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t Pt

ds r

St Pt =
∑∞

s=t+1

(
1

(1+r)s−t ds
)
+ St



St =
1 + r

π
St−1Zt + ϵt

ϵt π ∈ (0, 1)

Zt =

⎧
⎪⎪⎨

⎪⎪⎩

1 = π

0 = 1− π

r

[St − St−1|Zt = 1] ∝

St−1 [St − St−1|Zt = 0] ∝ −St−1







vt

t = 1, 2, 3

w

pB,t = vt − w pA,t = vt + w

b s 1
2

(p3 − p2, p2 − p1) = −w2



b s (b) = (s) = 1
2

pB,t = vt − w pA,t = vt + w
(p3 − p2, p2 − p1) = −w2

t = 1 t = 2 t = 2 t = 3

b, b, b 1/8 0 0

b, b, s 1/8 −2w

b, s, b 1/8 −2w 2w

b, s, s 1/8 −2w 0

s, b, b 1/8 2w 0

s, b, s 1/8 2w −2w

s, s, b 1/8 0 2w

s, s, s 1/8 0 0





y1, . . . , yn α1, . . . ,αn

yt = Zαt + ϵt, t = 1, . . . , n

yt αt

Z ϵt

αt+1 = Tαt +Rηt

T R ηt

∆Pt

∆Pt = k1νt−1 − k1νt−2 + k2ηt−1 + k3ηt−2 + ηt



νt−1

νt−1 = k4νt−2 + k5ηt−1

k1, . . . , k5

αt =

[
νt−1 νt−2 ηt−1 ηt−2

]′

ϵt = ηt

Z =

[
k1 −k1 k2 k3

]

αt+1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

νt

νt−1

ηt

ηt−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k4 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

νt−1

νt−2

ηt−1

ηt−2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k5

0

1

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ηt

T =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k4 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =

[
k5 0 1 0

]′



εt

εt ∼ N (0, ht)

ht = α0 +
q∑

s=1

αsε
2
t−s +

p∑

s=1

βsht−s

p ≥ 0 q > 0 α0 > 0 αs ≥ 0 βs ≥ 0 (εt, εs) ∀s ̸= t

α1 + β1 < 1 (p, q)

ηt (1, 1) ηt ∼ N (0, ht)

N

L (θ|η1, . . . , ηT ) =
N∑

t=1

(
1√
2πht

(
− η2t
2ht

))

=− N

2
(2π)− 1

2

N∑

t=1

[
(ht) +

η2t
ht

]

θ

θ





Ṽ =
∑T

t=1 ṽt ṽt N
(
0,σ2

v,t

)
T V

M ≥ 0

t = 1, . . . , T

Dt

Pt

Ht−1

ρ |Dt| ρ ≥ 0 ρ

ρDt −ρDt

Pt =
[
Ṽ |Dt, Ht−1

]
+ ρDt

[
Ṽ |Dt, Ht−1

]
=

[
Ṽ |Ht

]

t

t Ht = {D1, . . . , Dt}



t t

t Ht−1
[
Ṽ |Ht−1

]

t

st = vt + αut−1

ut−1 = [ṽt−1|Ht−1] vt−1 t− 1

α ut−1

ut−1

vt

t

[
Ṽ |st, Ht−1

]
= (st − αut−1) +

[
Ṽ |Ht−1

]
= vt +

[
Ṽ |Ht−1

]



αut−1

vt + αut−1 +
[
Ṽ |Ht−1

]

α

α = 0

α > 0

α < 0 t

xt

α

|α| α ̸= 0



t

z̃t = φzt−1 + ζ̃t

ζ̃t ∼ N
(
0,σ2

ζ,t

)
ζ̃t ṽt φ

M

yt



σ2
v,t

σ2
ζ,t

≡ σ̄

Pt = (λd + ρ)Dt + λuut−1 + λφ [z̃t−1|Ht−1] + λE
[
Ṽ |Ht−1

]

xt = κdvt + κuut−1 + κφ [z̃t−1|Ht−1] + κE
[
Ṽ |Ht−1

]

yt = γuut−1 + γφ [z̃t−1|Ht−1] + γE
[
Ṽ |Ht−1

]

t xt

xt

{
xt

(
st +

[
Ṽ |Ht−1

]
−

[
P̃t|xt, Ht−1

])}

=
xt

{
xt

(
vt + αut−1 +

[
Ṽ |Ht−1

]

− (λd + ρ)
(
xt +M

(
γuut−1 + γφ [z̃t−1|Ht−1] + γE

[
Ṽ |Ht−1

])
+ φ [z̃t−1|Ht−1]

)

−
(
λuut−1 + λφ [z̃t−1|Ht−1] + λE

[
Ṽ |Ht−1

]))}



xt =
1

2 (λd + ρ)
vt +

α− (λd + ρ)Mγu − λu
2 (λd + ρ)

ut−1

+
− (λd + ρ) (Mγφ + φ)− λφ

2 (λd + ρ)
[z̃t−1|Ht−1] +

1− (λd + ρ)MγE − λE
2 (λd + ρ)

[
Ṽ |Ht−1

]

κd =
1

2 (λd + ρ)

κu =
α− (λd + ρ)Mγu − λu

2 (λd + ρ)

κφ =
− (λd + ρ) (Mγφ + φ)− λφ

2 (λd + ρ)

κE =
1− (λd + ρ)MγE − λE

2 (λd + ρ)

ṽt κd

t vt κd

κu t

κφ t

κE t Ṽ

j t yj,t

yj,t

{
yj,t
( [

Ṽ − P̃t|yj,t, Ht−1

])}



=
yj,t

{
yj,t

( [
Ṽ |Ht−1

]

− (λd + ρ)
(
κuut−1 + (κφ + φ) [z̃t−1|Ht−1] + κE

[
Ṽ |Ht−1

]
+ yj,t + (M − 1) y−j,t

)

− λuut−1 − λφ [z̃t−1|Ht−1]− λE
[
Ṽ |Ht−1

])}

y−j,t M − 1

yt =− (λd + ρ)κu + λu
2 (λd + ρ)

ut−1 −
(λd + ρ) (κφ + φ) + λφ

2 (λd + ρ)
[z̃t−1|Ht−1]

+
1− (λd + ρ)κE − λE

2 (λd + ρ)

[
Ṽ |Ht−1

]
− 1

2
(M − 1) y−j,t

yt =− (λd + ρ)κu + λu
(M + 1) (λd + ρ)

ut−1 −
(λd + ρ) (κφ + φ) + λφ

(M + 1) (λd + ρ)
[z̃t−1|Ht−1]

+
1− (λd + ρ)κE − λE
(M + 1) (λd + ρ)

[
Ṽ |Ht−1

]

γu = − (λd + ρ)κu + λu
(M + 1) (λd + ρ)

γφ = − (λd + ρ) (κφ + φ) + λφ
(M + 1) (λd + ρ)

γE =
1− (λd + ρ)κE − λE
(M + 1) (λd + ρ)

γu

γφ

γE

Ṽ



Pt =
[
Ṽ |Dt, Ht−1

]
+ ρDt

vt
[
Ṽ |Dt, Ht−1

]

[
Ṽ |Dt, Ht−1

]
= [ṽt|Dt, Ht−1] +

[
Ṽ |Ht−1

]

Pt = [ṽt|Dt, Ht−1] +
[
Ṽ |Ht−1

]
+ ρDt

[ṽt|Dt, Ht−1] = [ṽt|Ht−1] +

(
ṽt, D̃t

)

(
D̃t

)
(
Dt −

[
D̃t|Ht−1

])

=
(κd)σ2

v,t

(κd)
2 σ2

v,t + σ2
ζ,t

(
Dt −

[
D̃t|Ht−1

])

[
D̃t|Ht−1

]
= (κu +Mγu)ut−1 + (κφ + φ+Mγφ) [z̃t−1|Ht−1] + (κE +MγE)

[
Ṽ |Ht−1

]

λd =
(κd)σ2

v,t

(κd)
2 σ2

v,t + σ2
ζ,t

λu = −λd (κu +Mγu)



λφ = −λd (κφ + φ+Mγφ)

λE = 1− λd (κE +MγE)

λd λu

t

λφ

λE Ṽ

{λd,λu,λφ,λE ,κd,κu,κφ,κE , γu, γφ, γE}

Ṽ

λd λ3d + 2ρλ2d +
(
ρ2 − 1

4 σ̄
)
λd − 1

2 σ̄ρ = 0 λd > −ρ

λu = −αλd
λd+(M+2)ρ

λφ = −λd(λd+ρ)φ
λd+(M+2)ρ

λE = 1

Pt = λd

(
Dt −

α

λd + (M + 2) ρ
ut−1 −

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)
+

[
Ṽ |Ht−1

]
+ ρDt



λd

λ3d + 2ρλ2d +

(
ρ2 − 1

4
σ̄

)
λd −

1

2
σ̄ρ = 0

λd > 0 ≥ −ρ

xt =
1

2 (λd + ρ)
vt +

α (λd + (M + 1) ρ)

(λd + ρ) (λd + (M + 2) ρ)
ut−1 −

φρ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

yt = − αρ

(λd + ρ) (λd + (M + 2) ρ)
ut−1 −

φρ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

[
D̃t|Ht−1

]
= [x̃t +Mỹt + z̃t|Ht−1]

=
α

λd + (M + 2) ρ
ut−1 +

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

t

∂λd
∂σ̄ > 0

∂λd
∂ρ < 0

ρ = 0 α = 0 φ = 0

α > 0

α < 0



λu = − αλd
λd+(M+2)ρ

∂λd
∂α = 0

ρ α
λd+(M+2)ρut−1 ρ = 0

φ > 0

φ < 0

λφ = − φλd(λd+ρ)
λd+(M+2)ρ

ρ (λd+ρ)φ
λd+(M+2)ρ [z̃t−1|Ht−1]

M

M → ∞

ρ > 0 α = 0 φ = 0



α

ηt

ηt ≡ (λd + ρ)
(
Dt −

[
D̃t|Ht−1

])
=

1

2
vt + (λd + ρ) ζt

ηt

1
4σ

2
v,t + (λd + ρ)2 σ2

ζ,t

ut =
[
Ṽ |Ht

]
−

[
Ṽ |Ht−1

]
=

λd
λd + ρ

ηt

t t

t t− 1

Pt − Pt−1 =
(
λd
(
Dt −

[
D̃t|Ht−1

])
+

[
Ṽ |Ht−1

]
+ ρDt

)
−
( [

Ṽ |Ht−1

]
+ ρDt−1

)

=ηt + ρ
[
D̃t|Ht−1

]
− ρDt−1

=ηt + ρ

(
α

λd + (M + 2) ρ
ut−1 +

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)

− ρ

(
1

λd + ρ
ηt−1 +

α

λd + (M + 2) ρ
ut−2 +

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−2|Ht−2]

)

=ηt + ρ

(
α

λd + (M + 2) ρ

(
λd

λd + ρ
ηt−1

)
+

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)

− ρ

(
1

λd + ρ
ηt−1 +

α

λd + (M + 2) ρ

(
λd

λd + ρ
ηt−2

)
+

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−2|Ht−2]

)

=ηt +
ρφ

λd + (M + 2) ρ
(λd + ρ) ( [z̃t−1|Ht−1]− [z̃t−2|Ht−2])

+
ρ

λd + ρ

(
αλd

λd + (M + 2) ρ
− 1

)
ηt−1 −

ρ

λd + ρ

(
αλd

λd + (M + 2) ρ

)
ηt−2

Ht−1



[z̃t−1|Ht−1] = [z̃t−1|Ht−2] +
σ2
ζ,t

1
4(λd+ρ)

2σ2
v,t + σ2

ζ,t

(
Dt−1 −

[
D̃t−1|Ht−2

])

=φ [z̃t−2|Ht−2] +

(
1− λd

2 (λd + ρ)

)(
1

λd + ρ
ηt−1

)

=φ [z̃t−2|Ht−2] +
1

λd + ρ

(
λd + 2ρ

2 (λd + ρ)

)
ηt−1

νt ≡ (λd + ρ) [z̃t|Ht]

ψ ≡ ρ/λd

λd + ρ

νt−1 = φνt−2 +
1 + 2ψ

2 (1 + ψ)
ηt−1

t

∆Pt = ηt +
φψ

1 + (M + 2)ψ
(∆νt−1)

+
ψ

1 + ψ

(
α

1 + (M + 2)ψ
− 1

)
ηt−1 −

ψ

1 + ψ

(
α

1 + (M + 2)ψ

)
ηt−2

∆νt−1 = νt−1 − νt−2

∆νt−1

ρ = 0 Pt =
[
Ṽ |Ht

]
∀t ∆Pt = ηt

ρ > 0 α = 0 φ = 0 ψ
1+ψηt



ρ > 0

νt−1

∆Pt = ηt +

(
α+ φ

(
1
2 + ψ

)
− (1 + (M + 2)ψ)

)
ψ

(1 + ψ) (1 + (M + 2)ψ)
ηt−1

+

(
−α+ φ (φ− 1)

(
1
2 + ψ

))
ψ

(1 + ψ) (1 + (M + 2)ψ)
ηt−2 +

φ2 (φ− 1)ψ

1 + (M + 2)ψ
νt−3

(∆Pt, ηt−1|Ht−2) > 0

ψ > 0 α+φ
(
1
2 + ψ

)
> 1+(M + 2)ψ α = 0 (∆Pt, ηt−1|Ht−2) > 0 φ > 1+(M+2)ψ

1
2+ψ

ψ ≥ 0 M ≥ 0 |φ| ≤ 1

φ (φ− 1)
(
1
2 + ψ

)
> α (∆Pt, ηt−2|Ht−3) > 0 α < 0 φ < 0

φ (φ− 1)
(
1
2 + ψ

)
< α (∆Pt, ηt−2|Ht−3) < 0

α > 0 φ > 0

α φ

ψ

|φ| ≤ 1 ψ
1+(M+2)ψ <

1



∆Pt = ηt +
φψ

1 + (M + 2)ψ
(∆νt−1)

+
ψ

1 + ψ

(
α

1 + (M + 2)ψ
− 1

)
ηt−1 −

ψ

1 + ψ

(
α

1 + (M + 2)ψ

)
ηt−2

∆Pt t−1 t ηt

t ψ ≡ ρ/λd φ

∆νt−1

t − 2 t − 1 α

ψ = ρ/λd ρ λd

νt−1 = φνt−2 +
1 + 2ψ

2 (1 + ψ)
ηt−1

M

M = 1 M = 1

M M > 1

α φ ψ

ρ > 0

α α

α

ηt



ηt νt−1

α φ ψ

ηt

[∆Pt|η0, . . . , ηt−1]

ηt

ηt

ηt ηt

ηt σ2
η,t

σ2
η,t = β0 + β1η

2
t−1 + β2σ

2
η,t−1

L =
N∑

t=3

⎛

⎝ 1√
2πσ2

η,t

(
− η2t
2σ2

η,t

)⎞

⎠ = −N

2
(2π)− 1

2

N∑

t=3

[ (
σ2
η,t

)
+

η2t
σ2
η,t

]

N ψ

φ ∈ (−1, 1) β1 β2 ∈ (0, 1− β1)

ψ β0

ψ = (χψ) β0 = (χβ0) χψ

χβ0 φ ∈ (−1, 1) β1 ∈ (0, 1) β2 ∈ (0, 1− β1) φ = χφ/
√
1 + χ2

φ



β1 = 1
2 + 1

2

(
χβ1/

√
1 + χ2

β1

)
β2 = (1− β1)

(
1
2 + 1

2

(
χβ2/

√
1 + χ2

β2

))
χφ χβ1

χβ2 η1 = η2 = ν1 = ν2 = 0 σ2
η,3

α(0),χφ,χψ,χβ0(0),χβ1(0),χβ2(0)





α φ

ψ

α φ ψ

α φ ψ

α

α



α

α

α

α

α

α

α

α

α

α

α

α

α

α

α

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ



φ

φ

φ

φ

ψ

ψ = 0.11 ψ = 0.25

ψ ψ

ψ ψ

α ψ



α φ ψ

α φ

α φ ψ

β1

β2

β1 β2

β0

β1

β2

β1 β2

(0.5) / (β1 + β2)



β0

α = 0 φ = 0 ψ = 0

α = 0 φ = 0 ψ = 0

α = 0 φ = 0 ψ = 0

α = 0 φ = 0 ψ = 0



α α

α

α φ ψ σ2
η,t σ2

η,t = β0/ (1− β1 − β2)

α

α

α

ψ φ σ2
η,t

α φ

ψ σ2
η,t

α αj,q

α

ψ φ σ2
η,t α

ψ φ

σ2
η,t αj,q

α ψ

φ

σ2
η,t α

ψ ψ φ

φ σ2
η,t

α

ψ

φ



α

φ

α

|α|

α

α M = 0

φ = 0 σ̄ ∈ (0, 2] ρ ∈ (0, 2]

|α| < 2.00 α ρ σ̄ ρ

σ̄ ρ

α σ̄ ∈ (0, 2] ρ ∈ (0, 2]

φ M

α 1.77 M = 0 φ = 1 α M

α φ

α

α σ̄ ∈ (0, 2] ρ ∈ (0, 2]

φ |α|

φ |α|

|α| φ

α

|α| φ



α

|α| φ

α |α|

α

|α|

α

α2 φ2 αφ

α φ

α φ

α

φ

α

φ



[|xt|]

[|xt|] ∝ bx0,t +
(
bx1α

2 − bx2αφ+ bx3φ
2
)
σ2
η,t + bx4φ

4σ2
ν,t

σ2
η,t σ2

ν,t

bx0,t

bx1 bx2 bx3 bx4 αφσ2
η,t

[|zt|]

[|zt|] ∝ bz0,t + bz3φ
2σ2
η,t − bz5,tφ

2

bz3 bz5,t

b0,t

[|yt|]

[|yt|] ∝
(
by1α

2 + by2αφ+ by3φ
2
)
σ2
η,t + by4φ

4σ2
ν,t

[|xt|+M |yt|+ |zt|] ∝b0,t + b1
[
α2σ2

η,t

]
+ b2

[
αφσ2

η,t

]
+ b3

[
φ2σ2

η,t

]

+ b4
[
φ4σ2

ν,t

]
+ b5,t

[
φ2
]

[|xt|+M |yt|+ |zt|]



(Turnj,q) =b1
[
α2σ2

η,t

]
j,q

+ b2
[
αφσ2

η,t

]
j,q

+ b3
[
φ2σ2

η,t

]
j,q

+ b4
[
φ4σ2

ν,t

]
j,q

+ b5
[
φ2
]
j,q

+
∑

j

bj +
∑

q

bq + ϵj,q

ϵj,q
∑

j bj
∑

q bq

α

φ

b1 > 0 b3 > 0 b4 > 0 b5 < 0

b1 b3 > 0

b4 b5 < 0

b1 > 0 b3

b4 > 0 b5

α

φ



α
α = 0 φ

ψ

β0 β1 β2 ψ > 0 φ ∈ (−1, 1)
β0 > 0 β1 ∈ (0, 1) β2 ∈ (0, 1− β1)

{α,φ,ψ,β0,β1,β2}

α

H0 : α = 0

φ

H0 : φ = 0

ψ

H0 : ψ = 0

β0

H0 : β0 = 0

β1

H0 : β1 = 0

β2

H0 : β2 = 0



{α,φ,ψ,β0,β1,β2}

α

H0 : α = 0

φ

H0 : φ = 0

ψ

H0 : ψ = 0

β0

H0 : β0 = 0

β1

H0 : β1 = 0

β2

H0 : β2 = 0



α φ ψ
σ2
η,t ≡ β0/ (1− β1 − β2) αj,q φj,q ψj,q

[
σ2
η,t

]
j,q

αj,q

αj,q

αj,q αj,q αj,q

αj,q ψj,q φj,q
[
σ2
η,t

]
j,q

αj,q ψj,q φj,q
[
σ2
η,t

]
j,q

αj,q

ψj,q

φj,q[
σ2
η,t

]
j,q

αj,q

αj,q ψj,q φj,q
[
σ2
η,t

]
j,q

αj,q ψj,q φj,q
[
σ2
η,t

]
j,q

αj,q

ψj,q

φj,q[
σ2
η,t

]
j,q

αj,q

αj,q ψj,q φj,q
[
σ2
η,t

]
j,q

αj,q ψj,q φj,q
[
σ2
η,t

]
j,q

αj,q

ψj,q

φj,q[
σ2
η,t

]
j,q



α
α σ̄ ∈ (0, 2] ρ ∈ (0, 2]

α φ α
φ φ

|α| φ
|α| |α|

φ
φ

|α|
φ

|α|
|α|

(−1,−0.721]

(−0.721,−0.416]

(−0.416, 0.091]

(0.091, 0.500]

(0.500, 0.722]

(0.722, 0.813]

(0.813, 0.857]

(0.857, 0.882]

(0.882, 0.903]

(0.903, 0.982]

φ
φ

|α|
φ

|α|
|α|

(−1,−0.776]

(−0.776,−0.499]

(−0.499,−0.045]

(−0.045, 0.349]

(0.349, 0.651]

(0.651, 0.780]

(0.780, 0.835]

(0.835, 0.870]

(0.870, 0.899]

(0.899, 0.984]



α φ
α ∆αj,q = αj,q−αj,q−1

α
∆αj,q−1 ∆αj,q−2 φ

∆φj,q
φ ∆φj,q−1 ∆φj,q−2

α

∆αj,q

∆αj,q−1

∆αj,q−2

2

2

∗∗∗p < 0.001 ∗∗p < 0.01 ∗p < 0.05

φ

∆φj,q

∆φj,q−1

∆φj,q−2

2

2

∗∗∗p < 0.001 ∗∗p < 0.01 ∗p < 0.05



(Turnj,q) =b1
[
α2σ2

η,t

]
j,q

+ b2
[
αφσ2

η,t

]
j,q

+ b3
[
φ2σ2

η,t

]
j,q

+ b4
[
φ4σ2

ν,t

]
j,q

+ b5
[
φ2
]
j,q

+
∑

j

bj +
∑

q

bq + ϵj,q

ϵj,q

b1 > 0 b3 > 0 b4 > 0 b5 < 0

(Turnj,q)

α2σ2
η,t

αφσ2
η,t

φ2σ2
η,t

φ4σ2
ν,t

φ2

2

2

∗∗∗p < 0.001 ∗∗p < 0.01 ∗p < 0.05





α
φ = 0 M = 0



α









α



φ



ψ



α



φ



ψ



α



φ



ψ



α



φ



ψ







λd =

(
1

2(λd+ρ)

)
σ2
v,t

(
1

2(λd+ρ)

)2
σ2
v,t + σ2

ζ,t

⇒ 4λd (λd + ρ)2 + σ̄λd − 2 (λd + ρ) σ̄ = 0

⇒ λ3d + 2ρλ2d +

(
ρ2 − 1

4
σ̄

)
λd −

1

2
σ̄ρ = 0

λd + ρ λd

λd λd λd ≥ −ρ λd > 0

σ2
v,t

σ2
ζ,t

= σ̄ ρ λd

κu =
α− (λd + ρ)Mγu − λu

2 (λd + ρ)
=
α− (λd + ρ)M

(
− (λd+ρ)κu+λu

(M+1)(λd+ρ)

)
− λu

2 (λd + ρ)

⇒ κu =
(M + 1)α− λu
(M + 2) (λd + ρ)

γu = − (λd + ρ)κu + λu
(M + 1) (λd + ρ)

= −
(λd + ρ) α−(λd+ρ)Mγu−λu

2(λd+ρ)
+ λu

(M + 1) (λd + ρ)

⇒ γu =
−α− λu

(M + 2) (λd + ρ)

λu = −λd (κu +Mγu) = −λd
(

(M + 1)α− λu
(M + 2) (λd + ρ)

+M

(
−α− λu

(M + 2) (λd + ρ)

))

⇒ λu =
−λdα

λd + (M + 2) ρ



κφ =
− (λd + ρ) (Mγφ + φ)− λφ

2 (λd + ρ)
= −

(λd + ρ)
(
M
(
− (λd+ρ)(κφ+φ)+λφ

(M+1)(λd+ρ)

)
+ φ

)
+ λφ

2 (λd + ρ)

⇒ κφ = − (λd + ρ)φ+ λφ
(M + 2) (λd + ρ)

γφ = − (λd + ρ) (κφ + φ) + λφ
(M + 1) (λd + ρ)

= −
(λd + ρ)

(
−(λd+ρ)(Mγφ+φ)−λφ

2(λd+ρ)
+ φ

)
+ λφ

(M + 1) (λd + ρ)

γφ = − (λd + ρ)φ+ λφ
(M + 2) (λd + ρ)

λφ = −λd (κφ + φ+Mγφ) = −λd
(
φ− (M + 1)

(λd + ρ)φ+ λφ
(M + 2) (λd + ρ)

)

⇒ λφ =
−λd (λd + ρ)φ

λd + (M + 2) ρ

κE =
1− (λd + ρ)MγE − λE

2 (λd + ρ)
=

1− (λd + ρ)M 1−(λd+ρ)κE−λE

(M+1)(λd+ρ)
− λE

2 (λd + ρ)

⇒ κE =
1− λE

(M + 2) (λd + ρ)

γE =
1− (λd + ρ)κE − λE
(M + 1) (λd + ρ)

=
1− (λd + ρ) 1−(λd+ρ)MγE−λE

2(λd+ρ)
− λE

(M + 1) (λd + ρ)

⇒ γE =
1− λE

(M + 2) (λd + ρ)

⇒ λE = 1− λd (κE +MγE) = 1− λd (M + 1)
1− λE

(M + 2) (λd + ρ)

⇒ λE = 1

κu =
(M + 1)α− λu
(M + 2) (λd + ρ)

=
α (λd + (M + 1) ρ)

(λd + ρ) (λd + (M + 2) ρ)



κφ = − (λd + ρ)φ+ λφ
(M + 2) (λd + ρ)

= − φρ

λd + (M + 2) ρ

κE =
1− λE

3 (λd + ρ)
= 0

γu =
−α− λu

(M + 2) (λd + ρ)
=

−αρ
(λd + ρ) (λd + (M + 2) ρ)

γφ = − (λd + ρ)φ+ λφ
(M + 2) (λd + ρ)

= − φρ

λd + (M + 2) ρ

γE =
1− λE

(M + 2) (λd + ρ)
= 0

t vt + αut−1 +
[
Ṽ |Ht−1

]

[(
vt +

[
Ṽ |Ht−1

]
−

[
P̃t|st

])
xt

]

=

[(
vt +

[
Ṽ |Ht−1

]
−

[(
λd
(
Dt −

[
D̃t|Ht−1

])
+

[
Ṽ |Ht−1

]
+ ρDt

)
|st
])

×
(

1

2 (λd + ρ)
vt +

α (λd + (M + 1) ρ)

(λd + ρ) (λd + (M + 2) ρ)
ut−1 −

φρ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)]

=
1

4 (λd + ρ)
σ2
v,t −

ρ

(λd + (M + 2) ρ)2 (λd + ρ)
F (α,φ)



F (α,φ) = [(αut−1 + φνt−1) (α (λd + (M + 1) ρ)ut−1 − φρνt−1)]

]

=α2 (λd + (M + 1) ρ)
[
u2
t−1

]
+ αφ (λd +Mρ) [ut−1νt−1]− φ2ρ

[
ν2t−1

]

[
u2
t−1

]
=

λ2d
(λd + ρ)2

[
η2t−1

]

[ut−1νt−1] =
λd (λd + 2ρ)

2 (λd + ρ)2
[
η2t−1

]

[
ν2t−1

]
= φ2

[
ν2t−2

]
+

(λd + 2ρ)2

4 (λd + ρ)2
[
η2t−1

]

[
η2t−1

]
=

1

4
σ2
v,t−1 + (λd + ρ)2 σ2

ζ,t−1

α2 αφ φ2

M α ̸= 0 φ ̸= 0

0 <
[(

vt + [V |Ht−1]−
[
P̃t|st

])
xt

]

α

ρ σ̄ φ M φ2

α
[
ν2t−2

]
= 0 σ2

v,t = σ2
v,t−1

(λd + ρ)2 (λd + (M + 2) ρ)2 σ̄

ρ
(

1
4 σ̄ + (λd + ρ)2

) =4α2λ2d (λd + (M + 1) ρ)

+ 2αφλd (λd +Mρ) (λd + 2ρ)− φ2ρ (λd + 2ρ)2



φ = 0 M = 0 σ̄ ∈ [0.01, 3] ρ ∈ (0, 3]

|α| < 2.00 α σ̄ ρ

φ = 0 M = 0 α ρ λd

α ρ ρ ρ ρ

σ̄ ρ σ̄ ρ

φ M |α|

α φ M σ̄ ∈ [0.01, 3] ρ ∈ (0, 3]

φ M φ = 1

M = 0 φ = 1 M = 0

|α| < 1.77

[
yt
( [

Ṽ − P̃t|yt, Ht−1

])]

yt = − αρ

(λd + ρ) (λd + (M + 2) ρ)
ut−1 −

φρ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

[
Ṽ − P̃t|yt, Ht−1

]
= −ρ

[
D̃t|yt, Ht−1

]

= −ρ
(

α

λd + (M + 2) ρ
ut−1 +

(λd + ρ)φ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)

[
yt
( [

Ṽ − P̃t|yt, Ht−1

])]
=

ρ2

(λd + (M + 2) ρ)2 (λd + ρ)

[
(αut−1 + φνt−1)

2
]



[
(αut−1 + φνt−1)

2
]
=

(
αλd + φ

(
1
2λd + ρ

)

λd + ρ

)2
[
η2t−1

]
+ φ4

[
ν2t−2

]

[
η2t−1

]
= 1

4σ
2
v,t−1 + (λd + ρ)2 σ2

ζ,t−1

ρ ̸= 0 α ̸= 0 φ ̸= 0

α2 φ2 αφ

σ̄

ρ

α = 0

α > 0

M M

[|xt|+M |yt|+ |zt|] ∝ (xt) +M (yt) + (zt)

(xt) =

(
1

2 (λd + ρ)
vt +

α (λd + (M + 1) ρ)

(λd + ρ) (λd + (M + 2) ρ)
ut−1 −

φρ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)

=
1

4 (λd + ρ)2
(vt) +

(
αλd (λd + (M + 1) ρ)− φρ

(
1
2λd + ρ

))2

(λd + ρ)4 (λd + (M + 2) ρ)2
[
η2t−1

]

+
φ4ρ2

(λd + (M + 2) ρ)2 (λd + ρ)2
[
ν2t−2

]

α2 φ2



αφ

(yt) =

(
− αρ

(λd + ρ) (λd + (M + 2) ρ)
ut−1 −

φρ

λd + (M + 2) ρ
[z̃t−1|Ht−1]

)

=
ρ2 (αλd + φ (λd + ρ))2

(λd + ρ)4 (λd + (M + 2) ρ)2
[
η2t−1

]
+

φ4ρ2

(λd + (M + 2) ρ)2 (λd + ρ)2
[
ν2t−2

]

α2 φ2

αφ

σ2
ζ,t

(zt) =
σ2
ζ,t

1− φ2

φ2

α2

φ2 α2 φ2 αφ

α2 φ2 αφ

Ṽ ∼ N
(
0,σ2

0

)
t = 1, 2

t = 2 t

z̃t ∼ N
(
0,σ2

z

)
z1 z2

V xt t = 1, 2



t = 1, 2

P1 =
[
Ṽ |D1

]
+ ρD1

P2 =
[
Ṽ |D1, D2

]
+ ρD2

Dt = xt+zt ρ ≥ 0

P1 = λ0,1 + λd,1D1 + ρD1

P2 = λ0,2
[
Ṽ |D1

]
+ λd,2D2 + ρD2

x1 = κ0,1 + κV,1V

x2 = κ0,2
[
Ṽ |D1

]
+ κV,2V

t = 2 x2

x2

{ [
x2

(
V −

[
P̃2|D1, x2

])]}

=
x2

{
x2

(
V −

(
(λd,2 + ρ)x2 + λ0,2

[
Ṽ |D1

]))}

⇒ 0 = V −
(
2 (λd,2 + ρ)x2 + λ0,2

[
Ṽ |D1

])

⇒ x2 =
1

2 (λd,2 + ρ)

(
V − λ0,2

[
Ṽ |D1

])



t = 2 x1

x1

{
x1

(
V −

[
P̃1|x1

])
+

[
x2

(
V − P̃2

)
|x1

]}

=
x1

{
x1 (V − λ0,1 − (λd,1 + ρ)x1)

+
1

4 (λd,2 + ρ)
(V − λ0,2 (λ0,1 + λd,1x1))

2
}

⇒ 0 = V − λ0,1 − 2 (λd,1 + ρ)x1 +
−λ0,2λd,1
2 (λd,2 + ρ)

(V − λ0,2 (λ0,1 + λd,1x1))

⇒ x1 = −
2 (λd,2 + ρ)− λ20,2λd,1

4 (λd,2 + ρ) (λd,1 + ρ)− λ20,2λ
2
d,1

λ0,1 +
2 (λd,2 + ρ)− λ0,2λd,1

4 (λd,2 + ρ) (λd,1 + ρ)− λ20,2λ
2
d,1

V

κ0,2 = κV,2 =
1

2 (λd,2 + ρ)

κV,1 =
2 (λd,2 + ρ)− λ0,2λd,1

4 (λd,2 + ρ) (λd,1 + ρ)− λ20,2λ
2
d,1

κ0,1 = −
2 (λd,2 + ρ)− λ20,2λd,1

4 (λd,2 + ρ) (λd,1 + ρ)− λ20,2λ
2
d,1

λ0,1

σ2
1 ≡

(
Ṽ −

[
Ṽ |D1

])

t = 2

P2 =
[
Ṽ |D2, D1

]
+ ρD2

=
κV,2σ2

1

κ2V,2σ
2
1 + σ2

z

(
D2 −

[
D̃2|D1

])
+

[
Ṽ |D1

]
+ ρD2

t = 1

P1 =
[
Ṽ |D1

]
+ ρD2

=
κV,1σ2

0

κ2V,1σ
2
0 + σ2

z

D1 + ρD1



λd,2 =
κV,2σ2

1

κ2V,2σ
2
1 + σ2

z

λ0,2 = 1

λd,1 =
κV,1σ2

0

κ2V,1σ
2
0 + σ2

z

λ0,1 = 0

λd,2 =

(
1

2(λd,2+ρ)

)
σ2
1

(
1

2(λd,2+ρ)

)2
σ2
1 + σ2

z

⇒ 0 = λ3d,2 + 2ρλ2d,2 +

(
ρ2 − σ2

1

4σ2
z

)
λd,2 −

σ2
1

2σ2
z

ρ

λd,2 λd,2 ≥ −ρ λd,2 > 0

λd,1 =

(
2(λd,2+ρ)−λ0,2λd,1

4(λd,2+ρ)(λd,1+ρ)−λ2
0,2λ

2
d,1

)
σ2
0

(
2(λd,2+ρ)−λ0,2λd,1

4(λd,2+ρ)(λd,1+ρ)−λ2
0,2λ

2
d,1

)2
σ2
0 + σ2

z

=

(
1

2(λd,1+ρ)

)
σ2
0

(
1

2(λd,1+ρ)

)2
σ2
0 + σ2

z

0 = λ3d,1 + 2ρλ2d,1 +

(
ρ2 − σ2

0

4σ2
z

)
λd,1 −

σ2
0

2σ2
z

ρ

λd,1 λd,1 > 0

λd,1 λd,1 ≥ −ρ λd,1 > 0

t = 1 t = 2

x1 =
1

2 (λd,1 + ρ)
V

x2 =
1

2 (λd,2 + ρ)

(
V −

[
Ṽ |D1

])



σ2
1 =

(
Ṽ −

[
Ṽ |D1

])

=
(λd,1 + 2ρ)2

4 (λd,1 + ρ)2
σ2
0 + λ2d,1σ

2
z

P1 = (λd,1 + ρ)D1

P2 = (λd,2 + ρ)D2 +
[
Ṽ |D1

]
= (λd,2 + ρ)D2 + λd,1D1

λd,1 λd,2

x1 =
2 (λd,2 + ρ)− λd,1

4 (λd,2 + ρ) (λd,1 + ρ)− λ2d,1
V

x2 =
1

2 (λd,2 + ρ)

(
V −

[
Ṽ |D1

])

[P2 − P1|P1] ∝ −P1 ρ > 0 ∂
∂ρ [P2 − P1|P1] ∝ −P1

x1 = κV,1V

x2 = κV,2
(
V −

[
Ṽ |D1

])

[x̃2|D1] =
[
κV,2

(
Ṽ −

[
Ṽ |D1

])
|D1

]
= 0 [z̃2] = 0



[
D̃2|D1

]
= 0

P2 − P1 = −ρD1 + (λd,2 + ρ)D2

⇒ [P2 − P1|P1] = [−ρD1 + (λd,2 + ρ)D2|P1] = − ρ

λd,1 + ρ
P1

∂

∂ρ
[P2 − P1|P1] = − λd,1

(λd,1 + ρ)2
P1



α

|α|

α ̸= 0

α ̸= 0











φ = 0 M = 0

ηt t wt

t ψ

α

PO
t − PC

t−1

t− 1 t

PO
t − PC

t−1 = − ψ

1 + ψ
ηt−1 −

ψ

1 + ψ

(
α

1 + 2ψ

)
ηt−2 + wt

PC
t −PO

t



t

PC
t − PO

t =
ψ

1 + ψ

(
α

1 + 2ψ

)
ηt−1 + ηt

ϵt ≡
[

wt ηt

]′

ϵt ∼ N

⎛

⎜⎜⎝

⎛

⎜⎜⎝
0

0

⎞

⎟⎟⎠ , Qt

⎞

⎟⎟⎠

Qt =

⎡

⎢⎢⎣
gt 0

0 ht

⎤

⎥⎥⎦

gt = γ0 + γ1w
2
t−1 + γ2g

2
t−1 + γ3η

2
t−1

ht = β0 + β1η
2
t−1 + β2ht−1 + β3w

2
t

L (θ) =
∑N

t=3 Lt

−2Lt = N (2π) + ( (Qt)) + ϵ′tQ
−1
t ϵt

θ = {α,ψ,β0,β1,β2,β3, γ0, γ1, γ2, γ3} N

ψ β1 + β2 γ1 + γ2

ϵ1 = ϵ2 = 0 Q3



α

ψ

α ψ

α ψ

α

α

α

α

α

α

α

α

α

α

α α

α

ψ

ψ

ψ = 0



ψ

ψ

ψ

α ψ

α

−ψ/ (1 + ψ)

−αψ/ ((1 + ψ) (1 + 2ψ))

β1

β3

β2

β1 β2 β3

β0

(0.5) / (β1 + β2 + β3)
(0.5) / (γ1 + γ2 + γ3)



γ1

γ3

γ2

γ1 γ2 γ3

γ0

α = 0 ψ = 0



PO
t − PC

t−1 = − ψ
1 + ψ

ηt−1 −
ψ

1 + ψ

(
α

1 + 2ψ

)
ηt−2 + wt

PC
t − PO

t = ηt +
ψ

1 + ψ

(
α

1 + 2ψ

)
ηt−1

PO
t − PC

t−1 t − 1 t
PC
t − PO

t t ψ
α

wt ηt
gt = γ0 + γ1w

2
t−1 + γ2g

2
t−1 + γ3η

2
t−1 ht = β0 + β1η

2
t−1 + β2ht−1 + β3w

2
t

θ = {α,ψ,β0,β1,β2,β3, γ0, γ1, γ2, γ3}
α = 0

α

H0 : α = 0

ψ

H0 : ψ = 0

β0

H0 : β0 = 0

β1

H0 : β1 = 0

β2

H0 : β2 = 0

β3

H0 : β3 = 0

γ0

H0 : γ0 = 0

γ1

H0 : γ1 = 0

γ2

H0 : γ2 = 0

γ3

H0 : γ3 = 0





α



ψ



α



ψ



α

α

α

αj,q = b0 + b1 [Pilotj × PilotPeriodq] + b2 [Pilotj × Postq] +
∑

j

bj +
∑

q

bq + ϵj,q

Pilotj

PilotPeriodq



Postq

∑
j bj

∑
q bq

b1 < 0

b2

b1 < 0 b2

α

0.20 α

α

α

0.08 α

α



α Pilotj
PilotPeriodq
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∑

j

wi,j,qαj,q −
∑

j

wi,j,q−1αj,q−1

=
∑

j

wi,j,qαj,q −
∑

j

wi,j,q−1αj,q +
∑

j

wi,j,q−1αj,q −
∑

j

wi,j,q−1αj,q−1

=
∑

j

(wi,j,q − wi,j,q−1)αj,q +
∑

j

wi,j,q−1 (αj,q − αj,q−1)

∆ᾱOrganic
i,q ≡

∑
j wi,j,q−1 (αj,q − αj,q−1) ∆ᾱTrading
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Trading
i,q + b2∆ᾱ
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Trading
i,q + b2∆ᾱ
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Organic
i,q + b9θi,q∆ᾱ
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Trading
i,q−1 + b8θi,q∆ᾱ
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Organic
i,q

θi,q∆ᾱ
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Trading
i,q

+ b7θi,q∆ᾱ
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