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“L’hydre-Univers tordant son corps écaillé d’astres.”

Victor Hugo, Les Contemplations, VI.26

“Meu incéndio € uma metamorfose

e a minha metamorfose é a madeira de um incéndio.”
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ABSTRACT
DEFORMATIONS OF Go-STRUCTURES, STRING DUALITIES AND FLAT

HIGGS BUNDLES

Rodrigo de Menezes Barbosa

Tony Pantev, Advisor

We study M-theory compactifications on Go-orbifolds and their resolutions given
by total spaces of coassociative ALE-fibrations over a compact flat Riemannian 3-
manifold (). The flatness condition allows an explicit description of the deformation
space of closed Ga-structures, and hence also the moduli space of supersymmetric
vacua: it is modeled by flat sections of a bundle of Brieskorn-Grothendieck resolu-
tions over (). Moreover, when instanton corrections are neglected, we also have an
explicit description of the moduli space for the dual type ITA string compactifica-
tion. The two moduli spaces are shown to be isomorphic for an important example
involving A;-singularities, and the result is conjectured to hold in generality. We
also discuss an interpretation of the ITA moduli space in terms of “flat Higgs bun-
dles” on @) and explain how it suggests a new approach to SYZ mirror symmetry,
while also providing a description of Ga-structures in terms of B-branes. The net
result is two algebro-geometric descriptions of the moduli space of complexified G-
structures Mgg: one as a character variety and a mirror description in terms of

a Hilbert scheme of points. Usual Gs-deformations are parametrized by spectral

Vil



covers of flat Higgs bundles.

We also discuss a few ongoing developments: (1) we propose a heterotic dual
to our main example, (2) we explain how the moduli space of flat Higgs bundles
fits into a family of moduli spaces of extended Bogomolnyi monopoles, and (3) we
introduce a natural variation of Hodge structures over M%Q, and conjecture this

space admits the structure of a complex integrable system.
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Chapter 1

Introduction

The main idea developed in this thesis is that a certain duality in String theory
admits a geometric realization relating deformations of Ga-structures ¢ on a Gs-
space M to deformations of flat connections on a “dual” Calabi-Yau manifold X.
This translates the original differential-geometric problem into a more tractable
deformation problem in algebraic geometry.

The duality works as follows: first one complexifies the moduli space of G-
structures Mg,, obtaining a Kahler space M%Q. M-theory/IIA duality predicts
that if M admits a U(1)-action fixing an associative submanifold L, then Mg,
must be isomorphic to the “IIA moduli space” M4 of X := M/U(1). This
moduli space parametrizes deformations of the complexified Kahler structure on X
and deformations of certain geometric objects called A-branes on X.

We focus on a local model where M is given by a fibration of ADE singularities



over a 3-manifold (). In this situation, the space of deformations of the complexified
Go-structure ¢ admits a special subspace given by fiberwise hyperkahler deforma-
tions. Classically, the duality states that such subspace is mapped to the moduli
space Mya of A-branes wrapping the zero-section on X := T*(Q. Thus, the prob-
lem becomes giving an appropriate mathematical description of A-branes. This
is obtained by performing a dimensional reduction of the supersymmetry condi-
tion on X down to its zero-section (). The condition on X is the existence of a
Hermitian- Yang-Mills connection. We show that the dimensional reduction gives a
flat complex connection A on a vector bundle £ — (). This translates deformations
of p¢ into deformations of A.

However, mathematically one is interested in deformations of ¢, not ¢¢. Thus,
an important problem is to identify exactly which deformations of A describe de-
formations of ¢. There are two key ingredients in order to achieve this: the first is
the Corlette-Donaldson theorem, which in our setup implies (Theorem 5.1.8 below)
that the data (F,.A) is equivalent to (a generalization of) what we call a flat Higgs
bundle (E,A,0,h) on Q. Here, h is a harmonic metric on F, which always exists
when A is sufficiently nice. Moreover, A = A+ 6, where A is a flat unitary connec-
tion (Dah = 0) and @ is a flat Higgs field (D0 = 0,0 A 0 = 0, 6 + 67 = 0). This
provides a canonical decomposition of the deformations of ¢ into real deformations
parametrized by A, and imaginary deformations parametrized by 6. The second in-

gredient is Theorem 5.3.1, the Spectral Correspondence for flat Higgs bundles: Higgs



data (E, A, 60, h) can be translated into spectral data (Sq, L, a, ?l) where S — @ is
a finite branched cover, L — S is a line bundle and a is a flat U(1)-connection on
L (Voh = 0).

Having this setup in mind, we focus on Gs-platyfolds, which we define as ADE-
bundles over a compact flat 3-manifold @) (such a @ is called a platycosm). There
are two reasons for this choice: the first one is that flat compact manifolds are
finite quotients of tori, so their character varieties (i.e., moduli space of flat connec-
tions) map to the character variety of a torus - also known as the moduli space of
commuting triples - a well-understood space. The second reason is that using the
flatness condition we are able to build a deformation family of closed G,-structures
parametrized exactly by the spectral covers of flat Higgs bundles.

There are 10 affine isomorphism classes of platycosms, and we prove that only
one of them allows Go-orbifolds fitting the framework of M-theory/ITA duality?.
This space is called the Hantzsche- Wendt manifold, and following convention we
denote it by Gg. We analyze in detail the duality for the total space of an ADE-
fibration over Gg with McKay group Z,. In particular, we compute the character
variety Char(Gg, SL(2,C)) of Gs and we check that it agrees with the moduli space
ME, associated to this specific Go-orbifold.

Chapters 2 3, 4 and 5 comprise the main body of the thesis. They are organized

as follows: we start chapter 2 with a discussion of flat geometry and the classification

'More precisely, we prove that only one such manifold allows a A = 1 compactification.



of the platycosms; we then briefly discuss character varieties, a topic that will be
recurrent in the thesis. In chapter 3, we define ADE Ga-platyfolds and define a
deformation family for closed Ga-structures coming from hyperkahler deformations
of its fibers. This is the most technical (and arguably the most interesting) result
in this thesis. In the final sections we discuss N/ = 1 compactifications and study
the calibrated submanifolds of Gg xx C?/T", the Hantzsche-Wendt Go-platyfold first
considered in Acharya’s work [Ach98]. In chapter 4 we describe the type ITA Calabi-
Yau dual of this Go-geometry in full detail: the SYZ fibration and special Lagrangian
deformations, and the character varieties describing the moduli space of A-branes.
In chapter 5 we define flat Higgs bundles over a three-manifold and establish a
spectral construction. This result ties the deformation problems from the previous
chapters together. In chapter 6 we propose a SYZ mirror for our ITA geometry and
describe its moduli space of B-branes as a Hilbert scheme of points. Finally, in
chapter 7 we explore a few future directions related to this work: in section 7.1 we
study the heterotic dual of our G'o-geometry and its moduli space; section 7.3 relates
flat Higgs bundles to Kapustin-Witten systems; and section 7.2 studies a variation of
Hodge structure over M%Q inspired by the Hodge-theoretic formulation of conifold
transitions [DDP07], [DDP06] and the connection between Large N duality and the
Go-flop [AVO1]. We also propose an approach to build a complex integrable system
over Mg, .

Notation: Throughout this thesis, we denote by 7 : £ — N a fiber bundle,



fibration, or more generally a family of spaces over N; and denote the total space
of the bundle or family simply by E. G. is a complex semisimple Lie group, g.
is its Lie algebra, b. is a Cartan subalgebra, and W the Weyl group. We denote
by G the compact real form of G., and g, h are the associated compact real Lie
algebra and Cartan subalgebra. A connection on a G-bundle E — N is an element
A € Q) (Ade(E)). We denote its horizontal distribution by Hy < TE and the
covariant derivative by V 4. Relative differential k-forms on ' — N are denoted by
QF(E/N). Unless stated otherwise, all manifolds we work with are connected and
without boundary. Whenever we speak of the fundamental group of a manifold,
we will assume a base-point has been fixed once and for all and we will suppress it
from the notation. Finally, we use two different notations for the fixed set of the
action of a group K on a space Y: either Fix(K) or Y& depending whether Y is
understood from context or not.

We assume the reader is familiar with the basics of Gy-geometry. Standard
references for this subject are Joyce’s books [Joy00], [Joy07] and Hitchin’s paper
[Hit00]. Knowledge of the theory of Higgs bundles and spectral covers is desirable
but not entirely necessary. Good references on this topic are [Hit87], [Hit87a],

[Sim92], [Don95] [DM95], [Sch12].



Chapter 2

Flat Riemannian geometry

2.1 Flat Riemannian manifolds

The Ga-spaces we will study are total spaces of bundles over compact, flat Rie-
mannian 3-manifolds, so we start with a review of flat Riemannian geometry. The
results in this section are used heavily in the main body of the text. For a more
complete introduction, we refer to the books by Charlap [Cha86] and Szczepariski

[Scz12].

Definition 2.1.1. Let Iso(R") := O(n) x R™ be the group of rigid motions on R".
A subgroup 7 < Iso(R") is called crystallographic if it is a discrete subgroup acting

on R™ such that R™ /7 is compact. It is called torsion-free if the action is free.

Definition 2.1.2. A subgroup 7 < Iso(R") is called Bieberbach if it acts properly

discontinuously on R" in such a way that R" /7 is compact.



The second definition is equivalent to R" /7 being a compact flat manifold. We
call such a space a Bieberbach manifold. Note that m is crystallographic if and only
if G := R™/m is a compact flat orbifold (a Bieberbach space). It is clear that 7 is
Bieberbach if and only if it is a torsion-free crystallographic group.

Any crystallographic group 7 fits into a short exact sequence

0>A>m—H—1 (2.1.1)

where H, is a finite group we call the monodromy of m and A is a free abelian
H-module (=~ Z" as a group). So it is classified by an element ¢ of the group
cohomology H?(H,A). This description follows from a theorem of Zassenhaus: a
subgroup m < Iso(R™) is crystallographic if and only if it has a normal, maximal
abelian, free abelian subgroup Z" of finite index.

The most important result in this subject is Bieberbach’s theorem.:

Theorem 2.1.3. (Bieberbach): Let m < Iso(R™) be a crystallographic group, and

Q" := R"/7 the associated Bieberbach space. Let T" be a flat n-torus.

1. The monodromy H is finite and the pure translations A .= m nR"™ of ® form

a lattice.

Equivalently, there is a finite normal covering map T" — Q™ which is a local

1sometry.

2. Every isomorphism between crystallographic subgroups of Iso(R™) is given by



a conjugation in Aff(R™).

Equivalently, two Bieberbach spaces of the same dimension and with isomor-

phic fundamental groups are affinely isomorphic.

3. There are only finitely many isomorphism classes of crystallographic subgroups

of Iso(R™).

Equivalently, there are finitely many affine classes of Bieberbach spaces of

dimension n.

We note that part 3 essentially follows from the fact that number of exact

sequences 2.1.1 is bounded by the order of the finite group H?(H,A).

Remark 2.1.4. In the context of flat geometry, the terms “holonomy” and “mon-
odromy” are essentially interchangeable. Accordingly, we may write H as either H
or Hgn to emphasize that it is the monodromy group of m or the holonomy group
of the Bieberbach space @Q”. This is consistent with standard terminology, as H
is the holonomy of the flat metric on @)™ inducing the monodromy action on the

fundamental group 7.

Clearly, R™ is the universal cover of Q", and m(Q™) = m. The first part of
Bieberbach’s theorem implies that the H-action on A =~ 71(T") is induced from a
free H-action on T" such that @ =~ T"/H. It is clear that T" is also a Bieberbach
manifold, with trivial monodromy. For this reason, we call T" the monodromy

cover of Q. The existence of the monodromy cover strongly constrains the possible



holonomies of Bieberbach manifolds (see Proposition 2.1.7 for the classification in
three dimensions). This is in stark contrast with the theory for non-compact flat
Riemannian manifolds: it is a theorem of Auslander and Kuranishi that every finite
group is the holonomy group of some flat manifold.

We also have the following useful result:

Theorem 2.1.5. (Charlap, Hiss-Szczepanisky): Let m be a crystallographic group

fitting into the exact sequence

0> A—>m— Hy—1 (2.1.2)

Let s € H*(H,,\) be the group cohomology element classifying 2.1.2. The fol-

lowing are equivalent:
1. 7 is a Bieberbach group
2. For any injection v : Z,, — Hy, 1*¢ # 0
3. For each q € Q", the holonomy representation hy : Hy — T,Q" is reducible

We refer to the components of the orthogonal representation of H, as isotypic

components.

2.1.1 Platycosms

Definition 2.1.6. A three-dimensional Bieberbach manifold is called a platycosm

[CRO3).



The name literally means “flat universe” and is based on the idea that such

spaces are alternative geometries to the (almost) flat three-space we live in.

1

Proposition 2.1.7. There are 10 affine equivalence classes of platycosms, 6 of

which are orientable. They are classified by their holonomy groups as follows:

e G, is the flat three-torus T, so the holonomy is trivial: Hg, = {1}

e G

o G

e G,

e Gs

e G

’(U’Lth H, Go

’(U’Lth Hg3 =

’(U’Lth Hg4

’(U’Lth Hg5

’(U’ith [’Ig6

EZQ

EZQXZQ

We will follow this notation, except for §; which we will just denote by T.

The space Gg will be particularly important for us. It is known in the literature

as the Hantzsche-Wendt manifold or the didicosm. Explicit descriptions for Hg,

and Ag, are:

H96:<A: 0

-1 0 0
= 0 1 0
0 0 -1

> cSO(3)  (2.1.3)

1See [AL14] for an analysis of the topology of our large-scale spatial universe using cosmic

microwave background radiation, and the suitability of platycosm models.
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1/2 0
Ag, = <(A, 0o |) (B 1/2 )> c SO(3) x R* = Iso™ (R?) (2.1.4)

0 1/2

2.2 Character Varieties of Bieberbach groups

In this section we prove a result that will be used repeatedly in what follows. Let

G be any group. The exact sequence
l>A->7m5H—1

induces another sequence:

1 — Hom(H, G) — Hom(r,G) = Hom(A, G) (2.2.1)

For any group A define the character variety Char(A, G) to be the GIT quotient
of Hom(A, G) by the conjugation action of G. We have induced maps of character

varieties:

Char(H, G) — Char(r,G) > Char(A, G) (2.2.2)

For h € H let C}, denote the conjugation map by h, and let H act on Hom(A, G)

by

h(p) = poC; YheH (2.2.3)

11



where h € 7 is such that g(h) = h. It is easy to see that if q(h1) = q(hs), then
because A is abelian, Cj, = Cj_ and hence the action is well-defined. Moreover, the
action descends to an action of H on Char(A, @) in the obvious way.? Let Fix(H)
denote the subset of Char(A, G) consisting of elements fixed by H. The next lemma

states that r(Char(m, G)) = Fix(H).

Lemma 2.2.1. Suppose p € Hom(A, Q) is such that p = F(p) = pla for p €
Hom(m,G). Then [p]| € Fiz(H).

Conversely, if Ca(p(A)) = 0 and [p] € Fiz(H), then 3[p] € Char(r, G) such that

hence h[p]| = [p], i-e. [p] € Fix(H).
Conversely, h[p] = [p] = po C; = S;L,OSE_I for some S; € G. It is easy to see

that if a € Ker(q), then S;'p(a) € Cq(p(A)). Hence S, = p(a). Define p: 7 — G

2Note that since it is an action by an outer conjugation of A, it descends non-trivially to the

quotient.

12



by p(x) = S,, Vo € m. Then clearly plkerq = p and if z,y € 7, the hypothesis on
the centralizer implies that S,, = S,Sy, so p(zy) = p(x)p(y). So p € Hom(w, G)

with r([]) = [p].

2.2.1 A-branes wrapping platycosms

Later on we will be interested in studying a certain space: the moduli space of A-
branes wrapping a platycosm ). We will show these are classified by flat G-bundles
on @, where G is a simply-connected Lie group. A choice of flat connection on a

G-vector bundle over ) corresponds to a point of the character variety /stack:

Char(Q, G) := Hom(m(Q),G)/CG (2.2.4)

where Cg denotes the conjugation action in G. The quotient is more correctly taken
in the stacky sense, but to simplify matters we will restrict to the GIT quotient.
From the previous section, we know that this space is essentially determined by the
action of H on the character variety of the monodromy cover T.

We now describe the character varieties of tori up to dimension 3. Let T be a
maximal torus for G.

For S' the problem is trivial: the generator of Z = m(S') can be mapped
anywhere in G. Hence Char(S',G) = G/Cq =~ T/W.

For a two-torus T?, Char(T?, G) is given by two commuting elements in G up

13



to conjugation. Let g € G and h € Cg(g), the centralizer of g. It is known that,
for simply-connected G, the centralizer Cg(g) is connected (Bott’s theorem), so
we can first conjugate g to 7 and then conjugate h to the torus of Cg(g), which
by connectedness is just 7. The net result is that g and h can be simultaneously
conjugated to lie on the maximal torus 7. The maximal tori are conjugated by

elements of the Weyl group W. Hence the character variety is:

Char(T?,G) = T xT /y (2.2.5)

For a three-torus, Char(T?, G) is now given by three commuting elements mod-
ulo conjugation. So now we need to determine all possible configurations of g, h, k €
G, with g € T and h,k € Cg(g), i.e., the moduli space of commuting triples. This
problem was solved by Borel, Friedman and Morgan [BFM02]| and Kac and Smilga
[KS99], who showed that if the classification of commuting triples is essentially de-
termined by the fundamental group of the centralizers. Commuting triples (g, h, k)
whose semi-simple part of the centralizers is simply-connected can always be con-

jugated to the maximal torus, giving one of the components of the moduli space:

TxT Ty (2.2.6)

However, there are also non-trivial commuting triples. This happens when G
has elements whose semisimple part of the centralizer has torsion. These extra

commuting triples produce new connected components in the character variety.

14



Essentially, torsion in m;(C,y(G)) occurs when the root system of h admits non-
trivial coroot integers. Each divisor of a coroot integer is called a level ¢, and each
¢ determines a subtorus 7 (¢) of T given by the intersection of the kernels of the
roots whose coroot integers are not divisible by ¢. The torus 7 (¢) has an associated
Weyl group W) := Na(T (£))/Ca (T (£)).

Each ¢ determines ¢(¢) connected components for the character variety, where

¢ is Euler’s totient function; each connected component is given by:

T(0) x T(0) x T(0) / Wr (2.2.7)

In particular, for G = SL(n,C), the only allowed level is £ = 1 and there are no
non-trivial commuting triples. Thus:

Char(T? SL(n,C)) = ((C*)n_l)s/z (2.2.8)

n

and similarly:

Char(T®, SU(n)) = (U(l)”‘l)?’/z (2.2.9)

n

15



Chapter 3

Deformations of (Go-orbifolds

3.1 ADE G,-platyfolds

We start by fixing the following data:

1. @ is an oriented platycosm, ¢ its flat Levi-Civita connection and 7 := m1(Q)

the associated Bieberbach group

2. V — @ a rank one quaternionic vector bundle (i.e., the structure group is

Sp(1) < SL(2,0))
3. T' a finite subgroup of Sp(1), and hence a fiberwise action of I on V

4. A flat quaternionic connection V on V — () compatible with the I'-action in

an appropriate sense (see remark below)

5. A flat volume form p € Q3(Q,R)

16



Remark 3.1.1. 1. A flat connection V compatible with I is given by an action of
mx I on CNQ x H, where CNQ is the universal cover of () and I' acts trivially on @
Equivalently, we have an action of 7 on H commuting with the I'-action. This
is the same as a representation of 7 on the centralizer Cg,1)(I') < Sp(1), i.e.,
the conjugacy class of an element of Hom(m, Cgp1)(I")). The trivial homomor-

phism gives rise to the trivial flat connection (i.e., with no monodromy).

2. This data fixes a “flat fiberwise quaternionic structure”, i.e., a tri-section
(1, J,K) of Auty(V) — @ such that VI = VJ = VK = 0.

In the language of Goldman’s geometric structures [Gol88], ¢ defines a torsion-
free (R3,Iso" (R?))-structure on @ with graph TQ, and (V,V) is the graph of a
(R*, Sp(1))-structure on Q. This last structure is then required to be compatible
with the group I'. We will require these two geometric structures to interact in a

specific way when we discuss GGo-deformations.
Definition 3.1.2. We call (I', V) ADFE data for V.

The first thing we need to determine is, for a fixed I, when does V admit non-
trivial ADE data, i.e., when Hom(m, Cgp1y(I')) # 0 modulo conjugation. This is a
compatibility condition between the topology of @ and the I'-compatible (R*, Sp(1))-
structure. We now show that its existence depends (up to one exception) only on

the ADE type of I

Proposition 3.1.3. Nontrivial ADFE data for V exists for all platycosms with cyclic
holonomy, and for Gg when T is of type A,.
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Proof. The centralizer depends on the ADE type of I'. Here are the possibilities:

o ' of type A,: there are two subcases. If n = 1, then I' = Z5 and

Copiry(Z2) = Sp(1) (3.1.1)

If n > 2 then I' @ Z,, and I lies on a maximal torus T of Sp(1) = SU(2).

The centralizer is just the torus itself:

Csp)(Zn) =T = U(1) (3.1.2)

o [' of type D,, for n > 2, Fg, E7 or Fs: Then:

Cspn(T) = Z(Sp(1) = Zs (3.1.3)

Note that Hom(Z3,Zy) =~ Z3, while Hom(Z3,U(1)) = U(1)3. It is also true that
Hom(Z3,Sp(1)) =~ U(1)3, as one can always conjugate three commuting elements
to a maximal torus of Sp(1) = SU(2) [BEMO02] [KS99]. It follows that ADE data
exists for T = G, irrespectively of I'. Now, for any group G, we obtain from 2.1.2

an exact sequence:

1 — Hom(H,,G) — Hom(r, G) — Hom(Z*, G) (3.1.4)

Representations that are conjugate in GG are considered isomorphic, so we are

interested in the image of r in:
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Char(H,,G) — Char(r,G) > Char(Z*, G) (3.1.5)

where Char(A,G) := Hom(A,G)/Cq is the Character Variety of A and will be
studied in more detail in Chapter 4. What we need to know right now is that the
action of H, on Z?* induces an action on Hom(Z?, G) that descends to Char(Z?, G).
From Lemma 2.2.1, the image of r is given by the fixed set of this action.

For platycosms with cyclic holonomy the monodromy action fixes a direction
in R3, which implies the descendant action on the character variety has non-trivial
fixed points. This implies that nontrivial ADE data can be chosen in those cases.

In the case when () = Gg, simple inspection determines that the action of Hg,
on R3 has no fixed points, so the previous argument does not apply. The argument
in this case requires a careful examination of Im(r) in 3.1.5, which depends on the
ADE type of G. The proof that non-trivial A,, data (i.e., when G = SL(n,C)) can
be chosen for Gg will be a consequence of our computation of Char(m(Gs), SL(n,C))

in Chapter 4.

This has the following consequences for the structure of the bundle V:

e If I' is of type Ay, any flat connection on V is compatible with I'.

If T is of type A, for n > 2, then the structure group reduces to U(1) < Sp(1)

and V>~ L®L™! where L is a flat complex line bundle.
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o IfI'is of type D,, for n = 3 or of types Eg, F; or Fg, then V =~ L®L, where L

is a flat complex line bundle such that L&? is the trivial complex line bundle.

Given data (Q, V,I'|L,V, I, J, K, u) as above, the quaternionic structure (1, J, K)
determines a triple w, := (wr,ws,wx) of fiberwise hyperkéhler structures. The in-
tegrability condition implies that Vw; = Vw; = Vwg = 0. Our next goal is to
understand under which circumstances the data (Q,V,I',L,V, I, J, K, u) induces
a closed Gy-structure on V such that V — () is a coassociative fibration. We start

with some examples.

Example 3.1.4. V = C? x T has a standard closed Gs-structure:

3
p = Z dx; N w; + dri93 (316)

i=1

for a choice of flat coordinates {z;} on T? and hyperkéhler structure w on C2.> Here
and in what follows, we use the notation dxi93 := dx A dxo A dxs.

Note that because there is no monodromy, the local section dz; glues to a global
flat section, so the formula makes sense globally. We think of V as the total space
of the trivial flat vector bundle V. — T. Tt is easy to check that ¢|c2 = 0 and
*@p|rs = 0, so the fibers C? are coassociative and the zero-section T is associative.
In fact, this Gao-structure is also torsion-free. Its associated metric is just the flat
metric, which of course has holonomy {1} < Gj.

Up to a change of basis, w is a SU(2)-triple, and since I' < SU(2), w can be

'More generally, w can be a hypersymplectic structure - see defintion 3.1.12 below.
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taken to be I'-invariant. Thus there is a well-defined Gs-structure on the quotient

M = C?/T' x T? with the same properties.

Ezample 3.1.5. Consider C? x Gg. Even though this is trivial as a smooth bundle,
there is monodromy from the flat metric connection ¢, so we do not wish to consider

it as a trivial flat bundle; the formula

3
@Y = 2 d.fCl A w; + dwlgg (317)

=1

can still be written down, but only on local patches U, < Gg belonging to a flat
trivialization & = {Uy; A € A} of TGs. The monodromy transformations for the
dz;’s on Uyy := Uy n Uy are given by the action of Hg, given by the matrices
A,B,AB in 2.1.3. If the w;’s are chosen such that K := Hg, acts by the inverses

A1 B~ (AB)™! on the local patches?, then the element:

3
n:i= Z dzr; A w; (3.1.8)
i=1

glues to a global flat section. Obviously dzi23 also glues globally, so together they
give a well-defined Gs-structure.

The question is then: can such w;’s be chosen? To induce the correct action,
one needs to pick a non-trivial flat bundle V := C? xg Gs. The index K refers

to the holonomy of the flat structure: i.e., we need to choose an element of p €

2For Gg the inverses actually coincide with the original matrices, but in general this is not the

case.
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Hom(m(Gs), Sp(1)) with p(m(Gs)) = K. The monodromy group K then acts on
the sheaf of triples of vertical 2-forms Q?(C?)? over Gg. The inverse action above can
be written as (wy,ws, ws3) — (fwi, twe, +ws) (where we have exactly 2 minus signs),
i.e. it is an action by hyperkahler rotations.®> The conclusion is then that once a
local hyperkéhler triple is chosen, if one changes it by the appropriate hyperkahler
rotations on local patches, one gets a global closed Gs-structure. In this case, one
can also check that the G-structure is torsion-free, and the associated metric has

holonomy K < Gb.

Example 3.1.6. This example first appeared in [Ach98]. Take V = C? xg Gg as in
the previous example and let I' =~ Z, < Sp(1) act on C? in the natural way. It is
easy to see that this action is compatible with the K-action: this means that the
monodromy representation p of V is an element of Hom(m(Gs), Csp(1)(Z2)), which
is clear since Cgp1)(Z2) = Sp(1). It follows that the previous example descends
to a closed, torsion-free Go-structure on M := V/Zy = C?/Zy xx Gg and on the
resolution M := ((% xk Gg. In this last space, the associated metric has holonomy
SU(2) x K < Gs.

Note that if one takes I' = Z,, then Cs,n)(Z,) = U(1) does not contain K.
In this situation the singularity C?/Z,, acquires non-trivial monodromy dictated by

[K,Z,] < Sp(1).

Ezxample 3.1.7. This example shows that picking the action on the hyperkahler triple

3Notice this would not work if we allowed non-orientable platycosms.
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to be given by the inverse monodromy matrices is not always the correct choice. Let
Q = Gs and consider C? x G3. Choose again local flat 1-forms dz’s. The holonomy

Hg, = Z3 is generated by the matrix:

1 0 0
A=10 -1 1 (3.1.9)
0 -1 0

The correct action of Hg, on Q*(C?)3 is not given by A~!, but by (4o R3)™*
where Rj is reflection on the xy-plane. In other words, the correct matrix is obtained

by reflecting the lower 2 x 2-block on its anti-diagonal:

1 0 0
(AoR3)™ =10 0 1 (3.1.10)
0 -1 —1

Again this is just a hyperkahler rotation on local intersections, and as before
it defines a global flat 3-form 1 on V = C? xz, G5 such that n + dz93 is a closed
Go-structure.

We can now do the same thing we did for the previous example: pick a finite
subgroup I' = Z, < Sp(1) and note that Cgp1)(Z,) = U(1) always contains a
Zs. Hence the flat bundle V can be taken to be compatible with the I'-action on
C? and we get well-defined closed, torsion-free G-structures on C?/Z,, xz, G3 and

6272; X7, G3. The metric on the last space has holonomy SU(2) x Zs.
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Examples involving the platycosms Go, G, and G are similar to the G3 example,
the only essential difference being that in the absence of Zj3 factors in the mon-
odromy group, one can also work with singularities of types D and E. On the other
hand, this makes the Gg example much more interesting, and the main reason we
focus on it in further chapters: Hg, =~ K is the only platycosm holonomy group
such that SU(2) x Hg cannot be conjugated to a subgroup of SU(3) < Gy (see
section 3.3). This feature implies that the manifold M above, which has holonomy
SU(2) x K, defines an appropriate compactification for M-theory.

Assume one is given (V,V) — T a nontrivial flat bundle. Now there is no
monodromy coming from T, but the flat connection V has an associated monodromy
group Hy, which we assume is a finite subgroup of Sp(1). In this situation, one
needs to reverse the argument: the dx;’s are to be chosen to be compatible with the
w;’s on a flat trivialization of V. This is because the hyperkahler condition imposes
that the w;’s transform according to the action of Hy on local patches. The action
is defined by a choice up to conjugation of element in Hom(m(T), Cgp1y(I")), which
can be seen [BFM02] as a choice of an element in U(1)3/Zy, possibly with restrictions
depending on I'. In any case, the w;’s transform via three commuting hyperkahler
rotations, and we just need to define local sections dx;’s on each patch that are
related via the inverse transformations on the intersections. This guarantees that
n is globally defined, and since everything happens in SO(3), dx1a3 is also globally

defined.

24



In order to obtain the correct action on the dx;’s, one needs to define an ap-
propriate action of Hy on T. Hence, we need to consider (V,V) as a flat bundle
over the quotient space T/Hy. If the action of Hy on T is taken to be free and
properly discontinuous, the quotient space must be one of the 10 platycosm. The
constraints on Hy imposed by the classification 2.1.7 seems to be in contradiction
with our freedom in choosing Hy to be any ADE subgroup. However, upon closer
inspection, one sees that the short exact sequence 2.1.1 is not unique; one can mod-
ify the lattice A, for example by modifying its period along one direction, as long

as one modifies the group H, accordingly.

Example 3.1.8. To illustrate this last point, start with the exact sequence for Gg:

1 -7 > m(Gs) > K—1 (3.1.11)

Bieberbach’s first theorem says that Gg is a quotient of the three-torus T. This

is realized via the following (free) action of K = {«, ) on T

a(zy,z9,x3) = (=21, —22 + §,$3 + 5)

1

B(z1,x2,23) = (21 + 5 —Tg, —T3)

So G¢ = T/K. However, a second possible description is Gg = T/Dg, where
Dg = Zs x K is the dihedral group with 8 elements. Let Dg = (o, 8’). The action

is given by:
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o (xy, 29, 23) = (=21, —22 + Zax3 + 5)

B/(l‘hxz,l’s) = (z1 + 1 —T + 1 —x3)

This provides a second short exact sequence for m(Gg):

where the lattice A is given by 2Z@Z@Z. Note that (8')*(z1, 9, x3) = (21+3, T2, 3)
is a translation by an order 2 element generating the center Z, < Dg, and as such
it doesn’t contribute to the holonomy.

This new action is also compatible with I' = Z,, so the resulting closed, torsion-
free Gy-structure descends to M = V/I'. The only difference between this example
and example 3.1.6 is that here there is an extra central Z,;-symmetry acting on the
hyperkahler triple. This symmetry is not visible at the geometric level, but it has to
be remembered when using the string dualities explored in this paper. For example,
the symmetry defined by (3")? gives rise to a so-called B-field on dual Calabi-Yau
spaces. Mathematically, this is given by a flat Zs-gerbe defined on these Calabi-
Yaus. We will leave a more detailed discussion on B-fields (and their relation to

monodromy of ADE singularities) for future work.

Example 3.1.9. Up to now, in all examples it was possible to write down a closed

Ga-structure on V that descends to M. Now suppose V — () has a flat connection

26



V with monodromy group Hy acting by a representation py, and the platycosm
() has a nontrivial holonomy representation pg : Hg — SO(3). Now both groups
of local sections need to be chosen in a compatible way. First, we need to pick a
common flat trivialization 4 for V and 0. On local intersections, we need py(w) to
cancel out pg(de). In general Hy is isomorphic to a quotient of (@), and even
if it happens that Hy < Hy and that the actions satisfy (pv)|n, = (pg)~", there
might still be other subgroups of Hy that act non-trivially on w, which will spoil
the gluing construction for 7.

Thus, for a fixed @, there are restrictions on which (V,V) are allowed. If one
chooses V such that the lattice subgroup Z* < 7 acts trivially, then Hy = Hg and
we just need to impose the inversion condition. However, not all platycosms will

admit flat bundles with this property; indeed, going back to the exact sequence

1 — Hom(Hg, Csp)(T)) — Hom(, Cp(1)(I')) — Hom(Z?, Cgp1y(T))

what we are looking for is a nontrivial element p € Hom(m, Csp,1)(I')) that maps to
0, i.e., we need a nontrivial element of Hom(Hg, Cspa)(I')). These do not exist if @
is either G3 or G5 and I is of type D,, or Eg7g. For the other platycosms, at least
one such element exists, since in this case all subgroups of H¢ have even order and
one can pick the map sending all generators to —1.

For type A,, Csp)(I') is big enough and one can always arrange such data for
any platycosm.
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We summarize these examples in the following:

Proposition 3.1.10. Suppose ) is a platycosm and I' an ADE group such that
(Q,T) ¢ {(Gs, DE), (G5, DE)}. Then there is a nontrivial I'-compatible quaternionic
flat bundle (V — Q, V) with a closed Gy-structure @, that descends to a closed G-

structure oo on My := V/T.

It is clear that M, is the total space of a bundle of ADE-singularities of type
I over the platycosm (). In particular, () — M, as the zero section and is a

codimension-four orbifold singularity in M. This inspires the following definition.

Definition 3.1.11. Given data as above, we say that M, with its induced closed

Go-structure g is an ADE Gay-platyfold of type (V,T).

We will often drop the reference to V (and therefore to V) if it is implicit in the
discussion. ADE Ga-platyfolds and their “string duals” will be the main subject of
this thesis.

Let p: M — @ be the ADE Gs-platyfold constructed above. There is an exact

sequence:

0— Ker(dp) > TM £ TQ -0 (3.1.13)

where V := Ker(dp) is called the vertical bundle. A connection on M is equivalent
to a section s : T'Q) — T M, i.e., a splitting of the sequence; it defines a horizontal

distribution H = s(T'QQ) ¢ TM. This induces a splitting of the exterior derivative
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on M into d = dy + dj, + Fu, where dy is a fiberwise differential, d;, a horizontal
differential and Fy is the curvature operator of H. In our situation, the connection
on M is induced from the flat connection V on V., so Fy = 0.

In order to gain a better understanding of the integrability conditions on ¢, it
is useful to work in a slightly more general setup. Most of the discussion in the rest

of this section follows [Don16] closely.

Definition 3.1.12. A hypersymplectic structure on an oriented four-manifold X is
a triple w = (w1, ws, w3) of symplectic forms such that at each point p € X, w, spans

a maximal positive-definite subspace of A%(X) with respect to the wedge product.

In other words, w; A w; € I'(X,Sym?*(X)) has positive determinant at every
point, and by rescaling the volume form one can take det(w; A w;) = 1 at all points.
Thus Gj; := w; A w; is a Riemannian metric, and it is hyperkahler if and only if
w; A wj is a multiple of the identity.

Accordingly, we define a hypersymplectic element on (M — @Q,V) to be an
element n € H* ® A?V* such that at each point ¢, the linear map 7, : H, — Aqu*
injects H, as a maximal positive subspace with respect to the wedge product.

We have the following theorems of Donaldson [Don16]:

Theorem 3.1.13. (Donaldson): A closed Gy-structure on (M — Q, H) with coas-
sociative fibers and orientation compatible with those of M and () is equivalent to

a choice of the following data:

o A hypersymplectic element n € H* @ A2V* satisfying:
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dh77=0

df??ZO

o A tensor ue N*H* satisfying:

dh,u =0
drp = —Fu(n)

which is pointwise positive when seen as an element of A3T*(Q =~ R.

Theorem 3.1.14. (Donaldson) A closed Go-structure as in Theorem 3.1.13 is

torsion-free if and only if the following holds:

dyy = —Fuav
dpy =0
dyy =0
dpy =0

where v and v are determined from n and p by:

Vi Ay = 055 (pdet(n A U))l/g

v = det(n A n)pu??
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We refer to (H, n, 1) as Donaldson data for a Ga-structure on M. The G5 3-form
is given by ¢ = n + p, and its dual 4-form is ¢ = v + v. The equations for (H, n, u1)
in Theorem 3.1.13 will be called Donaldson’s constraints for a closed Go-structure.

A third theorem of Donaldson will also be important:

Theorem 3.1.15. (Donaldson): Given a hyperkihler element n along the fibers of
M — @) and a positive 3-form p on @), there is a unique connection H on M — Q)

such that (H,n, p) satisfies Donaldson’s constraints for a closed Gy-structure on M.

It is clear now why our examples provided closed Ga-structures: they were just
special cases of Donaldson data, in situations where the connection is flat. This
simplification gives an a posteriori reason to work with platycosms: while they
have plenty of flat connections, their character varieties are quite simple and can be
described explicitly. Deeper reasons will arise in the next section, where we will use
Donaldson’s theorems to study deformations of ADE Gs-platyfolds via unfolding
of singularities; and in the next chapter, where the spectral data associated to a

deformation will be described explicitly.
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3.2 Deformation family for closed G,-structures

3.2.1 The Kronheimer family

Recall that we denote by g. a semi-simple complex Lie algebra, h. a Cartan subal-
gebra, and W the Weyl group. The compact real form of g. is denoted g, and b is
the associated real Cartan subalgebra.

We start this section by reviewing the construction of the Brieskorn-Grothendieck
versal deformation of the quotient singularity C?/T" via Slodowy slices: let x be a
subregular nilpotent element of g. and complete it to a sl(2, C)-triple (z, h,y). De-

fine the Slodowy slice:

S=12+3,(y) < g (3.2.1)

where 34.(y) is the centralizer of y, i.e. the kernel of the adjoint action of G, on y.
Consider the GIT adjoint quotient g. — g.//G.. Chevalley’s theorem says that
Clg.]% = C[b.]", so g.//G. = b.,/W. Define ¥ : S — h./W to be the restriction

of g. — b/W to S.
Theorem 3.2.1. (Slodowy [Sl080]): The family ¥ has the following properties:
1. ¥ is a flat, surjective holomorphic map
2. v1(0) = C¥T
3. Given any other map V' : A — B satisfying properties 1 and 2 there is a map

32



B (B,b) — (h./W,0) such that V' = g*WU. The map B might not be unique,

but its derivative df3, is unique.*
4. W is equivariant with respect to natural C*-actions on S and b./W

In other words, ¥ is the Brieskorn-Grothendieck C*-miniversal deformation of
C?/T. Thus, the Slodowy slice is a geometric realization of the deformations of
C?/T inside the Lie algebra g.

This embedding of S into g. comes with a symmetry group. Let C' = Zg_ (x) N
Zg,(y) be the reductive centralizer (of x with respect to h).> Its action on S
commutes with C*, so there is an action of C* x C' on §. The action of C' restricts
to act on the fibers of U (i.e., ¥ is C-invariant). The group C* x C' is called the

symmetry group of the Slodowy slice.
Lemma 3.2.2. C' = C* for g. of type A,,, and C = {e} for types D,, and Egzs.
Proof. See Slodowy’s book [S1o80]. O]

Kronheimer [Kro89a] constructed a deformation space for ALE-structures on

C2%/I". He starts with (Y* I, J, K) a certain flat simply-connected hyperkihler space

4This uniqueness at the infinitesimal level is known as miniversality. Any two miniversal
deformations of an ADE singularity are isomorphic, and their reduced Kodaira-Spencer map is an

isomorphism.

5The name is due to the fact that the identity component C? is reductive, and the component

groups Zg, (¢)/Z¢ (x) and C/C? coincide.
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with a quaternionic action of G (i.e., G < Sp(k)), and constructs a hyperkdhler

moment map:

= (p, pa, i) - VP - R* @ g* (3.2.2)

such that for £ € R3 @ h* the hyperkdhler quotient:

Sc = 171(6)/G (3.2.3)
is well-defined and is also a hyperkahler space. In particular, it has a hyperkahler
triple (I, J, K)¢ induced from Y*.

One can then prove that if £ € R*® b, S¢ is an ALE space, and is non-singular
if and only if ¢ ¢ | J, R* ® C,,, where C, is the hyperplane orthogonal to a root v.

Kronheimer’s deformation family K — b, is constructed as follows: consider the
complexified moment map p := ps+iuz : Y* — C®g*, where C = ({0} xR?, 1), i.e.,
the complex structure I induces an identification R* ~ R@®C given by (x1, X2, x3) —

(X1, X2 + ix3). Then:

Stoxans) = (11(0) 0 it (2 +ixs)) /G (3.2.4)

is an affine variety with respect to the complex structure (g y, y,). After passing to

a normalization, these spaces fit into the Kronheimer deformation family:

0:K—h, (3.2.5)
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which is a surjective flat holomorphic map with ©7'(0) =~ C?/T.

Recall that Slodowy’s family ¥ : & — b./W is versal for C*/T', so ¥ must be
induced from it by pullback from a map between the parameter spaces. Kronheimer
proves that © is equivariant with respect to a C*-action on K and weight 2 dilations
on h.. Due to Looijenga’s description of the period map for ¥ [Loo84], it follows

that © is induced from ¥ via pullback by the projection map py : h. — b./W.

Definition 3.2.3. Fix non-zero x»2,x3 € h. We say x1 € b is generic if £ =

(X1, X2, x3) ¢ R*® C,, for any root v.

If x1 is generic, the space S¢ is a nonsingular hyperkéhler manifold, and there is
a resolution of singularities r¢ © S¢ — S(0,x2,x3)- Lherefore, any appropriate choice
of x1 induces a simultaneous resolution® (:)5 : I%g — B, of O (ie., é{ =0Oorg).

We summarize Kronheimer’s results in the following:

Theorem 3.2.4. (Kronheimer): For every generic x € b, there is a commutative

diagram:

6Tjurina [Tju70], building on previous work of Brieskorn [Bri68], proved that a flat holomorphic
map f : § — T with two-dimensional fibers admitting at most finitely many rational double points
admits a local resolution of singularities: around any point ¢ € T there is an open set U < T such
that the family f|;-1 () admits a simultaneous resolution of all fibers, i.e. a commutative diagram
whose maps restricted to the fibers are resolutions of singularities. Kronheimer’s construction

gives the simultaneous resolution for the Brieskorn-Grothendieck C*-miniversal deformation.
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he —— b == /W
satisfying the following properties:

1. éx is a flat, surjective holomorphic map, with fibers diffeomorphic to the min-

imal resolution @T of C*/T

2. O, is a simultaneous resolution of ©, i.e., 1S a resolution of sin-

"x S(x,x2:x3)

gularities of S(O,xz,x;a)

3. ’%x inherits a C*-action from Y* such that (:)X 1s C*-equivariant

Moreover, one can also prove:

Theorem 3.2.5. (Kronheimer [Kr089]): Given a (smooth) hyperkihler ALE space
S, there is a & = (x, X2, x3) with x generic such that S = S¢ as hyperkdhler mani-

folds.

3.2.2 A deformation family for hyperkahler structures

One should think of the base b, of the Kronheimer family IEX as parametrizing
infinitesimal deformations of the holomorphic symplectic structure on (/32\/_1/1 The
reason is the following: let h~ be the positive Weyl chamber. By the McKay corre-
spondence, b is isomorphic to the Kéhler cone of @Q\/f‘ , with tangent spaces h. A
choice of complex structure on @T induces an isomorphism 7'(h~)®C = b, so the
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deformation parameter is a complexified Kéhler class, which is in fact holomorphic
[HKLRS7]

For our purposes, we need to make a clear distinction between deformations of a
holomorphic symplectic structure (HS) and deformations of a hyperkdihler structure
(HK). The main point is that, even though Kronheimer’s construction produces all
HK ALE spaces, it does not fit them together in a family induced from the Slodowy
slice. In order to write diagram 3.2.4, one needs to fix a complex structure (say,
I) and an element y € . This fixes the HK-structure but does not account for all
deformations. However, we will need to work with the full HK family.

First we need to fix the complex structure. Let V' be the adjoint representation
of SU(2). In comparing (:)X/ and éx, they correspond to different choices of Kahler
classes for a fixed complex structure I inducing a linear isomorphism V' =~ R @ C.
In other words, the complex structure is fixed once a choice of splitting V x R@C
has been made. We write hy :=hQ V.

Under the McKay identification h =~ H?(S¢, R), for every fixed & = (x, X2, X3),

one should think of the deformation parameter:

xa+ixseh\ | coc, (3.2.6)

v root

as a choice of cohomology class for a I-holomorphic symplectic form on the fiber
é_1<X2 + ZX3) = Sg.

This is where the distinction between the HS and HK structures on the fibers
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comes in. For each y € h° := b\ |JC,, the family (:)X provides a HS-deformation
of C?/T", meaning, a deformation of the singularity together with a two-form w, €
QQ(IEX /b.) that restricts to a a holomorphic symplectic form wX2™X3 on every fiber,
varying holomorphically with xo+7x3 € h.. It is clear that for x’ # y, the manifolds
(:)X/ and (:)X are isomorphic as holomorphic symplectic manifolds.

However, the associated hyperkdhler manifolds are not the same. Indeed, the
following well-known proposition shows that a HK-structure is equivalent to a HS-

structure + a complex structure and a Kahler class:

Proposition 3.2.6. (Beauville): Let (S,)) be a holomorphic symplectic manifold
with a complex structure I and [w] € HYY(S) a Kdhler class. Then there is a unique

hyperkdhler structure (I, J,K) on S such that [wr] = [w] and Q = w; + iwk.

Proof. Follows from the Calabi-Yau theorem. m

Therefore, we work with the pullback of © : ' — h. by the projection map
pr - by — b.. We denote this family by = : Q@ — hy-. The fibers are =71 (x, x2, x3) =
X(0,x2:x3)-

We now “glue” all families ’%x together and define a family =:0 — by and a

map t: @ — Q such that (E,t)|{x}xhc = (I%X,rx).

Proposition 3.2.7. There is a family of spaces =:0— by and a diagram:

— S

|
by 2UT b/
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FEach generic fiber Eil(X,XQ,Xg) 1s a hyperkahler deformation of m More-
over, the hyperkdhler triple on each fiber is induced from a relative triple w,, €

(QQ(@/U@))?’ varying smoothly with b,

The notation w,,,; is meant to emphasize that this element induces HK-structures

on the unfoldings Se of the singularity C?/T..

Proof. By Kronheimer’s construction, the element (x2, x3) determines the class of
a I-holomorphic symplectic form wX2™X3 on the fiber é’l(x, X2, X3)- The choice
of x € b determines a Kahler class wX and hence a fixed hyperkéhler structure.
Under the identification b =~ Th~, one can think of (x, x2,x3) as a “tangent hy-
perkahler vector” on the Kéhler cone of (é?/f‘ . The global relative triple is defined

by Qunf<X7X27X3) = (wxaw§2+iX3)'

O

Note that (QQ(@/hf/))g is a locally constant sheaf on b}, whose stalk at & is
0?(S¢, R), and w,,¢ is a locally flat section of this sheaf.

We end this section by fixing some notation for the family =:0 > by. The
trivial flat connection will be denoted by H,,;. We also define C*-actions xf on @
and ky, as follows: first recall there are C*-actions py on K and p; on h. making ©

equivariant. We define
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k() (X Xes ) i= (IAPX pr (Xes 7))

Fo(AN) (0 xe) = (IAPx po(xe)) VA e C*

Then clearly equivariance of © implies equivariance of =. Notice also that the
definition ensures there is no proper C*-invariant neighborhood of 0 in Q. Tt follows

that w,_ . is unique up to scale and that the period map of = is pwopr: by — b /W.

“unf

3.2.3 Fibering hyperkahler deformations over a platycosm

Let (@, ) be an oriented platycosm, and fix all data as in definition 3.1.11. Our
resulting Mj is then an ADE Gs-platyfold of type I', with closed Gs-structure .
We write (no, po, Hp) for its associated Donaldson data; in particular, Hy is the
horizontal distribution associated to the connection V on V, and hence is flat and
preserves the vertical hyperkahler structures. Let g be the compact Lie algebra
associated to I', h a Cartan subalgebra, and r := rank(g) = dim(h).

In this section we will use our adaptation of Kronheimer’s construction (specifi-
cally Proposition 3.2.7) to build a family of hyperkéhler deformations £ parametrized
by ). We will prove that flat sections of this family define 7-manifolds with a
closed Gg-structure. Such manifolds appear as subspaces of what is essentially “the
Slodowy slice over £”. Moreover, the image of such sections can be embedded in
T*(@) and admit an interpretation as “flat spectral covers” of ). To explain what
these objects are, let hg — @ be the trivial flat bundle of Cartan subalgebras.
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Consider the flat bundles:

Ew = tot((he ® TQ)/W)—Q
E = tot(hy ® T*Q)—Q (3.2.7)

which are 3(r 4+ 1)-dimensional real manifolds. We denote by dg the flat structure
induced by § on E. There is a natural projection map £ — Ey, which is a |IW|-to-1
cover with Galois group W. Suppose we have a section s : () — Ey,. We call the
restriction Fyy|yq) — @ the spectral cover of Q associated to s. Note that s can be
viewed as a multi-section of T*() — (Q, which is the usual formulation of spectral

covers.

The fiber product:

Yo:=Fxpg, Q (3.2.8)

is called the cameral cover of () associated to s. It comes equipped with a natural
|W|-to-1 map 3 — @ and an embedding ¥, < FE. Given X, and these two maps,
one can recover the section s, and hence the spectral cover.

The spectral covers that will be of interest to us are a slight modification of this
example, where we replace E by a flat vector bundle £ with the same fibers, but
transition functions “twisted” by V.

Our goal in this section is to prove the following result:
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Theorem 3.2.8. There is a rank 3r flat vector bundle t : £ — Q and a family

u:U — E of complex surfaces, equipped with Donaldson data:

R

ne Q2U/E) @ u*QL(E)

{ peur3(E) (3.2.9)

H:u*TE — TU a connection
\

The family has the following properties:
1. Uloq) = My

2. (n+ )l = %o

3. U1 = Q

where 0 : QQ — &£ denotes the zero-section.

Moreover, given a flat section s : Q — &, let M, := u=(s(Q)). Then the

Ms7H

restrictions (n M.) satisfy Donaldson’s criteria, and hence define a closed

Ms?lLL

Go-structure ps := (n + )| a, on Ms.

Corollary 3.2.9. Given an ADE Gsy-platyfold (Mo, o) — @, there is a moduli

space of closed Go-deformations given by:

Mg, (M) 1= Tau(Q, €) (3.2.10)

In other words, the deformations of (Mo, o) are parametrized by flat spectral

covers of Q.
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The main ingredient to prove Theorem 3.2.8 will be, once £ is constructed, to
pullback the modified Kronheimer family from last section to £. In order to do
that, we need a map € — by compatible with the flat structure on £. However, we
do not have such a map; indeed, notice that even in cases when t : £ — @ is trivial
as a smooth vector bundle - which happens exactly when (V, V) is trivial -, it is not
trivial as a flat vector bundle: the metric connection ¢ has non-trivial monodromy
H., and the same is true for the induced flat structure d¢. To circumvent this issue,
we work over a flat trivialization of £, where such maps are available locally; then
we glue the pullback families together using the cocycle of V.

Another equivalent formulation would be to work with the pullback of £ to the
universal cover @ — (). In fact, we can do something simpler: we can work over
the monodromy cover of @), i.e., the minimal cover where the monodromy action
is trivial. Due to Bieberbach’s theorem, the monodromy cover of a platycosm is
always a three-torus T. It is defined by a finite unramified covering map ¢: T — @
with Galois group H,. We then get a trivial flat bundle E— T, and we can choose

a flat trivialization where & =~ T x by. This gives us a map:

ki€ — by (3.2.11)

This is simpler than working in the universal cover because we only need to worry
about the action of H,, i.e. we can forget the lattice Z* < m. The drawback of this

approach is that one must be careful to choose Donaldson data H.-invariantly.
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We will break the proof of Theorem 3.2.8 into a few lemmas:

Lemma 3.2.10. There is a vector bundle t : € — Q with rank(E) = 3r and a family

u:U — & of complex surfaces satisfying:
1. Ulorg) = Mo
2. U1 = Q

where 0 : QQ — & denotes the zero-section.

Proof. Let $ := {U;;i € I} be a trivializing flat cover of @ (i.e, d|y, has trivial
monodromy) which also trivializes (V, V) — Q. The argument essentially consists
of gluing together “locally constant” copies of Q@ — by over U; using the cocycle
defining the vector bundle V. The proof in the holomorphic setup is due to Szendréi
[Sze04], and it follows through also in our flat setup. We reprodruce it here for
completeness.

Let (v € H'(4,Cr) be the cocycle of transition functions of V.— Q. Tt is
valued in CT since V comes equipped with a compatible fiberwise I'-action. Since
Cr < Sp(1), it acts on by by rotating the hyperkéhler classes, so we have a map

Cr — GL(by). This induces:

e: H'(Y,Cr) — H (U, GL(hy)) (3.2.12)

and since H' (4, GL(hy)) = H'(Q,GL(hy)), the image €((v) defines a rank r vector
bundle ¢ : & — @. This bundle is trivialized by i, so we write £|y, = U; x by. This
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gives us maps

Vi Ely, — by (3.2.13)

Note that the metric on @ gives an isomorphism 7*Q =~ A%*TQ, and this last
space is exactly the adjoint bundle of SU(2). This allows us to write £|y, = U; x h®
T*U;. The global identification between the flat bundles £ and h ® T*() is given by
the inversion condition: let (r+¢ and (¢ = €(({v) be the cocycles of the respective
bundles. Let Ad|y, : Hr — SO(V) be the standard representation restricted
to H, = SO(3). This gives Adgy, ((r+q) € H' (U, SO(V)) <« H*(U,GL(bhy)) via
AeSOB)—~ 1R AeGL(h®YV). Then (¢ = Ad|ny, ({r+q) "

Now consider the hyperkahler family = : Q@ — by, which is itself a pullback of
the Kronheimer miniversal deformation © :  — h. by a map ps : hy — h.. Let

U; := (Y; o po)*KC. This gives, for every i € I, a family of complex surfaces:

We now glue these families together over the U;’s using the Cech cocycle ¢y €
H'(4,Cr). For this to make sense, we need to realize Cr as a subgroup of Aut(K).
But this follows from Cr < Aut(C?/T') and the fact that this last group acts on K,
as K — b, is miniversal. So we can think of (v as an element of H'(, Aut(K)).

Thus, the datum {(, (v, w;);i € I} provides us with a family of complex surfaces:
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u:ld — &

and, by construction, U|;-1y) = Q.

(3.2.15)

Now restrict v to the zero-section 0 : () — £. Being the zero-section means

that Ulo(q) is glued by local pieces W~1(0) x U; = C?/T" x U; according to (v, i.e.,

Ulo@) = Mo.

We now have a diagram:

Lemma 3.2.11. There are elements:

neVU/KE)@uQHE)
p e u*Q3(E)

satisfying:

(0 + 1) a5 = @0

]

(3.2.16)

(3.2.17)

(3.2.18)

Proof. For each trivializing open set U;, fix an oriented basis of flat local sections

{Uiivag,iaag,i} - Ql(Ul) SUCh that T]O|Ui = gunf(o’o70) ®Q?‘

On intersections

U; n U; these sections glue according to the monodromy H, < SO(3) of (Q,9).
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Let (r+o € H'(44,S0(3)) be the associated Cech cocycle. Due to the inversion
condition, w,¢(0,0,0) is glued over open sets according to CT_jQ Moreover, since
(Q,0) preserves an orientation, det((r=q) = 1 and o7; A 05, A 03, is a well-defined
global flat 3-form on @, which we normalize to be equal to the given py. This form

pulls-back to a global flat element t* g € Q3(€). Define:

p= (u ) o e w3 (E) (3.2.19)

This is a global section of the sheaf ©=1Q3(€) on U. The notation u~! means
that we take the subsheaf of the pullback whose sections are constant in the vertical
direction.

Now, for a € {1,2, 3}, consider the pullbacks:

(wa)i = %* (wa)unf € 92(1/{1/57,)

(04)i 1= uitio) , e uf QN (&) (3.2.20)

i Y Y a,i

where t; : & — U, is the obvious map.

(¢]
a,i?

Since the (0,);’s are pullbacks of the o ., they glue together over U according

to (r=q. Since Q*(U;/E;) is glued over the Uj;’s according to the Cech cocycle

e((v) = Ad|g, ((rxg) ™!, it follows that the element:

3

= ) (wa)i ® (04); (3.2.21)

a=1

is such that 7;|y,, = 1;|v,, so defines a global section:
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ne PU/KE)Qu*QE)

(3.2.22)

Now consider (1 + )|, For every i, (1;|n,)*w, ¢ is just the hyperkdhler struc-

ture on the central fiber of the Slodowy slice, glued over @) according to (. Thus

it is clear that |y, = no and |, = po-

]

Lemma 3.2.12. Let s be a flat section of t : £ — Q and let M, := u™'(s(Q)).

Define w4 := u

H restricts to a flat connection Hy on m,.

Proof. What we want is to show there is a splitting:

3H?

0 — TU)E) — TU) —— w*'T(E) —— 0

inducing a second splitting:

0 —— T(M,/s(Q)) — T(M,) — w*T(s(Q)) — 0
and normalized to restrict at the zero section to:

J/H‘O\
0 — T(My/Q) — T(My) — w*T(Q) —— 0

M, 2 Mg — s(Q). There is a connection H on u : U — &€ such that

(3.2.23)

(3.2.24)

(3.2.25)

To construct H, we claim that all we need to do is to define a partial connection

H, on ¢, i.e., a splitting:
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0 —— TU/E) — T(U/Q)ﬂ—{}ﬁ(g/@) 0 (3.2.26)

To see why this is so, assume we have constructed H, and consider the diagram:

, N
0 —— TU/E) L= TU/Q) —— w*T(E/Q) —— 0

ln lL o l T;gg

0 —— TU/E) —L = Ty — L wTE) —— 0 (3.2.27)

| I

¢T(Q) —— ¢"T(Q) —— 0

Here d¢ is the flat connection on & — ). We want to define a section H of f.

Because dg splits the last vertical sequence, the section dg exists so we can define

H as the composition ¢ o H, o Os.

Now, notice that over each U; x by, we can find a copy of T'hy, < TU;. This is of

course just the trivial connection ¥H,, on U; — bhy. We can glue these together

over the U;’s using the cocycle of U to obtain a distribution H, < TU. Note that by

construction, this distribution is vertical with respect to @), that is, H, < T(U/Q).

So it defines a flat partial connection as desired.

Thus, we have defined a connection H on u. Now we show it restricts to a flat

connection Hy on 7. In fact, H, will only depend on the vertical part H, of H:

WT(s(Q)) « u*Hy, = u*t*TQ = ¢*TQ — TU (3.2.28)
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Here the first containment is the flatness of s, while the last map is the connection
H,. Since we are only looking over s(Q)) < &, this actually produces a map into
TU|p,. This gives the connection H,. It is flat because both Jc and H, are.

Moreover, it is clear from the construction of H, that H|o = H. O

Lemma 3.2.13. The restrictions (s, s, Hs) := (0|, 1t ar., H|ar,) satisfy Donald-

son’s criteria:

dfns = df/is =0
(3.2.29)

dHST/S =0 dHS,UJs =0

and hence define a closed Gy-structure pg := ngs + s on My such that w5 : Mg — Q)

s a coassociative fibration.

Proof. We have proved there is a natural connection H on ¢ : «f — (). This allows

us to define a horizontal differential:

dg : QN U) — QM (U) (3.2.30)

as follows: for horizontal elements, just apply ¢*dg. Consider a vertical element
v e QFOU). Tt represents an element v € QF(U). Then apply dyv' and project it
down to get to Q" 19(f). Define the result to be dyv. Then one proves that if a
different representative v” € QF() is chosen, dyv’ — dyv” is a horizontal form, hence
is killed by the projection to Q¥F19(24).

Thus H induces a decomposition, dyy = dy + dg + Fu. Since H is flat, we have
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Fy=0.

It is enough to show that Donaldson’s criteria are met by the triple (7, u, H),
and the result will follow by restriction to s.

The equations dgp = 0 = dyv follow from the definitions of v and p. The

equations dsp = 0 and dgn = 0 then follows from the fact that p and 7 are closed.

]

We can now provide a good visualization of our family of 7-manifolds. Consider

the diagram:

F U o)
; lw =7%qy u \ :l
Qx HY . (Q.6) —— & -2y (3.2.31)
" t /
Hy, (Q, ) Q

Here, 7 is the tautological map: 7(q,s) := s(q) and F is the pullback of U by 7.
From now on, we write B := Hp, (Q,&).

Our family of interest is f : F — B. For every section s € B, M, = f~1(s)
is a 7-manifold given by an ALE-fibration over (), with the fibration given by
s := w|p, : My — Q. Notice that due to the nature of the map 7, different flat
sections pick different profiles of ALE-fibers. In particular, f~(0) = M,.

One should think of (Mj, ¢s) as a “flat hyperkdhler deformation” of (M, ).
This picture also provides us with an explicit model for the moduli space of such

G9-structures: it is just the base B, and it only depends on h and the flat structure
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d on Q. We will study an explicit model in the next chapters, where g = su(n) and
(@ is the Hantzsche-Wendt platycosm. Moreover, we will show that the sections s

have an interpretation as an analogue in flat geometry of spectral covers of Higgs

bundles.

Remark 3.2.14. Before we end this section, we would like to explain the connection
of this construction with a certain “partial topological twist”, which was introduced
in [Ach98] and discussed in detail in [BCHSN18]. The relevant condition here is
that the connection ¢ is metric. The metric on () induces an isomorphism 7%*() =~
A?TQ, and this last space is the bundle of adjoint representations of SU(2). The
condition identifies these two as flat bundles, so that locally flat 1-forms can be
naturally identified with locally flat adjoint sections. The partial topological twist
can then be described as follows: if one starts with a Gy-manifold M fibered by
ALE spaces over @, and global relative 2-cycles «; € Ho(M/Q,R), then pairing
the Go-structure ¢ with the «;’s gives n 1-forms 6; € Q'(Q), each of which has
3 components 6; = (0},6?,63). On the other hand, at each ALE-fiber, we can
associate to (o), the three periods of the hyperkahler structure. This gives local
functions f; : U < Q@ — R3. Because V — (@ is flat, these functions can be glued
together to form global functions, up to monodromy of the flat connection. The
topological twist requires that the 6,’s agree locally with the f’s.

What we have argued here goes in the reverse direction: if one starts with the

condition, then the deformations of M, given by flat sections admit natural closed
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Go-structures.

It would be interesting to give a more “invariant” description of this condition.
One idea would be to formulate it in Costello’s framework [Cos13]. We believe a
more geometric formulation would involve replacing the oriented affine structure on
Q by a “Zo-twisted oriented affine structure”, i.e., a (R3, G)-structure on @) where
G fits into the exact sequence 1 — R3 — G — SU(2) — 1 (the Zy here refers to the
covering group of SU(2) — SO(3)). This would possibly extend the construction

to a class of spaces slightly more general than the platycosms.

3.3 The Hantzsche-Wendt G,-platyfold

In section 3.1 we explained how to construct closed Ga-structures on ADE Gs-
platyfolds. The construction essentially relies on matching two monodromy actions,
one coming from the flat base, and another coming from a flat bundle. In partic-
ular, if one starts with a trivial flat bundle, there are no obstructions. In view
of the results of the previous section, it is natural to ask what is the deformation
space for these G-structures. The construction of the deformation family simplifies
considerably when (V, V) is trivial, so we will focus on this case.

In the next chapter, we will give a geometric interpretation for the flat sec-
tions parametrizing deformations of Ga-structures in terms of certain “flat Higgs
bundles”. The interpretation comes from M-theory/ITA duality, which requires us

to study M-theory compactified on our Go-manifold. However, not all ADE Gs-
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platyfolds define N/ = 1 compactifications (as required by M-theory). Among the
examples we have discussed, 3.1.6 is the sole one that passes this test; hence, we

will use it as our main testing ground in studying the predictions of string dualities.

Definition 3.3.1. The ADE Gy-platyfold M, := C?/T' xg Gg will be called the

Hantzsche-Wendt Go-platyfold of type T'.

The reason why only M, admits a sensible compactification is the following: M-
theory compactified on a Gy-space M is a N' = 1 supersymmetric theory. Mathe-
matically, this means that the space of parallel spinor fields on M is one-dimensional.
If M is an ADE Gs-platyfold over (), then the holonomy of its Riemannian metric
is M is H = SU(2) x Hy < G,. By the Berger-Wang classification of Riemannian
holonomies, the A/ = 1 condition holds if and only if Hg is not conjugate to a
subgroup of SU(3) < Gb.

The holonomies Hy, of the orientable platycosms are classified by Theorem 2.1.3,
and they are all finite subgroups of SO(3). From the classification of finite subgroups
of SO(3), we see that the finite cyclic subgroups necessarily fix an axis in R3; this
automatically implies that in such cases, the holonomy can be conjugated to SU(3).
The only remaining group Hg, = Zo x Zs acts on R® without fixing an axis (see
equation 2.1.3), and it cannot be conjugated to a subgroup of SU(3).

Of course, one could go around this issue by making (V, V) nontrivial. In fact,
as the examples in section 3.1 suggests, it is possible that the monodromy of V

can supply extra factors to the Riemannian holonomy group, and hence generate
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sensible M-theory compactifications based on the other platycosms. E.g., one could
take a flat bundle over T with monodromy one of the non-cyclic finite subgroups
of SO(3); these are Ds,, Ay, Sy and As. Another interesting question that we will
not touch here is determining whether a deformation of an ADE G,-platyfold can

acquire a metric with full holonomy Gb.

3.4 Associative deformations of the zero-section

In this section we prove that the flat three-torus Q = T? is the only closed orientable
3-manifold that is non-rigid as an associative zero-section of an ADE Gs-orbifold
M — Q. As Proposition 3.4.1 below shows, the spinor bundle $Q — (@ is a
trivial (smooth) bundle. Moreover, since Spin(3) = SU(2), 8 is the bundle of
adjoint representations of SU(2), i.e., it is exactly the (smooth) vector bundle V.
In particular, a choice of flat quaternionic connection V and McKay group I' induce
an ADE Gs-orbifold M — @ by M = $Q/F. We will prove that the result for
V — @, and hence the same will hold for M. In particular, it will follow that Gg is
rigid as an associative submanifold of M.

Remark: Every closed orientable 3-manifold () is spin. This is because one can
prove there is a covering map @ — S branched in the complement of an open ball
D? < S3. But T*S? is trivial, and the obstruction to extend a trivialization over
D? lies in m,SO(3) = 0.

The zero section Z ($Q) ~ () is an example of an associative submanifold: this
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means that ¢|g = volg (equivalently, »¢|g = 0). The deformation theory of asso-
ciative submanifolds of a Go-manifold is generally obstructed. Deformations of () as
an associative submanifold of § o are given by sections of the normal bundle N /%0
preserving the associativity condition. This normal bundle can be identified (see
McLean) with a bundle of twisted spinors, $(Q) ®z E. Then the condition on the
section is that it is a harmonic twisted spinor. However, because we are working on
the total space of $Q — () itself, there is no twist (E is trivial), so the associativity
condition on the section is just that it is a harmonic spinor. This is exactly what

happens in this case:

Proposition 3.4.1. Let QQ be an orientable 3-manifold. Then $Q 15 a trivial bundle.

Proof. $Q is the vector bundle associated to the principal spin bundle Spin(Q) — @
via the spinor representation. Let f : () — BSpin(3) be the classifying map. Then
$Q is trivial <= f is null-homotopic. But BSpin(3) is the 3-connected cover’” of

BSO(3), that is, m3(BSpin(3)) = 0. Since dim ) = 3, the result follows. O

Remark 3.4.2. Orientable 3-manifolds are parallelizable, i.e., any map @) — BSO(n)

is null-homotopic.

Finally, we notice that if ) is an orientable platycosm (hence the scalar curvature

vanishes), the Lichnerowicz-Weitzenbock formula for the Dirac operator shows that

"This is a nontrivial fact, and it actually holds for n > 3. For lower n, BSpin(n) is only the

2-connected cover.
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harmonic spinors are parallel. Thus, if e.g. @ = T is a flat 3-torus, any spin
structure has parallel spinors, and thus T is deformable as an associative in M =

$(T?). In fact, this is the only non-rigid example:

Theorem 3.4.3. Let Q be a compact, connected three-manifold, and assume $Q
admits a Go-structure. Then the associative () < $Q is non-rigid <= Q) 1is the

flat three-torus.

Proof. As mentioned before, a deformation of () is given by a parallel spinor ¢ €
H (Q, $Q) If b # 0, then @ is known to be Ricci-flat, hence flat since dim QQ = 3.
This implies that i) @ is a Bieberbach manifold and ii) ) is harmonic. But Pféffle
showed ([Pfa00] Theorem 5.1) that the only flat spin manifold where the Dirac

operator has non-trivial kernel is the three-torus with its trivial spin structure. [I

This applies in particular to () = Gg. This manifold inherits half of the spin
structures of 7% under the pushforward by 7° — Gs. Regardless of which one is
chosen, Proposition 3.4.1 implies that Gg x C? =~ $g6 and hence by Theorem 3.4.3

the zero-section is rigid as an associative submanifold. We have proved:

Proposition 3.4.4. Gy is rigid as an associative submanifold of M.

3.5 Coassociative deformations of the fibers

Coassociative submanifolds are four-dimensional submanifolds S of a Gy-manifold
(M, ) such that ¢|s = 0 (equivalently, *p|s = volg). Coassociative deformations
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are described by the following result of McLean:

Theorem 3.5.1. (McLean): Deformations of compact coassociatives submanifolds
S of a Gy-manifold M are unobstructed, and the moduli space of coassociative de-
formations Cs can be identified with an open set of H:(S,R). Hence Cg is a smooth

manifold of dimension b (S).

Suppose M — (@) is a coassociative fibration by ALE-spaces S. Since S is
hyperkéhler, H2(S,,R) =~ R? is identified with the adjoint representation. The
metric on @Q gives T*Q =~ A*T'Q, which is also the adjoint representation. Hence
Tis,)C = H3(S,,R) = T*Q and hence Donaldson data can be also understood as

describing simultaneous coassociative deformations of all fibers.
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Chapter 4

Type IIA duals

4.1 M-theory/IIA duality

M-theory /ITA duality is a well-known symmetry of string/M-theory generalizing
Kaluza and Klein’s electrogravity unification. In our context, one can think of it
as a map between geometric structures on a Gs-space M and a dual Calabi-Yau
manifold X. Additionally, in the presence of M2/D6-branes, the duality relates
a locus of ADE singularities of type I' on M to a G-connection on a dual special
Lagrangian submanifold of X [Sen97] [AWO01]. Here, G is the compact real Lie
group that is McKay dual to the finite ADE group I.

Physically, one imagines a two-cycle on the desingularization of M (a “M2-
brane”) being blown-down to a singularity of type I', and hence becoming massless'.

The dual description is given by a configuration of r = rank(G) “D6-branes”; i.e.,

I'The mass of a membrane is proportional to its area.
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complex line bundles with U(1)-connections on special Lagrangian submanifolds
of X, with open strings stretching between them. In the massless limit, the D6-
branes are smashed together on a single submanifold, with a distribution pattern
dictated by the Dynkin graph of I', and thus producing a rank r vector bundle with
a (G-connection.

In this chapter we study the moduli spaces of ITA duals to singular M-theory
compactifications on ADE Gy-orbifolds M — Q. The M-theory moduli space® ./\/1(82
is a “complexification” of the moduli space Mg, we studied in the first chap-
ter. The IIA picture is useful because, as we will show, the relevant moduli space
parametrizes certain “flat Higgs bundles” (E,6) on (). Both E and # depend non-
trivially on the Ga-structure ¢ and its complexification data. In the next chapter,
we prove a spectral correspondence for (E, ) that allows us to “untwist” the Higgs
data and identifies Mg, < /\/l((c;2 with the moduli of “flat spectral covers”, i.e., the
base of the Hitchin system for (£, §). This gives an algebro-geometric interpretation

to the G-deformations described in the previous chapter.

Remark 4.1.1. To be more precise, we will be studying the gauge-theoretic de-
scriptions of M-theory and ITA strings, which are sometimes refered in the physics
literature as the weakly-coupled limits. In this limit, the theories are described as

supersymmetric gauge theories in 11 and 10 dimensions, respectively. The type of

2For the physicist reader, we note that we consider M-theory with a vanishing cosmological
constant. If this requirement is dropped, the moduli space is enhanced to include the moduli of

all G-connections on M, where G is the gauge group.
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geometric structure arising in the compactification manifolds M and X are deter-
mined by dimensionally reducing the equation for a 11 or 10 dimensional parallel
spinor down to 7 or 6 dimensions. In the first case, one obtains stationary points
of the 7-dimensional Chern-Simons functional C'S(pc) := §,, ¢c A dpc, which are
exactly the integrable complexified Gs-structures. In the second case, one obtains

the Hermitian-Yang-Mills equations.

Suppose M — @ is an ADE Gs-orbifold (of type A, for concreteness), endowed
with a U(1)-action by isometries with fixed set ) = M. In analogy with Kaluza-
Klein theory, we would like to define the space of orbits X := M /U(1) as the type
ITA dual of M. The orbit map d : M — X maps @ homeomorphically to d(Q), so
by abuse of notation we also denote the latter by Q.3

The Calabi-Yau space X is called a IIA dual for M if it satisfies the following

[Ach00] [AWO1]:

1. X := M/U(1) as smooth spaces.

2. The complex structure J on X has a real structure such that @ is a totally

real special Lagrangian submanifold.

3. There are n D6-branes “wrapping” () < X.

We note that the D6-branes in this setup fill the noncompact spacetime direction

3Note that d(Q) is more precisely seen as a singular stratum of X, but we will not make explicit

use of this extra structure in what follows.
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R3!. Hence, being 6 4+ 1-dimensional objects, they must be supported on a 3-cycle.
The special Lagrangian requirement is part of the supersymmetry condition.

These conditions do not say anything about the Calabi-Yau metric on X, so it
is not clear how to construct it. If our X is near the large volume limit, the metric
should be semi-flat and thus must be determined from a condition on the Hessian
metric on the base B of the SYZ fibration of X. In the next section, we will provide
evidence that the condition should be that B can be identified with an open set of
an orbit in a moduli space of monopoles.

The ITA moduli space M ;4 parametrizes the following objects:
1. Complex structures on X in which @ is totally real.

2. Complexified Kahler structures on X

3. A supersymmetric configuration of n D6-branes wrapped on Q).

Remark 4.1.2. For the local model X = T*(Q), once the metric on () is fixed, there
is a unique complex structure on 7*(@) under which () is totally real. This is the

complex structure that makes the semi-flat metric on 7*(@) a Calabi-Yau metric.

4.2 The Acharya-Pantev-Wijnholt system

We now analyze the supersymmetry condition for a configuration of n D6-branes
wrapping . If we work with any Calabi-Yau, the moduli space of such configura-
tions receive corrections from holomorphic disks bounded by the branes. However,
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if we assume X is near the large volume limit, such corrections are small and we
can replace X by the symplectic linearization T*(). We will argue then that the
brane configuration is described by a triple (F, A., h) consisting of a rank n complex
vector bundle, a “stable” flat SL(n,C)-connection A. on @, and a harmonic metric
h on E. The equation determining h is a moment map condition that selects a
prefered gauge orbit of A, under complexified gauge transformations. In the next
section we will give an interpretation of this data by using Corlette’s theorem to

introduce a moduli space of “flat Higgs bundles” on Q.

Remark 4.2.1. It is known [Wit96] that a configuration of n DG6-branes on a fixed
special Lagrangian @ is described by a SU(n)-connection on . In our setup, the
extra complexified directions parametrize Kahler deformations that keep () special
Lagrangian.

The unbroken supersymmetry (BPS) condition for ITA string theory on 7*@Q

with n D6-branes is given by the Hermaitian-Yang-Mills equations:

F20 =0
(4.2.1)

AF =0

Here F is the curvature of a SU(n)-connection .A on a holomorphic vector bundle
& over T*(Q) endowed with a hermitian metric, and A is the Lefschetz operator of
contraction by the Kéhler form. Note that because A is hermitian, the first equation
implies F%? = F20 = (.

It is known that the supersymmetry condition for one D6-brane wrapping () is
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given by a flat connection on a complex line bundle over ). This is a dimensional
reduction of a U(1) Hermitian-Yang-Mills connection on a line bundle over T*Q).
Thus, to find the condition on @), we need to compute the dimensional reduction of
equations 4.2.1 down to Q.*

Since we are working on 7@, choose local coordinates x; on ) and y; on the
fiber, 7 = 1,2,3. The complex structure J adapted to the semi-flat metric is chosen
such that z; = z; + iy, are holomorphic coordinates (i.e., @) is totally real). Now,

the hermitian condition allows us to write A " = A% and it follows that:

A}’O = .Aj + i.Aj.;.g
APt = A — Ay (4.2.2)

Let us write A0 = Z?:I Ajdz; +i0;dy;. Assume that A and 6 do not depend

on the fiber directions y;. It is clear that:

3

7=1

becomes a well-defined su(n)-valued one-form on ). Moreover, because (@ is special

Lagrangian, Ngr+o = T'Q so the a priori vertical su(n)-valued one-form

4Another way to see this is by noting that the HYM equation describes a “spacetime filling
brane” on T*(@Q, and the wrapping condition is obtained by performing three T-dualities along the

fiber directions.
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3
j=1
can be be dualized (via the metric) to a su(n)-valued one-form 6. In this semi-flat

setup, the dualization map is the action of the complex structure J,z(dyj) = —dxy.

Let d = 0 + 0. By assumption, A = 00 = 0. We have:

]_-2,0 _ 6A1’0+A1’0 /\AI’O
=0(A+1i0) + (A+i0) A (A+i0) (4.2.5)

and

FUL = 0 A% 4 A0 A A0 (4.2.6)

The first equation becomes:

FA =0 A0
D40 =0 (4.2.7)
and the second equation is:
Dyx0=0 (4.2.8)

where the “bundle Hodge star” on Q'(Ad(€|q)) is a combination of the Hodge star

on the base ) and the Hodge star induced by the hermitian metric on £. One
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can also define the “adjoint” of D4 by DL = xD *x and write equation 4.2.8 as
Do =o0.

We will refer to equations 4.2.7 and 4.2.8 as the Acharya-Pantev- Wignholt sys-
tem, or APW for short. The reason we choose this name is that, as far as the
author is aware, the recognition that these equations describe the supersymmetric
gauge theory associated to a system of Dg-branes wrapping a three-cycle appears
first in work of Acharya [Ach98], and the Higgs bundle/spectral cover interpreta-
tion, which we will discuss next, first appeared in the work of Pantev and Wijnholt
[PW11]. Recently, the system has been studied more carefully in [BCHSN18] and
[BCHLTZ18]. We note, however, that these equations have appeared long before (in
a different context) in the Mathematics literature in the works of Donaldson [Don87]
and Corlette [Cor88]. In fact, theorem 5.1.8 below establishes that solutions to these
equations are essentially described by the well-known Donaldson-Corlette theorem

5.1.7.

4.3 The Hantzsche-Wendt Calabi-Yau

4.3.1 SYZ fibration and special Lagrangian deformations

The celebrated SYZ Conjecture [SYZ96] is a geometric formulation of Mirror Sym-
metry. In its essence, it claims that mirror Calabi-Yau manifolds should admit

dual special Lagrangian torus fibrations. Here, “dual” means that a torus fiber
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T, in a fibration g : Z — B is the moduli spaces of flat U(1)-connections of the
corresponding fiber ’i‘b in the dual fibration Z — B, and vice-versa.

This description, however, is only true generically: in practice, one has to allow
fibrations with “special fibers” along a singular locus A < B. Such fibers can be
either singular limits, finite quotients or even “collapsed limits” of the smooth torus
fibers. There are local models for the SYZ fibrations over subsets of A, and these
admit a semi-flat Calabi-Yau metric [LYZ04]. For these metrics, the smooth fibers
are always special Lagrangian. The study of mirror symmetry for such Calabi-Yau
spaces is often called semi-flat Mirror Symmetry. In this approach, one builds the
Calabi-Yau structure on the mirror g : Z > B by first dualizing the smooth part
of g : Z — B, and then correcting the dual semi-flat structure on ¢ by “instanton
corrections” depending only on the structure of the singular locus A of g.

In chapter 3, we proved that the Hantzsche-Wendt Gs-platyfold M admits a
sensible M-theory compactification. In the previous section, we showed that the
classical approximation to M-theory /ITA duality leads to a description of the Go-
deformations of M in terms of A-branes on its IIA dual, the Hantzsche- Wendt
Calabi-Yau T*Gg. In this section we study the SYZ-fibration structure of X :=
T*Gs. We will define a torus fibration with total space X and will discuss how to
pick the correct semi-flat Calabi-Yau metric.

We first construct the fibration. Recall that we have the usual cotangent map

T*T — T. This is in fact a trivial flat bundle - i.e., the metric connection has no
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monodromy. It follows that there is a canonical way of identifying all fibers: fix a
base point 0 € T and isomorphisms 7, : 7T = 75T, Vx € T. Then there is a “fiber

projection map”:

f:T*T - T5T
(%,£) = 1a(§) (4.3.1)

This induces a projection on the K-quotient:

T*T/K N T(;“T/K (4.3.2)
where the K-action on T*T is just the usual action on the base T coupled with the
induced action on covectors.

We will need the following lemma:

Lemma 4.3.1. X = (T*T)/K as smooth manifolds.

Proof. Recall that X := T*Gs = T*(T/K). We can also give a different characteri-
zation of X as a K-space: X = (T*T)/K, where K is another copy of K acting the
usual way on T and trivially on the cotangent directions. The K and K actions on

T*T commute so there is an isomorphism:

(T*T)/K/ﬁ{ ~ T*(T/K)/K (4.3.3)
Call this space 8. So we have two Galois coverings over S with Galois groups
K and K:

68



T*(T/K) (T*T)/K

]Kl l]K

S ———' S

Because the actions involved are free, it is easy to check that m(S) is an exten-
sion of Z3 by K x K. The fundamental groups of the covering spaces are extensions
of m(T) by actions of K or K. However, since the actions are identical on T, the
same is true on 71(T), hence they are isomorphic extensions of 71(T). This is, of
course, just the group m = m(Gg). The covering maps send 7 to two conjugate
index four subgroups of 7 (S), hence they define isomorphic covering maps, and in

particular diffeomorphic total spaces. O

From the lemma, we get our desired fibration:

fX-1TT/g (4.3.4)
——
:zR%

To check that this can be given a structure of special Lagrangian torus fibration,
we first identify 7T /K more carefully. Clearly 73T =~ R? and each generator of
the K-action just inverts the signs in two of the three directions - i.e., K = Hg, acts
via the presentation 2.1.3. Hence, the base T¢'T/K can be identified with R? with

a trident-shaped singularity along the three axes; we denote this singularity by Y

for obvious reasons.® Each coordinate axis has isotropy Zs - coming from the three

5Such a trident-shaped space will appear often throughout this work, so we adopt the following
convention: Y is the union the three axes in R3, and for a topological space A the notation Y 4

means three copies of A joined together at a point. The orbifold structure on these spaces in
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order two subgroups of K - while the origin has isotropy K. We denote this singular
space by R3,, and the discriminant locus A by Y.

We now discuss the fibers:

e 2¢Y: f~(z) is a smooth fiber isomorphic to T
e xeY,x#0: f!(x) is a reducible scheme® Gy(Zy)

e 0eY: f71(0) is a reducible scheme Gg(K)

The notation N4 means that the R-scheme N (A) is topologically N and its sheaf
of functions is an extension of C{f by A. One should think of N as a subscheme of
N4 whose normal vectors are parametrized by A.

We now discuss the Calabi-Yau structure on X inducing a special Lagrangian
structure on the fibration X — R3,.

The space R3, is an example of a so-called Y-verter [LYZ04]:

Theorem 4.3.2. (Loftin, Yau, Zaslow:) R3\Y admits affine Hessian metrics solv-

ing the Monge-Ampére equation.

It follows that T*(R3,\Y), and hence also X\ f~'(Y), admit semi-flat Calabi-
Yau metrics.
We assume the Calabi-Yau structure on X is near the large complex structure

limit point on the moduli space. In this limit, the volumes of the torus fibers are

different situations will either be specified separately or will be clear from context.

6Recall that Gy is the unique oriented platycosm with holonomy Zs, also known as dicosm.
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small, and the Calabi-Yau metric is approximated by a semi-flat metric on the
fibration whose smooth fibers are special Lagrangian tori. Theorem 4.3.2 provides
many possible non-trivial semi-flat Calabi-Yau structures on X, and one of them is
ITA-dual to the Gs-structure on the Hantzsche-Wendt Ga-platyfold. We will now
give a heuristic argument on how the correct metric can be identified.

We first note that the structure of the singular fibers of X is suspiciously similar
to the configuration space of SU(2) A-branes on the IIA dual C'V of a Zy-quotient of
the Gy-cone C(SU(3)/U(1)?) [AWO01], 3.7 (IT). In fact, there is an obvious relation
between X and CV: SO(3) acts on X by isometries on each SYZ fiber, and on
SU(3)/U(1)? by left multiplication. The orbit space for the first action is R3,; for
the second action, it is a certain one point compactification” R3, U {o0}. This last
space can also be described as the Grassmanian O(3)/O(1)? of triples of oriented
lines in R3; a second, more useful description, is that R3, U {00} is the orbit of the
Atiyah-Hitchin moduli space for two distinct SU(2)-monopoles of charge 2.

We conjecture that C'V is the large volume limit point of X. One idea to prove
this is to show that there is a Gromov-Hausdorff collapse of X collapsing the smooth
fibers and the most singular fiber Gg to points, while the other singular fibers G,
collapse to the flat 2-dimensional orbifold D?(2,2;) known as the half-pillowcase
[BDP17]. The intuition is that when the singular fibers become large, this provides

exactly three copies of R? touching at a point, each with multiplicity 2. If this is

"This is not the usual one-point compactification; the basis around o has to be reduced to not

intersect the singular rays.
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true, one expects that there is a GGo-deformation connecting their M-theory duals;
i.e., that ((% xk Gg admits a metric degeneration to C'(SU(3)/U(1)?)/Zs.

We will come back to this conjecture at the end of this section, after we discuss
flat deformations. We will also give more context for it in Chapter 6, where we
will prove that the mirror X admits a “smoothing” given by the moduli space of
SO(4, C)-flat Higgs bundles on the central fiber Gg.®

Going back to the fibration f : X — R3, the special Lagrangian structure on

the fibers can be understood from the proof of McLean’s theorem:

Theorem 4.3.3. (McLean): Deformations of compact special Lagrangian subman-
ifolds S of a Calabi-Yau manifold X are unobstructed, and the moduli space L is

smooth of dimension b'(9).

Proof. Each normal field n on S defines by contraction a 1-form ¢(n)w and a 2-form
t(n)Im(O). These are well-defined because w|s = Im(0O)|s = 0. Moreover one can

prove:

tn)w = —=*1(n)Im(O) (4.3.5)

The deformation of S associated to n is determined by the exponential map

exp,, : S — X by S, := exp,(S). S, is special Lagrangian if and only if w|g, =

8We expect that, if the conjecture is true, the correct metric to choose on R, in order to define
the semi-flat Calabi-Yau structure on X should be the decompactification of the homogeneous
metric on the generic orbit of the Atiyah-Hitchin moduli space of centered SU(2)-monopoles of

charge 2. The author is not aware if this is a Hessian metric, though.
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Im(©)|s, = 0 if and only if exp* w|s = exp* Im(O)|s = 0. In other words, the local

moduli space Lg is given by fg'(0), where:

fs U < F(Ns/x) — Q}g@Q%

n — (exp; wls, exp* Im(0)|s)

The tangent space to L is given by ker(dfs(0)) which after a computation using

Lie derivatives reduces to:

du(n)w =0 (4.3.6)
du(n)Im(©) =0 (4.3.7)

Because of 4.3.5, S, is special Lagrangian if and only if ¢(n)w is harmonic. The

Hodge theorem now shows that Tjg £ =~ H'(S). [

It follows that the moduli space of special Lagrangian deformations of the
smooth torus fibers of f : X — R3, is isomorphic to the complement of the discrim-
inant locus R$,\Y.

Recall that Gg embeds in X as the zero-section of T*Gg — Gg. This copy of Gg is
special Lagrangian with respect to the standard flat metric on T*Gg — Gg. Assume
it is also special Lagrangian with respect to the Calabi-Yau structure on X — R3,.

If this is the case, then:

Corollary 4.3.4. G is rigid as a special Lagrangian in X — R3,.
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Proof. The homology of Gg is (Z,Z4 ® Z4,0,7Z). Since Gg is orientable, the result

follows from Poincaré duality and Theorem 4.3.3. [

Now we will argue that flat deformations of Gg < X are related to special
Lagrangian deformations of the fibers of X — R3,. Consider Gg as a compact flat

manifold. The Teichmiiller space of flat deformations is given by [BDP17]:

T(Ge) = (R*/{i1}>3 = (Rso)’ (4.3.8)

The moduli space of (isometry classes of) flat metrics is:

Mt (Gs) = T(Gg)/Nx (4.3.9)

with A, = h(N (7)), where N(7) is the normalizer of 7 in Aff(R?) and

h : Aff(R?) — GL(3,R)
(A,v) — A (4.3.10)

is the holonomy projection map.

We are interested in computing the moduli space of flat oriented metrics, i.e.,
we do not admit orientation-reversal symmetries. So we need to describe the
orientation-preserving piece N*(7) < N(m) and then its image h(N*(7)). The
idea is to identify this last group as a subgroup of the group of affinities Aff(Gs),

i.e., the affine automorphisms of R? that descend to Gg =~ R3 /7. The reader who
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dislikes short exact sequences is encouraged to skip this computation. We start by

proving a lemma:
Lemma 4.3.5. The group of affinities Aff(Gg) is an extension of Zy by Out(r).

Proof. For any flat compact manifold G, the Diff(G)-action on the loop space £(G)
induces, by the Dehn-Nielsen-Baer theorem for flat manifolds, an isomorphism be-
tween Out(mi(G)) and the Mapping Class Group M(G) := Diff(G)/Diff " (G). More-
over, Aff(G)/Aff"(G) =~ Out(r,(G)) (Theorem 6.1 of [Cha86]).

Now, Aff"(G) is isomorphic to Iso™(G), the orientation-preserving isometries of
the flat metric [KN63], hence it is a torus (S')*(9). Since b;(Gg) = 0, it follows that

AH+(QG) >~ 7. O

The group Out(r) fits into an exact sequence:

1 — (Zy)? — Out(r) — Sz x Zy — 1 (4.3.11)

and the group N(7) fits into another exact sequence:

1—-7m— N(m) - Out(r) - 1 (4.3.12)

The last Z, factor in 4.3.11 is an orientation-reversal (it acts as —1343). So we

consider the subgroup Out™(7) < Out(m). This fits into the exact sequence:

1 — (Zy)? - Outt(7) — S3 — 1 (4.3.13)
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and is in fact the wreath product, i.e., the semi-direct product W := (Zy)3 x Ss

induced from the permutation action. Thus the desired group is an extension:

11> N (T > W 1 (4.3.14)

Now, we compute h(N*(m)). This is isomorphic to N*(7)/Ker(h|y+)). We

look at W and 7 separately:

e 7 recall that this is a crystallographic group and fits into an exact sequence:

1> A, >7— Hy > 1 (4.3.15)

where A, =~ Z3 acts as translations and H, =~ K acts as usual (reflects two of

the three coordinates).

e W: the factor (Z,)? acts as translations on R?, so its action on 7 is killed by k.
The Ss factor just permutes the coordinates on R?, and it acts on K =~ 7/A,

by permutting the three non-trivial elements.

It follows that:

h(N* () = K x S (4.3.16)

Therefore the moduli space looks like:

Miat(G6) = (R>0)3/K % Sy (4.3.17)
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Note that this has a striking similarity to the moduli space of special Lagrangian
deformations Mgr.e = R3\Y of the smooth fibers of X: in fact, formula 4.3.17
implies that Mg, is a quotient of M., by the action of S35 on R3 that permuttes

the coordinates. We conjecture the reason is the following:

Conjecture 4.3.6. A deformation of the semi-flat Calabi- Yau metric on f: X —
R, preserving the special Lagrangian fibration induces a flat deformation of the
central fiber f71(0) =~ Gg. If a special Lagrangian deformation is induced from a

symmetry of the singular set Y, then the flat structure on Gg is unchanged.

In the above we only consider deformations that do not lead to Gromov-Hausdorft
collapse of the fibers. If this happens, the conjecture should be modified to allow
a flat collapse of Gg. It is proved in [BDP17] that the only affine class of flat col-
lapse of Gg is a two-dimensional flat orbifold known as RP(2,2;) - the quotient of a
four-punctured S? by the antipodal map.

We finish this section by pointing out a very interesting fact: h(Nagms)(7)) is the
group of symmetries of the Borromean rings R (see Figure 4.4), and h(N;ﬁ(Rg,)(ﬁ))
the group of symmetries preserving a framing. The connection with our picture
is a consequence of the following beautiful result of Zimmerman [Zim90]: R is
the branching locus of a 2-fold covering map b : Gg — S® and ]h(N;H(R:,»)(W)) is
given exactly by Aff(Gg)/Gal(b) (where Gal(b) =~ S; is generated by the three maps
permutting the sheets). Thus, the symmetries of R must encode the structure of

flat deformations of Gg, and assuming Conjecture 4.3.6 is true, also of Mpag(X).
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Figure 4.1: Borromean rings

IATEX code by Dan Drake, available at http://math.kaist.ac.kr/~drake (colors were changed).

R. H. Fox proved that a branched covering is uniquely determined by its restric-
tion to the unramified locus. Therefore, equivalence classes of n-sheeted branched
coverings ¢ : A — (B, L) are in one-to-one correspondence with equivalence classes
of monodromy representations p € Hom(m(A\c™}(L)),S,). In our situation, the
monodromy of b around each of the three components of R is given by the permu-
tation exchanging the two sheets. These correspond to the three copies of Zy < S3.

These, of course, generate the whole S3, which is also the symmetry group of R3,.
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4.4 Envisioning a Gy-conifold transition

We now close the circle of ideas from the previous section and give a precise conjec-
ture regarding the relationship between the geometric structures discussed. Let
M (2,2) denote the generic orbit of the Atiyah-Hitchin moduli space of SU(2)
monopoles of charge 2. Moreover, in this section we write Hg, instead of K to

make the connection with Gg explicit. We compile a few facts:

1. A (2,2) = SO(3)/Hg,. Moreover, Hg, is the Borel subgroup of SO(3), and the
associated complete real flag F satisfies m(F) = @Qs, the quaternion group.
Since F is closed and oriented, it is a homology sphere, and is in fact the

quotient S®/Qg. In particular, it is a spherical space in the sense of Thurston.
2. The base R, of the SYZ fibration on T*Gg is a decompactification of SO(3)/Hg,.

3. SO(3)/Hg, is also the orbit space of the SO(3)-action by left multiplication

on the nearly-Kéahler space SU(3)/U(1)2.
4. The metric cone C(SU(3)/U(1)?) admits a Gy-structure.

5. The Hantzsche-Wendt space Gg is a double cover of S* branched over the

Borromean rings R.

6. The complete real flag F is a double cover of S* branched over three fully

linked unknots [AWO01].
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We now imagine that we start with R on S and take a limit where the three
links touch at a single point, which we call a vertex. We then resolve this singularity
by deforming the links to be fully linked. At the level of the SYZ fibration, this
corresponds to deforming the fiber Gg creating enhanced monodromy at a point
(there is now 8 sheets coming together at the vertex). This monodromy persists in
the resolution, which is F. However, we have made a transition from a flat 3-cycle
to a non-flat one (F can not be flat as its fundamental group is finite). At the level

of Gy-geometry, we arrive at the following:

Conjecture 4.4.1. (Gy-conifold transition): There exists a rank 2 complex vector

bundle Ex — F such that

1. Ex has a metric with holonomy contained in G

2. There is a metric degeneration:

C?/Zy xx G v C(SU(3)/U(1)%)/Zy «-- Ex (4.4.1)

that exchanges the flat 3-cycle Gg by the spherical 3-cycle F.
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Figure 4.2: Left: Borromean rings. Right: Three fully linked unknots.
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Chapter 5

Flat Higgs Bundles and A-branes

5.1 Flat Higgs bundles

We start this chapter by introducing the notion of flat Higgs bundles, which are
special solutions to the Acharya-Pantev-Wijnholt system 4.2 adapted to platycosms.
We will relate it to the character varieties of Bieberbach group of 2.2 using Corlette’s
theorem.

We are interested in studying Higgs bundles over Bieberbach manifolds. To
simplify notation, we will make no distinction between § and the induced flat con-
nections on other tensor bundles over (), and will denote all of them by §. The same
will hold for a connection A on a vector bundle over () and its associated bundles.
Moreover, given a flat bundle (E, A), we denote its local system of flat sections

by E4 to distinguish it from the smooth bundle E. For example, T5() denotes the
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sheaves of flat vector fields on (). We note that even though these sheaves have the
same fibers as their smooth counterparts, their stalks contain only flat sections. We

will also use the notation Q}(Q) for the sections of T}Q.

Remark 5.1.1. All constructions in this chapter are valid in the larger realm of
flat affine manifolds - i.e., smooth manifolds with a flat connection on the tangent
bundle which is not necessarily compatible with a metric. However, we restrict the
discussion to Bieberbach manifolds in order to connect directly with the previous

chapters.

We recall the following fact: given a smooth manifold N, let £ — N be a
complex vector bundle with a hermitian metric h. Then A induces an isomorphism
E =~ E*. If one is given a hermitian connection A on (E,h), then the covariant
derivative V4 : T(E) — Q'(E) has an h-adjoint V¥ = V4. This gives another
operator VL : T(E) - QYE) given by VL = 0 0 V4 00, where o is complex
conjugation.

Definition 5.1.2. A smooth GL(r,C)-Higgs bundle on a smooth manifold @ is
a tuple (E,h, A,0) consisting of a complex rank r vector bundle £ — @ with a

hermitian metric h, a unitary flat connection A € Q'(End(E)), and a real Cg-linear

bundle map 6 : I'(E) — ['(E ® T*Q) satisfying the condition:
e A0 =0

We will say that (F,h, A,0) is a flat Higgs bundle if, furthermore, the following
flatness conditions are satisfied:

83



OVA9=0
e Vio=0
A

Flat Higgs bundles are special solutions of the Acharya-Pantev-Wijnholt equa-
tions 4.2.7 4.2.8. Those equations should be thought of as analogues of Hitchin’s

equations in the category of flat smooth vector bundles.

Remark 5.1.3. The reality condition on the Higgs field 6 € Q'(End(F)) means that
0 = 6. The dual Higgs field  can be seen as amap 0 : T(Q)®FE — E, and therefore
it induces an action of the tensor algebra 7°(7'(Q)) on E. The condition 8 A § = 0

means that this action descends to an action of the symmetric algebra S*(7(Q))

on F.

Notice that a smooth Higgs bundle is flat if and only if the Higgs field # belongs
to the local system End(E) ® T*Q. If we are given a Riemannian metric 6 on @),
there is another local system structure on End(E) ® T*Q given by the connection
A®?J. This is a connection that preserves the full metric on the bundle, unlike A. It
follows from the product formula for tensor product connections that A-flat Higgs
bundles and A ® d-flat Higgs bundles are equivalent if and only if 6 takes values in
T5@Q), i.e., in flat 1-forms on (). This is a natural condition when working with flat

Riemannian manifolds such as platycosms.

Definition 5.1.4. Let (@, ) be a flat Riemannian manifold. A flat Higgs bundle
on (Q,9) is a flat Higgs bundle (E,h, A,0) on Q such that 0 € Q}(End4(E)) :=
['(T§Q ® Enda(E)).
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Define the hermitian Hodge-star operator *; on basic elements of Q'(End(F))

by *,(A® a) = A® *a and extended by linearity.

Lemma 5.1.5. (E,h, A,0) is a flat Higgs bundle on (Q,0) if and only if:

Vagsf = 0

VA@g(*he) =0 (511)

Proof. Follows from the discussion above and the formula:

Viigs = *n 0 Vags o # (5.1.2)

]

The following table compares Higgs bundles in the holomorphic and flat worlds:

Holomorphic Flat
(X, 0) Kéhler manifold (@, ) flat Riemannian manifold
Q0 — Q1(X) Q} — QY(Q)

(BE,0p : E — E® Q%) holomorphic bundle | (E,h,V4: E — E®Q}) hermitian flat bundle

¢:E—-EQQYW Q:EHE@)Q};
dAd=0,05=0,0pp =0 (F-terms) O A0 =0, V% =0, V40 =0 (F-terms)
Op¢! = 0 (D-term) V0 = 0 (D-term)

Remark 5.1.6. When solving Hitchin’s equations for (holomorphic) Higgs bundles,
there are two different perspectives: in the holomorphic perspective, one fixes a
hermitian metric and solves for a connection and a Higgs field, with the holomorphic
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structure coming from the (0, 1) part of the connection; in the hermitian perspective,
we fix a holomorphic structure on the bundle and solve Hitchin’s equations for a
hermitian metric and a Higgs field, with respect to the unitary Chern connection.
As we are fixing the flat structure on ), our current formulation of flat Higgs bundles
is closer to the latter. However, one notices that this duality also works in our case;
this is clear from the Acharya-Pantev-Wijnholt equations, and is reminiscent from
our discussion on ADE Ga-platyfolds in the first chapter, when there was a similar

duality between flat structures on the base and on the fibers.

To explain the meaning of the D-term, recall the following important result

[Don87], [Cor88]:

Theorem 5.1.7. (Corlette, Donaldson): Let G. be a semisimple algebraic group and
K a mazimal compact subgroup. Let (Q, g) be a compact Riemannian manifold with
fundamental group w, and let (@,5) be its universal cover. Fix a homomorphism
p:m— G, and let h: CNQ — G./K be a p-equivariant map. Then the following are

equivalent:
1. h: C~2 — Gc/K 1s @ harmonic map of Riemannian manifolds
2. The Zariski closure of p(m) is a reductive subgroup of G. (i.e., p is semisimple)
Moreover, if p is irreducible, the harmonic map is unique.

In the language of flat bundles, the theorem says that the gauge orbit of a flat,
stable G.-connection has a unique harmonic metric. We will now explain this more
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carefully, as this is one of the crucial points of the theory. The reader familiar with
harmonic metrics is encouraged to skip the next paragraphs.

This theorem is a manifestation of a deep relationship between algebraic and
symplectic geometry, relating stability of orbits of G.-actions to zeros of moment
maps. In its simplest form, this is expressed by the Kempf-Ness theorem [KN79]:
let V' be a complex vector space and p : G. — GL(V,C) a representation. Then a
G -orbit G,v is stable < (G.v has maximal dimension and contains a shortest vector
vp. On the symplectic side, one picks a hermitian form h on V endows V with a
symplectic structure w, and there is an induced action of the compact subgroup
K < G, preserving this form. The data (h,w, K) gives a moment map p, and
(vg) = 0 < vy is the shortest vector in G.v.

The Corlette-Donaldson theorem is an infinite-dimensional analogue of this re-
sult. The dictionary goes as follows: V' is replaced by a flat G.-bundle £ — (Q, g),
p is now the monodromy representation of a flat connection D, and G. is replaced
by the group of G.gauge transformations ¢.. The algebraic point of view now
says that D is irreducible < one can find in its orbit ¢.(D) a “shortest” metric -
i.e., harmonic. The symplectic point of view sheds more light in the harmonicity
condition: once one picks any hermitian metric A on the bundle, h and g together
induce a Kéhler metric w on the space of connections Q'(Q, Ad(E)). The group of
unitary gauge transformations ¥, preserves w. Write D = A + 6, where A preserves

w and 6 is hermitian. The associated moment map is p = Vg@, and its vanishing
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is equivalent to a harmonic metric. Thus, a solution to the D-term is a harmonic
metric.

The reason for the name “harmonic” is the following: a metric on (£, D) — @
is a choice of inner product at every fiber, compatible with the flat structure D.
The pullback of (E, D) to @ is a trivial flat bundle, and the same is true for the
bundle of metrics, which is Q x SL(n,C)/SU(n). A metric on (E, D) — Q is then
just a m-equivariant section s of this bundle, and we say the metric is harmonic if
s is a harmonic map, where the symmetric space . := SL(n,C)/SU(n) is given
its canonical Riemannian structure. Now, Corlette’s proof of theorem 5.1.7 [Cor88§]
shows that, in terms of the section s, one can write # = ds and V4 = s*V &, where
V o is the Levi-Civita connection of .. Thus the harmonicity condition is exactly

what one expects:

V0 = x5V »d(s) =0 (5.1.3)

where the trivial flat connection d can be thought as the Levi-Civita connection for
the flat metric on @

We note also that Proposition 2.2 of [Cor88| shows that the vanishing of the
D-term is equivalent to minimizing ||f||3,. Thus, harmonic metrics are those such
that the decomposition D = A + 6 gives the shortest Higgs field. This completes
the analogy with the Kempf-Ness theorem.

In the holomorphic category, Simpson [Sim92] used theorem 5.1.7 to show that a
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harmonic metric on a holomorphic bundle over a Kéhler manifold gives a holomor-
phic Higgs bundle. We will show an analogous result in the flat world: a harmonic
metric on a flat bundle over a compact Riemannian manifold () is given by a solution
to the APW system. One would expect, moreover, that when () is a Bieberbach
manifold, such solutions are given by flat Higgs bundles (however, see the discussion
below).

We say (E, D) is a flat reductive bundle if D has reductive monodromy.! The

following is the analogue of Simpson’s theorem on the flat category:

Theorem 5.1.8. For a compact Riemannian manifold Q), there is a bijection be-

tween the following data:
Flat reductive bundles (E, D) «— Solutions (E, h, A,0) of the APW system

Proof. Suppose first we are given a flat reductive bundle (E, D) on Q. Pick a her-
mitian metric g on E. Then there is a unique C*-linear 6 € Q}(End(F)) satisfying

0 =0 (i.e., 0 is real with respect to ¢g) and such that V4 = Vp — 0 satisfies:

VAg =0 (5.1.4)

The Corlette-Donaldson theorem says there is a m-equivariant harmonic map

h:Q — SL(n,C)/SU(n) associated to (V 4,6). The harmonicity condition is

'More precisely, if the Zariski closure of the image of the monodromy representation is a

reductive subgroup of G..
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vie=0 (5.1.5)

where conjugation is taken with respect to h. Together, equations 5.1.4 and 5.1.5

imply that V40 = 0. Therefore, V4 —0 A 0 = V% =0, and (E, h, A,0) a solution
of the Acharya-Pantev-Wijnholt system.

For the converse, start with a solution of APW (E, h, A,0) and let Vp = V4 +0.

Then:

V%Z(VA—FQ)O(VA-F@)
=V4+Va00+00Vs+0n0
=Vi+Val+0A0

=0

It remains to show that D has reductive monodromy. Let pp and p4 be the
monodromy representations of D and A, respectively. Then pp(w) < p§(7). But

A is unitary, hence pa(m) € U(n) is compact. Thus p§(7) is reductive and so is

pp(T). [

Remark: One can define an appropriate notion of morphism for flat Higgs
bundles. Then the bijection extendeds to an equivalence between the subcategory
of local systems with reductive monodromy and the category of flat Higgs bundles.

We omit the proof since we only care about moduli spaces of objects here.
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One could ask what happens to Theorem 5.1.8 when (Q,0) is a Bieberbach
manifold. In view of the results of Chapter 3, it seems reasonable to expect that
all solutions of the Acharya-Pantev-Wijnholt system on (Q,dJ) are given by flat
Higgs bundles (i.e., F4 = 0 A 6 = 0). For the SL(2,C) case, this conjecture
holds if and only if the following is true: given a harmonic map f : (R3 dgs) —
(H3, dys ), where dgs is the flat metric and dys is the constant curvature —1 metric,
then the pullback f*VdH3 of the Levi-Civita connection of dys is a flat connection.
The author sees no reason why this result should be true. This is related to the
question of whether there exist “exotic” Ga-deformations of ADE Gs-platyfolds -
i.e., deformations that do not preserve the coassociative fibration structure, and

hence not obtainable through Donaldson data and unfolding of ADE singularities.

5.2 The moduli space of A-branes on Gg

We now return to our main example, the Hantzsche-Wendt Calabi-Yau X = T%*G;.
Proposition 5.1.8 shows that a configuration of n A-branes wrapping Gg is given by
specifying a reductive flat SL(n,C)-connection on a vector bundle over Gg. Hence,
Mia(Gs) is the character variety Char(Gg, SL(n,C)). In what follows, X,, denotes
the data of the Calabi-Yau space X together with n A-branes wrapping Gg. That
is, X, is the orbifold T*Gg/7Z, with a Z,-singularity at Gg. Here, Z,, = SO(3) acts
on each fiber via the fundamental representation.

We let 7 be again the Hantzsche-Wendt group, with 1 — Z3 —» 7 — K — 1,
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where K =~ Zy X Zs. From section 2.2.1, we know that the character variety of the

three-torus T is given by:

Char(Z®, SL(n,C)) = (C*)** %/, = [ [ (C*)*7"/%,) (5.2.1)

i=1

where ¥, acts by permutations on (C*)"™' =~ {212y...2, = 1} < (C*)".
In section 2.2, we determined that there is a map r : Char(w, SL(n,C)) —
Char(Z3,SL(n,C)). Moreover, there is a K-action on this last space, given in

terms of the presentation 5.2.1 by

(6, )21, 22, 23)] = [(24, 25, 27 )] (5.2.2)

where i, j € {+1}.
The main result in section 2.2 was that Im(r) is contained in Fix(K). The
image determines Char(m, SL(n,C)) possibly up to a finite cover given by non-

trivial representations of K mapping to the same element of Hom(w, SL(n, C)).

When n = 2 it is easy to describe Fix(K). Let a = (1, —1). Then:

Fir(a) = [(£1,C*,C*)] u [(C*, +£1,£1)] = (C?),,., U C., (5.2.3)

Notice that the first factor is contributed by —1 € Zy and the second by 1 € Zs.

We can play a similar game for the other two non-trivial elements of K. Hence:

Fix(K) =[] (€Y. uC,) =C, uC, uC,, (5.2.4)
(4.5,k)e((1,2,3))
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Thus Fix(K) is a bouquet of three complex lines touching at a point. The
image Im(r) can be computed directly from a presentation of 7 to show that r
is in fact surjective; essentially, this is because an element in the bouquet, say
(a,0,0), is a representation which is non-trivial only at a single generator, so will

be automatically a representation of 7. Thus:

Char’(m, SL(2,C)) = Y¢ :=C., uC,, U C,, (5.2.5)

We recall that the notation Y¢ means that the space looks like a trident of
C’s touching at the origin. The “real version” Y of Y¢ has appeared before as the
discriminant locus of the SYZ fibration f : X — R3,. The space Y¢ will also appear

again in section 6.3 when we discuss the moduli space of B-branes in the mirror X.

Remark 5.2.1. Formula 5.2.5 only computes the connected component of the trivial
representation. Up to conjugation, there are also 3 other non-trivial representations

of K that map to the trivial representation of .

Now here is the important point: we can actually use this to verify M-theory/ITA
duality - i.e., the equivalence between the moduli space of vacua in the two theories
- in this case. Recall that the M-theory dual of X5 is the Hantzsche-Wendt G-

platyfold M = C?/Zy xx Gg. From the discussion in Chapter 3, we have that:

M, (M) = Hyg,(Gs, X2 @ u(1)) (5.2.6)

So we need to find the flat sections of the orbifold X5. These are given by

93



elements in Q}(Gs) fixed by the monodromy Hg, =~ K. Recall that the fixed set of
the monodromy action of K on Tq*g6 ~ R3 is the trivalent vertex Y < R3. If we now
complexify this moduli space by adding C-fields (parametrized by their holonomies,
which takes values in U(1)), we also obtain a trident of C’s touching at a point. We

have established:

Theorem 5.2.2. (Physical version): The moduli space of M-theory vacua on M is

homeomorphic to the moduli space of two A-branes wrapping the zero-section of X .
(Mathematical version): The moduli space of complezified Go-structures on the

Hantzsche-Wendt Go-platyfold C? /7y xxGe is homeomorphic to the SL(2, C)-character

variety of the Hantzsche-Wendt Calabi- Yau T*Gg:

ME, (M) = Mpa(X) (5.2.7)

Remark 5.2.3. We mentioned before that there are three other connected compo-
nents of Char(m, SL(2,C)) given by three isolated points. They correspond up to
conjugation to the three representations of K that map to 0 € Hom(w, SL(2,C)).
Under duality, supposedly these three points correspond to rigid Ga-structures on
M, or at least Go-structures that do not admit deformations preserving the struc-

ture of a coassociative fibration.

The M-theory moduli space for this particular example could have been com-
puted without referring to the results of chapter 3, as we now explain. This com-
putation first appeared on Joyce’s book [Joy00], pages 317-319. The possible ways
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to smooth the singularity C?/Z, is to either resolve it with a blow-up or deform it.

There are two families of deformations, given by

6} C(Cg XR>0

L2022
{(2172272376>721 T2+

{(z1,22,23,€);21 + 25 + 25 = ¢} = C* x R (5.2.8)

Moreover, the resolved family is parametrized by the volume of the blown-up
PL. So we once again have a trivalent vertex Y, which we again complexify. The
result follows now because once we have resolved one fiber C?/Z,, the hyperkahler
structure in all other fibers are fixed up to volume, since each Kéahler class lies in
u(1), and flatness of the vertical section w fixes the volumes once and for all.

The description of the moduli space as a character variety allows us to go beyond
and generalize the computation to include more branes. For higher n, we would

need a generalization of formula 5.2.4 characterizing I'm(r).

Remark 5.2.4. We will address this last point, however we must warn the reader
that the content of this remark is not rigorously developed, and is included just in
order to suggest how the computation should go in the general case. We get back
to the main track on Proposition 5.2.5.

We conjecture the following formula for Fix(K) (which should allow us to char-

acterize Im(r) in general):

R = | ((T3/K)2n " (T?’/K/)E”) (5.2.9)
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where the union is over distinct proper subgroups of K.

For n = 2 a simple calculation shows that the intersecting factors are perpen-
dicular C%s, resulting in an union of three C’s as in formula 5.2.4. Hence, formula
5.2.9 is correct for n = 2.

We will illustrate the computation of Fix(K) for n = 3 using formula 5.2.9.
Already in this case, the computation becomes considerably more intricate. For
each a € K let Fix(a) denote the fixed set of a acting on (C*)*"3 (i.e., before
taking the quotient by ¥,). The formula for the fixed set modulo ¥, Fix(K), is

then:

Fix(K) = [ | o(Fix(a)) (5.2.10)

acK oeX,

Fortunately, the calculation is slightly simpler than it looks like, as elements
in the same conjugacy class behave very similarly. For a fixed element of K, say

a = (1,-1), we get the following contributions:

e Type I: these come from the trivial permutation:

[£1,(C);, p» £1] = Sym*((C*); )

Y1,y27 — y3=1/y1y2

e Type II: these come from 2-cycles, as follows: let € be a generator of s, the

group of 3rd roots of unity, and E := {(¢’, ¢, ¢");4 = 0,1,2}. Then:

- [C* ., C Ccx z*l] = SymS(Xmm) x E x Sym?’(le,ZQ)

T1=1, Y1=Y2) Tz = 5
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— [C* 1, Cc* C* _1] = Sym3<Xml,wg) x B x Sym3(le,Z3)

T1=q Yy1=y3’ Z1=23

— €, Gy €] = Sym® (X)) < B x Sym*(Xe, )

Y27Y3? T zo=z4

where we are using the notation:
Sym3(Xai,aj) := Spec ((C[ai—rl, ay’, a;,—rl]23/(aiaj, a;laiaj))

is the X3-quotient of the space X = Cj U CZ], consisting of two copies of C*

touching at a point.

e Type III: these come from 3-cycles. They contribute with points given by

[£1, ™3 +1], all of which are contained in the sets from the 2-cycles.

The final answer is then given by intersecting types I and II contributions from
different elements of K. We get a union of all Sym*(X,, 4,). To simplify matters,

denote S, = | Syrn?’(XxMj) and similarly for the other variables. Then

Im(r) =8, uS, uS, (5.2.11)

Notice that the analogue of Sym®(X,, ,,) in the n = 2 case would be Sym*(C*) = C,
and there would be just one of it. Hence when taking the union over the 3 variables
we recover the previous result.

It is natural to conjecture that for general n, Fiz(K) looks like a Y-shaped join
of three copies of | JSym"(X) for some complicated scheme X

However, it is clear that the combinatorial complexity of the problem increases
rapidly. Basically, for each element of K, we need to calculate the contributions
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of each cycle type and weigh it with the cardinality of the conjugacy class. Then
we need to calculate the intersection of the contributions of the three nontrivial

elements of K.

The complications associated with the computations in the previous remark led
us to develop a different approach towards computing the character variety. This
approach will turn out to have a remarkable connection to the mirror symmetry

story to be developed in the next chapter. The key point is the following result:

Proposition 5.2.5. Let T be a mazimal torus for SL(n,C), and W := N(T)/T =
¥, acting on N(T) by conjugation. Let C = {z1z...2, = 1} = ((C*)3)". Let K
act on C by restriction from (C*)3", and 3, act on C/K by restriction from the

permutation action on ((C*)*/K)". Then the following holds:
3
(T/Zn) / K =~ (C/K) /En

Proof. Let t = (t1,ty,t3) € T3. Let c € W and a = (—1,1,—1) € K. Then:
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aoo(t) =a(otioc™ otao™! otz ")
= ((otic™") " otao ™", (atso™ "))
= (0151_10_1, otyo ™, Utgla_l)
=0 (17"t t5")
=ocoa(t)
This shows that (T/W)3/K =~ (T/K)3/W. To finish, we show that (T/K)3 =
C/K. Write t; = (t},...,t7) with t? = —(t} + ... + t?!). The key idea is that
t can be seen both as an element of (7/K)* via t = (¢;,%s,3) and of C/K via

t= (Zl,...,fn). Then:

a(ty, ta, ts) = (tl_l’tQ’t?jl)
= (s =), (s 15), (5, —15))
> (=t 8y, —th), o (7 1, —1)
= (4 1), (17 15.15)
This means that the actions coincide, hence the orbit spaces are the same. O

Notice that? C can be identified with (C*)3"~3 so we can write more schemati-

cally:

2This is only true if we ignore the degree grading on the function field, i.e., the fact that we

are quotienting by a degree n — 1 variable.
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((@*)“1/2n)3 / K~ (<c*>3/ﬂ<>nl / 5 (5.2.12)

Also note that:

(C/K) / o> Sym”((C*)*/K)

For a quasiprojective variety X and G a finite subgroup of automorphisms, the
quotient X /G is also a quasiprojective variety. In particular, Sym"(X) is quasipro-

jective. Recall there is a Hilbert-Chow morphism

Hilb"(X) — Sym"(X) (5.2.13)

where the Hilbert scheme of n points Hilb™(X) is a reduced scheme parametrizing
length n subschemes of X. The morphism sends a length n subscheme to its support
cycle in X.

Now, I'm(r) consists of those points fixed by the K-action. Thus, we are not
interested in all orbits of K, but only those consisting of single points. Under the
above isomorphism, these correspond to K-orbits fixed by the ¥,-action. That is,
we are interested in length n subschemes supported at a point of [(C*)3/K], i.e.,
the punctual Hilbert scheme PHilb™([(C*)3/K]). So we expect 5.2.12 to restrict to

an isomorphism:

(((c*)n—l /zn)3) < PHilb™([(C*)3/K]) (5.2.14)
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The space on the LHS is just Char’(Gs, SL(n,C)). In the next section, we
will show that is not exactly an isomorphism, but that indeed the two spaces are
very similar. For example, we will show that for n = 2 the RHS is a certain
“projectivization” of the LHS?. Moreover, in the next chapter we argue in favor of
relation 5.2 by constructing the Calabi-Yau mirror XV of X and showing that its

moduli space of mirror B-branes is:

My = PHilb"([(C*)?/K]) (5.2.15)

Thus, formula 5.2 is merely expressing the expected mirror relation:
Mia (X)) = MHB()A() (5.2.16)

See Chapter 6 for more on this.

Remark 5.2.6. This result can be generalized to other complex simple Lie groups
by using the explicit description of the moduli space of commuting triples by Borel,
Friedman and Morgan [BFMO02]. In general, this moduli space has multiple compo-
nents and in each one of them, one needs to work with the maximal tori and Weyl

group adapted to the centralizer of the commuting triple.

3Intuitively, it seems that the Hilbert scheme “does not see” the rigidity of the three isolated
representations, and instead they appear as points at infinity that compactify the three legs of Y¢

forming a trident of P'’s.
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5.3 Flat Spectral Correspondence

In this section we prove Theorem 5.3.7, a spectral correspondence for flat Higgs bun-
dles. This is a bijection between flat Higgs bundles (E, h, A, #) on () and objects we
call “flat spectral data”. The reason this reformulation is useful is the following: in
chapter 4, we proved that M-theory /ITA duality establishes an equivalence between
the moduli space M%Q of complexified Ga-structures pc on an ALE Ga-orbifold
M — (@ and the moduli of solutions to the Acharya-Pantev-Wijnholt system.
The hermitian metric solving this system is necessarily harmonic, so the Corlette-
Donaldson theorem and Theorem 5.1.8 imply that solutions are parametrized by
the moduli of flat Higgs bundles (E, h, A, 0) on ). However, the dependence of flat
Higgs data on ¢pc = ¢ +iC is not compatible with the real structure Mg, < MgQ.
The spectral data fixes this situation: the flat spectral cover CNQ — () depends solely
on ¢, i.e. deformations of ¢ are completely recovered from flat deformations of
@ — (). This is in agreement with the main result of chapter 3. The advantage
of this new point of view is that now the spectral covers have a clear geometric
interpretation in terms of eigenvalues of the Higgs field, allowing us to produce
(GG5-deformations concretely.

We start with a basic example. Let V' be a complex vector space of dimension
n and ¢ € End(V). If ¢ is diagonalizable, it can be reconstructed by giving its

eigenvalues {\1,...\,}, the decomposition of V' into ¢-eigenlines V = L1 ®...® L,

and a matching map m : L; — ;. We refer to (), L) as the spectral data associated
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to (V, ¢).
Let p;(¢) be the coefficient of A"~* in the expansion of det(A\1 — ¢) € C[t].

Consider the map:

fEnd(V) c" (5.3.1)

¢ — (p1(9), -, Pn(9)) (5.3.2)

Then it is clear that the eigenvalues {\1,...\,} of ¢ depends only on h(¢). The
map f is a prototype of the Hitchin map 5.3.8 defined below.

Now, let () be a manifold, and £ — () a rank n complex vector bundle. Suppose
¢ € I'(Q, End(E)). Then to each ¢, : £, — E, we can associate its spectral data

(A L,). We think of ¢ as a “twisted family” of endomorphisms parametrized by
Q.

As (A, L,) varies over @, it defines:

e a subvariety of () x C:

Q = {(g,\); \ is an eigenvalue of bq}

= {(q, N); det(A g, — ¢,) = 0}

called the spectral cover of @) associated to ¢. It comes equipped with a

generically n : 1 covering map 7 : CNZ — Q.
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— If ¢ is generic - i.e., diagonalizable with distinct eigenvalues at every
point - then 7 is unramified. The same is true if ¢ is regular, i.e., has

one eigenvalue per Jordan block at every point.

— If ¢ admits more than one eigenline per eigenvalue, then its ramification

locus is given by:

A, = {q € Q|p, has a multiple eigenvalue}

e A spectral line bundle:

m:L— Q (5.3.3)

defined as follows: consider the matching maps m, : (L,); — (A;);- Then

L = Ugeq,i(Lq); and m|r, = myg.

We write Higgs for the category of rank n Higgs bundles (E, ¢) with ¢ generic.
Let Spec be the category whose objects are pairs (m, £) where 7 : @ — (@ is an

unramified n-sheeted covering map, and £ — @ is a complex line bundle.

Theorem 5.3.1. Spectral Correspondence - Classical Version: There is an equiv-

alence of categories:

(E,¢) (Q.L) (5.3.4)
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Proof. The above discussion explains how to obtain spectral data from Higgs data.
Conversely, given (@, L), Higgs data is obtained by F = 7L and ¢ = 7,7, where
the tautological section 7 : C~2 — End(L) is defined as 7(q, \) = A1 ..

We omit the proof of the equivalence for morphisms, as it is not essential for

our purposes. ]

Remark 5.3.2. If ¢ is regular, then the pushforward of the spectral line bundle by
m will not recover E: one needs to pushforward the whole generalized eigenspace
associated to an eigenline; i.e., one needs to consider a more general sheaf £ — CNQ
such that on the locus Ay = @ where ¢, is non-generic, £ A, Jumps in rank and
is given by the A;,-Jordan block of ¢,. Such a locus is codimension two in (). In
particular, when @) is a 3-manifold, A, is a graph in ). We will have more to say

about this further on.

Theorem 5.3.1 is the most raw form of the spectral correspondence. One can
also consider more general notions of Higgs bundles: one can “twist” ¢ by requiring
its coefficients to be valued in a sheaf of commutative groups F over (), and also
require ¢ to satisfy some constraint (e.g., being compatible with fixed geometric
structures on @ or F). In this situation, the spectral data must be suplemented
with additional structure in order to reconstruct (E,¢). We will be interested in

the case F = Qb with constraints given by the axioms 5.1.2 for a flat Higgs bundle.
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Definition 5.3.3. Let (E,h,V,0) be a flat Higgs bundle over Q). The Spectral

Cover associated to 6 is the subvariety Sy < T*(@) defined by:

Sp = {(q,54); det(s, ® 15, — ;) = 0} (5.3.5)

Definition 5.3.4. Flat Spectral Data - unramified case: Let (E,h, A, 6) be a rank
n flat Higgs bundle over a compact flat 3-manifold (Q, ). Assume 6 is generic. We

define flat spectral data to be:

1. A n-sheeted, unramified covering map 7 : Sy — @ given by the characteristic

polynomial of 6.
2. A line bundle £ — Sy determined by the eigenlines of ¢,
3. A hermitian metric h on £ determined by h
4. A hermitian flat connection A on £ determined by A
5. A Lagrangian embedding ¢ : Sy — T*(@Q satisfying Im(dl) c Hs.

Remark 5.3.5. The last condition admits a second interpretation: we view ¢ as a
Lagrangian section of the pull-back bundle 7*7T*@Q) — Sy and take its covariant
derivative with respect to the pullback 7*§ of the flat connection § on T#Q) — Q.
Then the condition is that V, «s¢ = 0. If one is interested in non-flat @), the
condition I'm(dl) ¢ Hs is simply dropped. As we will see below, the flat spectral

correspondence works for any compact Riemannian manifold Q).
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Definition 5.3.6. Flat Spectral Data - totally ramified case: With the same nota-
tion as before, suppose 6 is central - i.e., diagonalizable with all eigenvalues equal.
Then its flat spectral data is as before, except that L is replaced by a rank n complex

vector bundle & — Sy. Moreover, note that 7 is now totally ramified.

We now come to the main result of this section. Let FlatHiggs be the set of
flat Higgs bundles (E, h, A, §) over a compact Riemannian ) and FlatSpec the set

of flat spectral data (, ﬁ,lwz, A, ¢) on Q.

Theorem 5.3.7. (Spectral Correspondence for flat Higgs bundles [PW11]) There

18 an equivalence:

FlatHiggs < FlatSpec (5.3.6)

where flat Higgs bundles are taken to be either unramified or totally ramified, and

the spectral data is chosen appropriately for each case.

Proof. Given a flat Higgs bundle (E, h, A, 0), we already know how to construct
TSy — Q,0: Sy — T*Q and L — Syp. The metric and flat connection are just
given by pullback: hi=m*hand A = m* A, so the compatibility condition V A% =0
is preserved.

Now, use the hamonicity condition on A : @ — G/K to identify § = dh. The
condition V40 = df+ A A6 = 0 can be written as equations for the r components of

0 under the identification, where r = rank(G). Since V% = 0, we can locally gauge
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away A, so that that the equations become df = 0. Let (z;,y;) be coordinates in
T*@ such that w = > dy; ndx; and dualize 0 = > 0;(x)dx; via the semi-flat metric on
T*@) to obtain 0" = >’ 6;(x)dy;. The embedding given by £(q, s,) = det(s,® 1z —6,)

is Lagrangian if and only if:

3 3
wleg) = Y, d0 A da; = ) d(0;dx;) = d6 = 0 (5.3.7)
=1 =1

Conversely, given spectral data (7, £, 71, A, 0), one constructs F and 6 as usual,
and h = 7r*7L, A = 1, A are well-defined because 7 is a local isometry. The spectral
data also guarantees that the components of 8 are simultaneously diagonalizable,
hence A § = 0. The conditions V4 = 0 and Vh = 0 follow from the same
conditions for (%, ;1) Finally, the condition V 40 = 0 is obtained simply by reversing

the above argument for the section ¢ to be Lagrangian.

Definition 5.3.8. The Hitchin map is defined by:

$ : FlatHiggs — é—) I(Q, (TFQ)%®)

i=1

(E7 thv‘g) = (p1<9)7 cee ,pn(e))

We will make a careful study of the properties of this map in future work.
For now, we observe two differences from the holomorphic category: one, § is

not surjective in general; and two, even when restricted to its image, $ will not
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define an integrable system structure, at least not in the usual sense. The reason
is, character varieties of compact three-manifolds are in general not symplectic;
however, they admit canonical (—1)-shifted symplectic structures [PTVV11], so they
are symplectic in this derived sense. Thus, assuming a non-abelian Hodge theorem
holds in the flat setup, one would expect that the moduli space of flat Higgs bundles
inherits the (—1)-shifted symplectic structure, and hope that $) defines a notion of
integrable system compatible with this structure.

In the next chapter, we will study the Hitchin map $) in a specific example related
to the mirror of the Hatzsche-Wendt Calabi-Yau X. In that example, we will see

that § is essentially a smooth model of the SYZ fibration mirror to f : X — R3,.
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Chapter 6

SYZ Mirrors

6.1 The Hantzsche-Wendt mirror

Recall from Chapter 4 that the manifold X := T*Gg admits a torus fibration:

f: X >Ry (6.1.1)

where R3, := R3/K is an orbifold of R? with singular locus along the three coordinate
axes. Recall also that Theorem 4.3.2 implies that X — R3, admits a semi-flat
Calabi-Yau metric, and hence the smooth fibers are special Lagrangian tori.
Restricting f to the smooth locus S := R3\Y, the SYZ Mirror Symmetry
Conjecture [SYZ96] predicts that the mirror Calabi-Yau space of X\ f~!(Y) is the
total space X of the dual torus fibration over S , with its semi-flat metric. To include

singular fibers in the conjecture, one needs to modify the complex structure on X
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by “instanton corrections” coming from holomorphic disks bounded by the singular
fibers of X. The precise way in which the corrections must be included is one of
the delicate points in Mirror Symmetry.

For some special types of singular fibrations, one can construct the mirror rather
effortlessly; e.g., if a T-fibration is R-simple in the sense of Gross [Gro98] [Gro99],
then one can prove that the dual fibration has mirror Hodge numbers. Unfortu-
nately, a necessary condition for a fibration to be R-simple is that the fibers must
be irreducible, which is not the case for the singular fibers of X — R3,.

However, the smooth special Lagrangian fibration! d : T*T — R? is R-simple.
Lemma 4.3.5 identifies the SYZ fibration for the Hantzsche-Wendt Calabi-Yau X as
a K-quotient of d. We propose that the mirror X should be obtained as a suitable

K-quotient of the dual fibration d. This dual fibration is given by:

d:(C*)? >R (6.1.2)

using again the identification of a fixed fiber of (C*)* ~ T'T with R®. The fibers
are given by dual tori ’f‘, which parametrize U(1) local systems on T. Hence the
proposed K-action on (C*)? is given by the usual action 2.1.3 on R? and pullback

of local systems on T. Introducing coordinates z1, 23, z3 on (C*)3, the action is

described by:

'Here for simplicity we identify a fixed fiber of T*T — T with R? and use the flat structure

to identify all other fibers with the fixed one.
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(21,22, 23) = (217251723:1)

ﬁ(zly 292, Z3) = (2;17 292, ZZ;I)

where K = {(a, 3).

Therefore, our proposed mirror is the complex smooth orbifold:

X = l(C*)?’/K] (6.1.3)

with a special Lagrangian torus fibration:

f:X >R (6.1.4)

In the next section, we explain how SYZ transforms A-branes into B-branes.

6.2 Mirror B-branes

In previous chapters we studied the moduli space of complexified Go-structures ./\/1(82
on a Hantzsche-Wendt Gs-platyfold of type A,,. We identified it with the moduli
space of n A-branes “wrapped” on the zero-section Gg of the flat Calabi-Yau space
T*Gs — Gg. We also proved this same space has a different Calabi-Yau structure,
where Gg appears as the (multiplicity four) central fiber of a special Lagrangian

torus fibration f : T*Gs — R3,. One can think of this second structure as a “large
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volume limit”, which for our purposes means that it represents a point in the moduli
space of Calabi-Yau structures on X := T*Gs where Mirror Symmetry applies.
We are interested in understanding how Mirror Symmetry acts on A-branes.

The A-brane structure on a smooth torus fiber Ty is given by:

e An embedding as a special Lagrangian fiber T, <— X
e A hermitian line bundle £ — T}

e A flat unitary connection A on £

Intuitively, the SYZ mirror transformation maps the data (75, £, A) simply to the
local system (£, A), seen as a point pr in the mirror torus fiber T. More precisely,
the mirror map is given by the Fourier-Mukai functor FIM of Arinkin-Polishchuk
[AP98| and Leung, Yau and Zaslow [LYZ02|, and the image is a skyscraper sheaf
Fpr at the point. This is a coherent sheaf on X, hence an element of the category
of B-branes D"(X).

Our considerations in Chapter 4 led us to define the data of “n A-branes wrapped

on T,” as:

e An embedding as a special Lagrangian fiber Ty <— X
e A rank n complex vector bundle & — T,

e A flat complex connection A on £
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It is then natural to extend the SYZ mirror map to map “n A-branes supported
at T}” to “n B-branes supported at ’i‘b”. That is, the n B-branes are described by
a (possibly unreduced) scheme " | p; supported at ’f‘b, or more precisely, by the
direct sum sheaf @), F,,. In terms of the Fourier-Mukai functor, this says that
FIM maps complex flat connections on T, < X to length n subschemes supported
at ’f‘b c X.

Since the central fiber of f is not singular in the usual sense (it is a reducible
scheme consisting of four coincident copies of Gg, each of which is smooth), we
assume the same result holds. Then mirror symmetry for branes predicts an iden-

tification:

A~

Char(r, SL(n, C)) =~ Hilb%(X) (6.2.1)

where Hilbq{()?) is the Hilbert scheme of n points supported at the fiber over the
vertex of Y. It parametrizes length n subschemes of X supported at that fiber, so
it is exactly the moduli space of n B-branes we seek to describe.

Since X is an orbifold, our goal will be to build a smooth auxiliary space whose
Hilbert scheme coincides with that of X. This is accomplished by choosing an
appropriate crepant resolution of X. Note that, since our moduli space parametrizes

stable B-branes?, different crepant resolutions may give different answers.

2The stability condition on the A-side is the requirement that the monodromy of the local

system is irreducible.
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6.2.1 The Bridgeland-King-Reid crepant resolution

Let Y be an algebraic space where a finite group G of automorphisms acts. Consider
the orbit space Y /G. The space of G-clusters Y = G —Hilb(Y") is defined as follows:
consider the induced action of G' on Hilbl%/(Y), and let Fix(G) be the subscheme
of fixed points. Then Y is the closure of the set of free orbits in Fix(G). For this
reason, Y is also known in the literature as the Hilbert scheme of G-orbits. A more
thorough discussion of this space can be found in [Blull].

The derived McKay correspondence says that Yisa crepant resolution of [Y/G],

and moreover, there is an equivalence of categories [Bri07]:

DY) = DE(Y) (6.2.2)

between the derived category of coherent sheaves on Y and the G-equivariant co-
herent sheaves on Y. In particular, since by definition D([Y/G]) := DE(Y) - where
[Y/G] is the stack of G-orbits - the equivalence, when restricted to sheaves gener-

ated by skyscraper sheaves implies:

~

Hilb™(V) ~ Hilb™([Y/G]) (6.2.3)

Thus Y := K—Hilb((C*)?) is a rather natural candidate for a “geometric” model
of XV = [(C*)3/K]. However, one can readily see that this crepant resolution is not

the right one: in fact, Hilby,(Y') does not match the character variety of Gg even for

low n.
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At this point, there are two possible routes. The most natural one would be to
choose a Bridgeland stability condition and restrict the Hilbert scheme to contain
only stable coherent sheaves. The second route, which is the one we will pursue
here, is to produce a different crepant resolution. Although more convoluted, the
reason we choose this second approach is that it not only gives the correct answer
(at least for n = 2), but it will also elucidate how the Fourier-Mukai transform

connects with our previous discussion of flat Higgs bundles and spectral covers.

6.3 The spectral mirror

We now introduce a “crepant resolution” of X and show it is a good geometric
model for the mirror, in the sense that its moduli space of two B-branes matches
M 4(X) = Char(Gg, SL(2,C)). We conjecture that the result holds for all n.

The reason we use

To construct this space we use a combination of SYZ and the flat spectral
construction. For this reason we call it the spectral mirror, and denote it X. The

purpose of this section is twofold: first, we motivate the following definition:

SO(4,C

Higgs ) denote the moduli space of flat SO(4, C)-Higgs

Definition 6.3.1. Let M

K of MEOUO)

bundles on Gg. The spectral mirror of X is the subspace X := Miges Higgs

consisting of Higgs bundles whose spectral cover has Galois group isomorphic to K.

In order for this to be useful, we need to prove that X admits a SYZ fibration
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f X - R3, that agrees with f outside the discriminant locus Y. This is the
content of Proposition 6.3.3 below.

We then prove the following result:

Theorem 6.3.2. There is a map:
Char(m, SL(2,C)) — PHilb% (X) (6.3.1)
which is a homeomorphism when restricted to
Char® (1, SL(2,C)) = Char(m, SL(2,C))\ {p1, p2, p3}

It follows that the moduli space of two coincident A-branes on X is (almost)

homeomorphic to the moduli space of two coincident B-branes on X.

Given the special Lagrangian fibration f : X — R3 and a smooth fiber Ty, SYZ
predicts that the smooth fibers T of f : X — R3, (i.e., b € R3\Y) parametrize
U(1)-local systems on T,. Thus, we write the points of T, as (Lp, ap).

Now assume (L, a) is a deformation of a local system (Lg, ag) on one of the
irreducible components of f~1(0) i.e., a copy of Gs. lLe., we imagine that if we
connect b to 0 by a smooth path not crossing Y, each fiber f~1(/) is endowed with

a local system (Ly, ay) such that (Ly, ay) v~ (Lo, ag) as b’ — 0. So we are given:

1. A four-sheeted unramified normal covering ¢ : T, — Gg with Galois group

G&l(Tb/gﬁ) ~ K

2. A line bundle L, — T}
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3. A flat U(1)-connection a, on L,

4. A Lagrangian embedding T, <— X =~ T*Gs given by the inclusion as a SYZ

fiber.

In other words, a local system on a smooth fiber is exactly the data of a flat
spectral cover of Gg without the harmonicity condition. By the flat spectral corre-

spondence, this is equivalent to the Higgs data on Gg; i.e., we are given:
1. A rank 4 complex vector bundle F' — Gg
2. A flat unitary connection A on F

3. A flat Higgs bundle 0 € Q' (G, End(F))

Moreover the condition that Gal(T,/Gs) = K imposes a further restriction on 0,
which we now explain.

Let p : T*Gg — Gg be the cotangent projection. Recall that in the proof of
5.3.1, 0 = g«(7|T,), where 7 : T#Gs — p*Q5(Ge) is the tautological section. The flat

spectral cover is:

T, = {det(71 — p*#) = 0} = p*Q(Gs) (6.3.2)

From now on we drop the pullback by p from our notation in order to make it
less cumbersome.

The sheets of the flat spectral cover have symmetry K, the dihedral group with

four elements. Note that K is the Weyl group of SO(4), so our 6 takes values in
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50(4,C). We can prove this explicitly: since the spectral cover has Galois group K,
it follows that at each g, the eigenvalues of 6, are arranged in the shape of a square

in C (i.e., a regular 4-gon). We write them as:

Eig, = {)\, i\, =\, —iA} € Q5(Gs) ® C (6.3.3)

Since the cover is unramified, one necessarily has A # 0. Moreover, without loss
of generality we can take A € R.3
We have from 6.3.3 that Tr(6) = 0, so it is not surprising that 6 preserves a

metric h on E. With respect to a local frame that diagonalizes 6, it takes the form:

00 A 0
00 0 B
h = (6.3.4)
A0 0 0
0B 0 0

for non-vanishing functions A, B : Gg — C. Thus 0 € Q}(Gg, s0c(h)).
It is also clear from 6.3.3 that Tr(0?) = 0: if we expand the formula for the

characteristic polynomial, we have:

3 Although it is possible that all eigenvalues have non-zero imaginary part, the choice of com-
plexification of the sheaf Qé (Gg) is immaterial; we could have chosen one such that A € R, or, as
we did here, we can pick the global one 2}(Gs) ® C and choose a section of real structures such

that A € R.
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det(r — 0) = 7* + det(0) (6.3.5)

In general, a basis for the invariant polynomials on so(2n,C) is given by com-
binations of powers of Tr and the Pffafian p, = v/det € Sym"(s0(2n,C)). In our
situation, only py(#) is non-vanishing.

Let Mﬁ%(gt’(c) be the moduli space of flat SO(4,C)-Higgs bundles over Gg, and let
Mﬁiggs c ./\/lﬁ?g(gi’(c) be the subspace consisting of flat Higgs bundles whose spectral

covers have Galois group K. The above discussion implies that the Hitchin map

restricts to:

A M. — H(Gs, SymZ(T*Ge))

Higgs

(E7 h, A, ‘9) - pQ(Q)

and note that the base is locally isomorphic to R®.
We have shown that My, solves the deformation problem, but to show it is

the correct geometric model for the mirror we need to endow it with the structure

of a SYZ fibration mirror to 7 : X — R3,. Let B = Im/(7).

Proposition 6.3.3. The Hitchin map € : Mﬂéiggs — B agrees with f: X - RS,

outside the discriminant locus Y.

Proof. We need to show two things: that B =~ R3, and that J#7(b) ~ T, for
be B\Y.
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We start with a local discussion. See Sym?(R?) = R® as the symmetric matrices
in Endg(R3 R?) =~ R?. The image of J# cuts out an algebraic subspace of RS.

Suppose A = (A1, Ag, A3). Then the expression for B is:

)\?dx Rdr Mldr®dy MA3dr®dz
p2(0) = | Mhdz@dy Ndy®@dy Aodsdy®dz (6.3.6)

MAdr ®dz AaX3dy®dz  Nidz®dz

which is of dimension 3.

Changing coordinates (w; = A, u; = \j11\j42) we see that locally, Im(J) is

70

the intersection of three quadrics in RS:

u? = wows
U,g = W1W2

\

It is clear that by adding the three equations in 6.3.7 and defining ¢t = wyws +

wiws + wows = 0 we get:

uj +uj +uj =t (6.3.8)

—=a cone over S?, which is topologically R3. Conversely, start from 6.3.8 and define

tl) t27 t3 by
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to/t1 = ui/u3 :=s

(6.3.9)
t3/t; = u?/ul :=v
Then:
t2 = Stl
\ t3 = 'Utl (6310)

tite + tits + toty =t

\

from which it follows that (s + v + sv)t? = ¢, and only the positive ¢; is a solution.
Hence, we get a unique triple (¢, ta,t3).

Now, to get a global description of Im(7), we need to include the action of
K on Sym3(T*Gs). The group K acts at each cross-section of the cone 6.3.8 by
switching two elements in {wy, wy, w3}, and the action has stabilizers precisely on

the three coordinate axes of R? > 0. Hence, Im(.) is a cone over the sphere

2
uT,ujz,uj3)

with three Zy-orbifold points S7,, ,, ), i€

Im () = RS, (6.3.11)

is the Y-vertex, as expected. Note that the tip of the cone is taken to be a fixed
point of the action, i.e. it is a K-orbifold point.

Now consider the fibers J#~1(b). By definition, the spectral cover T, only
depends on a point b in the base of the Hitchin map. By the flat spectral corre-

spondence, the fiber 5 ~1(b) parametrizes the remaining flat spectral data (L, h, ﬁ),
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i.e., U(1)-local systems on Ty. Therefore, 7 ~1(b) =~ Ts.

]

This finishes the discussion motivating Definition 6.3.1. We now proceed to

prove Theorem 6.3.2.

S0(4,C

Higes ) to finding the

We use Theorem 5.1.8 to translate the computation of M
moduli of flat SO(4, C)-connections. I.e., we need to compute Char®(Gs, SO(4, C)).

One way to do it is to repeat the method of section 5.2 and find its image in:

Char’(Z?, SO(4,C)) = (C*)? x (C*)? x (C*)? / Ty X Ty (6.3.12)

We emphasize that the Zy x Zsy in this formula has nothing to do with K; it is
just the Weyl group of SO(4, C). The action is diagonal and one generator permutes
the two C*’s, while the other inverts them simultaneously. So Char®(Z?, SO(4, C))
looks like C2 x C? x C? = CS.

There is also a K-action on this space induced from the monodromy represen-
tation. It acts as follows: write each C* = C;; x C;5 for i = 1,2,3. Then for fixed
je{l,2}, Kacts on Cy; x Cy; x C3; by the usual monodromy action. Moreover,
Char’(Gs, SO(4, C)) lies in Fix(K), which is just Y¢ x Y. One can check exactly

as we did in section 5.2 that the image covers the whole Fix(K), so:

Char’(Gs, SO(4,C)) = Y¢ x Y¢ (6.3.13)

In order to compute the Hilbert scheme PHilb3, (Y x Y¢), we need to look at
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the subset of Y¢ x Y whose points are fixed by the action of the permutation group
Yo = Zso. This is just given by the diagonal Y¢ < Y x Ye. When we quotient by
permutations, we get a space [Y¢/>3] which is a copy of Y¢ consisting purely of

Yo-orbifold points. The restriction of the Hilbert-Chow morphism gives:

PHilb*(Ye x Ye¢)ly. = Hilb*(Ye) — [Ye /3] (6.3.14)

a resolution of singularities, which in this case consists simply of two coincident
copies of Yc.
Topologically, Hilb*(Y¢) looks like a P'-bundle over Y¢\ {0} with a trident of

PY’s over 0, which we denote Yp: for obvious reasons. Hence:

homeo.

PHilb3 (Ye x Ye) =  Yp = PChar’(Gs, SL(2,C)) (6.3.15)

and this establishes Theorem 6.3.2.

Thus, we have proved that the moduli space of two Dg A-branes wrapping Gg
i X 18 homeomorphic to the moduli space of two coincident D3 B-branes on X.
These spaces are topologically Y¢, which is a complexified version of the space of
singular orbits of the moduli space of two SU(2) Atiyah-Hitchin monopoles. This

is as to be expected, as our D-branes are monopoles with gauge group SL(2,C).
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6.3.1 A different method to compute Char’(Gs, SO(4, C))

To end this section, we sketch a different argument to compute Char®(Gs, SO(4, C)).
Recall that Spin(4) = SU(2) x SU(2), and SU(2) = Im(H). Under these iso-
morphisms, the two-fold universal covering homomorphism Spin(4) — SO(4) is
interpreted as multiplication of imaginary quaternions. After complexifying, the
“quaternionic version” of the complex universal covering homomorphism Spin(4,C) —
SO(4,C)is k: SL(2,C) x SL(2,C) — SO(4,C).

Here is an explicit description of x: let SL(2,C) x SL(2,C) act on C*® C? by

matrix multiplication. This action preserves the following pairing:

(u®v,w®t) =det(u®@w*)det(v ® t*) (6.3.16)

The pairing is symmetric and non-degenerate, hence the desired map is

aq a9 0 0

a; Qs as Qg —ay a1 O 0
K : : — (6.3.17)

—ag a1 —ay CL_3 0 0 as ay

and it satisfies Im(k) < SO({(—, —)).

Consider the exact sequence:

1 — Zy — SL(2,C) x SL(2,C) %5 SO(4,C) — 1 (6.3.18)

125



where Zy — SL(2,C) x SL(2,C) is the diagonal embedding. This induces:

1 — Hom(w,Z,) — Hom(w, SL(2,C))? 5 Hom(r, SO(4, C)) (6.3.19)

where we recall that 7 := m1(Gg). Now, unless we know the map % precisely, there
is not much else that can be done. For the sake of argument, assume for a moment
that it is surjective (we will explain in a moment the meaning of this condition). If

this is the case, then combined with the fact that Hom(7, Zs) =~ K, we have:

Hom(7, SO(4,C)) = Hom(n, SL(2,C))*/K (6.3.20)

so the character variety is essentially:

Char(r, SO(4, C)) = Hom(r, SL(2,C)?) /K % SO(4,C) (6.3.21)

i.e., it is a quotient of Char(m, SL(2,C)?) by permutations ¥y = Z,. Thus:

Char(r, SO(4,C)) = Sym? (Char(ﬂ, SL(2, C))> (6.3.22)

We have established before that Char(m, SL(2,C)) is a union of a trident of

complex lines Y¢ and three isolated points?*, Thus:

Char’(r, SO(4,C)) = Sym?(Yc¢) (6.3.23)

4Recall the isolated points parametrize certain rigid Ga-structures.
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which is topologically just Y¢ x Y.

Given the accordance with the previous computation, one must conclude that
the map & above is indeed surjective. We now discuss the geometric meaning of this
condition. Recall that we introduced in Chapter 2 the notion of geometric structures
in the sense of Goldman [Gol88]. Here, we are dealing with a SO(4, C)-structure
over Gg. We want to determine when representations p : mGs) — SO(4,C) can be
lifted to representations p : m(Gg) — SL(2,C)? into the universal cover SL(2,C)?
of SO(4,C). Indeed, such a lift is equivalent to surjectivity of &.

In [Cul86] a condition is determined for such a lift to exist. In fact, the result
applies to any covering space, not just the universal cover. The condition can be
described as follows: consider SO(4) < SO(4, C) a maximal compact subgroup. We
see the representation p as the holonomy of a SO(4, C)/SO(4)-structure on Gg. One
way this can be defined is via an immersion of the universal cover GNG ~ R3 into
P :=50(4,C)/SO(4). We have a natural SO(4)-bundle over P, namely, SO(4,C),
which can then be pulled-back by the immersion to give a SO(4)-bundle E over
R3. This bundle is of course trivial. Moreover, it has a properly discontinuous
action of m(Gg) taking fibers to fibers, and the quotient F' := E/m(Gg) defines a
SO(4)-bundle over Gg. Culler proves that if F' has a section, then p lifts to any
covering group of SO(4,C). It is not clear to the author how the existence of flat
SO(4,C)-Higgs fields on G is related to the existence of such section, but given the

results discussed, presumably a relationship should exist.
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6.4 A new proposal for SYZ

The SYZ conjecture proposes to construct the mirror as a dual special Lagrangian
fibration where the mirror fibers are moduli spaces of U(1)-local systems of the
original fibers (i.e., dual tori).

The computations in the last section suggest a new geometric construction of
SYZ mirrors, which should prove useful at least whenever there are natural covering

maps from the smooth fibers to a singular fiber. We write it as a conjecture:

Conjecture 6.4.1. Let X be a non-compact threefold endowed with a special La-
grangian torus fibration f : X — B with generic smooth fiber T and a semi-flat
Calabi-Yau metric. Fix a point 0 € B such that Fy := f~1(0) is a singular fiber.
Assume there is a covering map T — Fy with finite Galois group I' < SU(2), and
let Gr be the complex semisimple Lie group McKay-dual to T'.

Consider the Hitchin map ¢ : /\/lf[fggs — B. Then the muirror special Lagrangian

fibration f: X > B hasa crepant resolution given by:

|y X — H#(X) (6.4.1)

where X = ML c ./\/lf]

Higgs tags: the spectral mirror of X, is the locus of flat Higgs

bundles whose spectral cover has Galois group T'.
Moreover, by Theorem 5.1.7, X is a moduli space of Gr-configurations of A-

branes wrapping Fy < X.
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Chapter 7

Future Directions

7.1 Heterotic duals

It is well-known that M-theory on a K3 surface is dual to Fg x Eg-heterotic strings
on T?. The duality is expected to hold when the two sides are appropriately fibered
over a 3-manifold Q.

On the M-theory side, the theory is compactified on a Go-manifold M, and the
bundle M — @ is required to be a coassociative K3 fibration. The moduli space
Mgz of the theory parametrizes complexified Gs-structures on M. In previous
chapters we described the “hyperkéhler sector”! of M& explicitly for ADE Go-
platyfolds.

On the heterotic side, we compactify the theory on a Calabi-Yau manifold X.

The moduli space My is parametrized by a choice of special Lagrangian torus

T.e., the Go-structures coming from hyperkéhler deformations of the fibers.
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fibration X — @ and a choice of flat bundle &, for each special Lagrangian fiber
T, = T?. The bundles E, are called the “gauge bundles” of the theory. In general,
the hyperkahler sector on the M-theory side will be mapped to a nontrivial subspace
S © Myet - i.e., neither the special Lagrangian fibration nor the family of gauge
bundles are constant on S.

However, there is a suitable limit on M where the setup simplifies: this is when
the K3 fibers degenerate into two “half-K3” surfaces %K 3; and %K 39 connected
by a “long neck” isomorphic to 7% x [0, 1] [Mor02] [BSN17]. Recall that a generic
K3 surface fibers elliptically over P* with 24 singular fibers. If z is the coordinate
on P!, the fibration can be described by y* = * + f(z)x + g(z) where f and g are
polynomials with deg(f) < 8, deg(g) < 12. The singular fibers are located at the
discriminant locus A = {4f3(z) + 27¢%*(z) = 0}. The half-K3 surface is a rational
elliptic surface that fibers over P! with 12 singular fibers (generically). The limit is
then a metric deformation of the Ricci-flat metric on K3 in which the long neck is
created, separating the two sets of 12 singular fibers.

Now, remove from a half-K'3 a smooth T?fiber. Chen and Chen [CC16] prove
that the resulting space is biholomorphic to the Tian-Yau ALH-space [TY90]. The
ALH-spaces are non-compact hyperkahler manifolds very similar to the ALE-spaces
we worked with in Chapter 3, the main difference being that the hyperkahler met-
ric is asymptotic to R x TS/ZQ, as opposed to C?/T. ALH spaces also satisfy a

Torelli-type classification theorem: any ALH-space is diffeomorphic to the minimal
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resolution Z of R x T?/Z,, and any ALH hyperkihler structure comes from a choice
of hyperkahler structure on Z. The main result regarding ALH-spaces in [CC16] is
that one can glue two such spaces with a T? x [0,1] in between to produce a K3
surface. For further reference, we note that the moduli space of hyperkahler metrics
on Z is 33-dimensional.

From the point of view of the heterotic side of the duality, the %K 3 limit is
interesting because it corresponds to a regime in which the volume of the special
Lagrangian torus fibers T? of X — @ is large and the duality data “decouples”:
the monodromies of the K 3-lattice in the neck are matched with the SYZ fibration
data X — @, and the Ricci-flat metric on the two %K3’s is matched with the flat
Eg x Eg-bundle on T? [BSN17]. One can think of each K3 as producing a flat
FEs-bundle.

It is not hard to prove that the moduli of Ricci-flat metrics on a %K 3 is the
same as the moduli of flat Eg-bundles on T? [Mor02]; they are both 24-dimensional
real tori, and the proof that it is the same torus essentially boils down to a Mayer-
Vietoris argument to determine the %K 3-lattice and its intersection form. Now, if we
introduce an ADE singularity C?/T of type G in the half-K3, then locally around it,
deformations of the Ricci-flat metric are given by deformations of the hyperkahler
structure of the ALE C?/T. This introduces dim(h,.) extra parameters. On the
heterotic side, this induces a reduction of the structure group of the gauge bundle

to Cg(G). It can also be seen as a choice of flat G-connection whose holonomy
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commutes with the gauge connection. When we fiber this over a 3-manifold @),
we expect the hyperkahler sector of the Go-deformations to match “families of flat
G-connections on T%” over Q.
We now proceed to prove this last assertion rigorously when @) is a platycosm.
Throughout this section we work over the smooth locus of the fibration X — Q.
For each T}, a choice of flat G-bundle corresponds to a point of the character

variety

Char(7,, G) := Hom(m (T,),G)/Cq (7.1.1)

We would like to argue that a choice of heterotic modulus is a certain section of

a flat bundle:

Char(7,,G) —— &
|
Q

We first construct the flat bundle structure, and then argue what kind of section
we want.

First, recall that X is taken to be a special Lagrangian torus fibration over the
flat manifold (). It is natural to require the fibration to be compatible with the
fixed flat structure on ). We interpret this as requiring that X — (@) is induced
from a d-flat family of lattices A, = T7Q by X = T*Q/A, where A = quQ A, In
particular, the structure group of X — () is taken to be the isometry group of A,

i.e., Aff(A). In particular, X — @ is not a vector bundle.
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The group Aff(A) fits into an exact sequence:

1 — (S')? — Aff(A) — M(R?*/A) — 1 (7.1.2)

where M(R?/A) =~ SL(3,7Z) is the mapping class group of the three-torus T =~ R3/A.

Now, the action of Aff(A) on T descends to an action of M(T) on m;(T). This
is because translations act trivially on homotopy classes, and M(T) = Out*(T).
This action dualizes to an action on Hom(T, G), and the new action is well-defined
on conjugacy classes; hence it descends to Char(7}, ). This gives £ the structure
of a SL(3,7Z)-bundle over Q.

To define a flat connection on £ — @, we first define one on X — (). We have
the flat connection 6 on T*() — (). Since A is taken to be d-flat, § induces a flat
connection on X — (. Using the short exact sequence above, one can induce a flat
connection on a 7 (T)-bundle, which can then be dualized to a flat connection on
E — (@, as desired.

We are interested in describing the flat sections of £, i.e., the moduli space is:

Hio (Q, €) (7.1.3)

A flat section can be determined by solving the parallel transport equation: we
fix a fiber & and sy € &, and require Vs = 0, s(¢) = so. Then s is determined at
any other fiber &, by lifting a path from ¢ to p to its unique horizontal lift. This

gives a multivalued map from horizontal lifts to a fiber. The map is multivalued
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because the horizontal lift is only unique modulo monodromy: different points in a
fiber can give rise to the same flat section, and such points are related by the action
of the monodromy group My, which should be thought as a global symmetry.
However, when restricted to flat sections of £, the map becomes single-valued
and also a bijection. The flat sections are exactly the lifts that are fixed by the

monodromy. Hence the moduli space can be described as:

MHet = Hgat(ng)Mv (714)

Equivalently, My can be obtained by taking the fiberwise quotient of £ by
My. The resulting bundle is the holonomy bundle Hy associated to (€,V). It has

a natural flat connection induced from V. The moduli space is:

MHet = Hgat(Q,Hv) (715)

Under the correspondence between flat sections and fiber, we get a more useful

description:

M, = Char(T?, G)Mv (7.1.6)
But notice this is exactly the answer we got for the moduli space of classical

A-branes in the type ITA picture! We have proved the following:

Theorem 7.1.1. Let M — @) be a platycosm ADE Gy-orbifold of type G. Let M4
be the moduli space of classical A-branes on its type IIA dual T*Q (i.e., flat G-
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connections on Q), and let Mye, be the moduli space of its heterotic dual X — @,

parametrizing flat families of flat bundles on the sLag tori X,. Then:

My = Mpe = Char( T, G)M~ (7.1.7)

In particular, for G = SL(n,C) these moduli spaces are:

My

((C*)?’”‘?’/sn) (7.1.8)

These have been computed for () = T and the Hantzsche-Wendt manifold G

in a previous section.

7.2 (G5 Intermediate Jacobian and Variation of

Hodge Structures

Let M be a compact oriented Go-manifold, and let * denote the usual Hodge star
operator induced from the Gy-metric. We will use the notation H% := H*(M, A).
The moduli space of Gy-structures on M is an open set inside H3(M,R) and is
denoted by Mg¢,. We call M& its “complexification”, which is a Lagrangian torus
fibration over Mg, admitting a natural Lorentzian Kahler metric [KLO7]. Let f be
the Kahler potential for this metric.

Consider the two real tori:
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Jy = (H3@H4)R/(1 FHE® (1 — ) HE = Hﬁ/*Hg (7.2.1)

Jy = (H4@H3)R/(1 +*)Hg @ (1 —»)Hy = Hﬂ%/*[—[% (7.2.2)

Unlike the intermediate Jacobians of a compact Kiahler manifold?, these tori can
be odd dimensional.

In this section we will study “complexifications” of these tori. The main point
is that in such a situation one can use techniques of Hodge theory. The goal is to
determine if the complex tori can be assembled into a family with the structure of

a complex integrable system.

7.2.1 Complex Tori

There are three complex tori that can be constructed from J; and J5. The first two

are:

T =T x Jy =~ Hé/*H%@*H% (7.2.3)

T =Ty % Jy = Hé/*H%@*H% (7.2.4)

endowed with the obvious complex structures.

2The Hodge decomposition implies that odd Betti numbers of compact Kéhler manifolds are

even.
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Let J be the torus defined by:

J = Jy % Jy = (HS@H4)R/*H%@*H2 (7.2.5)
Proposition 7.2.1. J' and J” are dual complex tori, while J is self-dual.
Proof. This is a simple application of Poincaré duality. O

Given dual complex tori T" and T , anon-degenerate line bundle L on X defines an
isogeny 11, of degree det(cy (L)) by the formula ¢z (z) = t* LQL™', wheret, : T — T
is translation by z [Deb99]. As a consequence, every non-degenerate line bundle L’
on J' defines an isogeny ¢, : J' — J” of degree det(cy(L')). Similarly, a line bundle
L on J defines a self-isogeny v, : J — J of degree det(cq(L)). There are Poincaré
line bundles P’ — J' x J” and P — J x J.

We will focus on J as opposed to J' or J”, but we note that all results that
follow have analogous versions for the other tori. We also remark that the lattices
defining all three tori depend on the Ga-structure ¢ through x.

We have not yet fixed an isomorphism (H3 @ H*)g =~ C*, and the statements

about J only make sense once one is fixed. Consider the map:

[:(H*®H")Y — (H*® HY)g
(777 9) — (*07 - x 7])

Since *? = 1, this is a complex structure. Notice that it differs from those of
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J' and J” in that it “sees” the Ga-structure on M even at the level of C*, via the
Hodge star .

From now on we use the notation H, := (H® @® H*)4. When we go to the
complexification H¢ := Hg ® C, the i-eigenspace of I is (1 + ix)Hg. Therefore I
coincides with the obvious complex structure on H given by the operator ix - whose

i-eigenspace is V := (1 + x)H¢. Therefore:

J=~HeclyaH, (7.2.6)
H¢ has a complex conjugation given by o : Hc — Hg, o(n,0) = (i x0,—i x ).
It is easy to check that 0 = id and 0 o I = —I o 0. Complex conjugation of vector

spaces will be taken with respect to o. It is easy to see that V = (1 — *)H¢. Note

also that V@V = He.
Lemma 7.2.2. The map I induces a complex structure on J.

Proof. All we need to show is that the map descends to a map on the tangent bundle

TwrJ, which is real-isomorphic to the quotient Hc/V = V. Suppose (n,0) = (u, v) +

(a,*av). Then I(n—p,0—v) = I(a, *a) = (ixa, x(ixa)) € V,s01(n,0) = I(p,v). O

The complex structure I depends on the choice of Go-structure on M through the
Hodge star .2 Moreover, I is completely determined by any of its period matrices.
Also notice that Hi(J,C) =~ TcJ =~ T @ T, using the complex structure I.

These are the eigenspaces associated to i and —i, so H'(J,C) = V@ V.

3The Gq-structure ¢ determines a G>-metric g,, which in turn determines *.

138



Remark: The definition of the complex torus J is inspired by the Lazzer:
Intermediate Jacobian of a compact oriented Riemannian manifold of dimension
2(2k + 1) [BL99]. However, the Lazzeri Jacobian is an abelian variety, and as we

will se below this is not true for J.

We define a weight 1 Hodge structure on H; := H'(J,Z) by:

H;=F'H;®F'H, (7.2.7)

where F1H; :=V and F'H,; = V. This makes sense since TgJ =~ V and TcJ =~ H¢
(non-canonically). Define F°H; = FOH; = H;,s0o F'H; = H}’O and F''H; = Hg’l.

Counsider the bilinear form:

Q : HJ X HJ — 7
Q(1,61), (12, 02)) = j A Oy — j ) (7.2.8)
M M
Lemma 7.2.3. QQ is a skew-symmetric form with the following properties:

1. QH}, H;®) =0=Q(HY' H}"

2. h((n,01), (n2,02)) :=iQ((n1,01), (n2,02)) is a semi-Riemannian Kdhler met-

ric.
1,0
Proof. 1) For H;":

Q((1,%n), (v, %)) = f

?7/\*1/—J vA*xn =0
M M
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by definition of . Similarly for H 3’1.

2) We use the definition of o to show:

h((m1,61), (2, 62)) = J

771A*772+J *0s A 0
M

M

which is an extension of the L*-metric on Mg, to M%Q. It is clearly symmetric
and non-degenerate. In fact, it is the Lorentzian Kéahler metric on M%Q described

by Karigiannis and Leung in [KLO7]. O

Corollary 7.2.4. (Hy, Hc, Q) defines a polarized Hodge structure of weight 1.
The polarized Hodge structure descends to J:

Lemma 7.2.5. h is a polarization on J.

Proof. See [Becl8| Lemma 3. O

Proposition 7.2.6. The polarized complez torus (J,h) is not an abelian variety.

Proof. This is a consequence of Lemma 7.2.5 and part 2 of Lemma 7.2.3, which

shows that h has index 1. OJ

We now generalize this picture to a family of complex tori w : J — B, where
B = Mg, is an open set and each fiber J,. is the polarized Jacobian for the
complexified Gy-structure pc € B. There is a locally constant sheaf H? := R'm,Z
over B whose stalk at each ¢¢ is H'(J,.,Z). The polarizations determine a map

pcH

Q : HZ @ H* — 7. Associated to this local system there is a holomorphic bundle
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H := H? ® Op and a flat holomorphic connection V, the Gauss-Manin connection.
Griffiths transversality shows that the subbundle F' with fibers F*H'(.J,.,C) is

holomorphic. We have proved the following:

Theorem 7.2.7. The data (HZ, F', Q) defines a polarized variation of Hodge struc-

tures of weight 1.

Given this result, we would like to know under which condition on the VHS,
a C'% locally trivial family of tori 7 : J — B admits a structure of compler inte-
grable system, i.e., an analytically locally trivial structure on 7 with a compatible
Poisson structure under which 7 is a Lagrangian fibration*. If we do not impose
the analyticity condition, then there are no obstructions: any C'® fibration can be
given local action-angle coordinates, which in turn define a Poisson structure.

One way to approach this problem is to produce a Seiberg- Witten differential.
However, this is a rather strong condition, as it implies that the total space is
an exact symplectic space. One can always find a Seiberg-Witten 1-form in the
relative universal cover to J — B, and its differential will be a symplectic form
that descends to the base, even though the Seiberg-Witten form only does so locally.
This is an interesting computation. but we will approach the problem differently.

What we need is the cubic condition of Donagi and Markman [DM95]: in its
local form, it states that given the classifying map ¢ : J — Cp, 1, Where Gy, is

the moduli space of polarized complex tori of dimension b3 and index 1, and given

4Note that this is weaker than an algebraic integrable system. See [Becl8], Definition 3.
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an isomorphism 7 : V* — T B, where V is the vertical bundle of 7, we need the

composition

dgot:V* — Sym*(V) (7.2.9)

- which is an element of T'(V ® Sym?(V)) - to be given by a cubic c € I'(Sym*(V)).

Moreover, Donagi and Markman prove a global cubic condition: if there is a

holomorphic function F': B — C such that ¢ = aiéai then J — B is a Lagrangian
10Zj
. . . . OBF
fibration with cubic given by W

Therefore, our problem reduces to finding a natural holomorphic function on
M%Q: by the global cubic condition this will automatically fix the Lagrangian
structure and the classifying map of the family of tori.

Karigiannis-Leung [KLO07], Grigorian-Yau [GY08] proved there is a natural cubic

form on Mg,, called the Yukawa coupling. It is given by a real-analytic function:

fle) = %fM ©A*p=3 JM dvol,, (7.2.10)

It can be extended to a complex function on B that is constant along the fibers
of J. However, this extension is not holomorphic, hence not fit for our purposes.
Instead, we work near a smooth point in Mg, and fix an open set U < Mg, where
f can be extended in a power series. Recall that Mg, is an open set in H3(M, R),
so dimg U = bs.

Let fly : U — R, and let W < C” be the domain of holomorphy of f. Let
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f W — C be the extension of f to a holomorphic function. We need to show the

following;:

Conjecture 7.2.8. f descends to a holomorphic function F : B — C. In other

words, [ is xH3-periodic on the imaginary directions.

The idea for the proof is to show that F' is basically obtained by modifying
formula 7.2.10 by redefining ¢ to include the holonomies of the C-field. It would
be interesting to prove the conjecture above as it would tie up the Lagrangian
structures on J — Mg, and Mg, — Mg,.

Another path to produce a periodic holomorphic function on Mgz is the follow-
ing. Fix a class v € (xH*(M,Z))*. Over M%z, this defines a locally flat section of
integration cycles. The idea is to define local functions F; : U; ¢ B — C over a

trivializing cover for the flat sheaf by:

Fi(p+iC) = f exp(p + iC') (7.2.11)
v(Us)

and then glue them together to a global holomorphic function ' : B — C.

Recall that p¢ := ¢ +iC' is the natural holomorphic coordinate on M&, so F'is
holomorphic. Hence if F' can be constructed, it will have all the desired properties:
it is holomorphic and periodic in the imaginary directions, hence well-defined on
MG, . So it can be taken as a holomorphic potential F' : Mg, — C giving J — Mg,

the structure of a complex integrable system.
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7.2.2 Concerning special Kahler structures

An interesting question is whether one can have non-trivial Gy-manifolds such that
the Kahler metric on Mgz admits an adapted special Kahler structure, that is, a
flat torsion-free symplectic connection V satisfying dyI = 0. The reason this is

plausible is that M& already comes equipped with the following structures:

Lemma 7.2.9. There is a flat torsion-free connection V on T/\/l(cc;2 satisfying the

following conditions:

e the Kdhler metric is the Hessian of a Kahler potential with respect to a V-flat

holomorphic coordinate system.

e there is a holomorphic cubic form Y € HO(ME,, Sym®(T*ME,)) which deter-

mines the Christoffel symbols of V (see the definition of the tensor B below).

Proof. See [GY08], equations 6.36 and 6.37. Basically V is an extension to TMg,
of the covariant derivative on the canonical real line bundle L, — Mg, defined by

equation 6.32 in [GY08]. O

However, this is not enough to produce a special-Kéahler structure. We need
further compatibility conditions between ), V and the Kahler structure. More

precisely: let B € QM0(ME, , EndgTMg,) be defined by:

Y = —w(@ [B,7]) (7.2.12)

The first condition is that
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V-=D+B (7.2.13)

where D is the Levi-Civita connection for the Kahler metric. This is shown in
[GYO08], equation 6.36 (in that paper, B is denoted by A}, and ¥ by Ayng).

However, there are further conditions:
dpB =0
Fp+{BAB}=0 (7.2.14)

Here, {-,-} is the wedge-anti-commutator. Formula 6.22 in [GYO08] shows the
second condition is not true in general, but it is possible that only the second term
survives for some specific topological types of Go-manifolds. Essentially, the issue is
that ) depends on the G-structure ¢, while Fp depends on the fourth derivative of
the Kahler potential, which depends on xp. This issue does not arise in the moduli
space of Calabi-Yau manifolds, as both structures come from the holomorphic 3-
form.?

The cotangent bundle of a special Kahler manifold is automatically hyperkéhler,
and a flat cotangent lattice A defines an algebraic integrable system (T* Mg, )/A —
Mgz with a family of polarizations making the fibers into abelian varieties. For
this reason, such integrable systems are more special than those discussed in the

previous section, so it would be interesting to determine which topological types of

(Go>-manifolds admit this extra structure on the moduli space M%Q.

°I thank Sergey Grigorian for explaining this point to me.

145



7.3 Kapustin-Witten systems and flat Higgs bun-

dles

In this section we change gears in order to discuss flat Higgs bundles in the context
of a larger theory: Kapustin-Witten systems on a four-manifold.

We show that flat Higgs bundles describe an invariant subspace of a natural
map on the moduli space of solutions of the Kapustin-Witten equations. More gen-
erally, we argue that the moduli space of a family of extended Bogomolny theories
parametrized by a parameter ¢ € S* can be given the structure of a S'-bundle over
the moduli space of solutions to the Acharya-Pantev-Wijnholt system.

Let M = @ x R be an oriented Riemannian four-manifold, A a connection
on a G-bundle on E — M, F its curvature, and ® € Q'(Ad(F)). Consider the

Kapustin-Witten equations [KWO06]:

(F=®AD+qDy®P)" =0
(F=®A®—q 'Dy®)" =0
Daxa® =0 (7.3.1)

where for a two-form o, a* denotes its selfdual and anti-selfdual components, %,
is the Hodge star operator on M and ¢ € R.
We refer to 7.3.1 as the KW, system and ¢ is called a twisting parameter. In

[GW11], Gaiotto and Witten study the dimensional reduction of the KW; system
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down to two dimensions, and show the moduli space of solutions provides knot
invariants. In section 7 below I will sketch an approach to relate the discussion on
this section to [GW11] and also the work of Aganagic and Vafa [AV01].

The KW, system is a deformation of the Hermitian-Yang-Mills equations. We
proved in section 4 that the APW system is a dimensional reduction of HYM.
Hence APW is also a dimensional reduction of KW,. The precise way in which this

happens is given by the following lemma:

Lemma 7.3.1. Let pg : M — @ be the projection to (). The, for ¢ # +i, the

pullback of connections by pg defines an injective map v : Mapw (Q) — Mgw, (M)

Proof. Start from 7.3.1 and perform dimensional reduction, assuming moreover that
A=7m*Aand & = 7*¢ (i.e., Ag = ¢ = 0). Let’s see what happens with the first

equation: let G = F —® A & + gD 4P. Then the equation is:

g = — *Nn g (732)

But G has no dt components, and *,,;G has only components with a dt, so they

must both vanish. Thus we get:

F—®Ad+qDs®=0 (7.3.3)

Now note that everything is pulled-back from Q). So:

F—¢And+qDyp=0 (7.3.4)
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An analogous argument holds for the other two equations. We get:

F—=¢no+qDap =0
F—¢n¢—q'Dap=0
Dax¢=0 (7.3.5)

If ¢ # +1i, the first and second equations combined imply that D¢ = 0. There-

fore we obtain the flat Higgs bundles equations. m

So far this is hardly interesting, as it is well-known that most of the solutions
to KW, are flat connections. The interesting idea comes when we compare the

dimensionally reduced KW, for different values of ¢. For ¢ = 1, we get equations

10.35 in [KWO06]:

F—[¢,¢] = *<DA¢0 - [A(J,Cb])
Dag =« <DAA0 + [ o, ¢]>
Dax & = «[ Ao, b0 (7.3.6)

We now perform the dimensional reduction of the KW system. The equations

are:

(F—®Ad)r =0

(DA(I))i =0

148



Dyx®=0 (7.3.7)

Let ¢ be a coordinate on R, {1, xs, x5} coordinates on @) and write A = Aydt +
Aidz?, ® = godt + ¢didxt.5 We write A = A;dz’ and ¢ = ¢;dz’ and think of these as
a connection and a Higgs field on @), respectively. Let F' be the curvature of A.

We assume the matrices do not depend on t. The first equation in 7.3.7 becomes

a set of three equations:

Fy — [0, )] = <—1>k(DkAo ; [cbo,qsk]) (i<jizh=j) (738

These can be rewritten using the Hodge star » on Q:

F—[¢,¢] = *(DAAO + [0, gb]) (7.3.9)
(Notice that Ay and ¢y are just matrix-valued functions on @, so D4 Aq and [¢o, ¢]

are matrix-valued one-forms on (), and are mapped to matrix-valued two-forms by

*).

Next, the second equation in 7.3.7 becomes:

Dy, 05 = [Ao, dr] — Da, do (i <jyi#k+#j) (7.3.10)

which can be put together as:

*DA¢ = [Ao, gb] - DA¢0 (7311)

6Tn this section we use the Einstein summation convention for upper and lower indices.
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Finally, the last equation in 7.3.7 is equivalent to:

[Ag, ¢oldtdz'dz*dx® + (—1)"Da,¢; = 0 (7.3.12)

which can be rewritten as:

DA * ¢ = *[Ao, (bo] (7313)

Putting all together we get the following set of equations:

P =061 = +(Dacto + [0n.0])
Dao = *< — Dago + [Ao, </5]>
Do xé = x[Ag, do] (7.3.14)

for a G-connection A on E — @ with curvature F, an element ¢ € Q1(Q, Ad(E))
and two fields A, ¢p € Q°(Q, Ad(E)). Notice we used the fact that ** = 1.

When ¢q = Ay = 0 both sets of equations 7.3.6 and 7.3.14 reduce to:

F—¢nr¢=0
Dad =0
Dix¢ =0 (7.3.15)

which are exactly the Acharya-Pantev-Wijnholt (APW) equations.
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Let KW; denote the space of solutions to 7.3.6 and KWy the space of solutions

to 7.3.14. There is an “anti-involution”:

KWO g KW1

(Ao, ¢o) — (5, —Ap) (7.3.16)

that matches the APW subspaces of KW; and KW,. These subspaces parametrize
the same objects, so we do not distinguish them.

In fact, one can perform the dimensional reduction for general parameter g,
and from the general formula one can see that g defines a S'-action on KW :=
Ugest KW, leaving APW invariant. More precisely, if one considers the family over
APW whose fiber over (A, ¢, h) is (q, Ao(q), ¢o(q)), then S' acts by rotation on the
fibers.

The relationship between KW and APW seems more surprising when one con-
siders the analogy with instantons on four-manifolds. If 7.3.1 is analogous to the
anti-selfduality equations on M, then 7.3.14 correspond to the Bogomolny equations
on () and 7.3.15 are analogous to the rather boring solutions given by flat connec-
tions on (). Of course, in the classical situation one works with a real gauge group,
while in the present case APW systems are actually equivalent to flat complex
connections. Hence the analogy is stronger than it seems at first.

This raises a few interesting questions:

1. Does the family KW — APW admits more interesting geometric structures,
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such as a natural connection?

2. In [PW11] Pantev and Wijnholt introduced a Morse-Novikov complex count-
ing solutions to 7.3.15. In [Wit12], Witten argues that counting certain solu-
tions to 7.3.1 should give rise to Khovanov homology. Can the Morse-Novikov
homology be realized as a subcomplex, and if so, what kind of knot invariants

does it give rise to?

In general, we expect that APW is some sort of “invariant subspace” for a flow
of time-independent solutions KW, — KW,.. In other words, if (2) holds, the
Morse-Novikov complex should be an invariant subspace for the differentials

computing Khovanov homology.

7.4 Other directions

1. Go-metrics: The most immediate extension of this work is to identify subfam-
ilies of the deformation family of closed Ga-structures constructed in Chapter
3 that correspond to Go-metrics. In other words, we would like to know which
fibers of the deformation family have the property that its induced closed G-
structure is also torsion-free. For a given s € B = [ (Q, &), this is equivalent
to the harmonicity of a certain Donaldson section Dy : Q — H*(M,/s(Q),R)
of the flat bundle H?(M,/s(Q),R) over @ [Donl6]. This section is deter-

mined by the condition that the cohomology class of the hyperkahler ele-
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ment 7, is given by the derivative of D;. An equivalent way to formulate
the condition is that the image D,(Q) must be a maximal submanifold of
H?(M,/s(Q),R) =~ bh" with respect to the Killing form (see Donaldson’s orig-
inal work [Donl6] and the recent work of Li [Lil8] for more on maximal
submanifolds). In our setup, we would like to reformulate this as a condition

on the section s determining the flat spectral cover.

. Flat collapse: As we have explained, the sLag torus fibration T*Gs — R3/K
is singular over the Y-vertex. The singular fibers are given by dicosms G, over
the three positive rays of the Y and a Hantzsche-Wendt space Gg over the ori-
gin. We have argued that the results of [LYZ04] imply that the total space
admit a semi-flat Calabi-Yau metric. However, this is just a first approxi-
mation to the correct dual to M - presumably, instanton corrections should
deform this geometry. Now, recent work of Bettiol, Derdzinski and Piccione
[BDP17] classifies all flat deformations of the platycosms. These spaces can

undergo quite interesting Gromov-Hausdorff collapse.

One can raise the question whether instanton corrections to the semi-flat met-
ric can induce collapse on the Y-fibers. Although the generic torus fibers can
only undergo rather trivial collapses, the other platycosms admit interest-
ing features. The following example suggests that such collapse can contain

nontrivial information on the quantum nature of the ITA /heterotic duality:

Consider Gg seen as the central fiber in the above. The moduli space of flat
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deformations of Gg is =~ R3 , and collapsed limits correspond to collapses of

s
the isotypic components of the orthogonal representation of Mg. For G,
My = K and there are three isotypic components. As explained in [BDP17],
collapse in each of the three directions produces a flat 2-orbifold RIP?(2,2;),
which is a Zy-quotient of T?/Zs, the SU(2)-character variety of a two-torus.
This seems to suggest that the dual heterotic picture is corrected to include
a singular T?/Zy-fiber. Meanwhile, the remaining exceptional fibers over the
Y -vertex are Go’s, which can collapse to either a S', a Klein bottle or another

Zy-quotient of T?/Zs,, the flat 2-orbifold known as the half pillowcase, usually

denoted D?*(2,2;).

. Kovalev-Lefschetz fibrations factoring through ramified covers: A
theorem of Hilden-Montesinos [Mon74] says that every closed orientable 3-
manifold is a 3-fold branched cover over 8* with branched set over a knot K.
The proof gives an explicit choice of K for a given 3-manifold ). One could
use this to relate Kovalev-Lefschetz fibrations over a general ) to ramified
Kovalev-Lefschetz fibrations over S®. This should allow one to study Gy-flops

for general ) using the ideas of [AVO01] on flops for (S?, K).

One can also easily determine the knots associated to the platycosms. For
example, working with 3-fold covers, K (Gg) is the figure-eight knot [Zim90]. If
one would rather work with 2-fold covers, as in Donaldson’s theory of branched

harmonic maps [Don18], then the correct link to use for Gg are the Borromean
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rings.

. The role of gerbes/B-fields: The SYZ Mirror Symmetry picture we de-
scribed was under the condition of zero B-field. One might wonder how is the
situation modified in the presence of a B-field B # 0, and furthermore, what

is the extra structure on the Gs-side giving rise to B.

There is a nice geometric answer in our context: such B-fields are geometrically
H /t(H)-gerbes on the Calabi-Yau geometries, where ¢(H) is the translation
subgroup of H. In the Ga-geometry, the extra structure is an isogeny of
tori T = T/t(H). This suggests that from the point of view of M-theory,
the B-field is simply an artifact of the freedom in choosing finite subgroups
of SO(3) that are not Bieberbach groups, but extensions of such groups by

affine translations.

. Codimension 7 singularities from degenerate spectral covers: An im-
portant open problem in Gy-geometry is building manifolds of holonomy G,
with point-like singularities beyond the conically singular cases. The corre-
spondence between integrable Go-structures and flat spectral covers suggest
a new approach to this problem. In analogy with Hitchin systems on curves,
one should expect a spectral correspondence relating flat Higgs bundles with
non-generic Higgs fields to spectral covers ramifying over a link in ). If one
takes S® and a link L = S* such that Q — (S® L) is a n-sheeted branched
cover, one can interpret () as part of ramified flat spectral data for a flat Higgs
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bundle on (SS, L), non-generic over L. E.g., one can take @) = G and L the
Borromean rings, in which case n = 2. Over each strand one has a regular
SU(2)-Higgs field (i.e., a 2 x 2-matrix which is a single Jordan block). One
can take a limit in which L degenerates to a bouquet S' L' S' L' S'. In that
situation, the Higgs field collapses over the central point to the O-matrix (it
becomes irregular - a multiple of the identity - and the only possible eigenvalue
in su(2) is 0). So over the singular point we have an element of the nilpotent

cone. However, the associated Go-geometry does not come from a smoothing

of (C2/Z2.
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