—1/2) = V($37p{17p?{{7pfap5H)a
]P)% ((17 2)71/2) = V(S37p5[7p£[’pé{ap$7p{] : 616262'“2 +p,?{_[ . ’U) 5 (0112)

P ((17 2)—1/2) =V (s3,pf,e1).
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Equivalently, P§ = V(s3,pi’, pif) arises from the analysis of a primary decomposition.

The above P!-fibrations relate to restrictions of the SU(2) Cartan divisors as follows:

Original Split components over Cr Original  Split components over Cr

D" B ((1,2) 1) + P ((1,2)-0p0) | DTV P} ((1,2)_1/2)

(C.1.13)

Over p € C(q,2) which is not a Yukawa point, these P!-fibrations correspond to the

—1/2

representation state at the right column and intersect each other as follows:

Py ((17 2)—1/2) P ((172)—1/2) P; ((172)—1/2)
Py ((1’ 2)*1/2) -2 1 1 (C.1.14)
P ((1,2)_1)2) 1 2 1
P ((1,2)_1)2) 1 1 2

The matter surfaces are

Label P B Label P B
(C.1.15)
(1) (2)
S, (1L0.0) () Sy , 00D (-1
Intersection Structure over C(§ 1)_y5 AWAY from Yukawa Loci
Over 0(571)72/3 = V(s5, s9) the following P!-fibrations are present:
P} ((3, 1),2/3) = V(s5, 59, e3eaesiu? + ereseszedsounv + eaeiszv® 4 ereqsguw)
P ((3,1)_2/3) =V(ss,50,u), Pj ((§,1)_2/3) = V(s3, 59, €2) (C.1.16)

P} ((37 1)72/3) = V(s5,59,¢€3) .
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These P!-fibrations relate to restrictions of the SU(3) Cartan divisors as follows:

Original

Split components over Cr

Original

Split components over Cr

D;"® P ((§7 1)72/3) +P} ((5, 1)72/3)
P% <(§’ 1)—2/3)

DgU(3)

DfU(:i)

]P% <(§7 1)72/3)

(C.1.17)

Over p € C(g 1)_s)s which is not a Yukawa point, these P!'-fibrations intersect as follows:

Py ((3, 1)72/3) P ((gv 1)4/3) P; <(§7 1)72/3) P} ((57 1)72/3>
P} ((E, 1)_2/3) -2 1 0 1
P} ((3,1)_23) 1 -2 1 0
P ((3,1)_o5) 0 1 -2 1
Pl ((3, 1)_2/5) 1 0 1 -2
(C.1.18)
The matter surfaces S'% take the following form:
(8,1)_9/3
Label P 8 Label P B Label P B
M (2) @)
Stgny ., (0001 (LO) | SE(0.0,L1) (L1 | SF (0111 (0.-1)
(C.1.19)
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Intersection Structure over C(g 1),,5 AWaY from Yukawa Loci

/3

Over C(g 1) which is not a Yukawa point, the following P!-fibrations are present:

1/3

1 (2 2 2 2
Py ((37 1)1/3) =V (sg, s355 — 25556 + 5155, Sse1€3U + Sgesv,
slsgeleiu — 8385€3V + S256€30, sw%eﬁuQ + 8261636?11”1 + 33e§v2) ,
]P;l (g 1) =V 2 2 2 2
1 y1)iys) = (s9, §385 — S28556 + S15g, S156€1€2€3€3U + S385€2€3V + S556€1€4W,
816%626362U2 + SQelegegeZuv + sw%eiuw + 33626%1}2 + sgeresesvw,
2 2 2 2
§355€1€2€3€4U — S256€1€2€3€4U — S356€2€3V — Sg€1€4W,
2 2 2 2
S185€e1€2e3e,u + §255€2€30 — S§156€2€3V + 85616411}) y
Pl ((3,1 =V 2 2
2 ( (3, )1/3 = V (o, 8385 + 5155 525556, 1) ,

P; <(§7 1)1/3) =V (s9, 5353 + s15§ — 528556, €2) .
(C.1.20)

Due to primary decomposition analysis, P} ((3, 1), /3) can be rewritten as

Py ((g, 1)1/3> = V(s9, usse1el + vsges, s156e162u — 5355630 + 5p56e30) — V (59, 55, 56) -
(C.1.21)

The above P!-fibrations relate to restrictions of the SU(3) Cartan divisors as follows:

Original  Split components over C(§,1)1/3 Original  Split components over C(§71)1/3
SU3 = = SU(3 _

Dy, ® Py ((37 1)1/3) + P} ((33 1)1/3> Dy ® P3 ((37 1)1/3)
SU(3 o>

Dy @ P} ((3a 1)1/3)

(C.1.22)
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Over p € C(g 1)1 which is not a Yukawa point, these P'-fibrations intersect as follows:

PE (3 101s) PH(B.1)1s) P(GBDys) PE((3.1)13)
P} ((3,1)13) 2 1 0 1
P} ((3.1)13) | 2 1 0 (C.1.23)
P} ((3,1)15) 0 1 -2 1
P} ((3,1)13) 1 0 1 -2
The matter surfaces S'& take the following form:
(3,1)1/3
Label P B Label P B Label P B
Sigy, (10.0.0) (L0) | SE (10,01 (-L1) | SF - (1L0.1.1) (0.-1)

(C.1.24)
Intersection Structure over C(I 1), away from Yukawa Loci

Over the singlet curve C(y 1), =V (s1,55) the following two P!-fibrations are present:

]P’(l) (1,1))=V (81, S5, elegegeZSQUQ + e%e%s;ﬂw + e1esesessguw + elsng) ,

(C.1.25)
Pl ((1,1)1) = V (51, 5,0) .
These fibrations intersect as follows:
PL((L, 1)) PH((L,1)1) | Uy
Pj((1,1)1) -2 2 1 (C.1.26)

Pl ((1,1)1) 2 -2 1

We use P{ ((1,1)1) as matter surface for the singlet state with gy(), = 1.

248



C.1.3 Over Yukawa Loci

Intersection Structure over Yukawa Locus Y

Over the Yukawa point Y7 = V(s3, s5, 89) the following P!-fibrations are present:

P (Y1) = V (s3,85,50,€1) , P} (Y1) =V (53,85 80,€2) , P5(Y1) =V (s3,85,59,€3) ,
Py (Y1) =V (83,85, 89,€4) , Py (Y1) =V (s3,85,80,u) ,

1 2
P (Y1) =V (83, s5, S9, elegeisub + ege3e489U0 + 86vw) .

(C.1.27)
The intersection numbers in the fiber over Y7 are as follows:
Pi (Y1) Pi(Yi) Py(Y1) P3(vi) Pi(Yy) Pi(Y1)
PL(v1) | -2 0 0 1 0 1
Pl (Y1) 0 -2 1 0 1 0
PL(vi) | 0 1 2 0 0 1 (C.1.28)
Pi(v7) 1 0 0 -2 1 0
PL(yy)| 0 1 0 1 2 0
Pl (V1) 1 0 1 0 0 -2

Restrictions of the fibrations over the matter curves relate to the P! (Y7) as follows:

Split P! over Cr  Split P! over Y; , Split P! over Cgr Split P! over Y,
P5((3,2)16) BE(V1)+PE(V) || PH((1,2)-12) PL (V1)
P} ((3,2)1/6) P} (V1) P} ((1,2)_1/2) P} (V1)
P4 ((3,2)1/5) P} (V1) PE((8,1)-23) PY (Y1) +PE (V1) + P (V1)
P} ((3,2)1/6) P} (V1) P} ((3,1)_o5) P} (V1)
P} ((3,2)1/6) P} (V1) P} ((3,1)_3) P} (V1)

P ((1,2)-12) LiPioa) | PE((8,1) ) P} (V1)

(C.1.29)

249



Intersection Structure over Yukawa Locus Yo

Over the Yukawa point Ya = V(s3, 89, s255 — 5156) the following P!-fibrations are present:

P (Ys) =V (59, 83,8285 — 5186, S5€1€3U + See3v, s1e1€3u + 5263'0) )

Pi (Ya) = V (s, 83, 5285 — 5156, €1)

P} (Y2) = V (s, 83, 5285 — S156, €2)

(C.1.30)
P! (Ya) = V (s, 53, 5955 — 5156, €4) P} (Ya) =V (s9, 53, 5255 — 5156, 1) ,
IP’}, (Y2) = V (s9, s3, 255 — S1S6, S2€2€3€4U + S6W, S1€2€3€4U + S5W) .
The intersection numbers in the fiber over Y5 are as follows:
P (Y2) Pi(Y2) Py(Ya) P3(Y2) Pi(Ya) Pi(Y2)
PL(Ya) | -2 0 1 0 0 1
Pl (Y2) 0 -2 0 1 0 1
PL(Y:) | 1 0 2 0 1 0 (C.1.31)
Pl (Y2) 0 1 0 -2 1 0
PL(Ya) | 0 0 1 1 -2 0
P (Y2) 1 1 0 0 0 -2

Restrictions of the fibrations over the matter curves relate to the P} (Y2) as follows:

Split P! over Cr  Split P! over Y3

Split P! over Cgr

Split P! over s

P5((3,2)16) PH(Ya) +PE(Y2) | PE((1,2)_10)  PR(Y2) + Ll PE(Y2)
P} ((3,2)1/6) P} (V2) P} ((1,2)-12) P} (v2)

P} ((3,2)1/6) P} (V2) P ((3,1)ys) Ph (12)

P} ((3,2)1/6) P} (12) PE(B.1)ys)  PH(Ya) +Ph (Y2) + P (Ya)
P} ((3,2)1/6) P} (2) P} ((3,1)1/3) P} (V2)

P ((1,2)-12) PL(Y2) P} ((3,1)1/3) P} (2)
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Intersection Structure over Yukawa Locus Y3

Over the Yukawa point Y3 = V/(s3, 56, 59), we use A} to denote the reduced P!-fibrations

such that the following structure is presented:

Py (Y3) = AJ (Y3) = V (83,56, 80, 1) , P} (Y3) = Af (Y3) = V (s3, S6, 59, €2)
IP)% (}/3) = 2A% (}/3) - V (537867 5976121) ) IP% (}/3) - 214% (}/3) - V (53,867 59,u2) s (0133)

1 1 2 2
Py (Y3) =A;(Y3) =V (53, 6, S9, us1e1e2e3ey + vsaeaes + ’w8561€4) .

Restrictions of the fibrations over the matter curves relate to the P! (V3) as follows:

Split P! over Cr  Split P! over Y3 |, Split P! over Cr Split P! over Y3
P5 ((3,2)1/5) LAl () | PY(B 1)) Ab(Ys) + AL (Ys) + A} (Ys)
P} ((3,2)1/5) A (v3) PL((3,1)1/) A (V)
P} ((3,2)1/5) A} (v3) Py ((3,1)1/3) AL (V)
P} ((3,2)1/6) A4 (¥3) P4 ((3,1)y3) A} (v3)
P} ((3,2)1/5) Al (Ys)
(C.1.34)
Their intersection numbers are slightly away from standard, namely
Aj(Ys) Aj(Ys) Aj(Ys) A(Ys) AL(Y3)
A (V3) -2 0 1 0 0
1
Ap(Ys) | 0 -2 0 1 0 (C.1.35)
AL (Y3) 1 0 -3 1 0
AL (Y3) 0 1 1 -2 1
Al (Y3) 0 0 0 1 -2
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The meaning of (A} (Yg))2 = —% becomes clear once we draw the associated diagram:

Ag (Y3) Aj (Y3)

(C.1.36)

A} (Y3)

missing node Ngo ™~
Consequently, we see that the node Ng is missing and it holds P4(Y3) = 2- Ny + Ng, where
Ny is the standard node that ordinarily appear instead of P3(Y3). It follows

2
(P%(Y3>) =4-NZ+4NoNg+ NE=4-(=2) +4-1+(-2) = 6. (C.1.37)

Likewise, A1(Y3) = No + % - Ng leads to the half-integer intersection in [C.1.35
Intersection Structure over Yukawa Locus Y4

Over the Yukawa point Y; = V (s1, 83, s5) the following P!-fibrations are present:

Py (Ya) =V (s1, 53, 85, €1) P} (Yy) =V (s1, 83, 85,0) ,
(C.1.38)

P (Yy) =V (31, 53, 85, Sa€5eaeru’ + sgeaezesuw + Sgw2) .

Restrictions of the fibrations over the matter curves relate to the P! (Y4) as follows:

Split P! over Cr ~ Split P! over Y; , Split P! over Cr Split P! over Y;

Py ((1,2)172) P (¥2) PH(LD0  PLOWHBI00) () o
P} ((1,2)12) P} (V2) P} ((1,1)o) Y (Va)
P} ((1,2)12) Pb (Va)
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The intersection numbers in the fiber over Y, are as follows:

Py (Ys) Pi(Ya) P5(Ya)
Py (Ya) -2 1 1 (C.1.40)
Pl (Y)) 1 -2 1
Pl (Y)) 1 1 -2

Intersection Structure over Yukawa Locus Yj

Over the Yukawa point Y5 = V (ss, s%, s9) the following P!-fibrations are present:

2

1 2 3 2 2.2 .4 2 2 2. 22
Py (Ys) =V (35, S5, 89, €3, 86€3, U~ S1€1€5€, + UvS2e1€e5e3€e] + v szeze; + vws6elege4)

=mng -V (85,56, S9,€2) = ng - Ag(Y5),
]P’% (Y5) = V (85, Sg, S9, 63) =ni- V (55, 56,959, 63) =ni- Al(YB) y
Pl (Ys) =V (85, s2, 89,u) =ng -V (s5, 56, S9,u) = ng - A2(Y5),
IP% (Ys) = V(ss, 3(25, S9, u2$16%€263 + uUSQelegegei + 11233ege§ + vwsger ey,
u'stetel + 2udvs saetesel + u%zsge%e%eﬁ + 2u?v?s s3etede]

2

+ 2uv38283ele§ei + v4s§e§, U 51566%63 + UUSQSgelegei + U28386€§)

2. 2.4 2 2. 2
=nz-V (55, 56, S9, U~ s1e1€, + uvsaeiezey + v 8363) =ng - A3(Ys).

(C.1.41)
The total elliptic fiber over Yj is given
3
i=0
. . .. SUB) .
Restrictions of the fibrations over the gauge divisor D; are:
D"y, = ny - A3(¥s) + na - A1(¥s) + na - Ao(¥3),
DIV = g Ag(V5) (C.1.43)

DQSU(S)|Y5 =nNng - AQ(Y5) .
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The total elliptic fiber can be obtained from the total torus over the gauge divisor DiS ve),

T? (DfU(3)|Y5> = (na+ns) - Ao(Ys) + nq1 - A1(Ys) + ng - Az(Ys) +n3 - Az(Ys). (C.1.44)
Since this must recover , we conclude that
np = na + ns (C.1.45)
Restrictions of the fibrations over the matter curves (3,1);/3) are as follows:

P} ((5, 1)1/3> v, =V (35, 56,89, uZs1e3es + uvsaereze + 112336§> = A3(Ys),

P} ((g, 1)1/3> ly, =V (55, 56,89, uZs1e2es + uvsyerezed + 1)233e§> + Pl (Y5) +
V(ss, s%, S9, 6%7 Se€2, u%w%e%ei + UUSQele%egeﬁ + v253e§e§ + ’U’w86616264)
= A3(Y5) +n1 - A1(Ys) + ny - Ao(Y5)

P! ((3, 1)1/3> ly, =V (35,3%, 59, 62> =ns5- Ap(Ys),

P! ((g, 1)1/3> ly, =V (35,53, 59,u) =ny - Ax(Y5).
(C.1.46)

The fibrations over the matter curves (3,1); /3 give the total elliptic fiber over Y as:

T2 ((3,1)13lv; ) = (na +ns5) - Ao(Y5) +na - A1(Y5) +na - Ao(V5) +2- Ag(¥s).  (C.147)
Restrictions of the fibrations over the matter curves (3,1)_y/3 are:

P ((37 1)—2/3) ly: = V(ss5, 52, 59, €3, s6e2, u*s1€3e3e] + uvsaeresese] + v2szesel + vwsgerezes)
+ P4 (Ys) = ng - A3(Y5) +nq - Ag(V3),

\% (85, 52, 89,u> =ng- A2(Ys),

P; ((57 1)4/3) ly; =V (857 56, 89762) =ns - Ao(Ys),

v

P
85, 565 59,€3> =mn1- A1 (Ys).

(C.1.48)
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The fibrations over the matter curves (3,1)_5/3 give the total elliptic fiber over Y; as:

T2 ((3,1) 331y ) = (na +ns) - Ao(Ys) + 1 - A1 (Ys) + my - Aa(Ys) +mg - A3(Ys).  (C.1.49)

We conclude that the restriction from the two triplet matter curves to the Yukawa point

Y5 preserve the elliptic fiber structure as presented in (C.1.42)) iff ng = 2.

Before we continue our discussion of the factors n;, let us look at the intersection numbers

among the A;(Ys) as follows:

AL(s) AL(Ys) Ab(Ys) A} (Y5)
A (Y5) -2 1 1 2
ALy |1 2 0 0 (C.1.50)
AL (Ys) 1 0 -2 0
AL (Y5) 2 0 0 -2

Let us return to the factors n; we can fix ny = no = 2 intuitively. Then, by infering that

_9 (PO((3, 1)_5/3)

n4 = 3 instead. By accepting all these steps above, we are then left to conclude

2
) , we find ny € {1,3}. Intuitively, we discard ns = 1 and pick

Y5

no =5, ny=ng =ng =2, ng =3, ns = 2. (C.1.51)

This finally, completes our understanding of the fiber structure over Y.
Intersection Structure over Yukawa Locus Yg

Over the Yukawa point Y = V (s1, 55, 59) the following P!-fibrations are present:

Py (Y) = V (s1,55,80,€2) , P (Ys) =V (s1,85,50,€3), P3(Ys) ="V (51,55 89,u) ,

1 1 2 2
P3 (Ys) =V (s1,85,50,v) , Py (Ys)=V (sl, S5, S9, Sp€1€2e3e5U + Szegezv + 86€1€4w) .

(C.1.52)
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Restrictions of the fibrations over the matter curves relate to the P! (Yg) as follows:

Split P! over Cr

Split P! over Y

Split P! over Cr  Split P! over Yj

P ((3,1)y3)
P ((3, 1)1/3)
P3 ((5’ 1)1/3)
P} ((3,1)3)

Pi (Ys) + P§ (Y)
P} (Ys)
P} (Ys)
P§ (Ys)

P} ((3,1)_2/s) P} ()
P3 ((g, 1)—2/3) 5 (Y)
P} ((3,1)-23) P} ()
Pg ((57 1)72/3) P3 (Ye) + Py (Ye)

S22 P (Ye) + PY (Ye)

The intersection numbers in the fiber over Ys are as follows:

Py (Ys) Pi(Ys) P3(Ys) Py(Ys) Pi(Ys)
P} (Ys) -2 1 1 0 0
P} (Ys) 1 -2 0 1 0
Pl (Ys) 1 0 -2 0 1
P (Ys) 0 1 0 -2 1
P (Ys) 0 0 1 1 -2

(C.1.53)

(C.1.54)

C.2 Induced line bundles in F-theory Standard Models

In this section, we give details on how we identify the root bundles in the largest currently-

known class of globally consistent F-theory Standard Model constructions without chiral

exotics and gauge coupling unification [32]. More details can be found in the earlier

works [82, 40]. We provide details on the employed G4-flux in Subsequently, we

outline our computational techniques in and summarize the resulting root bundle

constraints in[C.2.3] Finally, we construct root bundle solutions in compactifications over

a particular 3-fold base space B3 in
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C.2.1 G4-flux and matter surfaces

U(1)-flux We associate to the section s; = V(es) a U(1)-flux. To this end, we employ

the Shioda map to turn s; into o € HLD(Y):

o (= 1 1 2
o= ([64] ~ - [ (K5)] + 5 ler] + 5 [eal + 5 [u]) . (C.2.1)
In this expression, [es] = v(V(es)) € H®D(Y)) denotes the image of the divisor

V(e4) C X5 under the cycle map v. Furthermore, recall that 7: Yy — Bs. The U(1)-

flux is then given by
GV =wnoec H®(YV)), wer(HOY(B)). (C.2.2)

Matter surface flux To the matter surface Sé;)z)l/ﬁ over the quark-doublet curve

Cas,2), /6 (cf. | one can associate a gauge invariant flux

Gis,z)l/6 _ {5832)1/6} n % [P%((3,2)1/6)} + % [pg((g, 2)1/6)} + ; [Pi((3,2)1/6)] .
(C.2.3)

Total flux expression One can now consider a linear combination of these fluxes
_ (3:2)1/6 (2,2) (v
Gy(a,w)=a-G, +wAoeHS(Yy). (C.2.4)

The parameters a € Q and w € 7* (H(Ll) (B3)) are subject to flux quantization, Ds-tadpole
cancelation, masslessness of the U(1)-gauge boson and exactly three chiral families on all

matter curves. These conditions are solved base-independently by

w=—7" Kp,, a=—5. (C.2.5)
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This leads to
Gy = —5 - (5ler] Afea] = Kp A (3ler] — 2[ea] — 6lea] + Kp — 4u +v)) . (C.2.6)

For this G4, it was verified in [32], that the integral over all matter surfaces Sg and
complete intersections of toric divisors is integral. This is a necessary condition, for this
algebraic cycle to be integral. A sufficient check is computationally very demanding and
currently beyond our arithmetic abilities. Therefore, we proceed under the assumption

that this G4-flux candidate [6.2.25 is indeed integral and thus a proper G4-flux.

We next look at

.A/ = -3 (5V(€1, 64) — 3V(€1, tl) — 2V(62, tg) — 6V(€4, t3)
(C.2.7)

+V (ta,t5) — 4V (te, u) + V (16, 0)) |y, € CH*(Y4,Z),

where t; € HY(X5,a*(Kp)) and a: X5 = By x P, — Bs. Note that v(A') = K5 - Gy.
Therefore, this gauge potential would induce chiral exotics, unless we “devide® it by

€= F?]g. Hence, we are led to consider gauge potentials A = 7(A) € Hj%)(fq, 7(2)) with
VA =Gy, EA(A) ~AA). (C.2.8)

Hence, we can infer that the line bundles induced from A = 7(.A) are Fng—th roots of the
ones induced from A" = 5(A"). The divisors Dgr(A’) are then F%—th roots of the Dr (A’).

In the following, we outline the arithmetic identification of the divisors Dg(A’).
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Matter surfaces As[C.2.7]is gauge invariant, it suffices to focus on the following matter

surfaces (cf. |C.1)

1) _ (1) o (1) _
(32,0 = V(s3:50,€4) Sy =V(ssiso.e3), Sy, = Vst 85,0),
(1) _ V 2 2
(1.2)1j2 — (83,5255 + 5189 — 515556, S1€2€3€4U + S5W,
5285€2€3€e4U + S556W — S159W, Szegegeilﬂ + sgesezequw + 39w2) , (C.2.9)
S(l) =V 2 2 2 +
Bz (89,8355 — 828556 + 5185, S5€1€4U + S6€3V,

5186€1€3U — 535530 + S256€30, sle%eizﬂ + sperezeduv + szesv?).

1) 1) . . .
Note that 5(172)71/2 and S (B are not complete intersections. In|C.2.2| we explain how

one can compute topological intersection numbers of cycles with them. Moreover, we can

simplify the expressions for those two matter surfaces.

1
S((1?2)_1/2 = V(s3,usieseseq + wss, uQSQegegeZ + uwsgeseses + w239) ,
1 2 2. 2.4 2, .2, 2
S((§?1)1/3 = V(s9,ussere] + vsges, u“sieiey + uvsgeiese] + v<szes) — V(sg, s5, Sp) -

(C.2.10)

Therefore, we can express all matter surfaces as pullbacks from elements in CH?(X5):

S((;.,)z)l/6 = Vi(sz,e4) = V(ew, ea)ly,

S((:Bz)_l/2 = V(s3,p1) — V(er,p1) = V(s3,0)ly, -

5%?1)_2/3 = V(ss,e3) = V(v,es)ly, , (C.2.11)
S(%?l)l/s = V(sg,q1) + V(ea,e3) — V(e2,q1) — V(es, s9) — V(u,q1) -

S((i?l)l = V(s1,v) = V(v,w)

Yy

where p; = usijeseses+wss and q; = u85elei+v5663. We exploit this in to compute

the actual intersection loci.

Finally in [C:2:2] we make use of the fact that we know that the matter surfaces are

particular P!-fibrations over the matter curves. The matter surface flux originates from
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the matter surface S(3 ) This allows us to derive the divisors Dgr(A’) intuitively

1/6"

from intersections in the fiber and intersections in the base. The former is facilitated by

knowledge of the intersection numbers listed in
C.2.2 Computational strategies
Euler characteristic of structure sheaf of intersection variety

The twisted cubic — a non-complete intersection Let us start with a simple and
instructive example that involves a non-complete intersection. We consider P? with ho-
mogeneous coordinates [z : y : z : w] and focus on the hypersurface Y = V(zw — yz). In

this hypersurface Y, we consider the twisted cubic
S=V(zz—19?yw—22)NY =V(zz —y? yw — 2%, 2w — yz) 2 P, (C.2.12)
and a union of two lines
A=V(z)NY =V (z, 2w —yz) =V(z,y) UV (x,2). (C.2.13)

Crucially, note that S is not a complete intersection and cannot be expressed as any sort of
pullback from P3. In order to compute the topological intersection number S-.A, we notice
that this intersection number coincides with the Euler characteristic of the structure sheaf

of the intersection variety V (z,zz — y?, yw — 22, 2w — y2).

Let us denote the coordinate ring of P3 by R. Then an f.p. graded (left) R-module, which

sheafifies to the structure sheaf in question, is given by

T
(:L'w—yz zz—y? yw — 22 x)

R(-2)% @ R(-1) R— Og.4—0. (C.2.14)

Denote this sequence by F} MR Ogs.4 — 0. A minimal free resolution is given by

0 Fy 2 1 22 My R 094 — 0, (C.2.15)
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where I, = R(—3)%%, F3 = R(—4)®? and

-y w T 0
0 0 =z -y —w
M2 = -y w 0 Yz — w2 y M3 = . (0216)
T -y y —w —z
-z 0 0 zz—yw

0 z 0 y?—aw

The vector bundles F; has the following sheaf cohomologies:

OP3(74)€B2 OP3(*3)®5 OPB(*Q)@S @ OPS(*]_) ﬁo = R = Opg

RO 0 0 0 1
h? 0 0 0 0
h3 2 0 0 0

It follows that h*(P3, Os.4) = (3,0,0,0), i.e. S- A= x(Os.4) = 3. Equivalently, we find
V(zw —yz, 2z — y*,yw — 2%, x) = V(2,y, 2), (C.2.18)

which allows us to conclude S - A =3V (z,y,2).

Application to Higgs matter surface We employ this technique as a consistency
check on intersections with the non-complete matter surfaces. For instance, let us work

out the topological intersection number of B = V' (e, e4, pry, ) with (cf. for p;)

S= S((::ll?2),1/2 = V(p17p27p37p47p5) . (0219)

in the elliptic fibration Y3 over the base space Bs = Psg (cf. . To construct the

structure sheaf of the variety V(p1, p2, ps, p4, P5, €1,€4), we model the coordinate ring of
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X5 as R = Q [817 52, 83, S5, 86, 89, U, U, W, €1, €2, €3, 64] with Zﬁ_gradindﬂ

S1 S92 83 S5 Sg 89 u \ W €1 €2 €3 ¢€4

Kp,|1 1 1 1 1 1
H 1 1 1
(C.2.20)
Eq -1 -1 1
Es -1 -1 1
FEs -1 -1
Ey -1 -1 1
Then, an f.p. graded (left) R-module Og.p which sheafifies to Og.p is given by
T
R(-Kp,)
R(-3Kp,) T
R(~Kp, — H + E1) ( P1 P2 P3 P4 D5 €1 €4 PRy, )
R(—2Kp, — H+ ) R — Ogs.5 — 0. (C.2.21)
R(-Kp, — 2H + 2E1)
R(—FEy + Ey)
R(—Ey)

Denote this sequence by Fy M, Fy — Og.p — 0. A minimal free resolution is given by
0— Fr Mo pg Moy iy My gy My oy Moy My B 045 — 0, (C.2.22)

where rk(Fy) = rk(Fr7) = 1, 1k(Fg) = 6, rk(Fa) = 7, rtk(F3) = rk(F5) = 19, rk(Fy) = 25E|

We compute the Euler characteristics of the F; by computing their sheaf cohomologies.

The latter is performed by use of the Kiinneth formula. Namely, since X5 = P39 X Pp,,,

We could use the actual coordinate ring for the fibration over Psg. This ring has 18 indeterminates
and is Zis-graded. As a consequence, the resulting computations take longer than the ones performed
with the simpler ring. Both lead to the same result.

2The twists of these free modules and the mapping matrices are huge. We therefore omit them here.
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and

H"(X5,L) = H*(Psg x P, ,L) = @ H'(Ps,L) ® H(Pp,,,L).

itj=k

(C.2.23)

we can easily compute the cohomologies in question from line bundle cohomologies on Psg

and P,,. The Euler characteristics of the vector bundles F; are

X(Fi) =1, X(F2) = =50,  x(F3)=-82,  x(Fi) =384,

X(F5) = 699, X(F5) = 266, X(Fr) =0.

It follows that

S B = x(0s.5) = X(F1) = x(F2) + x(F3) — x(Fy) + x(F5) — x(Fo) + x(F7)

=1—(=50) + (—82) — 384 + 699 — 266 + 0 = 18.

Line bundles from Chow ring of toric ambient space

Let us repeat the intersection computation S - B by using
S= S0y, = Vissp) = Vienp) = Visa,o)ly, .
instead. Similarly, B = V'(e1,e4)ly,. We define 5", 7" € CH*(X3,Z) via
S" =V (s3,p3) — V(er,p3) — V(s3,v), T = V(e es).
Then, it follows -5 T = S"x,; T -x, V(pr, ). Explicitly, we find

V(s3,p3) x5 V(e1,eq) = V(s3,s5w,e1,eq) = V(s3, S5, €1, €4),

V(el,p3) X5 V(el, 64) = @, V(83,1}) ' V(@l, 64) = @
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(C.2.25)

(C.2.26)

(C.2.27)

(C.2.28)

(C.2.29)



From a primary decomposition, we find (ss, s, €1, €4, pr,,) = (€1, €4, S3, S5, S9). Note that
e1 = e4 = 0 fixes all other homogeneous coordinates of Pp,,. Hence

T (S '?4 T) =V (83, S5, 89) . (C.2.30)

If we consider By = Psg, then it follows from |C.2.26| that V' (s3, s5, s9) must be a divisor

of degree 18 on 0(1’2)_1/2. Indeed, this is true because f?;ggg = 18. It is not too hard to

repeat this computation and find that A’ in gives

D(3,2),,, (A) =3 V(Kp, s3,50) (C.2.31)
D2y, (A) = =3 [5‘/(5’3, s5,59) — 2V (K B, 83,PH)] : (C.2.32)
D3a)_,, (A') =3-V(KBp,ss5,59), (C.2.33)
D3y, (A) =-3 [5‘/(53, s6,59) — 2V (K B, 89,PR)] : (C.2.34)
Dy, (A) =3-V(Kp,s1,55). (C.2.35)

In this expression, we are using
PH = SQS% + 81(8189 — 8586) y PR = S3S§ + 86(8186 — 8285) . (0236)

By considering K%—th roots and adding spin bundles on the matter curves, one arrives at

the root bundle expressions summarized in
Line bundles from fiber structure

Finally, let us present a third way to compute the induced line bundles. Even though
this approach is equivalent, it provides more intuition than the brute-force intersection
computations in CH*(X5). To this end we make use of the genesis of the G4-flux and the

fiber structure of 174, which we outlined in

Let us apply this strategy for the Higgs curve. We first recall that A’ in can be
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thought of as

A=Al o), o T Aua)y =15 Aoy, o 37 (?B) o€ CH*(Yy,Z), (C.2.37)

1/6 1/6

where (in abuse of notation) o denotes the canonical lift of the 1-form associated to the
section s; = V'(e4) via the Shioda map. On general grounds, it now follows that

(SR - A1) = auq) - 3K _ (C.2.38)

For the Higgs curve, we have g1y = —1/2. Thus,

3
, J—
T (5(172)71/2 ‘AU(1)> =75 Kp Caa ) . (C.2.39)

Note that (c.f. [6.2.22) C(172)71/2 . C(372)1/6 = Y7 UYs. Hence, the intersection number of

the Higgs matter surface and .A’(3 2), /6 is found in the fiber over Y; and Ys:

Al3,2), v S 1)y, = (1/2:2/3,0,1,1/3,0)- (0,1,1,1,1,0) = =1/, (C.2.40)
Al3.2),/6 v, P2 aply, = (0,1/2,2/3,1,1/3,0) - (0,0,0,0,0,1) = +1/2.  (C.2.41)
This implies
/ 1 1
Dagzy ), (-’4(3,2)1/6) =15- —§Y1 + §Y2 - (C.2.42)
We now use Y7 + Yy = F’C (c.f. 16.2.22)) to conclude that
(1,2)_q/9

1 1 3

Doy s (Alaay ) =15 [0 5] -5 K

*‘ (C.2.43)
C(l’z)—l/Q

—15Y7 .
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Noting that Y; = V (s3, 85, 89), and Py = s252 + s1(5189 — 8556), we thus find
D)y, (Alsz),e) = —3[5V (55,55, 50) — 2V (K, 53, Par)| - (C.2.44)

This is exactly the result that we found in Similarly, the line bundle expressions
found in @ for C(1.1,, C(§71)72/3, C(§,1)1/3 can be verified by using this strategy. For
the quark-doublet curve, the situation is more involved since the matter surface flux is
defined over this very matter curve so that self-intersections are to be taken into account.
Equivalently, we can give a quick argument by noting that the divisor in question must

be a linear combination of the Yukawa loci on C3 2) Any of these Yukawa loci Y7, Yo,

1/6"

Y3 admits a pullback description:

00(372>1/6 (Y1) = 00(3,2)1/6 (Y3) = Ko, C(3,2>1/6 7 OC(S’2>1/6 (¥Y2) = 2K 5, C(3,2)1/6 '
(C.2.45)
Therefore, the bundle must be of the form n - Kp, and the prefactor n is fixed
(3.2); /6
by the chiral index. This gives D(3,2)1/6 (A’(S 2)1/6) =3 ?le

0(3,2)1/6‘
C.2.3 Root bundle constraints

By repeating the intersection computations, we obtain the root bundle constraints as func-
tions of F% (c.f. 6.2.37)). Since we analyze the case F% = 18 in more detail momentarily,

let us list the root bundles for such base spaces explicitly:
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curve g P d  BN-theory

h Bl p
o | ®24 3 0 10
_ . P®db —

0(3?2)1/6 - V(ég, 39) 10 (3:2)1/6 s 0(3.2)1/6 12 4 1 6
5 2 0
KRl p
Caz) = 3 0 82
—_ |®66 4 1 78

82 Pg?;)—l/Z - KB” C ® 00(1»2)71/2(730 ’ Yl) 84

V (s3,525% + s1(s159 — $556)) D172
10 7 12
n Bl p
©36 - |®24 3 0 10
— — g - = B

CEa)_ays = V(ss:5) 10 (3.1)_2/3 1CGa)_y 2 4 1 6
5 2 0
h Bl p
C(g«,l)l/s = 3 0 82
—_ |®66 4 1 78

. 82 P<(}§316)1/3 = Kn, Cis ® OC<§»1)1/3 (=30-¥3) 84

V (s9, 5352 + s6(s156 — 5255)) CENVE!

10 7 12
n Bt p
P36 e ®24 3 0 10
Caay = Vst 85) 10 aa = Kaalg Pleo1
5 2 0

The parameter p from Brill-Noether theory [I50] provides a measure of how likely it
is to find a degree d line bundle with certain number of global sections — the larger p
is, the more likely such bundles exist. Notably, this parameter does not take the root
bundle constraints into account. See [128, [48] for an application of Brill-Noether theory

to F-theory and further explanations.

In F-theory Standard Model constructions, the toric base spaces must satisfy f% €
{6,10, 18,30} [32]. Therefore, let us list the root bundle constraints for these values of

f?]’g. For ease of presentation, we will merely list the constraints on C3 2), /6 and C(1 2y , P
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=3

Kp, curve g P d BN-theory
o on p
o2 = |01 3 0 4
o210 = Visars0) 1 (32)1/6 fa C3.2), 6 ‘ 4 1 0
5 2 -6
6 h Rt p
Caz) = 3.0 28
212 = |®30 4 1 24
9 28 P(1,2)71/2 - C1,2) ® OC(I 2) 1/2( 30-11) 30
V (s3, 5252 + s1(s189 — $556)) -1z
7T 4 0
Ko n p
w0 |216 3.0 6
C<3’2)1/6 = V(s3,59) 6 (321 ~ B8 C3,2)1/6 s 4 1 2
5 2 -4
10 o n p
Caz_y), = 3 0 46
920 =942 . 4 1 42
) 46 P(1,2),l/2 = 8By Caz ® OCu,le/? (=30-Y1) 48
\% (S;;, 5285 + 51(5189 — 5555)) =172
8 5 6
on p
o6 |02 30 10
C(3«2)1/<3 = V(S;;. éq) 10 (32)16 Bs 0(312)1/6 12 . . 6
5 2 0
18 W ont p
Caz ), = 3 0 82
936 o |®66 4 1 78
) 82 (1,2)_1pp — “*Bs Cany - @ 00(1.2)71/2 (=30-Y1) g4
V (s3, 252 + s1(s189 — $556)) =172
10 7 12
W ont p
960 = |®36 3 0 16
C3.2),,5 = V(s3,59) 16 Pa2),,, = KB Comne 18 L1
5 2 6
30 O hl p
Caz)_,), = 3 0 136
60 . ®102 4 1 132
, 136 | Pia) ., = Kb & Ocua._,,(=30-Y1) 138
V (s3, 252 + s1(s189 — $556)) H-1/2
13 10 6
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C.2.4 Limit roots in base space Psq

We consider the smooth, complete toric 3-fold base P39, whose Cox ring is Z8-graded

ry T2 X3 T4 I5 T Ty T L9 T10 L11

1 2 1 0 0 0 0 0 0 0 0
0 1 0 -2 1 0 0 0 0 0
0 2 0 -3 0 1 0 0 0 0 0
0 -1 0 1L 0 0 1 0 0 0 0 (C.2.46)
0o 1 0 -1 0 0 0 1 0 0 0
0 -1 0 2 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 10
0 -1 0 3 0 0 0 0 0 0 1

and whose Stanley-Reisner ideal is given by

Isgp = <w8$117$7$11, T6L11, X5L11, L4L11, L2L11, L9L105 L7L105 L6L105 L5L10,
T4T10, L2L10, LLY, LELY, L5L9, L4LY, L2L9, L7L8, LELY, LALY, L2, LELT, (0247)

T5X7, T4L7, T4T6, L2L6, L2X5, $1$3> .

P39 is a particular triangulation of the 39-th polytope in the Kreuzer-Skarke list of toric
threefolds [2], hence the name. It follows that F?}BQ = 18. Furthermore, for D; = V(x;),

we find non-trivial topological intersection numbers

D; D3 Dg D1

(C.2.48)
DKy, 3 3 6 6

The remaining divisors have vanishing topological intersection numbers. Even more, for
D; € {D4, D5, D7, Do}, we find D; -V (s;) - V(s;) = 0 for any s;,s; € H(Ps9, K p,,). The

divisors Dg, Dg, Do intersect the generic curve V' (s;, s;) trivially but admit non-trivial

269



intersections with non-generic curves.

In@ we discussed roots on the quark-doublet curve 0(5’2)1/6. Here, we provide details

on the limit roots on C(z 4y =V (59,5352 + s6(s156 — 5255)). We use

/
11 11
S1 — S¢ — S3, 82—>35—H:L‘i, Sg—)Hl‘i, (C.2.49)
=1 =1

and generic ss, S5, s¢ to deform this curve into

CZ§,1)1/3 =V (;1_1[1%785 _36> uv <111_1[1962785 _36> uv <:1_1[11'i735+56> =Q1UQ2UQ3.
(C.2.50)
It is important to verify that this curve is nodal so that we can apply the limit root
techniques outlined in[6.3] A computationally favorable description is that a point p is a
node if and only if the Jacobian matrices vanish identically at p but the Hessian matrix
does not [195]. Therefore, it is readily verified that for example, the points V(z1,s5 —

s6, 83 — S¢) are indeed nodes.

Consequently, we proceed to identify roots P that solve the root bundle constraint

(8113
in and admit exactly three sections. For this, it suffices to construct solutions to

[T R S 0 5.vy), O(C%. . Pt 3
( (3:1)1/3> o BS‘C' ® 0;5,1)1/3(_ Ys), < (3,1)1,3’ (371)1/3) T

(§,1)1/3

(C.2.51)
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where Y3 = V(s3, s6, S9). We notice that Y3 N Q1 = Y3 N Q3 = (), which implies

()] el
(3.1) T OB,
1/3 0 Q1
. ®6 _®l11 . ®11 . ®(=5) — |®6
P(§71)1/3 Q = Kn Q2 ©0qy(=5-¥3) = K Q2 Kby @ Kb, Q2
2
()] el
(3.1) T 0B
1/3 03 Qs
(C.2.52)
These observations allow us to draw a weighted graph, which encodes roots P('§ 1), on
»4+)1/3

C(§,1)1/3' This graph is displayed in

We find it important to mention that this graph is non-planar. This is remarkable because
all other dual graphs considered in this work are planar. To our knowledge, there does
not seem to be any result in the literature which suggests that the dual graph of a nodal
curve is necessarily planar. In fact, most of the literature, such as [I94] and [195], only
discuss examples of nodal curves with planar dual graphs. Although there are well-

known planarity criterion theorems, such as the Kuratowski’s theorem [215], we resorted

(3,1)1/3

A more minimalistic example of this sort is the nodal curve whose dual graph is K3 3.

to excessive computational checks to verify that C has a non-planar dual graph
There are many interesting questions concerning planarity that arise in graph theory,
such as criterion theorems [I89] [190], enumeration [191], and other variants of planarity
[192], 193]. However, the significance of non-planarity for the geometry of nodal curves is

unknown. We hope to return to this interesting question in the future.

Turning back to solving we note that the degrees of the roots encoded by [1§| are

listed in In particular, the total degree is d = 84, as expected for x (P~ =3

(§71)1/3)
on this g = 82 curve. Recall that we identify the number of global sections from [6.3.8]
i.e. we add the number of sections on all curve components except the exceptional P's,

which are colored in blue. Therefore, it suffices to focus on the curves C? L 036;21, C?z,
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ce, cd, 0?3 and Cy°. Each curve C’?l and C® admits 36 roots whereas Cg’* only
admits a unique root. These roots each have one section. It follows from that of
the roots on C}? L C?Z, C3Q2 and C§3, each curve admits at least 35 roots which have no
sections. We have thus found at least 362 - 35% solutions to In future works, we
wish to investigate which of these root bundles stem from F-theory gauge potentials in

Hp (Y, 2(2)).
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Figure 18: Weighted diagram of roots P



274

ch carries

nd ea

encoded by ﬁ Exceptional P's are indicated in blue a

(]
of roots P(§,1)1/ on

1.

Figure 19: Degrees

bundle of degree d



CHAPTER D: Chapter 7 Appendix

275



BIBLIOGRAPHY

[1] L. Lin, Gauge fluzes in F-theory compactifications, Ph.D. thesis, U. Heidelberg
(main), 2016. 10.11588/heidok.00021601.

[2] M. Kreuzer and H. Skarke, Classification of reflexive polyhedra in
three-dimensions, |Adv. Theor. Math. Phys. 2 (1998) 853 |hep-th/9805190]|.

[3] J. Polchinski, String theory. Vol. 1: An introduction to the bosonic string,
Cambridge Monographs on Mathematical Physics, Cambridge University Press
(12, 2007), 10.1017/CBO9780511816079.

[4] J. Polchinski, String theory. Vol. 2: Superstring theory and beyond, Cambridge
Monographs on Mathematical Physics, Cambridge University Press (12, 2007),
10.1017/CB0O9780511618123.

[5] M.B. Green, J.H. Schwarz and E. Witten, SUPERSTRING THEORY. VOL. 1:
INTRODUCTION, Cambridge Monographs on Mathematical Physics (7, 1988).

[6] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory Vol. 2: 25th
Anniversary Edition, Cambridge Monographs on Mathematical Physics,
Cambridge University Press (11, 2012), 10.1017/CB09781139248570.

[7] L.E. Ibanez and A.M. Uranga, String theory and particle physics: An introduction

to string phenomenology, Cambridge University Press (2, 2012).

[8] R. Blumenhagen, D. Liist and S. Theisen, Basic concepts of string theory,
Theoretical and Mathematical Physics, Springer, Heidelberg, Germany (2013),
10.1007/978-3-642-29497-6.

[9] E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443
(1995) 85| [nep-th/9503124].

[10] T. Kaluza, Zum Unitatsproblem der Physik, Sitzungsberichte der Koniglich
Preusischen Akademie der Wissenschaften (Berlin (1921) 966.

Physik 37 (1926) 895.

016L

[13] P. Candelas, G.T. Horowitz, A. Strominger and E. Witten, Vacuum
Configurations for Superstrings, Nucl. Phys. B 258 (1985) 46.

276

0. Klein, Quantentheorie und funfdimensionale Relativitatstheorie, Zeitschrift fur

O. Klein, The Atomicity of Electricity as a Quantum Theory Law, nat 118 (1926)


https://doi.org/10.4310/ATMP.1998.v2.n4.a5
https://arxiv.org/abs/hep-th/9805190
https://doi.org/10.1017/CBO9780511816079
https://doi.org/10.1017/CBO9780511618123
https://doi.org/10.1017/CBO9781139248570
https://doi.org/10.1007/978-3-642-29497-6
https://doi.org/10.1016/0550-3213(95)00158-O
https://doi.org/10.1016/0550-3213(95)00158-O
https://arxiv.org/abs/hep-th/9503124
https://doi.org/10.1007/BF01397481
https://doi.org/10.1007/BF01397481
https://doi.org/10.1038/118516a0
https://doi.org/10.1038/118516a0
https://doi.org/10.1016/0550-3213(85)90602-9

[14]

[15]

[16]

[17]

[18]

[25]

[26]
[27]

[28]

E. Calabi, On kédhler manifolds with vanishing canonical class, in Algebraic
Geometry and Topology, R.H. Fox, ed., pp. 7889, Princeton University Press
(2015), DOL.

S. Yau, On the ricci curvature of a compact kahler manifold and the complex
monge-ampere equation, i*, Communications on Pure and Applied Mathematics
31 (1978) 339.

J. Dai, R.G. Leigh and J. Polchinski, New Connections Between String Theories,
Modern Physics Letters A 4 (1989) 2073.

M. Berkooz, M.R. Douglas and R.G. Leigh, Branes intersecting at angles, Nucl.
Phys. B480 (1996) 265 [hep-th/9606139].

G. Aldazabal, S. Franco, L.E. Ibanez, R. Rabadan and A.M. Uranga, D = 4 chiral
string compactifications from intersecting branes, |J. Math. Phys. 42 (2001) 3103
[hep-th/0011073|.

G. Aldazabal, S. Franco, L.E. Ibanez, R. Rabadan and A.M. Uranga, Intersecting
brane worlds, JHEP 02 (2001) 047 [hep-ph/0011132].

L.E. Ibanez, F. Marchesano and R. Rabadan, Getting just the standard model at
intersecting branes, JHEP 11 (2001) 002 [hep-th/0105155|.

R. Blumenhagen, B. Kors, D. Liist and T. Ott, The standard model from stable
intersecting brane world orbifolds, Nucl. Phys. B616 (2001) 3 [hep-th/0107138].

M. Cveti¢, G. Shiu and A.M. Uranga, Three family supersymmetric standard - like
models from intersecting brane worlds, Phys. Rev. Lett. 87 (2001) 201801
[hep-th/0107143].

M. Cveti¢, G. Shiu and A.M. Uranga, Chiral four-dimensional N=1
supersymmetric type 2A orientifolds from intersecting D6 branes, |Nucl. Phys.
B615 (2001) 3 [hep-th/0107166.

R. Blumenhagen, M. Cvetic, P. Langacker and G. Shiu, Toward realistic
intersecting D-brane models, Ann. Rev. Nucl. Part. Sci. 55 (2005) 71
[hep-th/0502005].

D. Lust, Intersecting brane worlds: A Path to the standard model?, Class. Quant.
Grav. 21 (2004) S1399 [hep-th/0401156].

T. Weigand, F-theory, PoS TASI2017 (2018) 016 [1806.01854].
C. Vafa, Evidence for F theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022].

W. Taylor and Y.-N. Wang, A Monte Carlo exploration of threefold base
geometries for 4d F-theory vacua, JHEP 01 (2016) 137 [1510.04978|.

277


https://doi.org/doi:10.1515/9781400879915-006
https://doi.org/10.1142/S0217732389002331
https://doi.org/10.1016/S0550-3213(96)00452-X
https://doi.org/10.1016/S0550-3213(96)00452-X
https://arxiv.org/abs/hep-th/9606139
https://doi.org/10.1063/1.1376157
https://arxiv.org/abs/hep-th/0011073
https://doi.org/10.1088/1126-6708/2001/02/047
https://arxiv.org/abs/hep-ph/0011132
https://doi.org/10.1088/1126-6708/2001/11/002
https://arxiv.org/abs/hep-th/0105155
https://doi.org/10.1016/S0550-3213(01)00423-0
https://arxiv.org/abs/hep-th/0107138
https://doi.org/10.1103/PhysRevLett.87.201801
https://arxiv.org/abs/hep-th/0107143
https://doi.org/10.1016/S0550-3213(01)00427-8
https://doi.org/10.1016/S0550-3213(01)00427-8
https://arxiv.org/abs/hep-th/0107166
https://doi.org/10.1146/annurev.nucl.55.090704.151541
https://arxiv.org/abs/hep-th/0502005
https://doi.org/10.1088/0264-9381/21/10/013
https://doi.org/10.1088/0264-9381/21/10/013
https://arxiv.org/abs/hep-th/0401156
https://arxiv.org/abs/1806.01854
https://doi.org/10.1016/0550-3213(96)00172-1
https://arxiv.org/abs/hep-th/9602022
https://doi.org/10.1007/JHEP01(2016)137
https://arxiv.org/abs/1510.04978

[29] W. Taylor and Y.-N. Wang, The F-theory geometry with most flux vacua, JHEP
12 (2015) 164 [1511.03209].

[30] J. Halverson and J. Tian, Cost of seven-brane gauge symmetry in a quadrillion
F-theory compactifications, Phys. Rev. D 95 (2017) 026005 [1610.08864].

[31] J. Halverson, C. Long and B. Sung, Algorithmic universality in F-theory
compactifications, Phys. Rev. D 96 (2017) 126006 [1706.02299].

[32] M. Cveti¢, J. Halverson, L. Lin, M. Liu and J. Tian, Quadrillion F-Theory
Compactifications with the Exact Chiral Spectrum of the Standard Model, Phys.
Rev. Lett. 123 (2019) 101601/ [1903.00009)].

[33] W. Taylor, TASI Lectures on Supergravity and String Vacua in Various
Dimensions, 1104.2051.

. Weigand, Lectures on F-theory compactifications and model building, Class.
34| T. Weigand, L F-th ificati d model buildi Cl
Quant. Grav. 27 (2010) 214004 [1009.3497].

[35] A. Maharana and E. Palti, Models of Particle Physics from Type IIB String Theory
and F-theory: A Review, Int. J. Mod. Phys. A 28 (2013) 1330005 [1212.0555].

[36] T.W. Grimm and H. Hayashi, F-theory fluzes, Chirality and Chern-Simons
theories, JHEP 03 (2012) 027 [1111.1232].

[37] S. Krause, C. Mayrhofer and T. Weigand, Gauge Fluzes in F-theory and Type IIB
Orientifolds, JHEP 08 (2012) 119 [1202.3138].

[38] V. Braun, T.W. Grimm and J. Keitel, Geometric Engineering in Toric F-Theory
and GUTs with U(1) Gauge Factors, JHEP 12 (2013) 069 |1306.0577].

[39] M. Cveti¢, A. Grassi, D. Klevers and H. Piragua, Chiral Four-Dimensional
F-Theory Compactifications With SU(5) and Multiple U(1)-Factors, JHEP 04
(2014) 010 [1306.3987].

[40] M. Cvetic, D. Klevers, D.K.M. Pena, P.-K. Oehlmann and J. Reuter, Three-Family
Particle Physics Models from Global F-theory Compactifications, JHEP 08 (2015)
087 [1503.02068].

[41] L. Lin, C. Mayrhofer, O. Till and T. Weigand, Fluzes in F-theory
Compactifications on Genus-One Fibrations, JHEP 01 (2016) 098 [1508.00162].

[42] L. Lin and T. Weigand, G 4 -flux and standard model vacua in F-theory, Nucl.
Phys. B 913 (2016) 209 [1604.04292].

[43] S. Krause, C. Mayrhofer and T. Weigand, G4 fluz, chiral matter and singularity
resolution in F-theory compactifications, Nucl. Phys. B 858 (2012) 1 [1109.3454].

278


https://doi.org/10.1007/JHEP12(2015)164
https://doi.org/10.1007/JHEP12(2015)164
https://arxiv.org/abs/1511.03209
https://doi.org/10.1103/PhysRevD.95.026005
https://arxiv.org/abs/1610.08864
https://doi.org/10.1103/PhysRevD.96.126006
https://arxiv.org/abs/1706.02299
https://doi.org/10.1103/PhysRevLett.123.101601
https://doi.org/10.1103/PhysRevLett.123.101601
https://arxiv.org/abs/1903.00009
https://arxiv.org/abs/1104.2051
https://doi.org/10.1088/0264-9381/27/21/214004
https://doi.org/10.1088/0264-9381/27/21/214004
https://arxiv.org/abs/1009.3497
https://doi.org/10.1142/S0217751X13300056
https://arxiv.org/abs/1212.0555
https://doi.org/10.1007/JHEP03(2012)027
https://arxiv.org/abs/1111.1232
https://doi.org/10.1007/JHEP08(2012)119
https://arxiv.org/abs/1202.3138
https://doi.org/10.1007/JHEP12(2013)069
https://arxiv.org/abs/1306.0577
https://doi.org/10.1007/JHEP04(2014)010
https://doi.org/10.1007/JHEP04(2014)010
https://arxiv.org/abs/1306.3987
https://doi.org/10.1007/JHEP08(2015)087
https://doi.org/10.1007/JHEP08(2015)087
https://arxiv.org/abs/1503.02068
https://doi.org/10.1007/JHEP01(2016)098
https://arxiv.org/abs/1508.00162
https://doi.org/10.1016/j.nuclphysb.2016.09.008
https://doi.org/10.1016/j.nuclphysb.2016.09.008
https://arxiv.org/abs/1604.04292
https://doi.org/10.1016/j.nuclphysb.2011.12.013
https://arxiv.org/abs/1109.3454

[44] M. Cveti¢, L. Lin, M. Liu and P.-K. Ochlmann, An F-theory Realization of the
Chiral MSSM with Za-Parity, JHEP 09 (2018) 089 [1807.01320].

[45] M. Bies, C. Mayrhofer, C. Pehle and T. Weigand, Chow groups, Deligne
cohomology and massless matter in F-theory, 1402.5144.

[46] M. Bies, C. Mayrhofer and T. Weigand, Gauge Backgrounds and Zero-Mode
Counting in F-Theory, JHEP 11 (2017) 081/ [1706.04616].

[47] M. Bies, Cohomologies of coherent sheaves and massless spectra in F-theory, Ph.D.
thesis, Heidelberg U., 2, 2018. 1802.08860. 10.11588/heidok.00024045.

[48] M. Bies, M. Cveti¢, R. Donagi, L. Lin, M. Liu and F. Ruehle, Machine Learning
and Algebraic Approaches towards Complete Matter Spectra in 4d F-theory, JHEP
01 (2021) 196/ [2007.00009].

[49] M. Bies, M. Cveti¢, R. Donagi, M. Liu and M. Ong, Root Bundles and Towards
Ezxact Matter Spectra of F-theory MSSMs,2102.10115,

[50] M. Bies, M. Cveti¢ and M. Liu, Statistics of Limit Root Bundles Relevant for
Ezact Matter Spectra of F-Theory MSSMs, 2104 .08297.

[51] J.H. Schwarz, An SL(2,Z) multiplet of type IIB superstrings, Phys. Lett. B 360
(1995) 13| [hep-th/9508143).

[52] A. Sen, F theory and orientifolds, Nucl. Phys. B 475 (1996) 562
[hep-th/9605150].

[53] M.R. Gaberdiel and B. Zwiebach, Exceptional groups from open strings, Nucl.
Phys. B 518 (1998) 151 [hep-th/9709013].

[54] M.R. Gaberdiel, T. Hauer and B. Zwiebach, Open string-string junction
transitions, Nucl. Phys. B 525 (1998) 117 [hep-th/9801205].

[55] O. DeWolfe and B. Zwiebach, String junctions for arbitrary Lie algebra
representations, Nucl. Phys. B 541 (1999) 509 [hep-th/9804210].

[56] K. Kodaira, On the structure of compact complex analytic surfaces, ii, American
Journal of Mathematics 88 (1966) 682.

[57] A. Grassi and D.R. Morrison, Anomalies and the Euler characteristic of elliptic
Calabi-Yau threefolds, Commun. Num. Theor. Phys. 6 (2012) 51 [1109.0042].

[58] A. Grassi and D.R. Morrison, Group representations and the Euler characteristic
of elliptically fibered Calabi-Yau threefolds, math/0005196.

[59] R. Donagi and M. Wijnholt, Model Building with F-Theory, Adv. Theor. Math.
Phys. 15 (2011) 1237 [0802.2969].

279


https://doi.org/10.1007/JHEP09(2018)089
https://arxiv.org/abs/1807.01320
https://arxiv.org/abs/1402.5144
https://doi.org/10.1007/JHEP11(2017)081
https://arxiv.org/abs/1706.04616
https://arxiv.org/abs/1802.08860
https://doi.org/10.1007/JHEP01(2021)196
https://doi.org/10.1007/JHEP01(2021)196
https://arxiv.org/abs/2007.00009
https://arxiv.org/abs/2102.10115
https://arxiv.org/abs/2104.08297
https://doi.org/10.1016/0370-2693(95)01405-5
https://doi.org/10.1016/0370-2693(95)01405-5
https://arxiv.org/abs/hep-th/9508143
https://doi.org/10.1016/0550-3213(96)00347-1
https://arxiv.org/abs/hep-th/9605150
https://doi.org/10.1016/S0550-3213(97)00841-9
https://doi.org/10.1016/S0550-3213(97)00841-9
https://arxiv.org/abs/hep-th/9709013
https://doi.org/10.1016/S0550-3213(98)00290-9
https://arxiv.org/abs/hep-th/9801205
https://doi.org/10.1016/S0550-3213(98)00743-3
https://arxiv.org/abs/hep-th/9804210
https://doi.org/10.4310/CNTP.2012.v6.n1.a2
https://arxiv.org/abs/1109.0042
https://arxiv.org/abs/math/0005196
https://doi.org/10.4310/ATMP.2011.v15.n5.a2
https://doi.org/10.4310/ATMP.2011.v15.n5.a2
https://arxiv.org/abs/0802.2969

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

C. Beasley, J.J. Heckman and C. Vafa, GUTs and FExceptional Branes in F-theory
- I, JHEP 01 (2009) 058 [0802.3391].

C. Beasley, J.J. Heckman and C. Vafa, GUTs and Exceptional Branes in F-theory
- II: Experimental Predictions, JHEP 01 (2009) 059 [0806.0102].

R. Donagi and M. Wijnholt, Breaking GUT Groups in F-Theory, |Adv. Theor.
Math. Phys. 15 (2011) 1523 [0808.2223|.

E. Dudas and E. Palti, Froggatt-Nielsen models from E(8) in F-theory GUTs,
JHEP 01 (2010) 127/ [0912.0853].

D.R. Morrison and C. Vafa, Compactifications of F theory on Calabi-Yau
threefolds. 2., Nucl. Phys. B476 (1996) 437 [hep-th/9603161].

T.W. Grimm and T. Weigand, On Abelian Gauge Symmetries and Proton Decay
in Global F-theory GUTs, Phys. Rev. D82 (2010) 086009 [1006.0226].

D.R. Morrison and D.S. Park, F-Theory and the Mordell-Weil Group of
Elliptically-Fibered Calabi-Yau Threefolds, JHEP 10 (2012) 128 [1208.2695].

M. Cveti¢, T.W. Grimm and D. Klevers, Anomaly Cancellation And Abelian
Gauge Symmetries In F-theory, JHEP 02 (2013) 101 [1210.6034].

C. Mayrhofer, E. Palti and T. Weigand, U(1) symmetries in F-theory GUTs with
multiple sections, JHEP 03 (2013) 098 [1211.6742|.

J. Borchmann, C. Mayrhofer, E. Palti and T. Weigand, SU(5) Tops with Multiple
U(1)s in F-theory, Nucl. Phys. B882 (2014) 1 [1307.2902|.

S. Krippendorf, D.K. Mayorga Pena, P.-K. Oehlmann and F. Ruehle, Rational
F-Theory GUTs without ezotics, JHEP 07 (2014) 013 [1401.5084].

C. Lawrie, S. Schafer-Nameki and J.-M. Wong, F-theory and All Things Rational:
Surveying U(1) Symmetries with Rational Sections, JHEP 09 (2015) 144
[1504.05593].

S. Krippendorf, S. Schafer-Nameki and J.-M. Wong, Froggatt-Nielsen meets
Mordell-Weil: A Phenomenological Survey of Global F-theory GUTs with U(1)s,
JHEP 11 (2015) 008 [1507.05961].

A.P. Braun, A. Collinucci and R. Valandro, Hypercharge flux in F-theory and the
stable Sen limit, JHEP 07 (2014) 121 [1402.4096].

J. Marsano, H. Clemens, T. Pantev, S. Raby and H.-H. Tseng, A Global SU(5)
F-theory model with Wilson line breaking, JHEP 01 (2013) 150 [1206.6132].

280


https://doi.org/10.1088/1126-6708/2009/01/058
https://arxiv.org/abs/0802.3391
https://doi.org/10.1088/1126-6708/2009/01/059
https://arxiv.org/abs/0806.0102
https://doi.org/10.4310/ATMP.2011.v15.n6.a1
https://doi.org/10.4310/ATMP.2011.v15.n6.a1
https://arxiv.org/abs/0808.2223
https://doi.org/10.1007/JHEP01(2010)127
https://arxiv.org/abs/0912.0853
https://doi.org/10.1016/0550-3213(96)00369-0
https://arxiv.org/abs/hep-th/9603161
https://doi.org/10.1103/PhysRevD.82.086009
https://arxiv.org/abs/1006.0226
https://doi.org/10.1007/JHEP10(2012)128
https://arxiv.org/abs/1208.2695
https://doi.org/10.1007/JHEP02(2013)101
https://arxiv.org/abs/1210.6034
https://doi.org/10.1007/JHEP03(2013)098
https://arxiv.org/abs/1211.6742
https://doi.org/10.1016/j.nuclphysb.2014.02.006
https://arxiv.org/abs/1307.2902
https://doi.org/10.1007/JHEP07(2014)013
https://arxiv.org/abs/1401.5084
https://doi.org/10.1007/JHEP09(2015)144
https://arxiv.org/abs/1504.05593
https://doi.org/10.1007/JHEP11(2015)008
https://arxiv.org/abs/1507.05961
https://doi.org/10.1007/JHEP07(2014)121
https://arxiv.org/abs/1402.4096
https://doi.org/10.1007/JHEP01(2013)150
https://arxiv.org/abs/1206.6132

[75]

[76]

[77]

[78]

[79]

[30]

[81]

[82]

[83]

[84]

[85]

[36]

K.-S. Choi, On the Standard Model Group in F-theory, Eur. Phys. J. C74 (2014)
2939 [1309.7297|.

L. Lin and T. Weigand, Towards the Standard Model in F-theory, Fortsch. Phys.
63 (2015) 55/ [1406.6071].

L.M. Krauss and F. Wilczek, Discrete Gauge Symmetry in Continuum Theories,
Phys. Rev. Lett. 62 (1989) 1221.

T. Banks and N. Seiberg, Symmetries and Strings in Field Theory and Gravity,
Phys. Rev. D83 (2011) 084019 [1011.5120].

L. Ibanez and G. Ross, Discrete gauge symmetry anomalies, Physics Letters B
260 (1991) 291

R. Barbier et al., R-parity violating supersymmetry, Phys. Rept. 420 (2005) 1
[hep-ph/0406039).

Y. Kao and T. Takeuchi, Single-Coupling Bounds on R-parity violating
Supersymmetry, an update, 0910 .4980.

D. Klevers, D.K. Mayorga Pena, P.-K. Oehlmann, H. Piragua and J. Reuter,
F-Theory on all Toric Hypersurface Fibrations and its Higgs Branches, JHEP 01
(2015) 142| [1408.4808).

T.W. Grimm, A. Kapfer and D. Klevers, The Arithmetic of Elliptic Fibrations in
Gauge Theories on a Circle, JHEP 06 (2016) 112 [1510.04281].

V. Braun and D.R. Morrison, F-theory on Genus-One Fibrations, JHEP 08 (2014)
132 [1401.7844)].

L.B. Anderson, I.n. Garcia-Etxebarria, T.W. Grimm and J. Keitel, Physics of
F-theory compactifications without section, JHEP 12 (2014) 156/ [1406.5180].

I.n. Garcia-Etxebarria, T.W. Grimm and J. Keitel, Yukawas and discrete
symmetries in F-theory compactifications without section, JHEP 11 (2014) 125
[1408.6448)].

C. Mayrhofer, E. Palti, O. Till and T. Weigand, Discrete Gauge Symmetries by
Higgsing in four-dimensional F-Theory Compactifications, JHEP 12 (2014) 068
[1408.6831).

C. Mayrhofer, E. Palti, O. Till and T. Weigand, On Discrete Symmetries and
Torsion Homology in F-Theory, JHEP 06 (2015) 029/ [1410.7814].

M. Cveti¢, R. Donagi, D. Klevers, H. Piragua and M. Poretschkin, F-theory vacua
with Zs gauge symmetry, Nucl. Phys. B 898 (2015) 736/ [1502.06953].

281


https://doi.org/10.1140/epjc/s10052-014-2939-7
https://doi.org/10.1140/epjc/s10052-014-2939-7
https://arxiv.org/abs/1309.7297
https://doi.org/10.1002/prop.201400072
https://doi.org/10.1002/prop.201400072
https://arxiv.org/abs/1406.6071
https://doi.org/10.1103/PhysRevLett.62.1221
https://doi.org/10.1103/PhysRevD.83.084019
https://arxiv.org/abs/1011.5120
https://doi.org/https://doi.org/10.1016/0370-2693(91)91614-2
https://doi.org/https://doi.org/10.1016/0370-2693(91)91614-2
https://doi.org/10.1016/j.physrep.2005.08.006
https://arxiv.org/abs/hep-ph/0406039
https://arxiv.org/abs/0910.4980
https://doi.org/10.1007/JHEP01(2015)142
https://doi.org/10.1007/JHEP01(2015)142
https://arxiv.org/abs/1408.4808
https://doi.org/10.1007/JHEP06(2016)112
https://arxiv.org/abs/1510.04281
https://doi.org/10.1007/JHEP08(2014)132
https://doi.org/10.1007/JHEP08(2014)132
https://arxiv.org/abs/1401.7844
https://doi.org/10.1007/JHEP12(2014)156
https://arxiv.org/abs/1406.5180
https://doi.org/10.1007/JHEP11(2014)125
https://arxiv.org/abs/1408.6448
https://doi.org/10.1007/JHEP12(2014)068
https://arxiv.org/abs/1408.6831
https://doi.org/10.1007/JHEP06(2015)029
https://arxiv.org/abs/1410.7814
https://doi.org/10.1016/j.nuclphysb.2015.07.011
https://arxiv.org/abs/1502.06953

[90] P. Candelas and A. Font, Duality between the webs of heterotic and type II vacua,
Nucl. Phys. B 511 (1998) 295 [hep-th/9603170].

[91] V. Bouchard and H. Skarke, Affine Kac-Moody algebras, CHL strings and the
classification of tops, Adv. Theor. Math. Phys. 7 (2003) 205 [hep-th/0303218|.

[92] W. Buchmuller, M. Dierigl, P.-K. Oehlmann and F. Ruehle, The Toric SO(10)
F-Theory Landscape, JHEP 12 (2017) 035 [1709.06609].

[93] M. Cvetic and L. Lin, The Global Gauge Group Structure of F-theory
Compactification with U(1)s, JHEP 01 (2018) 157 [1706.08521].

[94] W. Decker, G.-M. Greuel, G. Pfister and H. Schénemann, “SINGULAR 4-2-0 — A
computer algebra system for polynomial computations.”
http://www.singular.uni-kl.de, 2020.

[95] K. Dasgupta, G. Rajesh and S. Sethi, M theory, orientifolds and G - flux, JHEP
08 (1999) 023/ [hep-th/9908088).

[96] D.K. Mayorga Pena and R. Valandro, Weak coupling limit of F-theory models with
MSSM spectrum and massless U(1)’s, JHEP 03 (2018) 107 [1708.09452].

[97] E. Witten, On flur quantization in M theory and the effective action, J. Geom.
Phys. 22 (1997) 1 [hep-th/9609122].

[98] S. Sethi, C. Vafa and E. Witten, Constraints on low dimensional string
compactifications, Nucl. Phys. B 480 (1996) 213/ [hep-th/9606122].

[99] H.K. Dreiner, C. Luhn and M. Thormeier, What is the discrete gauge symmetry of
the MSSM?, Phys. Rev. D 73 (2006) 075007 [hep-ph/0512163|.

[100] T.W. Grimm, T.G. Pugh and D. Regalado, Non-Abelian discrete gauge
symmetries in F-theory, JHEP 02 (2016) 066 [1504.06272].

[101] V. Braun, M. Cvetic, R. Donagi and M. Poretschkin, Type II String Theory on
Calabi- Yau Manifolds with Torsion and Non-Abelian Discrete Gauge Symmetries,
JHEP 07 (2017) 129 [1702.08071).

[102] M. Cveti¢, J.J. Heckman and L. Lin, Towards Ezxotic Matter and Discrete
Non-Abelian Symmetries in F-theory, JHEP 11 (2018) 001 [1806.10594].

[103] V. Braun, T.W. Grimm and J. Keitel, Complete Intersection Fibers in F-Theory,
JHEP 03 (2015) 125 [1411.2615].

[104] P.-K. Oehlmann, J. Reuter and T. Schimannek, Mordell-Weil Torsion in the
Mirror of Multi-Sections, JHEP 12 (2016) 031/ [1604.00011].

282


https://doi.org/10.1016/S0550-3213(96)00410-5
https://arxiv.org/abs/hep-th/9603170
https://doi.org/10.4310/ATMP.2003.v7.n2.a1
https://arxiv.org/abs/hep-th/0303218
https://doi.org/10.1007/JHEP12(2017)035
https://arxiv.org/abs/1709.06609
https://doi.org/10.1007/JHEP01(2018)157
https://arxiv.org/abs/1706.08521
http://www.singular.uni-kl.de
https://doi.org/10.1088/1126-6708/1999/08/023
https://doi.org/10.1088/1126-6708/1999/08/023
https://arxiv.org/abs/hep-th/9908088
https://doi.org/10.1007/JHEP03(2018)107
https://arxiv.org/abs/1708.09452
https://doi.org/10.1016/S0393-0440(96)00042-3
https://doi.org/10.1016/S0393-0440(96)00042-3
https://arxiv.org/abs/hep-th/9609122
https://doi.org/10.1016/S0550-3213(96)00483-X
https://arxiv.org/abs/hep-th/9606122
https://doi.org/10.1103/PhysRevD.73.075007
https://arxiv.org/abs/hep-ph/0512163
https://doi.org/10.1007/JHEP02(2016)066
https://arxiv.org/abs/1504.06272
https://doi.org/10.1007/JHEP07(2017)129
https://arxiv.org/abs/1702.08071
https://doi.org/10.1007/JHEP11(2018)001
https://arxiv.org/abs/1806.10594
https://doi.org/10.1007/JHEP03(2015)125
https://arxiv.org/abs/1411.2615
https://doi.org/10.1007/JHEP12(2016)031
https://arxiv.org/abs/1604.00011

[105] Y. Kimura, Discrete Gauge Groups in F-theory Models on Genus-One Fibered
Calabi-Yau 4-folds without Section, JHEP 04 (2017) 168 [1608.07219|.

[106] S. Ashok and M.R. Douglas, Counting flur vacua, JHEP 01 (2004) 060
[hep-th/0307049).

[107] R. Blumenhagen, F. Gmeiner, G. Honecker, D. List and T. Weigand, The
Statistics of supersymmetric D-brane models, Nucl. Phys. B713 (2005) 83
[hep-th/0411173].

[108] L.B. Anderson, J. Gray, A. Lukas and E. Palti, Heterotic Line Bundle Standard
Models, JHEP 06 (2012) 113| [1202.1757).

[109] V. Braun, Y.-H. He, B.A. Ovrut and T. Pantev, A Heterotic standard model,
Phys. Lett. B618 (2005) 252 [hep-th/0501070].

[110] V. Bouchard and R. Donagi, An SU(5) heterotic standard model, Phys. Lett.
B633 (2006) 783/ fnep-th/0512149).

[111] A. Collinucci and R. Savelli, On Fluz Quantization in F-Theory, JHEP 02 (2012)

015/[1011.6388].

[112] K. Intriligator, H. Jockers, P. Mayr, D.R. Morrison and M.R. Plesser, Conifold
Transitions in M-theory on Calabi-Yau Fourfolds with Background Fluzes, |Adv.
Theor. Math. Phys. 17 (2013) 601 [1203.6662).

[113] T.W. Grimm, The N=1 effective action of F-theory compactifications, Nucl. Phys.

B845 (2011) 48| [1008.4133].

[114] T.W. Grimm, M. Kerstan, E. Palti and T. Weigand, Massive Abelian Gauge
Symmetries and Fluzes in F-theory, JHEP 12 (2011) 004 [1107.3842].

[115] D.S. Park, Anomaly Equations and Intersection Theory, JHEP 01 (2012) 093
[1111.2351].

[116] W. Stein et al., Sage Mathematics Software (Version 8.4). The Sage Development

Team, 2018.

[117] F. Bonetti and T.W. Grimm, Siz-dimensional (1,0) effective action of F-theory via

M-theory on Calabi-Yau threefolds, JHEP 05 (2012) 019|[1112.1082].

[118] M. Demirtas, C. Long, L. McAllister and M. Stillman, The Kreuzer-Skarke
Auzxiverse, 1808.01282.

[119] O.J. Ganor, A Note on zeros of superpotentials in F theory, Nucl. Phys. B499
(1997) 55| [hep-th/9612077).

283


https://doi.org/10.1007/JHEP04(2017)168
https://arxiv.org/abs/1608.07219
https://doi.org/10.1088/1126-6708/2004/01/060
https://arxiv.org/abs/hep-th/0307049
https://doi.org/10.1016/j.nuclphysb.2005.02.005
https://arxiv.org/abs/hep-th/0411173
https://doi.org/10.1007/JHEP06(2012)113
https://arxiv.org/abs/1202.1757
https://doi.org/10.1016/j.physletb.2005.05.007
https://arxiv.org/abs/hep-th/0501070
https://doi.org/10.1016/j.physletb.2005.12.042
https://doi.org/10.1016/j.physletb.2005.12.042
https://arxiv.org/abs/hep-th/0512149
https://doi.org/10.1007/JHEP02(2012)015
https://doi.org/10.1007/JHEP02(2012)015
https://arxiv.org/abs/1011.6388
https://doi.org/10.4310/ATMP.2013.v17.n3.a2
https://doi.org/10.4310/ATMP.2013.v17.n3.a2
https://arxiv.org/abs/1203.6662
https://doi.org/10.1016/j.nuclphysb.2010.11.018
https://doi.org/10.1016/j.nuclphysb.2010.11.018
https://arxiv.org/abs/1008.4133
https://doi.org/10.1007/JHEP12(2011)004
https://arxiv.org/abs/1107.3842
https://doi.org/10.1007/JHEP01(2012)093
https://arxiv.org/abs/1111.2351
https://doi.org/10.1007/JHEP05(2012)019
https://arxiv.org/abs/1112.1082
https://arxiv.org/abs/1808.01282
https://doi.org/10.1016/S0550-3213(97)00311-8
https://doi.org/10.1016/S0550-3213(97)00311-8
https://arxiv.org/abs/hep-th/9612077

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

133

[134]

[135]

P. Berglund, T. Hubsch and L. Parkes, Gauge Neutral Matter in Three Generation
Superstring Compactifications, Mod. Phys. Lett. A 5 (1990) 1485.

P. Berglund and T. Hubsch, Twisted three generation compactification, |[Phys. Lett.
B 260 (1991) 32.

R. Donagi, Y.-H. He, B.A. Ovrut and R. Reinbacher, Moduli dependent spectra of
heterotic compactifications, Phys. Lett. B 598 (2004) 279 [hep-th/0403291].

R. Donagi, Y.-H. He, B.A. Ovrut and R. Reinbacher, The Particle spectrum of
heterotic compactifications, JHEP 12 (2004) 054 [hep-th/0405014].

V. Bouchard, M. Cveti¢ and R. Donagi, Tri-linear couplings in an heterotic
minimal supersymmetric standard model, |Nucl. Phys. B745 (2006) 62
[hep-th/0602096].

E.I. Buchbinder, A. Lukas, B.A. Ovrut and F. Ruehle, Heterotic Instantons for
Monad and Extension Bundles, JHEP 02 (2020) 081/ [1912.07222].

E.I. Buchbinder, A. Lukas, B.A. Ovrut and F. Ruehle, Instantons and Hilbert
Functions, 1912.08358.

J. Gray and J. Wang, Jumping Spectra and Vanishing Couplings in Heterotic Line
Bundle Standard Models, JHEP 11 (2019) 073 [1906.09373].

T. Watari, Vector-like pairs and Brill-Noether theory, Phys. Lett. B 762 (2016)
145 [1608.00248].

A.P. Braun, A. Collinucci and R. Valandro, G-fluz in F-theory and algebraic
cycles, Nucl. Phys. B856 (2012) 129 [1107.5337].

J. Marsano and S. Schafer-Nameki, Yukawas, G-flux, and Spectral Covers from
Resolved Calabi-Yau’s, JHEP 11 (2011) 098/ [1108.1794].

T.W. Grimm and H. Hayashi, F-theory fluzes, Chirality and Chern-Simons
theories, JHEP 1203 (2012) 027 [1111.1232].

C. Mayrhofer, E. Palti and T. Weigand, Hypercharge Flux in IIB and F-theory:
Anomalies and Gauge Coupling Unification, JHEP 09 (2013) 082 [1303.3589].

G. Curio and R.Y. Donagi, Moduli in N=1 heterotic / F theory duality, Nucl.Phys.
B518 (1998) 603/ [hep-th/9801057].

R. Donagi and M. Wijnholt, Gluing Branes, I, JHEP 1305 (2013) 068
[1104.2610).

R. Donagi and M. Wijnholt, Gluing Branes II: Flavour Physics and String
Duality, JHEP 05 (2013) 092 [1112.4854].

284


https://doi.org/10.1142/S0217732390001694
https://doi.org/10.1016/0370-2693(91)90965-S
https://doi.org/10.1016/0370-2693(91)90965-S
https://doi.org/10.1016/j.physletb.2004.08.010
https://arxiv.org/abs/hep-th/0403291
https://doi.org/10.1088/1126-6708/2004/12/054
https://arxiv.org/abs/hep-th/0405014
https://doi.org/10.1016/j.nuclphysb.2006.03.032
https://arxiv.org/abs/hep-th/0602096
https://doi.org/10.1007/JHEP02(2020)081
https://arxiv.org/abs/1912.07222
https://arxiv.org/abs/1912.08358
https://doi.org/10.1007/JHEP11(2019)073
https://arxiv.org/abs/1906.09373
https://doi.org/10.1016/j.physletb.2016.09.006
https://doi.org/10.1016/j.physletb.2016.09.006
https://arxiv.org/abs/1608.00248
https://doi.org/10.1016/j.nuclphysb.2011.10.034
https://arxiv.org/abs/1107.5337
https://doi.org/10.1007/JHEP11(2011)098
https://arxiv.org/abs/1108.1794
https://doi.org/10.1007/JHEP03(2012)027
https://arxiv.org/abs/1111.1232
https://doi.org/10.1007/JHEP09(2013)082
https://arxiv.org/abs/1303.3589
https://doi.org/10.1016/S0550-3213(98)00185-0
https://doi.org/10.1016/S0550-3213(98)00185-0
https://arxiv.org/abs/hep-th/9801057
https://doi.org/10.1007/JHEP05(2013)068
https://arxiv.org/abs/1104.2610
https://doi.org/10.1007/JHEP05(2013)092
https://arxiv.org/abs/1112.4854

[136] L.B. Anderson, J.J. Heckman and S. Katz, T-Branes and Geometry, JHEP 05
(2014) 080 [1310.1931].

[137] Y.-H. He, Deep-Learning the Landscape, 1706.02714.

[138] D. Krefl and R.-K. Seong, Machine Learning of Calabi-Yau Volumes, Phys. Rev. D
96 (2017) 066014 [1706.03346).

[139] F. Ruehle, Fvolving neural networks with genetic algorithms to study the String
Landscape, JHEP 08 (2017) 038 [1706.07024].

[140] J. Carifio, J. Halverson, D. Krioukov and B.D. Nelson, Machine Learning in the
String Landscape, JHEP 09 (2017) 157 [1707.00655].

[141] F. Ruehle, Data science applications to string theory, Phys. Rept. 839 (2020) 1.

[142] D. Klaewer and L. Schlechter, Machine Learning Line Bundle Cohomologies of
Hypersurfaces in Toric Varieties, Phys. Lett. B 789 (2019) 438 [1809.02547].

[143] C.R. Brodie, A. Constantin, R. Deen and A. Lukas, Machine Learning Line
Bundle Cohomology, 1906.08730.

[144] C.R. Brodie, A. Constantin, R. Deen and A. Lukas, Topological Formulae for the
Zeroth Cohomology of Line Bundles on Surfaces, 1906.08363.

[145] C.R. Brodie, A. Constantin, R. Deen and A. Lukas, Index Formulae for Line
Bundle Cohomology on Complex Surfaces, [1906.08769.

[146] M. Bies, “SheafCohomologyOnToricVarieties.”
https://github.com/homalg-project/ToricVarieties_project/tree/
master/SheafCohomologyOnToricVarieties, 2020.

[147) M. Bies, M. Cveti¢, R. Donagi, L. Lin, M. Liu and F. Riihle, “Database.”
https://github.com/Learning-line-bundle-cohomology/Database) 2020.

[148] M. Bies, “HOApproximator.” https://github.com/homalg-project/
ToricVarieties_project/tree/master/HOApproximator, 2020.

[149] M. Cveti¢ and L. Lin, TASI Lectures on Abelian and Discrete Symmetries in
F-theory, |PoS TASI2017 (2018) 020 [1809.00012].

[150] Brill, Ueber die algebraischen Functionen und ihre Anwendung in der Geometrie.
(Zus. mit Noether), Mathematische Annalen 7 (1874) 269.

[151] D. Mumford, Curves and their Jacobians, The Ziwet Lectures, University of
Michigan Press (1975).

285


https://doi.org/10.1007/JHEP05(2014)080
https://doi.org/10.1007/JHEP05(2014)080
https://arxiv.org/abs/1310.1931
https://arxiv.org/abs/1706.02714
https://doi.org/10.1103/PhysRevD.96.066014
https://doi.org/10.1103/PhysRevD.96.066014
https://arxiv.org/abs/1706.03346
https://doi.org/10.1007/JHEP08(2017)038
https://arxiv.org/abs/1706.07024
https://doi.org/10.1007/JHEP09(2017)157
https://arxiv.org/abs/1707.00655
https://doi.org/10.1016/j.physrep.2019.09.005
https://doi.org/10.1016/j.physletb.2019.01.002
https://arxiv.org/abs/1809.02547
https://arxiv.org/abs/1906.08730
https://arxiv.org/abs/1906.08363
https://arxiv.org/abs/1906.08769
https://github.com/homalg-project/ToricVarieties_project/tree/master/SheafCohomologyOnToricVarieties
https://github.com/homalg-project/ToricVarieties_project/tree/master/SheafCohomologyOnToricVarieties
https://github.com/Learning-line-bundle-cohomology/Database
https://github.com/homalg-project/ToricVarieties_project/tree/master/H0Approximator
https://github.com/homalg-project/ToricVarieties_project/tree/master/H0Approximator
https://doi.org/10.22323/1.305.0020
https://arxiv.org/abs/1809.00012

[152]

[153]

[154]

[155]

[156]

[157]

158

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

P.A. Griffiths and J. Harris, Principles of algebraic geometry, Wiley classics
library, Wiley, New York, NY (1994).

P. Griffiths and J. Harris, On the variety of special linear systems on a general
algebraic curve, Duke Math. J. 47 (1980) 233.

I. Bacharach, Ueber den Cayley’schen Schnittpunktsatz, |Mathematische Annalen
26 (1886) 275.

C. Arthur, “On the Intersection of Curves.” online, 1889.

D. Eisenbud, M. Green and J. Harris, Cayley-Bacharach theorems and conjectures,
Bulletin of the American Mathematical Society 33 (1996) 295.

D.R. Grayson and M.E. Stillman, “Macaulay2, a software system for research in
algebraic geometry.” Available at http://www.math.uiuc.edu/Macaulay2/.

W. Bosma, J. Cannon and C. Playoust, The Magma algebra system. I. The user
language, |J. Symbolic Comput. 24 (1997) 235.

B.R. Greene, D.R. Morrison and M.R. Plesser, Mirror manifolds in higher
dimension, |Commun. Math. Phys. 173 (1995) 559 [hep-th/9402119].

A.P. Braun and T. Watari, The Vertical, the Horizontal and the Rest: anatomy of
the middle cohomology of Calabi-Yau fourfolds and F-theory applications, | JHEP
01 (2015) 047 [1408.6167)].

B.R. Greene, K.H. Kirklin, P.J. Miron and G.G. Ross, A Superstring Inspired
Standard Model, Phys. Lett. B180 (1986) 69.

L.B. Anderson, J. Gray, Y.-H. He and A. Lukas, Fxploring Positive Monad
Bundles And A New Heterotic Standard Model, JHEP 02 (2010) 054 [0911.1569].

L.B. Anderson, J. Gray, A. Lukas and E. Palti, Two Hundred Heterotic Standard
Models on Smooth Calabi-Yau Threefolds, Phys. Rev. D84 (2011) 106005
[1106.4804].

T.L. Gomez, S. Lukic and 1. Sols, Constraining the Kahler moduli in the heterotic
standard model, Commun. Math. Phys. 276 (2007) 1 [hep-th/0512205].

V. Bouchard and R. Donagi, On heterotic model constraints, JHEP 08 (2008) 060
[0804.2096].

D.R. Morrison and C. Vafa, Compactifications of F theory on Calabi- Yau
threefolds. 1, Nucl. Phys. B473 (1996) 74 [hep-th/9602114].

D.R. Morrison and C. Vafa, Compactifications of F theory on Calabi-Yau
threefolds. 2., Nucl. Phys. B476 (1996) 437 [hep-th/9603161].

286


https://doi.org/10.1215/S0012-7094-80-04717-1
https://doi.org/10.1007/BF01444338
https://doi.org/10.1007/BF01444338
https://doi.org/10.1090/s0273-0979-96-00666-0
http://www.math.uiuc.edu/Macaulay2/
https://doi.org/10.1006/jsco.1996.0125
https://doi.org/10.1007/BF02101657
https://arxiv.org/abs/hep-th/9402119
https://doi.org/10.1007/JHEP01(2015)047
https://doi.org/10.1007/JHEP01(2015)047
https://arxiv.org/abs/1408.6167
https://doi.org/10.1016/0370-2693(86)90137-1
https://doi.org/10.1007/JHEP02(2010)054
https://arxiv.org/abs/0911.1569
https://doi.org/10.1103/PhysRevD.84.106005
https://arxiv.org/abs/1106.4804
https://doi.org/10.1007/s00220-007-0338-8
https://arxiv.org/abs/hep-th/0512205
https://doi.org/10.1088/1126-6708/2008/08/060
https://arxiv.org/abs/0804.2096
https://doi.org/10.1016/0550-3213(96)00242-8
https://arxiv.org/abs/hep-th/9602114
https://doi.org/10.1016/0550-3213(96)00369-0
https://arxiv.org/abs/hep-th/9603161

168

[169]

[170]

[171]

[172]

[173]

[174]

[175]

176

[177)

[178]

[179]

[180]

[181]

[182]

The Toric Varieties project authors, “The ToricVarieties project.”
(https://github.com/homalg-project/ToricVarieties_project), 2019-2020.

The Sage Developers, “Sagemath, the Sage Mathematics Software System
(Version 8.5).” http://www.sagemath.org, 2018.

L. Caporaso, C. Casagrande and M. Cornalba, Moduli of Roots of Line Bundles on
Curves, Transactions of the American Mathematical Society 359 (2007) 3733
[math/0404078).

G. Farkas and M. Kemeny, The Prym—Green conjecture for torsion line bundles of
high order, Duke Mathematical Journal 166 (2017) 1103-1124/ [1509.07162].

H. Hayashi, R. Tatar, Y. Toda, T. Watari and M. Yamazaki, New Aspects of
Heterotic-F Theory Duality, Nucl. Phys. B 806 (2009) 224 [0805.1057].

R. Donagi and M. Wijnholt, Higgs Bundles and UV Completion in F-Theory,
Commun. Math. Phys. 326 (2014) 287 [0904.1218].

J.J. Heckman, Particle Physics Implications of F-theory, |Ann. Rev. Nucl. Part.
Seci. 60 (2010) 237/ [1001.0577].

S. Greiner and T.W. Grimm, On Mirror Symmetry for Calabi- Yau Fourfolds with
Three-Form Cohomology, JHEP 09 (2016) 073 [1512.04859).

S. Greiner and T.W. Grimm, Three-form periods on Calabi-Yau fourfolds: Toric
hypersurfaces and F-theory applications, JHEP 05 (2017) 151 [1702.03217].

M.F. Atiyah, Riemann surfaces and spin structures, Annales Scientifiques de
L’Ecole Normale Superieure 4 (1971) 47.

D. Mumford, Theta characteristics of an algebraic curve,|Ann. Sci. Ecole Norm.
Sup 4 (1971) 181.

D.S. Freed and E. Witten, Anomalies in string theory with D-branes, Asian J.
Math. 3 (1999) 819 [hep-th/9907189].

H.B. Lawson and M.L. Michelsohn, Spin geometry, Princeton Mathematical Series
38 (1990) .

Y.-H. He, R.-K. Seong and S.-T. Yau, Calabi-Yau Volumes and Reflexive
Polytopes, | Commun. Math. Phys. 361 (2018) 155 [1704.03462].

D. Mumford and G.M. Bergman, Lectures on Curves on an Algebraic Surface,
Annals of Mathematics Studies 59 (1966) .

287


https://github.com/homalg-project/ToricVarieties_project
http://www.sagemath.org
https://doi.org/10.1090/S0002-9947-07-04087-1
https://arxiv.org/abs/math/0404078
https://doi.org/10.1215/00127094-3792814
https://arxiv.org/abs/1509.07162
https://doi.org/10.1016/j.nuclphysb.2008.07.031
https://arxiv.org/abs/0805.1057
https://doi.org/10.1007/s00220-013-1878-8
https://arxiv.org/abs/0904.1218
https://doi.org/10.1146/annurev.nucl.012809.104532
https://doi.org/10.1146/annurev.nucl.012809.104532
https://arxiv.org/abs/1001.0577
https://doi.org/10.1007/JHEP09(2016)073
https://arxiv.org/abs/1512.04859
https://doi.org/10.1007/JHEP05(2017)151
https://arxiv.org/abs/1702.03217
https://doi.org/10.24033/asens.1205
https://doi.org/10.24033/asens.1205
https://doi.org/10.24033/asens.1209
https://doi.org/10.24033/asens.1209
https://doi.org/10.4310/AJM.1999.v3.n4.a6
https://doi.org/10.4310/AJM.1999.v3.n4.a6
https://arxiv.org/abs/hep-th/9907189
https://doi.org/10.1515/9781400883912
https://doi.org/10.1515/9781400883912
https://doi.org/10.1007/s00220-018-3128-6
https://arxiv.org/abs/1704.03462
https://doi.org/10.1515/9781400882069

[183]

[184]

[185]

[186]

187]

[188]

[189]

[190]

[191]

[192]

193]

[194]

195

[196]

[197]

[198]

E. Freitag, Complexr Analysis 2: Riemann Surfaces, Several Complex Variables,
Abelian Functions, Higher Modular Functions, Universitext, Springer Berlin
Heidelberg (2011).

S. Natanzon and A. Pratoussevitch, Higher spin klein surfaces, Moscow
Mathematical Journal 16 (2016) 95 [1502.06546].

R. Hartshorne, Deformation Theory, Graduate Studies in Mathematics (2009) .

G. Greuel, C. Lossen and E. Shustin, Introduction to Singularities and
Deformations, Springer Monographs in Mathematics (2007) |

T.J. Jarvis, The Picard group of the moduli of higher spin curves, The New York
Journal of Mathematics 7 (2001) 23 [math/9908085]|.

T.J. Jarvis, Geometry of the moduli of higher spin curves, International Journal of
Mathematics 11 (1998) 637 [math/9809138].

K. Wagner, Uber eine Eigenschaft der ebenen Komplexe, | Mathematische Annalen
114 (1937) 570.

S. Mac Lane, A combinatorial condition for planar graphs, Fundamenta
Mathematicae 28 (1937) 22.

O. Gimenez and M. Noy, Asymptotic enumeration and limit laws of planar graphs,
Journal of the American Mathematical Society 22 (2009) 309.

A. Chmeiss and P. Jégou, A generalization of chordal graphs and the mazximum
clique problem, Information Processing Letters 62 (1997) 61 .

S. Felsner, Geometric Graphs and Arrangements: Some Chapters from
Combinatorial Geometry, Advanced Lectures in Mathematics (2012) |

S. Busonero, M. Melo and L. Stoppino, Combinatorial aspects of nodal curves,
math/0602553.

E. Arbarello, M. Cornalba and P. Griffiths, Geometry of algebraic curves,
Grundlehren der mathematischen Wissenschaften 2 (2011) 79.

M. Bies, M. Cvetic¢, R. Donagi, M. Liu and M. Ong, Root Bundles and Towards
Ezact Matter Spectra of F-theory MSSMs, 2102.10115.

C. Lucia, C. Cinzia and C. Maurizio, Moduli of roots of line bundles on curves,
Trans. Amer. Math. Soc. 359 (2007) [math/0404078]|.

V.V. Batyrev, Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces
in toric varieties, J. Alg. Geom. 3 (1994) 493 [alg-geom/9310003].

288


https://doi.org/10.17323/1609-4514-2016-16-1-95-124
https://doi.org/10.17323/1609-4514-2016-16-1-95-124
https://arxiv.org/abs/1502.06546
https://doi.org/10.1007/978-1-4419-1596-2
https://doi.org/10.1007/3-540-28419-2
https://arxiv.org/abs/math/9908085
https://doi.org/10.1142/S0129167X00000325
https://doi.org/10.1142/S0129167X00000325
https://arxiv.org/abs/math/9809138
https://doi.org/10.1007/BF01594196
https://doi.org/10.1007/BF01594196
https://doi.org/10.4064/fm-28-1-22-32
https://doi.org/10.4064/fm-28-1-22-32
https://doi.org/10.1090/S0894-0347-08-00624-3
https://doi.org/https://doi.org/10.1016/S0020-0190(97)00044-6
https://doi.org/10.1007/978-3-322-80303-0
https://arxiv.org/abs/math/0602553
https://doi.org/10.1007/978-3-540-69392-5
https://arxiv.org/abs/2102.10115
https://arxiv.org/abs/math/0404078
https://doi.org/10.1090/jag/666
https://arxiv.org/abs/alg-geom/9310003

199

200]

[201]

[202]

[203]

[204]

205]

206]

207]

[208]

209

[210]

[211]

212]

[213]

[214]

E. Perevalov and H. Skarke, Enhanced gauged symmetry in type Il and F' theory
compactifications: Dynkin diagrams from polyhedra, Nucl. Phys. B 505 (1997) 679
[hep-th/9704129).

Cox, D.A. and Katz, S., Mirror Symmetry and Algebraic Geometry, Mathematical
surveys and monographs, American Mathematical Society (1999).

F. Rohsiepe, Lattice polarized toric K3 surfaces, hep-th/0409290.

A.P. Braun, C. Long, L. McAllister, M. Stillman and B. Sung, The Hodge
Numbers of Divisors of Calabi-Yau Threefold Hypersurfaces, 1712.04946.

D. Cox, J. Little and H. Schenck, Toric Varieties, Graduate studies in
mathematics, American Mathematical Soc. (2011), 10.1090/gsm /124!

M. Kreuzer, Toric geometry and Calabi- Yau compactifications, Ukr. J. Phys. 55
(2010) 613 [hep-th/0612307].

R. Blumenhagen, B. Jurke, T. Rahn and H. Roschy, Cohomology of Line Bundles:
A Computational Algorithm, J. Math. Phys. 51 (2010) 103525/ [1003.5217].

S.-Y. Jow, Cohomology of toric line bundles via simplicial Alexander duality,
Journal of Mathematical Physics 52 (2011) 033506/ [1006.0780].

R. Blumenhagen, B. Jurke, T. Rahn and H. Roschy, Cohomology of Line Bundles:
Applications, J. Math. Phys. 53 (2012) 012302/ [1010.3717].

R. Blumenhagen, B. Jurke and T. Rahn, Computational Tools for Cohomology of
Toric Varieties, Adv. High Energy Phys. 2011 (2011) 152749 [1104.1187].

Jurke , B. and Rahn, T. and Blumenhagen, R. and Roschy, H., cohomCalg ++
Koszul Extension - Manual v0.31, May, 2011.

“cohomCalg package.” https://github.com/BenjaminJurke/cohomCalg, 2010.

T. Rahn and H. Roschy, Cohomology of Line Bundles: Proof of the Algorithm,
J.Math.Phys. 51 (2010) 103520 [1006.2392].

L.B. Anderson, Y.-H. He and A. Lukas, Heterotic Compactification, An
Algorithmic Approach, JHEP 07 (2007) 049 [hep-th/0702210].

L.B. Anderson, Heterotic and M-theory Compactifications for String
Phenomenology, Ph.D. thesis, Oxford U., 2008. 0808.3621.

R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics, Springer
(1977).

289


https://doi.org/10.1016/S0550-3213(97)00477-X
https://arxiv.org/abs/hep-th/9704129
https://arxiv.org/abs/hep-th/0409290
https://arxiv.org/abs/1712.04946
https://doi.org/10.1090/gsm/124
https://arxiv.org/abs/hep-th/0612307
https://doi.org/10.1063/1.3501132
https://arxiv.org/abs/1003.5217
https://doi.org/10.1063/1.3562523
https://arxiv.org/abs/1006.0780
https://doi.org/10.1063/1.3677646
https://arxiv.org/abs/1010.3717
https://doi.org/10.1155/2011/152749
https://arxiv.org/abs/1104.1187
https://doi.org/10.1063/1.3523318; 10.1063/1.3501135
https://arxiv.org/abs/1006.2392
https://doi.org/10.1088/1126-6708/2007/07/049
https://arxiv.org/abs/hep-th/0702210
https://arxiv.org/abs/0808.3621

[215] C. Kuratowski, Sur le probléme des courbes gauches en Topologie, Fundamenta
Mathematicae 15 (1930) 271.

290



	ABSTRACT
	I Motivation
	II Introduction
	III F-theory Realization of the exact Chiral MSSM
	IV Towards Complete Matter Spectra in 4d F-theory

