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Indentation and adhesive probing of a cell membrane with AFM:
Theoretical model and experiments
Abstract

In probing adhesion and cell mechanics by atomic force microscopy (AFM), the mechanical properties of the
membrane have an important if neglected role. Here we theoretically model the contact of an AFM tip with a
cell membrane, where direct motivation and data are derived from a prototypical ligand-receptor adhesion
experiment. An AFM tip is functionalized with a prototypical ligand, SIRPα, and then used to probe its native
receptor on red cells, CD47. The interactions prove specific and typical in force, and also show in detachment,
a sawtooth-shaped disruption process that can extend over hundreds of nm. The theoretical model here that
accounts for both membrane indentation as well as membrane extension in tip retraction incorporates
membrane tension and elasticity as well as AFM tip geometry and stochastic disruption. Importantly,
indentation depth proves initially proportional to membrane tension and does not follow the standard Hertz
model. Computations of detachment confirm nonperiodic disruption with membrane extensions of hundreds
of nm set by membrane tension. Membrane mechanical properties thus clearly influence AFM probing of
cells, including single molecule adhesion experiments.
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Indentation and Adhesive Probing of a Cell Membrane with AFM:
Theoretical Model and Experiments
Shamik Sen, Shyamsundar Subramanian, and Dennis E. Discher
Biophysical Engineering Lab, University of Pennsylvania, Philadelphia, Pennsylvania

ABSTRACT In probing adhesion and cell mechanics by atomic force microscopy (AFM), the mechanical properties of the
membrane have an important if neglected role. Here we theoretically model the contact of an AFM tip with a cell membrane,
where direct motivation and data are derived from a prototypical ligand-receptor adhesion experiment. An AFM tip is
functionalized with a prototypical ligand, SIRPa, and then used to probe its native receptor on red cells, CD47. The interactions
prove speciﬁc and typical in force, and also show in detachment, a sawtooth-shaped disruption process that can extend over
hundreds of nm. The theoretical model here that accounts for both membrane indentation as well as membrane extension in tip
retraction incorporates membrane tension and elasticity as well as AFM tip geometry and stochastic disruption. Importantly,
indentation depth proves initially proportional to membrane tension and does not follow the standard Hertz model.
Computations of detachment conﬁrm nonperiodic disruption with membrane extensions of hundreds of nm set by membrane
tension. Membrane mechanical properties thus clearly inﬂuence AFM probing of cells, including single molecule adhesion
experiments.

INTRODUCTION
Whether studying single cell adhesion by atomic force
microscopy (AFM) or attempting to image or probe the
mechanical properties of the cytoskeleton, contact always
begins by indenting the cell’s plasma membrane. Membrane
mechanics has not yet been factored into AFM, even though
membranes have long been known to be elastic in stretching
and bending (1–3). In addition, the plasma membrane is also
generally under a non-zero tension (4–6), which can
influence physiological processes ranging from cell spreading to endocytosis (7,8). For deeply characterizing the
mechanical properties and effects of cell membranes, an
organelle-free cell such as the red cell is ideal, since it lacks
complex structures and processes that modulate membrane
tension. In addition, the red cell possesses a number of
prototypical and important surface proteins, including CD47,
which is examined here and implicated in adhesive signaling
in the past (9).
Although AFM has been widely used for cell imaging, it is
also increasingly being used to probe a range of important
adhesion receptors on various cells with ligand-functionalized AFM tips. These have recently included Notch/Delta
interactions (10), which are key to signaling forces and
dynamics in development, and P-selectin/PSGL-1 interactions (11), which are prominent in inflammation and bloodborne metastasis. The use of intact cells rather than purified
proteins ensures proper ligand orientation, and preserves,
among other physiological determinants, post-translational
modifications. However, a commonly seen if unexplained
feature in such AFM probing studies is the appearance of
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sawtooth patterns in detachment force (12,13). The patterns
extend over several hundred nm of separation and are part of
a bond’s loading history, even if not taken into account in
models applied thus far (11). Here, we attempt to incorporate
membrane mechanical properties contributing to such
sawtooth patterns by modeling AFM indentation-retraction
during adhesion to the red cell membrane (Fig. 1 A).
CD47 is the red cell receptor probed here. It is expressed
on most cell types (14,15), and on mouse red cells it appears
to bind macrophages and inhibit phagocytosis (16). In
human red cells, CD47 is also linked to the cytoskeleton (9).
CD47 binds SIRPa (17–19), and SIRPa has its own
distribution from phagocytes (20,21) to stem cells (22,23).
We exploit the representative interaction between CD47 on
the red cell and SIRPa on an AFM tip to illustrate and then
model specific nanoscale adhesion of an AFM tip with a cell.
A strongly adherent red cell emulates a spread cell with
a well-defined membrane tension, T0 (24). This tension
opposes cell deformation and limits the applicability of
common force-indentation models (12,13) such as the Hertz
model for a spherically tipped cantilever impinging on a homogeneous half-space and the Sneddon model for a conical
tip. Although Daily et al. (25) worked out a membrane elastic
model for cell-poking, their model neglected adhesion as
well as a pre-tension and, since it predated AFM (26), it also
did not consider sharpened probe tips. Recently, Pierrat et al.
(27) studied forced detachment of red cells adhering to
surfaces, where cell deformation profiles were used to relate
unbinding forces and contact radii. Here we determine approximate expressions (24) for the membrane indentation
force that accounts for T0 and the dilational modulus of the
membrane, Ka, as well as the tip half-angle, u, of the AFM’s
indenting tip. The general AFM indentation model for cell
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BSA at room temperature to get packed RBC. Packed human RBC was
fluorescently labeled with PKH67, washed, and resuspended in PBS. For
studying CD47-SIRP interactions, equal quantities of human and rat RBC
mixed, and 100 ml of mixed RBC, were allowed to adhere to each poly-Llysine coated glass slide for 10 min. Unattached cells were removed by
gentle rinsing of the slide several times with PBS solution, and an additional
volume of PBS was added for the experiments. For the other experiments,
only human RBC was used.

AFM and preparation of functionalized tips

FIGURE 1 Regimes of AFM pulling of an adherent red cell. (A) AFM
probing involves indentation and retraction. With a functionalized tip,
adhesion is established with a counter-ligand so that, during retraction,
adhesion bonds must be broken. (B) A typical force-curve for a pulling cycle
is shown when a human RBC is probed with a SIRPa functionalized tip.

membranes that we develop is then used to simulate
sawtooth profiles for detachment, as seen with membrane
tethering by CD47-SIRPa interactions.

MATERIALS AND METHODS
Reagents
All reagents were from Sigma-Aldrich (St. Louis, MO): poly-L-lysine
hydrobromide MW 2900, phosphate-buffered saline (PBS) tablets (0.01 M
phosphate buffer/0.0027 M potassium chloride/0.137 M sodium chloride,
pH 7.4), PKH67 dye, and bovine serum albumin (BSA). All solutions were
made in filtered double-distilled water.

Production of recombinant human SIRPa1
COS-1 cells (ATCC, Manassas, VA) were transfected with pcDNA3-based
vector (Invitrogen, Carlsbad, CA) encoding a human SIRPa1 extracellular
domain fused to GST (Seiffert et al. (19)) using Lipofectamine 2000
(Invitrogen) per manufacturer’s instructions. Secreted SIRPa1-GST (hereafter referred as SIRPa) was affinity-purified using Glutathione Sepharose
4B (Amersham Biosciences, Piscataway, NJ) as per manufacturer
instructions and dialyzed against PBS (Invitrogen). The protein was stored
at 20C after addition of 10% v/v glycerol (Fisher Scientific, Hampton, NJ).

Preparation of spread cells
One-hundred microliters of 10 mg/ml poly-L-lysine solution was allowed to
adsorb for 10 min to a clean glass slide, and excess solution was drained
away. The poly-L-lysine coated slide was allowed to dry under vacuum for
at least 2 h. Fresh human blood was obtained from finger pricks of healthy
donors. Rat blood was obtained from Covance (Princeton, NJ). Twenty
microliters of fresh blood was washed three times in PBS containing 1%
Biophysical Journal 89(5) 3203–3213

Force curves in vertical indentation and/or retraction of spread erythrocytes
were obtained primarily with an Asylum Research AFM. This was mounted
on the Nikon Eclipse TE 300 inverted microscope (Nikon, Tokyo, Japan).
For experiments aimed at studying adhesion mediated by CD47-SIRPa,
blunt tips with nominal spring constants of 60 pN/nm (microlevers, Park
Scientific, Sunnyvale, CA) were first silanized by immersion in a solution of
1.25% Allyltrichlorosilane in toluene. The silanized tips were then immersed
in recombinant human SIRPa1-GST solution of desired concentration for 10
min. The functionalized tips were then washed thoroughly in 1% BSA
(Sigma-Aldrich, St. Louis) solution in PBS to remove loosely attached
protein. The retraction profiles seen in the adhesion experiments typically
showed sawtooth patterns of force versus extension, with asymmetric peaks
in force that were counted as peaks when the dropoff in force reached at least
50% toward the baseline. Small fluctuations in force on top of the basic
sawtooth pattern were not further analyzed and are beyond the scope of this
first analysis of the dominant process.
Sharpened cantilevers (microlevers, Park Cantilevers) were used for separate elasticity measurements of the indentation phase to minimize adhesion.
Values for the cantilever spring constants were obtained by a manufacturersupplied thermal noise method and were used in all calculations.

Membrane modeling
In all of the calculations that follow, the undeformed shape of the membrane
is known a priori, since the initial shape is a sector of a sphere (24). When
indented with an AFM tip, the supported portion of the membrane (segment
in contact with the tip) conforms to the tip. For the unsupported portion, the
mean curvature remains constant. This reduces to a differential equation,
whose solution gives the contour of the surface as a function of the contact
radius and the base angle (which are unknowns). The unknowns are
determined from both the specified force and the constraint that the cell has
constant volume. All of the derivations are detailed in Appendix 1. For the
retraction part, we proceed in a similar manner to calculate the profile, but
a given contact radius is assumed. In this case, we also solve for two
unknowns—one being the base angle and the other being the angle made by
the normal at the point in the membrane where it detaches from the tip.

RESULTS
Prototype adhesion
Any AFM pulling cycle starts with membrane indentation
before retraction. Any adhesive bonds that form during indentation will tend to break during tip retraction—as manifested
in the form of single or multipeak sawtooth patterns. Fig. 1 B
illustrates a typical retraction curve obtained when a human
red cell is probed with a tip functionalized with recombinant
human-SIRPa. The retraction profile clearly reveals two
peaks, representative of the formation of adhesive interactions.
Specificity of this CD47-SIRPa interaction is readily
established here by alternately probing human red cells and
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rat red cells with an AFM tip coated with human SIRPa.
Since rat red cells clearly show no binding (Fig. 2 A) but
otherwise have similar mechanical properties, the comparison is an important negative control to distinguish nonspecific adhesion. In contrast, almost all indentations of human
RBC show at least one peak, with peak detachment forces
increasing with SIRPa concentrations on the tip (Fig. 2 B),
which proves consistent with a specific interaction.

3205

At high SIRPa concentrations, first and second-peak force
distributions, respectively, give Gaussian means of ;1500
pN for the first peak and ;600 pN for the second, final
detachment peak. At the lower SIRPa concentration, 80% of
retractions exhibit only a single peak, and the resulting force
distribution fits very well to two Gaussians, with the first,
dominant Gaussian averaging 70 pN. Although the latter fits
typical ligand-receptor forces of ;100 pN or less, the much

FIGURE 2 Probing CD47- SIRPa interactions. (A) CD47-SIRPa interaction is species-specific. Human RBC and rat RBC are alternately tapped with the
human-SIRPa functionalized tip, showing significant interactions (one retraction peak or more) only with human RBC. (B) At a SIRPa concentration of 0.5
mg/ml, first peak forces are ;1500 pN and second peak forces ;600 pN, suggesting multiple bonds. However, unbinding forces decrease to ;100 pN at 10fold lower SIRPa. (C) A representative force-extension curve and the distribution of peak-to-peak length, which can be fitted by a Gaussian with a mean
extension length of ;215 nm.
Biophysical Journal 89(5) 3203–3213
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higher forces for high ligand concentrations suggest multiple
CD47-SIRPa interactions in parallel, even for the last
detachment peak. This is relevant to receptor clusters
hypothesized for this system. Though we have not addressed
the effects of tip retraction rates on the magnitudes of
unbinding forces and one might expect a nonlinear dependence as observed in other systems (28–30), the response
may be further complicated by membrane tension and elasticity. Indeed, although the forces of interaction for this experimental system are certainly biologically relevant, the
results are presented here primarily as illustrative for modeling
of AFM-membrane mechanics.
Asymmetric sawtooths seen in retraction partially motivate the modeling, in that they yield a distribution of peak-topeak lengths that average ;215 nm, which is relatively
large. Both CD47 and SIRPa are Immunoglobulin-type cell
adhesion molecules (CAMs) and should unfold under forces
,100 pN (31,32); but peak-to-peak lengths for unfolding
such CAMs are much ,50 nm. Protein unfolding cannot
therefore contribute significantly to the observed extensions,
suggesting that membrane properties determine such long
extensions. Additionally, linkage of CD47 to the spectrin
skeleton (9) is likely to have a major role in limiting the
extensions here, since lipid membrane tethers many microns
in length have been documented to occur at forces of ;50
pN in red cells (33). It could be interesting in further work to
sever the CD47-spectrin linkage (mediated by protein 4.2;
(34)) with the expectation of longer, lipid-based tethers being
formed.
Motivated by the prototypical adhesion results above,
a model is elaborated below for the force profile during
membrane indentation and retraction. We explicitly account
for cell and tip geometries, tension in the membrane, and the
area elasticity of the membrane. We eventually use the experimental distributions of detachment forces as inputs and
vary the membrane tension to compute peak-to-peak lengths
and membrane contours during simulated sawtooths.
Indentation model
Strong adhesion of red cells to poly-L-lysine coated
coverslips leads to spherically capped shapes for the cells
(Fig. 3), with substrate contact angles of f0 ; 60° (24). In
the model that follows, the red cell membrane is considered
elastic and isotropic in its plane. The effects of bending are
neglected to first approximation, and the dominant resistance
to indentation is taken as the isotropic tension. Another
assumption is that the AFM tip indents the cell along the
vertical center-line, providing axisymmetry both in geometry
and loading. Fig. 3 illustrates the contours of such a red cell
when progressively indented with a conical AFM tip (tip
geometry inset in Fig. 3 B); the initial contour is a section of
a sphere of radius Rs ¼ 1. Throughout the indentation, the
membrane is assumed to be under an isotropic tension, and
the adhesive contact area is unchanged. A representative
Biophysical Journal 89(5) 3203–3213

FIGURE 3 Adherent red cell indented under an AFM tip. (A) Axisymmetric shape when isotropic tension and elastic stretching of the membrane
oppose indentation. (B) Cross-sections of the membrane as it is increasingly
deformed under a sharpened AFM tip. The initial shape is a spherical cap of
unit radius R0. Cell volume is constant, and strong adhesion keeps the base
radius fixed at R1 ¼ R0 sin f0. (C) For one typical deformed configuration,
the parameters used in Appendix 1 are shown.

Adhesive Probing of Cell Membrane
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three-dimensional shape is shown in Fig. 3 A, with the deformed central portion contacting the tip shown as an inset.
The deformation conforms increasingly to the tip as it indents
(Fig. 3 B). Since the tip geometry clearly stays constant and
bending resistance would dominate in the initial nm’s of
indentation, the subsequent resistance offered by the membrane through much of the indentation beyond ;10 nm is
due to the isotropic tension.

Fig. 5 shows a calculated force curve for T0 ¼ 1 mN/m and
Ka ¼ 450 mN/m (tip geometry shown in Fig. 3); also shown
is a weighted fit of the curve using a cubic polynomial. The
fit matches the computed force curve very closely, and thus
the observation of linearity above appears correct. The polynomial coefficients are functions of T0, Ka, and tip geometry,
with details provided in Appendix 2.
In fitting, the computed force-indentation curves are
written as
2

3

f ¼ ad1bd 1cd :

Force curves at small indentations

(2)

Fig. 4 overlays experimentally obtained force curves with
calculated force curves. An adhesion-induced initial tension
T0 in the range of 0.75–1.25 mN/m fits very well with determinations from past experiments (24). The model’s Ka  450
mN/m also compares very well with determinations made by
micropipette aspiration (1,35). For the first 100–200 nm of
indentation here, the force curves are essentially linear with
the constant pre-stress being the dominant component as
elaborated below. With further indentation, Ka becomes increasingly important, as force increases dramatically and
becomes increasingly nonlinear.

The linear coefficient, a, is shown to be dominated by T0
whereas the cubic coefficient, c, is dominated by Ka over the
relevant parameter ranges. Comparing with previous theories
of indentation—notably Sneddon’s theory for a cone that
gives f ; d2—the polynomial fits here show that simple
scaling laws for forced indentation of a membrane are inadequate. Hategan et al. (24) obtained an analytical expression
for the initial force-indentation behavior; the equation
contains both linear and cubic terms in d (i.e., b ¼ 0). The
linear d-term contained T0 but not Ka, whereas the d3-term
contained Ka but not T0.
Hategan et al. (24) also included factors for tip geometry
in their polynomial expression. To leading order, sin u
appeared in both terms. The obtained curves are fit well by
polynomial functions of the form g1 u 1 g3 u3 1 g5 u5,
resembling a Taylor series expansion of sin u. Indeed, for u
, 20°, the coefficients can be approximated fairly well by g
sin u. The results thus confirm that the force-indentation
curves depend on a simple feature of tip geometry consistent
with Hategan et al. (24).

Analysis of nonlinear indentation curves

Prediction of cell lysis

The force curves should, it seems, depend separately on both
the elasticity of the membrane and the geometry of the tip.

Constrained by cell volume, strong adhesion tenses the
membrane initially, but AFM indentation increasingly

FIGURE 4 Force-indentation curves for indentation #500 nm. Forceindentation curves that compare experimental datapoints to computed
profiles. For the first 100 nm, the force curves are almost linear (inset).

FIGURE 5 Computed force curve for T0 ¼ 1 mN/m, Ka ¼ 450 mN/m for
a sharp tip. Fitted R2 ¼ 0.99.

The strong adhesion between the cells and poly-L-lysine
generates a pre-stress, T0, in the membrane. On long timescales (;1 h), tension is not sustainable and T0 leads to
membrane rupture. During indentation of the intact cell, the
tension increases in proportion to the area dilation, a. The
membrane tension is thus a sum of dilation (Kaa, where Ka is
the dilation modulus) and pre-stress and is given by
T ¼ T0 1 Ka a:

(1)

Biophysical Journal 89(5) 3203–3213
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stretches the membrane. Fig. 6 shows computed force curves
at large indentations with a sharpened tip, and for T0 ¼ 1.0
mN/m and Ka varying from 250 to 450 mN/m. Evans et al.
(1) showed that lysis of red cell membranes occurs at an
average critical dilation of ac ; 3 6 0.7%, under lysis
tensions of 10–12 mN/m in micropipette aspiration. Based
on these limits, the computations here predict lysis forces
as low as 25 nN, which is in reasonable agreement with
Hategan et al. (24), who presented data for lysis under
pyramidal tips in the force range of 14–27 nN.
Model-simulated sawtooth patterns
To better understand the mechanics of the sawtooth detachment profiles, we used the parameters above for sublytic
indentation and simulated adhesive retraction by AFM to
determine the geometry of the cell as the tip retracts and
breaks adhesive bonds. By comparing simulations and experiments, the key role of membrane tension on the distribution of peak-to-peak lengths becomes clear. For all
calculations here, a blunt tip is assumed (35° half-angle,
which is similar to tips used in experiments). Based on symmetry in geometry and loading, the asymmetric sawtooths,
and sharp drops in the sawtooths from the peak forces to the
baseline, we assume that during indentation distinct adhesive
zones or rings are formed—the appearance of more than one
detachment peak and instantaneous detachment eliminate the
possibility of continuous peeling. For these simple simulations,
we specify a representative detachment force that depends on
the number of bonds needed to break an adhesive ring per
experimental results (Fig. 2 B). The contact radius represents
the size of the ring, and the number of adhesive rings and
their sizes depend on the depth of indentation, with larger
indentations giving rings that are more adhesive as well as
rings of larger size. When an adhesive ring is intact and
mediating attachment, the force exerted by the tip is directly
transmitted to the membrane, which extends until the

FIGURE 6 Force versus membrane dilation for various Ka and fixed T0.
Lysis occurs in quasistatic micropipette aspiration at 3 6 0.7% membrane
dilation (shaded region) (Waugh and Evans (3)).
Biophysical Journal 89(5) 3203–3213
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adhesive ring is disrupted. Contact then shifts to the next
adhesive ring at a smaller radius—and, as shown in Fig. 2 B,
a smaller force is required to break the subsequent adhesive
ring. The process continues until all of the adhesive rings are
broken.
To illustrate the interplay between adhesion and contact
radius on membrane deformation and extension, Fig. 7 A
shows two cusped membrane profiles corresponding to contact radii of 400 nm (detachment at 1500 pN) and 75 nm (detachment at 600 pN). Membrane profiles thus show that
extension—as defined by maximum height above the undeformed contour—increases nonlinearly as the contact radius
is reduced.
To assess the effect of membrane tension on peak-to-peak
length, a series of sawtooth patterns are plotted in Fig. 7 B.
The tension T0 is varied over three decades from 0.1 mN/m
to 10 mN/m. For each tension, three sawtooth profiles are
plotted. The magnitudes of the forces and the contact radii
are chosen to be almost the same. For T0 ¼ 1 mN/m, the
peak-to-peak lengths lie in the range of 100–300 nm, which
closely matches the distribution obtained in our adhesion
studies. For T0 ¼ 10 mN/m the peak-to-peak lengths are in
tens of nm. This shows that membrane tension plays an
essential role in setting the peak-to-peak lengths.
In Fig. 7 C, extension is plotted as a function of T0 for
different contact radii and a constant detachment force of 600
pN. For the same contact radii and the same force,
a decreasing tension leads to increased extension albeit in
a nonlinear manner. Also, for the same tension, a smaller
radius gives a higher extension. Thus, for small tensions and
small contacts, one can obtain ½-mm extensions that are
suggestive of nascent membrane tethers (5). However, due to
the cytoskeletal constraints imposed on CD47, lipid tethers
are unlikely to be drawn out in this system.
DISCUSSION
Using intact human red cells, we demonstrate a prototypical
but clearly specific interaction between human CD47 and
human SIRPa. Specificity is clear in the finding that human
SIRPa does not interact with rat red cells. By reducing the tip
density of SIRPa to a minimum, we determine single
molecule interactions with CD47, and determine that 70 pN
is the force required to break a single CD47-SIRPa bond
when stressed at displacements of 5–10 mm/s. At higher
SIRPa concentrations, where high-force multipeak sawtooths are seen, peak-to-peak lengths .200 nm suggest a role
for membrane elasticity, as opposed to, for example, protein
unfolding. To understand the role of membrane tension in
such force and length scales, we first analyzed the indentation profiles under a sharpened AFM tip.
From the indentation profiles, membrane elasticity is
shown to be critical at moderate forces and up to rupture
(,5–10 nN). In the classical elastic model of cell membranes, the membrane’s response to a given stress is assumed

Adhesive Probing of Cell Membrane

FIGURE 7 Generating sawtooths under AFM retraction. (A) Two cusped
membrane profiles are shown for a contact radius of 400 nm (detachment
force of 1500 pN) and contact radius of 75 nm (detachment force of 600 pN).
(B) A series of simulated sawtooths are shown for different T0 varying over
three orders of magnitude. With increasing T0, peak-to-peak length
decreases drastically. (C) For varying r0, extension is plotted as a function
of tension keeping detachment force constant at 600 pN. Increasing contact
radius or increasing tension reduces extension.

to be linear in a suitable strain measure. Three elastic moduli
have proven important: the area expansion modulus Ka that
reflects the strong resistance to dilation of lipid bilayers, the
shear modulus m attributable to an underlying membrane

3209

network, and the bending stiffness Kb which is related to Ka
through lipid membrane thickness (squared). For the red cell,
the bending stiffness is estimated to be small (36,37), and is
generally too small to have a noticeable influence on the
membrane response in all but the most highly curved or unstressed regions. Bending seems more important with membrane tethers (38,39), spicules (40), and thermal undulation
(41). The shear modulus m is estimated to be in the range of
4–10 mN/m and matters little when isotropic tensions are
high as here. In such a case as this, membrane tension and Ka
dominate, and the latter is expected to lay in the range 240–
500 mN/m (1, 35). The results presented here prove consistent with these determinations.
The approach here provides a model study in cell
membrane indentation. The governing equations (involving
the initial geometry and the applied forces) were obtained
and shown to be numerically solvable for the deformed
shapes as well as the force-indentation curves. Comparing to
experimental f versus d curves leads to estimates of T0 in the
range of 0.75–1.25 mN/m and a dilation modulus of ;450
mN/m, which are in reasonably good agreement with past
determinations. From the three-dimensional shapes (Fig. 3
A), it also becomes clear that indentation with AFM tips is
largely localized, with isotropic tension distributing the load
radially.
The force curves appear to be polynomials in indentation
d, with coefficients depending on membrane elasticity and
tip geometry. In systematically elucidating the effects of T0,
Ka, and tip geometry in the deformation of strongly adherent
red cells, the nature of membrane deformation is clarified.
Clearly inadequate are the common scaling laws such as the
Hertz model f ¼ E/(1  n2) (4/3 (Rindenter)1/2) d3/2 for
indentation with a spherical tip, or the Sneddon model f ¼ E/
(1  n2) 2/p tan u d2 for indentation with a conical tip. A
better approximation by Hategan et al. (24) f ¼ ½ T0 sin h
ztip d 1 ½ Ka /A0 sin h (z2tip  ¼ z3tip )d 3 was based on
a simple tip geometry factor ztip and a wetting angle h
specific to loading under a tip.
Differences in lysis force between experiment and theory
here are not surprising since lysis is complicated by a number
of factors beyond the elasticity of the membrane. Evans and
Ludwig (42) have shown that lysis depends on the timescale
of stress application, as confirmed by Hategan et al. (24) for
the red cell.
From our simulated sawtooths, we elucidate the role of
membrane tension and elasticity on setting the magnitudes of
detachment forces and peak-to-peak lengths. Asymmetric
sawtooths suggest the formation of critical rings of attachment—analogous to instabilities in droplet formation,
etc. By simply simulating detachment of these rings through
specification of the unbinding forces to be the same as those
obtained experimentally, we show that it is possible to obtain
200-nm peak-to-peak lengths. Though we have not addressed the role of tip velocity on unbinding forces, work
done by others (28–30) on different biological systems
Biophysical Journal 89(5) 3203–3213
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certainly suggests that unbinding forces increase nonlinearly
with loading rates.
Of future interest is whether the force curves are universal across cell types and for a range of loading patterns.
Improvements to the model can be made if bending is added
and symmetry conditions lifted. Also for studying protein
unfolding from intact cell surfaces, membranes, or other soft
surfaces, the signatures of asymmetric sawtooth profiles have
to be better understood to differentiate protein unfolding from
membrane extension. Nonetheless, the model computations
here can be used to gain valuable insights into adhesive
tension, membrane elastic properties, and the effects of these
on force and length scales.
APPENDIX 1
Indentation of red cell with AFM tip
Fig. 3 C shows undeformed and deformed configurations of the red cell. A
net force of magnitude f is applied with a conical tip to indent the membrane
axisymmetrically. This is done in such a manner that the volume enclosed
within the membrane is always constant.
Depending on the force applied, there will be a considerable region of
contact between the cell and the tip. Let r1 be the radial position beyond
which the membrane is freely supported (i.e., it is not in contact with the tip),
and, R1 be the base radius, which is fixed. The values u and f are the angles
that the normals at r1 and R1 make with the vertical. At any point on the
surface, the radius is r and the height is z. The values r1and f are unknowns
to be determined.
For developing the underlying theory, let us introduce the following
terms:
T is the isotropic tension in the membrane which is uniform throughout
the membrane,
DP denotes the hydrostatic pressure difference which is constant, and
Rm and Rf denote the meridional and circumferential radius of curvature
at any point in the membrane.
From static equilibrium, we can derive the equation between T and DP by
the relation

Tð1=Rm 1 1=Ru Þ ¼ DP:

(A1)

It is to be noted that all these quantities are functions of r1 and f, which are
to be determined from two equations. One of these equations is that the
interior of the membrane is incompressible—thus the volume remains constant. From the initial radius of the sphere, the initial volume V0 can be easily
determined. The volume of the deformed membrane can be calculated from

V¼

du=dr 1 u=r ¼ c;

R1 ¼ R0 sin f:

(A4)

By applying these two boundary conditions, we can write u as a function of r
as u ¼ Ar 1 B/r, where A and B are given by the expressions

A¼

R1 sin f 1 r1 sin u
2
2
R 1  r1

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
1  ðAr 1 B=rÞ dr

3

pr1
¼ V0 ;
3 tan u



(A6)

and set to V ¼ V0. For a section through the cell parallel to surface, the force
balance can be written down and rearranged to

f =TR1 ¼ 2pðAR1  sin fÞ:

(A7)

The left side of this expression represents a dimensionless force and is only
a function of r1 and f. If the isotropic membrane tension is constant, then we
can use Eq. A7 directly.
If T ¼ Kaa, where a represents the area dilation, then Eq. A7 can be
rewritten as

f =Ka R1 ¼ 2pðAR1  sin fÞa:

(A8)

If T ¼ T0 1 Kaa, then we can write

f =ðT0 1 Ka aÞ ¼ 2pR1 ðAR1  sin fÞ:

(A9)

Note that the dilation a is given by a ¼ (Asurf  A0)/A0, where the surface
area Asurf is calculated using the expression

Asurf ¼

Z

R1

2pr=
r1

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
pr
2
1  ðAr 1 B=rÞ dr 1 1 :
sin u

(A10)

Thus, we have two nonlinear equations in two unknowns, and these can be
solved given a value of the force. By defining the unknown vector z ¼ [r1
f]T, we solve the equation F(z) ¼ [0 0]T, where F(z) is given by Eq. A6 and
one of Eqs. A7–A9. The two nonlinear equations are solved using the builtin MatLab function fsolve (The MathWorks, Natick, MA). Once r1 and f are
solved for, the deformed shape of the membrane can be computed by
integrating the equation dz ¼ dr tan b. Thus the z-position corresponding to
any radius can be computed from the expression

z¼

Z

r

dr tan b:

(A11)

Ri

Retraction of red cell with AFM tip
(A3)

where u ¼ sin b, where b is the angle at which the normal at any point on the
surface meets the vertical axis. For solving Eq. A3, we need two boundary
conditions, which are

At b ¼ u; r ¼ r1
b ¼ f; r ¼ R1 ; where

pr 2 ½ðAr 1 B=rÞ=

(A2)

By using differential geometry, we can rewrite Eq. 2 as

BC-1 :
BC-2 :

R1
r1

Since the tension in the membrane is constant and so is the hydrostatic
pressure difference, we conclude that

ð1=Rm 1 1=Ru Þ ¼ c:

Z

Fig. 7 A shows the deformed configurations of the red cell when the AFM tip
is retracting. During the indentation there can be one or multiple adhesive
bands formed between the tip and the membrane. A net force of magnitude f
has to be applied by the tip to rupture an adhesive strip of contact radius r0.
The unknowns at any instant are the base angle f, and the angle b, formed
by the normal at the point in the membrane where it detaches from the tip,
and the axis of symmetry. The expressions for A and B are

A¼

R1 sin f 1 r0 sin b
2
2
R1  r0

and

2

B ¼ r0 sin b  Ar0 : (A12)

The force equation during retraction is given by

and

2

B ¼ Ar1  r1 sin u: (A5)

Biophysical Journal 89(5) 3203–3213

f =ðT0 1 Ka aÞ ¼ 2pR1 ðsin f  AR1 Þ:

(A13)
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APPENDIX 2
Varying T0 from 0.01 to 1 mN/m, and Ka from 100 to 400 mN/m, while
keeping the half-angle fixed at 18° (the sharp tip has a half-angle of 18°),
a wide range of force curves are calculated and then fit with cubic
polynomials. Appendix Fig. 1 A shows a plot of each of the coefficients of
the cubic polynomials over the range of T0 and Ka. From these plots, each of
these coefficients can be expressed as a function of T0 and Ka. Appendix Fig.
1 B shows the variation of the coefficients (of the polynomial fit) with the tip
half-angle, for fixed T0 ¼ 1.0 mN/m and Ka ¼ 450 mN/m. Thus a ¼ a(T0, Ka,
u), b ¼ b(T0, Ka, u), and c ¼ c(T0, Ka, u). The effects of tip geometry and
membrane elasticity appear relatively independent in the relevant range.

3211
Algebraically, it can be shown that a ¼ a1(T0, Ka) a2(u)/[a1(T0 ¼ 1.0, Ka ¼
450) a2(u ¼ 18°)]½, where a1(T0, Ka) is obtained from Appendix Fig. 1 A
and a2(u) is obtained from Appendix Fig. 1 B. Similarly, b and c are
determined. The final expressions for the coefficients are

aðT0 ; Ka ; uÞ ¼ ð1:9 T0 1 0:0029 Ka  0:0016 T0 Ka Þ
3

5

ð3:8 u 1 3:9 u 1 4:2 u Þ;
bðT0 ; Ka ; uÞ ¼ ð0:57 T0 1 0:0035 Ka  0:0042 T0 Ka Þ
3

5

ð0:001 u  0:055 u 1 0:031 u Þ;

APPENDIX FIGURE 1 Coefficient variations for polynomial fits of indentation over physically reasonable ranges of T0 and Ka. (A) The cone angle is fixed at u ¼
18°. The coefficient a in Eq. 2 is generally dominated by T0 and the cubic term c is dominated by Ka. Fitted expressions are shown above each surface. (B) Dependence
of each of the coefficients of the force-indentation polynomial fit (Eq. 2) on the tip angle, with fixed T0 ¼ 1.0 mN/m, Ka ¼ 450 mN/m. The big dots denote the points
obtained from computation and are fitted by polynomials of the form g1 u 1 g3 u3 1 g5 u5. The curves are almost linear for tip angles ,20°, and can be approximated
by g sin u shown by the dotted line.
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cðT0 ; Ka ; uÞ ¼ð0:089 T0 1 0:0034 Ka  0:00175 T0 Ka Þ
6

6

3

6

5

ð5:6 10 u 1 40 10 u  6 10 u Þ: (A14)
Polynomials with higher-order terms in T0, Ka, and u seem likely at
higher forces.
The expression vector used for the preparation of human SIRPa was a kind gift
from Dr. Axel Ullrich (Max-Planck-Institute for Biochemistry, Germany).
Support for this work was provided by a National Institutes of Health R01
grant to D.E.D.
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