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ABSTRACT

OVERALL MECHANICAL RESPONSE OF SOFT COMPOSITE MATERIALS WITH
PARTICULATE MICROSTRUCTURE AT FINITE STRAINS

Reza Avazmohammadi

Pedro Ponte Castaneda

Many soft, composite materials manufactured or found in nature consist of a homogeneous ma-
trix phase and a random distribution of micron-sized particles in the matrix. Examples among
engineering materials include reinforced elastomers, microgel suspensions and polymer-matrix com-
posites, whereas biological tissues and fluids, such as intervertebral disc and blood, provide examples
of natural materials. In this thesis, we present homogenization-based models for the overall consti-
tutive behavior of such composite materials when subjected to mechanical loadings. These models
account for the constitutive nonlinearities associated with the local behavior of the matrix and par-
ticle phases, as well as for the nonlinearities associated with possible evolution of the microstructure.
In this thesis, we present models for three different classes of particulate composite materials.

In the first part of this thesis, we propose a new model for the overall constitutive behavior
of particle-reinforced elastomers when subjected to three-dimensional, large deformations. A key
advantage of this model is that it incorporates the change in the orientation of rigid particles as the
deformation proceeds, and therefore also incorporates the major influence of such changes on the
development of material instabilities in the composites. We consider the application of this model
to composites consisting of incompressible elastomers reinforced by aligned, spheroidal particles,
undergoing non-aligned loadings.

In the second part of this work, we present a homogenization-based model for the rheological
behavior of suspensions of soft viscoelastic particles in Newtonian fluids as well as in yield stress
fluids under uniform, Stokes flow conditions. We investigate the effects of the shape dynamics and
constitutive properties of the fluid and particle phases on the macroscopic rheological behavior of
the suspensions.

In the last part of this work, we present a model to estimate the effective behavior of particulate

composites consisting of elasto-viscoplastic matrices and elastic, spheroidal particles, subjected to
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small strains. Here, we explore the effect of the local properties and loading conditions on the effective

behavior and field statistics in these composites for the case of elastic-ideally plastic matrices.
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Part 1

Elastomeric Composites



Chapter 1

Tangent second-order estimates for
the macroscopic response of

particle-reinforced elastomers



In this chapter, we propose an approximate homogenization method to obtain estimates for the
effective constitutive behavior and associated microstructure evolution in hyperelastic composites
undergoing finite-strain deformations. The method is a modified version of the “tangent second-
order” procedure of Ponte Castafieda and Tiberio (2000), and can be used to provide estimates
for the nonlinear elastic composites in terms of corresponding estimates for suitably chosen “linear
comparison composites.” The method makes use of the “tangent” moduli of the phases, evaluated
at suitable averages of the deformation gradient, and yields a constitutive relation accounting for
the evolution of characteristic features of the underlying microstructure in the composites, when
subjected to large deformations. Satisfaction of the exact, macroscopic incompressibility constraint
is ensured by means of an energy decoupling approximation splitting the elastic energy into a purely
“distortional” component, together with a “dilatational” component. The method is applied to
elastomers containing random distributions of aligned, rigid, ellipsoidal inclusions, and explicit ana-
lytical estimates are obtained for the special case of spherical inclusions distributed isotropically in
an incompressible neo-Hookean matrix. In addition, the method is also applied to two-dimensional
composites with random distributions of aligned, elliptical fibers, and the results are compared with

corresponding results of earlier homogenization estimates and finite element simulations.

1.1 Introduction

Particle- and fiber-reinforced elastomers are a prominent class of soft materials that have found a
wide range of applications in industry. A few examples of such applications include car tires, flexible
underwater vehicles, and compliant aircraft structures. In particular, carbon-filled and silica-filled
rubbers are two important groups of particle-reinforced elastomers used for technological purposes
(O’connor, 1977; Bergstrom and Boyce, 1999; Wang et al., 2001; Bouchart et al., 2010; Leblanc,
2010). Also, there is a large class of thermoplastic polymers, which exhibit elastomeric behavior,
and they are referred to as thermoplastic elastomers. These materials are block copolymers where
the hard glassy blocks self-aggregate into a particle phase that is embedded in a matrix of the soft
elastomeric blocks, thus leading to a particulate microstructure with an overall elastomeric response
(Honeker and Thomas, 1996; Park et al., 2003). Moreover, elastomer-like, heterogeneous materials
with particulate/fibrous microstructures are also naturally present in the form of biological tissues,
such as arterial walls, ligaments, annulus fibrosus, etc. (see, e.g., Quapp and Weiss, 1998; Loocke
et al., 2006; Limbert and Middleton, 2006; Chen et al., 2011; Miri et al., 2014).

As a consequence, investigations to characterize the effective behavior of elastomeric composites
with random particulate microstructures are very timely. With this goal in mind, two different
nonlinear homogenization methods have been developed recently for elastomeric composites under
large deformations by means of variational principles (Ponte Castafieda, 1991), namely, the so-
called “tangent second-order” (TSO) method (Ponte Castafieda and Tiberio, 2000; Lahellec et al.,
2004) and the “generalized second-order” (GSO) method (Ponte Castaneda, 2002; Lopez-Pamies
and Ponte Castatnieda, 2004, 2006a). These methods make use of suitably designed variational
principles for the properties of appropriately defined “linear comparison composites” (LCC), which

are fictitious composites with the same microstructure as the original nonlinear composites, but



with linear properties. The distinguishing features of the second-order methods are that: (1) they
rigorously incorporate full dependence on the nonlinear constitutive behavior of the constituent
phases, (2) they are exact to second-order in the heterogeneity contrast (hence their name), and
(3) they account for statistical information about the underlying microstructure in the undeformed
configuration, as well as for its evolution, resulting from the finite changes in geometry caused by
the applied finite deformations. The latter is essential in homogenization of hyperelastic composites
as the evolution of the microstructure can have significant geometric softening or stiffening effects
on the overall response of the material, which, in turn, may lead to the possible development of
macroscopic instabilities.

The TSO method, which was proposed by Ponte Castaneda and Tiberio (2000) building on ear-
lier work for viscoplastic composites (Ponte Castaneda, 1996; Ponte Castaneda and Willis, 1999),
identifies the modulus tensors of the phases in the LCC with the tangent modulus tensors of the
hyperelastic phases, evaluated at the phase averages of the deformation fields in the LCC. The GSO
method, which was developed by Lopez-Pamies and Ponte Castafieda (2004, 2006a) building on
earlier work for viscoplastic composites Ponte Castanieda and Tiberio (2000), makes use of addi-
tional information about the second moments of the fluctuations of the deformation gradients in
the LCC to define an alternative linearization of the nonlinear constitutive response of the hypere-
lastic phases leading to more accurate predictions, especially at higher concentration of the phases.
Given the highly nonlinear character of these homogenization problems in finite elasticity, the first
applications of these methods were carried out in the context of two-dimensional idealizations of the
microstructure. Thus, using the TSO method, elastomers with random and periodic distributions
of circular particles were considered by Ponte Castaneda and Tiberio (2000) and Lahellec et al.
(2004), respectively. Also, Lopez-Pamies and Ponte Castafieda (2006b) studied the application of
the GSO method to two-dimensional composites containing random distributions of aligned rigid,
elliptical fibers in an elastomeric matrix. More general results for fiber-reinforced elastomers sub-
jected to three-dimensional loading conditions with periodic and random distributions of fibers have
been provided by Brun et al. (2007) and Agoras et al. (2009a,b), respectively, by means of the GSO
method. In addition, Bouchart et al. (2010) have presented an application of the TSO method for
three-dimensional reinforced rubbers, while Racherla et al. (2010) provided an application of the
TSO method for polydomain thermoplastic elastomers with lamellar microstructures.

Also, it should be mentioned that a novel homogenization approach for hyperelastic composites
has been proposed recently by deBotton (2005), and developed further by deBotton et al. (2006)
and Lopez-Pamies and Idiart (2010), building on earlier work for nonlinear composites with “se-
quentially laminated” microstructures (Ponte Castaneda, 1992; Hariton and deBotton, 2003; Idiart,
2008). This approach is based on sequential lamination, which has been used extensively for linear
composites to demonstrate optimality of bounds (Milton, 2002a), and has been used more recently
in the context of finite elasticity (deBotton, 2005; deBotton et al., 2006; Lopez-Pamies and Idiart,
2010). These iterated methods have the distinct advantage of producing “exact” results, unlike the
linear comparison methods, which only provide variational approximations. However, the classes of
microstructures that can be considered are much more restrictive and there is no precise control on

the typical microstructural variables such as particle shape. Instead, use is made of two-point cor-



relation functions for the particulate phase, which typically exhibits highly distorted and physically
unrealistic shapes. In addition, this technique generally leads to partial differential equations (of the
Hamilton-Jacobi type) for the effective behavior, which have only been solved exactly for some very
special geometric configurations and very specific constitutive models (essentially, neo-Hookean).
More generally, numerical (or other types of approximations) are required to obtain explicit results
by the lamination methods. By contrast, the linear comparison methods can handle much more
general classes of constitutive behavior for the phases, as well as microstructures, including, for
example, polydomain elastomeric systems (Racherla et al., 2010).

In spite of the significant progress that has been made to date, there are still significant barriers
for the general implementation of all the presently available nonlinear homogenization methods for
hyperelastic composites. The TSO method is the easiest to use, but it can give unreliable esti-
mates for large concentrations and strongly nonlinear behavior of the constituent phases, including
the failure to capture (unless appropriately modified) the overall incompressibility constraint for
incompressible phases. The GSO method seems to provide the most reliable predictions, but it is
more difficult to use than the TSO method and thus far has only been used for continuous fiber
composites. On the other hand, the “sequentially laminated” homogenization is the most recent,
and thus far it has only been used successfully for neo-Hookean phases, requiring the solution of
difficult nonlinear PDE more generally.

The main goal of this chapter is to develop a general, three-dimensional model based on the T'SO
method of Ponte Castaneda and Tiberio (2000) for the effective behavior of elastomeric composite
materials subjected to finite deformations. In particular, in this chapter, we provide analytical
estimates for the effective behavior of dilute and non-dilute composites that are capable of accounting
for general (ellipsoidal) particle shapes and distribution, as well as general three-dimensional loading
conditions (including nonaligned loadings). In addition, evolution laws are provided for the relevant
microstructural variables, including particle orientations. The new estimates recover the exact overall
incompressibility constraint for the special case of rigidly reinforced elastomers with incompressible
matrix phases. Furthermore, in this chapter, the principal features of this model are examined
within the context of 2-D and 3-D examples. In the 2-D example, we consider elastomers reinforced
with cylindrical fibers of elliptical cross-section under (transverse) plane-strain loading, while in the
3-D example, we consider class of statistically isotropic composites consisting of an incompressible,
elastomeric matrix reinforced by rigid spherical inclusions. It is worth mentioning that the resulting
constitutive model can be used to detect macroscopic material failure in the form of loss of strong
ellipticity (or rank-one convexity) of the associated homogenized behavior (Geymonat et al., 1993),
although this will be pursued in detail in Chapters 2 and 3.

This chapter is organized as follows. Sections 1.2 and 1.3 describe in some detail the tangent
second-order homogenization method. Section 1.4 presents the main results of this chapter, namely,
the derivation of the homogenized constitutive relation for particle-reinforced elastomers with general
ellipsoidal microstructures and incompressible matrix behavior, including the development of evolu-
tion laws for the average orientation of the particles with the deformation. The principal features of
this model are examined within the context of 2-D and 3-D examples, respectively, in Sections 1.5

and 1.6. Thus, Section 1.5 deals with the application to elastomers reinforced with cylindrical fibers



of elliptical cross-section under (transverse) plane-strain loading. More specific results are presented
and compared with corresponding GSO estimates for composites with circular fibers, as well as with
FEM results from the literature. In Section 1.6, the results of Section 1.4 are applied to the class
of statistically isotropic composites consisting of an incompressible, elastomeric matrix reinforced
by rigid spherical inclusions. In both examples, the influence of the particle volume fraction, ma-
trix properties and loading conditions on the macroscopic behavior of the composite is investigated.

Finally, some conclusion are drawn in Section 1.7.

1.2 Hyperelastic Composites

Consider a material consisting of N different (homogeneous) phases, which are assumed to be dis-
tributed randomly in a specimen occupying a volume )y with boundary 0€y in the undeformed
configuration. Furthermore, the characteristic length-scale of the inhomogeneities (e.g., particles, or
voids) is much smaller than the size of the specimen and the scale of variation of the loading con-
ditions. Let the position vector of a material point in the undeformed configuration 2y be denoted
by X, with Cartesian components X;, i € {1,2,3} and the corresponding position vector in the
deformed configuration €2 be denoted by x, with components z;. The deformation gradient tensor
represented by F has components F;; = 0x;/0X; and is required to satisfy the material impenetra-
bility condition: J = det F(X) > 0 for all X € Q. In addition, let F = RU where U and R stand
for the stretch and (rigid-body) rotation tensors, respectively, and let C = FT F = U? denote the
right Cauchy—Green deformation tensor.

We assume that the constitutive behavior of the phases is purely elastic and characterized by the
stored-energy functions W) (F) (r = 1,..., N), which are taken to be nonconvex functions of the
deformation gradient tensor F, such that the local energy function of the composite may be written

as

N
WX F) = 310 (X)W (F). (11)
r=1
In the above equation, the characteristic functions x"), describing the distribution of the phases
in the reference configuration, are such that they equal 1 if the position vector X is inside the
phase r (i.e., X € Qgr)) and zero otherwise. The stored-energy functions W () (F) are assumed
to be objective, namely, W) (QF) = W) (F) for all proper orthogonal tensors Q and arbitrary
deformation gradients F, so that W () (F) = W) (U). The local or microscopic constitutive relation
for the composite is then given by
OW (X, F)
S = ? 1.2
sl (12)
where S stands for the first Piola-Kirchhoff stress tensor.

Following Hill (1972), the effective stored-energy function W of the composite elastomer is defined



by

—~ (r)
. (r)
W(F) = W(X,F)) = E , 1.3

(F) F?E?F)< ( F?EDF) “ < )> ( )

where K (F) denotes the set of kinematically admissible deformation gradients:

K(F) ={F|3x = x(X) withF = Gradxand J > 0inQy, x = FX on 9y } . (1.4)
In the above expressions, the triangular brackets (-) and (-)(T)

undeformed configuration) over the domains 2y and Qér), respectively, so that the scalar c(()T) = <X(T)>

denote volume averages (in the

indicates the initial volume fraction of the phase r.

In the neighborhood of F = I (where I is the second-order identity tensor), the solution of the
Euler-Lagrange equations associated with the variational problem (1.3) is unique, and gives the
minimum energy. As the deformation progresses into the finite deformation regime, the composite
may reach a point at which this “principal” solution bifurcates into lower energy solutions. This
point corresponds to the onset of an instability, beyond which the applicability of the “principal”
solution becomes questionable. However, it is still possible to extract useful information from the
principal solution by computing the associated macroscopic instabilities from the loss of strong
ellipticity of the homogenized behavior. Based on these remarks, in this work, we will estimate the

overall behavior of composite elastomers by means of the effective stored-energy function

W F) = stat Zcr)< )>(), (1.5)

FeK(F)

instead of solving the variational problem (1.3). From its definition, it is clear that ﬁ//(f‘) = W(F)
from F= I up to the onset of the first instability, beyond which ﬁ//(f‘) < W(F) Moreover, it is often
the case (Geymonat et al., 1993) that the first instability is indeed a long wavelength instability, as
characterized by the loss of strong ellipticity of W(F) Furthermore, it is worth stating that W(F)
is an objective function of the macroscopic deformation gradient F, by virtue of its definition (1.5)
and of the objectivity assumption for the W),

Noting that under the affine boundary condition (F) = F, and defining the average stress S = (S),

the effective constitutive relation for the composite is given by Hill (1972)

oW

S = —=(F). (1.6)

In the next section, we present a concise review of the “tangent second-order” homogenization

procedure, including its specialization for the case of two-phase elastomeric composites.

1.3 Tangent Second-Order Method

In this section, we recall the tangent second-order (TSO) method of Ponte Castafieda and Tiberio
(2000) (see also Ponte Castaneda (1996); Ponte Castaneda and Willis (1999)) in order to generate



new estimates for the effective stored-energy function W(F) for the above-described elastomeric
composite. The main concept behind the TSO method is the construction of a fictitious “linear
comparison composite” (LCC), with the same microstructure (i.e., same characteristic functions
x") (X)) as the actual (nonlinear) composite material (in the undeformed configuration). The con-
stituent phases of the LCC are identified with appropriate linearizations of the given nonlinear phases
resulting from suitable variational principles. This allows the use of already available methods to
estimate the effective behavior of linear composites to generate corresponding estimates for nonlinear
composites.

Similar to relation (1.1), the local stored-energy function of the LCC can be formally expressed

as
N

Wr(X,F) =Y yO(X) Wi (F), (1.7)

r=1

where W:(FT)(F) is the energy potential of phase r in the LCC, which may in turn be rewritten in the

form

. 1
wi(F) = £ 4+ T . F + 5F LOF, (1.8)

where the “thermal stress” T(") and “specific heat” f(") are defined as
T — S(T)(F(T)) —LOFO ) =) (F(T)) N COR GO EF(T) LOFM (1.9)
, 5 . .

In these expressions, the F(") are constant, reference, second-order tensors, while the L(") are uni-
form, (major) symmetric, fourth-order tensors, which are usually identified with the tangent modulus

tensors of the phases, evaluated at the corresponding reference deformations F(") i.e.,

2117 (r)
@ — ™ ey = IV e
L L, (F'") 5F OF ( ). (1.10)
In addition, use has been made of the notation
(r)
n - IW (F(). (1.11)

OF

If all the phases in the LCC are characterized by potentials of the form (1.8), it follows from the
linearity of the problem that the effective potential of the LCC can be written as (Ponte Castaneda
and Tiberio, 2000)

N S
WT(F):f+T-F+§F-LF, (1.12)
where L is the effective modulus tensor of the linear-elastic comparison composite, and T and f are
the effective thermal stress and specific heat, respectively. For two-phase composites, the expressions
for T and f are given by Levin (1967); Ponte Castafieda and Tiberio (2000)

T =T+ (L - L)(AL) AT, (1.13)



f=f+ %AT(AL)_l . (L — L)(AL) 'AT, (1.14)

where AT = T —T®@) and AL = LY —L®_ Furthermore, f, T, and L are the volume averages
of f; T and L. Using Egs. (1.13) and (1.14) in (1.12), the effective potential associated with the

LCC for two-phase composites can be written as
Wy = f+= (ALO) AT . (L - L)(AL)"'AT + [T + (L —L)(AL)!AT| -F + %F -LF. (1.15)

Within the context of the tangent second-order theory, Ponte Castaneda and Tiberio (2000)
made use the prescriptions F(") = F() for the LCC and obtained the following estimate for the

stored-energy function of N-phase, hyperelastic composites

ZN:C { WO ED) 4

r=1

(F —FM). S(T)(F(T))} , (1.16)

l\D|P—‘

where the variables F(") are the phase averages of the deformation gradient field in the LCC. For
two-phase composites, F(!) and F(2) are determined by means of the system of equations (Ponte
Castanieda and Tiberio, 2000)

F=c"FO 4 PFO), (1.17)

_ _ 1 - _ o
P = F - — (AL) (L - {As +LOFE - FO) —LOF - F(2))} , (1.18)
o
where AS = S(F(M)) —S)(F(2)), and the first equation describes as the overall average deforma-

tion condition. After some algebra, Eq. (1.18) can alternatively be written in the form
F-FO® = [P@L L) ¢ (AL)_l] [L<1>(F<1> _F@) As] . (1.19)

In this work, we make use of the generalized estimate of the Willis type (Ponte Castaneda and
Willis, 1995; Willis, 1977) for the effective modulus tensor L of the LCC. This type of estimate is
known to be quite accurate for the type of “particulate” random microstructures, up to moderate

concentrations of inclusions. For two-phase composites, this estimate is given by
- -1
L=L® + 2 [Vp - (AL)*} (1.20)

where the microstructural tensor P contains information about the shape and distribution of the par-
ticles in the undeformed configuration (Ponte Castanieda and Willis, 1995). The general expression

for the components of the tensor P associated with an ellipsoidal inclusion, defined by
Do ={X: X"(Z{Zo)X < 1}, (1.21)

in an infinite matrix with the elastic modulus tensor L"), is given by



1

1r|Zo| ‘5‘:1Hij’“(§) [€7(21 Zo) €] * s, (1.22)

Pijr =

where the symmetric, second-order tensor Zg serves to characterize the shape and orientation of the
inclusion. In addition, H is a fourth-order tensor with components B, () {;&, and B denotes the

inverse of the acoustic tensor K with components
Ki = L (€ &6 (1.23)

Making use of the Willis estimate (1.20), the implicit tensorial equation (1.19) for the variable F(2)

may be re-written as

F-F® =(1-P)PLOEFED —F®)_As]. (1.24)

In summary, the variational estimate (1.16) for two-phase composites depends explicitly only on
the variables F(") and F(® corresponding to the average values of the deformation gradient over the
phases of the chosen LCC with the strain energies defined in (1.8). Hence, the implementation of this
estimate, in general, requires the calculation of the 18 unknown components of F) and F®) using
the relations (1.24) and (1.17), which constitute a system of 18 scalar, algebraic equations. Having
computed these components for given macroscopic loading, phases characteristics and microstruc-
ture, the second-order estimate for the effective stored-energy function T/I\/(F) for particle-reinforced

elastomers can be, in turn, obtained from (1.16).

1.4 Rigidly Reinforced Composites

1.4.1 Tangent Second-Order Estimates

In this section, we confine our attention to the special case of rigid particles, and our objective is to
obtain a simplified form for the effective stored-energy function (1.16) and the associated kinematical
equation (1.19) in this case. In order to characterize the constitutive response of the rigid particles,
we assume without loss of generality that the stored-energy function of the particle phase is given
by

WE(F) = %u(” [tr(FTF) — 3 — 2In(det F)] + %u’(” (det F —1)2, (1.25)

such that the rigid behavior of the particles is obtained by taking the limit as the Lamé moduli p(?)
and 1/ tend to infinity. It should be remarked that the stored-energy function (1.25) is zero if
and only if F = R, where R stands for a rotation tensor. This indicates that the particles can only
undergo a rigid-body rotation in the limit p(?), 1/?) = co.

Introducing the small parameter ¢, defined by
v=1/p® =a/p'®, (1.26)

in which « is an arbitrary constant, we consider the following regular expansion for F(®) as ¢ tends
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to zero
FO =F» +.F? + 002 (1.27)

The corresponding asymptotic expansions for (F(?)~! and J?) = det F®) are given by

(B = [F) + F? +0(2)] "= (B) ' —o(B) BV EC) T +0(P),  (1.28)
J® = JP 4 7 4 o), (1.29)
where
TP = det F{, (1.30)
TP =t [(Fg”) Fgﬂ , (1.31)

in which the superscript * refers to the adjugate tensor.
Next, using the strain energy (1.25), along with the expansions (1.27)-(1.29), the nominal stress

expansion in phase 2 is written as
S@FE®) = ,718% 18P 1+ 0(), (1.32)

where
S =% — (FF) T +alP (I - )ES)T, (1.33)

and
S =FP +[1 - aJP(IP - DIED)TED)TED)T + P @I - DEP)T. (1.34)

Moreover, the average rotational balance equation in phase 2 (which is a consequence of the objec-

tivity of the chosen strain energy)
(FHTS?) = (SHTF®), (1.35)

reduces to
[(F)T — (FD)HFP + ET(E)T - B+ 00) =0, (1.36)

by means of Eqs. (1.27) and (1.32)-(1.34).
In addition, making use of the overall average deformation condition (1.17), it follows that the

average deformation gradient in the matrix is given by
FO =F" +0() (1.37)

where F((Jl) =(1- 082))_1(1_7‘ - 082)1_7‘,(32)). (Note that higher-order contributions will not be needed,

and will therefore not be detailed here.)
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Noting the asymptotic expansion W) (F(2) = W) (F((f)) +O(¢) for the stored-energy function
of particles, and making use of relations (1.27), (1.32) and (1.37), the second-order estimate (1.16)

for the rigidly reinforced elastomers can be shown to reduce to

— 1 _
W(E) = 50" (F - F(Y) -89
+ (1= ) WO EG) + o6 WO (FF)

1 o _ _
+ §c§f) (F-FP). [sg") —sOED) —F@. S(_Qi] +0(). (1.38)

Remembering that the computation of F((Jl) and S(zi requires the evaluation of the tensor F((J2)

and that the variable f‘f) can be eliminated in favor of 582) by means of Eq. (1.34), the calculation
of the above expression requires the determination of the variables F(()Q) and 882). To this end, we
consider next the expansion of equation (1.19) to obtain a tensorial equation for the deformation
gradient 1_7‘((32).

Thus, setting L(?) equal to the tangent modulus tensor (Ponte Castaneda and Tiberio, 2000) of
the particle phase, L = L?(F®) = 92 W® /oF OF (F(?)), it follows from the definition of the

strain energy (1.25) that L® can be expanded as
L@ =, 'L + 0(.0), (1.39)

where
L = {Z-2)+alJ2/ - DF T @F 7 +J(J = DA} p_ge - (1.40)

In this last expression, Z is the fourth-order identity tensor with components Z;;r; = ;165 and the

components of the fourth-order tensor X read as
Xijw = —F; "L (1.41)

Next, assuming that L) is of order one and making use of the expression (1.39), AL = L) —L(®)
can be expanded as (AL)~! = —; (L'}))~1 4+ 0(:2). Substituting this expansion, along with relations

(1.27), (1.32) and (1.37), into (1.19), it reduces after some algebra to
D8P 4T (F-FP) + P SOEM) - siP] - (ﬂo - L<1>) L) 18?) + 0() =0, (1.42)

where we have used the notations

T=Lo—(1-c?)"'LO, (1.43)
and Ly = L LD os” Thus, expression (1.42) gives rise to the following system of equations
—00
2) =2 =(2)y— #(2) /72 = (2)y—
S® =FyY — ()" + adi? (5 - DEP) T =0, (1.44)
T(F -F?)+ P sOEFEM) -s?) =o. (1.45)
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Noting that equation (1.44) should be satisfied for an arbitrary constant «, it is deduced that the

following equations must be satisfied

FP - )T =0, and JPP - 1)(EP)T =o0. (1.46)

The first equation implies that Fgf) is an orthogonal matrix denoted by

F” =R®), (1.47)

while, recalling the definition jé2) = det 1_7‘((32), it can be seen that the second equation is identically
satisfied as well. This result implies that the reinforcement undergoes an average rigid rotation R(%),
as expected on physical grounds. This result is also consistent with the expectation that the stress
S given in (1.32) should remain bounded in the extreme case of rigid particles. In this connection,
it is interesting to note that the average balance equation (1.36) is automatically satisfied due to
the orthogonality result (1.47).

In turn, in the limit of rigid particles (¢ — 0), the average deformation gradient in the matrix

phase can be written as

FO =F) = (F — cR@), (1.48)

— C

where ¢ = cgf). Accordingly, the equation (1.45) reduces to
T(F-R®)+c[SOEFD)-sP] =0, (1.49)
which can be solved for S((J2) to obtain the result that
S = ¢ ' T (F - R®) + SO(FM). (1.50)

Making use of the above relation together with Eqs. (1.44), (1.47) and (1.50), the second-order

estimate (1.38) can now be shown to reduce to

W(F) = (1— o wH(ED) 4 % (F—R®).T(F-R), (1.51)

In order to obtain the associated equation for the average rotation tensor R(?) of the rigid

particles, we make use of (1.47) in (1.34) to find the following expression for Séz)

S? = F? + RO(FP)TRO) 4 JORE), (1.52)

Substituting this expression in Eq. (1.49) and then multiplying it by (R(®)” from left-hand side,

we arrive at the following equation

R)T [T (F - R<2>)] +eRTSOFWD) = 2¢ {(R<2>)T F?)}Sym + T2, (1.53)

where the subscript Sym stands for the symmetric part of the relevant tensor. (We also define the
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skew-symmetric part {A}skew of a second-order tensor A via the relation A = {A}gym +{A}skew)-
Thus, by taking the skew-symmetric part of both sides of expression ((1.53)), the tensorial equation
for the three (generally) independent components of R® is easily obtained with the result that

QFVUTﬁXF—F@U‘+4R@UT9”@“th -0 (1.54)

The resulting estimates (1.51) and (1.54) for the rigid-reinforced elastomers can be specialized
for “particulate” microstructures (Ponte Castanieda and Willis, 1995; Willis, 1977). To this end, we

make use of the following Willis-type estimate for the effective modulus tensor

i:L“W+T£—P*E (1.55)

where the subscript 0 has been dropped from Lo for convenience. Thus, substituting this estimate
for the LCC, it follows that the second-order estimate (1.51) specializes to

—

W(F) = (1—-¢) W (FEWD) + %1

C

(F-R?).E(F-R®), (1.56)
— C
where

E=P ' -LW, (1.57)

Accordingly, the associated kinematical equation (1.54) for R can be written as

{(R<2>)T[E (F - R+ (1- )R s<1>(F<1>)}Sk —o. (1.58)

Having computed the tensor R(?) from (1.58), the second-order estimate can be calculated via (1.56).
The second-order estimate (1.56) is completely specified, except for the choice of L™ in the LCC.
Consistent with (1.10), in the earlier version of the TSO method (Ponte Castafieda and Tiberio,
2000), L™ was chosen to be equal to the tangent modulus tensor of the matrix phase, evaluated at

the matrix average of the deformation F(V ie., L(Y) = Lgl)(f‘(l)). In this work, the prescription

2 7 (1)
1 _ 1My = FWH =
L L;/(F) F OF (F) (1.59)

will be adopted instead. This choice is motivated by the considerable simplification in the compu-
tation of L, which is an essential element in the effective energy (1.51) (through T). Indeed, the
computation of L") by means of the prescription (1.59) is completely explicitly, and does not require
the calculation of the tensor R(?), unlike the case for the earlier prescription. On the other hand,
the resulting estimates can still be shown to be exact to second-order heterogeneity contrast (for

non-rigid particles).

1.4.2 Energy Decomposition Approximation

The second-order method developed in the previous section can be applied to general compressible

hyperelastic composites. For the special case of the composites made up of incompressible phases,
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the overall (exact) incompressibility constraint (J = det(F) = 1) must be satisfied. However, it can
be verified that by taking the incompressibility limit of the effective energy function (1.51), the con-
straint J = 1 is, in general, not satisfied. The failure to meet this constraint in the incompressibility
limit, which is unacceptable, was already discussed in some detail by Ponte Castaneda and Tiberio
(2000). In particular, for the special case of 2-D circular inclusions, they investigated the effect of
the inclusion volume fraction on the deviation of the “approximate” macroscopic incompressibility
constraint from the exact constraint J = 1. The aim of this subsection is to propose a modification
of method described in the last section to be able to ensure exact attainment of the exact constraint
J = 1 in the incompressibility limit for the composites. As mentioned before, in the earlier TSO
method, the reference modulus tensor L) in the LCC was set to be equal to Lgl). In this work,
as described in the previous section, we will make use instead of the prescription (1.59) for LM,
Indeed, making use of this prescription, it can be shown that the second term in the RHS of the
estimate (1.51) is consistent with the constraint J = 1 in the incompressibility limit. However, the
first term in the estimate is still inconsistent with the exact incompressibility constraint. To address
this issue, we propose to split up the energy functions of the constituent phases into “dilatational”
and “distortional” parts, and homogenize them, separately. In this way, the dilatational contribu-
tion to the effective energy function can be obtained exactly, while the distortional contribution may
still be computed approximately using the tangent second-order procedure, presented in Section 1.3.
Despite the fact that the splitting of the energy functional in general entails an approximation in
the calculation of the effective stored-energy function, satisfaction of the exact incompressibility con-
straint can be ensured. With this objective in mind and without loss of generality, it proves helpful
to introduce the following form for the strain-energy function of the constituent phases, namely,
WO(EF) = W(F) + %u’(’”)(J —1)?, (1.60)
where the parameter £//(") denotes the Lamé modulus of the phases in the infinitesimal strain regime,
which in order to recover incompressible behavior (J — 1), will be taken to tend to infinity. Also,
WAST) is that part of the stored-energy function W (") not depending on p/("). The effective stored-

energy function of the nonlinear composite, defined by Eq. (1.3), may then be approximated as

W(F) ~ W,(F) + W, (F), (1.61)
where
— N (r)
W, (F) = stat O w(F , 1.62
o(B) = stat 3 e (Wi E)) (162)
and

N
W (F) = % < stat Zc(r)u’(r) ((J - 1)2>(T)> : (1.63)

FeK(F) ot

Making use of results from Ponte Castanieda (1989) for “elastic fluid” composites, the expression
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for T/I\/M can be evaluated exactly as
Wy (F) = = filg(7 — 12, (1.64)

where
N 17
fily = [Z ) (u’(”) ] (1.65)
r=1
is the effective dilatational modulus in the ground state of the composite.
Now, by restricting attention to the two-phase rigidly reinforced composite, we apply the second-

order procedure, developed in the prior subsection, to the distortional part of energy in (1.61). Thus,
making use of the estimate (1.51) for T/I\/M(F), it follows that

— _ 1 L
W.(F)=(1-c)WHED)+ 5 (F - R®?). T (F-R®). (1.66)
where, by means of (1.54), the kinematical equation for R(?), associated with (1.62), can be written
as
{®RO)T [T (F - R)| +c®RD)TSOED )}Sk —0, (1.67)

where SS)(F) = (’“)Wél)(F) / OF. Moreover, we need an appropriate prescription for the modulus

tensor L() in the expression T = L—(1—¢) 'L used in the estimates (1.66) and (1.67). Motivated
by the the choice (1.59), here we will use the prescription

Lo PWiD
~ OFOF

l#/(l) P[(J = 1)?]
2 OF OF
F=F

(1.68)

F=F

Note that the second term (depending on z/(M)) is needed to be able to enforce the incompressibility
constraint in the LCC.

Next, specializing to rigid behavior for the inclusions in the “dilational” part of the effective
stored-energy function of the two-phase composite, we have that iy = (1—¢) ™'/ () and accordingly,
the following estimate is obtained for /I/IZL/ (F)

W (F) = = /(] — 1)? (1.69)
. 2(1 —c) ' '
Finally, making use of expressions (1.66) and (1.69) for the two-phase, rigidly reinforced elas-

tomers, the second-order estimate (1.61) reduces to

— _ 1 - o 1 _

W(E)=(1-c)WHEFED)+ 5 (F - R?).T(F-R®)+ ﬁ,ﬂl)u —1)2 (1.70)
—c

Note that the approximate equality has been replaced here by a standard equality, and that the

particle rotation R(® is still given by (1.67). Naturally, the expression (1.70) for the effective

stored-energy function of the reinforced elastomer can be used, in particular, together with the
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Willis estimate (1.55) for the LCC, to obtain the result

W(F)=(1—-c)WHFED) + %é (F-R®).E(F -R®)+ ﬁu’“)(i] —1)2, (1.71)
where
{(R<2>)T[E (F—R®) + (1-c)(RE)T s<#1>(F<1>)}Sk —0, (1.72)

and E is given by expression (1.57).

At this point, it is expedient to make the following remarks concerning some features of the

estimates (1.71) and (1.72) for rigidly reinforced elastomers:

1. As was also the case for the earlier tangent second-order estimate in Ponte Castaneda and
Tiberio (2000), the new estimate (1.71) may blow up at some finite values of F. Depending
on the inclusion volume fraction and initial configuration of the microstructure, the quantity
JM = det(FM) can become zero at finite values of the deformation (see relation (1.48)),
causing certain terms in the expression W,El)(F(l)) for the estimate (1.71) to blow up. As
discussed by Ponte Castanieda and Tiberio (2000), this phenomenon can be interpreted as lock
up for the composite, which is due to the the fact that sufficiently large deformations would
be expected to bring the rigid inclusions into contact with each other leading to strong stiffing

of the composite.

2. In the limit of infinitesimal strains (F — I), the estimate (1.71) recovers the corresponding
linear-elastic Willis estimate (Willis, 1977; Ponte Castaneda and Willis, 1995). The resulting
energy can be written as W(F) =1/2¢. Ly, - &, where & denotes the macroscopic infinitesimal
strain tensor and Ly, is the effective moduli tensor in the context of linear elasticity. Also, in
this limit, the solution of equation (1.72) agrees exactly with the corresponding prediction for

the infinitesimal rotation of the particles (Kailasam and Ponte Castanieda, 1998), as given by

RP —1+w- R, P]'s, (1.73)

where @ stands for the macroscopic infinitesimal rotation tensor, and Ry, and P, are the well-known
Eshelby tensors in the context of small strains and rotations (see Egs. (15) and (19) in Kailasam
and Ponte Castaneda (1998)).

Incompressible Matrix

The estimate (1.70), together with (1.67), and relation (1.68) for L") (used in expression (1.43) for
T) holds for composites with a compressible matrix phase characterized by the stored-energy function
(1.60). However, in the limit of incompressible behavior for the matrix, i.e., when p/( — oo, the

estimate (1.70) (unlike the earlier estimate (1.51)) is found to be consistent with the exact overall
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incompressibility constraint (J = 1), and reduces to

WE) =1 - WO ED) 4+ % (F—R®).T! (F - R®), (1.74)
where
T/ = lim |L—(1— c)’lL(l)}, (1.75)
uw' ) =00

while the equation for R reduces to

{ROYT (F-RD)+ @) SPED)] ~0. (1.76)

For the special case of the Willis estimate for L, the expression (1.74) further simplifies to

— 1 ¢

W(E) = (1= )WV (EWY) + - — (F - RP) - E' (F - R?), (1.77)

1—c

where

E' = lim (P'-LWY), (1.78)

w1 o0

while the corresponding equation for the rotation R reduces to

{(R<2>)T[Ef (F-R®) 4+ (1 - ) R®)T s,<}>(F<1>)}Sk — 0. (1.79)
For completeness, we note that the macroscopic stress tensor S(F) = 8/1/17(]?‘) /OF associated with

the effective stored-energy function (1.77) may be written as

S(F) = SVEFW)T — cg®?) + ...
&

+1—c

{ [B/(F - R®)| GO 4 L(F - R®) [(F - RO)Y] } _oFT (1.80)

where p stands for the arbitrary hydrostatic pressure associated with the incompressibility constraint,

and Y is the sixth-order tensor with components

I 1] 1 mnrs 1 ij
L = =—(p} —TEp 4 (1.81)
ijkl ijmn TS
e OFpq (M 00 ( ! OFpq H OFpq WD oo
In addition, G is a fourth-order tensor with the following indicial representation
(2 _(2
Gi(lel = Likjl — 91'(3'121- (1.82)

where gi(f,zl = 8(]?.{(2))“ /8Fkl. Note that a tensorial equation for the components of the fourth-order

tensor g can be deduced from the kinematical equation (1.79), which can be written in indicial
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form as

2 2
(F - R( )) R( )EI Gﬁsl)cl

pjrs

{953 By (Frs = RE) + R Y]

pjrs

+[0= g2+ BD B s Tos —es 2] }| =0, (1.83)

jrskl

where Aijkl|[ij]kl = (Aijrr — Ajirt)/2, and the tensors SL) and LL) are evaluated at F(I. On the
other hand, the derivatives OP;jr/0F)p, in (1.81) are calculated via
0P 1 OH;jki

=5 = I [€T(28 Zo) e
OF,,  Am|Zo| Jig=1 OF,, [€7(2020)7¢]

_3
2

(1.84)

In turn, in this expression the derivatives 0Hjjn/ 8qu can be evaluated by recalling the relation

between the tensor H and L) to obtain the result

OHyi OBy, ce 0K
OF,,  0F,, 7>~ Bim OF,,

nk 57& —Bsznkfminqufyfl grgsu (185)

where £ is the sixth-order elastic modulus tensor defined by £(F) = 9 W1 (F) /OF OF OF
(Ogden, 1997) evaluated at F.

1.4.3 Dilute Concentrations

Relations (1.74) and (1.76) provide TSO estimates for (rigid) particle-reinforced elastomers under
general loading in the finite concentration regime. In this subsection, we specialize these results for
dilute concentrations of the particles, which is an important limiting case both for theoretical and
practical reasons. Mathematically speaking, we carry out an asymptotic expansion of the estimates
(1.74) and (1.76) for ¢ < 1. To this end, we assume a regular perturbation expansion for F(!) in ¢,
as given by

FO=F+cF-RP)+2F-RP - RY)+0(c%), (1.86)

which is obtained by assuming that R(?) = 1':{82) + cR?) +0(c?) and employing Eq. (1.48) for F(1).
In addition, keeping in mind that the tensor L(!) is evaluated at F, and is therefore independent of
the volume fraction, the tensor L can be assumed to have the following asymptotic expansion about
c=0:

L=LWY 4L, +0(3). (1.87)

Next, substituting (1.86) and (1.87) into (1.74), and expanding the resulting expression for small

values of ¢, yields the result
WP (E) = WO (F) + e { (F = REY) - S{V(F) — W (F)
1 . _ _
+3 [(F RY) . (L, —LO)(F — Rff’)} } +0(c?). (1.88)
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Similarly, the kinematical constraint (1.76) leads to

{BRT (L - LO)E - R+ RP)TSOE)}  +0(c) =0. (1.89)

Moreover, using the Willis estimate (1.55) for the LCC, the TSO estimate (1.88) specializes to

T Dilute (Y — Wél)(f‘) +e {(F - ]::{82)) . Sf})(f‘) - Wél)(F)
1

+3 [(F ~RY)-E/(F - Rg”)} } +0(c?), (1.90)

where the equation (1.89) for Réz) takes the form

{RETENE - R + RE)TSOE)] 40 =0. (1.91)
It is worth mentioning that these results can be regarded as generalization of Eshelby results (Es-
helby, 1957) for a composite material consisting of dilute concentrations of aligned, rigid ellipsoidal
inclusions in a nonlinear hyperelastic matrix. As is well known, these dilute estimates depend only
on the volume fraction (to first order), shape and orientation of the ellipsoidal inclusions, but not
on the relative positions of the inclusions. In other words, the interactions between inclusions is
neglected by the estimates (1.90) and (1.91). As a consequence, the effective stored-energy function
(1.90) does not exhibit lock up at finite strains (unless the matrix does).
The corresponding expressions for the macroscopic stress tensor SP#u¢(F) = owWP iute (F) /OF

are given by

§Dilute (B — §I(F) 4 {[Sﬁl)(f‘) +E/(F - Rff’)} G((J2) + L;(})(F)(F - R((Jz))

~SUF) + 5(F - RY) [(F - RE)Y ] o= pF T 4 0(), (1.92)

where (Géz))ijkl = Likj — (§é2))ijkz, and where the quantities (§é2))ijkl = 8(]?.{(()2))“ /8Fkl are deter-

mined by the equations

(@ pins Bl Fri = (BE) 1)+ (BE ) Vi Fre = (R

B )i By (G ot + (67 it () + (RS )i (L) }

=0. 1.93
[ig]kl ( )

where the tensors SS) and L,(}) are now evaluated at F

1.4.4 Computation of the Tensor E!

The calculation of the effective stored-energy function for incompressible, particulate elastomeric
composites, as well as the associated microstructure evolution (Egs. (1.77) and (1.79)) under gen-
eral (isochoric) loading conditions, requires the computation of the fourth-order, major-symmetric

tensor E! . This tensor can in principle be estimated (approximately) by setting p/(") sufficiently

20



large (compared to the initial shear modulus of the matrix x(1)) in the definition (1.78) for E/. Nev-
ertheless, it is possible to perform a general asymptotic analysis for the computation of the tensor
E’ in the incompressibility limit (1/(Y) — o0), as shown next. This analysis leads to closed-form ex-
pressions for the components of the tensor E! for specific microstructures and/or loading conditions;
more generally, numerical computation of the resulting integrals may be required.

Without loss of generality, and consistent with the definition of the stored-energy function for
the matrix phase as given by (1.60), the modulus tensor L™ can be decomposed into incompressible

and compressible parts, denoted by LE}) and L(_lf respectively, such that
LW =1L 4 LY, (1.94)

where, by definition, ¢ = ) /i/(M) is a small parameter, LE}) = 92 Wél)/aF OF(F) and L(_li is given
by

LY = uOgJ - DF TeF T+ J(J - 1)X]‘F:F . (1.95)
It follows from (1.23) that the acoustic tensor associated with (1.94) takes the form
K=c"K  +K,, (1.96)

where K_; and K, are the parts of the acoustic tensor associated with L(_li and L,(}), respectively.
The inverse of the (symmetric) acoustic tensor, B = K~!, can then be calculated by means of the

identity
1

Bp=K;'=—"__
TR T 9 det(K)

€irsChpgKrpKsq, (1.97)
where e;;; is the permutating tensor of the third-order, and det(K) is given by
1
det(K) = geijkepquiijquT. (198)

Substituting (1.96) into (1.97) together with (1.98), after some algebra, we find the following ex-

pression for B,

EDl + DO
= 1.99
edy + dy ( )
where dy and d; are given by
1
do = geijkemr (B ip(Ki)jg (K—1)kr + (Kp)ip(K-1) g (Kp)kr + (K-1)ip(Kp) jq (Kp)kr]
1
dy = det(K,) = geijkepqr(Ku)ip(Ku)jq(Ku)kra (1.100)
and the tensors Dy and D; have components
(Do)ik = €irserpq(Kp)rp(K-1)sq:
(Dl)lk - eirsekpq(K,u)rp(K,u)sq- (1101)
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Then, expanding Eq. (1.99) to second order in €, we obtain
B =Bj +¢B; + 2By + O(?), (1.102)

from which it is straightforward to deduce that

1
By = %D07
1 d
Bi = (Dl - E?Do) :
dy

The corresponding expansion for the tensor P can be obtained by making use of Eq. (1.102) in
the definition (1.22) for P, leading to

P =Py +eP; + 2Py + O(e%), (1.104)

where the tensors Pg, Py, and Py are given by

1

Pyijil = ———
( Q) Jkl 4.7T|Z0|

(BatE [T(Z20) 7 as, g=01.2 (1.105)
In general, a Gaussian quadrature technique can be implemented for the numerical integration over
the surface of the unit sphere, |{| = 1. Note that the leading-order term in (1.104) is the limiting
value of P in the incompressible matrix limit. Next, we turn to the computation the tensor E, as
defined by expression (1.78).

In this connection, it is important to remark that the tensor Py is not of full-rank, meaning there
is no fourth-order tensor (Pg)~! such that Po(Pg)~! = (Po) ! Po = L. Hence, to determine E! it is
necessary to carry out an asymptotic analysis for Q@ = P!, about € = 0. For the sake of continuity,
the pertinent derivations are given in Appendix A.1, and here we only spell out the final result of

the asymptotic analysis, which is given by

=Q, - LV, (1.106)
where
Q =P/ (ZT-P,Q ZW 2 Vi (1.107)
with
3
Q.= W,av” (1.108)
i=1

In the above equations, {W1, Wy, W3} is a set of second-order tensor spanning the null space of
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Py, while the second order tensors Vgo)and Vgl) are defined by (Avrachenkov et al., 2001)

1
T W, PUW, (1.109)

and .
v = S {(Png)TWi + [Wi.(Pg - Pngpl)Wl} V§°>} : (1.110)

where ¢ = 1,2,3 (no sum), and where the superscript T' denotes the usual transpose of a fourth-
order tensor (i.e., ()gkl = ()r1sj)- In addition, Pg) is the Moore-Penrose generalized inverse of Py
satisfying the properties

Py PP, = Py, P/ PoP} = P,

(PoP))" =Py P},  (PjP)" =P} Py (1.111)

1.5 2-D Application: Reinforced Elastomers with Elliptical
Fibers

In the previous section, we presented a general homogenization procedure to estimate the effective
stored-energy function and the associated evolution of the microstructure for rigidly reinforced elas-
tomeric composites in both the dilute and non-dilute concentration regimes. In this section and the
next, we make use of this procedure to obtain some explicit estimates of the Willis-type for two
specific classes of composites: (1) elastomers reinforced with aligned, cylindrical fibers subjected to
general (transverse) plane-strain loading, and (2) elastomers reinforced with spherical particles sub-
jected to general tri-axial loading. In this section, we will study the first class of composites, while
the second class will be discussed in Section 1.6. (More general, non-spherical particle shapes will be
considered elsewhere.) The variational estimates (1.77) and (1.79) can be employed for fairly general
matrix behavior. Indeed, the stored-energy function W (Y| characterizing the constitutive behav-
ior of the matrix, is assumed to be objective, isotropic, strictly rank-one convex (strongly elliptic)
function of the deformation gradient tensor F. In this work, attention is restricted to stored-energy

functions of the generalized neo-Hookean type
1
WO(F) = g(I) + h(J) + 5u'<1>(J —1)?, (1.112)

where I = tr(C) and the material functions g(I) and h(J) are assumed to be twice continuously
differentiable satisfying the conditions: ¢(3) = h(1) = 0, g7(3) = puM/2, hy(3) = —p™), and
4g11(3)+ hys(1) = 1M in which the subscripts I and J stand for partial differentiation with respect
to the invariants I and J, respectively. The energy form (1.112) has been shown to provide reasonably
good agreement with experimental data for rubberlike materials (Ogden, 1997). A well-known

example of the general form (1.112), which captures the limiting chain extensibility of elastomers,
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is the (compressible) Gent model (Gent, 1996), expressed by

m Jm

(&) I — 1 (€3]
WD (F) = — Jm; In (1 - J—3> — W n(J) + 5 <u’(1’ - 2“—) (J —1)%, (1.113)

where the dimensionless parameter .J,,, is the limiting value for I — 3 at which the elastomer locks
up. It should be remarked that the strong ellipticity of the Gent model (1.113) is satisfied for
all deformations by the conditions: ™ > 0, J,, > 0, &' > 24 /J,. Note that the Gent
model (1.113) reduces to the compressible neo-Hookean model, which never locks up, in the limit as
JIm — 00.

It should be emphasized that, different from the previously discussed lock-up phenomenon for
the composite, the lock up associated with the parameter J,, is due to the elastomeric character of
the matrix stemming from the fact that polymeric chains of the rubbery matrix become inextensible
when they experience a certain strain level. Henceforth, for definiteness, we will refer to the former
lock up as geometric lock up (GL), and to latter as material lock up (ML). By the same token,
the macroscopic deformation gradients at which the geometric and material lock up occur are,
respectively, denoted by F& and FML. It is emphasized that the ML is already present in a
homogeneous (Gent) matrix and enhanced with the reinforcement; however, the GL disappears
in the limit of dilute particle concentration. It can be verified that the blow-up in the estimate
(1.77) because of the GL or ML is caused only by the first term in (1.77), and, consequently, for a
composite with a Gent matrix, the GL and ML respectively take place, when the following conditions
are satisfied

det(F — cR®?) = 0, (1.114)

_ = _ T _
tr |C —2cFTR® —2¢ (R<2>) F—i—cl} =Jm +3, (1.115)

where C = FTF. It should be remarked that both lock-up phenomena are affected by the mi-
crostructure evolution thorough R(?). It is obvious that the lock-up strain for the composite is
determined by F°* = min{F> FML}.  In fact, depending on the underlying microstructure in
the undeformed configuration and extensibility of the rubbery matrix (characterized by the param-
eter J,,), the composite may lock up because of either condition (1.114) or condition (1.115). It
is remarked that for composites with a neo-Hookean matrix (where J,,, — oc) Flo¢k = FCL Tt is
also worth mentioning that, for dilute concentration conditions, the effective stored-energy function
(1.90) for reinforced Gent elastomers locks up at the same deformation as the Gent matrix, as given

by the condition tr(C) = J,, + 3.

1.5.1 Plane-Strain Loading of Fiber-Reinforced Elastomers

In this section, we obtain estimates for the effective behavior of hyperelastic composites made of a
rubbery matrix and rigid and axially aligned fibers. It is assumed that the cylindrical fibers have
an elliptical cross-section and are distributed with elliptical symmetry in the plane transverse to the
fiber direction. Consistent with earlier discussions, the aspect ratio of both the fiber cross-section

and distribution are taken to be given by w. Furthermore, attention is restricted to macroscopic
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(a) (b)

Figure 1.1: Rigidly-reinforced composite under plane-strain loading. (a) Two-dimensional represen-
tation in the transverse plane. (b) Three-dimensional representation of a typical reinforcing fiber.

plane-strain deformation. Assume that the composite undergoes a uniform deformation gradient F

with the following matrix representation

(Fy] ( cos(@ - sin(}/;) ) ( cos(?) - sin(?) ) ( A1 0 ) ( cos(éz sin(O:) )
Y sin(y)  cos(v) sin(f)  cos(f) 0 A —sin(f) cos(d) |’

(1.116)

with respect to the fixed Cartesian basis {e;}, i = 1,2. In the above relation, A\; and Ay are the

principal stretches and § denotes the angle (positive anticlockwise) of the in-plane Lagrangean stretch

axes relative to the basis {e;}. Also, ¢ serves to quantify the rigid-body rotation (or “continuum

spin”). A schematic representation of the composite microstructure and loading parameters is

depicted in Figure 1.1(a) for ©» = 0. The corresponding 3-D illustration, Figure 1.1(b) shows a

typical (embedded) long cylindrical fiber under the plane-strain loading.

It should be remarked that constitutive models for this class of fiber-reinforced elastomers have
already been derived by Lopez-Pamies and Ponte Castaneda (2006b) making use of the second-order
(GSO) homogenization theory. Analytical results were given for general matrix behavior of the form
(1.112) in the limit of an incompressible matrix. These results, which will be spelled out later,
have been shown to be in good agreement with corresponding FEM numerical results available in
the literature for special types of loading conditions (Moraleda et al., 2009). Hence, to gain some
insight into the accuracy of the variational TSO estimates, described in the previous section, we will
also show comparisons with the GSO estimates and FEM results for this class of composites in this
section.

The constitutive behavior for the matrix phase is assumed to obey the Gent model given in
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(1.113).The computation of the TSO estimate (1.56), requires the calculation of the components of
the tensor P for the cylindrical microstructure. The components of P, in the rectangular Cartesian

basis {e;}, i =1,2,3, when the fibers are aligned in the direction N = e3, are given by

27
w Hijri(§1,62,83 =0)
Py = 2 j a0, 1117

I 277/0 £ + w263 ( )

where H;jp = (Lgéiq@@)_l@ & with & = cos(f), and & = sin(f). In general, it is not possible
to obtain analytical expressions for the components of the P tensor associated with matrix form
(1.113) and loading condition (1.116). But it is easy to compute numerically the tensor P, as well
as the associated tensor E.

In this section, we will focus our attention to incompressible Gent matrix phases obtained from
expression (1.113) in the limit as y’ (1) — oo. This requires the computation of the tensor E! via
the procedure given in Subsection 1.4.2. Then, the calculated components of the tensor E can be
substituted in Eqgs. (1.77) and (1.79) to obtain the numerical values of the effective stored-energy
function and the associated fiber rotation. It should be remarked that for the aligned loading case
(6 = 0), the components of the tensor E! can be expressed explicitly, since in this case the integrals in
(1.105) can be calculated analytically. This leads to a closed-form expression for the effective energy,
but the expression is quite lengthy and will not be included here for brevity. It is also important
to mention that when the Gent behavior (1.113) is specialized to neo-Hookean behavior (equivalent
to the limit of J,,, — o), the associated integrals in (1.105) can be performed analytically. In this
case, derivations of closed-form expressions for the E/-tensor components and subsequently for the

effective potential energy are feasible as discussed next.

1.5.2  Explicit Results for an Incompressible, neo-Hookean Matrix

In this subsection, we assume that the matrix phase behavior is characterized by a compressible

neo-Hookean stored-energy function, given by
W L M L 2
(F) = 5p (I =2) = pWInJ + 5pt (] = 1)7, (1.118)

where the parameters (") and /(") denote the standard Lamé moduli of the matrix at zero strain. As
mentioned earlier, (1.118) is the reduced form of (1.113) for the plane-strain loading when .J,,, — cc.
In this case, all the in-plane components of the tensor P can be computed analytically and the
results are provided in Appendix A.2. These results can then be used to perform an asymptotic
expansion for the components of the tensor E =(P~' — LM)|p_g in the incompressibility limit (i.e.,
') — 00), leading to the following expressions for the components of E!, as defined by expression
(1.78), namely,

gttt g g 1eg g 1w
1111 2A1 oW ) 2222 2 AlAQ ’ 1212 2 AlAQ ?

1 pu® 1 puM 1pMw
El,,=="—Q,, El,,=—L—0Q EL,=—""0Q
2121 2 M Aow 2 1121 2 M Aow 3, L2212 2 Mg 3



Eligy = Elyo1 = B{ 115 = Egp1 =0, (1.119)

where

Qo= (5\1 + 5\2) {5\1 + A2 F (5\1 — 5\2)‘305[2(1/) + 9)]} )

Q3 = [(A1)? = (A2)*]sin2(¢ + 6)]. (1.120)
It then follows from expression (1.77) that the effective stored-energy function /W(F) of the
rigidly reinforced composite reduces to

—~

W(F)=(1-c) W(l)(F(l)) n M

4w (1 — ¢)\?
x {2(1+ w?)(AT — 2A; cos(@) + 1) + (w® — 1)(A] — 1) [cos(20 — 2¢) — cos(20)] }, (1.121)

where

—2eA1(1+ A7) cos() — 227 + 4eA? + 1
203(1 —¢)?

— W1y (1+ 02))\17— c(1 4 A2) cos(¢)

)\1(1 — 0)2

_ A
WO FED) = ;A

In these relations, the angle ¢, denoting the in-plane rigid body rotation of the fibers relative to the

macroscopic rotation (i.e., ¢ = 92 —4)), is obtained from the kinematical relation

2w (1 = ¢)A7 cos(¢) A1 + 2A1 [(A] +1)(1 + w?) + w (1 = ¢) A1 Az] sin(e)
+ (A = 1)(w? — 1) sin(20 — 2¢) = 0, (1.122)

where

sin(¢)[(1 +}\%) cos(¢) — 2]
(1= o)[(1+ )X — c(1+ AF) cos(e)]”
[cos(d)(1 + A2) — 2X\1][2¢A1 cos(¢) — A2 — 1]
(1= M+ @) — (1 +22) cos(d)]

It is emphasized that the estimate (1.121) is consistent with the overall incompressibility constraint,

Al = —202

AQZC

which in this case reduces to A\ = 1. It is also remarked that the energy function (1.121) is
independent of the angle v, which is consistent with the objectivity of the energy function /I/I\/(F),
requiring that W (F) = W (U), where U = (FTF)!/2 is the macroscopic stretch tensor.

The above results can be easily specialized for dilute concentrations by expanding about ¢ = 0.

Thus, keeping terms of order ¢ in Eq. (1.121), the estimate for the effective stored-energy function
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— _

W(F) is given by
/WDilute(F) _ %‘u(l)(j\% + 5\;2 _ 2)
+ %u“) {X% [20(1 4+ A1) + (1 +w?) (1 + A)[(1+ AF) — 2X1cos(o)]
1
+(AT = 1)(w?® — 1)sin(¢o)sin(20 — ¢o) — 4w AT] —(AT + A;* —2)} ¢+ O(c?). (1.123)

where ¢g = 1/362) — ¢ (where the angle 15(()2) denotes the total in-plane rigid body rotation of fibers

in the dilute concentration regime) is given by
221 (1 +w?)sin(¢g) — (A\f — 1)(w? — 1) sin[2(¢g — 0)] + O(c) = 0. (1.124)

The estimates (1.123) and (1.124) are valid for arbitrary aspect ratios w > 1 of fibers. For the special
case of the circular cross-section (w = 1) for the fibers (which also implies an isotropic distribution
of the fibers), the in-plane behavior of the composite is isotropic and the stored-energy function
(1.123) no longer depends on the loading angle . In this case, it is a simple matter to deduce that,
the TSO estimate (1.123) reduces to

W Dilute (F) = %u(” (AT + A2 =2) + (201 + 302+ 3)(A\1 — 1)%¢] + O(c?). (1.125)

For comparison purposes, we recall in the next subsection the GSO results (Lopez-Pamies and
Ponte Castaneda, 2006b). Although the GSO estimates are expected to be more accurate in general,
they are more difficult to implement, and thus far results are only available for 2-D cases. On the
other hand, as we will see in Section 1.6, the T'SO can be used for general 3-D microstructures and

loading conditions.

1.5.3 Generalized Second-Order Estimate

Lopez-Pamies and Ponte Castaneda (2006b) derived an expression for the effective stored-energy
function of the class of fiber-reinforced composites described earlier with matrix behavior (1.112)
and transverse loading conditions (1.116). In the limit of incompressible behavior for the elastomeric

matrix phase (4/(!) — 00), the result simplifies to
Waso(F) = (1 - ¢) g(I), (1.126)

where

1
(1—¢)2Mw
—c(Af = 1)(w* = 1) sin(¢) sin(¢ — 20) — 2cA\(1 + A7) (1 + w?)cos(¢) } -

1= {e(@+ )2+ [1+2¢c(c—2)AF + M]w+ cw? (14 A))?

In this expression, the relative particle rotation angle ¢ is determined by
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21 (1 4 w?)sin(p) — (AF — 1)(w? — 1) sin[2(¢ — )] = 0. (1.127)

The GSO estimate (1.126) is known (Lopez-Pamies and Ponte Castaneda, 2006b) to be consistent
with the exact incompressibility constraint and expected to be fairly accurate for small to medium
concentrations of fibers.

In the dilute-concentration regime, the GSO estimate (1.126) can be expanded about ¢ = 0 to
obtain the result that

WESS! (F) = 9(1) + {ﬁg’(b [200(1+AD) + (1 +w?)(1+ AD[(L+AT) — 2A1cos(do)]
1

+(Af = 1)(w? — 1)sin(¢o)sin(20 — ¢o) — 4w AT] —g(1)} ¢ + O(c?), (1.128)

where I = tr(C). The kinematical equation (1.127) is independent of the volume fraction of fibers
and also provides the rotation of fibers in the dilute concentration regime.

Specializing the estimate (1.128) for a neo-Hookean matrix, the same second-order estimate
is obtained as the dilute TSO estimate (1.123). Moreover, the estimates (1.124) and (1.127) for
the particle rotation also agree exactly in this case. Consequently, the agreement of the TSO
estimates (1.123) and (1.124) with the corresponding GSO results in the dilute concentration regime
strongly suggests that the TSO estimates should be also be quite accurate for incompressible, rigidly-
reinforced composites with more general microstructures (at least) in the dilute concentration regime.
As we will see in the next subsection, differences can arise between the new T'SO and GSO estimates

for finite volume fractions, but only at sufficiently large stretches.

1.5.4 Discussion of the Results

In the remainder of this section, we present some illustrative results for the new TSO estimates for
plane-strain loading of 2-D fiber-reinforced elastomers. For comparison purposes, the corresponding
GSO results of Lopez-Pamies and Ponte Castanieda (2006b) are also included in the figures and
shown with dashed curves. For simplicity, we restrict our attention to incompressible (p’ ® - 00)
Gent and neo-Hookean matrix phases, circular fibers (w = 1) and pure shear loading (§ = ¢ = 0,
A\ = 5\2_ 1 \). Results are provided for several volume fractions, ¢, and are normalized by p,

Figure 1.2 shows the new TSO estimates for the effective response of the reinforced neo-Hookean
elastomers, as well as the corresponding GSO estimates. Results are shown for three different fiber
volume fractions ¢ = 0.1, 0.2, 0.3, as a function of the macroscopic stretch A. Part (a) shows the
effective energy W, and part (b), the corresponding macroscopic stress S = dW/ d\. The new TSO
results are see to be quite close to the GSO estimates for a range of A, but they start to deviate from
the GSO results, as the average stretch approaches the “geometric’[’ lock-up condition (1.114) for
the TSO estimates (i.e., A — 1/¢). For instance, it is seen for ¢ = 0.1 (where the lock-up stretch is
10), the TSO model predicts very similar results for the effective energy as well as the macroscopic
stress to those for the GSO in the range 1 < A < 6. On the other hand, for ¢ = 0.3 (where the
lock-up stretch is 3.33), the agreement is very good only up to a stretch of 2.5.

Figure 1.3 shows a more detailed comparison of the new TSO estimates with earlier analytical
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Figure 1.2: New tangent second-order (TSO) and generalized second-order (GSO) estimates for the
effective response of a rigidly fiber-reinforced elastomer with an incompressible neo-Hookean matrix
under pure shear loading. The results are shown as a function of the applied stretch X for different
values of the fiber volume fraction. (a) The effective energy W. (b) The corresponding macroscopic

stress S = d/V[7/d5\.

estimates and numerical simulations for neo-Hookean elastomers reinforced by rigid fibers of circular
cross section. Results are provided for two volume fractions: (a) ¢ = 0.2, and (b) ¢ = 0.3. The GSO
(2006) estimates correspond to the stored-energy function (1.126), while the GSO (2004) and TSO
(2000) estimates correspond to earlier versions of the GSO (Lopez-Pamies and Ponte Castaneda,
2004b) and TSO (Ponte Castanieda and Tiberio, 2000) estimates, respectively. On the other hand,
the LAM estimates refer to the sequentially laminated results of deBotton (2005), while the FEM
results refer to the finite element simulations of Moraleda et al. (2009). The main observation from
these plots is that while the GSO estimate provides the best agreement with the FEM simulations,
the new TSO estimate also provides excellent agreement with the FEM results (up to the point
where the simulations were carried out), especially for the smaller fiber concentrations. For the
higher volume fraction (¢ = 0.3) the new TSO estimates tend to overestimate the FEM results at
sufficiently large stretches, but are still quite good for stretches of less than 1.5. On the other hand,
the LAM estimates tend to underestimate the response of the reinforced elastomers for sufficiently
large strains, even if the differences relative to the FEM are relatively small. Finally, it can be seen
that the new TSO estimates are much improved relative to the earlier version (Ponte Castaneda
and Tiberio, 2000) of the TSO estimates, and even compared to an earlier version (Lopez-Pamies
and Ponte Castanieda, 2004b) of the GSO estimates. The main conclusion from these comparisons
is that the new way of handling the matrix incompressibility limit presented in Subsection 1.4.2
actually works quite well at least when the fiber concentrations and/or stretches are not too large.

Next, for completeness, we consider fiber-reinforced composites using the Gent model for the
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Figure 1.3: The effective response of a rigidly fiber-reinforced elastomer with an incompressible
neo-Hookean matrix under pure shear loading. The macroscopic stress S = dW /d) is plotted as a
function of the applied stretch X for (a) ¢ = 0.2, and (b) ¢ = 0.3. Comparisons are shown between
the new TSO estimate (1.121), the estimate (1.126) of Lopez-Pamies and Ponte Castaneda (2006b)
“GSO (2006)”, the earlier GSO results of Lopez-Pamies and Ponte Castanieda (2004b) “GSO (2004)”,
the earlier TSO results of Ponte Castaneda and Tiberio (2000) “T'SO (2000)”, the laminate results
of deBotton (2005) “LAM”, and the FE simulations of Moraleda et al. (2009) “FEM”.

> -

matrix and the same loading conditions as the previous case. The results for the macroscopic stress
S = dW/d/_\ are presented in Figs. 1.4(a) and (b) versus the applied stretch . Figure 1.4(a) shows
the results for composites with fiber concentrations ¢ = 0.1, 0.2, 0.3 for a fixed lock-up parameter
(Jrm = 50), while Figure 1.4(b) shows results for Gent matrices with .J,,, = 50, 100, 500, co for fixed
volume fraction (¢ = 0.1). The responses of the unreinforced matrix with J,,, = 50 and J,,, = co are
included respectively in Figs. 4a and 4b for comparison purposes. In addition, the results of the
finite element simulations of Moraleda et al. (2009) for .J,, = 50 are also included for comparison
purposes. As can be seen from Figure 1.4(a), the agreement of the new TSO estimates for reinforced
elastomers of the Gent type with the FEM results (and GSO estimates) is quite good for the range of
deformations achieved in the numerical simulations. It should be noted, however, that the TSO (and
GSO) predictions slightly underestimate the response, especially at the higher volume fractions. On
the other hand, as show in Figure 1.4(b), the agreement of the new TSO and earlier GSO estimates
for reinforced Gent elastomers is also quite good, even for fairly large stretches. However, the TSO
estimates are slightly stiffer for intermediate stretches, but eventually become softer than the GSO
estimates as the “constitutive” lock-up condition (1.115) is approached.

Finally, Figure 1.5 presents results for the evolution of the particle orientation under non-aligned
applied loadings for neo-Hookean elastomers reinforced by rigid fibers of elliptical cross section.

Results for the (average) relative rotation ¢ (see Figure 1) are shown for three different stretching
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Figure 1.4: New tangent second-order (TSO) estimate, generalized second-order (GSO) estimate
(1.126), and the FE simulations of Moraleda et al. (2009) (FEM) for the effective response of a fiber-
reinforced elastomer with an incompressible Gent matrix under pure shear loading. The macroscopic

stress S = dW/ dX is depicted as a function of the applied stretch ), for (a) different values of the
fiber volume fraction ¢ with J,, = 50, and (b) different matrix lock-up parameters J,,, with ¢ = 0.1.

angles (6 = 5°,45°, and 85°). Figure 1.5(a) shows comparisons of the new TSO estimates with
the GSO estimates (Lopez-Pamies and Ponte Castaneda, 2006b) for two different fiber aspect ratios
(w =2 and 10), and given fiber volume fraction (¢ = 0.1). The results show that the largest rotations
are generated for the larger aspect ratio (i.e., for w = 10), when the compressive direction is most
closely aligned with the long fiber axis (i.e., for § = 5°), although relatively large stretches are
needed. In addition, the results show excellent agreement between the new TSO and GSO estimates
at this fairly small value of ¢. This is consistent with the fact that the TSO and GSO equations
((1.127) and (1.124), respectively) for the fiber rotations agree precisely for a neo-Hookean matrix
in the dilute concentration limit. Figure 1.5(b) presents additional comparisons of the new TSO
estimates with the GSO estimates (Lopez-Pamies and Ponte Castanieda, 2006b), as well as with the
FEM numerical simulations of Moraleda et al. (2009) for a volume fraction ¢ = 0.3, and aspect ratio
w = 2. It can be seen from this plot that the agreement between the T'SO homogenization results,
on the one hand, and the FEM numerical results, on the other, is quite good for § = 45° and 85°,
but less good for § = 5°. This may be a consequence of the fact that the FEM results made use of
equisized particles, which at this relatively high value of the fiber concentration may lead to stronger
interactions among the fibers than the T'SO results (corresponding to polydisperse distributions of
fibers) can account for. In addition, it is not clear that a sufficiently large number of configurations
has been used in the FEM simulations to generate accurate results by ensemble averaging. Be that
as it may, the TSO homogenization estimates, which were also found to be consistent with the

corresponding GSO results at this higher value of the fiber concentration, are at least qualitatively
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Figure 1.5: The microstructure evolution in a rigidly fiber-reinforced elastomer with an incompress-
ible neo-Hookean matrix under pure shear loading. The relative fiber rotation ¢ is plotted as a
function of the applied stretch A for three different stretching angles § = 5°,45°, and 85°. (a)
Comparisons between the new TSO estimate (1.122) and the estimate (1.127) of Lopez-Pamies and
Ponte Castaneda (2006b) for the volume fraction ¢ = 0.1, and aspect ratios w = 2, and 10. (b) Com-
parisons between the new TSO estimate, the GSO estimate and the FEM simulations of Moraleda
et al. (2009) for ¢ = 0.3, and w = 2.

consistent with the results of the numerical simulations. Clearly, more extensive numerical work will

be necessary to be able to assess the accuracy of the homogenization results in the future.

1.6 3-D Application: Reinforced Elastomers with Spherical

Particles

As we have seen in the previous section, the new TSO procedure can be used to obtain accu-
rate estimates for the macroscopic response and microstructure evolution for transverse loading of
fiber-reinforced elastomers at finite strains, even when the fibers are rigid, corresponding to infinite
contrast, and when the matrix is incompressible, leading to a strongly nonlinear incompressibility
constraint for the composite (which can be recovered exactly by the theory). Although the GSO
procedure (Lopez-Pamies and Ponte Castaneda, 2006a) is expected to lead to even more accurate
predictions, it is more difficult to implement because it makes use of additional information about
the field fluctuations in the linear comparison composite. For this reason, it has not yet been im-
plemented for general (3-D) ellipsoidal particles, especially in the limit of incompressible behavior
for the matrix phase. On the other hand, the new TSO estimates of Section 1.4 for the effective
stored-energy function of particle-reinforced (incompressible) elastomers are applicable for rigid par-

ticles with general ellipsoidal shape and distribution. However, for simplicity, in this section we will
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focus on an application of the TSO theory to particle-reinforced elastomers consisting of a random
and isotropic distribution of spherical rigid inclusions in an isotropic, incompressible matrix phase,
leaving for future work an in-depth investigation of more general ellipsoidal shapes for the particles.

We begin by remarking that, in view of objectivity and the assumed isotropy of the reinforced
elastomer, it suffices to restrict attention to pure stretch deformations F = U (i.e., R = I), which,

in the Cartesian basis {e;}, i = 1,2, 3, can be expressed in the form
F:Ijzj\lel®81+X2€2®82+X383®93, (1129)

where \; is the principal stretch in the e;-direction, and the overall incompressibility constraint
MA2ds = 1 holds. Under these hypotheses, it can be shown that R = I satisfies identically
equation (1.79) for the particle rotation (as expected from the symmetry of the problem), and the
TSO estimate (1.77) for the effective stored-energy function of the reinforced elastomer can be shown
to reduce to

/W\/(F) =(1-¢ W;gl)(l_?(l)) + A1 Ef 1y + AosElyyy + AssEjgss

|
2(1—¢)
2 (Al?EII122 + AisEf 53 + A23E2I233)} ; (1.130)

where A;; = (A — 1)(\; — 1) (4,5 = 1,2,3).

In this section, we will confine our attention to stored-energy functions of the generalized neo-
Hookean form (1.112) for the matrix phase. As discussed in Subsection 1.4.2, the computation of
the microstructural tensor E! requires the computation of the tensors P; (i = 0,1,2), as defined
by (1.105), which in turn require the determination of the tensors B; via the tensors Dy, Dy
and the scalars dy, di, as provided by relations (1.103). After some algebraic manipulation, it is
straightforward to deduce that the components of the symmetric, second-order tensors Dy and Dy
for the matrix behavior (1.112) and the loading condition (1.129) reduce to

Do),
Dy)2

(Do) A7 [(A3€5 + M383)91 + A33 91165 €3],
(Do) A3 [(M€3 + A3€0)gr + At 91161 €3],
(Do) %[( 33+ 236D 91+A291151§2]7
(Do)12 = — [Asg1 + A1z Aag M dagrr| &1 &a,
(Do)

(Do)

H
| |

[ V)
| |

Do)13 = — [A2gr + A12 AasAiAsgrr| & &,
Do)asz = — [Mgr + A1z Aishadsgrr| &2,

34



(D)1 = g7 + (N385 + A389) 91911 + hir(Do)1i,
(D1)22 = g7 + (A&F + A3€3) 91911 + hir(Do)az,
(D1)3s = g7 + (AT&F + A3€3) 91911 + hir(Do)ss,

(Do)
(Do)
(Do)
(D1)12 = —As&1&291911 + hir(Do)iz,
(D1)1s = —A2€1 391911 + hir(Do)is,
(D1)23 = —Mé2&391911 + hir(Do)as, (1.131)

where A;; = (5\12 — 5\?), 1,7 = 1,2,3. In addition, the expressions for dy and d; are given by
do = (MASET + AN €3 + AINS€3)g7 + [MAL GG + MALEE + \AL & grgrr,
dy = g7 + hrrdo + AN & + X365 + A360) 97911 (1.132)

For general matrix behavior, the integrals involved in the calculation of the tensors P; in ex-
pressions (1.105) cannot be performed analytically. Therefore, the double integrals are computed
numerically via Gaussian quadrature, with a sufficiently high numbers of Gauss points. Thus, using
expressions (1.131) and (1.132), and setting Zo= I for the spherical inclusions, the integrals may be

easily computed by means of polar cylindrical coordinates
& =+V1—=2%2cos(0), & =+1-22%sin(d), &=z, (1.133)

which vary over the intervals 0 < # < 7w and 0 < z < 1. After calculation of the tensors P;, the
tensor E! can be calculated via the relations (1.106) to (1.110) (see also Appendix A.1). Finally,
the computation of the effective stored-energy function (1.130) may be completed by means of the
relevant components of the tensor EL.

Although the integrals (1.105) for the tensors P; require numerical integration in general, they
can actually be computed analytically at least for Gent behavior (1.113) for the matrix phase and
axisymmetric loading conditions. In this case, a closed-form estimate may be obtained for the macro-
scopic stored-energy function (1.130) of the particle-reinforced elastomer. However, the expressions
are too lengthy to be included here. Instead, closed-form, analytical results are provided for the

special case of neo-Hookean behavior for the matrix phase in the next subsection.

1.6.1 Analytical Results for (Incompressible) neo-Hookean Elastomers

In this section, we provide the specialization of the second-order estimate (1.130) for composite
elastomers with incompressible neo-Hookean matrix phases. In fact, the microstructural tensors
P and E, as defined by expressions (1.22) and (1.57), respectively, can be computed analytically
(Lopez-Pamies and Ponte Castaneda, 2007a,b) for compressible neo-Hookean behavior, and are given
in Appendix A.3. Therefore, the incompressible limit (/) — oo) of the tensor E to obtain E! can
be evaluated directly in this case, without the more general procedure outlined in Subsection 1.4.2.
In any event, having obtained the components of E!, the corresponding expression for the TSO

estimate for the effective stored-energy function of the composite with incompressible neo-Hookean
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matrix phase is obtained by substitution into (1.130). The result may be written in the form

. . (D)

WE) = (1-0 W;1><F<1>> - 2(01 — (VA [N 4 2 4+ Auhe [24 ATAS + 2060
+ A (g + 1)( I+ 1) — 202021+ A2) (152 — 62 +2) + 2X3N3 (155 + 11575 + 6)
A2 (A3 — 42 — 6)A)]] [BAIAZ — 1)E2 + 2(AIA2 — 20208 + 1)E.E;

~N2N3(N2 — Xg):f] — (AMSAT = 1)(ATAZ — 1) [2AT 4+ 223 + A1 A2 [A3(3A5 — 2)A]
F2AA3 (202 + 1)+ AIRZ(I95 + 1125 + 4) — 2X0R3(175 + 1135 — 1) — 2X5X4(I}J264 )
+ 2NN (125 + TV — 1) + A3(I07 + T — 233 — 4) + 203 (Ao — 1)(I35 + 11975 + 1)

—“MA3(202 — 1) (N2 ) AX3 = 203]] 1 /1 = A2 4+ At da(AgAT — 1)

x {[—4 42X [APAZ(BAS — 2) + MONZ(BAZ + 4o +2) + AIN(ITA2 + 1125 + 4)
- ASA?’(I;_OQO 1000+ 3) + A (I3 + 112243 +6) + AR5, + Hg +3)

— NA2(20) + 13356 +1155 +16) + /\4A2(1f61§ F L5+ 3) - A (1250 + 1g° - 6)
TN (22 T35 — 3) + A0(233 + 3M + 4+ 63 — 123) + Ao — 333 + 2” =

+ [M A+ Ak VIR 2082 - MU (AR + 03 — 1) — 0O - 28+ 1)
= ANB(I%° + 057 — 8) + 2ATNS(25 + 1030 + 1) — AR (408 + 19315 + T30+ 2)

—2MA3 (17, + Hfl’ﬁ — 1)+ NSN3+ I5NS + g5 +8) — 2/_\45\2(12’10 +I) +2)
2N (I35 + 11507 — 2) + NI + 125 +2) — A do(I1F) + 403 — 2) + 2A2H = }}
x {AIAS [[OAIAZ(ATAS — 1)E2 + 6AIAF(ATAS — 2X3)F + 1)E.Ey

= 3MAS(AT = A)EF = APPAS + ATPA5(1 — 3A9) + ATAS(5 — A9) — 2ATA3

FAINA(AS — 5) + N2(1— 208) + SASAS + A2] /1 — AZAd 4 28, 0 (ABAZ — 1) [[ASAL 4 BACAS
} 1

FAIAS(AS — 4) — ANAS + 1= + MAZAIAS — BAIAS + AT (1 — AS) + 2X3]=¢]]} 7, (1.134)
where
O FERS VA (A —)a —c)(As —c)
WE®) = £ — — W |2 A8 T 1.1
w( 5 L;(l_c) 3] [ n[ 0o : (1.135)

and the abbreviations
IZ;db = d\) + A5 4 bAS + als, Hc D= XS+ XS 4 A + a)3, (1.136)

(a barred subscript/superscript indicates the corresponding negative coefficient) have been intro-

duced for simplicity. In addition, = and Z. are given in terms of the incomplete elliptic integrals
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of the first and second kind (Abramowitz and Stegun, 1965), respectively, via

- s MM -1 R N2 -1
:f:F(,M—)\%,\g, %) e:E(./l—,\f)\g, %) (1.137)

where the functions F' and F are defined by

a a _ 2492
Flab) = / ! dt,  E(ab) = / VIZ0® (1.138)
0o V1 —12y/1—b2¢2 o V1—1t2

(1]

Z—I/Z

|

Z—l/ 2

Y

Figure 1.6: Schematic representation of a matrix reinforced by spherical inclusions subjected to
(a) Pure Shear (PS) loading, (b) Uniaxial Tension (UT) loading, and (¢) Equibiaxial Tension (ET)
loading.

It is emphasized for completeness that the above estimate is consistent with the macroscopic
incompressibility constraint A\; A\oA3 = 1, and linearizes properly. Note also that the estimate locks
up whenever any of the stretches \; = ¢. In addition, it is well worth considering the specializations
of this expression for Pure Shear, Uniazial Tension and Equibiazial Tension loading conditions, as

schematically represented in Figure 1.6.
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Pure Shear (PS)

For pure shear loading in the 1-3 plane (cf. Figure 1.6(a)), A3 = 1 and Ay = 1/\;, and the TSO
estimate (1.134) for /W(F) simplifies to

¢

ST )\2 {{2(A§ —1) [(Xf —1)°Z. + @3;%54
+ {33 [322 - 2% + 925, + (B + 1D - (B - oy} y/1- )\1_2}

% (O — 1)2{&% ~1) { {L3(X;l —3)+ 2X1<1>‘;’;§} Sp— 2020 4 A +2) (A2 — 1)356}

W(EF) = (1-cWMED) -

—1

n {)\2 [@9 g (M 02+ 1)} 322 — 2(A2 + 2)2.5; + (A2 + 1)=2]
+(O2 - 1) [Lg(zX‘{ ~ X 42)— 2qu>3;§} 1- A7 }} (1.139)
where Lz = (A2 — 1)2(\? + 1), and the compound symbols (I)Z:db = aX\§ + b\S + A} +d)\? + 1 are

introduced for brevity (a, b, ¢, d are positive integer numbers, and a bar above the number indicates

a negative sign). Also, =, and Z, reduce to

o :F(\/l—)\f,\/—»)\f), Ee :E(\/l—)\f,\/—»)\f),

where the functions F and E have been defined in (1.138). (Note that although b = \/—\? is

complex, the actual integrals in these expressions depend on b through b> = —\?, which is real.)

Uniaxial Tension (UT)

For uniaxial loading in the e; —direction (cf. Figure 1.6(b)), Ao = A3 = 5\1_1/2, and the TSO estimate
(1.134) for /W(F) reduces to

% {/_\ . [—3A3Y tanh ™! (T)% + (A — 1)? tanh ™" (T) + (A} + A — Q)ﬂ}
{[222X - 633 — 83 + 1) = AT2(28 = 337 + 3% — 1521 + 1) T tanh ™! (1)?

+ (A = 12 + M+ 1)? [2X%(X1 +1)(20 — 1) — VA (A = X+ 547 — 1)] tanh ™ (T)

=D+ M+ 1) [2X§(2?\‘1l A3 B2 AN +2) = NP - M 3N 22— 2N + 9)} T}

(1.140)

where T = /(A§ — 1)/A3.
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Equibiaxial Tension (ET)

For equibiaxial loading (cf. Figure 1.6(c)), A3 = A\;? = A2, and the TSO estimate (1.134) reduces

to

— C

W(EF) = (1— ) WO ED) - g0 3
x {wﬁm “1 A D] 08— 02 (R - D) - (8 - oeat + 1)}
2
« {x;*, 36 12 — 230 4 63T — 1530 + 1230 4+ 330 — 4X0 — 332 4 2) [tan_1(1 /xe— 1)}

O 1)2(0 — 20T 4230 — 5N 4 A £ A2 1) {tanl(\/;\? N 1>]

(O 1)32(Ry — 1)2(4X0 — XD 4 28 4 TAS 4 637 4+ 3N + 23F — 232 — 2}, — 1>}. (1.141)

2 —1

It is worth emphasizing that for UT and ET loadings, the expressions for the effective stored-energy
functions do not contain elliptic integrals. Moreover, it should be mentioned that the effective
stored-energy functions (1.139) to (1.141) are all strongly elliptic (strictly rank-one convex). This
observation can be verified by means of the conditions provided by Zee and Sternberg (1983) for

strong ellipticity of isotropic hyperelastic materials.

1.6.2 Results for Gent Elastomers and Discussion

In this subsection, we present some specific results for the stress-stretch relations arising from the
TSO estimates for general triaxial loading of elastomeric composites consisting of Gent (or neo-
Hookean) elastomers reinforced by isotropic distributions of spherical particles. As discussed in the
previous section for the three particular loadings (PS, UT, ET), there is only one loading parameter,
and we will depict all results here as functions of A\; = X. The results correspond to several volume
fractions, ¢ = 0.1, 0.2, 0.3, lock-up parameters, J,, = 50, 100, 500, oo, and are normalized by the
ground-state shear moduli (") = 1). Tt is recalled that the case J,, — oo corresponds to an
incompressible neo-Hookean matrix, so that the corresponding results are calculated by making use
of the explicit expressions (1.139) to (1.141).

Figures 1.7 to 1.9 shows plots for the new TSO estimates for the macroscopic stress S = oW /0N
in the particles-reinforced elastomers, as functions of the applied stretch A, for pure shear, uniaxial
tension and equibiaxial tension, respectively. Parts (a) of the figures show the results for composites
with neo-Hookean matrices at various particle volume fractions, while parts (b) shows the corre-
sponding results for composites with Gent matrices with several values of J,,, for a given volume
fraction of particles ¢ = 0.1. It is seen from these figures that the volume fraction of the reinforcing
particles has a strong effect on the overall response of the reinforced elastomer, for all three loading
types. On the other hand, the strain-locking parameter J,, in the Gent elastomers can also be seen

to have a strong effect on the macroscopic response of the reinforced elastomer. In addition, it
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Figure 1.7: New tangent second-order (TSO) estimates for the macroscopic stress S = d/V[7/ dX\ in
particle-reinforced elastomers under pure shear loading (A3 = 1, Ay = 1/\;), as functions the applied
stretch A\; = \. (a) neo-Hookean matrix for different values of the fiber volume fraction (b) Gent
matrix for different matrix lock-up parameters.

should be emphasized that the differences observed in the response of the three different loadings
are due in part to the different ways in which the results are presented. Of course, the results are
consistent in the limit of small strains with the results of linear elasticity, and therefore independent
of the loading conditions. However, as we will see below, there is an intrinsic effect of the loading
conditions for large strains.

Figure 1.10 shows plots for the “lock-up” stretch in particle-reinforced, Gent elastomers. As
already mentioned in the context of the fiber-reinforced elastomers in Section 1.5, the composite
may undergo either “geometric” or “material” lock up. Thus, Figure 1.10 shows plots of the stretch
Meck at which lock up first takes place for a given loading path. The results are given for three
particular loadings: Pure shear (PS), Uniaxial tension (UT) and Equibiaxial tension (ET). The
corresponding geometric lock up condition are given by A\; = ¢ ', Ay = ¢ 2 and A\; = ¢ /2,

respectively, while those for material lock up are given by
N =2X3c—[(1 = ¢)*Jm —4c+ 2] X2 —2Xc+1 =0,

N —2Xe—[(1 = ¢)* Ty — 6+ 3]\ —4deV A +2 =0,

2X0 —4Xje — [(1 = ¢)?Jpm + 3 — 6c]A] — 2eA] +1 =0, (1.142)
respectively. The results are shown as functions of the particle volume fraction, for fixed values of the
Gent lock-up parameter .J,,, = 50, 100, 500. The main observation in this figure is the transition from
material lock up to geometric lock up as the particle concentration is increased. Thus, for smaller

volume fraction the lock-up stretch is associated with the material lock up (depicted as “straight”

lines). On the other hand, for sufficiently large volume fraction (depending on the specific loading),
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Figure 1.8: New TSO estimates for the macroscopic stress S = d/V[7/ d\ in particle-reinforced elas-

tomers under uniaxial tension loading (A\y = A3 = 5\1_1/ 2), as functions the applied stretch A\; = .
(a) neo-Hookean matrix for different values of the fiber volume fraction (b) Gent matrix for different
matrix lock-up parameters.

the lock up switches to the geometric (curved lines). It is also seen that the addition of rigid particles
enhances the material lock-up effect, with respect to the homogenous matrix phase. This is related
to the fact that the rigid phase cannot deform under deformation and all the deformation must be
“concentrated” in the matrix, leading to a smaller effective lock-up stretch for the composite.

As discussed in Subsection 1.5.4, the accuracy of the TSO results is expected to deteriorate as
geometric and material lock-up conditions are approached. For this reason, Figure 1.10 could be
interpreted as providing an estimate for the range of validity of the TSO results in terms of the
maximum applied stretch A for given particle concentration and loading condition. Clearly, the
range of validity of the estimates decreases with increasing the particle volume fraction. Thus, it is
evident from the plot that UT loading has a relatively larger range of validity, while the range of
validity for ET loading is more restricted with increasing values of c¢. For instance, for composites
with a Gent matrix and fixed particle volume fraction ¢=0.2 and lock-up parameter J,,, = 500, the
range of validity for PS, UT and ET loadings can be estimated as 1 < A <45 1< X<17 and
1<2< 2.3, respectively.

Finally, Figures 1.11(a) and (b) present plots of the effective stored-energy function of the com-
posite versus the macroscopic invariants Iy = A + A2 + A2 and Io = A?A3 + A3)2 + A2)2 of the
deformation, respectively. The matrix is assumed to be neo-Hookean and results for a non-reinforced
matrix are also included for comparison. It is observed in Figure 11a that the effective behavior for
the composite differs noticeably for the three particular loading conditions (i.e., for PS, UT and ET
loadings), while the corresponding behaviors for a homogenous neo-Hookean matrix are all identical.
More specifically, it can be seen that the response for ET loading becomes increasingly stiffer with
the deformation, while the responses for PS and UT loadings remain close to each other and are

more compliant. Given that the material response (as gauged by the matrix response) is the same,

41



neo—Hookean
10 — 1 ‘

(a) A (b) A

Figure 1.9: New TSO estimates for the macroscopic stress S = d/V[7/ d\ in particle-reinforced elas-

tomers under equibiaxial tension loading (A3 = A5 2= 5\;2), as functions the applied stretch A\; = \.

(a) neo-Hookean matrix for different values of the fiber volume fraction (b) Gent matrix for different
matrix lock-up parameters.

the differences observed in the response of the composite must be attributed to the differences in the
evolution of the microstructures for the different loading conditions. Figure 1.11(b) shows results
for the effective stored-energy function of the composite as a function of the second invariant I,
for two different, fixed values of the first invariant I;. The corresponding results for the matrix
phase are also included for comparison purposes. Thus, it can be seen that I, has a strong effect on
the macroscopic response of the composite, while the matrix material exhibits no such effect. This
phenomenon is a consequence of the nonlinear response of the composite, leading to dependence on
the second invariant of the deformation. (Note that dependence on third invariant would also be

expected in general, but it is excluded here due to overall incompressibility of material).

1.7 Concluding Remarks

In this chapter, we have developed new constitutive models for the macroscopic response of compos-
ites with hyperelastic phases and particulate microstructures, subjected to general, three-dimensional,
finite deformations. For this purpose, we have made use of a suitable extension of the tangent second-
order (TSO) homogenization theory of Ponte Castafieda and Tiberio (2000), which is capable of ac-
counting for the strongly nonlinear overall incompressibility constraint (for incompressible behavior
of the phases), as well as for the reorientation of the particles with the deformation. Thus, for in-
compressible elastomers reinforced with random distributions of aligned, ellipsoidal, rigid inclusions,
the expression (1.77) was derived for the macroscopic stored-energy function T/I\/(F) in terms of equa-
tion (1.79) for the evolution of the particle orientation R(?), the stored-energy function Wél) of the
elastomeric phase (with ground-state shear modulus u(l)), the initial concentration of the particles

¢, and a certain microstructural tensor E!, serving to characterize the particle shape, and defined
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Figure 1.10: TSO estimates for the macroscopic stretch, A\{°* | at which an particle-reinforced incom-
pressible Gent elastomer locks up under three different loadings: Pure shear (PS), Uniaxial tension
(UT) and Equibiaxial tension (ET). The results are shown as a function of particle concentration ¢
for different values of the matrix lock-up parameter .J,,.

by expression (1.106). In particular, closed-form, analytical results were obtained for neo-Hookean
rubbers reinforced by isotropic distributions of spherical particles under general loading conditions
(see expressions (1.134) to (1.141)). For this case, it was found that the macroscopic stored-energy
function exhibits dependence on the second invariant of the right Cauchy—-Green deformation tensor
(even when the matrix response is assumed to depend only on the first invariant), in agreement with
theoretical expectations. In addition, it was also found that the macroscopic response of Gent-type
elastomers reinforced with isotropic distributions of spherical particles is strongly elliptic, and there-
fore shear-band localization instabilities of the type found by Lopez-Pamies and Ponte Castaneda
(2006b) and Agoras et al. (2009b) for fiber-reinforced composites loaded in compression along the
long axis of the fibers were not found in this case.

The TSO theory was also tested for a 2-D problem consisting of transverse shear loading of
elastomers reinforced with cylindrical fibers of elliptical cross-section, where it was found to recover
exactly the generalized second-order (GSO) results of Lopez-Pamies and Ponte Castaneda (2006a)
for dilute concentration of elliptical fibers in a neo-Hookean elastomeric matrix. For more general
material behavior (e.g., Gent) and non-dilute conditions, the new TSO theory is still in relatively
good agreement with the GSO predictions, although it can lead to much stiffer predictions for neo-
Hookean matrix behavior, when the TSO theory predicts “geometric” lock up, at sufficiently large
deformations. However, for more realistic situations, when lock up due to the matrix behavior is

present, the differences are relatively minor. In any case, comparisons with FEM simulations for
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Figure 1.11: NewTSO estimates for the effective response of a rigidly particle-reinforced elastomer
with an incompressible neo-Hookean matrix. (a) The effective energy W versus the macroscopic
invariant I; under three different loadings: Pure shear (PS), Uniaxial tension (UT) and Equibiaxial

tension (ET) (b) The effective energy W versus the invariant Io for two different values of the

invariant Iy.

realistic values of the matrix locking strain and macroscopic stretches, are in excellent agreement
even for relatively high concentrations (i.e., up to 30 %).

It should be emphasized that while there are presently other homogenization theories for hy-
perelastic composites (e.g., the GSO (Lopez-Pamies and Ponte Castarieda, 2006a) and sequentially
laminated (deBotton, 2005) homogenization methods), the new TSO method developed in this work
offers a good balance of generality and accuracy. Indeed, to the best of our knowledge, the TSO
estimates developed in this work are the first homogenization estimates for reinforced elastomers
with general particle shape. While only the case of spherical inclusions has been developed in detail
here, results are also available for the response of elastomers reinforced with ellipsoidal inclusions
under general (non-aligned) loading conditions. Due to the anisotropy of these material systems and
the important effects of particle reorientation, which can lead to loss of ellipticity of the macroscopic
response, the analysis of these results is quite a bit more involved and will be considered in detail

in a future publication.
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Chapter 2

Application of the TSO theory to
short fiber-reinforced composites:

I-Analytical results
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In this chapter, we present a homogenization-based constitutive model for the mechanical behav-
ior of non-spherical particle-reinforced elastomers with random microstructures subjected to finite
deformations. The model is based on the improved version of the tangent second-order (TSO)
method, developed in Chapter 1, for two-phase, hyperelastic composites, and is able to directly
account for the shape, orientation, and concentration of the particles. After a brief summary of
the TSO homogenization method, we describe its application to composites consisting of an incom-
pressible rubber reinforced by aligned, spheroidal, rigid particles, undergoing generally non-aligned,
three-dimensional loadings. While the results are valid for finite particle concentrations, in the dilute
limit they can be viewed as providing a generalization of Eshelby’s results in linear elasticity. In
particular, we provide analytical estimates for the overall response and microstructure evolution of
the particle-reinforced composites with generalized neo-Hookean matrix phases under non-aligned
loadings. For the special case of aligned pure shear and axisymmetric shear loadings, we give closed-
form expressions for the effective stored-energy function of the composites with neo-Hookean matrix
behavior. Moreover, we investigate the possible development of “macroscopic” (shear band-type)
instabilities in the homogenized behavior of the composite at sufficiently large deformations. These
instabilities whose wavelengths are much larger than the typical size of the microstructure are de-
tected by making use of the loss of strong ellipticity condition for the effective stored-energy function
of the composites. The analytical results presented in this chapter will be complemented in the next

chapter by specific applications for several representative microstructures and loading configurations.

2.1 Introduction

For the purposes of the present chapter, the most relevant work was carried out by Lopez-Pamies and
Ponte Castanieda (2006b) for random distributions of rigid elliptical fibers in an elastomeric phase,
or more precisely for plane strain loading of continuous fiber-reinforced elastomers in the transverse
plane where the fibers exhibit elliptical cross-section. These estimates demonstrated for the first
time the strong effect of particle rotations, which, under certain conditions, could induce strong
geometric softening leading to the possible development of macroscopic instabilities through loss of
ellipticity. These homogenization estimates were also compared with full-field numerical simulations
by Moraleda et al. (2009) and found to be in fairly good quantitative agreement at least for neo-
Hookean matrix phases. The existence of long wave length instabilities (Geymonat et al., 1993), as
well as other types of “microscopic” instabilities, in the context of two-dimensional fiber-reinforced
composites with periodic microstructures has also been documented recently (Michel et al., 2010).
As already mentioned, in this chapter, we will make use of the improved version of the TSO
method, developed in Chapter 1, to investigate the effect of particle shape on the macroscopic
response, microstructure evolution and macroscopic instabilities in short-fiber-reinforced elastomers
subjected to general finite-strain loadings. As mentioned in Chapter 1, the resulting estimates
of this method for the macroscopic response of the reinforced elastomers are consistent with the
overall incompressibility constraint, expected on physical grounds. Also, the TSO method is able
to provide analytical estimates for the evolution of the relevant microstructural variables, including

most notably the rotation of the ellipsoidal particles under general loading conditions. In particular,
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we verified in Chapter 1 that the improved version of the TSO method leads to predictions that are
very similar—and in some cases identical—to the predictions of the more sophisticated GSO method
(Lopez-Pamies and Ponte Castaneda, 2006a), at least for the case of two-dimensional elliptical
particles (Lopez-Pamies and Ponte Castaneda, 2006b). In this context, it should be noted that the
GSO method requires the use of the field fluctuations in the linear comparison composite and is
therefore more difficult to implement, especially for the complex three-dimensional microstructures
of interest in this work.

The structure of this chapter is as follows. For convenience and clarity, Sections 2.2 and 2.3
summarize the basic elements of the nonlinear homogenization methods and, in particular, the tan-
gent second-order theory developed in Chapter 1. Section 2.4 deals with the specific application of
the TSO theory for elastomers reinforced with aligned, rigid, spheroidal particles. This section in-
cludes closed-form, analytical expressions for the homogenized stored-energy function of transversely
isotropic, reinforced elastomers with neo-Hookean matrix phases under aligned, triaxial loading con-
ditions (see expressions (2.35), (2.39), and (2.42)). Section 2.5 spells out the general conditions of
strong ellipticity used to determine the “macroscopic” instabilities for incompressible, transversely
isotropic, hyperelastic composites under aligned and non-aligned loading conditions. These condi-
tions are provided in terms of appropriate traces of the associated effective incremental modulus
tensor, which, in turn, can be written in terms of the derivatives of the associated effective stored-
energy function with respect to the macroscopic kinematical variables. Then, these conditions are
specialized for the class of (rigid) particle-reinforced elastomers undergoing azisymmetric and pure
shear loading conditions. Finally, some conclusions are drawn in Section 2.6. In the next chapter, use
will be made of the analytical results presented in Sections 2.4 and 2.5 of this chapter to investigate
in more detail the influence of the microgeometry, matrix properties, and loading conditions on the
effective constitutive behavior of the reinforced elastomers, including the associated microstructure

evolution and the possible development of macroscopic instabilities.

2.2 Preliminaries on hyperelastic composites and their effec-

tive behavior

Consider a specimen consisting of several families of aligned, ellipsoidal particles, distributed ran-
domly in a matrix phase, and occupying a volume €y with boundary 92 in the undeformed configu-
ration. Following the hypothesis of separation of length scales, we will assume that the characteristic
length-scale of the particles is much smaller than the size of the specimen as well as the scale of
variation of the loading conditions. Let the position vector of a material point in the undeformed
configuration €y be denoted by X, with Cartesian components X;, i € {1,2,3}, and the correspond-
ing position vector in the deformed configuration 2 be denoted by x, with components z;. The
deformation gradient tensor represented by F has components F;; = 0x;/0X; and is required to
satisfy the material impenetrability condition: J = det F(X) > 0 for all X € . In addition, let
F = RU where U and R stand for the stretch and (rigid-body) rotation tensors, respectively, and
let C = FTF = U? denote the right Cauchy—Green deformation tensor.
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We assume that the constitutive behavior of the phases is purely elastic and characterized by
the stored-energy functions W) (F)(r = 1,...,N), which are taken to be nonconvex functions
of the deformation gradient tensor F. Also, the stored-energy functions W) (F) are assumed to
be objective, namely, W) (QF) = W) (F) for all proper orthogonal tensors Q and arbitrary
deformation gradients F, so that W) (F) = W) (U). In this work, we restrict our attention to the
special case of composites made up of incompressible isotropic phases, and it proves useful, for later

use, to introduce the following decomposition for the stored-energy function
T T 1 T
WOR) = WO (F) + 55T — 17 (21)

where Wlsr) denotes the “distortional” component of W) and depends on the ground-state shear
modulus x("), while the second term depending on the Lamé parameter 1/(") characterizes the “vol-

) is that part of the stored-energy function W (")

umetric” response of phase r. In other words, W,ST
which does not depend on £/("). Tt is a simple matter to verify from (2.1) that the incompressibility
constraint J = 1 is recovered by letting the parameter 1/(") tend to infinity.

The first Piola-Kirchhoff stress in phase r is then given by the expression

S 3;‘/;) F (2.2)
In this connection, it is useful to also define
s) - 202 ) 23)
" OF ’
such that
S=80®) + g -1)F T (2.4)

In addition, consistent with the definition (2.1), the incremental tangent modulus tensor for the

phase r can be decomposed as

92w (r)

LO)(F) = =L + /L) 2.5
( ) aFaF i +:u’ -1 ( )
where
(r) 2w (r) P
L, (F)= SFOF and LYy(F)=J2J-1DF " @F ' +J(J-1)X, (2.6)
with & denoting the fourth-order tensor with components &5 = —F) 1;1 F ﬁgl.

Next, the local energy function of the composite is defined as
N
WX, F)=> x"(X)W(F), (2.7)

r=1

where the characteristic functions ("), describing the distribution of the phases in the reference

configuration, are such that they equal 1 if the position vector X is inside the phase r (i.e., X € Qér))
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and zero otherwise. Following Hill (1972), the effective, or macroscopic stored-energy function W of

the composite elastomer is given by

N

. (r)
W(F)= min (W(X,F)) = min cgr><w<r>(p)> , (2.8)
FeK(F) FeK(F) —

where K (F) denotes the set of kinematically admissible deformation gradients defined by
K(F) ={F|3x = x(X) with F = Gradx and J > 0in Q, x = FX on 9Q0} . (2.9)

In the above expressions, the triangular brackets (-) represent volume averages (in the undeformed
configuration) over a representative volume element (RVE) Qg of the composite, while (-)(T) denote
volume averages (in the undeformed configuration) over the phases Q((JT), so that the scalar c((f) =
<X(T)> indicates the initial volume fraction of the phase . Noting that under the above-defined affine
boundary condition (F) = F, and defining the average stress S = (S), the effective constitutive
relation for the composite is then given by (Hill, 1972)
0w
S = 8—F(F) (2.10)
At this point, it should be remarked that the solution (assuming that it exists) of the Euler-
Lagrange equations associated with the variational problem (2.8) is expected to be unique in some
neighborhood of F = I (where I is the second-order identity tensor), and gives the minimum energy.
However, as the deformation increases into the finite deformation regime, it may reach a point at
which the solution of the Euler-Lagrange equations (referred to as the “principal” solution and de-
noted by W(F)) is not unique anymore, and other kinematically admissible solutions corresponding
to a lower energy might exist (which, according to (2.8), is labeled W) This point corresponds to the
possible onset of an instability, beyond which the applicability of the “principal” solution becomes
questionable. In the context of hyperelastic composites with periodic microstructures, it is known
(Geymonat et al., 1993; Triantafyllidis et al., 2006) that the first instability may be “microscopic”
with wavelengths comparable to the size of the inhomogeneities, or they may be “macroscopic”
with wavelengths comparable to the size of the RVE. However, for composites with random mi-
crostructures, it may be expected (Michel et al., 2010) that the first instability should actually be
macroscopic. On the other hand, it is also known (Triantafyllidis and Marker, 1985; Geymonat
et al., 1993) that the “macroscopic” instabilities can be determined from the loss of strong ellipticity
of the effective stored-energy function of the material evaluated at the above-described “principal”
solution. For these reasons, in this work we will only be concerned with the principal solution /V[7,
whose range of validity will be estimated by evaluation of the associated loss of ellipticity condition.
Following up on the preceding remarks, we finish this section by spelling out the condition of
strong ellipticity (SE) for the effective stored-energy function W(F) In the context of hyperelastic
materials, the SE condition for the homogenized composite elastomers characterized by the stored-

energy function W(F) is equivalent to the positive-definiteness of the associated acoustic tensor IA{,

49



—

namely, W (F) is said to be strongly elliptic if and only if

-~ ~

Kix mymy = Lijp NjNymgmy > 0, (2.11)

for all non-zero pairs of unit vectors N and m. Here, K;; = L;ji N;N; is the effective acoustic

tensor, and, the fourth-order tensor f, defined by

Al
L=——, (2.12)
OF OF

denotes the incremental effective moduli tensor of the composite material characterizing the overall
incremental response of the composite elastomer. It is also worth mentioning that the tensor Ei‘jkl

possesses major symmetry (Zijkl = Zklij), but not generally minor symmetries (Zijkl #+ Ejilk).

2.3 Tangent second-order homogenization estimates

In this section, we briefly recall the tangent second-order variational method developed in Chapter
1 for the effective constitutive behavior of (two-phase) particle-reinforced, hyperelastic composites
consisting of aligned, ellipsoidal, rigid particles distributed randomly with volume fraction ¢ in an
incompressible matrix phase with energy function W,Sl). (Note that since particles are rigid and
the matrix is incompressible, ¢ = 062) for all macroscopic deformations.) As already mentioned,
the TSO method makes use of a fictitious “linear comparison composite” (LCC) with the same
microstructure (i.e., same characteristic functions x(")(X)) as the actual (nonlinear) composite ma-
terial (in the undeformed configuration). The moduli of the constituent phases in the LCC are
identified with “tangent” linearizations of the given nonlinear phases evaluated at the macroscopic
deformation gradient F. This allows the use of already available methods for estimating the effec-
tive behavior of linear composites to generate corresponding estimates for nonlinear composites. In
Chapter 1, we made use of the generalized Hashin-Shtrikman estimates of the Willis type (Willis,
1977; Ponte Castaneda and Willis, 1995) for the effective behavior of the linear-elastic composite
materials consisting of random distributions of aligned ellipsoidal particles with prescribed “ellip-
soidal symmetry” for the particle centers (i.e., the two-point correlation functions). These estimates
are exact to second-order in the heterogeneity contrast and to first order in the particle volume
fraction, and are known to be quite accurate for the type of “particulate” microstructures of interest
here, up to moderate concentrations of particles. In order to ensure compliance with the overall
incompressibility constraint (J = det(F) = 1), in Chapter 1, we made use of the expression (2.1) to
split the distortional and deviatoric components of the energy and arrived at the following estimate

for the effective stored-energy function T/I\/(F) of the reinforced elastomers:

(F-R®).E(F-R®). (2.13)

—~ _ 1 ¢
W(F) = (1- WM (FD) + 5T

1—c

In this expression, F is the macroscopic deformation which satisfies the incompressibility condition

det(F) = 1, R® is a second-order orthogonal tensor characterizing the average rotation of the
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rigid particles under the macroscopic deformation gradient F, and determined by the kinematical
equation

Skew {(R<2>)T[E (F-R®) 4+ (1 - ) R®)T s,<}>(F<1>)} —0, (2.14)

where Skew denotes the skew-symmetric part of the quantities inside the curly brackets. Note that
equation (2.14) provides in general a set of three scalar algebraic equations for the three independent
components of R(). The second-order tensor F(!) corresponds to the average deformation gradient
in the matrix phase of the LCC, which can be expressed in terms of the macroscopic deformation

gradient F, and the rotation tensor R(®) as

F = (F — cR®), (2.15)

1—c

Finally, E is a fourth-order, microstructural tensor given by!

E= lim (P!'—LW) (2.16)

w1 — oo

In this relation, L") is a fourth-order moduli tensor determined by the tangent modulus evaluated

at the macroscopic deformation, such that

2w _
1) — F
OF OF (F),

(2.17)

while P is an Eshelby-type (fourth-order) tensor containing information about the shape and dis-
tribution of the particles in the undeformed configuration (Ponte Castaneda and Willis, 1995). For
ellipsoidal particles, distributed in an infinite matrix with the elastic modulus tensor L"), the com-
ponents of P read as

—3
2

1 Ba(©) 66 [¢7 (28 20)7€] 7 as, (215)

Py = ———
T 4|z le|=1

where the symmetric, second-order tensor Z serves to characterize the “shape” and “orientation” of
the particles in the undeformed configuration, and the tensor B denotes the inverse of the acoustic
tensor K of the matrix with components K;;, = LE;,)Cl &;&. In this work, we will also assume that
the initial (in the undeformed configuration) “shape” and “orientation” of the two-point correlation
function for the distribution of the ellipsoidal particles are identically the same as for the particles
themselves, as specified by the tensor Zg. It should be remarked that this assumption is not essential,
and the shapes and orientations of the distribution functions could, in general, be different from those
of the particles (Ponte Castaneda and Willis, 1995) leading to the use of two different P tensors.
It is also worth mentioning that all fourth-order tensors E, P, and L(!) have major symmetry, but

not generally minor symmetry. Furthermore, in view of definitions (2.16)-(2.18), together with the

n Chapter 1, the fourth-order tensor E was labelled E!, but, for simplicity, the superscript I has been dropped
here.
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objectivity assumption for W) (F), it can be verified that

Eijk (F) = RipRiqEpjq (U), (2'19)

where U and R denote the macroscopic stretch and (rigid-body) rotation tensors, respectively (note
that F = RU). Making use of (2.19) along with (2.14) and (2.15), it can be shown that expression
(2.13) for W(F) satisfies the objectivity condition

W(F) = W(0). (2.20)

In summary, for a given ellipsoidal microstructure, macroscopic loading F, and matrix strain
energy W) the computation of the effective stored-energy function /I/I\/(F) in (2.13), as well as of
the associated rotation tensor R(?) in (2.14), requires the calculation of E. As defined in (2.16),
the tensor E should be calculated in the incompressibility limit of the matrix phase (u’ (CORN 00).
To this end, in Chapter 1, we carried out a general asymptotic analysis for the computation of the
tensor E in the incompressibility limit (x/!) — 00). For completeness and to maintain continuity,

the procedure for computing the tensor E is provided in Appendix B.1.

We conclude this section by noting that, in Chapter 1, we already considered the application
of the above-described results for the special case of elastomers reinforced with spherical particles
under triaxial loadings, and for the special case of composites with a neo-Hookean matrix, they
derived closed-form expressions for the corresponding effective stored-energy function. In addition,
they considered elastomers reinforced with two-dimensional fibers of elliptical cross-section under
plane-strain loading. For the special case of composites with a neo-Hookean matrix and dilute
concentration of fibers, they recovered exactly the results obtained by Lopez-Pamies and Ponte
Castaneda (2006b) using the more sophisticated GSO method. In addition, for finite concentrations
of particles and Gent-type matrices, the agreement of the TSO and GSO results was quite good.
In the present work, we will consider for the first time applications for elastomers reinforced with

three-dimensional spheroidal fibers.

2.4 Application to composites with rigid spheroidal particles

In the previous section, we summarized the results for estimating the effective stored-energy function
and the associated evolution of the microstructure for rigidly reinforced elastomeric composites with
general “ellipsoidal microstructure.” The aim of this section is to make use of these results to gener-
ate corresponding estimates of the Willis-type for elastomers reinforced with a random distribution
of aligned, spheroidal particles subjected to finite deformations. Our goal here is to provide explicit
analytical estimates when possible; otherwise, numerical calculation of the aforementioned estimates
is carried out. In the following paragraphs, we provide detailed description on the microstructural
configurations, constitutive behavior of the elastomeric matrix phase, and the applied macroscopic

loading for the class of composites of interest in this work.
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Figure 2.1: Schematic illustration of the microstructure of a rigid particle-reinforced elastomer in
the undeformed configuration (€2y). Two configurations are considered. (a) Elastomers reinforced
with prolate spheroidal particles (w > 1). (b) Elastomers reinforced with oblate spheroidal particles
(w < 1). Note that, in both cases, the symmetry axis of the particles is initially aligned with the
coordinate basis vector es.

Microstructures. The microstructures to be studied in this work are shown schematically in Figure
2.1, and are depicted in the undeformed configuration relative to the Cartesian basis {e;} describing
a fixed laboratory frame. These microstructures consists of aligned spheroidal particles of prolate
and oblate shapes, in initial volume fraction céz), which remains the same in the deformed configu-
ration (¢ = c((f)). As illustrated in Figure 2.1(a), the prolate spheroidal particles have aspect ratios
w > 1, and their major (symmetry) axes are aligned with the es-direction. Similarly, as shown in
Figure 2.1(b), the oblate spheroidal particles have aspect ratios w < 1, and their minor (symmetry)
axes are likewise aligned with the es-direction. Therefore, for both cases, the circular cross-section
of the particles in the undeformed configuration lies on the e; — es plane. Moreover, consistent with
earlier discussions, it is assumed that the particles are initially distributed with spheroidal symmetry
(isotropic symmetry in the transverse plane), and the two-point correlation function of the particle

distribution has the same aspect ratio and orientation of those of the particles.

Matrixz Constitutive Behavior. The variational estimates (2.13) and (2.14) are valid for general
behavior for the incompressible matrix phase. In this work, for definiteness, attention is restricted

to stored-energy functions of the generalized neo-Hookean type, given by expression (2.1) with
1 —
W(F) = g(I) + h(J). (2.21)

In this expression, I = tr(C) and, for proper linearization, the material functions g(I) and h(J) are
assumed to be twice continuously differentiable satisfying the conditions: ¢(3) = h(1) =0, ¢;(3) =
pM /2 hy(1) = —p™, and 4g;77(3) + hyy(1) = pY, in which the subscripts I and J stand for partial

differentiation with respect to the invariants I and J, respectively. In particular, we will consider
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First Rotation Second Rotation

Figure 2.2: Schematic orientation of the Rectangular coordinate basis €] with respect to the basis e;
after a two-step rotation. The loading (stretchingz directions are aligned with the e} basis vectors,
which have a misorientation (measured by angles 6, and 63) relative to the e; basis.

the Gent model (Gent, 1996), which has been shown to provide good agreement with experimental
data for rubber-like materials (Ogden et al., 2004) and captures the limiting chain extensibility of
elastomers. It is defined by

T 1V I1-3 1 p
(1) —_umPr - ° Mg = - (7-1)2
W, (F) 5 In(1 I + SH (J—1)(J—3) T (J—1)%, (2.22)

where (! is the ground-state shear modulus and .J,,, is a the dimensionless parameter characterizing
the limiting value for I — 3 at which the elastomer locks up (and the argument of the logarithm
vanishes). In connection with expression (2.22) for Wfbl), it should be emphasized that the terms
depending on J, although vanishing for incompressible behavior at J = 1, are necessary for proper
linearization of the deviatoric constitutive response. In addition, we should note that the form (2.22)
used in this Chapter is slightly different from the more common form involving a logarithmic term
in J, and indeed used in Chapter 1. The reason, as we will see below, is that this form leads to
better behaved estimates for large values of the deformation.

Finally, we note that the Gent model includes the well-known neo-Hookean model in the limit

as Jy, approaches infinity, where Wlsl) specializes to
(1) ey L
W, (F) = SH (I-3)+ ot (J—1)(J = 3). (2.23)

Macroscopic Loading. The isotropic distribution of the spheroidal particles in the transverse plane
(here, €1 — es plane) in the undeformed configuration leads to overall transversely isotropic behavior
for the composite with symmetry axis n = e3. For compressible materials with transversely isotropic
symmetry, the strain energy-density function can be written in terms of the 5 proper invariants of
the tensor C = FTF and the vector n (which reduce to 4 in the incompressibility limit). In this

work, we find useful the following decomposition of the macroscopic deformation gradient

F=U=QDQ7, (2.24)



where it has been assumed that R = I with recourse to the overall objectivity (2.20). In this

decomposition, D is a symmetric, second-order tensor given by
D:5\181@814—/_\282@)624—/_\393@93, (225)

with A1, Ao and A3 identifying the principal values of U (also known as the macroscopic principal
stretches). In addition, Q is a proper orthogonal, second-order tensor describing the orientation of
the principal axes of U relative to the (fixed) laboratory frame of reference {e;}. Here, the principal
axes of the symmetric tensor U, also known as the loading (stretching) directions, are identified
with the (rectangular Cartesian) basis {e}}. In general, this basis is not aligned with the basis {e;},
representing the symmetry directions of the particles in the undeformed configuration. In turn,
the tensor Q can be decomposed into three proper orthogonal tensor Qp,Qs, and Qs serving to
characterize the rotations of the principal axes of U about the fized e, ey and es axis, respectively.
Recalling that the composite has transversely isotropic symmetry with symmetry axis along es, the
response of the composite is insensitive to rotations about es, and we can restrict our attention to

tensors Q of the form

Q=Qi Q. (2.26)

It is important to emphasize that, for a general choice of A1, As and A3, the order of the rotations
in (2.26) matters, and in this work, the order given in (2.26) will be used. Also, as illustrated in
Figure 2.2, we let the two (Euler) angles #; and f, denote respectively rotations of the principal
axes of U about the e; and e, axis, with the sign defined according to the usual right-hand rule.

More explicitly,

1 =cos(fy) (e2 @ ey +e3®e3) +sin(fy) (e3Re; — e @e;) +e; ey,
Q2 = cos(fy) (e1 ® e; +e3 @ e3) +sin(fy) (e; R ez —e3 D e;) + e ® es. (2.27)

QO

Finally, as mentioned earlier, attention is restricted here to incompressible composite materials

satisfying the overall incompressibility constraint, so that
(2.28)

In terms of the above-defined loading parameters, the effective stored-energy function W may

be written in the form

—

W(F) = ®(M, A, 01, 02). (2.29)

Moreover, for simplicity, in this work we confine our attention to a subclass of loadings, characterized
by the condition #; = 0°, as schematically shown in Figure 3.3.2. In this case, the effective stored-

energy function simplifies further and takes the form
DM, A2, 0) = B(Xy1, A2, 0, 0), (2.30)

where the parameter 6, has been replaced by 6 for convenience. In this context, it is important
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Figure 2.3: Schematic representation of the applied loading on a rigid particle-reinforced elastomer
as well as the associated evolution of microstructure. The loading (stretching) directions are aligned
with e/ basis vectors which correspond to a rotation  about the ey direction. (a) In the undeformed
configuration (£2g), the particles are aligned with the e3 direction. (b) In the deformed configuration
(Q), the particles rotate (by the angle ¢/(?)) on the e; — e3 plane.

to remark that, in general, second and higher derivatives of the effective stored-energy function
@(5\1, A2, 01,0;) with respect to 6y, calculated at 6; = 0°, are required for the calculation of the
effective incremental modulus tensor L (defined in (2.12)) needed in turn for the computation of the
ellipticity condition (2.11) , even for loadings where 6; = 0°. For this reason, it will be necessary
to compute d for general values of f; and 6y, even when the results presented in this work will be
restricted to loading paths with 6; = 0°.

We conclude the description of the macroscopic loading conditions by identifying two special
loading conditions: (1) Azisymmetric Shear, characterized by the condition A\; = Ay = A, and (2)

Pure Shear, characterized by the condition Ao = 1, \; = \, where X is a positive loading parameter.

2.4.1 Estimates for non-aligned loadings

Under the above-mentioned assumptions on the microstructure, matrix properties and the macro-
scopic loading, we can now determine the tangent second-order estimates (2.13) and (2.14) for the
composites consisting of a generalized neo-Hookean matrix (with stored-energy function (2.21)) and
aligned, rigid spheroidal particles, subjected to the applied deformation (2.24). The resulting esti-
mates, for general stretches A; and Ao and angles 61, and 6, are too lengthy to be included here,

and instead, we present results only for the case of #; = 0° and fy = 0. In this case, it can be shown
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that the estimate for the effective stored-energy function of the composites reduces to

—~ — c

W(F) = (/I\)()‘lvj\%ové) = a(xlaj\%é) = (1 - C)W;Sl)(F(l)) + 2(1 . C)

+ ES XS+ ERSYE + E3IYS +2 [X1 (B33 Xo + B3Y1 + E3Ys) + Xo(ESY: + E5Ys)
+(he = 1) (Ejp X1 + B Xz + ERY: + ESYs) + E3Y1Ya] } (2.31)

{EHXT+ (% = 1)°EZ

where use has been made of the notation E,Zjl = FEjjj; for compactness of the Cartesian components

of the microstructural tensor E, as defined by expression (2.16), and where

(MA2) ™ sin?(8) — cos(®),

(MA2) ! cos? (0) — cos(p?)),

Yi2 = sin(d) cos(d) [xl - (XJQ)*} + sin($2). (2.32)

X1 = A cos?(0)

In this expressions, ©(?) characterizes the average rotation of the symmetry axis of the particles about
the (fixed) ey axis (with sign determined by the right-hand rule) in the deformed configuration (see
Figure 3.3.2(b)). According to expression (2.14), ©(?) is determined as the solution of the equation

{2 es1sin(p®) — L Xy — fs Xo + ES} Yo — Bl Y1 — (A2 — 1) f2} cos(?))
—{ (B} + B + e13) Vi + Bl X1 + B Xa + (o — 1) (E3} + E3)

+ |:5\1 + (5\15\2)_1:| [Eé% + (1 — C) (2 qgr + 5\2 hJ)] }Sln(zzj@)) +2e13 Sin2(,¢;(2)) =0, (233)

where e;; = Esl + EJ} and f; = Ei, — Ei, with i,j = 1,2, 3.

For given loading parameters \;, Ao, and , and material functions ¢ and h, the calculation of
the effective stored-energy (2.31) and the associated particle rotation in (2.33) require in turn the
computation of the appropriate components of the tensor E, as described by expression (B.1) in
Appendix B.1. The pivotal point in this procedure is the calculation of the microstructural tensors
P,, r = 1,2,3, as defined by the integrals in (B.7). For the general matrix behavior (2.21), and
general choice of A\; and Mo, and @, the analytic calculation of these integrals is a difficult task, and
we must resort to the use of a Gaussian quadrature technique. To maintain continuity here, the
details are provided in Appendix B.2.

At this point, it is important to emphasize that expressions ((2.31)) and ((2.33)) for the macro-
scopic response of the reinforced elastomers are exactly consistent with the earlier, corresponding
expressions given in Chapter 1, except that a slightly different form will be used here for the term
h(J) in equation ((2.21)) defining the matrix behavior W,Sl). However, it can be shown that the
modifications proposed in this work for the function h(J), as made explicit in the context of expres-
sions ((2.22)) and ((2.23)) for Gent and neo-Hookean elastomers, respectively, only affect the term
W,Sl)(l_?(l)) in expression ((2.31)), all other terms in expressions ((2.31)) and ((2.33)) remaining the
same. (This is because the other terms in these expressions depend only on up to quadratic terms

in the Taylor series expansion of h about J = 1.)
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Finally, we note that, for the special case of aligned loadings, in which stretching directions
of the tensor U are aligned with the principal axes of spheroidal particles (in the undeformed
configuration), leading to orthotropic symmetry, the calculation of the tensors P,., and subsequently
the corresponding function :13, can be carried out analytically for special forms of the matrix stored-
energy function (2.21). For this reason, we present in the next subsection explicit analytical results

for aligned loadings.

2.4.2 Estimates for aligned loadings

In this subsection, we restrict our attention to the special case of macroscopic loadings aligned with
the particle axes {e;}, and characterized by the conditions # = 0° and § = 90° in expression (2.24)
(recall that ; = 0°). However, for general values of A; and ), it suffices to identify aligned loadings
by the condition § = 0°. Hence, the macroscopic deformation gradient for aligned loadings is written
as

F=)Me Qe+ e e+ (5\15\2)71 e; ® e, (2.34)

where it is recalled that the particles are aligned in the e3 direction.

For the special case of aligned loadings, i.e., # = 0°, it can be shown that ¥?) = 0 satisfies
identically equation (2.33), implying that the particles do not rotate for any stretch (up to the
possible onset of an instability). Making use of this fact, it is easy to show that the TSO estimate
(2.13) for the effective stored-energy function reduces to

W(F) = ¢(A1, A2, 0) = (1 — WM (EWD) + {n —1)2El + (A2 — 1)2E53

2(1—¢)
+PES +2{1(M —DER + (A — 1) [\ — 1)E3 +1ES]}}, (2.35)

where [ = (M Ag) " — 1, and WY (FW) = g(TM) 4 h(JD), in which

7 _ M=+ (A2 =) +[(Midg) ! = ¢ O _ (M =) A2 = )[(Mirg) " = o
(1-¢)? 7 (1-¢)?

(2.36)

For the general matrix behavior (2.21), the analytic calculation of the relevant components of
tensor E in (2.35) is cumbersome, and, for practical reasons, we make use of the Gaussian quadrature
technique as will be discussed in Appendix B.2. However, for some particular types of the matrix
behavior (2.21), and under loading condition (2.34), derivation of closed-form expressions for the
components of the tensor E and, subsequently, for the effective stored-energy function (2.35) is
feasible. In the next subsection, we specialize the estimate (2.35) to neo-Hookean behavior for the
matrix phase, and derive closed-form expressions for the effective stored-energy function for the two

particular cases of (aligned) azisymmetric shear and pure shear loadings.

Closed-form results for a neo-Hookean matrix

In this section, we consider the hyperelastic composites made of a neo-Hookean matrix phase with

stored-energy function of the form (2.23) and aligned, spheroidal, rigid particles subjected to aligned
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loadings of the form (2.34). Under this type of loading conditions, the TSO estimate (2.13) for
the effective stored-energy function of the composites still takes the form (2.35) with the function
W (FD) now given by

W EWD) = %u(l) (j(l) _ 3) i %u(l) (j(l) _ 1) (j<1> - 3) : (2.37)

where I and J™) are given by expressions (2.36). Note that Wlsl)(f‘(l)) remains bounded for all
finite values of the stretches. This is different from the corresponding expression originally given in
Chapter 1 which tends to blow up at a finite value of the stretch depending on the particle volume
fraction—a phenomenon that was labeled geometric locking up. In other words, the slightly modified
expressions given here for the response of the matrix phase lead to no geometric locking up. As we
will see in Part IT of this work, this feature will lead to more accurate predictions for the overall
response of the reinforced elastomers.

As discussed earlier, in this case, the microstructural tensors P,.,r = 1,2, 3, as defined by integrals
(B.7), and subsequently the tensor E, as defined by (B.1), can be computed analytically for general
values of A\; and \o. However, the expressions for the pertinent components of E, as well as for the
final expression for the effective stored-energy function, are too cumbersome to be included here.
Instead, we provide only the analytical expressions for the relevant components of the corresponding
tensors P,.,r = 1,2, 3, although, to maintain continuity here, they are spelled out in Appendix B.3.
Having these components for the tensors P,., one can conveniently obtain a closed-form expression
for the corresponding effective stored-energy function W by first determining the analytic expressions
for the relevant components of the tensor E using the algebraic operations outlined in Egs. (B.1)-
(B.5), and then substituting these components along with Eq. (2.37) into Eq. (2.35). Here, we
remark that the resulting expression for the effective stored-energy function simplifies considerably,
when specialized to particular choices of A; and Mo, corresponding to (aligned) azisymmetric shear
and pure shear loadings. In the remainder of this subsection, we will separately consider these two
specializations, and provide the closed-form expressions for the associated effective stored-energy

functions.

Azxisymmetric shear loading. Here, we consider the case of the particle-reinforced neo-Hookean

composite subjected to aligned axisymmetric loading of the form (see Figure 2.4(a))
F:/_\el®el+5\82®82+5\_283®83, (238)

for which \; = Ay = A is a positive loading parameter. In this case, it can be shown that the effective

stored-energy function (2.35) simplifies to

W(F) = ¢(\,A,0) = (1 — WD (FD)
5 g PA- DB+ 07 1B + 20— 1By + 2077 - D (A - DE]}

(2.39)
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Figure 2.4: Schematic representation of a matrix reinforced by spheroidal particles subjected to

aligned (a) axisymmetric shear loading, (b) pure shear loading.

where W,Sl) is given by expression (2.37) with

j(l) _ 2(X—C)2 +

(A2~ cp

(1-¢)?

3
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and
Bl = Az Ay As(w 'yl)l{w AT A3 (A5 — wA)E —wA'? A3 AL —w A] AT A5 2w — w?I; + 409
+ {w2 NZAZ A2 4w Ay Ag As [w‘* Fu?TE - Xﬁ} —AZ[2u8 — B T Ié,;é]} Ay Ay

+ Ay A3 A7 200 3wt 175+ (Tw? - 3))\12]},
Eiy = Ag Ay A5w711{[w Az — N A,] AT A3 I% +w A\ Ay A2 (wAg Igf -2 4, Ai) 4P A2 A% Ay Ig:(l)
+ {43 AT 4 2w A3 43 A5 TD — w? A3 [’ 4 0] A, A4},

B = Ay Ay (w 5\271)1{/11 {04z 45 Ay [(F+102) w' =13 (0} +18) w? + X0 (3] + 134
FAZ Ay Ay [(}2 — 1wl + (12— 232) wh — A2 (J§l - 1%) w? — xﬂ T A2 A3 A5}
~N2A, Ay A2 Ay [wxz b+ (A2 4 1) (Jt;;; - r;’) wh = X8 (3A 4+ 12) w? — xm}
Fud A2 A2 A2 (02 — D) + 222N — 1)+ watAZ At [X4(X2 F 1w+ 12 — Xﬂ

FwAZ AT 2N 1) {45 (0% + Dw? — Nqi] — w? Ay 4;) }

Bl = Ay Ayt {A1 {wag as a5 (2 + Dwt —w? (303 +17) + 155 +20°] — w43 43 4
+A2 Ay Az Ay [w‘* (J§ + Ig) + (2 AT - Ifg) w? + 2018 4 N0 Iﬂ }

— MAZ AL (WP — N8 = N —w NP Ay A3 A2 A5 [whqn — (T3 +30) w? + 2012 + 310

+w? A2 A3 AZT2O 4 A2 ART2 {w N Ay As — As[(W + 1)w? — )\2q1]}}. (2.40)

In addition, in the above relations,

o2 _ £/an2 — )6 _
A, = tanh™! (“’71> . Ay = tanh™? (M) Ay = Vw? — X6,

w w

Ag=Vuw? -1, As=M\"+X+1)N=1), qa=I=+1,
M= Ag As [ Ay A3 Ay (3 Az A3 ASTS +w A3 A TEY) — A AGTE — NS 43 4§

—w A% Ay Ag AL A5 T30 + w? A2 A2 A2 Ig;g] Ju®,
and the abbreviations

6= A +aX’ +dw’ + b, Tp =17, I =bNO+dA* +aX + A2, T = I35,
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have been introduced for compactness. In these last expressions, a barred subscript/superscript
indicates the corresponding negative coefficient. It should be pointed out that the effective stored-
energy function (2.39) is valid for both prolate (w > 1) and oblate (w < 1) spheroidal shapes for
the particles. Also, when specialized to the case of w = 1, relation (2.39) recovers the corresponding
effective stored-energy function for neo-Hookean elastomers reinforced by rigid, spherical particles
provided by relation (1.141) in Chapter 1 (except that the expression for W,Sl) involves a logarithmic
term in J(V), because, as already noted, a slightly different form for the compressible generalization
of the neo-Hookean model was used in the earlier work.). Another remarkable feature of the stored-
energy function (2.39) is that it is valid for any positive loading parameter A. More specifically, for
A > 1, the function (2.39) corresponds to the effective stored-energy function of the composite when
subjected to Equibiazial Tension loading in the e; — ey plane, while for A < 1, it corresponds to

Uniaxial Tension loading in the es direction with tensile stretch A3 =1 / 2.

Pure shear loading. Next, we consider the case in which the (spheroidal) particle-reinforced neo-
Hookean composite undergoes aligned pure shear loading (in the e; — e3 plane) of the form (see
Figure 2.4(b))

F=)ei®e +e; Qe+ N Les®es, (2.41)

where, similar to the preceding axisymmetric case, A\; = A is a positive loading parameter. In this

case, the TSO estimate (2.35) for the effective stored-energy function simplifies to

—_

W(F) = ¢(A\,1,0) = (1 — o)W (EFD) +

2(1 — C) {(5\ - 1)2E%11 + (5‘_1 - 1)2E§§

+20 -1\ =1ELL, (2.42)
where W,Sl) is given by expression (2.37) with

O C>(21+_ (j); LU (I

and

EH = _(wmg)lQ}{wABg B3 (wB3E, — ABj) [w By Q3 + By (Nw? —2Q1)] Ep
—wB2B2Q! {w2 B2B;Q —w (w4Q% — 4NN o};}) By + (w‘*Q% +w?03 +2 Xﬁ) 33} =0

+ {w2 A2 B2 B3 [w By Q3 + (Nw® — 2Q)) B3] Ep1 — w® A B3 B3 [w By Q3 + (\w” — 2Qq) Bs] Ep2
—w B} [w? 63 B} By +w By B (w035 + 0y13) + BY (w'\ = w?0h3 +23°Q1 ) | } 5

+ AB3 Qi [w® Bf B3 Q1 + w By B3 (w’Qi — Q) — B3 (w?Qf —2A%)] }
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Ei3 = —wvng}{MBl —wBy) By B} Q} (wX' B} 5,2 - BY) S, — wA B3 B QL {\*B? B3 Q}
+wa By —w? By (2w? — A2Q1) } 5 + X3{w?\32 B2(By — wBs) (B4 Q' 5,1 — B2QLE,0)
~B3 [wai B} By — By B} (w0203 + X°Q} ) - w B} (v?Q} - X°q})| } =/

+ By By (A +1)? (B — ng)2},

Eg; = vzl{XB%f{B% [(w? 32Q} — 2Q1) By — w By Ba] — w By B} (w By B+ 0 By) Sy [ Zp1
+whay B B [w B} By Ql + (w'Q + w?Q} + 32Q}) Bi + w (2u® - X*Q}) By| 5,0
+ 3 { B3 [w?Bs Q1 B} + B} (w' 053§ — w005} +20°Q1 ) + w B3 Qf (w0355 — 073%) B
—wA By Bi (wBy By +aBs) (¢2Zp1 — B3 Zp2) }Ef +q3 B3 (w B} Bs + (w* — 1) By +w Bj) }
(2.43)

In addition, in the above relations,

V1 — w2 _ _ _
By = tan~! (J> . Bo=VM_uw? By=+1-w? Bi=(2-1)(O2+2),

w
Yo _{XB;%’ {2wA\*By B} E5 — By [w By By — By (w’A\°Q1 — 2)]} Ep1 + ¢2 B Q} [w B} B
+(w* = 1)By — w® By +w Bs] + w A qo B2 B [w (2uw? = X2QY) Bs — (20" — X2Q}) Bl} 2

+ XBY {20 B2 By (221 — B3Z,2) - B3 [wB1 Q} 033 + By (w?Q} - 20%)] } Ef}/u“)

and a = w? (A*Q} + 2) — 2A%Q]. Also, the abbreviations
Qf =aX’+b,  Opgs= A0+ eX +d\° + X +b3° +a,  Opf=Opep,

are introduced for compactness, and it is recalled that a barred subscript/superscript indicates the
corresponding negative coefficient. Moreover, Z;, and Z,12 are given in terms of the incomplete

elliptic integrals of the first and third kind (Abramowitz and Stegun, 1965), respectively, via

By _ By, M-1 _ By
fZF(FMJ)? :‘;Dl:P(Fam?q , Ep2 =P V717q s

(1]
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where ¢ = A /(A2 — 1)/(A* — w?), and the functions F and P are defined by

a 1
)= /0 V1= 2v/1 - bi2V/1 — 22

P (a,b,c

“ 1
fumm:A\ﬁ??ﬂt?Wﬁ’ Q. (2.44)
It is important to note that, similar to relation (2.39), the effective stored-energy function (2.42) is
valid for both prolate (w > 1) and oblate (w < 1) spheroidal shapes of particles. Likewise, when
specialized to the case of w = 1, relation (2.42) reduces to the corresponding effective stored-energy
function for neo-Hookean elastomers reinforced by rigid, spherical particles provided by relation
(1.139) in Chapter 1 (notwithstanding the earlier comment about the logarithmic term). Finally,
it is emphasized, for completeness, that the estimates (2.39) and (2.42) are consistent with the

macroscopic incompressibility constraint A AsA3 = 1, and linearize properly.

2.5 Onset of macroscopic instabilities

The purpose of this section is to investigate the possible development of macroscopic instabilities in
the finitely strained, particle-reinforced elastomers described in the prior section. As discussed earlier
in Section 2.2, in this work, our attention is restricted to the onset of macroscopic (as opposed to
microscopic) instabilities, which are characterized by wavelengths much larger than the characteristic
size of the underlying microstructure. We recall from our discussion in Section 2.2 that, based on
the work by Geymonat et al. (1993), the onset of macroscopic instabilities in the heterogeneous
materials corresponds to the loss of strong ellipticity of the associated homogenized constitutive
behavior. Recalling from (2.11), the homogenized particle-reinforced elastomer characterized by

/W(F) is said to be strongly elliptic if and only if

o~

Lijk[Nle m;myp = (62/12[7/6131] 6FMNJ»N[) m;my > 0. (2.45)

Thus, equivalently, the first macroscopic instability happens whenever the inequality (2.45) ceases
to hold true.

For incompressible materials, however, it proves convenient to express the strong ellipticity (SE)
condition in terms of the tensor i‘;jkl = Eipkq F ip qu which is the updated incremental moduli tensor
when the undeformed configuration coincides with the deformed configuration. Correspondingly, for

incompressible composites, the SE condition (2.45) can be rewritten as
tr{[L°(m ® n)](m ® n)} > 0, (2.46)

where n = F~TN is the transformation of the unit vector N in the deformed configuration. In
this case, the incompressibility constraint det(F) = 1 implies that the unit vectors n and m must
satisfy n-m = 0 in (2.46). In fact, due to the incompressibility constraint, some components of the
moduli L become infinite, however, the constraint n - m = 0 projects the tensor L¢ onto the space
of isochoric deformation det(F) = 1, and accordingly, the condition (2.46) is expressed in terms of

some traces of L¢ with finite values.
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Since the effective strain energy (2.13) is strongly elliptic in sufficiently small neighborhoods of
F =1, one expects that the inequality (2.46) holds true in the infinitesimal-strain regime. However,
as the macroscopic strain increases, the inequality may be violated at some specific critical tensor
Fe". This critical deformation gradient is associated with the critical vectors n.,, m.. In fact, Fer
constitutes the boundary of the domain in deformation space, including the value F = I, inside
which the SE condition holds. It is also remarked that when the condition (2.46) fails to hold, the
homogenized material becomes macroscopically unstable and this corresponds to a developing shear
band taking place on a plane with the (unit) normal vector n., (in the deformed configuration) and
along the direction m,..

The main objective of this section is to find the F¢" (together with the associated vectors n., and
m,,.) when the composite material consisting of rigid spheroidal particles undergoes the macroscopic
deformation given by (2.24). In the following, the specialization of the SE condition (2.46) for the
class of transversely isotropic composites under non-aligned and aligned loadings are provided, and
later, they are further specialized for the (rigidly) particle-reinforced composites of interest under
axisymmetric and pure shear loadings.

The modulus tensor L° in (2.46), which in general has 45 independent components, simplifies
when it is specialized to the class of (incompressible) transversely isotropic composites (with sym-
metry axis aligned with es direction) undergoing the macroscopic deformation field (2.24) (recall
that ; = 0°). Accordingly, it can be shown, by making use of the orthogonality condition n-m = 0
to solve for m3 in terms of the other components of m and n, that the SE condition (2.46) for the

stored-energy function /W(F) can be written as

-2 Tec 4 T* 3 Tec 2, Tx,2 2 T*, 3 Tec 2
n3 { {L3131 ny — 2 Lynzny + (L3232 ny + Ly ”3) n+ (2 Ling =2 L3yiam) ”3) ni+
Te 2.2 | Te 4 2 Te 3 T, 2  T*,.2 Tc 2
Lisian5n5 + Lisg ”3} my + {2 L5131 nony + 2 (L7 ng — Lgni — L3gyo ”2) nzng
Te 2 Tx 2 Te 2 Te 2 2
+2 (L3232 n2 + L5 n3) nlng} my1 mso + |:(L3131 n2 + L2121 n3) nl

+2 (55321 ng - ZZ ”g) ning + E§232 n;l + ZZ ”g ng + 25323 ng} m%} >0, (2.47)

where

ZT = Eiug - Z§3137 E§ = A§131 - E§3317

Z§ = Eilll + Z15333 -2 2112133 -2 21123317 ZZ = Z/5222 + Z5333 —2 E5233 —2 E5332

E; = Ei122 + z‘12221 + E5333 - Zi133 - E5233 - f‘13331 - E53327

EZ = 25231 + E§221 - E/303317 E; = 25213 + E5312 - E§3137 zg = 25231 + E§221 + Eflgl -2 E§3317

(2.48)

The loss of strong ellipticity of the (incompressible) composite elastomer can be determined by
monitoring the sign of the LHS expression in inequality (2.47) for all possible unit vectors n and m

satisfying the constraint n - m = 0, and detecting the point at which the expression first vanishes.
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As mentioned earlier in this section, for an incompressible composite, some of the components of
the corresponding effective incremental modulus tensor L¢ become unbounded, however, the traces
of this modulus tensor which appear in the strong ellipticity condition (2.47) (the expressions of
ijkl terms multiplying n;’s components) have finite values. These traces can be derived in terms of
loading parameters A1, Ao, and 05 as well as the first and second derivatives of the effective stored-
energy function @(5\1, A2, 01,02) with respect to its arguments, evaluated at 6; = 0°. To maintain
continuity, the corresponding explicit expressions for the moduli traces, calculated in the rectangular
Cartesian basis {e}}, are provided in Appendix B.4.

Substituting the expressions for the moduli traces (in (B.20)-(B.24)) into (2.47), the SE condition
is expressed in terms of ® and can be used to detect the onset of macroscopic instabilities for the
class of particle-reinforced composites described in Section 2.4. For a general choice of A1, Ao, and
6 = 05 in deformation (2.24) (recall that §; = 0°), the resulting condition takes the form

f(‘i’,xv‘i’,}w ‘f’,xlxa‘f’,xzxza ‘f’,élél ® oy M1, T2, N3, M1, Mg, M3, Ax, Ag, 0) >0, (2.49)
in which subscript commas followed by an index denote derivatives with respect to the corresponding
variables. For this general choice of loading parameters, the explicit expression for function f in
(2.49) is too lengthy to be included here, but it simplifies considerably for the special case of aligned
loadings (# = 0°) as discussed in the following.

For the special case of macroscopic aligned loadings, given by (2.34), it can be shown that the
SE condition (2.47) reduces to

ny? { [25131 ni + (E§232 nj+Lj ”g) n + Lig13m3 + L§a15 13 ”g} mi
+ [2 E§131 n3ngy + (2 Z§232 n3 42 E; n2n§> nl} mymsa
KL2121”3 + L1 ”g) n? + LSa3,n3 + L n3nj + L2323”3] m2} > 0. (2.50)

Substituting the moduli traces in (B.25)-(B.27) (for aligned loadings) into the above condition,
the corresponding SE condition for d is obtained. For general choice of A\; and Ay in deformation

(2.34), the resulting condition can be shown to reduce to

112122131{ {NiN8Bts0int + [ NEXERIs03n3 + i B31s (M B3 5,5, — 2XIN3B 5,5, — 2028 5, ) 3] 3
P22 gindnd + M 21 (z1 32 &)ﬁzgz) ng} m2 + 2 {y; N2 121367 nd ng

+{ R ts (838 5,5, - N 2 zga,gzgz ~ NN B g, ) + il (N B 5, — X533 5, )| n2nd

+ XX B 13 6 b g s + { (M 03 1 61 0 + X313 94 n3) n? + A3 2413 Lass md

2>,

o Bl [(xzzgam_zmgam_212 )n2n3 (12 ot AzAsq)elél)ng} }mg}
@1:00
(2.51)
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where ¢f = Ml® 5, + B 5,5, 63 = Mala® 5, + B g5,, 05 = M P 5, — Ao® 5, and
Lh=XNXN—-1, lL=MN\-1 I3=X -\ (2.52)

Before proceeding with the study of conditions (2.47), (2.49), (2.50), (2.51) for the particle-
reinforced composites of interest, it is important to make the following remarks:

(1) The SE conditions (2.49) and (2.51) are valid for any stored-energy function of the form
® (A1, A2, 01,02) corresponding to a transversely isotropic material whose axis of symmetry is aligned
with the e direction and subjected to a deformation field of the form (2.24) (with the condition
6, = 0°) and (2.34), respectively.

(2) In the remainder of this section, we will examine the SE conditions (2.49) and (2.51) only
for the transversely isotropic composite with the class of particulate microstructures studied in this
work. For this class of composites, based on a numerical study of (2.49) and (2.51) (as will be
discussed in Part IT of this work), we provide the corresponding critical unit vectors n., and m,, at
which these condition are first violated.

(3) The aforementioned results for the critical vectors n.,, m., are based on numerical investi-
gations carried out for composites with Gent and neo-Hookean matrices. However, it is plausible
that corresponding calculations for composites with other matrix models of the form (2.21) would
result in the same critical unit vectors.

Keeping in mind these remarks, in the next two subsections we consider the strong ellipticity
conditions (2.49) and (2.51) for two special types of loadings. In the first subsection, we consider
azisymmetric shear (characterized by Ay = A = \), and provide first the SE conditions associated
with expressions (2.49) and (2.51) for non-aligned and aligned loadings, respectively. In the second,
we provide the corresponding specialized SE conditions for pure shear loadings (characterized by
A = 5\, Ao = 1). In this context, it is useful to introduce the critical stretch S\CT, at which the strong
ellipticity conditions associated with axisymmetric and pure shear loadings are first violated.

In the discussions below, it is helpful to introduce the notations
5N, 01,02) = (NN, 01,02), BTSN, 601,65) = B(N, 1,61, 6,), (2.53)

corresponding to general non-aligned axisymmetric and pure shear loadings, respectively (cf., (2.29)).

Similarly, we introduce the notations
G (N0 = oA A0),  SPI(N.0) = 6. 1,0), (2:54)
respectively for axisymmetric and pure shear loadings with 6; = 0 (cf., (2.30)).

2.5.1 Axisymmetric Shear

Here, we begin by considering the SE condition for non-aligned axisymmetric loadings, characterized
by A1 = A2 = X in the loading form (2.24). For this case, the numerical results show that the

critical unit vectors at which the inequality (2.47) cease to hold, take the form m.. = e; and
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N = cos(aer)er + sin(aer)es. In view of these results for the critical vectors m., and n., it is
inferred that the macroscopic instability, under non-aligned loading condition, consistently takes
places through development of localized shear deformations (also known as “shear bands”) on all
planes whose normal lies in the e; — e3 plane, and in the e, direction. In this connection, a., serves
to characterize the angle between the normal to the plane of the “shear band” and the e; direction,
ezactly at the moment of shear band initiation. The corresponding normal vector in the undeformed
configuration can be obtained from relation N, = FCTTnCT. Using the resulting vectors n.,, and
m,, in condition (2.47), it can be deduced that macroscopic instabilities may first develop along

non-aligned axisymmetric shear loading paths whenever the quadratic equation
~ ny 2 ~ ni ~
2121 (_) +2 L339, (_) + L5303 =0 (2.55)
ns ns

admits real roots for nq/n3. Consequently, necessary and sufficient condition for the quadratic

equation to have complex roots can be expressed as

~ - . 2
L3191 L3303 — (L§321) > 0. (2.56)

Making use of the expressions for the L§,5;, L3953, and L§s5;, provided in Appendix B.4, for ax-
isymmetric shear loading, the associated SE condition for the effective stored-energy function ® can

be written as

> 0. (2.57)
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Recall that the above condition is calculated at §; = 0°, and the axisymmetric shear conditions
A1 = X2 = A should be applied to all terms after taking derivatives. Loss of ellipticity is therefore
expected at the critical stretch .. for which condition (2.57) is first violated. The corresponding

critical angle a., can be shown to be given by

—\? sin(f) cos(0) [4 A° &37(5151 + (X - 1)&)}161(51] }

- _ N N o ~ -1
x% {)\5 cos() sin(A)® 5, + A 5,5, cos?(6) + (\° — 1)<I>75\2} }

Note that the above expression is calculated at Aer-

Next, we consider the development of macroscopic instabilities for the composites subjected to
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the aligned axisymmetric loading of the form (2.38). In this case, the result depends on whether
the particles are prolate (w > 1), or oblate (w < 1), and these two cases are considered separately

below.

Prolate particles. Here, we consider composites consisting of an incompressible matrix and aligned
prolate spheroidal particles (see Figure 2.1(a)) subjected to axisymmetric shear loading (2.38). In
this case, within the context of condition (2.50), and based on the numerical examination, the loss
of strong ellipticity for the effective stored-energy function d takes place when the vector n., is
aligned with the e3 axis and the vector m,, lies in the e; — e plane in the deformed configuration.
That is, the homogenized composite material may develop localized shear deformations on the plane
determined by the normal es, and in all directions in the transverse plane. Using these vectors
in the condition (2.50), it can be deduced that macroscopic instabilities may first develop along

axisymmetric shear loading paths whenever the following inequality is first violated
Liz13 = Lyspz > 0. (2.59)

It should be noted that, for the case of prolate particles, the associated numerical results (to be
discussed in more detail in Part II of this work) show that this type of instability occurs only
when A\ > 1. This regime of A corresponds to the equibiazial tension loading in the e; — ey plane
with the stretch \, which is equivalent to the uniazial compression loading in the es direction with
(compressive) stretch 1/A2. In other words, as the (compressive) stretching along the long axes of
the particle increases, the effective incremental modulus in the transverse plane perpendicular to
the particle symmetry axes (25313 = E§323) softens to the point that it vanishes (Eiglg = 0). This
point is characterized by some finite critical stretch Aer > 1. This localized behavior can be related
to the evolution of the microstructure in the particle-reinforced elastomers. Thus, as will be seen
in Part II, the loss of strong ellipticity would correspond to an abrupt rotation (or flopping) of the
particles under a sufficiently large compressive loading. Making use of the expression for L{5,5 given
in Appendix B.4, the associated strong ellipticity condition in terms of the effective stored-energy

function can be given as
325,45 1 _

_ ~(\° -1
o Tz b

TA
A 99 S] > 0. (2.60)

O\

6=0°

Note that all derivatives in the above conditions are taken at 6 = 0°.

Oblate particles. Here, we consider composites consisting of an incompressible matrix and aligned
oblate spheroidal particles (see Figure 2.1(b)). In this case, along the loading path (2.38), the
numerical study indicates that the strong ellipticity condition (2.50) is first violated when the vector
n., lies in the e; — e plane and the vector m,, is aligned with the es direction in the deformed
configuration. In other words, the homogenized composite material may develop localized shear
deformations on all planes whose normal lies in the e; — es plane, and in the ez direction. Using

these vectors in the condition (2.50), it is easy to show that the first macroscopic instabilities may

69



develop along axisymmetric shear loading paths whenever the following inequality is first violated
L5131 = Ligz0 > 0. (2.61)

It is remarked that, for the case of oblate particles, the numerical results show that this instability
occurs only for 0 < A < 1. This regime of A corresponds to a equibiazial compression loading in
the e; — e; plane with (compressive) stretch A, which is equivalent to the uniazial tension loading
in the es direction with (tensile) stretch 1/A%2. That is, as the (compressive) stretching in the
transverse plane increases, the effective incremental modulus in all planes with the normal vector
n € Span{e; — ey} softens to the point that it vanishes (L5, = Lo = 0). Making contact with
the microstructure, the loss of strong ellipticity can be identified with flopping of the oblate particles
under compressive loading in the e; — es plane. Making use of the expression for E§131a given in
Appendix B.4, the associated strong ellipticity condition in terms of the effective stored-energy

function can be written as

2

> 0. (2.62)

32(5,45 - 8$AS
d _nZ
ez TN D3

2.5.2 Pure shear

In this subsection, we consider the case of particle-reinforced elastomers subjected to pure shear
deformations, characterize by A = A\, Ao = 1 in expression (2.24). In this case, similar to the
case of non-aligned axisymmetric shear loading, the strong ellipticity condition (2.47) is violated
at the critical vectors m., = es and n. = cos(a.,)e1 + sin(aer)es. In turn, the same strong
ellipticity condition (2.56) is obtained for the case of non-aligned pure shear loading. Making use
of the expressions for the L§,4;, L5395, and LS4, given in Appendix B.4 for pure shear loading, the

following macroscopic onset-of-failure surface (), f) is obtained

{[cos(é) sin(é)&;)gz - sin2(§)</13)g1g1 - (-1 (5\ :13);\1 - 575\2)] 22

x [(;2 —1) B 5, + A2 sin(8) cos(B)D g, + A2 cos?(0) 675151} Sy
_ _ . _ _ . 2
X {()\2cos2(6‘) —sin*(0)) ® 5, — (A* + 1) sin(f) COS(@)(I)ﬁlgl} } >0 (2.63)
éllz(i’é?::él’

Note that the SE condition (2.63) is calculated at ; = 0°, and the pure shear conditions A\; = A,
X2 = 1 should be applied to all terms after taking derivatives. Also, for the cases in which the strong
ellipticity condition (2.63) is violated, the corresponding critical angle a,, characterizing the angle

between the e; axis and the normal to the shear band plane at the moment of its initiation, can be
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shown to be obtained by

Recall that the above expression is calculated at A, corresponding to the stretch at which the shear
band is initiated.

Next, we consider the development of macroscopic instabilities for the composites subjected to
the aligned pure shear loading of the form (2.41). Similar to the case of axisymmetric loadings, the
two classes of microstructures with prolate and oblate particles (see Figure 2.1(a), (b)) should be

examined separately.

Prolate particles. For the case of prolate particles (see Figure 2.1(a)), the strong ellipticity condi-
tion (2.50) is violated at the critical vectors n.,. = ez and m,, € Span{e; —es}. Making use of these
vectors in condition (2.50), it is concluded that the particle-reinforced materials become unstable

under the aligned pure shear loading whenever any of the following inequalities is violated

In fact, the “failure mechanism” for both aligned pure shear and axisymmetric shear loadings is
essentially the same, which is the softening of the effective incremental shear response perpendicular
to the es direction. However, at the point of instability in the pure shear case, the overall shear
response of the composite in the transverse plane vanishes in a particular direction within this plane
(e1 or ez), while in the axisymmetric shear case, as mentioned earlier, it vanishes in all directions
within the transverse plane. Making contact with evolution of the microstructure, this implies that,
under aligned pure shear loading, the prolate particles “flop” about either the e; or ey directions
depending on the other microstructural variables (w and ¢), while, under aligned axisymmetric shear
loading, the flopping of the particles about any axis m € Span{e; —ez} is essentially the same. Now,
making use of the pertinent expressions in Appendix B.4 for aligned pure shear loading, the necessary
and sufficient conditions for the associated effective stored-energy function d to be strongly elliptic

can be expressed as

—82(;13*9* B a(;PS aa
A— N1 — — | = 0
ar T D53 ol -
)\1:)\,)\2:1 6200
. O24PS B HHPS
A3 ;;2 + (M —1) 2X ] >0, (2.66)
0=0°

where g/b\PS*(/_\,é) = $(1, A, 0). (In the context of this last expression, it should be recalled that
~_ : 0

= :13(;\2, A1, 0, ).) Also, note that all derivatives in the above conditions are taken at
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6 = 0°, and the pure shear conditions A\; = A, Ay = 1 should be applied to the term 8&/8;\1.

Oblate particles. For the case of oblate particles (see Figure 2.1(b)), the strong ellipticity condition
(2.50) is violated at the critical vectors n., = e; and m., = e3. Making use of these vectors in
condition (2.50), it is deduced that the particle-reinforced materials first become unstable under

aligned pure shear loading whenever the following inequality is violated
LS5 > 0. (2.67)

In this case, similar to the prolate particles case, the “failure mechanism” for both aligned pure
shear and axisymmetric shear loadings is essentially the same, which is the softening of the effective
incremental shear response along the es direction. The only difference is that, at the point of
instability in the pure shear case, the overall shear response in the plane with normal vector e;
vanishes (/55131 = 0); however, in the axisymmetric shear case, the overall shear response of the
composite in all planes with the normal vector in the n € Span{e;—es} vanishes @5131 = E§232 =0).
Now, making use of the pertinent expressions in Appendix B.4 for aligned pure shear loading, the
necessary and sufficient conditions for the associated effective stored-energy function d to be strongly

elliptic can be expressed as

> 0. (2.68)

325}35 o 8$PS
d 1
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Finally, note that for particular case of w = 1, corresponding to spherical shape of particles, no
loss of strong ellipticity is detected within the context of the condition (2.50). This observation,
which is consistent with the results in Chapter 1 and the results of Lopez-Pamies et al. (2013a),
implies that the effective stored-energy function (2.35) is strongly elliptic in the limiting case of
spherical particles. The results for general spheroidal particle shapes will be discussed in more

detail in the next chapter.

2.6 Concluding Remarks

In this chapter, we have made use of the tangent second-order, finite-strain homogenization frame-
work proposed in Chapter 1 to estimate the overall response and microstructure evolution in in-
compressible elastomers reinforced by aligned, spheroidal, rigid particles, subject to general loading
conditions. In particular, for non-aligned loadings, the analytical estimates (2.31) and (2.33) were
derived for the effective stored-energy function of the composite and the rotation of the particles,
respectively. For the special case of aligned loadings, explicit closed-form expressions were provided
for the effective stored-energy function of particle-reinforced neo-Hookean elastomers subjected to
azisymmetric and pure shear loadings, as given in (2.39) and (2.42), respectively. It should be
emphasized that the analytical results developed in this work are given in a form that can be eas-
ily implemented numerically into user-defined constitutive subroutines for use with standard finite

element codes.
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In this work, we also have presented a detailed study of the possible development of macroscopic
instabilities in the particle-reinforced composites of interest, under both aligned and non-aligned
loading conditions. The onset of such instabilities in these materials is identified with the loss of
strong ellipticity of the associated homogenized behavior. In this connection, general conditions
for loss of ellipticity were given in (2.49) and (2.51) for non-aligned and aligned loadings, respec-
tively. These conditions were then specialized for the class of particulate composites undergoing
axisymmetric and pure shear loadings in Subsections 2.5.1 and 2.5.2.

It should be remarked that, to the best of our knowledge, the estimates provided in this work
for the effective stored-energy function and the particle rotation are the first homogenization-type
estimates for reinforced elastomers with general spheroidal particle shape. The results are valid
for large strains provided that the interfaces between the particles and the rubber remain intact.
The estimates generalize the results of Chapter 1 for spherical particles, and are consistent with
earlier results for continuous-fiber-reinforced elastomers (Agoras et al., 2009a,b), as well as with
simple laminates (deBotton, 2005; Lopez-Pamies and Ponte Castaneda, 2009), in the limits when
the aspect ratio of the spheroidal particles tends to infinity and zero, respectively.

In the next chapter, the analytical results provided in this part for the effective stored-energy
function, rotation of particles, and development of the macroscopic instabilities will be explored in
more detail for particle reinforced composites with neo-Hookean and Gent matrix phases. Explicit
results will be presented for axisymmetric and pure shear loadings, as well as for a wide range of par-
ticles shapes and concentrations. Where possible, comparisons with full-field numerical simulations

will be carried out.
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Chapter 3

Application of the TSO theory to
short fiber-reinforced composites:

II-Representative examples
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In Chapter 2, we presented a homogenization-based constitutive model for the overall behavior
of reinforced elastomers consisting of aligned, spheroidal particles distributed randomly in an in-
compressible, hyperelastic matrix. In particular, we provided analytical estimates for the effective
stored-energy functions of the composites, as well as for the associated average particle rotations
under finite deformations. The rotation of the particles is found to be very sensitive to the specific
loading conditions applied, and is such that the particles tend to align themselves with the largest
tensile direction. In addition, we obtained corresponding formulae for the detection of macroscopic
instabilities in these composites. With the objective of illustrating the key features of the analytical
results presented in Chapter 2, we conduct here a more detailed study of these results for several
representative values of the microstructural and loading parameters, as well as matrix properties.
More specifically, this study deals with neo-Hookean and Gent elastomers reinforced with spheroidal
particles of prolate and oblate shapes with various aspect ratios and volume fractions, subjected to
aligned and non-aligned macroscopic loading conditions. In addition, to assess the accuracy of the
model, we compare our results with corresponding finite element results available from the literature
for the special case of spherical particles, and good agreement is found. For non-spherical particles,
the results indicate that the possible rotation of the particles has a major influence on the overall
response of the elastomeric composites. Furthermore, it is found that the composite may develop
macroscopic shear localization instabilities, as a consequence of the geometric softening induced by
the sudden rotation—or flopping—of the particles, when a sufficiently large amount of compression

is applied along the long axes of the particles.

3.1 Introduction

In the previous Chapter, we made use of a recently developed, improved version of the tangent
second-order (TSO) homogenization method (developed in Chapter 1) to determine estimates for
the macroscopic elastic behavior of short-fiber-reinforced elastomers. More specifically, the class of
composites considered in this work consists of (incompressible) generalized neo-Hookean elastomers
reinforced by aligned, rigid, spheroidal particles of identical aspect ratios (see Figure 2.1), exhibiting
overall transversely isotropic behavior in the undeformed configuration. The composite is subjected
to finite-deformation loadings whose principal stretching directions are generally not aligned with
those of the particles in the undeformed configuration. The analytical estimates, presented in Chap-
ter 2, include estimates for the effective stored-energy function of the composite, denoted by /V[7, as
well as the associated finite rotations of the particles, denoted by 4, which are a consequence of
the large deformations involved. Moreover, we investigate the possible development of macroscopic
instabilities in the composite, which, as discussed in Chapter 2, correspond to loss of strong ellipticity
of the effective stored-energy function w.

Our aim in this chapter is to examine, in the context of some representative examples, the
essential features of the effective constitutive model for the composites provided in Chapter 2. In
particular, we investigate the influence of the relevant microstructural variables (particle aspect
ratio and volume fraction), as well as nonlinear behavior of the matrix phase, on the effective

stored-energy function, appropriate macroscopic stress measures and possible change in orientation
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of the underlying particles. In this connection, it should be noted that the results given here for
dilute concentrations of particles can be viewed as a generalization of the Eshelby results in linear
elasticity to finite elasticity. Moreover, we investigate the influence of the microstructural variables
on the possible development of macroscopic instabilities in the composites, as determined by the
strong ellipticity condition. Along these lines, we will also explore the connections between the
rotation of the particles and the macroscopic instabilities. Specifically, we provide results for the
two special classes of macroscopic loadings discussed in Chapter 2, namely, azisymmetric shear and
pure shear loading conditions. Both of these types of loadings will be considered for aligned and
non-aligned conditions.

The outline of this chapter is as follows. In section 3.2, for convenience and clarity, we briefly
recall the analytical results presented in Chapter 2 and lay out the key features of the results to be
studied in this chapter. Making use of these results, in section 3.3 we provide and discuss examples for
various microgeometries, matrix properties and loading parameters. In particular, in this section,
we put into evidence the interplay between the rotation of the particles under non-aligned large
deformations and the geometric softening observed in the associated macroscopic behavior. We
also show that the macroscopic instabilities that develop in the particle-reinforced composites are
basically caused by the collective rotation—or “flopping” —of the particles, when compressed along

their long axes. Finally, in Section 3.4, we provide some concluding remarks.

3.2 Overall constitutive behavior

In this section, we briefly recall the analytical results presented in Chapter 2 and the associated
sets of examples to be provided in this chapter. In Chapter 2, we considered two-phase composites
consisting of an incompressible, elastomeric matrix phase (phase 1), characterized by the stored-
energy function Wlsl), and a polydisperse family of rigid, aligned, spheroidal particles (phase 2)
with aspect ratio w and volume fraction c. For definiteness, the principal directions of the particles
in the undeformed configuration are defined by the rectangular Cartesian basis {e;} such that the
symmetry axis of the particles is aligned with the es direction in that configuration. Also, the
distribution of particles is assumed to be statistically isotropic in the transverse plane, which is the
plane perpendicular to the symmetry axis of particles, namely, the e; — e plane. For convenience,
the basis {e;} is taken to define the fixed laboratory frame of reference as well, and henceforth,
unless stated, the components of any tensorial quantity will be referred to {e;}. Moreover, two
different geometries for the particles are assumed: (i) prolate (w > 1) and (ii) oblate (w < 1)
spheroidal particles (see Figs. 2.1(a), (b) in Chapter 2.) Furthermore, in Chapter 2, the local
constitutive behavior of the matrix phase was assumed to be characterized by a fairly general class

of incompressible, isotropic stored-energy functions, written as
1 —
WV (F) = g(I) + h(J), (3.1)

where g and h are material functions, and I = tr(FTF) = A2 + M3+ )% and J = det F = A\ Ao )\3 de-

note, respectively, the first and third invariants of the deformation gradient tensor F, with A1, Ao, A3
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identifying the corresponding principal stretches. Here, the deformation gradient F' is subject to the

incompressibility constraint, implying that
det F = /\1)\2)\3 =1. (32)

In this chapter, for calculation purposes, we make use of two simple examples of (3.1). The first

material is a neo-Hookean solid whose stored-energy function is given by
(1) L. L
W, (F) = Sk (I-3)+ SH (J—=1)(J - 3). (3.3)

where 11 is the shear modulus of the solid at zero strain. The second material is an incompressible

Gent solid with stored-energy function

w(F) = - Jm2“(1) In <1 - IJ;m?’) + %u(l)(J -1)(J-3) - /f](—:(J -1)2, (3.4)
where J,,(> 0) is the lock-up parameter serving to characterize the the limiting chain extensibility of
elastomers. It is noted that the neo-Hookean model (3.3) corresponds to the limit as J,,, approaches
infinity of the Gent model (3.4), and does not lock up at finite strain. It is also recalled that the
terms involving the factor (J — 1) do not vanish for the homogenized behavior of the reinforced
elastomers and are in fact crucial to obtain the correct linearized behavior (see Chapter 2).

The above-described particle-reinforced material is a transversely isotropic composite (with sym-
metry axis aligned with es) in the undeformed configuration, and its macroscopic response is char-
acterized by the effective stored-energy function W(F) The macroscopic deformation gradient F
is subject to the exact overall incompressibility constraint det(f‘) = M3 = 1, with A1, A2, As
identifying the macroscopic principal stretches. For definiteness in the analytical calculations, and
motivated by possible comparisons with numerical simulations and/or experiments, we consider

deformation gradients F with the matrix representation

cos(f) 0 sin(0) A0 0 cos(f) 0 —sin(6)
[Fi;] = 0 10 0 A 0 0 1 0 : (3.5)

—sin(fd) 0 cos(6) 0 0 (M)t sin(@) 0 cos(f)

where the conditions \; = Ay = XA and A\; = A, Ay = 1 correspond respectively to axisymmetric and
pure shear loadings, with A denoting a positive loading parameter. In the above representation,
denotes the angle of the Lagrangian principal loading axes relative to the (fixed) basis {e;} in the
e; — e3 plane. Also, for convenience, we let the directions of the principal stretches A1, Az, A3 =
(A1X2)~! be identified with the Cartesian vectors {e}} (i = 1,2,3). A schematic representation of
the particle-reinforced elastomers subjected to the class of loadings (3.5) is given in Figure 3.3.2 of
Chapter 2.

In Chapter 2, we made use of the tangent second-order (TSO) procedure, developed in Chapter 1,

to generate estimates for the effective stored-energy function W\(F) of the above-described particle-

T



reinforced materials, which, under deformation gradient (3.5), takes the functional form

o~ —~

W(F) = ¢(A1; A2, 0), (3.6)

and is given explicitly by equation (31) in Chapter 2. Also, as discussed in Chapter 2, the principal
directions of loading (identified by the {e.} axes) are, in general, not aligned with those of the
particles (identified by the {e;} axes in the undeformed configuration), leading to finite changes in
the orientation of particles as characterized by the angle /(2). An estimate for this angle, which is
an essential part in the estimate for g/b\, is delivered by the TSO procedure and given by equation
(33) in Chapter 2. In addition, Egs. (59)-(62) and (65)-(68) in Chapter 2 provide the associated
strong ellipticity (SE) conditions for the composites under aligned loadings, for axisymmetric and
pure shear loading conditions, respectively. Likewise, Egs. (57) and (63) provide the SE conditions
for the composites under non-aligned loadings for axisymmetric and pure shear loading conditions,
respectively. Before proceeding with the detailed examples, it proves helpful to provide a brief de-

scription of the three different types of results covered in this chapter.

Effective constitutive relation.
Recalling that the fiber-reinforced elastomers of interest in this work are incompressible, their
macroscopic constitutive relation is determined by the following expression for the average Cauchy

stress tensor

—_

oW (F)
OF

where p stands for the arbitrary hydrostatic pressure associated with the incompressibility constraint.

T:

(F)" —pIL, (3.7)

For the specific purpose of discussing the axisymmetric and pure shear modes of loading, it is
useful to introduce the scalar stress variables

cas _ 0945(2,0)

. 05" (3,0)

and SP° = —

3.8
oA ’ oA ’ (8:8)

where (recalling expression (3.6)) A5 = (;AS(X, A, 0) and PSS = (;AS(X, 1,0), respectively. They can be

related to the normal components of the macroscopic Cauchy stress tensor T via the relations
SAS = XNTL[(TY, + Thy) — 2T44], and ST =\"1 (T}, — T}) , (3.9)

where the Tl’J denote the components of the tensor T relative to the “loading” basis {e} (see Figure

3.3.2 in Chapter 2), and are determined by transformation rule
Ti/j = Qpi qu quv (3'10)

with Q = cos(f) (e1®e; +es®ez)+sin(f) (e; ®es —e3®e; )+ ea@eq. Note that for the case of aligned
loadings (6 = 0°), the effective stored-energy functions Q/f)\AS and g/b\P S are explicitly given by Eqs. (39)
and (42) in Chapter 2, and the associated stress measures read as SAS — \—1 [(Tn + ng) — 2T33}
and S5 = X1 (Tll — T33), where it is recalled that the particles are initially aligned in the es
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direction.
Moreover, for dilute concentrations of particles, it proves useful to consider the following modified
effective stress measures
. 9035 (N, 0 . PLS (N, 0
8645: d)O E ’ ), Sé:)S: d)o E ’ )7 (311)
o\ oA

where (555(/_\, 6) and 5645(/_\, 6) are given by
~ 1/~ ~ 1/~
As _ L (7As _ As rs _ L (7ps _ PS
85 == (35— 0%), 0% =~ (375 - 0"), (3.12)

with 4% and ¢ denoting the stored-energy function of the homogeneous matrix phase evaluated

at the appropriate deformation gradients.

Evolution of microstructure. As discussed in Chapter 2, the TSO procedure for estimating the effec-
tive stored-energy function ﬁ/\(f‘) also accounts for the evolution of the underlying microstructure,
resulting from the finite changes in geometry that are induced by the deformation. Information on
the variables characterizing the evolution of the microstructure provides deeper physical insight into
the observed macroscopic behavior. For the class of particle-reinforced composites under study, the
volume fraction and shape of the particles do not change (because the particles are rigid and the
matrix is incompressible), and the only microstructural variables that evolve with the deformation
are the orientation of the particles, and the shape and orientation of the distributional ellipsoid
characterizing the angular dependence of the two-point correlation function (for the distribution
of the particle centers). As we have seen, the TSO model provides us with direct access to the
rotation of the particles (1(?), as given by Eq. (33) in Chapter 2). For aligned loadings (6 = 0°),
the particle do not rotate (15(2) = 0°), up to the possible development of an instability. On there
other hand, for non-aligned loadings, the orientation of particles changes with the deformation, and
this is expected to have a significant effect on the macroscopic behavior of the composite. For this
reason, the evolution of the particle rotations will be included in the presentation of the results and
associated discussions of the next section. On the other hand, the distributional ellipsoid, which is
assumed to have initially the same shape and orientation as those of particles in the undeformed
configuration, evolves with the macroscopic deformation, and can be easily computed, but is not

expected to play a major role and will therefore not be discussed further here.

Onset of macroscopic instabilities. Theoretical results (Geymonat et al., 1993) suggest that compos-
ite materials can develop macroscopic (or long wavelength) instabilities at sufficiently large deforma-
tions, even when the constituent phases are locally strongly elliptic. Interestingly, the TSO model,
developed in Chapter 2, was found to generate macroscopic instabilities under certain conditions
which can be captured through loss of the SE condition for the effective stored-energy function.
As discussed in Chapter 2, the onset of macroscopic instabilities in the incompressible compos-
ites correspond to development of a localized deformation (or shear band) on a plane (identified

by the the normal vector n..) and in the direction m..(L n..). In particular, our aim is to in-
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vestigate (1) whether or not the homogenized behavior of the composites loses SE for different
loading/microstructure conditions, and (2) what is the associated critical stretch (denoted by A..)
and the pair of vectors (m,, and n.,) in case of loss of SE. For the composites under study, the local
behavior of the matrix is locally strongly elliptic (models (3.3) and (3.4) are strongly elliptic for all
stretches), and therefore, the loss of SE of the homogenized behavior can be related to the evolution
of microstructure.

For completeness, in addition to presenting the macroscopic instability results in deformation
space (given by A.), we also present them in stress space. To this end, we need to suitably choose
the arbitrary pressure p in Eq. (3.7) depending on the applied macroscopic loading. For simplicity,
we consider instability results in stress space only for aligned pure shear and axisymmetric shear
loadings. The case of aligned pure shear loading (A; = A\, Ay = 1) can be identified with the biaxial
state of stress

S = Sayses ® ey + Ss3e3 @ e3, (3.13)

where the S;; denote components of the Piola-Kirchhoff stress relative to the basis {e;}. Similarly,
the case of aligned axisymmetric shear loading (A\; = A2 = ) can be associated to a uniaxial state

of stress in the ez direction, written as
S = 5’3383 ® es. (314)

Accordingly, we define the critical stress as the stress component Ss3 at which the composite loses
the strong ellipticity under these two types of loading, namely,

5\2 a(;PS (j‘cru O)

~ o 1-n 9645 (Ner,0
scljs = S33(Aer) = = N2, 5 , 33 M'

S4% = S33(Ner) = -
cr 33( ) 2 cr 6)\

(3.15)
In this work, we will only be concerned with macroscopic instabilities, as just described. For other
types of instabilities, the reader is referred to the work of Michel et al. (2010) in the context of

two-dimensional particle-reinforced composites.

As explained in Chapter 2 of this work, the calculation of the effective stored-energy function
(E, as well as of the particle rotation 1(?), requires the computation of the tensor E, which, in turn,
requires the calculation of the integrals associated with the tensors P,., r = 1,2,3 (see Appendix
A of Chapter 2). For practical reasons, we make use here of the (numerical) Gaussian quadrature
integration procedure presented in Appendix B of Chapter 2 for calculating the tensors P,. The
calculation of these integrals is the most computationally intensive part of the procedure, and a high
number of Gaussian points may be needed to achieve convergence, especially when the particles have
aspect ratios that are far from w = 1. A FORTRAN program has been written for this purpose and
is available upon request. In the next section, the above-mentioned sets of results will be presented

and discussed in detail.
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3.3 Applications

In this section, we present some representative examples for the tangent second-order estimates for
particle-reinforced elastomers with an incompressible matrix phase and (rigid) spheroidal particles
undergoing macroscopic deformations of the form (3.5). In particular, we study the TSO estimates
for particle-reinforced composites with Gent (Eq. (3.4)) and neo-Hookean (Eq. (3.3)) matrix phases.
For simplicity, results for the effective energy, stress and modulus tensors are normalized by the
ground-state shear modulus (that is, u() = 1), except in Figure 3.9 where the specific value for p(!)
is given. Also, for the case of composites with Gent matrices, results are shown for several values
of lock-up parameter J,,. We provide results for both prolate and oblate shapes of particles, and
several values of the volume fraction ¢ and particle aspect ratio w. Note that results are shown with
solid and dotted lines up to the point at which the effective incremental modulus tensor loses strong
ellipticity, beyond which the results are depicted by dashed and dashed-dotted lines, respectively.
For the cases when no loss of SE is detected, they are truncated at some sufficiently large strain. In
this connection, the circle marker ‘e’ in the plots is used to denote the point at which loss of SE first
takes place (as the loading parameter )\ is increased). Moreover, in most of the figures, the results
for the pure neo-Hookean matrix are included for comparison purposes.

The results provided in this section are organized as follows. First, in subsection 3.3.1, we address
the effective behavior of particle-reinforced, neo-Hookean and Gent elastomers subjected to aligned
loadings (6 = 0°). Attention is devoted to (aligned) pure shear and azisymmetric shear loadings.
Next, in subsection 3.3.2, we will present representative results for the overall behavior of particle-
reinforced neo-Hookean elastomers subjected to non-aligned loadings (8 # 0°). In this subsection,
similar to the first one, attention is restricted to (non-aligned) pure and axisymmetric shear loadings.
Also, in both subsections, in order to consider exclusively the impact of the particle shape on the
macroscopic behavior, results are first provided for dilute concentration of particles (¢ < 1), followed
by results for several (finite) values of ¢. The theoretical significance for the dilute concentration
results is that they can be interpreted as a generalization of the results of Eshelby (Eshelby, 1957)
for a composite material consisting of dilute concentrations of aligned, rigid spheroidal inclusions in
a nonlinear hyperelastic matrix. In fact, the nonlinear results of this chapter reduce exactly to the

Eshelby results in the infinitesimal (linearized) deformation regime.

3.3.1 Aligned loadings

In this subsection, we restrict our attention to the special case of macroscopically aligned loadings,
characterized by § = 0°. It is recalled from Chapter 2 that in this case the particles do not rotate
(15(2) = 0°) for any applied stretch (up to the possible development of an instability). Moreover,
results are given for two specific types of aligned loadings, namely, aligned pure shear loading
and aligned axisymmetric shear loading. It is important to observe that for the case of aligned
axisymmetric loading, the overall behavior of the composite remains transversely isotropic in the
deformed configuration with the axis of symmetry aligned with the e3 direction. On the other
hand, for the case of aligned pure shear loading, the composite is initially transversely isotropic,

but develops general orthotropic overall response (whose principal axes are aligned with the e; basis
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directions) in the deformed configuration. It is also noted that the results in this subsection will be
presented as functions of the macroscopic logarithmic strain € = In(\). Accordingly, for the case

of prolate particles, the compressive (tensile) axis of loading is aligned with the longest principal
axis of particles for € > 0 (e < 0), while the opposite is true for the case of oblate particles. This

remark will be of the essence in the physical interpretation of loss of SE results provided later in

this subsection.
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Figure 3.1: Tangent second-order (TSO) estimates for the effective stored-energy function o (A) of
neo-Hookean elastomers reinforced with dilute concentrations of rigid particles, as functions of the
macroscopic logarithmic strain € = In(\). Two aligned loadings are considered: pure shear (PS)
(A1 =\, A2 = 1), and azisymmetric shear (AS) (A\; = A2 = A). (a) Prolate particles (w > 1) under
PS loading, (b) oblate particles (w < 1) under PS loading, (c¢) prolate particles under AS loading,
and (d) oblate particles under AS loading. The finite element (FEM) results of Lopez-Pamies et al.

(2013a) for the case of spherical particles (w = 1) are also included for comparison.

Figure 3.1 presents plots for the TSO estimates for the effective stored-energy function QASO of the

neo-Hookean elastomers reinforced with dilute concentrations of particles, as defined by expressions

82



((3.12)). Figures 3.1(a) and (b) show plots for pure shear loading (A; = A\, Ay = 1), as a function of
the strain & = In(\), for the cases of prolate and oblate particles, respectively, while Figure 3.1(c) and
(d) show corresponding plots for axisymmetric shear loading (A, = A2 = ). The results for prolate
particles are given for aspect ratios w = 2, 4, and 8, and those for oblate particles are given for aspect
ratios w = 0.5, 0.25, and 0.125. For comparison purposes, the finite element results (FEM) of Lopez-
Pamies et al. (2013a) (obtained for a single rigid inclusion embedded in a neo-Hookean elastomer
matrix), as well as the corresponding TSO results for the special case of spherical particles (w = 1)
are also included in the plots. An immediate observation from this figure is that the aspect ratio of
particles has a significant reinforcing effect on the overall response of the composite at fixed particle
concentrations. We also observe that TSO estimate provides fairly good agreement with the FEM
results for spherical particles (up to the point where the simulations were carried out) for both pure
shear and axisymmetric shear loadings. Moreover, it is noticed from Figure 3.1 that the predictions
of the T'SO model for the macroscopic response of the composites with spherical particles remain
macroscopically stable for all strains, while those of the composites with prolate and oblate particles
become unstable for € > 0 and for € < 0, respectively, under both types of loadings. We will discuss
these macroscopic instabilities and the associated failure mechanisms in more detail in the context
of the next two figures.

Figure 3.2 provides plots of the TSO estimates for the overall response of the particle-reinforced
elastomer with a neo-Hookean matrix phase and particle volume fractions ¢ = 0.05, 0.15, and 0.25,
under aligned pure shear loading. Figures 3.2(a) and (b) show plots for the macroscopic stress
measure S5 as a function of the logarithmic strain &€ = In(\). In particular, part (a) shows the
results for spherical particles (w = 1) and compares them with the corresponding FEM results of
Lopez-Pamies et al. (2013a), while part (b) shows the results for prolate and oblate shapes of particles
with fixed aspect ratios w = 4 and w = 0.25, respectively. (It should be noted that the FEM results
correspond to unit cell calculations containing 30 randomly positioned spherical particles.) Also,
Figs. 3.2(c) and (d) show plots for certain shear components of the effective incremental modulus
tensor ic, as functions of & = In(\), for prolate particles with w = 4 and oblate particles with
w = 0.25, respectively. The main observation from Figure 3.2(a) is that the TSO estimate provides
fairly good agreement with the FEM results (up to the point where the simulations were carried
out), especially for the smaller particle concentrations. For the higher volume fraction (¢ = 0.25),
the TSO estimates tend to underestimate the FEM results at sufficiently large stretches, but are
still in good agreement with the FEM results for stretches of less than A = 1.4. This is partially due
to the fact that in this work the TSO model makes use of the Willis lower bound (Willis, 1977) for
estimating the behavior of the associated linear comparison composite (Avazmohammadi and Ponte
Castaneda, 2013). In addition, compared to the results for spherical particles (Figure 3.2(a)), the
results in Figure 3.2(b) for spheroidal shapes show an enhanced reinforcing effect, which is due to
the combined role of aspect ratio w and volume fraction ¢ on the overall response of the composite.
It is further observed from Figure 3.2(b) that, for a fixed particle volume fraction, the composite
stiffening is larger for elongated particles (w = 4) than for oblate particles (w = 0.25), as long
as the composite response remains strongly elliptic. Next, we observe from Figure 3.2(b) that the

composites with finite concentrations of prolate and oblate particles become unstable at positive
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strains (¢ > 0) and negative strains (¢ < 0), respectively, when (for both cases) the compressive
loading axis is aligned with the longest axis of the particles. Consistent with what was anticipated
in Subsection 2.5.2 for prolate particles, it is seen from Figure 3.2(c) that both the shear modulus
Z‘fglg transverse to the long axis of the particles (and in the in-plane direction eq), as well as the
shear modulus 55323 transverse to the long axis of the particles (but in the out-of-plane direction
e2) decrease with increasing tensile strain in the e; direction (and, therefore, increasing compressive
strain the es direction). However, in this case with a moderate volume fraction and aspect ratio
(¢ 0.3 and w < 5), Zgggg actually reaches zero before 25313, and therefore the loss of ellipticity
first occurs through a shear band whose normal is parallel to e3, and whose slip direction is along
the out-of-plane direction ey (i.e., out of the loading plane). On the other hand, for the case of
oblate particles, the loss of SE takes place through vanishing of the shear modulus 25131 (in the
plane perpendicular to the long axis of the oblate particles, and in the direction of the loading axis
e3). It is also observed from these figures that the reinforced elastomers lose macroscopic stability
earlier for larger particle concentrations.

Similar to the previous figure, Figure 3.3 provides results for the TSO estimates for the overall
response of the particle-reinforced elastomers with a neo-Hookean matrix phase and particle volume
fractions ¢ = 0.05, 0.15, and 0.25, under aligned azisymmetric shear loading (A, = Xy = X). Figures

3.3(a) and (b) depict the macroscopic stress measure S4<

, as a function of the logarithmic strain
€ = In()\). In particular, part (a) shows the results for spherical particles (w = 1) in which the
corresponding FEM results of Lopez-Pamies et al. (2013a) are also included for comparison purposes,
while part (b) shows the results for prolate and oblate shapes of particles with fixed aspect ratios 4
and 0.25. In addition, Figs. 3.3(c) and (d) depict the variation of the moduli L¢5,5 and L§5, versus
the logarithmic strain & = In()) for prolate particles with aspect ratio w = 4 and oblate particles with
aspect w = 0.25, respectively. Once again, we observe good agreement between the TSO estimates
for spherical particles and the corresponding FEM results (up to the point where the simulations
were carried out), for all three volume fractions of particles. In addition, similar to the case of pure
shear loading, Figure 3.3(b) shows that, at a fixed particle volume fraction, the composites exhibit
stiffer responses for elongated particles (w = 4) than for oblate particles (w = 0.25). Figure 3.3(b)
also shows that, for a fixed aspect ratio of particles (e.g., w = 4), the behavior of composites with
spheroidal particles becomes progressively less stable—as determined by loss of SE—as the volume
fraction of the particles increases. Next, consistent with the results of Chapter 2 (see relations
(59) and (61)), Figs. 3.3(c) and (d) show that the loss of SE in the composites subjected to aligned
axisymmetric shear loading takes place through vanishing of the effective incremental shear modulus
in the plane perpendicular to the major axis of particles, namely, the components 55313(2 55323)
and E§131(: Z§232), for the cases of prolate and oblate particles, respectively.

Figure 3.4 presents TSO estimates for the critical strains and stresses at which macroscopic
instabilities first develop in the particle-reinforced neo-Hookean composites subjected to aligned

loadings. Figures 3.4(a) and (b) show plots for the critical strain €2° = In(\..) (at which the

cr

homogenized elastomer first loses SE) and the corresponding critical stress S (as defined in (3.15)),

respectively, for pure shear loading. Similarly, Figs. 3.4(c) and (d) show plots for the critical strain

(€25 and the corresponding critical stress (SA4%), respectively, for axisymmetric shear loading. The
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Figure 3.3: TSO estimates for particle-reinforced, neo-Hookean elastomers under aligned azisym-
metric shear loading (A\; = Aa = \), as functions of the macroscopic logarithmic strain € = In(\).
The macroscopic stress ST for: (a) spherical (w = 1), and (b) spheroidal particles (w = 4, 0.25).
Certain shear components of the effective modulus tensor Efjkl for: (c) prolate (w = 4), and (d)
oblate (w = 0.25) particles. Results are shown for various volume fractions ¢ = 0.05, 0.15 and 0.25.
The finite element (FEM) results of Lopez-Pamies et al. (2013a) for the case of spherical particles
are also included for comparison in part (a).
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Figure 3.4: TSO estimates for the macroscopic instabilities (loss of SE) in particle-reinforced neo-
Hookean elastomers subjected to aligned loadings. Parts (a) and (b) show pure shear (A; = \, Ay =
1) results for the critical strain (e£°) at which loss of SE of the homogenized elastomer takes place,
and the corresponding critical stress (S°), respectively. Parts (c) and (d) show axisymmetric shear

M= A = results for the critical strain (€ an e corresponding critical stress (S495),
A A A Its for the critical st 45) and th d tical st SAs

respectively. The results are shown for various particle concentrations as functions of the particle
aspect ratio In(w).
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results are shown for several values of the concentration (¢ = 0.05, 0.15 and 0.25), as functions of
the logarithm of the particle aspect ratio, In(w). The main observation from these figures is that,
for fixed volume fractions, the particle-reinforced composites become increasingly less stable in both
the deformation and the stress as the value of |In(w)| increases and the particle shape becomes
progressively more prolate, or oblate. In this regard, we see from Figs. 3.4(a) and (c) that the
critical strain curves have a vertical asymptote at w = 1 and horizontal asymptotes at é.., = 0 as
w — oo or w — 0. The special case of w = 1 correspond to neo-Hookean elastomers reinforced by
spherical (rigid) particles, which, as already mentioned, remain strongly elliptic for all deformations
(8cr — 00). On the other hand, for the two extreme values of the particle aspect ratio, namely,
the limiting cases of zero and infinite aspect ratios, the composite becomes unstable at zero strain
(cr — 0), which is in consistent with the fact that the composites become rigid in these two limiting
cases corresponding to a laminated material with a rigid phase and a (continuous) fiber-reinforced
elastomers with rigid fibers, respectively. Similar observations can be made from Figure 3.4(b) and
(d) for the critical stresses, except that the critical stresses tend to finite values, depending on the
volume fraction of particles, in the limits as w — oo and w — 0.

In connection with this last observation, it is relevant to recall that Agoras et al. (2009b) derived
the following results for the critical stress in composites consisting of a generalized neo-Hookean

matrix and isotropic distributions of aligned, rigid, circular fibers, namely,

gps —gas _ _1¥c o) (3.16)
cTr cTr 1 —c

Similarly, making use of the results provided in Appendix A of the paper Agoras et al. (2009b) for

the laminate composites consisting of alternating layers of incompressible neo-Hookean materials, it

can be shown that the critical stress in the limit as one phase becomes rigid is given by

SPS — gAS — 1 p. (3.17)
1-c

Moreover, note that relations (3.16) and (3.17) are valid for both pure shear and azisymmetric shear

loadings. Thus, we can check from Figure 3.4(b) and (d) that the trends in the results predicted by

the TSO model for the critical stress are consistent with the corresponding results calculated form

expressions (3.16) and (3.17), respectively, in the limiting cases of w — oo and w — 0.

Next, in Figure 3.5, we investigate the influence of the matrix constitutive behavior on the
macroscopic stress-strain response of the composite elastomers, when subjected to aligned pure
shear (PS) and axisymmetric shear (AS) loadings. Thus, Figs. 3.5(a) and (b) provide plots of
the macroscopic stress ST5 for prolate particles with w = 4 and oblate particles with w = 0.25,
respectively, while Figs. 3.5(c) and (d) provide corresponding plots for the macroscopic stress 549,
In each figure, the volume fraction of particles is assumed to be fixed at ¢ = 0.25, and results are
shown for several values of the matrix lock-up parameters (J,,, = 50,100, and o0). It is recalled that
the case J,,, — oo corresponds to an incompressible neo-Hookean matrix. We observe from these
figures that the composites with prolate particles tend to stiffen more significantly for compressive

strains (€ < 0), resulting in tensile strains in the long fiber direction, while the composites with oblate
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Figure 3.5: TSO estimates for the macroscopic stress S versus the macroscopic logarithmic strain
€ = In(\) for particle-reinforced Gent elastomers. The results are shown for three values of the
matrix inextensibility parameter J,, = 50, 100, and co. Four different cases are considered: (a)
aligned pure shear for a prolate spheroidal shape (w = 4), (b) aligned pure shear for an oblate
shape (w = 0.25), (c) aligned axisymmetric shear for a prolate shape (w = 4), and (d) aligned
axisymmetric shear for an oblate shape (w = 0.25).

89



particles tend to stiffen more significantly for tensile strains (€ > 0), corresponding to compressive
strains along the short fiber direction. In addition, the amount of stiffening is more significant for
larger values of .J,,, as expected. Moreover, it can be shown that, the effective lock-up strain' for
the composite materials with spheroidal particles under aligned loadings is independent of the shape
of the particle and is completely determined by the values of J,,,, and c¢. Therefore, the relations
(1.142) for the composites with spherical particles, can be used to determine the lock-up stretch
for the class of composites of interest here when subjected to aligned pure and axisymmetric shear
loadings.

Furthermore, the plots in Figure 3.5 illustrate that, although the strain-locking parameter .J,,
in the Gent elastomers can have a strong influence on the macroscopic response of the reinforced
elastomer, it has basically no effect on the loss of SE for the particle-reinforced composites. This
is consistent with earlier findings by Lopez-Pamies and Ponte Castaneda (2006b) and Agoras et al.
(2009b) that the development of macroscopic instabilities in (long) fiber-reinforced composites with
Gent matrix materials subjected to 2-D and 3-D loadings becomes independent of .J,,, for very stiff
fibers.

Elastomers reinforced with 2-D elliptical fibers

In this subsection, we provide results for the transverse effective response of a (2-D) composite
consisting of an incompressible, neo-Hookean matrix reinforced by rigid, aligned, cylindrical fibers
with elliptical cross section of aspect ratio w, which are subjected to pure shear aligned with the
principal axes of the elliptical fibers. The response of this type of composite to pure shear loading
has also been studied in Section 1.5 and in Lopez-Pamies and Ponte Castafieda (2006b).

Figure 3.6 shows the TSO estimates for the effective response of the 2-D reinforced neo-Hookean
elastomers, as well as the corresponding GSO estimates calculated from the stored-energy function
(1.126). Results are shown for the case of fibers with circular cross section (w = 1) and three dif-
ferent fiber volume fractions ¢ = 0.1, 0.2, 0.3, as a function of the macroscopic stretch A. Parts (a)
and (b) show the effective energy (EP 9 and the corresponding macroscopic stress ST° = dg/b\P S/dN,
respectively. An important observation from these figures is that the modification of the TSO esti-
mates proposed in Chapter 2 (in terms of expression (2.22) instead of the corresponding expression
(1.113) in involving a log term in the determinant) is free from the “geometric lock up” condition,
and is much closer to the corresponding GSO estimates than the earlier estimate in Chapter 1 (see
figure (1.2)), which were found to blow up for a sufficiently small value of the stretch A (at A = 1/c,
for the results shown in the plots).

Figure 3.7 shows a more detailed comparison of the TSO estimates with earlier analytical estimate
and numerical simulations for neo-Hookean elastomers reinforced by rigid fibers of circular cross
section (w = 1). Results are provided for two volume fractions: (a) ¢ = 0.2, and (b) ¢ = 0.3. The
GSO (2006) and TSO (2000) estimates correspond to the stored-energy function (1.126) and the
earlier version of the TSO (Ponte Castafieda and Tiberio, 2000) estimate, respectively, while the

FEM results refer to the finite element simulations of Moraleda et al. (2009). We observe that the

1The strain at which the composite locks up because of lock up in the elastomeric matrix phase
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Figure 3.6: Tangent second-order (TSO) and generalized second-order (GSO) estimates for the
effective response of an incompressible neo-Hookean matrix reinforced by 2-D circular (rigid) fibers
(w = 1) subjected to transverse pure shear loadings. The GSO estimates correspond to the stored-
energy function (1.126). The results are shown as a function of the applied stretch A for different

values of the fiber volume fraction. (a) The effective energy oFs. (b) The corresponding macroscopic
stress ST% = d ¢"3 Jd).

TSO estimate for the 2-D composite with circular fibers is in excellent agreement with the FEM
simulations of Moraleda et al. (2009) (up to the point where the simulations were carried out),
even for the case of higher fiber concentration ¢ = 0.3. In fact, since the TSO estimates proposed
in Chapter 2 (based on expression (2.22)) are free from the geometric lock-up, they provide closer
agreement with the FEM simulations than the earlier estimates in Chapter 1 (see figure 1.3). In
this connection, it also can be seen from figure 3.7 that the new TSO estimates are much more
improved relative to the earlier version (Ponte Castaneda and Tiberio, 2000) of the TSO estimates
in comparison with the version of the T'SO shown in figure 1.3.

Finally, Figure 3.8 provides results for the transverse effective response of a (2-D) composite
consisting of a neo-Hookean matrix reinforced by rigid, aligned, cylindrical fibers with elliptical
cross section of aspect ratio w, which are subjected to pure shear aligned with the principal axes
of the elliptical fibers. These results are compared with the corresponding results of this chapter
for the (3-D) neo-Hookean elastomers reinforced with aligned, spheroidal particles with the same
aspect ratio w that are subjected to the same pure shear loading, but this time in a plane including
the long axis of the fibers. (It should be noted here that the results for the 2-D composite with
aspect ratio w = 1 also correspond to the transverse shear response of the 3-D composite with aspect
ratio w — 00.) More specifically, Figure 3.8 shows results for the effective stress ST° versus the
logarithmic strain € = In()) in 2-D and 3-D composites with fiber/particle aspect ratios w = 1 and
w = 4, at the fixed fiber/particle concentration ¢ = 0.3. From this figure, we first observe that the

response curves for the 2-D and 3-D composites with aspect ratio w = 1 are fairly similar, with the

91



| ‘/ 8 i
NH, 2D ’ /
7 Tso i
e s I GSO (2006) /
A TSO (2000) /
o FEM ~'.I
| )
. n
A 3 7
1N e
Al
TSO
----- GSO (2006)
L g e - TSO (2000)
o FEM
% 15 2 25 3 35 ’
(a) A ® 5\

Figure 3.7: The effective response of a rigidly fiber-reinforced elastomer with an incompressible neo-
Hookean matrix under pure shear loading. The macroscopic stress ST is plotted as a function of
the applied stretch A for (a) ¢ = 0.2, and (b) ¢ = 0.3. Comparisons are shown between the new TSO
estimate, the estimate (1.126) of Lopez-Pamies and Ponte Castanieda (2006b) “GSO (2006)”, the
earlier TSO results of Ponte Castafieda and Tiberio (2000) “TSO (2000)”, and the FE simulations
of Moraleda et al. (2009) “FEM”.

spherical particles producing a slightly stiffer response. On the other hand, the responses for the
2-D and 3-D composites with aspect ratio w = 4 are quite different. While the response of the 2-D
composites is the same regardless of whether the extension axis is aligned with the long particle axis
(6 = 90°) or perpendicular to it (6 = 0°), the response of the 3-D composites is quite a bit stiffer
when the extension axis is aligned with the long particle axis than when it is perpendicular to it.
(Recall that the unstable branches of the solutions for § = 0° are shown in dashed and dashed-dotted
lines.) However, the results for aspect ratio w = 4 and loading angle § = 0° indicate that the 2-D
fiber-reinforced composites are slightly more stable than the 3-D composites with the same aspect

ratio.

Comparison with experimental results

For completeness, in this subsection, we provide comparisons between the predictions of the TSO
model and available experimental data for the effective mechanical behavior of short-fiber reinforced
composites subjected to large deformations. Figure 3.9 shows comparisons of the TSO predictions
with experimental data of Wang and Mark (1990) for effective behavior of composites consisting
of an elastomeric matrix and a polydisperse distribution of aligned, prolate spheroidal particles
subjected to aligned, uniaxial tensions. More specifically, in the experiment of Wang and Mark
(1990), the matrix is made of PDMS, a silicon-based organic polymer, and the particles are made of
polystyrene, a synthetic polymer which is much stiffer than PDMS. Therefore, the particles can be

approximately regarded as rigid particles. Moreover, Wang and Mark (1990) conducted experiments
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Figure 3.8: Comparison between the TSO estimates for the macroscopic stress S¥° in 2-D and
3-D rigidly reinforced elastomers subjected to aligned pure shear loadings. The 2-D composite is a
fiber-reinforced composite which consists of an incompressible neo-Hookean matrix and a random
distribution of long, aligned (rigid) fibers with elliptical cross section, and is subjected to aligned
pure shear loading. The 3-D composite is the composite studied in this work with a neo-Hookean
matrix and spheroidal particles, and is subjected to aligned pure shear deformation (A\; = A, Ay = 1).
The results are shown as functions of the logarithmic strain & = In()\) for two fiber/particle aspect
ratios (w = 1 and w = 4), at the fixed fiber/particle concentration ¢ = 0.3. The FE simulations
of Moraleda et al. (2009) for a 2-D fiber-reinforced composite with circular fibers (w = 1) are also

included for comparison.
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Figure 3.9: Comparisons of the predictions of TSO predictions with experimental data of Wang
and Mark (1990) for composites consisting of an elastomeric matrix (made of PDMS) and prolate
spheroidal particles (made of polystyrene). Parts (a) and (b) show results for uniaxial tension
along es direction for the effective stress component S33 and the strain components e; = ln(;\g),
€3 = In(\3), respectively, as functions of the logarithmic strain é;. Parts (c) and (d) show results for
uniaxial tension along e; direction for the effective stress component 511 and the strain components
€2, €3, respectively, as functions of the strain & = In(\;). Parts (e) and (f) compare TSO results for
uniaxial tension along e; direction and axisymmetric deformation in es — ez plane for the effective
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for three particle aspect ratios (w = 1, w = 1.7 and w = 2.2), at the fixed particle concentration
¢ = 0.32. Although the precise material properties for the elastomeric matrix (PDMS) were not
provided in the work of Wang and Mark (1990), we were able to infer values of the properties in our
model to achieve a reasonable match to the experimental data. More specifically, we made use of the
Gent behavior (3.4) for the matrix in the TSO model with material properties (1) = 0.05 MPa and
Jm = 100. We also note that, unlike the previous figures in this Chapter, the results for effective
stress in Figure 3.9 are not normalized with the shear modulus p(").

Figure 3.9(a) shows comparisons between the TSO estimates for the macroscopic stress compo-
nent Ss3 for the uniaxial tension along es direction and the corresponding experimental data for the
effective behavior of the PS-PDMS composite, as functions of the logarithmic strain é3 = In(\3) =
—In(\; A2) (Note that other macroscopic stress components are zero in this case.) We observe that
TSO estimates provide quite good agreement with the experimental data for the smaller aspect ratios
(w =1, 1.7) up to the point where the experiments were carried out, however, the TSO model tend
to underestimate the experimental data for the higher aspect ratio (w = 2.2) at relatively larger
stretches. As mentioned in the context of comparisons with FEM results shown in figure 3.2(a),
this underestimation is partially due to the fact that the TSO model uses the Willis lower bound
for estimating the behavior of the associated linear comparison composite. Nonetheless, given the
uncertainties involved in the experimental data, the model does capture very well the qualitative
features of the experiments for this loading condition, and overall can provide reasonably good pre-
dictive capabilities. We further note that the macroscopic response of the composite predicted by
the TSO model is stable for all strains é3 consistent with the fact that the tensile axis of loading in
aligned with the largest axis of the particles. Figure 3.9(b) shows corresponding results for the lateral
logarithmic strain components e; = ln(j\l) and éy = 111(5\2), as functions of e3. Clearly, the uniaxial
tension along €3 direction produces an axisymmetric state of deformation (A = A\; = 1/ \/E), and

therefore, we have e; = e = —0.5és.

Figure 3.10: Schematic representation of a matrix reinforced by prolate spheroidal particles subjected
to (a) uniaxial tension along e; direction, (b) tension along e; direction with the constraint Ay =
Az < 1.
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Next, Figure 3.9(c) shows comparisons between the TSO model estimates for the macroscopic
stress component Sp; for the uniaxial tension along e; direction and the corresponding experimental
data for the effective behavior of the PS-PDMS composite, as functions of the logarithmic strain
€1 = In(\;) (A schematic representation of the loading condition is shown in Figure 3.10(a).) We
observe from this Figure 3.9(c) that the TSO model estimates are still in quite good agreement with
the experimental data up to the strain é; ~ 0.4, beyond which the TSO model predicts a strong
stiffening of the response with the increase in the strain, while the experimental data exhibit a
softening in the effective response of the composite which is more pronounced for the case of w = 2.2.
This softening, which is likely linked to the development of macroscopic shear localization instabilities
(or shear bands) in the composite, is consistent with our earlier findings in the context of figures
3.2 and 3.3 for the case of pure shear and axisymmetric loading conditions, where the composite
was found to become unstable under compressive strains along the largest axis of the particles. In
fact, similar to these two loading conditions (with & > 0), the uniaxial tension along e; direction
produces compressive strains along the largest axis of the particles (aligned with the es direction.)
To explore this in more detail, we show in Figure 3.9(d) the corresponding TSO predictions for the
transverse logarithmic strain components & = In(\2) and €3 = In(\3), as functions of €. As can
be seen from this figure, the state of macroscopic deformation is not axisymmetric (because of the
non-circular geometry of the particle in the es — es plane, see Figure 2.1(a)), except for the case
of w = 1 which correspond to spherical particles. In particular, we observe that the compressive
strain along the largest axis of the particles (aligned with es direction) is smaller than that along
the smallest axis of the particle (aligned with e direction), as also intuitively expected. Note that
€1 + é2 + é3 = 0 due to the macroscopic incompressibility constraint.

Going back to the TSO estimates in Figure 3.9(c), it is important to note that, we were not
able to investigate the development of macroscopic instability for these estimates because our FOR-
TRAN program for detecting the loss of SE was limited to pure shear and axisymmetric loading
conditions. For this reason, we considered an “intermediate” loading condition in which the com-
posite is subjected to a tensile stress along é; direction, and the transverse strain component es
is enforced to be equal to €3 (therefore, the macroscopic deformation is axisymmetric in es — e3
plane). In this case, the transverse stress component Sss is also non-zero (Figure 3.10(b) shows a
schematic representation of the intermediate loading condition). Figures 3.9(e) and (f) show TSO
estimates for this intermediate loading conditions for the macroscopic stress component S;; and the
corresponding transverse strain components és and €s, respectively, as functions of é;. Also, for
comparison purposes, we have included in these figures the corresponding TSO estimates for the
case of uniaxial tension along e; direction from Figures 3.9(c) and (d). We were able to investigate
the loss of SE for the case of axisymmetric loading condition, and as we observe from Figure 3.9(e),
the macroscopic response of the composite becomes unstable at é; ~ 0.75 for both aspect ratios
w = 1.7 and w = 2.2 (the point of instability is denoted by a circular marker of the same color). It is
worth mentioning that, in this case, the loss of SE in the composites takes place through vanishing
of the effective incremental shear modulus 55323 (in the plane perpendicular to the long axis of the
particles, and in the direction of axis ez). Hence, suggested by the loss of SE for this (intermediate)

axisymmetric loading condition (which occurs due to the compressive strains along the long axis of
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the particles), we expect that the TSO estimates for the case of uniaxial loading become unstable as
well, most likely about the same range of critical strain as for the case of axisymmetric loading. For
this reason, we conclude that the discrepancy between the TSO predictions and the experimental
data at large strains shown in Figure 3.9(c) is mainly due to the fact that the TSO estimates corre-
spond to an unstable solution at those strains, and are not expected to provide very good agreement

with corresponding experimental results.

3.3.2 Non-aligned loadings

In the previous subsection, we restricted our attention to cases in which the principal axes of loading
are aligned with those of the particles. In this subsection, we present results for the more general
case of macroscopically non-aligned loadings of the form (3.5). The idea behind presenting these
results is to explore the effect of the evolution of the microstructure (here, the particle rotation) on
the macroscopic response and stability of the reinforced elastomers. Keeping in mind the transverse
isotropy of the reinforced elastomers of interest in this work, it will suffice to restrict our attention
to loading orientation angles in the range 0 < # < /2. Thus, in this section, results will be provided
for variety of loading angles in this range, including § = 0° and § = 07°. The latter corresponds to
the case in which the principal axes of loading has a very small misorientation with respect to the
principal axes of the particles in the undeformed configuration. The significance of this choice will
be expounded upon in the discussion below. It is also noted that all results in this subsection are
for composites with neo-Hookean matrix phases of the form (3.3). Moreover, results are given for
two specific types of non-aligned loadings: (1) pure shear at an angle, characterized by the choice
A1 =\, Ay = 1 (in expression (3.5)), and (2) awisymmetric shear at an angle, characterized by the
choices \y = Ay = \. It is relevant to note that the transformations A — A\~! and § — 6 + /2
lead to the same pure shear loading loading. In addition, it is recalled from the formulation in
Chapter 2 that the loading angle § = # corresponds to rotation of the principal loading axes about
the (fixed) laboratory axis e, while the loading angle #; (which has thus far been assumed to be
zero) corresponds to a rotation of the principal loading axes about the axis e;. As will be seen
below in the context of Figure 3.11 for pure shear loading conditions, we will also consider small
out-of-plane misalignments (6; = 0%°) for reasons that will become evident in the discussion of said
figure. Furthermore, we note that the sign convention for the angle ¢)(?), characterizing the average
rotation of the particles, is given by the usual right-hand rule (with respect to the fixed frame of
reference, see Figure (a) in Chapter 2). Finally, we note that, similar to the previous subsection, we
first consider the case of dilute concentrations of particles (¢ < 1) in order to isolate the influence of
the particle shape on the macroscopic behavior and the microstructure evolution under non-aligned
loadings. After doing this, we will provide results for finite concentrations of particles.

Figure 3.11 provides results for the TSO estimates for the effective response of a neo-Hookean
elastomer reinforced with prolate particles under pure and axisymmetric shear, at the fixed loadings
angles § = 0°, 07°, 5°, 45°, 70° (as well as for the angle 6, = 0*°, for pure shear only). Results are
shown for the fixed aspect ratio w = 2 and a dilute concentration of particles, as functions of the

macroscopic logarithmic strain € = In(\). Figures 3.11(a) and (b) show plots for the macroscopic
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Figure 3.11: TSO estimates for a particle-reinforced neo-Hookean composite with a dilute concen-
tration of prolate particles with aspect ratio w = 2 subjected to non-aligned loadings. Parts (a) and
(b) show results for pure shear loading (A = A, Ay = 1) for the effective stress SI' and the angle
of rotation of the particles 1(?), respectively. Parts (c) and (d) show results for azisymmetric shear
loading (A1 = Ao = \) for the effective stress 5’645 and the rotation 1(?), respectively. The results
are shown for various angles # (as well as for the out-of-plane misalignment angle #; = 0+° for the
case of pure shear lading), as functions of the macroscopic logarithmic strain & = In(\).
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Figure 3.12: TSO estimates for the incremental shear moduli of particle-reinforced neo-Hookean
composites with a dilute concentration of prolate particles with aspect ratio w = 2 subjected to
aligned loadings. (a) Results for pure shear loading (A = A, A = 1). (b) Results for azisymmetric
shear loading (A = Ay = \).

stress 5’(1)3 S and the particle rotation ¢(?), respectively, for pure shear. Similarly, Figs. 3.11(c) and
(d) show corresponding plots for axisymmetric shear. Recalling that SF’¥ and 5545 , as determined
by expressions (3.9) and (3.11), are measures of the normal stress differences defined by the loading
direction, we observe from Figs. 3.11(a) and (c) that S and Sg'® are both quite sensitive to the
loading angle . While this is to be expected for small strains, it is interesting to note that, at finite
strains, the particle rotations can have significant additional effects relative to the perfectly aligned
case (6 = 05 = 0°). Indeed, it can be seen that the large rotations that are produced for the cases
where the long axes of the particles are nearly (but not exactly) orthogonal to the tensile loading
axis (f = 07°, 5°; §; = 07°) are associated with significant softening relative to the perfectly aligned
case (§ = 0°), especially for axisymmetric shear. In fact, the softening is so significant that loss of
ellipticity is observed for these cases (as well as for the perfectly aligned case). In connection with
the particle rotations shown in Figs. 3.11(b) and (d), it should be noted that, when the composite
is subjected to non-aligned loadings, the particles tend to align their longest axis with the tensile
loading direction as the deformation progresses, implying that ¢ — 6 — 90° for € >> 0, and
P2 = 0 fore << 0 (except for @ = 0, 7/2, for which, the particles do not rotate and D3 = 0°).
For example, for the loading angle § = 70°, ¢)(®) tends to the values —20° and 70° for &€ > 0 and
€ < 0, respectively.

At this point, it is useful to explore in more detail the possible connections between the particle
rotations and the loss of SE condition. For this purpose, we show in Figure 3.12 the appropriate
shear components of the incremental modulus tensor for neo-Hookean elastomers reinforced with
dilute concentrations of prolate particles with w = 2, subjected to aligned loading conditions. Thus,
we observe from Figure 3.12(a) that for pure shear loading conditions both 25313 and E§323 decrease

with increasing strain and actually vanish, but at different levels of the applied strain e. (Note
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that the corresponding moduli Z§131 and Z§232 also vanish at the appropriate strains, but have very
different behaviors tending to increase or remain constant before vanishing.) On the other hand, we
see from Figure 3.12(b) for azisymmetric shear loading conditions that LS4, and LSz, are identical
by symmetry and vanish at the same applied strain. ( E§131 and E§232 also vanish but exhibit
different trends.) In addition, it is noted that vanishing of 55313 implies that the particles can rotate
freely about the ey axis (in the e; — ez plane), while vanishing of 25323 allows the particles to rotate
freely about the e; axis (in the e; — e3 plane). Moreover, the onset of the sudden rotations observed
in Figs. 3.11(b) and (d) for pure shear and axisymmetric shear loading conditions, respectively, are
found to coincide precisely with the vanishing of the corresponding incremental moduli (as shown in
Figs. 3.12(a) and (b)). Thus, for pure shear, E‘fglg and E§323 vanish at different levels of the applied
strain e, and the particles can be seen to start rotating about the e, and e; axes, respectively, at the
corresponding values of the applied strain €. In this case, the loss of SE is associated with the first
modulus to vanish (in this case, E§323, corresponding to rotation of the particles out of the loading
plane). On the other hand, for the case of axisymmetric shear, E‘f313 = 25323, and the particles can
start rotating about any axis in the ej-es plane (because of the symmetry) at the same value of the
applied strain €. In conclusion, it can be seen that the sudden rotation—or flopping—of the fibers
can be linked directly to the loss of ellipticity of the incremental elasticity tensor of the composites
(at least for dilute concentrations).

Figure 3.13 provides results for the TSO estimates for the effective response of a neo-Hookean
elastomer reinforced with oblate particles, under pure and axisymmetric shear loadings at the fixed
loadings angles, # = 0, 01°5°, 45°, 70°. Results are shown for the fixed aspect ratio w = 0.5, and
a dilute concentration of particles, as functions of the macroscopic logarithmic strain & = In(\).
Figures 3.13(a) and (b) show plots for the macroscopic stress SI’¥ and the rotation of the particles
)| respectively, for pure shear. Similarly, Figs. 3.13(c) and (d) show corresponding plots for
axisymmetric shear. As discussed in the context of the previous figure for the prolate particles,
the results of Figure 3.13 put into evidence the significant influence of the rotation of the particles
on the effective response and macroscopic stability of the particle-reinforced composites subjected
to pure and axisymmetric shear loadings. However, there are important differences between the
oblate and prolate particle cases. Thus, we observe from Figure 3.13(a) that the most significant
softening in the macroscopic stress-strain relation, as well as the associated loss of strong ellipticity,
occur for compressive applied strains (€ < 0), in contrast with the prolate-particles composites
(where the most pronounced softening and associated instabilities take place for tensile strains). In
particular, Figure 3.13(a) shows that, when a slightly misaligned pure shear (§ = 0%°) is applied,
a burst of softening occurs starting at a certain negative value of the critical strain €., which, as
mentioned earlier, is concurrent with the large particle rotations observed in Figure 3.13(b). As also
discussed earlier in the context of the composites with prolate particles, this is entirely consistent
with the development of flopping-type instability at the critical strain e.,.. This softening, however,
becomes less pronounced with increasing loading angle 8, due to the fact that the oblate particles
will rotate more slowly and thus accommodate a smaller portion of the macroscopic compressive
strain for such larger values of #. On the contrary, when the composite is subjected to tensile strains

(¢ > 0), no softening phenomenon is observed (for the chosen loading angles), and the composite
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Figure 3.13: TSO estimates for a particle-reinforced neo-Hookean composite with a dilute concen-
tration of oblate particles with aspect ratio w = 0.5 subjected to non-aligned loadings. Parts (a)
and (b) show results for pure shear loading (A = A, Ay = 1) for the effective stress &' and the
angle of rotation of the particles 1(?), respectively. Parts (c) and (d) show results for azisymmetric
shear loading (A} = Ao = \) for the effective stress S§*° and the rotation 1(?)| respectively. The
results are shown for various angles @, as functions of the macroscopic logarithmic strain & = In(\).
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exhibits a consistently stiffer response for smaller loading angles, once again, due to the fact that
the oblate particles rotate slower at a smaller 6 for tensile strains. On the other hand, as seen in
Figure 3.13(c), no loss of ellipticity is detected for the composites under axisymmetric loading, in
agreement with the results in Figure 3.1(d) for the case of w = 0.5. The composites, nevertheless,
show a systematically softer behavior in compression (€ < 0) when the particles undergo a faster
and larger rotation. Finally, similar to the case of prolate particles, we observe from Figure 3.13 (b)
and (d) that oblate particles also tend to align (one of) their major axes with the tensile direction of
the non-aligned loading as the deformation increases, and thus we deduce that in this case ¢(?) — @
at &€ >> 0, and ¥® — § —90° at &€ << 0 (except for § = 0°, /2, when the particles do not rotate).

Figure 3.14 presents results for the TSO estimates for the effective response of incompressible,
neo-Hookean elastomers reinforced with rigid particles in dilute concentrations, subjected to non-
aligned pure and axisymmetric shear loadings at a fixed angle § = 25°. Results are shown for prolate
particles with aspect ratios 1, 1.1, 2, 4 and 8, as functions of the macroscopic logarithmic strain
€ = In()\). Figures 3.14(a) and (b) show plots for the case of pure shear loading for the macroscopic
stress SE'¥ and the rotation of the particles ¢, respectively. Similarly, Figs. 3.14(c) and (d)
show corresponding plots for the case of axisymmetric shear loading. It can be seen from Figure
3.14(a) and (c) that the effective stress-strain plots (for pure and axisymmetric shear loadings)
exhibit a softening effect for tensile strains (€ > 0), which gets progressively more significant with
increasing aspect ratio w. As discussed earlier, this effect is linked to the associated evolution of
the microstructure. In fact, for non-aligned loadings, the finite rotation of rigid particles (see Figs.
3.14(b) and (d)) serves to accommodate some part of the total macroscopic deformation, so that
smaller strains are produced in the elastomeric matrix phase. Interestingly, the largest particle
rotations corresponding to the largest aspect ratios can be correlated with the strongest softening
in the macroscopic stress-strain relations, for both pure and axisymmetric shear loadings. It also
should be remarked that, at the chosen loading angle (§ = 25°), no loss of SE is detected for either
loading conditions. The reason behind this, as mentioned earlier, is that, at this relatively large
value of , the compression along the major axis of particles never reaches the level required for loss
of SE to occur.

In addition, consistent with earlier observations, it can be seen from Figs. 3.14(b) and (d) that
the particles tend to align themselves with the tensile loading axis, so that the average rotation of the
particles for this particular loading angle (6 = 25°) exhibits the asymptotic behaviors: P — —65°
as € — 00, and ©(?) — 25° as @ — —oo. In this connection, it should be mentioned that results have
also been included in Figs. 3.14(b) and (d) for the rotation of a “Material Line Element,” labeled
MLE, for comparison purposes. These curves correspond to the rotation of a typical material line
element that is initially aligned with the longest axis of the particles (in this case, the axis e3) in

the undeformed configuration, and are determined by the expressions

s (Sin(e) cos(f) (e — 1)) s (Sin<9> cos(f)(e* ”) (3.18)

= —arctan — = = —arctan — =
MLE sin?(A)e2¢ + cos?(6) MLE sin?(A)e3 + cos2()

for pure and axisymmetric shear loadings, respectively. Note that the TSO estimates for the particle

rotations are consistent with these results in the limit as the prolate particles become needles (w —
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Figure 3.14: TSO estimates for particle-reinforced neo-Hookean composites with dilute concentra-
tions of prolate particles subjected to non-aligned loadings at the fixed angle § = 25°. Parts (a)
and (b) show results for the effective stress S and the angle of rotation of the particles ¢(?),
respectively, for pure shear loading (A; = A, Ay = 1). Parts (c) and (d) show results for the effective
stress Sgt% and the rotation (2| respectively, for azisymmetric shear (\; = Ao = A). The results
are shown for particle aspect ratios w = 1,1.1,2,4, 8, as functions of the macroscopic logarithmic
strain € = In(\).
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00).

Figure 3.15 presents results for the TSO estimates for the effective response of incompressible,
neo-Hookean elastomers reinforced with a dilute concentration of oblate rigid particles, under non-
aligned pure and axisymmetric shear loadings at the fixed loading angle # = 25°. Results are
shown for aspect ratios w equal to 1, 0.9, 0.5, 0.25 and 0.125, as functions of the macroscopic
logarithmic strain € = In()\). Figures 3.15(a) and (b) show plots for the macroscopic stress S§™
and the rotation of the particles 1)), respectively, for pure shear loading. Similarly, Figs. 3.15(c)
and (d) show corresponding results for axisymmetric shear. Compared to the previous results for
prolate particles, the results of Figure 3.15 for oblate particles are roughly the opposite. Thus, the
particles in this case undergo the largest rotations (in the opposite direction) for compressive strains
(e < 0), and the rotations are faster for the smallest aspect ratios. In addition, the particles tend to
the asymptotic values (1/3(2) — 25° as € — oo, and @ — —65° as e — —00), as long as the aspect
ratio w is different from unity (when the particles do not rotate). Correspondingly, the plots for the
effective stress-strain relations of the composites exhibit softening for compressive strains (e < 0),
and the level of softening increases with decreasing values of the aspect ratio w. On the other hand,
the (positive) particle rotations for tensile strains (¢ > 0) can be seen to lead to a stiffening of
the macroscopic stress-strain relation, which becomes progressively more significant, the smaller the
aspect ratio.

In Figs. 3.15 (b) and (d), we have also included plots for the rotation of the normal to a “material
surface element” (MSE) whose normal is initially aligned with the e3 axis. This rotation can be

expressed as

sin(f) cos(A)(e3® — 1)
sin?(A) + cos?(f)e3e

si.n(;) cos(é)é(egé — 1)) 7 ~Ag

— — = t
n-(0) + ¢ cos?(0) M = AreHn (

YU p = arctan ( ) (3.19)
for pure and axisymmetric shear loading, respectively. In this connection, it is noted that the TSO
estimates for the rotation of oblate particles become consistent with these results for MSEs in the
limit as the aspect ratio w — 0.

Finally, Figure 3.16 provides results showing the influence of the particle volume fraction on the
TSO estimates for the effective response of the composites subjected to non-aligned pure and ax-
isymmetric shear loadings. The results in this figure are shown for an incompressible, neo-Hookean
elastomer reinforced with rigid, prolate particles with a fixed aspect ratio, w = 2, and three concen-
trations, ¢ = 0.05, 0.15, 0.25. In addition, the results are shown for two loading angles § = 5° and
25°, as functions of the macroscopic logarithmic strain & = In()). Similar to the previous figures in
this subsection, parts (a) and (b) show pure shear results for the macroscopic stress SF’¥ and the
rotation of the particles 1)(?), respectively, while parts (c) and (d) show the corresponding results for
axisymmetric shear. The main observation from these figures is that the particle concentration ¢ has
a relatively small effect on the particle rotations (in fact, for small strains the particle rotations are
completely insensitive to ¢), while it has a significant effect on the effective stress-strain relations for
the composites. Thus, we can see that, as expected, increasing values of ¢ result in stiffer responses
both in tension and compression, as well as for both pure and axisymmetric shear. On the other

hand, we also observe that the initial loading angle has a significant effect on the particle rotations,
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Figure 3.15: TSO estimates for particle-reinforced neo-Hookean composites with dilute concentra-
tions of oblate particles subjected to non-aligned loadings at the fixed angle § = 25°. Parts (a) and
(b) show results for the effective stress S§’° and the angle of rotation of the particles /() respec-
tively, for pure shear (\y = A, Ao = 1). Parts (c) and (d) show results for the effective stress S§'°
and the rotation ©(?), respectively, for azisymmetric shear (A1 = A2 = A). The results are shown for
particle aspect ratios w = 1,0.9,0.5,0.25,0.125, as functions of the macroscopic logarithmic strain

g =1In(\).
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Figure 3.16: TSO estimates for a particle-reinforced neo-Hookean composite with prolate particles
of aspect ratio w = 2 subjected to non-aligned loadings at the angles § = 5°, and 25°. Parts (a) and
(b) show results for the case of pure shear loading (A = A, A2 = 1), respectively for the effective
stress S’ and the angle of rotation of the particles 1)(?). Parts (c) and (d) show results for the
case of avisymmetric shear loading (A\; = X2 = \), respectively for the effective stress Sg'® and
the rotation (). The results are shown for particle volume fractions ¢ = 0.05, 0.15, and 0.25, as

functions of the macroscopic logarithmic strain & = In(\).
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but a relatively small influence on the macroscopic stress-strain relation for the composite. In addi-
tion, consistent with the results of Figure 3.4, it can be seen that the reinforced elastomers become
less stable with increasing particle volume fractions, while the response of these composites is more
stable for the larger loading angle (25°), where loss of ellipticity is not detected for the levels of

strain considered.

3.4 Concluding Remarks

In this chapter, we made use of the tangent second-order (TSO) constitutive model presented in
Chapter 2 to generate estimates for the homogenized stress-strain relation, the evolution of mi-
crostructure, and the onset of macroscopic instabilities in particle-reinforced elastomeric compos-
ites consisting of an incompressible Gent/neo-Hookean matrix and random distributions of aligned
spheroidal particles of aspect ratio w. The estimates presented in this chapter provide a broad
picture of the influence of the macroscopic loading conditions, matrix properties and microgeometry
(including particle volume fractions and shapes) on the effective behavior and the possible onset of
macroscopic instabilities in the composites. Explicit results are given for composites with both pro-
late and oblate spheroidal shapes, subjected to aligned and non-aligned pure shear and axisymmetric
shear loading conditions. These results generalize the results in Chapter 1 for elastomers reinforced
with random distributions of spherical particles (w = 1), as well as earlier results of Lopez-Pamies
and Ponte Castaneda (2006b) for 2-D composites reinforced with elliptical fibers. In addition, the
results of this work are consistent with earlier results for laminated elastomers (deBotton, 2005;
Lopez-Pamies and Ponte Castaneda, 2009) and for continuous-fiber-reinforced elastomers (Agoras
et al., 2009a) in the limits as the aspect ratio w tend to zero and oo, respectively.

Concerning the results for the overall behavior, we begin by emphasizing that the TSO model
predictions are in very good agreement with available numerical results (Lopez-Pamies et al., 2013a)
for spherical particles (w = 1), up to fairly large strains. Similarly, the TSO results were found to be
in excellent agreement with FEM results (Moraleda et al., 2009) for the transverse shear response
of continuous-fiber-reinforced elastomers (w — o). In particular, it should be emphasized that the
new choice for the response of the neo-Hookean matrix phase, as given by expression ((3.3)), leads
to estimates for the macroscopic stress-strain relation that do not lock up at finite strains. This is
different from the corresponding expressions given in Chapter 1, which tend to lock up at a finite
strain that becomes smaller with increasing particle volume fraction, even for neo-Hookean matrix
behavior. Although a very minor change relative to the expressions originally given in Chapter 1
(nothing else changes!), the use of the new expression does give much better agreement with the
available numerical results, especially at the larger volume fractions. It should be noted, however,
that the corresponding results for reinforced Gent elastomers do exhibit significant stiffening due to
the particles, and tend to lock up at strains that are smaller than for the elastomeric matrix material
and that become smaller with increasing particle volume fraction.

Compared to the results for spherical particles, it is found that the corresponding results for
prolate, or oblate particles generally result in stiffer responses when the reinforced elastomers are

loaded in pure shear or axisymmetric shear aligned with the particle axes, and the amount of
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stiffening increases with increasing (decreasing) aspect ratio for prolate (oblate) particles. However,
when the loading axes are not aligned with the particle axes, it is found that the particles may
undergo significant rotations tending to align their long axes with the tensile axes of loading; this
phenomenon in turn may lead to significant softening, which becomes more pronounced as the
particle shape moves away from spherical. In fact, when the tensile loading axis is nearly orthogonal
to the long axes of the particles, the particles can suddenly undergo large rotations at a certain critical
amount of straining, which is found to be coincident (at least for dilute concentrations) with the
vanishing of the shear component of the incremental effective elasticity tensor transverse to the long
particle axis of the reinforced elastomer. Thus, the reinforced elastomers with spheroidal particles
can undergo shear localization instabilities, which are captured by loss of ellipticity of the associated
effective incremental modulus tensors, and correspond physically to the sudden collective rotation—
or flopping—of the particles to try to accommodate the imposed deformation. These flopping-type
macroscopic instabilities in short-fiber-reinforced elastomers were first predicted theoretically in
the context of model 2-D composites by Lopez-Pamies and Ponte Castaneda (2006b) and verified
numerically by Michel et al. (2010) for the same type of 2-D composites. Although the physical
mechanism for these symmetry-breaking instabilities is essentially the same for the more realistic
3-D composites considered in this work, the behavior is a bit richer for the 3-D composites when
subjected to general 3-D loadings since the particles tend to flop in the softest direction (the one
associated with the first transverse shear modulus to vanish). Also, consistent with earlier findings for
the 2-D composites, the reinforced elastomers become more unstable (i.e., they develop instabilities
for smaller strains) as the particle shape moves away from the perfectly symmetric spherical shapes

and as the volume fraction of the particles increases.
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Chapter 4

Rheology of non-dilute suspensions
of soft viscoelastic particles in a

Newtonian fluid
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In this chapter, we present a homogenization-based model for the rheological behavior of non-
dilute suspensions of initially spherical, viscoelastic particles in viscous fluids under uniform, Stokes
flow conditions. The particles are assumed to be neutrally buoyant, Kelvin-Voigt solids undergoing
time-dependent, finite deformations, and exhibiting generalized neo-Hookean behavior in their purely
elastic limit. We investigate the effects of the shape dynamics and constitutive properties of the
viscoelastic particles on the macroscopic rheological behavior of the suspensions. The proposed
model makes use of known homogenization estimates for composite material systems consisting of
random distributions of aligned ellipsoidal particles with prescribed two-point correlation functions
to generate corresponding estimates for the instantaneous (incremental) response of the suspensions,
together with appropriate evolution laws for the relevant microstructural variables. To illustrate the
essential features of the model, we consider two special cases: (1) extensional flow, and (2) shear
flow. For each case, we provide the time-dependent response, and when available, the steady-state
solution for the average particle shape and orientation, as well as for the effective viscosity and
normal stress differences in the suspensions. The results exhibit shear thickening for extensional
flows and shear thinning for shear flows, and it is found that the volume fraction and constitutive
properties of the particles significantly influence the rheology of the suspensions under both types of
flows. In particular, for the case of extensional flow, suspensions of particles with finite extensibility
constraints are always found to reach a steady state, while this is only the case at sufficiently low
strain rates for suspensions of neo-Hookean particles, as originally reported by Roscoe (1967) and
Gao et al. (2011). For the case of shear flow, viscoelastic particles with high viscosities can experience

a trembling motion of decreasing amplitude before reaching the steady state.

4.1 Introduction

Suspensions of interacting deformable particles in a fluid are used in numerous applications of current
interest (e.g., tissue engineering, drug delivery, coatings), and they constitute a large class of natu-
rally existing solid-fluid mixtures as well (e.g., blood). Driven by the interest in such applications,
the study of the macroscopic behavior and rheology of these suspensions has received considerable
attention in the past. Among them, solid-fluid mixtures consisting of large numbers of soft, micro-
scaled particles suspended in Newtonian fluids are of particular importance. Well-known examples
of these mixtures include suspensions of red blood cells in blood plasma which is a Newtonian fluid
(Skalak et al., 1989), and suspensions of microgel particles in a solvent (Pal, 2010). When subjected
to shear flows, the suspended soft particles undergo significant changes in shape and orientation,
and this evolution of the microstructure is expected to have a strong influence on the macroscopic
rheological properties of the suspension. It follows that sound models for the constitutive behavior
of such suspensions must properly account for appropriate microstructural variables, such as the av-
erage shape and orientation of the particles, as well as for the constitutive nonlinearities associated
with the mechanical response of the particles.

In the past decades, a vast amount of research has so far focused on estimating the effective viscos-
ity of dilute and non-dilute suspensions of rigid particles (Einstein, 1906; Jeffery, 1922; Krieger and
Dougherty, 1959; Frankel and Acrivos, 1967; Batchelor, 1970; Batchelor and Green, 1972; Krieger,
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1972; Jeffrey and Acrivos, 1976; Brady and Bossis, 1985; Phung et al., 1996; Stickel and Powell, 2005,
to cite only a few). By comparison, fewer studies deal with the rheology of suspensions of dilute
and non-dilute concentrations of deformable particles in a Newtonian fluid. Among the pioneering
studies, Frohlich and Sack (1946) considered suspensions of elastic spherical particles in a Newtonian
fluid undergoing a pure extensional flow and derived constitutive equations relating the macroscopic
extensional stress and the applied strain rate for small deformations of the microstructure. Cerf
(1952) investigated a suspension of spheres with special viscoelastic properties in a viscous liquid
under oscillatory motion of small amplitude. More than a decade later, Roscoe (1967) studied the
rheological behavior of dilute suspensions of solid viscoelastic spheres in a Newtonian fluid within the
context of finite strains. In this chapter, which was limited to steady-state (SS) behaviors, Roscoe
obtained the effective viscosity and normal stress differences for the suspension as functions of the
solid and liquid material properties and the flow conditions. In addition, Roscoe demonstrated that,
for initially spherical particles and shear-flow conditions, steady-state solutions are possible such
that the particle deforms into an ellipsoid of fixed orientation, and the material within the ellipsoid
undergoes a tank-treading motion deforming and rotating continuously with uniform velocity gradi-
ent and stress. In closely related work, Goddard and Miller (1967) investigated the time-dependent
behavior of a viscoelastic sphere in a Newtonian fluid within the limits of small deformations of the
particle. Based on the coupled solutions for the flow field around the particle and the deformation
of the particle, they derived a constitutive equation for the rheological behavior of suspensions of
slightly deformed spheres in the dilute limit. In the regime of non-dilute concentrations of particles
but, again, within the small deformation limit, Goddard (1977) generalized the analysis of Frankel
and Acrivos (1967) for highly concentrated suspensions of rigid particles to account for the effect of
small deformation of the particles on the rheology of the suspension. In addition, still in the regime
of small particle deformations, Snabre and Mills (1999) developed an effective medium approxima-
tion to estimate the effective shear viscosity of non-dilute suspensions of viscoelastic particles. The
authors made use of the Kelvin-Voigt (KV) model to describe the deformation of particles in the
suspension when subjected to a viscous shear flow. As pointed out by the authors, the KV model
can be used as a first-order approximation to capture the deformation behavior in microcapsules
and biological cells, as they represent an intermediate case between solid particles and fluid drops.
Again, within the small deformation limit, Pal (2003) derived a semi-empirical equation for effective
viscosity of non-dilute suspensions of elastic particles by means of the differential effective medium
approach together with the constitutive model developed by Goddard and Miller (1967) for dilute
suspensions of spherical, elastic particles. The author found good agreement with experimental data
on the effective shear viscosity of un-aggregated red cells in saline solution. There has also been
considerable work on suspensions of viscous droplets or emulsions (see, for example, Taylor, 1932;
Oldroyd, 1953; Bilby et al., 1975; Lowenberg and Hinch, 1996; Wetzel and Tucker, 2001), where it
is important to account for interfacial tension between the two fluids. In addition, numerous works
have been published for suspensions of capsules and vesicles (e.g., Barthes-Biesel, 1980; Barthes-
Biesel and Rallison, 1981; Keller and Skalak, 1982; Ramanujan and Pozrikidis, 1998b; Lac et al.,
2004; Ghigliotti et al., 2010).

As demonstrated by several of the above-mentioned studies, the constitutive properties of the
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particles strongly influence the rheology of suspensions of deformable particles in a viscous fluid.
Although these studies can capture to some extent the influence of particle deformation on the effec-
tive properties of the suspensions, they are confined to small strains and/or dilute concentrations.
Indeed, rheological models that can address general morphologies and particle volume fractions, as
well as general constitutive behavior and finite deformations for the soft particles in the suspension
are still largely lacking. Recently, Gao et al. (2011) studied the rheology of dilute suspensions of
neo-Hookean particles in a Newtonian fluid under Stokes flow conditions. Making use of a polar-
ization technique, the authors developed an ezact analytical estimate describing the finite-strain,
time-dependent response of a neo-Hookean particle in a viscous shear flow. They found that the
(time-dependent) “excess” viscosity of the dilute suspensions of such particles exhibit strong coupling
with the large changes in the particle shape and orientation leading to a shear thinning effect. Most
recently, they made use of their model to study the rheology of dilute suspensions of neo-Hookean
particles in an extensional flow (Gao et al., 2013), and found a shear-thickening effect instead. In
addition Gao et al. (2012) showed that it was possible to have three types of motions—steady-state,
trembling, and tumbling—for dilute concentration of elastic particles, depending on the shear rate,
elastic shear modulus, and initial particle shape.

With the perspectives offered by the work of Gao et al. (2011) for dilute suspensions of elastic
particles in mind, the goal of the present work is to investigate the time-dependent rheological
properties of non-dilute suspensions of deformable viscoelastic particles in the regime of arbitrarily
large deformations. More specifically, we study the effective rheological response, as well as the
microstructure evolution, in suspensions of initially spherical, nonlinear KV viscoelastic particles
with generalized neo-Hookean elastic behavior in a Newtonian viscous fluid subjected to simple
flows. We assume that the characteristic size of the particles is larger than 1 um so that we can
neglect Brownian forces acting on the particles. Also, we confine our attention to Stokes flow
regime (i.e., Re — 0), where viscous forces dominate over inertial effects. We develop a rigorous
homogenization-based model to obtain time-dependent estimates, and when available, steady-state
estimates for the rheological behavior of these suspensions. The model is based on the Hashin-
Shtrikman-Willis (HSW) homogenization theory (Hashin and Shtrikman, 1963; Willis, 1977), which
was originally developed for elastic composite materials. More specifically, we make use of the results
of Ponte Castanieda and Willis (1995) for composites consisting of aligned ellipsoidal particles that
are distributed randomly with ellipsoidal two-point correlations in a matrix of a different material.
This theory was extended to two-phase viscous systems by Kailasam et al. (1997) and Kailasam and
Ponte Castanieda (1998), and used to generate estimates for the deformation inside the particles,
which when combined with nonlinear equations for the evolution of the stress field in the particles,
as well as for the shape and orientation of the particles, can be used to characterize the macroscopic
rheological behavior of the suspensions in uniform flows.

The structure of the chapter is as follows. Section 4.2 addresses the constitutive behavior of
the deforming particles and the types of particulate microstructures considered in this chapter. In
section 4.3, we lay out the homogenization strategy. We first provide results for the instantaneous
macroscopic stress in the suspensions in terms of the average elastic stress, vorticity and deformation

inside the particles, which can in turn be related to the macroscopic strain rate and vorticity in the
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suspension. Next, we confine our attention to suspensions of initially spherical particles and, using
the consistent homogenization estimates for the average strain-rate and vorticity tensors inside the
particles, we develop evolution equations for the average particle shape and orientation. Section 4.4
provides explicit expressions for steady-state conditions for non-dilute concentration of Kelvin-Voigt
and purely elastic particles, thus generalizing the results of Roscoe (1967) for dilute concentrations.
In section 4.6, we apply our model for two important special cases. First, we consider the problem
of suspensions of initially spherical particles in an extensional flow, and provide representative nu-
merical examples, as well as closed-form results for steady-state conditions. Second, we consider the
application of the model to suspensions of initially spherical particles in a shear flow. Finally, some

conclusions are drawn in section 4.5.

4.2 Suspensions of viscoelastic particles in a viscous fluid

As already mentioned, in this chapter, we consider random suspensions of (soft) nonlinear viscoelastic
particles in a Newtonian fluid (matrix phase). The particles and fluid phases are incompressible and
have the same density, so that the particles are neutrally buoyant in the fluid. In this section, we
describe in some detail the constitutive behavior of the homogeneous matrix and particle phases
in the suspension, as well as for the microstructures of interest. Following this section, our aim
will be to deliver estimates for the macroscopic rheological response and associated microstructure
evolution in these suspensions under uniform flow conditions.

We begin with a quick review of the basic kinematic relations, in particular, to fix the notation.
Under the application of mechanical loadings, a material point X in the reference configuration moves
to a new point x at time ¢ in the deformed configuration of the particle. In the Lagrangian description
of the motion, the deformation is described by the map x(X, ), assumed to be continuous and one-
to-one. The deformation gradient tensor F = Gradx (with Cartesian components F;; = dz;/0X;)
then serves to characterize the deformation of the material, and is such that F = RU = VR, where
R is the rotation, and U and V are the right- and left-stretch tensors, respectively. We will also
make use of the right and left Cauchy-Green tensors, given by C = F'F = U? and B = FFT = V2,
respectively. (B is also known as the Finger tensor.) Correspondingly, in the Eulerian description,
the motion is described by the velocity field v(x,t), such that the Eulerian strain rate and vorticity
tensors are given by D = % (L + LT) and W = % (L - LT), respectively, where L = grad v is the
velocity gradient, which is related to the deformation gradient by L = FF~!, with F denoting the

(material) time derivative of F.

4.2.1 Constitutive behavior of the phases

We assume that the suspended particles are homogeneous and made of incompressible, isotropic
solids. We consider particles with viscoelastic behavior and make use of a generalized Kelvin-Voigt
(KV) model to describe their constitutive response. This model consists of a hyperelastic spring and
a dashpot connected in parallel. We will also consider suspensions of purely elastic particles, which

are one limiting case of the KV particles. For the incompressible KV material, the Cauchy stress o
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can be written as (Joseph, 1990)
O':—p/I—i-’T, T ="Te+ To, (41)

where p’ is an arbitrary hydrostatic pressure associated with the incompressibility constraint, and
7. and T, are the elastic and viscous parts of the total “extra” stress tensor 7 in the particle (which
need not be deviatoric in general, tr(7) # 0.) Note that the actual hydrostatic pressure p is given
by p=p —trr.

The elastic stress may be described in terms of a stored-energy function ¢, which, on account of

frame invariance, is a function of C, via

F?,  det(F)=1. (4.2)

In addition, elastic isotropy (and incompressibility) implies that 1) depends on C through its first
two invariants. For simplicity, in this chapter, we will consider generalized neo-Hookean behavior
such that (C) = g(I), where I = tr(C) and g is a generally nonlinear function of I satisfying the
requirements that g(3) = 0, ¢’(3) = /2, where p is the ground state shear modulus of the elastic

particle. Then, the elastic extra stress tensor 7. in (4.2) can be expressed as
T7.=2¢'(I)B — 1, (4.3)

where the term promotional to p arises from the linearization requirements at the ground state (i.e.,
7.(I) = 0).
Making use of the fact that (Joseph, 1990)
v DB
=—-LB-BL" =0 4.4
B= , @4
a rate (hypo-elastic) form of equation for the elastic constitutive relation (4.3) may be obtained in

terms of the upper-convected (or Truesdell) time derivative such that
Ye=+e—Lre—7.LT =4¢"tr(DB) B+ 2D, (4.5)

where 7, = (07./0t) + v - V1. denotes the material time derivative of the tensor 7.

The simplest possible choice for the elastic behavior of the particles is of course the neo-Hookean
model with g(I) = §(I —3). However, this model is unrealistic at large stretches for most materials,
including elastomers, as it ignores the significant stiffening that such materials exhibit at large
stretches. For this reason, in the applications to be considered below, we will make use of the Gent
model (Gent, 1996), characterized by the choice

I1-3

o(1) = —# In (1 - W) , (4.6)

where the dimensionless parameter J,, > 0, known as the strain-locking parameter, corresponds
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to the limiting value of T — 3 at which the elastomer locks up (and the argument of the logarithm
vanishes). Note that the Gent model (4.6) reduces to the neo-Hookean model in the limit as J,,, — cc.

The corresponding specialization of the constitutive relation (4.3) can then be written as

I-3\""
Te_lul(l——> B-1I|, (4.7)
Im
which in turn leads to the following evolution equation for the elastic extra stress tensor
v 2
Te:2'uD+uJ tr [D (1e + pI)] (7 + pI), (4.8)

where use has been made of (4.7) to express B in terms of 7.. Note that these expressions reduce

to the well-known neo-Hookean expressions (Joseph, 1990) in the limit as J,,, — 00, namely,
v
Te=pu(B-I), and 7T.=2uD. (4.9)

Going back to the general expressions for the KV material, the viscous part of the extra stress
can likewise be described in terms of a dissipation potential ¢, which, on account of incompressibility

and frame invariance, is a function of the last two invariants of D, via

_ 09(D)

Although more general nonlinear forms could be considered, in this chapter, again for simplicity, we

will focus our attention on linearly viscous behavior, such that
7, =273 D, (4.11)

where 7(?) describes the constant viscosity of the particle material.

It should be noted that the set of constitutive relations for KV particles reduce to those for
purely elastic particles by taking the limit as the viscosity n(®) goes to zero. In this limit, the
KV model simplifies to a hyperelastic model characterized by the stored-energy function ¢ (F). In
other words, in this limit, the viscous part of the stress vanishes (7, = 0) and the elastic part
coincides with the total stress (7. = 7). Therefore, for the case of (incompressible) Gent particles,
the constitutive relation for the extra stress tensor (7) and its evolution (¥) are given by (4.7) and
(4.8), respectively, with 7, being replaced by 7. These relations have been shown to provide good
agreement with experimental data for rubber-like materials (Ogden et al., 2004). Similarly, for the
case of neo-Hookean particles, the corresponding relations are given by (4.9) with 7. being replaced
by 7.

The suspending fluid (or the matrix) will be assumed here to be an incompressible Newtonian

fluid, with constitutive relation given by expression (4.1) with

T=7,=27YD, tr(D)=0. (4.12)
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In other words, the constitutive behavior of the matrix will be taken to be purely viscous with linear

response and constant viscosity 7).

4.2.2 Microstructures

In this chapter, we confine our attention to suspensions consisting of initially spherical, deformable,
viscoelastic particles distributed isotropically in a viscous fluid (matrix). Based on earlier theoretical
work for dilute concentrations of (non-interacting) deformable particles (Goddard and Miller, 1967;
Roscoe, 1967; Gao et al., 2011), as well as numerical simulations for dilutely concentrated and
moderately concentrated suspensions of capsules (Clausen and Aidun, 2010; Clausen et al., 2011),
the particles are expected to change their shape and orientation when subjected to a shear flow. As
already mentioned, for dilute concentrations, the initial spherical particles become aligned ellipsoids
with a shape and orientation that evolves with the deformation until (possibly) reaching a steady
state. For non-dilute concentrations, it may be expected that the shape assumed by the particles
will not be precisely ellipsoidal—deviations would be expected due to the non-uniform deformation
fields that would be generated inside the particles as a consequence of the particle interactions. In
addition, it would be expected that the particle interactions would affect the orientation and relative
position of individual particles in such a way that the particles in the deformed configuration would
not all exhibit the same exact orientation, and the two- and higher-point correlation functions for
the particle centers would cease to be isotropic. Nevertheless, in the spirit of generating simplified
(homogenized) constitutive models for the instantaneous response of the non-dilute suspensions,
as well as for the evolution of their microstructure, it makes sense to define suitable homogenized
microstructural variables serving to characterize the evolution of the “average” shape and orientation
of the particles, as well as of the particle distribution statistics, as functions of the deformation. In the
context of purely viscous systems, and ignoring surface tension effects (i.e., distributions of viscous
drops in a viscous fluid), Kailasam and Ponte Castaneda (1998) proposed such a model making use
of a suitable application/generalization of the homogenization estimates of Ponte Castafieda and
Willis (1995) for the macroscopic viscosity and average strain rate and vorticity fields in the particle
phase to generate estimates for the instantaneous response of the suspension, as well as evolution
laws for suitable microstructural variables characterizing the average shape and orientation of the
particles, and of the two-point correlation functions describing the relative positions of the particles
in the flow. In this context, it should be emphasized that the homogenization estimates of Ponte
Castaneda and Willis (1995) provide a generalization of the dilute estimates of Eshelby (1957)
for dispersions of non-dilute concentrations of elastic particles in an elastic matrix (with different
elastic moduli)—which can be reinterpreted for viscous particles in a viscous matrix—accounting for
general ellipsoidal particle shapes distributed with generally different ellipsoidal shape for the two-
point probability function for the particle-center distribution. The constitutive theory of Kailasam
and Ponte Castaneda (1998) applies not only for linearly viscous behavior for the phases, but can also
be used for nonlinearly viscous (including ideally plastic in the rate-independent limit) phases, and
generalizes earlier work in this context by Kailasam et al. (1997) for the evolution of the particle shape

and distribution (with fixed orientation). In this chapter, we propose a corresponding generalization
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Figure 4.1: Schematic illustration of the microstructure in the suspension, identifying the various
microstructural variables. The particles shapes and orientations evolve with the deformation and
are depicted as grey ellipses, while their two-point probability functions are depicted as larger dotted
ellipses surrounding the particles. (a) At ¢ = 0, the particles are spherical and distributed randomly
with statistical isotropy in the Newtonian fluid. (b) At a later time ¢, after application of the
macroscopic velocity gradient L, the particles have become ellipsoidal and are distributed with
ellipsoidal symmetry (with the same shape and orientation). (¢) The particles are described by a
“representative ellipsoid” with aspect ratios w; = 22/21 and wy = 23/21, and with principal axes
defined by the unit vectors n;, n, and ny; = n; x n, (which rotate relative to the laboratory axes
{E;},i=1,2,3)

of this theory to account for viscoelastic effects in the particles at non-dilute concentrations, building
on the earlier work by Gao et al. (2011) for dilute concentration of elastic particles. This will require
extending the notion of suitable microstructural variables to include the average elastic stress in the
particles, as shall be seen in more detail later.

Consistent with the just-stated objectives, we define next a special class of microstructures
characterizing the instantaneous state of the system. Thus, it is assumed that at the present time all
the initially (at zero time) spherical particles become ellipsoidal with identical shape and orientation

as described by representative (average) ellipsoids

Q% =Ix:)(Z) Tx| <1}, (4.13)
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where Z is the so-called shape tensor. In addition, it will be assumed here that the relative position
of the particles is described by two-point correlation functions having “ellipsoidal” symmetry. This
notion was introduced by Willis (1977) to describe the shape for the angular dependence of two-point
correlation functions, thus generalizing the notion of “statistical isotropy,” which corresponds to
spherical angular dependence. This notion was used in the work of Ponte Castaneda and Willis (1995)
to describe the shape of the two-point probabilities for the distribution of the centers of ellipsoidal
particles with possibly different shapes and orientations, thus resulting in estimates depending on
two Eshelby-type microstructural tensors, one describing the shape and orientation of the particles
and the other that of their distribution. While in general it may be expected that the shape and
orientation of the particle distribution will evolve differently from the shape and orientation of
the particles themselves, in this first investigation of the problem, we will assume for simplicity
that the shape and orientation of the distribution functions is identical to that of the individual
particles. We expect this to be a reasonable approximation for small to moderate particle volume
fractions for two reasons. First, the effect of the particle distribution is expected to be of order
volume fraction squared, while that of the particle themselves is expected to be of order volume
fraction. Therefore, the effect of the shape of the distribution functions is expected to be small
compared to that of the particle shapes themselves, at least for small to moderate volume fractions.
Second, the numerical simulations of Clausen et al. (2011) for suspensions of concentrated capsules
in a simple shear flow (see figures 11 and 13 in that paper) seem to suggest that this is not a bad
approximation—certainly better than assuming that the distribution of the (non-Brownian) particles
remains isotropic. Another possibility would be to assume that the shape and orientation of the
particles evolves with the macroscopic deformation (Kailasam et al., 1997), as would be the case
for periodic distributions of particles, but such an approximation would only be accurate for small
enough volume fractions, and will not be pursued in this chapter, again for simplicity, as it is much
easier two work with one shape tensor than with two.

Figure 4.1(a) provides a schematic representation of the isotropic distribution of spherical par-
ticles in the suspension at ¢t = 0. The spheres with solid and dotted lines represent cross sections
of the particles and the distributional spheres, respectively. The triad {E;}, (i = 1,2,3) is used
to characterize the fixed laboratory coordinates. Figure 4.1(b) depicts a snapshot of the suitably
idealized microstructure in the suspension at a future time instant ¢ (recall that the particles and
distributional ellipsoids are assumed to have the same shape and orientation at any moment). Also,
Figure 4.1(c) provides a schematic representation of the relevant microstructural variables at time ¢.
The three orthonormal vectors ni, ny and ng = nj X ny are used to characterize the principal axes of
the particle. In this principal coordinate system, the shape tensor Z has the matrix representation
Z = diag(z1, 22, 23) with 21, 22, 23 being the three principal semi-axes of the ellipsoid. For future

reference, it is convenient to define two aspect ratios
w1 = 29/z1 and  wy = z3/21, (4.14)

which fully characterize the shape of the particle.

Consistent with the above-described microstructural model, we choose the following set of vari-
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ables to characterize the state of the ellipsoidal microstructure:

Yz{wl,wg,nl,ng,ngznl ><n2}. (415)

4.3 Macroscopic response

The objective of this section is to determine macroscopic constitutive relations for the rheological
behavior of the suspensions described in the preceding section. As we have seen, we expect the
mixture to go through a sequence of microstructures, approximately consisting of aligned ellipsoids
that are distributed with ellipsoidal two-point statistics (with the same shape and orientation),
which evolve in time, starting from an initial state. In this chapter, we therefore break up the
analysis of the macroscopic behavior of the suspensions into two parts. In the first, we assume that
at a given instant the microstructure is specified, and make use of this information to estimate the
instantaneous response of the mixture by means of a homogenization approach. In the second, we
derive consistent evolution equations for the relevant microstructural variables making use of the
corresponding instantaneous homogenization estimates for the average deformation and stress fields

in the particles.

4.3.1 Homogenization estimates for the instantaneous response

We consider a representative volume element (RVE) of the suspension, which occupies a volume 2
with boundary 9. The fluid and particle phases are in turn assumed to occupy volumes Q) and
Q@) respectively, such that Q = QM) + Q@) Tt is assumed that the RVE satisfies the separation
of length scales hypothesis implying that the typical size of the neutrally buoyant particles is much
smaller than the size of the RVE, as well as the Stoke’s condition in the fluid phase, such that

e= % — 0, (4.16)

n

where p(!) is the density of the fluid, 4 is a measure of the macroscopic strain rate and dp is a measure
of the particle diameter. Noting that the microstructure of the RVE is statistically uniform, a uniform
macroscopic stress field will be generated in the RVE when an affine velocity boundary condition
is applied on the boundary of the RVE (9€). Thus, the suspension is subjected to the boundary
condition

v(x) = Lx, on 09, (4.17)

where L (tr L = 0) is the macroscopic, or average velocity gradient, defined by

_ 1
L= W/Ldv. (4.18)
Q

I The mean value theorem for the strain rate (e.g., Ponte Castaiieda and Suquet, 1998) states that the (volume)
average of the local strain-rate tensor L over the RVE under the affine velocity boundary condition (4.17) is precisely
L.
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Similarly, the average or macroscopic Cauchy stress is defined as

1

and the instantaneous macroscopic constitutive response is determined by the relation between &
and L.

For future reference, we also define the phase averages of the strain-rate field over phase r
(r=1,2) via

_ 1
DM =~ DdV, 4.20
VOI(Q(T)) Q) ’ ( )

such that
D=cODD 4 ]’3(2)7 (4.21)

with the ¢(*) and ¢ denoting the volume fractions of fluid and particle phases, respectively. Sim-
ilarly, defining 7() and 7 as the averages of the extra stress in the fluid and particle phases,
respectively, the macroscopic stress, as defined by (4.19), can be rewritten (on account of the in-

compressibility of the phases) as
=—pI1+cD7F0 4 D73 (4.22)

where p’ is an indeterminate hydrostatic pressure associated with the overall incompressibility of
the suspension.
Now, taking advantage of the special form of the constitutive relations for the fluid matrix and

solid particle phases, as described in Section 4.2.1, modified dissipation potentials are introduced
WD) =y""D-D+7.-D, tr(D)=0, (4.23)

such that the local constitutive relation of the phases can be written as

ow ()
oc=-pI+7, where 7= 5D = 277(T)D + Te, (4.24)

where p’ is an indeterminate hydrostatic pressure. It should also be emphasized that the elastic
strains 7. are considered to be fixed in taking the derivative with respect to D. Thus, it can be seen
that the addition of the linear term in the strain-rate tensor D to the dissipation function ¢, defined
by equation (4.10), allows the inclusion of the elastic stress 7., assuming that it is known at the given
instant. More specifically, labeling the quantities associated with the matrix and particle phases by
the superscripts (1) and (2), respectively, the local constitutive relation (4.24) can be used to recover
the constitutive relations for the elastic particles and fluid matrix phases, as given by (4.1) to (4.12),
provided that we let n" and 7(® be the viscosities of the fluid and elastic particles, respectively,
and that we let 7. = 0 in the fluid phase and 7. = 7-22), as characterized by the evolution equation
(4.8), in the particle phase. In addition, in this last expression, we use p and J,, to describe the

ground shear modulus and strain-locking parameter of the elastic particles, the subscript (2) having
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been dropped from g and J,, for convenience (since only the particle phase has elastic properties,
thus eliminating the risk of confusion).

We define next, for compactness, the local modified dissipation potential
W(x,D) = xV ()W (D) + x? W (D), (4.25)

where the x(")(x) (7 = 1,2) are the characteristic functions of the two phases, such that they are
equal to one if the position vector x is in phase r (i.e., x € Q(T)) and zero otherwise. Then, we can

state the principle of minimum dissipation via

min/W(x,D) dv, (4.26)
Dek
Q

where K denotes the set of kinematically admissible strain rates:
K = {D| there isvsuch thatD = (Vv + (Vv)7)/2,divv = 0 in Q, andv = Lx on 9Q}.  (4.27)

It is noted (see Ekeland and T'émam, 1999, for the purely viscous problem) that the Euler-Lagrange

equations of this variational principle are precisely the Stoke’s equations for the fluid phase
29IV —Vp=0, V-v=0, (4.28)
together with the equilibrium equations for the solid particles, which in Eulerian form become

20V —Vp' + V-7 =0, V.-v=0, (4.29)
where once again the elastic extra stress 7-53) in the particles is assumed to be known at the present
instant. Note that the variational principle also ensures continuity of the velocity v and traction
components of the total stress o across the particle-fluid boundaries, as well as satisfaction of the
affine boundary condition (4.17).

Finally, it is noted that the dissipation functional in equation (4.26), evaluated at the minimum,
defines a function of the macroscopic strain-rate D, as given by the symmetric part of the average
velocity gradient L. When normalized by the volume of the RVE €, it can be shown (see, for
example, Ponte Castaneda and Suquet, 1998) that it provides a modified dissipation potential for
the macroscopic constitutive relation, in the sense that

oW

35 (4.30)

o=-pI+7T, where 7=

and where p’ is the Lagrange multiplier associated with the macroscopic incompressibility constraint
and )

W(D) = min —— [ W(x,D)dV. 4.31

(D) = pin gy | WD) (4.31)

Q

The homogenization problem defined by equations (4.30) and (4.31) for the instantaneous re-
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sponse of the viscoelastic composite characterized by (4.23)—(4.25) is mathematically analogous to
the corresponding problem for an incompressible thermoelastic composite with elastic moduli 5"
and thermal stresses 7. (provided that the strain rate and velocity fields are identified with the
strain and displacement fields, respectively). For the specific problem of interest here, the viscosi-
ties (moduli) (") are uniform-per-phase, and while the elastic stress (thermal stress) in the matrix
phase is zero, the corresponding elastic stress (thermal stress) in the particle phase is not only non-
vanishing, but in fact also non-uniform. More general situations, including the case of nonuniform
thermal stresses in the matrix phase has been considered recently by Lahellec et al. (2011).

To estimate the effective dissipation function W(]_D), we make use of the Hashin-Shtrikman-
Willis (HSW) variational method, which was originally developed for isotropic elastic composites
by Hashin and Shtrikman (1963), and extended later for generally anisotropic elastic composites
by Willis (1977, 1981). For the particulate material systems of interest in this chapter consisting
of random distributions of ellipsoidal inclusions in a given matrix, more specific estimates have
been given by Ponte Castaneda and Willis (1995) still making use of the HSW variational method.
Applied to the above-described viscous systems, the key feature of this method is the use of a
“polarization field” relative to a homogeneous “comparison fluid” (with viscosity 7°). In this way, it
is possible to make use of simple, constant-per-phase trial fields for the polarization to obtain bounds
and estimates for the effective response of the composite system. The application of the method of
Ponte Castaneda & Willis (PCW) to the class of suspensions of thermoelastic particles of interest
in this chapter was given by Ponte Castanieda (2005). For completeness, the adaptation of these
results for viscoelastic particles is given in Appendix C.1. In this section, we will only provide the
final results for the macroscopic response in terms of the average local fields in the particle phase.

Thus, the resulting variational estimate for the effective dissipation function W(D) can be ex-
pressed as

W(D)=yVD-D+e¢ (n<2> - n<1>) D®.D ¢ g 7 (D<2> + D) , (4.32)

where
D = [1-2(1-¢) (s —4®) B} {D-(1-rs?) (4.33)

is the corresponding estimate for the average strain-rate over the particles. In these expressions,
it is recalled from Appendix C.1 that ¢ = ¢® is the volume fraction of the particle phase, 7’-532) is
the average elastic stress in the particles, and P is a microstructural (Eshelby-type) tensor given by
(C.11);.

For later reference, we note that the procedure also provides an estimate for the average vorticity

tensor in the particle phase (see Appendix C.1), which is given by
WE W (1 )R [2 () @) DO - 7], (434

where R is the microstructural tensor defined by (C.11)s.
Finally, the instantaneous macroscopic constitutive relation for the suspension of viscoelastic
particles can be obtained from the estimate (4.32) for W(f)) by means of equation (4.30). However,

given D) and 7_'532), it is simpler to make use of expression (4.21) to write the average extra stress
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in the matrix phase as
7 =2 WDPD = 25 (1 — ) (D - cD@)) . (4.35)
Then, substituting this expression into expression (4.22) for the macroscopic stress, we arrive at
=—-7I1+2nYD +¢ (i—<2> — 2n(1>D<2>), (4.36)

which, using (4.24)2 to express the average extra stress over the inclusion phase in terms of the extra

elastic stress over the particles, finally leads to
=-7I1+2nID +2¢ (n<2> - 77(1)) D@ 47, (4.37)

Thus, it can be seen that for given macroscopic strain rate D, particle volume fraction ¢, and
viscosities ") and n®, the macroscopic Cauchy stress tensor & may determined by means of
expression (4.33) for D) in terms of the current values of the average of the extra stress tensor over
the particle 7_'532), together with the current values of the average aspect ratio and orientation of the
particles, as defined by expression (4.15). It should be emphasized that the above results reduce to
the corresponding exact results of Gao et al. (2011) for dilute concentrations (¢ << 1) and vanishing
viscosity (77(2) = 0) of the particles. In the next subsection, we address the characterization of these
variables by means of appropriate evolution equations, starting from an appropriate initial state

where the particles are initially spherical and unstressed.

4.3.2 Evolution equations for the microstructural variables and particle

elastic stress

So far, we have made use of Eulerian kinematics to describe the incremental behavior of the host
fluid and particle phases, and accordingly generated estimates for the instantaneous response of the
suspension for a given state of the microstructure. However, when subjected to simple flows, the
microstructure in the suspensions generally evolves in time as the applied deformation progresses.
Therefore, in order to predict the effective time-dependent behavior of suspensions from a given
instantaneous state of the microstructure, it is crucial to first characterize the evolution of relevant
microstructural variables. In addition, given that the instantaneous response depends on the current
values of elastic stresses acting on the particles, which are determined by incremental constitutive
equations of the type (4.8), it is also necessary to develop evolution laws for the average elastic
stresses in the particles.

Recalling from Appendix C.1 that our estimates for the instantaneous response of the suspension
are based on the HSW variational approximation (Ponte Castaneda and Willis, 1995) implying that
the local fields are (approximately) uniform inside the particle phase, as already anticipated in section
4.2.2, it follows that the initially spherical particles will deform through a sequence of ellipsoidal
shapes throughout the deformation process, in such a way that the set of equations used to determine

the instantaneous stress and strain rate fields inside particles will continue to apply at each increment
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of time, except that at each step the current values of the microstructural variables and of the elastic
stresses in the particles will need to be used.

First, recalling that the fluid and particle phases have been assumed to be incompressible, it
follows that the volume fraction of the particles will remain constant throughout any deformation
process, i.e.,

¢ = const. (4.38)

On the other hand, the evolution for the particle aspect ratios wy and we, as defined by (4.14),

are obtained by simple kinematic arguments (see, for example, Bilby and Kolbuszewski, 1977) via
wn = wi (D) — D), iy = wa (DS — DY), (4.39)

where it is noted that the overdot here denotes simple time derivatives (since w; and ws depend
only on time). It is also remarked in this context that the components of the tensorial variables
associated with the particle phase, here and elsewhere, are referred to the principal axes of the
ellipsoidal particle in their current state, as given by the triad {ni,ns, ns}.

Next, the evolution of the orthonormal vectors nj, ny and nj, serving to characterize the orien-

tation of particles, are determined by means of the kinematical relations
l;li = Qni, 1= 1, 2, 3, (440)

where € is the (antisymmetric) spin tensor of the particle, whose components in the principal
coordinate system {nj,ng,n3} are determined by means of the following relations (Ogden, 1997;
Aravas and Ponte Castaneda, 2004)

oo s LT o

x7(2
Qij =W —

In this notation, when ¢ or j is equal to 1, we define w;_; = wy = 1. It should also be noted that
alternative expressions for the evolution of the microstructure can be derived directly in terms of
the particle shape tensors Z, as shown by Goddard and Miller (1967).

As can be seen from relations (4.37), together with (4.33), the calculation of the instantaneous
macroscopic stress in the suspension requires knowledge of the average elastic extra stress in the
particle phase. As discussed in Appendix C.1, due to the choice of constant-per-phase polarization
fields, together with the choice of 7° = 51, the PCW homogenization theory results in uniform
stress and strain fields in the particle phase. As a consequence of this result, the constitutive relations
for the average elastic stress fields in the particle phase take the same form as in the corresponding
relations for the local fields. Therefore, for the case of KV particles with a Gent-type elastic stress

(characterized by relations (4.7) and (4.8)), the evolution equations for the average elastic extra
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stress in the particles is given by

7@ =30 @70 _ 2@ (EenT

e e e

=2,uD® 4 T [D@) (i—f’ + ILLI)} (-7-9 + uI) , (4.42)

(2)

where the material time derivative 7,

appearing in the above expression is a simple, time derivative,
due to the fact that the stress field inside the particle is uniform (as already mentioned) and the
convective terms hence vanishes. Note that the corresponding “total” form of the constitutive

equation is given by

I® -3
+(2) — 1—
0 = [( )

where 1) = tr(B®), B® = FE(F®)T and F? is the average deformation gradient in the

particles.

—1

80 _ 1] 20 9D, (4.43)

It should also be noted that, in the limit as J,,, — oo (corresponding to KV particles with a

neo-Hookean elastic part), the above evolution equation simplifies to
ey D)
7 =2u D, (4.44)

In this context, it is important to emphasize that although the exact solution for the fields in the
particles is not uniform, the uniform-field approximation is exact for dilute concentrations of particles
(¢ << 1), as originally argued by Roscoe (1967) in the context of the steady-state solutions, and by
Gao et al. (2011) for more general time-dependent motions of suspensions of purely elastic particles
(77(2) = 0). For non-dilute concentrations, it is expected that the approximation of uniform fields
in the particles will lead to fairly accurate results provided that the concentrations are not large
enough to generate strong interactions between the particles.

In summary, for a given macroscopic velocity gradient L = D 4+ W, the macroscopic stress &
in the suspension is given by expression (4.37), where D) is given by expression (4.33). These
quantities depend on the current values of the microstructural variables ., as defined by expression
(4.15), and determined by the evolution equations (4.39) and (4.40) from some known initial state, as

well as on the current value of the average extra elastic stress 7_'22)

in the particles, as determined by
expression (4.42). Note that the evolution equation for the particle axes (4.40) involves the average

vorticity tensor in the particles, which is given in terms of other known variables by expression
(4.34).
4.4 Steady-state estimates for the suspensions

It is known from earlier works (Roscoe, 1967; Goddard and Miller, 1967) that an initially spherical
particle with Kelvin-Voigt viscoelastic behavior suspended in an infinite Newtonian fluid can admit,

under certain conditions, steady-state (SS) solutions, where the particle becomes an ellipsoid with
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fixed shape and orientation, while undergoing tank-treading motion with constant stress, strain rate
and vorticity. According to the theory developed in Section 4.3, the stress and strain-rate fields are
(approximately) uniform inside the particle phase, and steady-state solutions should still be possible
for non-dilute concentrations of initially spherical, viscoelastic particles. In this case, existence of
a SS solution will depend on flow conditions, as well as on the constitutive properties and volume
fraction of the particles. For definiteness, we note that all variables in this section are evaluated at
the steady state.

The SS solutions, if they exist, can be determined by setting the terms involving time derivatives
equal to zero in the evolution equations for the extra stress tensor inside the particle, as well as in
the evolution equations for the particle shape and orientation. The resulting expressions provide
a set of algebraic equations to be solved for the six components of the extra stress tensor in the
particle, 7(2), the two aspect ratios, w1, ws, and the three orientational angles defined by the particle
axes, ni, ny, and ng.

First, making use of the incompressibility constraint in the particle phase (tr(D®)) = 0), together
with the evolution equation for the aspect ratios (4.39), we deduce that, at the steady state, the
normal components of the strain-rate tensor in the particle phase, relative to the principal axes n;

of the ellipsoidal particles, are equal to zero:
A (2 A2 A (2
Dgl) = D§2) = Dgg) =0. (4.45)

Also, at the steady state, the evolution equations for the particle orientation, given by (4.40) and
(4.41), imply that the three components of the vorticity tensor in the particle phase are given by

v _ 1wl s s 14wl s pe) | witws s i
— , e , = . . 6
12 1w 12 13 T—wg 13 2 T g2 (4.46)

Next, recalling that the principal axes of the Finger tensor B?) = (V(?)2 correspond to the Eulerian
axes of the deformation in the particles, so that the Eulerian axes coincide with the principal axes
of the ellipsoidal particles, it follows that, at the steady state, when the particles have reached a
fixed orientation, their orientation becomes fixed and is characterized by the triad {n;, ns, ng}. This
implies that, at the steady-state solution, the shear components of the Finger tensor (relative to the

particle axes) must all vanish:
(2 (2 (2
BY) =B =B =o. (4.47)

Moreover, the normal components of B(2) = (V(2)2 (again, relative to the particle axes) correspond

to the principal stretches of the deformation in the particles:
_ PN
BY = ()\52)) , ©=1,2,3 (nosum), (4.48)

where /_\52) (i = 1,2,3) denote the principal stretches of the deformation in the particles, i.e., the

principal values of the left stretch tensor V(2 in the particle. On the other hand, the shape of the
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particle is described by the principal stretches as (see Figure 4.1(c) for definitions of wy and ws)
wn = 3D AD, wp = 3O AP, (4.49)

Making use of the above relations in (4.48), together with the incompressibility constraint in the
particle phase (J2 = det(F®) = A AP AP = 1), we find that

BE = (wiws) ™, BY) = (w)*? (we) ™, B = (w1) P (w2)*. (4.50)

In this context, it is worth mentioning that the components of the tensor B() in relations (4.47)

2)

_ v
and (4.50) identically satisfy the evolution equation for the Finger tensor B (i.e., B® = 0)

at the steady-state solution. Finally, we emphasize that the kinematical equations (4.45)-(4.50)
are valid at SS solutions (if they exist) regardless of the constitutive behavior of particles. In the
following subsection, we outline the additional constitutive equations in SS solutions for the case of
KV particles.

4.4.1 Steady-state solution for Kelvin-Voigt particles

In this subsection, we consider steady-state solutions in non-dilute suspensions of Kelvin-Voigt par-
ticles, characterized by constitutive equations (4.43). Making use of (4.47) in (4.43)1, we find that
the shear components of the elastic extra stress tensor (relative to the particle axes) are zero at the
SS solution:

(7'(2))12 = (7'(2))13 = (77'(2))23 =0. (451)

€ € €

Similarly, we find the three remaining (normal) components of the elastic extra stress tensor by

making use of (4.50) in the constitutive relation (4.43);. The final results read as

(711 = pdw {Jm (wo)/? {1 — (w1 w2)2/3] + Cw}7
(?6(2))22 = pduy {Jm (w2)1/3 {(w1)2 — (w1 w2)2/3} + cw} ; (4.52)
(7)as = s { T (w2)'7* | (w2)? = (wrw2)**| 4w}

where ¢, = (w2)'/3 [(w1)? + (w2)? +1] — 3 (w1)?/3 wy, and dy, = [Jm (w1)?/3 wy — cw]_l. In the

limit as J,, — oo (corresponding to KV particles with neo-Hookean elastic behavior), relations
(4.52) simplify to

= 1], i 1]

(733 = [(wl)—2/3 (w2) M — 1} ' (4.53)

Now, making use of (4.51) in (4.33) and (4.34), the non-zero components of the particle strain-
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rate D@ and vorticity W(?) at the steady state can be written as

= D;; _ _ aR.:.- D
@20 oy 4 2 =123 (no sum, § # j), (4.54)
i 7 11—« Pijij
where o = 4 (1 — ¢) (n™™ — n?)) and all components are given relative to the particle axes.
Next, relations (4.45) together with the constitutive equation (4.43)s imply that, at the steady
state, the normal components of the viscous part of extra stress tensor (relative to the particle axes)

in the KV particles must all vanish:
(7)1 = (7222 = (7(V)33 = 0. (4.55)

Moreover, substituting the shear components of D) from (4.54); into (4.43)y, we find the shear

components of 1_'782) as follows

2 77(2) [)Z.j

=(2)y.. —
(7 = 15 (1 =¢) (W —n@)Pyji;’

i,j=1,2,3 (i # ). (4.56)

Finally, the components of the total extra stress tensor in the KV particles at the steady state can
be obtained in terms of the above estimates for the viscous and elastic extra stresses in the particles

by means of the relation

€ v

2) | strain-rate D) and vorticity

At this stage, all non-zero components of the particle stress 7(
W@ are written in terms of steady-sate values of the aspect ratios, w; and ws, and the three
orientational angle defined by the particles axes, ni, ng, and ns. Making use of (4.52) into (4.33),
together with the three equations obtained by substituting relations (4.54) into (4.46), and expression
(4.45), we obtain a system of algebraic equations for the unknowns wy, ws, ny, ng, ns.

In conclusion, it is important to remark that the SS solutions provided in this section generalize
the work of Roscoe (1967) in two ways: (1) they extend the results of Roscoe to the finite con-
centration regime, (2) they apply for Kelvin-Voigt particles with more general elastic parts (Gent
behavior), which allows these results to incorporate the dependence on the extensibility of the par-
ticles (through the parameter J,,). Indeed, in the limiting case of ¢ << 1 and J,, — oo, the
aforementioned system of equations, when applied for the cases of simple shear flow and extensional
flow, will recover, respectively, the system of equations? (78)-(80) and equation (98) in Roscoe (1967),
given for a dilute suspension of KV particles with neo-Hookean elastic response.

We remark that the SS solutions for suspensions of KV particles reduce to those for suspensions
of elastic particles by setting (ﬁ@)ij = %Z.(f) and (?52))15 =0 (i, =1,2,3) in relations (4.51)-(4.57).
For the special case of neo-Hookean particles, relations (4.53) agree exactly with the corresponding
steady-state relations provided in Gao et al. (2011) for the normal components of the extra stress

tensor (see relations (4.9) in the reference). In addition, in the limit as ¢ — 0, the above expressions

2We note, however, that there is a typo in the RHS of equation (79) in Roscoe’s paper: the plus sign should be
replaced by a minus sign. This error can be verified by doing the pertinent algebra mentioned before equation (78)
in that paper.
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reproduce exactly the corresponding exact estimates of Gao et al. (2011) for the particle aspect

ratios and orientation angles for dilute concentration of particles.

4.5 Applications and discussion

With the objective of illustrating the physical implications of the constitutive model developed in
Section 4.3, in this section we apply the model to suspensions of incompressible, viscoelastic particles
in macroscopically uniform flows for representative volume fractions and constitutive properties of
the particles. In particular, we consider suspensions of initially spherical particles in Newtonian
fluids under two special types of flows: extensional and shear flows. For convenience, we make use

of the dimensionless parameters

serving to characterize the particle-fluid viscosity ratio and the ratio of viscous forces in the fluid to

the elastic forces in the particles, respectively.

4.5.1 Suspensions of initially spherical particles in an extensional flow

First, we consider suspensions of initially spherical particles in an extensional flow with
- = . 1,
L=D=7E1®E1—5’7(E2®E2+E3®E3), (4.58)

where the {E;} refer to the fixed laboratory coordinate system and 4 > 0 is the macroscopic strain
rate. Because of the symmetry of the flow, as well as the incompressibility of the particles in
the suspension, the particles do not rotate and the only microstructural parameter which evolves
under the flow is the aspect ratio of the (axi-symmetric) particles, w = w; = wy. In this case the
microstructural tensor P is explicit and we can derive correspondingly explicit expressions for the
evolution of the aspect ratio w and the extra elastic stresses 7’-532) in the particles, as determined by
(4.39) and (4.42), respectively. To maintain continuity, these equations are provided in Appendix
C.2. Then, given the current values of the elastic stresses 7"@2) and the aspect ratio w of the particles,
the macroscopic stress & can be derived by means of expression (4.37), together with (4.33).
For the purpose of efficiently describing the macroscopic response of the suspension in an exten-
sional flow, it is useful to introduce the effective extensional viscosity of the suspensions via
i — H — 201 x), (4.59)
where the components of the relevant tensors are relative to the fixed laboratory axes and use has

been made of 33 = a2 (which follows from the flow symmetry). Also, the corresponding intrinsic
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viscosity of the suspension is defined by

~ 1 NE

To obtain the initial viscosity of the suspension, we make use of the (initial) condition 72

t=0
0, which implies that, at ¢ = 0, the suspension of KV particles behaves like a suspension of spher-
ical viscous drops with viscosity ratio K = n(%) / n(M). Therefore, making use of the corresponding
estimates of Kailasam and Ponte Castaneda (1998) for suspensions of viscous drops (which ignore

surface tension effects), the initial relative viscosity can be written as

ne
3 7’](1)

31—+ (2430 K
 34+2¢+2(1—-0)K (4.61)

t=0

However, for the special case of purely elastic particles, the initial response of the suspension is like
that of suspensions of incompressible voids (K = 0). Hence, in this case, the relative viscosity at
t = 0 is given by

3(1—¢)

= ) (4.62)
+=0 34 2c

ne
3 7’](1)

Figure 4.2 presents results for the time-dependent behavior of a suspension of purely elastic
particles with G = 0.3 in extensional flow. Thus, figures 4.2(a) and (b) show respectively results for
the evolution of w for suspensions of NH particles at several values of the particle volume fraction,
and for suspensions of Gent particles at the fixed volume fraction ¢ = 0.2 and different values of
the strain-locking parameter. We observe from figure 4.2(a) that the particle volume fraction has
a critical effect on the transient elongation of the NH particles. In particular, we observe that, for
higher values of ¢ (¢ = 0.15,0.2), the time-dependent deformation of NH particles never reaches
a steady state, and instead the NH particles keep elongating. On the contrary, we observe from
figure 4.2(b) that the time-dependent deformation of Gent particles with ¢ = 0.2 reaches a steady
state, except for the case of J,, — oo which corresponds to NH particles. This is because the
inextensibility constraint of the Gent particles with a finite value of J,, prevents the particles from
deforming indefinitely under the applied flow. Next, figures 4.2(c) and (d) show corresponding
results for the non-zero components of 7(2), for the cases of NH and Gent particles, respectively.
We observe from figure 4.2(c) that the continuous elongation of the NH particles for higher values
of ¢ leads to very high stresses in these particles along the extensional direction (i.e., Eq-direction),
while, as observed from figure 4.2(d), all stress components reach finite values for the cases of Gent
particles. Finally, figures 4.2(e) and (f) show corresponding results for the intrinsic viscosities 7}, of
the suspensions, for the cases of NH and Gent particles, respectively. For the case of NH particles
(figures 4.2(e)), we see that the effective viscosity blows up for the higher values of ¢, which is a
consequence of the high stresses in the NH particles. On the other hand, we observe from figure
4.2(f) that for the case of Gent particles the effective viscosity reaches finite SS values, such that

the smaller the value of .J,,,, the smaller the SS value of the effective viscosity.
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Figure 4.2: Results for the time-dependent response of suspensions of initially spherical neo-Hookean
and Gent particles with G = 0.3 in an extensional flow.
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Figure 4.3: Results for the time-dependent response of suspensions of initially spherical Kelvin-Voigt
particles (with NH elastic part) for ¢ = 0.2 in an extensional flow.
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Figure 4.3 provides estimates for the time-dependent response of the suspensions of Kelvin-Voigt
particles (with a NH elastic part) in an extensional flow. Results are shown for a fixed volume
fraction (¢ = 0.2) and various values of the viscosity ratio K. Figures 4.3(a) and (b) show results for
evolution of w calculated at G = 0.2 and G = 0.3, respectively. In the same way, figures 4.3(c) to
(d) and (e) to (f) show results for the non-zero components of 7(2) and the viscosity 7z, respectively.
It is recalled that the extreme limits K = 0 and K — oo in these figures correspond to the cases
of purely elastic and rigid particles, respectively. An important observation from figures 4.3(a), (¢)
and (e) is that the suspensions of KV particles reach the same steady state as in suspensions of
NH particles, despite the evident differences in their respective time-dependent responses (this point
will be explained in more detail shortly). In particular, we can see from figure 4.3(a) that the KV
particles, before reaching the steady state, exhibit decreasing deformability as K increases. This
produces smaller stresses in the particles (see figure 4.3 (c)), which results in smaller extensional
viscosities in the suspension (see figure 4.3 (e)). Figures 4.3(b), (d) and (f) present corresponding
results for a higher value of G(= 0.3). For this larger value of G, the KV particles keep deforming
as long as the applied stresses are large enough, and the suspension can not reach a steady state,
similar to the case of purely elastic NH particles (K = 0) discussed in the context of figures 4.2(a),
(c) and (e).

Next, we consider the steady-state response of the suspensions of initially spherical particles in
the extensional flow (4.58). It follows from the symmetry of the problem that the shear components
of the stress and strain rate are zero in the particle phase. Hence, for the case of KV particles, the
steady-state stress in the particle phase is purely elastic, i.e. ;i(]?) = (7_'6(2))Z-j (this can be verified from
relations (4.56) and (4.57) by noting that D;; = 0, i # j.) This implies that the SS values for the
particle shape, stress and strain rate, in the suspensions of KV particles subjected to an extensional
flow, are independent of the parameter K and, therefore, are equal to those corresponding to the
elastic limit of the particles, characterized by K = 0. However, note that the case of K — oo
corresponds to rigid particles for which the particles do not deform. In this context, it is worthwhile
to provide an expression for the steady-state value of the particle aspect ratio, denoted by wsg, in

extensional flow. Thus, ws is obtained as the acceptable root of the non-linear equation
4G Wi, — (1= c)w? [(w? + 2)was — 6wis| Ay =0, (4.63)

where the variables wis = /1 — w? and was = 2 In(w1s+1)—2 In(ws) are introduced for conciseness,

and

T (1= w03/ [(Jm + 3) w3 — (2w? 4 1)], for Gent particle, (4.64)
T w3 (1 — w?), for NH particle. '
The steady-state value of the effective viscosity (4.59) can also be obtained as
iig = 3 1—cDS+¥LcAS, (4.65)
3G
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Figure 4.4: Results for the steady-state relative viscosities of suspensions of initially spherical, neo-
Hookean and Gent particles in extensional flow.

where the variable Dy is given by

- w? (1 —¢) [(w? + 2)was — 6wis] Ay — 4G w?,
S G{3(1—c)w? (w2 +2)was — 2wis 2wi, +9(1 — ) w?]}’

Dy (4.66)
with ws being the steady-state aspect ratio.

Figure 4.4 shows estimates for the SS value of the (extensional) effective viscosity for suspensions
of (initially spherical) elastic particles. Figures 4.4(a) and (b) show plots as a function of G for
neo-Hookean and Gent particles, respectively, while figures 4.4(c) and (d) show plots as a function
of the volume fraction for neo-Hookean and Gent particles, respectively. We observe from figures
4.4(a), (b) and (c) that np grows monotonically as G increases, indicating a shear-thickening effect
in suspensions of NH and Gent particles. This growth is stronger at higher values of the particle
volume fraction. Also, for the case of NH particles, there is a critical value for G (marked with x)
beyond which the response of the suspension can not reach a steady state (refer to figure 4.2(e), and
for which the time-dependent effective viscosity of the suspension tends to infinity.) However, as

shown in figures 4.4(b) and (d), this unrealistic feature disappears for suspensions of Gent particles
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with a finite J,, in which case the time-dependent response reaches a steady state with a finite
value for 7%. As discussed in the context of figure 4.2, this is because the Gent model provides a
more realistic constitutive description of the elastomeric particles by capturing the experimentally

observed, finite extensibility of such materials.

4.5.2 Suspensions of initially spherical particles in a shear flow

Next, we consider suspensions of initially spherical particles in a simple shear flow, characterized by
_ _ 1. = 1,
L:"yE1®E2, Dzi"y(E1®E2+E2®E1), Wzi’y(El ®E2—E2®E1), (467)

where the {E;} refer to the fixed laboratory coordinates, and 4 > 0 is the shear strain rate. In this
case, the initially spherical particles deform into ellipsoids of general shape characterized by the two
aspect ratios w; and wsg, which in turn rotate remaining in the E; — E5 plane in such a way that
their current orientation may be described in terms of a single angle 6 (measured positive in the
counterclockwise direction from the E; direction). Then, the evolution equations (4.39) to (4.44)
can be shown to specialize to equations (C.19) in Appendix C.3. This system of equations, together
with relations (4.33) and (4.34), can be integrated numerically for the time-dependent solution.
For completeness, the components of the shape tensors P and R, required for this integration, are
provided in Appendix C.4. Finally, given the current values of the elastic stresses 7"9, aspect ratios
w1 and ws and orientation # of the particles, the macroscopic stress & can be derived by means of
expression (4.37), together with (4.33).

To conveniently describe the macroscopic response of the suspension in shear flow, we intro-
duce the effective shear viscosity, as well as the first and second normal stress differences of the

suspensions, defined by

1 1
g = —— 012 = — 012, 4.68
UL 2D12012 7012 (4.68)
and
II; = 611 — 099, Iy = 699 — 033, (469)

respectively, where the components are relative to the fixed laboratory axes. Also, the corresponding

intrinsic viscosity of the suspension is defined by

oL )
Ng = - (775/17 1) , (4.70)

and similarly for the intrinsic normal stress differences 11} and IT5.

As was the case for extensional flow, we make use of the initial condition 7_'22)‘ = 0 to
obtain the initial viscosity of the suspension. As already mentioned, at ¢ = 0, the sust[:)gnsions of
KV particles behave like suspensions of spherical drops with viscosity ratio K. The initial relative
viscosity (g/n™)) for this suspension is then given by

7 (Bc+2)K+3(1—¢)

s
—_ = . 4.71
n) =0 2(1—-c)K+2c+3 ( )
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For the case of elastic particles (K = 0), the above relation reduces to

ﬁs 1—c

—_ = 4.72
77(1) +—0 1 + 20/3 ( )

Before proceeding with the detailed examples, it is emphasized that the components of the stress
and strain rate tensors in the particle phase are shown below relative to the instantaneous principal
axes of the particle.

Figure 4.5 shows estimates for the time-dependent response of dilute and non-dilute suspensions
of initially spherical NH particles in a shear flow. The results are given for G = 0.2 and various
values of particle volume fraction. Figure 4.5 (a) and (b) depict the evolutions for the aspect ratios
wy and wsy and the particle orientation angle 6, respectively. It is helpful to recall that w; and wq
correspond to the aspect ratios of the particle in the plane of the flow and in the plane perpendicular
to the short in-plane axis of the particles, respectively. The evolutions of wy, wo and 6 in figures 4.5
(a) and (b) indicate that the particles in suspensions with a higher volume fraction become more
elongated and their major axis becomes more aligned with the shear direction, before reaching a
steady state. We emphasize that while the particle shape and orientation do not change in the
steady state, material points in the particle undergo a periodic tank-treading motion. This motion
has been frequently reported in suspensions of red blood cells (see, e.g., Keller and Skalak (1982))
and capsules (Clausen and Aidun, 2010; Clausen et al., 2011), in which the enclosing membrane
continues to rotate around the interior fluid in a tank-treading motion. As can be seen from figures
4.5 (¢) and (d), the normal components of the strain rate (relative to the instantaneous axes of
the particle) decay to zero with the deformation, while the shear component of the strain rate and
normal components of the extra elastic stress in the particles build up from zero until reaching their
steady-state values. Also, we observe from figure 4.5(d) that the normal components of the average
stress in the particles exhibit a progressive increase (in magnitude) as the volume fraction of the
particles increases, which, correspondingly, leads to a higher intrinsic viscosity and normal stress
differences, as can be seen in figures 4.5(e) and (f).

Figures 4.6(a) to (c) depict estimates for the time-dependent behavior of the particle shape and
orientation in suspensions of NH particles with ¢ = 0.2 in shear flows with varying values of G. The
results suggest that the NH particles exhibit larger stretches, which increase monotonically with
increasing values of G. For the largest value of G (i.e., G = 1.5 for this figure), we have also included
the corresponding results for Gent particles with J,, = 5. For this case, we observe a significant
reduction in the level of deformation resulting from the inextensibility constraint. On the other hand,
figures 4.6(d) and (f) show the corresponding time-dependent results for the effective viscosity and
normal stress differences. We observe from figure 4.6(d) that the initial value of the effective shear
viscosity is independent of the value of G and is approximately equal to 0.7 (this matches the value
calculated from (4.72) for ¢ = 0.2.) We further observe that the time-dependent behavior of the
effective viscosity and the first normal stress shows a more pronounced “overshoot” with increasing
values of G. As explained by Gao et al. (2011), the overshoot and the subsequent decay observed in
these figures are due to the fact that the particles rotation continues even after the particles have

stopped elongating in the plane of shear (see figures 4.6(a) and (c).) Consistently, we notice from
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Figure 4.5: Results for the time-dependent response of suspensions of initially spherical neo-Hookean
particles with G = 0.2 and various values of ¢ in a shear flow. The components of 7(2) and D are
given relative to the principal axes of the particle.
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Figure 4.6: Results for the time-dependent response of suspensions of initially spherical neo-Hookean
and Gent particles with ¢ = 0.2 and various values of the dimensionless parameter G in a shear flow.
Higher values of G correspond to softer particles, or to larger shear-strain rates.
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figures 4.6(a) and (c) that the time interval between the arrest of the particles elongations in the
plane of shear and the corresponding arrest of the particles rotations becomes progressively larger
as G increases. Finally, we observe from figure 4.6(d) that the SS value of the effective viscosity
drops as the value of G increases which suggests a shear-thinning effect.

Figure 4.7 shows estimates for the time-dependent rheological behavior of suspensions of KV
particles in shear flow. In particular, we investigate the influence of the viscosity of the particles,
characterized by the parameter K = 5 / 7, on the time-dependent behavior, calculated at fixed
values G = 0.2 and ¢ = 0.2. We recall that the extreme cases K = 0 and K — oo correspond to
suspension of purely elastic and rigid particles, respectively. We observe from figures 4.7(a) and (b)
that, for low values of K, the motion of the particles follows the same general trends as those of the
purely elastic particles. However, for higher values of K, the particles undergo a trembling motion
of decreasing amplitude before reaching the steady state. This motion is similar to that observed
for capsules under similar flow conditions, as reported by Clausen et al. (2011). In the limit of
rigid particles (K — o0), the rotation of particles is entirely given by the rigid body rotation of the
imposed shear flow, i.e. § = w/4 — 4t/2. Figure 4.7(c) shows the components of the extra stress
tensor in the particle (1"(2)) relative to the principal axes of particles. It is interesting to note that,
for the case of KV particles (K # 0), the shear component 7"1(3) has a non-zero value, which has no
contribution from the elastic part of the stress, i.e. 7"1(5) = (7‘52))12 =27® Dg). Next, figures 4.7(d),
(e), and (f) show the corresponding effective viscosity, first and second normal stress differences of
the suspensions, respectively. As expected, it can be seen from figure 4.7(d) that the values of the
effective viscosity at ¢ = 0 match the corresponding values calculated from relation (4.71). Also, we
observe from figure 4.7(f) that, at higher values of K, the second normal stress difference has an
initial overshoot with positive values, similar to the results for the case of suspensions of concentrated
capsules, as reported by Clausen et al. (2011).

Next, we investigate the steady-state response of the suspensions of neo-Hookean particles under
the shear flow conditions (4.67). Figures 4.8(a) and (b) show estimates for SS values of the aspect
ratios and orientation of the particles, respectively, as a function of G, for several values of the
particle volume fraction. These figures indicate that, as G increases, the NH particles reach larger
elongations, as well as closer alignments with the shear direction at the steady state. This behavior
of the particles is seen to be weakly affected by the value of ¢. Next, figure 4.8(c) and (d) show the
corresponding estimates for the effective viscosity and normal stresses, respectively. We observe from
figure 4.8(c) that the effective viscosity 77s decreases as G increases, thus showing a shear-thinning
response. Moreover, when G — 0, which corresponds to suspensions of rigid spherical particles, we

recover the corresponding Hashin-Shtrikman lower bound given by

ns 143¢/2

. (4.73)

G—0
Another interesting observation from figure 4.8(c) is that, at approximately G = 0.88, the relative
viscosity becomes unity. This implies that, at this value of G, the suspended elastic particles do not
change the effective viscosity of the host liquid. Particles having this property have been found in

other physical phenomena (Milton, 2002b) and are known in the literature as “neutral” particles.
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Figure 4.7: Results for the time-dependent response of suspensions of initially spherical Kelvin-
Voigt particles (with NH elastic part) with G = 0.2 and various values of K in a shear flow. The
components of 7(2) are given relative to the principal axes of the particle.
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Figure 4.8: Results for the steady-state response of suspensions of initially spherical neo-Hookean
particles for various values of ¢ in a shear flow.

142



K=0 (NH particles)
.5

KV, ¢=0.2
! KV, ¢=0.2
0.9k w2 K=0 (NH particles) | 20k
. K=0.5 "
MY RS
0-8r |\ K=10 35
0.7 % 30 K=0 (NH particles)
§ 0.6 \k ‘\\ S — K=0.5
’ R U o0
oos e NG T "GU)
§ od N\ R g
N T >
. —r, T
0.3 S T
0.2 T
0.1 e
0
0 0.5 1 1.5 2 25 3
(a) G (b)
—~
KV, ¢=0.2 ,.\ o KV, c=02
—
Z
1.6] R =~
1.4 s
__________________ g
T N LT T T P
— 1.2 E |::N .................................
N A
< K=0 (NH particles)
ST T =
= — K=10
N— -
<
S—
g
—

0.6  ----- K=0.
.......... k=3
.......... K=10
0.4
o 0.5 1 15 2 25 3
(c) G (d)

Figure 4.9: Results for the steady-state response of suspensions of initially spherical Kelvin-Voigt
particles (with NH elastic part) for various values of K in a shear flow.

We observe from figure 4.8(c) that the value of G at which the NH particles become neutral, Gy
say, has a weak dependence on the volume fraction of the particles (Gy is slightly smaller than 0.88
for ¢ > 0.3.) For G > Gy, the effective viscosity of the suspension is actually less than unity, similar
to the case of suspensions of viscous droplets in a more viscous liquid.

Figure 4.9 presents estimates for the SS behavior of the particles, as well as for the associ-
ated macroscopic rheological properties, of suspensions of KV particles (with NH elastic behavior)
subjected to shear flow conditions. Figure 4.8(a) and (b) show results for the aspect ratios and
orientations of the particles, respectively, at several values of K, for a fixed value of ¢ = 0.2. As
expected, we observe from these figures that, for a fixed value of G, but for increasing values of K,
the particles behave more like stiff particles by deforming less and rotating more, recovering the case
of rigid particles in the limit of K — oco. Figures 4.9(c) and (d) show results for the corresponding
effective viscosity and normal stress differences, respectively. We observe from these figures that
the viscosity of the particles (controlled by the parameter K) has a more significant effect on the
steady-state behavior of the suspension at higher values of G. In addition, we observe from figure

4.9(a) that the value of G, at which the particles become neutral (7 = (), increases with K up
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to a certain value of K, beyond which the particles may never become neutral.

Next, in figure 4.10, we investigate the influence of the particle volume fractions on the SS values
of the effective viscosity and normal stress differences of suspensions with different types of particles.
Thus, figures 4.10(a) to (b), (c) to (d), and (e) to (f) show plots as functions of ¢ for neo-Hookean,
Gent and Kelvin-Voigt (with NH elastic behavior) particles, respectively. Consistent with earlier
comments in the context of figure 4.8, we observe from figure 4.10(a) that, for suspensions of NH
particles with G < 0.88, the relative viscosity (77g/n(!)) is greater than unity and increases with
increasing particle concentration ¢, while for for suspensions with G > 0.88, the relative viscosity is
less than one and decreases with increasing values of ¢. For G ~ 0.88, the relative viscosity is close
to one and is fairly insensitive to the particle concentration. On the other hand, we see from figure
4.10(c) that, even at a high value of G(= 2), the relative viscosity of suspensions of Gent particles
with a small enough value of J,,,, can still be greater than unity and exhibits monotonic growth in c.
Furthermore, we note from figure 4.10(e) that the viscosity of KV particles with G = 0.2 has a weak
effect on the relative viscosity of the suspension up to moderate levels of concentration (¢ < 0.3). In
addition, it is observed from figures 4.10 (b), (d) and (f) that the magnitude of the normal stresses
always increases with the particle concentration ¢, but is fairly insensitive to the values of G and
Jm, although a little more sensitive to the viscosity ratio K.

Finally, comparisons are shown in figure 4.11 of the model’s predictions with numerical simulation
results for suspensions of capsules, as well as with experimental data for suspensions of red blood
cells (RBCs) under shear flow conditions. The initially spherical capsules are composed of a fluid-
filled interior (with radius a) enclosed by a NH elastic membrane (with shear modulus pi,), where
the viscosity of the internal fluid is equal to that of the external suspending fluid. The dimensionless
parameter G,,, = 75 a/pu,, is the counterpart of the parameter G for the capsules. While our model
has been developed to describe the effective response of suspensions of “solid” viscoelastic particles,
by making appropriate choices for the properties of the KV particles, it can be used to estimate the
rheological behavior of suspensions of capsules (with a given value of G,,,). In this case, a reasonable
choice for the properties of the KV particles (with a NH elastic part) is G = G, and K = 1.
Thus, figures 4.11(a) to (d) show comparisons between our model results for dilute suspensions of
KV particles and corresponding simulation results of Ramanujan and Pozrikidis (1998a) for dilute
suspensions of spherical capsules in a shear flow. Figures 4.11(a) and (b) show the comparisons for the
time-dependent behavior of the Taylor deformation parameter D = (1—w;)/(14w;) and the particle
orientation, respectively, while figures 4.11(c) and (d) show the comparisons for the time-dependent
behavior of the excess viscosity and the normal stress differences, respectively. Although these
comparisons are not entirely fair since the KV particles (corresponding to a linear dashpot connected
in parallel with an NH spring) can only serve as approximate models for the capsules (consisting of a
linear viscous drop enclosed by a NH membrane), we observe relatively good agreement between our
results and those for the capsules, at least for these dilute concentrations. Next, in figure 4.11(e),
comparisons are given between our results for the steady-state response of non-dilute suspensions
of KV particles and the simulation results of Clausen et al. (2011) for suspensions of NH capsules
in a shear flow. Results are shown for the effective viscosity and the normal stress differences for

¢ = 0.2, as functions of G 7js/n"). We observe from this figure that our results are still in quite good
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Figure 4.10: Results for the steady-state response of suspensions of initially spherical neo-Hookean,
Gent and Kelvin-Voigt particles (with NH elastic part) in a shear flow.
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Figure 4.11: Comparisons of the predictions of our model with numerical simulation results for
suspensions of initially spherical capsules, as well as with experimental data for suspensions of
RBCs under shear flow conditions. (a-d) Comparisons of the time-dependent response of dilute
suspensions of KV particles with the simulation results of Ramanujan and Pozrikidis (1998a) for
the corresponding response of dilute suspensions of capsules. (e) Comparisons of the SS response of
suspensions of KV particles with the simulation results of Clausen et al. (2011) for the SS behavior
of non-dilute suspensions of capsules. (f) Comparisons of the SS behavior of suspensions of KV
particles with the experimental data of Brooks et al. (1970) for the effective viscosity of suspensions
of normal human RBCs, as a function of the shear rate 7, for different values of the RBC volume
fraction.
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agreement with the simulation results for capsules. However, it should be remarked that the model
is not expected to provide accurate predictions for rigid particles, corresponding to a zero value for
G in the figure, since it has been assumed (for simplicity) that the shape of (the angular dependence
of) the two-point correlation function is identical to the evolution of the particle shape. Since for
rigid particles, the particle shape cannot change, this would mean that the two-point correlations
function remains isotropic, which is not expected to be the case for the non-Brownian suspensions
considered in this chapter. As already stated, for soft particles (G > 0), the change in shape of
the particles is expected to dominate the higher-order effect (in ¢) of the changes in the particle
distribution, and the model is expected to be more accurate then. Lastly, figure 4.11(f) shows
comparisons between the predictions of our model and the experimental data of Brooks et al. (1970)
for the effective viscosity of suspensions of normal human RBCs in a shear flow, as a function of the
shear rate *, for different values of the RBC volume fraction. The RBCs consist of a thin elastic
membrane with shear modulus ~ 4 x 107°N/m and the average radius 4 ym, filled with a nearly
Newtonian fluid with viscosity 6 — 7mPa.s. Also, the suspending fluid is a protein-free saline with
the viscosity 1 — 1.2mPa.s. Similar to the case of capsules, we can use our model to estimate the
rheological properties of suspensions of RBCs by appropriately choosing K and 7! /. Consistent
with the above-mentioned RBCs properties, we choose n(*) /i =1s and K = 6. The predictions of
our model in figure 4.11(f) show quite good agreement with the experimental data for small volume
fractions (¢ < 20%). For higher volume fractions, our results can still capture the shear-thinning
behavior exhibited by the suspensions of RBCs at the higher shear rates. However, the magnitude
of the effect is under-predicted by the model, which is probably due to the fact that the variational
estimates of the HSW type tend to under-predict the strong interaction effects between the particles

that develop at the higher particle concentrations (¢ > 20%).

4.6 Conclusions

In this chapter, we have developed a homogenization-based model characterizing the finite-strain,
time-dependent response of non-dilute suspensions of micro-scaled, soft particles in a Newtonian fluid
under Stokes flow conditions. Although more general initial shapes and viscoelastic constitutive
models could be used for the particles, we have considered here suspensions of initially spherical
particles whose constitutive response is characterized by Kelvin-Voigt (KV) behavior incorporating
finite extensibility of the particles in the regime of arbitrarily large deformations. Our model is based
on the homogenization theory of Ponte Castafieda and Willis (1995) for linear-elastic composite
materials with particulate microstructures. Extended to account for viscous behavior and finite
strains, this technique has been used here to generate estimates for the averages of the strain rate
and vorticity tensors in the particle phase, as given by equations (4.33) and (4.34), respectively.
Such estimates, together with evolution equations for the elastic stress in the particles, as given by
(4.42), and for the average particle shape and orientation, as given by (4.39) and (4.40), respectively,
can then be used to obtain estimates for the macroscopic response of the suspension by means of
equation (4.37). The resulting constitutive model provides a complete description for the time-

dependent, macroscopic, rheological response of the non-dilute suspensions of viscoelastic particles
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under macroscopically uniform flows, thus generalizing earlier work by Gao et al. (2011) for dilute
suspensions of neo-Hookean (NH) particles. However, it should be recalled that the model has made
use of a rather simplistic evolution law for the two-point correlation function of the particle centers,
and should not be used for suspensions of (nearly) rigid particles. Improvements along these lines
are certainly possible, but they would probably make most sense in the context of more sophisticated
homogenization methods incorporating higher-order statistics (Milton, 2002b).

We have also used the model developed in this chapter to explore the rather rich and complex
rheological behavior of the soft-particle suspensions by focusing on two types of flows: extensional,
and simple shear flows. These examples provide a broad picture of the influence of the flow con-
ditions, constitutive behaviors of the particles, and the particle volume fractions on the dynamics
of the suspended particles, as well as on the macroscopic rheology of the suspension. For the case
of extensional flows, we found that there is a critical value of GG, beyond which suspensions of KV
particles with NH elastic behavior cannot reach a steady state, and that this critical value of G de-
creases with increasing particle volume fraction. For dilute concentrations of the KV particles, this
critical value agrees exactly with the corresponding results of Roscoe (1967). In addition, we showed
that, when the value of G is subcritical and a steady state is reached, the viscosity of KV particles
does not affect the rheological behavior of the suspension, although it does affect significantly the
time-dependent response prior to reaching the steady state. On the other hand, for more realistic
KV particles with Gent-type elastic behavior (exhibiting finite limits of extensibility characterized
by the parameter J,,,), the corresponding results indicate that steady-state (SS) solutions are avail-
able for the full range of values of G. In such cases, the corresponding SS values of the effective
extensional viscosities exhibit shear-thickening and are lower for particles with a tighter extensibility
constraint (lower values of .J,,).

For simple shear flows, the viscoelastic properties of the initially spherical particles are found to
have a significant effect on both the time-dependent and steady-state response of the suspension.
For particles with a high viscosity ratio K, the particles exhibit a trembling transient motion, before
reaching a steady-state, tank-treading motion with fixed particles shapes and orientations. Similar
motions have also been reported in the context of suspensions of initially spherical capsules by
Clausen et al. (2011). On the other hand, the results of Gao et al. (2012) for dilute concentrations
of purely elastic particles showed trembling motions only for non-spherical initial shapes for the
particles, indicating more complex behaviors for viscoelastic particles. Moreover, contrary to the
SS results for extensional flows in which softer particles tend to increase the effective viscosity of
the suspension, the corresponding SS results show that softer particles tend to reduce the effective
viscosity in simple shear, leading to an overall shear-thinning effect for the suspension. However, it
is interesting to note that, the shear-thickening/thinning effect is more pronounced for suspensions
with higher particle volume fractions for both cases. Furthermore, in agreement with earlier results
by Gao et al. (2011) for dilute concentrations, it has been found that the SS relative viscosity of
the suspension in shear can become unity at some critical value G = Gx = 0.88, beyond which
it becomes less than one. This result suggests that it should be possible to design suspensions of
“neutral” particles (Milton, 2002b), as well as suspensions with lower viscosity than that of the

suspending fluid. Our results show that the value of G depends weakly on the volume fraction of

148



particles. However, for the case of Gent-type particles, the value of G is strongly dependent on
the value of J,,, such that the smaller the J,,, the higher the Gy

Finally, we made comparisons of the predictions of our model with simulation results for suspen-
sions of capsules (composed of an interior fluid enclosed by a NH membrane), as well as with the
experimental data for the suspensions of RBCs, in a shear flow. It was found that the predictions
of the model (for appropriate choices for the properties of the KV particles) are in a good agree-
ment with the simulation results for dilute suspensions of capsules. For non-dilute suspensions, the
corresponding predictions start to deviate from the simulation results and experimental data at suf-
ficiently large particle concentrations, but they are still in relative good qualitative agreement with
both simulation and experimental results. In any event, these comparisons suggest that simpler,
analytical constitutive models for suspensions of viscoelastic particles (with uniform properties),
such as the one developed in the present chapter, may be useful in describing at least some of the

rheological features of more complex suspensions, including suspensions of capsules and vesicles.
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Chapter 5

Rheology of non-dilute suspensions
of soft viscoelastic particles in yield

stress fluids
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In this study, we present a homogenization-based model for the macroscopic, rheological be-
havior of non-colloidal suspensions of initially spherical, viscoelastic particles in yield stress fluids,
subjected to uniform flows. The constitutive behavior of the suspending fluid is characterized by the
Herschel-Bulkley (HB) model, and the particles are assumed to be neutrally buoyant solids char-
acterized by a finite-strain Kelvin-Voigt viscoelastic behavior. The proposed model makes use of
the “linear comparison composite” technique of Ponte Castaneda (1991) to transform the homog-
enization problem for the instantaneous response of the suspensions of viscoelastic particles in a
HB fluid into the corresponding problem for the suspensions of the same particles in a Newtonian
fluid with a suitably-chosen viscosity. The latter problem is then addressed by the homogenization
model, developed in Chapter 4, and when combined with appropriate evolution laws for the relevant
microstructural variable, the model provides a complete description for the time-dependent response
of the suspensions. With the objective of illustrating the key features of our model, we consider the
example of the suspensions of elastic particles in HB fluids under shear flow conditions. The results
provide a broad picture of the influence of the HB fluid and particle constitutive properties as well
as the particle volume fraction on the effective time-dependent as well as steady-state behaviors
of the suspensions. For the special case of non-deformable particles, our model predicts that the
suspensions behave like a HB fluid with modified properties, consistent with the results of Chateau
et al. (2008).

5.1 Introduction

Suspensions of micron-sized, deformable particles in a non-Newtonian fluid constitute a large class
of industrial fluids including filled polymers, food pastes, cosmetics and so on. The study of the
rheological behavior of these suspensions is important in order to understand and tune the flow
properties for a desired application. In particular, we are interested in suspensions of particles in
yield stress fluids. These fluids exhibit a solid-like behavior before the stress reaches a threshold
value (known as the yield stress), beyond which they behave as liquids with a non-linear stress-strain
rate relationship. The mechanical behavior of these fluids can be well described by the Herschel-
Bulkley (HB) model. Based on this model, the yield stress fluids behave as rigid solids when
subjected to shear stresses lower than the yield stress, and once the yield stress is exceeded, they
flow with a nonlinear stress-strain rate relationship, either as shear-thinning or as shear-thickening
fluids. Roughly speaking, the HB model combines the classical Bingham model for simple rate-
independent yield stress behavior with the power-law model for rate-dependent viscoplastic behavior,
and therefore, it provides an enhanced constitutive description to capture both yield stress and
rate-dependency behaviours of a broad class of time-independent, non-Newtonian fluids. A one-

dimensional form of this model can be written as

y=0, if 7 <,
{7 0 (5.1)

g =[(r—m)/KIY™, it >,
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Figure 5.1: Examples of the Herschel-Bulkley model (5.1).

where 7 and 7y denote the shear stress and the yield stress, respectively, K is the consistency
constant, n is the power-law index, and  denotes the shear strain-rate. Figure 5.1 presents some
numerical examples of constitutive model (5.1) for representative values of material properties 7o,
K and n.

The problem of predicting the rheological behavior of the suspension of rigid particles in a yield
stress fluid has often been addressed in the literature through experimental and/or empirical means
(see Laven and Stein, 1991; Ancey and Jorrot, 2001; Mahaut et al., 2008, to cite only a few).
On the other hand, homogenization methods developed in the context of nonlinear heterogeneous
media have emerged as a promising theoretical approach to address this problem. In particular,
Ponte Castaneda (1991) proposed a variational principle which can be used to obtain bounds and
estimates for the properties of nonlinear composite materials from the corresponding bounds and
estimates for the effective properties of an optimally chosen “linear comparison composite” (LCC).
In the past 20 years, applications of this method have been mainly explored for viscoplastic solid
composites (Ponte Castafieda, 1991; Zaidman and Ponte Castaneda, 1996, among others). However,
through the well-known analogy between the constitutive behavior for a viscoplastic solid and a yield
stress fluid, some authors have applied this method to address the effective behavior of suspensions
of particles in yield stress fluids. Among them, Ponte Castaneda (2003) studied application of the
variational principle for suspensions of two-dimensional (circular), rigid particles in a Bingham fluid
which is a special case of the HB fluid (corresponding to n = 1). Also, more recently, making use of
the variational principle, Chateau et al. (2008) developed a homogenization-based model to provide
an estimate for the effective viscosity of suspensions of rigid spherical particles in a HB fluid. In these
studies, the authors investigated the purely mechanical contribution of an isotropic distribution of
rigid particles to the yield stress fluids behavior, and they found that the variational estimates for
the effective behavior of these suspensions predict the same type of behavior as in the corresponding

plain yield stress fluid with appropriately modified constants for the fluid.
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The above-mentioned studies are limited to the case of non-deformable (rigid) particles. However,
when the particles are deformable, it is known that their deformability and constitutive properties
can strongly influence rheology of suspensions of these particles in a viscous fluid. Therefore, it
is both of theoretical and practical interests to investigate how the deformability and constitutive
properties of the particles suspended in a yield stress fluid affects the homogenized behavior of the
suspension. To the best of our knowledge, the theoretical investigations of this kind are not present
in the literature, although there are several studies dealing with the rheology of suspensions of
deformable particles in a Newtonian fluid. In a pioneering work, Roscoe (1967) studied the steady-
state behavior of dilute suspensions of solid viscoelastic spheres in a Newtonian fluid allowing the
finite strains in the particles. In closely related work, Goddard and Miller (1967) investigated the
time-dependent behavior of a viscoelastic sphere in a Newtonian fluid within the limits of small
deformations of the particle. Later on, Goddard (1977) studied the time-dependent rheological
properties of highly concentrated suspensions of elastic particles in a Newtonian fluid, again, within
the small deformation limit. In a more recent study, making use of a polarization technique, Gao
et al. (2011) developed a finite-strain method to characterize the time-dependent response of dilute
suspensions of neo-Hookean particles in a Newtonian fluid under Stokes flow conditions. They
considered applications of their method to the dilute suspensions of neo-Hookean particles in a
shear flow (Gao et al., 2012) and in an extensional flow (Gao et al., 2013). In Chapter 4, building
on Gao et. al’s work, we developed a homogenization-based model to estimate the time-dependent
rheological behavior of non-dilute suspensions of soft viscoelastic spheres in a Newtonian fluid,
again, under Stokes flow conditions. In Chapter 4, we formulated the homogenization problem for
the suspensions in terms of the corresponding problem for a composite system whose local behavior is
mathematically analogous to “thermoelastic” composites. Based on this analogy, the authors made
use of the Hashin—Shtrikmann—Willis (HSW) homogenization theory (Hashin and Shtrikman, 1963;
Willis, 1977) and provided homogenized estimates for the instantaneous response of the suspensions,
together with appropriate evolution laws for the relevant microstructural variables. The distinct
advantage in the exact solution of Gao et al. (2011) and, similarly, in the estimates of Chapter 4,
is that they account for the simultaneous deformation and rotation of particles in the macroscopic
time-dependent behavior of the suspensions of the particles, when subjected to uniform flows. The
results of these works at the steady state were successfully compared with those provided in the
earlier work of Roscoe (1967).

Our goal in the present study is to investigate the rheological properties of non-dilute suspensions
of deformable viscoelastic particles in a yield stress fluid using a homogenization approach in the
regime of arbitrarily large deformations. Dense suspensions of colloidal particles is typically the
origin of the yielding behavior in these fluids. In this study, however, we focus on the suspensions
of the non—colloidal particles in these fluids, assuming the separation of length scale between the
fluid microstructure and the non—colloidal particles. In other words, we assume that the size of the
viscoelastic particles is much larger than the typical size of the colloidal particles so that we can
neglect Brownian forces acting on the viscoelastic particles. Also, we confine our attention to Stokes
flow regime (i.e., Re — 0), where viscous forces dominate over the inertial effects. Towards our goal,

we make use of the variational principle of Ponte Castanieda (1991) to replace the homogenization
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problem for finding the effective (instantaneous) behavior of suspensions of viscoelastic particles
in yield stress fluids by a corresponding problem for a (fictitious) LCC, consisting of the same
viscoelastic particles suspended in a Newtonian fluid with a suitably-chosen viscosity, denoted by
n). The latter problem is, in fact, the very same problem addressed in Chapter 4. Therefore, we
recall pertinent estimates for the LCC from Chapter 4, which together with optimality equations
for the unknown value of (!), can be used to obtain corresponding estimates for the instantaneous
response of the actual suspensions of interest. Finally, these estimates, when combined with nonlinear
equations for the evolution of the stress field in the particles, as well as for the shape and orientation
of the particles, can be used to characterize the macroscopic, time-dependent rheological behavior
of the suspensions in uniform flows.

The structure of the paper is as follows. Section 5.2 addresses the constitutive behavior of the
suspending fluid and the deformable particles as well as and the types of particulate microstructures
considered in this work. We consider suspensions of Kelvin-Voigt (KV) viscoelastic particles in
yield stress fluids whose rheological behavior is characterized by the HB model. In section 5.3, we
lay out the homogenization strategy. We first approximate the instantaneous macroscopic stress
in the suspensions by that of a suitably-chosen LCC, which can in turn be given in terms of the
macroscopic strain-rate tensor and the current values of the average stress inside the particle and
the relevant microstructural variables. Next, we make use of the consistent evolution equations for
these variables and the particle stress to obtain the time-dependent macroscopic response of the
suspensions. Lastly, in this section, we provide explicit expressions for the particle stress and the
microstructural variables at a steady state. In section 5.4, we apply our model to suspensions of
initially spherical, Gent hyperelastic particles (which are a special case of KV particles in the purely
elastic limit) in HB fluids subjected to a shear flow, and provide representative numerical examples.

Finally, some conclusions are drawn in section 5.5.

5.2 Suspensions of viscoelastic particles in a nonlinear vis-

cous fluid

In this work, we consider random suspensions of viscoelastic particles in a Herschel-Bulkley (HB)
fluid (matrix phase). We assume that the particles and fluid phases have the same density, so that
the particles are neutrally buoyant in the fluid. In this section, we first describe in some detail the
local constitutive behavior of the fluid and particle phases, and then define pertinent microstruc-
tural variables to characterize the instantaneous microstructure of the suspensions. Following this
section, our aim will be to deliver estimates for the macroscopic rheological response and associated
microstructure evolution in these suspensions under uniform flow conditions.

We begin with a brief review of the basic kinematic relations. Under the application of mechanical
loadings, a material point X in the reference configuration of the particle moves to a new point x at
time ¢ in the deformed configuration of the particle. In the Lagrangian description of the motion,
the deformation is described by a continuous and one-to-one mapping x(X,¢). The deformation

gradient tensor F = Grad x (with Cartesian components F;; = dz;/9X ) then serves to characterize
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the deformation of the material. We will also make use of the right and left Cauchy-Green tensors
(the latter known as the Finger tensor), which are defined as C = FTF and B = FF”| respectively.
Correspondingly, in the FEulerian description, the motion is described by the velocity field v(x,t),
and the velocity gradient tensor L = grad v serves to characterize the deformation rate, which is
related to the deformation gradient by L = FF! with F denoting the (material) time derivative of
F. We will also make use of the Eulerian strain-rate and vorticity tensors, given by D = % (L + LT)
and W = % (L — LT), respectively.

5.2.1 Constitutive behavior of the phases
Viscoelastic particles

We assume that the suspended particles are homogeneous and made of incompressible, isotropic
solids. In this work, we consider viscoelastic particles whose constitutive behavior is characterized
by a finite-strain Kelvin-Voigt (KV) model. This model consists of a hyperelastic spring and a
dashpot connected in parallel. For the incompressible KV material, the Cauchy stress tensor o can
be written as (Joseph, 1990)

o=—pl+T, T=T.+T,, (5.2)

where p’ is an arbitrary hydrostatic pressure due to the incompressibility constraint, I is the identity
tensor, and 7. and T, are the elastic and viscous parts of the total “extra” stress tensor 7 in the
particle, respectively. In general, T is not deviatoric (tr(7) # 0), so that the actual hydrostatic
pressure p is given by p = p’ — tr 7.
The elastic stress 7. may be described in terms of a stored-energy function ¢(C), through
T.=2F 8?—9 F?, det(F) =1. (5.3)
In Chapter 4, we presented a fairly general form of the function ¢(C), describing generalized neo-
Hookean behavior, to characterize the elastic part of the isotropic KV particles. In this work, we
make use of a special case of this form known as the Gent constitutive model (Gent, 1996). Making
use of the Gent energy function (given by relation (4.6) ), the corresponding extra stress tensor 7.
can be expressed as
Te = #‘7}133 — I, det(F) =1, (5.4)
where p is the ground state shear modulus of the elastic particle, and I = trace(B). The above con-
stitutive relation has been shown to provide good agreement with experimental data for rubber-like
materials (Ogden et al., 2004), as it accounts for the significant stiffening in such materials at large
stretches. In particular, the dimensionless parameter J,, > 0 in (5.4), known as the strain-locking
parameter, identifies limiting value for I — 3 at which the elastic material becomes inextensible.
Note that, in the limit as J,, — oo, the Gent model (5.4) reduces to the neo-Hookean model, which
ignores the stiffening at large stretches.
For our purposes in this work, it is useful to derive a rate (hypo-elastic) form of the constitutive

relation (5.4). To this end, we make use of the upper-convected (or Truesdell) time derivative,
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defined as o
A=A-LA-AL" (5.5)

where A is a symmetric second-order tensor, and A = (QA/dt) 4+ v - VA denotes the material time

derivative of the tensor A. Taking the above time derivative from both side of relation (5.4), and

v
making use of the fact that B= 0 (Joseph, 1990), ¥8 for the Gent model (5.4) can be expressed as

Fe=2uD+ ———tr[D (1. + ul)] (To + ul). (5.6)

pIm
Also, we note that, in deriving the above relation, we have expressed the tensor B in term of 7. by
inverting the constitutive relation (5.4). It is worth mentioning that the constitutive relations (5.4)
and (5.6) reduce to the well-known neo-Hookean expressions (Joseph, 1990) in the limit as J,,, — o0,
namely,

7. =p(B-1I), and ¥e= 2uD. (5.7)

Going back to the general relations (5.2) for the KV material, the viscous part of the extra stress
can likewise be described in terms of a dissipation potential ¢, which is taken to be a function of

the second invariant of D, via

T, = 7‘9%%‘1), tr(D) = 0, (5.8)
where D., = V2D - D is the equivalent strain-rate. In this work, for simplicity, we will restrict our
attention to a quadratic form of the potential, given by ¢(D) = (n(?)/2) ng, where n(?) denotes the
constant viscosity of the particle material. Making use of this form in (5.8), we find the following
linear constitutive relation for 7,

Ty = 2,7(2)D, (5.9)

Finally, we note that the set of constitutive relations for KV particles reduce to those for purely
elastic particles by taking the limit as the viscosity 7(?) goes to zero. In this limit, the viscous part of
the stress vanishes (7, = 0) and the elastic part coincides with the total stress (1. = 7). Therefore,
for the case of (incompressible) Gent particles, the constitutive relation for the extra stress tensor

(1) and its evolution (¥) are given by (5.4) and (5.6), respectively, with 7. being replaced by 7.

Nonlinear viscous fluid

We assume that the suspending fluid is an incompressible Herschel-Bulkley fluid. These fluids do
not deform or flow until the local shear stress reaches the yield stress 79. Once the yield stress is
exceeded, the material flows like a fluid with a non-linear stress-strain rate relationship either as
a shear-thinning fluid, or a shear-thickening one. The total (Cauchy) stress tensor ¢ in the fluid
is defined by expressions (5.2) with 7. = 0 and 7 = 7, because the fluid does not have elastic
properties. Also, the extra stress tensor 7 is deviatoric in the fluid, so that p’ = p = —tr(o)/3
defines the actual hydrostatic pressure in the fluid. Then, building on the 1-D model (5.1), the

tensorial form of the constitutive relations for a HB fluid can be expressed as (Herschel and Bulkley,
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1926; Alexandrou et al., 2001)

D=0, if 7, <m0,
(5.10)

T = (ro+ K D7) D, if 7eq > 10,

eq
where T,y = \/7'—7'/2 is the equivalent shear stress. Since the material is incompressible, the
constraint tr(D) = 0 is enforced. It is also important to clarify that the second constitutive relation
in (5.10) is, in fact, describing the strain-rate tensor D as a function of the stress tensor 7 for the
condition of 7.4 > 79, similar to the corresponding one-dimensional form of the relation in (5.1). For
the case of 79 = 0, the constitutive model (5.10) represents the class of power-law fluids, where the
cases of n < 1 and n > 1 correspond to shear-thinning (also known as pseudoplastic) and shear-
thickening (also known as dilatant) fluids, respectively, while the special case of n = 1 corresponds
to an incompressible Newtonian fluid, with K being the constant viscosity of the fluid. Also, for the

case of 7y > 0 and n = 1, the model reduces to a Bingham fluid.

5.2.2 Microstructure

In this chapter, we restrict our attention to suspensions consisting of initially spherical, deformable,
viscoelastic particles distributed isotropically in a Herschel-Bulkley fluid matrix. Much similar to the
case of suspensions of deformable particles or capsules in a Newtonian fluid (see, e.g., Roscoe, 1967;
Gao et al., 2011; Clausen et al., 2011; Avazmohammadi and Ponte Castaneda, 2014), we expect that
the deformable particles suspended in a non-Newtonian fluid change their shape and orientation
when subjected to a shear flow. In particular, earlier theoretical studies for dilute concentrations of
neo-Hookean particles in a Newtonian fluid (Roscoe, 1967; Gao et al., 2011) demonstrated that the
initial spherical particles, when subjected to a shear flow, deform ezactly into a series of ellipsoidal
shapes- with continuously changing aspect ratios and principal directions- until they reach a final
steady state with a fixed shape and orientation with respect to flow direction (if such a steady state
exists.) This is because, in this case, the deformation field generated inside the particle is uniform.
Interestingly, recent numerical simulations for the dilute suspensions of neo-Hookean particles in
a non-Newtonian (viscoelastic) fluid (Villone et al., 2014b,a) revealed that, similar to the case of
a suspending Newtonian fluid, the initial spherical particles deform into a shape very close to an
ellipsoid until they reach a steady state. In particular, the authors (Villone et al., 2014b) did not
observe more than 2-3% deviation of the particle shape from an exact ellipsoid throughout the
deformation history of the particle. For mon-dilute suspensions of particles in a non-Newtonian
fluid, however, we may expect that the particles attain a shape with larger deviations from an
ellipsoid depending on the value of the particle concentration—these deviations would be expected
due to the higher fluctuation of deformation fields inside the particles as a consequence of the particle
interactions. Moreover, we may expect that the particle interactions would affect the orientation and
relative position of individual particles such that the particles in the deformed configuration would
not all exhibit the same exact orientation, and the two- and higher-point correlation functions for the

particle centers would cease to be isotropic. Nevertheless, as discussed in Chapter 4 (see subsection
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4.2.2), for the purpose of providing homogenized constitutive models for the instantaneous response
of the non-dilute suspensions, as well as for the evolution of their microstructure, it is reasonable
to define suitable homogenized microstructural variables serving to characterize the evolution of the
“average” shape and orientation of the particles, as well as of the particle distribution statistics, as
functions of the deformation. Here, we adopt the microstructural model proposed in Chapter 4 to
characterize microstructure of the suspensions of interest in this work. This model generalizes the
earlier model proposed by Kailasam and Ponte Castafieda (1998) in the context of purely viscous
systems (where the matrix and particles are characterized by general nonlinear viscous behaviors)
at moderate concentrations of the particles to account for elastic effects in the particles, by including
the average elastic stress in the particles as an additional microstructural variable. This model
assumes that at the present time all the initially (at zero time) spherical particles become ellipsoidal

with identical shape and orientation as described by a representative (average) ellipsoid
Q¥ = {x:(2)"Tx| <1}, (5.11)

where Z is the so-called shape tensor. In addition, in this microstructural model, we assume that the
relative position of the particles is described by two-point correlation functions having “ellipsoidal”
symmetry. As discussed subsection 4.2.2 in more detail, for simplicity, we further assume that the
shape and orientation of the distribution functions are identical to those of the individual particles,
described by (5.11).

(/
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Figure 5.2: Graphical representation of the microstructure in the suspension at a given time ¢. The
figure shows a “representative ellipsoid” with aspect ratios w; = z2/21 and wy = z3/21, and with
principal (orthonormal) coordinate system n,, n, and ng = n; x n, (which rotates relative to the
laboratory axes {E;}, i =1,2,3.)

Figure 5.2 depicts an snapshot of the idealized microstructure in the suspension at the present
time ¢ (note that the particle are spherical at ¢ = 0.) The triad E;, i = 1,2,3 denotes the fixed

laboratory coordinates. A schematic representation of the relevant microstructural variables is also
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shown in this figure. The three orthonormal vectors ny, ny and n3 = n; X ny are used to characterize
the principal axes of the particle. In this principal coordinate system, the shape tensor Z has the
matrix representation Z = diag(z1, 22, 23) with 21, 22, 23 being the three principal semi-axes of
the ellipsoid. For future references, it is convenient to define two aspect ratios w; = z2/z1 and
wo = z3/2z1 which fully characterize the shape of the particle.

Consistent with the above-described microstructural model, we choose the following set of vari-

ables to characterize the state of the ellipsoidal microstructure:

Yz{wl,wg,nl,ng,ng,:nl ><n2}. (512)

5.3 Macroscopic response

In this section, our aim is to determine macroscopic constitutive relations for the rheological be-
haviour of the suspensions described in the previous section. As discussed in subsection 5.2.2, the
suspension, under applied flow, goes through a sequence of microstructures, approximately consist-
ing of aligned ellipsoids that are distributed with ellipsoidal two-point statistics (with the same shape
and orientation), which evolve in time, starting from an initial state. Similar to our approach in
Chapter 4, in this work, we break up the analysis of the macroscopic time-dependent behavior of the
suspensions into two parts. In the first part, we assume that at the present instant the microstructure
is given, and make use of this information to estimate the instantaneous response of the suspension
by using a variational homogenization approach. In the second part, we provide consistent evolution
equations for the relevant microstructural variables making use of the corresponding instantaneous
homogenization estimates for the average deformation and stress fields in the particles. Finally, in
this section, we make use of the results for the instantaneous response of the suspension and the
evolution equations to provide associated estimates for the steady-state behavior of the suspension,
if they exist. For definiteness, we use the superscripts (1) and (2) to denote variables associated
with the fluid (matrix phase) and particle phase, respectively. However, for clarity, we drop these
superscripts from the variables that exist only in one phase, such as p and J,, in the particle phase

and K and 7y in the fluid phase.

5.3.1 Homogenization estimates for the instantaneous response

We consider a representative volume element (RVE) of the suspension, occupying a volume  with

boundary 9. The fluid and particle phases are in turn assumed to occupy volumes Q) and Q)

respectively, such that Q = Q) + Q3. We assume that the RVE satisfies the separation of length

scales hypothesis implying that the average size of the neutrally buoyant particles is much smaller

than the size of the RVE. We further assume the Stoke’s condition in the fluid phase, such that
o420 a2

Re="—"_"7 49 5.13
e % — 0, (5.13)
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where p(1) is the density of the fluid, # is a measure of the macroscopic strain rate and dp is a
measure of the particle diameter.

Noting that the microstructure of the RVE is statistically uniform, an affine velocity boundary
condition on the boundary of the RVE (9Q) will produce a uniform macroscopic stress field in the

RVE. Thus, the suspension is subjected to the boundary condition

v(x) = Lx, on 09, (5.14)
where L (tr L = 0) is the macroscopic, or average velocity gradient, defined by

1

Q

Similarly, the average or macroscopic Cauchy stress is defined as

1
o= dv. 5.16
77 Vol(Q) / 7 (5.16)
Q
At this point, it is also relevant to define the phase averages of the strain-rate field over phase r
(r=1,2) as

_ 1
DM = —— DdV, 5.17
VO](Q(T)) Q) ’ ( )

such that

D=_-(L+L")=cYDW 4+ DA, (5.18)

N | =

with the ¢V and ¢/? denoting the volume fractions of fluid and particle phases, respectively. Simi-
larly, defining 7" and 7 as the averages of the extra stress tensor in the fluid and particle phases,

respectively, the macroscopic stress, as defined by (5.16), can be rewritten as
=—pI+cDF0 4 2z (5.19)

where p’ is an indeterminate hydrostatic pressure associated with the overall incompressibility con-
straint (tr(D) = 0) in the suspension.

Given the local constitutive relations (5.2), (5.4), and (5.9) for the particle phase and relation
(5.10) for the fluid phase, and given the instantaneous microstructure (5.12), the effective (instanta-
neous) behavior of the suspension can be described by the relation between the average strain-rate
tensor D and the average stress tensor & over the RVE €. The problem of finding this relation can
be conveniently stated in a variational framework if we can formulate the local constitutive relations

of the phases in terms of appropriate dissipation potentials. To this end, we introduce the following

IThis follows from the mean value theorem for the strain rate (e.g., Ponte Castafieda and Suquet, 1998) stating
that the (volume) average of the local strain-rate tensor L over the RVE under the affine velocity boundary condition
(5.14) is precisely L.
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modified dissipation potentials
WD) = ¢ (Dey) + 7D,  tr(D) =0, (5.20)

such that the local constitutive relation of the phases can be written as

owm 1

oc=—pI+7, where T= 7D Dey

¢ (Deg) D+ 7. (5.21)

In the above relations, 7-2’”) is the “elastic” stress tensor in phase r which is assumed to be known

at the present instant, p’ is an indeterminate hydrostatic pressure, and ¢(") denote (purely viscous)
dissipation potentials which are only function of the equivalent strain-rate D.,. We further emphasize
that the elastic stresses 7-2’”) are considered to be fixed in taking the derivative with respect to D.
In particular, the local constitutive relation (5.21) recovers the (purely viscous) constitutive relation
(5.10), by choosing the following properties for the fluid matrix (Chateau et al., 2008)
K
¢ (Deg) = 70 Deg + —— (Deg)" ™, and 7V = 0. (5.22)
n+1

On the other hand, relation (5.21) recovers the (viscoelastic) constitutive relations (5.4) and (5.9)

by simply choosing

(2)
= — and TS/ =T .
02 (Deg) = L= D%, and 7P =1, (5.23)

where 7, is characterized by the evolution equation (5.6), in the particle phase.

Next, we define the local modified dissipation potential of the suspension as
W(x,D) = x(x) WD) +x? () W (D), (5.24)

where the characteristic functions (") (x), m = 1,2 are equal to one if the position vector x is in phase
r(le x € Q(T)) and zero otherwise. Then, making use of the principle of minimum dissipation (see,
for example, Ponte Castaneda and Suquet, 1998; Avazmohammadi and Ponte Castanieda, 2014),
we can define the macroscopic constitutive relation of the suspension, subjected to the boundary
condition (5.14), in terms of the effective (modified) dissipation potential W (D) as

oW

oc=—-pI1+7, where 7= D’

(5.25)

where p’ is the Lagrange multiplier associated with the macroscopic incompressibility constraint and
W(f)) is defined as

—~ 1
W(D) = min ——— [ W(x,D)dV, 5.26
(D) = iy, s [ Wi D)av (5.26)
Q
in which JZ" denotes the set of kinematically admissible strain rates:

A = {D| there is vsuch that D = (Vv + (Vv)?)/2,divv =0 in Q, andv = Lx on 9Q}. (5.27)
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In Chapter 4, we considered the homogenization problem defined by equations (5.25) and (5.26)
for the instantaneous response of the viscoelastic composite system characterized by relations (5.20),
(5.21), and (5.24), when both dissipation potentials ¢(*) and ¢(?) have the quadratic form ¢(") (D,,) =
(77(’”)/ 2) ng, with (") being constant viscosity moduli. For this special case, this homogenization
problem is mathematically analogous to the corresponding problem for an incompressible, linear
thermoelastic composite with elastic moduli ") and thermal stresses TS) (provided that the strain-
rate and velocity fields are identified with the strain and displacement fields, respectively). Therefore,
in this case, the authors made use of the Hashin-Shtrikman-Willis (HSW) homogenization theory
(Hashin and Shtrikman, 1963; Willis, 1977, 1981) (which has been already used for thermoelastic
composites), and provided an estimate for the corresponding effective (modified) dissipation function
W(f)) However, for the problem of interest here, i.e. when ¢(!)(D.,) is characterized by non-
quadratic form (5.22), we propose to break up the procedure for estimating the effective function
W(D) into two parts. First, in subsection 5.3.1, we make use of the variational principal of Ponte
Castafieda (1991) to approximate the instantaneous behavior of the composite system, characterized
by (5.20)—(5.24), by that of a linear comparison composite (LCC), consisting of the same particles
suspended in a linear viscous matrix (characterized by a quadratic dissipation potential) with a
suitably-chosen viscosity. Second, in subsection 5.3.1, we recall pertinent estimates for the LCC
from Chapter 4 to estimate the instantaneous response of the actual nonlinear composite system,
characterized by (5.20)—(5.24).

Variational estimates

So far, we formulated the problem of finding the effective (instantaneous) response of the suspension
in terms of finding the effective potential W(f)) of the suspension, as described by relations (5.25)
and (5.26). In this work, we provide an estimate for W(D) by making use of the variational principle
of Ponte Castaneda (1991). The central idea of this principle is to express the effective behavior of
the nonlinear composite in terms of the effective behavior of a suitably-chosen LCC which has the
same microstructure (i.e. same characteristic functions x(")(x)) as the actual (nonlinear) composite
material. For the class of nonlinear composites (characterized by (5.20)-(5.24)), we construct a
(fictitious) LCC made of a linear viscous matrix with constant viscosity n(*) and the same particle
phase (as characterized by properties (5.23)). We emphasize that the volume fraction, shape and
orientation of particles in the LCC are assumed to be the same as those in the nonlinear composite at
the given instant. For definiteness, the subscript L has been used to denote the variables associated
with the LCC.
Here, we define a LCC with local (modified) dissipation potential

W0, D5 ™) = XD W (D) + x 2 () W (D), (5.28)
where the (modified) dissipation potentials Wél)(D; 7)) is defined as

Wél)(D;n(l)) =9yVD.D, tr(D)=0, (5.29)
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with nV denoting the (as yet unknown) viscosity of the linear viscous matrix. Also, as already
mentioned, the particle phase (phase 2) in the LCC is the same as in the nonlinear composite, so
that W£2) (D) = W®)(D), as defined via relations (5.20) and (5.23). Correspondingly, the local

constitutive relation of the phases in the LCC can be written as

()

%%
o, =-p'I+71,, where 7= a]; =29 D+ 7, (5.30)
where Tgl) =0 and 722) = T, as characterized by the evolution equation (5.6).

Following Ponte Castaneda’s variational principle, the nonlinear dissipation potential W(l)(D)

can then be approximated as

wOD) = int {WDin®)+vO M)}
nH >0

= it {n(” D D+ V<1>(n<1>)} : (5.31)

where the “error” function V() is defined by

v (V) = sup {Wu)(D) —yD. D}
D

g

= sup {gb(l)(peq) 5 ng] : (5.32)
Deq

where, in the latter equation, use has been made of relation (5.20) and the fact that 7-21) =0.

Now, making use of approximation (5.31) together with relation (5.24) in definition (5.26) for
the effective dissipation potential, and interchanging the order of infima over D and n") we find
the following estimate for the effective potential W (D) (Ponte Castafieda, 1991)

WD) < inf {Wi(Din®)+ VO )}, (5.33)
nH >0
where W, denotes the effective (modified) dissipation potential of the LCC consisting of the same
particle phase suspended in a fictitious Newtonian fluid with viscosity ). Similar to definition
(5.26), the effective potential Wy is expressed as
1

W (DMWY — i L n(1)
Wi (Da n ) ]51161% VOI(Q) / Wi (Xa D; n ) dv, (534)
Q

where the set J# is given by (5.27).
The optimality conditions in (5.32) and (5.33) generate a system of algebraic nonlinear equations
for the optimal values of the variables n*) and D,,. First, making use of expressions (5.22) in (5.32),

the function V) can be re-written as

K

n+1

©)
n 77
(Deg)™t — Tpgq) ) (5.35)

V(l)(n(l)) = sup <TO Dey +
Deg
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The, the optimality condition in the above equation, known as the secant condition, leads to the
following relation

70+ K (Deg)™ = 0" Deg, (5.36)
where ﬁeq denotes the optimal value of D., in (5.35). Also, making use of (5.35) and noting the
fact that V(1) is stationary with respect to ﬁeq, the optimality condition in (5.33) reduces to

oW (DsnV) 1

1) /2
ey = 5V D7, (5.37)

In summery, the system of equations (5.36) and (5.37) can be solved for two unknowns 7" and D.,.
Once these two unknowns are obtained, the effective dissipation potential W(D) can be calculated
from (5.33). In turn, noting that estimate (5.33) is stationary with respect to the variable 51, it
follows from (5.25) and (5.33) that the variational estimate for the macroscopic Cauchy stress in the

suspension can be obtained as

oW _ WL _ . (5.38)

o = —ﬁ/I +7_', Where T = 8D W L

where 7, denotes the macroscopic extra stress tensor in the LCC, and the second equality (in the
second relation) is used instead of the inequality (in (5.33)), in the sense of an approximation. The
above results imply that the macroscopic response of the actual composite (characterized by (5.20)—
(5.24)) is (approximately) equal to that of the LCC (characterized by (5.28)-(5.30)), calculated at
the optimized value of ). Also, it can be shown that (Idiart and Ponte Castaneda, 2007) the phase
averages of the stress and strain-rate fields over each phase in the actual suspension are equal to the

same quantities in the corresponding phase in the LCC. Indeed,
DM =Dy, 70 =7 =12 (5.39)

Similarly, for later references, we note that the second moments of the stress and strain-rate fields
in each phase in the actual suspension are also equal to the same quantities in the corresponding
phase in the LCC (Idiart and Ponte Castaneda, 2007).

In conclusion, we see from relations (5.38) that the process of determining & requires the knowl-
edge on the effective (modified) dissipation potential Wy of the LCC defined in (5.34). This knowl-
edge is available from the estimates recently provided in Chapter 4 for the effective behavior of the
composite characterized by relations (5.28)—(5.30). In the next subsection, we recall the estimates
for the potential ﬁ//L(f)) and the corresponding macroscopic constitutive relation of the LCC from
Chapter 4. At the end, it is worth mentioning that for the case of n < 1, it can be shown that the
variational estimate (5.33) is a rigorous upper bound (Ponte Castaneda, 1991) for the effective dis-
sipation potential W (D) (defined in (5.26)), provided that the estimate for the potential W, (which
will be given in the next subsection) is also a rigorous upper bound for the effective dissipation
potential of the LCC, defined in (5.34). On the other hand, for the case of n > 1, the estimate (5.33)
is still a good stationary estimate for W(]_))
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Estimates for the linear comparison composite

In Chapter 4, we developed a homogenization-based model for the effective behavior of suspensions
of initially spherical, viscoelastic particles in a Newtonian fluid (with viscosity 77(1)) under simple
flows. In particular, the authors constructed their model by formulating the problem of estimating
the (instantaneous) effective behavior of the suspensions in terms of finding an estimate for the
effective (modified) dissipation potential of a composite system, characterized by local relations
(5.28)—(5.30). Then, to find this estimate, the authors made use of the HSW homogenization
theory, which was originally developed for isotropic elastic composites by Hashin and Shtrikman
(1963), and extended later for generally anisotropic elastic composites by Willis (1977, 1981). More
specifically, the authors made use of the results of Ponte Castarieda and Willis (1995), which is
based on the HSW theory, for particulate composites consisting of aligned ellipsoidal particles that
are distributed randomly with ellipsoidal two-point correlations in a matrix of a different material.
As described in the previous subsection, the composite system Chapter 4 (characterized by local
relations (5.28)—(5.30)) is, in fact, the linear comparison composite for our problem of interest in
this work. Therefore, in this subsection, we recall the relevant results for the LCC from Chapter
4 for estimating the macroscopic response of the actual suspension from (5.38). Before proceeding,
we note that we drop the subscript L from the stress and strain-rate phase averages in the LCC as
they are equal to the corresponding variables in the actual suspension (see relations (5.39).)

Here, we recall the final estimate for the effective potential WL(D) from expression (3.17) in the

paper by Avazmohammadi and Ponte Castaneda (2014) which is written as

W, (D) =3PD-D +c (77(2) - n(l)) D@ .D + g 7. (D@) + D) : (5.40)
where
_ -1 ¢ _
D@ — {]1 —2(1—c¢) (n(l) - 77(2)) JP} {D —(1-¢) ]P’i-(ez)} (5.41)
is the corresponding estimate for the average strain-rate tensor D) over the particle phase, available

from relation (3.18) in Avazmohammadi and Ponte Castafieda (2014). In these expressions, ¢ = c¢(2)

is the volume fraction of the particle phase, 1"9 is the (instantaneous) average elastic stress in the
particles which is assumed to be known at the given instant?, and P is a microstructural (Eshelby-
type) tensor which will be defined shortly. It is also relevant to provide a corresponding estimate for
the average vorticity tensor in the particle phase, denoted by W) available from relation (3.19) in

Avazmohammadi and Ponte Castafieda (2014). This relation is given by
WO =W+ (1-0R [2 (77(1) - n<2>) D® — %9)} , (5.42)

where R is the microstructural tensor. The fourth-order tensors P and R in the above relations can

be expressed as
1

P=_— H() |27 ¢|~° dS, and (5.43)
Am|Z] Jjg)=1

2As will be shown later in this subsection, ‘7',(52) in the LCC is equal to the corresponding variable in the actual

suspension, so that we do not use the superscript L for this variable.
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1

R = T() |Z7 €| ° ds. A4
[, e 177 (5.44)

where the fourth-order tensor H and T are given by

Hijiw = (Mir&i€0) ijyany > Tigkt = (Min&580)|35101) - (5.45)

with M = np()(I — € ® €). In addition, in the above relations, the parentheses and square brackets
(enclosing indices) denote symmetric and anti-symmetric parts, respectively. The componnets of
the microstructural tensors P and R relative to the principal axes of the ellipsoidal particles are
available from Appendix C.4. These components are written in terms of the viscosity 7! and the
current values of the aspect ratios wy and ws.

As discussed in Chapter 4 (see Appendix C.1), consistent with the prediction of the HSW ho-
mogenization theory, the above estimates for the instantaneous response of the LCC are based on
the approximation that the local fields are uniform inside the particle phase. As a consequence of
this approximation, the constitutive relation for the average elastic stress field in the particle phase
takes the same form as in the corresponding relation for the local field (given by (5.4)). Therefore,
similar to local relations (5.2), (5.4) and (5.9), the (instantaneous) average extra stress tensor in the

particles in the LCC can be expressed as

+(2) — 7*-532) + -7-1()2)7 where (5.46)
Im _ -
F@ = HIm O™ 1 and 7O =27 D@, (5.47)

¢ Jm_j(2)+3

with -7'752) denoting the viscous part of the average stress in the particles. In the above expressions,

I® = tr(B®), B® = FO(F®)T and F® is the average deformation gradient in the particles.
The uniform-field approximation also holds for the local fields inside the particle phase in the actual
suspension, following from the fact that the second moments of the local fields (such as stress
and strain-rate) inside the particle phase in the actual suspension are equal to the corresponding
quantities in the LCC3. Therefore, it follows from relations (5.39) for » = 2 and relations (5.46)
and (5.47) that the particle phase averages 7_'22), 7_'1(,2) and B associated with the LCC are equal
to the corresponding phase averages in the actual suspension. As discussed in Chapter 4, we also
note that although the exact solution for the fields in the particles is not uniform, the uniform-field
approximation is expected to lead to fairly accurate results provided that the concentrations are not
large enough to generate strong interactions between the particles.

At this point, the (instantaneous) macroscopic constitutive relation for the (actual) suspension
of viscoelastic particles can be obtained by making use of estimate (5.40) for ﬁ//L(f)) in equation
(5.38). However, Avazmohammadi and Ponte Castaneda (2014) obtained a simpler (and equivalent)
form of this constitutive relation (i.e., &, = —p' T+ W, /D) in terms of D® and 7@ which can

3More specifically, the uniformity of the local fields, for example the stress field, inside the particle phase in the
LCC is due to fact that fﬂ(z) (. ® 7)dV = 7p ® 71, and the same relation holds for the stress field inside the
particle phase in the actual suspension following from relations 7 = 7, and fQ(g) (TeT)dV = fQ(g) (rp ®@Tp)dV.
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be expressed as (see relation (3.22) in that paper)
=-71+2nID +2¢ (n<2> - 77(1)) D@ 47, (5.48)

In summary, we see from the above constitutive relation together with expression (5.41) for
D® that, for given macroscopic strain-rate D, particle volume fraction ¢, and viscosity 7(?), the
(instantaneous) macroscopic Cauchy stress tensor & may be determined in terms of the optimal value
of (1), the current value of the average elastic stress tensor over the particle 7_'((3), and the current
values of the average aspect ratio and orientation of the particles, as defined by expression (5.12). We
obtain the optimal value of ") by making use of the expressions (5.40) in equation (5.37) and solving
the (generally coupled) system of equations (5.36) and (5.37). This value is determined in terms of
D, ¢, n?), the constitutive properties of the HB fluid in the actual suspension, and the current values
of the variables %(62) and . = {w1, w2, 01,02, 13 = n; X ny}. Therefore, the constitutive relation
(5.48) for the instantaneous response of the actual suspension is indeed nonlinear in D, as expected.
However, when viewed as the constitutive relation for the LCC for a given ), this relation (5.48)
is instantaneously linear in D, since nonlinearities associated with the particle response subjected

to finite strains are fully accounted for in the particle stress -7'22), which is assumed to be known at

any given instant. In the next subsection, we address the characterization of the variables 7"9 and
. by means of appropriate evolution equations, starting from an appropriate initial state where the

particles are initially spherical and unstressed.

5.3.2 Evolution equations for the microstructural variables and particle

elastic stress

So far, we generated estimates for the instantaneous response of the suspension for the current

state of the microstructure and the current value of the particle elastic stress 1_'532). However, when

subjected to simple flows, the microstructure in the suspension as well as the value of -7'22) generally
evolve in time as the applied deformation progresses. Therefore, in order to predict the effective
time-dependent behavior of suspensions from a given instantaneous state of the microstructure and
the particle stress, it is crucial to establish appropriate evolution laws for relevant microstructural
variables and for the stress tensor 7"9. Recalling that the microstructure as well as the stress and
strain-rate phase averages in the suspension are identical to those in the LCC at any given instant,
henceforth, we do not distinguish between these variables in the suspension and those in the LCC.

As mentioned in the previous subsection, our estimates for the instantaneous response of the
suspension are based on the approximation that the local fields are uniform inside the particle phase
in the suspension. According to this approximation, and as already anticipated in section 5.2.2,
the initially spherical particles will deform through a sequence of ellipsoidal shapes throughout the
deformation process, in such a way that the set of equations used to determine the instantaneous
stress and strain-rate fields inside particles will continue to apply at each increment of time, except
that at each step the current values of the microstructural variables and of the stresses in the particles

will need to be used.
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First, it follows from the incompressibility of the fluid and particle phases that the volume fraction

of the particles will remain un-changed throughout any deformation process, i.e.,
¢ = const. (5.49)

Next, the evolution for the aspect ratios of the particle, w; and ws, are obtained by simple

kinematic arguments (see, for example, Bilby and Kolbuszewski, 1977) as
iy = wi (D) — DY), by = wa (DS — DY), (5.50)

where it is noted that the overdot here denotes simple time derivatives (since w; and ws depend
only on time). It is also remarked in this context that the components of the tensorial variables
associated with the particle phase, here and elsewhere, are referred to the principal directions of the
ellipsoidal particle in their current state, as given by the triad {ni, ns, ns}.

Also, the evolution of the orthonormal vectors ny, ny and ng, serving to characterize the orien-

tation of particles, are determined by means of the kinematical relations
fli = Qni, 1= 1, 2, 3, (551)

where € is the (antisymmetric) spin tensor of the particle, whose components in the principal
coordinate system {nj,ng,n3} are determined by means of the following relations (Ogden, 1997;
Aravas and Ponte Castaneda, 2004)

2 2
wi—1)” + (wj-1) D@ i j. (5.52)

Qi = W.@) _ (
T (wim1)” = (wjo1)

In this notation, when i or j is equal to 1, we define wi_1 = wg = 1.

Finally, an evolution equation for the particle stress %(62) can be obtained from relation (5.47);

by making use of the time derivative (5.5). In this connection, recalling the expression B(?) =
F@(F)HT and the fact that the local fields are uniform inside the particle phase, we first find that

v .
B® =B® - LOB® _ BOL®)T
=FOFENT L FOEFET _ LB _ B@EL)T = g, (5.53)

where use has been made of L(?) = F(2)(F(2))_1. Making use of the above results, the evolution

equation for 7(2), defined in (5.47)1, is expressed as
7@ — 30 _g@70) _ @7
_ 2 _
=2uD® 4 ——ur [D@) (%9 + MI)] (%9 + uI) . (5.54)
Hdm

In the above expressions, the material time derivative B® and 1;_22) are simple, time derivative,

again, due to the fact that the local fields inside the particle are uniform (as already mentioned)
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and the convective terms hence vanish. Note that, following the same fact, evolution equation (5.54)
takes the same form as in the corresponding equation for the local field, given by (5.6).

In summary, for a given macroscopic velocity gradient L = D + W, the macroscopic stress
& is obtained from expression (5.48), where D® is given by expression (5.41). These quantities
depend on two sets of values: (1) the current values of the microstructural variables ., as defined
by expression (5.12), and determined by the evolution equations (5.50) and (5.51) from some known
initial state, (2) the current value of the average elastic stress -7'9) in the particle, as determined
by evolution equation (5.54), again from a known initial state. In this connection, note that the
evolution equation for the particle axes (5.51) involves the average vorticity tensor in the particles,
which is given in terms of other known variables by expression (5.42). In the next subsection, we
will make use of the time-dependent solution, developed in this section, to construct steady-state

solutions, when available, for the strain-rate, vorticity and stress fields inside particles.

5.3.3 Steady-state estimates for the suspensions

Based on earlier work for dilute suspensions of neo-Hookean particles in a Newtonian fluid (Roscoe,
1967; Gao et al., 2011, 2013), the initially spherical particles, subjected to simple flows, can reach,
under certain conditions, a steady state in which case the particles become an ellipsoidal with a
fixed shape and orientation as well as constant stress, strain-rate and vorticity. In Chapter 4, we
demonstrated that, for suspensions of Kelvin-Voigt viscoelastic particles (with a Gent elastic part)
in a Newtonian fluid, such a steady state can still be available for higher concentrations of initially
spherical particles, following from the prediction of the HSW theory that the stress and strain-rate
fields are uniform inside the particle phase. In this study, making use of the linear comparison
composite technique, we generated HSW-type estimates for the instantaneous response of the non-
dilute suspensions of KV particles in a HB fluid which, similarly, predict that the local fields inside
the particle phase are uniform. With the same token, this prediction implies that the initially
spherical KV particles, suspended in such a fluid, can still reach a steady state, when subjected to
simple flows. In this subsection, we provide steady-state (SS) estimates for the kinematical and stress
tensors in the particle phase. More detail on derivation of these estimates are available in Section
4.4. For definiteness, we note that all variables in this section correspond to their associated values
in a steady state. Also, in this subsection, the components of all tensorial variables are refereed to
the principal directions of the ellipsoidal particles in its steady state, given by the triad {n;, ns, ns}.

In essence, the SS estimates can be determined by setting the terms involving time derivatives
equal to zero in the evolution equation for the extra stress tensor inside the particle as well as the
evolution equations for the particle shape and orientation. The resulting expressions, together with
the optimality conditions (5.36) and (5.37), will provide a set of algebraic equations to be solved
for the optimal values of n(*) and Deq, the six components of the extra stress tensor in the particle,
7(2)_ the two aspect ratios, wi, wo, and the three orientational angles defined by the particle axes,
ni, ny, and ns.

We begin with providing SS estimates for kinematical variables. Following the formulation in

Section 4.4, the evolution equations (5.50)-(5.52) together with the incompressibility constraint in
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the particle phase (tr(]_D(Q)) = 0), imply that, at a steady state, the normal components of the

strain-rate tensor (relative to the particle axes) vanish,
A2 _ /2 _
Dgl) = D§2) = Dgg) =0, (5.55)

and the three components of the vorticity strain-rate tensor in the particle phase read as

(2 1—|—w272 (2 1—|—w272 (2 w2+w272
WI(Z) = ﬁDga W1(3) = 1_ w§D§3)a W2(3) = ﬁDg3)- (5.56)

Also, as discussed in Chapter 4 (see Section 4.4), at a steady state, the shear components of the

Finger tensor B(?) (relative to the particle axes) are zero,
B2 =B =Bl —o. (5.57)
and its normal components are given by
BiY = (wws) ™, B = (w) (w2) ™ B = () ) (5.58)

Next, making use of (5.57) in (5.47)1, we find that, at a steady state the shear components of
the elastic stress tensor 7.2 (relative to the particle axes) are zero. In addition, we find the three
remaining (normal) components of the extra stress tensor by making use of (5.58) in the constitutive

relation (5.47);. The final results read as

(?(2))611 = pd, {Jm (w2)1/3 {1 — (wq wg)z/g} + cw} ,
(F ez = prduy { T (w2)"* [ (01)? = (wrw2)**] + e (5.59)

(%(2))633 = pudy {Jm (w2)1/3 {(u@)? — (w1 w2)2/3} + Cw} )

where ¢, = (w)'/? [(w1)2 + (wq)? + 1] — 3 (w1)?3 wo, and dy, = [Jm (w1)?/3 wy — cw] !

Now, making use of the fact that the shear componnets of the stress tensor 7% are zero in (5.41)
and (5.42), the non-zero components of the particle strain-rate D® and vorticity W) at the steady
state can be written as
o aRyi; Dy

D@ —
Y 1-— aPijij ’

i,7=1,2,3 (no sum, i # j), (5.60)
where o = 4 (1 — ¢) (n™™ — n®) and all components are given relative to the particle axes.

Next, relations (5.55) together with the constitutive equation (5.47)o imply that, at the steady
state, the normal components of the viscous part of extra stress tensor (relative to the particle axes)

in the KV particles must all vanish. Moreover, substituting the shear components of D®) from
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(5.60); into (5.47)2, we find the (remaining) shear components of 73 as follows

_ 27n® Dy
C1—4(1=c) (g™ — @) Py

(7$)is i,j=1,2,3 (i #j)- (5.61)
Finally, the components of the total extra stress tensor in the KV particles at the steady state can
be obtained in terms of the above estimates for the viscous and elastic extra stresses in the particles
by means of relation (5.46).

At this stage, the optimal values of ") and ﬁeq, all non-zero components of the particle stress
73| strain-rate D®) and vorticity W) are written in terms of SS values of the aspect ratios, w;
and ws, and the three orientational angle defined by the particles axes, n;, ny, and nz. We obtain
a system of algebraic equations for the unknowns wy,ws,ny,n2,n3 by making use of (5.59) into
(5.41), together with the three equations obtained by substituting relations (5.60) into (5.56), and
expression (5.55).

Finally, we remark that the SS solutions for suspensions of KV particles reduce to those for
suspensions of elastic particles by setting (7’-8(2))1»3» = %Z.(J.Q) and (?52))1-]- =0 (i,j = 1,2,3) in relations
(5.59) and (5.46).

5.4 Application: Shear flow

To provide some illustrative examples for the constitutive model developed in Section 5.3, in this
section we apply the model to suspensions of initially spherical, elastic particles in a Herschel-Bulkley
(HB) fluid subjected to a uniform viscous flow for representative constitutive properties of the fluid
and particles as well as volume fraction of particles. In particular, we consider the problem of

suspensions in a simple shear flow, characterized by

= - 1. = 1.

L:"yE1®E2, Dzi"y(E1®E2+E2®E1), Wzi’y(El ®E2—E2®E1), (562)
where the {E;} refer to the fixed laboratory coordinates, and 4 > 0 is the shear strain rate. For

convenience, we make use of the dimensionless parameters

K A"
G= FY, and H:T—q,
1% KA

which serve to characterize the ratio of viscous forces in the fluid to the elastic forces in the particles,
and the ratio of the forces (exclusively) induced by the yield stress to the viscous forces induced by
the application of the strain rate in the fluid, respectively. Also, for future references, it is useful to

introduce a (dependent) nondimensional parameter, defined by

-
Ho=HG=—,
I

It is relevant to mention that the special case of G = 0 corresponds to the suspensions of

(spherical) rigid particles in a HB fluid. Also, the special cases of H = 0 and n = 1 correspond to the
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suspensions of elastic particles in a power-law and Bingham fluids, respectively. All representative
examples in this section are provided for the case of (purely) elastic Gent particles (i.e., ?) = 0)
with a fixed strain-locking parameter (.J,, = 50).

The initially spherical particles, when subjected to shear flow (5.62), deform into ellipsoids of
general shape characterized by the two aspect ratios w; and wso, which, as defined in figure 5.2,
correspond to the aspect ratios of the particle in the plane of the flow (E; —Eq plane) and in the plane
perpendicular to the short in-plane axis of the particles (E; — E3 plane), respectively. The deformed
particles also rotate remaining in the E; — E5 plane in such a way that their current orientation
may be described in terms of a single angle 6 (measured positive in the counterclockwise direction
from the E; direction). Then, the evolution equations (5.50) to (5.54) can be shown to specialize
to equations (D.1) in Appendix D.1. These equations are complemented with two more equations
(5.36) and (5.37) for unknown variables (1) and D, associated with the LCC. The resulting system
of equations, together with relations (5.41) and (5.42), can be integrated numerically for the time-
dependent solution. The components of the shape tensors P and R, required for this integration,
are not included here for brevity, but they are available from Appendix D in Avazmohammadi and
Ponte Castaneda (2014). Finally, given the current values of the particle stress 7(2) aspect ratios
wy and we and orientation @ of the particles, the macroscopic stress & can be derived by means of
expression (5.48), together with (5.41).

For the specific purpose of discussing the macroscopic response of the suspensions in shear flow,
we present the results for the shear component of the macroscopic Cauchy stress tensor, 712, as well

as the first and second normal stress differences of the suspensions, defined by
Iy =011 — 022, Il = G20 — 733, (5.63)

where the components are relative to the fixed laboratory axes E;.

To obtain the initial response of the suspension, we make use of the (initial) condition 7(?) ‘ ot =
0 (we use the notation ¢ = 07 to denote the very first instant at which the suspension flows in an
average sense under the applied flow conditions). This condition for the particle stress is due to the
fact that, at t = 07, the elastic particles have not had the time to respond to the applied flow, and
therefore, at this instant, they behave like spherical, incompressible voids. Hence, making use of
the Hashin-Shtrikman (HS) upper bound for the effective potential Wy of the LCC (consisting of
a viscous matrix with viscosity n(*) and random distribution of incompressible, spherical voids) in

equations (5.36) and (5.37), the unknown viscosity (") in the LCC is obtained as

n—1
3+2c 19 3 =1
= — KD . 5.64
=0+ V3 D, + <\/ 3+2c> e ( )

where Deq = V2D - D denotes the macroscopic equivalent strain-rate. We note that the above

relation is valid for a general uniform macroscopic flow D. Similarly, making use of the corresponding

1)

n

WL in (5.38) together with using the above relation, we find the initial macroscopic Cauchy stress
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tensor as

Gly_gr = D' 1+ T|,_g+, where
) 6(1—c) ~ 2 bl T
Thoor = Fyge 1= D= 5 [(1=c)elmo+ ()" KD | D (5.65)

where ¢! = \/m By comparing the above relation with the corresponding relation for
the extra stress in a plain HB fluid (see relation (5.10)3), it follows that, based on the variational
method prediction, suspensions of elastic particles in a HB fluid with yield stress 7y and consistency
cosnstant K initially behave like a HB fluid with the same power index n as that of the suspending

fluid, but with effective yield stress 7/ and consistency constant f(é , given by
~T _ (1 _ I I (. \tl
fp=0-c¢)c'rn, K'=(")" K (5.66)

For the case of shear flow conditions (5.62), it follows from the general result (5.65) that the

initial shear stress component in the suspension is given by
O12li_+ = 7o + KA (5.67)

Next, it is worthwhile to provide analytical expressions for the response of the suspension at a
large enough time, specifically when the suspension reaches a steady state. Under the shear flow
conditions (5.62), making use of (5.59) and (5.60); in relation (5.48), the steady-state value of the

macroscopic stress component &2 is obtained as

_ _ oW (g ¢ cos(26)
0'12|SS n Y ( 1 _ 4 (1 _ C) 77(1) P1212
+ ¢ sin(0) cos(0) dy, [Jm (wq)'/? (1- w%)} . (5.68)

where all the quantities w1, ws, 0, and n") are evaluated at the steady state, and the component
P1212 (relative to the particle axes) is obtained in terms of the corresponding values of wy, ws, and
7 (see Appendix C.4).

Before proceeding with the detailed examples, it is also useful to consider the response of the
suspensions in the limiting case of G — 0 (under a constant strain-rate tensor D) which corresponds
to the suspension of rigid spherical particles. In this limit, the microstructure of the suspension does
not evolve because the rigid particles do not change shape and the particles distribution remain
spherical based on our earlier assumption in Section 5.2.2 that the shape and orientation of the
particles distribution are identical to those of the individual particles. Therefore, since there is no
microstructure evolution for the case of G — 0, the steady-state response of the suspension is the
same as the initial response of the suspension. In this case, making use of the HS lower bound for
the effective potential WL of the LCC (consisting of a viscous matrix with viscosity n(*) and random

distribution of rigid spherical particles) in equations (5.36) and (5.37), the unknown viscosity n®
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in the LCC is obtained as

n—1
2 7 1 2+3c _—
nM =(1-¢) =2+ <1 — 5 ) KDy (5.69)

Similarly, making use of the corresponding Wy, in (5.38) together with (5.69), we find the initial

macroscopic Cauchy stress tensor as

0lgo=—P1+7|g,,, where
_ 24+3c¢ _ 2 n -
T|G%0 = 1-o 77(1)|G%0 D= Deq cft {7'0 =+ [CR/(l —c)] KDeq} D (5.70)

where c¢f* = /(2 +3¢)/2. Again, it follows from the above form for the macroscopic stress that,
based on the variational method prediction, the suspension of the rigid particles in a Herschel-
Bulkley fluid will exhibit a HB behavior with the same power index n as that of the suspending

fluid, but with effective yield stress 7f* and consistency constant K™, given by
il =Py, KE=(@1-¢)[P/(1-c)]" (5.71)

It is worth mentioning that this prediction of the variational method is in agreement with earlier
results by Chateau et al. (2008) for suspensions of rigid spherical particles in a HB fluid, as well as
with the variational results reported by Ponte Castaneda (2003) for suspensions of idealized 2-D,
rigid circular particles in a Bingham fluid. For the case of shear flow conditions (5.62), it follows
from the general results (5.70) that the shear stress component in the suspension when G — 0 is
written as

— _ ~R R :n

O12lgoo =70 + K" (5.72)

Finally, it is important to note that, when n < 1, it can be shown that the estimates (5.72) serves
as a rigorous lower bound on the effective stress component 12 for the case of suspensions of rigid
spherical particles in a H-B fluid.

The results provided in this section are organized as follows. In Sections 5.4.1 and 5.4.2, we
present the results for the suspensions of Gent particles in Bingham fluids (n = 1) and power-law
fluids (H = 0), respectively. Next, in Section 5.4.3, we will present representative results for the
suspensions of Gent particles in a general HB fluid. Also, in all three subsections, results are first
provided for time-dependent responses of the corresponding suspensions, followed by results for
steady-state (SS) behaviors of these suspension. For both groups of results, figures present results
for the average particle shape (characterized by w; and ws) and orientation (characterized by 0),
certain components of the average extra stress tensor in the fluid phase (?(1)) and in the particle
phase (7(?)), as well as the macroscopic Cauchy stresses o1, II; and IIy, as defined in (5.63). We
emphasize that the components of the macroscopic Cauchy stress and the average stress tensor in
the fluid are shown relative to the fixed laboratory axes E;, while the components of the average
stress tensor in the particle are shown in the instantaneous principal axes of the particle. Finally,

we note that all stress components are appropriately normalized in the results.
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5.4.1 Bingham fluids

In this subsection, we present results for the case of suspensions of elastic (Gent) particles in a
Bingham fluid (i.e., n = 1). Figure 5.3 presents variational estimates for the time-dependent behavior
of suspensions of purely elastic (Gent) particles with G = 0.2 in a Bingham fluid under the shear
flow conditions (5.62). Results are shown for a fixed volume fraction (¢ = 0.2) and various values of
the non-dimensional parameter Hg = 79/u. It is useful to note that the results are calculated at a
constant strain rate 4 and shear modulus p, so that higher values of Hg correspond to the Bingham
fluids with a higher yield stress 79. The evolutions of w;, we and 0 in figures 5.3 (a) and (b) suggest
that the particles suspended in a Bingham fluid with a higher yield stress become more elongated
and their major axis becomes more aligned with the shear direction, before they reach a steady state.
In fact, as we observe from figure 5.3(c), this is because, a higher yield stress of the Bingham fluid
results in a larger initial stress in the fluid matrix which, in turn, induces a higher level of stress in
the particles, as observed from figure 5.3(d). As a consequence, we observe from figures 5.3(f) and
(e) that the macroscopic shear stress and normal stress differences exhibit a progressive increase (in
magnitude) as the yield stress of the suspending fluid increases. In this connection, we note that
the initial values of the (normalized) macroscopic shear stress in figure 5.3(e) define the initial yield
stress of the suspension which is explicitly given in terms of 79 and ¢ by relation (5.66). On the
other hand, the steady-state values of the macroscopic shear stress are influenced by the evolution
of the microstructure, and they can be determined from relation (5.68) in terms SS values of wy, we
and 6 as well as the SS value of the viscosity n(!).

Next, we investigate the steady-state response of the suspensions of Gent particles in a Bing-
ham fluid under the shear flow conditions (5.62). Figure 5.4 shows variational estimates for the
steady-state behavior of the particle, as well as for the associated stress averages in the phases and
macroscopic stresses, as a function of G. The results are given for a fixed volume fraction (¢ = 0.2)
and several values of H. We note that higher values of H and G correspond to higher yield stresses
of the Bingham fluid and softer particles, respectively. We realize from figures 5.4(a) and (b) that, as
G increases, the Gent particles reach larger elongations, as well as closer alignments with the shear
direction at the steady state. This behavior of the particles is seen to be strongly affected by the
value of the yield stress of the suspending Bingham fluid. Generally, the rate of change in SS values
of the aspect ratios and orientation of the particles with increasing G is higher for larger values of H.
This is, once again, due to the fact that a higher yield stress 7y of the Bingham fluid leads to larger
initial stresses in the fluid matrix and particle, as observed from figures 5.4(c) and (d), and these
stresses have a stronger effect on the SS shape and orientation of the particles when G is higher,
corresponding to softer particle. Next, figures 5.4(e) and (f) show the corresponding estimates for
the macroscopic shear and normal stress differences, respectively. The variable 712/(K %) in figure
5.4(e) defines the dimensionless (apparent) effective viscosity of the suspension, and its decrease
with G is more pronounced for higher values of H. Moreover, when G — 0, which corresponds to
suspensions of rigid spherical particles, the values of the (normalized) macroscopic shear stress are
in agreement with the values calculated from (5.72) for ¢ = 0.2 and corresponding values of H.

In figure 5.5, we investigate the influence of the particle volume fractions on the steady-state
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Figure 5.3: Variational estimates for the time-dependent response of suspensions of initially spherical
Gent particles with G = 0.2 in a Bingham fluid (n = 1) for various values of Hg under shear flow
conditions. The components of #() and 72 are given relative to the fixed coordinate system E;
and the principal axes of the particles, respectively.
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Figure 5.4: Variational estimates for the steady-state response of suspensions of initially spherical
Gent particles with G = 0.2 in a Bingham fluid (n = 1) for various values of H under shear flow
conditions. The components of #(!) and 72 are given relative to the fixed coordinate system E;

and the principal axes of the particles, respectively.
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Figure 5.5: Variational estimates for the steady-state response of suspensions of initially spherical
Gent particles with G = 0.2 in a Bingham fluid (n = 1) for various values of Hg under shear flow
conditions. The components of 7(1) and 7(?) are given relative to the fixed coordinate system E;
and the principal axes of the particles, respectively.
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response of suspensions of Gent particles with G = 0.2 in a Bingham fluid with varying values of
H¢ under shear flow conditions. We recall that higher values of Hg correspond to Bingham fluids
with higher yield stresses. As expected, we observe from figures 5.5 (a) and (b) that, for the case
of Newtonian fluids (Hg = 0), the SS level of elongation and alignment of the particles with the
shear direction increases with the volume fraction of particles. However, for the case of Bingham
fluids with large enough values of Hg, the SS shape and orientation of the particles are seen to be
weakly affected by the volume fraction. This can be explained by noting that at higher values of
He = 79/p (corresponding to larger 7y at a fixed p), the suspending Bingham fluid behaves like a
very stiff material, so that the deformation in the particle is negligibly affected by increasing the
concentration of the particles. Next, figures 5.5(c) and (d) show the corresponding estimates for the
macroscopic shear and normal stress differences, respectively. In particular, we observe from figure
5.5(c) that, at low values of H¢, the macroscopic shear stress is increasing with the volume fraction
of particles, but this trend is found to be reversed for higher values of Hg. This is, once again, due
to the fact that, at higher values of Hg, the fluid matrix behaves much stiffer than the particles, so
that the addition of more particles makes the suspension softer in the shear direction. On the other
hand, we observe from figure 5.5(d) that the (macroscopic) normal stress differences exhibit a more

pronounced increase with the volume fraction as Hg increases.

5.4.2 Power-law fluids

In this subsection, we present results for the case of suspensions of elastic (Gent) particles in a power-
law fluid (i.e., H = 0). Figure 5.6 shows variational estimates for the time-dependent response of
suspensions of Gent particles with G = 0.2 in a power-law fluid under shear flow. Results are shown
for a fixed volume fraction (¢ = 0.2) and various values of the power-law index n. The evolutions of
w1y, we and 6 in figures 5.6 (a) and (b) show that over short times, say less than 3 s for 4 = 1, the
particles suspended in a power-law fluid deform and rotate rapidly and then they reach a steady state.
Interestingly, we further observe from these figures that, for the value of G = 0.2, the elastic particles
exhibit smaller deformations, as well as less alignments with the shear direction at the steady state,
as the value of the index n decreases. This is linked to the fact that a suspending power-law fluid
with a smaller value of n exhibits a greater degree of shear-thinning, inducing smaller steady-state
values of stress in the fluid and particles, as observed from figures 5.6 (c) and (d). Consistently,
we observe from figures 5.6(e) and (f) that the corresponding macroscopic shear stress as well as
and normal stress differences reach a smaller value at the steady state with decreasing n. Moreover,
we observe from figure 5.6(e) that the normalized (macroscopic) shear stress increases with the
duration of shearing, which is the characteristic of rheopectic fluids. It is also interesting to mention
that the effect of decreasing the power-index n on the macroscopic shear stress of the suspension
of elastic particle in a power-law fluid at a fixed volume fraction of the particles is (qualitatively)
very similar to the effect of increasing the volume fraction of elastic particles on the shear stress of
effective viscosity of the suspension of elastic particle in a Newtonian fluid (n = 1), which can be
observed from figure 4.5(c) in Chapter 4. This can be explained by noting that both effects cause a

shear-thinning behavior in the respective suspensions.
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Figure 5.6: Variational estimates for the time-dependent response of suspensions of initially spherical
Gent particles with G = 0.2 in a power-law fluid (H = 0) for various values of n under shear flow
conditions. The components of #() and 72 are given relative to the fixed coordinate system E;
and the principal axes of the particles, respectively.
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Figure 5.7: Variational estimates for the steady-state response of suspensions of initially spherical
Gent particles with G = 0.2 in a power-law fluid (H = 0) for various values of n under shear flow
conditions. The components of 7(1) and 7(?) are given relative to the fixed coordinate system E;
and the principal axes of the particles, respectively.
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Next, similar to the case of Bingham fluids discussed in the previous subsection, we investigate
the steady-state response of the suspensions of Gent particles in a power-law fluid under the shear
flow conditions (5.62). Figure 5.7 shows variational estimates for the steady-state behavior of the
particle, as well as for the macroscopic stresses, as a function of G. The results are given for a fixed
volume fraction (¢ = 0.2) and several values of n. Similar to the results in figures 5.4(a) and (b) for
the case of Bingham fluids, we observe from figure 5.7 (a) and (b) that, as G increases, the elastic
particles reach larger elongations, as well as closer alignments with the shear direction at the steady
state. However, this behavior of the particles is seen to be weakly affected by the value of n. Next,
figures 5.7(c) and (d) show the corresponding estimates for the macroscopic shear and normal stress
differences, respectively. We realize from figure 5.7 (c) that the suspensions of elastic particles in
power-law fluids exhibit a shear-thinning effect which is stronger for larger values of n(< 1). In this
connection, we note that, the shear-thinning effect observed in these suspensions (and, in general,
in suspensions of deformable particles in HB fluids with n < 1) is derived from two sources: the
shear-thinning characteristic of the fluid matrix and the deformation of the particles subjected to
shear flows. Another related observation from figure 5.7(c) is that the (normalized) macroscopic
shear stress for the case of Newtonian fluids (n = 1) becomes unity at approximately G = 0.88.
This value of G, at which the suspended elastic particles do not change the effective shear stress of
the host liquid, was first reported by Gao et al. (2011) for the case of dilute concentration of elastic
particle in Newtonian fluids, and was shown later by Avazmohammadi and Ponte Castaneda (2014)
to be fairly insensitive to the value of the volume fraction of elastic particles. However, it is evident
from figure 5.7(c), this value (denoted by Gy in earlier work), is decreasing with decreasing the
value of n. Finally, we note that, when G — 0, the values of the shear stress in figure 5.7(c) match
the corresponding values predicted by relation (5.72).

Lastly, in this subsection, figure 5.8 presents variational estimates for the SS value of the relevant
variables in suspensions of Gent particles with G = 0.2 in a power-law fluid with varying values of
n under shear flow conditions. Consistent with earlier comments in the context of figure 5.5 for
the case of Bingham fluids, we observe from figures 5.8 (a) and (b) that the elastic particles in a
power-law fluid (with values of n > 0.5) reach larger elongations and closer alignments with the
shear direction with increasing particle concentration c¢. However, it is interesting to observe that,
for very small values of n, the particle elongation exhibits an opposite behavior and the particle
orientation shows only a slight additional alignment with the shear direction as ¢ increases from 0
to 0.7. As explained in the context of figure 5.6, this is due to the fact that a power-law suspending
fluid with a lower index n exhibits a stronger shear-thinning behavior, leading to smaller SS values
of stress in the fluid and particle phases, as observed from figures 5.8 (c¢) and (d). Consequently, we
observe from figures 5.6 (e) and (f) that the effect of the particle concentration on the corresponding
estimates for the macroscopic shear and normal stress differences becomes less significant as the

suspending fluids becomes more shear-thinning (i.e., as n decreases).
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Figure 5.8: Variational estimates for the steady-state response of suspensions of initially spherical
Gent particles in a power-law fluid (H = 0) for various values of n under shear flow conditions. The
components of 7(1) and 72 are given relative to the fixed coordinate system E; and the principal
axes of the particles, respectively.
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Figure 5.9: Variational estimates for the time-dependent response of suspensions of initially spherical
Gent particles with ¢ = 0.2 and various values of G in a Herschel-Bulkley fluid (H =1 and n = 0.5)
under shear flow conditions. Higher values of G correspond to softer particles. The components
of 7 and 7@ are given relative to the fixed coordinate system E; and the principal axes of the
particles, respectively. 184



5.4.3 Herschel-Bulkley fluids

Finally, in this subsection, we present results for the case of suspensions of elastic (Gent) particles
in a general Herschel-Bulkley fluid. Figure 5.9 presents variational estimates for the time-dependent
behavior of suspensions of purely elastic (Gent) particles in a Herschel-Bulkley fluid (H = 1 and
n = 0.5) subjected to the shear flow conditions (5.62). Results are shown for a fixed volume fraction
(¢ =0.2) and varying values of G = K 4™ /u. The evolutions of wy, we and 6 in figures 5.9 (a) and
(b) indicate that, as G increases, the elastic particles exhibit larger elongations, as well as closer
alignment with the shear direction. In addition, we realize from these figures that, at a constant
strain rate 7, it would generally take longer for the particles with a higher G (corresponding to softer
particles) to reach a steady state. In this connection, we, however, observe from these figures that
particle rotation reach a steady state progressively later than the particle elongation in the plane
of shear (characterized by the aspect ratio wy) with increasing value of G. Next, we observe from

(1)

figure 5.9 (c¢) and (d) that the shear stress component ?1% in the fluid shows a monotonic reduction

in magnitude as G increases, while the normal component 7"1(? — _2(5) in particle exhibits a rather
opposite trend with increasing the value of G. This can be explained by noting that, as G = K 4" /u
increases (and if we think of this as a decrease in u), the softer particles serve to accommodate
more part of the total macroscopic deformation applied to the suspension (by exhibiting larger
elongations and closer alignment with the shear direction), so that the smaller and larger stresses
are produced in the fluid matrix and the particle, respectively. Moreover, figures 5.9(e) and (f) show
the corresponding estimates for the macroscopic shear and normal stress differences, respectively.
An interesting observation from figure 5.9(e) is presence of an “overshoot”, followed by a decay in
the macroscopic shear component, as similarly reported by Gao et al. (2011) and Avazmohammadi
and Ponte Castaneda (2014) for suspensions of elastic particles in Newtonian fluids. As explained
in these works, this overshoot is linked to the above-mentioned fact that the time interval between
the arrest of the particles elongations in the plane of shear and the corresponding arrest of the
particles rotations becomes progressively larger as GG increases. Finally, an important conclusion
from these figures (and similarly from figures 5.3 and 5.6) is that the suspension of elastic particles
in a Herschel-Bulkley fluid exhibits a time-dependent behavior upon application of a constant strain
rate, although there is no time-dependency present at the level of the individual phases. In particular,
the time-dependent behavior of the suspension qualitatively resemble the behavior of a Mazwellian
viscoelastic fluid, where the stress, induced by application of a constant shear strain rate, relaxes
over time.

For completeness, it is of interest to examine the influence of the yield stress of the suspending
fluid on the SS behavior of the suspensions of elastic particles in a HB fluid. Figure 5.10 presents
variational estimates for the steady-state response of suspensions of elastic (Gent) particles with
¢ = 0.2 in a HB fluid under the shear flow conditions (5.62). Results are shown for various values of
G, as a function of the non-dimensional parameter H = 79/(K 4™). We observe from figures 5.10 (a)
and (b) that the elastic particles in a HB fluid exhibit larger stretches as well as closer alignments with
the shear direction with increasing values of H, which is consistent with the corresponding results

presented in figures 5.3 and 5.4 for suspensions of elastic particles in a Bingham fluid. This trend,
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Figure 5.10: Variational estimates for the steady-state response of suspensions of initially spherical
Gent particles with ¢ = 0.2 and various values of G in a Herschel-Bulkley fluid (n = 0.5) under shear
flow conditions. The components of #() and 72 are given relative to the fixed coordinate system

E; and the principal axes of the particles, respectively.
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1.4 Line: Rigid particles (Eq. (71))
Markers: Experimental data, Chateau et al. (2008)
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Figure 5.11: Comparisons of the effective yield str€ss for suspensions of rigid particles in yield stress
fluids (78t /7o) with experimental data in Chateau et al. (2008) (originally from Mahaut et al. (2008)),
as a function of the particle volume fraction. The solid diamond and open square symbols correspond
to suspensions of polystyrene and glass beads in emulsion and in bentonite, respectively, while the
open circle symbols correspond to suspensions of glass beads in carbopol.

however, is seen to be less pronounced at higher values of G corresponding to softer particles. Next,
we observe from figures 5.10 (¢) and (d) that increasing H leads to an increase in the stress level in
both fluid and particle phases for all values of G’ (which is consistent with the corresponding results in
figures 5.4 for the case of Bingham fluids), while increasing G leads to a reduction and increase in the
stress level in the fluid and particle phases, respectively (again, in agreement with the corresponding
results in figures 5.10.) Finally, figures 5.10(e) and (f) show the corresponding estimates for the
macroscopic shear and normal stress differences, respectively. An interesting observation from figures
5.10(e) is that the macroscopic shear stress exhibits rather a linear increase with the parameter H at
high enough values of G. This behavior of the suspension is qualitatively similar to the corresponding
behavior in the suspensions of rigid spherical particles, described by relation (5.72). This is because,
at high enough values of G, the SS particle shape and orientation shows only a slight variation with
H, so that the SS behavior of the suspension can be approximated by that of suspensions of rigid
ellipsoidal particles which are closely aligned with the shear direction.

Finally, in figure 5.11, we compare predictions of our model with experimental data available in
the literature for suspensions of particles in yield stress fluids. This comparison is limited to the case
of rigid particles, due to the lack of experimental data and numerical simulations on the rheology
of suspension of deformable particles in yield stress fluids. In particular, figure 5.11 shows the
comparison for the (dimensionless) effective yield stress of the suspensions of spherical rigid particles
in yield stress fluids, 75 /7o (as given by (5.70)1), with the experimental date available from Chateau
et al. (2008) (originally from Mahaut et al. (2008)) for the same quantity of the suspensions of
very stiff particles (polystyrene and glass beads) in yield stress fluids (including emulsion, bentonite
and carbopol), as a function of ¢. We observe quite good agreement between our results and the
experimental data up to moderate levels of particle concentration (¢ < 0.25). However, it should be
noted that our model is not expected to provide accurate predictions for the case of rigid particles,

since it has been assumed (for simplicity) that the shape of (the angular dependence of) the two-
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point correlation function is identical to the evolution of the particle shape. Since for rigid particles,
the particle shape cannot change, this would mean that the two-point correlations function remains
isotropic, which is not expected to be the case for the non-colloidal suspensions considered in this
work. On the other hand, for deformable particles, the change in shape of the particles is expected
to dominate the higher-order effect in ¢ of the changes in the particle distribution, and the model
is expected to be more accurate then. Finally, it is relevant to mention that Chateau et al. (2008)
made similar comparisons of their variational estimates for 7 /7y with the experimental data for a
larger range of ¢, and they were able to achieve a good agreement. This is because they make use of
the empirical model of Krieger and Dougherty (1959) for the effective viscosity of the corresponding
LCC which has been successfully fitted to the experimental data for the case of highly concentration
suspensions. We, on the other hand, made use of the HS estimate for the effective behavior of the
LCC which is known to be a lower bound within the class of isotropic microstructures with two-point

isotropic distributions.

5.5 Conclusions

In this chapter, we have developed a homogenization-based model to estimate the effective rheological
behavior of non-colloidal suspensions of initially spherical, soft particles in yield stress fluids under
Stokes flow conditions. More specifically, we considered suspensions of Kelvin-Voigt solid particles
in a Herschel-Bulkley fluid which undergo time-dependent, finite deformations when subjected to
uniform flows.

Our model can be summarized in four steps: (I) we formulated the problem of finding the effective
(instantaneous) response of the suspension in terms of finding the effective potential W(]_)) of the
suspension, as described by relations (5.25) and (5.26), (II) we then made use of the variational
principle of Ponte Castaneda (1991) to approximate the potential W(f)) of the actual suspension in
terms of the effective potential WL of a “linear comparison composite” (LCC) consisting of the same
particles distributed randomly in a (factitious) Newtonian fluid with a suitably-chosen viscosity ),
identified with the optimality conditions (5.36) and (5.37), (III) we recalled the relevant estimates
for the LCC from Chapter 4, including an estimate for WL, as given by (5.40), (IV) we combined
the solution for the instantaneous behavior of the suspension with the evolution equation for the
elastic stress in the particles, as given by (5.54), and for the average particle shape and orientation,
as given by (5.50) and (5.51), respectively, to complete the model for the time-dependent response
of the suspensions.

We have also used our model to explore in more detail the rheology and particle dynamics in
suspensions of elastic Gent particle is HB fluids under shear flow conditions, as described by (5.62).
In the context of this example, we investigated the influence of constitutive properties of the HB
fluids and the particles, and the particle volume fraction on the dynamics of the suspended particles,
as well as on the macroscopic rheological behavior of the suspension. A general conclusion from the
results is that the suspensions exhibit a time-dependent behavior upon application of a constant
strain rate, although there is no time-dependency present at the level of the individual phases. Also,

we found that the time-dependent behavior of the suspensions qualitatively resemble the behavior
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of a Mazwellian viscoelastic fluid, where the stress, induced by application of a constant strain rate,
relaxes over time. A similar finding has been reported in the context of suspensions of slightly
deformable particles in a Newtonian fluid by Goddard (1977). In particular, for the case of power-
law fluids (i.e., when 79 = 0) with n < 1, our results indicate that the macroscopic time-dependent
shear stress exhibits a rheopectic behavior, where the stress increases with the duration of shearing.
The results confirm that steady-state solutions are available for suspensions of Gent particles
under shear flow conditions. In particular, the results show that the particles suspended in a HB
fluid with a higher yield stress (79) exhibit larger elongations, as well as closer alignments with the
shear direction at a steady state, and this behavior is more pronounced for the case of stiffer particles.
On the other hand, for the case of power-law fluids, we found that, when the elastic particle are
not too soft, they exhibit smaller deformations, as well as less alignments with the shear direction
at the steady state, as the value of the index n decreases. Also, for the case of Bingham fluids,
we found that, at low values of 7y, SS values of the macroscopic shear stress is increasing with the
volume fraction of particles, while the opposite is true for higher values of 79. Furthermore, it has
been found that the macroscopic shear stress exhibits quite a linear increase with the yield stress
7o for the case of very soft particle. This behavior of the suspension is qualitatively similar to the
corresponding behavior in the suspensions of rigid spherical particles, described by relation (5.72).
Finally, we compared the prediction of our model with the experimental data on the effective
yield stress of the suspensions of particles in yield stress fluids which were only available for the case
of rigid particles. Despite the fact that our model is not expected to provide accurate estimates
for the case of rigid particles, we found relatively good agreement between the model’s prediction
and the experimental data up to moderate concentrations of particles (¢ < 0.25). Nevertheless, we
emphasize that the comparisons for the case of rigid particles can not reflect the full potential of
our model in describing the rheological features of complex suspensions, and we look forward to
compare the predictions of our model for the case of deformable particles when the corresponding

experimental data or numerical simulations become available.
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In this chapter, we propose an original model to study the effective behavior of particle rein-
forced composites consisting of an elasto-viscoplastic matrix and a random distribution of linear
viscoelastic particles, subjected to small deformations. The proposed model makes use of the vari-
ational principal of Ponte Castaneda (1991) to approximate the effective behavior of the nonlinear
composite by that of a linear comparison composite (LCC) consisting of a linear viscoelastic matrix
with a suitably-chosen viscosity constant and the same particle phase as in the actual nonlinear com-
posite. Then, making the approximation that the elastic strains in the LCC are uniform-per-phase,
the homogenization problem for finding the effective behavior of the LCC becomes mathematically
equivalent to the corresponding problem for “thermoelastic” composites with constant-per-phase
thermal strains. This problem then can be solved by using the Ponte Castaneda and Willis homog-
enization theory (Ponte Castaneda and Willis, 1995) together with an explicit time-discretization
scheme to integrate the evolution equations describing the constitutive behavior of the phases. To
implement our model, we restrict our attention to the special case of incompressible composites
consisting of an elastic-ideally plastic matrix and random distribution of aligned, elastic ellipsoidal
particles. In this case, we propose an empirical modification of the model to improve its estimate
for the purely elastic regime of the composite behavior. This modification remains consistent with
the estimate of the model for the elasto-plastic regime of the composite behavior. In particular, we
make use of our model to study the effective behavior of the composite with spheroidal particles
subjected to isochoric loading. We investigate the effect of particle shape and volume fraction as

well as the phases elastic properties on the effective behavior and field statistics in the composites

6.1 Introduction

Many engineering materials exhibit an elasto-viscoplastic behavior when subjected to mechanical
loadings. Among them, the class of particle-reinforced composite materials is particularly important
to study because of their numerous technological applications as well as for an understanding of the
mechanics of the coupling between elastic and dissipative effects in the composite under loadings.
Examples of these materials include metal-matrix and polymer-matrix composites. Our goal in this
part of the thesis is to study the overall response of the particle-reinforced composite materials when
the constituent phases exhibit an elasto-viscoplastic (EVP) behavior.

The problem of predicting the effective behavior of the EVP composites has often been addressed
in the literature through numerical simulations (see Finlaysh and Shek, 1998; Gonzalez et al., 2004;
Lee et al., 2011; Reina-Romo and Sanz-Herrera, 2011, to cite only a few). However, in the present
study, our objective is to provide theoretical predictions for these composites. With this goal in mind,
homogenization methods developed in the context of nonlinear heterogeneous media appear to be an
promising approach to solve this problem. More specifically, these methods follow from variational
principles expressing the overall response of a given nonlinear composite in terms of the behavior of
an optimally chosen “linear comparison composite” (LCC). In these methods, the LCC is assumed
to have the same microstructure as the nonlinear composite, and the properties of the constituent
phases in the LCC are determined by appropriate linearization of the corresponding phases in the

nonlinear composite. In particular, Ponte Castanieda (1991) introduced a variational method in
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which the material properties in the LCC are identified by “secant” moduli of the nonlinear phases,
evaluated at the second moments of the local fields over the phases. In the past 20 years, applications
of this method have been mainly explored for viscoplastic or rigid-plastic composites where no
elastic deformation is present in the constituent phases (Ponte Castatieda, 1991; Zaidman and Ponte
Castaneda, 1996, among others). On the other hand, for EVP composites, similar methods which
rely on the notion of LCCs have not been developed until more recently. More specifically, these
methods follow from an “incremental variation principal” (IVP) which aims at recasting the elastic
and dissipative potentials of the constituents phases into equivalent condensed incremental potentials
(Lahellec and Suquet, 2007). This technique allows to extend the variational homogenization schemes
originally developed for the case of viscoplastic composites to address the effective response in
the EVP composites. In particular, Lahellec and Suquet (2007a) derived an incremental variation
principle which is based on implicit time-discretization of the constitutive differential equations of
the phases and the variational procedure of Ponte Castaneda (1992). In a similar development,
Brassart et al. (2012) made use of the same incremental potential of Lahellec and Suquet (2007a)
and proposed a different way of optimizing the properties of the associated LCC. More recently,
Lahellec and Suquet (2013) made use of the IVP method to estimate the effective response, as well
as the statistics of the stress fields in EVP composites with isotropic and kinematic hardening laws
under radial and non-radial loadings.

The IVP method of Lahellec and Suquet (2007a) offers a general and accurate approach to deter-
mine the effective behavior of the EVP composites within the limit of relatively small deformations.
However, the implementation of this method requires the solution of coupled nonlinear equations
which often need certain regularizations to avoid the numerical problems, even for the case of an
isotropic microstructure. In this work, we propose a new approach to find the effective behavior
of the EVP composites which also makes use of the LCC technique. The central idea behind this
approach, which is very similar to the technique used in Chapter 4, is to recast the constitutive
equations of the constituent phases of the EVP composites in the form which can be described by
a single modified dissipation potential depending on two variables: stress tensor and elastic strain
which is assumed to be known at the present instant. In this way, we can simply use the principle of
the minimum potential energy to formulate the homogenization problem for the effective behavior
of the EVP composites. Then, we make use of the variational principle of Ponte Castaneda (1991)
to approximate the effective behavior of the composite (with single dissipation potentials) in terms
of that of a LCC. At this point, making the assumption of uniform-per-phase elastic strains, the
local behavior of this LCC will be mathematically analogous to that of linear “thermoelastic” com-
posites with uniform-per-phase thermal strains, and we make use of the Ponte Castaneda and Willis
homogenization theory (Ponte Castaneda and Willis, 1995) to estimate the effective behavior of the
LCC. This approach might not be as accurate as the IVP method, but, it is very easy to implement
even for a general ellipsoidal (particulate) microstructure.

The structure of this chapter is as follows. Section 6.2 addresses the constitutive behavior of
the matrix and particles considered in this work. We consider composites consisting of an elasto-
viscoplastic (EVP) matrix and a random distribution of Maxwellian viscoelastic particles. In this

section, we also describe the homogenization problem for this composite. Much like our homoge-
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nization technique in Chapters 4 and 5, the central idea behind the homogenization approach in this
chapter is to recast the constitutive equations of the constituent phases of the elasto-viscoplastic
composites in the form which can be described by a single modified dissipation potential depending
on two variables: stress tensor and elastic strain which is assumed to be known at the present in-
stant. In this way, we can simply use the principle of the minimum potential energy to formulate
the homogenization problem for the effective behavior of the EVP composites. In section 6.3, we lay
out our strategy to solve the homogenization problem. We first replace the homogenization problem
for finding the effective incremental response of the composites by the corresponding problem for a
suitably-chosen LCC, consisting of a Maxwellian matrix reinforced by the same particles. Next, we
make the approximation that elastic strains in the composite are uniform-per-phase , which simplifies
the homogenization problem for the LCC to that for linear thermoelastic composites with uniform
thermal strains. Lastly, in this section, we propose an empirical modification of the model for the
purely elastic response of the composites for the case of elastic particles. In section 6.4, we apply
our model to incompressible composites consisting of an elastic-ideally plastic matrix reinforced by
a random distribution of aligned, elastic spheroidal particles subjected to axisymmetric, transverse
and longitudinal modes of shear loading-unloading-loading cycles. Finally, some conclusions are

drawn in section 6.5.

6.2 Problem formulation

In this work, we consider particle-reinforced composites consisting of an elasto-viscoplastic matrix
and a random distribution of aligned, ellipsoidal linear viscoelastic particles. Both matrix and fibers
phases are assumed to be isotropic. For definiteness, let €2 be a representative volume element
(RVE) of this composite, and let QW and Q@ denote the complementary regions in  occupied by
the matrix and the particles, respectively. Following the hypothesis of separation of length scales,
we assume that the characteristic length-scale of the particles is much smaller than the size of the
RVE as well as the scale of variation of the applied loading conditions. Also, it is assumed that
the microstructure in the RVE is statistically uniform, and the characteristic functions () (x),
r = 1,2 are used to describe the microstructure such that they are equal to one if the position
vector x is in phase 7 (i.e. x € Q) and zero otherwise. Moreover, the symbols (-) and <->(T)
denote volume averages over the RVE (Q) and over phase r (Q()), respectively, so that the scalars
) = <X(T)> serve to denote the volume fractions of the given phases. Finally, throughout this work,
we denote the quantities associated with the matrix and particle phases by the superscripts (1) and
(2), respectively.

In the limit of infinitesimal strains, the total strain tensor € in the matrix phase is decomposed
as

eV — )

e vp Y

(6.1)
where eél) and e%) are the elastic and viscoplastic parts of the strain, respectively. The elasto-

viscoplastic behavior of the matrix is then described by the following rate-type relations (Lemaitre
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and Chaboche, 1994)

e iy,
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where an overdot denotes derivation with respect to time, o is the Cauchy stress tensor, ¥ (o) is a
stress potential, and oy = \/m is the von Mises equivalent stress with o4 denoting the
deviatoric part of the stress tensor o. Also, S(V) is the elastic compliance tensor of the matrix, éo is
a reference strain-rate, n is a strain-rate sensitivity constant, 7y is the flow stress of the matrix, and
0o is the coefficient of the plastic resistance. Moreover, [z]T denotes the positive part of z such that
[z]T =z if 2 > 0 and zero otherwise.
The particles are linear Maxwellian viscoelastic solids whose constitutive behavior is characterized
by the relation
D= LMo, P =sPg, (6.3)

where ég) is the elastic strain-rate in the particle phase, and S?) and M) are the elastic and viscous
compliance tensors of the particle phase, respectively.

Given the microstructure of the composite and the local constitutive properties (6.2) and (6.3),
the effective behavior of the composite can be described by the relation between the average strain-
rate tensor € = (€) and the average stress tensor & = () over the RVE Q. The problem of finding this
relation can be conveniently stated in a variational framework if we can formulated the constitutive
relations (6.2) and (6.3) in terms of appropriate free-energy density functions. To this end, we
regard the elastic strain as an internal variable in each phase, and since we will solve the present
homogenization problem in an incremental fashion, we assume that the elastic strain is known at
the beginning of the current instant. Therefore, we introduce the modified free-energy functions

u(") (o) which are written as
1
uV (o) =¢(@) +9Y o, and u?(o)= 59 M®g + 43 . g, (6.4)

such that the local constitutive relation of the phases can be written as

1 2
en _ 0 0v(o) +4W and €® = Ou®

— M@ (2) )
oo oo oo oY (6.5)

for the matrix and particle phases, respectively. In the above relations, 4(") is the elastic strain(-rate)

tensor in phase r which is assumed to be known at the present instant, and is given by
A = =sMg =12 (6.6)

Next, the local relation between the strain-rate tensor € and the stress tensor o in the composite
is given by
0
é=-(x0).  uxo) =xV)uW (@) +x?x)u? (o), (6.7)

where u(x,0) is the local stress potential.
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Now, making use of the principle of minimum complementary energy, the relation between the

average strain-rate and stress tensor is given by

‘i azg((:), (6.8)
where U (o) denotes the effective stress-energy potential for the composite, defined as
[7 - (r)
Ule) = min (u(x,0))= min 2 ) u(e))"™, (6.9)
In the above definition, S(6) denotes the set of admissible stress field, given by
S(e)={o,div(c) =0inV, 6-n=6-nondV}, (6.10)

Thus, the problem of estimating the effective behavior of the nonlinear composite is equivalent
to that of estimating the function U(&) in relation (6.9). It should be remarked that relations
(6.8) and (6.9) provide a constitutive description for the “incremental” macroscopic behavior of the
composite, and the time-dependent response of the composite can be obtained by making use of a
time-discretization procedure, starting from an appropriate initial state of the composite. In general,
computing the function U (7) exactly is an extremely difficult task. In the next section, we recall

the variational principle of Ponte Castafieda (1991) to estimate the function U(&).

6.3 Variational estimates

In this section, we provide an estimate for the effective potential U (6) by making use of the vari-
ational principle of Ponte Castanieda (1991). The central idea of this principle is to express the
effective potential of the nonlinear composite in terms of the effective behavior of a suitably chosen
“linear comparison composite” (LCC) which has the same microstructure (i.e. same characteristic
functions (") (x)) as the actual (nonlinear) composite material. For the class of nonlinear compos-
ites of interest, we construct a LCC consisting of a Maxwellian matrix and the same particle phases
as those in the actual nonlinear composite. In particular, we define a comparison composite with

the local modified stress potential

ur(x,0;7M) =y (x)ul (@:9D) + ¥ (x)u (o), (6.11)

where u(Ll)(a; n() is the stress potential of the matrix phase in the LCC with the form similar to

(6.4)2, which can be written as

1
ui (o) = 50" MWeg +41) . g, (6.12)
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In the above expressions, M(1) denotes the (isotropic) viscous compliance tensor of the matrix phase

in the LCC which takes the form ) )

MO = — -
3I€J+ 27

K (6.13)

where J and K denote the standard fourth-order, isotropic, hydrostatic and shear projection tensors,
n1) is the (as yet unknown) viscosity of the matrix, and & is the bulk viscosity of the matrix which
is introduced to enable us to take the incompressibility in the matrix phase (i.e., kK — 00.) Also,
4 is the elastic strain-rate tensor given by relation (6.5);. Moreover, as already mentioned, we
choose the particle phases in the LCC to be equal to those in the nonlinear composite, so that
u? (o) = u(L2) (o), as defined via relations (6.4)2 and (6.6) (for » = 2). We also emphasize that the
volume fraction, shape and orientation of particles in the LCC are assumed to be the same as those
in the nonlinear composite. Correspondingly, the local constitutive relations for the linear phases in

the LCC are written as )
C(T) _ 8UL
Jo

Following Ponte Castafieda’s variational principle Ponte Castanieda (1991), the nonlinear stress

=M o+~ =12 (6.14)

potential u1) in the actual composite can then be approximated as

W(o) = sup {ui (@in™) = VO M)}, (6.15)
77(1)>O

where the “error” function V() is defined by

1
MW (MY = - 2_
VD) = s { s (o)~ vlo) | (6.16)

Now, making use of approximation (6.15) in the definition (6.9) for the effective stress potential,
and interchanging the order of suprema over ¢ and 7"), we find the following estimate for the
effective potential U(5) (Ponte Castaiieda, 1991)

(7(6) > sup {ﬁL@;n(l)) —c® V(l)(n(l))} (6.17)
77(1)>O

where Uy, denotes the effective (modified) stress potential of the LCC. Similar to definition (6.8),
making use of principle of minimum complementary energy, this potential is defined as
Up@;n™M) = inf <uL(x,a';77(1))> . (6.18)
5¢5(5)
The optimality conditions in (6.16) and (6.17) generate a system of algebraic nonlinear equations

for the optimal values of the variables 7! and 0cq- Making use of the power-law form for the

potential (o) from (6.2), the optimality condition in (6.16), known as the secant condition, leads

. [&e - 770]+ " 1 ~
€ ( g = 377(1) Oeqs (6.19)

0o

to the following relation
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where ¢, denotes the optimal value of o, in (6.16). Also, the optimality condition in (6.17) reduces
to
((1)2 U (6 QA(1)27
n ) (9(77(1))UL(0’) + 6 (Ueq ) =0. (6.20)
In general, we need to solve the coupled algebraic equations (6.19) and (6.20) to find the unknowns
7™ and G.,. Once these two unknowns are obtained, the effective stress potential U (@) can be
calculated from (6.17). In this study, we are particularly interested in the special case of elastic-
perfectly plastic behavior for the matrix phase. In the constitutive relations (6.2) for the matrix
phase, the elastic-perfectly plastic behavior is obtained by setting 79y = 0 and taking the limit
n — oo. In this case, the matrix would exhibit an elastic-perfectly plastic behavior with the yield
stress og. For this special case equation (6.19) reduces to ., = op which, in turn, can be used in

(6.20) to give the following equation for finding n(*)

~ 1)
c
(77(1))2 6(77(1))UL(6') + TUS =0. (621)
In conclusion, noting that the estimate (6.17) is stationary with respect to the variable M it
follows from (6.8) and (6.17) that the variational estimate for the effective behavior of the nonlinear
composite can be obtained as N B
ou  oUL

T 9 05

(6.22)
where U (&) is calculated at the optimized value of n), and the second equality (in the second
relation) is used instead of the inequality (in (6.17)), in the sense of an approximation. Also, it can
be shown that (Idiart and Ponte Castaneda, 2007) the first and second moments of the stress and
strain fields in each phase in the LCC are equal with the same quantities in the actual nonlinear
composite. The variational estimate (6.22) requires the knowledge on the effective (modified) stress
potential U 1, of the comparison composite, defined in (6.18). In the next subsection, we provide the
algorithm based on an incremental formulation to obtain the potential UL (¢) and the corresponding

macroscopic constitutive relation of the LCC.

6.3.1 Estimates for the linear comparison composite

In this section, our objective is to provide an estimate for the effective stress potential of the LCC,
UL (6). As mentioned earlier, the LCC consists of linear Maxwellian viscolelastic phases characterized
by the local constitutive relations (6.14) and (6.6). Then, assuming that the elastic strain-rate tensors
4" are known at the given instant, we formulated these relations in terms of the (modified) stress
potentials (6.4)2 and (6.12) in the local form (6.11). In general, the elastic strain rates tensors (")
are non-uniform both in the matrix and particle phases, and we would need to use an incremental
variational approach, such as the one developed by Lahellec and Suquet (2007), to find an estimate for
ﬁL (0). However, here, for simplicity and in order to develop a numerically feasible model, we make
the approximation that the tensors ¥(") are uniform-per-phase. In this case, the homogenization
problem defined by equation (6.18) for the response of the viscoelastic LCC composite characterized

by (6.11), (6.4)2 and (6.12) is mathematically equivalent to the corresponding problem for a linear
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thermoelastic composite with elastic moduli M(") and (uniform) thermal strains ¥(") (provided that
the viscosity moduli and strain rate field are identified with the elastic moduli and strain field,

respectively). In this way, the effective stress potential of a the LCC can be written as

UL@6)==6 -M&+7-6+3 (6.23)

DN | =

where M and 4 are the effective compliance and thermal strain tensors, respectively, and g is the

effective specific heat. The effective stress-strain-rate relation of the LCC is then given by

e=—=-=Mog¢ ) 6.24

€ 95 o+ ( )

Note that, following relation (6.22), the above relation also holds as the macroscopic constitutive
relation for the actual nonlinear composite when calculated at the optimal value of ().

Next, it follows from linearity of the problem that the average of the strain rate over phase r,

e = <é>(r) can be written in terms of strain-rate concentration tensors, so that
e =AMeral =12 (6.25)

where A is a fourth-order tensor that exhibits minor symmetry, but not necessarily major sym-

metry, and a(”) is a symmetric second-order tensor. These tensors are subject to the constrains

2 2
A =1, Y cMa =o. (6.26)
r=1

r=1

The effective properties 4 and § as well as concentration tensors A(") and a(™ can be explicitly
expressed in terms of the phase properties M("), and ("), and the effective compliance tensor M.
To maintain continuity, these expressions are provided in Appendix E.1.

In addition, the phase averages strain-rate €(!) can also be obtained by averaging the local (linear)

constitutive relations (6.14) as follows
e =M g 4" =12 (6.27)

where 1) and () are the average of the stress in the matrix and particle phases, respectively.

In this work, we make use of the generalized estimate of the Willis type (Willis, 1977, 1981)
for the effective compliance tensor M of the LCC. In particular, for the composite materials with
“particulate” random microstructures (which is precisely the case in this work), Ponte Castaneda and
Willis (1995) provided Willis-type estimates for the composites consisting of random distributions
of aligned ellipsoidal particles in a given matrix with prescribed two-point correlation functions.
Although these estimates are provided for a more general case, here, for simplicity, we adopt a
specialized version of them by assuming that the shape and orientation of the distribution functions

are identical to those of the individual particles. Based on this assumption, for two-phase composites,
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the Willis-type estimate for M is given by

~ —1
M = M® 4 2 [c<1> Q- (AM)~!

5 (6.28)
where AM = M®) — M(®) and the microstructural tensor Q contains information about the shape

and distribution of the particles. This tensor is related to the tensor P via the relation
Q=L —LOPLD), (6.29)

where L(") = (M(T))_l, r = 1,2, is the viscosity moduli tensor of phase r, and the fourth-order

tensor P is a microstructural tensor with the following expression

1

-3
P= w1z |5|:1H(£) |Z"¢| " ds, (6.30)

where Z characterizes the shape of particles. Also, the fourth-order tensor H is written as
Hijkl = (Kﬁclfgfl)’(m(kl) ) (631)

in which the acoustic tensor K is defined as K;; = ngl-,)d@fl, and the indices in parentheses, such as
(ij), are to be symmetrized.
Making use of the Willis estimate M in relations (E.3), the associated concentration tensors A(%)

and a(® are expressed by

1 -1
AP = 1-cVPAL| |, a®@ =W |1-cMDPAL| Ay (6.32)

2). The similar expressions for A() and a¥ can be, in turn, obtained from

where Ay = 41 — 4(
relations (6.26). Substituting expressions (6.32) (plus those for A and a(!)) into relations (6.25)
and eliminating 4(!) and 4(® from relations (6.27), we obtain the following expressions for the rate

of average strain in the matrix and particles phases
{0 —i— o (50 - 50), 0 =it B (50 50), (633

where E = (I - PLM) ™" P,

On the other hand, we recall from relation (6.6) that the thermal strain tensor in each phase
in the LCC is equal to the elastic strain tensor in the corresponding phase in the actual nonlinear
composite. Therefore, the evolution equation for the average stress tensor &) and & can be
obtained by substituting the thermal strain from (6.6) (the second equality) and the strain-rate

phase averages from (6.33) into the constitutive relations (6.27) as follows

51 — c® [g _ R (&(1) B &(2)) B M(l)&(l):| 7

50 =€ [e 4 DB (50 - 50) - M@0 e
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where C(") = (S(T))_l is the elastic stiffness tensor of the phase r in the actual composite.

In summary, for a given macroscopic strain rate €, the set of equations (6.34) serves to fully
determine the “incremental” stress tensors in the matrix and particle phases. In turn, the incremental
macroscopic stress & can be obtained by means of equation (6.24). However, given &M and 6@ it

is simpler to make use of the following identity to find &
g=cV&W 4 D52, (6.35)

In addition, the phase average strain-rate, €”), and the thermal strain (elastic strain) in each phase,
4" can be obtained form relations (6.33) and (6.27), respectively. Finally, after finding these
variables, the effective stress potential of the LCC can be obtained from relation (6.23). In this
connection, it is convenient to provide the expressions for the effective properties 4 and § associated
with the Willis estimate (6.28) as follows (see Appendix E.1)

~ 1
F=9+cVPDFAy, §= 50(1) ¢ Ay - (AM)"'F Ay. (6.36)
where 4 = ¢ yM 4+ @ 4@ and F = (M AMQ — ]I)_l Q.
The above formulation for the LCC can be used to generate estimate for the two-phase elasto-
viscoplastic composites described in Section 6.2. In the following, we specialize this formulation to
two particular cases of interest: (1) Purely elastic composites, (2) Composites with a viscoplastic

matrix.

Purely elastic composites

It is of particular interest to investigate the simplification of the above formulation for the LCC
to the special case of composites with purely elastic phases. In this case, the LCC simply reduces
to a two-phase linear elastic composites consisting of an isotropic matrix with the stiffness tensor
C® and a random distribution of aligned, ellipsoidal particles made of an isotropic solid with the
stiffness tensor C(2). This special case is recovered from the above formulation by taking the limits
of MY, M®) — Q. Taking this limit, relations (6.34) reduce to

oM =cWe &3 =c@e. (6.37)

Making use of the identity (6.35), the above relations lead to the following constitutive relation for
the macroscopic response
e=S"s, (6.38)

where

SVt _ [0 O 4 @ C(z)}‘l_ (6.39)

As expected, the above relations correspond to the Voigt bound for a linear elastic composite which
is consistent with our earlier approximation that the elastic strain filed (in this case, the total strain

filed) is constant per phase. In other words, the Voigt bound predicts no fluctuation of the strain
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and stress fields in the particle and matrix phases.

Viscoplastic matrix

When the elastic deformation in the matrix phase is negligible (i.e., eél) = 0), the constitutive

behavior of the matrix is purely viscous. In this case, the approximation of the constant elastic
strain in the particle phase is consistent with the Willis-type estimate used for the behavior of the
LCC as the Willis estimate predicts no fluctuation of the local fields in the particle phase either. In
other words, for the special case of a viscoplastic matrix, the only approximation involved in our

homogenization method is the linearization of the matrix phase.

6.3.2 Implementation of the variational procedure

In this subsection, we discuss the implementation of the variational procedure described in this sec-
tion to estimate the effective behavior of the actual nonlinear composite. In this work, we restrict
our attention to the special case of two-phase incompressible composites consisting of an isotropic
elastic-ideally plastic matrix with yield stress og and a random distribution of isotropic elastic par-
ticles, although our method can be implemented for the case of general two-phase elasto-viscoplastic
composites described in Section 6.2. The limit of elastic particles requires to take the limit of
M® — © in the LCC formulation in Section 6.3.1. Also, we enforce the limit of incompressibility of
the nonlinear matrix phase and elastic particles by taking the incompressibility limit in each phase in
our formulation. Also, the case of elastic-ideally plastic matrices correspond to using the optimality
condition (6.21). In this connection, in order to elucidate the implication of this condition, it is
useful to write it in terms of the second moment of the equivalent stress in the matrix phase in the
(thermoealastic) LCC, defined as

(1) ~
(o) = ) (n™)? 0y UL (@), (6.40)
Making use of the above definition in (6.21), it is written as

<ogq>(1) = 0(2) (6.41)
In fact, the above equation is an average form of the von Mises yield criteria in the matrix phase,
implying that the matrix exhibits an initial purely elastic behavior to the point that the stress in the
matrix phase satisfies the yield criterion in the matrix (given by (6.41)), beyond which the matrix
exhibits a fully coupled elasto-plastic behavior. Therefore, since the particles are assumed to be
purely elastic throughout the deformation history, the behavior of the composite is purely elastic to
the point that the condition (6.41) is satisfied, beyond which the composite exhibits a coupled elasto-
plastic behavior. Therefore, as will be explained in more detail in subsection 6.3.2, equation (6.41)
is used to characterize the end of the purely elastic regime in the behavior of the composites. In this
regard, in the next two subsections, we separately provide the set of equations need to be solved

for obtaining estimates for the purely elastic and elasto-plastic parts of the composite behavior.
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Followed by these subsections, we outline the general procedure to implement our model to obtain

estimates for the behavior of the composite under a full cycle of loading.

Purely elastic regime: An empirical modification

As mentioned earlier, the elastic trial state can be computed from the LCC calculations by taking
the limit M), M(?) — Q. The resulting relations (given by (6.37)-(6.39)) correspond to the Voigt
bound for the elastic composite. However, this bound is too stiff to predict the purely elastic behavior
of the composite. For this reason, instead of using relations (6.37)-(6.39), we propose to make use of
the Willis-type estimate for the behavior of the two-phase composites in the purely elastic regime.
The Willis estimates for the average stress in the matrix and particle phases are given by (Willis,
1977; Ponte Castanieda and Willis, 1995)

—1
&0 =c® (1P, AC) [11 — VP, A(C] é,

—1
5@ =c® []1 — VP, Acc} é, (6.42)

where AC = C™) —C®)| and the microstructural tensor P, is defined by the same relations in (6.30)
and (6.31) with L™ being replaced by C™). Making use of the identity (6.35), the above relations

lead to the following constitutive relation for the macroscopic response
e=S"s¢, (6.43)

where

N 1y (=D
SWs _ {(C(l) + @ [C(l) P, — (A@)—l} } , (6.44)

in which AC = C" — C®. According to the Willis estimate, there are field fluctuations in the

matrix phase, but not in the particle phase. As mentioned earlier and also will be explained in more

2
€q

check whether or not the yield criterion (6.41) is satisfied. Therefore, it is crucial to provide an

detail in subsection 6.3.2, we require to calculate <a >(1) in the purely elastic regime in order to
associated incremental relation to characterize the second moment of stress in the matrix phase. An

incremental relation for this quantity can be written in the form of (see Appendix E.2)

(20" = 161,62,60,62,.7) (6.45)
where . is the set of variables characterizing the microstructure of the composite (such as volume
fraction and shape of the particles). In fact, making use of a time-discretization scheme, the stress
phase averages and the second moment of stress in the matrix are obtained by using relations (6.42)

and (6.45), respectively.
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Elasto-plastic regime

First, making use of relations (6.28) and (6.36) into (6.23), the effective stress potential of the LCC
is expressed as

1

UL(@) ==6 - MDY I+ P H)o+F+cPcCPHQAY) &

2

1
+ 5c<1> @ Ay - LOHQ Ay (6.46)
where H = (c(l) M® Q — ]I)71 Q. The optimal value of (! in the above potential is obtained by
solving the algebraic equation (6.41). Making use of the definition (6.40) for the second moment

and the above expression for the effective potential, equation (6.41) can be written as

3 77(1) 2 - -
o8 = — (0(71)) {a MO I+ P )00
+eD (@) [2 (HQ) ,0 A7) - & + Ay - (LY HQ) o) Aﬂ } (6.47)

where the subscript comma denotes the partial derivative with respect to the following variable.
Note that the differentiation in definition (6.40) is taken while the macroscopic stress & and the
thermal strains 4(") and y(?) are held fixed. Next, combining relations (6.27) and (6.33), we find the

following expressions for the thermal strains

A g DR (&u) _ &<2>) —MDeM),

N ey (DR (;,(1) _ &<2>) , (6.48)

Therefore, substituting relations (6.48) into equation (6.47), this equation can be entirely written in
terms of unknowns (", @ and &®). Then, this equation, together with equations (6.34) for the
evolution of &M and &), can be solved for unknowns 7", &) and ). To this end, we make

use of an implicit time-discretization scheme to solve the three equations.

Implementation procedure

Here, we assume a purely elastic state in the composite to the point that the stress in the matrix
phase satisfies the yield criterion (6.41). The algorithm for determining the effective response of the
composite can be summarized as below

1. At a given time instant ¢ = tg, the first and second moments of the stress are known in the
matrix and particle phases. At this instant, we apply a macroscopic strain increment (€).

™ at the next time

2. We calculate the phase averages (") and the second moment <agq>
increment by using incremental equations (6.42) and (6.45), respectively, corresponding to the Willis
estimates for two-phase, linear elastic composites. The effective macroscopic stress is obtained by
using (6.35).

3.1. If the second of the matrix phase calculated from step 2 satisfies the inequality <agq>(1)

2
< 0p,

the composite behavior is purely elastic and we continue step 2. In this case, the effective behavior
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of the composite is estimated by the constitutive relation (6.43).

3.2. If <a§q>(1) = 02, the matrix phase in the composite has reached the yield stress og. At this
instant, we need to use the LCC to estimate the effective behavior of the composite. In this case,
we make use of an implicit time-discretization scheme to solve nonlinear equations (6.34) and (6.47)
for unknowns ", &) and &® (note that M(?) = @ in (6.34), as we assumed that the particle are

purely elastic). The effective macroscopic stress is obtained by using (6.35).

6.4 Applications and discussions

In this section, we investigate predictions of the homogenization procedure developed in the pre-
vious section for the effective response of an elastic-ideally plastic solids reinforced with a random
distribution of aligned, prolate spheroidal elastic particles, with aspect ratio w and volume fraction
c. Figure 6.1 shows a schematic view of the microstructure in the composite. For definiteness, we
define the principal directions of the particles by the rectangular Cartesian basis {e;} such that the
symmetry axis of the particles is aligned with the es direction. Also, the distribution of particles is
assumed to be statistically isotropic in the transverse plane, namely, the e; — e3 plane. We further
assume that the shape and orientation of the distributional spheroid characterizing the angular de-
pendence of the two-point correlation function (for the distribution of the particle centers) are the

same as those of the particles.

Matrix (Phase 1) Particles (Phase 2) “

Figure 6.1: Schematic illustration of the microstructure in a particle-reinforced composite. The

elastic particles are prolate spheroidal in shape (w > 1), and their symmetry axis is aligned with
the coordinate basis vector es.

The matrix is an elastic-ideally plastic solid with the yield stress gg. Both matrix and particles

are assumed to be isotropic and incompressible. The elastic properties of the matrix and particles
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Material i (GPa) oo (MPa)

Matrix:
Aluminium 28.8 75
Titanium 44.2 818.5
Polyamide 0.8 29
Ceramic Particles:
Tungsten Carbide(WC) 270.1
Silicon Carbide (SiC) 166.7
Nextel 83.3

Table 6.1: Candidate materials for the elastic-ideally plastic matrix and for the elastic fibers.

are characterized by the following stiffness tensor
C" =2 K+o00l, r=1,2 (6.49)

where (") denote the shear modulus of the corresponding phase. Table 6.1 shows the shear modulus
and yields stress properties of some common materials used in particle-reinforced metal-matrix or
polymer matrix composites. We will make use of the properties in Table 6.1 in presenting the
results in this section. In this connection, it is important to clarify that the materials in Table 6.1
are generally compressible, and the chosen properties for our incompressible model does not exactly
represents these materials. However, the compressibility properties of the materials are not expected
to have a significant effect on the overall behavior and the field statistics in the composite when
subjected to isochoric loading as will be described shortly.

The effective potential for incompressible composites with transversely isotropic symmetry may

be written as

U(&) = ¢(7_-a77_'n77_-p)7 (650)

where

_ 1. _ _ _ - -
Ta = m[%% — (011 +022)], T = \/0%3 + 035,

1
and 7, = \/0%2 + 1(511 — 022)?, (6.51)

are an appropriate set of isochoric, transversely isotropic invariants of & corresponding to axisym-
metric shear, longitudinal shear and transverse shear stresses, respectively deBotton and Ponte

Castafieda (1992). The macroscopic equivalent stress of the composites is then obtained as

Ocq = \/T2 + T2+ T2 (6.52)

In a similar manner, the Correspondingly, the transversely isotropic invariants of the average
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stress tensors &(") in the matrix and particle phase can be written as

1
=) — _— 1250 _ (51 4 50 =0 — /(52 1 (5802
T o o o , Ty o i ,
a 2\/§[ 33 (11 22)] (13) (23)
—=(r — (7 1 —(r —(r
and 7" = \/@2))2 + 1(0&) —5))2, r=12 (6.53)

In addition, it is useful to provide results for the standard deviation of the stress filed in the

matrix phase, defined by
SD(l)(Ueq) =1/ (0%, — 72 >(1). (6.54)

This quantity provides a convenient measure for the intraphase stress field fluctuations in the matrix
phase. Also, note that SD(Q)(aeq) = 0 within the Willis estimates.

The results provided in this section are organized as follows. First, in Sections 6.4.1, we address
the effective behavior of the composites consisting of an elastic-ideally plastic matrix and spheroidal
elastic particles, subjected to axisymmetric shear loading-unloading-loading cycles. In this subsec-
tion, we investigate the effect of particle volume fraction and shape as well as the effect of matrix and
particle mechanical properties on the effective behavior of the composite. Here, we also compare our
results with the corresponding analytical and numerical simulations available in the literature. Next,
in Section 6.4.2, we will present representative results for the effective behavior of the composites
subjected to transverse and longitudinal shear modes. Finally, in Section 6.4.3, we will provide rep-
resentative results for the effective behavior of the composites subjected to combined axisymmetric
and longitudinal shear modes. In the last two subsection, we only explore the impact of particle
shape on the overall behavior of the composite for fixed value of the particle volume fraction and
matrix and particle mechanical properties. In all subsections, we present results for the relevant
invariant of the overall stress tensor and the average stress tensor in the matrix and particle phases,
as a function of corresponding macroscopic strain component, as well as for the standard deviation of
the stress field in the matrix phase (defined by (6.54)), as a function of duration of loading. Finally,
we note that all the stress quantities are appropriately normalized by the yield stress of the matrix,

agQ-

6.4.1 Axisymmetric shear

In this subsection, we study the behavior of the composite when subjected to a strain-controlled,

axisymmetric shear loading of the type
- . 1
€, = 60(t) e3 ez — 5(81 ®ert+ex® 92) , (655)

where éy(t) is a step function, defined as

6x1073 if 0<¢t>T,
éo(t) = —6x107% if T <t>3T, (6.56)
—6x1072% if 3T <t>4T,
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in which 7" = 10s. The plots in this subsection are given as a function of €33 = fot(éa)33 dt =
[ éo(t) dt.

Figure 6.2 shows a comparison of predictions of our model with earlier analytical estimates and
numerical simulations for elastic-ideally plastic matrices reinforced by elastic spherical particles with
¢ = 0.17. Results are provided for properties u(l)/ao = 30, and u(2)/u(1) = 2. The IVP estimates
correspond to the predictions of an analytical homogenization model, recently developed by Lahellec
and Suquet (2013). This model follows from an “incremental variation principal” (IVP) which aims
at recasting the elastic and dissipative potentials of the constituents phases into equivalent condensed
incremental potentials (Lahellec and Suquet, 2007). Similar to our model, this model is also based
on the variational principal of Ponte Castafieda (1991), however, it accounts for the filed fluctuations
of the elastic strains in the matrix phase, and therefore, provides more accurate estimates compared
to our model. Also, the FFT results refer to the full-field simulations carried out by Lahellec and
Suquet (2013). It is important to mention that the IVP and FFT results in figure 6.2 are calculated
for composites with compressible phases, however, the effect of compressibility is not expected to be
significant since the composite is subjected to an isochoric loading. The main observation from these
plots is that while the IVP estimate provides a very good agreement with the FFT simulations, the
predictions of our model also provides quite good agreement with the FFT results, especially for
the macroscopic response of the composite in figure 6.2(a). However, we observe from figures 6.2(c)
and (d) that our model tends to overestimate the average stress in the particle phase and the stress
field fluctuations in the matrix phase, which is due to the approximation of the uniform-per-phase
elastic strains used in our model.

Figure 6.3 presents variational estimates for particle-reinforced composites consisting of an elastic-
ideally plastic matrix and elastic spheroidal particles with aspect ratio w = 3 subjected to axisym-
metric shear cycles (6.55), for various particles volume fractions (¢ = 0.1, 0.2, 0.3 and 0.4). Results
are given for the mechanical properties p(*) /og = 54 and p(® /u(t) = 3.8, which correspond to the
incompressible properties of Sic-Titanium composites. We observe from figure 6.3(a) that the com-
posite exhibits three types of behavior in each segment of loading-unloading-loading cycles. First,
the composite exhibits a linear elastic behavior (characterized by relation (6.43)) up to yielding of the
matrix phase, followed by a coupled elasto-plastic behavior, which subsequently reaches a plateau.
At the plateau, the overall stress in figure 6.3(a), as well as the phase averages in figures 6.3(b) and
(¢), coincide with the corresponding predictions of Ponte Castaneda variational procedure for the
effective behavior of a rigid-ideally plastic matrix (with yield stress o) reinforced by rigid particles
(with volume fraction ¢ and aspect ratio w), which is known to be a rigorous upper bound. We
also observe from these figures that increasing volume fractions of the particles stiffens the effective
behavior of the composite.

Figure 6.4 presents variational estimates for particle-reinforced composites consisting of an elastic-
ideally plastic matrix and elastic spheroidal particles with volume fraction ¢ = 0.3 subjected to ax-
isymmetric shear cycles, for various particle aspect ratios (w = 1, 3, 10 and o0). Results are, again,
given for the mechanical properties u(l)/ao =54 and u(z)/u(l) = 3.8. We note that the special case
of w = 1 corresponds to elastic-ideally plastic matrices reinforced by spherical particles, while the

special case of w — oo corresponds to elastic-ideally plastic matrices reinforced by long cylindrical
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Figure 6.2: Estimates for the effective response and field statistics in the composites consisting of

a elastic-ideally plastic matrix and elastic spherical particles (w = 1) with ¢ = 0.17, u™ /oy = 30,
and p(? / M) = 2, under axisymmetric shear loading. Comparisons are shown between our model,
the analytical model of Lahellec and Suquet (2013) “IVP”, and the full-field simulations of Lahellec

and Suquet (2013) “FFT”.
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Figure 6.3: Variational estimates for the effective response and field statistics in the composites
consisting of a elastic-ideally plastic matrix and elastic spheroidal particles with () /oo = b4,
M(Q)/,u(l) = 3.8, and w = 3 under axisymmetric shear loading.
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Figure 6.4: Variational estimates for the effective response and field statistics in the composites
consisting of a elastic-ideally plastic matrix and elastic spheroidal particles with () /oo = b4,

u / pM) = 3.8, and ¢ = 0.3 under axisymmetric shear loading. The material properties correspond
Sic particles and Titanium matrix.
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fibers whose axis of symmetry is aligned with es direction. It is important to note that the results
for the case of long fibers are exact and coincide with the Voigt bound for these composites. This
is because, in this case, the exact solution for the local fields in the matrix and particles phase are
uniform (i.e., fluctuation of local fields is zero within each phase) which is consistent with the Voigt
bound. We observe from figure 6.4(a) that the composite exhibits a more pronounced elasto-plastic
coupling as the aspect ratio of the particle increases. The growth of the macroscopic stress measure
T, becomes unbounded for the case of long fibers (w — oo0) and can be shown to be proportional
to (1 — ¢) €33. We observe from figure 6.4(d) that the standard deviation of the stress is identically
zero for the case of long fibers which is consistent with the exact solution of uniform field-per-phase
in this case.

Figure 6.5 presents variational estimates for particle-reinforced composites consisting of an elastic-
ideally plastic matrix and elastic spheroidal particles with ¢ = 0.3 and w = 3, subjected to axisym-
metric shear cycles (6.55), for the fixed ratio (/") = 2 and various values of the ratio () /ay.
We observe from figure 6.5(a) that all curves reach the same plateau, although the composites with
higher values of u(*) /o exhibit stiffer response and a shorter elasto-plastic coupling before they
reach the plateau. As an example, as we notice from this figures, the composites with a polymeric
matrix (like polyamide) show a much longer range of elasto-plastic coupling than the composites
with Aluminium as the matrix with the same ratio u(® /u(?) = 2.

Finally, in this subsection, figure 6.6 presents variational estimates for particle-reinforced com-
posites consisting of an elastic-ideally plastic matrix and elastic spheroidal particles with ¢ = 0.3 and
w = 3, subjected to axisymmetric shear cycles (6.55), for the fixed ratio u") /oy = 54 and various
values of the ratio () /p™). Similar to the previous figure, we observe from figure 6.6(a) that all
curves reach the same plateau, although the composites with softer fibers exhibit longer range of
elasto-plastic coupling before they reach the plateau. On the other extreme, the composite with

rigid particles exhibit no elasto-plastic coupling regime.

6.4.2 Transverse and longitudinal shear loading

In this subsection, we study the behavior of the composite when subjected to a strain-controlled

transverse and longitudinal shear loadings of the forms

. . 1
EPZEO(t) 5(61 ®el—eg®e2)+e1 ®Xeyt+ey®er|, (657)

and
én = éo(t) (e1 X e3+e3®e +e2®e3+e3®eg), (658)

respectively.

Figure 6.7 presents variational estimates for particle-reinforced composites consisting of an elastic-
ideally plastic matrix and elastic spheroidal particles with ¢ = 0.3, subjected to transverse shear
cycles (6.57), for particle aspect ratios w = 1, 3 and co. Results are shown for the mechanical
properties u(Y) /og = 54 and p®/uM) = 3.8. We observe from figures 6.7 (a-c) that the particle

aspect ratio, when changing from the spherical case (w = 1) to the case of long fibers (w = 1),
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Figure 6.8: Variational estimates for the effective response and field statistics in the composites
consisting of a elastic-ideally plastic matrix and elastic spheroidal particles with g /oo = 54,
M(Q)/,u(l) = 3.8, and ¢ = 0.3 under longitudinal shear loading.

does not produce a significant effect on the effective behavior of the composite and the associated
stress phase averages under transverse shear loading, unlike the case of axisymmetric shear loading
in figure 6.4. However, we see from figures 6.7 (d) that the aspect ratio has a more noticeable effect
on the standard deviation as it measures the stress field fluctuations in the matrix filed.

Similar to the previous figure, figure 6.8 presents variational estimates for particle-reinforced
composites consisting of an elastic-ideally plastic matrix and elastic spheroidal particles with ¢ = 0.3,
subjected to longitudinal shear cycles (6.58), for particle aspect ratios w = 1, 3 and oo. Results
are shown for the mechanical properties ") /og = 54 and p® /) = 3.8. Similar to the case
of transverse shear loading, we observe from figures 6.8 (a-c) that the effective behavior of the
composite and the associated stress phase averages are weakly affected by the particle aspect ratio

under longitudinal shear loading, again, unlike the case of axisymmetric shear loading. This is
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because, for the case of axisymmetric shear loading, deformation is concentrated at the tips of
spheroidal particles, and higher aspect ratios of the particles produces considerably larger stress
concentrations at the tips and, consequently, higher field fluctuations in the matrix phase. On the
other hand, for the case of transverse and longitudinal shear loadings, deformation in the matrix
phase is much more homogeneous, and changing the particle aspect ratio does not significantly alter
the filed fluctuation in the matrix phase. Another interesting observation from figure 6.8 is that the
estimates for the case of w =1 and w — oo coincide with the corresponding estimates for the case
of transverse shear, presented in figure 6.7. The reason, for the case of w = 1, is that the composite
is isotropic so that the transverse and longitudinal shear loadings are equivalent. However, for the
case of long fibers (w — o0), the reason is that the Hashin-Shtrikman estimates for the effective
behavior of the LCC predict the same behavior for the composite under transverse and longitudinal

shear loadings.

6.4.3 Combined shear loading

In this subsection, we study the behavior of the composite when subjected to a combined, strain-

controlled, axisymmetric and longitudinal mode of shear of the form

€= éo(t){[ep,@eg - %(el el t+ex®er)| +a(er®es+e3®e; +e2®e3+e3®e2)}, (6.59)
where « is a constant.

Finally, figure 6.9 shows variational estimates for particle-reinforced composites consisting of an
elastic-ideally plastic matrix and elastic spheroidal particles with ¢ = 0.3, subjected to combined
axisymmetric and longitudinal shear cycles (6.59) with a = 1, for particle aspect ratios w = 1, 3, 10
and oo. Results are shown for the mechanical properties u(l)/ao = 54 and u@)/u(l) = 3.8. First, by
comparing the results in figure 6.9(a) and (b) with the corresponding results in figures 6.4(a) and
6.8(a), we realize that, when the axisymmetric and longitudinal shear modes are applied combined,
the purely elastic regime in the overall behavior of the composite is shorter, compared to case that
theses modes of shear are applied individually. This is simply due to the fact that the application of
a combined loading builds up a larger stress and, therefore, equation (6.41) is satisfied at a smaller
applied strain. Also, we observe from figure 6.9(b) that the particle shape has a rather significant
effect on the behavior of the longitudinal stress invariant 7,, unlike the results in figure 6.8(a),
although the behavior of the axisymmetric stress invariant 7, in figure 6.9(a) remains qualitatively
very similar to that observed from figure 6.4(a). This is because the incremental stiffness of the
composite in the longitudinal direction for the case of spheroidal particles can be strongly affected

when the composite is simultaneously subjected to an axisymmetric mode of shear as well.
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6.5 Conclusions

In this chapter, we have developed a homogenization-based model to estimate the effective response
of composites consisting of an elasto-viscoplastic matrix and a random distribution of aligned, el-
lipsoidal Maxwellian viscoelastic particles subjected to three-dimensional loading conditions in the
regime of small deformations.

Our model can be summarized as follows. First, introducing the (modified) dissipation potentials
in (6.4) to describe the “incremental” constitutive behavior of the local phases, we formulated the
homogenization problem for the composite in a variational framework, defined in (6.8) and (6.9).
Next, we made use of the variational principle of Ponte Castanieda (1991) to approximate the effective
incremental response of the composites by that of a suitably-chosen LCC, consisting of a (fictitious)
Maxwellian matrix reinforced by the same particles. Then, making the approximation that elastic
strains in the composite are uniform-per-phase, the homogenization problem for the LCC simplifies
to that for linear thermoelastic composites with uniform thermal strains, which was addressed by
the homogenization theory of Ponte Castanieda and Willis (1995). Lastly, for the case of elastic
particles, we proposed an empirical modification of the model for the purely elastic response of the
composites.

We have also used our model to explore in more detail the effective behavior and field statistics
in incompressible composites consisting of an elastic-ideally plastic matrix reinforced by a random
distribution of aligned, elastic spheroidal particles subjected to axisymmetric, transverse and lon-
gitudinal modes of shear loading-unloading-loading cycles. In the context of this application, we
investigated the influence of the volume fraction and shape of the particles, constitutive properties
of the matrix and particle phases, and the applied loading conditions on the effective behavior and
field statistics in these composites. We begin by emphasizing, although our model is based on the
uniform-per-phase elastic strain approximation, its predictions were still in relatively good agreement
with full-filed numerical simulations of Lahellec and Suquet (2013) as well as with the corresponding
predictions of IVP model (Lahellec and Suquet, 2013), for spherical particles (w = 1). A general
observation from the results was that the composite exhibits a linear elastic behavior (characterized
by relation (6.43)) up to yielding of the matrix phase, followed by a coupled elasto-plastic behavior,
which subsequently approaches a plateau. Also, for the case of axisymmetric shear cycles, it is
found that the particle aspect ratio has a significant effect on the effective behavior and the field
statistics in the composite, while for the case of transverse and longitudinal shear loadings, the
particle aspect ratio is found to weakly affect the homogenized behavior of the composite. Finally,
we found that, for the case of spheroidal particles, the incremental response of the composite in the
longitudinal direction can be significantly affected when the composite is simultaneously subjected

to an axisymmetric mode of shear as well.
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Chapter 7

Closure
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In this thesis, analytical, homogenization-based models have been developed for nonlinear two-
phase composites subjected to finite deformations. The models have the ability to account for the
local nonlinear constitutive properties, volume fraction, shape, orientation, and distribution of the
particles, as well as for the evolution of these parameters along a given macroscopic loading path.

Motivated by most applications of interest, attention has been given to two-phase composites with
“particulate” microstructures and isotropic phases. In particular, we have developed our homoge-
nizations models for the effective behavior and the microstructure evolution of two-phase composites
consisting of ellipsoidal isotropic particles distributed randomly in an isotropic matrix. The use of
ellipsoidal particles includes - as limiting cases - spherical particles, cylindrical fibers, as well as
laminates.

Our proposed models (except the one developed in Chapter 4) make use of the technique of
“linear comparison composites” (LCC), first introduced by Ponte Castaneda (1991) in the context
of viscoplastic composites. This technique allows to convert available homogenization estimates for
the effective behavior of linear composites into corresponding estimates for nonlinear composites. In
this thesis we have developed homogenization-based models for three classes of nonlinear composite
materials: (I) soft particle-reinforced elastomers, addressed in Part I of this thesis (including Chap-
ters 1-3), (II) viscoelastic suspensions, addressed in Part IT (including Chapters 4 and 5), and (III)
elasto-viscoplastic composites, addressed in Part IIT (including Chapter 6). Next, a brief description
of the main results in this thesis is provided.

In Part I of this thesis, we considered soft elastomeric composites. In Chapter 1, we have
developed new constitutive models for the macroscopic response of composites with hyperelastic
phases and particulate microstructures, subjected to general, three-dimensional, finite deformations.
For this purpose, we have made use of a suitable extension of the tangent second-order (TSO)
homogenization theory of Ponte Castaneda and Tiberio (2000), which is capable of accounting for the
strongly nonlinear overall incompressibility constraint (for incompressible behavior of the phases),
as well as for the reorientation of the particles with the deformation. The TSO theory was tested for
2-D problem consisting of transverse shear loading of elastomers reinforced with cylindrical fibers
of elliptical cross-section, where it was found to recover exactly the generalized second-order (GSO)
results of Lopez-Pamies and Ponte Castaneda (2006a) for dilute concentration of elliptical fibers in
a neo-Hookean elastomeric matrix. Also, a closed-form estimate was derived for the effective stored-
energy function of an incompressible neo-Hookean elastomers reinforced by spherical rigid particle
subjected to general isochoric loadings.

In Chapter 2 (also published in Avazmohammadi and Ponte Castaneda (2014a)), we have made
use of the tangent second-order, finite-strain homogenization framework developed in Chapter 1 to
estimate the overall response and microstructure evolution in incompressible elastomers reinforced
by aligned, spheroidal, rigid particles, subject to general loading conditions. In this chapter, we
also have presented a detailed study of the possible development of macroscopic instabilities in the
particle-reinforced composites of interest, under both aligned and non-aligned loading conditions.
The onset of such instabilities in these materials is identified with the loss of strong ellipticity of
the associated homogenized behavior. It should be remarked that, to the best of our knowledge, the

estimates provided in this chapter for the effective stored-energy function and the particle rotation
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are the first homogenization-type estimates for reinforced elastomers with general spheroidal particle
shape. The results are valid for large strains provided that the interfaces between the particles and
the rubber remain intact.

In Chapter 3 (also published in Avazmohammadi and Ponte Castanieda (2014b)), we made use
of the TSO constitutive model presented in Chapter 2 to generate estimates for the homogenized
stress-strain relation, the evolution of microstructure, and the onset of macroscopic instabilities in
particle-reinforced elastomeric composites consisting of an incompressible Gent /neo-Hookean matrix
and random distributions of aligned spheroidal particles of aspect ratio w. The estimates presented
in this chapter provide a broad picture of the influence of the macroscopic loading conditions, matrix
properties and microgeometry (including particle volume fractions and shapes) on the effective be-
havior and the possible onset of macroscopic instabilities in the composites. These results generalize
earlier results of Lopez-Pamies and Ponte Castaneda (2006b) for 2-D composites reinforced with
elliptical fibers. In addition, the results of this work are consistent with earlier results for laminated
elastomers (deBotton, 2005; Lopez-Pamies and Ponte Castanieda, 2009) and for continuous-fiber-
reinforced elastomers (Agoras et al., 2009a) in the limits as the aspect ratio w tend to zero and oo,
respectively. In this chapter, we carried out comparisons between predictions of the T'SO model
and FEM simulations of Lopez-Pamies et al. (2013a) for spherical particles (w = 1), and found very
good agreement up to fairly large strains. Similarly, the TSO results were found to be in excellent
agreement with FEM results (Moraleda et al., 2009) for the transverse shear response of continuous-
fiber-reinforced elastomers (w — 00). In contrast to the results for spherical particles in Chapter 1,
it was found that the reinforced elastomers with spheroidal particles can undergo shear localization
instabilities, which are captured by loss of ellipticity of the associated effective incremental modulus
tensors, and correspond physically to the sudden collective rotation—or flopping—of the particles
to try to accommodate the imposed deformation. These flopping-type macroscopic instabilities in
short-fiber-reinforced elastomers are very similar to those predicted in the context of model 2-D
composites by Lopez-Pamies and Ponte Castaneda (2006Db).

Next, in Part II of this thesis, we considered viscoelastic suspensions. In Chapter 4, we have
developed a homogenization-based model characterizing the finite-strain, time-dependent response
of non-dilute suspensions of micro-scaled, soft particles in a Newtonian fluid under Stokes flow con-
ditions. Although more general initial shapes and viscoelastic constitutive models could be used for
the particles, we have considered here suspensions of initially spherical particles whose constitutive
response is characterized by Kelvin-Voigt (KV) behavior incorporating finite extensibility of the
particles in the regime of arbitrarily large deformations. The resulting constitutive model provides
a complete description for the time-dependent, macroscopic, rheological response of the non-dilute
suspensions of viscoelastic particles under macroscopically uniform flows, thus generalizing earlier
work by Gao et al. (2011) for dilute suspensions of neo-Hookean (NH) particles. We have also used
the model developed in this chapter to explore the rather rich and complex rheological behavior of
the soft-particle suspensions by focusing on two types of flows: extensional, and simple shear flows.
These examples provide a broad picture of the influence of the flow conditions, constitutive behaviors
of the particles, and the particle volume fractions on the dynamics of the suspended particles, as

well as on the macroscopic rheology of the suspension. We found that, contrary to the steady-state
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(SS) results for extensional flows in which softer particles tend to increase the effective viscosity of
the suspension, the corresponding SS results show that softer particles tend to reduce the effective
viscosity in simple shear, leading to an overall shear-thinning effect for the suspension. This result
suggests that it should be possible to design suspensions of “neutral” particles (Milton, 2002b), as
well as suspensions with lower viscosity than that of the suspending fluid. Also, in this chapter, we
compared the predictions of our model with simulation results for suspensions of capsules, as well
as with the experimental data for the suspensions of RBCs, in a shear flow. It was found that the
predictions of the model are in a good agreement with the simulation results for dilute suspensions
of capsules. For non-dilute suspensions, the corresponding predictions start to deviate from the
simulation results and experimental data at sufficiently large particle concentrations, but they are
still in relative good qualitative agreement with both simulation and experimental results.

In Chapter 5, we have developed a homogenization-based model to estimate the effective rheo-
logical behavior of non-colloidal suspensions of initially spherical, soft particles in yield stress fluids
under Stokes flow conditions. More specifically, we considered suspensions of Kelvin-Voigt solid par-
ticles in a Herschel-Bulkley fluid which undergo time-dependent, finite deformations when subjected
to uniform flows. In this chapter, similar to Chapter 4, we have used our model to explore in more
detail the rheology and particle dynamics in suspensions of elastic Gent particle is HB fluids under
shear flow conditions. In the context of this example, we investigated the influence of constitutive
properties of the HB fluids and the particles, and the particle volume fraction on the dynamics of
the suspended particles, as well as on the macroscopic rheological behavior of the suspension. It
should be remarked that, analytical constitutive models for suspensions of viscoelastic particles in
Newtonian and non-Newtonian fluids, such as those developed in Chapters 4 and 5, are useful in
describing some of the rheological features of complex suspensions, including suspensions of capsules
and vesicles.

At this point, it worth emphasizing that although the analytical constitutive models developed
in Part I and IT of this thesis are approximate, they have significant advantages relative to full field
numerical simulations. First, the numerical simulations of these problems are difficult due to the
large stretches involved (requiring remeshing and other sophisticated numerical techniques) and are
computationally very intensive (in practice, relatively small numbers of particles can be considered
and ensemble averages would be required). Second, in practical applications, it is necessary to solve
boundary value problems with non-uniform boundary conditions and complicated geometries. This
requires the use of the finite element method, and for this purpose, it is crucial to be able to determine
the homogenized response of the composite material accurately and efficiently under general loading
conditions. Clearly, this is something that would be difficult to accomplish numerically with current
codes and computational power for these highly nonlinear, anisotropic materials, but is something
that would be feasible using the analytical constitutive models developed in this work. On the other
hand, the analytical models are given in a form that can be easily implemented numerically into
user-defined constitutive subroutines for use with standard finite element codes.

Finally, in Chapter 6 (corresponding to Part IIT of this thesis), we have developed a homogenization-
based model to estimate the effective response of composites consisting of an elasto-viscoplastic

(EVP) matrix and a random distribution of aligned, ellipsoidal Maxwellian viscoelastic particles
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subjected to three-dimensional loading conditions in the regime of small deformations. We have also
used our model to explore in more detail the effective behavior and field statistics in incompress-
ible composites consisting of an elastic-ideally plastic matrix reinforced by a random distribution of
aligned, elastic spheroidal particles subjected to axisymmetric, transverse and longitudinal modes
of shear loading-unloading-loading cycles. It should be remarked that, for the case of axisymmetric
shear cycles, it was found that predictions of our model were in relatively good agreement with
full-filed numerical simulations of Lahellec and Suquet (2013) as well as with the corresponding
predictions of IVP model (Lahellec and Suquet, 2013), for spherical particles (w = 1). Also, for the
case of axisymmetric shear cycles, it was found that the particle aspect ratio has a significant effect
on the effective behavior and the field statistics in the composite, while for the case of transverse
and longitudinal shear loadings, the particle aspect ratio is found to weakly affect the homogenized
behavior of the composite.

At this stage, it is important to make a few remarks regarding future directions in connection
with the results presented in this work. First, it should be mentioned that the soft elastomeric
composites considered in this work offer great potential to be used as “active materials” due to their
considerable flexibility in the elastic regime. These materials, which change shape and size when sub-
jected to magnetic fields, are usually made in the form of composites consisting of an ideal dielectric
and a distribution of magnetically susceptible particles, such as iron and nickel alloys. Therefore,
the results of Part I of this thesis for the mechanical response of short-fiber-reinforced composites
could be used to derive corresponding results for the magneto-elastic response of such composite

¢

materials when the particles are allowed to be magnetically susceptible by means of the “partial
decoupling approximation” introduced recently by Ponte Castanieda and Galipeau (2011) (see also
Ponte Castafieda and Siboni (2012); Siboni and Ponte Castafieda (2014); Siboni et al. (2014) for
electro-active polymer composites). In addition, the models developed in this part could be gener-
alized to account for deformability in the particle phase as well as for more general microstructures,
including random particle orientations. (See, for instance, Avazmohammadi and Naghdabadi (2009);
Avazmohammadi et al. (2009); Avazmohammadi and Naghdabadi (2013) for simple homogenization
models for these composites with special material properties of the constituent phases, microstruc-
tures and loading conditions.) The applications of these problems can be found in constitutive
modeling of biological tissues such as intervertebral disc and annulus fibrous, which, in a simple
picture, consist of an elastomer-like extracellular matrix and a random-distribution of particle-like,
deformable cells.

In the context of viscoelastic suspensions, considered in Part II of this thesis, a problem of
increasing interest is suspensions of microgels in Newtonian fluids which have applications in drug-
delivery systems. The microgel particles are soft and deform considerably when subjected to shear
flows. However, because of their highly porous nature, their mechanical deformation is strongly
influenced by diffusion of the fluid through them. Therefore, the results of Chapter 4 for the
rheological response of suspensions of soft particles in a Newtonian fluid can be generalized to
include the effect of diffusion and permeability in the particles by making use of constitutive models
for the polymer gels, recently developed by Chester and Anand (2011).

Finally, concerning our work in Part IIT of this thesis, it is recalled that the predictions of
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our models, although very feasible to calculate, are not as accurate as the estimates of the IVP
(incremental variational principle) model of Lahellec and Suquet (2013). Therefore, it is of our
interest to generalize the IVP model, which so far has been developed only for spherical particles,

to account for the particle shape effect on the overall behavior of the EVP composites.
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A.1 On the calculation of the tensor E;

In this appendix, we present a brief outline of the asymptotic analysis associated with obtaining
the limiting value of the tensor E (= P~* — L(Y)) in the incompressibility limit (i.., in the limit
as € = 0). We first spell out the main steps necessary to carry out the asymptotic expansion for
Q = P! about € = 0. For this purpose, we assume that the incompressibility constraint holds, and

that the tensor Q can be expanded in the form
Q=¢c"'Q 14+ Qo+eQ: +O(e?), (A1)

where Q_1 # 0. In order to compute the unknown, tensorial coefficients Q_; and Qq, we need to
first find the null-space of P(the first term in the expansion (1.104)), defined by

null Py = {N|PyN = 0}, (A.2)
By solving PoIN = 0 for the second-order tensor N, we will have
null PO = span{Wl, WQ, Wg}, (A3)

where {W1, Wy, W3} stands for an orthogonal basis for the set of skew-symmetric, second-order
tensors such that W; + W7 =0 and W, - W; =0 (i # j), i,j = 1,2,3. Using the major symmetry
of the tensor Py ((Po)ijki = (Po)kiij), equations (A.3) indicate that

(Po)ijrt (Wp)ki = (Po)kiij (Wp)m =0, p=1,2,3. (A.4)

By substituting the asymptotic expansions (1.104) and (A.1) into the identity PQ = QP =Z, and

collecting coefficients of the same power as ¢, the following system of equations is obtained

Q 1Py=PyQ_, =0, (A.5)
PyQo+P1Q 1 =QPy+Q 1P, =T, (A.6)
PiQi+P1Qo+P2Q_1 = Qi Py +QuP;1 +Q_1P>=0. (A7)

Thus, this system of linear equations for Q_1, Qp, and Q; uniquely determines the coefficients in
the expansion (A.1). Noting that det(Q_1) = 0, the general solution to the tensorial equation (A.5)

can be written as (Avrachenkov et al., 2001)

3
Q=Y W;aVv, (A.8)

=1
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)

where the arbitrary matrices VEO are determined using (A.6). To this end, by transposing (A.6)

(meaning (-)];; = (-)xiij) and then right-multiplying it with W, it follows that
(P1) it (Q=1)kirs(Wp)ig = (Wp)rs, p=1,2,3, (A.9)

where use has been made of the relations (A.4). Substituting (A.8) into (A.9), it leads to

[(P1)ijit (Wp)ig (W)l (V)rs = (Wp)rs, p=1,2,3, (A.10)

from which it is concluded that

1
[ ‘er . PI‘NT'L ( )

Next, the general solution of (A.6) can be represented as (Avrachenkov et al., 2001)
3
Q=P}T-PiQ1)+> W,aV, (A.12)
i=1
By the same token, in order to find Vgl), we take the transpose of (A.7) and then right-multiply it
with W, which leads to

(P1)igwt (Qo)kirs(Wp)ij + (P2)igkt (Q—1)kirs(Wp)ij =0,  p=1,2,3. (A.13)

where, again, use has been made of relations (A.4). Substituting (A.12) and (A.8) into the above
equation, and doing some algebra, the equations (1.110) for Vgl) are obtained. Finally, in the limit
as € — 0, we recover Q_1 = L(f% (when the isochoric deformation condition is satisfied), and along
with the expansion (1.94), the tensor B/ = (P~! — LW)| ), reduces to E'= Q, — LE}).

A.2 In-plane components of the tensor P for cylindrical in-
clusions with elliptical cross-section embedded in a com-

pressible neo-Hookean matrix

In this appendix, we present explicit expressions for the (in-plane) components of the tensor P,
associated with a cylindrical fiber of elliptical cross-section embedded in a generalized linear-elastic
material with modulus tensor L(Y). Tt is recalled that the tensor P, defined by (1.117), makes
use of the tangent modulus tensor L(Y) = (9>W M) /9F 0F)|p_¢. Since L) is characterized by the
objective and isotropic stored energy function W) the following condition is known (Lopez-Pamies
and Ponte Castaneda, 2006b) to be satisfied by LM

Lz(jll)gl (F) - Qrm an@sp qu Rir Rks Lrnnpq (D) ) (A 14)
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where R and Q are the macroscopic orthogonal tensors in the decompositions F = RU = RQD Q7
given by Q = cos(f) (e; ® e; + ez ® e3) +sin(f)(e2 ® e; — e; ®ey) and R = cos(¢) (e1 @ e; + e ®
e2) +sin(y)(e; ® 1 — e ® ey), with respect to the 2-D laboratory frame of reference, and D is a
diagonal, second-order tensor with matrix representation D =) e ®e;+ )\ es;®ey. The tensor L*
is orthotropic relative to {e;} and, recalling that it exhibits major symmetry L = Ly 1t follows
that it generally has five in-plane, independent components. However, in order to obtain simple
analytical expressions for the P tensor components, following Lopez-Pamies and Ponte Castaneda

(2006b), we take advantage of the following constraint for the components of L(1)

1 1 1 1 1 1
L§2)21 - \/(Lgl)ll - L%Q)IQ)(L§2)22 - L§2)12) - L§1)227 (A15)

which is satisfied by the tangent modulus of a neo-Hookean material (but not for more general
hyperelastic materials including Gent).

Following Lopez-Pamies and Ponte Castaneda (2004b, 2006b), the four independent components
of LY are chosen to be LY, =15, L8, =15, L8, =12, L), =17, Tt can then be deduced from
relation (A.14) that

Pijii(F) = RipRig Py (0) (A.16)

p.

Now, making use of this choice of L(Y) along with the constraint (A.15), it follows that the in-
plane components of P*, after some algebra, can be expressed in terms of the the variables Cj
(j =1,...,,13), and the functions P; (i = 1,2, 3), via

Pl = Pi(C1,C0,C3), Py = P3(C4,Cs5,Cs), Pilgy = P3(C7,Cs,Cy)
P1*212 = P2(Ola Co, ClO)a P1*112 = P3(Clv Cy, 011)7 P1*121 = Pl(C% —Cy, 012)
Piy1o = Po(C7,—Cg,Ch2), Pyyoy = P3(C4,C5,Cs), Plygy = P3(C7,Cs,—C3/2), Pyip = P1(C4,Cs,Ch3)

where

Cy = 2L* cos*(0) + (317 — 41} + 15 — 4l%) cosz(é) + 15 =13,
Cy = [L* cos?(0) + 1 — 1* — 13]sin(20), C3 = —L*cos*() + 2(1f — I* —1}) cos®() + I3,
Cy = 2L* cos(0) + (313 — 415 + 13 — 41*) cos? (9) +15 -1,

Cs = [L* cos?(0) + 15 — 1* — 3] sin(20), Cs = L*sin*(A) cos?(0) — I3,

C; = L*sin(460)/4, Cg = L*sin*(20)/2 —1*, Cg = [If —1* — I} — L* cos?(
Cho = L* cos*(0) 4+ 2(15 + 1* —1}) cos?(0) + 15, Oy = 2(15 + 1* —1}) cos? (6
Cho = [L* cos?(0) +1F —1* —I}]sin(f) cos(f),  Cy3 = L*sin?(20)/4 — I},

0)] sm( 9) cos(f)
) — L* cos*(0) + I3,
and

Pl(Al,AQ,Ag) = 19{{@(1410,1 + AQGQ)SQ — k(alz + azz)[(kal — 1)A3 + k(k ay — 1)A1 + k(k ag — QQ)AQ]}S:[
+{(a? + a3)[k(2a1 + a3) — 2] A3 — a2[3ka? — a3k + [(a3 — 4)k — 1]a; + 2] As
+[2kaf 4+ 2(2a3k — 1) a1 + ka3 — (2k + 1)a3]A1}s2 ),
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Py(Ay, Az, As) = =9 {{w(Ara1 + Asaz)sy — (k — 1)(af + a3)[(kay — 1) A5 + k(kay — 1) Ay
+ k(kag — az)Ag]}s1 + {(a + a3)[k(2a1 — 207 — a3) + 2a1 + a5 — 2] A3
+ ag[ka} + (1 —5k)ai + (1 + 4k)as + (1 — k)a3 — 2] Az
+[(2 + 2k — ka3)ai + 2(ka3 — 1)a1 + (1 — 2k)a3 — 2a3k] A1 }s2}

Pg(Al,AQ,Ag) = 19{{@(1410,2 - A2a1)52 - k(k - 1)((112 + a%)[agkAl + (1 - kal)Ag + a2A3]}51
+ {az22aik + (a3k — 2 — 2k)a? + 2(1 — a3k)ar + (2k — 1)a3] Aa
- a2[3afk + (a%k —4k —1)ay +2 — a%k]Al - ag(al2 + a%)(kal —2k+1)As }so.}

In the above expressions,

ap = (I —13)cos(20)/a, ay = (I} —13)sin(20)/a, a = —[I}sin?(A) + 15 cos?(0)]
w=(ka, —1)*+k(k—1)d}, V=2ma{w(ai+a3)s1s2} ', L*=2+20" 151

=S - - 1) k= e - ).

For the special case of compressible neo-Hookean materials, the expression for the components
of the tensor P are obtained by substituting the following expressions for (7, ...[} into the above

relations

;=22 [,ﬁ”(?\? F D)+ O] (i=1,2), 15=xD@T-1), and I = puD, (A.17)

where J = det(F) = A\ \a.

A.3 The tensors P and E for spherical inclusions embedded

in a compressible neo-Hookean matrix

In this appendix, explicit analytical expressions are given for the components of the tensors P and
E for spherical inclusions embedded in generalized linear-elastic material with moduli tensor L),

whose components are assumed to satisfy (Agoras et al., 2009a) the constraints
1 1 1
L§2)12 = ng)lg = Lg3)23
L§2)21 =4/ - 17)(12 - l7) — 13, Lgs)gl =4/(7 - 17)(13 - l7) =z, ng)?,z =/ (15— 17)(13 - l7) — g,
(A.18)

where the variables [ (i = 1,..,7 have been identified with the seven remaining “independent”

components of L) (relative to the basis {e;}) via

* 1 * 1 * 1 * 1 * 1 * 1 * 1
li= Lgl)llv 3= Léz)zza l3 = L§>3)33a Iy = L§1)227 l5 = L§1)33a 16 = Léz)gsv l7 = ng)u- (A.19)
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In this connection, it should be noted that the conditions (A.18) are satisfied by the tangent modulus
of a neo-Hookean material, but not more generally.
Recalling that the composite is statistically isotropic in the undeformed configuration, the ex-

pression for P in the basis {e;} can be expressed as

1 T 2
Pyt = / / (LD ent) €56 d0d (A.20)
T™Jo Jo

where & = sin(¢) cos(f), &2 = sin(¢)sin(f), and &5 = cos(¢). Now, making use of the above choice
for LM it can be shown that the components of the microstructural tensor P are given by the

analytical expressions

1
P =— BT =) {212 + 1515 =
1111 A EE e {\/—( A2 +15(15 - )Er}
=V =G0+ 17 +15) (1) = [(313 + 263)17 — (1) + 20515] 15 + 1315 (417 — 13)}} :
1
Poggg = — VG {20617 — B)xeEe + 131 — 172050 + 15 (15 — 3135))=1}
3l 17(12 =025 =15V =13 {

=l — 3V = {07 + 0+ 15)(13)? = [(317 + 205)l + 20505 — (1515 — (1505 - 41?)}} ;

1 * (1% * - * 7% * x *\1=
Pus =y (VB 1) (2 — [ + 55 - 31D1E))

VT~ I -1 - 1) + 18]}

1
Prgy = ——————————————(I;+17) YAV =12 — x3Be} + (1 + 1)1 — 1)V =15, ¢
317315 —17)2(5 — 1)1 — 13 { b }

I =1
P33 = L7 I5x25e (1 ST A (e o R/
e 31;(@—1;)(1;—l;)(lr—lgw%mmW—m = VI35~ 18y ~ 1505~ )V T}
g4 1%
Paosy = — —— VI DaBe + 20515 — 5)Ef] - 515 — 15)V/IF =15 ¢
317(11_12)(12_13)2\/11_13{ ’ 1 334 )
21
where

_ z*—z* = _pf izt Juis -t
- lz —13 - GG

and X123 = 17930511 +1332) — 205110332 The functions F and E denote the incomplete elliptic
integrals of the first and second kinds, respectively (Abramowitz and Stegun, 1965) which are defined
n (1.138). It is also remarked that the other non-zero components of the tensor P do not enter the
TSO expression (1.130).
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Then, the components of the tensor E may be computed from the corresponding components of

the tensor P by means of the following relations

E1111 = (Pao2aPsgas — Papgs)IL — 17, E2925 = (Pi111Ps333 — Phigs)L — 13
Es333 = (Pi111Paaza — PRoo)IL— 13, E1122 = (Pa233Pr133 — Pr122Pa333)I1 — [
Ei133 = (Pr122Pa23s — Pi133Pag22)IT — I3, Es933 = (Pr122Pr133 — PoagsPrin)IL— 1, (A.22)

where
2 2 2 -1
IT = (Pr111 Po222P3333 + 2P1122 Pr133 Paass — Pi111 P33 — Pa22a Priss — P33z Piigs) -

Next, it is noted that the seven independent components I7,15,...715 (defined by (A.19)) for a

compressible neo-Hookean material are given by
F=X2 W2+ 1)+ /DI i=1,2,3, 1F=p/YN©RT-1); i=4,5,6, (A.23)

and 12 = ™, where J = det(F) = A\ A A3 = 1.
Finally, the expression for the relevant components of the tensor E’ may be obtained by substi-

tuting the expressions (A.23) for the [ (i = 1..7) into the components of the tensor E (A.22) and

taking the limit as ;/(!) — oo. The final expressions are not included here for brevity.
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B.1 Calculation of the tensor E

In this appendix, we recap from Chapter 1 the procedure for calculating the tensor E for a given

stored-energy function Wlsl), macroscopic deformation gradient F, and shape tensor Zg. Thus,

E=Q,—L{, (B.1)
where s
Q=P,T-PiQ1)+> W,aV, (B.2)
i=1
with
3
Q=Y W,avP. (B.3)
=1

In the above equations, {W1, Wy, W3} is a set of second-order tensor spanning the null space of
Py, while the second order tensors Vgo)and Vgl) are defined by (Avrachenkov et al., 2001)
1

vO - __ - w, B.4
P T W, W, (B.4)

and

1
v = —7{ P, P))TW, [W P, - P,P|P WZ} V@} B.5
i W,LPlW»L ( 1 0) + ( 2 149 1) i ’ ( )
where ¢ = 1,2,3 (no sum), and where the superscript 7' denotes the usual transpose of a fourth-
order tensor (i.e., ()gkl = (")r1sj)- In addition, Pg) is the Moore-Penrose generalized inverse of Py

satisfying the properties

Py PPy = Py, P/ P P} = P{,
(PoP))T =Py P},  (PiPy)" =P|P,, (B.6)

where the tensors Py, Py, and Py are given by

_3
2

: (Batie [€7@520) %] Tds,  r=012.  (B)

Pijk = ——
(B)i 41 |Zo| Jig|=1

Note that the tensor Py is the limiting value of the tensor P (defined in (2.18)) in the incompressible
matrix limit. The second-order tensors B,., r = 1,2,3 in (B.7) can be obtained by

1
Byg=—D
0 do 05
1 dy
B,=— (D, ——D
1 do ( 1 do 0>7
d
B, = (dol)g (diDy — doDy), (B.8)
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where dy and d; are given by
1
do = Eeijkepqr (K ) ip (K jq (K —1)kr + (K ) ip (K1) jq (K ) kr + (K1) ip (K ) jq (K k]
1
dy = det(K,) = geijkequ(Ku)ip(Ku)jq(Ku)krv (B.9)

and the tensors Dy and D have components

(Do)ik = €irseipq (KH)TP(K—1)5q7

1
(Dl)lk - Eeirsekpq(K,u)rp(K,u)sq- (BlO)

Finally, the second-order tensors K, and K_; in (B.9) and (B.10) are the parts of the acoustic tensor
K (defined in the context of (2.18)) associated with the ”incompressible” and ”compressible” parts
of the moduli tensor L"), These two parts of the tensor L(Y), denoted by LLl) and L(_li, respectively,
defined in (2.6). Hence, the tensors K_; and K, are determined by the following relations

(K = L)k &6 (K- = (LoD 5 &6 (B.11)

In general, a Gaussian quadrature technique can be implemented for the numerical computations
of the integrals (B.7) over the surface of the unit sphere, |£| = 1. However, it is noted that, for a given
microstructure, and for certain types of matrix behaviors and loading conditions, these integrals can
be calculated analytically, leading to closed-form expressions for the components of the tensor E.
This is the case for spheroidal particles in a neo-Hookean matrix subjected to aligned loadings. The

relevant components of the tensors P,. for this case are given in Appendix C.

B.2 Calculation of the tensors P, for spheroidal particles em-
bedded in a generalized neo-Hookean matrix under non-

aligned loadings

In this appendix, we briefly address the numerical calculation of the integrals (B.7) for the case
of spheroidal particles embedded in an incompressible matrix of the form (2.21) subjected to non-
aligned loadings (2.24) (note that #; = 0°). For this purpose, we make use of polar cylindrical

coordinates, and parametrize the unit vector £ in (B.7) as
&1=V1—=2%2cos(0), & =+1-22%sin(f), &=z, (B.12)

in which 0 and z vary over the intervals 0 < 6 < 7 and 0 < z < 1. Now, making use of (B.12), and
setting Zy = diag(1, 1, w) for the spherical particles, the integrals (B.7) yield to the following double

integrals

T 1 )
(Pr)ijkl = ﬂ/ / (Br)ir =72 dodz, r=0,1,2. (B.13)
i Jo Jo 1+ (w2 —1)22]
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In order to compute the above integrals, it proves helpful to provide the corresponding analytical
expression for the tensors B,., » = 1,2, 3, which can be determined from those of the second-order
tensors Dy and Dy as well as the scalars dy and dy by using relations (B.8). For general non-aligned
loadings (2.24) and general matrix behavior (2.21), the analytical expressions for Dy, D1, dy and d;
are too cumbersome to be included here, and instead, we present the expressions for the tensors K,
and K_; from which the corresponding expressions for Dy, D1, dy and d; can be easily obtained with
the help of relations (B.9) and (B.10). In this case, the components of the symmetric, second-order

tensors K, and K_; read as

(K11 =291 +4(Vi& — V3&3)2grr + (Va&a + V363)2 Nohyy, (Ku)e2 =291 + (4M3g11r + by /N3)E3,
(Ku)a3 =291 +2(Va&n — Va&s)?grr + (Va&a + Vi &3)* A3 by,
(Kp)i2 = [A2(Vi& — Va&s)grr + (Va&y + Va&s) hyy] &,
(Ku)2s = [4Xa(Vas — Va&r)grr + (Va&y + Vi&s) hu] &,
(K1 =4 [(2VF + A3 ks — Va(&E + Vo)) grr + A3 [V + A5 )& + Va(Vigs + Va&?)] hy,
and
(K_1)11 = (Va& +V383)° A3, (K_1)22 = &5/ 73, (K_1)33 = (V&1 + Vi&3)? A3,
(K_1)12 = (Vo &1 + V3&3)&0, (K_1)23 = (V3&1 + V1 &3)60,
(K_1)13 = [(2V5 + A7 )& + (Vadf + V1&3)Va] A3, (B.14)
where

Vi =\ cos(0)? + (5\15\2)_1 sin(0)?, Vo = \p sin(6)? + (5\15\2)_1 cos(0)?

Vs = [5\1 - (5\15\2)_1} sin(#) cos(6).

For the special case of neo-Hookean matrix given by (2.23), the final expressions for dy, d; and Dy,

D; can be simplified considerably. In this case, the expressions for dy and d; are given by
do = (M) (us€f + uséiés +wél + 2 M)A, dy = p Do + (uV)*. (B.15)

Also, the corresponding components of the symmetric matrices Dy and D, read as

(Do)11 = ™M A3 (VP + 2 N1 6 + VP& + 21 V36 83) (Do)az = 1 A2(ua€? + usi€s + ui€2),
(Do)sz = u™M A2 (Ve +t° ME+VPE + 2V3 Va&1&3)

(Do)12 = —u') & (Vo + Vi &s), (Do)as = —pu) &(Vaéy + Vi &3),

(Do)is = —pV A3 [Va V5 &7 + (2VF + X H)&&s + Vi Vs3]

237



and

(D = M(l)(DO)ll + (M(l))2v (D1)22 = M(l)(Do)m + (M(l))27 (D1)3s = M(l)(Do)33 + (M(l))2,
(D1)12 = pM(Do)12,  (D1)1z = M (Do)13, (D1)23 = ™M (Dy)23, (B.16)

where t = (;\15\2)72, and
up = XN cos?(0) +t sin?(f), wug =t cos?(0) + A2 sin?(0), wuz = (A\? —t)sin(20). (B.17)

Finally, it is noted that for the special case of aligned loadings (2.34) with matrix behavior given by
(2.21), we can make use of the analytical expressions for the tensors Dy and Dy and the scalars dg
and d; provided in Chapter 1 for the case of spherical particles embedded in a matrix of the form
(2.21) under isochoric, triaxial loadings of the form (2.34). This is because the tensors Dy and D,
and the scalars dy and d; do not contain any information about the shape of particles and depend
only on the matrix behavior and loading conditions. These expressions are available in relations
(1.131) and (1.132).

In general, a Gaussian quadrature technique with a rather high numbers of Gauss points is
needed for the numerical integrations of (B.13). However, for the special case of a neo-Hookean
matrix subjected to aligned loadings, the integrals (B.13) can be evaluated analytically, and will be

given in Appendix C.

B.3 Normal components of the tensor P,.,r = 1, 2, 3 for spheroidal
particles embedded in a neo-Hookean matrix under gen-

eral aligned loading

In this appendix, we present explicit expressions for the normal components of the tensor P, ,r =
1,2, 3, associated with a spheroidal particle embedded in a neo-Hookean material subjected to the
isochoric, aligned deformation of the form (2.34). It is recalled that these analytical expressions for
the components of the tensors P,., defined by (B.7), are needed to find the corresponding analytical
expressions for the E-tensor, using Eqgs. (B.1)-(B.6). In turn, a corresponding analytical expression
for the effective stored-energy function (2.35) is obtained by substituting the E-tensor components.
Making use of the neo-Hookean model (2.23) into equations (B.8)-(B.11), it follows that the normal
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components of P,., r = 1,2, 3, after some algebra, can be expressed as

(PO)llll = 5\2 ( (1) lz wl w2 w3 -1 {wl wo W3 [ (2 5\25\6 — 14) Al + w3 (w2l4 -2 5\25\3)]
2w {w2 WiEey — w2 { 2L + 1) + 2R T2 3} =4+ lzwmﬁ}}

(P0)222 A (2,U, 1) l2 wo CU3) 1{&)2 [w w3 (2 S\?Xg - 14)141 + W§ (w2l4 - 25\?X§)}

— 2w Ao (WiW3Eer + 11 wisp + lep3)},
(Po)3ass = (M w?wpwd) ™! [wiwow] (w Ay — w3) — w AN WiZer — w ATAS w3 WIS,
—w A3 ws (5\%5\3 —2w? +1) Zr1]
(Po)uizz = =MAe (2D Fwzwi) ™ {waws [w(2A5AT — la) A1 +ws (w’ls — 2 X501)]
—2wW A A2 (w%w%ael + 1y wafl + il Epg)} ,
(Po)11ss = A2A2 (uM I3 w? wo wl)™ Hwdws [(AA] —wi — Dw? +wi — XA + XIA3] Ep
+ww2)\1 wgdel —wAwsla w1:p3 + A2 wf w2 W% (wA; — ws)} )

(P0)2233 = —5\%/_\3 (,Lt(l) lgCL)Q wg’)_l [Xlwgwg(wAl - CU3) + U)S\QCUQ, (w;%Eel - W%Efl — ll Epg)] y

(P11 = Mo (2 u(l)l§ wiwy) ™ [w/_\lwg (w2 T% + A2 l4) Ze1 — wAIA3l3 (1U2T§ + A1 ;\;1) E
+A3 w2 wo (2w - 14)}

(P1)2222 = MA3 (2 MV Bwd) ™ [wAIN I3 E1 — who (w? T — MAJl) Ser + Awa(20° — M la)]

(Pu)szas = Mda(2 Y wiwd) ™ [w(w! + w? AN 1y = 30X Zen — wAIAS (w?T3 — 3X5AY) Eye
—XN3N3 Wy w2]

(Pr)1122 = M2 D Bwiws) ™ [w (w?ly — 2X103) Zer — wAIA3l3 251 — 2 M do wo W],

(P)1ss = AA3(2 M Iswiws) ™ Adewzwf —w (w?TF = AiA3) Eer +wls ()‘1/\2 +w?) Ep],

(P1)2233 = —AIA3 (2 pVlzwiwd) ™! [MAswiws + w (w?Th + XIA3) Zeo — wls (M + w?) Epo]
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(P = =3 he(8 uViufun) ™ {wdy | (Y36 + Ty ) w® + (Y313 + RO + 12280 v’
—w? XN (Y& + Po3+ L) + XA (413 + T} | Eer — wihaly [ (5518 + T35 ) w
~MA3 (3L + T3) w? + NMR | Zp1 + Aawdun |8 wiX - 23 (11§ +T2F) v
208 (43 + 119)]

(Po)aaaa = =M X8 p VG wfed) " {Muwdon |82 + 38 (TE2+718) w? + MA3 (17 +1 13
+wh [(T}? + Yg;g) wh + (Pg;g +Y312 412 Z\?Z\%) w? + 322 (P92 + Y3 4 L}f) w?
FABNG (3Lg + T;g)] 2o — whols [(ng + Tg;g) w* + N2XS (gL —YEi 62 + 1) w?
PR §

(Pa)sass = (81 M howleo) ™ { NiNjunw [w* RS = M3 (1L + T32) w? + MNGRY]
—w [wf RET + 33 (TF + L) w® — XiAS (Y313 + P03 +L4) wh + A0X§ (T168, +18 L) w?
— BAPMPRE] 2o + whEN [(T1) +418) w® — X2A3 (VS5 + PYLS + 1Y) !
+2 2008 (Tigjﬁ +% Lg) w? + 3 xoxgoRgﬂ = fg} ,

(Po)1122 = A2A2(8 V1202w~ {mzwg [8 wh + (gL} - T}) w? — X Rgﬂ wy
—w [(Y};g + Tj) w + (p};g +Y22 Lj) wt — 2 X1 (gu - 14) w? + A5AS Rgﬂ ez

tuly (L5 +To1) wh = 393 (228 — 4X! - RYG) w? - ARG Zpa )

(Po)uiss = Ao (80l ed) (NNt wn [(13 + ) wt + (T4 413 w? + XN RE]
—w | (§13+Ty5) w® + X2A3 (Poa" + Y12 + L) wt — 2283 (B4 — T5Y) w? - MOARY| 2
+w XAl (T3 +4) w® + (15 = TTY) w' = XAZ (42008 + T20) w? + MNS RS 25}
(P2)2233 = — A2 (8 p l3w£11wg) B {5&5\3“% {(T:ls —4)w' + (T}l:g +i L%) w? — X[ Rijﬂ w2
—w |2+ T1S) wf = X3A3 (PYT + Vo2 + Ld) w — 22908 (B8 + T39) w? + MOM R3] 2.
+w XAl (T3 +4) w® + (L1 - T39) w* + 20 MM RY] + MM 251

where

ll :/_\4115\3—1, 12:/_\%/_\421—1, 1314:/_\%4:5\%,

wr = /w2 = X3, we = w2 - NN, ws=Vw? -1,
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and the symbols

LG = aX]A3 4+ DATAS 4+ cAPAS + dATAS,  Pyg = aAlA3 + DATAS + cATA; + dATAS,
Ry'S = cAIAS + dATA; + aAiA3 + b, Ty = aX? 4 bA3 + cATAS + dAT XS,
Yyg = aAl + A3 + eATAS + dATAS, G=0Lg, sL=p L), Tp=Tpy,
are introduced for brevity, with barred subscript/superscript indicating negative coefficients. More-
over, Zf1,2, Ze1,2, Zp3 are given in terms of the incomplete elliptic integrals of the first, second and

third kind (Abramowitz and Stegun, 1965), respectively, via
Efle(ﬂ7w4)a EfQZF(ﬂ;(‘%))
w w

2

—_ w2 —_ w1 —_ Wy w3
:ele( 7w4); ‘Z‘EQZE( ;w5)7 :‘p3:P y ToWa |,

w w w  w

where wy 5 = |/wi y/w3 |, the functions F' and P are defined in (2.44), and the function E is defined
by

(a,b) / m (B.18)

V-t

It is important to note that the components of the P, tensors, given in this appendix, are valid
for both prolate (w > 1) and oblate (w < 1) shapes of particles, and for all positive stretches \;,
and \o. However, for the axisymmetric case with the condition A1 = )\ suitable limits must be
taken. The final results for this case (in terms of the components of the E tensor) are given in
Subsection 2.4.2. Finally, it should be pointed out that the remaining non-zero components of the
tensors P,., such as (P,)1313 and (P, )1113, have not been provided here since they do not enter the
process for calculating the appropriate components of the tensor E, required for determining the

effective stored-energy function (2.35).

B.4 On the modulus tensor L¢ for the incompressible com-
posites with the effective stored-energy function EI\D(Xl, Ao, O, 51)

subjected to non-aligned loadings

In this appendix, we spell out the explicit expressions for the all traces of the effective incremental
moduli tensor L¢ which appear in the condition (2.47). Note that in the incompressibility limit of
the composite, these (3-D) moduli traces remain finite while some components of the tensor Le tend
to infinity. Also, these traces, associated with the loading condition (2.24) (recall that #; = 0°), can
be given in terms of kinematical variables i, A2, (= 05), as well as the derivatives of the effective
potential @(5\1, A2, 01, 05), with respect to its arguments, calculated at #; = 0°. Moreover, the
explicit expressions for the corresponding moduli can be provided in a simpler and shorter form if
they are given in a coordinate basis {e}} which is aligned with the loading axes (see Fig 3.3.2(a)).

In this case, the components of the moduli tensor L¢ in the basis {€}} and {e;} can be related to
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each other thorough the following transformation rule

ngkl( ) QWMQ"]QPqulenpq( ) (B19)

where Q = cos(f) (e; ®e; +e3®e3)+sin(f) (e; ez —e3@e;)+ ex®es, and the primed components
denote those relative to the basis {€/}. Making use of this transformation, the aforementioned traces
of L in the basis {e/} read as

L XA (MM 43) 84, - M 0B 5]
L= -
1
L XA (BB, - M0 B 5]
Ly = B
1
Lo h (MBss, 2085, 2038 ,,)
Ly = B
i
LN (X% MDD ;1) IPYOY: (@19292 WA ;I)
Lizis = 2 L3131 = 2 (B.20)
1 1
_, YOF; (COSz(é) :13 5. + Ao lo 57;\2 + sin(6) cos(f) :13)*2)
Liyze = 12
o A2 (;\% A3 cos?(0) @ 5,5, + I o 3, AT A3 sin(6) cos(6) <I>7g2)
Lozos = 12
., 22 [13 (;\2 57;\2 -\ :13 ) + A2 sin(f) cos () ® 6, — A3sin’(0) :13 7 *1}
Laio = — 12
., M2 [13 (;\2 57* -\ <I> ) + A? sin() cos() :13)*2 — A?sin?(0) :13 7, *1}
Lz = = 3 (B.21)
3
., (/_\2 23,5, — 210 </15_’A —2X% A3 sin (6) cos() @752 — 22273 cos*(0) ® 4. *1) A2
L, = Z
Lo = —(1222)- {/\2/\2 (VEAS 4 A4A2 — 40208 + A8 + 1) 12 sin(0) cos(0) 5,
+ MG [(MIAS + XIA3 — 430 + S + 1) cos® () — 13] @)9*19*1
~ M A BB 5, 5, + MABBED g5 — N L3105, + N353 1367;2} (B.22)
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., ., [(ll cos?(f) — 5\%5\313) 57(;2 — sin(f) cos(f)l; 575151} N2A3
ch?,12 = L36212 = L3C221 == 12 12 Is

[(A?ll cos?(0) — A2 + 23) B . — sin(f) cos(0 )A2zlq>9191} 2o
L2321 = - I3 l%l%

(B.23)

Ly = —(Plyl3) " A2,

x { N33 cos? (0) — s (2NN — 1)] B g, + Ao i Lol & x, 0 — N313 sin(0) cos(0) & 4,5, }
L7 =—(lsla 137 X2,

x {[xng cos2(B) — Iy (ASAS + A2XE — 2)] B g, + Ao ly Il ® 5, 5 — A312 sin(B) cos(f) &)M}
Ly = —(Isla 127 X2,

x {[Xg‘zl cos2(0) — Is (5ASNG — 4 XNA2 + N2AE —2)] D g, + 1y Do s (x@mm@% g)

— 212 sin(f) cos() $7g1g1 } (B.24)

Note that for axisymmetric shear loadings with the condition A\; = Ay = A, suitable limits must be
taken for the traces involving the terms (A; — \g) in the denominator. Taking these limits for the

pertinent traces appearing in the strong ellipticity condition (2.56) yields

+8d

)

ey 1o oo . . .
T = g)\ {)\ Sln2(9)@)j\lj\lglg 6055, +2AD 5,5, 2284

Sitn
>
=

A1=X2=2X

For the special case of aligned loadings (f = 0°), the above expressions for the moduli traces
simplify considerably. For convenience in using these traces in the SE condition (2.50) (associated
with aligned loadings), we provide the simplified expressions. The relevant, non-zero traces in the

basis {e;} (note that E;;kl = ijkl for aligned loadings) read as

o (M +0ds,) L A (Bap Ml
Lig3 = l% ) L33 = l% ) (B.25)
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L§232 - ZQ ’ L§323 - ZQ 3
2 2
IS (x@xl_xﬁ%) SO (x@xl_xzixz)
L2121 - lQ ) L1212 - l ) (B26)
3 3
Y (x 120 55, — 200, — 23033, )
/\* 2 2 2 ,)\2)\2 2 ,)\2 172 ,9191
L4 - l2 5
2
Li = (1213) 7" {Xl M BBl @ 5 5, — NN ® 5, — NNMBI3 @ g9, + X310 5, — N302 03 6,;2} :
(B.27)

Again, note that for axisymmetric shear loadings with the condition A\; = Ao = A, suitable limits
must be taken for the traces involving the terms (A\; — A2) in the denominator. Taking these limits

for the pertinent traces appearing in the SE condition (2.50) yields

~ ~ 1- (1~ <~ (.= 1~
Lig1g = L1901 = 5)\ l§¢ﬁs + A (2q),>\1)\1 - 5(1)?@

L (V18 =207 4 3) 845 435 (B 5,5, + B ) — (N2 +2X - 3) 345
- (26 —1)° '

T
L5

S
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Appendix C
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C.1 The Hashin-Shtrikman-Willis variational estimates

Hashin and Shtrikman (1963) introduced a variational technique to estimate the effective behavior
of linear-elastic composites with statistically isotropic microstructures. This work was extended
later by Willis (1977, 1981) for composites with more general anisotropic microstructures. For the
particulate material systems of interest in this work, consisting of random distributions of ellipsoidal
inclusions in a given matrix, more explicit estimates have been given by Ponte Castaneda and Willis
(1995). Given the well-known analogy between the governing equations for a linear-elastic solid and
a linearly viscous fluid, Kailasam et al. (1997) and Kailasam and Ponte Castaneda (1998) applied
and generalized the PCW theory to estimate the instantaneous response of two-phase linearly and
nonlinearly viscous composites subjected to simple flows, assuming that surface tension, buoyancy
and dynamical effects could be neglected. In this appendix, we demonstrate how this earlier work
for viscous composites can still be further generalized to provide corresponding estimates for the
class of suspensions of finitely deforming, viscoelastic particles considered in this work.

We begin by recalling expressions (4.23) and (4.25) defining the local dissipation potential W of
the suspension. We then introduce a homogeneous “comparison” Newtonian fluid with viscosity n°,

whose dissipation potential is given by
WD) =7"D-D, tr(D)=0. (C.1)

Suppose for now that 7° > n™), n(® | so that W — W9 is a concave function of D. Then, following
Talbot and Willis (1985), the Legendre-Fenchel transform of this difference potential can be defined
as

(W-w?%, (x,8)= inf {E-D-[W(x,D)-WD)]}. (C.2)

Note that the stationary condition associated with this relation is
E=71-29'D, (C.3)

where we have used the fact that 7 = OW/0D. As a consequence, the quantity Z is known as the
“polarization” stress tensor relative to the comparison fluid. Noting that (W — WO)* is concave, we
deduce from (C.2), by Legendre duality, that

W(x,D) = iréf{WO(DH—E-D— (W -w° (x,8)}. (C.4)

Substituting (C.4) into expression (4.31), and interchanging the order of infima over D and =, we

obtain
W(D) = inf { min /(WO(D)+E-D) dv —/(W—Wo)*(x,E)dV , (C.5)
Q Q

as first shown by Talbot and Willis (1985) in the context of linear elasticity. Now, taking the

polarization stress field as given, it follows that the Euler-Lagrange equation for the “inner” minimum
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problem over the field D is given by
Vv —-Vp=-V-E and V-v=0 in Q, and v = Lx on 99. (C.6)

The above differential equation corresponds to the Stokes equation for a homogeneous Newtonian
fluid with viscosity n° subjected to the body force distribution V - Z in the domain €, along with
the affine condition v = Lx on the boundary 9. After choosing 7° to be equal to (1), the above
equations turns out to be the same as those considered by Gao et al. (2011) in the context of dilute
suspensions. As discussed in section 3 of Gao et al. (2011), the solutions for the strain rate and

vorticity fields in the domain  can be expressed in terms of the Green’s function G(x,x’) as

Dis() =Dy + [ Tipalx,x)Spe(x) ', and (1)
Q2)
Wij(x) = Wi —|—/ Nijpg(x, %) Epg(x) dx/, (C.8)
02)

respectively, where Uyjpg = (0% Gip /05 0x})| (1), (pg) a0d Aijpg = (0% Gip /025 02|15, (pg) With the
parentheses and square brackets (enclosing indices) denoting symmetric and anti-symmetric parts,
respectively. The above solution requires information on the polarization stress field in the particle
phase (note that Z is zero in the matrix because of the choice n° = n(").) For the case of dilute
suspensions of ellipsoidal neo-Hookean particles, it was shown by Gao et al. (2011), building on earlier
work by Willis (1977) in linear elasticity, that the polarization field in the particles is uniform. On
the other hand, for non-dilute suspensions, the polarization field is not expected to be uniform in
the particles. However, again building on earlier work (Willis, 1977; Ponte Castaneda and Willis,
1995), it is reasonable to make use of piecewise constant polarization trial fields in the sense of a
variational approximation. Thus, the use of the trial stress polarization 2(x) = x(?)(x) = where
@ (x) is the characteristic function of the particle phase, and 22 the corresponding (uniform)
stress polarizations in the inclusion phase (recall that =0 = 0, due to the choice n° = n(l)), leads
to the result that

W( )gé%f) min /(WO(D)+E-D) dv —/(W—WO)*(X,E)dV : (C.9)
Q Q

Making use of this approximation of uniform polarizations in the particles, and under the separa-
tion of length scales and no long-range order hypothesis for the random distribution of the particle
phase (Willis, 1981; Ponte Castaneda and Willis, 1995; Ponte Castaneda, 2005), the tensors I';jp,
and A;jpe in relations (C.7) and (C.8) may be replaced by the corresponding tensors constructed
from the infinite-body Green’s function. Then, for the case of ellipsoidal particles distributed with
ellipsoidal symmetry (i.e., such that the two-point correlation functions for the distribution of the
particle centers exhibit ellipsoidal angular dependence), it can be shown (Ponte Castaneda and

Willis, 1995; Ponte Castaneda, 2005) that the averages over the particle phase of the strain rate and
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vorticity tensors in (C.7) and (C.8) are given by
DP=D-(1-¢)PE?®, WO =W-(1-¢)RE?, (C.10)

respectively, where ¢ = ¢ is the volume fraction of the particle phase, and P and R are fourth-order

microstructural tensors defined by

1

1
]P):
AT |Z] Jjgj=1

Am|Z] Jjg 1=

H() |Z7¢| " dS, and R= T(¢) |27 ¢| " ds. (C.11)

In these expressions, the fourth-order tensor H and T are in turn defined by

Hijkl = (Mikgjfl”(ij)(kl) 5 Tijkl - (Mikgjfl)hij](kl)y (012)

where M = n(0(I — € @ €).
Having solved for the strain-rate in the “inner” minimum problem, we next need to find the
optimal (uniform) stress polarization 2@ in the inclusions. By evaluating the derivative of the

integrals in (C.9) with respect to = and solving for =) we obtain the result

() = +@ _ 91 D@ (C.13)

m

where 7(?) is the average of the extra stress in the particles at the current instant.
Substituting £, as determined by relation (C.13), in relations (C.10), we obtain the following

expressions for the average strain rate and vorticity tensors in particles
_ -1 ¢ _
D@ — []1 —2(1—¢)p® ]P’} {D —(1—c)P %<2>} , (C.14)

and
W =W+ (1-)R (2 MDA — %@)) . (C.15)
As mentioned earlier, in this work, we consider suspensions of KV particles with a linear viscous
part (1'5,2) = 27)D). Tt follows that the total average extra stress tensor in the KV particles reads
as (see relation (4.1))
7O =7 4 700 = 2) 4 9,)ADO), (C.16)

€ v

Then, making use of this decomposition in relations (C.14) and (C.15), we arrive at the results (4.33)
and (4.34) for the averages of the strain rate and vorticity tensors, respectively, in the particles. With
this result, it can be shown that the effective (modified) dissipation potential (C.9) can be written in
the form (4.32). Finally, it should be noted that under the assumption that n° > 1M, n®@ it follows
from (C.9) that the right-hand side of (4.32) is a rigorous upper bound (see also Lahellec et al., 2011)
for the effective (modified) dissipation potential W(]j) On the other hand, if it is assumed instead
that n° < n(*), n(® the expression in the right-hand side of (4.32) can alternatively be shown to
provide a lower bound for ﬁ//(f)), even if the corresponding expressions for D) and -7'22) do not

change. However, in this work, we will not insist on the bounding properties of the estimate (4.32),
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and we make use of an equality in expression (4.32), in the sense of an approximation.

C.2 Governing equations for extensional flows

In this appendix, we present simplified evolution equations for the initially spherical particles sub-
jected to the extensional flow defined by (4.58). Because of the flow symmetry, the initially spherical
particles remain fixed in orientation, evolving into prolate spheroidal particles with aspect ratios
w = wy = wy. Also, the symmetry implies that ﬂg) = ?2(5) and Dg) = Dé? = —Dﬁ)/Q, where the
second equality follows from the incompressibility in the particles.

With the above-mentioned simplifications, and for the case of KV particles with Gent elastic
behavior, the system of equations (4.33), (4.39), (4.42), and (C.16) can be shown to reduce to

dri}) 2 5@ (=2 _(2) _ (2
— =—D13 (Tell +M) (7611 = Te22 +Mjm) )

dt  pJm
d73) 1 5@ (- _(2) -2

it = _/LJ Dy (7’622 + H) [2 (7’822 — 7'811) + ‘ujm} ,
=(2) _ ~(2) 1) »(2) . dw B 3 —_(2)
Ty =Tey +20 D, =123, - v Pbn

5@ w? (1 —¢) [(w2 + 2)we — 6w1] (7"1(?) — 7"2(3)) — 4w nM 4
20 9(1-c)w? (@ — M) — 2win®] =3 (1 - ¢) w2 (w? + 2) ws (n® — M)}’
(C.17)

where w; = v/1 —w? and wy = 2 In(w; +1) — 2 In(w). Moreover, for the special case of neo-Hookean

elastic response for the KV particles, the above system of ODEs for 7’-532) simplify further reducing

to

ATy 5@ () AT _ 5o (@
ar 2Dy, (Teu + H) I —Dyy (7'822 + N) ; (C.18)

while Egs. (C.17)3_5 remain the same.

C.3 Governing equations for shear flows

In this appendix, we provide simplified evolution equations for the initially spherical particles, when
subjected to the shear flow conditions defined by (4.67). For simplicity, we provide equations only
for the case of KV particles with neo-Hookean elastic response. Recall that the particles take on
general ellipsoidal shapes characterized by the aspect ratios wy and ws, but rotate only in the shear

plane, the rotation being described by the angle §. Then, the system of equations (4.39), (4.40),
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(4.42), and (C.16) can be shown to simplify to

= 2(D3 +W1 ) +2 (3 + wDiY,
L(2 (2)y = (2 2 2 - (2 2 2 2
7’(2% 2( )) e(1% +2( e(2% N)Déz)a Te(3% =—2(73 ) +H)(D§1) +D( ))
-(2 2)4 = (2 2 2) = (2 2 2 2 2
(5 W 0« WD+ DR P o2 | cng
#2) _ (2) 2 (2) Co
T =17, +2n<>D i,j=1,2,3
dwn = (2) dws = (2) de 1+ w% ( ) 2)
—L— 9w, D, 2=, D, = -w.
a et T 2R T T\ T w2 12

The above equations are complemented by relations (4.33) and (4.34) for the average strain rate
D® and vorticity W® in the particles, respectively.

In the context of equations (C.19), it is noted that these equations are written relative to a fixed
coordinate system which is instantaneously aligned with the principal axes of particles. As pointed
out by Gao et al. (2011) (see Appendix A in that paper), because of the rotation of particles in shear
flow, one must account for the rotation of this coordinate system in order to integrate the above
system of equations. One simple way to account for this rotation is to express the stress tensor in

the rotating principal axes of the particles (i.e., {n;,ns,n3}) as

o = 78]

ining + ﬁg% no ns + ?S% nsns + ?éf% (nins +mnomy) (C.20)

Taking the time derivative from both sides of the above relation, we can express the time derivative
of the stress components in the fixed coordinates in terms of the time derivative of those in the

rotating principal coordinates as (see relations (A 10) and (A 11) in Gao et al. (2011))

—(2 —(2
o) _ A, @l Lo dr) o7 40

Te1l = ar Te12 a’ Te22 = dt Te12 a’
y A7 Ly d7Y o
e(sz)a = dt33’ Te(I% = 712 + (Te(li 622) TR (C.21)

After substituting the above relations into the system of equations (C.19), we can directly apply an

implicit (or explicit) time-discretization procedure to integrate the equations.

C.4 The tensors P and R for an ellipsoidal inclusion

In this appendix, explicit analytical expressions are given for the components of the tensors P and
R for a general ellipsoidal particle suspended in an incompressible, isotropic, linear viscous matrix
with the viscosity constant n(*). The final expressions for the components of the tensor P in the

principal coordinate system of the particle read as (Eshelby, 1957; Kailasam, 1998)

Pi111 = hy (6 111 — y1), Paoga = hy (6 Lo wi — y2), Psszs = hy (6 Is3w3 — y3),
Pi192 = hy (2w? I1a — 311y — w3 L13), Pi1sz = hy (2w3 I13 — 3111 — wi I12), (C.22)
Pooss = h1 (2w3 Inz — 3w Iog — I12), Pia12 = ho (1 +wi) 12, Pi313 = ho (1 +w3) L13,
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and Pozpz = ho (w? + w?) Ing where hy = (247n™M)~1a? and hy = (16 7))~ a2, In the above

expressions the following variables have been introduced for brevity
y1 = wi Lo+ wj Iz, y2 = o + Iazw3, ys = Iis + g w?, (C.23)

and the rest of the variables are defined as

-1
I = 47wy we [(l—w%)\/l—wg} (F-E), L=41—1I, — I3,
—1
I3 = 47wy we [(w%—w%)\/l—wg] |:’w1w2_1\/1—w§—E:|,

(C.24)
1 1 1
lho=————5(Io—1), 1= ————-(I3— 1), Iog= ——-——-— (I3 — I
12 2(1 —w%)( 2 1), T3 2(1 —w%)( 3 1), Ia3 az(w% —w%)( 3 2),
1 47 1, 47w 1, 47
N ==(——Is—1T Iy = —(—— — 1o — I I33 = = (——= — 13 — I
11 3( 22 12 13), la2 3(a2 w% 12 23), Is3 3 (a2 w% 13 23),

in which the functions F’ and E denote the incomplete elliptic integrals of the first and second kinds,

respectively, and are defined as

sin(©) 1 sin(©) \/W
v E- |
0

F= d YoM, C.25
0 VI—2V/1 - r2t2 (C25)

1
V1—1t2
where © = sin~ (/1 — w3), and k = \/1 — w?/+/1 — w}. Moreover, the three independent compo-

nents of the tensor R in the principal coordinate systems of the particle read as

1 .. L
Riji; = 67D (I; - I;), fori,j=1,2,3, andj > i. (C.26)
The remaining non-zero components of the tensor R;jz; are obtained by recalling that this tensor is
symmetric with respect to the first two indices (Rjixi = Ryjxi) and anti-symmetric with respect to

the last two indices (Rijix = —Rjjm).
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D.1 Governing equations for the deformation of spherical

particles in a shear flow

In this appendix, we provide simplified evolution equations for the initially spherical, Gent particles,
when subjected to the shear flow conditions defined by (5.62). Recall that the particles take on
general ellipsoidal shapes characterized by the aspect ratios w; and ws, but rotate only in the shear
plane, the rotation being described by the angle . Then, the system of equations (5.50), (5.51),
and (5.54) can be shown to simplify to

Ay =205 + W3 +2 (Y + DY + (77 + W%,
f3r = 2D - Wi )md + 275 +wDg) + (7)) + 1) %,
2 22 + 0D + D2 + (6 + 05,
7y = (D1 = Wi )rd + (D3 + Wi

+713 (DY + D) +2u D7 + 73 %,

_ (o dws = (2 do 1+w? 2 2
:—2w1D§1), Wz—szgl), T 1—w1 D§2) Wl()'

dwy
dt

where
S = [(f1 — 733) DY + (foz — 733) DSy + 2 D) 712]/ (I ).

The above equations are complemented with two equations (5.36) and (5.37) for unknown variables
n™) and ﬁeq. The resulting system of equations, together with relations (5.41) and (5.42) for
the average strain-rate D(® and vorticity W) in the particles, respectively, can be integrated
numerically for the time-dependent solution. The components of the shape tensors P and R, required

for this integration, are available from Appendix D in Avazmohammadi and Ponte Castafieda (2014).
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E.1 Two-Phase thermoelastic composites

In this appendix, we provide expressions for the effective properties as well as the associated concen-
tration tensors for a two-phase thermoelastic composite defined by the local stress potential (6.11).
For this composite, the effective stress potential is defined by (6.23), and the Levin relations (Levin,

1967) for the effective properties 4 and g are given by
=7+ (M-HM) (AM)~}(A), (E.1)

and

1 1 = _

587 - (am)~ (- M) (M)~ (A7), (E2)
respectively, where M = (1 — ¢) M® 4+ ¢M®, AM = M® — M® and Ay = v — 43 Also,

according to Levin’s relation, the strain-rate concentration tensors A and a(!) are expressed as

g:

1 -~  _\T
2) =T
A® =1 —(AL) (L—]L) , and

a@):_;%ﬂALyﬂ(E—EQ(ALY*Av, (E3)

where (AL)™! = L&) — L® and L = (M)~! denotes the effective viscosity of the composite. The

concentration tensors A and a") can be, in turn, obtained from relations (6.26).

E.2 An incremental form for the second moment of stress

In the context of Willis estimates for two-phase composites consisting of a matrix and a distribution

of ellipsoidal particles, the stress phase averages are given by
e =B"g, r=1,2, (E.4)
where the stress-concentration tensors B(") are defined by (Ponte Castafieda and Willis, 1995)
B® — [1— W Q,As], and BO = (@)L (2B _). (E.5)

In the above expressions, the microstructural tensor Q. is defined by the same relation (6.29) with
PM and L™ being replaced by ]P’él) and C™)| respectively.

Also, the second moment of the stress in the matrix phase is obtained as Ponte Castaneda (2005)
3 _ oSV

o -

2 M) oS

<02 >(1) _

€q

G. (E.6)

Making use of expression (6.44) in the above definition, the second moment will take the functional
form
(02" = 9(@,50,8®, ), (E7)

€q
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where . is the set of variables characterizing the microstructure of the composite (such as volume
fraction dn shape of the particles).

For the special case of two-phase composites with incompressible isotropic phases, making use
of relations (E.4) and the identity & = ¢ (") 4 ¢(2 () in the form (E.7), it is possible (at least
for the case of spheroidal particles) to re-write the second moment in the form of

(@20 = h(aM, 6, 7), (E-8)

€q

Therefore, a rate-type relation for this quantity is obtained as given in relation (6.45).
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