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�

t + ts
= exp�ns − n

�IB
� − 1. �5�

Similarly, using Eq. (2), the reduction rate of the trapped-
electron density during the discharging process is

ṅ =
dn

dt
=

��INIR

��

�exp� n

��INIR
� − 1�2

exp� n

��INIR
� , �6�

and by rearranging Eq. (2),

��

t + ts�
= exp� n

��INIR
� − 1. �7�

Equations (5) and (7) can be solved for the parameters ts
and ts�:

ts =
�

exp�ns − n

�IB
� − 1

, �8�

ts� =
��

exp� n

��INIR
� − 1

. �9�

Now, Eqs. (4) and (6) can also be rewritten in the forms

ṅ =
4�

�
IB sinh2�ns − n

2�IB
� , �10�

ṅ = −
4��

��
INIR sinh2� n

2��INIR
� . �11�

The mathematical model for the charging and discharg-
ing processes is expressed in Eqs. (10) and (11). By com-

Fig. 14. (Color online) (a) Parallel LCLs. All the terminating points are on the same contour. (b) The crresponding nonlinear curves.
This type of nonlinear curve can be used in the optical generation of one-dimensional maps.
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bining these two expressions, we develop the mathemati-
cal model that governs the dynamics of the ETM under
simultaneous blue light and NIR illumination:

ṅ =
4�

�
IB sinh2�ns − n

2�IB
� −

4��

��
INIR sinh2� n

2��INIR
� .

�12�

Equation (12) provides a complete mathematical model
for the dynamics of ETM in the form of a nonlinear differ-
ential equation.

Section 5 below is dedicated to the study of the
equilibrium-state luminescence of ETM, which is the
equilibrium state of Eq. (12) �dn /dt=0�:

4�

�
IB sinh2�ns − n*

2�IB
� =

4��

��
INIR sinh2� n*

2��INIR
� , �13�

IO
* = �n*IB + �n*INIR. �14�

In these equations, n* and IO
* are the trapped-electron

density and the intensity of the orange luminescence in
the equilibrium state, respectively. For any specified val-
ues of the blue light and NIR light intensities, Eq. (13)
can be solved for n* by minimizing the error function
er f�n*�:

er f�n*� = �4�

�
IB sinh2�ns − n*

2�IB
� −

4��

��
INIR sinh2� n*

2��INIR
�� .

�15�

In this equation, 	 	 is the Euclidean norm. If one has the
value of n*, the intensity of the orange light emission IO

* is
computable from Eq. (14). By this methodology, one can
compute the value of IO for a wide range of values of IB
and INIR and prepare a diagram like the one shown in Fig.
10. In this two-dimensional diagram, which is called the
equilibrium-state plane (ESP) of the ETM, the contours of
constant orange light emission intensity are plotted as a
function of the blue light and NIR light intensity for a
reasonable range of variables on each axis. The numbers
on the contours are the output voltages of the photodetec-

Fig. 15. (Color online) (a) Two LCLs for the generation of the quasi-linear curves. (b) The corresponding quasi-linear curves.
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tor that measures the intensity of the orange lumines-
cence. In Section 5, we will use this diagram as a graphic
tool to design highly nonlinear optical devices.

5. EQUILIBRIUM-STATE LUMINESCENCE
The significance of the equilibrium-state luminescence of
ETM for applications in optical signal processing becomes
clear by an example. Consider the simple optical arrange-
ment displayed in Fig. 11(a). A photodetector measures
the intensity of the light emitted from a light source and
passed through a passive optical device. Usually, the out-
put voltage of the photodetector is a linear function of the
intensity of illumination. However, in many applications
(e.g., optical realization of one-dimensional maps in non-
linear dynamics) we require a nonlinear behavior such as
the desired curve depicted in Fig. 11(b). Here, the inten-
sity of the detected light increases at first and decreases
when we pass a maximum point. To our knowledge such
an optical component is not available. In this section we

show that the equilibrium-state luminescence of ETM can
be controlled to exhibit such a nonlinear behavior. Based
on the experimental results and the developed math-
ematical model, we then present an improved approach
for realization and design of such nonlinear optical de-
vices.

The behavior of ETM in the equilibrium state can be
predicted by using the ESP diagram that was introduced
in Section 4. We highlight the subtle utility of the ESP
diagram by investigating four sample points, S, 1, 2, and
3, in Fig. 10. Point S corresponds to the ETM panel being
exposed simultaneously to blue and NIR light with the
ETM in the equilibrium state. The intensity of the inci-
dent blue light and the NIR exposure are 50 
W and
4.35 mW, respectively. The output voltage of the photode-
tector that measures the intensity of the orange light lu-
minescence is �1.8 V.

Now, consider the case when the intensity of the blue
light is increased from 50 
W to 60 
W, and in three suc-
ceeding steps, the intensity of the NIR light is changed to

Fig. 16. (Color online) Experimental results. Along the first two LCLs, which have negative slopes, (see text) the luminescence of the
material changes nonlinearly. Along the third LCL, which has positive slope, the luminescence of the material is quasi-linear.

Fig. 17. (Color online) Effect of changing the area of the ETM under illumination. The nonlinear curves are related to the third LCL in
Fig. 13(a). The area changes from A=3 mm2 to 16�A.
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4 mW, 3.2 mW, and 2.6 mW. These new states are the
points 1, 2, and 3, respectively, in Fig. 10. The output volt-
ages of the photodetector at these three points are 2.1,
1.8, and 1.5 V for points 1, 2, and 3, respectively. As a re-
sult, by increasing the intensity of the blue light from
point S to points 1, 2, and 3, depending on the intensity of
the NIR illumination, the intensity of the orange lumines-
cence increases, remains the same, or decreases, respec-
tively. Further investigation reveals that the intensity of
the emitted orange light monotonically increases along
the line S→1 and decreases along the line S→3. We have
recently shown that this kind of behavior can be used to
model the excitatory and inhibitory responses of the neu-
rons in optical realization of bio-inspired artificial neural
networks [18,19].

Now consider the special case where the blue and NIR
light sources are linearly coupled. The linear coupling of
two light sources can be formulated by the equation


IB + �INIR = �, �16�

where 
, �, and � are real numbers. These variables are
the key parameters in the design of the nonlinear optical
device. In this paper, the line expressed by Eq. (16) is
called the linear-coupling line (LCL). In the particular
case where the light sources are coupled linearly, the op-
tical device user can change the intensity of only one of
the light sources. For instance, in this paper, the blue
light source is the master source, and the NIR light
source traces the blue light source through Eq. (16). When
the two light sources are linearly coupled, those orange
light emission intensities along the corresponding LCL
only are achievable.

Two sample LCLs and their dynamic ranges over the
horizontal axis are illustrated in Fig. 12(a). The intensity
of the emitted orange light changes nonlinearly along
these two lines as shown in Fig. 12(b). A variety of non-
linear curves are achievable by changing the slope and
the location of a LCL in the ESP. For instance, the termi-
nation points of the first LCL in Fig. 12(a) are located on
the two different constant voltage contours. Therefore,
the intensities of the emitted orange light are different at

these points. The second LCL has a different slope and
dynamic range, and the corresponding nonlinear curve is
quite different from the nonlinear curve of the first LCL;
however, the termination points are both on the same con-
tour. Therefore, the corresponding nonlinear orange light
emission curve has equal intensities at the terminating
points and the nonlinear curve is more symmetric.

These types of LCLs are suitable for the optical genera-
tion of nonlinear one-dimensional maps. Figure 13(a) dis-
plays two different LCLs with the same dynamic range.
The corresponding nonlinear curves are illustrated in Fig.
13(b). In spite of similar dynamic ranges, these LCLs
have different slopes and termination points. Hence, the
corresponding nonlinear curves are different. A subtle dif-
ference between these two nonlinear curves is the speed
of computation on these two LCLs. It should be remem-
bered that all these curves are achievable in the equilib-
rium state of the ETM, which means that each time the
intensities of the blue light and the NIR light are set, the
user should wait for the equilibrium state to occur. The
equilibrium is reached sooner for higher intensities of the
blue and NIR light and larger density of the trapped elec-
trons. The ETM reaches the equilibrium state faster
along the second LCL of Fig. 13(a) than along the first
LCL. Meanwhile, the intensity of orange luminescence is
higher along the first LCL compared with the second one
and the detected signal has a larger signal-to-noise ratio.

Now consider the case depicted in Fig. 14(a). In this fig-
ure, three parallel LCLs are shown in the ESP of the
ETM. The corresponding orange light emission curves
along these LCLs are shown in Fig. 14(b). The termina-
tion points of these three LCLs are placed on the same
contour that represents the photodetector output voltage
of �700 mV. These three LCLs are parallel to each other.
Therefore, the parameters 
 and � in Eq. (16) are fixed,
and the parameter � is the only variable. In nonlinear-
dynamic applications, � can play the role of the bifurca-
tion parameter. By normalizing the dynamic ranges of
these lines, the developed nonlinear curves will look like
the curves that are used in the generation of a one-
dimensional map such as the logistic map in [20]. We
should mention that the quasi-linear behavior can also be

Fig. 18. (Color online) Simultaneous illumination of ETM panel with the combined beam of two DMD spatial light modulators. (TIR
stands for total internal reflection.)
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generated by the equilibrium state of the ETM when the
LCLs are chosen appropriately. Figs. 15(a) and 15(b) illus-
trate two LCLs and the corresponding quasi-linear func-
tions, respectively.

In order to verify the above formulations an experiment
was carried out using the optical setup of Fig. 2. We chose
the following LCLs and measured the intensity of the or-
ange luminescence in the equilibrium state along each
line:

LCL-1: − 0.14IB + INIR = 12.0,

LCL-2: − 0.18IB + INIR = 11.0,

LCL-3: + 0.05IB + INIR = 0.0.

The results are shown in Fig. 16. In all these experi-
ments, the surface of the ETM panel is covered by a dark
optical mask with a small aperture. Thus, the area of the
ETM under illumination is fixed. On the other hand, one
can effectively take advantage of the area as a parameter
in the design of the nonlinear optical device. For a con-
stant blue and NIR light illumination, the level of the or-
ange light emission changes linearly as a function of the
area of the ETM under illumination. Figure 17 shows the
nonlinear curves developed by changing the illuminating
area for the third LCL in Fig. 14(a). We can use these
curves for the optical production of the one-dimensional
maps without any normalization.

One can easily change the area of ETM under illumi-
nation by using a spatial light modulator such as the
Texas Instruments digital micromirror device (DMD) [21].
A sample optical setup is depicted in Fig. 18. A DMD chip
is a two-dimensional array of bistable programmable mi-
cromirrors. Two DMD modules in the setup provide the
blue light and the NIR illuminations by reflecting the
beam of two powerful light sources. By changing the num-
ber of mirrors, whose reflections expose the surface of the
ETM, the illuminating area can be changed. DMDs are
fast enough to adjust the area every few milliseconds,
which is shorter than the few hundred milliseconds re-
quired for an ETM to reach the equilibrium state.

6. CONCLUSION
We have introduced an improved mathematical model
that governs the dynamics of ETMs under blue light and
near-infrared illumination. The model describes the evo-
lution of an ETM’s luminescence during charging, dis-
charging, simultaneous illumination, and in the equilib-
rium state. This model, which is established based on the
experimental results and takes into account some of the
previously neglected effects, can improve the applicability
of the ETM’s unique dynamics, particularly in quantita-
tive applications such as optical signal processing. We
have also studied the nonlinear response of ETMs in the
equilibrium state. This nonlinear response has potential
applications in nonlinear optical signal processing and op-
tical implementation of one-dimensional maps. There are
occasions where collective processing in multiple one-
dimensional maps needs to be considered. An obvious ex-
ample of these applications are networks of one-

dimensional maps [22–24]. The parallel computation
carried out by such networks can be realized in a thin film
of this storage phosphor addressed suitably employing
DMD technology. Consequently, our mathematical model
would be an important tool for effective use of an ETM’s
dynamics.
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