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Elastic-instability triggered pattern formation
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Recent experiments have exploited elastic instabilities in membranes to create complex patterns. However,
the rational design of such structures poses many challenges, as they are products of nonlinear elastic behavior.

We pose a simple model for determining the orientational order of such patterns using only linear elasticity
theory which correctly predicts the outcomes of several experiments. Each element of the pattern is modeled by
a “dislocation dipole” located at a point on a lattice, which then interacts elastically with all other dipoles in the
system. We explicitly consider a membrane with a square lattice of circular holes under uniform compression
and examine the changes in morphology as it is allowed to relax in a specified direction.
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I. INTRODUCTION

It is a testament to the ingenuity of nature that at all length
scales, there exists a multitude of complex self-assembled
patterns. The formation of patterns, from the textured
dimples in a grain of pollen to the labyrinth of creases in a
coral colony to the ridges in a fingerprint, exemplify local
ordering mechanisms that lead to intricate and beautiful tex-
tures [1-3]; the mechanisms that drive them are far from
understood. Mastery of such processes would revolutionize
the fabrication and design of novel materials with specific
properties. Synthetic elastomeric membranes can be coaxed
into exhibiting these sorts of elastic instabilities under swell-
ing, buckling, and dewetting [4]; these effects have been
used to build microlenses [5] and stretchable electronics [6],
for instance. By harnessing elastic instabilities in elastomeric
membranes, the once lofty goal of creating self-assembled
complex patterns with long-range order may be attainable. In
this paper, we expand on our approach to model and predict
secondary pattern structure in perforated, two-dimensional
elastic membranes, motivated by recent experiment. Because
our method is based on linear elasticity theory, the possibility
of solving “the inverse problem” for a desired final structure
becomes computationally tractable.

In [7], it was shown that when an elastomeric poly(dim-
ethylsiloxane) (PDMS) membrane with a square lattice of
circular holes (with diameter roughly half the lattice spacing)
in it is uniformly swollen or, alternatively, is compressed
hydrostatically, the holes deform into a striking diamond
plate pattern, schematically depicted in Fig. 5 and shown in
[7]. The order persists for upwards of 103 times the original
lattice spacing with only phase-slip defects, which do not
change the overall symmetry of the pattern. It is interesting
to note that the same diamond plate pattern emerges from
membranes with vastly different lattice spacings, ranging
from 1 pum to 1 cm. Because the same mechanism causes
patterns to form over such a wide range of length scales, this
technique is well suited to create devices for many fields and
industries. In particular, when a material is in the diamond
plate state, it has a photonic band gap [8]; hence, merely by
compressing and relaxing a membrane, we can control its
band structure. We note that the thin, perforated film of
PDMS sits atop a thick, solid PDMS film. This forces the
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deformations of the thin membrane to be two dimensional
and simplifies our following analysis.

This effect occurs in the highly nonlinear regime of elas-
ticity; thus, only finite element simulations using specific
models of nonlinear elasticity capture the entire process of
the holes collapsing [9]. With the sole assumption that each
hole collapses to some elongated shape, we use only linear
elasticity to successfully predict the orientational order in the
diamond plate pattern and the herringbone pattern formed
from an underlying triangular lattice. Not only does our
model shed light on the interactions in the system, it repre-
sents progress in the ability to rationally design new patterns
and order.

In the next section, we review the linear theory of elastic-
ity and consider a hydrostatically compressed membrane
containing either a single hole or two holes. The breakdown
of linear elasticity illustrates the need for nonlinear analysis.
In Sec. III, we adopt the spirit of the theory of cracks and
show that complex behavior can be explained by recasting
the problem using linear dislocation theory. While an explicit
analytic description of the shape of a collapsed hole cannot
be reached through this method, each hole can be modeled as
an elastically interacting distribution of parallel edge dislo-
cations, or “dislocation dipoles,” whose centers are fixed to
the center of their corresponding hole but are allowed to
rotate freely. In the simple case of a quartet of holes, the
resulting configuration exactly reproduces the unit cell for
the diamond plate pattern. Since elastic interactions are long
ranged, the collective interactions of all the holes must be
included to find the true ground state of the system—the
inclusion of which additionally stabilizes the pattern. We end
with technical appendices which argue the validity of our
approximation.

II. IN WHICH THE LINEAR THEORY
OF ELASTICITY FAILS

A. Elasticity in Flatland [10]

Our ultimate goal is to study the effects of uniform ten-
sion on a thin sheet of elastic material with a square lattice of
circular holes cut in it, as it models an elastic sheet that is
uniformly swollen. In general, the resulting deformations are
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constant across the thickness of the sheet and may be con-
sidered to be purely longitudinal. This is because forces act
primarily in the plane of the film, yielding the boundary con-
dition on;=0. In the nanoscale experimental system [7], the
elastic membrane was on a substrate, which suppresses out-
of-plane buckling. Henceforth, we will only consider two-
dimensional systems with planar deformations.

Let us pause for a minute to derive the equilibrium con-
ditions of this system. Since the deformations are constant
throughout the thickness of the sheet, we may assume that
u,,=0 and thus o,,=0;,=0. We are left with the two equilib-
rium equations hdoy/ dx,=—p;, where i,k=x,y and h is the
thickness of the film. When no external body forces are
present, the equations of equilibrium reduce to do/ dx;=0
or

do, Jdoy, Jdo, Jdo
—= 4+ —2=0, —H4+—E=0. (1)
ox dy ox dy

Viewing these both as equations of the form V-A=0, we
know that o;=e€;d; ¢, and o;,=€;0; ¢, and it follows that
by +dyb =0~ 0, =0 (where €;;. 1s the totally antisymmet-
ric tensor). Thus, ¢,,=¢,,,d,x for some scalar y, known as
the Airy stress function. We thus have oy=¢€;,€,9,,9,X-
Moreover, since uy=(dju,+du;)/2, we have €;,€,0:0du,
=0. The relation between stress and strain, Eq. (A17), im-
plies that

€im€kn

&Zo-mn _ Yd ( Y

0+ Vzv-u>=0.
ox;dx, l+7y 1-(d-1)y

(2)

As a result, we deduce that the stress function satisfies the
biharmonic equation, V*y=0. In orthogonal coordinates, we
recast the components of the stress tensor in terms of the
Airy stress function by taking advantage of Eq. (A13) and
re-expressing o;; in terms of o,

> { a(lax>+ 1 an r?)(]
€ €,— |\ ——=|+e€,— =1,
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(3)

where €,3=1 because {Evﬁ} is a right-handed orthonormal
basis. Equation (3) is a solution to the equilibrium equations,
Eq. (A14), and the Airy stress function solves the biharmonic
equation in orthogonal coordinates.

1. Fixing a hole (demo)

The simplest system to study is an infinite elastic sheet
with a circular hole, of radius R, cut in it under uniform
tension PX. This problem naturally lends itself to polar coor-
dinates, for which the equations for the stress function be-
come
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A standard procedure for solving such problems is to solve
first for the deformation of a continuous sheet under the
proper forces. Second, we solve for a second stress function
respecting the symmetry broken by the force with boundary
conditions o (r=2)=0. The final stress function is given by
the sum of the two stress functions, where the matching con-
dition is given by the stress-free boundary condition at the
edge of the hole.

The components of the stress tensor for a contlnuous elas-
tic sheet under uniform tension PX are (r O—p and (r§(;)
—(7(0)—0 which, by integrating Egs. (1), yreld the stress
functron

)((0) = Py?/2 = Pr2(sin® ¢)/2 = Pr¥(1 —cos 2¢)/4, (5)

from which it follows that the components of the stress ten-
sor are 00)(r) P(1+cos 2¢)/2, 0'(0) o(r)= P(1-cos 2¢)/2,
and o (r) P(sin 2¢p)/2. Clearly, rotatlonal symmetry is
broken 1n the X direction.

In order for the second stress function to respect the bro-
ken symmetry of the system, it must have the form !
=f(r)+g(r)cos 2¢. Since the stress function satisfies the bi-
harmonic equation, we can easily integrate to find

f(r)=ar*log r+br’ +clogr,

g(r) =srP+tr* +ulr* +v. (6)

The first boundary conditions a',(-,l)(r:w) =0 dictate that a
=b=s5=1t=0, leaving

V() = e/ = (6ulr* + 4v/r¥)cos 2.,

o{;q)b(r) =—c/r*+6(u/r*)cos 2 ¢,

a')(r) = = (6ulr* + 4v/r?)sin 2. 7)

Using the final boundary conditions, oﬁl)}(R):—o%)(R), the
remaining constants are found to be c¢=-PR°/2, u=
—PR*/4, and v=PR?/2. Note that even though there are only
two equations for three unknowns, this system is not under-
determined because the constant ¢ cannot depend on ¢. As-
sembling this, the components of the stress tensor are given

by
P R? 4R* 3R*
O'rr(r)=5 l—7+ 1—7+7 cos2¢ |,
P R2 3R*
Tpp(r) == 1 + -1+ "y cos2¢ |,

P 2R* 3R*)\ .
U,¢(r)=—5 1+7—7 sin 2¢, (8)

which may be rewritten, using Eq. (A18), as components of
the strain tensor

1

+ Oy — YO, >
Yz( Y ¢¢)

U=
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1
gy =1 (0pp= Y0,
Y,

1+y

Mr¢ = Y2

Recall that the strain tensor is the relative displacement of
every element from its equilibrium position. In polar coordi-
nates, we have u,,=du,/dr, uyy=(duys d¢)/r+u,/r, and
2u,4=0u 4/ Ir+(du,/ dp)—u,/r, from which it follows that
the displacement vector is

(1+ y)R?

P
=—(1- +
u, 2Y2{( nr

[ ( R4> 4R2} }
+|(A+Y|r=—5|+— [cos2¢(,
r r

P (R*+r)?+yR*-1r)* .
Ugy=-— 2_Y2 3 sin 2¢. (10)

However, if we repeat the above process for an infinite
sheet under hydrostatic compression (or expansion) to linear
order, the rotational symmetry of this system is not broken.
Consider an annulus of inner radius R, and outer radius R
under uniform hydrostatic compression with boundary con-
ditions given by o'(,(r))z—P and 0-(035: a<,°>=o. Clearly, the dis-
placements are purely radial and we need only solve V4u
=0, subject to the boundary conditions o, (r=R;)=—P and
0, (r=Ry)=0. The displacements are given by u.(r)=a/r
+br, from which it follows o,,= 1?—;[—(1 —y)alr*+(1+v)b].
The boundary Cond,i;ziROan determine the values of the con-

01V ]
Ri-Rj
to an annulus under hydrostatic compression is

2
stants a=—Y£2(1+y) and b=—£(l—y)ﬁ. The solution

P R R
wln =y _le(u +P) (- y)r), (11)

with the components of the stress tensor given by

2 2 2
o (r)=—P 2R1 2L2R0,
Ri+Ry r
R} P +R}
Oyg(r)=—P —-2
#o(7) RP+R: 7
o,4(r)=0. (12)

In the case of a finite sheet or a pipe under hydrostatic
compression, there is the well-known von Mises buckling
instability at a critical pressure where the circular hole de-
forms into an ellipse whose major axis is chosen at random
[11]. This critical pressure scales with the ratio of the system
size to the hole radius and, thus, diverges for large systems.
The system we are studying, on the other hand, has an un-
derlying lattice which breaks the rotational symmetry of each
hole. A superposition of the above solutions would not ac-
count for the interaction between holes [12].
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FIG. 1.
coordinates.

Curves of constant a and B are circles in bipolar

2. Fixing a hole (take 2)

Understanding the elastic interaction between holes in an
elastic sheet was, during the first half of the last century, the
subject of much research [12—-18], most of which was dedi-
cated to finding the maximum stress felt along the perimeter
of each hole. While linear elasticity may provide reasonable
solutions to such analysis, we will demonstrate that linear
theory breaks down upon further investigation.

The simplest system accounting for the interaction be-
tween holes is an infinite elastic sheet containing two holes
of radius R, whose centers are separated by distance 2d. This
sheet is then subjected to uniform tension P. The analysis of
this system will closely follow that of Ling [18]. Bipolar
coordinates, defined by

a sinh « a sin B

(13)

*= cosh a—cos B’ Y= cosh a—cos B’
for Be[0,2m),a e (—»,»), are the natural choice for this
problem as lines of constant « or 3 are circles in the xy plane
defined by x*>+(y—a cot B)*’=a® csc®> B and (x—a coth a)?
+y?=a’ csch? a. The system (see Fig. 1) of two equal holes
corresponds to a=*s, s=cosh™'(d/R), and a’=d*-R>.
When the system is under uniform tension P, the compo-
nents of the stress tensor are o, =P, o,,=P, and 0,,=0. By
integrating Egs. (1), the stress function for an infinite system
under uniform tension is

Pa?cosh a+cos B3

(P +yH) = (14)

P
o_P
X755

2 cosh a—cos B’

Using the method outlined in the previous section, we under-
take the tedious calculation, detailed in Appendix A, Sec. A
1, to find the equilibrium configuration of this system. The
results for uniform compression and tension are displayed in
Fig. 2. Upon further analysis of the compressed system,
large-enough values of P yield overlapping solutions for the
displacement vectors, signaling the breakdown of the linear
theory.
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FIG. 2. (a) An elastic sheet with two circular holes cut out is
subjected to (b) uniform tension and (c) compression. The dark blue
curves are the boundary of the holes. Other curves show deforma-
tions of the circles in (a) to aid the eyes.

III. LINEAR THEORY OF NONLINEAR ELASTICITY

Even were there no instability in the linear theory of two
elastic holes, the sheer complexity of the equations would
make analytic calculations of increasing numbers of holes a
nearly impossible task, and understanding the mechanism by
which the holes collapse and the shapes they form requires a
nonlinear theory of elasticity. Thus, we turn to the theory of
cracks for inspiration. In the linear theory of elasticity, cracks
can be described by a continuous distribution of parallel dis-
locations [19,20]. The stresses in a body due to a crack are
the same as the stresses in an isotropic body with a distribu-
tion of dislocations with the same height profile as that of the
crack. As a first approximation, we model each of the col-
lapsed holes as a pair of oppositely charged dislocations,
known as a dislocation dipole [21]. This formalism allows us
to recover the same physics by the simple numerical mini-
mization of algebraic equations, once described by a com-
plex system of coupled differential equations.

In continuum elasticity theory, a dislocation dipole mod-
els an infinitesimally thin bit of material inserted into (or
removed from) the bulk medium along the dipole vector
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FIG. 3. Two dipoles of strengths d; and d, are separated by
R.

d(x). This causes relatively large displacements in the im-
mediate vicinity of the dislocation, which rapidly relax.
However the effects of such a deformation are felt far away
from the dislocation. Consider any closed contour y which
surrounds one end of the dislocation dipole. As this circuit
is traversed, the displacement vector changes incrementally
by the Burgers vector b, a finite amount given by b;
=—5ﬁ7du,-=—957%;dxk [19]. A dislocation dipole connects a
pair of antiparallel Burgers vectors of the same magnitude.

In our system, the elastic sheet itself can be accurately
modeled by linear elasticity theory; however, the free bound-
aries of the holes do not. Thus, we consider the stresses in
the system not to be caused by the details of the deformation
at the boundary, but by vacancies described by dislocation
dipoles whose centers coincide with the centers of the origi-
nal holes. Such deformations in continuum systems are more
readily described by a continuous distribution of dislocations
denoted by the tensor p;.. As more parallel dislocations are
added, their profile begins to form the outline of a macro-
scopic vacancy (or inclusion), h;(x)=[*p;.dx;.

A. Filling a crack

Our model system consists of an isotropic solid where
each collapsed hole is represented by a thin line of material
that has been taken out of the system or a dislocation dipole.
The Burgers vector for a dislocation dipole of strength b with
dipole vector d located at r is

N d d
b(x)=2 X db{— 52<x -5 —r) + 52<x + 2 —rﬂ (15)
or, in Fourier space,
12N Jiqrcos 0 o: qd
b(q) =2ibZ X de' sin Y cos(6- 6,)

~ ibgz X de'?" % cos(6 - 6,), (16)

where 6 is angle of ¢ and 6, is the direction of the dipole and
we have, in the spirit of the dipole approximation, taken the
lowest-order term in d=|d|.

The interaction energy of two dipoles d; and d, both of
strength b separated by R, see Fig. 3, is given by

_ Y,bdid, f , [g % (Zxd)]lgx (¢ xdy)]
T 2m? q*

X [ig cos(0— 0,)|[— ige R0 cos(6— 6,)], (17)

where d; is at the origin; a derivation of which appears in
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Appendix B, Sec. B 1. After carrying out the integration (see
Appendix B, Sec. B 2), the pairwise interaction between two
dislocation dipoles is

Y, b*d,d,
Ep=——"—"7"
T R

(cos(b’l + 6,)sin 6, sin 6, + j—‘) (18)
Note that the interaction energy is invariant under 6, — 6,
+m and 6, — 6,+ m, which reaffirms that each collapsed hole
is represented by a line, not a vector. The total interaction
energy of an array of dislocation dipoles is merely a sum of
all pairwise interactions because we are using linear theory.
The centers of the initial holes set the position of each dis-
location dipole, but they are allowed to rotate freely. The
equilibrium state minimizes the free energy over the angle
each dipole makes with respect to a fixed axis.

1. 2X2 diamond plate plaquette

The simplest case consists of four holes located at
{*a/2, = a/2}. Because all four holes have the same radius,
their dipole vectors should have the same magnitude. We
minimize the energy functional, composed of the sum of six
pairwise terms,

2
Eyxo=- 2—2[008(01 + 6,)sin 6, sin 6,
Ta
+ cos(6; + 6,)sin 65 sin 6,

. LA T
+cos(0;, + 63 — w)sm( 0, - 5)sm< 05 — E)

. T\ . T
+cos(6, + 6, — Tr)s1n< 0, — E)sm( 0, — E)

1 LA A ™
+ —cos| 6, + 6, — — |sin| 6, — — |sin| 6, — —
2 2 4 4
1 37 . R AW 3
+ —cos| 6, + 03— — |sin| ,— — |sin| 3— — | |,
2 2 4 4

(19)

over each of the angles, which are measured with respect to
the x axis. Minimizing with respect to the four angles, we
find 6,=6, and 6,=6; by symmetry and

sin 460, — cos 26, — 4 sin 2(6, + 6,) =0,

sin 46, + cos 26, — 4 sin 2(6, + 6,) =0. (20)
The minimum (see Fig. 4) is
1. (1 T
01=551n ]<E)=02_5' (21)

While one might have postulated that the lowest-energy con-
figuration would have 6,=0 and 6,=/2, it turns out that the
energy is slightly lowered if these angles are slightly shifted.
This is due to the finite size of our system—as we shall see,
for larger systems, the dipoles align along the crystal axes
and there is a boundary effect which distorts the dipole di-
rections at the edges.
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FIG. 4. The ground-state orientation of the 2 X2 plaquette.

2. We had to count them all: n X n systems of holes

Here, we extend the calculation from the previous section
to study the ground state of an nXn lattice of holes. One
might wonder how we can study larger and larger systems
since the interaction only falls off as 1/R?. Because the in-
teractions are between dipoles, the interaction energy at large
distances decreases because the angle of the dipoles rotates
around the circle. Indeed, consider the interaction of a single
dipole at the origin with N>~1 other dipoles in an Na X Na
lattice. The angular dependence in Eq. (18) will wash out the
power law if the dipoles rotate through 27 uniformly. As we
will see in the next section, this is precisely what happens as
shown in Fig. 5.

For these larger arrays of holes, the sheer number of
coupled equations makes it impractical to find solutions by
hand and we use MATHEMATICA to solve the many coupled
nonlinear equations. We find the orientations of the ground
state of each lattice. We find that the diamond plate order of
the 2 X 2 plaquette persists for larger and larger samples with
increasing alignment along the lattice directions.

B. Stretching the lattice

In experimental systems [7], the elastic sheet was
stretched in a specific direction before allowing it to swell,

TR A
- | e | e | - =,
=l T

L7 gt
\ml=l=l=l- Wiy

N\=\=|=fslt N\S\=|=|=)7/
(c)2d=4 AN ) AN

[ - -‘.“Q ‘;
N A
=}

‘=b

- -

Q?-- 2 W

W 70 \\%

FIG. 5. The ground-state orientations for square lattices of (a)
10X 10, (b) 13X 13, (c) 17X 17, and (d) 20X 20.
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leading to a background stress o,,=T cos ¢, 0,,=T sin ¢.
To calculate the coupling energy between the stretching and
the dipole angle, we will rotate the system, such that the x
axis is defined by the direction of stretching, o, =7 and the
dipole is located at the origin, or

b(q) =ibgZ X d cos(0— 0y + ). (22)
It is most appropriate to use the energy functional E
:ﬁ Jd?x(V2x)?. In Fourier space, the dipole term is given

by V2X i€y 2b (¢) [21] and the stretching term by VZy
=7 5(0) The energy is

1 d*q [ 8q)
) o )2< 2 5(6) — bd cos?(6— 00+¢))
X(—Té%L%®+bdcm%0—dy+¢0, (23)

from which the coupling energy is

bd
stretch = Y 7(; )2f qdqf de— 6( 0)(3052(0 Oy + ¢)
=— Y:(ﬁi)fosz((ﬁ - 6,). (24)

The new term causing the dislocation dipoles to align
with the direction of stretching competes with original inter-
action energy, favoring the diamond plate pattern. Follow-
ing the same minimization procedure as before, we find that
for small tensions, the diamond plate pattern is only slightly
perturbed and for large tensions, the dislocation dipoles
align along the direction of stretching, which may be seen in
Fig. 6.

IV. CONCLUSION

We have created a model system for an elastic sheet with
square lattice circular holes cut out of it. When the sheet is
swollen or, equivalently, subjected to uniform tension, it is
established both via experiment and finite-element calcula-
tions that the holes snap shut. Their major axes align into a
diamond plate pattern with long-ranged order. While our ap-
proach does not predict this nonlinear effect, we are able to
model the interaction between the orientations of the col-
lapsed holes. Our system also corroborates experimental re-
sults of the sheet under external forces. It is difficult to ex-
tend it to an infinite lattice, since the minimization would
then be over an infinite number of angles. An Ewald-type
summation may be used for an infinite system whose unit
cell is the 2 X 2 plaquette. However, this is unlikely to lead to
new insight as the diamond plate order is clearly maintained
for large systems. Moreover, as we show in Appendixes B 3,
the dipole interactions are the dominant terms even for more
general elliptical holes. This method may easily extended to
holes on other lattices and other geometries. We have dem-
onstrated that our linear theory captures the dominant piece
of the orientational ordering of the collapsed holes and can
be used fruitfully to rationally design and prototype new
structures.
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FIG. 6. The 4 X4 and 7 X7 systems of holes are stretched by
tension T¥. For small tensions [in (a) and (d) T=0.1%%], the
diamond plate ground state is only slightly perturbed Whereas for
large tensions [in (b), (c), (e), and (f) T=2 ;b L{z] the holes align
along the X axis, the direction of stretching. In (b) and (e), the angle

of stretching is O e =7/4 from horizontal.

ACKNOWLEDGMENTS

We thank G. P. Alexander, B. G. Chen, C. D. Modes,
S. Yang, and Y. Zhang for useful discussions. This work
was supported by NSF Grant No. CMMI09-00468 and NSF
MRSEC under Grant No. DMR05-20020.

APPENDIX A: LINEAR ELASTICITY IN A NUTSHELL

The theory of linear elasticity describes the deformation
and energetics of a solid body under external force or load.
While this theory was originally developed over a century
ago and has been presented time and again [13,19,22,23],
this brief tutorial will illuminate a few salient features as well
as familiarize the reader to our notation. The goal is to de-
velop the framework for a generalization of Hooke’s law for
solid three-dimensional bodies. When a solid is deformed,
the displacement of every point, x, is described by the vector
u, such that its final positions are given by x'=x+u(x). Let
us first consider two points separated by ds=\dx-dx that are
very close together. After being deformed, their separation
becomes ds’, where ds'?=(dx;+du;)*> using the Einstein
summation convention. By noting du;=(du;/ dx;)dx;, we may
rewrite this as
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du; duy,

du
ds'? = ds* +E( bk
(9xk (‘7

)dx dx;,
dx,  Ox;

=ds?+2>, uﬁcdx,«dxk, (A1)
ik
where ulLk is the Lagrangian strain tensor. However, for small

deformations, we need only consider terms linear in du;/ dx;
and the linearized strain tensor is

1 ( du; &uk>
Up =\ +— .
2 &Xk (9)6,-
In the following, we will rely upon orthogonal coordinates,
£, with  the diagonal metric ds® —hzda +h/3d,32
=2, (h,d§, )? [24]. In general, the orthogonal coordmates are
nonholonomlc but the benefit of orthogonality outweighs this
complication.

What is the linearized Lagrangian strain tensor in our new
coordinates? By definition,

(A2)

ds'* - ds* =2u); b, dé,h dE, (A3)
and
ou; U
ds'*=2, (dx,- + ﬁdxk> (dxi + id)cj) . (A4)
; Xy, Ix;

Since u is a vector, we may write it in either coordinate
system

A

u=ux;=

uﬂéﬂ, (A5)

from which we have u;=2 u M§M~)2i. In order to calculate the

direction cosines, we note that if x;=x,(£,), then

. 1 ax;
b= T2 o

> (ﬂz > G, (A6)
J

We recognize the radicand in the denominator as hi and we

have
x+akx" a§+a§ hagp Su

Using orthogonality, 21@@ =h2s

1O 1t s straightforward to
find

—E[h Py, py v +i<1 ax>&§v

L C0E, TaE,  0E,\h,dE,

(Mx) }/(2hh)
&\ h,d¢,) ¢,

where we only sum over the repeated indices i and p, not w
or v associated with the scale factor 4. In the following, we
will adopt the FEinstein summation convention and, only
when there is ambiguity, will we specify which indices are to
be implicitly summed.

In the spirit of Hooke’s law, there is an energy cost asso-
ciated with displacing every point from its equilibrium posi-
tion. While the general form is quite complicated, to first

(A8)
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order, the energy can be constructed from the linear strain
tensor. Because the strain tensor is a symmetric rank two
tensor, the only two possible scalar invariants that can be
constructed are (u;)* and (u;)>. Because these terms are in-
variants of the system, they cannot depend on coordinate
system. From this, we deduce the form of the energy density
PN 2

€= E(Mtii +2uuy), (A9)
where N\ and u are Lamé coefficients. Since any deformation
may be written in terms of uniform or hydrostatic compres-
sion and pure shear, we rewrite the strain tensor, u;,
=%5I-ku,,+ (uik—(]-iéikuu). The hydrostatic compression is given
by the first term, as it involves only the trace of u;;. The
second term describes pure shear because its trace is zero. In
terms of these quantities, the energy becomes

1 2
- 25ik1411) ],

where the bulk modulus K=\ + (li o and w is the shear modu-
lus.

When a body is deformed, the displaced internal elements
experience forces which tend to restore them to their equi-
librium positions. The volume element bounded by the sur-
faces x=xg, x=xy+ O, y=yo, Y=Yo+ 6y, 2=2¢, and z=z¢+ 67
experiences a force along any surface with normal n, f;
=oyny, where gy, is the stress tensor and

Ao
F’?thédAUﬂ(nk:jdVﬂ'
8xk

In equilibrium, the internal stresses of the system must bal-
ance the external forces exerted upon it; thus, the equilibrium
condition for the system is

1
€= E[Ku,zl + 2y (A10)

(A11)

Jdo;
”‘—f?“_o (A12)
In curvilinear coordinates, this entire discussion can be re-
peated and the stress tensor in these coordinates is merely a
transformation of the stress tensor in Cartesian coordinates

11 ox; 0xk

—_—— — Al3
T S ok, 08, (A13)

where, again, there is no sum over w or v. The equilibrium
conditions become

1(9<lo7x>|:l(9x Lo, | 140,
O\t -0
ivA h &gv h)\ ﬁg}\ h &g h &gv h &gv
— =0, (A14)

where we have followed the same procedure as in the deri-
vation of u m which requires expanding the tensor in both the
X; and éﬂ frames.

The relation between stress and strain follows the argu-
ment in Cartesian coordinates. If the system is deformed an
infinitesimal amount du;, the work done by the change in
internal stresses is the force times the displacement, W
=[dV(doy/ dx;) Suy. When integrated by parts, the work is
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ddu;
W= dAO’lkl’lkéu dVO',k ox
Xk

1 dou;,  Jdou;
2 ox; 0xy,

(A15)

Note that the surface integral vanishes because 0;,=0 at in-
finity. Thus, dE=0y,0u;. By taking the total differential of
Eq.  (A10), dE Kuyduy+ 2y — 3 Syt d = Sauy)
= (Kuy Sy + 2 muy—5 L5.uy))duy, we can rewrite the stress
tensor in terms of the strain tensor, ;=K &yu;—2uuy;
,ku”) or conversely, the strain in terms of the stress,
U= de‘Skulz+2 (O'zk 20on)-

Similarly, it is instructive to consider a homogeneous de-
formation, which has constant stain tensor everywhere in the
volume. For a d-dimensional solid, uniform pressure is ap-
plied to the faces with normals in the *=Z directions. In three
dimensions, for example, we consider the simple compres-
sion of a rod. This implies that on;=p or o, =p. Thus, all
off diagonal components of the strain tensor are zero and the
d1agonal components are uy=p(-= e )/ d, for all [+# z, and

u,. p(— )/ d. The relative longrtudrnal compression is
given by uzz— p/Y,, where
2d°K
= (A16)
2u+ (P -dK

is the d-dimensional Young’s modulus. The ratio of trans-
verse extension to longitudinal compression is given by the
Poisson ratio y=-u;/u,,=(dK-2u)/[(d*~d)K+2u]. Con-
versely, the bulk and shear moduli written in terms of the
Young’s modulus and Poisson ratio are, respectively, K
:in/(l—(d—l)y) and ,u:%Yd/(1+y). The stress tensor is
given in terms of the strain tensor by

o O v
= \up+ —————6; Al7
Tik 147 Uik 1—d=-1)y ikUil ( )
and the converse by
1
Uy = 7[(1 + )0y = Yooyl (A18)
d

The conventional form of the energy is given in terms of Y,
and v,

Y 2
2(1+y) ( -(d- )u”)' (A19)

Now that we have derived the relations between the stress
and strain tensors, the equilibrium condition may be recast in
terms of the displacement vector

Y, (&2_14
2(1+ 1)

If the force only acts through the surface, then f; vanishes in
the bulk and we recover the result that V2V .u=0 from
which it follows that V4u=0.

1-(d-3)y &u
>+
axip 1-(d-1)yox;dx

) —£,=0. (A20)
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1. Identities in orthogonal coordinates

We include these for completeness. These were necessary
for us to study the Airy stress formalism in orthogonal coor-
dinates and we did not find these, presumably known identi-
ties, in any reference.

Consider the general set of orthogonal coordinates,
{a(x,y),B(x,y)}. The new basis preserves length of the
differential line element, ds*=dx*+dy? hzda +h Bd/32
=h2 (% dx+ aady)2+h2(-£dx+ -Ea’y)2 defining the scale func-
tions A~ 2—( )2+(ﬁ”‘)2 and h_@ ( ) (f) However, it is
often more useful to cons1der Carte51an coordinates as func-
tions of the new orthogonal ones, {x(«, 8),y(a,B)}, which
yield an equivalent statement of the scale functions hi

)2+( ~)? and h2 ﬁ;)%(%)z. By transforming from
orthogonal back to Cartes1an coordinates, the differential line
element gives hz( ) +h (dx )2=1 and hz( )2+ hz( )2 1,
from which, we obtarn the rst set of 1dent1t1es

ox ,da  dy i Jda
da “ox’ da oy’
ax LB Iy

9B
- 2
B Pax 9B =ha *9 (a21)

a. Linear elasticity in bipolar coordinates

For clarity’s sake, we take a moment to explicitly write
out the useful equations in bipolar coordinates. From Eq.
(A8), we simply read off the components of the strain tensor

1du, 1 oh 1dug 1 dh
Uge=7"7 + 5 _Ug Ugg=" + 5Ty,
hda h”dB hdB h da

_ 9 (ug| 9 (Ua
2““ﬁ_aa(h>+a/3<h)' (422)

The stress tensor may be written as a function of the Airy
stress function y from Eq. (3)

19 (mx) 1 dh dx
UQLY:__ PPN + 3
hdB\haoB) h’dada’
10 (1ay 1 dh dx
T8~ 3\ o) T
hda\hda h (?,B(?B

~ (azx 10h dx 1(9hax>
7= 12\ 90 9B hoBoa haadB

1 1 ax 1 dx
B 2{(901(/12(9;3) a,(a(hz )] (423)

or in terms of the relative displacement vector, from Eq.
(A17),

Y,
Opu= O,Z(MCW +0uUgg),

Y,
O-,BB= m(uﬁﬂ-'- Uuaa)’
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— Ul (A24)

20'a,3=1+0_

At first glance, it seems an insurmountable goal to solve the
differential equations for the displacements in terms of the
Airy stress function. However, following [14], they become
much more tractable if one considers the terms

_ _(o"(hua) ﬂ(hu@)_L(&z)( &zx>
Taa ¥ OB~ 102\ g g ) \oad  apt)

(A25)
v, [i(b)_i(ﬁé)}
l+o| da\ h B\ h

__ 9 (Lox ! ox
__aa<h2&a> (?,B(hzaﬁ) (426)

or, equivalently, we arrange equations to obtain

i(ﬂ_ Yz(hua))+i(ﬂ_ Yz(hu§)>=
da\da l-o B\ 1-o

Oaa = Opp=

(A27)

from o,,+0pgg and o,,—0gp, respectively. There ex1sts a
functlon G which satisfies Eq. (A27) for which 22 -X

hu and ﬁ: ;X+—hu5 Using these equatlons we
ehmmate i, and ug tﬂ rom Eq. (A26)

& (g)_ h
dadB\h T l+o

where the left-hand side of this equation may be written in

. &7
this manner because Wh
ment vectors are given by

1—01(0_X &)

(O-aa_ O-BB)’ (A28)

=0. Thus, the relative displace-

Uuy,=

Y, h\oa dB8)°
l-olfdy oG

U= U—( X ) (A29)
Y, h\ap " da

Due to the nature of problems in the theory of linear elas-
ticity theory, the most useful identities involve the directional
cosines relating the {a, 8} to the {x,y} coordinates. The unit
Vectors in the new system are given by &= —(—32+ My) and

r?x A

(?B gy) The orthogonality condition a:- B 0 im-

19.7( ox

phes eyt =0. The directional cosines are related be-

dadf " dadp " "
cause B2 = (P (2 2= (2214 (=25 2)2)
I3(EP(Z)2 or
10 19 19 14
Lox 1oy Loy o

where the sign is chosen such that both {¥,y,Z} and {&, ﬁ ,2}
form right-handed orthonormal triads. Thus, under the
change of coordinates {x,y,z}—{a,B,z}, a rank-2 tensor

Ag=agx; o Ap=a,,6,8,
=a;(§,-X)§,(&,-%,)&,, which may be written as

transforms as

PHYSICAL REVIEW E 80, 021604 (2009)

1 z?x &x
a _
e 6§ﬂ z9§V
The derivatives of the directional cosines can be made from
linear combinations of derivatives of the orthogonality con-

(A31)

dition g_;;x + ﬁ 56=0 and the scale functions. For example,
to find -~ L—) ﬁrst note that there are two ways of obtain-

ing thlS der1vat1ve directly,

i(Lﬁ_X) _
da\h,da B

and by taking the derivative of the product of « scale func-
tion and orthogonality condition with respect to «,

by 1

, A32
h2 Ja ﬂa h Ja 9P ( )

(lé'x) <1<9h a0y 9y Py dy
h,oa)ob  h,\h, da dadB  da*dB
Px ox 0—,2y o”y)
T dadBoa dadBia
1 dh,dy dy 1 &y dy _Ohy
_h_zﬂa_aﬁa h 00?8 B’

(A33)

dhy Px_ ox
where we have made use of the definition 9B = Ja9p ia

+(77[7L{% Next, multiplying Eq. (A32) by 7, % and Eq. (A33)

by ( 513)2 and taking their sum, this becomes

2 <1ax) 1 oh, 8y(z9y&x &y&x)_%ﬂ
Baa\h,da h2 da IB\dadB IBIa) IB IP
1 dy(dy #Px odx Py
T &B(ﬁﬁaa Eﬁ)
_ N hydyhy dhaix 1y hydh
" W2 da dBh, 9B IB hadBh, da’
(A34)

By following a the same procedure, the formulae for the
derivatives of the directional cosines are

i(i%)_ 1 9hqx; (Iwc)_ L dhgdx;
da\hgda)  hydB B IB\hyda)  hohg da aﬁ
(1ax> 1 dh,x; <1ax) 1 dhgox
da\hzoB) " hohg o da’  3B\hgop)”  hl oa da’
(A35)

where i=1,2, x;=x, and x,=y. Note that the cross partial
derivatives of the directional cosines are equal

a{ (1ax)} a[ (1&x>] .
Bl da\h,da da| B\ h, da ’

a{ (1(9)5)] a[ (mx)]
=0, (A36)
Bl da\hgzap) |~ dal p\hgap

which leads to our final identity
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d (1 dh d (1 dh
)22

— (A37)
dB\hg I da\h, da

b. Fixing a hole (outtake)

Recall that x is the solution to the biharmonic equation
V4x=0 with respect to the symmetries in our system. The
biharmonic equation when written in terms of the function
x/h has the simplified form

<&4 7 2L 2i 2— 1) =0
gt gt ek Ted T T n T

X
h
(A38)

Similarly, the components of the stress tensor are given by

1 # sinhad sinpd
Oqa= __2_ P ——+
haop a Jda a dB a

cosh a])(
h?

1 # sinhad sinBd cosfB|y
Tpp=| 3" 4 a8t 0
hia a Jda a dB a |h
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! f(g
BT oaaB\n)

Our system, while undergoing uniform hydrostatic compres-
sion, is described by the stress function in Eq. (14),
NOR

——P—( h a+ )
h—zcosa cos B),

(A39)

or, equivalently, is given by the components of the stress
tensor

(0) (0) P (0) — 0

Coa=0pp= O = (A40)

We aim to find solutions to the biharmonic equation that are
even in both « and S. Thus, the Airy stress function is given
by

(1)
XT = C(cosh a - cos B)log(cosh a—cos B)

+ E ¢, (a)cos nB, (A41)
n=1

where ¢,(a)=A, cosh(n+1)a+B, cosh(n—1)a. The compo-
nents of the stress tensor corresponding to this Airy stress
function are

o) =- 2—(cosh 2a—2 cosh a cos B+cos 28) + — ¢ ()
a a

o

+ L %[fnﬂ(a) -2 cosh af,(a) + f,_i(a) — 2 sinh ag,(a)]cos np,
=1

2a,_

(1) C 1 1 1
Opp= —(cosh 2a—2 cosh @ cos B+ cos 28) + — (@) — — @] ()
2a a 2a

m _

where f,(a)=(n+1)n(n-1)¢,(a) and g,(a)=n¢,(a). The
boundary conditions require that there should be no stress at
infinity (a=0), hence

> [A,+B,]=0
n=1

and the normal and tangential stresses must vanish along the
edges of the holes, located at a= = s. Thus, the constants A,
B, and C must satisfy the following recurrence relations for

(A42)
-> [#,.1(a) =2 cosh ad) (@) + ¢, _(a) + (n+2) P, (@) + 2 sinh ad)(a) + (n=2)p,_(a)]cos nB,  (A43)
n=1
o _ | < .
Tap==" sinh « sin 8- Z% [gy41(a) =2 cosh ag,(a) + g,_(a)]sin nB, (A44)
|
fn+1(s) -2 cosh Sf,,(S) +fn—1(s) =2 sinh sg,,(s),
(A46)
8ns1(5) =2 cosh sg,(s) + g,_1(s) =0, (A47)
(A45) subject to the conditions
2¢,(s)=— 25 — C cosh 2s, (A48)
a
fa(s) =2 sinh sg,(s) =2 cosh s, (A49)

n=2:
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s —2 cosh sf5(s) + f3(s) =2 sinh sg,(s) +2C, (A50)

2 cosh sg;(s) — g,(s) =2C sinh s. (A51)
Using Eq. (A47), we find g,(s)=c N +c,\j5, where \; and \,
are roots of the characteristic polynomial #**!-2 cosh st"
+1"71=0, yielding g,(s)=c,e™™ +c,e™. However, the stress
must be finite everywhere, thus, ¢,=0. Equation (A51) com-
pletes the relation for g,(s) as ¢;=2C sinh s. Because, Eq.
(A46) is a nonlinear recurrence relation, we must consider

fn+2_2 cosh sfn+ls+fns_ %[frwl(s) -2 cosh an(s) +fn—l(s)]
=0. Two of the roots of the characteristic polynomial for this
equation are degenerate; the equation is f,(s)=d,e™
+d,ne ™ +dse’™. From the boundary conditions, we deter-
mine f,(s)=—2K(cosh s+n sinh s)e™. From the definitions
of f,(a) and g,(@), we find that the coefficients A, B,,, and C
satisfy

e sinh ns + ne™ sinh s

A,=2C

n

n(n + 1)(sinh 2ns + n sinh 2s)°

¢ " sinh ns + ne’ sinh s

B,=-2C s
" n(n —1)(sinh 2ns + n sinh 2s)

C
with B, = Etanh s cosh2s+ P, (A52)
and
1 —
C=-P 5+tanhs sinh” s
4% e sinh ns + n sinh s(n sinh s + cosh s) -
o n(n® = 1)(sinh 2ns + n sinh 2s)
(A53)

Now that we have equations for the stresses everywhere, we
may now solve for the field of relative displacement vectors.
Recall that our function G is given by

G_LJJM > 7 x
T l+o adp &az_&ﬁz_ h

2h 0 a B
= 2C| tan™'| tanh—cot— |cos B
l+o 2 2

n=1

+ tan_l(cothgtang)cosh a} + 2 ¢ (a)sinnB(,
(A54)
where y=xV+x" and y¢(a)=A, sinh(n+1)a+B, sinh(n

—1)a. To calculate the displacement field, we will need to
know the following relations:
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(sinh a(— Ph cos B+ C)

a
- [qun(a)sinh - qb,;(a)]cos nﬁ), (A55)
n=1
ZB = (sin B(= Ph cosh a+ C)
- (;Sn(a){gsin B cos nfB+n sin n,B] ) ,
n=1
(A56)
9G__ 2h C( Rin - )
e 1ro wasm acos B+sin B
+, [Zz//n(a)sinh a- z//,’l(a)}sin nﬁ), (A57)
n=1
iG  2h ( h . : )
— == C| 7= cosh a sin f—sinh a
aB l+o0 a

+2 lﬂn(a){gsin Bsin nf3—n cos nﬁ}
n=1

(A58)

These equations, together with Egs. (A29), complete our de-
scription of the system of two holes under hydrostatic com-
pression, which may be seen in Fig. 2. It should be noted that
in the compressed system, there is an instability for large-
enough values of P wherein the displacements intersect each
other, causing overlap in the system.

APPENDIX B: FILLING THE CRACKS:
THE DISLOCATION DIPOLE

We devote this appendix to the technical details of the
mathematical manipulation required to compute the energet-
ics of a lattice of dislocation dipoles.

1. Theory of dislocations

The notion of topological defects is most easily demon-
strated by considering crystals. Let us consider a two-
dimensional square lattice, with equilibrium positions de-
fined by u=(m+1/2)ax+nay, Ym,n €7, where a is the
lattice spacing. Now, we add extra row of points along the y
axis, du=-nad(x)y, n=0, and allow the system to elastically
relax. Far away from the defect, the line integral around a
closed circuit of lattice points enclosing the defect is not
zero, but $du=—ax. Every dislocation can be described by a
Burgers vector b, a constant vector which measures the elas-
tic displacement caused by a defect and is defined by the line

. ;i
integral around the defect core, bizsﬁduizgsgukdxk. When the
Burgers vector is perpendicular to the axis of the line inte-
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gral, as in our example, that is known as an “edge disloca-
tion.” When the two vectors are parallel, the defect is a
“screw dislocation.”

The Burgers vector formalism extends beyond the simple
case of crystals to isotropic bodies. We follow Ref. [21] to
derive the energy of a distribution of defects. It is often more
convenient to deal with the tensor w;=du,/ dx; when dealing
with the energetics of dislocations. By Stokes’ theorem,
$dxwy=$d’xey Iwyl 9x,=2,b; (x), where b;=e€yIwy/ dx; is
the dislocation density. To calculate the energy of a distribu-
tion of dislocations, we relate this description involving w;;
to the Airy stress function. Recall that the stress tensor is
given by oy=¢€;€,5x/(dx;dx;). We can express the strain
tensor and therefore the energy  as ,k =[(1+0)oy
— 8oyl Yo=[(1+0) €6, x/ (9x;0x)) — 58, V*x]/ Y 5. Simi-
larly, the strain tensor may be separated into continuous and
singular components, u;=(w;i—w;k)/2+wk. By applying
the operator €;;€,*/(dx;dx;) to both definitions of u;, we
find that

4 1 0"2 &Zwik
_V = €ij€ul (Wi = wy) + €€k
Y, ) dx; dx Jx; d x;
1 ab; ab ab;
=—_(5ij_—fkl_k> — €. (B1)
2\ Yox; x; Ix;
We now plug this into the energy functional, FE
= %fdzxoy-kuik,
& Ix Ix
=—| &x| (V*x)?+2(1 + 0)€;¢
f |:( X) ( 0-) ij kla (9)61 (9x axl

(B2)

However, the second term is a boundary term which inte-
grates to zero if the system has no net dislocation charge.
Thus, in Fourier space, the contribution to the energy from
the dislocations is given by

_Y2 d’q 5y - qqk

2 o bi(q)b(~q). (B3)

2. Dipole term

Despite the complex form of the integral in the disloca-
tion dipole interaction energy, when completed, it has a sur-
prisingly simple form. The integral becomes tractable by
transforming to polar coordinates and then manipulating the
trigonometric functions. In polar coordinates, the integral in
Eq. (17) becomes

_Y,pdid, [T
= ?277)2 zf dﬁf qdgq cos[— gR cos(6)]
X cos*(0— 6))cos>(0— 6,). (B4)

Employing Bessel function and trigonometric identities, we
find
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da
62()

d/2

6o,

—d/2

FIG. 7. Setup for dipole expansion of an elongated shape sym-
metric about both the x and y axes, in this case, an ellipse.

_ Y,bdid,

T R

. . 1
(cos(ﬁl + 6,)sin 6, sin 6, + Z) (B5)

3. Why we can ignore higher-order terms

Our goal is to prove that we need only consider the first-
order dipole-dipole term when considering collapsed holes.
For simplicity sake, we will study an elongated shape that is
symmetric about both its semimajor and semiminor axes (see
Fig. 7). Here, we consider only shapes for which the ratio of
minor and major axes 2a/d<<1. In the theory of cracks, the
height profile of a crack /(x) may be constructed from a
continuous distribution of finite parallel edge dislocations. A
finite edge dislocation of length € can be thought of as a two
infinite edge dislocations of the same strength but opposite
charge which is given by Burgers vectors situated at b,
=bS(x—4€/2) and b_=-bS(x+1€/2), in other words, a dislo-
cation dipole. Given the height profile of a shape, it is trivial
to construct it from such dislocation dipoles, h(x)=d(x).
Thus, the interaction energy between such a shape made
from dislocation dipoles and a single dislocation dipole d,
located a distance R, away is given by

E=-

Y2b2d2fa d d(x)

S = {cos[q&(x)

™
+ 6,(x)Jsin[ @(x)]sin( 6, (x)) + 3—1} . (B6)

By repeated application of the law of cosines, the functional
forms of R(x), ¢(x)=m/2—a(x), and 0,(x) are
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Y,b%d, d(x)
T RS +x% + 2Ryx sin 6,

R*(x) = R} + x> = 2Rx cos(g+ 00) f=-

2.2 .
=Ko+ 27+ 2Rpx sin . (B7) % (- cos(— 2a(x))cos(alx))cos(F— alx)) + i)

R, sin 6,
a(x) = cos 1( = AT S5 P ), (B8) (B10)
\/RO +x7 + 2Ry sin 6,
0,(x) = 920 - 0y — alx) + /2. (B9)

where 6= 6>, o This may be vastly simplified by expand-
The energy density is ing the angular terms

~ cos O(x + Ry sin 6)*R% cos? 6, + 2 sin O(x + R, sin 6,)R, cos 6,
cos[ G- 2a(x)] = ( 0 b) 02 . 0 : ( 0 )Ry 0’ (B11)
Rj+x“+2Ryx sin 6,

cos 6(x + R, sin 6,) + sin 6R, cos 00

cos[ 60— a(x)] = > (B12)
VR +x% + 2Ryx sin 6,
The energy density becomes
Y,b’d d(x R+ x* + 2Ryx sin 6,)* !
f=- 207dy — (x) : . (Ry oX 0)—2cn(x+A)"
7T (Ry+x"+2Ryx sin 6,) 4 -
4 n
Y b’d d !

-2 W S S — ATy, (B13)

T (R3+x>+2Ryx sin 0p) iy "o m ! (n—m)!

where A=R, sin 6, B=R, cos 6, and the coefficients c, are given by co=B*/4, ¢,=B" cos 6 sin 6, c,=B?*(cos? 6-2 sin? 6)
+B?/2, ¢c3=-3B cos @'sin 6, and c4=—cos? 6+1/4. While the above energy is for general shape of dislocations, we choose a
shape to do the actual calculation. For simplicity sake, we choose an ellipse of major axis d, and minor axis 2a. Thus, d(x)
=dy\1-x?/a*. With the change of variables, y=x/a, our energy integral becomes

Y,b%d, (! doar1—y? S n! )
E=-— ﬁj Ay o H R 62 A ()" (B14)
7Ry J_i [1 + (R—Oy) +25y sin 00] oo mom!(n—m)!

Expanding the denominator for —<1 we find [1+(R y)2+2R y sin 00] 3~[1— —sm 00y+3(R )2(8 sin® Gp—1)y*+---].
Now, we need only do the 1ntegral Jhdy1- 1-y2y"= 2(1 (- 1)")f1\’1 —y2yN for, since V1-y? is even, this integral is
zero for odd integer n. This is very simple using beta functions, which we may see by the change of variables t=y'?,

1 L+n 3 n
f dy' T =y 2y = ﬂ\,l —tt”/2=f A D211 Z 3l = B( l+n g) _ r(54)r) a1+ (=D)"]m-D!!
0

0 Vi 2 °2)7 r(2+%) T 2" (e
(B15)
The interaction energy is thus
Yzb drdoa n! T (m-1)1! (m+1)!!
E=- Aa™ 1+ (-1 27— +3—=(8sin® §— 1)~—=—
mR; Eon% - | DY (5+1)! Rz( ’ )(2+2)1
1
—6 Sln 90\2[1—( l)m]m} (B16)
> !

While this appears to be a complicated expression, let us, for the moment, consider only the first-order term in a,
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- - - -1
" +AB? cos 6 sin 0+A2Bz<c052 f-2 sin® 0+ 5)

243 T i B 41_ 23
3A°B cos 0sin 0+ A 1 cos” 6

_ Yob’dydya [ cos* 4,

4R}

- ~ 1 1 ~
+cos” @, sin’ 60(cos2 6—2 sin®> 6+ 5) + sin* 90(2 - cos? 19)] .

4

+(cos® @, sin Gy — 3 sin® G, cos Gy)cos O sin 6

(B17)

This does not appear to have the same functional form as the original energy. However, with the help of some trigonometric

identities, we begin to simplify the energy

~ 1 ~ ~
cos* @+ sin* Gy(1 —4 cos® 0) = Esinz 26, cos 20+ 1 —4 sin® 6, cos” 0, (B18)
3 . . 3 = . = l . . =
(cos” 6, sin 6, — 3 sin’ 6, cos Gy)cos 0 sin = 1(2 cos 26, — 1)sin 26, sin 26, (B19)
2 5 oz 1 2 2 3 3 in2
cos” -2 sin” 0+ 5 Joos 0, sin” 6y = 3008 26 sin” 26,. (B20)
We now use these identities in the energy to find
Y2b2d2d0a 1 .2 ~ 1 .2 27 1 . . ~ 3 )
0=—"—"—"—5 —| 5sin” 26, cos 20+ — —sin" , cos” §+ —(2 cos 26, — 1)sin 26, sin 26+ —cos 26 sin” 26,
4R2 \8 4 4 8
Y bdydga 1 , ~ o= ,= 1 a1
=——————| Zsin 26,(sin 26, cos 26+ cos 26, sin 26) —sin” O, cos” O — — sin 26, sin 20+ — |. (B21)
4R2 \2 4 4
Now we substitute f= 6,— 6o to find
Y2b2d2d0a 1 . . .2 27 . .7 = 1
0=—""—5 | 5sin 26, sin 26, —sin” 6, cos” - sin @, cos 6, sin 6 cos O+ —
4R2 \2 0 4
Yzbzdzdoa . . 1
=— 4—R(2) cos(6 + 6, )sin 6, sin 6, + 1) (B22)

So we have found that to first order in a/R an ellipse of major axis d and minor axis 2a interacts with a dislocation dipole of

strength d, a distance R, away like a dislocation dipole with effective dipole strength d= mdga/4. Higher-order terms contain
more powers of a/R,, which can be neglected for very thin shapes or for dipoles that are very far away.
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