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ABSTRACT

NON-LINEAR HOMOGENIZATION OF MAGNETORHEOLOGICAL

ELASTOMERS AT FINITE STRAIN

Evan Galipeau

Pedro Ponte Castañeda

Magnetorheological elastomers (MREs) are composite materials consisting of mag-

netizable particles embedded in an elastomeric matrix material. They are capable of

magnetostriction, generating actuation traction, and magnetic field-dependent modu-

lus effects. Because of these properties, MREs have a myriad of potential applications

including magnetic position sensors, electromagnetic shielding, and flexible magnets,

as well as controllable mounts, clutches and vibration absorbers. While experimental

results demonstrate the promise of these materials, the effects that can be obtained

are still relatively small. The goal of this thesis is to provide a better understanding

of the properties of MREs using theoretical methods to help guide their continued

development. For this purpose, we use homogenization, which determines an ef-

fective macroscopic constitutive model for an MRE based on the properties of the

constituent phases and their arrangement within the composite. Variational homog-

enization methods were developed in this work which provide a framework to predict

the behavior of general magnetoelastic composites. However, specializing this work

to MREs, a somewhat simplified approach is developed which assumes that the mi-

crostructure evolves exactly as it would in the purely mechanical problem; we refer to

it as the “partial decoupling approximation.” Specific constitutive models for MREs

made with rigid inclusions are derived which incorporate the non-linear effects of
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magnetic saturation and the non-linearity inherent in finite strain mechanics. While

the magnetoelastic coupling in MREs can be accounted for by considering the torques

and forces exerted on particles by the applied magnetic field, the variational approach

used here circumvents the need to explicitly compute these forces and torques. The

results demonstrate that for aligned loading, where the magnetic torques vanish,

the magnetoelastic coupling is proportional to the square of the particle concentra-

tions to leading order. For non-aligned loading, the associated torques have effects

proportional to the concentration and can be significantly larger. We optimize mag-

netoelastic properties like magnetostriction, actuation traction, and magnetoelastic

modulus with respect to the microstructure. Furthermore, we investigate multi-scale

composites that utilize magnetic torques and particle rotations to produce strong

magnetoelastic coupling.
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axis of the distributional spheroid. The lines become dashed when the

condition (7.67) on wI, wD and cI fails. . . . . . . . . . . . . . . . . . 215

xxi



Chapter 1

Introduction
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Magnetorheological elastomers (MREs) are composite materials consisting of mag-

netizable particles embedded in an elastomeric matrix material capable of finite

strains. Typical materials used for the matrix include natural rubber, silicone rubber,

and polyurethane, while carbonyl iron, Terfenol-D, and other more exotic materials

have been used for the particles (Rigbi and Jilken, 1983; Sohoni and Mark, 1987; Gin-

der et al., 1999; Carson and Jolly, 2000; Ginder et al., 2002; Lanotte et al., 2003a,b;

Guan et al., 2008; von Lockette et al., 2011; Danas et al., 2012). Because of the

magnetic interactions among the particles, these composites can undergo “sponta-

neous” strain when subjected to a magnetic field, a phenomenon that is more gener-

ally known as magnetostriction. Moreover the macroscopic stiffness of MREs can be

modified quickly, smoothly, and reversibly by application of a magnetic field. This

means that they are good candidates for application as actuators, since their macro-

scopic response can be actively controlled in real-time. Additionally the appearance

of strain in the composite can lead to changes in the overall magnetization (magni-

tude and/or direction), which could be detected by external means. This implies that

MREs have great potential for use as sensors. MREs have already been proposed for

use as media for magnetic data storage, magnetic position sensors, electromagnetic

shielding, flexible magnets, and touch-screen displays, as well as controllable mounts,

clutches and vibration absorbers in the automotive industry. MREs have favorable

processing properties—they can be formed into objects of any shape and size—so

they are expected to find use in many other industrial applications.

Three primary mechanisms are responsible for the magneto-mechanical coupling

in MREs: magnetostriction of the inclusions, magnetic torques on particles, and mag-

netic interactions between particles. For MREs containing particles of giant magne-

tostrictive materials, such as Terfenol-D and Ni2MnGa, all three mechanisms can be

important (Duenas and Carman, 2000). For other inclusion materials, such as car-

bonyl iron, nickel, or cobalt, which have very small magnetostriction, the particles

are effectively rigid, and the primary mechanisms are magnetic torques and magnetic

interactions between particles (Jolly et al., 1996; Bednarek, 1999; Ginder et al., 2002;

Guan et al., 2008).

A significant body of literature lays the foundation for this work. Numerous ex-

periments have been performed on MREs composed of rigid, magnetic particles by

various researchers. The particles can either be distributed randomly in the com-

posite or aligned in chain structures by curing the elastomer under application of
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a magnetic field. Jolly et al. (1996) and Danas et al. (2012) performed shear tests

on chain-structured MREs and showed that the magnetic field increases the effective

shear modulus of the composite. Bednarek (1999) measured the magnetostriction of

composites made with randomly distributed particles subjected to very high mag-

netic fields. Ginder et al. (2002) and Guan et al. (2008) experimentally determined

the magnetostriction of random and chain-structured MREs. Lanotte et al. (2003b)

investigated the effect of particle rotation on the average magnetization of the com-

posite. More recently, Diguet et al. (2010) have provided experimental and theoretical

results for the magnetostriction and magnetic saturation of composite samples formed

into a cylindrical shape and exposed to a remotely applied magnetic field. Work has

also been done on MREs with particles which undergo large magnetostriction. For

instance, Duenas and Carman (2000) obtained experimental results for MREs made

with Terfenol-D inclusions at concentrations ranging from 10% to 50% and estimated

the concentration which maximizes the composite magnetostriction.

While the experimental results demonstrate the promise of these materials, the

overall effects that can be obtained are still relatively small. Experimental studies

to improve these materials are likely to be time-consuming and expensive while the-

oretical methods may allow for the design of better MREs while avoiding the costs

associated with experimentation. Additionally, theoretical studies can provide insight

into the underlying mechanisms responsible for the coupling of MREs. Several papers

have been published recently attempting to postulate constitutive models for mag-

netoelastic, and in particular MRE materials, using “macroscopic” (i.e. continuum

mechanics) methods (Brown, 1963, 1966; Kovetz, 2000; Eringen and Maugin, 1990;

Tiersten, 1964, 1965; Toupin, 1956; Truesdell and Toupin, 1960). Examples of the

use of this type of approach include the works of Brigadnov and Dorfmann (2003);

Dorfmann and Ogden (2004); Kankanala and Triantafyllidis (2004), and Danas et al.

(2012) (see also Suo et al. (2008) for an analogous theory for deformable dielectrics).

Although the continuum theories have been helpful in describing the “macroscopic”

magneto-mechanical response of MREs and have the advantage of considering large

strain, gaining further improvements in the properties of these complex materials

will depend crucially on a better understanding of the highly coupled and nonlinear

structure-property relations for these materials.

A natural tool to study the effective behavior of MREs is homogenization, which

determines a constitutive model for an MRE based on the properties of the consti-
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tutive phases and their arrangement within the composite. For MREs made from

particles with small magnetostriction, Borcea and Bruno (2001) developed a small-

strain model for composites composed of rigid, isotropic, ferromagnetic spheres by

considering particle-particle forces. They obtained estimates that aim to account for

interactions to second order in the volume fraction. Their results agree with the dilute

limit of a rigidly reinforced composite to first order in the volume fraction because the

inter-particle forces vanish in this limit. Furthermore, the isotropic spheres cannot

experience magnetic torques. Yin and Sun (2006) also developed small-strain models

for composites with randomly distributed isotropic spheres; however, the particles

could deform elastically but were assumed to exhibit linear magnetic behavior. The

pairwise particle interactions were used to compute an average stress over the compos-

ite and to obtain magnetoelastic constitutive relations in their work. Yin et al. (2006)

extended this approach to MREs where the magnetic particles form chain structures

but still preserve their spherical shape. In addition, Liu et al. (2006) have calculated

the effective properties of composites made of a dilute concentration of magnetostric-

tive particles dispersed in a magnetically transparent, linear-elastic matrix, by means

of the “constrained theory” of micromagnetics (DeSimone and James, 2002). These

homogenization approaches have been restricted essentially to infinitesimal deforma-

tions and very specific microstructures, which limits their usefulness. On the other

hand, in the context of electro-active polymers deBotton et al. (2007) have recently

generated finite-strain estimates for the macroscopic response of material systems

with a special type of sequentially laminated microstructures and linear electrostatic

response for the inclusion phase.

There is a need to accurately model the macroscopic response of these material

systems and its dependence on the microstructure to aid in the development of MREs.

In fact the magnetic interactions among the particles in these materials depend crit-

ically on their distribution in space, as well as on their shape and orientation. The

orientation of the magnetization in the particles should be taken into account for

the case of magnetically anisotropic particles. Furthermore, the relative position and

orientation of the particles can change because of the large deformations that these

elastomer-based materials are capable of developing. This evolution of the microstruc-

ture must be considered and is in fact critical for determining the coupled behavior

of MREs. The natural tool for accounting for all these effects is homogenization, but

until recently, the state of the art in homogenization theory was not sufficiently ad-
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vanced to undertake this enterprize in its full generality. Accounting for constitutive

and geometric nonlinearities in the context of homogenization is extremely difficult,

and this is presumably the reason why this approach has not yet been attempted for

magnetoelasticity at finite strains.

Determining the effective behavior MREs is a quite complicated problem and

indeed homogenization of MREs reduces to the homogenization of mechanical com-

posites at finite strain in the limit when the magnetic field vanishes. Finite strain

homogenization of this type in the purely mechanical context is already a difficult

problem and we make use of many recent developments in that field. Significant

progress was made by Ponte Castañeda and Tiberio (2000) in deriving second-order

homogenization estimates for hyperelastic composites at finite strains using the “tan-

gent linear comparison” method. This in turn was built on progressive advances in

nonlinear homogenization (Talbot and Willis, 1985; Ponte Castañeda, 1991; Suquet,

1993; Ponte Castañeda, 1996; Ponte Castañeda and Suquet, 1998; Ponte Castañeda

and Willis, 1999). More robust estimates, which are capable of capturing the highly

nonlinear incompressibility constraint in rubber-like materials, have been developed

more recently by Lopez-Pamies and Ponte Castañeda (2006a) making use of the “gen-

eralized secant” approach of Ponte Castañeda (2002), which incorporates the use of

field fluctuations in the earlier second-order estimates.

The goal of this thesis is to provide a better understanding of the properties of

MREs using theoretical methods in order to guide their continued development. To

this end homogenization methods were developed which provide a framework to pre-

dict the behavior of MREs based on the properties of the constituent phases and their

arrangement within the composite. Moreover, the methods also provide a basis for

the analogous electro-magneto-elastic homogenization. It should be noted that the

homogenization methods developed in this work apply to more general magnetoelas-

tic composites, not only MREs, and that the previously mentioned linear comparison

techniques can be brought to bear directly on the magnetoelastic homogenization.

However in this work a somewhat simplified approach which assumes effectively rigid

inclusions and utilizes a “partial decoupling approximation” will be used. Specific

constitutive models for MREs made with rigid inclusions are derived which include

the non-linear effects of magnetic saturation and the non-linearity inherent in finite

strain mechanics. Furthermore, the magnetoelastic properties of these materials were

optimized with respect to effects like magnetostriction, actuation traction, and mag-
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netoelastic modulus. These methods were employed to develop designer materials

capable of more pronounced magnetoelastic effects.

This thesis is laid out as follows. Chapter 2 provides background information.

Since this thesis is primarily directed at the mechanics community, a brief overview

of the physics of magnetism is provided. This provides the foundation for the con-

stitutive models we use to describe the magnetic inclusions in MREs. Then the

necessary background on the coupled magnetoelastic variational methods and energy

functions which serve as the basis for this work is given. We will also discuss the

proper application of magnetoelastic energy functions as there are some important

practical differences between measuring magnetoelastic and purely mechanical mate-

rial properties.

Chapter 3 introduces the homogenization framework based on the energy methods

outlined in Chapter 2. First a variational homogenization formulation is developed

for magnetoelastic composites at finite strain, generalizing the corresponding for-

mulation of Hill (1972) for hyperelastic composites. This formulation makes use of

a Lagrangian constitutive framework originally proposed by Dorfmann and Ogden

(2004) for magnetoelasticity, as well as of variational principles exploiting this frame-

work, recently advanced by Bustamante et al. (2008). Next a “partial decoupling”

of the magnetoelastic homogenization problem is accomplished taking advantage of

the special character of the microstructure and its evolution in MREs. In essence the

microstructure is assumed to evolve with the “purely mechanical” deformation, thus

splitting the original problem into a purely mechanical homogenization problem, to-

gether with a magnetostatic homogenization problem in the deformed configuration.

In turn both of these sub-problems can be solved by means of the “linear compari-

son” homogenization techniques together with the linear homogenization estimates of

Ponte Castañeda and Willis (1995) for composites with particulate microstructures

of the type exhibited by the MREs. The approximation is argued to be very accu-

rate at least in the “stiff matrix” limit. Furthermore explicit results are provided for

MREs with magnetically linear anisotropic behavior, which are later shown to also

be valid for magnetically nonlinear behavior provided that the magnetic permeabil-

ity of the relevant “linear comparison composite” can be computed from the secant

modulus (Ponte Castañeda et al., 1992) of the nonlinear material evaluated at the

average magnetic field in the inclusions. Results are also provided for MREs where

the inclusions exhibit permanent magnetization. The results demonstrate that there
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is an “extra” stress—beyond the usual “purely mechanical” and “vacuum magnetic”

stresses—which can be directly related to deformation-induced changes in the vol-

ume fraction, orientation and distribution of the particles. Finally some concluding

remarks are offered concerning applications of the above-described theory to specific

MRE systems, as well as possible extensions/generalizations for other electro- and

magnetoelastic material systems. The work in this chapter was discussed in Ponte

Castañeda and Galipeau (2011).

Chapter 4 explores the effects of magnetic torques and particle rotations when

the magnetic and mechanical fields are not aligned with the geometric axes of the

particles. We will consider magnetically isotropic particles for simplicity, although

the general theory can account for magnetic anisotropy. In this case, the theoretical

results of Chapter 3 (Ponte Castañeda and Galipeau, 2011) suggest that the effect

of the particle rotations should be of order volume fraction, since these effects de-

rive from the direct interaction of the particles with the applied magnetic field. The

MREs of interest in this work consist of stiff, aligned cylindrical fibers of a magne-

tizable material that are distributed with “elliptical” two-point correlations in a soft

elastomeric matrix. The fibers have elliptical cross-section and their in-plane axes

are also aligned. The resulting MRE systems are subjected to combined in-plane me-

chanical and magnetic loading, and estimates are obtained for their magnetoelastic

stored-energy function using the finite-strain homogenization framework and “partial

decoupling approximation” of Chapter 3 (Ponte Castañeda and Galipeau, 2011). It

is demonstrated that the tractions that are required to maintain a specified deforma-

tion of the MRE have a resultant torque when the macroscopic magnetic field is not

aligned with the geometric axes of the particles. More importantly, it is shown that

the magnetoelastic effects are generally enhanced in this case due to the increased

potential for particle rotations. The effects of having permanent magnets included in

the particulate microstructures is also included. The results of this section provided

the basis for part of the work presented in Galipeau and Ponte Castañeda (2012).

Chapter 5 shows how the homogenization framework can be naturally extended

to include magnetoelastic effects in periodic media. An in-depth analysis and com-

parison of the magnetoelastic effects in periodic and random media is considered in

this chapter. The presence of magnetic particles modifies the magnetic stress even

for dilute particle concentrations; however, accounting for the Maxwell stress out-

side the material shows that the magnetoelastic coupling depends to leading order
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on the concentration squared. This implies that higher order information about the

microstructure is necessary to accurately describe the magnetoelastic coupling. More-

over, we find that linearly magnetic materials with the same susceptibilities can have

rather different magnetoelastic coupling. We demonstrate that the main governing

parameter for the magnetoelastic coupling is the derivative of susceptibility with re-

spect to deformation. These effects are illustrated and confirmed by comparison of

the responses of the MREs with random and periodic distributions of the particles.

We show how magnetic susceptibility as a function of deformation is related to the

coupled magnetoelastic behavior in MREs. As a result parameters useful in charac-

terizing the coupled behavior of MREs are defined. These quantities are evaluated for

random, quasi-hexagonal, and rectangular periodic microstructures over a wide range

of concentrations and particle aspect ratios. Finally, we evaluate the magnetostriction

for these materials to provide direction in developing MREs with strongly coupled

behavior. It is revealed that periodic materials have stronger magnetoelastic effects

than randomly generated materials, but in both cases the effects are greatly influ-

enced by the concentration and relative positions of the particles. This chapter was

completed in collaboration with Stephan Rudykh and Gal deBotton at Ben-Gurion

University, in Beer-Sheva, Israel, who performed the finite element simulations. This

work was presented in Galipeau et al. (2013).

In Chapter 6 laminates consisting of the previously defined MRE systems with

plus/minus orientations of the fibers relative to the layers’ normal are constructed.

Because of the symmetry of the microstructure, the macroscopic torques on the sample

can be eliminated—while still preserving the enhanced coupling effects of the particle

rotations—by application of the magnetic field and mechanical tractions along the

layers’ normal. These laminated MRE samples are found to exhibit greatly increased

actuation and magnetostriction, as well as greater sensitivity of the Young’s modulus

to the applied magnetic field. Additionally, certain instabilities are revealed and

discussed in the process of evaluating these laminated composites. We also consider

the limit where the aspect ratio of the particles in the plus/minus phases becomes

extremely large and the composite becomes a rank 2 laminate. We also evaluate this

material as a function of the microstructure. Portions of this chapter were presented

in Galipeau and Ponte Castañeda (2013).

Chapter 7 investigates a 3D model in the small-strain limit. The homogeniza-

tion technique is applied to composites with “ellipsoidal” microstructures subjected
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to aligned loading conditions. The results are specialized for small strains. Expres-

sions are given for the surface traction in composite materials consisting of spheroidal

particles with nonlinear magnetic behavior, distributed spheroidally in an isotropic

non-magnetic matrix, and subjected to aligned loadings. Then the results are utilized

for uniaxial loading aligned with the symmetry axis of the spheroidal inclusions. Var-

ious parameters are defined, including an actuator energy density, to evaluate these

materials and investigate in some detail the effects of particle shape and concentra-

tion on the magnetoelastic behavior of the composite in the uniaxial tension test.

Additionally we provide predictions of the multidirectional magnetostriction when

the magnetic field is applied transverse to the spheroidal axis. This chapter provided

the basis for Galipeau and Ponte Castañeda (2012).

Finally Chapter 8 provides some concluding remarks as well as some directions

for future work.

In this thesis, scalars will be denoted by italic Roman, a and G, or Greek letters, α;

vectors by boldface Roman letters, b; second-order tensors by boldface italic Roman

letters, P , or bold face Greek letters, ε; and fourth-order by tensors barred letters,

C. When necessary Cartesian components will be introduced; for example, Cijkl are

the Cartesian components of C.
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2.1 Fundamentals of rigid magnetic materials

Magnetism occurs at a variety of length scales with very different effects and con-

sequences. The aim of this section to provide a foundation for understanding the

terminology found in literature about magnetism and magnetorheological materials

and how this work relates to it. Magnetic materials exhibit strong-nonlinearity and

empirical parameters are used in order to simply quantify these materials. The follow-

ing discussion will describe how those parameters relate to the non-linear constitutive

relations used in this work. In this regard, the critical information from books on

electro-magnetism including Jackson (1975), Ohanian (2006), and Kovetz (2000) is

compiled and explained.

2.1.1 Magnetostatic fields and magnetic materials

Here we will consider the field equations governing magnetostatics since we are pri-

marily interested the quasi-static behavior of MREs. A nice presentation is given by

Kovetz (2000) who considered the full electomagnetic system. Reducing this to the

quasi-static case, the fundamental quantities necessary to understand the magnetic

effects are the magnetic flux b and the magnetic intensity h. The fields satisfy these

differential equations

curl h = 0 n× [[h]] = j (2.1)

div b = 0 n · [[b]] = 0 (2.2)

where j is the steady state free current and the curl and div operators are with

respect to the current configuration. These equations are very similar to stress-strain

relations with b being divergence-free like the stress field, and h being the derivative

of a potential or curl-free like the displacement field.

Similar to the mechanics analogy the relationship between b and h is determined

by the material occupying the space in question and can be considered as a ma-

terial constitutive relation. However within a vacuum b and h have a non-trivial

relationship, which is

b = µ0h (2.3)

where µ0 is the magnetic permeability of free space.

Within materials electrons circulate in and around atoms which gives rise to the
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magnetism in atoms or molecules. When a large number of magnetized atoms or

molecules are together we can define the contribution to the magnetic field from the

particles as a magnetization vector m. This quantity is only defined in an average

sense in the context of a region containing a sufficiently high number of atoms. This

magnetization has the effect of increasing (or decreasing when m is negative) the

magnetic flux b making the constitutive relation within a magnetic material

b = µ0(h + m). (2.4)

This formulation can make it appear that there are two independent variables, for

example h and m determining b; however one of the three quantities determines the

other two. A specified h field within a material can cause the material to respond

with a certain magnetization and therefore a magnetic flux b. As it turns out these

functions are in general not necessarily single valued and can depend in a very com-

plicated way on the history and present state of the magnetic fields. Also note that

b, h, and m are vectors and the relationship between them can be anisotropic which

implies the vectors may not be coaxial. For simplicity in this section we will only

consider isotropic material behavior such that the vectors are coaxial. The figures

represent the magnitude of the respective fields.

2.1.2 Fundamental characteristics of diamagnetic, paramag-

netic and ferromagnetic materials

Different materials can respond to magnetic excitation in very different ways. There

are many classifications for magnetic materials; however the difference between these

characterizations depends somewhat on the length scales of the material involved.

On the molecular length scale the three major groups of magnetic materials, dia-

magnetic, paramagnetic, and ferromagnetic referring to different atomic responses to

magnetic excitation. Most, if not all, materials show some degree of all three types of

behavior at the molecular length scale. The degree to which one behavior overshad-

ows the others determines how one should classify the bulk material. Paramagnetic

and diamagnetic effects are actually properties of atoms whereas ferromagnetic be-

haviors are properties of the molecular structure in combination with the magnetic

properties of atoms. This means that it is possible to discuss whether atoms may

be paramagnetic or diamagnetic, but a material being ferromagnetic must refer to a

13
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Figure 2.1: Magnetic constitutive relations for paramagnetic and diamagnetic mate-
rials relative to vacuum. (a) b as a function of h. (b) m as a function of h.

material with some form of structure (Kovetz, 2000).

The properties which we will be concerned with will be properties of magnetic

materials in which large groups of atoms combine to give materials with bulk magnetic

properties. In the bulk these atomic interactions give rise to very different relations

between b, h, and m, depending on the type of material.

The diagrams in Figure 2.1 illustrate the macroscopic behavior of paramagnetic

and diamagnetic materials in relation to vacuum. It is at this length scale that the

qualitative differences in the b − h relations determine how to classify materials.

Paramagnetic materials have a magnetization which increases the magnetic flux rela-

tive to vacuum and diamagnetic materials have a magnetization which decreases the

magnetic flux relative to vacuum. As discussed before, all materials will have some

degree of both paramagnetic and diamagnetic material response at the molecular level

and their combined effect determines their macroscopic response.

For small applied magnetic fields the relations are well approximated as linear and

a very common way of describing the material properties is to describe b or m as a

linear function of h. For these materials the constitutive relation is often written as

b = µh (2.5)
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where µ is the magnetic permeability of the material. Relations of this type are also

given in terms of the susceptibilities χh = µ − µ0 and χb = µ−µ0
µ

which define the

magnetization as

m = χhh and m = χb
b

µ0

. (2.6)

This approximation is good for a large range of excitations; however at large

enough h fields the material becomes saturated. This means that an increase in the

applied field can cause no further magnetization. At this point the magnetization is

constant and the increase in magnetic flux is proportional to the increase in magnetic

intensity with the same coefficient as vacuum. A very large magnetic field is required

to reach saturation (about 20 tesla) so that these materials are well approximated by

linear functions in most cases. The permeability for most materials is in the range of

µ = µ0(1± 0.003). Materials with the coefficient of µ0 less than one are diamagnetic

and materials with a coefficient greater than one are considered paramagnetic. For

these materials the magnetic behavior is independent of the size of the sample, which

is not the case for the ferromagnetic materials we are about to discuss. All these

materials are non-magnetic for most practical purposes because the magnetization is

too small to generate a noticeable effect, especially when compared to ferromagnetic

materials. In this thesis we consider the elastomer matrix to be non-magnetic with

µ = µ0 even though in truth it probably exhibits some paramagnetic or diamagnetic

behavior.

The b− h relations for a typical ferromagnetic are drawn in Figure 2.2 (Kovetz,

2000). The relation is no longer single valued. Small values of h give rise to three

different equilibrium solutions for the resulting magnetic flux and magnetization. It

turns out that solutions with negative slope correspond to unstable solutions leaving

two stable solutions. Also of interest is that for zero applied magnetic field there is

a net magnetization. This spontaneous magnetization is the result of the crystalline

structure and the magnetic moments of the atoms. It is because of this spontaneous

magnetization that ferromagnetic materials are always magnetized at a small enough

length scale. Iron samples on the order of 20 nm can show uniform spontaneous

magnetization with no applied magnetic intensity.

For large samples when the differential equations governing magneto-statics are

solved with a uniform magnetization, the h that results is sufficient to reverse the mag-

netization. If the entire sample were to reverse magnetization the resulting h would
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Figure 2.2: Magnetic constitutive relations for single domain ferromagnetic materials.
(a) b as a function of h. (b) m as a function of h.

reverse the magnetization again. Therefore uniform magnetization is not possible in

larger specimens of ferromagnetic materials. The result is that bulk ferromagnetic

materials divide themselves into magnetic domains. It would seem from solving the

equations of magnetization that any ferromagnetic would continually subdivide into

infinitesimally small domains. However there is a surface energy for magnetic domains

which limits their subdivision. For larger magnetic fields the solutions eventually be-

come singled valued and the individual domains can vanish.

Most practical magnetic particles consist of sufficiently many domains and the

particle magnetization can be thought of as the average over many magnetic do-

mains. Spontaneous magnetization averages to give a bulk magnetization behavior

for a sample at this length scale. While single domains are in fact always magne-

tized, a large group of domains can have a net magnetization of zero. Usually the

magnetic domains are small relative to the size of bulk samples and the effects of

multiple domains decays very rapidly with distance from the sample such that from

a macroscopic perspective only the net magnetization needs to be considered. The

bulk properties of this material would be determined by minimizing the total energy

at the applied b or h field. The resulting magnetization curves for the bulk material

are shown in Figure 2.3. The curves in Figure 2.3 are called the anhysteretic magne-
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Figure 2.3: Anhysteric magnetic constitutive relations for bulk ferromagnetic mate-
rials. (a) b as a function of h. (b) m as a function of h.

tization curves because they ignore hysteresis. These represent the global minimum

of the potential energy of the magnetic material. For many materials the time scale

to reach the equilibrium state can be very long.

Since the time scale to reach equilibrium is so long the magnetization curves of

many ferromagnetic materials do exhibit strong hysteresis such that most ferromag-

netic materials have constitutive relations qualitatively similar to the depiction in

Figure 2.4. The curve starting at the origin illustrates the constitutive relation as the

magnetic intensity is increased from zero in a material which has just been formed or

after the material has been allowed to reach it equilibrium state. After the material

has been brought to saturation and the applied magnetic field is subsequently de-

creased, the response of the material follows the upper curve. If the material reaches

saturation in the negative direction and the magnetic flux is increased again, it follows

the lower curve. The relation is significantly more complicated if the magnetization

cycle does not reach saturation. Creating models to describe magnetic constitutive

relations is an area of active research.

The explanation for this bulk constitutive behavior based on the properties of

the underlying micro-structure is not fully understood; however there is consensus on

some of the underlying causes. The individual magnetic domains become stuck in
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Figure 2.4: Magnetic constitutive relations for bulk ferromagnetic materials. (a) b as
a function of h. (b) m as a function of h.

their present configuration, which is called domain pinning, and it takes an increased

applied field to reverse the individual magnetic domains. These effects are drastically

affected by almost every property of the material and state of the material. Material

impurities, lattice structure, crystalline structure, sample size, and other properties

intrinsic to the materials, as well as the state of stress in the material, applied electric

field, and temperature, plus many others, all influence bulk magnetic materials.

Figure 2.4 serves to define several important parameters in connection with mag-

netic materials. Magnetic saturation is the maximum amount of magnetization that

a material can produce and is the maximum value of m as h → ∞. Remanence

is the amount of permanent magnetization that remains after the applied fields are

removed and is depicted by the vertical and horizontal intercepts. Hysteresis loss rep-

resents the energy expended during a closed magnetization cycle. The area between

the upper and lower magnetization curves represents the total hysteresis loss.

2.1.3 Soft ferromagnetism and hard ferromagnetism

Most materials which are considered magnetic exhibit magnetization behavior qualita-

tively consistent with Figure 2.4. However quantitative differences often significantly
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impact our perception of the magnetic behavior. One type of magnetic material

model is a soft ferromagnetic material. This material idealization has zero remanence

and zero hysteresis. These materials are sometimes called superparamagnetic even

though they are usually ferromagnetic materials with minimal domain pinning. Soft

ferromagnetic materials reach the anhysteretic magnetization curve very quickly. This

means that the magnetization can be approximated as a single valued function of the

magnetic intensity. In turn this implies that the materials can be described by an

energy function. The homogenization framework developed in Chapter 3 requires the

constituent materials to have such energy functions. While no real material achieves

this idealization, it is a good approximation in many contexts and can include both

isotropic and anisotropic magnets. This is the type of material most extensively con-

sidered in this work as it is a good representation of soft iron, nickel, cobalt and their

alloys.

The classification of a hard magnetic materials is more complicated. In contrast

to soft magnetic materials in which the upper and lower magnetization curves coin-

cide, in hard magnetic materials the upper and lower curves widen. Hard magnetic

materials make good permanent magnets because once exposed to a large magnetic

field, they retain their magnetization when the external field is removed. However a

hard magnetic material may be unmagnetized.

These two very general classes characterize the most common types of magnetic

materials, but it is by no means exhaustive. Another useful categorization would be

materials which have a one-to-one magnetization vs. magnetic intensity relationship

yet retain a remnant magnetization. A magnet with these properties would be hard

in the sense that it would be a permanent magnet, but soft because it would exhibit

no hysteresis. We use this model to represent inclusion materials with permanent

magnetization in Chapters 3 and 4. We deem it to be a reasonable approximation for

permanent magnets at least for a small range of applied fields.
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2.2 Magneto-elastostatics and magnetoelastic en-

ergy functions for deformable materials

Given a brief overview of rigid magnetic materials we now move on to coupled mag-

netoelastic behaviors. The coupling of electromagnetism and continuum mechanics

has been an area of active research for well over 100 years and has only recently been

widely accepted. The theoretical foundations of electroelastic and magnetoelastic re-

sponse from a continuum mechanics (or macroscopic) point of view goes back to the

1960s. Truesdell and Toupin (1960), Tiersten (1964) and Maugin and Eringen (1972)

developed the relevant conservation laws and proposed constitutive theories mak-

ing use of the axioms of continuum mechanics (Toupin (1956) considered the finite

strain theory for deformable dielectrics). Tiersten (1965) and Brown (1966) developed

variational approaches by employing a suitable ansatz for the free-energy function.

These theories have been further developed and nicely presented in the monographs

by Eringen and Maugin (1990) and Kovetz (2000). It should also be mentioned that

there are more “microscopic” theories of magnetism, such as micromagnetics (Brown,

1963), which aim to account for the phenomenon of “magnetic domains” in ferromag-

netic materials. A simplified version of this theory has been developed by DeSimone

(1993) in the “large body” limit, while James and Kinderlehrer (1993); DeSimone and

James (2002) have proposed a “constrained theory” appropriate for magnetostrictive,

single-crystal samples with high anisotropy and mobile variant interfaces.

2.2.1 Background on magneto-elastostatics

Neglecting electrical, thermal, and relativistic effects, and under the hypotheses of

quasi-static magnetic and mechanical loadings, the magnetoelasticity problem can

be characterized (e.g., Brown (1966); Eringen and Maugin (1990); Kovetz (2000)) as

follows. Consider a heterogeneous material occupying a volume Ω0 in the reference

configuration when no magnetic and mechanical fields are applied. The specimen is

made up of N different homogeneous phases occupying subdomains Ω
(r)
0 (r = 1, ..., N).

Let X denote the position of a given material particle in Ω0. Under the combined

action of magnetic and mechanical loadings, the material particle will move to a

new position described by x in the deformed configuration of the specimen Ω. This

mapping of material points from the reference to the deformed configuration defines
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a function x = x(X), which is assumed to be continuous and one-to-one so that

there are neither gaps nor interpenetration regions in the material. The deformation

is characterized by the deformation gradient tensor F = Grad x, with Cartesian

components Fij = ∂xi/∂Xj and such that J = detF > 0. Note that F may be

discontinuous, for example, across a material interface, but its jump must satisfy the

condition [[F ]] = A ⊗ N, where N is the normal to the interface in the reference

configuration and A is a vector to be determined from the solution of the problem.

The material satisfies the conservation of mass equation, which in local form

becomes ρ0 = ρ detF , where ρ0 and ρ are the material densities in the reference and

deformed configurations, respectively. Here we will take the density of each phase r

in the reference configuration to be a prescribed constant, ρ
(r)
0 , in such a way that

ρ(r) = ρ
(r)
0 /J . Note that the ρ(r) depend on the deformation and are not necessarily

constant.

Defining T and S = JTF−T as the total Cauchy and first Piola-Kirchhoff stress

tensors, we enforce the equilibrium equations. They can be written equivalently in

Eulerian (in terms of T ), or Lagrangian (in terms of S) forms as

divT + ρf = 0, or DivS + ρ0f0 = 0, (2.7)

where f and f0 are the given mechanical body force distributions in the deformed and

reference configurations, and div and Div are the divergence operators in the deformed

and reference configurations (e.g., Div S is the vector with Cartesian components

∂Sij/∂Xj). It is emphasized here, and discussed in more detail further below, that

these measures of stress include both mechanical as well as magnetic effects. It is

customary by some authors to insert all or part of the magnetic contributions as a

body force in the above equilibrium equations. However it is advantageous in the

present context to include both effects in the total stress for two reasons. First,

unlike the mechanical body force, which is externally prescribed, the magnetic body

force is obtained from the solution of the coupled magnetoelastic problem. Second,

as a consequence of the first point, the magnetic body force will fluctuate on the

same length scale as the microstructure and therefore can not be treated as a fixed

body force in the homogenization problem. In addition to the above conservation of

linear momentum equation, the conservation of angular momentum equation leads

to the requirement of symmetry of the Cauchy stress, T = T T , or equivalently,
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SF T = FST . As with F , the stress fields T and S may be discontinuous across

a given interface, but must satisfy the jump conditions [[T ]]n = 0 (or [[S]]N = 0),

where n (or N) is the normal to the interface in the deformed (reference) configuration.

The equations of magnetostatics are usually expressed in Eulerian form in terms

of the true (or Eulerian) magnetic field h and magnetic induction field b, satisfying

Ampere’s and Gauss’s laws

curl h = j, and div b = 0, (2.8)

respectively. Here, j is the prescribed time-independent current density per unit

volume in Ω, and curl and div are the usual differential operators with respect to x.

However, it is known (Dorfmann and Ogden, 2004; Kankanala and Triantafyllidis,

2004) that these equations can also be written in Lagrangian form as

Curl H = J, and Div B = 0, (2.9)

where H = F Th, B = JF−1b and J = JF−1j are the Lagrangian counterparts

of the magnetic, magnetic induction, and current density fields. These magnetic

fields may also be discontinuous at interfaces, but must satisfy the jump conditions

[[b]] · n = 0 (or [[B]] ·N = 0), and n× [[h]] = k (or N× [[H]] = K), where k (or K)

is the prescribed surface current density per unit deformed surface per unit reference

surface. Once again, n (or N) denotes the normal to the interface in the deformed

reference configuration.

Next we describe in some detail the constitutive behavior of the homogeneous

magnetoelastic phases in the material. We ignore dissipative and thermal processes

by keeping the temperature constant. The constitutive behavior of the magnetoelastic

phases is characterized by energy-density functions, or potentials W (r) (r = 1, ..., N),

which are taken to be functions of the deformation gradient tensor F and the La-

grangian magnetic induction field B, such that the first Piola-Kirchhoff stress S and

the Lagrangian magnetic field H in phase r are respectively given by

S =
∂W (r)

∂F
(F ,B), and H =

∂W (r)

∂B
(F ,B). (2.10)

The use of such energy-density functions has been proposed recently by Dorfmann

and Ogden (2004), who refer to them as “amended” free-energy functions (see also
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Suo et al. (2008)) for the analogous case of deformable dielectrics). It should be

noted that the potential W (r) can be related to the more conventional (Kovetz, 2000)

specific free-energy density Φ(r) via

W (r)(F ,B) = ρ
(r)
0 Φ(r)(F ,B) +

(FB) · (FB)

2µ0J
, (2.11)

where ρ
(r)
0 is the material density of phase r in the reference configuration. Further-

more, defining w(r)(F ,b) = W (r)(F , JF−1b)/J , we have that

w(r)(F ,b) = ρ(r)φ(r)(F ,b) +
1

2µ0

b · b, (2.12)

where ρ(r) = ρ
(r)
0 /J is the material density in the deformed configuration and φ(r)(F ,b) =

Φ(r)(F , JF−1b) is the specific free-energy density (in Eulerian form). It can then be

shown (Kovetz, 2000) that the Cauchy stress T can be written in the form

T = ρ(r)∂φ
(r)

∂F
F T + (m · b)I −m⊗ b + TM , (2.13)

where

TM =
1

µ0

b⊗ b− 1

2µ0

(b · b)I (2.14)

is the so-called Maxwell stress. Note that the Maxwell stress is present even when no

material is present such as in vacuum, or when the material is magnetically insensitive,

in which cases it is known to be self-equilibrated. Also, the Eulerian magnetic field

h can be written in the form

h =
1

µ0

b−m, where m = −ρ(r)∂φ
(r)

∂b
(2.15)

is the Eulerian magnetization and µ0 is the magnetic permeability of vacuum. Al-

ternate, but equivalent forms for the above constitutive equations have been given

by earlier authors, including Brown (1966) and Eringen and Maugin (1990), in terms

of other choices for the free-energy functions which may be related to the above φ(r)

by means of the Legendre transformation (see Kankanala and Triantafyllidis (2004);

Bustamante et al. (2008) for detailed discussions of this point).
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In addition, for incompressible materials, the deformation is constrained so that

detF = 1. (2.16)

In this case the first Piola-Kirchoff stress is given by

S =
∂W (r)

∂F
− pF−T (2.17)

where p is a Lagrange multiplier—the hydrostatic pressure—associated with the in-

compressibility constraint. In the deformed configuration, the corresponding total

Cauchy stress is

T =
∂W (r)

∂F
F T − pI = ρ(r)∂φ

(r)

∂F
F T − pI +

1

µ0

b⊗ b−m⊗ b. (2.18)

It should be emphasized that the above constitutive models are fully consistent

with thermodynamics (see Kovetz (2000)), but because dissipative and thermal ef-

fects are being ignored, the first law will not be needed in this work. On the other

hand the stored-energy functions of the phases are required to be objective so that

W (r)(QF ,B) = W (r)(F ,B) for all proper orthogonal Q and arbitrary deformation

gradients F and magnetic induction fields B. In particular, by making use of the po-

lar decomposition F = RU , where U is the right stretch tensor and R is the rotation

tensor, it follows that W (r)(F ,B) = W (r)(U ,B). Alternatively, in terms of the spe-

cific free-energy density φ(r), objectivity requires that φ(r)(QF ,Qb) = φ(r)(F ,b), for

all proper orthogonal Q, which implies (see Kovetz (2000)) that φ(r) can be written

in the form φ(r)(F ,b) = ϕ(r)(F TF ,F Tb).

Given some assumed convexity in the variable B of the energy functions of the

phases, it is possible to define a partial Legendre-Fenchel transform with respect to

B via

U (r)(F ,H) = inf
B

{
W (r)(F ,B)−H ·B

}
, (2.19)

such that

S =
∂U (r)

∂F
(F ,H), and B = −∂U

(r)

∂H
(F ,H). (2.20)

Note that the new energy functions U (r) will still be polyconvex in the deformation

gradient F , but are now concave in the magnetic field H. An analogous definition is
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made for the Eulerian form of the energy function u(r)(F ,h), which are also concave

in h. Several other partial Legendre transforms are possible (Kovetz, 2000; Kankanala

and Triantafyllidis, 2004; Bustamante et al., 2008), depending on other variables, such

as the magnetization m. However they will not be needed in this work and therefore

will not be discussed further.

2.2.2 Energy functions for special magnetic materials

Although the homogenization framework to be developed in the next chapter will be

of more general application, in this work we will focus on the special case of rigid,

magnetically susceptible particles that are distributed randomly in a hyperelastic,

magnetically insensitive elastomer. It is relevant to make the forms of the functions

W (r) (and φ(r)) more explicit for these two special types of materials. Recall that the

aim of this work is to derive macroscopic forms for the potentials of MREs starting

from the constitutive behavior of the constituent phases.

Elastomeric matrix

In this case, the energy-density function (in the reference configuration) W (1) takes

the form given by (2.11), where the specific free-energy function is now independent

of B. In other words ρ
(1)
0 Φ(1)(F ,B) = W

(1)
me (F ), so that we can write

W (1)(F ,B) = W (1)
me (F ) +W (1)

mag(F ,B), (2.21)

where

W (1)
mag(F ,B) =

(FB) · (FB)

2µ0J
, or w(1)

mag(b) =
W

(1)
mag(F , JF

−1b)

J
=

b · b
2µ0

. (2.22)

Note that w
(1)
mag is independent of F , as expected. In expression (2.21), the subscripts

me and mag have been used to emphasize the fact that they correspond to the purely

mechanical and purely magnetic materials in the absence of magnetic and mechan-

ical fields, respectively. In fact for a homogeneous specimen of an elastomer, the

corresponding Maxwell stress is self-equilibrated just as it is in vacuum, and the mag-

netostatic problem becomes fully decoupled from the mechanical problem. However,

the presence of magnetic particles affects the magnetic fields in the elastomer for the
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problems of interest in this work. The magnetic and mechanical problems become

coupled together, as we will see later. In addition to the objectivity condition dis-

cussed earlier, the (mechanical) stored-energy functions W
(1)
me will be assumed (Ball,

1977) to be polyconvex. Note that W
(1)
mag, as given by expression (2.22), is polyconvex

(i.e., convex in F and in detF , separately), and so polyconvexity of W
(1)
me for the

elastomeric phase implies polyconvexity of W (1) in F (for fixed B). We also assume

that W
(1)
me (F )→∞ as detF → 0+, to ensure the material impenetrability condition:

detF (X) > 0 for X in Ω0. Note that this condition would be automatically satisfied

for incompressible materials, where detF is required to be identically 1. Examples of

W
(1)
me (in the purely mechanical case) include the standard neo-Hookean and Mooney-

Rivlin models, as well as other more realistic models such as the Gent (1996) model.

Also note that W
(1)
mag and w

(1)
mag (and therefore W (1) and w(1)) are convex in B and b,

respectively.

An energy function in the form of equation (2.21) should yield the purely elastic

result in the presence of a magnetic field. Extending elasticity theory directly can lead

to incorrect results. For example, we get a contribution solely due to the magnetic field

if we attempt to follow elasticity and define a material modulus as ∂2W
∂F ∂F

. However,

the measured modulus of rubber does not depend on the magnetic field, so something

is amiss. In the next section we will show how the proposed energy function does

indeed generate the elastic result.

It is worthwhile to note that the complement of equation (2.21) with respect to

B and H is

U (1)(F ,H) = W (1)
me (F )− µ0J

2
(F−1H) · (F−1H). (2.23)

This gives the same expression for the mechanical and magnetic constitutive equation

as expression (2.21), and it is easy to compute via a Legendre transform. This would

be the appropriate function to use if H were chosen as the independent variable.

Rigid, magnetizable particles

In this case, perhaps the simplest possible choice for the specific free-energy function

(in the reference configuration) would be

ρ
(2)
0 Φ(2)(F ,B) = W (2)

me (F ) + ρ
(2)
0 Φ(2)

mag(B), (2.24)
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where the function W
(2)
me is equal to zero if F is a pure rotation R(2) and infinity

otherwise. It serves to enforce the rigidity constraint U = I. Φ
(2)
mag, which can only

depend on B since it cannot depend on R(2) because of objectivity, is assumed to be

convex in B. Therefore, we can write the stored-energy function for this material in

the form

W (2)(F ,B) = W (2)
me (F ) +W (2)

mag(B), (2.25)

where

W (2)
mag(B) =

1

2µ0

B ·B + ρ
(2)
0 Φ(2)

mag(B), (2.26)

or, in Eulerian form,

w(2)
mag(R

(2),b) = W (2)
mag(R

(2)Tb) =
1

2µ0

b · b + ρ
(2)
0 ϕ(2)

mag(R
(2)Tb), (2.27)

where we have used the facts that F = R(2) and ρ(2) = ρ
(2)
0 in the rigid particles,

as well as that ϕ
(2)
mag(R

(2)Tb) = φ
(2)
mag(R

(2),b) = Φ
(2)
mag(R

(2)Tb), because of objectiv-

ity. Once again, in expression (2.25) the subscripts me and mag have been used to

highlight the fact that they correspond to the purely mechanical and purely magnetic

materials, in the absence of magnetic and mechanical fields, respectively. It should

be emphasized, however, that the additive decomposition of the magnetoelastic en-

ergy functions W (r) into a mechanical and magnetic components, denoted W
(r)
me and

W
(r)
mag is not possible in general for magnetoelastic materials. However as we have just

seen it is appropriate for both magnetically impermeable, elastic materials, as well

as for rigid, magnetizable materials. This property will be exploited in section 3.3

to estimate the macroscopic response of elastomeric materials containing a random

distribution of rigid, magnetizable particles.

Rigid, magnetically linear particles

For the special case of linear anisotropic behavior, the function Φ
(2)
mag can be taken to

be of the form

ρ
(2)
0 Φ(2)

mag(B) = − 1

2µ0

B ·X(2)B, (2.28)

where X(2) is a constant, second-order tensor defining the anisotropic magnetic sus-

ceptibility of the material. It should be noted that the tensor X(2) is fixed in the

reference configuration and is therefore independent of the deformation (rotations),
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consistent with objectivity. In terms of the Eulerian description, the corresponding

free-energy ϕ
(2)
mag and magnetization m take the forms

ρ(2)ϕ(2)
mag(R

(2)Tb) = − 1

2µ0

b · χ(2)b, and m =
1

µ0

χ(2)b, (2.29)

where the tensor χ(2) = R(2)X(2)R(2)T now depends on the rotation of the material

and again is consistent with the objectivity requirement. Alternatively, the magne-

tostatic energy w
(2)
mag(F ,b), and magnetic field h are given by

w(2)
mag(R

(2),b) =
1

2
b · µ(2)−1

b, and h = µ(2)−1
b, (2.30)

which provide the standard forms for a linear anisotropic magnet (Jackson, 1975;

Kovetz, 2000). µ(2) = µ0(I −χ(2))−1 is the anisotropic magnetic permeability, which

depends on the current orientation of the material in phase 2, as determined by

µ(2) = R(2)M (2)R(2)T , where M (2) = µ0(I −X(2))−1 is the constant magnetic per-

meability in the reference configuration. It is important to keep in mind that the

rigid particles in the elastomer can rotate in the Eulerian formulation of the prob-

lem. Consequently µ(2) generally depends on the deformation unlike M (2). But this

dependence disappears for isotropic magnetic behavior, when µ(2) = M (2) = µ(2)I.

It is also important to recall that the magnetic susceptibility χ(2) is relatively small

for both diamagnetic and paramagnetic materials (above the Curie temperature) and

therefore for these materials, the magnetic permeability µ(2) is positive definite. The

energy function W (2)(F ,B) (and w(2)(F ,b)) can be assumed to be convex in B (and

b)).

Rigid, ferromagnetic particles

For sufficiently large, polycrystalline samples of ferromagnetic materials below the

Curie temperature, the corresponding energy functions will no longer be quadratic

because the magnetization is nonlinear in the magnetic field. In fact, for these mate-

rials, the magnetization reaches a saturation state at sufficiently high magnetic fields,

beyond which no further increases in the magnetization are possible. On the other

hand, if the ferromagnetic material is assumed to be soft, so that the hysteresis effects

can be neglected, and the particles are assumed to be large compared to the typical

magnetic domain size, the material behavior can be idealized as having a single-valued
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constitutive response. An example of a constitutive model for characterizing the mag-

netization behavior of isotropic ferromagnetic particles is the Langevin model, which

is defined by

ρ(2)ϕ(2)
mag(R

(2)Tb) = −µ0m
2
s

3χ(2)

[
ln

(
sinh

[
3χ(2)b

µ0ms

])
− ln

(
3χ(2)b

µ0ms

)]
. (2.31)

In this expression b is the magnitude of b, ms is the magnetic saturation of the inclu-

sion and χ(2) is the linearized magnetic susceptibility. Note that the corresponding

energy function w
(2)
mag is still convex in b, and leads to the following expression for the

magnetization

m =
ms

b

[
coth

(
3χ(2)b

µ0ms

)
− µ0ms

3χ(2)b

]
b. (2.32)

The theory could be applied equally well to other forms for the free-energy ϕ
(2)
mag of

the particles, including threshold-type models for the magnetization. The general

theory to be developed in this work will be applied to more specific models in future

research.

Rigid particles with permanent magnetization

In many cases the particles may exhibit some amount of permanent magnetization

which remains even after the magnetic field is removed. For our purposes this means

that the particles exhibit permanent magnetization on the length scale of the par-

ticle size. Permanent magnetization of this type can arise in several ways; for suffi-

ciently small particles the magnetization can occur spontaneously when the material

is brought below some critical temperature, usually in the presence of an applied

magnetic field. On the other hand, the material can be subject to a large applied

magnetic field such that when the field is removed some magnetization remains. In

either case the permanent magnetization is the result of a magnetic loading cycle

where the material exhibits some hysteresis.

The homogenization methods used in this thesis are not general enough to account

for hysteresis because the energy and the stress are not uniquely determined by F

and b. However, in the case of MREs with rigid particles and a non-susceptible

matrix, we can evaluate the stress in the composite provided that the magnetization

behavior of the inclusions can be approximated by a linear function for small b. Here
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we assume that the magnetization in the inclusion phase can be expressed as

m(2) =
χ(2)

µ0

b + m
(2)
0 (2.33)

where m
(2)
0 is the permanent magnetization when b = 0 and χ(2) is the differential

susceptibility in the neighborhood around b = 0. Note that this expression charac-

terizes the magnetic behavior in the current configuration so that both χ(2) and m
(2)
0

depend on the rotation of the inclusion.

When the constitutive relation for the particles is of form (2.33) the energy can

be written as

w(2)
mag(F ,b) =

1

2µ0

b · b− 1

2µ0

b · χ(2)b− b ·m(2)
0 + c(2), (2.34)

where c(2) is a constant with respect to b. The amended free-energy function corre-

sponding to expression (2.34) for the particles is

W (2)(F ,B) = Wrig(F ) +
1

2µ0

B ·B− 1

2µ0

B ·X(2)B−B ·M(2)
0 + c(2). (2.35)

In this expression M
(2)
0 is a Lagrangian description of the permanent magnetization

which is independent of the deformation. It is related to the permanent magnetization

in the deformed configuration by R(2)M
(2)
0 = m

(2)
0 where R(2) is the rotation of the

rigid material. Note that the energy functions given by expressions (2.34) and (2.35)

are objective.

In the previous expressions note that the c(2) term accounts for the energy loss

due to hysteresis so we refer to it as a “specific heat”. We also argue that c(2)

does not depend on the deformation because the particles are rigid and objectivity

prohibits a dependence on the rotation. Since c(2) does not depend on either variable

it will not affect the stress or magnetization within the particle or the macroscopic

constitutive relation. While the validity of expression (2.33) may be questionable

for many materials, it does encompass the case of a pure permanent magnet when

χ(2) = 0. The magnetization is independent of the magnetic field in such a case.
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Energy function for other deformable magnetic materials

Energy functions for other classes of deformable magnetic materials are interesting but

we will not use these functions in this thesis. These functions provide important points

of reference when evaluating magnetoelastic energy functions. Energy functions of

the form

W (F ,B) = Wme(F ), and U(F ,H) =

Wme(F ), if H = 0;

−∞, otherwise
(2.36)

actually correspond to a perfect magnetic material, in that the material can sustain

any b field with zero h field. In other words, it is a material with infinite magnetic

susceptibility and no saturation limit. This corresponds to an extreme case, where

the amended free energy function does not depend on the B field and the H field is

always zero. While this energy function is only appropriate in a limited sense, it may

be a reasonable choice to describe a deformable strong magnet material before the

onset of saturation.

Another case to consider is a material where the B field is always zero. The energy

functions are given below.

W (F ,B) =

Wme(F ), if B = 0;

∞, otherwise.
U(F ,H) = Wme(F ) (2.37)

These energy functions correspond to a deformable perfect diamagnet, or a material

which will repel all magnetic flux. A perfect diamagnet is a superconductor (Kovetz

(2000)), for reasons that are beyond the scope of this document. Once again this

energy function would only be valid before the onset of saturation.

It is imperative that any potential magnetoelastic energy function provide rea-

sonable results for both the mechanical and the magnetic constitutive behavior in its

proposed range of validity. In specific if the energy function is intended to apply for

large magnetic fields, it should exhibit saturation behavior and recover the incremen-

tal h-b relation of vacuum. Accordingly it can also be argued that the magnetoelastic

effects should saturate as well.

In summary the above constitutive models for the elastomeric matrix phase and

magnetically susceptible, rigid particles have been found to exhibit energies W (r) that
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are convex in the variable B, or equivalently, Eulerian energies w(r) that are convex

in the variable b. On the other hand the energy functions W (r) of the matrix phase

have been found to be polyconvex in the variable F under the assumption that the

mechanical response is polyconvex.

The formulation of the magnetoelasticity problem is completed by the specification

of appropriate boundary conditions. However, in doing so, it must be kept in mind

(Brown, 1966; Kankanala and Triantafyllidis, 2004; Bustamante et al., 2008) that even

if the magnetoelastic body is surrounded by vacuum, the vacuum can carry magnetic

fields and therefore a (self-equilibrated) stress field this will be discussed in more detail

in the next section. For this reason, the “boundary” conditions are best described in

terms of the already mentioned “jump” conditions across the boundary between the

magnetoelastic material and the surrounding vacuum. As we will see in more detail

in Chapter 3, for homogenization purposes, it will be sufficient to specify conditions

on the displacement and either the normal component of the magnetic induction field

or the tangential component of the magnetic field, depending on which variable is

selected as the independent variable.
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Figure 2.5: During an experiment the magnetic field extends beyond the sample being
tested; therefore there is magnetic stress immediately outside the sample. When
the material being tested is non-magnetic, the magnetic stress inside cancels exactly
the magnetic stress outside the sample. The traction is the same regardless of the
magnetic field.

2.3 Measurement of magnetoelastic properties

2.3.1 Accounting for the Maxwell stress in a non-magnetic

material

In the previous section we proposed a magnetoelastic energy function for a non-

magnetic material. Now it is imperative to describe how this reduces to elasticity

even when the material energy function and the stress depend on b. Intuitively we

expect that a nonmagnetic material such as rubber should not respond to a magnetic

field. We will describe how the theory is consistent with that expectation in this

section and explain why the magnetic stress can have no effect on the measured

results without the presence of a magnetic material.

Consider an elastic experiment as shown in Figure 2.5. When a mechanical trac-

tion is applied to the surface of the material, there is a corresponding displacement of

the boundary. The amount of traction is directly related to the stress in the material.

Now consider a similar experiment except imagine that we hold a permanent magnet

next to the setup, as depicted in Figure 2.5. We expect that when the experiment is
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performed, we will observe the same resulting traction displacement relation regard-

less of the presence of the magnet. However, according to our constitutive relation,

there is a stress resulting from the magnetic field which must be taken into account.

Notice that the magnetic fields extend past the sample and are unperturbed by the

material. Accordingly there is magnetic stress immediately outside the sample. The

actual traction measured on the surface is the imbalance between the total stress in

the material and the total stress outside the material. For a non-magnetic mate-

rial the magnetic stress inside the material cancels the magnetic stress outside the

material. The traction that is measured is the same as if there were no magnetic field.

It is important to note that this is true even if the magnetic fields are not uni-

form. The Maxwell stress is such that in a region with no magnetization, it is always

divergence-free and its normal component is continuous across any surface. In this

way the magnetic stress is completely undetectable by non-magnetic materials.

2.3.2 Applied traction and the total stress

Since there is stress outside the material the relation between the mechanical traction

applied on the boundary of the specimen and the total stress within the material must

be determined in order to make comparisons with actual experiments. In elasticity

the applied traction on the boundary is determined by the appropriate components of

the (mechanical) stress tensor inside the material, because the vacuum immediately

surrounding the material carries no stress. In magnetoelasticity the magnetic fields

extend past the sample being tested and into the vacuum immediately outside the

material. This magnetic field generates a Maxwell stress outside the sample, which

affects the mechanical traction measured on the outer boundary of the specimen.

The magnetic stresses are self-equilibrated and the magnetic fields have no effect

on the traction when a non-magnetic material is being tested. However when the

material is magnetic, the magnetic stresses are not equilibrated and contribute to the

measurable traction on the boundary of the specimen. Based on the jump condition

for the total Cauchy stress, [[T ]]n = 0, and the magnetic jump conditions, [[b]] ·n = 0

and [[h]] × n = 0, the magnetic field and subsequently the magnetic stress outside

the material can be determined based on the magnetic fields inside the material. It

can be shown (e.g., (Kankanala and Triantafyllidis, 2004) ) that the traction on the
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boundary of the specimen can be expressed in the form

t =
[
T +

(µ0

2
(h · h)I − h⊗ b

)]
n− µ0

2
(m · n)2 n, (2.38)

where T , h, b, and m are the fields (in the material) just inside the boundary, and n

is the outward normal to the boundary. It should also be emphasized that although

this formula is easiest to write in terms of T ,h,b and m, these are not all independent

variables. For instance if we specify b and F , all other variables are determined by

the magnetic and mechanical constitutive relations of the material. In addition, note

that in the absence of a magnetic field, the above expression reduces to its usual form

in the purely mechanical case, t = Tn.

2.3.3 Measurement of material properties

Material properties are evaluated by generating uniform fields within the material. A

uniform deformation is accomplished in the purely mechanical context by specifying

the position of the boundary as

x = F̄X (2.39)

and an affine traction on the boundary has the form

t = T̄n (2.40)

where n is the normal to the material surface and F̄ and T̄ are constant second order

tensors. Traction conditions of the form (2.40) have the advantage that the traction

components can be directly related components of a second order tensor. In many

contexts there is little need to distinguish between the stress and the traction.

In magnetoelasticity T , h, b and m are all constant within the body if the de-

formation and magnetic fields are uniform which implies that such an affine traction

cannot exist in general. If such an affine traction condition exists we would need to

find a T̂ such that for all values of n

T̂n =

[
T +

(
µ0h · h

2
I− h⊗ b

)]
n− µ0 (m · n)2

2
n (2.41)

then we could write t = T̂n for the traction. Unfortunately, this is impossible unless

m = 0. This can be demonstrated by carefully choosing four different n; this leads
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Figure 2.6: The magnetic circuit maintains nearly uniform fields within the sample
while uniform traction is applied on the surface. There is a distortion of the magnetic
fields near the interface corner. Over the majority of the surface, the fields are
uniform.

to inconsistent equations to determine the components of T̂ . This implies that the

traction conditions normally used in elasticity are inconsistent with uniform fields in

a magnetoelastic solid surrounded by non-magnetic media as either the traction on

the body is not affine or the fields within the material are not uniform. In that case

the exact solution would depend on the shape of the sample which implies that the

relation is not a material property.

Regardless of this apparent mathematical inconsistency, magnetostriction and

magnetoelastic moduli are experimentally measured. We can relate the theory to

the practical measurements by carefully considering the experimental setup. Figure

2.6 depicts a typical magnetoelastic experiment. The magnetic circuit, usually made

of iron, maintains nearly uniform magnetic fields within the sample. If the space
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between the iron and magnetoelastomer is small relative to the size of the sample,

the fields immediately outside the sample are uniform over most of the surface. Sub-

sequently, the traction measured on the exposed surfaces is also nearly uniform. This

approximation is consistent with experiments which measure magnetoelastic Young’s

modulus and magnetostriction. This setup avoids the mathematical inconsistency

because the sample only has two normal directions. Effectively an affine traction is

applied in every actual normal direction.

We call these three values n(a), where a = 1, 2, 3 and consider the three traction

vectors t(a) corresponding to the exposed surfaces. To maintain parity with elasticity

we can define M̂ and T̂ which satisfy the following

µ0 (m · n)2

2
n = M̂n ∀n = n(a), (2.42)

and

t(a) = T̂n ∀n = n(a). (2.43)

The matrix T̂ is a generalized applied traction “tensor” corresponding to an affine

applied traction analogous to the purely mechanical. Then

T̂ =

[
T +

(
µ0h · h

2
I− h⊗ b

)]
− M̂ (2.44)

for every physical normal direction of the sample. We have gone through considerable

effort to keep the equation in this form because this completes the analogy to elas-

ticity. This form also allows us to observe many interesting facts about the applied

traction. First notice the potentially non-symmetric h⊗ b term. We know that T is

always symmetric and M̂ can be made symmetric by choosing orthogonal normals.

Consequently, there must be some antisymmetric part of T̂ for this cuboid to be in

static equilibrium. This is reasonable because magnets will experience a net torque

aligning them with an external magnetic field. The antisymmetric part of T̂ accounts

for this torque.

One interesting example where this is important is magnetostriction. Magne-

tostriction is the effective deformation which solves equation (2.44) when T̂ = 0. If

T̂ = 0, then h⊗b must be symmetric at equilibrium. This makes sense because if we

apply no torque, the magnet will rotate to align its magnetization with the applied

field.
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2.3.4 Uniaxial tension test, magnetostriction and magnetoe-

lastic moduli

In practice the magnetic uniaxial tension test and magnetostriction are measured

along a symmetry axis of the material. This implies that h and b are always aligned

during a test. This also implies that the applied traction is always normal to the

surface and there are three independent equations of static equilibrium from equation

(2.44), where t
(a)
a is the normal traction on surface n(a) (Kankanala and Triantafyllidis,

2008). If n(1) is aligned with the magnetic fields

t
(1)
1 = T11 −

b · b
2µ0

, t
(2)
2 = T22 +

µ0h · h
2

, and t
(3)
3 = T33 +

µ0h · h
2

. (2.45)

These equations define the traction on the surfaces for any value of the deformation

and applied magnetic field. Additionally, magnetostriction is determined by finding

the deformation which results in no traction.

Since only the applied traction can be measured, effects such as the modulus are

with respect to the applied traction as opposed to the total stress. The magnetic field

affects the modulus even for a non-magnetic material if the modulus were measured

with respect to the total stress. This makes theoretical evaluation of these properties

slightly more complicated than the purely mechanical case.

It is also imperative to realize that there are many different magnetoelastic moduli.

In thermoelasticity there are isentropic and isothermal moduli, as well as more general

thermoelastic moduli. If we consider the stress to be a function of temperature

and deformation, we must define the temperature as a function of the deformation

to compute a modulus. The temperature is implicitly defined to be constant as a

function of deformation in the case of isothermal moduli. Three obvious choices are

fixed h, m and fixed b moduli. We could also consider fixed H and fixed B moduli.

In practice the modulus would be specified by the experimenter.

2.4 Concluding remarks

This section has outlined how we deal with coupled magnetoelastic phenomena. In

the next section this energy framework is extended to a homogenization framework

capable of describing the effective behavior of not only MREs but also general magne-

38



toelastic composites. This will provide constitutive relations for deformable magnetic

materials beyond the rather exceptional examples given here. We will then evaluate

these materials for a variety of conditions and microstructures.

39



Chapter 3

Homogenization-based constitutive

models for magnetoelastic

composites at finite strain
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Although the continuum theories have been helpful in describing the “macro-

scopic” magneto-mechanical response of MREs, further improvements in the proper-

ties of these complex materials will depend crucially on better understanding of the

highly coupled and nonlinear structure-property relations for these materials. To aid

in this process, we propose a homogenization-based approach to accurately model

the macroscopic response of these material systems, and its dependence on the mi-

crostructure.

3.1 Homogenization framework for magnetoelas-

tic composites

As done previously, we assume that the magnetoelastic material occupies a domain

Ω0 (in the reference configuration), which is made up of N randomly distributed

(homogeneous) phases, occupying sub-domains Ω
(r)
0 in Ω0. The distribution of the

phases, or microstructure, for a particular realization of the material can be described

by means of characteristic functions Θ
(r)
0 (r = 1, ..., N), such that Θ

(r)
0 is equal to 1

if the position vector X is inside phase r (i.e., X ∈ Ω
(r)
0 ) and zero otherwise. In this

work, we are interested in composite materials, which are defined here to be a special

class of heterogeneous materials satisfying the separation of length scales hypothesis.

More precisely, the characteristic functions Θ
(r)
0 vary on a length scale, called the

microscopic length scale, that is much smaller than the size of the specimen Ω0,

defining the macroscopic length scale. Furthermore, the microstructures are taken to

be statistically uniform, so that ergodicity can be used to replace ensemble averages

by volume averages over Ω0. Here we will denote volume averages over X in the

reference configuration (Ω0) and over x in the deformed configuration (Ω) by

〈·〉0 =
1

|Ω0|

∫
Ω0

(·)dV , and 〈·〉 =
1

|Ω|

∫
Ω

(·)dv (3.1)

respectively. Under these hypotheses, the probability of finding phase r at point

X is given by its volume fraction c
(r)
0 =

〈
Θ

(r)
0

〉
0
, while the probability of finding

phase r at point X and s at point X′ is given by translation-invariant functions

p
(rs)
0 (X′ − X) = 〈Θ(r)

0 (X′ − X′′)Θ
(s)
0 (X − X′′)〉0 (the integral is over X′′), which are

assumed to be known.
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For later reference, we note that the composite material can also be described

in terms of its deformed configuration Ω, where the phases now occupy subdomains

Ω(r). The distribution of the phases in the deformed configuration can be described

in terms of characteristic functions Θ(r) (r = 1, ..., N), such that Θ(r) is equal to 1 if

the position vector (in the deformed configuration) x is inside phase r (i.e., X ∈ Ω(r))

and zero otherwise. In terms of these deformed characteristic functions, we can define

analogously volume fractions and two-point probability functions via c(r) =
〈
Θ(r)

〉
,

and p(rs)(x′ − x) = 〈Θ(r)(x′ − x′′)Θ(s)(x− x′′)〉, respectively.

Since the initial density, ρ
(r)
0 , and the constitutive properties, as determined by

W (r), of phase r are assumed to be uniform (i.e., independent of X), it is useful to

introduce the notations

ρ0(X) =
N∑
s=1

Θ
(s)
0 (X) ρ

(s)
0 , and W (X,F ,B) =

N∑
s=1

Θ
(s)
0 (X) W (s)(F ,B), (3.2)

to describe the position dependence of the density and energy functions within Ω0.

Thus, ρ0 and W vary on the microscopic length scale. On the other hand, the

prescribed mechanical and magnetic forcing functions, including the body force f0,

and the surface and body current densities, K and J, are assumed to vary on the

macroscopic length scale. Finally, if the boundary conditions are also assumed to

vary on the macroscopic length scale, it is expected on physical grounds that it

may be possible to replace the heterogeneous material by an equivalent homogeneous

material with some effective, or homogenized, energy function W̃ . (Note that, because

dynamical effects are being ignored, we anticipate that the effective density ρ̃0 should

be the average of the densities of the phases, i.e., ρ̃0 = 〈ρ0〉0.) Homogenization is

concerned with the formalization of this averaging process, and with the computation

of the effective properties of the composite.

In this section, we develop a homogenization framework for magnetoelasticity in

the finite strain and quasi-static contexts, generalizing the heuristic approach of Hill

(1972) in finite elasticity. The basic idea is to prescribe boundary conditions that are

consistent with “macroscopically uniform” fields in the composite. Although, there

are several different possible choices of conditions leading to macroscopically uniform

fields in the composite, here we prescribe the following conditions:

x = F̄X, and B ·N = B ·N, on ∂Ω0, (3.3)
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where F̄ and B are a prescribed constant tensor and vector, and N is the outward

unit normal to the boundary of the composite ∂Ω0. Given these boundary conditions,

it follows from the divergence theorem that the “macroscopic averages” (over Ω0) for

the deformation gradient and magnetic induction fields are given by

〈F 〉0 = F̄ , and 〈B〉0 = B, (3.4)

so that F̄ and B can be interpreted as the macroscopic, or average deformation gradi-

ent and magnetic induction field in the composite Ω0. It should be noted that it is also

possible to prescribe uniform conditions on the magnetic field, or the traction on the

boundary of the specimen, although the latter may be more difficult to achieve exper-

imentally, due to the coupling of the mechanical tractions with the Maxwell stress in

the vacuum surrounding the specimen. As we will see below, however, the boundary

conditions (3.3) have the additional advantage that they lead to minimum-type (as

opposed to min-max) variational formulations for the homogenization problem.

Thus, following an analogous analysis by Hill (1972) for purely elastic composites,

we define the homogenized energy function for the magnetoelastic composite as the

volume average of the magnetoelastic energy that is stored in the composite under the

above-prescribed boundary conditions. (We ignore the prescribed forcing functions

f0, J, and K, since they vary on the macroscopic length scale and are not expected

to affect the homogenization problem.) In this case, we define the homogenized

energy potential as a function of the applied macroscopic deformation gradient F̄

and magnetic induction B fields via

W̃ (F̄ ,B) = inf
F∈K(F)

inf
B∈B0(B)

〈W (X,F ,B)〉0, (3.5)

where

K(F̄ ) = {F |∃ x = x(X) with F = Grad x in Ω0, x = F̄X on ∂Ω0}, (3.6)

and

B0(B) = {B | Div B = 0 in Ω0, B ·N = B ·N on ∂Ω0}. (3.7)

It is easily verified by computing the first variation of the functional in (3.5), and
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integrating by parts in the usual fashion, that

1

|Ω0|

∫
Ω0

∂

∂Xj

(
∂W

∂Fij
) δuidV +

1

|Ω0|

∫
Ω0

eijk
∂

∂Xj

(
∂W

∂Bk

) δAidV = 0, (3.8)

where eijk is the permutating symbol and A is the magnetic potential, such that

B = Curl A. It then follows by making use of the constitutive relations (2.10) that

the Euler-Lagrange equations are given by the equilibrium equations (2.7)2 (with

f0 = 0), and the magnetostatic equations (2.9)1 (with J = 0), so that the minimiz-

ers in expression (3.5) (assuming that they exist) are solutions of the magnetoelastic

problem with boundary conditions (3.3). Although we are not aware of mathemat-

ically rigorous results for the above magnetoelastic variational problem, it is known

(Ball, 1977) that the constitutive hypothesis of polyconvexity (together with appro-

priate growth conditions) in F is sufficient to ensure the existence of minimizers in

the purely mechanical counterpart of problem (3.5). Similarly, convexity (and ap-

propriate growth conditions) with respect to the variable B is sufficient to ensure

the existence of minimizers in the purely magnetostatic problem. Building on these

facts, Kankanala and Triantafyllidis (2004) have proposed recently a generalization

of quasiconvexity for magnetoelastic materials. On the other hand, DeSimone and

James (2002) have proposed other conditions that are especially well suited for mag-

netostrictive materials at microscopic length scales. Thus, it would seem reasonable

that minimizers of the above-defined magnetoelastic problem should exist for the ma-

terials models described in the previous section for the matrix and inclusion phases of

the MREs, at least for sufficiently small applied magnetic and mechanical fields. The

determination of precise mathematical conditions ensuring the existence of minimiz-

ers in expression (3.5) is beyond the scope of this work, and it will simply be assumed

here that such minimizers exist, at least for sufficiently small field intensities.

It is also relevant to emphasize in the context of expression (3.5) that W̃ (F̄ ,B)

corresponds to the magnetoelastic energy that is stored in the composite under the

action of the applied fields F̄ and B, as determined by boundary conditions (3.3).

In general, energy will also be stored through the magnetic fields in the surrounding

vacuum. However, as shown next, only the energy stored inside the composite is

relevant for the homogenization problem. Indeed, it can be shown in the usual way

by means of Hill’s (div-curl) lemma (see, for example, Ponte Castañeda and Suquet

(1998) that the average stress and average magnetic fields, as determined by S̄ = 〈S〉0
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and H = 〈H〉0, are respectively given in terms of W̃ by the relations

S̄ =
∂W̃

∂F̄
, and H =

∂W̃

∂B
. (3.9)

As it is known from expressions (3.4) that F̄ and B correspond to the average de-

formation gradient and magnetic induction fields, it follows that expressions (3.9)

provide the macroscopic, or homogenized constitutive relations for the composite,

and therefore the effective energy function W̃ , as defined by (3.5), completely de-

scribes the macroscopic response of the magnetoelastic composite, in the same sense

as the local energy functions W (r) characterize the response of the constituent phases.

Moreover, it follows from the objectivity of W (r) and the definition (3.5) that W̃ is

objective, namely, W̃ (F̄ ,B) = W̃ (Ū ,B), where Ū represents the macroscopic right-

stretch tensor associated with the macroscopic polar decomposition F̄ = R̄ Ū . It

should also be noted that the above-described variational homogenization framework

reduces naturally to the corresponding framework of Talbot and Willis (1985) for non-

linear dielectrics, when the appropriate conversions are made between the magnetic

and electrical cases.

For later use, we define next an effective specific free-energy function Φ̃, such that

W̃ (F̄ ,B) = ρ̄0Φ̃(F̄ ,B) +
(F̄ B) · (F̄ B)

2µ0J̄
, (3.10)

where ρ̄0 = 〈ρ0〉0 is the average material density of the composite in the reference

configuration. Then, we can write the macroscopic stress and magnetic fields in the

forms

S̄ = ρ̄0
∂Φ̃

∂F̄
+ S̄

M
, and H = ρ̄0

∂Φ̃

∂B
+

1

µ0J̄

(
F̄
T
F̄
)

B (3.11)

where

S̄
M

=
1

µ0J̄
F̄ B⊗B− 1

2µ0J̄

[
B ·
(
F̄
T
F̄
)

B
]
F̄
−T

(3.12)

is the Lagrangian form of the Maxwell stress, and where J̄ = det F̄ . Note that

the Maxwell stress satisfies the rotational equilibrium condition S̄
M
F̄
T

= F̄ S̄
MT

,

and it follows from the objectivity of Φ̃ that the macroscopic stress also satisfies the

macroscopic rotational balance relation S̄ F̄
T

= F̄ S̄
T

, just as in the purely elastic

case (Hill, 1972).
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It is also of interest to write the constitutive relations for the magnetoelastic

composite in a form analogous to relation (2.13) in terms of the volume averages

(over the deformed configuration Ω of the composite) of the true (or Eulerian) fields,

T̄ = 〈T 〉, b̄ = 〈b〉 and h̄ = 〈h〉. This first requires observing that

T̄ = J̄−1S̄ F̄
T
, h̄ = F̄

−T
H, and b̄ = J̄−1F̄ B, (3.13)

which follow by use of the Hill’s lemma (in the context of the second expression, it

is useful to recall that Div
(
JF−T

)
= 0). A detailed derivation of these expressions

is given in Appendix A. Then, it can be shown (see Kankanala and Triantafyllidis

(2004); Bustamante et al. (2008); Vu and Steinmann (2007) for similar developments)

that the effective energy density (per unit volume in the deformed configuration Ω),

defined by w̃(F̄ ,b) = W̃ (F̄ ,B)/J̄ , is alternatively determined by the variational

statement

w̃(F̄ ,b) = inf
F∈K(F)

inf
b∈B(b)

〈w(x,F ,b)〉, (3.14)

where w(x,F ,b) =
∑N

r=1 Θ(r)(x) w(r)(F ,b), K(F̄ ) is still given by (3.6) and

B(b) = {b | div b = 0 in Ω, b · n = b · n on ∂Ω}. (3.15)

It should be noted that this hybrid expression involves both the Lagrangian field F

and the Eulerian field b, and should be interpreted as a problem in the deformed

configuration for the magnetic induction field b, but the problem for the deformation

F should still be referred to the reference configuration. In addition, we can define

an effective specific free-energy function φ̃(F̄ ,b) = Φ̃(F̄ , J̄ F̄
−1

b) = Φ̃(F̄ ,B), such

that

w̃(F̄ ,b) = ρ̄ φ̃(F̄ ,b) +
1

2µ0

b · b, (3.16)

where ρ̄ = 〈ρ〉 = ρ̄0/J̄ is the average material density in the deformed configura-

tion. It then follows that the (above-defined) average Cauchy stress T̄ and (Eulerian)

magnetization m̄ (defined by m̄ = (1/µ0)b̄− h̄) can be written in the forms

T̄ = T̄
M

+ (m̄ · b̄)I − m̄⊗ b̄ + ρ̄
∂φ̃

∂F̄
F̄
T
, and m̄ = −ρ̄ ∂φ̃

∂b̄
, (3.17)
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where

T̄
M

=
1

µ0

b̄⊗ b̄− 1

2µ0

(b̄ · b̄)I (3.18)

is the (true) Maxwell stress in the composite.

As with the local potentials, the objectivity of W̃ implies that φ̃ can be written

in the form φ̃(F̄ , b̄) = ϕ̃(C̄,
_

b), with C̄ = F̄
T
F̄ and

_

b = F̄
T
b̄, from which it follows

that the average Cauchy stress and magnetization can also be written as

T̄ = T̄
M

+ (m̄ · b̄)I − m̄⊗ b̄− b̄⊗ m̄ + 2ρ̄ F̄
∂ϕ̃

∂C̄
F̄
T
, and m̄ = −ρ̄ F̄ ∂ϕ̃

∂
_

b
. (3.19)

Note that it is evident from the first of these relations that T̄ is symmetric, a condition

which, in turn, is also consistent with the macroscopic rotational balance relation

S̄ F̄
T

= F̄ S̄
T

discussed above.

For completeness, it should be noted that it is sometimes more convenient to

prescribe the magnetic field H instead of the magnetic induction field B. The above-

described formulation can be easily adapted to handle this situation by taking advan-

tage of the Legendre transformation (2.19) introduced in connection with the dual

energy functions U (r). Briefly, we replace the boundary conditions (3.3) by

x = F̄X, and H×N = H×N, on ∂Ω0, (3.20)

so that 〈F 〉0 = F̄ still, but now 〈H〉0 = H. Then, it can be shown that the average

stress S̄ = 〈S〉0 and average magnetic induction B = 〈B〉0 are determined via

S̄ =
∂Ũ

∂F̄
and B = −∂Ũ

∂H
(3.21)

in terms of the effective dual potential

Ũ(F̄ ,H) = inf
F∈K(F)

sup
H∈H0(H)

〈U(X,F ,H)〉0, (3.22)

where K(F) is as given by (3.6), and

H0(H) = {H | Curl H = 0 in Ω0, H×N = H×N on ∂Ω0}. (3.23)

It should be noted that the effective potential Ũ is related to the effective potential
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W̃ by the same Legendre-Fenchel transformation (2.19) as the corresponding local

potentials U (r) and W (r), namely

Ũ(F̄ ,H) = inf
B

{
W̃ (F̄ ,B)−H ·B

}
. (3.24)

Unfortunately, the variational formulation for the effective energy function Ũ of the

magnetoelastic composite does not involve a minimum principle, but a min-max prin-

ciple, which is less useful for the purpose of generating bounds on Ũ , and therefore

on W̃ .

3.2 Magnetoelastic instabilities and loss of ellip-

ticity

As already stated, to the best of our knowledge, mathematically rigorous results are

not yet available in the context of magnetoelastic homogenization. However mathe-

matically precise definitions of the effective energy W̃ for purely elastic composites

with periodic microstructures have been given by Braides (1985) and Müller (1987).

Such definitions generalize the classical definition of the effective energy for periodic

media with convex energies (Marcellini, 1978) by accounting for the fact that, in the

non-convex case, it is not sufficient to consider one-cell periodic solutions, as solutions

involving interactions between several unit cells may lead to lower overall energies.

Physically, this corresponds to the possible development of “microscopic” instabilities

in the composite at sufficiently high deformation. In this connection it is important

to remark that Geymonat et al. (1993), following earlier work by Triantafyllidis and

Maker (1985) for laminated materials, have shown rigorously that the loss of strong

ellipticity in the homogenized behavior of the composite corresponds to the devel-

opment of long-wavelength (i.e., “macroscopic”) instabilities in the form of localized

shear bands. Furthermore, the “failure surfaces” defined by the loss of strong el-

lipticity condition of this homogenized behavior provide, in some loose sense, upper

bounds for the onset of other types of instabilities (Michel et al., 2007).

Because of the difficulties associated with the computation of the microscopic

instabilities mentioned in the previous paragraph, especially for composites with ran-

dom microstructures, a more pragmatic approach will be followed here. We assume
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that the materials of interest have a stress-free configuration at F = I and B = 0

and that their mechanical behavior is characterized by the standard theory of linear

elasticity for small enough deformations and magnetic fields. It follows that, at least

in a neighborhood of F = I and B = 0, the solution of the Euler-Lagrange equations

associated with the variational problem (3.5) is unique and gives the minimum energy.

The composite material may reach a point at which this “principal” solution bifurcates

into lower-energy solutions as the deformation progresses into the nonlinear deforma-

tion range. This point corresponds to the onset of a microscopic instability beyond

which the applicability of the “principal” solution becomes questionable. However, it

is still possible to extract useful information from the principal solution by comput-

ing the associated macroscopic instabilities from the loss of strong ellipticity of the

homogenized behavior. In any case, the computation of such macro-instabilities for

magnetoelastic composites requires the development of specific constitutive models

for these materials such as the ones developed in this thesis.

As previously discussed there are some important differences between the purely

mechanical case and the magnetoelastic case when considering the traction and the

total stress. In the context of instabilities one must carefully account for the mag-

netic field outside the sample to determine the stability of the applied traction such

as the approach followed by Bertoldi and Gei (2011). The fields outside the material

are also important in the work of Ottenio et al. (2008) (and Dorfmann and Ogden

(2010) in the electrostatic context) who described the necessary incremental constitu-

tive equations and governing equations to consider the problem of surface instability

in a magnetoelastic half-space. However loss of ellipticity is a material instability

which can be related to the incremental behavior of the homogenized energy function

without consideration of the fields outside the material.

Loss of ellipticity in finite-strain magnetoelasticity has only recently been studied

in any detail; however a number of recent papers have addressed this issue. Kankanala

and Triantafyllidis (2004) and Danas et al. (2012) discussed constitutive models for

MREs while using the magnetization as the free variable and they give an expression

for quasi-convexity with respect to those energy functions. This formulation can be

related to the energy functions in this thesis by the appropriate Legendre transforms.

Destrade and Ogden (2011) considered magneto-acoustic waves and provide a general-

ization of the strong ellipticity condition for incompressible magnetoelastic materials

using the magnetic flux as the free variable. In the mathematically analogous elec-
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troactive context, Rudykh and deBotton (2011) explored macroscopic instabilities in

layered microstructures subjected to varying electromechanical loadings specializing

the work of Destrade and Ogden (2011) to plane strain. Additionally, Bertoldi and

Gei (2011) considered layered materials aligned with a pre-stretch direction and elec-

tric field normal to the layers and investigated microscopic instabilities and loss of

ellipticity for that loading, extending the work of Triantafyllidis and Maker (1985).

In Chapter 4 a constitutive model is developed which characterizes the behavior

of MREs. In the purely mechanical context this energy function may lose ellipticity

and indeed the application of the magnetic field can affect the loss of ellipticity.

Here we follow the work of Destrade and Ogden (2011), Bertoldi and Gei (2011),

and Rudykh and deBotton (2011) who relate the formation of instabilities to the

incremental magnetoelastic moduli tensors given by

L0
ijkl =

∂2W

∂Fij∂Fkl
, M0

ijk =
∂2W

∂Fij∂Bk

, and B0
ik =

∂2W

∂Bi∂Bk

(3.25)

and W is the magnetoelastic energy function of a homogenous material. In our case

it is the homogenized energy function for the MRE composite. In many contexts

it is simpler to consider loss of ellipticity with respect to the current configuration

(Bertoldi and Gei, 2011; Rudykh and deBotton, 2011) with the moduli given by

Lijkl = J−1FjaFlbL0
iakb Mijk = FjaF

−1
bk M

0
iab, and Bik = JF−1

ai F
−1
bk B

0
ab. (3.26)

The previously mentioned authors relate these incremental moduli to the incremen-

tal equilibrium equations and derive the appropriate condition for loss of ellipticity.

Following their procedure leads to expressions of the type used to compute loss of

ellipticity in Chapter 4 for the two-dimensional case.

3.3 Homogenization estimates for MREs

In the previous section, we have determined that the homogenized magnetoelastic

response of a composite is characterized by the homogenized energy-density function

W̃ , as given by expression (3.5). Unfortunately, given the intrinsic nonlinearities

of the problem, the exact solution of the variational problem defined by (3.5) is

intractable in general. One possible way to make progress would be to take advantage
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Figure 3.1: Schematic of the microstructure for the MRE showing the ellipsoidal par-
ticles (in black) and their ellipsoidal distribution (in dashed lines) in the undeformed
and deformed configurations.

of an approximate method, such as the “linear comparison” variational methods that

have been used with considerable success for the purely mechanical problem (Ponte

Castañeda and Tiberio, 2000; Lopez-Pamies and Ponte Castañeda, 2006a,b). In this

work, however, we will exploit the special properties of MREs to obtain more explicit

estimates for these materials than would be possible by direct implementation of the

linear comparison methods.

3.3.1 Initial microstructure

In Figure 3.1, we depict a specimen of the materials of interest consisting of randomly

distributed, rigid, magnetic particles in an elastomeric matrix capable of finite strains.

For simplicity, the ellipsoidal and magnetically anisotropic particles are assumed to be

perfectly aligned (both magnetically and geometrically), and are distributed with “el-

lipsoidal symmetry” (Ponte Castañeda & Willis, 1995) in the reference configuration.

More explicitly, we let the inclusions be described by an ellipsoid

ΩI
0 =

{
X | X ·

(
ZI

0

)−2
X ≤ 1

}
, (3.27)

where ZI
0 is a symmetric, second-order tensor describing the shape and orientation

of the particles. Then, defining the characteristic function ΘI
0 of such an ellipsoid,
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such that ΘI
0 = 1 if X is in ΩI

0 and zero otherwise, and letting Xα denote the random

positions of the ellipsoid centers in the elastomeric matrix, the characteristic function

of the inclusion phase (labeled by a superscript 2) is given by

Θ
(2)
0 (X) =

n∑
α=1

ΘI
0(X−Xα), (3.28)

which can be rewritten in the form

Θ
(2)
0 (X) =

∫
Ω0

ΘI
0(X− Z)Ψ0(Z)dZ, (3.29)

where

Ψ0(Z) =
n∑

α=1

δ(Z−Xα) (3.30)

is the random density field generated by the set of random points Xα (α = 1, ..., n)

describing the locations of the centers of the n inclusions in the specimen. The

probability density functions for the particle’s locations may then be determined

from Ψ0(Z) via expressions of the form

pI0(Z) = 〈〈Ψ0(Z)〉〉0 , pII0 (Z,Z′) = 〈〈Ψ0(Z)Ψ0(Z′)〉〉0−〈〈Ψ0(Z)〉〉0 δ(Z−Z′), (3.31)

where the double triangular brackets denote ensemble averages over the reference

configuration. Note that pI0(Z) is the probability density for finding an inclusion

centered at Z, and pII0 (Z,Z′) is the joint probability density for finding an inclusion

centered at Z and a second inclusion at Z′. Here, it will be assumed that the specimen

of the composite is statistically homogeneous (see Milton (2001)), so that pI0(Z) = pI0

(the number of inclusions per unit volume in the reference configuration) is constant,

and the volume fraction of particles in the reference configuration is given by cI0 =

pI0 × Vol(ΩI
0). Furthermore, pII0 (Z,Z′) = pII0 (Z − Z′) is translation invariant and, as

already stated earlier, the assumption will be made in this work that the particle

centers are distributed with “ellipsoidal symmetry” (Ponte Castañeda and Willis,

1995), which corresponds to a generalization of statistical isotropy postulating that

the joint probability density function pII0 depends on Z−Z′ through the combination

|(ZD
0 )−1(Z−Z′)|, where ZD

0 is a symmetric, second-order tensor. It is also convenient

for visualization purposes to define (following Ponte Castañeda and Willis (1995)) the
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“distributional ellipsoid”

ΩD
0 =

{
X | X ·

(
ZD

0

)−2
X ≤ 1

}
, (3.32)

which serves to characterize the “shape” and “orientation” of the random “ellipsoidal”

distribution of the particle centers (see dashed lines around the ellipsoidal inclusions in

Fig. 3.1). An ellipsoidal distribution implies a particular correlation between the an-

gular and radial dependence of the two-point probability function. It can be thought

of as an affine deformation of a random set of points from a statistically isotropic dis-

tribution, which corresponds to the special case where ZD
0 = I, so that pII0 depends

on Z−Z′ only through its magnitude |Z−Z′|. It should be emphasized that particle

distributions need not be ellipsoidal and will in general exhibit independent angular

and a radial dependences. However, if the microstructure can be approximated as

being ellipsoidal, then simple analytical estimates may be given (see Ponte Castañeda

and Willis (1995)) for the homogenized linear response depending only on the particle

volume fraction cI0, the particle shape and orientation, as specified by ZI
0, and the

distribution shape and orientation, as specified by ZD
0 , and hence the motivation for

adopting these microstructural hypotheses for the MREs of interest in this work.

3.3.2 Microstructure evolution

As illustrated in Fig. 3.1, the microstructure is expected to evolve as the deforma-

tion and magnetic fields are applied: the volume fraction of the particles (assum-

ing that the matrix material can accommodate non-isochoric deformations), as well

as the orientation and distribution of the particles, will change because of the ap-

plied mechanical and magnetic fields. However, the characterization of the evolution

of this microstructure is a formidable problem which has not been resolved in full

generality—even for purely mechanical constitutive behaviors. For dilute concentra-

tions of deformable particles in a linearly viscous material, a theory is available from

the work of Eshelby (1957). A generalization of this theory for viscoplastic compos-

ites with particulate microstructures, which is valid approximately beyond the dilute

range, has been given in a sequence of papers by Ponte Castañeda and Zaidman

(1994); Kailasam et al. (1997); Kailasam and Ponte Castañeda (1998). In the context

of finite elasticity, the problem is even more difficult and exact solutions are not avail-

able even in the dilute limit. However, an approximate theory for moderate particle
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concentrations has been given by Lopez-Pamies and Ponte Castañeda (2006a). This

theory has been found to predict the microstructure evolution with good accuracy for

dilute particle concentrations (Michel et al., 2010). In this subsection, an approximate

theory is proposed for the evolution of the microstructure in MREs, building on the

above-mentioned earlier works.

First of all, it is noted that, if the overall deformation includes a hydrostatic

component (J̄ 6= 1), the particle number density pI0 and the corresponding particle

volume fraction cI0 will change with the deformation. However, it follows from the

mass conservation equation, and the fact that the particles are rigid and therefore

incompressible, that the particle volume fraction in the deformed configuration will

be given by cI = cI0/J̄ .

Under the applied deformation F̄ and magnetic induction field B, the particles

will also rotate and change relative positions, but they will not change their shape (or

size), as they are rigid. Therefore, the microstructure in the deformed configuration

can be described in terms of expressions of the form

Θ(2)(x) =

∫
Ω

ΘI(x− z)Ψ(z)dz, (3.33)

where ΘI is the characteristic function of the rotated inclusion, as defined by the

rotated ellipsoid

ΩI =

{
x | x ·

(
ZITZI

)−1

x ≤ 1

}
, (3.34)

where ZI = ZI
0R

IT is a (non-symmetric) second-order tensor describing the (fixed)

shape and (new) orientation of the inclusion, as described by the inclusion rotation

RI induced by the deformation field F (which in turn will depend on both the macro-

scopically applied deformation F̄ and magnetic induction field B). In this connection,

it should be noted that all the fibers will be assumed to rotate with the same tensor

RI , which will be identified further below with the average rotation of the particles

as determined by the homogenization procedure. This is clearly an approximation

that neglects possible near-neighbor inclusion interactions, and would be strictly valid

only in the dilute limit (when the particles do not interact). However, in the spirit of

a homogenization approach it is consistent to assume that “on the average” all the

particles rotate with the average deformation in the inclusion phase. In addition, it

should be noted that although, in principle, distributions of orientations can be easily
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considered in the context of a more general analysis, in practice, having to keep track

of multiple inclusion orientations would complicate the derivations to follow, and in

this first treatment of the problem, we prefer to make the simplifying assumption of

perfectly aligned inclusions.

In an analogous fashion, the random positions of the particle centers is expected

to evolve with the deformation, which has implications for the above-defined, two-

point, probability density functions, pII0 , for the distribution of the particles. Thus,

it is clear that, at least in the dilute limit, this function will change with the macro-

scopic deformation F̄ , since the particles will be convected with the deformation (see

Kailasam et al. (1997) for an analogous hypotheses for particle-reinforced viscoplas-

tic solids). At concentrated volume fractions, once again, neighboring particles will

interact with one another, both magnetically and mechanically, and the positions of

the particles will not simply be convected with the deformation. Thus, in general,

it is expected that the evolution of the two-point probability density functions may

depend on higher-order statistics, and that the assumed “ellipsoidal” symmetry will

almost certainly be broken down. This will of course lead to significant complications

in the characterization of the microstructures and the associated computation of the

homogenized response, even for linear response. For this reason, we will make here

the approximation that the two-point probabilities remain ellipsoidal, and that the

evolution of the shape and orientation of the distributional ellipsoid will be controlled

entirely by the macroscopic deformation F̄ . Again, this “closure” approximation is

expected to be exact in the dilute limit, and probably not too bad for moderate

particle concentrations, which is the main objective of this work in any case.

Therefore, it will be assumed here that the two-point probabilities pII(z − z′)

in the deformed configuration will also be ellipsoidal and depend on z − z′ through

the combination |(ZD)−T (z− z′)|, where the distributional ellipsoid in the deformed

configuration will be given by

ΩD =

{
x | x ·

(
ZDTZD

)−1

x ≤ 1

}
, (3.35)

with ZD = ZD
0 F̄

T
describing the new shape and orientation of the distributional

ellipsoid in the deformed configuration.

In summary, the microstructures for the MREs have been idealized in terms of

a family of initially aligned ellipsoidal inclusions, as characterized by the tensor ZI
0,
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and distributed with ellipsoidal symmetry, as specified by the tensor ZD
0 . Under the

applied deformation F̄ and magnetic induction field B, all the particles are assumed

to rotate by identical amounts RI to new orientations specified by tensors ZI =

ZI
0R

IT , and to rearrange their distribution by the applied deformation F̄ , as specified

by new distributions tensors ZD = ZD
0 F̄

T
. In this connection, it is important to

emphasize that while the macroscopic deformation F̄ is prescribed (and therefore

known a priori), the particle rotations RI need to be determined from the solution

of the magnetoelastic problem in terms of the applied deformation F̄ and magnetic

induction field B. This observation will play a key role in the next subsection, where

we will identify certain special conditions for which the particle rotation may be

determined without the need to solve the magnetoelastic problem in detail.

3.3.3 A partial decoupling approximation

As we have seen in the context of expressions (2.21) and (2.25), the magnetoelastic

energy densities W (r) of the elastomeric matrix phase and the rigid, magnetically

susceptible particles can be split into two separate contributions W
(r)
me and W

(r)
mag.

Following the corresponding definition for W in expression (3.2)2, we introduce the

notations

Wme(X,F ) =
2∑
s=1

Θ
(s)
0 (X) W (s)

me(F ), (3.36)

and

Wmag(X,F ,B) =
2∑
s=1

Θ
(s)
0 (X) W (s)

mag(F ,B), (3.37)

such that W (X,F ,B) = Wme(X,F ) + Wmag(X,F ,B). Then, making use of the

definition (3.5) of the homogenized magnetoelastic energy density for the composite,

we have that

W̃ (F̄ ,B) = inf
F∈K(F)

inf
B∈B0(B)

{〈Wme(X,F )〉0 + 〈Wmag(X,F ,B)〉0} , (3.38)

where it is recalled that the triangular brackets 〈.〉0 denote volume averages over the

composite in its reference configuration (Ω0).

Noticing that the first term on the right of expression (3.38) is independent of B,
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we can rewrite this expression in the form

W̃ (F̄ ,B) = inf
F∈K(F)

{
〈Wme(X,F )〉0 + W̃mag(B;F (X))

}
, (3.39)

where

W̃mag(B;F (X)) = inf
B∈B0(B)

〈Wmag(X,F ,B)〉0 (3.40)

is the homogenized magnetic energy function associated with the local energy function

potential Wmag(X,F ,B), defined above, for a given trial deformation field F (X). It

is important to emphasize that both terms in expression (3.38) depend on the trial

deformation field F (X), and therefore, the mechanical and magnetic energy terms

are coupled together and cannot be separated in general. However, it is useful to

rewrite the homogenized magnetic energy in the current configuration (see (3.14)),

making use of expressions (2.22)2 and (2.27) for the magnetic energy-density functions

of the matrix and particles, respectively. Thus, we have that W̃mag(B;F (X)) =

J̄ w̃mag(b;F (X)), where J̄ = det F̄ and

w̃mag(b;F (X)) = inf
b∈B(b)

〈
1

2µ0

b · b + ρ
(2)
0 Θ(2)(x)ϕ(2)

mag(R
(2)T

b)

〉
. (3.41)

In this relation, Θ(2)(x) describes the position and orientation of the particles in the

deformed configuration, and the volume integral implied by the triangular brackets

is now over the deformed configuration (Ω) of the composite. In addition, we have

made use of the above-stated hypothesis that all the particles rotate by the same

amount RI , which we have set equal to the average rotation R
(2)

of the particles,

as determined by the solution of the homogenization problem (3.39) for the local

deformation field F (X). Similarly, the characteristic function Θ(2)(x) of the particles

in the deformed configuration also depends on the current orientation of the particles

RI = R
(2)

, as described by relations (3.33) and (3.34) with ZI = ZI
0R

(2)T

, as well

as on the macroscopic deformation F̄ , as described by (3.35) with ZD = ZD
0 F̄

T
. It

should be emphasized at this stage that writing the magnetic energy in its “more

natural” Eulerian form (3.41) makes the explicit dependence on the deformation field

F in the Lagrangian description (3.40) disappear.

Next, for reference in the development that will follow, we define the stored-energy
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function of the “purely mechanical” problem via the expression

W̃me(F̄ ) = inf
F∈K(F)

〈Wme(X,F )〉0 , (3.42)

and label Fm(X) the minimizing trial field (or solution) for this problem.

Indeed, the magnetic homogenization problem (3.41) for w̃mag depends, in general,

on the local deformation field F (X) (through the particle rotations RI = R
(2)

), and

w̃mag cannot be taken out of the mechanical minimization problem (3.39). However,

a variational estimate may be obtained by recognizing that the minimizing solution

Fm(X) of the purely mechanical problem (3.42) is a perfectly acceptable trial field

for the minimization problem (3.39). Then, using the fact (from (3.42)) that the first

term in the right-hand side of expression (3.38) evaluated at Fm(X) is precisely W̃me,

it is deduced that

W̃ (F̄ ,B) ≤ W̃me(F̄ ) + W̃mag(B;Fm(X)), (3.43)

where W̃mag(B;Fm(X)) is given by (3.40) evaluated at F = Fm. Following the

same procedure that led to expression (3.41) for the magnetic energy in the deformed

configuration, but with the exact field F (X) replaced by the trial field Fm(X), the

result (3.43) can also be rewritten in the form

W̃ (F̄ ,B) ≤ W̃me(F̄ ) + J̄ w̃mag(b;Fm(X)), (3.44)

where

w̃mag(b;Fm(X)) = inf
b∈B(b)

〈
1

2µ0

b · b + ρ
(2)
0 Θ(2)

m (x)ϕ(2)
mag(R

(2)

m

T

b)

〉
. (3.45)

In this last expression, R
(2)

m refers to the particle rotations induced by the deformation

Fm in the purely mechanical problem, and Θ
(2)
m (x) refers to the particle characteristic

function defined by relations (3.33) and (3.34) with ZI = ZI
0R

(2)

m

T

, as induced by

the purely mechanical deformation field Fm. The result also depends on the ellip-

soidal shape of the distribution as determined by (3.35) with ZD = ZD
0 F̄

T
. A more

detailed derivation of the partial decoupling approximation and the implications for

the predicted energy is given in Appendix B.

It will be argued next that the estimates (3.43), or equivalently (3.44) with (3.45),
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for W̃ should be very accurate (exact to within the approximations already stated)

for certain important special cases, including the cases where the material is com-

pletely isotropic (isotropic distribution of magnetically isotropic, spherical particles),

as well as when the particle and distribution shapes, and the applied mechanical and

magnetic loadings are all perfectly aligned.

Magnetically isotropic, spherical inclusions

When the rigid particles are magnetically isotropic and spherical, we expect the aver-

age particle rotation to be equal to the continuum rotation, i.e., RI = R. In this case,

the dependence of the magnetic homogenization problem (3.41) for w̃mag on the local

deformation field F (X) would be only through its macroscopic average F̄ . Therefore,

since F̄ is fixed as far as the mechanical minimization problem (3.39) is concerned,

the magnetic part of the energy may be taken out of the brackets to generate the

“exact” (again to within the already stated approximations) result

W̃ (F̄ ,B) = W̃me(F̄ ) + J̄ w̃mag(b; F̄ ). (3.46)

In this expression, W̃me is the purely mechanical homogenized stored-energy function

of the composite consisting of rigid spherical particles (ZI = I) distributed isotrop-

ically (in the reference configuration) in an isotropic elastomeric matrix, as defined

by relation (3.42), and correspondingly, w̃mag(b; F̄ ) is the purely magnetic energy-

density function of a two-phase system consisting of a matrix with the magnetic

susceptibly of vacuum and of magnetically isotropic, spherical particles distributed

with ellipsoidal symmetry (in the deformed configuration), as determined by (3.35)

with ZD = ZD
0 F̄

T
. It follows from (3.41) that

w̃mag(b; F̄ ) = inf
b∈B(b)

〈
1

2µ0

b · b + ρ
(2)
0 Θ(2)(x)ϕ(2)

mag(b)

〉
, (3.47)

where we have used the fact that ϕ
(2)
mag(R

T
b) = ϕ

(2)
mag(b), when ϕ

(2)
mag is isotropic.

Aligned, magnetically anisotropic, ellipsoidal inclusions

In this case, the inequality (approximation) in the expression (3.44) for the homog-

enized stored-energy function W̃ of the magnetoelastic composite is also expected
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to become an equality (“exact”) when the magnetic induction and mechanical de-

formation fields are “perfectly aligned” with the magnetic and geometric axes of the

particles, so that the particles remain fixed in orientation (R
(2)

= I), at least up to

the possible development of bifurcation instabilities where the particles may abruptly

change their orientation. More generally, the estimate (3.44) is expected to remain

a good approximation in the “stiff matrix” limit when the energetic cost of rear-

rangements in the particle orientation from the mechanical equilibrium orientations

is high compared with the energetic benefit of realigning the particles with the ap-

plied magnetic field. Attempts to account for the effect of particle reorientation due

to a magnetically applied field have been carried out in the geometrically linear limit

by Siboni and Ponte Castañeda (2012a), who find that the effect is indeed of higher

order in the “stiff matrix” limit.

Finally, it is remarked that relation (3.44) (or (3.46) for the special case of isotropic

composites, or “perfectly aligned” loading conditions), expresses the macroscopic

energy-density function W̃ of the magnetoelastic composite in terms of two com-

plementary contributions. The first is the macroscopic stored-energy function W̃me of

the purely mechanical problem consisting of a composite with initial microstructure in

the reference configuration as determined by ellipsoidal particles (3.27) with given ZI
0

distributed with ellipsoidal symmetry (3.32) with given ZD
0 . The second part involves

the macroscopic energy-density function w̃mag of a purely magnetic problem in the de-

formed configuration, as specified by ellipsoidal particles with new orientation (3.34)

given by ZI = ZI
0R

(2)

m

T

and new distribution (3.35) determined by ZD = ZD
0 F̄

T
.

Although the mechanical and magnetic problems have been partially decoupled, it

should be emphasized that the decoupling is not complete since w̃mag still depends on

the mechanical fields throughR
(2)

m and F̄ . Moreover, both problems are still nonlinear

and extremely difficult to solve. However, as already mentioned, “variational linear

comparison” estimates have been provided by Ponte Castañeda and Tiberio (2000), as

well as Lopez-Pamies and Ponte Castañeda (2006a), for the mechanical (hyperelastic)

problem (3.42). In the next section, the deformation-dependent magnetic homoge-

nization problem will be investigated first in the context of linear magnetic response

for the particles using the theory of Ponte Castañeda and Willis (1995) for linear

composites with particulate microstructures of the above-described type, and then

corresponding estimates will be generated for the case of nonlinear (ferromagnetic)

particles using the variational linear comparison theory of Ponte Castañeda (1992)
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and Ponte Castañeda (2001) for nonlinear dielectric/conductor composites, which are

mathematically analogous to the nonlinear magnetization composites described by

(3.47).

3.4 MREs with linear and nonlinear magnetic par-

ticle response

3.4.1 Linear, anisotropic magnetic particle response

For magnetically linear behavior for the two phases in the deformed configuration

(see (2.22)2 and (2.30)1), the homogenization problem (3.45) for w̃mag reduces to

w̃mag(b̄;F (X)) = inf
b∈B(b̄)

(
1

2
b · µ−1(x)b

)
=

1

2
b̄ · µ̃−1b̄, (3.48)

where µ̃ is the homogenized permeability of the composite. In this expression, µ(x)

is the local magnetic permeability of the phases, given by

µ(x) = µ0I + Θ(2)
m (x)

(
µ(2) − µ0I

)
, where µ(2) = R

(2)
M (2)R

(2)T

, (3.49)

with M (2) a fixed (independent of the deformation) tensor corresponding to the mag-

netic permeability of the anisotropic rigid particles in the reference configuration.

Variational estimates for the effective magnetic permeability µ̃ of two-phase mag-

netostatic composite, defined by expression (3.48) with constitutive behavior de-

scribed by (3.49) and “ellipsoidal microstructures,” as defined by (3.34) and (3.35)

with ZI = ZI
0R

(2)T

and ZD = ZD
0 F̄

T
, may be obtained from the work of Ponte

Castañeda and Willis (1995) as follows:

µ̃ = µ0I + cI
[(
µ(2) − µ0I

)−1
+ P I − cIPD

]−1

, (3.50)

where cI is the (current) volume fraction of the particles, and P I and PD are mi-

crostructural tensors, related to the Eshelby tensor, serving to characterize the shape

and orientation of the particles and distribution ellipsoids, respectively (see Ponte

Castañeda and Willis (1995)). It should be noted here for later reference that these

estimates have to satisfy certain geometric restrictions on the volume fraction and
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the shape of the inclusions and distribution, ensuring that the particles do not in-

terfere with each other’s distributional ellipsoids, which would violate the ellipsoidal

symmetry hypothesis (in the deformed configuration).

The second-order tensor P I is symmetric and given by

P I =
detZI

4πµ0

∫
|ξ|=1

ξ ⊗ ξ |ZIξ|−3 dS(ξ), (3.51)

while PD is given by a completely analogous expression with ZI replaced by ZD.

Recalling the above-mentioned relations between ZI and ZI
0, and between ZD and

ZD
0 , it is remarked that

P I = R
(2)
P I

0R
(2)T

, and PD = RPD
0 (U)R

T
, (3.52)

where P I
0 is the microstructural tensor of the particle evaluated in the reference con-

figuration with ZI replaced by the fixed tensor ZI
0 in expression (3.51), and PD

0 (U)

is given by

PD
0 (U) =

J̄ detZD
0

4πµ0

∫
|ξ|=1

ξ ⊗ ξ
∣∣(ZD

0 U
)
ξ
∣∣−3

dS(ξ), (3.53)

which depends on the initial distribution tensor ZD
0 , as well as on the macroscopic

stretch U , but not on the macroscopic rotation R.

Next, for future convenience, it is noted that the expression (3.50) for µ̃ may be

rewritten in terms of the effective magnetic susceptibility χ̃ = I − µ0µ̃
−1 as

χ̃ = cI
[(
χ(2)

)−1 − I + µ0P
I + cI

(
I − µ0P

D
)]−1

, (3.54)

where χ(2) is the magnetic susceptibility of the particles. It is noted that χ̃ is inde-

pendent of µ0, and symmetric, in view of the symmetry of P I and PD, but clearly

depends on F̄ , because of relations (3.52).

Defining the particle rotation Rp relative to the macroscopic rotation R via

Rp = R
T
R

(2)
, (3.55)
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as well as the modified particle and distribution microstructural tensors

P̂
I

0 = µ0P
I
0 and P̂

D

0 =
µ0

J̄
PD

0 , (3.56)

and recalling that χ(2) = R
(2)
X(2)R

(2)T

, as well as expressions (3.52), it is noted that

χ̃ can be written in the form

χ̃(F̄ ) = RX̃(U)R
T
, (3.57)

where

X̃(U) =
cI0
J̄

[
Rp(U)

(
AI

0

)−1
RpT (U ) +

cI0
J̄
I − cI0P̂

D

0 (U)

]−1

. (3.58)

In this expression, cI0 is the prescribed initial (in the reference configuration) particle

volume fraction, and

AI
0 =

[(
X(2)

)−1

− I + P̂
I

0

]−1

(3.59)

is a fixed, symmetric second-order tensor, depending only on the initial shape and

orientation of the particles. In addition, the dependence of the particle rotation Rp

and of P̂
D

0 on the macroscopic stretch U has been made explicit, to exhibit more

clearly the dependence of the tensor X̃ on U (through J̄ , Rp and P̂
D

0 ). Note that

X̃(I) is the macroscopic susceptibility in the reference configuration.

In conclusion, the expressions (3.57) and (3.58), together with µ̃−1 = (I − χ̃) /µ0

and (3.48), lead via (3.44) to the following (fully Lagrangian) estimate for the energy-

density function of the magnetoelastic composite

W̃DA(F̄ ,B) = W̃me(F̄ ) +
1

2µ0J̄
B ·U 2

B

− 1

2µ0J̄
B ·
[
UX̃(U )U

]
B, (3.60)

which obviously satisfies the objectivity requirement W̃DA(F̄ ,B) = W̃DA(U ,B).

Comparing this expression with the general expression (3.10), it follows that the

effective specific free-energy function for the MRE is given by

ρ̄0Φ̃DA(F̄ ,B) = W̃me(F̄ )− 1

2µ0J̄
B ·
[
UX̃(U)U

]
B. (3.61)
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The macroscopic (Lagrangian) magnetic field H and Piola-Kirchhoff stress S̄ may be

computed in terms of the average deformation F̄ and magnetic induction field B via

expressions (3.11), and take the forms

H =
1

µ0J̄

[
U
(
I − X̃(U)

)
U
]

B, (3.62)

and

S̄ = S̄
M

+ S̄
me

+ S̄
ex
, (3.63)

where S̄
M

is the Maxwell stress, as given by (3.12), S̄
me

= ∂W̃me/∂F̄ is the purely me-

chanical stress, and S̄
ex

is the “extra” stress corresponding to the additional stresses

arising in the magnetoelastic composite, beyond the purely mechanical and vacuum

magnetic contributions. Given the explicit dependence of the extra term in the free-

energy function Φ̃DA on Ū , it is natural to make use of the chain rule and to write

the extra stress S̄
ex

in terms of the corresponding “extra” Biot stress

T̄
ex
B =

∂Φ̃ex

∂Ū
(Ū ,B), where Φ̃ex(Ū ,B) = − 1

2µ0J̄
B ·
[
UX̃(U)U

]
B, (3.64)

via the expression (see Hoger (1993))

S̄
ex

= R̄ T̄
ex
B +

1

Ī II − J̄
×

R̄
[(
Ū

2
T̄
ex
B Ū − Ū T̄

ex
B Ū

2
)
− Ī

(
Ū

2
T̄
ex
B − T̄

ex
B Ū

2
)

+ Ī2
(
Ū T̄

ex
B − T̄

ex
B Ū

)]
, (3.65)

where the Ī , II and J̄ are the three principal invariants of Ū . In connection with this

last expression, it should be noted that the terms in the second line add up to zero

when the Biot extra stress (3.64) is coaxial with Ū . In addition, it is noted that in

the evaluation of the expression (3.64) there will be a modified Maxwell-type stress

arising from the derivatives with X̃ held fixed, as well as additional contributions due

to the macroscopic change in volume J̄ , the change in particle orientation Rp, and

the particle distribution PD
0 , arising from the dependence of X̃ on U through these

variables (see further below for a more detailed expression).

The corresponding expression for the Eulerian free-energy density function, de-
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fined by (3.16), takes the form

φ̃DA(F̄ ,b) = φ̃me(F̄ )− 1

2µ0ρ̄
b · χ̃(F̄ )b, (3.66)

where φ̃me(F̄ ) = W̃me(F̄ )/ρ̄0 and χ̃ is given by expression (3.57) with (3.58). Us-

ing frame indifference (objectivity), the result can also be expressed in terms of

ϕ̃DA(C̄,F
T
b) = φ̃DA(F̄ ,b), so that the average (Eulerian) magnetization m̄ and

Cauchy stress T̄ may then be determined in terms of F̄ and b via expressions (3.19).

This involves taking derivatives of the above expression with respect to C (with

the compound variable
_

b = F
T
b being held fixed), and in particular, obtaining the

derivatives of C
1/2

with respect to C̄. However, we prefer here to compute the Eu-

lerian version of the expressions (3.62) and (3.63) for the macroscopic magnetization

and stress by converting them directly into the corresponding Eulerian variables by

means of relations (3.13). The results can be put in the forms

m̄ =
1

µ0

χ̃(F̄ )b̄, and T̄ = T̄
M

+ T̄
me

+ T̄
ex
, (3.67)

where χ̃ is again given by expressions (3.57) and (3.58), and where T̄
M

is the (true)

Maxwell stress (2.14) in the composite, T̄
me

is the purely mechanical stress, and T̄
ex

is the extra stress given in terms of the Biot stress (3.64) via (Hoger, 1993)

T̄
ex

=
1

J̄
(
Ī II − J̄

)R̄ [Ū 2
T̄
ex
B Ū

2 − Ī
(
Ū

2
T̄
ex
B Ū + Ū T̄

ex
B Ū

2
)

+
(
Ī2 + II

) (
Ū T̄

ex
B Ū

)
− J̄

(
Ū T̄

ex
B + T̄

ex
B Ū

)
+ Ī J̄ T̄

ex
B

]
R̄
T
, (3.68)

which is seen to be symmetric. For the purposes of computing T̄
ex

, it is convenient

to write the Biot extra stress, as determined by (3.64), in the form

T̄
ex
B = J̄

(
b ·m

)
Ū
−1 − J̄

[(
R
T
m
)
⊗s
(
Ū
−1
R̄
T
b
)]

+
µ0J̄

2

2cI0

∂

∂Ū

[
(R

T
m)·Ỹ (R

T
m)
]

(3.69)

where ⊗s stands for the symmetrized dyadic product. Also, the derivative of the last

term in the square brackets is taken with the compound variable R
T
m being held
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fixed, and

Ỹ (U) = Rp(U)
(
AI

0

)−1
RpT (U) +

cI0
J̄
I − cI0P̂

D

0 (U). (3.70)

It is interesting to remark that the first term in expression (3.69) for the extra Biot

stress corresponds exactly to the second term in expressions (3.17)1 for the total

Cauchy stress, while the second term in (3.69) is related the third term in (3.17)1.

Note that these two terms are proportional to the macroscopic magnetization, and

therefore of order volume fraction cI0. On the other hand, it follows from (3.70) that

the third term in expression (3.69) for the extra Biot stress is of order magnetization

squared, and includes one contribution, due to the particle rotations, of order cI0, and

two additional contributions, due to change in volume and particle distributions, of

order (cI0)2.

Magnetically isotropic, spherical inclusions

In this case, the particle susceptibility and microstructural tensor become isotropic,

so that AI
0 = aI0I, where aI0 = dχ(2)/[χ(2) +d(1−χ(2))] (d = 2, or 3 is the dimension),

and the tensor Ỹ becomes independent of the particle rotation Rp, such that

Ỹ (U) =
1

aI0
I +

cI0
J̄
I − cI0P̂

D

0 (U). (3.71)

Then, the only contributions to the extra stress in expression (3.69) are through the

change in volume fraction and distribution of the particles. Note however that, in

general, the Biot extra stress is not coaxial with Ū , and the Cauchy stress still needs

to be computed from expression (3.68).

Aligned, magnetically anisotropic, ellipsoidal inclusions

In this case, for general loading, the particles will rotate and no further simplifications

are possible. However, when the loading axes are fixed (R̄ = I), and U is coaxial

with the particle axes, so that Rp = I, the expression for Ỹ becomes

Ỹ (U) =
(
X(2)

)−1

− I + P̂
I

0 +
cI0
J̄
I − cI0P̂

D

0 (U). (3.72)

Moreover, when the magnetic anisotropy tensor X(2) is also coaxial with U and the

particle axes, the above expression for Ỹ (U) becomes coaxial with U . It follows that
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if the magnetic induction field is aligned with one of these magnetic axis—that is, in

the “perfectly aligned” case—only the component in that principal direction of X(2)

will be involved. In addition, it can be easily verified that the extra Biot stress T̄
ex
B ,

as given by (3.69), becomes coaxial with U , and therefore the extra Piola-Kirchhoff

stress S̄
ex

reduces to the first term in (3.65). Then, the corresponding extra Cauchy

stress T̄
ex

reduces to

T̄
ex

=
(
m · b

)
I −m⊗s b− µ0

2
(m ·m) I − µ0

2
J̄

∂

∂Ū

[
m·P̂

D

0 (Ū)m
]
Ū (3.73)

where the derivative of the scalar-valued term in the square brackets is taken with

m being held fixed. This result, of course, also applies to the isotropic case provided

that the magnetic field m be aligned with one of the principal axes of the stretch Ū .

Dilute limit

For small particle concentrations (cI0 << 1), it follows from expressions (3.58) and

(3.59) for X̃ and AI
0, respectively, that X̃ ∼ (cI0/J̄)Rp(U)AI

0R
pT (U). Therefore, in

the dilute limit the effect of particle distributions disappears, as expected, and the

above estimate (3.61) for ρ̄0 Φ̃DA simplifies to

ρ̄0Φ̃DA(F̄ ,B) ∼ W̃ dil
me(F̄ )− cI0

2µ0J̄2
B ·
[
URp(U)AI

0R
pT (U)U

]
B, (3.74)

where W̃ dil
me is the dilute estimate for the purely mechanical problem. Then, noting

that the the magnetization in this case is given by

m̄ =
cI0
µ0J̄

R̄ R̄
p
AI

0R
pT R̄

T
b̄, (3.75)

the Biot extra stress (3.69) reduces to

T̄
ex
B = J̄

(
b ·m

)
Ū
−1 − J̄

[(
R
T
m
)
⊗s
(
Ū
−1
R̄
T
b
)]

− J̄ Hp(Ū)
[(
R̄
T
m
)
⊗a
(
R̄
T
b
)]
, (3.76)

67



where ⊗a denotes the anti-symmetric dyadic product, and Hp(Ū) is a fourth-order

tensor function of Ū with Cartesian components given by

Hp
ijpq = Rp

pk

∂Rp
qk

∂U ij

. (3.77)

In this expression, it is recalled that Rp is the relative particle rotation, which is a

function of Ū . Note that the tensor Hp satisfies the symmetries Hp
ijpq = Hp

jipq =

−Hp
ijqp, and specializes for small strains to the combination P−1RT , where P and R

are the well-known Eshelby tensors characterizing particle rotations in the context

of small strains and rotations (see equations (15) and (19) in Kailasam and Ponte

Castañeda (1998)). Moreover, it is also relevant to note that in the limit of infinites-

imal strains and rotations the expression (3.76) for the extra stress simplifies to

T̄
ex

=
(
b ·m

)
I − 1

2

(
m⊗ b + b⊗m

)
− 1

2
P−1RT

(
m⊗ b− b⊗m

)
, (3.78)

which agrees exactly with the dilute linearized deformation theory of Siboni and Ponte

Castañeda (2012a) in the “stiff matrix” limit (i.e., in the limit as the dimensionless

parameter κ = b̄2/(2µ0G) → 0, where G is the shear modulus of the elastomeric

matrix).

If in addition, either the material is perfectly isotropic, or both the magnetic

induction field and stretch are aligned with the particle axes and magnetic anisotropy

(see earlier discussion), then the magnetization m and the magnetic induction field

b are also aligned, and the result (3.76), when converted to Cauchy stress, further

reduces to

T̄
ex

=
(
b ·m

)
I −m⊗ b, (3.79)

which is consistent with expression (3.73), even for large strains, when terms of order

(cI0)2 are neglected. In this case, it can be shown, by applying the relevant jump

conditions at the solid/empty space interface, that the Maxwell and extra stresses

exactly cancel out with the induced stresses in the empty space immediately sur-

rounding the boundary of the solid, leaving only the purely mechanical stresses in the

body. In other words, when the concentration of the particles is small, and either the

particles are spherical and isotropic, or perfectly aligned with the applied mechan-

ical and magnetic fields, any magnetorheological effects will vanish (see Siboni and

Ponte Castañeda (2012a); Galipeau and Ponte Castañeda (2012)). This conclusion
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is, of course, consistent with the fact that in the dilute limit the particles do not

interact with each other. In particular, for these isotropic or perfectly aligned cases,

any magnetostrictive strain will be necessarily of order (cI0)2. On the other hand,

when the fields are not perfectly aligned, magnetostrictive strains will arise even for

dilute concentration of non-spherical particles (i.e., the effect will be of order cI0), as

a consequence of changes in the particle orientations in the last term in expression

(3.76).

3.4.2 Nonlinear ferromagnetic particle response

As already mentioned, although the magnetization in the (soft) ferromagnetic parti-

cles can be described by the linear model (2.29) at low magnetic field intensities, at

sufficiently large fields it is expected to saturate and the response becomes nonlin-

ear. An example of such a nonlinear model was given by relations (2.31) for isotropic

ferromagnetic particles. In this subsection, we will show how we can make use of

the results of the previous subsection for magnetically linear behavior to generate

corresponding results for magnetically nonlinear response. Thus, it will be assumed

here that the magnetostatic energy density w
(2)
mag is a general convex function of the

magnetic field b with possibly anisotropic behavior. In addition, it is assumed that

w(2)
mag(R

(2),b) ∼ 1

2
b · µ(2)−1

b, for b << 1, and ∼ 1

2µ0

b2, for b >> 1,

(3.80)

and that w
(2)
mag is “strongly convex” in b in the sense that there exists a convex function

f (2) in the space of symmetric second-order tensors, such that

w(2)
mag(R

(2),b) = f (2)

(
R(2),

1

2
b⊗ b

)
. (3.81)

This notion of strong convexity was introduced by Ponte Castañeda (1992) for isotropic

energy functions (in the analogous context of nonlinear dielectrics), and generalized

for anisotropic energy functions (in the context of viscoplasticity) by Ponte Castañeda

and Suquet (1998). For example, the isotropic material model (2.31) is strongly con-

vex and trivially satisfies the asymptotic conditions (3.80). Under these hypotheses,
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it has been shown (see Idiart and Ponte Castañeda (2007)) that

w(2)
mag(R

(2),b) = sup
µ

(2)
L

{
1

2
b · µ(2)

L

−1
b− v(2)(µ

(2)
L )

}
, (3.82)

where

v(2)(µ
(2)
L ) = sup

b

{
1

2
b · µ(2)

L

−1
b− w(2)

mag(R
(2),b)

}
. (3.83)

These expressions provide generalizations to the fully anisotropic case of results first

given in the context of isotropic nonlinear electrostatics by Ponte Castañeda (1992).

Making use of expression (3.82) in the expression for the homogenized magnetic

energy (3.45), and interchanging the supremum and infimum, which is allowed by

the appropriate Saddle Point Theorem, we arrive (see Idiart and Ponte Castañeda

(2007) for analogous derivations in viscoplasticity) at the following estimate for the

homogenized magnetic energy

w̃mag(b;Fm(X)) ≥ sup
µ

(2)
L

{
1

2
b̄ · µ̃−1

L b̄− cIv(2)(µ
(2)
L )

}
, (3.84)

where µ̃L is the effective magnetic permeability of a “linear comparison composite”

(LCC) with the same matrix phase with magnetic permeability µ0, but with the

nonlinear particle phase replaced by a fictitious linear anisotropic phase with magnetic

permeability µ
(2)
L . This means that an estimate for the effective energy w̃mag of the

material with nonlinear particles can be obtained in terms of the effective energy

(3.48) of the material with linear, anisotropic particles, provided that the magnetic

permeability µ(2) in (3.48) be identified with the solution of the optimization problem

(3.84) for µ
(2)
L . Note that these optimized values of the variables µ

(2)
L , which will be

labeled µ̂
(2)
L , are functions of the magnetic field b̄ (and therefore no longer constant).

Next, introducing the magnetic susceptibility χ
(2)
L = I−µ0µ

(2)
L

−1
of the particles in

the LCC, it is noted that the nonlinear corrector function v(2)(µ
(2)
L ) may alternatively

be written

v(2)(µ
(2)
L ) = sup

b

{
1

2µ0

b · χ(2)
L b− ρ(2)

0 ϕ(2)
mag(R

(2)T

b)

}
= v(2)

p (χ
(2)
L ). (3.85)
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It then follows that the expression (3.84) may also be rewritten in the form

w̃mag(b;Fm(X)) ≥ 1

2µ0

b̄2 − inf
χ

(2)
L

{
1

2
b̄ · χ̃Lb̄ + cIv(2)

p (χ
(2)
L )

}
, (3.86)

where χ̃L and χ
(2)
L are related in the same way as χ̃ and χ(2) in expression (3.54).

Then, following parallel developments in the previous subsection for the linear,

anisotropic particles, the particle rotation Rp, relative to the macroscopic rotation

R, is defined via Rp = R
T
R

(2)
, so that letting χ

(2)
L = R

(2)
X

(2)
L R

(2)T

, it follows that

χ̃L can also be written in the form

χ̃L(F̄ ) = RX̃L(U ;X
(2)
L )R

T
, (3.87)

where X̃L(U ;X
(2)
L ) is still given by expression (3.58), except that now

AI
0 =

[(
X

(2)
L

)−1

− I + P̂
I

0

]−1

. (3.88)

In these expressions, cI0 is again the prescribed initial (in the reference configuration)

particle volume fraction. Note that the dependence of X̃L on U , through Rp and

P̂
D

0 , as well as on the magnetic susceptibility of the particles X
(2)
L in the LCC has

been made explicit in these expressions, for clarity.

In addition, making use of the expression χ
(2)
L = R

(2)
X

(2)
L R

(2)T

, it follows from

relation (3.85) for v
(2)
p that

v(2)
p (χ

(2)
L ) = sup

b

{
1

2µ0

b ·
(
R

(2)
X

(2)
L R

(2)T
)

b− ρ(2)
0 ϕ(2)

mag(R
(2)T

b)

}
= sup

B

{
1

2µ0

B ·X(2)
L B− ρ(2)

0 Φ(2)
mag(B)

}
= V (2)(X

(2)
L ). (3.89)

Finally, substituting expressions (3.86), together with expressions (3.87) to (3.89),

into expression (3.44), and subtracting the vacuum magnetic energy, we arrive at the

(fully Lagrangian) estimate for the free-energy density of the nonlinear magnetoelastic
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composite

ρ̄0Φ̃DA(F̄ ,U) = W̃me(F̄ )− inf
X

(2)
L

{
1

2µ0J̄

(
U B

)
·
[
X̃L(U ;X

(2)
L )
] (
U B

)
+ cI0V

(2)(X
(2)
L )

}
.

(3.90)

It should be pointed out in connection with this estimate that the inequalities in

expressions (3.44) and (3.86) are inconsistent, and therefore the estimate is no longer

a bound for Φ̃DA (although it should still be a very good stationary estimate).

On account of the convexity properties of expression (3.90), the optimality condi-

tion for the variables X
(2)
L in expression (3.90) is given by

− 1

2µ0cI0J̄

∂

∂X
(2)
L

[(
U B

)
· X̃L(U ; X̂

(2)

L )
(
U B

)]
∈ ∂V (2)(X̂

(2)
), (3.91)

where ∂V (2) denotes the subdifferential of the convex (but possibly non-smooth) func-

tion V (2) (see Idiart and Ponte Castañeda (2007)).

Given expression (3.90) for Φ̃DA, the average Piola-Kirchhoff stress S̄ and La-

grangian magnetic field H may then be computed in terms of the average deformation

F̄ and magnetic induction field B via expressions (3.11). However, it is important

to note in this context that, in view of the optimality condition (3.91), the requisite

derivatives of the expression (3.90) with respect to F and B may be evaluated with the

variable X
(2)
L held fixed at its optimal value X̂

(2)

L , as determined by (3.91). Therefore,

the expressions for the macroscopic Piola-Kirchhoff stress S̄ and Lagrangian magnetic

field H will still be given by the same expressions (3.62), and (3.63) to (3.65), as in the

(magnetically) linear theory, except that now the variable X
(2)
L in these expressions

should be replaced by X̂
(2)

L (as determined by (3.91)), which is no longer constant

and depends on the applied fields F̄ and B).

A corresponding Eulerian formulation may also be obtained starting from expres-

sion (3.86). The resulting expressions for the macroscopic Cauchy stress and (Eule-

rian) magnetization will still be given by expressions (3.67), together with (3.68) to

(3.70), except that the variables X(2) in these expressions must be substituted by the

corresponding optimal values X̂
(2)

, as determined by expression (3.91). In addition,

the simplifications mentioned at the end of the previous section for isotropic, perfectly

aligned and dilute systems with linear magnetic response also carry over for nonlinear

magnetic behavior, with the appropriate reinterpretations.
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3.4.3 Permanent magnetization particle response

It is possible that the rigid particles may exhibit some permanent magnetization

within the composite. Recall from section 2.2.2 that in such a case the magnetization

behavior of the rigid particles is characterized by a permanent magnetization m
(2)
0

and a differential susceptibility χ(2), both of which depend on the rotation of the

particles as well as a “specific heat” c(2)

For the purposes of homogenization, we use the un-deformed un-magnetized state

as the reference configuration. Then this composite is subjected to a large macro-

scopic magnetic field b̄ which causes the particles to become magnetized. For many

inclusion materials the particles will retain their magnetization even when this ap-

plied field is removed. In this case the composite would also exhibit some permanent

macroscopic magnetization m̃0(F̄ ) when b̄ = 0. Additionally the magnetic field sur-

rounding each particle will generate a corresponding stress field which may produce

significant macroscopic magnetic stresses in the composite. After an MRE undergoes

the previously mentioned magnetic loading cycle, we can use the partial decoupling

approximation to determine the macroscopic stress and magnetization.

When the particles are described locally as having a constant (linear) differen-

tial susceptibility and permanent magnetization, as in equation (2.33), the composite

also has a constant differential susceptibility. This allows us to use the linear ho-

mogenization framework in section 3.4.1 to compute the differential susceptibility

of the composite based on the differential susceptibility of the constituent phases.

We can also use Levin’s relation for two-phase composites to determine the remnant

magnetization of the composite m̃0(F̄ ) and the effective “specific heat” c̃(F̄ ).

Using the partial decoupling approximation, the magnetic homogenization pro-

duces an energy function of the form

w̃mag(F̄ , b̄) =
1

2µ0

b̄ · b̄− 1

2µ0

b̄ · χ̃(F̄ )b̄− b̄ · m̃0(F̄ )− 1

2
c̃(F̄ ) (3.92)

where

χ̃(F̄ ) = cI
[(
χ(2)

)−1 − I + µ0P
I + cI(I − µ0P

D)
]−1

(3.93)

which is the same as equation (3.54). The corresponding permanent magnetization

is given by

m̃0(F̄ ) = χ̃(F̄ )
(
χ(2)

)−1
m

(2)
0 (3.94)
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and the “specific heat”

c̃(F̄ ) = µ0m
(2)
0 ·

(
χ(2)

)−1
χ̃(F̄ )

(
χ(2)

)−1
m

(2)
0 − µ0c

Im
(2)
0 ·

(
χ(2)

)−1
m

(2)
0 . (3.95)

In these expressions, we have assumed that c(2) = 0. (If c(2) 6= 0 it changes the

total energy; however it produces no contribution to the stress or the magnetization).

However c̃(F̄ ) depends on the macroscopic deformation and contributes to the stress

so it cannot be ignored. We also recall that χ(2) and m
(2)
0 depend on the rotation of

the particles and therefore depend on the macroscopic deformation. These quantities

can be related to the fixed Lagrangian counterparts via the relations m
(2)
0 = R

(2)
M

(2)
0

and χ(2) = R
(2)
X(2)R

(2)T

.

Using expressions (3.94) and (3.95), the energy given by expression (3.92) can be

written as

w̃mag(F̄ , b̄) =
1

2µ0

b̄ · b̄

− 1

2µ0

(
b̄ +

(
χ(2)

)−1
µ0m

(2)
0

)
· χ̃(F̄ )

(
b̄ +

(
χ(2)

)−1
µ0m

(2)
0

)
+ µ0c

Im
(2)
0 ·

(
χ(2)

)−1
m

(2)
0 . (3.96)

The corresponding amended free-energy function for the composite is then given

by

W̃mag(F̄ , B̄) =
1

2µ0J̄
B̄ · Ū 2

B̄

− J̄

2µ0

(
ŪB̄

J̄
+Rp(Ū)

(
X(2)

)−1

M
(2)
0

)
· X̃

(
ŪB̄

J̄
+Rp(Ū)

(
X(2)

)−1

M
(2)
0

)
µ0c

I
0

2
M

(2)
0 ·

(
X(2)

)−1

M
(2)
0 (3.97)

with

X̃(Ū ) =
cI

0

J̄

[
Rp(Ū)(AI

0)−1RpT(Ū) +
cI

0

J̄
I − cI

0P̂
D

0 (Ū)

]−1

. (3.98)

It is emphasized that M
(2)
0 and X(2) are constant.

The magnetic constitutive relation that results from the preceding homogenized
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energy function is

m̄ =
1

µ0

χ̃(F̄ )b̄ + χ̃(F̄ )
(
χ(2)

)−1
m

(2)
0 . (3.99)

The corresponding Biot stress is given by an expression of the form

T̄
ex
B = J̄(b̄ · m̄)Ū

−1 − J̄
[
(R̄

T
m̄)⊗s (Ū

−1
R̄

T
b̄)
]

+
µ0J̄

2

2cI
0

∂

∂Ū

[
(R̄

T
m̄) · Ỹ (R̄

T
m̄)
]
− µ0J̄

∂

∂Ū

[
(R̄

T
m̄) ·Rp(Ū)

(
X(2)

)−1

M
(2)
0

]
(3.100)

with

Ỹ (Ū) =
cI

0

J̄
X̃
−1

= Rp(Ū)(AI
0)−1RpT(Ū) +

cI
0

J̄
I − cI

0P̂
D

0 . (3.101)

Note that this expression is the same as equation (3.69) with the addition of the

last term. We recall from before that derivatives with respect to Ū are taken with

(R̄
T
m̄) held fixed. It should be emphasized that this material has a magnetic stress

even when the applied magnetic flux b̄ = 0 because m̄ 6= 0 due to the permanent

magnetization.

No differential susceptibility, X(2) = 0

An important special case to consider is when the particles are permanent magnets

with no differential susceptibility such that X(2) = 0. In this limit the energy func-

tions reduce to

w̃mag(F̄ , b̄) =
1

2µ0

b̄ · b̄− cIb̄ ·m(2)
0

− µ0c
I

2
m

(2)
0 ·m

(2)
0 +

µ0c
I

2
m

(2)
0 · µ0P

Im
(2)
0

+
µ0(cI)2

2
m

(2)
0 ·m

(2)
0 −

µ0(cI)2

2
m

(2)
0 · µ0P

Dm
(2)
0 , (3.102)
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while the amended free energy reduces to

W̃mag(F̄ , B̄) =
1

2µ0J̄
B̄ · Ū 2

B̄− cI
0

J̄
B̄ · ŪRp(Ū)M

(2)
0 .

− µ0c
I
0

2
M

(2)
0 ·M

(2)
0 +

µ0c
I
0

2
M

(2)
0 · P̂

I

0M
(2)
0

+
µ0(cI

0)2

2J̄
M

(2)
0 ·M

(2)
0 −

µ0(cI
0)2

2
Rp(Ū)M

(2)
0 · P̂

D

0 (Ū)Rp(Ū )M
(2)
0 . (3.103)

On the other hand, the magnetic constitutive relation that results when X(2) = 0

becomes

m̄ = m̃0 =
cI

0

J̄
R̄Rp(Ū)M

(2)
0 =

cI
0

J̄
R̄

(2)
M

(2)
0 . (3.104)

The corresponding Biot stress is given by the following expression

T̄
ex
B = J̄(b̄ · m̄)Ū

−1 − J̄
[
(R̄

T
m̄)⊗s (Ū

−1
R̄

T
b̄)
]
− J̄ ∂

∂Ū

[
(R̄

T
b̄) ·Rp(Ū)M

(2)
0

]
− µ0

2
J̄(m̄ · m̄)Ū

−1 − µ0

2
J̄2 ∂

∂Ū

[
(R̄

T
m̄) · P̂

D

0 (Ū)(R̄
T
m̄)
]

− µ0(cI
0)2 ∂

∂Ū

[
(P̂

D

0R
pm̄) ·Rp(Ū )M

(2)
0

]
. (3.105)

Note that when deriving this expression from the energy, the terms in the middle line

of expression (3.103) are constant with respect to deformation and do not contribute

to the total stress. We also point out that expression (3.105) is a specialization of

expression (3.100). This can be shown directly by substituting expression (3.101) into

expression (3.100) and taking the limit as X(2) → 0.

New reference configuration for MREs with permanent magnet inclusions

In the previous section the un-magnetized un-deformed state was taken as the refer-

ence configuration. Once the composite exhibits a permanent magnetization, either

through a change in temperature or a magnetic loading cycle, the overall composite

will obtain the properties of a deformable permanent magnet. One effect is that the

MRE will deform without the application of traction when free floating in the vacuum

as a result of the magnetic stress in and around it. It may be tempting to define a

new reference state based on this spontaneous deformation. Unfortunately, there are

many ways to define the new reference state, each of which will produce different
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results.

We could set either the macroscopic b̄ = 0 or h̄ = 0, and solve for the mag-

netostriction. However, the choice between b̄ = 0 or h̄ = 0 is arbitrary and the

difference is non-trivial even in the simplest case. A different magnetostriction (and

therefore a different reference configuration) will be determined for each definition.

For these cases, the deformed state also depends on the orientation of the sample rel-

ative to the microstructure. This means that for each orientation a different reference

configuration would be needed.

Another option is to solve for the deformation when the sample is free floating in

vacuum and the far field vanishes. This represents the most realistic new reference

state for the sample and it is a uniquely determined state which depends on the

effective susceptibility and permanent magnetization. However this deformation is

non-uniform and depends on the macroscopic shape and aspect ratio of the sample.

To the best of our knowledge there is no way around these inconsistencies and

a new reference configuration as a material property cannot be defined. For these

reasons the un-magnetized configuration will be taken as the reference state in this

work.

3.5 Concluding remarks

The constitutive theory proposed in this work for MREs at finite strains is described

by expressions (3.67) to (3.70), and requires the solution of the “purely mechani-

cal” homogenization problem (3.42), together with corresponding estimates for the

particle rotations. Such estimates for the mechanical problem may be generated by

means of either the “tangent” (Ponte Castañeda and Tiberio, 2000), or the “general-

ized secant” (Lopez-Pamies and Ponte Castañeda, 2006a) nonlinear second-order ho-

mogenization methods, in terms of corresponding estimates for appropriately defined

“linear comparison composites.” These in turn may be obtained from the work of

Ponte Castañeda and Willis (1995) for linear composites with particulate microstruc-

tures. This approach has already been implemented in this thesis and a companion

paper, Galipeau and Ponte Castañeda (2013), where use is made of the general two-

dimensional estimates of Lopez-Pamies and Ponte Castañeda (2006a) for reinforced

elastomers with elliptical fibers to generate, via the above-described theory, explicit

estimates for MREs. It incorporates the effects of particle concentration, shape, orien-
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tation and distribution. On the other hand, estimates for the magnetostrictive strain

in three-dimensional, aligned particle systems, subjected to aligned loading, will be

given in Galipeau and Ponte Castañeda (2012) as well as this thesis. The results

demonstrate the significant effect of particle shape and concentration on the magne-

tostrictive capabilities of these materials. At a more elementary level these models

have the distinctive feature that they predict non-trivial magnetoelastic effects, even

when neither constituent exhibits such coupled behaviors by itself.

Although in principle the “partial decoupling” approximation introduced in this

work is not strictly necessary, as we have seen, it does simplify the homogenization

problem considerably by reducing it to two simpler problems: a purely mechanical

problem and a purely magnetic problem (in the deformed configuration). It was

argued that this approximation should be very good at least for spherical particles as

well as for aligned non-spherical particles, when the applied magnetic and mechanical

fields are also aligned. Moreover Siboni and Ponte Castañeda (2012a) have shown in

the small-deformation context that the decoupling approximation is of higher order

in the “stiff matrix” limit (i.e., in the limit as κ = b̄2/(2µ0G)→ 0). It is certainly our

expectation, although this remains to be verified, that the decoupling approximation

should also lead to accurate estimates in the stiff matrix limit for large deformations

when the loading is not aligned with the particles and magnetic axes. However,

independent of how accurate the model will turn out to be for specific cases, the

model is already useful in identifying the basic mechanisms in these materials, which

in turn can be of great help in the optimization of the microstructure for achieving

the largest possible magnetostrictive strains.

The microstructure has been idealized to consist of perfectly aligned particles of

identical shape in the first treatment of the problem. It should be emphasized that

the approach is much more general and that it could be easily generalized to account

for random distributions of orientations with a given texture as specified by an orien-

tation distribution function. This would add some practical complications from the

additional microstructural variables but the theory extends naturally. It is our expec-

tation that the perfectly aligned systems that we have considered in this work would

be fairly accurate for highly textured systems, at least away from any instabilities. In

this connection, it should be noted that the theory could also be used to estimate the

onset of macroscopic instabilities, as has already been done for purely elastic systems

(Lopez-Pamies and Ponte Castañeda, 2006b; Michel et al., 2007). This exciting pos-
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sibility will be taken up in future work. Another promising direction for future work

would be to use more sophisticated theories to account for the ferromagnetic behavior

of the particles, such as the “constrained theory” of micromagnetics of DeSimone and

James (2002), which would also allow the incorporation of magnetostrictive behavior

for the particles themselves.

Finally, it is also important to remark that the techniques that have been devel-

oped in this work in the context of MREs may be adapted/generalized to other types

of active material systems, such as electroactive polymers. The general homogeniza-

tion framework developed here could also be applied to electro- and magnetoelastic

material systems with other types of microstructures, such as the granular microstruc-

tures observed in polycrystalline materials. Clearly, these and other homogenization

techniques can be very useful in helping to characterize the constitutive response of

electro- or magneto-active material systems, as they have been useful in helping to

describe the purely mechanical behavior of many heterogenous material systems.
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Chapter 4

2-D model including the effects of

particle rotation
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Figure 4.1: Graphical depiction of long cylindrical fibers with elliptical cross section,
distributed randomly in a soft elastomer matrix.

In this chapter we will make use of the general results of Chapter 3 (Ponte

Castañeda and Galipeau, 2011) to provide explicit expressions for the effective energy

function W̃ (F̄ , B̄) for a special class of MREs composed of aligned, rigid, magneti-

zable fibers of elliptical cross-section embedded in a soft magnetically insensitive

matrix, as shown schematically in Figure 4.1. Note that the rigid fibers prevent

stretch in the direction of their long axis, forcing all the deformation to take place

in the transverse plane. The composite can only undergo a pure shear deformation

because of the incompressibility of the matrix and fibers. This can be described in

terms of the stretch and a loading angle. Furthermore, it should be noted that this

two-dimensional microstructure may be expected to exhibit larger strains compared

to 3D particles because of the enhanced magnetic interactions between the fibers and

the externally applied magnetic field.

Chapter 3 applied the general homogenization framework to MREs and obtained

estimates for the effective stored-energy function W̃ for the class of magnetoelastic

composites consisting of rigid, ellipsoidal particles with energy function (2.31) that are

distributed randomly in an elastic matrix with energy function (2.21). This estimate

made use of a certain “partial decoupling approximation” which is exact in the “stiff

matrix” limit when the elasticity of the matrix is large compared to the magnetic
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torques, but still small compared to the stiffness of the particles (see also Siboni and

Ponte Castañeda (2012a)). The resulting estimate can be written in the form

W̃ (F̄ , B̄) = W̃me(F̄ ) + W̃mag(F̄ , B̄), (4.1)

where W̃me is the effective stored-energy function of the “purely mechanical” prob-

lem (i.e., with B̄ = 0). W̃mag corresponds to the effective magnetostatic energy of

the composite in the current configuration, as determined by the purely mechanical

problem. It is emphasized that the decomposition (4.1) of the effective magnetoe-

lastic energy function of the composite in terms of a purely mechanical term and

a second term containing the magnetoelastic interactions is not expected for more

general magnetoelastic composites. It is however quite natural for the class of MRE

composites of interest in this work. For this reason we will refer to the stress as-

sociated with the purely mechanical terms as the “mechanical” stress and to the

rest as the “magnetic” stress. For example, we will refer to S̄
me

= ∂W̃me/∂F̄ and

S̄
mag

= ∂W̃mag/∂F̄ , such that S̄ = S̄
me

+S̄
mag

, as the mechanical and magnetic parts

of the total Piola-Kirchhoff stress S̄, respectively.

In this chapter we will use the generalized neo-Hookean model to represent the

mechanical constitutive response of the incompressible rubber matrix. The mechan-

ical stored-energy function of the matrix will be taken to be of the form W
(1)
me (F ) =

g(1)(I), where g(1) is some appropriately constructed function of the first invariant

I = tr
(
F TF

)
. In particular we will provide explicit results for the Gent model

(Gent, 1996). This model has two free parameters: G, the initial shear modulus of

the composite, and Jm, the lockup parameter characterizing the limiting extensibility

of the elastomer. It is given by the expression

W (1)
me (F ) = g(1)(I) = −GJm

2
ln

[
1− I − 3

Jm

]
. (4.2)

Note that it reduces to the standard neo-Hookean material in the limit as Jm →∞.

The associated magnetoelastic energy function for the elastomer is given by

W (1)(F ,B) = W (1)
me (F ) +

FB · FB

2Jµ0

, (4.3)

where the magnetic term in the right-hand side of this equation ensures that the

non-magnetic rubber exhibits no magnetization or, in other words, has the same

82



magnetic constitutive response as vacuum. Because this term is at the origin of the

Maxwell stress in a non-magnetic material, we refer to it as the Maxwell term in the

magnetoelastic energy function.

On the other hand the constitutive response of the rigid magnetic particles is

described by a function of the form

W (2)(F ,B) = W (2)
me (F ) +

B ·B
2µ0

+ ρ0ϕ
(2)
mag(R(2)B) (4.4)

where W
(2)
me (F ) is a mechanical energy function such that it is equal to zero if F

is a pure rotation R(2), and infinity otherwise, which serves to enforce the rigidity

condition. ϕ
(2)
mag characterizes the magnetic response of the particles. Note that F

has been set equal to the rotation R(2) in the second and third terms of the equation

for W , corresponding to the vacuum and material contributions, respectively.

4.1 Composites with aligned, cylindrical fibers un-

der in-plane loading

This section will provide more explicit results for the effective energy of the compos-

ite when these two materials are arranged as described in Figure 4.1. For simplicity,

this section is broken up into subsections. Section 4.1.1 describes the relevant mi-

crostructural variables and evolution of the microstructure in the composite. Section

4.1.2 gives an expression for the purely mechanical energy function of the composite,

and, in the process, provides an associated expression for the fiber rotations. This is

also needed to determine the magnetostatic energy function of the composite. Sec-

tion 4.1.3 gives an expression for the magnetic energy function, assuming that the

microstructure in the deformed configuration is known. Section 4.1.4 provides some

practical simplifications for computing magnetic constitutive relations from the given

energy function and for dealing with the saturation phenomenon. Section 4.1.7 de-

scribes some possible extensions of the given model as well as some of the limitations.

4.1.1 Microstructural variables and evolution

Figure 4.2 shows a transverse cross-section of the fiber composite depicted in Figure

4.1 in its reference (left) and deformed (right) configurations. In this cross-section the
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Figure 4.2: Cross-section of the MRE’s microstructure in the reference (left) and
current (right) configurations. The region ΩI

0 represents the initial region occupied
by the inclusion material, while ΩD

0 represents the initial “shape” of the two-point
correlation for the random distribution of the particle centers. Under the action of
the deformation and the magnetic field, the regions ΩI

0 and ΩD
0 transform to new

regions ΩI and ΩD in the current configuration. The fixed unit vectors ê
′
1 and ê

′
2 are

aligned with the principal axes of the ellipses in the reference configuration, and are
at an angle θ0 relative to the laboratory frame, defined by the basis vectors ê1 and
ê2.
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composite can be considered a two-dimensional material consisting of elliptical inclu-

sions, initially occupying regions ΩI
0, in initial concentration cI

0, that are distributed

randomly with “elliptical” symmetry (Willis, 1977) in the elastomeric matrix. As

discussed by Ponte Castañeda and Willis (1995), elliptical symmetry in this context

refers to the shape of the two-point probability function for the distribution of the

particle centers. It can be described in terms of “distributional” ellipses ΩD
0 . The

elliptical particles and distribution are in turn described in terms of shape tensors ZI
0

and ZD
0 by means of

ΩI
0 =

{
X :

∣∣∣(ZI
0

)−T
X
∣∣∣ ≤ 1

}
and ΩD

0 =
{

X :
∣∣∣(ZD

0

)−T
X
∣∣∣ ≤ 1

}
. (4.5)

For simplicity it will be assumed that the initial shape and orientation of the particle

and distributional ellipses are identical, with the same aspect ratio w and orientation

θ0 relative to the fixed laboratory frame.

Note that since ZI
0 is a symmetric second-order tensor, it can be “diagonalized”

such that

ZI
0 = Rθ̄0D

I
0R

T
θ̄0
, (4.6)

where Rθ̄0 is an in-plane rotation by the angle θ̄0 and DI
0 defines the shape of the

particle. They have Cartesian components relative to the laboratory frame:

[
Rθ̄0

]
=

[
cos θ̄0 − sin θ̄0

sin θ̄0 cos θ̄0

]
and

[
DI

0

]
=

[
1 0

0 w

]
. (4.7)

Obviously, there is a completely analogous expression for the particle distribution

tensor ZD
0 = Rθ̄0D

D
0R

T
θ̄0

.

As the deformation progresses, the microstructure evolves because the particles

can rotate and move relative to one another, so that in the current configuration the

microstructure is characterized by new regions ΩI and ΩD (Figure 4.2). The current

concentration cI is identical to its initial value (cI = cI
0) because of the assumed

incompressibility of the matrix and rigidity of the fibers. Also, since the particles

are rigid, they cannot deform and, following Ponte Castañeda and Galipeau (2011),

they are all assumed to undergo (on the average) the same rotation Rφ̄ (i.e., an in-

plane rotation by an angle φ̄). As we will see below, this will be determined by the

purely mechanical homogenization problem. In addition, the shape of the two-point

probabilities is assumed to deform with the macroscopic deformation, as determined

85



by the average deformation gradient F̄ = R̄ψ̄ Ū , where the in-plane macroscopic

rotation R̄ψ̄ is described by the angle ψ̄. In summary, the regions in the deformed

configuration also become ellipses, as defined by

ΩI =
{

x :
∣∣∣(ZI

)−T
x
∣∣∣ ≤ 1

}
and ΩD =

{
x :
∣∣∣(ZD

)−T
x
∣∣∣ ≤ 1

}
, (4.8)

in terms of different shape tensors ZI and ZD.

It is useful (Ponte Castañeda and Galipeau, 2011) to introduce the relative particle

rotation R̄ϕ̄ = R̄
T
ψ̄ R̄φ̄, such that

ϕ̄ = φ̄− ψ̄, (4.9)

where it is recalled that ψ̄ characterizes the in-plane macroscopic rotation. Recalling

that the stretch tensor Ū corresponds to a pure shear at an angle ᾱ, it is also useful

to diagonalize Ū , such that Ū = RᾱD̄R
T
ᾱ , where D̄ is pure shear of magnitude λ̄

relative to the laboratory frame, i.e.,

[D] =

[
λ̄ 0

0 1/λ̄

]
. (4.10)

On the other hand, ᾱ characterizes the loading angle.

It then follows (Ponte Castañeda and Galipeau, 2011) from the hypotheses made

that the inclusion and distribution shape tensors in the deformed configuration can

be related to the corresponding reference shape tensors via

ZI = ZI
0R

T
φ̄ = ZI

0R
T
ϕ̄R

T
ψ̄ and ZD = ZD

0 F̄
T

= ZD
0 ŪR

T
ψ̄ . (4.11)

It should be recalled that the above expression for the evolution of ZD is an approx-

imation that should be reasonable provided that the particle volume fractions and

strains are not too large.

4.1.2 Purely mechanical energy function

For the above-defined class of two-dimensional fibrous microstructures, Lopez-Pamies

and Ponte Castañeda (2006b) have provided an analytical estimate for the effective
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stored-energy function of the composite, which is given by

W̃me(F̄ ) = Ŵme(λ̄, ᾱ) = (1− cI0) g(1)(Î(1), (4.12)

where g(1) is given by expression (4.2) for the Gent material, and

Î(1) =
cI0
(
1 + λ̄2

)2
+
[
1 + 2

(
cI0 − 2

)
cI0λ̄

2 + λ̄4
]

+ cI0
(
1 + λ̄2

)2
w2

(1− cI0)
2
λ̄2w

−
cI0
(
λ̄4 − 1

)
(w2 − 1)

(1− cI0)
2
λ̄2w

sin(ϕ̄) sin
[
ϕ̄− 2(ᾱ− θ̄0)

]
−

2cI0
(
1 + λ̄2

)
(1 + w2)

(1− cI0)
2
λ̄w

cos(ϕ̄).

(4.13)

In this last expression, cI0 is the fiber volume fraction, w is the fiber aspect ratio, λ̄ is

the applied stretch, ᾱ is the the loading angle, and θ̄0 is the initial orientation of the

fibers relative to the laboratory frame (see Figure 4.2). The relative fiber rotation ϕ̄

satisfies the equation

2λ̄
(
1 + w2

)
sin(ϕ̄)−

(
λ̄2 − 1

) (
w2 − 1

)
sin[2(ϕ̄− ᾱ + θ̄0)] = 0, (4.14)

which also depends on w, λ̄, and ᾱ but not on cI0. Note that the result is consistent

with objectivity since the rigid body rotation, as defined by the angle ψ̄, does not

directly enter the result (see expression (4.9) for the variable ϕ̄). Also, note that the

replacement of θ̄0 by θ̄0 − π does not affect the result, consistent with the material

symmetry of the composite.

4.1.3 Magnetostatic energy function for particles with ferro-

magnetic particle response

As previously discussed the particles are taken to be magnetically isotropic, but non-

linear, and a Langevin-type function is a phenomenological model to describe the

magnetic behavior of the inclusion material. Thus, the magnetic free-energy function

of the particles depends on b = |b|. It is defined by

ρ
(2)
0 ϕ(2)

mag(b) = −µ0m
2
s

3χ

[
ln

(
sinh

[
3χb

µ0ms

])
− ln

(
3χb

µ0ms

)]
, (4.15)
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where χ denotes the initial (linear) susceptibility and ms is the saturation magneti-

zation of the particle. The corresponding magnetization is then given by

m(b) =
ms

b

[
coth

(
3χb

µ0ms

)
− µ0ms

3χb

]
b. (4.16)

Other magnetic constitutive relations can be used; however, the Langevin model is

sufficient to describe a wide range of materials such as magnetically soft iron.

When the magnetic behavior of the particles is linear with susceptibility χ (such

that m = χb/µ0), Chapter 3 (Ponte Castañeda and Galipeau, 2011) made use of

the linear homogenization estimates of Ponte Castañeda and Willis (1995) for the

above-described particulate microstructures to obtain the following expression for the

effective magnetic energy function for the composite

W̃mag(F̄ , B̄) =
1

2µ0

(
ŪB̄

)
·
[
I − X̃(Ū , χ)

] (
ŪB̄

)
, (4.17)

where it is recalled that J̄ = 1 on account of the overall incompressibility of the

composite. In this expression, X̃(Ū , χ) is defined in terms of the effective magnetic

susceptibility of the composite in the deformed configuration as determined by F̄ =

R̄ψ̄ Ū by means of the relation

χ̃(F̄ , χ) = Rψ̄X̃(Ū , χ)RT
ψ̄ , (4.18)

and may be given the expression

X̃(Ū , χ) = cI0

[
1

χ
I − (1− cI0)I + P (ZI

0R
T
ϕ̄)− cI0P (ZD

0 Ū)

]−1

, (4.19)

where P (ZI
0R

T
ϕ̄) and P (ZD

0 Ū ) are microstructural tensors, respectively. They char-

acterize the effects of the inclusions and distribution, as well as their evolution. In

this connection it is useful to recall that the shape tensors ZI
0 and ZD

0 are given by

expressions of the form (4.6), and that the rotation tensor Rϕ̄ depending on ϕ̄, as

defined by expression (4.14), is a function of λ̄ and ᾱ through Ū . The microstructural

tensors are defined in terms of the Eshelby-type expression

P (Z) =
det(Z)

2π

∫
|ξ|=1

|Zξ|−2ξ ⊗ ξdS(ξ), (4.20)
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which can be computed analytically for general shape tensor Z. Thus, its Cartesian

components relative to the laboratory frame defined by êi (Figure 4.2) are given by

[P (Z)] =

[
Z12(Z12−Z21)+Z22(Z11+Z22)

(Z12−Z21)2+(Z11+Z22)2
− Z11Z12+Z21Z22

(Z12−Z21)2+(Z11+Z22)2

− Z11Z12+Z21Z22

(Z12−Z21)2+(Z11+Z22)2
Z21(Z21−Z12)+Z11(Z11+Z22)

(Z12−Z21)2+(Z11+Z22)2

]
. (4.21)

When the magnetic behavior of the particles is nonlinear, as specified by expres-

sions (4.15) and (4.16), Chapter 3 (Ponte Castañeda and Galipeau, 2011) made use

of the “linear comparison” homogenization theory of Ponte Castañeda (1992, 1998)

to derive the following estimate for the effective magnetostatic energy function of the

composite

W̃mag(F̄ , B̄) =
1

2µ0

(
ŪB̄

)
·
[
I − X̃(Ū , χL)

] (
ŪB̄

)
+ cI0

χL
(
b̂(2)
)2

2µ0

+ ρ
(2)
0 ϕ(2)

mag(b̂(2))

 (4.22)

where χL is the susceptibility of the inclusion phase in the “linear comparison compos-

ite” and b̂(2) is the magnitude of the average of the corresponding magnetic induction

field in the inclusions. They are determined as the solution of the coupled nonlinear

algebraic relations

b̂(2) =
µ0ms

χL

[
coth

(
3χb̂(2)

µ0ms

)
− µ0ms

3χb̂(2)

]
(4.23)

and

b̂(2) =
1

χLcI
0

∣∣χ̃(F̄ , χL)b̄
∣∣ =

1

χLcI
0

∣∣∣X̃(Ū , χL) ŪB̄
∣∣∣ . (4.24)

Therefore, the effective magnetostatic energy function W̃mag of the nonlinear compos-

ite is computed as a function of F̄ and B̄ by first solving equations (4.23) and (4.24)

for the variables χL and b̂(2), and then substituting the result into equation (4.22).

4.1.4 Constitutive relations

Having obtained expressions (4.12), together with (4.13) and (4.14) for the mechanical

energy function W̃me, and expression (4.22), together with (4.23) and (4.24) for the

corresponding magnetostatic energy function W̃mag, the total magnetoelastic energy
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function W̃ for the nonlinear MRE is obtained from expression (4.1). The macroscopic

constitutive relations for the composite may be determined by means of expression

(3.9). It is important to recall that the magnetic energy W̃mag, and in particular

X̃(Ū , χL), depend on χL which is a function of both the magnetic and mechanical

fields. In principle, we would need to account for variations in χL when taking

derivatives of W̃mag; however, as pointed out by Ponte Castañeda and Galipeau (2011),

the stationarity condition used to determine χL implies that the derivatives with

respect to χL do not contribute, so that the macroscopic magnetization can be shown

to be given by

m̄ =
1

µ0

χ̃(F̄ , χL)b̄ =
1

µ0

Rψ̄X̃(Ū , χL)ŪB̄. (4.25)

It is emphasized that χL must still be obtained from the solution of equations (4.23)

and (4.24), as a function of F̄ and B̄, so that, in particular, it depends nonlinearly

on b̄. Therefore the dependence of m̄ on b̄ is also nonlinear, as would be expected.

Similarly, when computing the “magnetic” stresses by differentiation with respect

to the deformation, the variable χL can be treated as a constant in the process. For

example the magnetic part of the Biot stress (see Ponte Castañeda and Galipeau

(2011)) is given by

T̄
mag
B =

∂W̃mag

∂Ū
=

1

2µ0

∂

∂Ū

(
ŪB̄ · ŪB̄− ŪB̄ · X̃(Ū , χL)ŪB̄

)
, (4.26)

where the derivative is taken with χL held fixed.

Recalling that the composite is incompressible, the corresponding mechanical Biot

stress can be obtained from

T̄
me
B =

∂W̃me

∂Ū
− p Ū−1

, (4.27)

where p is an arbitrary hydrostatic pressure. After converting the mechanical and

magnetic Biot stresses to the corresponding Cauchy-type stresses (see Ponte Castañeda

and Galipeau (2011)), the total Cauchy stress is found via the relation

T̄ = T̄
me

+ T̄
mag

. (4.28)

90



4.1.5 Saturation

As previously discussed the magnetization of the particles is expected to reach a

saturation value as the magnitude of the magnetic field b̄ = |b̄| is increased, and the

Langevin model (4.16) for the particles exhibits this important feature. It is expected

that certain macroscopic variables for the composite will also saturate because of this,

and we use the expression

[A]sat = lim
b̄→∞

A (4.29)

to denote the saturation value of a quantity A. It should be noted, however, that the

saturation value of a given quantity may depend on the direction of the applied field

b̄.

Since the magnetization of the (isotropic) particles has been assumed to reach a

saturation state of magnitude ms, it is expected in particular that the macroscopic

magnetization of the composite will also saturate. It is indeed found from expression

(4.25) that

[m̄]sat = cI
0ms

b̄∣∣b̄∣∣ , (4.30)

where b̄/
∣∣b̄∣∣ is the unit vector in the direction of the applied field. It is emphasized

that this relation is valid even for anisotropic microstructures. It implies that the

magnitude of the magnetization vector m̄ will reach the saturation value cI
0ms, and,

in addition, m̄ will tend to align itself with the applied field b̄ for sufficiently large b̄.

As will be seen later in the applications section, the result (4.30) has implications

for certain important quantities, such as the magnetic torque on a given MRE sample

when the particles are not aligned with the applied magnetic field. We remark here, for

later reference, that the quantity m̄×b̄ which, as will be shown below, is related to the

macroscopic torques, also saturates. Although b̄ continues to increase, because m̄ also

tends to align itself with the applied field b̄, the cross product of these two quantities

actually tends to a non-zero saturation value. The value depends on the direction of

b̄ relative to the microstructure in the deformed configuration, as determined by the

quantity

η̃(F̄ ) = Rψ̄

[
(1− cI0)I − P (ZI

0R
T
ϕ̄) + cI0P (ZD

0 Ū)
]
RT
ψ̄ . (4.31)
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In terms of this quantity, the saturation value of m̄× b̄ is given by

[
m̄× b̄

]
sat

= −cI
0m

2
s

sin(2γ)

2

(
ξ2(η̃(F̄ ))− ξ1(η̃(F̄ )),

)
(4.32)

where ξ2(η̃(F̄ )) and ξ1(η̃(F̄ )) denote the largest and smallest eigenvalues of η̃(F̄ ),

while γ is the counterclockwise angle from the eigenvector associated with ξ1(η̃(F̄ ))

to the applied field. Note that
[
m̄× b̄

]
sat

is a function of deformation through η̃(F̄ ).

As will be seen further below, the saturation of m̄× b̄ is consistent with the physical

expectation that the magnetic torques on a sample of the MRE should also saturate.

4.1.6 Loss of ellipticity for 2-D loadings

As shown by Lopez-Pamies and Ponte Castañeda (2006a), the purely mechanical en-

ergy function may lose strong ellipticity at sufficiently large stretches when the rein-

forced elastomer is loaded in compression along the long axis of the fibers. Therefore,

a fully coupled stability analysis would need to be considered for these magnetoelastic

composites as it is expected that the magnetic field can have a significant impact on

the stability and loss of ellipticity. For most of this chapter we will ignore the loss of

ellipticity and focus on the effect of the magnetic fields on the coupled magnetoelastic

behavior. However in section 4.2.4 we consider the effect of the magnetic field on loss

of ellipticity under aligned loading.

As discussed in section 3.2 the composite may lose ellipticity under certain loading

conditions. The onset of instability is characterized by the incremental magnetoelastic

moduli L, M, and B as defined by equations (3.25) and (3.26). Following the work

of Rudykh and deBotton (2011) when specialized to 2-D incompressible materials

and assuming B is invertible, we can show that the loss of ellipticity occurs when the

polynomial

Γ6ξ
6 + Γ5ξ

5 + Γ4ξ
4 + Γ3ξ

3 + Γ2ξ
2 + Γ1ξ + Γ0 = 0 (4.33)

admits at least one real solution ξ. The polynomial coefficients Γi are given in terms
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of the magnetoelastic moduli as

Γ0 =M2
122 − L2121B22,

Γ1 =2 (L2121B12 + (L1121 − L2122)B22 −M122 (M112 +M121 −M222)) ,

Γ2 =− L2121B11 − 4 (L1121 − L2122)B12 − (L1111 − 2L1122 − 2L1221 + L2222)B22

+ 2M122 (M111 −M122 −M221) + (M112 +M121 −M222)2 ,

Γ3 =2((L1121 − L2122)B11 + (L1222 − L1112)B22

+ (L1111 − 2L1122 − 2L1221 + L2222)B12

+ (M121M122 − (M111 −M122 −M221)(M112 +M121 −M222))),

Γ4 =− (L1111 − 2L1122 − 2L1221 + L2222)B11 + 4 (L1112 − L1222)B12

− L1212B22 + (M122 +M221 −M111)2 − 2M121 (M112 +M121 −M222) ,

Γ5 =2 ((L1222 − L1112)B11 + L1212B12 +M121(M111 −M122 −M221)) ,

Γ6 =M2
121 − L1212B11.

(4.34)

This can be specialized further when the magnetic and mechanical loading are

aligned along the material symmetry axis. In such a case many of the magnetoelastic

moduli vanish due to symmetry and the non-zero coefficients are

Γ0 =M2
122 − L2121B22,

Γ2 =− L2121B11 − (L1111 − 2L1122 − 2L1221 + L2222)B22

+ 2M122 (M111 −M122 −M221) + (M112 +M121 −M222)2 ,

Γ4 =− L1212B22 − (L1111 − 2L1122 − 2L1221 + L2222)B11

+ (M122 +M221 −M111)2 − 2M121 (M112 +M121 −M222) ,

Γ6 =M2
121 − L1212B11.

(4.35)

The loss of ellipticity can be detected at critical combinations of λ̄ and b̄ which we

label λ̄c and b̄c.

4.1.7 Limitations of the model

It should be noted that the microstructure evolution equations (4.11) for ZI and ZD

may, under certain conditions, lead to microstructures that are inconsistent with the

estimates (4.18) and (4.19) that have been used to estimate the effective magnetic
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Inclusion zone of exclusion 
with shape from ΩI and area cI.

cI

cD
Circumscribing distribution zone of exclusion, 
with shape corresponding to ΩD. The area is 
the distributional concentration cD. 

Figure 4.3: The dashed line represents the boundary of a distributional ellipse defined
as the smallest ellipse circumscribing the inclusion (with shapes and orientations
described by ZD and ZD, respectively).

susceptibility of the composite in the current configuration, especially if the volume

fraction of the particles is large. This is because the estimates (4.18) and (4.19)

for the effective susceptibility of the composite have the implicit restriction that the

volume fraction of the fibers cannot be such that the fibers penetrate each others’

“exclusion” regions, as defined by the smallest distributional ellipses surrounding

the fibers. Mathematically, the condition requires that the concentration of such

“distributional” ellipses be such that cD < 1 (Ponte Castañeda and Willis, 1995).

The distributional concentration cD is a function of ZD, ZI, and cI
0, and corresponds

to the volume fraction of the exclusion ellipses surrounding the actual particles, as

depicted in Figure 4.3. Clearly, when the aspect ratios of the distributional ellipses

and particles differ, and/or when the corresponding principal axes are not aligned, the

maximum particle concentration cI
0 has to be strictly less than 1. Since ZI and ZD

depend on the deformation in a complicated manner, the above condition on cD may

not be satisfied for all deformations, especially if the volume fraction and aspect ratio

of the particles are large. In this work the particle volume fraction will be assumed to

be relatively small (cI
0 < 0.5), and the exclusion condition will be verified numerically.
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Figure 4.4: A sample of MRE with particles that are initially oriented at an angle
θ̄0 relative to the ê1 axis is subjected to a uniform stretch λ̄ along the ê1 axis and
a magnetic field b̄ at an angle β̄, resulting in reorientation φ̄ of the particles in the
current configuration. The tractions on the exposed surfaces t̄

(1)
1 , t̄

(2)
2 , t̄

(2)
1 and t̄

(1)
2 are

calculated assuming that the magnetic fields in the vacuum surrounding the sample
are such that the stress T̄ and magnetic field b̄ are macroscopically uniform inside
the sample.
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4.2 Results for MREs subjected to non-aligned mag-

netoelastic loadings with ferromagnetic response

In this section we consider a rectangular sample of the MRE described in the prior

section such that the sides of the sample are parallel to the fixed laboratory axes êi,

and the particles are initially aligned with the material axes ê′i at an angle θ̄0 relative

to the laboratory frame. As depicted in Figure 4.4, the sample is subjected to a pure

shear with stretch of magnitude λ̄ that is aligned with the laboratory axes, such that

ᾱ = ψ̄ = 0. In the deformed configuration the particles have undergone a rotation

ϕ̄ = φ̄, and magnetic fields are applied to the sample such that the average magnetic

induction field b̄ in the sample has magnitude b̄ and is oriented at an angle β̄ relative

to the lab frame. Under this loading the components of the deformation gradient F̄

and of the Lagrangian magnetic induction field B̄ with respect to the êi basis are

given by

[
F̄
]

=
[
Ū
]

=

[
λ̄ 0

0 1/λ̄

]
and

{
B̄
}

=

{
B̄1

B̄2

}
=

{(
b̄/λ̄
)

cos β̄

b̄λ̄ sin β̄

}
(4.36)

The magnetoelastic stored-energy function for the MRE is obtained from expressions

(4.1), together with (4.12) and (4.22), in the form W̃ (F̄ , B̄) = Ŵ (λ̄, ᾱ, B̄1, B̄2). On

the other hand the derivatives with respect to Ū needed in the computation of the

magnetic and mechanical stresses, as defined by (4.26) and (4.27), can be related

to derivatives with respect to λ̄ and ᾱ by means of the chain rule. Thereby the

components of the total Cauchy stress T̄ relative to the êi basis can then be expressed

in the form

T̄11 − T̄22 = λ̄
∂Ŵ

∂λ̄
and T̄12 = T̄21 =

λ̄2

λ̄4 − 1

∂Ŵ

∂ᾱ
, (4.37)

where the partial derivatives are taken with the components of the Lagrangian mag-

netic induction field B̄1 and B̄2 held fixed. Nevertheless, the magnetic constitutive

relation is most easily obtained directly from expression (4.25) for m̄ via expression

(4.19).

As previously discussed, the actual traction that would need to be applied on the

boundary of the sample to maintain this deformation will depend on the magnetic

fields surrounding the sample. From expression (2.38) it can also be seen that the

mechanical tractions depend on the boundary normals. The normals to the surfaces
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remain the same and are given by ê1 and ê2 for this deformation. Assuming that the

external magnetic fields are such that the macroscopic deformation gradient Ū and

stress T̄ , as well as the magnetic fields b̄ and h̄, remain uniform inside the sample,

the tractions on the exposed surfaces (see Figure 4.4) satisfy the conditions

t̄
(1)
1 − t̄

(2)
2 = T̄11 − T̄22 − h̄1b̄1 + h̄2b̄2 −

µ0 (m̄1)2

2
+
µ0 (m̄2)2

2
, (4.38)

t̄
(1)
2 = T̄12 − h̄2b̄1 and t̄

(2)
1 = T̄12 − h̄1b̄2, (4.39)

where the superscripts correspond to the direction normals to the surface on which

the tractions act, while the subscripts correspond to the components relative to the

laboratory coordinates, as defined by the unit vectors êi.

Significantly when the sample is magnetically insensitive (for example when cI
0 =

0), the magnetic stresses inside and outside the sample will still be non-zero. How-

ever these magnetic stresses will be self-equilibrated and the traction components in

expressions (4.38) to (4.39) will depend only on the mechanical stress in the usual

fashion. In addition when the sample is magnetically susceptible (cI
0 6= 0), the total

stress components T̄ij will continue to increase with an increasing applied magnetic

field b̄. They will do so in such a way that the traction components t̄
(j)
i will saturate

with the magnetization m̄, as expected on physical grounds.

We emphasize that while the total stress T̄ is symmetric, the shear tractions on

the sample need not be equal (i.e., t̄
(1)
2 6= t̄

(2)
1 in general). In fact the difference

in the shear tractions corresponds to the net torque acting on the sample. Such

macroscopic torques are a direct consequence of the microscopic torques that develop

on the particles in the sample when the magnetic field is not aligned with the particle

axes. Additional magnetic torques arise when the distribution of the particles is not

isotropic and the magnetic field is not aligned with the axes of the “distributional”

ellipse. For these reasons in the discussions to follow, we will consider the “torque”

and “distortional” shear stress, as given by

1

2

(
t̄
(1)
2 − t̄

(2)
1

)
= −1

2
m̄× b̄ and

1

2

(
t̄
(1)
2 + t̄

(2)
1

)
= T̄12 −

1

2

(
h̄2b̄1 + h̄1b̄2

)
, (4.40)

respectively (instead of t̄
(1)
2 and t̄

(2)
1 separately).

Finally, the results below will be presented in dimensionless form. Recalling that
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µ0 is the permeability of vacuum, G is the shear modulus of the matrix, and ms is

the saturation magnetization of the particles, we define the dimensionless magnetic

induction, magnetization and traction via

b̄

µ0ms

,
m̄

ms

,
t̄
(j)
i

G
=
t̄
(j)me
i

G
+ κ

t̄
(j)mag
i

µ0m2
s

, (4.41)

where t̄
(j)me
i corresponds to the contributions of the purely mechanical stresses and

t̄
(j)mag
i to the remaining magnetic terms (4.28). and where

κ = µ0m
2
s/G (4.42)

is a dimensionless group serving to characterize (Galipeau and Ponte Castañeda,

2012) the relative importance of the magnetic versus mechanical contributions in

the tractions. Typical values of κ for various magnetic particle/elastomer matrix

combinations have been given in Table 7.1; κ can reach values into the hundreds for

very soft rubbers. The choice of κ would depend on the specific application. While

higher values of κ may be useful in achieving large magnetostriction, smaller values

may be necessary to produce large tractions with no deformation.

4.2.1 Magnetization response

Figure 4.5 shows normalized plots for the magnitude m̄ of the magnetization m̄ and

of its cross product with b̄ for an unstrained sample (λ̄ = 1) with elliptical particles

of initial orientation θ̄0 = 0◦, aspect ratio w = 4, magnetic susceptibility χ = 0.95

and concentration cI0 = 0.4, subjected to non-aligned magnetic fields of magnitude b̄

at various angles β̄ (refer to Figure 4.4). Figure 4.5a shows that the magnitude of

the magnetization depends initially on the loading angle. However it tends to the

same saturation value for large values of b̄ which is consistent with expression (4.30).

It is found in Figure 4.5b that while (β̄ 6= 0, 90◦) m̄ is initially not aligned with b̄

for non-aligned loadings, it does tend to align itself with b̄, again in agreement with

expression (4.30). In spite of this fact, Figure 4.5c shows that the cross product of

m̄ with b̄ actually tends to a finite, non-zero value as b̄ continues to increase. This

result, which is consistent with the observations in connection with expression (4.32)

for the saturation value of m̄ × b̄, is significant because, as indicated by expression
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Figure 4.5: Macroscopic magnetization m̄ as a function of the magnetic induction b̄
for MRE samples with elliptical fibers (w = 4) subjected to different magnetic field
angles β̄. (a) The magnitude of the magnetization. (b) The angle between the m̄
field and the b̄. (b) The cross product of m̄ and b̄ (corresponding to the negative of
the macroscopic torque in the MRE sample in Fig. 4.7). (d) The dot product of the
m̄ field and the b̄ field.
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(4.40)1, the macroscopic torque on the sample is proportional to m̄× b̄. The results

of Figure 4.5c confirm that the torque on the sample indeed tends to saturate with

increasing applied magnetic field b̄. Note that the saturation value m̄× b̄ depends on

the angle β̄ since γ = β̄ in expression (4.32). Figure 4.5d shows that the dot product

of m̄ and b̄ grows linearly as the applied field becomes large after quadratic initial

growth. By considering the curves as a whole, it is clear that the composite behaves

differently for small magnetic fields (the linear regime) as compared to the behavior at

saturation (Galipeau and Ponte Castañeda, 2012). It also emphasized that although

the saturation values for the different loading angles are the same (β̄ = 15 and β̄ = 75

for example), their behavior for small fields is significantly different.

The magnetization depends on the applied stretch λ̄ through the particle rotation

and the change in shape of the distribution tensor as can be deduced from expression

(4.19). For brevity results will not be shown here for this dependence. Instead,

results will be shown below for the magnetic tractions, which arise in part due to

the dependence of the magnetic susceptibility on the applied stretch, as evident from

expression (4.26). Note, however, that expression (4.30) shows that the saturation

values of m̄ are independent of λ̄, while expression (4.32) shows that the saturation

value of m̄× b̄ depends on λ̄.

4.2.2 Actuation traction

In this subsection a magnetic induction of magnitude b̄ is applied at some given angle

β̄ to the rectangular MRE samples with circular (w = 1) and elliptical particles

(w = 4) of magnetic susceptibility χ = 0.95 and concentration cI0 = 0.4, at various

orientation angles θ̄0 (refer to Figure 4.4). Then, the tractions needed to prevent

any deformation (λ̄ = 1) are determined and plotted as functions of the magnetic

induction b̄ and other parameters. We refer to such tractions as “actuation” tractions,

because they would correspond to the tractions that would be exerted by the sample

if it were constrained externally. It should be emphasized that while the results of

this subsection are independent of κ, it is implicitly assumed that the matrix is stiff

enough (i.e., κ small enough) so that the magnetic torques on the particles are directly

transmitted to the elastic matrix without any appreciable particle rotations, which

would tend to lessen the effect.

Figure 4.6 shows the actuation tractions as functions of b̄ for MRE samples with
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Figure 4.6: The actuation tractions versus b̄ for MRE samples with circular particles
(w = 1). Plots are shown for magnetic field applied at various angles β̄ relative to
the sample. (a) The normal tractions. (b) The distortional shear tractions. (The
magnetic torques vanish for all loading angles in this case.)

circular particles (w = 1) loaded magnetically at various angles β̄. The mechanical

contribution to the tractions and to the total stresses are zero in this case because

the macroscopic deformation vanishes and the required tractions are solely the result

of the magnetic field. The resulting tractions exhibit an initial regime of quadratic

growth for all loading angles β̄, which transitions to a saturation regime as the mag-

netic field becomes large. As shown in Figure 4.6a, the normal tractions that are

required to maintain the deformation can be compressive or tensile depending on the

direction of the magnetic field. They are largest when the field is aligned with the

sides of the sample (β̄ = 0, or 90◦). In this case the initial shape and distribution of

the particles are circular and the overall configuration is magnetically isotropic im-

plying that the macroscopic torque on the composite vanishes (not shown). However,

the magnetic field still produces shear (distortional) tractions when the field is not

aligned with the specimen. These distortional tractions are maximal for β̄ = 45◦, as

shown in Figure 4.6b, when the normal tractions vanish.

Figure 4.7 shows the actuation tractions as functions of b̄ for MRE samples with

elliptical fibers (w = 4) that are initially aligned with the laboratory axes (θ̄0 = 0) and
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Figure 4.7: The actuation tractions versus b̄ for MRE samples with elliptical particles
(w = 4). Plots are shown for the magnetic field applied at various angles β̄ relative
to the sample. (a) The normal tractions. (b) The distortional shear tractions.

loaded at various angles β̄. The normal tractions are similar to those for the case with

circular particles; however, the elliptical particles tend to have larger magnetizations,

leading to somewhat larger normal tractions. The elliptical shape of the particles also

breaks the symmetry about β̄ = 45◦, causing the curves to shift slightly upward. In

this case, the shear tractions on the horizontal and vertical sides of the sample are no

longer equal, except for β̄ = 0, 90◦. The actuation torques, which correspond to minus

one half of the plots for m̄× b̄ (shown in Figure 4.5c), are non-zero in general because

of this. As expected, the macroscopic torque of the tractions is positive (CCW) since

the particles tend to align the geometric axes with the applied field, leading to a

negative magnetic torque. This must be balanced by the applied tractions to prevent

macroscopic rotation of the sample. On the other hand, the distortional contribution

of the shear tractions has the opposite sign as for the circular particle case. Thus, it

can be seen that the shape of the particles can have significant effects on the response

of the MRE samples.
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Figure 4.8: The normal traction versus the strain ē = ln λ̄ for MRE samples subject
to aligned loading for various aspect ratios (w = 0.25, 1, 4). (a) The total normal
traction. (b) The purely mechanical and magnetoelastic contributions to the trac-
tions.

4.2.3 Traction-stretch relations

We investigate the effect of the magnetic field on the traction-strain relations in

this subsection for the MRE samples described earlier (see Figure 4.4). The MRE

samples have circular (w = 1) or elliptical particles (w = 4) of magnetic susceptibility

χ = 0.95, in concentration cI0 = 0.4 and varying initial orientations θ̄0. The matrix is

of the Gent type with Jm = 50 and elastic modulus G, such that the dimensionless

parameter κ = 16. (This value of κ = 16 was also used in Chapter 7 (Galipeau

and Ponte Castañeda, 2012) for MRE samples with aligned spheroidal particles.) For

simplicity, we will only show results here for MRE samples at magnetic saturation

(b̄→∞), although the effect of the magnetic orientation β̄ will also be explored.

Figure 4.8 shows plots of the tractions versus the applied logarithmic strain

ē = ln λ̄ for particles of different aspect ratios (w = 0.25, 1 and 4) that are ini-

tially aligned with the mechanical and magnetic loading axes (θ̄0 = β̄ = 0). The

particles do not rotate and shear tractions are not generated in this case because of

the symmetries of this configuration. However, it should be noted that the w = 4

and w = 0.25 configurations may become unstable at sufficiently large tensile and
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compressive strains, respectively. This is further discussed in the context of Fig-

ure 4.11 below.) Figure 4.8a shows the results at magnetic saturation, while Figure

4.8b depicts separately the purely mechanical (labelled “me”) and magnetic (labelled

“mag”) responses of the sample. Thus, it is seen that the response of the MRE

sample under combined magnetic and mechanical loadings basically corresponds to a

downward shift of the purely mechanical response of the sample. This result, which is

consistent with earlier findings by Galipeau and Ponte Castañeda (2012) for samples

with aligned 3-D ellipsoidal particles, is a consequence of the overall tendency of the

sample to stretch along the direction of the applied magnetic field. Although the

contribution of the magnetic fields to the tractions is a function of the strain, and

depends on the aspect ratio of the particles, this contribution is relatively weak. As

expected, the mechanical response of the sample with elliptical fibers is stiffer than

that of the sample with circular particles. The mechanical responses of the w = 0.25

and w = 4 particles are identical due to the two-dimensional character of the problem

(Lopez-Pamies and Ponte Castañeda (2006b).) However, the magneto-mechanical

response of the sample with the w = 4 particles is slightly stiffer overall due to the

slight stiffening behavior of the magnetic traction for the w = 4 case, as opposed to

the slight softening for w = 0.25.

Consistent with the results of the previous subsection for the actuation tractions,

a compressive normal traction is required to prevent the sample from deforming when

an aligned magnetic field is applied (θ̄0 = β̄ = 0). Therefore the vertical downward

shift at ē = 0 in the traction-strain curves depicted in Figure 4.8b corresponds to the

actuation tractions. On the other hand the horizontal shift in the curves along the zero

traction axis corresponds to the magnetostrictive strain. In addition the slopes of the

curves at zero strain and zero traction could be used to define magnetoelastic moduli

for the MRE sample, which evidently would be affected by the application of the

magnetic field. A more in-depth analysis for MRE samples with ellipsoidal particles

subjected to aligned loading conditions has already been given in Chapter 7 (Galipeau

and Ponte Castañeda, 2012). For this reason we will not discuss any further the

aligned loading cases here, except as special limiting cases of more general situations

with non-aligned loading conditions leading to the rotation of the particles. As we

will show below, particle rotations can lead to significant additional magnetoelastic

effects, as initially suggested in Chapter 3 (Ponte Castañeda and Galipeau, 2011).

Next, in Figure 4.9, we consider the case where the particles are still initially
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Figure 4.9: The traction-strain relations for MRE samples with circular (w = 1) and
elliptical (w = 4) particles. The total traction for the composite (tot) is broken into
its purely mechanical contribution (me) and its magnetic part (mag). Plots are shown
for a magnetic field being applied at an angle to the mechanical loading (β̄ = 45◦).
(a) The applied torque. (b) The distortional shear traction. (The normal tractions
are the same as the mechanical tractions in Figure 4.8b for w = 1, 4.)
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aligned with the mechanical loading axes (θ̄0 = 0), but the magnetic field is applied

at an angle (β̄ = 45◦). In this case, the magnetic fields are not sufficiently strong

to reorient the particles (recall that the theory holds in the stiff matrix limit), but

macroscopic torques develop in the sample as a consequence of the microscopic torques

imposed by the magnetic field on the particles. The magnetic contribution to the

normal tractions vanishes in the saturation limit as suggested by the curves for β̄ =

45◦ in Figures 4.6a and 4.7a. For this reason, the normal tractions in this case

are identical to the purely mechanical tractions shown in Figure 4.8b, and will not

be repeated here. However, as shown in Figure 4.9, torques and distortional shear

tractions develop in the sample which are purely magnetic in origin. Considering first

the samples with circular particles (w = 1) shown in Figure 4.9b, we can see that

the distortional shear traction is relatively independent of the deformation. However

the torque, shown in Figure 4.9a, varies with the deformation, vanishing only when

ē = 0. Since the torque is given by −m̄× b̄/2, this indicates that the magnetization

can become misaligned with the applied magnetic field as a result of the deformation,

even in an initially isotropic MRE sample. This is because the deformation changes

the distribution of the particles, and as a result, X̃(Ū) in equation (4.19) becomes

anisotropic with the deformation. However, this effect is of second order in the

concentration because it is the result of changes in the distribution of the particles.

For elliptical particles (w = 4) the particles still do not rotate, but a magnetic torque

is generated in the sample, even when no deformation is applied. In addition, it should

be noted that the elliptical (w = 4) particle configuration may become unstable for

ē > 0, provided that sufficiently large compression is generated along the long axis of

the particles.

Figure 4.10 illustrates the case of ellipsoidal particles when both the magnetic

and mechanical loading are 35 degrees to the initial orientation of the particles. This

is a representative example showing the full complexity of magnetoelastic traction-

strain relations. First, by looking at the purely mechanical traction, we can see how

this composite would behave if no magnetic field were applied. As expected, normal

tractions develop as well as equal shear tractions, consistent with the purely elastic

problem. However maintaining a particular state of deformation in the presence of

a magnetic field requires additional tractions at all states of deformation. It should

be noted that the particles undergo a rotation as the composite stretches so the

particles do not remain 35 degrees to the applied magnetic field. Subsequently the
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Figure 4.10: The particle rotation and tractions as functions of the strain ē = ln λ̄ for
MRE samples with elliptical particles that are initially misaligned with the stretch
directions (θ̄0 = −35◦) and the magnetic field (β̄ = 0). The total traction for the com-
posite (tot) is broken into its purely mechanical contribution (me) and its magnetic
part (mag). (a) The particle rotation. (b) The normal tractions. (c) The applied
torque. (d) The distortional shear traction.
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maximum torque is obtained when the particles are roughly 45 degrees to the applied

magnetic field. Some torque can be related to distributional effects. These results

show that in general the magnetoelastic problem requires four independent tractions

versus three in the purely mechanical case (in 2D). Also the complexity of the applied

traction makes effects such as magnetostriction difficult to evaluate. If no traction

were applied to this sample it would experience a torque aligning it with the magnetic

field. The equilibrium shape of the specimen would no longer be a rectangle even if

the appropriate torque were applied.

Finally we consider the case when elliptical (w = 4) particles are initially oriented

at variable angles θ̄0 to the stretching axis, while the magnetic field is aligned with

the stretching axis (β̄ = 0). Thus, Figure 4.11 depicts plots of the particle rotation

angle ϕ̄ = φ̄, as well as the normal tractions, torque and distortional tractions, as

functions of the strain ē, for several values of θ̄0 ranging between 0 and −90◦. First

of all, it is noted that the cases of θ̄0 = 0 and −90◦ correspond respectively to the

results shown in Figure 4.8a for w = 4 and w = 0.25. The second case corresponds

exactly to a rotation by −90◦ of the first because of the 2-D character of the problem.

There are no particle rotations and the macroscopic torque and distortional tractions

vanish identically in these cases, which are shown for reference. As can be seen

in Figure 4.11a for other choices of θ̄0, the particles undergo significant rotations,

depending on the amount and direction of the strain. More specifically, the smallest

values (in magnitude) of θ̄0 tend to produce the largest rotations for tensile strains,

while the opposite is true for compressive strains. In particular this means that a

slight perturbation of the θ̄0 = 0 and 90◦ cases would lead to rotation of the particles

for tensile and compressive strains, respectively. However, the results are not shown

in the figure. Also, as can be seen in Figure 4.11b these particle rotations have a

significant impact on the normal tractions. The normal traction curves are shifted

quite significantly to the right for particles with θ̄0 = −11.25,−22.5 and −33.75◦ and

tensile strains, relative to the perfectly aligned cases (θ̄0 = 0 and −90◦). As will

be discussed in more detail in Chapter 6, this shift has important implications for

the generation of much larger magnetostrictive strains than would be possible with

either circular particles, or for aligned loadings of elliptical fibers. Similarly, it can

be seen from Figure 4.11b that an initial misorientation angle of θ̄0 = −45◦ leads to

the largest shift downward at λ̄ = 1, which translates into much enhanced actuation

tractions relative to the aligned cases. We can also see that the particle rotations have
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Figure 4.11: The particle rotation and tractions as functions of the strain ē = ln λ̄
for MRE samples with elliptical (w = 4) particles that are initially misaligned with
the stretch directions (variable θ̄0) and the magnetic field (β̄ = 0). (a) The particle
rotation. (b) The normal tractions. (c) The applied torque. (d) The distortional
shear traction.
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Figure 4.12: Critical loadings (b̄c, λ̄c) at which the composite loses ellipticity. The
composite maintains ellipticity below the respective curves. (a) Magnetic field applied
transverse to the particles’ long axis, along the mechanical loading direction. (b)
Magnetic field applied along the particles’ long axis, transverse to the mechanical
loading direction.

important consequences for the (various) magnetoelastic moduli of the MRE samples.

In addition as shown in Figures 4.11c and d, the particle rotations for the non-aligned

cases can lead to the development of macroscopic torques and distortional tractions

in the MRE samples, which although small in comparison to the normal tractions,

are significantly affected by the strain ē and initial orientation angle θ̄0.

4.2.4 Loss of ellipticity of the 2-D model under aligned load-

ing

Figure 4.12 shows the critical loadings (b̄c, λ̄c) for various microstructures computed

using expression (4.35). Figure 4.12a depicts β̄ = 0◦, aligned along the loading

direction and along the short axis of the particles, while Figure 4.12b describes β̄ =

90◦, transverse to the loading direction and along the long axis of the particles. In

both cases λ̄ > 1 compresses the composite along the long axis of the fibers which is

known to cause instability in the purely mechanical case (Lopez-Pamies and Ponte
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Castañeda, 2006a). The elliptic region is characterized by the space under the curves,

with the curves representing the boundary where ellipticity is lost. These can also

be interpreted as illustrating how the critical stretch varies with the magnetic field

or the critical magnetic field varies with the stretch. Note that for b̄c = 0 the critical

stretch corresponds to loss of ellipticity in the purely mechanical case. Depending on

how the magnetic field is applied, the magnetic field either stabilizes the composite

or destabilizes it. When the magnetic field is applied at β̄ = 90◦ the magnetic field

stabilizes the composite and the stretch needed to lose ellipticity increases. The

composite will become stable for all stretch for a relatively small value of b̄. When

the magnetic field is applied at β̄ = 0◦, the magnetic field destabilizes the composite

and the composite loses ellipticity for a smaller value of stretch. The magnetic field

can even cause the composite to lose ellipticity in the reference configuration when

w = 8. In such a case an additional compressive stretch would be required to maintain

ellipticity. In all of the cases investigated here loss of ellipticity occurs when Γ6 → 0

in expression (4.35). Note that Γ6 represents a magnetoelastic shear modulus in the

direction transverse to the compressive load.

Figure 4.13 shows the traction as a function of the strain and indicates the point

at which the homogenized energy function loses ellipticity (denoted by a circle in

the figures). Figure 4.13a has β̄ = 0◦ aligned along the loading direction and along

the short axis of the particles, while Figure 4.13b has β̄ = 90◦ transverse to the

loading direction and along the long axis of the particles. The dashed lines depict

the principal solution after the energy function loses ellipticity and the validity of

the principal solution becomes questionable. The results show that for β̄ = 0◦ the

composite loses ellipticity for smaller values of the stretch and for β̄ = 90◦ a larger

stretch is required. For β̄ = 90◦ if the magnetic field b̄/µ0ms & 0.43, loss of ellipticity

is not found within the model’s range of validity. A post-bifurcation analysis would

need to be performed to evaluate the behavior of the composite after loss of ellipticity

which is not included in this thesis.

4.3 Extension to permanent magnetization

The analysis of section 4.1 can also be applied when the particles exhibit some perma-

nent magnetization. As laid out in section 3.4.3, we assume that the particles have a

constant differential susceptibility X and no longer saturate. In the two-dimensional
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Figure 4.13: The normal traction versus the strain ē = ln λ̄ for MRE samples showing
the loss of ellipticity. The lines are dashed where the homogenized energy function
is not elliptic. (a) Magnetic field applied transverse to the particles’ long axis, along
the mechanical loading direction. (b) Magnetic field applied along the particles’ long
axis, transverse to the mechanical loading direction.
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Figure 4.14: Magnetoelastic loading conditions. A sample of MRE is subject to
stretch along the ê1 axis and a magnetic field b̄ specified in the current configuration.
The tractions on the exposed surface t̄

(1)
1 , t̄

(2)
2 , t̄

(2)
1 and t̄

(1)
2 are calculated assuming the

magnetic field is approximately uniform inside the sample and a non-magnetizable
material (vacuum) surrounds the sample.
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case the permanent magnetization is characterized by a reference permanent magne-

tization M0 which has magnitude M0 and is at an angle ζ0 relative to the ê
′
1 axis.

This implies that the magnetization of the particles in the current configuration m0

has magnitude m0 = M0 and is at an angle ζ0 relative to their short axis when w > 1,

as depicted in Figure 4.14.

In this section we take the differential susceptibility of the particles to be isotropic

such that the susceptibilities X = χ = χI. The magnetic part of the amended free-

energy function for the composite specialized from equation (3.100) reduces to

W̃mag(F̄ , B̄) =
1

2µ0J̄
B̄ · Ū 2

B̄− J̄

2µ0

(
ŪB̄

J̄
+
R̄φ̄M0

χ

)
· X̃

(
ŪB̄

J̄
+
R̄φ̄M0

χ

)
+
µ0c

I
0

2χ
M0 ·M0 (4.43)

with

X̃(Ū) = cI0

[
1

χ
I − (1− cI0)I + P (ZI

0R
T
ϕ̄)− cI0P (ZD

0 Ū)

]−1

(4.44)

in this case. The magnetization can also be derived from equation (3.99) as

m̄ =
1

µ0

χ̃(F̄ , χ)b̄ +
χ̃

χ
R̄φ̄M0. (4.45)

These expressions can be used along with the expressions and variables from sec-

tion 4.1 to predict and evaluate the constitutive behavior of MREs with permanent

magnetization.

Since there is no magnetic saturation for this model we normalize with respect to

the magnitude of the permanent magnetization M0 instead such that

b̄

µ0M0

,
m̄

M0

,
t̄
(j)
i

G
=
t̄
(j)me
i

G
+ κ

t̄
(j)mag
i

µ0M2
0

, (4.46)

where t̄
(j)me
i corresponds to the contributions of the purely mechanical stresses and

t̄
(j)mag
i to the remaining magnetic terms (see equation (4.28)). Similarly the dimen-

sionless parameter

κ = µ0M0/G (4.47)

is the appropriate dimensionless group for MREs with permanent magnetization. In

the results presented, we only consider the actuation tractions such that κ is not truly
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needed, as was the case in section 4.2.2.

4.3.1 Actuation traction for MREs with permanent magnet

inclusions.

As discussed in section 3.4.3, the un-deformed un-magnetized state is taken as the

reference configuration. From this stress-free state, the material is subjected to some

large magnetic field which induces permanent magnetization. Then the applied field

is removed and there is some stress and magnetization remaining in the material.

The figures in this subsection consider the actuation traction for such a material and

can be interpreted as the traction necessary to restore the reference configuration

after the permanent magnetization has been induced. In general, this depends on

the shape and orientation of the sample relative to the microstructure and applied

magnetic field.

For the plots, we consider the material is being held in the reference configuration

and the magnetic field is held fixed relative to microstructure by holding β̄ − θ̄0

fixed, even as we vary θ̄0. This implies that the total stress in the material is the

same for all loading angles θ̄0 and the material is just rotating within the laboratory

frame. We then consider the traction, which results from the total stress inside

the material and the Maxwell stress in the surrounding vacuum, as a function of

the material orientation θ̄0. The actuation traction considered as a function of the

loading angle represents the material rotating in the laboratory fixed frame and can

be interpreted as evaluating the traction on different rectangular specimens relative

to the material microstructure. These figures provide us with a general picture of the

surface traction that will be generated by the distribution of magnetic particles in a

given configuration.

Actuation traction in the absence of magnetic flux

Figure 4.15 shows the actuation traction when no magnetic field is applied (b̄ = 0), the

particle susceptibility is zero (χ = 0), and the permanent magnetization is aligned

along the particles’ axis (ζ0 = 0). For θ̄0 = 0 the magnetization seeks to extend

the sample in the direction of the magnetization such that a compressive traction is

necessary, similiar to the case of ferromagnetic materials. When the microstructure

is rotated, a combination of normal and distortional shear tractions are needed to
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Figure 4.15: Actuation traction as a function of loading angle for different particle
aspect ratios. The permanent magnetization is aligned along the particle axis ζ0 = 0,
the applied flux b̄ = 0, and the differential susceptibility χ = 0. (a) The normal
traction (b) The distortional shear traction.

maintain the configuration. When θ̄0 = 45◦, only shear tractions are required as the

symmetry implies the normal tractions must vanish. It is also interesting that aspect

ratios of w and 1/w produce exactly the same result in this case, even though the

distribution of the magnetization is different. These plots are periodic with respect to

θ̄0 with a complete cycle taking 180◦. It is important to note the phase and amplitude

of these plots, as these are the primary features which change with the microstructure

and material variables we consider in this section. We also point out that there is no

shear torque in this case because b̄ = 0.

Figure 4.16 shows the actuation traction when no magnetic field is applied (b̄ = 0)

and the particles are differentially susceptible (χ = 0.99). The permanent magnetiza-

tion is aligned along the particles’ axis (ζ0 = 0). The magnetization seeks to extend

the sample in the direction of the magnetization as in the previous case (χ = 0) ex-

cept that here the effect is larger because the differential susceptibility of the particles

allows the composite to become more magnetized, indicating that the magnetization

reinforces itself. The effect occurs in the dilute limit because the permanent mag-

netization and vacuum surrounding the particle interact so that the local b field in
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Figure 4.16: Actuation traction as a function of loading angle for different particle
aspect ratios. The permanent magnetization is aligned along the particle axis ζ0 = 0,
the applied flux b̄ = 0, and the differential susceptibility χ = 0.99. (a) The normal
traction (b) The distortional shear traction.

each particle is not zero even though the macroscopic field b̄ = 0. Since the particles

are differentially susceptible this changes the magnetization of the particles and in all

cases they exhibit a magnetization greater than M0. This effect depends on the shape

of the particles which accounts for the difference between aspect ratios of w and 1/w.

Combining these effects together determines the effective remnant magnetization of

the composite. This additional magnetization increases the total magnetization and

increases the amplitude of the coupling effects.

Figure 4.17 shows the actuation traction when no magnetic field is applied (b̄ = 0)

and no susceptibility (χ = 0) but with permanent magnetization not aligned along a

particle axis (ζ0 = 45◦). The primary effect here can be regarded as a phase shift with

respect to the plots in Figure 4.15 due to the rotated magnetization. Additionally

there is a change in magnitude of the curves because the distribution of the particles

and the magnetization direction are not aligned. Figure 4.18 shows the same case

with a non-zero particle susceptibility (χ = 0.99). In this case the particles interact

with the surrounding vacuum and their susceptibility such that they come to a new

magnetization which is not aligned with the remnant magnetization. The angle of the
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Figure 4.17: Actuation traction as a function of loading angle for different particle
aspect ratios. The permanent magnetization is aligned relative to the particle axis at
ζ0 = 45◦, the applied flux b̄ = 0, and the differential susceptibility χ = 0. (a) The
normal traction (b) The distortional shear traction.

magnetization is different for each aspect ratio. This magnetization angle contributes

a phase shift to the plots while the magnitude change modifies the amplitude.

Actuation traction in the presence of magnetic flux

The applied magnetic field has an impact on the actuation tractions. However, for

aligned loadings the results reduce to plots already given. If there is no susceptibility

(χ = 0), the magnetization is along the particle axis (ζ0 = 0), and the magnetic

field is applied along or perpendicular to the permanent magnetization (β̄ − θ̄0 = 0◦

or β̄ − θ̄0 = 90◦), the applied magnetic field has no effect on the tractions and the

results coincide with Figure 4.15. This makes sense because the magnetization of

the composite is fixed and the tractions only depend on the magnetization. If we

consider the case where the particles are susceptible (χ 6= 0) but the loadings are

still aligned, as previously suggested, the plots are very similar to Figure 4.16 with

different magnitudes.

Figure 4.19 shows the actuation traction when a magnetic field is applied (b̄ =

µ0M0) at an angle β̄ − θ̄0 = 20◦, the particle susceptibility is zero (χ = 0), and the
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Figure 4.18: Actuation traction as a function of loading angle for different particle
aspect ratios. The permanent magnetization is aligned relative to the particle axis at
ζ0 = 45◦, the applied flux b̄ = 0, and the differential susceptibility χ = 0.99. (a) The
normal traction (b) The distortional shear traction.

permanent magnetization is aligned along the particles’ axis (ζ0 = 0◦). Fixing β̄ − θ̄0

holds the magnetic field fixed at an angle relative to the microstructure so that the

total stress in the material remains fixed and rotates within the laboratory frame.

There is a shear torque in this case (not shown) but it is constant with respect to

θ0 because the magnetization and the magnetic flux rotate together. There are two

distinct effects enhancing the normal and the distortional shear tractions shown here.

The first effect can be understood by considering the case with w = 1 which shows

the same traction as Figure 4.15. For this case the circular particles do not rotate

with respect to the stretch so deformation cannot lower the energy of the particles.

Consequently no additional traction develops and the normal traction curve follows

the same path as when b̄ = 0. For all other cases, where w 6= 1, the particles rotate

with respect to the macroscopic stretch. This means that lower energy can be obtained

by deforming the composite such that the permanent magnetization aligns itself with

the applied magnetic field. The additional normal and shear stresses correlate to

aligning the magnetization with the applied field. The applied field causes a torque

on the particles because the energy is lower if the permanent magnetization axis aligns
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Figure 4.19: Actuation traction as a function of loading angle for different particle
aspect ratios. The permanent magnetization is aligned relative to the particle axis
at ζ0 = 0◦, the differential susceptibility χ = 0, and the applied flux b̄ = µ0M0 at an
angle β̄ − θ̄0 = 20◦.(a) The normal traction (b) The distortional shear traction.

itself with the applied field. The magnitude of this torque can be directly related to

the effect on the tractions. In this sense the exact angle of the misalignment does not

qualitatively change the result, it merely changes the magnitude of the shear torque

and the additional tractions that it produces. Note that all these effects contribute

to the magnitude and phase of the traction curves.

Figure 4.20 shows the same case as Figure 4.19 but the particles are also sus-

ceptible (χ = 0.50). The susceptibility changes the magnitude and the phase of the

traction curves as the particle shape, the susceptibility, and the applied magnetic field

interact with vacuum outside the particles to determine a new magnetization for the

particles. Then all the previously discussed effects combine together to generate this

complicated material behavior.

We have not considered plots as a function of strain in this section. Under the

action of a mechanical load, the microstructure in these composites would evolve but

this amounts to changing the orientation and distribution of the particles. Here we

have considered the effect of microstructure on the tractions; therefore these results

can provide a general picture of the magnetic contribution to the tractions even when
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Figure 4.20: Actuation traction as a function of loading angle for different particle
aspect ratios. The permanent magnetization is aligned relative to the particle axis at
ζ0 = 0◦, the differential susceptibility χ = 0.50, and the applied flux b̄ = µ0M0 at an
angle β̄ − θ̄0 = 20◦. (a) The normal traction (b) The distortional shear traction.

the composite is deformed.

4.4 Concluding remarks

In this work we have developed constitutive models for a special class of magnetorhe-

ological elastomers (MREs) consisting of aligned fibers with elliptical cross-section of

a soft magnetic material distributed randomly in an elastomeric matrix phase. The

model was obtained by means of the magnetoelastic homogenization framework of

Chapter 3 (Ponte Castañeda and Galipeau, 2011) via the corresponding purely me-

chanical model of Lopez-Pamies and Ponte Castañeda (2006b). It is valid for finite

deformations and arbitrary values of the applied magnetic field. The model can ac-

count for relatively general magnetic behavior, including the initial susceptibility and

magnetic saturation of the particles, as well as for the initial microstructure of the

MRE and its evolution under finite deformations. Thus, for non-aligned loadings (in

the transverse plane), the magnetic field generates torques on individual particles (or

groups of particles) which in turn leads to macroscopic torques on a given sample
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of the MRE. These effects are found to be of first order in the fiber concentration,

and can have a significant impact on the constitutive behavior of the MRE even for

small concentrations, as opposed to dipole-type interactions which are of order vol-

ume fraction squared and have negligible effects for dilute concentrations (Galipeau

and Ponte Castañeda, 2012).

Another important feature of the model is its ability to deal consistently with

magnetic saturation effects. Given that the magnetization of the fibers saturates

for sufficiently high values of the magnetic field, and that the matrix phase is itself

magnetically insensitive, it is expected that the effects of the applied magnetic field

on a given MRE sample should also saturate at sufficiently high values of the field.

Indeed, our results show that although the total stresses inside the sample continue to

increase with increasing values of the magnetic field, the macroscopic traction-strain

response of the sample tends to saturate. This is a consequence of the magnetic fields

surrounding the given sample, which must be accounted for by the implementation

of the appropriate jump conditions on the boundary of the specimen, leading to

the cancelation of the unbounded contributions of the magnetic fields to the total

stresses. Because of this, it is found that all coupled magnetoelastic effects, such

as the actuation tractions (including macroscopic torques), magnetostrictive strains

and magnetoelastic moduli tend to saturate at sufficiently high values of the applied

magnetic field. It is therefore crucial to account for these saturation effects in the

accurate estimation of these magnetoelastic properties.

We have also investigated materials when the particles exhibit permanent mag-

netic composites by considering the actuation stresses in the reference configuration.

We see that the permanent magnetization of the composite does have an impact on

the constitutive behavior of the composite. However these models are somewhat lim-

ited to a small range of applied fields because large magnetic field would change the

permanent magnetization of the materials and at present we have no simple means

to include hysteresis behavior.
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Chapter 5

Comparison with FEM results
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In this chapter the effective behavior of magnetorheological elastomers (MREs)

with random and periodic distribution of the particles is studied. We analyze the role

of microstructure, concentration, and particle shape on the coupled behavior of these

composites. We apply the model for MREs with random distributions of particles

developed in Chapter 4 (Galipeau and Ponte Castañeda, 2012), to a pure shear loading

in the presence of a magnetic field and we obtain a closed form expression for the

MREs’ response. To study the behavior of MREs with periodic microstructures, we

develop a finite element-based code and obtain the effective properties of the periodic

MREs with rectangular and quasi-hexagonal microstructures.

We demonstrate that the governing parameter of the magnetomechanical coupling

is not the magnetic susceptibility but its derivative with respect to deformation. This

parameter is directly related to magnetostriction, actuation stress, and the magnetoe-

lastic Young’s modulus in a uniaxial tension test. We reveal that the magnetoelastic

effects are rather different even for microstructures that have the same effective sus-

ceptibility. By evaluating the magnetomechanical coupling parameter for random as

well as periodic quasi-hexagonal and rectangular microstructures, we show that the

magnetoelastic effects are of second order in the concentration. This implies that the

coupled behavior is primarily the result of the interaction between inclusions. We

evaluate the magnetostriction as a function of the concentrations and aspect ratio to

provide the guidance for the optimal microstructures of MREs.

The concise homogenization framework to determine the total magnetoelastic

stress within the composite material was introduced in Chapter 3 and it was shown

that significant simplifications of expressions describing the effective behavior of

MREs can be obtained for the composites with nearly rigid inclusions. For the par-

ticular case of layered microstructures, the homogenization is available through the

exact solution of the boundary value problem as it was shown by Rudykh and de-

Botton (2011) for the analogous case of electroactive laminates. However, the set of

microstructures for which exact solutions can be obtained is rather limited, and the

effective behavior of MREs should be estimated via homogenization. By application

of the theoretical framework for MREs with random distribution of the particles,

important characteristics such as magnetostriction, actuation stress, and magnetoe-

lastic moduli are determined (Galipeau and Ponte Castañeda, 2012, 2013). In this

work we make use of these results to further compare them to MREs with periodic

microstructures.

124



In general seeking an exact solution for periodic materials subjected to finite

deformations is a daunting task even for purely mechanical problem. Therefore the

finite element (FE) method is usually employed to tackle such problems (Rudykh

and deBotton, 2012). Consequently we develop a FE-based code for solving the

magnetomechanical problem in finite deformation and periodic boundary conditions.

Specifically we examine periodic MREs with (i) rectangular and (ii) quasi-hexagonal

periodicity and obtain the effective properties of the composites by averaging the

local fields under the unit cell domains.

We define the parameters that govern the coupled magnetomechanical behavior

of MREs. These parameters are directly related to the applied traction measured

on the surface of the material while accounting for the magnetic stresses outside the

material. The governing parameters of the magnetomechanical coupling are evaluated

for MREs with random, quasi-hexagonal, and rectangular periodic microstructures

over a wide range of concentrations and particle aspect ratios. Moreover, we find that

linearly magnetic materials with the same susceptibilities can have rather different

magnetoelastic coupling.

5.1 Homogenization of periodic and randomly struc-

tured MREs

Consider MREs made with rigid, linearly magnetizable particles and a magnetically

non-susceptible, incompressible elastic matrix. Depending on the microstructure,

the composite may exhibit significantly different macroscopic responses. To obtain

the effective properties of the composite we follow the work in Chapter 3 (Ponte

Castañeda and Galipeau, 2011) and make use of the scale-separation assumptions; in

particular, we assume that the characteristic size of the sample is significantly larger

than the characteristic length of the microstructure, such that boundary effects can

be neglected.

The response of the composite can be characterized by considering the behavior of

a representative volume element which can be identified with Ω0. Due to the magne-

tomechanical loading, the occupied region transforms into a new region Ω. The effec-

tive constitutive behavior of the composite is then characterized as the relationship

between the volume averaged field quantities denoted with barred quantities (Ponte
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Castañeda and Galipeau, 2011). Note that barred values for Lagrangian quantities

such as F , S, B, and H are averaged over the reference region Ω0; for example,

F̄ =
1

|Ω0|

∫
Ω0

F dV, (5.1)

while the Eulerian quantities, T , b, h, and m, are averaged over the deformed con-

figuration,

T̄ =
1

|Ω|

∫
Ω

T dv. (5.2)

with |Ω0| and |Ω| denoting the volume of the undeformed and deformed regions re-

spectively.

Additionally when the local phases are characterized by energy functions, the

overall composite can be characterized by a homogenized energy function W̃ (F̄ , B̄)

or, alternatively, φ̃(F̄ , b̄). The Lagrangian energy function W̃ (F̄ , B̄) is found by

averaging the local energy over the reference configuration consistent with the ho-

mogenization approach of Ponte Castañeda and Galipeau (2011). This Lagrangian

energy is then used to define the Eulerian energy function via equation (2.11).

In this chapter we consider the effective behavior of MREs with random and pe-

riodic distributions of the magnetoactive particles in the soft matrix. For composites

with random distributions, the homogenization is performed by considering the re-

sponse of a representative volume element to fields F̄ and B̄ applied on the boundary

of the composite. In this case the microstructure is not specified exactly and we

make use of estimates which take advantage of two-point statistics to approximate

the magnetoelastic energy function of the composite.

For periodic media the initial microstructure is fully determined once the unit

cell has been specified. The effective properties can be found by evaluating the re-

sponse of the primitive unit cell under periodic boundary conditions. Once again,

we assume that the material occupies a sufficiently large domain and the influence of

the boundary effects can be neglected. This applies up to the onset of instabilities

at which the periodicity scale can spontaneously change and become larger than the

single unit cell. This corresponds to the onset of long wavelength instabilities and

loss of ellipticity. Consideration of these effects is beyond the scope of this chapter

and will not be considered here.
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Figure 5.1: The schematic of the experiment on a MRE sample. The sample is excited
by applying a b̄ field and a stretch λ̄ and the system responds by determining a m̄,
h̄, t̄ and T̄ .

5.2 Theoretical analysis of 2-D aligned loadings

5.2.1 Magnetomechanical loading conditions

Homogenization of the MREs under general loading conditions can be rather com-

plicated. Additionally even if the homogenization can be carried out, analyzing the

results for completely general loading can be quite daunting so in this chapter we

consider only the response of 2-dimensional incompressible MREs subjected to mag-

netomechanical loadings aligned along the symmetry axis of the material, ê1 and ê2.

The loading is defined via the average deformation gradient

F̄ = ê1 ⊗ ê1λ̄+ ê2 ⊗ ê2λ̄
−1, (5.3)

and mean magnetic field

b̄ = b̄ê1, (5.4)

as it is schematically depicted in Figure 5.1. We consider MREs with particles dis-

tributed such that their ellipticity axes are aligned with ê1 and ê2. Thus the general

material response is characterized by the magnetization m̄, the magnetic intensity h̄

along the ê1 direction. Clearly the stress tensor T̄ has components along both axes.

However by eliminating the Lagrange multiplier associated with the incompressibility
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constraint we define the specifiable component as

T̄ = T̄11 − T̄22. (5.5)

This implies that only one traction t̄ in the ê1 direction is necessary to achieve the

specified deformation (alternatively, t̄ can also be defined to be the difference between

the traction on the two surfaces). Note that these loading conditions can produce

motion in a line such that they have potential uses as “linear actuators.” We emphasize

that the non-linearity of constitutive relationships, finite deformations, and the non-

linearity due to magneto-mechanical coupling are indeed taken into account.

5.2.2 The parameters governing MRE performance

Clearly the particles move with respect to one another as a result of the deformation;

we refer to this change as microstructure evolution. Since the loading is aligned along

a symmetry axis of the material, it can be assumed that the particles do not rotate

with respect to the magnetic field and the material symmetry axes remain unchanged.

This condition holds true for periodic composites up to the onset of bifurcations and

should remain a good assumption for MREs with random microstructures.

The effective energy for these composites under uniaxial tension was shown by

Ponte Castañeda and Siboni (2011) to be

φ̃(λ̄, b̄) = φ̃me(λ̄)− χ̃(λ̄)
b̄2

2ρ̄µ0

, (5.6)

where φ̃me(λ̄) is a function of the stretch only. Note that considering b̄ = 0, φ̃me(λ̄)

is the mechanical energy function for the composite in the absence of the magnetic

field. This form of the energy is appropriate as long as the magnetic field does not

cause rotation of the particles when λ̄ is held fixed. Consequently, the macroscopic

magnetic relations for the composite can be written as

m̄ = χ̃(λ̄)
b̄

µ0

or h̄ = (1− χ̃(λ̄))
b̄

µ0

(5.7)

where χ̃(λ̄) is the magnetic susceptibility of the composite and is a function of the

macroscopic stretch.

The energy form (5.6), the overall incompressibility, and equations (5.3), (5.4)
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(2.13) and (5.5) yield

T̄ = ρ̄
∂φ̃(λ̄, b̄)

∂λ̄
λ̄+

b̄2

µ0

− m̄b̄ = T̄me(λ̄) + µ0m̄
2∂χ̃

−1(λ̄)

∂λ̄

λ̄

2
+
b̄2

µ0

− m̄b̄, (5.8)

where T̄me(λ̄) = ρ̄∂φ̃me(λ̄)

∂λ̄
λ̄ represents the “purely mechanical” stress.

Additionally, accounting for the boundary effects of the magnetic field via equation

(2.38), we find that the applied traction is

t̄ = T̄me(λ̄) + Υ̃(λ̄)µ0m̄
2, (5.9)

where the “magnetoelastic coefficient” is given by

Υ̃(λ̄) =

(
∂χ̃−1(λ̄)

∂λ̄

λ̄

2
− 1

2

)
. (5.10)

It is easy to see that the magnetoelastic effects are related to the derivative of the

susceptibility χ̃ and are quadratic in the magnetization from equation (5.9).

This analysis emphasizes the importance of Υ̃ for magnetoelastic materials. In

particular the “magnetoelastic coefficient” can be directly related to the actuation

stress and the magnetostriction. The actuation stress t̄(0) is defined as the traction

when no macroscopic stretch is applied. Since the mechanical stress vanishes when

λ̄ = 1, the actuation stress is purely magnetic in nature and is given by

t̄(0) = t̄|λ̄=1 = µ0m̄
2Υ̃(λ̄ = 1). (5.11)

Similarly the magnetostriction is defined as the stretch when no mechanical load is

applied. The magnetostrictive stretch λ̄m can be determined by solving the following

equation

−T̄me(λ̄m) = µ0m̄
2Υ̃(λ̄m). (5.12)

Note that m̄ is a function of λ̄ if b̄ or h̄ is chosen to be the independent variable.

Furthermore, the magnetoelastic coefficient determines how the magnetic field

changes the effective stiffness. The associated effective magnetoelastic Young’s mod-

ulus is measured with respect to the applied traction such that we define the effective

modulus to be the derivative of the traction with respect to the logarithmic strain
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ē = ln λ̄

Ẽ ≡ ∂t̄

∂ē
. (5.13)

For the considered magnetomechanical loadings the effective Young’s modulus is

Ẽ = Ẽme(λ̄) +
∂Υ̃(λ̄)

∂λ̄
µ0m̄

2λ̄+ 2Υ̃(λ̄)µ0m̄
∂m̄

∂λ̄
λ̄, (5.14)

where Ẽme(λ̄) = ∂T̄me(λ̄)

∂λ̄
λ̄ is the purely mechanical Young’s modulus which, indeed,

reduces to the linear Young’s modulus for the composite in the small-strain limit.

In general the relation between the magnetization and the stretch is controlled

by the experimental conditions; for instance we could hold b̄ fixed with respect to λ̄

or hold h̄ fixed with respect to λ̄. Here, for convenience, we will consider the case

where the magnetization m̄ is held fixed with respect to deformation and define the

magnetoelastic part of the modulus

Ẽmag(λ̄) =
∂Υ̃(λ̄)

∂λ̄
λ̄µ0m̄

2 =

[
∂2χ̃−1(λ̄)

∂λ̄2

λ̄2

2
+
∂χ̃−1(λ̄)

∂λ̄

λ̄

2

]
µ0m̄

2. (5.15)

Note that the sign of Ẽ determines whether the magnetic field stiffens or softens the

composite. Clearly, since λ̄, m̄2, and µ0 can take only positive values, the sign of Ẽ

is determined by ∂Υ̃(λ̄)

∂λ̄
, which in general is a function of deformation.

Equations (5.10) and (5.15) show that the critical parameter for determining mag-

netoelastic effects is not the susceptibility χ̃ but its derivative with respect to defor-

mation. Moreover, in general, MREs with different microstructures may be charac-

terized by the same susceptibility while having significantly different magnetoelastic

coefficients. Consequently the magnetomechanical behavior of the MREs with the

same constituents and similar volume fractions may be significantly different. Re-

markably the magnetic field may either stiffen or soften the composites depending on

microstructure. We further examine MREs with different microstructures described

in the next section to illustrate these effects.

5.2.3 The mechanical reinforcement

Effects such as magnetostriction also depend on the mechanical stiffness in the com-

posite. To evaluate the mechanical reinforcement in the dilute limit we define the
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Figure 5.2: Random distribution of magnetoactive particles in soft matrix.

normalized mechanical stress polarization Ñ such that

T̄me = T (1)
me (λ̄) + ÑGc ln(λ̄) (5.16)

where T
(1)
me (λ̄) is the purely mechanical stress in the homogenous matrix material

subject to stretch λ̄, G is the small-strain shear modulus of the matrix, and c is

the concentration of rigid inclusions. The superscript (1) denotes the matrix phase.

It is important to consider the mechanical stiffening because the magnetostriction

depends on the relation between the mechanical stiffness and magnetoelastic forces.

Additionally, when considering the magnetoelastic modulus, it is desirable that the

magnetic field causes a large change in the modulus relative to the underlying me-

chanical stiffness. The underlying mechanical stiffness of the composite depends on

the reinforcement effect of the particles and it is different for each microstructure.

5.3 Macroscopic responses of MREs with different

microstructures

5.3.1 Constituent energy functions

Recalling that the matrix is magnetically inactive, we assume that its behavior can

be described by a neo-Hookean model. Consequently, the material energy function

reduces to

φ(1)(F ) =
G

2ρ
(1)
0

[
tr(F TF )− 2

]
, (5.17)
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Figure 5.3: A schematic representation of MREs with rectangular (a) and hexagonal
(b) periodic microstructures.

where G is the shear modulus of the matrix phase. The total stress tensor in the

matrix phase which is given by expression (2.13) includes the magnetic Maxwell

stress tensor and, consequently, depends on the local magnetic field.

Assuming linear magnetic behavior for the particles, their response is characterized

by

φ(2)(F ,b) = φ(2)
me(F )− χ b · b

2ρ(2)µ0

, (5.18)

where χ is the magnetic susceptibility, and the superscript (2) denotes the inclusion

phase. The rigidity of the particles is enforced by assuming that φ
(2)
me(F ) is equal to

zero if F is a pure rotation and infinity otherwise.

As described previously these two phases can be combined in different microstruc-

tures which will result in different magnetoelastic properties. In this work we examine

the responses of MREs with three different microstructures: (i) MREs with random

distribution of the magnetoactive particles (Figure 5.2); (ii) MREs with periodic

rectangular microstructure (Figure 5.3a); (iii) MREs with periodic quasi-hexagonal

microstructure (Figure 5.3b).

5.3.2 Random microstructures

The energy of the MREs with the random microstructure is characterized by the

concentration c and aspect ratio w of the particles and their relative distributions. The

particles are also assumed to be distributed randomly with “ellipsoidal” symmetry

(Willis, 1977) with an initial aspect ratio which for this work we take to be w, the

same shape as the particles. The distributional ellipsoid characterizes the average
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distance between the particles in different directions.

Specializing the work of (Lopez-Pamies and Ponte Castañeda, 2006b) to uniaxial

loading along the fiber direction, the homogenized mechanical energy is given by

φ̃(ran)
me (λ̄) =

G

2ρ̄0

(1− c)

([
1 + 2 (c− 2) cλ̄2 + λ̄4

]
w + c

(
1− λ̄4

)
(1 + w2)

(1− c)2 λ̄2w
− 2

)
.

(5.19)

Similarly specializing the results of Chapter 4 (Galipeau and Ponte Castañeda,

2013) to uniaxial loading along the fiber direction, we write the effective susceptibility

χ̃(λ̄) for the aligned loading in the form of

χ̃(ran)(λ̄) = c

[
1

χ
− w

w + 1
+ c

wλ̄2

wλ̄2 + 1

]−1

. (5.20)

wλ̄2 represents the aspect ratios of the distributional ellipsoid in the deformed con-

figuration consistent with the partial decoupling approximation (Galipeau and Ponte

Castañeda, 2012, 2013).

From expressions (5.20) and (5.10) the magnetoelastic coefficient can be deter-

mined explicitly as

Υ̃(ran)(λ̄) =
wλ̄2(

1 + wλ̄2
)2 −

1

2
. (5.21)

Equation (5.15) yields the explicit expression for the effective elastic modulus, namely

Ẽmag
µ0m̄2

=
2wλ̄2

(
1− wλ̄2

)(
1 + wλ̄2

)3 . (5.22)

5.3.3 MREs with rectangular and quasi-hexagonal periodic

microstructures.

We develop a finite element (FE) based model to analyze the behavior of the MREs

with periodic microstructures. We examine periodic MREs with two main unit cells,

rectangular and quasi-hexagonal (see Figure 5.3). Within each of these unit cells the

microstructure can be varied further by varying the aspect ratio of the unit cell, the

aspect ratio of the inclusions, and the concentration.

To prevent the particles from extending past the unit cell and to maintain parity

with the random microstructures, the aspect ratio of the unit cells are varied with
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the aspect ratio of the particles. For the rectangular unit cell the ratio between

the lengths of vertical and horizontal faces (a1 and a2 respectively) varies with the

inclusion ellipticity ratio such that

a
(rec)
1 /a

(rec)
2 = w, (5.23)

while the ratio between the lengths of vertical and horizontal sides of the hexagonal

unit cell is

a
(hex)
1 /a

(hex)
2 =

√
3w. (5.24)

We set the origin of the coordinate system to be the center of one of the particles for

convenience, implying that

−a1

2
≤ X1 ≤

a1

2
, −a2

2
≤ X2 ≤

a2

2
, (5.25)

for each unit cell, respectively. The regions define the reference domain Ω0.

The radii of the inclusions is defined via the inclusion volume fraction and repre-

sentative volume element (RVE) geometry parameters

r
(rec)
2 =

( c
π

)1/2

a2 and r
(hex)
2 =

(√
3c

2π

)1/2

a2, and r1 = wr2. (5.26)

The magnetomechanical loading is implemented by applying periodic boundary

conditions for both displacement (Rudykh and deBotton, 2012) and magnetic field.

This is accomplished by specifying the deformation and magnetostatic potential on

the boundary of the composite. (Since Curl H = 0, there exists a scalar field, the

magnetostatic potential ϕ, such that H = −Grad ϕ.) On the top
(
X2 =

a2

2

)
and

bottom
(
X2 = −a2

2

)
boundaries, the deformation and magnetostatic potential are


x

(T )
1 = x

(B)
1

x
(T )
2 = x

(B)
2 + 1

λ̄
a2

ϕ(T ) = ϕ(B)

, (5.27)

while the on right
(
X1 =

a1

2

)
and left

(
X1 = −a1

2

)
boundaries, the deformation and
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magnetostatic potential are related via
x

(L)
1 = x

(R)
1 + λ̄a1

x
(L)
2 = x

(R)
2

ϕ(L) = ϕ(R) + H̄b

. (5.28)

We use the magnetic intensity H as the independent variable for the finite element

solution. The boundary value problems are solved by means of commercial FE code

COMSOL Multiphysics. Once the local fields are determined via the FEM, the ma-

terial response is measured by integrating the local field over the relevant domain.

For the purposes of the FE simulations, the shear modulus of the matrix is set

to G = 1 MPa. Additionally since the rigid inclusions must be “deformable” for the

FEM simulations, their mechanical behavior is taken to be the same as the matrix

with a stiffness of G(2) = 1GPa, i.e. φ
(2)
me = 1000φ

(1)
me. This is consistent with the fact

that the inclusions are stiff and the matrix accommodates the deformation along the

load path. In general, the finite element simulation would need to be performed for

each combination of λ̄ and H̄. However for each value of λ̄ we can perform the FE

simulations at H̄ = 0 and a non-zero H̄ and extrapolate to all other values of the

magnetic field based on the analysis in section 5.2. For this work we set

H̄ =

√
G

µ0

(5.29)

so that the magnetoelastic stresses are of comparable magnitude to the purely me-

chanical stresses.

From data obtained for B̄, H̄, F̄ , T̄ , and T̄me as a function of λ, the corresponding

b̄, h̄, m̄, T̄ , and T̄me are computed. The corresponding magnetoelastic parameters are

calculated directly without computing the energy. In this regard we note that there

are two distinct ways to evaluate the magnetoelastic coefficient from the fundamental

quantities directly evaluated or input into the FE code. Considering that b̄, h̄, m̄, λ̄,

T̄ , and T̄me are defined, the first way to compute the magnetoelastic coefficient is to

use the total stress

Υ̃(T)(λ̄) =
T̄ −

(
T̄me + b̄2/µ0 − m̄b̄

)
µ0m̄2

− 1

2
. (5.30)
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The second way is to determine the susceptibility from b̄ and m̄ and consider the

incremental change in the quantity to determine the magnetoelastic coefficient as

Υ̃(χ)(λ̄) =
1

µ0

∂
(
b̄/m̄

)
∂λ̄

λ̄

2
− 1

2
. (5.31)

These two quantities should be the same if the assumptions are correct and the FE

code is sufficiently accurate. For the results we present in this work, these quantities

coincide.

5.4 Results and discussion

To highlight the underlying magnetoelastic mechanisms in these different microstruc-

tures, we present the sophisticated picture in terms of the following parameters:

• Υ̃, the magnetoelastic coupling coefficient given by equation (5.10) which pro-

vides information about the magnetic contribution to the traction;

• χ̃/c, the effective susceptibility normalized by the concentration which describes

the magnetization behavior of the composite;

• Ẽmag(λ̄)/(µ0m̄
2) the normalized magnetoelastic modulus, where Ẽ is given by

equation (5.15); this quantity captures the variable stiffness of the composite;

• Ñ the mechanical stress polarization in the inclusion; a measure of the purely

mechanical reinforcement of the composite due to the heterogeneity given by

equation (5.16).

5.4.1 Magnetoelastic properties as a function of the stretch

Figure 5.4 displays the effective properties of the composite with the aspect ratio

w = 1 and volume fraction c = 0.1 as a function of the logarithmic strain ē =

ln λ̄. Consistent with Eshelby’s result for dilute magnetic composites (Eshelby, 1957),

the susceptibility χ̃ for these materials differs only by terms of order concentration.

Note that as the composite is compressed, the particles get closer together in the

magnetic field direction and the susceptibility goes up. This is consistent with more

magnetic interactions between the particles. The mechanical reenforcement for these
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three composites is quite similar in the reference configuration but behaves quite

differently for large stretch. The fact that Ñ changes with the deformation indicates

the nonlinearity in the mechanical reinforcement with respect to strain which must

be accounted for when considering large magnetostriction.

However these materials show very different magnetoelastic coupling. The magne-

toelastic coefficient Υ̃ can be both positive and negative. Thus the magnetostriction

can be extension or compression along the applied field. For random distributions

this value is relatively independent of the stretch whereas for rectangular and quasi-

hexagonal microstructures the effect depends strongly on the stretch. In particular

for hexagonal microstructures the effect can be both positive or negative depending

on the stretch indicating a change in the dominant mechanisms responsible for the

magnetoelastic coupling.

The modulus effect for MREs with random microstructures is weak; for MREs

with periodic rectangular and quasi-hexagonal microstructure there is a more signifi-

cant modulus effect. For rectangular periodic microstructures the effect is close to zero

at the undeformed state (ē = 0) but becomes negative or positive when subjected

to compression or tension, respectively. The magnetic field softens the composites

even at the undeformed configuration (ē = 0) when applied to MREs with hexagonal

microstructure. This effect is preserved with an increase of compressive load. In con-

trast, tensile loading leads to an increase in the value of the magnetoelastic modulus,

and at some level of the tensile load, the value of the modulus switches the sign and

becomes positive, indicating the stiffening effect of the magnetic field. The variability

in these effects with respect to deformation shows the sensitivity to microstructure of

magnetoelastic effects.

We observe that the magnetoelastic coupling is significantly stronger in periodic

materials as compared with random materials. This is because for periodic materials

the magnetic interactions between particles are all the same in each unit cell such

that their attraction or repulsion combine together to give a significant effect. For

random systems the particles have many different interactions, some attractive and

some repulsive, such that the average effect is usually smaller and less sensitive to

deformation. This also illustrates that these differences in microstructure can produce

totally different magnetoelastic effects.

Figure 5.5 shows the magnetoelastic properties as a function of the stretch for

the composites with particle aspect ratios w = 1/4 and w = 4. Note that the
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Figure 5.4: Magnetoelastic properties as a function of strain for w = 1 and c =
0.1. (a) Normalized composite susceptibility. (b) The normalized mechanical stress
concentration. (c) The magnetoelastic coupling coefficient. (d) The magnetoelastic
Young’s modulus.
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plots terminate when the FEM model failed to converge to a solution. The effective

susceptibility of the composites strongly depends on the particle shape. In particular,

the composites with particles elongated in the direction of the magnetic field w = 4

produce a much more susceptible composite than those with particles of w = 1/4.

The difference is due to the fact that the particles are more easily magnetized when

their long axis is aligned with the applied field. Additionally the susceptibility for

composites with w = 4 shows a stronger dependence on deformation than composites

with aspect ratio w = 1/4.

The aspect ratio also affects the mechanical reenforcement of the composite. In-

deed the mechanical reinforcement also depends on the particle shape. However the

influence of the particle shape on the mechanical reinforcement is rather different in

MREs with random and periodic distributions of the particles. Whereas the mechan-

ical reenforcement is the same for both aspect ratios for random microstructures, the

periodic microstructures with w = 4 and w = 1/4 show different mechanical reen-

forcement. These effects are important because while some microstructures produce

stronger magnetic effects, they also may generate more mechanical stiffening and may

therefore be less desirable.

The shape of the particles has a large impact on the coupling coefficient and and

its dependence on deformation. For random microstructures the effect is small and

continues to be relatively independent of deformation. For periodic microstructures

the change is much more dramatic both in its magnitude and its dependence on

deformation. For w = 1/4 the positive slope indicates that the magnetic fields stiffens

the composite while for w = 4 the negative slope indicates that the magnetic field

softens the composite. This is made more explicit in Figure 5.5d which shows a

negligible change in stiffness for random composites and a large change in periodic

medium. Note that the stiffening or softening is independent of the direction of

magnetostriction.
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Figure 5.5: Magnetoelastic properties as a function of strain for c = 0.1. (a) Normal-
ized composite susceptibility. (b) The normalized mechanical stress concentration.
(c) The magnetoelastic coupling coefficient. (d) The magnetoelastic Young’s modu-
lus.
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5.4.2 Magnetoelastic parameters as a function of the concen-

tration.

Figure 5.6 shows the effective properties of the composite as a function of the concen-

tration c. We can see that the mechanical polarizations and the susceptibilities tend

to the same value for each microstructure in the small concentration limit consistent

with Eshelby’s result for dilute composites. However the magnetoelastic properties of

these microstructures are very different in this limit. To highlight this phenomenon,

consider the expansion of the susceptibility for small concentrations such that

χ̃ = χ̃0c+ χ̃1c
2 + o(c3). (5.32)

The dilute result for particulate composites guarantees that χ̃0 only depends on the

shape of the particle so that this term is the same for each microstructure if w is the

same, specifically

χ̃0 =
χ(w + 1)

1 + w(1− χ)
. (5.33)

Therefore χ̃0 is independent of deformation because the particles are rigid and do

not change shape and volume fractions do not change for incompressible materials.

Then the magnetoelastic coefficient (5.10) is determined to leading order by χ̃1. This

term is expected to be different for each microstructure because it depends on how

the particles interact with each other which depends on their positions with respect

to one another. This information is specified by the microstructure. A similar result

governs the mechanical stiffness in the dilute, small-strain limit which implies that Ñ

is the same for different microstructures when the aspect ratio is the same.

At this point it is useful to consider the total stress including the Maxwell stresses

so we can understand how it relates to the magnetoelastic coupling. To this end

Figures 5.7a and 5.7b show the total magnetic stress normalized by the magnetic flux

µ0T̄
mag

b̄2
= 1− χ̃+ χ̃2∂χ̃

−1(λ̄)

∂λ̄

λ̄

2
(5.34)

and the total stress, with detracted contribution of the “Maxwell stress”, normalized

by the magnetization and the magnetic flux

T̄mag − b̄2/µ0

m̄b̄
= −1 + χ̃

∂χ̃−1(λ̄)

∂λ̄

λ̄

2
. (5.35)
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Figure 5.6: Magnetoelastic properties as a function of concentration. (a) Normalized
composite susceptibility. (b) The normalized mechanical stress concentration. (c)
The magnetoelastic coupling coefficient. (d) The magnetoelastic Young’s modulus.
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Figure 5.7: Magnetoelastic properties as a function of concentration. (a) The normal-
ized total stress. (b) The normalized total stress minus the ”Maxwell” contribution.

Since χ̃ is the same to first order in the concentration for all microstructures, we

observe that the absolute difference in the magnetic part of the total stress for these

composites is vanishingly small, in particular, of order c2. Moreover, the difference

in the stress, once the Maxwell stress is removed, is still rather small, in particular,

of order c. However, when we consider the magnetoelastic coefficient, the differences

between these materials become apparent. The difference in the magnetoelastic coef-

ficient is what remains of the total stress after the boundary conditions are accounted

for, and it is a very small correction (of order c2) to the total stress. Thus, a high

degree of accuracy is necessary to extract the relevant information from the total

stress since it is the coupling coefficient which provides information about the mag-

netoelastic behavior.

5.4.3 Magnetoelastic parameters as a function of the aspect

ratio.

To highlight the influence of the particle shape on the magnetomechanical coupling,

we now present the parameters as a function of particles’ aspect ratio. Although the

results are presented in Figure 5.8 for composites with the volume fraction c = 0.1,
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we note that the dependency almost does not change with respect to volume fraction.

More specifically, we studied the dependency of the parameters on the aspect ratio

in the range of 0.01 ≤ c ≤ 0.2 and report a weak dependence of the corresponding

curves on the volume fraction.

Note the qualitative similarities between varying the aspect ratio, as shown in Fig-

ure 5.7, and varying the stretch, as shown in Figure 5.4. This likeness can be explained

as follows. The relative positions of the particles are similar when w = 1, λ̄ = 1.2 or

w = 1.44, λ̄ = 1. For random microstructures this connection is explicit because Υ̃

depends only on the quantity wλ̄2. Our conjecture is that a similar situation exists

for periodic media because the unit cell takes on a new aspect ratio as a result of

stretch. The aspect ratio of the unit cell in the deformed configuration is wλ̄2. When

two periodic composites have the same unit cell aspect ratio in the current configura-

tion, the magnetoelastic coefficient for the two materials is similar. The particles in

these unit cells will be of different shape but their relative positions will be the same.

This provides further evidence that the magnetoelastic effects are controlled by the

distribution of the particles and, to a lesser extent, the shape of the inclusions.
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Figure 5.8: Magnetoelastic properties as a function of aspect ratio for c = 0.1. (a)
Normalized composite susceptibility. (b) The normalized mechanical stress concen-
tration. (c) The magnetoelastic coupling coefficient. (d) The magnetoelastic Young’s
modulus.
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5.4.4 Magnetostriction as a function of the microstructure

Figure 5.9 shows the magnetostriction as a function of the concentration (a) and as-

pect ratio (b) for the three different microstructures. Consider first the influence of

the concentration on the MREs’ magnetostriction. The magnetostriction is quadratic

to leading order with respect to the concentration; however, as the concentration be-

comes large enough it is expected that the composites mechanically lock-up. This ef-

fect can already be seen for rectangular microstructures with w = 4 at concentrations

of 15% as the maximum magnetostriction has already been passed. This mechanical

stiffening limits the magnetostriction despite the increasing magnetic stresses. More

generally for the composites examined here, the ones with w = 4 exhibit the highest

magnetostriction for all three microstructures; however there is a significant difference

between the random, rectangular, and hexagonal microstructures.

To highlight the influence of particle shape on the magnetostriction, consider

the magnetostrictive strain as a function of aspect ratio w in Figure 5.9b. For all

microstructures larger aspect ratios lead to larger magnetostriction. We expect that

eventually the composites will become mechanically rigid as w gets large which will

limit the magnetostriction. This can be seen for quasi-hexagonal microstructures.

For rectangular and random microstructures the optimal microstructure is beyond

the available data. Also note that for hexagonal microstructures the magnetostriction

can be positive or negative depending on the initial aspect ratio.
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Figure 5.9: Magnetostriction as a function of the microstructure. (a) The magne-
tostriction as a function of the concentration. (b) The magnetostriction as a function
of the aspect ratio.

5.5 Concluding remarks

We examined the effective behavior of magnetorheological elastomers with random

and periodic distribution of the particles. We analyzed the role of the concentration,

distribution and shape of the particles on the magnetomechanical response of the

composites. In particular, the random and periodic rectangular and quasi-hexagonal

microstructures with varying concentrations and shape of the particles were consid-

ered. Motivated by the potential applications for “linear actuators,” we specifically

examined the materials subjected to uniaxial loading in the presence of a magnetic

field. Note that we accounted for the Maxwell stress outside the material in calcula-

tion of the traction measured on the surface of the material. We introduced specific

parameters that control the magnetomechanical performance of the MREs. These

parameters, including the key magnetoelastic coupling coefficient, are further used in

the analysis of the magnetoactive composites.

To characterize the behavior of the MREs with random microstructures we em-

ployed a recently developed theoretical framework for MRE homogenization (Gali-

peau and Ponte Castañeda, 2012) and specified the results for the considered uniaxial
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magnetomechanical loading. Thus, the closed form expression for the MREs response

was obtained. To study the behavior of MREs with periodic microstructures, we

developed a finite element-based code and obtained the effective properties of the

periodic MREs with rectangular and quasi-hexagonal microstructures.

Throughout the analysis, we observed that the periodic media exhibit significantly

stronger magnetoelastic effects than MREs with randomly distributed particles. This

is due to the fact that the magnetoelastic interactions in periodic media act coop-

eratively to produce stronger effects, whereas the effect of the magnetoelastic local

interactions is weakened when averaged over a large domain.

Although an increase of the concentration results in higher magnetic stresses in

the materials, at some critical concentration the material locks-up mechanically. This

effect limits the ability to increase magnetostriction by an increase of the particle con-

centration. The mechanical locking of the material is the general effect; however, we

note the critical lock-up concentration value strongly depends on the microstructure

type and the particle shape. By evaluating the magnetomechanical coupling param-

eter for random, periodic quasi-hexagonal, and rectangular microstructures, we show

that the magnetoelastic effects are of second order in the concentration. This implies

that the coupled behavior is primarily the result of the interaction between inclusions.

We evaluate the magnetostriction as a function of the concentrations and aspect ra-

tio, and find that the magnetostriction can be enhanced by using the composites with

highly elliptical inclusions aligned in the magnetic field.

By varying the aspect ratio of the particles, we found that the effective suscepti-

bility increases with the aspect ratio as particles elongated along the magnetic field

direction are magnetized more effectively. However, the magnetomechanical cou-

pling can still be lower in these materials. In this regard throughout the analysis we

demonstrate that the governing parameter of the magnetomechanical coupling is not

the magnetic susceptibility but its derivative with respect to deformation as defined

by the magnetoelastic coupling coefficient. This parameter is directly related to mag-

netostriction, actuation stress, and the magnetoelastic Young’s modulus in a uniaxial

tension test. In this regard microstructure is the key to optimizing magnetoelastic

performance of MREs.
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Chapter 6

Homogenization of multi-scale

laminated composites
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This chapter is devoted to developing designer MREs capable of enhanced mag-

netoelastic effect. Specifically we look at the role of microstructure in multi-scale

composites to develop materials with large magnetostriction, actuation stress, and

changes in modulus. All the composites considered here have the necessary sym-

metry such that they can be used as linear actuators and vibration dampers. It is

anticipated that these results will provide direction for experimental development of

MREs.

6.1 Analysis for laminated composites

As we have seen in Chapter 4, when the magnetic fields are not aligned with the

geometric axes of the particles in the MRE samples, the resulting magnetic torques on

the particles can have significant effects on the macroscopic magnetoelastic response

of the samples. In fact, as argued in Chapter 3 (Ponte Castañeda and Galipeau,

2011), these effects (which are of order volume fraction) should be stronger than the

corresponding effects of dipole interactions between the particles (which are of order

volume fraction squared). On the other hand, when the applied magnetic fields are

not aligned, it is necessary to enforce complex boundary conditions—including the

application of tractions with a resulting torque—on the MRE sample to maintain

equilibrium. In an effort to keep the boundary conditions simple while still being

able to favorably exploit the potential of the magnetic torques on the particles, we

propose to consider more symmetric laminated samples consisting of layers of the

MREs of Chapter 4 with alternating fiber orientations.

6.1.1 Magnetic field applied along the lamination direction

We consider a two-phase laminate with the normal to the lamination layers N = ê1,

as depicted schematically in Figure 6.1. The two phases in this laminate consist of

the same material considered in Chapter 4, but with fiber orientations defined by

+θ̄0 and −θ̄0. These two phases, which will be referred to as the (+) and the (−)

phase, respectively, will be taken in 50% volume fraction, so that the N = ê1 direction

will be a symmetry axis for the laminated MRE sample. The sample is loaded by

applying a pure shear deformation with axial stretch λ̄ and a magnetic induction field

of magnitude b̄, both of which are aligned with the symmetry axis defined by ê1, as
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Figure 6.1: Schematic representation of the laminated MRE sample in the refer-
ence and deformed configurations (before and after application of mechanical and/or
magnetic loading), with the macroscopic magnetic field aligned to the layers’ normal
direction. The two phases, which are in equal proportions and are labelled the (+) and
the (−) phases, are defined by the fiber orientation angles +θ̄0 and −θ̄0, respectively.
Upon application of a macroscopic stretch λ̄ and magnetic flux b̄, the macroscopic
magnetoelastic response of the sample is aligned with the applied stretch and mag-
netic induction field, and can be described by the applied traction t̄ and macroscopic
magnetization m̄.

shown in Figure 6.1. The material response can then be characterized by the normal

traction difference t̄ = t̄
(1)
1 − t̄

(2)
2 (recall that the materials are incompressible) and

the macroscopic magnetization m̄. In this case, the Lagrangian magnetic induction

is also aligned with ê1, and its magnitude is B̄ = b̄/λ̄.

To obtain the macroscopic response of the laminated MRE, it will be assumed

that the size of the layers is small compared to that of the laminated sample, but still

large compared to the size of the elliptical fibers, so that we can make use of iterated

homogenization (Braides and Defrancheschi, 1998). It is then possible to obtain

the macroscopic stored-energy function for the MRE laminate by making use of the

results of Chapter 4 for MREs with elliptical fibers in given initial orientations ±θ̄0,

together with the general homogenization result of Ponte Castañeda and Galipeau

(2011) for the laminate. As is well-known (see deBotton (2006) and Lopez-Pamies and

Ponte Castañeda (2009), for the purely mechanical problem), the fields in a laminated

composite are piecewise constant—at least up to the possible onset of an instability.

Then, making use of the appropriate jump and average conditions, the components

of the deformation gradient in the two phases of the laminate may be expressed in
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the form (relative to the laboratory frame)

[
F̄ (+)

]
=

[
λ̄ 0

F21 1/λ̄

]
and

[
F̄ (−)

]
=

[
λ̄ 0

−F21 1/λ̄

]
, (6.1)

where ±F21 are the unknown shears in phases (±). Similarly, the corresponding

components of the magnetic induction field in the two phases of the laminate may be

written in the form

{
B̄(+)

}
=

{
B̄

B2

}
and

{
B̄(−)

}
=

{
B̄

−B2

}
, (6.2)

where ±B2 are the unknown transverse components of the magnetic field in the (±)

phases.

The macroscopic stored-energy function for the MRE laminate may then be ex-

pressed in the form

Ŵ aligned(λ̄, B̄) = min
F21

min
B2

1

2

[
W̃+θ̄0(F̄

(+)
, B̄(+)) + W̃−θ̄0(F̄

(−)
, B̄(−))

]
, (6.3)

where W̃±θ̄0 correspond to the stored-energy functions for the MREs with aligned

elliptical fibers in directions ±θ̄0, respectively, as defined in Chapter 4. Note that

simplified expressions for W̃±θ̄0 can be obtained as in section 4.2 by using the po-

lar decomposition theorem and diagonalizing the deformation gradients (6.1) in the

phases.

In terms of the homogenized energy function for the laminate Ŵ (λ̄, B̄), the macro-

scopic magnetization is given by

m̄ =
b̄

µ0

− 1

λ̄

∂Ŵ

∂B̄
(λ̄, B̄), (6.4)

while the macroscopic normal traction difference is given by

t̄ = λ̄
∂Ŵ

∂λ̄
(λ̄, B̄)− b̄2

µ0

+ b̄ m̄− µ0 (m̄)2

2
. (6.5)
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Figure 6.2: Schematic representation of the laminated MRE sample in the reference
and deformed configurations (before and after application of mechanical and/or mag-
netic loading), with the macroscopic magnetic field applied transverse to the layers’
normal direction. The two phases, which are in equal proportions and are labelled
the (+) and the (−) phases, are defined by the fiber orientation angles +θ̄0 and
−θ̄0, respectively. Upon application of a macroscopic stretch λ̄ and magnetic flux b̄,
the macroscopic magnetoelastic response of the sample is aligned with the applied
stretch and magnetic induction field, and can be described by the applied traction t̄
and macroscopic magnetization m̄.

6.1.2 Magnetic field applied transverse to the lamination di-

rection

We can also consider the same laminated composite with a magnetic field applied

transverse to the direction of the layers of the normals as shown in Figure 6.2. The

sample is loaded by applying a pure shear deformation with axial stretch λ̄ and a

magnetic induction field of magnitude b̄. In this case the shear is still applied along

the ê1 direction but the magnetic field is applied along the transverse ê2 direction, as

shown in Figure 6.2. The material response can then be characterized by the normal

traction difference t̄ = t̄
(1)
1 − t̄

(2)
2 (recall that the materials are incompressible) and

the macroscopic magnetization m̄ which is also aligned along the ê2 direction. In this

case the Lagrangian magnetic induction is also aligned with ê2, and its magnitude is

B̄ = b̄λ̄.

When the magnetic field is applied in the ê2 direction, the symmetries provide
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additional simplifications so that

B̄(+) =

{
0

B̄

}
and B̄(−) =

{
0

B̄

}
(6.6)

with the deformation gradients still given by expression (6.1). The energy function

for the transverse case is

Ŵ trans(λ̄, B̄) = min
F12

1

2

[
W̃+θ̄0(F̄

(+)
, B̄(+)) + W̃−θ̄0(F̄

(−)
, B̄(−))

]
. (6.7)

The macroscopic magnetization is given in terms of the homogenized energy func-

tion for the laminate Ŵ (λ̄, B̄) by

m̄ =
b̄

µ0

− λ̄∂Ŵ
∂B̄

(λ̄, B̄), (6.8)

while the macroscopic normal traction difference is

t̄ = λ̄
∂Ŵ

∂λ̄
(λ̄, B̄) +

b̄2

µ0

− b̄ m̄+
µ0 (m̄)2

2
. (6.9)

6.1.3 Actuation traction and magnetostriction

These laminated composites can be evaluated by considering the actuation traction

and the magnetostrictive strain because they have the necessary symmetry. The

actuation traction t̄a is obtained from expression (6.5) or (6.9) for t̄ by setting λ̄ = 1.

Similarly the magnetostrictive strain is obtained from expression (6.5) or (6.9) by

setting t̄ = 0, solving for the resulting stretch λ̄m, and using ēm = ln λ̄m. Note that

the actuation traction t̄a and magnetostrictive strain ēm are both functions of the

applied magnetic induction field b̄, and they tend to saturate as b̄ becomes large.

Moreover, it is useful to define a magnetoelastic Young’s modulus for the MRE

laminated sample. Because of the effects of the magnetic fields external to the sample,

it makes sense to define the magnetoelastic Young’s modulus in terms of the tractions

and not directly from the stresses. Therefore we define

Ẽ =
∂t̄

∂ē
= λ̄

∂t̄

∂λ̄
, (6.10)
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where the derivatives are taken with the magnetic induction field b̄ held fixed. This

quantity has the advantage that it is easier to relate to experimental results, since the

stresses are more difficult to measure experimentally than the tractions on the sample.

Notice that, like other magnetoelastic effects, the Young’s modulus is a function of

the magnetic field b̄, but it also saturates for large values of b̄. In addition, it should be

noted that the above-defined modulus is also a function of the stretch λ̄. Here, we will

consider two special cases. The first is the modulus in the undeformed configuration

(λ̄ = 1), which we will refer to as the actuation Young’s modulus. It is given by

Ẽa = Ẽ
∣∣∣
λ̄=1

. (6.11)

The second is the modulus at the magnetostricted deformation (λ̄ = λ̄m), which we

will refer to as the magnetostricted Young’s modulus and define via

Ẽm = Ẽ
∣∣∣
λ̄=λ̄m

. (6.12)

These two moduli can be quite different when the magnetostriction is large as will be

seen below.

6.1.4 Spontaneous formation of shear bands in the homoge-

nous limit

The homogenization for the laminated composites will naturally reveal certain types

of instabilities with respect to the homogenous material used to characterise the (+)

and (−) phases, which in our case corresponds to the material derived in Chapter

4. In the limit when θ̄0 → 0 or θ̄0 → 90, the laminated composite shown in Figure

6.1 and Figure 6.2 becomes homogenous as the (+) and (−) layers become identical.

For these cases, one equilibrium solution is that the deformation remains homogenous

throughout the composite such that F21 = 0 (and B2 = 0 for the aligned case) and

fields within the (+) and (−) phases are the same. This solution leads to constitutive

behavior for the “laminate” which is identical to the principal solution of the model

given in Chapter 4. However the minimizations in equation (6.3) or (6.7) may find

the global minimum such that F21 6= 0. This indicates that the homogenous material

has spontaneously formed shear bands and some stability limit for the homogenous

material has been passed. These effects are important for the laminated composite
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because when we consider the limits as θ̄0 → 0 or θ̄0 → 90, the behavior of the

composite may not converge to the principal behavior of the homogenous material

and instead may converge to the solution with shear bands.

In the homogeneous limit just described, there is a significant connection between

the formation of shear bands and the loss of ellipticity of the material in Chapter 4.

Indeed, these “laminated” microstructures also suggest one possible post-bifurcation

solution for the homogenous material after loss of ellipticity. If there is no instability

in the homogenous material, the behavior of the composite converges to the principal

solution for the homogenous material in the limit as θ̄0 → 0 or θ̄0 → 90. The stretch

and magnetic flux (λ̄ and b̄) at which the principal solution and the limiting solution

differ frequently corresponds to loss of ellipticity for the homogenous material but

a non-homogenous solution may also be detected without loss of ellipticity. Both of

these effects have been observed in conjunction with this work and a full investigation

of magnetoelastic instabilities for the MRE model derived in Chapter 4 is currently

underway.

The formation of these shear bands is primarily driven by particle rotations in

both the purely mechanical and magnetoelastic case. For the purely mechanical case

this is discussed in Lopez-Pamies and Ponte Castañeda (2006a). Considering the

magnetoelastic contribution to this effect, the magnetic energy of the particles is

lowest when their long axis is aligned with the applied field direction and highest

when their long axis is transverse to the field direction. Since the formation of shear

bands is associated with particle rotations within the layers, the magnetic field can

have a strong influence on the stability of the composite. However it is essential that

the shear band direction allows for sufficient particle rotation if this effect is to be

observed. For this section w will always be taken to be greater than 1. When θ̄0 = 0

and w > 1, the particles would undergo significant rotation when the material shears

in the F12 direction. This is not captured by the energy minimization. Shear along

the F21 direction when θ̄0 = 0 and w > 1 does not allow sufficient particle rotation

to provide a lower energy solution and as such, we never observe instability for these

cases even though the homogenous material will lose ellipticity and become unstable.

When θ̄0 = 90◦ and w > 1, the long axis of the particles is along the layer normal ê1

and shear in the F21 direction can cause large particle rotation. This implies that the

energy minimization may detect shear band formation under some circumstances.

It should be noted that while the minimization does not detect instabilities when
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Rigid Magnetic Material 

Deformable Elastomer 

Figure 6.3: Schematic representation of the rank 2 laminated MRE in the reference
and deformed configurations. The phases in the rank 2 laminate, labeled (+) and (−),
have equal concentrations and each consists of a rank 1 laminate. The orientations
of the rank 1 laminates within the (+) and (−) phases are defined by the angles
+θ̄0 and −θ̄0, respectively. Upon the application of the magnetoelastic loading the
orientations of the rank 1 laminates within the (+) and (−) phases become +θ̄ and
−θ̄, respectively.

θ̄0 = 0, it can be related to the case when θ̄0 = 90◦ by interchanging the appropriate

variables.

6.1.5 Magnetoelastic properties of a rank-2 laminate

We can also consider an MRE where a rigid phase, magnetic material and a nonmag-

netic, incompressible elastomer material are combined together into a rank-2 laminate

shown in Figure 6.3. This represents a limiting case of the laminates given in section

6.1.1 where the particle aspect ratio w → ∞. The composite is loaded with stretch

λ̄ and magnetic flux b̄ along the symmetry axis and the composite will respond with

some traction on the surface t̄ and some magnetization m̄. Composites of this type

have the advantage that we can determine this relationship exactly even for large

strain based on the properties of the magnetic and elastomer phase.

The composite is characterized by the same microstructural and material parame-

ters as in section 6.1.1 except without w. In this section θ̄0 and θ̄ are reinterpreted as

the direction normal to the rigid and elastomer layers in the reference and deformed
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configuration as shown in Figure 6.3. The concentration of the rigid layers is c instead

of cI (They are no inclusions in this case). For the material properties we take the

behavior of the matrix to be the Gent model described by equation (4.2) and the

magnetization behavior of the particles is given by equations (4.15) and (4.16).

For the rank-2 laminate composites the energy can be expressed in the decoupled

form

Ŵ rank2(F̄ , B̄) = W̃ rank2
me (F̄ ) + W̃ rank2

mag (F̄ , B̄). (6.13)

For the rank-2 laminate the microstructure in the current configuration is entirely

determined by the macroscopic stretch (as we will see). This means that the magnetic

field does not change the microstructure and assumptions of the partial decoupling

approximation are satisfied exactly. Then the magnetic energy is found from the

solution of a rank-2 laminate homogenization problem which can be performed exactly

with no need to consider microstructure evolution. This leads to an energy of form

(6.13).

This is different than the particulate/laminate composite described in section 6.1.1

where the energy could not be decoupled exactly. The homogenized energy of the

particulate (+) and (−) phases indeed uses the partial decoupling approximation and

the energy for each phase is decoupled. However the homogenization at the lamina-

tion level can be done exactly without resorting to any approximations. This involves

minimizations with respect to the shear in the layers and associated particles’ rota-

tions even when the macroscopic stretch is held fixed. This violates the assumptions

of the partial decoupling approximation and hence an energy of form (6.13) is not

expected.

Mechanical energy

We must compute the local fields in each phase which will allow us to calculate the

total energy in the composite. Based on the symmetry between the (+) and (−)

phase, the average deformation gradient in the (+) and (−) must be

[
F̄ (+)

]
=

[
λ̄ 0

F21 1/λ̄

]
and

[
F̄ (−)

]
=

[
λ̄ 0

−F21 1/λ̄

]
. (6.14)

The (+) phase is inextensible along the rigid layer direction providing the con-
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straint ∣∣∣F̄ (+)
q
∣∣∣ = 1 where q =

{
sin θ̄0

− cos θ̄0

}
. (6.15)

This constraint implies that

F21 =
cot θ0

λ̄
−
√

1

sin2 θ0

− λ̄2. (6.16)

Note that F21 must be a real number so

λ̄ ≤ 1

sin θ0

, (6.17)

providing the limit of extensibility due to the presence of the rigid phase. We also note

that based on the geometric constraints of the rigid magnetic layers, their orientation

with respect to the laboratory frame changes to give

θ̄ = arcsin
(
λ̄ sin θ̄0

)
. (6.18)

For future use we consider ∆θ̄ = θ̄− θ̄0 as the rotation of the rigid phase. This implies

directly that the deformation gradient in the magnetic material is

[
F (2+)

]
=

[
cos ∆θ̄ sin ∆θ̄

− sin ∆θ̄ cos ∆θ̄

]
and

[
F (2−)

]
=

[
cos ∆θ̄ − sin ∆θ̄

sin ∆θ̄ cos ∆θ̄

]
(6.19)

where the superscripts (2+) and (2−) indicate the magnetic material in the (+) and

(−) phases, respectively. The volume average of the layers in the (+) phase must be

F̄
(+)

with the same result for the (−) phase. This implies the deformation gradients

in the elastomer phase are

F̄
(1+)

=
F̄

(+) − cF (2+)

(1− c)
and F̄

(1−)
=
F̄

(+) − cF (2−)

(1− c)
. (6.20)

The first invariant of the deformation in the matrix is the same throughout the

composite because the deformation in the (+) and (−) phases are symmetric. It is

given by

I(1)(λ̄) = tr(F̄
(1+)T

F̄
(1+)

) = tr(F̄
(1−)T

F̄
(1−)

). (6.21)

Given that the other layer is rigid and the matrix consists of a Gent material, the
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effective mechanical energy for the system reduces to

Ŵ rank2
me (λ̄) = (1− c)− GJm

2
ln

[
1− I(1)(λ̄)− 3

Jm

]
. (6.22)

Magnetic energy

The microstructure in the deformed configuration can be determined exactly based

solely on the macroscopic stretch λ̄ because of the constraints of the mechanical

problem. All that remains is to solve a magnetic problem described in the current

configuration. The critical parameter for the magnetic homogenization is the orien-

tation of the laminated layers θ̄ which defines the normal to the layers within the (+)

and (−) phases. The system has 4 different phases denoted (2+), (1+), (2−), and

(1−) with the number denoting the matrix or the rigid phase and sign denoting the

(+) or (−) layer. We also use just the superscripts (+) and (−) to denote the average

fields in the respective layers.

The system is inherently non-linear because of the non-linear magnetic behavior

in the rigid phase; however the equations can be simplified to have two unknown

variables, the Cartesian components of b̄(2+) (or b̄(2−)) with respect to the laboratory

frame. For simplicity we will derive the conditions for the (+) phase even though a

redundant set of equations can be derived for the (−) phase.

The fields satisfy the averaging conditions (1− c)b̄(1+) + cb̄(2+) = b̄(+) and b̄
(+)
1 +

b̄
(+)
1 = b̄ consistent with homogenization. This implies that

(1− c)b̄(1+)
1 + cb̄

(2+)
1 = b̄. (6.23)

The symmetry of the (+) and (−) phases, the jump condition on the h field

between the (+) and (−) phases implies that h̄
(+)
2 = h̄

(−)
2 = 0. The averaging condition

on (1+) and (2+) in conjunction with that equation yields (1− c)h̄(1+)
2 + ch̄

(2+)
2 = 0.

Writing this condition in terms of the b field components in each phase and m(b),

the magnetization function for the rigid layers, we arrive at the equation

(1− c)b̄(1+)
2 + cb̄

(2+)
2 + cµ0m̄2(b̄(2+)) = 0. (6.24)

The fields must also satisfy the jump conditions in between the rigid and elastomer
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layers. The jump condition [b̄(1+) − b̄(2+)] · n = 0 field gives

b̄
(1+)
1 cos θ̄ + b̄

(1+)
2 sin θ̄ = b̄

(2+)
1 cos θ̄ + b̄

(2+)
2 sin θ̄. (6.25)

Similarly the jump condition [h̄(1+) − h̄(2+)]× n = 0 yields the equation

b̄
(1+)
1 sin θ̄ − b̄(1+)

2 cos θ̄

= b̄
(2+)
1 sin θ̄ − b̄(2+)

2 cos θ̄ + m̄
(2+)
1 (b̄(2+)) sin θ̄ − m̄2(b̄(2+)) cos θ̄ (6.26)

when written in terms of the components of b̄.

Removing the components of the b(1+) from equations (6.23), (6.24), (6.25), and

(6.26) yields the equations

b̄ = b̄
(2+)
1 + (1− c)

[
µ0m1(b̄(2+)) sin θ̄ − µ0m2(b̄(2+)) cos θ̄

]
(6.27)

and

b̄
(2+)
1 cos θ̄ − b̄ cos θ̄ + b̄

(2+)
2 sin θ̄ + cµ0m2(b̄(2+)) sin θ̄ = 0. (6.28)

These two equations can be solved for the components of b̄(2+).

The fields in the matrix phase are then given by

b̄
(1+)
1 =

b̄− cb̄(2+)
1

1− c
(6.29)

and

b̄
(1+)
2 =

−b̄+ b̄
(2+)
1

1− c
cot θ̄ + b̄

(2+)
2 . (6.30)

It is easily verified that the solution of this equation satisfies the necessary jump

conditions, symmetry requirement, and volume averaging conditions such that it rep-

resents a solution of the magnetic problem.

Noting that B̄ = b̄/λ̄ the energy in the composite can be given by

Ŵ rank2
mag (λ̄, B̄) = cρ(2)ϕ(2)

mag(b̄(2+)) + (1− c) b̄(1+) · b̄(1+)

2µ0

+ c
b̄(2+) · b̄(2+)

2µ0

. (6.31)

Given the expressions for the magnetic and mechanical parts of the energy, the

total magnetoelastic energy Ŵ rank2 is given by expression (6.13) while the traction

and magnetization are given by expressions (6.5) and (6.4) respectively.
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6.2 Results for laminated composites

In this section we investigate the effect of the magnetic induction field on the macro-

scopic magnetization and traction for the laminated MRE samples described earlier

(see Figure 6.1 and 6.2). The matrix is of the Gent type with Jm = 50 and elastic

modulus G. The magnetic susceptibility of the particles χ = 0.95 and the saturation

magnetization ms is chosen such that the dimensionless parameter κ = 16. The re-

sults shown reflect the same values of the material parameters as in Chapter 4. The

magnetoelastic effects are considered for different values of the strain ē = ln λ̄, applied

magnetic field b̄, and initial orientations of the fibers θ0.

We present results for the traction-strain relationship for these laminated compos-

ites when the magnetic field is applied normal and transverse to the layers’ normal

direction. Then we build on those results to provide more specific results for the

effect of the magnetic field b̄ on the actuation traction t̄a, magnetostrictive strain ēm

and Young’s moduli Ẽa and Ẽm of the laminated MRE samples with varying fiber

orientations θ̄0 for magnetic field.

With the objective of optimizing the microstructure of the laminated MRE sam-

ples, we then provide results for the saturation values of the actuation traction t̄a

and the magnetostrictive strain ēm (at saturation) for various particle concentrations

(cI = 0.15, 0.3 and 0.45) and aspect ratios (w = 1, 4 and 8), as functions of the initial

fiber orientation θ̄0. In addition, we also consider the effect of θ̄0 on the Young’s

moduli Ẽa and Ẽm (at saturation) for the laminated samples with various particle

concentrations (cI = 0.15, 0.3 and 0.45) and aspect ratio w = 4.

The final subsection briefly shows the effect of the magnetic field on the instability

to provide motivation for a fully-coupled stability analysis for MREs.

6.2.1 Results for laminated composites in the absence of the

magnetic field

Figure 6.4 represents the mechanical response of the laminated composite. Figure

6.4a shows the traction strain relation for various θ̄0 and Figure 6.4b shows particle

rotations in the respective phases as a function of deformation. The stretch of the

composite generates particle rotations. In all cases the particle rotation vanishes when

λ̄ = 1. This plot also shows the onset of instability when θ̄0 = 90◦ and the composite

is compressed. In this case the material is homogenous since the (+) and (−) phase
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Figure 6.4: Traction t̄ as functions of the strain ē in a laminated MRE sample with
elliptical fibers (w = 4) for different initial orientation. (a) The mechanical shear
traction. (b) The particle rotation in phase (−).

are identical. The material is symmetric about the loading axis so the particles do

not rotate until the composite is compressed enough to activate the unstable mode.

At that point the (+) and (−) phases undergo equal and opposite deformations. This

instability also occurs when θ̄0 = 0 when the composite is stretched. However the

correct shear band corresponds to phase deformation in the F12 direction which is not

captured by the minimizations in equation (6.3) and (6.7).

6.2.2 Results for aligned magnetic loading

Magnetization and traction as functions of the strain for aligned loading

Figure 6.5 shows plots of the macroscopic magnetization m̄ and traction t̄ as func-

tions of the applied strain ē in the laminated MRE samples for increasing values of

the applied magnetic induction b̄ applied along the layers’ normal direction. Figure

6.5a shows that the magnetization in the laminate samples increases with the applied

magnetic induction until reaching the saturation level, but the dependence on the ap-

plied strain is relatively weak and disappears altogether at saturation consistent with

the earlier results for the MRE samples of section 4.2 (see Figure 4.5a). On the other
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Figure 6.5: The magnetization m̄ and traction t̄ as functions of the strain ē in a
laminated MRE sample with elliptical fibers (w = 4) and orientation θ̄0 = 60◦, for
increasing values of the applied magnetic induction b̄. The magnetic field is applied
along the layers’ normal direction. (a) The normalized magnetization-strain relation.
(b) The normalized traction-strain relation. (c) The particle rotation in phase (−).
(d) The torque m̄× b̄ in phase (−).
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hand, Figure 6.5b shows that the magnetic induction field has a more pronounced

effect on the traction-strain curves for the MRE laminated samples. Although the

effect also tends to saturate, the shapes of the curves change quite significantly with

increasing magnetic induction. These effects may be understood in terms of the con-

comitant effects on the evolution with the deformation of the particle rotations, shown

in Figure 6.5c, and the magnetic torque, shown in Figure 6.5d, in the two phases of

the laminate (the results in phase (+) are the negatives of the results in phase (−)).

Indeed, the application of the magnetic induction has a different effect on the parti-

cle rotation and magnetic torques for tension and compression, which translates into

significant differences in the traction-strain curves for tension and compression. Glob-

ally, however, the effect on the macroscopic traction-strain curves is similar to earlier

results for the non-aligned particle samples, with the traction-strain curves shifting

to the right and downward. However, for the laminated samples, the magnetic field

can produce particle rotations in the layers, even when no macroscopic deformation

is allowed (ē = 0). As we will see below, this extra “degree of freedom” in the lami-

nated samples, which can be controlled by appropriate selection of the initial particle

orientation angles θ̄0, will have significant implications for the actuation tractions,

magnetostrictive strains, and moduli for the laminated samples.

Actuation, magnetostriction, and Young’s moduli as functions of the mag-

netic field for aligned loading

Figure 6.6 shows the actuation traction and associated magnetoelastic effects as a

function of magnetic flux b̄ for various initial orientation angles θ̄0 when the magnetic

field is applied along the layers’ normal direction. In all cases the actuation stress

is initially quadratic in the applied magnetic field then reaches a saturation as the

magnetic field becomes large. The macroscopic magnetization develops similarly for

all microstructures with the primary difference being a small change in the initial

slope of the magnetization curve. There is also a mesoscale magnetic response which

is not shown. In each case the magnetization in each phase will align with the loading

direction in the limit of large applied field, but we still observe the saturation of m̄×b̄

in each phase. It can also be seen that even though the macroscopic deformation is

being held fixed at λ̄ = 1 the particles rotate depending on the applied magnetic

field (along with meso-scale shear). In this sense the magnetic field will advance the

microstructure even without a change in the macroscopic deformation. In general the
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Figure 6.6: Actuation traction of the laminated MRE samples with elliptical fibers
(w = 4) as functions of the magnetic induction b̄ for different microstructural angles θ̄0

with the magnetic field applied along the layers’ normal direction. (a) The actuation
stress. (b) The composite magnetization. (c) The particle rotation in phase (-). (d)
The magnetoelastic Young’s modulus evaluated at the reference stretch.
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particles tend to align themselves with the applied magnetic field and the amount

of rotation increases with the applied magnetic field. The particle rotations tend

to produce an elongation of the sample in the direction of the applied field, which

either requires the application of a compressive traction—the actuation traction is

negative—or results in an overall tensile strain if no tractions are imposed on the

sample—the magnetostrictive strains are positive. The results show that initial fiber

orientations near 45◦ are most effective at producing actuation tractions. These effects

are the weakest for the perfectly aligned cases (θ̄0 = 0 and 90◦).

Figure 6.7 illustrates the magnetostriction and associated magnetoelastic effects

as a function of b̄ for various particle angles. Figure 6.7a shows that the magnetic

field elongates the composite in the direction of the applied field. This effect depends

strongly on the initial angle of the particles although each magnetostriction curve has

initially quadratic growth then saturates as the field becomes large. As a response to

the applied field the composite develops macroscopic magnetization as well as meso-

scopic magnetic and mechanical effects. The macroscopic magnetization develops

similarly for all microstructures, with the primary difference being a small change

in the initial slope of the magnetization curve. In all cases the particles align their

long axis with the applied magnetic field; however the magnitude of the mesoscale

evolution is very different for the various microstructures. We also display the mag-

netoelastic modulus evaluated at the magnetostriction state Ẽm . Even though initial

quadratic dependence followed by saturation is observed, the effect is not necessarily

monotonic as shown by θ̄0 = 30◦. This effect is the result of a complicated inter-

action between the magnetic field and macroscopic stretch, both of which cause the

microstructure to evolve.

Together Figures 6.7d and 6.6d show plots of the magnetoelastic Young’s moduli

in the reference (Ẽa) and stricted (Ẽm) configurations, respectively, as functions of

the magnetic induction b̄ for various initial fiber orientation angles θ̄0. The values

for b̄ = 0 correspond to the purely mechanical moduli in the reference configuration.

Because of the incompressibility and two-dimensional symmetry of the fiber-reinforced

elastomers, it is known (Lopez-Pamies and Ponte Castañeda, 2006b) that the moduli

of complementary angles (e.g. θ̄0 = 40 and 50◦) have exactly the same modulus, with

θ̄0 = 45◦ yielding the softest response, and the perfectly aligned cases (θ̄0 = 0 and

90◦), the stiffest. On application of the magnetic field, an initial quadratic regime is

observed that quickly transitions into the saturation regime. It is also remarked that,
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Figure 6.7: Magnetostriction of the laminated MRE samples with elliptical fibers
(w = 4) as functions of the magnetic induction b̄ for different microstructural angles
θ̄0 with the magnetic field applied along the layers’ normal direction. (a) The magne-
tostriction. (b) The composite magnetization. (c) The particle rotation in phase (-).
(d) The magnetoelastic Young’s modulus evaluated at the magnetostricted stretch.
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while the initial moduli of complementary angles are identical, the magnetic field

has opposite effects on the two angles. This is because the configuration with initial

orientation that is most closely aligned with the field (θ̄0 > 45◦) tends to become even

more aligned, and therefore stiffer, while the one with initial orientation that is most

misaligned (θ̄0 < 45◦) tends to increase (toward 45◦), leading to a more compliant

response. Finally, it should also be noted that since the particle rotations are larger

for the magnetostricted state, this may lead to a stiffening effect even for the initially

more misaligned (θ̄0 < 45◦) configurations, since the angle can go significantly beyond

45◦, which would lead eventually to a stiffening behavior.

Optimal microstructures for the actuation, magnetostriction and Young’s

moduli for aligned loading

Figures 6.8a and b show plots for the actuation traction and magnetostrictive strain

at saturation when the magnetic field is aligned with the layers’ normal direction,

as functions of the initial fiber orientation θ̄0. It can be seen from these figures that

a significant enhancement in the actuation traction and magnetostrictive strain can

be achieved for the laminated samples with elliptical fibers when the initial fiber

orientation θ̄0 is appropriately selected. Selection depends on the particle volume

fraction and aspect ratio. Thus, for the laminated samples with cI = 0.45 and

w = 8, for example, we can see that it is possible to enhance the activation traction

by over 350% relative to an MRE sample with an isotropic distribution of circular

particles (w = 1) with the same volume fraction (cI = 0.45) by selecting θ̄0 to

be approximately equal to 50◦. On the other hand, the magnetostriction can be

correspondingly improved by over 400% for the same MRE samples by selecting θ̄0 ≈
25◦. In this context, it should be re-emphasized that the much larger enhancement

in the actuation traction and magnetostrictive strain for the nonaligned elliptical

fiber cases (relative to the perfectly aligned cases) is due to the particle rotations, as

predicted by the general theory of Ponte Castañeda and Galipeau (2011).

We have ignored the possible development of instabilities in this figure because

the lamination direction does not correspond to the correct unstable mode. Indeed, it

is known from the work of Lopez-Pamies and Ponte Castañeda (2006a) for the purely

mechanical case that long wavelength bifurcation instabilities are expected when the

composite is loaded in compression along the long axis of the fibers, corresponding

in this case to values of θ̄0 near 0◦. For this reason, it is possible that the traction
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Figure 6.8: Magnetoelastic properties of the laminated MRE samples at saturation,
as functions of the microstructural angle θ̄0 for several values of the particle volume
fraction (cI = 0.15, 0.3 and 0.45) and aspect ratio (w = 1, 4 and 8). The magnetic
field is applied along the layers’ normal direction. (a) The actuation stress. (b) The
magnetostrictive strain. (c) The magnetoelastic Young’s modulus evaluated in the
undeformed configuration. (d) The magnetoelastic Young’s modulus evaluated at
the magnetostricted strain. (Results for the mechanical moduli are also given for
comparison in the last 2 figures.)
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values in Figure 6.8a would not actually be achieved for values of θ̄0 ≈ 0◦. However,

instabilities would not be expected for the larger values of θ̄0, and therefore it is

unlikely that the possible onset of instabilities would affect the optimal values of the

actuation tractions which occur for θ̄0 ≈ 50◦. On the other hand, instabilities may

also be expected to affect the magnetostriction results for values of θ̄0 ≈ 0. However,

once again, these instabilities would not be expected to affect the optimal values of

the magnetostriction, which take place for values of θ̄0 ≈ 25◦.

Finally, Figures 6.8c and d show plots of the magnetoelastic Young’s moduli Ẽa

and Ẽm at magnetic saturation for the laminated samples with fiber aspect ratio

w = 4 at various particle concentrations (cI = 0.15, 0.3 and 0.45). In addition, the

corresponding results for the magnetically unloaded samples (b̄ = 0) are also shown

for comparison purposes. Recalling that the results for θ̄0 = 0 and 90◦ correspond to

microstructures with perfectly aligned fibers, it is seen that the effect of the magnetic

field on the moduli is quite small in this case, consistent with the finding of Galipeau

and Ponte Castañeda (2012) for perfectly aligned loadings. The effect on the moduli

is entirely due to the changes in the shape of the distribution of the particle centers for

these cases where particle rotations are not observed, which is an effect of order volume

fraction squared. On the other hand, it can be seen that very significant changes can

be achieved in the magnetoelastic moduli Ẽa and Ẽm for initial particle orientations

near 45 and 30◦, respectively. These results can be attributed to the particle rotations

and are of order volume fraction, and therefore expected to be larger than the effects

due to changes in the distribution of the particle centers. Thus when 10◦ . θ̄0 . 45◦,

the magnetic field tends to make the laminated sample more compliant in the reference

configuration (i.e., Ẽa drops with application of the magnetic field). This is because

of two effects: one is that the magnetic field causes the particles to rotate closer to

45◦ from the lamination direction which is a softer mechanical mode. The second

is that the rotational force on the particles is increasing and attains its maximum

around 45◦ (consider the actuation traction in Figure 6.8a). Since the magnetic field

makes the composite mechanically softer, and the magnetic torques tend to increase

with deformation, the overall effect is a decrease in the modulus. However these

two effects are interdependent and there is no simple way to separate the effects

into “purely mechanical” and “magnetoelastic.” For θ̄0 & 45◦ both effects work

in opposite directions and the magnetic field drives the particles into alignment of

their long axis with the lamination direction where the composite is mechanically
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stiffer, but the magnetic torques decrease because the stretch also tends to align

the particles with the applied magnetic field. The upshot is that the magnetically

loaded samples are stiffer than the unloaded samples for 45◦ . θ̄0 . 80◦. The

magnetostricted modulus Ẽm, shown in Figure 6.8d, is controlled by the same effects

with the additional consideration of the macroscopic deformation that is induced by

the magnetic field. Since the elongation tends to stiffen the composite by rotating the

particles toward alignment of their long axes with the applied stretch and magnetic

field, the overall composite becomes stiffer for smaller values of θ̄0.

6.2.3 Results for transverse magnetic loading.

Magnetization and traction as functions of the strain for transverse loading

Figure 6.9 shows plots of the macroscopic magnetization m̄ and traction t̄ as functions

of the applied strain ē in the laminated MRE samples. They are for increasing values

of the applied magnetic induction b̄ when the magnetic field is applied transverse to

the lamination direction. The transverse magnetic loading is different than aligned

loading because many of the effects reverse direction; however the underlying mecha-

nisms are similar. Most notably the magnetic field causes the composite to contract in

the mechanical loading direction as opposed to extend as in the aligned case. This can

be observed in Figure 6.9b because the magnetic field shifts the traction-deformation

curve upward instead of down. Similarly the magnetic field causes the particles to

rotate in the opposite direction when the deformation is the same.

Actuation, magnetostriction and Young’s moduli as functions of the mag-

netic field for transverse loading

Figure 6.10 shows the actuation traction and associated magnetoelastic effects as a

function of magnetic flux b̄ for various initial orientation angles θ̄0 when the magnetic

field is applied transverse to the normal direction. In all cases the actuation stress

is initially quadratic in the applied magnetic field then reaches a saturation as the

magnetic field becomes large. This is very similar to the aligned loading plots in Figure

6.6 except that the traction and spin have changed sign. The modulus effects are also

reversed such that, generally speaking, the transverse field stiffens the composite if

the aligned field softened it and vice versa. In this sense altering the orientation of

the magnetic field can reverse the modulus effects.
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Figure 6.9: The magnetization m̄ and traction t̄ as functions of the strain ē in a
laminated MRE sample with elliptical fibers (w = 4) and orientation θ̄0 = 60◦, for
increasing values of the applied magnetic induction b̄. The magnetic field is applied
transverse to the layers’ normal direction. (a) The normalized magnetization-strain
relation. (b) The normalized traction-strain relation. (c) The particle rotation in
phase (−). (d) The torque m̄× b̄ in phase (−).
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Figure 6.10: Actuation traction of the laminated MRE samples with elliptical fibers
(w = 4) as functions of the magnetic induction b̄ for different microstructural angles
θ̄0 with the magnetic field applied transverse to the layers’ normal direction. (a) The
actuation stress. (b) The composite magnetization. (c) The particle rotation in phase
(−). (d) The magnetoelastic Young’s modulus evaluated at the reference stretch.
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Figure 6.11: Magnetostriction of the laminated MRE samples with elliptical fibers
(w = 4) as functions of the magnetic induction b̄ for different microstructural angles
θ̄0 with the magnetic field applied transverse to the layers’ normal direction. LOE
indicates loss of ellipticity for the homogenous composite. (a) The magnetostriction.
(b) The composite magnetization. (c) The particle rotation in phase (−). (d) The
magnetoelastic Young’s modulus evaluated at the magnetostricted stretch.
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Figure 6.11 shows the magnetostriction and associated magnetoelastic effects as

a function of b̄ for various initial orientation angles θ̄0 when the magnetic field is

applied transverse to the normal direction. This transverse loading is very similar to

the aligned case with the same reversals observed in the actuation stress plots. This

case does show the presence of the instability when θ̄0 = 90◦. The magnetostriction

compresses the composite along the long axis of the particles and when a critical

value is reached, the solution bifurcates and the instability is observed. This appears

in Figure 6.11a where we observe discontinuous slope in the magnetostriction curve.

The nature of the effect becomes obvious when we look at the particle rotation in

Figure 6.11c. The particles undergo a large spontaneous spin at the critical magnetic

field. This instability also causes the discontinuity in the modulus as shown in Figure

6.11d.

Optimal microstructures for the actuation, magnetostriction and Young’s

moduli for transverse loading

Figures 6.12a and b show the actuation traction and magnetostrictive strain at sat-

uration when the magnetic field is applied transverse to the layers’ normal direction,

as functions of the initial fiber orientation θ̄0. Applying the magnetic field transverse

to the layers’ normal direction produces similar effects to aligned loading except that

the signs of the traction and magnetostriction are reversed. The major difference here

is that the effect of instabilities becomes apparent since θ̄0 = 0◦ and θ̄0 = 90◦ show

different actuation traction and magnetostriction. This is because the unstable mode

has been activated at θ̄0 = 90◦.

Figures 6.12c and d show plots of the magnetoelastic Young’s moduli Ẽa and Ẽm at

magnetic saturation for the laminated samples with fiber aspect ratio w = 4 at various

particle concentrations (cI = 0.15, 0.3 and 0.45) when the magnetic field is applied

transverse to the layers’ normal direction. In addition the corresponding results for the

magnetically unloaded samples (b̄ = 0) are shown for comparison purposes. The same

mechanisms that were discussed in the context of aligned loading occur here except

that the magnetic torques are in the opposite direction which causes the stiffening

or softening to reverse. Additionally the effect of the instability is very apparent at

θ̄0 ≈ 90◦ where the magnetic field cause a large rotation of the particles. This holds

the composite in a significantly softer mode causing a large drop in modulus.
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Figure 6.12: Magnetoelastic properties of the laminated MRE samples at saturation,
as functions of the microstructural angle θ̄0 for several values of the particle volume
fraction (cI = 0.15, 0.3 and 0.45) and aspect ratio (w = 1, 4 and 8). (a) The actuation
stress. (b) The magnetostrictive strain. (c) The magnetoelastic Young’s modulus
evaluated in the undeformed configuration. (d) The magnetoelastic Young’s modulus
evaluated at the magnetostricted strain. (Results for the mechanical moduli are also
given for comparison in the last 2 figures.)
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6.2.4 Results for rank-2 laminate

Figure 6.13 shows the magnetoelastic properties of the rank 2 laminated MRE as

functions of the magnetic induction b̄ for different microstructural angles θ̄0. The

plots show various values of the initial orientation angle, θ̄0, each for a concentration,

c = 0.30. Figure 6.13d displays the magnetization of the composite at the magne-

tostricted state as a function of the magnetic flux, b̄. The magnetization behavior

of the composite exhibits the expected saturation behavior. Since the concentration

of the rigid phase is the same for each curve and constant with respect to deforma-

tion, the saturation magnetization of the composite is always the same. The initial

susceptibility of the composite is characterized by the slope of the curves at b̄ = 0.

This quantity depends on the initial orientation of the rigid layers. Figure 6.13b il-

lustrates the magnetostriction of the composite as a function of the magnetic flux,

b̄. The model predicts that the magnetostriction will behave quadratically for small

magnetic fluxes then saturate as the field becomes large. The magnetostriction is

strongly influenced by the initial orientation angle with θ̄0 = 20◦ − 60◦ producing

the largest effect. Notice that the magnetostrictive effect vanishes as θ̄0 → 0◦ and

θ̄0 → 90◦ because the composite becomes rigid with respect to the strain direction

in those limits. Figure 6.13c shows the normalized magnetoelastic Young’s modulus,
Ẽm

Ẽme
as a function of the magnetic flux, b̄. It is important to note that each plot

considers the modulus for a different value of the initial orientation angle θ̄0 so the

reference mechanical stiffness for each curve is different. Also the reference modulus

is evaluated at the undeformed configuration and is not the mechanical part of the

modulus at the magnetostrictive state. The plots show the relative change in modulus

that could be obtained with application of the magnetic field. Results predict that

for θ̄0 = 50◦ − 90◦ the magnetic field can stiffen the composite by a factor of 2 to 4.

The magnetic field can soften the composite to 75% of its original value for θ̄0 = 30◦.

This indicates that the magnetic field can significantly modulate composite stiffness

for this class of microstructures.

Figure 6.14 shows the saturation magnetostriction as functions of the microstruc-

ture. Figure 6.14a shows the magnetostriction as functions of the concentration c.

The magnetostriction depends linearly on the concentration in the dilute limit for all

initial microstructural angles. Then for moderate concentration the magnetic effects

continue to increase. However the composite is becoming mechanically stiffer such

that the magnetostriction reaches a maximum value. For large concentrations where
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Figure 6.13: Magnetoelastic properties of the rank 2 laminated MRE as functions of
the magnetic induction b̄ for different microstructural angles θ̄0. (a) The actuation
traction. (b) The magnetostriction. (c) The magnetoelastic Young’s modulus eval-
uated at the magnetostrictive strain normalized by the purely mechanical modulus
measured at the reference configuration. (d) The composite magnetization.
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Figure 6.14: The saturation magnetostriction of the rank 2 laminate as functions
of the microstructure. (a) The magnetostriction as a function of the concentration
for various microstructural angles. (b) The magnetostriction as a function of the
microstructural angle for various concentrations.

c → 1 the composite becomes rigid such that the magnetostriction vanishes in all

cases. The optimal concentration depends on the initial orientation angle θ̄0 as well

as the non-dimensional parameter κ (not shown in the plots). Figure 6.14b shows

the magnetostriction as functions of the initial orientation angles θ̄0. The composite

becomes mechanically rigid for θ̄0 → 0 and θ̄0 → 90 which limits the magnetostric-

tion. The magnetostriction reaches a maximum which depends on the concentration

for moderate values of the microstructural angle. Taken together Figures 6.14a and

6.14b suggest that the magnetostriction is optimized for θ̄0 ≈ 30◦ and c ≈ 0.5, with

the precise result depending on κ.

Comparison of the fiber laminates and the rank-2 laminate

Figure 6.15 shows the actuation traction and magnetostriction for different values of

w including the rank-2 laminate results when w → ∞. In Figure 6.15a we consider

the actuation traction for different aspect ratios. Results are relatively consistent as

the initial orientation angle is increased, but past θ̄0 = 45◦ the results for the rank-2

laminate and the fiber composite with high aspect ratio diverge. In the limit as the
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Figure 6.15: The actuation traction and magnetostriction as functions of the mi-
crostructural angle θ̄0 and aspect ratio w = 1, 4, 8 and w → ∞. (a) The actuation
stress. (b) The magnetostrictive strain.

initial orientation angle θ̄0 → 90◦ the composite is becoming mechanically rigid. For

those cases where the composite becomes rigid the actuation stress depends on how

the limit is reached. For instance letting w → ∞ then letting θ̄0 → 90◦ is expected

to produce a different result than taking the limits in reverse order. Another way

to achieve a composite with this configuration is to allow the magnetic layers to be

deformable and take the limit as they become rigid, which will again produce a differ-

ent result for the actuation traction. The fact that this limit does not exist suggests

that it may be not physical to consider the actuation stress along directions where

the material becomes rigid. Figure 6.15b depicts the magnetostriction for the same

material parameters. In this case the magnetostriction vanishes in the limits θ̄0 → 90◦

and θ̄0 → 0, which is consistent with the material becoming mechanically rigid. Even

though the actuation stress may be not physical in those limits, magnetostriction

accounts for the mechanical stiffening which leads to the expected physical result.
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6.3 Concluding remarks

In this section we have demonstrated how simple MRE laminates made of layers of

the elliptical fiber MREs with alternating orientations can be used to enhance the

effect of the applied magnetic field on the magnetostriction, actuation tractions, and

magnetoelastic moduli, by exploiting the synergetic effects of the particle rotations.

The quantitative understanding of these microscopic effects is crucial for the suc-

cessful design of MREs with optimal magnetoelastic properties. Our results for the

laminated MRE samples show that it is possible to produce 3 to 4 fold increases in the

magnetostriction and actuation stress, and generate over 50% changes in the magne-

toelastic moduli upon the application of the magnetic field, by suitable choices of the

shape and orientation of the fibers relative to the loading and layering directions.

We have also considered the limit where the aspect ratio of the fibers becomes

large and the composite tends to a rank two laminate. In this case the microstructure

evolution can be characterized entirely by the macroscopic deformations such that

the partial decoupling approximation applies fully. This example also allowed us

to solve the homogenization problem exactly without the need for approximation.

The results are in agreement with the previous cases, confirming the validity of our

approach. The rank 2 laminates are also a realizable microstructure for enhanced

magnetoelastic effects which should be relatively simple to produce.
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Chapter 7

Application of PDCA to aligned

loads in 3D
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Figure 7.1: A general ellipsoidal inclusion surrounded by its distributional ellipsoid.
The principal axes of both ellipses are aligned with the coordinate system and have
lengths wI

i and wD
i , respectively.

In this chapter we employ the partial decoupling approximation for 3D aligned

loadings at small-strain. The model most closely resembles the MREs which have

been produced experimentally and we present some comparisons with experimental

results. It is important to note that this chapter does make use of information about

the evolution of the distribution from the full finite strain theory, even though the

final result focuses on small-strain.

7.1 Aligned loading constitutive response

In this section, we will specialize the general results of Chapter 3 (Ponte Castañeda

and Galipeau, 2011) for situations when the magnetic and mechanical loadings are

aligned with the microstructure of the MRE. It is recalled from that work that the

MREs are modeled as elastic materials containing random distributions of aligned

particles. The particles are taken to have ellipsoidal shape and to be distributed
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randomly with “ellipsoidal” symmetry (Willis, 1977). Particulate microstructures of

this type can be visualized, as shown in Figure 7.1, as having ellipsoidal particles with

principal lengths wI
i surrounded by a distributional ellipsoid with principal lengths

wD
i . The distributional ellipsoid characterizes—through the two-point probability

function of the microstructure—the average distance between the particles in different

directions. The principal axes of both ellipsoids are assumed to be aligned, so that we

can use the same set of unit vectors, êi, to define the orientation of both ellipsoids.

We can then write the shape tensors ZI
0 and ZD

0 , defining the shape and initial

distribution of the inclusions, in the forms

ZI
0 =

3∑
i=1

wI
i êi ⊗ êi, and ZD

0 =
3∑
i=1

wD
i êi ⊗ êi. (7.1)

Under the above microstructural hypotheses, the MRE exhibits orthotropic sym-

metry and is such that no rotations will be induced in the microstructure if the

magnetic and mechanical fields are aligned with the symmetry axes defined by the

vectors êi. Thus, the composite is assumed to be loaded magnetically along the k-th

direction, so that

b̄ = b̄êk, (7.2)

where b̄ is the magnitude of the magnetic flux. The deformation is also aligned (co-

axial) with the symmetry axes, so the deformation gradient is described by

F̄ = Ū =
3∑
i=1

λ̄iêi ⊗ êi, (7.3)

where λ̄i is the principal stretch in the êi direction.

Under these conditions, the average magnetization in the MRE is given by

m̄(b̄) =
1

µ0

X̃L(Ū , χL)b̄, (7.4)

where X̃L(Ū , b̄) is the effective magnetic susceptibility of a linear comparison com-

posite (see Ponte Castañeda (1992, 1998)) with linear magnetic susceptibility χL in

the matrix phase. Using the linear homogenization procedure of Ponte Castañeda

and Willis (1995) for the above-defined microstructure, the following expression is
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obtained

X̃L(Ū , χL) =
cI

J̄

[
I

χL
− I + P I +

cI

J̄
I − cIPD(Ū)

]−1

, (7.5)

where cI is the concentration of inclusions, and P I and PD are microstructural tensors,

characterizing the effects of the inclusions and distribution. They are given by

P I =
det ZI

0

4π

∫
|ξ|=1

ξ ⊗ ξ|ZI
0ξ|−3dS(ξ), (7.6)

and

PD(Ū) =
det ZD

0

4π

∫
|ξ|=1

ξ ⊗ ξ|ZD
0 Ūξ|−3dS(ξ). (7.7)

In addition, the comparison susceptibility χL is determined from the solution of

the “secant” linearization equation (Ponte Castañeda, 1998)

1

µ0cI
X̃L(Ū , χL)b̄ = m

(
b =

X̃L(Ū , χL)b̄

cIχL

)
, (7.8)

where

m(b) =
ms

b

[
coth

(
3χb

µ0ms

)
− µ0ms

3χb

]
b. (7.9)

Even though this equation is a vector equation, m(b) is such that both sides of

the equation are parallel, producing only one independent equation to determine

χL. Also it may appear in equation (7.4) that the magnetization m̄ is linear in the

applied magnetic field; however χL depends on b̄ so the magnetization is nonlinear

in the magnetic flux and also depends on the deformation through J̄ and PD(Ū).

Correspondingly, the total Cauchy stress is given from expression (3.73) as

T̄ = T̄
me

(Ū)− 1

2µ0

(b̄ · b̄)I +
1

µ0

b̄⊗ b̄ + (m̄ · b̄)I − m̄⊗ b̄

− µ0

2
(m̄ · m̄)I − µ0

2
J̄
∂

∂Ū

[
m̄ · PD(Ū)m̄

]
Ū , (7.10)

where

T̄
me

(F̄ ) =
ρ

ρ0

∂W̃me(F̄ )

∂F̄
F̄

T
(7.11)

is the purely mechanical stress, and m̄ is given in terms of Ū and b̄ via expression

(7.4). Note, however, that the derivatives with respect to Ū in equation (7.10) are
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taken with m̄ held fixed.

By comparing expression (7.10) for the homogenized stress with expression (2.13)

for the stress in a general magnetoelastic material, it can be seen that, in addition

to the usual magnetic terms, and to the purely mechanical stress, there are two ad-

ditional terms arising from the derivatives of the effective free-energy with respect

to the deformation that are quadratic in the magnetization. The first is a hydro-

static pressure which can be directly related to changes in the concentration of the

particles with the deformation, while the second involves changes in the shape of the

two-point distribution of the particles with the deformation. They both come from

the additional terms in the effective energy function, which describe the nonlinear

magnetic susceptibility of the composite. In this context, it is interesting to remark

that while the particle-particle forces have not been computed directly, the estimate

(7.10) for the macroscopic stress does include these two-point interactions between

the particles, as has just been remarked. In fact, this new method for determining

the macroscopic stress of the MRE requires only the computation of derivatives of the

nonlinear magnetic susceptibility of the composite. As a consequence, it is simpler

to implement and generalize than other methods requiring the direct computation of

the particle-particle forces (Borcea and Bruno, 2001; Yin and Sun, 2006), which is

much more involved in practice.

Since the loading is aligned with the principal axes, which are symmetry axes for

the composite, the second-order tensors T̄ , X̃L, P I and PD can be written in terms

of their principal values as

T̄ =
3∑
i=1

T̄iêi ⊗ êi, X̃L =
3∑
i=1

X̃Li
êi ⊗ êi,

P I =
3∑
i=1

P I
i êi ⊗ êi, and PD =

3∑
i=1

PD
i êi ⊗ êi.

(7.12)

Therefore, the magnetization is aligned with the b field, as given by expression (7.2),

so that m̄ = m̄êk with

m̄ = X̃Lk
b̄ =

cIχLb̄

1− χL [1− P I
k + cI(PD

k − 1)]
, (7.13)

where it is recalled that the PD
k are functions of the principal stretches λ̄i. Thus,
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expression (7.13) provides the average magnetization in the MRE resulting from the

application of a b field in the k-direction, as a function of b̄ and the λ̄i, for a given

volume fraction of the particles and particle and distribution shapes.

A corresponding expression can be also obtained from expression (7.10) for the

principal components T̄i of the average stress, as functions of b̄ and the λ̄i. However,

as we have already seen in the context of expression (2.38), the actual tractions t̄i that

would need to be applied on the boundaries of a representative volume element of

the MRE would be different from the principal stresses T̄i, and would depend on the

boundary normals. Assuming that the boundaries of the specimen are perpendicular

to the symmetry directions, such that ni = êi, expression (2.38) gives the following

results in each of the 3 symmetry directions

t̄i = T̄i −
b̄2

2µ0

for i = k, and t̄i = T̄i +
µ0h̄

2

2
for i 6= k, (7.14)

where it is recalled that k is a fixed number denoting the magnetic field direction, and

that h̄ is defined by h̄ = h̄êk. Then, making use of equation (7.10) for the total stress

components, the following magnetoelastic traction-stretch relations are obtained

t̄i = T̄me
i (λ̄i)−

µ0

2
m̄2δik −

µ0

2
J̄m̄2∂P

D
k

∂λ̄i
λ̄i no sum, i=1...3, (7.15)

where T̄me
i is the principal component of the purely mechanical stress tensor (7.11),

and δij is the Kronecker delta (meaning that the second term only contributes when

i is in the direction of the applied field k).

It is evident from expression (7.15) that the traction depends on the magnetic field

only through the magnetization (i.e., m̄2), even though the total stress, as given by

(7.10), includes terms that are proportional to b̄2 and b̄ m̄. This means that while the

total stress continues to rise in the MRE as the magnetic field is increased, the traction

will necessarily saturate with magnetization, which is consistent with experimental

observation for actual MREs (Bednarek, 1999; Ginder et al., 2002; Guan et al., 2008).

In addition, noting that the average magnetization is linear in the particle concen-

tration to leading order, it is easily deduced that the magnetic part of the traction,

again to leading order, is of second order in the concentration, even though the total

Cauchy stress includes terms that are of first order in the concentration. This result

means that the first-order contributions to the total stress must cancel exactly with
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the magnetic stresses that are set up by the MRE just outside the specimen. This

result is physically consistent, since at low concentrations, each particle behaves like

an isolated particle in a uniform magnetic field and experiences no net magnetic force

and therefore does not contribute to the traction. This result is also consistent with

experimental results, as we shall see below.

7.1.1 Specialization to small-strain results

The traction-stretch relations (7.15) are valid for large strains, and arbitrary magnetic

fields. In this work, however, we are interested in the limit of small strains (but still

arbitrary magnetic fields), when the general expressions (7.13) and (7.15) for the

average magnetization and traction, as functions of the stretch and magnetic field,

simplify. The infinitesimal strain tensor ε̄ is aligned with the stretch tensor Ū , as

given by (7.3), so that

ε̄ =
3∑
i=1

ε̄iêi ⊗ êi, (7.16)

where ε̄i = λ̄i−1 and |ε̄i| � 1. It then follows that the magnetization can be expanded

for small strains, and equation (7.13) can be written as

m̄ = m̄(0)(b̄) +
3∑
i=1

m̄
(1)
i (b̄)ε̄i + o(ε̄2), (7.17)

where

m̄(0)(b̄) = m̄

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

and m̄
(1)
i (b̄) =

∂m̄

∂λ̄i

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

. (7.18)

In these expressions, and in the expressions to follow, the vertical bars mean with

their arguments (in this case, λ̄1, λ̄2, λ̄3) held fixed (equal to 1).

The tractions can also be expanded for small strains, and under the aligned loading

assumption, they reduce to expressions of the form

t̄i = t̄
(0)
i (b̄) +

3∑
j=1

C̃tot
ij (b̄)ε̄j + o(ε̄2), (7.19)

where t̄
(0)
i denote the tractions at zero strain, also called the actuation stresses, and
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are functions of b̄. They are given by

t̄
(0)
i = −µ0

2

(
m̄(0)(b̄)

)2

[
δik +

∂PD
k

∂λ̄i

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

]
. (7.20)

On the other hand, C̃tot
ij (b̄) is a matrix representing the effective total modulus of the

composite. It should be noted that the elements of C̃tot
ij are not the components of

any general fourth-order elasticity tensor, but simply relate the axial tractions to the

axial strains in this test. It should also be noted that C̃tot
ij (b̄) can be broken into a

purely mechanical and a magnetic contribution, according to

C̃tot
ij (b̄) = C̃me

ij + C̃mag
ij (b̄). (7.21)

The magnetic contribution of the modulus is given by

C̃mag
ij =

µ0

(
m̄(0)(b̄)

)2

2

[
− ∂PD

k

∂λ̄i∂λ̄j

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

− (1 + δij)
∂PD

k

∂λ̄i

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

]

+ µ0

(
m̄(0)(b̄)

) (
m̄

(1)
j (b̄)

)[
−δik −

∂PD
k

∂λ̄i

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

]
(no sum), (7.22)

while the purely mechanical component is extracted from the elasticity modulus C̃me

of the MRE relating the mechanical stress T̄
me

to the strain ε̄ via

T̄
me

= C̃meε̄. (7.23)

For rigid inclusions, the effective modulus of the composite can be given in terms of

the matrix modulus Cmat, as

C̃me = Cmat + cI
(
PI − cIPD

)−1
(7.24)

where PI and PD, are microstructural tensors, respectively describing the particle

and distribution shapes (Ponte Castañeda and Willis, 1995). Note that C̃me
ij =

C̃me
iijj (no sum) for aligned loadings.
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7.1.2 Spheroidal microstructure with incompressible matrix

The previous results apply for general ellipsoidal shapes for the particles and the

distribution. However, in this section, we specialize these general results for the case

where both the particles and the distribution exhibit a spheroidal shape with the same

symmetry axes. Then, the MRE becomes transversely isotropic with the symmetry

axis given by the axis of revolution of the particles, which we identify with ê1. In

addition, we have that wI
2 = wI

3 = wD
2 = wD

3 = 1 with wD = wD
1 and wI = wI

1, and

we can obtain explicit analytical expressions for the relevant microstructural tensors,

and the corresponding expressions for the effective properties simplify considerably.

Thus, the zero-strain average magnetization associated with the magnetic load (7.2)

is obtained from expression (7.13), and given by

m̄(0)(b̄) =
cIχLb̄

1− χL (1− Pk(wI) + cI [Pk(wD)− 1])
(7.25)

where

P1(w) =


1

1−w2 − warccos (w)

(1−w2)3/2
w < 1

1/3 w = 1

1
1−w2 + warccosh (w)

(−1+w2)
w > 1

, (7.26)

and

P2(w) = P3(w) =


w2

2(−1+w2)
+ warccos (w)

2(1−w2)3/2
w < 1

1/3 w = 1

w2

2(−1+w2)
− warccosh (w)

2(−1+w2)3/2
w > 1

. (7.27)

Note that wD 6= wI, in general.

The corresponding expression for the linear comparison susceptibility χL, obtained

from (7.8) specialized to the Langevin model, is given by

b̄

µ0ms

χL
1− χL [1− P I

k + cI(PD
k − 1)]

=

coth

(
b̄

µ0ms

3χ

(1− χL [1− P I
k + cI(PD

k − 1)])

)
− µ0ms

b̄

(
1− χL

[
1− P I

k + cI(PD
k − 1)

])
3χ

. (7.28)
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Explicit expressions for t̄
(0)
i can also be obtained for spheroidal microstructures

from equation (7.20), together with the expressions in Appendix C for the derivatives

of the PD with respect to U . On the other hand, the expressions for m̄
(1)
i (b̄) and C̃mag

ij

are more complicated and will not be given explicitly here. However, we will provide

special forms for these quantities further below in the important limits of small and

large magnetic fields.

In applications, it is important to consider incompressible matrix materials, lead-

ing to an indeterminate hydrostatic pressure p in the traction-strain relation (7.19)

for the composite, such that

t̄i = −p+ t̄
(0)
i +

3∑
j=1

C̃tot
ij ε̄j (7.29)

where the constraint that ε̄1 + ε̄2 + ε̄3 = 0 must be enforced. In this case, the

expressions for the elasticity moduli of the transversely isotropic composite simplify

(Ponte Castañeda and Willis, 1995), and the components of C̃me can be expressed

in terms of three different shear moduli, G̃p, G̃n and G̃a, corresponding to shear

transverse to the fiber axis, longitudinal shear in the direction of the fiber axis and

axisymmetric shear, respectively. They are given in terms of the shear modulus of

the matrix G as

G̃p(wI, wD)

G
= 1 + cI4

[
3h(wI)− 2(wI)2

(1− (wI)2)
− cI 3h(wD)− 2(wD)2

(1− (wD)2)

]−1

, (7.30)

G̃n(wI, wD)

G
= 1 + cI2

[[
(1 + (wI)2)(2− 3h(wI))

]
(1− (wI)2)

−cI

[
(1 + (wD)2)(2− 3h(wD))

]
(1− (wD)2)

]−1

, (7.31)
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Figure 7.2: Relevant loading conditions and material variables for composites with
axial symmetry. The composite consists of spheroidal particles with aspect ratio wI

and distributional spheroid with aspect ratio wD. The magnetic field and stretch are
aligned with the particle aspect ratio and the normal traction on the surface.

G̃a(wI, wD)

G
= 1 + cI 2

3

[[
h(wI)− 2(wI)2 + 2(wI)2h(wI)

]
(1− (wI)2)

−cI

[
h(wD)− 2(wD)2 + 2(wD)2h(wD)

]
(1− (wD)2)

]−1

, (7.32)

with

h(w) =


w[arccos(w)−w

√
1−w2]

(1−w2)3/2
w < 1

2/3 w = 1
w[w
√
w2−1−arccosh(w)]
(w2−1)3/2

w > 1

. (7.33)

In any case, under the aligned loading conditions assumed here, only the trans-

verse and axisymmetric shear moduli are relevant, and they can be related to the

components of C̃me
ij via

C̃
me
11 C̃me

12 C̃me
13

C̃me
21 C̃me

22 C̃me
23

C̃me
31 C̃me

32 C̃me
33

 =


4
3
G̃a −2

3
G̃a −2

3
G̃a

−2
3
G̃a

1
3
G̃a + G̃p

1
3
G̃a − G̃p

−2
3
G̃a

1
3
G̃a − G̃p

1
3
G̃a + G̃p

 . (7.34)

The theory developed in the previous section for spheroidal inclusions and dis-
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tributions is valid for wD 6= wI; however, in this section, for simplicity, it will be

assumed that w = wD = wI. In addition, we let ê1 be the axis of symmetry for the

inclusion and distributional spheroids, and assume that the magnetic field is aligned

with this symmetry direction such that b̄ = b̄ê1. Similarly, we consider axial traction

such that t̄1 = t̄ with t̄2 = t̄3 = 0 consistent with Figure 7.2. Under these conditions,

the isotropic symmetry in the transverse plane defined by ê2 and ê3, together with

the incompressibility constraint imply that the system can be described by a single

strain parameter ε̄ = ε̄1 = −2ε̄2 = −2ε̄3.

7.1.3 Magnetization response

In terms of ε̄, the magnetization can then be written as

m̄ = m̄(0)(b̄) +

[
m̄

(1)
1 (b̄)− m̄

(1)
2

2
(b̄)− m̄

(1)
3

2
(b̄)

]
ε̄ = m̄(0)(b̄) + m̄(1)(b̄)ε̄. (7.35)

Because of the nonlinear magnetic behavior, the expressions for m̄(0) and m̄(1), as

functions of b̄, are complicated. However, simple expressions can be obtained by

considering the limits of small and large b̄, respectively, corresponding to linear and

saturation magnetization responses.

Small b̄ limit

For the case of small b̄, the magnetization is proportional to the magnetic flux so that

µ0m̄ = χ̃ib̄ (7.36)

where χ̃i represents the initial susceptibility of the composite, which depends on the

strain, but not on b̄. It can thus be written as

χ̃i =
∂m̄

∂b̄

∣∣∣∣
b̄=0

= χ̃
(0)
i + χ̃

(1)
i ε̄, (7.37)
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where χ̃
(0)
i is the initial susceptibility of the composite at zero strain given by

χ̃
(0)
i = µ0

∂m̄(0)

∂b̄

∣∣∣∣
b̄=0

=


− cIχ(1−w2)3/2√

1−w2(w2[χ(cI−1)+1]−1)−wχ(cI−1)arccos(w)
w < 1

3cIχ
3+2(cI−1)χ

w = 1

cIχ(−1+w2)3/2√
−1+w2(w2[χ(cI−1)+1]−1)−wχ(cI−1)arccosh(w)

w > 1

(7.38)

and χ̃
(1)
i is a correction accounting for the strain given by

χ̃
(1)
i = µ0

∂m̄(1)

∂b̄

∣∣∣∣
b̄=0

=



3w(cI)
2
χ2
√

1−w2[3w
√

1−w2−(1+2w2)arccos(w)]
2[
√

1−w2(w2[χ(1−cI)−1]+1)+wχ(cI−1)arccos(w)]
2 w < 1

18(cI)
2
χ2

5[3+2(cI−1)χ]2
w = 1

3w(cI)
2
χ2
√
−1+w2[3w

√
−1+w2−(1+2w2)arccosh(w)]

2[
√
−1+w2(w2[χ(1−cI)−1]+1)+wχ(cI−1)arccosh(w)]

2 w > 1

. (7.39)

Large b̄ limit

In the limit as b̄ → ∞, the composite will reach magnetic saturation with magneti-

zation given by

m̄s = lim
b̄→∞

m̄ = m̄(0)
s + m̄(1)

s ε̄, (7.40)

where

m̄(0)
s = lim

b̄→∞
m̄(0) = cIms, (7.41)

and

m̄(1)
s = lim

b̄→∞
m̄(1) = 0. (7.42)

These expressions can be easily derived by considering the composite saturation at

finite strain. In the limit as b̄ → ∞, all the particles saturate so the composite

magnetization will be the product of the particle saturation magnetization and the

current volume fraction. For an incompressible composite the particle concentration

is fixed; therefore, m̄s = cIms, independently of the strain. This result is consistent

with the recent experimental and theoretical predictions given by Diguet et al. (2010).
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7.1.4 Mechanical response

Under uniaxial loading, the composite symmetry and incompressibility allow the re-

duction of equations (7.29) to the following expression for the uniaxial traction

t̄ = t̄(0)(b̄) + Ẽtot(b̄)ε̄. (7.43)

In this expression, t̄(0) corresponds to the traction at ε̄ = 0. It is the effective uniaxial

actuation stress of the composite, and is given by

t̄(0)(b̄) = µ0

(
m̄(0)(b̄)

)2
D(0)(w), (7.44)

where D(0)(w) is a geometric factor defined by

D(0)(w) =

(
−1/2− 1

2

∂PD
1

∂λ̄1

+
1

2

∂PD
1

∂λ̄2

)∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


−2+5w2+2w2

4(−1+w2)2
+ 3w(1+2w2)arccos (w)

4(1−w2)5/2
w < 1

−3/10 w = 1

−2+5w2+2w2

4(−1+w2)2
+ 3w(1+2w2)arccosh (w)

4(−1+w2)5/2
w > 1

. (7.45)

On the other hand, Ẽtot is the effective total Young’s modulus for the composite,

which can be broken up into a purely mechanical part and a part depending on b̄,

such that

Ẽtot(b̄) = Ẽme + Ẽmag(b̄). (7.46)

Thus, Ẽme is the mechanical Young’s modulus for the composite in the axial direction,

such that Ẽme = 3G̃a, where G̃a is given by equation (7.33). The magnetic modulus

Ẽmag depends on the applied magnetic field b̄ in a complicated fashion; however, as was

the case for the magnetization, simpler expressions may be generated by considering

the small and large b̄ limits.

Small b̄ limit

In the limit of small b̄, it is found that

t̄(0) = βib̄
2 +O(b̄4), (7.47)
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where βi is a material parameter characterizing the initial growth of t̄(0) with b̄, such

that

βi =
1

2

∂2t̄(0)

∂b̄2

∣∣∣∣
b̄=0

=

(
χ̃

(0)
i

)2

D(0)(w)

µ0

. (7.48)

In addition, in the limit of small b̄, it is also found that

Ẽtot = Ẽme + o(b̄2), (7.49)

so that the effective modulus reduces to the purely mechanical modulus in this limit.

Large b̄ limit

As previously noted, the applied traction in equation (7.43) depends only on the mag-

netic fields through the magnetization; therefore in the limit of large b̄, the magneto-

mechanical effects must also saturate. The saturation value of the traction, t̄s, depends

on the strain, and can be written as

t̄s = lim
b̄→∞

t̄ = t̄(0)
s + Ẽtot

s ε̄ (7.50)

where t̄
(0)
s and Ẽtot

s are the saturation values of t̄(0) and Ẽtot, respectively. In this

limit, it can be shown that

t̄(0)
s = µ0m

2
s

(
cI
)2
D(0)(w), (7.51)

while

Ẽtot
s = Ẽme + Ẽmag

s , (7.52)

with

Ẽmag
s = µ0m

2
s

(
cI
)2
D(1)(w), (7.53)
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where

D(1)(w) =

(
− ∂PD

1

∂λ̄1∂λ̄1

+ 2
∂PD

1

∂λ̄1∂λ̄2

− 1

2

∂PD
1

∂λ̄2∂λ̄2

−1

2

∂PD
1

∂λ̄3∂λ̄2

− ∂PD
1

∂λ̄1

− 1

2

∂PD
1

∂λ̄2

)∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


−8+251w2+299w4−2w6

32(−1+w2)3
+ 3w(7+125w2+48w4)arccos (w)

32(1−w2)7/2
w < 1

−3/35 w = 1

−8+251w2+299w4−2w6

32(−1+w2)3
− 3w(7+125w2+48w4)arccosh (w)

32(−1+w2)7/2
w > 1

. (7.54)

7.1.5 Magnetostriction

For magnetically susceptible materials, the magnetostrictive strain, ε̄m is a very im-

portant property. It corresponds to the magnetically induced deformation when no

mechanical traction is applied. An expression for the magnetostrictive strain is ob-

tained by setting t̄ = 0 in equation (7.43), and solving for ε̄, with the result that

ε̄m(b̄) =
−t̄(0)(b̄)

Ẽme + Ẽmag(b̄)
. (7.55)

However, equation (7.55) must be consistent with the small-strain approximation.

The terms t̄(0) and Ẽmag can be shown to be of the same order of magnitude, and

the small-strain requirement implies that t̄(0) and Ẽmag must be assumed to be small

compared to Ẽme. Since t̄(0) saturates to t̄
(0)
s , the strain will be small for all magnetic

fields provided that ∣∣∣∣∣−t̄(0)
s

Ẽme

∣∣∣∣∣ =
µ0m

2
s

(
cI
)2 ∣∣D(0)(w)

∣∣
3G̃a

� 1. (7.56)

This condition is satisfied when the dimensionless parameter

κ =
µ0

G
m2

s (7.57)

is small enough. The parameter κ relates the magnetic forces among the particles at

saturation to the stiffness of the matrix. Higher values for κ indicate strong magnetic

effects relative to the stiffness of the matrix. For known magnetic materials, µ0ms ≤
2.44T, but κ can still be large if the matrix is soft enough (i.e., G is small), see Table

7.1.
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Table 7.1: Typical values of κ for different constituent materials (Kaye and Laby,
2008)

Matrix G Inclusions µ0ms κ

Elastomer 0.01 - 10 MPa High Purity Iron 2.16 Tesla 371 - .370

Elastomer 0.01 - 10 MPa Cast Iron 1.70 Tesla 230 - .230

Elastomer 0.01 - 10 MPa Nickel Alloys 0.77 Tesla 47.2 - .0472

Elastomer 0.01 - 10 MPa Cobalt-Iron Alloy 2.35 Tesla 439 - .439

Silicon Rubber 0.1 Mpa Steels 2.00 - 2.15 Tesla 31.8 - 36.8

When κ is such that condition (7.56) is satisfied, equation (7.55) reduces to

ε̄m(b̄) =
−t̄(0)(b̄)

Ẽme
. (7.58)

More explicit expressions can then be obtained in the limits of small and large b̄, as

given next.

Small b̄ limit

In this limit, t̄(0) is given by expression (7.47), and it follows that

ε̄m(b̄) = αib̄
2 + o(b̄4) (7.59)

where

αi =
1

2

∂2ε̄m

∂b̄2

∣∣∣∣
b̄=0

=
−
(
χ̃

(0)
i

)2

D(0)(w)

3µ0G̃a

(7.60)

is a parameter describing ε̄m in the linear magnetization regime, where, according to

(7.59), ε̄m grows quadratically with b̄.

Large b̄ limit

For large b̄, the magnetization saturates and ε̄m is given by

ε̄ms = lim
b̄→∞

ε̄m =
−t̄(0)

s

3G̃a

=
−µ0m

2
s

(
cI
)2
D(0)(w)

3G̃a

, (7.61)

which is proportional to κ and to the square of the volume fraction cI (for small cI).
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7.1.6 Actuator energy density

The actuation stress t̄
(0)
s and the magnetostriction ε̄ms are both important measures

of actuator performance. However, in applications, the actuation energy density,

describing the potential for energy transfer, is often more important (Pelrine et al.,

2000).

At saturation, the actuation energy density for the uniaxial loading conditions of

this section can be estimated as

ēa =
∣∣ε̄ms t̄(0)

s

∣∣ =
µ2

0m
4
s

(
cI
)4 (

D(0)(w)
)2

3G̃a

, (7.62)

which can also be written in terms of the parameter κ as

ēa = κµ0m
2
s

G

3G̃a

(
cI
)4 (

D(0)(w)
)2
. (7.63)

This means that, for combinations of G and ms resulting in the same κ, the energy

density is maximized for the largest value of ms. Also, note that, at saturation, the

energy transfer is proportional to the volume fraction cI to the fourth power (for small

cI).

7.2 Discussion of the results for uniaxial loading

Figure 7.3 shows the magnetization curves for the composite when ε̄ = 0, as deter-

mined by the nonlinear variational estimate (equations (7.25) - (7.28)). The plots

are normalized by the magnetic saturation ms. The initial slope of these curves is

χ̃
(0)
i and the value as b̄ → ∞ is the magnetic saturation m̄s. Figure 7.3a shows how

the saturation magnetization and the initial susceptibility increase with the inclu-

sion concentration. In agreement with expression (7.41), the results show that the

saturation magnetization scales linearly with the concentration, while the initial sus-

ceptibility has a more complicated dependence on concentration. On the other hand,

Figure 7.3b shows that the initial susceptibility of the composite has a marked depen-

dence on particle shape, while the saturation magnetization is independent of particle

shape. Figures 7.3c and 7.3d depict the effect of particle initial susceptibility χ on

the properties of the composite. Examining both plots we can see that changing the
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Figure 7.3: The magnetization in the unstrained composite m̄(0)(b̄) as a function
of magnetic flux b̄ for various microstructures. (a) The magnetization curves for
various concentrations cI with spherical aspect ratio w = 1. (b) The curves for
a fixed concentration cI and a variety of aspect ratios w. (c) The magnetization
curves for spherical aspect ratios w = 1 for different particle susceptibilities χ. (d)
The magnetization curves for elongated aspect ratios w = 10 for different particle
susceptibilities χ.
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Figure 7.4: The initial susceptibility of the unstrained composite χ̃
(0)
i for different

microstructures. The particle initial susceptibility is χ = 0.95. (a) χ̃
(0)
i as a function

of concentration cI. (b) χ̃
(0)
i as a function of aspect ratio w.

initial susceptibility of the particles affects the initial susceptibility of the composite,

but not the corresponding saturation values.

Figure 7.4 shows more detailed plots of the effect of microstructure on the zero-

strain initial susceptibility of the composite χ̃
(0)
i . Elongated initial shapes (w > 1)

lead to larger initial susceptibilities for the composite. This makes sense because

elongated, isolated particles (with w > 1) magnetize more easily than disk shaped

particles (with w < 1). The composite susceptibility also depends on the particle

susceptibility, but the focus here is on values of χ close to 1, where the change in

χ has a relatively small effect on the behavior of the composite. The effect of the

strain ε̄ on the initial susceptibility χ̃i may be obtained via expression (7.37), but is

relatively small and will not be shown here. Also, as already mentioned, the strain ε̄

has no effect on the saturation magnetization of the composite.

Figure 7.5 shows the initial susceptibility χ̃i as a function of strain ε̄ via expres-

sion (7.37). The resulting effect is quite small and only becomes noticeable for higher

values of the concentration, where the effects of particle interactions are more signifi-

cant. The deformation affects the susceptibility of the composite through the particle
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Figure 7.5: The initial susceptibility of the composite χ̃i as a function of the strain
ε̄ for various microstructures. The particle susceptibility is χ = 0.95. (a) Spherical
microstructure w = 1 at different concentrations cI. (b) Different aspect ratios w at
fixed concentration cI = 0.3.

distribution, and the effect is largest for the spherical distributions even though the

total change is negligible as shown in Figure 7.5a. Considering also that the satura-

tion magnetization does not depend on strain, we can conclude that the deformation

has a minimal effect on the magnetization behavior of the composite. Overall the

effects are of order strain so the effects are necessarily small, even for compressible

composites.

Figure 7.6 depicts the effects of the magnetic field on the traction-strain curve. The

traction is non-dimensionalized by the shear modulus of the matrix phase. Figure 7.6a

shows the magnetic field has the effect of shifting the curve downwards; essentially,

this means that a compressive traction would be necessary to prevent the sample from

elongating. The value of this traction is specified by the vertical intercept of the curves

and is the actuation stress t̄(0). The corresponding horizontal displacement defines

the magnetostrictive strain, ε̄m. As the magnetic field increases, the plots approach

the saturation traction-strain curve whose vertical and horizontal intercepts are t̄
(0)
s

and ε̄ms respectively. These plots were obtained neglecting the contribution of Ẽmag(b̄)

because the effect of Ẽmag(b̄) is small, as we will show. Figure 7.6b shows the effect of
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Figure 7.6: The traction t̄ as a function of the strain ε̄ for different magnetic loadings
and material parameters. (a) The traction-strain curves for different magnetic flux b̄.
(b) The saturation traction-strain curves for different values of κ.

increasing κ on the saturation traction-strain curves. As expected for larger κ, there

is a more pronounced effect of the magnetic field indicating that the magnetic effects

are stronger compared to the mechanical effects.

Figure 7.7 shows the traction as a function of the strain for κ = 16. The plots

are for b̄ = 0 and b̄→∞. The different slopes in Figures 7.7a and 7.7c illustrate the

mechanical reinforcement effect of the particles on the composite. They depend on the

particle shape and concentration. Figures 7.7b and 7.7d show the corresponding plots

when a magnetic field is applied. The slope of the curve remains the same but there

is a shift downwards. The vertical shift increases monotonically with concentration,

but shows a more complex dependence on the particle aspect ratio. There is a very

small change in the slope of the curves due to the magnetic field, which is not visible

here, but will be discussed next when we look at the modulus curves.

Figure 7.8 depicts the magnetoelastic moduli of the composite at high magnetic

field normalized by the shear modulus of the matrix. The total modulus Ẽtot
s depends

on the magnetic field, but Ẽmag
s is small relative to the mechanical contribution even

though the magnetic field is large enough to bring all the particles to saturation.

Thus, the primary effects seen in Figures 7.8a and 7.8c are the role of aspect ratio
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Figure 7.7: The traction t̄ vs strain ε̄ with no magnetic field and with high magnetic
field b̄ → ∞. (a) The traction-strain curves for spherical aspect ratio w = 1 at
different concentrations cI when the magnetic field is off. (b) Corresponding plots
when the magnetic field is large enough to saturate the composite. (c) The traction-
strain curves for cI = 0.3 and different aspect ratios w when the magnetic field is
off. (d) Corresponding plots when the magnetic field is large enough to saturate the
composite.
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Figure 7.8: The total magnetoelastic Young’s modulus Ẽtot
s and the magnetic contri-

bution to the modulus Ẽmag when the field is large enough to bring all the particles
to saturation. (a) The total Young’s modulus of the composite as a function of con-
centration cI. (b) The corresponding magnetic part of the Young’s modulus. (c) The
total Young’s modulus of the composite as a function of aspect ratio w. (d) The
corresponding magnetic part of the Young’s modulus.
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Figure 7.9: The magnetostriction ε̄m as a function of the applied magnetic field b̄
for different microstructures. (a) The magnetostriction for different concentrations
cI with spherical aspect ratio w = 1. (b) The magnetostriction for different aspect
ratios w and concentration cI = 0.3.

w and concentration cI on the purely mechanical reinforcement of the composite. It

is interesting that even though the magnetic modulus is small, it can be negative

or positive depending on particle aspect ratio, as shown in Figures 7.8b and 7.8d.

This magnetic modulus is due to the magnetic forces on particles changing relative

positions with the deformation. These particle forces depend in a complicated way

on the microstructure; subsequently, the modulus depends on how the microstructure

changes with the deformation. In principle we could also consider fixed m, fixed h,

and fixed b moduli which would be different for magnetic fields below saturation;

however since the magnetic field would be smaller the overall effect would also be

minimal.

Figure 7.9 shows the magnetostriction ε̄m as a function of b̄ for different aspect

ratios w and concentrations cI. The magnetostriction is normalized by κ indicating

that, for fixed microstructure, magnetostriction is a balance between the magnetic

saturation of the particle and the stiffness of the matrix, and can be increased by

softening the matrix. The effect is initially quadratic in b̄ but then saturates. The

range of b̄ where the magnetostriction is quadratic is the range where the magneti-
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zation is linear. The initial curvature of the lines is determined by the parameter αi,

defined by (7.60), and the limiting value of magnetostriction by ε̄ms , defined by (7.61).

The predicted effect is always extension in the direction of the applied magnetic field

regardless of aspect ratio and concentration. This is confirmed by experiments on

spherical particles (Ginder et al., 2002; Guan et al., 2008).

Figure 7.10 shows the effect of concentration cI and the aspect ratio w on the initial

and saturation behavior of magnetostriction. Figures 7.10a and 7.10c characterize the

magnetostriction when the composite is magnetically linear, while Figures 7.10b and

7.10d show the magnetostriction at saturation. The two effects are clearly different.

The saturation magnetostriction depends on the distribution of the particles, the

saturation magnetization, and the mechanical reinforcement. For fixed concentration,

the mechanical reinforcement is minimized for aspect ratios below 1 so the maximum

ε̄ms is obtained when cI ≈ 0.61 and w ≈ 0.67. The initial behavior depends on the

same parameters and on the composite susceptibility. The composite susceptibility is

larger for elongated particles, w > 1, which initially leads to large magnetostriction

despite the additional stiffening effect. Both effects tend to vanish as cI → 1 or w is

far from 1 because the composite is becoming mechanically rigid. Overall, for fixed

κ, magnetostriction is maximized by increasing the magnetic forces produced by the

inclusions and minimizing their reinforcement of the composite.

Figure 7.11 shows the actuation stress t̄(0) normalized by µ0m
2
s as a function of b̄

for different aspect ratios w and concentrations cI. The effect is initially quadratic in

b̄ but then saturates as b̄ becomes large. The range of b̄ where the actuation stress

is quadratic is the range where the magnetization is linear. The initial curvature of

the lines is the parameter βi and the limiting value of actuation stress is t̄
(0)
s , as given

by expressions (7.48) and (7.51), respectively. These curves are independent of the

matrix and the mechanical stiffening. They correspond to a property of the initial

configuration of magnetic particles and represent the net magnetic force generated by

the current distribution of magnetic particles.

Figure 7.12 shows the effect of the concentration cI and aspect ratio w on the

initial and saturation behaviors of the actuation stress. Figures 7.12a and 7.12c char-

acterize the actuation stress when the composite is magnetically linear, while Figures

7.12b and 7.12d show the actuation stress at saturation. t̄
(0)
s is quadratic in the

concentration because it depends only on the saturation magnetization and the dis-

tribution of the particles. It is not compensated for by the mechanical reinforcement
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Figure 7.10: The coefficient of magnetostriction αi and the saturation magnetostric-
tion ε̄ms for different microstructures. The results correspond to the magnetostriction
in the range of linear magnetization and the saturation magnetization. (a) The coeffi-
cient of magnetostriction αi and (b) the saturation magnetostriction ε̄ms as a function
of the concentration cI. (c) The coefficient of magnetostriction αi and (d) the satu-
ration magnetostriction ε̄ms as a function of the aspect ratio w.
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Figure 7.11: The actuation stress t̄(0) as a function of the applied magnetic field b̄ for
different microstructures. (a) The actuation stress t̄(0) for different concentrations cI

with spherical aspect ratio w = 1. (b) The actuation stress t̄(0) for different aspect
ratios w and concentration cI = 0.3.

like the magnetostriction. In the range of linear magnetic behavior, the composite

susceptibility also affects the actuation stress which leads to the more complicated

behavior for βi. Prolate shapes (with w > 1) tend to have a bigger effect on βi than

oblate shapes (with w < 1), but both prolate and oblate shapes tend to increase the

saturation traction |t̄(0)
s |. This indicates that both prolate and oblate shapes can lead

to a greater actuation stress, but in the linear regime oblate shapes are slower to

magnetize, limiting the actuation stress of the composite.

Figure 7.13 shows the actuation energy density ēa as a function of the concentra-

tion cI and aspect ratio w. The actuation energy density is quartic to leading order

in the concentration, so that even for concentrations up to 40 percent, it is relatively

small. The dependence on the aspect ratio is more subtle, showing that for a set con-

centration there are two local maxima for the energy density. This effect is the result

of a complex dependence on the magnetic and mechanical properties of the compos-

ite. The actuation energy also goes to zero when cI → 1 or w is far from 1 because

the composite is becoming mechanically rigid. On the other hand, when cI = 0, the

magnetic energy is unavailable to the composite because the magnetization vanishes.
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Figure 7.12: The coefficient of actuation stress βi and the saturation actuation stress
t̄
(0)
s for different microstructures. The results correspond to the actuation stress in the

range of linear magnetization and the saturation actuation stress. (a) The coefficient

of actuation stress βi and (b) the saturation actuation stress t̄
(0)
s as a function of the

concentration cI. (c) The coefficient of actuation stress βi and (d) the saturation

actuation stress t̄
(0)
s as a function of the aspect ratio w.
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Figure 7.13: The actuation energy density ēa for different microstructures. (a) Actu-
ator energy density ēa as a function of concentration cI. (b) Actuator energy density
ēa as a function of aspect ratio w.

0

5x10-5

1x10-4

1.5x10-4

0 1 x 105 2 x 105 3 x 105 4 x 105 5 x 105 6 x 105

Figure 7.14: The predicted magnetostriction ε̄m as a function of h̄ compared against
the experimental results of Guan et al. (2008). The solid lines are theoretical results
and the discrete values are the experimental results. The experimental materials
exhibit hysteresis so the plot compares the initial loading vs. the theoretical results.
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Figure 7.14 provides a comparison of the predictions of the theory against the

experiments of Guan et al. (2008), for the magnetostriction ε̄m as a function of the

magnetic intensity h̄. Even though the precise material properties for the matrix

and particles were not provided by the authors, it was still possible to infer values of

the properties in our model to achieve a reasonable match to the experimental data.

The model does predict a somewhat weaker effect of particle concentration than the

experiments. This is consistent with the use of estimates of the Hashin-Shtrikman

type for the magnetic and elastic effects, which are known to underestimate the

effect of particle interactions, especially at large volume fractions. However, given

the uncertainties involved in the experimental data, the model does capture very well

the qualitative features of the experiments, and can even provide reasonably good

predictive capabilities. In addition, it should be noted that Guan et al.’s experiments

exhibited hysteresis, which is not accounted for in our theory. The hysteresis of the

particles themselves is very difficult to describe and including these effects in the

homogenization is beyond the scope of the present work.

It is also relevant to mention that Diguet et al. (2010) have measured experi-

mentally the magnetostriction of a cylinder made of an MRE. However, their results

depend on the aspect ratio of the cylinder (which is not the same as the aspect ra-

tio of the inclusions) and do not correspond to the magnetostriction defined in this

paper, which is a shape-independent (i.e., a material) property. However the results

are qualitatively consistent and of the same order of magnitude.

7.3 Magnetostriction with magnetic loading trans-

verse to the microstructure

We can also consider magnetostriction when the magnetic field is perpendicular to

the symmetry axis of the microstructure such that b = b̄ê2. ê1 is still the symmetry

axis of the microstructure but now there is no symmetry between the ê2 and ê3

directions. This means that magnetic effects can produce different strain in all three

directions. The incompressibility constraint still allows us to solve for p and remove

one of the equations. Since the magnetic contribution to the modulus is negligible, the

magnetostriction can be given in terms of the mechanical moduli for the composite. If

all surfaces are traction-free, the result is two equilibrium equations which determine
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Figure 7.15: The relevant loading conditions and material variables for magnetic
loading transverse to the composite. This model consists of spherical particles with
distributional spheroid wD. There is no traction applied on any surface and the
material responds by straining in all three directions.

the magnetostriction as a function of the magnetization[
ε̄m1

ε̄m2

]
= − 1

14G̃aG̃p − 2G̃2
p

[
G̃a G̃a − 3G̃p

−2G̃p 3G̃a + G̃p

][
t̄
(0)
1 − t̄

(0)
3

t̄
(0)
2 − t̄

(0)
3

]
+ o(ε̄2). (7.64)

with

ε̄m3 = −ε̄m1 − ε̄m2 (7.65)

t̄
(0)
i , and ε̄mi reach a saturation value similar to the axial loading case. Rather

than introduce a subscript to denote the saturation values, we will point out that the

saturation magnetostriction is given by using the saturation value for

t̄
(0)
i = −µ0

2
m̄2

s

[
δik +

∂PD
k

∂λ̄i

∣∣∣∣
λ̄=1

]
(7.66)

in equation (7.64).

It is of particular interest to consider the case where spherical particles are dis-

tributed spheroidally perpendicular to the applied field so that wI = 1 and wD is

allowed to vary. These microstructures in some sense characterize chain distributions

when wD < 1. It is important to note that there is a restriction on the wI, wD and

cI which ensures the validity of the results specifically (Ponte Castañeda and Willis,
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Figure 7.16: The saturation magnetostriction for ε̄m1 , ε̄m2 and ε̄m3 . The magnetic field
is applied in the ê2 direction perpendicular to the ê1, the symmetry axis of the dis-
tributional spheroid. The lines become dashed when the condition (7.67) on wI, wD

and cI fails.

1995).

cI

(
wI

wD

)2

≤ 1 when wD ≤ wI, and cIw
D

wI
≤ 1 when wD > wI. (7.67)

Figure 7.16 shows the saturation magnetostriction when the particles are spherical

for different concentrations and distributions. The magnetic effects cause different

strain in all three directions. The strain is always positive in the direction of the

magnetic field and negative in the other two directions. When wD < 1 the general

effect is to be more like a chain-structured MRE Guan et al. (2008). The results

predict that the effects will increase for both extremes when wD is far from 1. The

magnetostriction is, as in the aligned case, a balance between the magnetic forces

that are generated and the mechanical stiffness of the composite.
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7.4 Concluding remarks

In this work, estimates have been developed for the magnetoelastic properties of

spheroidal-particle MREs under aligned loading conditions. The properties include

the magnetostrictive strain, the field-dependent Young’s modulus, the actuation stress,

and the actuation energy density. The results are based on the finite-strain ho-

mogenization framework and partial decoupling approximation introduced in Ponte

Castañeda and Galipeau (2011), which provides estimates for the total stress and

magnetization in MREs with rigid magnetic inclusions. In particular, expressions for

the applied traction on the composite are derived from the total stress by accounting

for the magnetic stress outside the sample. The results are formulated in the finite

strain context, but then specialized for small strains, where we define appropriate

parameters characterizing the magnetoelastic behavior of the composites.

The magnetoelastic effects in these systems are found to be of second order in

the particle concentration and limited by the magnetic saturation of the particles. In

this context, it should be emphasized that while the macroscopic stress inside a given

MRE specimen includes contributions that are of first order in the concentration, such

contributions drop out from the corresponding expressions for the external traction

(on the specimen), because of the Maxwell stresses that surround the specimen. This

result is consistent with the fact that for small (dilute) concentrations, the particles do

not interact and the net forces on the particles vanish, producing no magnetoelastic

coupling effects. In addition, the magnetoelastic coupling is seen to arise from the

dependence of the (nonlinear) magnetic susceptibility of the MRE on the deformation,

and has been linked to certain microstructural tensors characterizing the two-point

correlation function for the random distribution of the particles in the elastomer

matrix. However, the thermodynamically consistent approach followed in this work

is different from earlier approaches (Borcea and Bruno, 2001; Yin and Sun, 2006),

which estimated the average stress in the composite by means of a direct computation

of the inter-particle forces. Although the specific results developed in this work made

use of variational estimates (Ponte Castañeda and Willis, 1995) incorporating up to

two-point statistics for the distribution of the particle in the composite, the method

is more general and could, in principle, be generalized to include the effects of higher-

order statistics, to obtain more accurate estimates at higher particle concentrations.

Concerning the specific results of this work, it is important to distinguish between
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two different regimes: the linear magnetization regime and the saturation magneti-

zation regime. In the linear regime, the magnetoelastic coupling is largely controlled

by the composite susceptibility, with microstructures that magnetize easily favoring

strong magnetoelastic effects. In the saturation regime, the effects are controlled by

the saturation magnetization of the particles and their distribution in space. For small

applied magnetic fields b̄, the magnetostrictive strain grows quadratically with b̄. The

corresponding coefficient increases and then decreases with the particle concentration

and aspect ratio (from oblate to prolate shapes), reaching a maximum effect for a

particle concentration of about 0.2 and a prolate particle shape with aspect ratio of

about 4. On the other hand, for large values of b̄, the effect saturates and scales

with the dimensionless parameter κ = µ0m
2
s/G, characterizing the relative strengths

of the magnetic to the elastic forces in the MRE systems. The maximum magne-

tostrictive strain is reached at saturation for a particle concentration of about 0.61

and an oblate particle shape with aspect ratio of about 0.67. These different results

for different regimes demonstrate clearly the need to account for the magnetic non-

linearity of the material when seeking to optimize the microstructure in these MRE

systems. Predictions for the optimal microstructure based on the (linear) magnetic

susceptibility of the material do not continue to hold when the magnetic saturation

of the particles—corresponding to the largest possible magnetostrictive strain that

the composite material can sustain—is accounted for. Corresponding predictions for

the actuation stress (at saturation) show that the effect is enhanced by larger concen-

trations of particles and by both strongly oblate and prolate shapes. Now, while the

optimal microstructures for the magnetostrictive strain and the actuation stress are

somewhat contradictory, in applications, a more useful figure of merit is the actua-

tion energy density of the material, which is found to be optimized by relatively large

volume fractions in the order of 75% and either slightly prolate shapes, or somewhat

oblate shapes (with aspect ratios of 2 and 0.2, respectively). Finally, the effect of

the magnetic field on the Young’s modulus of the material was found to be relatively

small compared to the purely mechanical modulus of the composite, although it is

worth emphasizing that prolate shapes can be used to reduce the total modulus of

the MRE under application of a magnetic field.

The results presented in this paper have focused on magnetic and mechanical

loadings that are aligned with the uniaxial symmetry axes of the particles. We have

also considered magnetic loadings that are perpendicular to this symmetry axis, and
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investigated the effects of particle distributions in an attempt to model chain distri-

butions of spherical particles. However, the characterization of such systems requires

consideration of more general orthotropic symmetries for the material behavior, lead-

ing to significantly more complex expressions and results. More generally, if the

magnetic and/or mechanical loading axis are not aligned with the particle axes, ad-

ditional effects are expected due to the particle rotations that would be generated by

the magnetic and elastic torques on the particles. The particle rotations generated

by a non-aligned magnetic field have been addressed recently by Siboni and Ponte

Castañeda (2012a) in the context of small strains and rotations. Such particle ro-

tations, whether induced mechanically or magnetically, have been shown to produce

effects that are of the same order as the particle concentration, and a dilute theory

has been developed accordingly by (Siboni and Ponte Castañeda, 2012b), again in

the small-strain/small-rotation context.

Finally, it should be noted that the results of this work concerning the effects

of particle shape for MREs are also expected to be relevant for certain types of di-

electric elastomer composites. Indeed, it has been shown recently Siboni and Ponte

Castañeda (2012a) that the framework of Ponte Castañeda and Galipeau (2011) for

magnetoelastic composites can be extended to certain classes of electroactive poly-

mer composites consisting of stiff dielectric (ferroelectric) particles that are randomly

distributed in a soft dielectric elastomer matrix that can be idealized as having a

deformation-independent dielectric coefficient.
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Chapter 8

Conclusion
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In this thesis energy functions were obtained which characterize the effective

macroscopic behavior of MREs. The estimates are valid for finite deformation and

large magnetic field and include the effect of saturation. The estimates account for the

properties of the constituent materials including the stiffness and nonlinear behavior

of the elastomer matrix as well as the initial susceptibility and magnetic saturation

of the particles. The estimates also account for the microstructure of the composite

including the shape, distribution, and concentration of the inclusion phases.

The proposed energy functions are based on an extension of the formulation of

Hill (1972) for the effective behavior of the mechanical composite at finite strain

using a Lagrangian description of magnetoelasticity initially proposed by Dorfmann

and Ogden (2004). This homogenization framework is the basis for describing mag-

netoelastic composites as well as electro-active composites at finite strain and large

magnetic fields. This homogenization framework, advantageously, has a form where

“linear comparison” methods (Ponte Castañeda and Tiberio, 2000) can be applied

directly.

Motivated by interest in MREs where the inclusions are effectively rigid, a “partial

decoupling approximation” was proposed which simplifies the homogenization prob-

lem into a purely mechanical and purely magnetic homogenization problem, both

of which are non-linear and can be evaluated using the previously mentioned “linear

comparison” methods. This separation allows us to use previously obtained results for

the purely mechanical problem to derive relatively explicit estimates for the coupled

magnetoelastic constitutive behavior of MREs. This “partial decoupling approxi-

mation” also clarifies the essential connection between microstructure evolution and

magnetoelastic coupling in MREs. The energy function obtained using the “partial

decoupling approximation” provides reasonable predictions for the full mechanical

and magnetic behavior of the composite material. These energy functions may be the

first to provide physically consistent results through this large range of validity.

We examined the effective behavior of magnetorheological elastomers with random

and periodic distribution of the particles. We analyzed the role of the concentration,

distribution and shape of the particles on the magnetomechanical response of the

composites. In particular, the random and periodic rectangular and quasi-hexagonal

microstructures with varying concentrations and shape of the particles were consid-

ered. Motivated by the potential applications for “linear actuators,” we specifically

examined the materials subjected to uniaxial loading in the presence of a magnetic
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field. The primary parameters governing the performance of the MREs is the suscep-

tibility with respect to strain.

The energy functions obtained using the partial decoupling approximation were

then evaluated by considering the traction on the surface of the materials. This pro-

vided a means to account for the underlying Maxwell stress within the magnetoelastic

material in a way that is consistent with experiments. These materials were evaluated

by considering the actuation traction, magnetostriction, magnetization, and magne-

toelastic modulus of these materials. These properties were considered over a broad

range of microstructures in both the 2D and 3D cases. Through this effort it was

shown that when the materials’ symmetry axis and the applied magnetic field are not

aligned, torques develop on the composite which appear in the applied traction. This

makes certain effects such as magnetostriction and modulus effects difficult to define

despite the fact that the coupling is in general stronger in these cases.

To exploit the stronger coupling effects of particle rotation, we proposed using

the particulate MRE material energy function in a laminated microstructure, thereby

making a multiscale composite. This laminated composite was able to produce large

magnetoelastic effects including magnetostriction, actuation traction, and modulus

effects because it uses the effects of the particle rotation. Instabilities which depend

on the magnetic field were observed in this context. In this case the magnetic field

has the potential to aggravate or stabilize an existing mechanical instability affecting

all the relevant magnetoelastic properties.

There are a myriad of future directions which arise from this work. At the funda-

mental level the “linear comparison methods” could be brought directly to bear on

the magnetoelastic homogenization problem without using the “partial decoupling ap-

proximation.” More specific estimates for magnetoelastic coupling could be obtained

at a cost of more computational effort. Homogenization efforts of this type could

capture the evolution of the microstructure due solely to the magnetic field which the

partial decoupling approximation does not account for. It is also of interest to further

develop the loss of ellipticity and examine instabilities in magnetoelastic composites.

This work has shown that such instabilities are affected by the magnetic field and it

is anticipated that these effects could produce composites with favorable properties.

The methods employed here to homogenize MREs with rigid particles circumvent

the need to compute torques on particles and inter-particle force interactions, which

has many advantages. However the interaction between the rigid particles and the
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matrix is in theory entirely controlled by the net force and torques on the particles.

It would be very interesting to reconcile these two points of view.

In conclusion it is clear that the theoretical results presented here could help

guide the development of magnetorheological elastomers with improved properties.

This work lacks comparisons to experimental data because suitable experimental data

could not be found in the literature. Therefore it would be useful to apply some of

the microstructures considered here to experimental results. This comparison would

hopefully validate these results and produce composites with favorable magnetoelastic

properties. It would also be of interest to generate the laminated microstructure

studied here.
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A Relationships between volume averaged quanti-

ties

In this appendix a detailed derivation of the relationships

T̄ = J̄−1S̄ F̄
T
, h̄ = F̄

−T
H, and b̄ = J̄−1F̄ B, (A1)

as given by equation (3.13) is provided. The proof of the first relation in the magne-

toelastic case is identical to the proof in the mechanical context so we will not repeat

it here. For the latter two, recall that we consider magneto-mechanical excitation

of a region Ω0 subject to affine excitation conditions. This region deforms to some

region Ω. The mechanical excitation condition can be specified by either defining the

deformation or the normal component of the stress. However as is typical in elasticity,

we will only consider the case of specifying

x = F̄X on ∂Ω0. (A2)

The volume average of Lagrangian variables will be defined in terms of the refer-

ence configuration specifically,

H̄ =
1

|Ω0|

∫
Ω0

H dV and B̄ =
1

|Ω0|

∫
Ω0

B dV. (A3)

Correspondingly, the volume average of Eulerian variables will be defined in terms of

a deformed configuration volume average as

h̄ =
1

|Ω|

∫
Ω

h dv and b̄ =
1

|Ω|

∫
Ω

b dv. (A4)

A0.1 Proof that b̄ = J̄−1F̄ B

First address the volume average of b. Transferring to the Lagrangian variables and

transferring the integral to the reference configuration yields

b̄ =
1

|Ω|

∫
Ω0

FB dV. (A5)
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Decomposing the deformation gradient into its definition and using the fact that Div

B = 0, we can write

b̄i =
1

|Ω|

∫
Ω0

(
∂xi
∂Xj

Bj + xi
∂Bj

∂Xj

)
dV. (A6)

This allows us to compress the derivative to yield

b̄i =
1

|Ω|

∫
Ω0

∂

∂Xj

(xiBj) dV (A7)

Now application of the divergence theorem yields

b̄i =
1

|Ω|

∫
∂Ω0

xiBjNj dS (A8)

where N is the normal to the region in question. We use the prescribed mechanical

boundary condition to find that

b̄i =
1

|Ω|

∫
∂Ω0

F̄ikXkBjNj dS. (A9)

Next removing the constant terms and applying the divergence theorem again

yields

b̄i =
F̄ik
|Ω|

∫
Ω0

(
Bk +Xk

∂Bj

∂Xj

)
dV. (A10)

The divergence of B is zero; we also substitute from the definition of B̄ to arrive

at

b̄ =
F̄ B̄ |Ω0|
|Ω|

=
F̄ B̄

J̄
. (A11)

A0.2 Proof that h̄ = F̄
−T

H

Our goal now is to perform a similar analysis for h̄. Starting with the definition

h̄ =
1

|Ω|

∫
Ω

h dv. (A12)
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We know that h is the gradient of a potential Π. This can be substituted into the

previous expression to yield

h̄i =
1

|Ω|

∫
Ω

∂Π

∂xi
dv. (A13)

Using the divergence theorem to bring the integral to the boundary yields

h̄i =
1

|Ω|

∫
∂Ω

Πni ds (A14)

where n is the normal to the boundary in the deformed configuration. We now

transfer this integral to the reference boundary using Nanson’s relation to arrive at

h̄i =
1

|Ω|

∫
∂Ω0

ΠJ̄ F̄−1
ji Nj dS. (A15)

The constants can be removed and we can apply the divergence theorem to the

terms inside the integral to yield

h̄i =
J̄ F̄−1

ji

|Ω0|

∫
∂Ω

∂Π

∂Xj

dV. (A16)

Since H = Grad Π we can write

h̄i =
J̄ F̄−1

ji

|Ω|

∫
Ω0

Hj dV. (A17)

Using the definition for H̄ we obtain the expected relation

h̄ = F̄
−T

H̄. (A18)

Notice that these results do not assume a particular magnetic boundary condition.

This result is therefore valid for either magnetic boundary condition, provided that

the mechanical boundary condition is applied.
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B Decoupling approximation for the magneto-elastic

energy function

Consider a two phase composite. Phase (1), the matrix phase, is an isotropic, non-

magnetically susceptible material. The inclusion phase, phase (2), is a material which

is magnetically susceptible and mechanically rigid. Phase (1), the matrix phase, will

have an energy function of the form

W (1)(F ,B) = ρ
(1)
0 W (1)

me (F ) +
1

2µ0J
(FB) · (FB). (B1)

The second term ensures that the material is not magnetically susceptible, which

means it has the same magnetic constitutive relation as a vacuum.

The constitutive relation of the inclusion phase can initially be assumed to have

an energy function of the following form

W (2)(F ,B) = ρ
(2)
0 W (2)

me (F ) +
1

2µ0J
(FB) · (FB) + ρ

(2)
0 Φ(2)(F ,B). (B2)

If we have a large region subject to the appropriate affine boundary conditions, we

can define the homogenized energy function. We can determine an exact homogenized

energy function if we know the exact solutions for the F and B fields on the micro-

scale. Assuming that F and B are the exact solution to the complete homogenization

problem, the exact homogenized energy is given by

W̃ (F̄ , B̄) =
1

|Ω0|

∫
Ω0

W (X,F ,B)dV. (B3)

The integral can be divided into two regions, Ω
(1)
0 the region occupied by the

matrix, and Ω
(2)
0 , the region occupied by the inclusions to yield

W̃ (F̄ , B̄) =
1

|Ω0|

∫
Ω

(1)
0

W (1)(F ,B)dV +
1

|Ω0|

∫
Ω

(2)
0

W (2)(F ,B)dV. (B4)

227



Collecting all the terms containing B and grouping them together

W̃ (F̄ , B̄) =
1

|Ω0|

[∫
Ω0

1

2µ0J
(FB) · (FB)dV +

∫
Ω

(2)
0

ρ
(2)
0 Φ(2)

mag(F ,B)dV

]
+

1

|Ω0|

∫
Ω0

ρ0Wme(X,F )dV. (B5)

It is now useful to transfer the first two integrals to the deformed configuration.

Therefore we can rewrite this in terms of b

J̄w̃mag(b̄;F ) =
1

|Ω|

[∫
Ω

1

2µ0

b · bdv +

∫
Ω(2)

ρ(2)ϕ(2)
mag(F ,b)dv

]
(B6)

The integral given above is a magnetic homogenization problem in the deformed

configuration with b · n = b̄ · n on ∂Ω (as shown in Appendix A b̄ = F̄ B̄/J). The

rearrangement at this stage is exact because we have simply written the original in-

tegral in terms of the deformed configuration. This provides a simplification because

the expression does not depend on the details of the deformation inside the matrix.

The problem in general is still very difficult because in principle this is a homogeniza-

tion with infinitely many different inclusion phases since ϕ
(2)
mag(F ,b) depends on F .

This implies that at each point the magnetic constitutive relations can be a different

function of b even within the same particle.

If we assume that the particles are in fact rigid, this implies that ρ is a constant

and F is a rotation R, the homogenization problem can be reduced to:

J̄w̃mag(b̄;F ) =
1

|Ω|

[∫
Ω

1

2µ0

b · bdv +

∫
Ω(2)

ρ
(2)
0 ϕ(2)

mag(R,b)dv

]
(B7)

In the previous homogenization problem, equation (B6), each point can have a

different magnetic constitutive relation. Here the rigid particle assumption forces

each individual inclusion to have the same constitutive relation providing a signifi-

cant simplification. This problem is more simple but still requires knowledge of the

microstructure and rotations of the particles. In principle we would need to know

both the positions of the particles and their rotations in the deformed configuration

to use a homogenization estimate.

If we knew the required information about the deformed configuration microstruc-

ture, we could write the above integral as an effective energy as a function of b̄ which
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depends on the deformation via two distinct ways: through the microstructure and

through the boundary conditions.

Substituting this back into equation (B5) we get

W̃ (F̄ , B̄) = J̄w̃mag(b̄;F ) +
1

|Ω0|

∫
Ω0

Wme(X,F )dV (B8)

This equation suggests using the homogenized energy for the purely mechanical

case in the place of the integral. In general there is energy coupled in the magnetic

homogenization which does not allow us to make a clear distinction between magnetic

and deformation energy. However in the rigid particle case, all of the mechanical

strain energy is contained in the matrix phase and a clear distinction between the

mechanical and magnetic energy can be drawn.

Even in the case of rigid particles, the exact F will depend on the magnetic field.

This means that the total sum of the strain energy in the matrix will be different from

the total sum of the strain energy when there is no magnetic excitation. Despite this,

an estimate for the effective mechanical energy could be determined by just using

the homogenization result in the purely mechanical case. In the process this will also

provide predictions for the microstructure evolution needed to compute the magnetic

energy.

B0.3 The effect of the partial decoupling approximation

We have an estimate for the effective energy function of the composite based on the

effective energy function in the purely mechanical case and the associated predictions

for the microstructure evolution, but more insight can be gained about the approxi-

mation we are making.

Consider the intergrals which provide the homogenized energy function as the

minimization of the energy over trial fields F and B. Call F PD the exact solution

when there is no magnetic field (or the particles are not magnetically susceptible). Call

BPD the minimizing magnetic field if the deformation is held at F PD. Similarly name

Fmel and Bmel the exact solution for the magnetoelastic case. Fmel is a kinematically

admissible F . Using the minimum energy principle for the purely mechanical case

we know that ∫
Ω0

Wme(X,Fmel)dV ≥
∫

Ω0

Wme(X,F PD)dV. (B9)
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This equation shows that using the homogenized energy function obtained from the

purely mechanical homogenization is an underestimation for the strain energy in the

elastic matrix for the full magnetoelastic problem.

The fields BPD and F PD are also trial fields for the magneto-elastic problem.

From the minimum energy principle, we again can show the inequality

J̄w̃mag(b̄;F PD) +

∫
Ω0

Wme(X,F PD)dV

≥ J̄w̃mag(b̄;Fmel) +

∫
Ω0

Wme(X,Fmel)dV. (B10)

Adding the negative of equation (B9) to equation (B10) we can derive the inequal-

ity

w̃mag(b̄;F PD) ≥ w̃mag(b̄;Fmel). (B11)

This expression shows that by using the deformed configuration microstructure

obtained in the purely mechanical case to determine the magnetic energy, we are

overestimating the magnetic energy. This is logical because when applying a magnetic

field to a rigid particle mechanical system the magnetic energy will be reduced at the

expense of increasing the mechanical energy in the matrix.

Since the partial decoupling approximation overestimates the magnetic energy and

underestimates the mechanical energy, the errors may cancel each other out provided

that the overall corrections are small. It is also important to consider that we are

primarily interested in the stresses that are predicted by derivatives of the energy

with respect to deformation. In this regard as long as the trend in microstructural

evolution is consistent with the purely mechanical problem the stresses predicted

should be consistent.

This formulation also makes a precise connection between microstructure evolution

and the magnetoelastic energy. In this sense when designing magnetoelastic compos-

ites the most important consideration is to connect the microstructure evolution to

the applied deformation. This is the source of magnetoelastic stresses which lead to

the coupled behavior. No additional stresses will be generated unless the microstruc-

ture changes with respect to the macroscopic deformation even if the microstructure

evolves because of the applied magnetic field.

It should be noted that in practice F PD is not known exactly and the deformation

predicted by the purely mechanical homogenization Fm is an estimate of the defor-
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mation. Additionally only certain statistic charaterising Fm are known. Because of

these two approximations the partial decoupling approximation is not a bound in a

precise sense. However the partial decoupling approximation is in spirit a trial field

for the exactly magnetoelastic homogenization problem.
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C The derivatives of P D.

In this appendix, we provide the derivatives of the distribution tensor PD(U), eval-

uated when λ̄1 = λ̄2 = λ̄3 = 1, for spheroidal distributions aligned with the ê1 axis.

Note that in these expressions w = wD.

∂PD
1

∂λ̄1

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


4w2−1

(−1+w2)2
− 3w3arccos (w)

(1−w2)5/2
w < 1

−3/5 w = 1

4w2−1
(−1+w2)2

− 3w3arccosh (w)

(−1+w2)5/2
w > 1

∂PD
1

∂λ̄2

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
∂PD

1

∂λ̄3

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


−2−w2

2(1−w2)2
+ 3warccos (w)

2(1−w2)5/2
w < 1

−1/5 w = 1

−2−w2

2(1−w2)2
+ 3warccosh (w)

2(−1+w2)5/2
w > 1

∂PD
2

∂λ̄1

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
∂PD

3

∂λ̄1

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


−2w2−w4

2(−1+w2)2
+ 3w3arccos (w)

2(1−w2)5/2
w < 1

−1/5 w = 1

−2w2−w4

2(−1+w2)2
+ 3w3arccosh (w)

2(−1+w2)5/2
w > 1

∂PD
2

∂λ̄2

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
∂PD

3

∂λ̄3

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


15w2−6w4

8(−1+w2)2
− 9warccos (w)

8(1−w2)5/2
w < 1

−3/5 w = 1

15w2−6w4

8(−1+w2)2
− 9warccosh (w)

8(−1+w2)5/2
w > 1

∂PD
2

∂λ̄3

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
∂PD

3

∂λ̄2

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


5w2−2w4

8(−1+w2)2
− 3warccos (w)

8(1−w2)5/2
w < 1

−1/5 w = 1

5w2−2w4

8(−1+w2)2
− 3warccosh (w)

8(−1+w2)5/2
w > 1
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∂PD
1

∂λ̄1∂λ̄1

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


−2+6w2−19w4

(−1+w2)3
− 3w3(1+4w2)arccos (w)

(1−w2)7/2
w < 1

54/35 w = 1

−2+6w2−19w4

(−1+w2)3
+ 3w3(1+4w2)arccosh (w)

(−1+w2)7/2
w > 1

∂PD
1

∂λ̄2∂λ̄2

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
∂PD

1

∂λ̄3∂λ̄3

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
−16−31w2+2w4

8(−1+w2)3
− 3w(11+4w2)arccosh (w)

8(1−w2)7/2
w < 1

8/35 w = 1

−16−31w2+2w4

8(−1+w2)3
+ 3w(11+4w2)arccosh (w)

8(−1+w2)7/2
w > 1

∂PD
1

∂λ̄2∂λ̄1

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
∂PD

1

∂λ̄3∂λ̄1

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=
−2+14w2+3w4

2(−1+w2)3
+ 15w3arccosh (w)

2(1−w2)7/2
w < 1

3/7 w = 1

−2+14w2+3w4

2(−1+w2)3
− 15w3arccosh (w)

2(−1+w2)7/2
w > 1

∂PD
1

∂λ̄3∂λ̄2

∣∣∣∣
λ̄1=λ̄2=λ̄3=1

=


−8w2−9w4+2w6

8(−1+w2)3
− 15w3arccosh (w)

8(1−w2)7/2
w < 1

1/7 w = 1

−8w2−9w4+2w6

8(−1+w2)3
+ 15w3arccosh (w)

8(−1+w2)7/2
w > 1
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scopic and macroscopic instabilities in finitely strained fiber-reinforced elastomers.

J. Mech. Phys. Solids, 58:1776–1803, 2010.

G. W. Milton. The Theory of Composites. Cambridge University Press, New York,

2001.

S. Müller. Homogenization of nonconvex integral functionals and cellular elastic ma-

terials. Arch. Ration. Mech. Anal., 99:189–212, 1987.

H. Ohanian. Classical Electrodynamics. Infinity Science Press LLC, 2 edition, 2006.

M. Ottenio, M. Destrade, and R. Ogden. Incremental magnetoelastic deformations,

with application to surface instability. J. of Elasticity, 90:19–42, 2008.

R. Pelrine, R. Kornbluh, J. Joseph, R. Heydt, Q. B. Pei, and S. Chiba. High-field de-

formation of elastomeric dielectrics for actuators. Materials Science & Engineering,

C: Biomimetic and Supramolecular Systems, 11:89–100, 2000.

238
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P. Ponte Castañeda and M. Zaidman. Constitutive models for porous materials with

evolving microstructure. J. Mech. Phys. Solids, 42:1459–1497, 1994.
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M. H. Siboni and P. Ponte Castañeda. A magnetically anisotropic, ellipsoidal inclusion

subjected to a non-aligned magnetic field in an elastic medium. Comptes Rendus
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