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ABSTRACT

MIXED ZETA FUNCTIONS

Pieter Mostert

Ted Chinburg

We examine Dirichlet series which combine the data of a distance function, u, a
homogeneous degree zero function, ¢, and a multivariable Dirichlet series, K. By
using an integral representation and Cauchy’s residue formula, we show that under
certain conditions on K, such functions extend to meromorphic functions on C, or
to some region strictly larger than the domain of absolute convergence, and have
real poles and polynomial growth in vertical strips. When ¢ = 1, we also do this for
u which come from completely nonvanishing polynomials on R%,. Using standard
Tauberian results, this allows us to deduce estimates for counting functions of points
in expanding regions. We show that some of these results can be generalized to
multivariable mixed zeta functions, and we use these to prove relations between

coefficients of Laurent series of different Dirichlet series at s = 0.
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Chapter 1

Introduction

Our object of study is a family of generalized Dirichlet series which combine the
data of certain homogeneous functions with multivariable Dirichlet series. We wish
to determine whether these functions have meromorphic extensions to C, and if so,
describe the nature of the poles and growth rates along vertical strips. Once this
has been achieved, we can deduce asymptotics for an associated counting function.

In the simplest case, if u is a continuous n-dimensional distance function (that
is, if u : R — R satisfies u(Ax) = Au(x) for all A > 0, x € R", and u(x) > 0 <=
x # 0), we may define the Dirichlet series

Gls) = > (1.0.1)

nezZr~{0}

for R(s) > n. We call this the zeta function of u, despite the fact that in general it
is not known to have a functional equation or product expansion.
In chapter [2| we give a simple proof that for an arbitrary distance function which
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is smooth away from the origin, the Dirichlet series , modified by a smooth
weight function, ¢, extends to a meromorphic function on C (theorem . This
method of proof also applies to distance zeta functions where the summation is over
n-tuples of positive integers, and gives expressions for the residues of its poles, all
of which are simple.

The heart of this thesis is chapter [3, where the Dirichlet series we consider are
defined by summation over more general sets, with arbitrary weighting functions,
provided an associated multivariable Dirichlet series K has good properties (see p.
. We call these mixed zeta functions. Depending on the strength of our hypothe-
ses on K, we show that mixed zeta functions extend to meromorphic functions on

C or some halfplane C.,, where they have real poles, and polynomial growth along

vertical strips (theorems|3.4.2/and 3.4.1)). This is done using the Mellin transform to

express the zeta function in terms of iterated contour integrals involving K and an
associated ‘beta’ function (proposition . This generalizes results of Essouabri
8.

In chapter 4 we show that similar results hold when the weight function ¢
is identically 1, and u comes from a completely nonvanishing polynomial whose
Newton polyhedron is of full dimension (see sections and [4.3| for definitions). In
this case, u is not necessarily a distance function. We demonstrate how this can be
used to recover certain results of Sargos [31] as a special case.

Chapter [f is very short, and simply shows how the results of chapters [3] and [4]



allow us to deduce growth rates of certain counting functions, using know results.
In chapter [6] we consider multivariable mixed zeta functions, and use them to
prove relations between the coefficients in the Laurent expansions of certain one-
variable Dirichlet series at s = 0. As special cases, we recover theorem 1.1 of
Friedman and Pereira [9], and theorem 1.1 of Castillo-Garate and Friedman [2].
Note to the reader: In the course of reading this dissertation, should you find
yourself confused, know that this manuscript is in need of several days of editing.

(It’s me, not you).

1.1 Notation and conventions

1. If a € S, where S = Z or R, then S5, denotes the set {b € S| b > a}. If
S = C, however, we define C-, :={s € C | R(s) > R(a)}. The sets S~,, S<a,

and S., are defined analogously.
2. For Q CR", we define Q¢ = {z € C" | R(z) € Q}.

3. Let T be a finite set of cardinality m, which we will regard as indexing
the coordinates in a copy of C™, in the sense that if we choose a bijection
T — [m] :=={1,...,m}, we have a corresponding isomorphism CT = C™. We
generally write elements of CT using boldface letters, and for ¢ € T', write the
1-th coordinate using the plain font version with i as a subscript, so that, for

example, a = (a;);er € CT. However, if T = {*} is a singleton, we do not



distinguish between a € CT and a, € C.

Let I CT. Ifx = (2;)ier € CT, set x; :=(x;)ie; € CI. Fory € C! and
z € C™ ! define their concatenation y:z € CT by

‘Z); = .
Y 2z 1€ 1.

If we write (y,z) for y € C% z € C’ we mean y : Z, where z € Clo+tal
corresponds to z under the bijection [b] = [a + b] N\ [a] : n > a + n. (This is,

of course, the usual meaning).

. If x € C" and k € ZL;, we define x* = HieTxfi, k! = [[er kil, (%) =

HieT(a:i)zi, where (z); is the rising factorial, and where the empty product

s 1.

I A € Myum(Zsy) and x € C", then x* € C™ is the vector whose i-th
component is x4, where A; is the i-th column of A. Note that this implies

M B = xAB whenever either side is defined.

. For k € ZZ; and a smooth function ¢ defined on a subset of R”, the partial
derivative [, (%)k 1(x) will be denoted by either ¢ or dytp. For j € T,
we let e; be the j-th vector in the standard basis for R”, and write 9; = Oe; =
O If f is any function defined on a subset of R”, and S C T, define

833]'

fls(x) := f(x:0) for x € R® such that x:0 is in the domain of f.
. Set |x| = >,cr s, where the empty sum is 0. Although we use the same
symbol for the absolute value of a complex number, this should not cause

confusion. The Euclidean norm on R™ will be denoted by || ||.

4



10.

11.

12.

13.

14.

. We let 07 and 17 be the elements of Z”, all of whose components are 0 and

1 respectively. When T is clear from the context, we sometimes omit the

subscript. Note that 7" may be empty.

To avoid a proliferation of set-theoretic complements when dealing with sums

indexed by power sets, it will be convenient to define

C(T)={(I,T~I)|ICT}

For a function F' : Ryy — C, MF(s) := [° F(t)t* *dt denotes its Mellin

transform, provided the integral converges.

For ¢ € R and F' a function defined on a domain in C which contains the line

R(s) = ¢, we write f(c) F(s)ds for 5= times the integral of F' along R(s) = c,

assuming this exists. Note that this differs from the usual convention, which
1

does not include the factor 5. We include the factor to simplify expressions

involving the inverse Mellin transform.

If f and g are complex valued functions on a set X, we use the ‘big O’ notation
f=0(g) on Y C X if there exists C' > 0 such that |f(z)| < Clg(x)| for all
x € Y. We also use the alternative notation f < gon Y. If f and g depend on
a parameter \ which affects the choice of C, we write f = O,(¢g) and f <) g

onY.

By ‘a sequence in X’, we will mean a function ¢ : A — X, where A is any
countable set. We write c(a) = ¢, for a € A, and also denote the sequence

5



by ¢ = (¢a)aca. Note that we do not require that A has an ordering, so when
X =C, ) ,c4Ca is in general not well-defined. However, if >~ _, |ca| < 00

under some identification A = Z, then ), cq is well-defined.



Chapter 2

Distance zeta functions

We let the group of positive reals act on R™ by scalar multiplication. Let F C R"
be R.g-invariant, and put £’ = E ~ {0}. We say that a function f : £/ — C is
homogeneous of degree d € R if f(A\x) = M\ f(x) for all A\ > 0, x € E’. The set of
homogeneous degree d functions on E’ will be denoted by Hy(F).

We say that v : £ — R is a distance function on E if
e v is homogeneous of degree 1,
e inf{u(x) | x€ E, ||x]| =1} > 0.

If we extend the domain of u to E by setting u(0) = 0, we still call u a distance
function. Thus we recover the definition in the introduction when £ = R". We
write D(E) for the set of distance functions on E. If u € D(F), define its unit ball

by B(u) :={x € F | u(x) < 1}.



Let Z,,(F) be the set of pairs (o, u), where ¢ € H,(E) is bounded on B(|| ||)NE,
and u'/* € D(E). Then for (¢,u) € Z,,(F), the generalized Dirichlet series

Couls) = D p(mu(n)™ (2.0.1)

neZ*"NE

converges for s € C (4.4, as one sees by comparison with the series

—R(s
ZnGZ"\{O} [n] ),

Note that it is enough to consider (p,u) € Z(E) :=Zy1(E), since if (p,u) €
Zap(E), the functions @ = u!/® and @ = u=%bp give (¢, 0) € Z(E), and (,.(s) =
(p.a(bs —a).

We say f : E' — C is smooth if it extends to a smooth function on an open
neighbourhood of £ C R™. We write H°(E) and D>®(E) for the smooth functions

in H,(E) and D(FE) respectively, and set Z°(E) = HP(E) x D>®(E) C Z(E).

2.1 Meromorphic continuation of ¢,

In the case where u is a distance function on R™ which is smooth away from the
origin, Herglotz [14] has shown that when n = 2, (,(s) :=(1.(s) extends to a
meromorphic function on C with a single pole at s = 2, which is simple and has
residue 2 vol(B(u)).

For general n, Hlawka ([16],[17]) studied the Fourier transforms ¢; of the func-



tions

1 (I —u(x)?)’ u(x)<1

Ps5(X) = = >
F@+1) 0 otherwise.

where v is smooth away from the origin, and the unit sphere {x € R" | u(x) = 1}
is convex with positive Gaussian curvature everywhere (when 6 = 0, Herz [15] has
independently obtained similar results). Based on the asymptotic expansions for
¢s in [I7], he shows [18] that (,(s) extends to a meromorphic function on C with
a simple pole at s = n, with residue nvol(B(u)). Although this is true, it appears
that the asymptotic expansions in [I7] are incorrect for large § (see section [3.5)).
While it may be possible to correct the results of [I7], we instead adapt the
method of Zagier in [35] to show that for (p,u) € Z®(R"), (,. extends to a
meromorphic function on C. This will turn out to be a special case of the results

we prove in chapter 3] but the method here is simpler.

Lemma 2.1.1. Suppose (o,u) € Z,1(R%), where a > —n. For any F': Ryg — C
satisfying

ot t— 0t
F(t) =

Oo(t=") t — oo

for some a' < a and all a” > 0, we have

/R p(x)Fu(x))dx = (n+a)MF(n+ a) / ox)dx.  (21.1)

2o B(uw)

Proof. In the calculation below, we use the change of variables x; — y;z, (i =



_w
Uy, Yn—1,1)"

1,...,n—1) followed by z, —

/R o(x)

n
>0

F(u
— / / o(xy, .. xn)F(u(zy, ... x,))dx doy,
0 Jrnt

= / / Sp(yla -y Yn—1, 1)F(xnu<y17 <oy Yn—1, 1))$Z+a_ldy dxn
0 RZG!

(x))dx

- / / Y1y vy Yno1, 1)F(w)w”+a’1u(y1, ey Yn—1, 1) T w dy
RGO
M

F(n+a) / 1 oY1y -y Ynot1, DYy .oy Yn—1, 1) " dy. (2.1.2)
R0

e, 0OF (0

MF(nta) 18

If MF(n+a) =0, we are done, and if MF(n+a) # 0, the ratio
independent of F', so we may replace I’ by x[o,1], the characteristic function of the

unit interval, to obtain

ngal o(x) F(u(x))dx B fR%1 (%) X0, (u(x))dx -
T TTICE RN AL

]

Remark 2.1.2. If (¢, u) € Z,1(R™), then under the same hypotheses, (2.1.1]) remains

true with RY, replaced by R".

Corollary 2.1.3. Suppose (p,u) € Z,1(R™). For any b > —n — a, and any F :
Rs¢ — C satisfying

oty t—=0",
F(t) =

o(t=") t — oo

for some a’ < a and all a” > 0, we have

/n o(x)F(u(x))dx = (n+a+bMF(n+a) /B( ) o(x)u(x)dx. (2.1.3)

10



Proof. Define F(x) = 2~ "F(z), and apply lemma to (¢ub, u), using F instead

of F:

/R PP (x| ool Flu(x)dx

n
>0

= (n+a+b)MF(n+a+b) /B( | p(x)u(x)’dx

= (rarHMEC e [ eGoutoiix

O
In the proof of theorem below, it will be convenient to introduce normal-
ized periodic Bernoulli functions, defined as follows. If P, be the k-th Bernoulli

polynomial, then By(z) := Pk({’”})

, where {x} is the fractional part of z. Thus if ¢
is a smooth function on [a,b] C R, the Euler-Maclaurin summation formula can be

written as

W 1

/ oz dx+2 S (@),

b
+(—=1)N / BN(x)QS(N)(:E)d:E.

n= \_aJ—&—l

for any N € Zo. For k € ZL, and x € R, we set By(x) = [[;cq B, (2:).-

Theorem 2.1.4. If (p,u) € Z°(R"), then (,.(s) extends to a meromorphic func-

tion, analytic away from s = n, where it has a simple pole of residue n fB(u) o(x)dx.

Proof. Let 1 be a Schwartz function on R". Choose N € Z-o. By iterating the

Euler-Maclaurin summation formula n times, we find

Y vm) = | Px)dx+ Y (FpweH wa () [ [ Bw(ai)dx

nezn " @AIC{1,...n} il

11



If we replace ¥ by x — 1(tx), (t > 0), this gives

= Yltx)dx+ Y (—)NTI# / NN (1) T | Buv (i) dx

R"

@#IC{1,...,n} iel
= " [ wx)dx+ Y (=)WTDERNEE [y (N0 (x) TT By (a/t)dx
Rm GAIC{1,....n} Rn icl

=t [ Yx)dx+O(tN™), (t—07).
R’ﬂ
Let F': R>yp — R be a function satisfying:

F is smooth, and for all k € Zsy and a € Z, F® (2) = Op(2%) on Rsg.  (2.1.4)

For example,

e T x>0

Fi(z) = {O T (2.1.5)

is one such function. Note that the Mellin transform of F' is an entire function.
If we set p(0) = u(0) = 0, then ¥ (x) = ¢(x)F(u(x)) is a Schwartz function on

R™. Therefore

O = > () = " [ peoPuG)dx+ O ),

neZ"~{0}

as t — 0%. By taking the Mellin transform, we obtain, for some function A7, (s)
which is analytic on (s) >n — N,

1

sSs—nNn

/n¢(X)F(U(X))dX+A§,u(S) — / @ ) Ldt
= Z Sp(n)/ F(tu(n))t*'dt

nezZn~{0} 0

= Z e(n)u(n)~* /000 F(r)r*tdr

nezZ™~{0}

= Cou(s)MF(s).



Since N is arbitrary, AL, (s) extends to an entire function, and we see that (,.(s)
extends to a meromorphic function with a simple pole at s = n, which has residue
nfB( x)dx by remark [2.1.2

All other poles are contained in the set Z(MF') of zeros of MF. This is true
for any function F as above; in particular, it holds for the function Fy(z) := Fi(2%),
where A > 0. Since MF)\(s) = MFi(s/\)/\, we have Z(MF)\) = \Z(MF}), and
because the zero set is discrete, Ny~oZ(MF)) either contains only 0, or is empty.
But since MFj(s) > 0 on the real axis, the intersection is empty, and we conclude

that there are no poles of (,,(s) other than at s = n. O
Next, we examine (,,, for (¢, u) € Z=(R%).

Theorem 2.1.5. If (¢,u) € Z%°(RY,), then (,.(s) extends to a meromorphic

function with at most simple poles, contained in Z<,. For p € Z<,, the residue of

Cou(s) at s =1p is

> S (D)MBea(0) / WO (pu )] (x)dx. (2.1.6)

(I,7)€C([n]) ke{O,....n—p}7 #I—|k|=p B(ulr)

Proof. With the notation above, the Euler-Maclaurin formula gives, for N € Z+,,

Of.(t) = ) u(m)

neZ’nO
= > > T )MB(0) [ O (x:0)dx
(1,7)eC([n)) kefo,...,N}7 RL,

+O(tN_n),

as t — 07. As before, (,,(s)MF(s) is the Mellin transform of this expression, so
Cou(s) extends to a meromorphic function with at most simple poles, contained in

13



Z<y,. For p € Z<,, the residue of (,,(s) at s =pis

M;(p) > > (D) Biiq(0) [ OM(x:0)dx, (2.1.7)

(1,J)EC([n]) KE{0,....n—p} #1~[k|=p Rlo

for any F' satisfying hypotheses (2.1.4]) and such that MF(p) # 0.
Fix p € Z<,, and set F(x) = 2PF(x), so that 1(x) = @(x)u(x)?F(u(x)).
For k € 7Z2,, we can write y® = Z‘jk:'() ¢; FU) o u, where ¢y ; is smooth and

homogeneous of degree j — |k| —p. The functions ¢y ; can be defined inductively by

Poo =u",  Prie, = ¢l(::;) + ¢k,j—1u(ei)>

where ¢y ; = 0if j < 0 or j > |k|. In particular, @i o = I*(pu=?).

If (I,J) € C([n]), k € {0,...,n —p}’ and #I — |k| = p, then

>0 |k‘
= /R (G0 V) o u)|(x)dx
k|
= 3 Kol)|r(x)dx ) (55 0:k,j| 1(X)dx
ME(0) / o G R 3 M) / Gl
— MFQ) /B EACRAIEL (2.1.8)

where in the second line, we have used corollary for the first term, and lemma

for the rest. Substituting (2.1.8)) in (2.1.7)) gives (2.1.6). O

We give expressions for the first few residues below.

Corollary 2.1.6. Fori # j € [n], let S(j) = [n] ~ {j} and S(i,j) = [n] ~ {i,7}.

14



The residue of (. (s) is

n/ p(x)dx  at s =n,
B(u)

—1
N Z/ olsiy(x)dx  ats=mn—1.
B(uls))

At s=n—2, it is

n

1

) [ T e 2 s ()
i B(uls;))

n— Z/ @5, (x)dx.

i<j Y Bulsi,g)

Corollary 2.1.7. When ¢ =1, (,(s) is reqular at s = 0.

Proof. If k # 0, the integrand in vanishes, and if k = 0 then I = &, so the

integral is also zero. O

15



Chapter 3

Mixed zeta functions

Mixed zeta functions are Dirichlet series which combine the data of a pair (¢,u) €
Z*°(Rsp) and a multivariable Dirichlet series K, which we now define.
Such multivariable series will be defined by pairs of sequences (m,c), where

m = (mg,)aeq for m, € R?, and ¢ = (ca)aca for ¢, € C, and which satisfy

Hypotheses 1.

There exists N > 0 such that for all o € RZ y,

> @ < 0. (3.0.1)
acA m,
Under these hypotheses,
K(s) = K(m,cs) = Y - (3.0.2)
acA @

defines an analytic function of s in the region CZ,. We will write Ny = N. From
now on, when we write K (m, ¢;s), we will implicitly assume that hypotheses |1 hold.

16



If (p,u) € Z(R%), define

C@,u(K; S) - Z Ca%, S € <C>nNK‘ (303)

acA

Since u is a distance function,
u(x) > ||x|| > x" 1 (3.0.4)

for x € RZ (the second estimate follows from the quadratic-geometric inequality).

Thus, for s € Cs, s

lcap(my)u(mg) ™| = O <|ca|m_N/1> . N'=R(s)/n > N,

«

and hence implies that the series in (3.0.3]) converges absolutely, and defines
an analytic function on Cs,y, . Following Essouabri [§], we call this a mized zeta
function[]

In proposition we will show that when (¢, u) € Z¥(R%), (,u(K;s) has
an integral representation which involves a ‘beta’ function associated to (p,u). If

K satisfies additional hypotheses, we will show that ¢, ,(K;s) extends to a mero-

morphic function with a larger domain (theorems [3.4.1| and [3.4.2)).

!The definition in [§] is more restrictive than ours. The Dirichlet series considered by Essouabri
can be obtained from ours by taking ¢(x) = 1, u(x) = 2?21 bjx;, where by, ...,b, >0, A =72,
and m, = aM for a matrix M of non-negative integers, none of whose rows are zero, and such
that the sum of the entries in each column is the same. In other words, u(m,) is a homogeneous

polynomial with non-negative coefficients which depends effectively on all variables.

17



3.1 The beta function of v and u

Suppose (¢, u) € Z(R%;). Fix 21,...,2, € C5o. Then the differential form
O(ty, .. tp)u(ty, ... b)) 22 P L L d,

on RZ is invariant with respect to the action of Ry on RZ,, so defines a differential

form w,, ., on R%,/R.,. Set

Bou(z1,. . 20) = / Wayoooom - (3.1.1)
R>0/R>O

To see that this is well-defined, pick i € {1,...,n}, and define the chart

~

%t REMRog = REG [ttt = (tn, iy tn)

~
S

(where the hat means omit). Then

Bou(21,. .., 2n)

= / 1cpu_zl_"'_Z"(tl,...,ti_l,l,tiﬂ,...,tn)Htjjfldtl...gt\i...dtn,
R%o i

and the integral converges, since, for ¢; = sup{|o(t)| | t € R%,} and

e = min{u(t) | t € RY,, >0 t; = 1},

/ -1
R0

< clc;%(zl+"'+z")/ (et b Lt ) TR
RZ,

< [[65) at,...dt; ... dt,,
i
s TG
= g 2 .
(Zj:l R(z))

© AT T (tl, . ,tifl, 1, ti+1, .. , HtZ] dtl /\ . dtn
J#i

18



Remark 31.1. 1 (t) = 1 and u(t) = [t], then By (21, 2) = ffEds in
particular, if n = 2, By, (21, 22) = B(#1, 22), which is why we call this the beta
function of ¢ and wu.

It will be useful to give the following alternative expression for B, ,,. Forz € CZ,,

k e Zzo, put

Gi () = / ) p(y)uly) e Wy* tdy. (3.1.2)

>0

Then
I'(|z] + k)By.u(2)
= / ttz+k1dt/ ou W (x: 1) (x:1)%7 1 dx
Rn 1

= / / e Ve oy (x: 1) (x: 1) YA dy, dx (= yau(xl))
Rnl

= / e~ )gouk(y) =1 dy (x; =yi/yp fori=1,...,n—1)
2o
ik
- Gg@,u(z)7
SO
G* (z1,..., %
Bou(21,. .., 20) = gl ) (3.1.3)

D(zi4+ ...+ 2z, + k)

Remark 3.1.2. For A € RZ, define Jy : R* — R" : x — (M\z1,...,\x,). Then
ET2) and GI3) imply
B<P°5A,UO5>\ (Z) - A_ZB@,u(Z)- (314)

We write G, = G2

ou

and from (3.1.3)), it follows that

Gl;’u(zl, C 7Zn) = (Zl + ...+ Zn)]nga,u(Zla .. 7Zn)-
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We are now ready to prove a functional equation between different beta func-

tions.

Proposition 3.1.3. If (p,u) € Z°(RY,), then for eachk € Z%, there exist V. ; €

HERL), (1 =0,...,[k|), which satisfy

k|
(2)iBou(z) = Y [aVBiy,u(a+k), zeCl. (3.1.5)

j=0

Proof. We prove this by induction on k. If k = 0, then (3.1.5)) holds with 1 = ¢.

If z € C%,, then by integration by parts,

sziw(z) = /n o(x)u(x)e™ ™ 2 x*Ldx

>0

= —/n 0; (gp(x)u(x)e_“(x)) x?Tei=lgx

>0

- _/ (aj (Spu) - @uﬁju) (X)G*U(X)Xz+ej,1dx
R

n
>0

= _ng(cpu),u(z + ej) + Gglpaju,u(z + ej)'

After dividing by I'(|z| + 1), we obtain, from (3.1.3)),

Bou(@) = ~Bojuu(ate) + (2| + )Buouu(zte)

= [2|Byo;uu(z +€j) — Bugjp.u(z +€;). (3.1.6)

20



If (3.1.5)) holds for k, then for z € CZ,

k|

(210, Bou(z) = D |2|'(sj + kj)Byy u(z +K)
=0
k|

= Z |Z|£ (lZ + k|B¢k,£8juyu(Z +k+ ej) - Buajwk,e,u(z +k+ ej))
(=0
|k+e;]|

- Z |z|EB¢k+ W(z+k+ej),

where

Vige, 0 = (Yoo + K| ) 0u — w0y g (3.1.7)
(and we define ¢k 1 = i k41 = 0). H

Remark 3.1.4. A simple inductive proof shows that the functions vy, are charac-

terised by

k|

S sy = (—D)FuFTEOR (pum). (3.1.8)

£=0

3.2 The integral representation

We will denote the pointwise product of x,y € C" by xey = (2141, ..., ZnYn). For

T € R, let

0(T) = bpu(K;T) = ZCaSO Tom,)e u(mma)a
acA

which converges absolutely since

e—u(‘roma) < 6—C|‘roma\ _ OT(m;2NK1)'
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(Here we use the fact that for any A > 0, =™ = O, x(m ™) for m > 0). Then

Opu(Kit) =0, (KL, .. 1) =Y cap(my)e™ ™) £ >0
acA

is the exponential series corresponding to (, (K s), so that

['(5)Cpu(f;s) = /000 O, (K; )t 1dt.

Proposition 3.2.1. Suppose K is as above, and (¢,u) € Z¥(R%). If ¢ > Nk,

then for R(s) > nc,

Cou(K5 ) /( /Kzl,..  Zn—1,8 — 21 — ... — Zn_1)

XBou(z1, .oy 2n1, s — 21— .. — zp_1)dzr . odzpy. (3.2.1)

Proof. Suppose z € CZy . We take the n-fold Mellin transform of 6(r,... 2 Tn)
with respect to 71, ..., 7,, switch the order of integration and summation, and then

use the change of variable x = T e m,:

/ o(T)r* tdr = an/ (T omy)e u(moma) 221 g

>0 acA
_ Z Com / —u(x) <L ix
acA o
= K(2)Gou(z) = K(2)I'(|2])B,.u(2). (3.2.2)
We now take the n-fold inverse Mellin transform of (3.2.2)), and set = ... =7, =
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t>0. If ¢ > Ng,

Opult) = O(t,....1)

= // AT K (21, 2)
(c) (c)

XI(z1+ ... 4 20)Bou(21, ..o, 20)d2 .. dz,

= / ZF / / K Zl,.. y, Zpn—1s2 — X1 — . -_Zn—l)

XBou(21, s Zn1, 2 — 21— .. — Zpo1)d2y .. dzpq d2.

Therefore, for R(s) > nc,

[(s)Cou(f;s) = /OO@ LTt

= / / K Zl,.. , Zn—1sS — 21 — . -_Zn—l)

XBou(21,. oy 2ne1, 8 — 21 — oo — 2po1)dzr . A2y,
which proves the proposition. O
Remark 3.2.2. This implies

Cpodenuctet (I;8) = /C K(z,s — 2)Boos,., uose (2,5 — 2)dz
= /()K(z,s—z)B%u(z,s—z)(le)_Zdz (by (B-1.4)).
By applying the n — 1 fold Mellin transform, we see that
K(z,s —2)B,.(z,5s —z) = /Rn—l Cpoden uotnt (13 8) (X 1)* tdx,
>0

so for z € CL

K@Bou() = [ Goserooses (K ) (x:17 T
>0
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In section , we will show that if (o, u) € Z°°(R%,), then under certain condi-
tions on K, (,,(K;s) extends to a meromorphic function on a larger region (theo-
rem . If K satisfies stronger conditions, (,,(K; s) extends to a meromorphic
function on C (theorem [3.4.2). We will see later that the hypotheses on K and u

can be weakened.

Given what we know about B, ,, the proofs of theorems [3.4.1| and [3.4.2| will be

fairly immediate consequences of some general lemmas (3.3.3 and [3.3.5)), the proofs

of which are a bit technical.

3.3 Some general lemmas

We start with a preliminary lemma.

Lemma 3.3.1. Let I,...,I, C R be compact intervals. If I} = a1, by], let [;() =
a1 + §,by — 9], for § > 0. Suppose J(si,...,8,) is an analytic function on a

neighbourhood of €5, .1, .':(H?:1 I;)c which satisfies the growth condition

77777

J(s1,...,8,) = Ox ((1 +[S(s0) )™ f[(1 + |%(s,~)|)—A) . VA>0,

1, Jor some function f:Rso — R. Then for k € Z~y and 6, A > 0,

-----

O J(s1,. e i50) = Opy <<1+|%<sn>\>f<*>H<1+|%<sz->|>-k>, (3.3.1)

=2

Proof. We use Cauchy’s formula to estimate the derivative. For T" > 0, let Crp
be the rectangular contour which bounds the region R(s) € I, |S(s)| < T. If
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R(s1) € I1(5) and R(E) € 014, then

m—suz;%q%@—snww%@—snbz§%®+w%@w—%@nu

If (s1,...,50) € EN(8).1n,....1,» then for T > |J(sq)|+1, we can use Cauchy’s derivative

formula with the contour Cr to estimate

108 J(s1,... s0) = '(—l)kk!/ J(§,S2,...,sn)d§‘
Cr

2mi (€& — sp)Ft1

< (8GN T+ ()

X[/Zw+ﬁj§23wﬂﬁ+/h“+TV”4‘

— al

In the limit 7" — oo, the term in square parentheses is equal to

[e’e) - o] - [e%s) —k
/ (1+t)) dt_/ (L+[t+7]) dté/ 1w

o (@[t —TDERT o (0 [t oo (0 [E)FH k

If L(s) is a product of degree 1 real polynomials:

L(S) = HLI(Syh, LZ(S) = Zai’ij—b“ (332)

let Z;, be the set of all affine subspaces of R obtained by intersecting a non-empty
subset of the real hyperplanes H; = {x € R" | L;(x) = 0}.

Let J(s) be a meromorphic function defined on Q¢ C C", where 2 C R” is
open and convex. We call Q¢ a tube domain. Suppose J satisfies the following

hypotheses:

Hypotheses 2.
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e There exists a polynomial L(z) as in (3.5.9), such that

(a) J(z) :=L(z)J(z) is analytic on Qc,

(b) For every x € Q, there exists a compact neighbourhood, D C €, and a

function f :Rsg — R such that for all X > 0,

J(z) = Opn ((1+|S(Zn)|)f(>\)H(1+|%(zi)|)_>\>, z € De. (3.3.3)
Remark 3.3.2.

(i) If (a) holds, then up to multiplication by elements of R*, there exists a unique
minimalf] real polynomial, L, such that L(s).J(z) is analytic on Qc. We call

this the denominator of J.

(ii) Condition (b) is equivalent to being able to cover Q with open sets D such

that (3.3.3)) holds for some f = fp.

(iii) The truth of (b) does not depend on the choice of L in (a).

(iv) We may replace $(z) by z in (3.3.3)), since if R(z) is bounded, 1 + |z| <

14+ 3(2)] < 1+ 2]

For i € [n], let m; : © — R be the projection onto the i-th coordinate, and
w; : Q — R"! the projection onto the n — 1 coordinates other than i. Let Cj, be

the set of connected components of {x € | L(x) # 0}. For C' € C;, and ¢ € w,(C),

20Ordered by divisibility.
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we may define an analytic function F, on 7,(w, '(c) N C)c C C by

Fe(s) = /()/( )J(zl,...,zn_l,s)dzn_l...dzl. (3.3.4)

T (w(c) N C)

n

O.,AAA

The residue theorem implies that for ¢, ¢’ € w,(C), the functions F. and Fe
agree on the intersection of their domains, so this defines an analytic function on
Tn(C)c, which we call Fe.

We will call an affine subspace in R™ horizontal if A is perpendicular to e,.
If FF C R™ is a polyhedron, we say F' is horizontal if the smallest affine subspace
containing F' is horizontal.

Let A\ips = inf m,(C) € RU{—o00}, and define Cyyy = {x € C' | ,, = At} Define

Asup and Cy,p, analogously, and note that the domain of F¢ is

{s € C | Aint < R(S) < Asup -

Lemma 3.3.3. Suppose J satisfies hypotheses[d. With the notation above, for any

C € Cp with dist(d,R" \. Q) > 0 for some d € Ciy, there exists € > 0 such that F¢
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extends to a meromorphic function ]—A"c on
{s € C| Aint — € < R(5) < Asup }-

Let I C (Ainf — €, Asup) be a compact interval. Then there exists p > 0 such that

~

Folo+it) = O(t|") foroel, |t| > 1. (3.3.5)

Remark 3.3.4. By decreasing € if necessary, we may assume that the meromorphic
function has at most one pole, at s = Aj,r. By symmetry, we can extend the domain

of Fo beyond R(s) = Agyp if there exists d € Cy,, with dist(d, R™ \ ) > 0.

Proof. We need to show that we can define a meromorphic function on a tube
neighbourhood of Ay, which coincides with F¢ on the intersection of their domains.
The proof will be by induction on the dimension, n. For n = 1, the conclusion holds
by assumption. Suppose the lemma holds for n — 1. If Cj,s = @& there is nothing to
prove, so suppose Ciyr # @. We may also assume that no factor L(s) of L(s) is of
the form ay s + by, else this can be taken outside the integral in . In other
words, we may assume none of the hyperplanes Hj, are horizontal.

Choose a point d € Ciyr such that dist(d,R™ \ Q) > 0, and let I be the set
of indices of those hyperplanes Hy which intersect d. Shrink €2 so that d € Qg
and H, N Qr = @ iff & ¢ I. This may shrink the domain of F, but it still has

R(s) = A\inr as its lower boundary. Pick a point

c € @, (C) N U =4 (3.3.6)

A€ ,codimA>2

28



such that Ay € m, (@, !(c)). Then for some ty € R, (c,to) € C. Consider the point
(c,t) as t varies within the interval m,(ww,(c)). As t decreases, starting from t,
label the connected components the point travels through with increasing indices,
0,1,..., so that ¢’ <t for all (c,t) € Cy, (c,t') € Cyy1. Let r be the smallest index
for which Ay, € m,(C}).

The condition ensures that for k = 0,...,r — 1 the polytopes C} and
Ch+1 have a common facet, Fj, contained in a hyperplane, which we may take
to be Hj, (after relabelling, if necessary). The domains of F¢, and F¢,,, have
intersection equal to m,(Ck) N7, (Cky1) = int m,(F%), which is non-empty, since Hj,
is not horizontal. Recall that Hy = {x € R" | "7 | ay;v; = by}, where we may

assume ag1 # 0. Thus, if R(s) € int 7, (F}), the residue theorem gives

Fouls) — Foi(s) :/ / Te(ea o omt,8)dzs  dors (3.3.7)
(cn—1) (c2)

where (cy, ..., ¢, 1) € @w,u(m,  (R(s)) NrelintFy), and

n

Je(z2, ..., Zn_1,8) :=Res J(21, -y 201, S),

—1 —1
Z1=0p 1 (bk_Z?:Q k%) —@k,nS)

defined on w;(Q2 N Hy). We claim that J, satisfies hypotheses
If this is true, then by induction, the right hand side of (3.3.7)) extends to a

meromorphic function ¢, on
{s € C| Aint — €& < R(s) < supm,(F)}
for some ¢, > 0. Thus Fo = F¢, = ZZ;E o + Fc, on the intersection of their
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domains, and since the right hand side is defined on a tube neighbourhood of A,

the lemma will follow.

To see that J, satisfies hypotheses [2], let

O = Ok(z, s) —@m Zakaj AknS),
and write L(z, s) = Li(z, s)"£x(2, s) = ai (21 — Ok)"* Li(2, s), so that

Je(z2,. .., 2n-1,8) = Res, -y, J(z,3)
Lk(zv S)ilj(zws)
(21 = O)™

%Zﬁf U Eu(z,5) (2, 5)]

leek

—Nng nk—l

a .
= Py (z,s)0) J(z,s
(o~ DGz, oy 2 (0 ()

leek
for some polynomials Py ;. Note that condition (b) of hypotheses [2 implies that J
satisfies the hypotheses of lemma soforall A >0, 5=0,...,n; — 1, we have
07 J(z,5) = Ox;(1+[S(s))! D TS (1+S(2:)|) ) when 21, ..., 2,1, s have real
parts restricted to compact intervals.

In this region, Py j|.,—0, (2, s) < (1 4+ |S(s)])28 P [T (1 + [3(z)|)de8 o so if
d = maxdeg P j, then

£k(za S)nk |z1:9k Jk(227 <y 2n—1, S)

n—1 n

< (1+|3(8)\)dﬁ(1+!3(zi)|)d < (L+[S(s))M [+ I8

i

|
—

I
N

< (143 [+ I8GED
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which shows that Jj satisfies hypotheses [2|

It remains to prove . By and induction, it is enough to show
that holds for I C 7,(C) equal to a compact neighbourhood of each point
r € 7,(C). Pick ¢ € w,(m, (z)), and let I be a compact neighbourhood of x
contained in 7,(w, *(c)). Then D = {c} x I C C' is compact, so if R(s) € I, then
for any A > 1,

/|J(z,s)\dz <</ \F (2, 5)|dz
(c) ()

n—1

<pa (1+[3(s))™ / (14 13D Mz <y (1+[3(5))/D.

(©; 1

-
Il

]

The previous lemma was concerned with showing that the domain of a function
can be made strictly larger, with no other conditions on the size of the new domain.

The next lemma deals with the opposite extreme.

Lemma 3.3.5. Let J be a meromorphic function on C", and suppose there exists a
sequence of open tube domains (21)c C (22)c C ... € C* whose union is C", such
that J|q,). satisfies hypotheses@for each j =1,2,....

Let L be the denominator of J|a,)., and for C € Cy,, define Fc as before. Then
Fc extends to a meromorphic function on C, with poles contained in \J 4y, Tn(A),
where Hp, is the set of horizontal affine subspaces in ZIy,.

If I C R s a compact interval, then there exists > 0 such that

~

Folo+it) = O+ |t|*) foroel, |t| > 1. (3.3.8)
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Proof. The proof is mostly the same as that of lemma [3.3.3] For j fixed, pick
c € w,(C) U wn(A),
AETy; codimA>2
where L; is the denominator of J|q,).. Thus we can find a sequence Cy = C, (1, . . .
..., C, as before, but where now inf 7, (C,) = inf m,(; N @, (c)). By induction,

we may assume that Fo, — F¢,,, = ¢; has a meromorphic extension to C with the

i1
required properties, so the function
k—1
Fo(s) =D ¢ils) + Fo(s), R(s) € ma(Ch)
=0
is a well-defined meromorphic function on 7, (U;_,C)) with the required properties,
and which agrees with F¢ on 7, (C).

Since we can do this for each j, we obtain the desired meromorphic continuation

of Fc. ]

3.4 Meromorphic continuation of ¢, ,(K;s)

Now consider the following hypotheses on a meromorphic function, K, defined on

a tube domain )¢ C C™:

Hypotheses 3.

e There exists a non-zero polynomial L as in such that

(a) K(s) :=L(s)K(s) is analytic on Qc,

32



(b) Q can be covered by compact subsets D, for which there exist A = Ap €

RY, such that

K(s) = Op (H(l + |%(sl)]))‘> fors € D¢.
i=1
If K(s) = K(m,c,s) extends to a meromorphic function on )¢ which satisfies

hypotheses , with denominator L, let ¥ i be the connected component of (Nx+1)1

in {x € QNRY, | L(x) # 0}, and let p = inf{|x| | x € Xk }.

Theorem 3.4.1. Suppose (p,u) € Z¥°(R%,). With the hypotheses on K above,
Cou( K s) extends to an analytic function on R(s) > p. If, in addition, there exists
a point x € § in the boundary of X i with |x| = p, then (,.(K;s) extends to a
meromorphic function on R(s) > p — €, for some € > 0.

In either case, for each compact interval I in the extended domain of (,.(K;s),

there exists 1 > 0 such that
Cou( K 8) < [S(s)|* for R(s) € I and I(s) > 1.

Proof. The theorem will follow from the integral representation [3.2.1 and lemma
3.3.3 once we show that J(z,s) := B, (z,s — |z|) satisfies hypotheses [2{ with =

{(z,s) € C" | (z,5 — |z]) € Q}. Recall that we showed in (3.1.5)) that for k € ZZ,

k|
(2)iBoulz) = Y [2VBiy,.(a+k), zeCl

J=0

By analytic continuation, this holds for z € H?Zl Cs ;-

Note that we may restrict €2 so that @ C RY_ ., for some p € Z5. We claim

that hypotheses [2| are satisfied with L(z,s) = (z,s — |z|)};. Indeed, for z € Qc,
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(z),1By.u(2) is analytic, and for k € Z%; and z € D¢ with D compact,

[p1+k|
1 Z .
(Z);FIB%U<Z) - (z+pl){ 2" By,1ie;u(z + 01 + k)
J=0

<pi (L [2)PH T +[8()) 7
j=1

Therefore

Liz.5)](z5) <px (L4 [s)P [T+ [S(z)) >

j=1

]

With stronger hypotheses, we can ensure that ¢, ,(K’; s) extends to a meromor-

phic function on C. Let K be a meromorphic function on C".

Hypotheses 4. There exists a sequence of tube domains (Q1)c C (22)c C ... C C"
whose union is C*, and such that for each j € Z~o, K|q, satisfies hypotheses @

Theorem 3.4.2. Let K(s) = K(m,c,s), and suppose K(s) extends to a mero-
morphic function on C™ which satisfies hypotheses . If (p,u) € Z=(R%), then
Cou(K;s) extends to a meromorphic function on C with real poles and polynomial

growth in vertical strips.

Proof. This follows from lemma and the proof of theorem since the proof

shows B, (2, s — |z|) satisfies hypotheses [2] O

Examples

Theorems |3.4.1] and [3.4.2| would not be much use if hypotheses [3| and 4] were never

satisfied, so we give several ways of constructing (m, ¢) such that K(m, ¢; s) satisfies
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the hypotheses. We will only refer to hypotheses [4| below, but everything remains

true for hypotheses 3

1. Suppose K;(s) = K;(mW cW:s) and Ky(s) = Ky(m®,c?;s) satisfy hy-

potheses . fmy o = mEj} :m&? and a0 = 0&11)0322), then

K(m,c;s:s") = K;(s)Ky(s')
also satisfies the hypotheses.

In particular, suppose we have n complex sequences (c;j,)2,, and n se-
quences of positive reals (A\;,)2, (7 = 1,...,n) such that each Dirichlet

series > °° ke converges absolutely for R(s) sufficiently large, and extends
Za_o NG g y y g )
j,a

to a meromorphic function on C with real poles and polynomial growth in
each vertical strip of finite width. For a € ZZ;, set may = (Ara;;-- -5 Anya,)

and ¢, = [[}_, ¢ja,- Then

n

Cia
K(Sla"'73n>:H )\Js’j7

j=1 anZO J,a

and so K satisfies hypotheses @

2. Suppose K(m,¢;s) satisfies hypotheses . If M is an n x n’ matrix with
non-negative entries, none of whose rows are zero, then
K(m", ¢;s') = K(m,c; Ms)

also satisfies the hypotheses, where (m*), = m*.

3Various authors have considered Dirichlet series similar to (,(K;s) that arise for such K,
where u is replaced by a polynomial with coefficients in Cs, and where the growth condition is
weakened. See [27], [28], [30] and [34], for example.
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3. Suppose K (m, ¢;s) satisfies hypotheses [l Fix z € C", and define ¢, = ¢,m?.
Then

K(m,és) = K(m,c;s — z)
also satisfies the hypotheses.

4. In chapter [6] we will see that if K(m,c;s) satisfies hypotheses [4] and ¢ €
HERL,), uj € D¥(RY,) for j = 1,...,r, then the hypotheses are satisfied

with ¢, = cop(m,) and m, = (u;(m,), ..., u.(m,)).
Note that if K = K(m, ), then for (3,7) € Z(R%,),

where ¢(x) = @o(x)p(u1(x), ..., u.(x)) and a(x) = u(uy(x),...,u(x)), so

applying this construction directly does not produce new mixed zeta functions.

However, if we apply the transformations in 2 and 3 above, we do get new

mixed zeta functions.

3.4.1 An example: The two-dimensional Epstein zeta func-
tion

Let Q = <b72 bf) be positive definite, so that A :=4ac — b* > 0. Write uy(x) =

Vaz? £ brizy + cx?. The (two-dimensional) Epstein zeta function is defined by

Zo(s) = ). (n"@n)’

nezZ2~{0}

= 2[(a 4+ ¢ *)((25) + Gu, (K;28) + G (K;25)],  (3.4.1)
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where K (s1,59) = ((s1)((s2).

Set By, :=Bi,, + Bi4_, so that

%ZQ(S/Q) = (a " + ) ((s) + . C(z1)C(s — z1)Bu(z1,8 — 21)dzy  (3.4.2)

for ¢y > 1, R(s) > ¢y + 1. By the residue theorem,

S7a(5/2) = (a4 C(s) + (s~ DBu(1 5~ 1)

+ - C(z1)C(s — z1)Bu(z1, 8 — z1)dz1, (3.4.3)

for 0 < ¢ <1 and R(s) > ¢; + 1. If we fix 1 < R(s) < 2, then the residue theorem

implies

SZ(s/2) = (@ + e )(s) + (s~ DIBulLs — 1) + By(s — 1, 1)

+ o ((21)¢(s = 21)Bu(21, 8 — 21)dz, (3.4.4)

for R(s)—1 < ¢ < 1. By analytic continuation, (3.4.4]) holds for c; < R(s) < co+1.

The following diagram illustrates the transition from (3.4.2) to (3.4.3)) to (3.4.4]).

fs (3-4.2)

—t

—_

§R21
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Next, we express B, (21, 22) in terms of a hypergeometric function. First consider
the case a = c =1, b=\ € (—2,2). Since (t + 1)* > 4t > A%, it follows from the

binomial expansion that

(t4 MY2 4 1) 4 (8 — M2+ 2> ( >)\2”t” (t +1)>2",

n=0

Thus, for 21,25 € C5p and 2z = 21 + 29,

Bu(z1,20) = /000 [u(t, 1) +u(—t,1)77] ¢t 'dt

1 o
- 5/ [(t+ MY2 4 1) 722 4 (= MY2 4 1) 722 2y
0

= / Z( Z/Q)AQ" t 4 1)/ 22y /2= gy
- S e e
- (a2
(3D
(2.2)rF (ﬁ, 2 2, A—Q) , (3.4.5)

where F' = 5F) is Gauss’ hypergeometric function. For the general case, we can

write

b
\/ax2 +bry +cy? = 22+ vy +y2 o0y A= ——,
’ vac
s0 by 13 and @13),
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Since o Fi(a,b;a;2) = 1 Fy(b; ;2) = (1 — 2)7°,

2
B.(1,s—1) = a Y2 (=02 178—1 P 173—1 1 b
2" 2 2 2 2 4ac

a*l/%*(sfl)/zr(l/?)F((s—1)/2) ® (1-s)/2
[(s/2) <1 4ac)

ol — 1)aslr 1\/—% , (3.4.7)

Now we demonstrate how the function equation of the Epstein zeta function can

be derived using Euler’s transformation

F(a,bjc;z) = (1 —2) % F(c—a,c—b;c;2) (3.4.8)

and the functional equation for the Riemann zeta function. For simplicity, we will

only consider the case a = ¢ =1, b = X € (—2,2). Note that Euler’s transformation

implies
F (1 —altal A2) = (é)(21+22_1)/2F (ﬂ, 2.1 A—2> . (349
2 2 274 4 222 4
Since ug-1 f\/xQ Azy + y?, &(s (\/LZ) _Sf(s; Q). We wish to
show that if £(s; Q) = 7%/2'(s/2) Zg(s/2), then
1-s
2 5.0) = (@) e = () e

It is enough to show this for s with 1/2 < R(s) < 3/2, so we may use (3.4.4)). Set
p(s) = 77°/I'(s/2)((s), so that p(s) = p(1 — s). Then (3.4.4) becomes

1

55(8; Q) = Ti(s5Q) +Tu(s; Q) + Ts(s;Q),
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where

Ti(s:Q) = 7 T(s/2)2((s) = 20(s).
To(s:Q) = 2m002((s — DI((s — 1)/2) (@) (using A1),

Ti(s:Q) = 7 **I'(s/2) » )C(zl)g(s — 21)Bug (21,8 — 21) d=
1/2

21 s—2z1 1 M2
/(1/2) p(zl)p(s Zl) ( 9 ) 9 ) 27 4 ) 21

Then

Ti(2-5Q) = 2p(2—5) = 2p(s — 1)

= 2P - 1)/ - ) =

1-s
so T5(2 — 5;,Q) = (\%) T1(s; Q). Finally,

21 2—s—2z 1 )\2
T32—s;Q) = / p(2—s—2)F (—,— dz
1-— 1 — 1 A2
= / ]-_Zl 1+21—S>F( Zl, + A 8 )le

A\ D2 2 s—2z 1 N
_ _ =2 fall " d
/(1/2) plz)p(s = 2) (4> < 27 2 '2°4 > o

_ (%Z) T(5:Q).

In the second line, we have used the change of variable z; — 1 — z;, and in the
third line, we have used (3.4.9) and the functional equation of the Riemann zeta

function.
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3.4.2 Examples of meromorphic continuation where hypo-
theses [2| do not apply

We give two examples which show that the hypotheses on K are not the most
general under which we can deduce the meromorphic continuation of ¢, ,(K;s). In
both examples, the function K has infinitely many zeros on vertical strips of the

form R(s) = —m, for m € Zs.

Example 1

Fix 0 > 1, and set A = Zsg, m, = (0*,1), ¢, = 1 and u(z,y) = x +y. (A more

general example of this form is considered by Peter in [30]). Then

; 9a+1 Ks1,5) Z9a$1:951—1

If we write § = 2mi/log6, then K(s1,s2) has poles in the set s; = fn, n € Z,

with residue 1/log#. Fix s for the moment. In the region R(z) < R(s), z —

5=—=B(z, s—z) has simple poles at z = fn, n € Z~{0} and at z € Zo, and a double

pole at z = 0. The residue of the double pole is 1 T () where 1(s) = I"(s)/T(s).
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For s € C.y,

Cu(Ks) = /1 ;B(Z,s—z)dz

(/2 07 =1
B — 1 1
oy BUmsspu 1als >+/ e
nez—(0} log 0 2 log 0 (—1/2) 07 —1
k j +
B(fn,s — 1 + ) (
=y Blnmszfm) 1 atels) +Z
log 0 2 log 0 (67 —1 j'
neZ~{0} j=1

1
—I—/ —B(z,s — 2)dz
(~k-1/2) 07 — 1

The last line gives the meromorphic extension to R(s) > —k — 1/2, where k € Z>y.
Since SO (<) (@9 — 1)1 = O(879) for s restricted t b set
1nceW—(j)( —1)7' =0(#77) for s restricted to a compact set, we can

take the limit as k£ — oo:

B(fn, s — fn) THU(s) | '

K‘ = _— —_ .

C“( ’3) Z log 0 +2 logQ +Z 93_1j|
neZ~{0} j=1

Of course, we have the much simpler representation

— [~ 1
CulK;s) =) ( kS)W——l’

k=0

but this does not give the bounds on the growth along vertical strips.

Example 2

Let A = Z2), m(, ) = (n,m), and let ¢, be the characteristic function of

{(n,m) € Z2, | n > Om}, where § > 0 is a quadratic irrational. The Euler-
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Maclaurin formula gives

Z n"tmT = i m=s? [/oo x5 + Nzl(sl),jBkH(@m) (Om)=1*
n>0m - om p
—(s1) N /OO BN(x)xSINd:[;:|
fl—s1 " N-1 -
= - 1C(81 +53— 1)+ kz_o(Sl);:e_Sl_k?nZlBk+l(9m)m_81_82_k

—(s1) X R (s1, s2),

where Ry (s1,52) = Y o, O(m™*17%27N) is an analytic function on R(s; + s2) >

1 — N, which is bounded by a function of R(s; + s5). Therefore

6)172 N-1
K(z,s—2) = o 1((8 -1+ Z(z)ﬁ@‘z_kaH(H, s+k)— (2)ARn(z,5 — 2),
k=0

where Zi,(0,s) := > °_ Bi(fm)m~°. Thus it suffices to prove that for k € Z,,
Z1(0,s) extends to a meromorphic function with polynomial growth in vertical
strips. This was conjectured by Hardy and Littlewood [I1], and follows from a
result of Mahler [26], as pointed out by G. Tenenbaum (see [7]). This also follows
by adapting an argument of G. Lowther given in [24].

As with the previous example, one can use to show that (., (K; s) extends
to a meromorphic function on C when (p,u) € Z*°(R%,). If FF = Q(f), then the
poles are contained in 2Z<, + %, where 7 is the unique fundamental unit of the
number ring Op which is greater than 1. In the special case where u and ¢ come

from homogenizing an elliptic polynomial (see chapter ) and a ratio of elliptic

polynomials respectively, we recover Mahler’s [26].
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3.5 A theorem of Hlawka.

As mentioned in section Hlawka [I§] considers distance functions v which are
smooth away from 0, and such that 5(u) is convex and the product of the principal
curvatures of the unit sphere 0B(u) is positive everywhere. Among other things, he
concludes that (,(s) :=(;..(s) vanishes at negative even integers. However, we will

show that this cannot be true.

For A > 0, define uy(z,y) = /2% + Ax2y?2 +y*.  One can check that the
curvature condition is equivalent to having 0 < A < 6. We will show that if

ux (7, y) :=ux(z,0y), then there exists ¢ > 0 and A € (0, 2) for which ¢, ,(—2) # 0.

/\t1/2

We can calculate By, as follows. If 0 < A < 2, then |975

‘<1forallt20,sowe

—z/4
can apply the binomial expansion to (t + AtY/2 4+ 1)7%/* = (¢t +1)72/4 (1 + %/12)

to compute

Bu,(z1,22) = / X2 D) (2= 4 20)
0
1 (o]
= Z/ (t + M2 4 1)/ /A gy
0
1 [ [(—z/4
_ = —z/4—nyn/2+42z1/4—1yn
_4/0 Z(n)(t+1) /24 AT yn gy
n=0
I = [(—z/4 no 21 n 2
_ - B(— an —) A" 3.5.1
4n_0<n> 231273 (3:5.1)

Changing the order of integration and summation above can be justified using
Stirling’s approximation, and this also shows that the series in (3.5.1)) converges
to a meromorphic function on C? with poles at z; = —2n, n € Zsg, i = 1,2.
Therefore, for fixed s with R(s) > 5/2, the only pole of ((21){(s — z1)Bu, (21,5 — 21)
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with R(2;) < 1 is at z; = 0, where the residue is ¢(0)((s) = —2((s).

Starting from ([3.5.1]), we can show, using several hypergeometric identities, that

1 Z1 2o 21 29 2z 12—\
Bu, (21, :—B<— —)F et ).
((E2) =3 (2 2’127 )

However, for our purposes it is enough to note that B,, (1, —3) is non-zero for some

A € (0,2), since the power series defining B,, (1, —3) has a non-zero first term.

For R(s) > 5/2,

Curo(5) = 4 C(21)¢(s = 21)By, , (21,8 — 21)dz1 4 2[1 4+ o *|((s)

(3/2)

= 4 C(21)¢(s = 21)Bu, (21,8 — 21)a™ *dzy + 2[1 4 a7°]((s)
(3/2)

=4 C(z1)C(s — z1)Bu, (21,8 — z1)a™ °dz
(1/2)

+4¢(s — 1)By, (1,8 — 1)a' ™ + 2[1 + a~*]¢(s)

— 4/ C(z1)C(s — 2z1)Bu, (21,5 — 21)a™ *dz
(=7/2)

+4¢(s — 1)By, (1,5 — 1)a ™ + 2((s).
The last line gives the meromorphic extension of (,,  (s) to f(s) > —5/2, so

Cu,\’a(_2> - 4/ C(Zl)g(_2 - Zl)BuA (Zl, -2 — zl)azl-i-?dzl
(=7/2)

+4¢(=3)By, (1, =3)a®.
Choose A such that By, (1, —3) # 0. If (,, . (—2) were equal to zero, we would have
/ C(21)¢(=2 — 21)By, (21, =2 — 21)a™ 2dz; = —((=3)B,, (1, -3)a”
(=7/2)

for all & > 0. However, the left-hand side is O(a~/2), so this is impossible. In fact,
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the left hand side decays faster than any polynomial in «, since we are free to move
the line of integration arbitrarily far to the left.

It appears that the error in Hlawka’s argument arises in ([17], §2, Satz 2), where
Satz 1 of §1 is applied to the distance function (x:y) — +/f(x)% + ||y||?, which is

not necessarily smooth at points where x = 0.
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Chapter 4

Dirichlet series associated to

polynomials

4.1 Elliptic polynomials

A polynomial is elliptic on RZ, if it is positive on RZ%; and the highest degree
homogeneous part is positive on R%; \ {0}. In [25], Mahler showed that if P,Q €
R[zy,...,2,] are polynomials with P non-constant and elliptic on R%, then the
Dirichlet series Zmezgo %, which converges for R(s) > (n + deg )/ deg P, has
a meromorphic continuation to C. We can recover this result from theorem [3.4.2]
as follows.

If P is a degree d polynomial which is elliptic on RY,, the homogenized poly-

nomial P(x : @,41) =22, P(X/2,41) determines a distance function up = P4
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on R%l. Set A = Z", ca = Q(a) and m, = (a,1) € Z%' for a € Z7,. If

Qx) =, ix* € Rlay, ..., z,)], then

K(s:8,41) = Z Qé:‘) ZzkaC(Sj—kj)

aczZ?, kK =1

satisfies hypotheses [, and

> Q@P(@)" = (u,p(K;sd). (4.1.1)

aczZl,

4.2 More general polynomials

A number of authors have extended Mahler’s result to larger classes of polynomials,
which we now describe. We note that the theorems of Sargos, Lichtin and Essouabri
which we will refer to below, are more refined than the versions we will state here.

If P= Zkezgo arxx¥ € Clzy, ..., x,] is a polynomial, its support is

supp(P) = {k € Z2, | ai # 0},
and its Newton polyhedron A(P) = conv(supp(P)) is the convex hull of its support.
We say that A(P) is of full dimension if dim spanA(P) = n. The Newton polyhedron
at infinity is

['oo(P) = conv(supp(P) — R%).
Note that if P1?)(x) := P(a+x) is the shift of P by a € R", then I'y,(P®)) = T (P),
and for generid'] a,

A(PRY =T (P) NRY,.

Ispecifically, for a such that 0¥ P(a) # 0 for all k which are vertices of I's(P) N R,
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We write P* = 37y cyp) x¥, where V(P) is the set of vertices of I's(P).

4.2.1 Nondegenerate polynomials

If X C R" a polynomial P is said to be nondegenerate with respect to its Newton
polygon at infinity on X (or just nondegenerate on X) if P* = O(P) on X. If we
do not specify X, it should be understood to be J", where J = [1,00). As shown
in [3], nondegeneracy on J" is equivalent to having akTP(X) = O(x7*) on J" for all
k € Z%,.

Every elliptic polynomial is nondegenerate, but not conversely. For example,
x? + y is nondegenerate, but is not elliptic. Thus the following extends Mahler’s

result.

Theorem 4.2.1. (Sargos, [31])

If P,Q € Rlzy,...,x,], where P is nondegenerate and P(x) — oo as |x| — oo on
J", the series Emezgo g&n))s defines an analytic function on Cs,, for some n > 0,

and extends to a meromorphic function on C with rational poles and polynomial

growth in vertical strips.

4.2.2 Hypoelliptic polynomials
A polynomial P is hypoelliptic if there exists b € (0, 1) such that
(i) P(x) — oo as ||x|| = oo, x € [b,00)"

(ii) For all k € Z2, ~ {0}, 222 (x) — 0 as [|x|| — oo on [b, 00)™.
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Every elliptic polynomial in hypoelliptic, but not conversely. For example, (z—1)?+
x is hypoelliptic, but is degenerate, hence not elliptic. There is no inclusion relation
between the classes of nondegenerate and hypoelliptic polynomials, since zy is non-
degenerate and not hypoelliptic. Lichtin [22] showed that for P,Q € Rlzy, ..., z,]

with P hypoelliptic, the series ) ) defines an analytic function on Cs,,

mezZy, P(

for some 1 > 0, and extends to a meromorphic function on C with rational poles

and polynomial growth in vertical strips.

4.2.3 The class H,S

Essouabri [5] defined the class HyS to be those polynomials P for which there exists

b € (0,1) such that
(i) P(x) — oo as ||x|| = oo, x € [b, 00)"

and such that one of the following equivalent conditions is satisfied:
(ii) The distance between [b,00)™ and the set of complex zeros of P is positive.
(ii)’ There exists € > 0 such that for x € [b,00)" and y € B(0,¢€), P(x +iy) # 0.

(ii)” For all k € Z2,, £ (x) = O(1) as ||x|| = oo on [b, 00)™.

In [5], Essouabri shows that for P € HyS, > P(m)~* defines an analytic

mezZy,

function on C.,, for some 7 > 0, and extends to a meromorphic function on C, with

rational poles and polynomial growth in vertical strips.
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4.3 Completely nonvanishing polynomials

We now introduce a class of polynomials which are closely related to nondegenerate
polynomials.

For P € R[zy,...,z,) and ' a face of A(P), we let Pr denote the truncated
polynomial Zkezgomr arx®. Following [29], we say that P is completely nonvanish-
ing on a set X C R" if P has no zeros in X, and if, for all faces T of A(P), the
truncated polynomial Pr has no zeros in X.

The following theorem is theorem 2.2 of [31] chapter III in the case where P is

real.

Theorem 4.3.1. Suppose P € Rlzy,...,x,] is positive on J". Then the following

properties are equivalent:

(i) P is nondegenerate on J".

(i) For every facef| F of T(P), Pr is nondegenerate on J".
(iit) For every face F' of '« (P), Pr is positive on J".

Remark 4.3.2. By replacing P by P oy, for A € RZ, we see that theorem [4.3.1]
remains true with J" replaced by H?Zl[)\j, 00). Thus, if P is positive and nonde-

generate on RZ,, Pr is positive on RZ for every face F of I'oo(P).

2A warning to English-speaking readers of [31] (and French papers concerning polyhedra in
general): Sargos uses the terminology of Bourbaki, where a facet is a face in French, and a face is

a facette.
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Theorem {4.3.1) implies that every polynomial which is completely nonvanishing
on J" is nondegenerate. While the converse is not true, we will show that we can
still relate nondegenerate polynomials to completely nonvanishing polynomials on
RZ%,. This will be done in section m The reason for considering completely
nonvanishing polynomials is that their homogenizations determine well-behaved
beta functions, provided their Newton polyhedra are of full dimension.

Let As(P) C REH! be the convex cone generated by supp(P), where P is the
homogenization of P. The following theorem is a restatement of theorem 2.2 of [1J,

in the special case m = 1:

Theorem 4.3.3. Suppose P € Rlzy,...,x,] is completely nonvanishing on RZ,
and that its Newton polyhedron is of full dimension. Let d = deg P. Then
Bp(z) := / P(t)71#/4(t:1)% 1t
RZ,

converges to an analytic function in the tube domain int(As(P))c.

Let I'1,..., 'y be the facets of Ay (P). We can write

Au(P) = [MxeR™ | (x,p;) >0}, (4.3.1)

i=1
where p; € Z™! is an inward-pointing normal vector to I';, and where (x,y) =
X1Y1 + - - . + Tpir1Ypa is the diagonal bilinear form.

The next proposition can be derived from ([1], theorem 2.4) and its proof, but

we give a more direct proof, using the ideas in [IJ.
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Proposition 4.3.4. Suppose the same hypotheses as in theorem hold. For
each k € Z5, there exists a finite set Sy C Z"" such that (h, p;) > k; for h € Sy,

t=1,...,N, and there exist polynomials Qxn for each h € Sy, of degree at most

k|, such that
[[(z p))iBez) = > Quu(lz))Bre(z+h) (4.3.2)
=1 heSk

forz € AL (P).

Proof. Let P(x) = 3, apx™. Then for i € [n],

I(j2l/d)Bp(z) = / e POy gy
Rgf!
zil/ efﬁ(y)ﬁ(ei)(y>yz+eifldy
Rggl

= z' ) oanhl(jz+h[/d)Bp(z +h),

hesupp(P)

where we have used integration by parts in the second line. Note that |h| = d for

h € supp(P), so I'(|z+ h|/d) =T(|z|/d)|z|/d, hence

2|

Zin(Z) = E Z~ Oéhhin(Z—Fh).
hesupp(P)
Therefore, for j =1,..., N,
Z
(z,pj) Bp(z) = % an (h, ;) Bp(z + h), (4.3.3)
hEsupp(IS)\Fj

We can now prove (4.3.2)) by induction on |k|. For |k| = 0 it is trivially true.

Suppose it holds for |k|. Fix j € [IV], and set k* = k 4 e;. Write Sy as the disjoint



union Sy ; U Sy ;, where h € Sy ; iff (h, p;) > k; (so h € Sy ; iff k;j — (h, p;) = 0).

Then

> Qunllzl)((z, 1) + k;)Bp(z + h)

hesSy

> Qunllz))((z+ 1, py) + k; — (b, ) Bp(z + h)

> Qunllz]) (z+h, p;) Bp(z + )

hesSy
+ Y Qun(lz))(k; — (h, p;))Bp(z + h)
hESkJ'

v/ / /
> Q)™ Y o (o) Bl o+ )
he Sk h’esupp(P)\T;

+ Y Qun(lzl)(k; — (b, p;))Bp(z + h).
hESkJ'

If we set Sy» = (Sk + (supp(P) \ I'j)) U Sk, then it is clear that we can find

polynomials Qy« for h € S+, of degree at most |k| + 1 = |k*|, such that (4.3.2))

holds.

It remains to show that for h € Sk, i =1,..., N, we have (h, p;) > k} = k;+0; ;.

If h € Sk and h' € supp(P) \ I';, then

(h+h', ;) = (h, ) + (W, i) > ks + 65,

while if h € Sy ;, then by definition, (h, p;) > k; + 9, ;.
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The right-hand side of (4.3.2)) defines an analytic function for z € C*™! with

Rz) € () (Ax(P)—h)

he Sy
N
= e | fxth) > 0)
heSy =1
N
= NN xER™ | (o) > — (b)) (43.4)
i=1 he Sy

Since (h, p;) > k; forallh € Sy, i=1,... N, will contain the region

N
Nixe R | o) > k).
i=1

We thus obtain the meromorphic continuation of Bp(z).

The following proposition is a modified version of proposition [3.2.1}; likewise for

its proof.

Proposition 4.3.5. Suppose K = K(m,c; ), and P € Rxy,...,z,] is completely
nonvanishing on RY, and of full dimension. Let Cx be the connected component of
R"\U{polar divisors of K} which contains (Nk+1)1, and let i p = CxNAL(P).

If c € w,(int(Xk p)), then for s € C with (c,R(s) — |c|) € int(Xk p),

Con(K:8) / K(z,5 — |2)Byu(z, s — |2])dz. (4.3.5)
As before, we can apply lemma to conclude that

Theorem 4.3.6. Suppose K(m,c; ) satisfies hypotheses[J} If py = min{|x| | x €
Yk.p}, then Cuu(K;s) has a meromorphic continuation to C with real poles and

polynomial growth in vertical strips, and is analytic in C,.

%)



4.3.1 Sargos’ theorem

With some more work, we can use theorem to give a new proof of theorem
4.2.1, For A € GL,(R), define wy : R?, — R? : x — x*. Note that for A € R?,

WA 00 = 0xa 0wWy.

The following theorem is theorem 2.1. of Sargos [32] in the case r = 1:

Theorem 4.3.7. Let A be a bounded integral polyhedron in RY,. Then there exists
a finite subset M C GL,(Q) N Myxn(Z>o) such that the following two properties

are satisfied:
(i) The family (wa(J™))acrm 1S, up to a set of measure zero, a partition of J".
(ii) For each A € M, the polyhedron AA has a largesf| vertex.

Lemma 4.3.8. If P € R[xy,...,x,] is nondegenerate on J", it is nondegenerate

on [n,00)" for some n € (0,1).
The proof below uses ideas from the proof of theorem 2.2 of [31], chapter III.

Proof. We first show that this is true when P has a largest monomial, say x9. By as-
sumption, there exists A > 0 such that x4 < AP(x) on J". Then ﬁ(x) = P(x 1)xd
is bounded below by 1/A on (0,1]". Since Pisa polynomial in R[zy,...,x,], it is
continuous, so there exists € > 0 such that P(x) > 1/(2A) on [—¢, 1 + €], and so

the lemma follows with n = 1/(1 + ¢).

3with respect to the product partial order.
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For the general case, we use the fact that there exists a finite collection M C
GL,(Q) N Myxn(Z>p) such that (i) and (ii) of theorem hold for A = A(P).
For each A € M, A(Powy) = AA(P) has a largest monomial, so P o w4 has a
largest monomial. Thus, for some 74 € (0,1), (Powa)" < Powy on [n4,00)".
But P*owy < (P*owy)* = (Powa)* on [na,00)", so P* < P on wa([na,o0)™).
Choose 1 < 1 such that for each A € M, 5 :=(n1)*" > n41. Then

[:00)" = 6,1 (J") = | dn(wa(0") = J wal6,(J™) € |J wallna, o0)"),

AeM AeM AeM

so P* < P on [n,00)". O

Proposition 4.3.9. Suppose P is positive on J" and P(x) — oo as |x| — oo on
J". If P is nondegenerate on J", then for some n € [0,1)", PM is completely

nonvanishing on R%, and A(P™) is of full dimension.

Proof. 1f P is positive and nondegenerate on J" and P(x) — oo as |x| — 0o on
J™, then P is positive and nondegenerate on [y, 00)™ for some 79 € (0,1), by the
previous lemma, and we may choose 1 € [no, 1)" such that A(P™) = I'o(P) NRY,,.
The assumption P(x) — oo as |[x| — oo on J" implies that P depends effectively
on all variables, so A(PM) is of full dimension.

Therefore, on R%y, P > (P*)lnl > p* = (PM)* where we use the fact that
P* has positive coefficients and n € R%, to conclude (P*)[" > P*. Thus P is
positive and nondegenerate on R, so by remark , (P is positive on RZ,

for all faces F of T'oo(PM). To conclude that PM is completely nonvanishing on
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R”,, we need to show that (P™)p is positive on R?, for all faces F of A(PM)
which lie in one of the coordinate hyperplanes.

Let H; be the coordinate hyperplane z; = 0. We may assume that ' C H; iff

i > m. If we write n = (',n") and x = (x/,x"), then

(P = PO g = (Plgirey)™).

i=m+1 i

Let Q = Plxr—yr. If we write F = F' x {0,_,,} for a face F' of A(P"|x_o) C
R"™™  then (PM)p, = ((P[m)ﬂ?:mHHi)F’ = (QN) . If we can show that Q is
nondegenerate on [ [, [n;, 00), then by lemma M’ (P, regarded as a function
of x', will be positive on RZ;, and so, as a function of x, will be positive on RZ,.

Write P = >, Ri(x”)x’®. Then if V,,(P) is the set of vertices of I's,(P) NR™,

Q* = X kevn(p) x'¥, while P*|xr—pr = D keVo(P) R;(n")x®. Therefore
Q* << P*|X//:,r,// << P|x//:n// = Q

OD’IIZ;1PU>OO)' [

Therefore, if P € Rz, ..., x,] is positive and nondegenerate on J" and P(x) —

00 as |x| — oo on J", we may write

Y P@= > P = (pm(K;s),

aczZy, aczZ%y,—n

where 7 is as in proposition £.3.9 and
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is a product of Hurwitz zeta functions.
If @ € Clzy, ..., 2] and P is as above, we can also express >, ;» Q(a)P(a)”*
>

as a mixed zeta function, as in (4.1.1]).
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Chapter 5

Counting problems

We will show that if (¢, u) € Z%(R%,) and K = K(m,¢; ) satisfies hypotheses [3]

then one can give estimates for the growth of the weighted counting function

Nopu(K;t) = Z Cap(my).

acAu(ma)<t

If A= 7%, and m, = a, then this amounts to finding an estimate for the growth

of weighted sums over the integer lattice points inside tB(u) N RZ,,.

5.1 Rates of growth in vertical strips

The following lemma a minor modification of a lemma of Sargos ([32], lemme 6.1).

Lemma 5.1.1. Let f(s) be a function which is holomorphic in C~, for some k € R.

Suppose there exist o, > k and A > 0, such that

(i) f(o+it)=0(1) for o > o, |t| > 1,
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(i1) f(o+it) = Oy (|t|) for o > K, |t] > 1.
Then, for all e > 0, we have
F(o +it) = 01+ [HF@=D%) (g > |t > 1),

where B = A/(0, — k).

5.2 Estimates for counting functions

A version of the following lemma is stated in ([6], prop 3.1), and can be proved by
modifying the proof of ([23], theorem B-4), which in turn is based on the proof of

a Tauberian theorem due to Landau ([20]).

Lemma 5.2.1. Let (a)x be a sequence of complex numbers, and 0 < Ay < Ay < ...

a sequence of reals, such that

Z(s) = Z apA,’®
k=1
satisfies

(i) Z(s) converges absolutely in a half-plane of the form C,. We let o, denote

the abscissa of absolute convergence.

(ii) There exists 6 > 0 such that Z(s) extends to a meromorphic function on
{R(s) > 0, — 6}, with a finite number of poles, which are all real. We denote

the poles of s7*Z(s) in this half-plane by ooy > ... > o,.
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(iit) There exists A > 0 such that for all e > 0,

Z(o +it) = O(1 + |7|A=)) for o > 0, — 6 and |7| > 1.

Fork =0,...,r, define Q(z) = e %" ReSs—p, (s 1 Z(5)e™*), and set p = sup{1/4, A}.

Then for every e > 0,

Z = Z 175 Qy (log t) + O, (70~ oL/ (L Luslurtey

An<t k=0

ast — oo.

Corollary 5.2.2. Suppose K(m,c,z) satisfies hypoth,eses@ and (p,u) € Z°(R%,).
Let ¥ be the connected component of (Nx + 1)1 in {x € QNRZY, | L(x) # 0},
and let p = inf{|x| | x € Xk }. If there exists a point x € Q) in the boundary of Xk
with |x| = p, then there exists a polynomial Qo and 0 > 0 such that N, (K;s) =

t*Qo(logt) + O(tr~9).

We do not address the question of how to describe @)y explicitly, but in certain

cases, this can be done (see [§]).
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Chapter 6

Multivariable mixed zeta functions

For a € R, d € R, let Z2%(R%;) be the set of pairs (¢, u), with u = (uy,...,u,),

where ¢ € H,(R%,) and w/™ e D(RY,) are all smooth on R%; \ {0}.
Suppose K (s) = K(m,c;s) and (p,u) € Z59(R%;). Since u; is a continuous

distance function on RZ, [|x|| < u;(x) < [|x|| for j = 1,...,r. In particular,

u;(my)* <y |mg||* for any real A and a € A. Therefore, if s € C” with |s| > n.Ng,

S ol T as(m) ™) e 3 el im0 < 3 e 0601 < o,

acA 7=1 acA acA
by (3.0.4). Thus the series defined by

Cou(K;s) i= ango(ma) Huj(ma)—sj

acA j=1

converges to an analytic function in the region {s € C" | R(|s|) > nNg}.
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6.1 Meromorphic continuation

Following the method of proof of we can prove

Proposition 6.1.1. Let (p,u) € Z59(R%), and suppose K(z) = K(m,c;z) satis-
fies hypotheses [{l  Choose @1, ..., o, € Ho(R%) which are smooth on R%, ~ {0},

and such that [[;_, v; = . (For example, one could take o1 = ¢, and @y = ...

Pr = 1)'

If ¢ > Z£1y,_y, then for R(s) > nlc|1y,

C@uKS / / Ky1+ +y7“781+ +3T_|YI++YT|)
< T By 5525 — Iyl -y (6.1.1)
7=1

Proof. If 7,..., 7, € RY,, define

J(T1,...,T, anH ©;(T uj(Tija)}.

acA j=1

Suppose z1,...,z, € CZ,y. We take the nr-fold Mellin transform of J(7,...,7,)
with respect to 71, ..., T, switch the order of integration and summation, and then

use the change of variables x; = 7; e m,:

/ / (11, ..., 7o)t o= Ny dT
n

- Z Ca / / H ()0] j © Mg uﬂ(T]oma) dTl s dTr

>0] 1
= anm H/ 90] X] —uy XJ) dX]
acA
= Kz +...+2, Hr 1z;]) ... T(|2.]) By, u, (2;)- (6.1.2)
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As in the proof of theorem [3.2.1] we deduce (6.1.1)) by taking the nr-fold inverse

Mellin transform of (6.1.2)), and setting 7; = t;1, t; > 0. O

The proof of proposition [3.3.5| extends to show that:

Theorem 6.1.2. If K satisfies hypotheses |4, then (,u(K;s) extends to a mero-
morphic function on C" with polynomial growth in vertical strips. The polar divisor

consists of real hyperplanes.

In the next two sections, we will show that under certain assumptions on K,
we obtain generalizations of two theorems concerning relations between values of
Dirichlet series at zero, as well as relations between the first derivatives of Dirichlet
series at s = 0.

The assumptions are given by the following hypotheses:
Hypotheses 5.
(i) K(z) = K(m,c;z) satisfies hypotheses [4]

(ii) The poles of K(z) are at most simple, and occur along z; = K;, for some

positive constants k; (1 =1,...,n).

For example, such a function can be constructed from n Dirichlet series in one
variable, s — Y, Cj,kAZIi, j=1,...,n, as in example 1 on pg .

In the proof of proposition below, we will need the following lemma, which

is a multivariable version of the partial fraction decomposition:
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Lemma 6.1.3. Let F be a field, and let L be a product of degree 1 polynomials in

Flxy,...,z,]. Then in F(zq, ..., x,),

where for each j =1,...,0, a; € F and L; € Flzy,...,x,] is a product of degree 1

polynomials such that Ny, = (g, {x € F" | T'(x) = 0} is non-empty.

Proof. 1t N, # @, there is nothing to prove, so suppose Ny, = &. Write L(s) =

H?:1(<S, pi) —v;), and let M be the matrix whose j-th row is p;. Then the matrix

equation MxT = vT has no solutions, so a linear combination of the rows of the
augmented matrix M :vT is equal to (0, —1). In other words, there exist constants
a; € F such that 3, a;((s, uj) — ) = (s,0) — (1) = 1.

Therefore

1_ O{j

L = LiyUs pm) —vi)

J=1

By induction on d = deg L, each term 0 1 can be written in the form we

i;ﬁj((&ﬂﬁ‘”i)

desire. O

Proposition 6.1.4. If K satisfies hypotheses @ and (p,n) € Z59(R%,), then each
irreducible component of the polar divisor of (,w(K;s) is of the form [s| = X, for

A € R, and has multiplicity one.

Proof. We first show that all poles have multiplicity one. Define the following
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hyperplanes: For k € Z>o, i1 =1,...,r,

L j _k7 j = 17 y V= 17
Ai (k)
Tin — Zz;ll Tip = _ka J=n,
IL‘L]‘—F...—}-IT’J':/{J’, j:]_,...,n—l,
B;
Tip+ ..o+ 2y — 22;1(331,@ + .+ Tpp) = R, j=n.

If s, =2, and @, ; = 2;; (i € [r], j € [n — 1]), then the hyperplanes above give the
(potential) poles of the integrand in (6.1.1)). We will abuse terminology by referring
to a degree 1 polynomial P as the hyperplane P(x) = 0 (here P is only defined
up to multiplication by elements in C*). By lemma we may assume that the
denominator of the integrand in is a product of hyperplanes with non-empty
intersection. Thus for i € [r], 7 € [n], the set S of factors of the denominator
contains at most one hyperplane of the form A, ;(k), and for each j € [n], at most
r hyperplanes from the set S; = {4, (k1),..., A, ;(k), B;j}.

To each hyperplane, we can associate a vector (u, —v), such that the hyperplane
is (u,x) = v, where the entries of g and x are indexed by (i,7) € [r] x [n] (again,
this is only defined up to multiplication by elements in C*). If a pole occurs with
multiplicity greater than 1, the set of vectors associated to S is linearly dependent.
For j € [n], consider the set of vectors associated to S;. Since each vector is in the
span of the others, we may assume that B; is not in S. In other words, we may
assume S is a subset of {A; ;j(k;;) | ¢ € [r],j € [n]}. But the corresponding set of
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rows is linearly independent, so there can be no poles with multiplicity greater than
1.

Finally, note that any hyperplane not of the form |s| = const will intersect
{s € C" | R(|s]) > nNk}, but we showed that (,.(/K;s) is analytic in this region.

O

6.2 Relations between Laurent coefficients of

Dirichlet series at s = 0

6.2.1 Values at s =0

Friedman and Pereira prove the following theorem:

Theorem 6.2.1. ([9/, thm 1.1) Let Q) and P; (1 < j <) be real polynomials in n

variables, where each P; is elliptic on RS, of degree d;. Then the Dirichlet series
Z(Q,Pjis) i= Y _ Q(n)P;(n)~", (6.2.1)
nGZgo
defined for R(s) > (n+ deg @)/ deg P, can be analytically continued to s =0, and
the following product rule at s = 0 holds:
(Z c@) Z (@, 117 o) =Y d;- Z(Q, P;;0). (6.2.2)
j=1 j=1 j=1

Remark 6.2.2. The theorem remains true if we sum over n € Z% instead of n € Z%,.
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To see this, let

Zi(Q, Pis) == Y Qn)P;(n)"*, (6.2.3)

nezl,
and note that Z,(Q, Pj;s) = Z(QW, Pj[l]; s).
Conversely, suppose one can show that (6.2.2)) holds with Z replaced by Z,, for

all @, P; as in the statement of the theorem. Then since

Z(vaj;s) = Z Z Q(n:())Pj(n:O)iS = Z Z+(Q‘XJ:0J7Pj|XJ:0J;S>7

IC[n] nezl, JCn)

(6.2.2)) follows.

6.2.2 The discrepancy of zeta regularized products

o —
a S

If a = (a,);2, is a sequence of positive numbers such that Z(a;s) := >~ a,

converges absolutely for $(s) sufficiently large, and extends to an analytic function

in a neighbourhood of 0, then we define the zeta-regularized product

ﬁa = exp(—Z'(a; 0)).

(see [19]). In general, this construction does not commute with taking finite prod-
ucts: If a; = (ajn)n, j = 1,...,7 are r sequences such that ﬁaj exists for
j=1,...,r, and if ﬁ(HJ a;) exists (where [[;a; = ([[; ajn)n is the pointwise
product), then []; ﬁaj and ﬁ(H] a;) may be different.

The discrepancy F.(ai,...,a,) of the zeta-regularized products is defined by
F, = Z' (H] aj70> - ZZ’(aj,O),
J
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so that

A~

[1(IT,a)

exp(F)) = m
measures the extent to which taking regularized products fails to commute with
taking finite products.
In [2], Castillo-Garate and Friedman show that when the sequences a; come
from elliptic polynomials P, ..., P, in several variables evaluated at points in Z%,

then the discrepancy can be expressed in terms of the discrepancies associated to

pairs of distinct polynomials P;. To be explicit,

Theorem 6.2.3. ([2] thm 1.1) Let Py,...,P. € Rlzy,...,x,] be elliptic polynomi-
als, and let d; = deg P;. Write F,.(Py, ..., P,) for the discrepancy associated to the

sets { Pj(n)}nez, forj=1,...,r. Then

(Z dj) Fu(Py,.. P) = ) (di+dy)Fa(Py Py). (6.2.4)
Jj=1 1<i<j<r
In terms of derivatives of Dirichlet series, this is

(Z dj> Z'(Py-Ps0) = > (di+d)Z'(PP;;0) - (r —2) idjz’(Pj;O).

1<i<j<r

(6.2.5)

where Z(P; s) is the meromorphic continuation of the series -, 7n . P(m)—*.

Note that remark applies to theorem too.
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6.2.3 A general relation

We will prove a general theorem that implies the identities (6.2.2)) and (6.2.5]) when

all functions are analytic at s = 0. In fact, (6.2.2)) and (6.2.5)) are true in general,

provided we replace the zeta function by its ‘regularization at s = 0":
Cgo,u(K; S) = C@,u(K; 3) - S_lReSz:OCgo,u(K; Z), S 7£ 07

which extends to a regular function at s = 0, assuming (,,(K; 2) has a pole of

order at most 1 at z = 0.

If dj:=>,c,di and vy := [, vi, set

Ct'r]”C (l) = Z dI : Zcp,vl(k_l) (K, 0) (626)

Ig[TL#I:Z
for k,r,i > 1. We can use this to rewrite (6.2.2]) and (6.2.5)) when the sum defining
Z(P,s) is over Z%,. By expressing Z(P;s) as a mixed zeta function, as we did in

(4.1.1), we find that for v; = é, 1} becomes

CHr) = CH1), (6.2.7)
andbecomes
C2r) = C22) - (r —2)C2(1) (6.2.8)

These two identities are the cases k = 1 and k = 2 in the following theorem.

Theorem 6.2.4. Suppose K satisfies hypotheses @ and (p,v) € Z54(RL,) for
d € RY. Then d;jRess—o(,.0,(K;5) is independent of j, and for positive integers k
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and r with r > k + 1,
b r—1—1
k _ o k(.
Ci(r) = E (—1) < b )CT (7). (6.2.9)

Proof. Around s =0

Yoo Hi(s) + O(lIsI*™)
U1,y K; = 1 r K,d 7"'7d7“ r) = =
Cownon (K3 8) Cotrn yvar (K disy sr) disi+ ... +dys,

Y

where H;(s) is a homogeneous, degree i polynomial in s. Therefore, for I C [r],

CWJU(Z(;S) = Cour,... v, (K5 517:0)

_ Zf:o H;(s1;:0) + O(SkH) 1 : O il k
— s = d; (Z Hy(1;:0)s" 1 + O(s ))

as s — 0. We write

.

—

e =

where o € C are constants which are invariant under permutations of the entries of

j- Thus d;Ress—oCyv, (K3 8) = Ho(1;:0) = ay is independent of j, and for k € Z,,

diCon M V(K0) = (k= DIHW(1:0) = (k=1 a5 (6.2.10)

jerk

Let s(j) be the set of entries in j. Equations (6.2.6) and (6.2.10]) imply

Cri) o (- #s()
Gou 2 2= ) O‘J"Z(z‘—#s<j>)%

IC[r],#1=i jeI* Jelr]F sG)CIC[r] #1=i Jelr]®

Therefore, if we put j = #s(j), the coefficient of «; in the right-hand side of (6.2.9)

is (k —1)! times

S () (0

=

g 21 [ 5 o el [ (g R v B
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by the Chu-Vandermonde identity. O

Remark 6.2.5. One can prove other relations in this manner. For example, under

the hypotheses of the theorem,

Z(—l)i(ff(i) = 0. (6.2.11)
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