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Abstract

The motion of a heavy rigid ellipsoidal particle settling in an infinitely long circular tube filled with an
incompressible Newtonian fluid has been studied numerically for three categories of problems, namely, when
both fluid and particle inertia are negligible, when fluid inertia is negligible but particle inertia is present, and
when both fluid and particle inertia are present. The governing equations for both the fluid and the solid
particle have been solved using an arbitrary Lagrangian-Eulerian based finite-element method. Under Stokes
flow conditions, an ellipsoid without inertia is observed to follow a perfectly periodic orbit in which the
particle rotates and moves from side to side in the tube as it settles. The amplitude and the period of this
oscillatory motion depend on the initial orientation and the aspect ratio of the ellipsoid. An ellipsoid with
inertia is found to follow initially a similar oscillatory motion with increasing amplitude. Its orientation tends
towards a flatter configuration, and the rate of change of its orientation is found to be a function of the particle
Stokes number which characterizes the particle inertia. The ellipsoid eventually collides with the tube wall,
and settles into a different periodic orbit. For cases with non-zero Reynolds numbers, an ellipsoid is seen to
attain a steady-state configuration wherein it falls vertically. The location and configuration of this steady
equilibrium varies with the Reynolds number.
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(Received 18 November 2004 and in revised form 18 August 2005)

The motion of a heavy rigid ellipsoidal particle settling in an inﬁnitely long circular
tube ﬁlled with an incompressible Newtonian ﬂuid has been studied numerically
for three categories of problems, namely, when both ﬂuid and particle inertia are
negligible, when ﬂuid inertia is negligible but particle inertia is present, and when
both ﬂuid and particle inertia are present. The governing equations for both the ﬂuid
and the solid particle have been solved using an arbitrary Lagrangian-Eulerian based
ﬁnite-element method. Under Stokes ﬂow conditions, an ellipsoid without inertia
is observed to follow a perfectly periodic orbit in which the particle rotates and
moves from side to side in the tube as it settles. The amplitude and the period
of this oscillatory motion depend on the initial orientation and the aspect ratio of
the ellipsoid. An ellipsoid with inertia is found to follow initially a similar oscillatory
motion with increasing amplitude. Its orientation tends towards a ﬂatter conﬁguration,
and the rate of change of its orientation is found to be a function of the particle Stokes
number which characterizes the particle inertia. The ellipsoid eventually collides with
the tube wall, and settles into a diﬀerent periodic orbit. For cases with non-zero
Reynolds numbers, an ellipsoid is seen to attain a steady-state conﬁguration wherein
it falls vertically. The location and conﬁguration of this steady equilibrium varies
with the Reynolds number.

1. Introduction
The study of the motion of non-spherical particles in a viscous ﬂuid has a long
history. Jeﬀery (1992) solved the motion of a free ellipsoid in various types of
unbounded ﬂow under Stokes ﬂow conditions, and also examined the eﬀective
viscosity of a suspension of ellipsoidal particles as a function of particle concentration,
ellipticity and orientation. Cox (1965) investigated the steady motion of a particle
of arbitrary shape at small Reynolds numbers. He considered two types of problem,
one of an arbitrarily shaped body undergoing pure translation in an inﬁnite ﬂuid,
and the other of an axially symmetric body in rotation about its axis, combined with
translation. The force and torque on the body were derived as an expansion in the
Reynolds number. A freely falling spheroid is shown to orientate itself so that its
broad-side is perpendicular to the direction of motion. Wakiya (1957) considered the
† Author to whom correspondence should be addressed: hhu@seas.upenn.edu.
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motion of a spheroid in the presence of boundary walls under Stokes ﬂow conditions.
Using a method of superposition, the expressions for the force and torque on a
spheroid were evaluated numerically for two cases. The ﬁrst one is a spheroid (axis
of symmetry parallel to direction of ﬂow) moving between two parallel plates, and
the second is a spheroid moving in a tube with its axis of revolution along the axis
of the tube.
Broday et al. (1998), while examining the motion of non-neutrally buoyant
spheroidal particles in vertical unbounded shear ﬂows under creeping-ﬂow conditions,
presented a detailed literature review of the study of the motion of non-spherical
particles. They calculated the hydrodynamic forces and moments acting on spheroidal
particles. Particles with inertia are found to migrate across streamlines, and their
trajectories diﬀer considerably from those of the inertialess particles. Sugihara-Seki
studied numerically the motions of an inertialess elliptical particle in a channel
ﬂow (1993) and that of an ellipsoidal particle in a tube ﬂow (1996). He used a
ﬁnite-element method to solve the Stokes equations for ﬂow around a spheroid
placed at various positions in the tube. The instantaneous velocity was used to
compute the particle trajectories. The results from his study have been used in
this work to validate our numerical solver. Liu, Bau & Hu (2004) studied, both
theoretically and experimentally, the sedimentation of a short cylinder inside a long
circular tube in the low-Reynolds-number limit. Bi-cylindrical coordinates were used
to derive an analytical expression for how a long guided eccentric cylinder will
move along the tube. They found that an oﬀ-centred cylinder experiences a torque
which causes it to follow an oscillatory trajectory. Their experiments appeared to
suggest that the amplitude of the oscillation decays. However, their two-dimensional
numerical simulations indicated constant-amplitude oscillations. The issue of whether
the oscillatory motion is damped was not resolved.
Russel et al. (1977) derived the motion of an inertialess rod-like object falling near
a ﬂat wall in Stokes ﬂow. They found that, depending on the initial orientation,
the rod can perform two kinds of motion near the wall. A rod approaching near
a vertical orientation turns smoothly through the vertical and drifts away with the
same end leading which is termed a ‘glancing motion’, while at orientations close to
the horizontal, the wall primarily retards the near end of the rod, causing it to pivot
and move away with the opposite end leading, which is termed a ‘reversing’ motion.
It was shown using a lubrication theory, that the end of the rod touches the wall at
intermediate orientations. They concluded that between two parallel plates, the rod
undergoes a periodic motion. Experiments conﬁrming the theoretical analysis were
also performed. An analysis by Caswell (1972) based on a far-ﬁeld approximation,
predicts that the dividing orientation between these two motions of the particle is 45◦ .
In this paper, the authors have used direct numerical simulations (DNS) to
investigate the motion of an ellipsoid settling in an inﬁnitely long circular tube,
under the inﬂuence of gravity, at low and intermediate Reynolds numbers. The issue
of damping of the oscillatory motion for diﬀerent cases of particle inertia has been
examined. The application of DNS to obtain solutions for the motion of solid objects
undergoing complex motions in ﬂuids has been well established (Hu, Patankar &
Zhu 2001). The use of an arbitrary Lagrangian-Eulerian (ALE) scheme, coupled
with a body-ﬁtted moving ﬁnite-element mesh, to simulate the motion of moving
particles has been documented by Hu and coworkers (1996, 1992, 2001). Previous
numerical ALE results on the motion of particles were restricted to spheres because
of the inherent complexities introduced by asymmetric objects. In this work, the
method established by Hu et al. (2001) has been modiﬁed and extended to capture
the motion of ellipsoids. Section 2 describes the numerical techniques used in the
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ﬁnite-element scheme; following which the set-up of the problem is described. The
ﬁnal section presents the numerical results obtained from the various simulations and
the discussion of those results.
2. Numerical method and meshing
The ﬂuid motion in an inertial frame satisﬁes the conservation of mass,
∇ · u = 0,
and conservation of momentum,


∂u
ρf
+ (u · ∇) u = −∇p + µ∇2 u,
∂t

(1)

(2)

where, u is the ﬂuid velocity vector, µ is the viscosity, ρf is the ﬂuid density, and p
is the dynamic pressure which is obtained by subtracting the gravitational head from
the total pressure.
Consider a suspension of N particles. For the ith particle, particle translation in an
inertial frame of reference satisﬁes the Newton equation given by,
mi

where

dU i
= Fi + Gi ,
dt
dX i
= Ui,
dt

(3)
(4)


σ · n̂ dS,


σ = −pI + µ ∇u + (∇u)T ,
G i = (mi − mf )g,
Fi =

(5)

∂Γi

(6)
(7)

where U i is the particle velocity, X i is the position of the centroid of the i th particle,
F i is the hydrodynamic force exerted by the ﬂuid on the particle, G i is the eﬀective
weight of the particle, mi is the mass of the ith particle, mf is the gravitational
buoyancy term, and g is the acceleration due to gravity. Also, ∂Γi is the surface of
the ith particle, and n̂ is the outward unit vector on the particle surface (pointing
into the ﬂuid). For the rotational part of the motion for the ith particle, the Euler
equation is given by


d L Ii ωi
= I Ci,
(8)
dt
dΘ i
= ωi ,
(9)
dt
where L Ii is the moment of inertia tensor expressed in the inertial frame, ωi is
the angular velocity of the ith particle as observed in the inertial frame, I C i is the
hydrodynamic moment vector, and Θ i is the angular position (Euler angles). The
hydrodynamic moment vector, I C i is given by:

I
(x − X i ) × (σ · n̂) dS,
Ci =
(10)
∂Γi

where σ is the hydrodynamic stress tensor given by equation (6), and x is the position
vector of a point on the surface of the ith particle.
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The moment of inertia tensor, L Ii , is a 3 × 3 matrix with six independent components
that vary with time as the particle rotates. It is possible to choose a reference frame
(principal frame) attached to the body in which L Ii can be diagonalized. Using
standard vector relations, we can derive the following relation between the rate of
change of the angular momentum L Ii ωi in an inertial frame and that in the body
ﬁxed principal frame Ii Ω i , where Ii is the diagonal moment of inertia tensor, Ω i is
the angular velocity vector of the rigid body as observed in the body ﬁxed principal
frame


I L
d Ii ω i
dΩ i
= Ii
+ Ω i × (Ii Ω i ) ,
(11)
dt
dt
where I d/dt denotes time derivatives on the inertial frame. In equation (11), all
the quantities in the right-hand side are expressed in the body ﬁxed frame. Using
equation (11) in equation (8), we can derive the modiﬁed Euler equation expressed in
a body ﬁxed frame as given by:
dΩ i
(12)
+ Ω i × (Ii Ω i ) = C i ,
dt
where C i is now the hydrodynamic moment vector as expressed in the body ﬁxed
frame.
Quaternions (Chou 1992; Kuipers 1999) can be used to represent the orientation
of the rigid body. Every orientation can be identiﬁed with a rotation about some unit
vector a = (a1 , a2 , a3 )T by an angle γ . The matrix corresponding to this rotation is
given by
 2



a1
a1 a2 a1 a3
0
−a3 a2




0
−a1  ,
R = cos γ I + (1 − cos γ ) a2 a1 a2 2 a2 a3  + sin γ  a3
(13)
−a2 a1
0
a3 a1 a3 a2 a3 2
Ii

where I is the identity matrix. This orientation can also be represented by the unit quaternion q = (q0 ; q1 , q2 , q3 ) by setting q0 = cos(γ /2), qi = ai sin(γ /2), i = 1, 2, 3. Then
the rotation matrix becomes
  2


2 q0 + q12 − 1
q1 q3 + q0 q2
q1 q2 − q0 q3




(14)
2 q02 + q22 − 1
R =  q1 q2 + q0 q3
q2 q3 − q0 q1  .
 2

2
q1 q3 − q0 q2
q2 q3 + q0 q1
2 q0 + q3 − 1
This orthogonal rotation matrix, R, maps vectors in the body ﬁxed frame to vectors
in inertial or laboratory ﬁxed frame. Hence, the following relations hold true
C i = RT (I C i ),
Ω i = RT ωi .

(15)
(16)

The above two relations are used to map the hydrodynamic moment vectors and the
angular velocity vectors between the inertial and rotating frames.
The equations governing the evolution of the quaternion parameters are given as
follows (derivation can be found in Kuipers 1999),
 
 

q0
0 −Ωxi −Ωyi −Ωzi
q̇0
q̇  1 Ω


0
Ωzi −Ωyi  q1 
 1
 x

q̇ =   =  i
(17)
 .
q̇2  2 Ωyi −Ωzi
0
Ωxi  q2 
Ωzi Ωyi −Ωxi
0
q3
q̇3
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Since we will be using a second-order scheme for updating the variables, equation (17)
can be diﬀerentiated again to generate the second time derivative for q.
The boundary conditions for the ﬂuid velocity are:
u = ub on ∂Γu ,
u = U i + ωi × (x − X i ) on ∂Γi ,

(18)
(19)

where ∂Γu is the boundary section where the ﬂuid velocity, ub , is speciﬁed, and ∂Γi is
the surface of the i th particle. The boundary condition (19) can also be written as
u = U i + (RΩ i ) × (x − X i ) on ∂Γi ,

(20)

where R is the rotation matrix as given in equation (14).
We solve the governing equations (1)–(3), and (12) to obtain the ﬂow ﬁeld and the
particle velocities.
2.1. Weak formulation
In the ﬂuid–particle systems, owing to the complex irregular nature of the domain
occupied by the ﬂuid, ﬁnite-element techniques are particularly powerful for
discretizing the governing ﬂuid equations. In order to use a ﬁnite-element method, we
ﬁrst seek a weak formulation that incorporates both the ﬂuid and particle equations,
namely equations (1)–(3) and (12).
Let us introduce the function space V, given by

V = (u, U i , Ω i ) | u ∈ H 1 , (U i , Ω i ) ∈ R3
(21)
V=
such that u = U i + (RΩ i ) × (x − X i ) on ∂Γi and u = ub on ∂Γu .
In the above, H 1 corresponds to the Hilbert space deﬁned on the ﬂuid domain, and
R3 stands for the real space for the particle velocities. The space for the pressure is
chosen as L2 and is denoted by
P = {p | p ∈ L2 }.

(22)

To derive the weak formulation for the combined ﬂuid–solid system, we consider
the variation of V (test function) given by
Ṽ = (ũ, Ũ i , Ω̃ i ) ∈ V0 ,

(23)

where the variational space V0 is the same as V, except that u = 0 on ∂Γu . Multiplying
equation (2) by the test function for the ﬂuid velocity, ũ, and integrating over the
ﬂuid domain at time t, we have




 
∂u
(σ · n̂) · ũ dS = 0,
ρf
σ : ∇ũ dV +
+ (u · ∇)u · ũ dV +
(24)
∂t
Γ0
Γ0
16i6N ∂Γi
where Γ0 is the domain occupied by the ﬂuid. It should be noted that the variations
for each variable introduced above are arbitrary except on the particle surface where
the no-slip boundary condition equation (20) enforces the equality of variations of
ﬂuid and particle velocities given by the following relation
ũ = Ũ i + (RΩ̃ i ) × (x − X i ).

(25)

Using (25) and the relations given by equations (3), (5), (8), (10)–(12), we can rewrite
the surface integral inside the summation in equation (24) as follows
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(σ · n̂) dS + (RΩ̃ i ) ·
(σ · n̂) · ũ dS = Ũ i ·
(x − X i ) × (σ · n̂) dS
∂Γi
∂Γi
∂Γi




dU i
dΩ i
− G i + Ω̃ i · Ii
+ Ω i × (Ii Ω i ) .
= Ũ i · mi
dt
dt



(26)

Substituting equation (26) into equation (24) we obtain the combined ﬂuid–particle
momentum equation







∂u
T
+ (u · ∇)u · ũ dV −
ρf
p∇ · ũ dV +
µ ∇u + (∇u) : ∇ũ dV
∂t
Γ0
Γ0
Γ0






dU i
dΩ i
− Gi +
+ Ω i × Ii Ω i = 0. (27)
+
Ũ i · mi
Ω̃ i · Ii
dt
dt
16i6N
16i6N
The weak formulation for the mass conservation equation is obtained in a similar
way to that outlined above. Let p̃ be the variation of pressure p such that p̃ ∈ P.
Here, the function space for both p̃ and p are chosen to be the same since there are
no explicit boundary conditions for the pressure. The weak form of equation (1) is
then given by

p̃(∇ · u) dV = 0.
(28)
Γ0

The details of ALE formulation, spatial and temporal discretization, mesh
generation, and schemes for projecting the variables from the old to the new mesh
can be found in Hu et al. (2001).
3. Validation
To validate our numerical code, tests of an ellipsoid freely moving in Poiseuille ﬂows
were performed and the results were compared with those of Sugihara-Seki (1996)
under Stokes ﬂow conditions. The conditions therein were reproduced with one
diﬀerence. Sugihara-Seki assumes the particles to be massless (and thus inertialess),
and so no net force or torque acts on the particle. However, in this work, even
though the density of the particles can be made quite small (the Stokes number,
which characterizes the particle inertia, is of order 10−6 ), it cannot be put identical
to zero. Consequently, there exists a certain force and torque, albeit small, that
acts on the particle and tends to produce translational and angular accelerations.
This acceleration thus leads to a small transient period. The inertial terms in the
Navier–Stokes equation are put to zero in the comparison tests.
Sugihara-Seki (1996) presented (in his ﬁgure 4) the variation of translational and
angular velocity of an ellipsoid, suspended in a Poiseuille ﬂow within a tube of radius
1.0, as a function of its orientation angle inside the tube at diﬀerent locations. These
velocities have been computed here and compared, as shown in ﬁgure 1. In the plots,
the ellipsoid with its major axis a = 0.8 and minor axes b = c = 0.2 is initially located
at the radial position Y = 0.15, and its orientation angle θ is varied. The notation
and normalization used there (normalization of the velocity is with the maximum
velocity at the inlet and normalization of the angular velocity is with the ratio of the
maximum velocity at the inlet to the tube radius), have been followed for presenting
the results in this section. It is seen that the results agree very well (within 1 %). The
particle trajectories presented in ﬁgure 7 of Sugihara-Seki (1996) also match those
computed in this study.
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Figure 1. Comparisons of the values of velocities of a spheroid in a Poiseuille ﬂow under
Stokes ﬂow conditions. The spheroid is initially placed at an oﬀ-centre location with various
orientations. The line indicates data in ﬁgure 4 of Sugihara-Seki (1996) while the dots represent
values obtained in this study. (a) Translational velocity of ellipsoid. (b) Angular velocity of
ellipsoid.

Sedimenting ellipsoids, simulated using this numerical scheme, also follow the wellknown property of turning their broadside orthogonal to the direction the ﬂow for
the case of non-zero Reynolds numbers (Cox 1965), and of moving in a direction
between the directions of the gravity and the orientation of the long axis for Stokes
ﬂow (Jeﬀery 1922). The rocking motion of a settling ellipsoid at higher Reynolds
numbers (Pan et al. 2003) is also observed.
4. Set-up
The problem set-up consists of an axisymmetric ellipsoid (prolate spheroid) of
aspect ratio (the ratio of the long to the short axis) 2:1, settling in a circular tube
of diameter D, with the centre of the ellipsoid initially located on the axis of the
tube. The gravity is acting along the axis of the tube as indicated in ﬁgure 2. The
major and minor axes of the ellipsoid are a = D/8 and b = c = D/16, respectively.
To simulate the motion of the ellipsoid in an inﬁnitely long tube, the computational
domain moves with the ellipsoid. The two ends of the computational domain are kept
at a distance of 40a from the centre of the ellipsoid on both sides at all times such
that as the ellipsoid moves, any end-eﬀects are minimized. The inlet boundary has a
zero velocity condition (no ﬂux at the bottom end), while the outlet boundary has a
no-stress condition (outﬂow condition at the top end). For an understanding of this
technique see Hu et al. (1992) and the description therein. Numerical experiments
were performed by us to determine the length of tube necessary to ensure that the
end-eﬀects do not play a role in the motion of the body. This was done by moving
the two ends away from the centre of the spheroid in increments and observing the
spheroid’s motion (its velocity and path). After the ends are at a distance of 40a, there
is no further change in the dynamics of the body, and thus this distance is suﬃcient
to ensure that the motion is unaﬀected by these two boundary locations. This length
is thus determined as the physical length of tube required to simulate the dynamics
in an inﬁnitely long tube. The orientation of the ellipsoid can be described by the
angle between the line containing the major axis of the ellipsoid and the direction
of gravity, represented by β (−90◦ < β < 90◦ ), as shown in ﬁgure 2. A view of the
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Figure 2. Geometry of an ellipsoid initially oriented at an angle β and located at the centre
of a cylindrical tube. D is the tube diameter, a, b, c are the major and minor axes, respectively.
The focus in this study is on a spheroid (b = c).

ﬁnite-element mesh used in the simulations is shown in ﬁgure 3. Mesh convergence
tests, similar to that performed to determine the length of tube required to simulate
behaviour in an inﬁnitely long tube, indicate that this mesh is ﬁne enough to resolve
the ﬂow ﬁeld for the Reynolds numbers presented in this study.
Starting at time t = 0, the spheroid is released from its initial position and is allowed
to settle freely inside the tube. The motion of this spheroid is tracked. The simulation
is carried out until a steady state is reached if one exists, or until a deﬁnite conclusion
about the particle’s trajectory can be drawn. The results from the various test cases
have been presented in the next section.
5. Results and discussion
The parameters deﬁning this problem are the ﬂow Reynolds number based on the
particle characteristic settling velocity and the long axis of the ellipsoid (Re), the ratio
of densities of the particle to that of the ﬂuid (ρp /ρf ), and the initial orientation of
the particle with respect to the direction of gravity (which is also the direction of the
axis of the cylinder), as described by the angle β in ﬁgure 2. The eﬀect of the aspect
ratio of the particle (a/b) has also been explored. The rest of the parameters such
as the initial radial location of the particle and the relative size of the particle with
respect to the tube diameter are ﬁxed in this study.
It can be seen from the symmetry consideration, that in the given set-up, there
exist two orientations of the ellipsoid, which represent equilibrium conﬁgurations
when the centre of the ellipsoid lies along the axis of the tube. These orientations

Sedimentation of an ellipsoid inside an inﬁnitely long tube
(a)
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(b)

Figure 3. Finite-element mesh for a spheroid settling in a circular tube. (a) Overall view of the
computational domain. (b) Surface meshes on the spheroid and the region on the cylindrical
tube where the spheroid is the closest. The mesh consists of 35 891 quadratic tetrahedral
volume elements, 6864 surface nodes and 51 286 total nodes in the volume.
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are given by the conﬁguration when the long axis of the ellipsoid is either aligned
with the tube axis (β = 0◦ ), or is perpendicular to it (β = 90◦ ). For the motion in an
inﬁnite Newtonian ﬂuid, at a non-zero Reynolds number, the orientation with the
axis perpendicular to the direction of gravity (β = 90◦ ) is known to be stable while
the other orientation(s) is(are) unstable (Cox 1965). This result is not valid when
the Reynolds number is high enough to cause inherent unsteadiness due to vortex
shedding. The onset of unsteadiness at a critical Reynolds number will be a subject of
future investigations. Under Stokes ﬂow conditions in an inﬁnite medium, an ellipsoid
settles steadily along a direction between the gravity and its orientation and does not
rotate (Jeﬀery 1922). However, the bounding walls of the tube, in which the ellipsoid
is settling, may induce forces and torques, such as those shown in Happel & Brenner
(1980, pp. 298–321), which change the motion of the ellipsoid. The forces and torques
on a sphere moving along the axial direction in a circular tube have been evaluated
in that study using a method of reﬂections.
5.1. Motion of a spheroid without inertia in Stokes ﬂow
The inertial terms in the ﬂuid momentum equation (2), can be set identical to zero
in the numerical calculations, which leads to a linear set of equations, the Stokes
equations. The ﬁrst objective in this study is to investigate the motion of an ellipsoid
in a bounded domain, under Stokes ﬂow conditions, and to determine how the particle
inertia aﬀects this motion. For an inertialess particle, the value of the dimensionless
parameter (Stokes number) ρp vp a/µ is selected to be very small (of the order of
10−5 ), where vp is the characteristic settling velocity of the ellipsoid.
It is well known that the expected motion of an inertialess particle in Stokes ﬂow,
has to be time reversible. This implies that if the direction of the external force (here
gravity) is reversed, the particle should retrace the path travelled by it. It is also
known that under Stokes ﬂow conditions and in an inﬁnite medium, a non-spherical
body (for example an ellipsoid) settles steadily, and the motion of the body is along
a direction between the direction of gravity and the direction given by the long axis
of the body (Cox 1965). When the ellipsoid is conﬁned inside a tube, if the particle
is oriented symmetrically, (β = 0, β = π/2 etc.), it does not experience any lateral
force since it does not have any preferred direction of motion. However, for all other
orientations, the ellipsoid moves towards the tube wall and thus the dynamics of its
motion depends on the nature of the wall–particle interaction that inevitably occurs.
In the current set-up, owing to symmetry considerations, the spheroid should only
move in the (x, y)-plane and rotate about the z-axis (ﬁgure 2). In view of this, we
constrain the simulation such that the spheroid is restricted to a translation in the
(x, y)-plane and a rotation about the z-axis. If such a constraint is not applied,
numerical errors accumulated over time may eventually break the symmetry. The
motion of a completely free spheroid has been discussed in a subsequent section.
The motion of an inertialess spheroid, initially centred, sedimenting in an inﬁnitely
long tube is depicted by a sequence of snapshots taken at regular time intervals in
ﬁgure 4 with the particle centred vertically in each shot.
The initial motion of the particle, when it is released from rest at the centre of the
tube, is relatively unaﬀected by the presence of the tube wall. As the spheroid settles, it
moves towards the wall, as seen in ﬁgure 4(a–c). In studying the motion of a spheroid
moving between stationary walls in Happel & Brenner (1980, pp. 332–337), it has
been observed that the spheroid rotates owing to the torque exerted by the ﬂow ﬁeld.
The direction of this torque is seen to be a function of the spheroid’s aspect ratio. In
a similar fashion, in ﬁgure 4(c–e) it can be seen that as the spheroid approaches the
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Figure 4. Sedimentation of an inertialess spheroid inside a tube under Stokes ﬂow conditions.
The initial angle of orientation is β = −45◦ , and the aspect ratio of the spheroid is a/b = 2.0.
The tube diameter is D is 8a. One period of oscillation will be comprised of panels from (a)
to (n). The corresponding distance travelled along the length of the tube is shown in ﬁgure 5.
The time elapsed between consecutive panels is constant.

sidewall of the tube, it experiences a torque which rotates the particle. The direction
and magnitude of this torque will be a function of the aspect ratio and the angle of
approach of the spheroid, and the tube radius. In the present set-up (initial orientation
β = − 45◦ , a/b = 2), the direction of rotation is ﬁrst counterclockwise. The spheroid
rotates near the wall such that its new orientation, after undergoing the rotation, is
exactly opposite (i.e. given by a new direction of −β) to the one at which it was
oriented while approaching the wall, which is seen in ﬁgure 4(e–g). Thus, its lateral
motion is now in the direction opposite to the one at which it initially started, with
its orientation reversed, shown in ﬁgure 4(g–j ). Subsequently, because of the periodic
reversal of orientation of the particle, a periodic side-to-side motion is set up with the
particle moving towards one side of the cylinder wall, rotating near it, reversing its
direction of motion and then moving towards the other side. Such a periodic motion
was also observed by Liu et al. (2004) in their experiment of a cylinder falling in a
long tube. The period of oscillation from one side to the other, naturally, is a function
of the initial orientation and the radius of the tube in which the spheroid is falling.
As the initial orientation of the spheroid becomes more vertical, the period of its
oscillatory motion is seen to increase. A decrease in the period is seen with a decrease
in the radius of the tube. It can be seen that such a motion also satisﬁes the time
reversibility expected from such a system. The motion of the centre of the spheroid
follows the path shown in ﬁgure 5.
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Figure 5. Motion of the centre of an inertialess spheroid, settling inside a tube under Stokes
ﬂow conditions. The motion occurs in the (x, y)-plane. The initial angle of orientation is
β = −45◦ . The amplitude of this oscillation is 2.24 (corresponding to a dimensionless value of
0.56).

In summary, an inertialess spheroid follows a perfectly periodic orbit when settling
in a long tube under Stokes ﬂow conditions. The motion shown in ﬁgure 4 is consistent
with the observed ‘glancing’ motion in Russel et al. (1977) for a rod between two
parallel plates. Figure 6 shows the amplitude of this periodic motion as a function of
the initial orientation of the spheroid, β, as deﬁned in ﬁgure 2. The amplitude has
been normalized with the tube radius D/2.
The increase in the amplitude of the oscillatory motion with an increase in the
orientation β can be explained on the basis of how the direction of motion of the
spheroid varies with its orientation. In the absence of external torques (as in Stokes
ﬂow in an inﬁnite medium), this direction is between the direction of gravity and the
direction of orientation of the long axis (Cox 1965), (say φ, 0 < φ < β). Thus with an
increase in β, the angle of motion φ also increases. The spheroid continues to move
in this direction towards the wall until the torque induced by the wall rotates it to
the vertical orientation (β = 0◦ ) after which it starts to move away from the wall, as
seen in ﬁgure 4. Hence, the larger the initial angle of orientation, the longer the time
required to rotate the particle back to β = 0◦ , and hence, the longer it will continue
to move towards the wall.
It can be imagined from ﬁgure 2, that the maximum amplitude of oscillation that
can be achieved is given by D/2 − b which when normalized with the tube radius
gives a value of 0.875 for the present set-up. Upon examining the trend in ﬁgure 6,
it can be seen that there will exist a particular value of initial orientation at which
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Figure 6. Amplitude of the oscillation (normalized with the tube diameter) of a spheroid in
a tube as a function of its initial orientation. The tube diameter is kept ﬁxed at D = 8a and
the aspect ratio of the spheroid is a/b = 2.

this amplitude will be reached. Through numerical experiments, it is found that this
corresponds to an initial orientation of around 70◦ . At this critical orientation angle,
the spheroid moves to a location near the wall wherein the smallest gap between
the particle and the tube wall is so small (less than 0.1 % of the short axis of the
spheroid) that it essentially can be considered as a collision between the spheroid
and the cylindrical wall. Naturally, it follows that since the amplitude increases with
initial β, collision occurs for all orientations higher than the critical value β > 70◦ .
Furthermore, the critical angle beyond which collision occurs, is a function of the
aspect ratio of the spheroid. To understand the reason for this collision, ﬁgure 7
shows the variation of the torque with the radial position for a spheroid, constrained
to settle vertically without rotation, in a tube under Stokes ﬂow conditions. The value
of the torque has been normalized with Vag(ρp − ρf ), where V is the volume of the
spheroid, a is the length of the major axis, and g is the acceleration due to gravity.
The radial position has been normalized with the tube radius D/2.
The direction of torque acting on the spheroid, changes at a particular radial
location. In ﬁgure 4(h–m), it was seen that the rotation of the spheroid, was about
the negative z-axis. This direction of rotation can be characterized as reverse-contact,
i.e. the particle rotates as if it is rolling up the tube near the closest contact (Liu et al.
1993). If the particle is restrained from this rotation, the resultant torque acting on it
can be called a ‘reverse-contact torque’. This reverse-contact torque is responsible for
eventually moving the spheroid away from the wall, as in ﬁgure 4(m–p). However,
as the spheroid comes closer to the wall, the torque changes direction. The reversecontact torque decreases the angle of orientation β, when 0◦ < β < 45◦ , which in turn
reduces the lateral force taking the spheroid towards the wall. A reversal of torque
will have the opposite eﬀect and thus will take the spheroid closer to the tube wall.
Figure 7 also shows that as the orientation angle β is increased, the magnitude of
reverse-contact torque reduces, i.e. the reverse-contact rolling of the particle, which
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Figure 7. Normalized torque acting on a spheroid as a function of its normalized radial
position in the tube. The spheroid is on the right-hand side of the tube, similar to those seen
in ﬁgure 4(h–j ). The torque has been normalized with Vag(ρp − ρf ) and the radial position
has been normalized with the tube radius.

counteracts the motion towards the wall, is reduced. Consequently, an increase in the
orientation angle β causes an increase in the amplitude of oscillation, and eventually
a collision.
The aspect ratio, e, of a spheroid is deﬁned as the ratio of the long to short axis
(e = a/b from ﬁgure 2). Thus, a spheroid with an aspect ratio of value one is a sphere.
As the value of e changes, the period of motion from one side to the other and the
amplitude of this oscillation change accordingly. This variation is shown in ﬁgure 8.
The amplitude has been normalized with the tube radius D/2.
A sphere will fall vertically if it is released from the centre of the tube, corresponding
to a motion with zero amplitude. The lateral force acting on a spheroid increases
as its aspect ratio is increased (Jeﬀery 1922), which carries the particle closer to the
tube wall as seen. At a large enough value of e, collision with the wall may occur.
The combined eﬀect of the aspect ratio and the angle of orientation, determines the
periodic motion of a spheroid settling in an inﬁnite tube in Stokes ﬂow.
5.2. Motion of a spheroid with inertia in Stokes ﬂow
The motion of a spheroid with inertia in a Stokes ﬂow can follow diﬀerent dynamics
from the one outlined above, as demonstrated in Broday et al. (1998) for spheroids in
shear ﬂows. The eﬀects of particle inertia can be characterized by the particle Stokes
number St = ρp vp a/µ, where ρp is the density of the particle, vp is the characteristic
velocity of the particle, a is its characteristic size (long axis of the spheroid), and µ is
the viscosity of the suspending ﬂuid. This Stokes number can also be understood as
being proportional to the ratio of the viscous relaxation time of a particle tp = m/6πµa
to the ﬂow time a/vp , where m is the mass of the particle. The ratio of the Stokes
number to the Reynolds number, is the density ratio ρp /ρf . In a numerical approach,
we can investigate independently the eﬀects of particle inertia and ﬂuid inertia on the
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Figure 8. Normalized amplitude of oscillation of a spheroid in a tube as a function of its
aspect ratio. The plots for two initial values of the orientation β = 30◦ and 45◦ are presented.
The amplitude has been normalized with the tube radius.

particle motion. The decoupling of these two allows us to understand the underlying
physics better. The inertial terms in the governing ﬂuid equations are set to zero and
the resulting system is called Stokes ﬂow with zero Reynolds number. The same is
not done for the Stokes number.
A spheroid in an inﬁnite medium under Stokes ﬂow conditions does not experience
any torque. However, near a wall, the particle does experience a torque which gives rise
to an angular acceleration and velocity. Herein comes a diﬀerence in the spheroid’s
motion as compared to the case of an inertialess spheroid. It was shown earlier, that
the orientation of an inertialess spheroid is perfectly periodic during its sedimentation
(see ﬁgure 5). Figure 9 demonstrates that the motion (both position and orientation)
of a spheroid with inertia is oscillatory, but not perfectly periodic. The amplitude of
this side-to-side oscillatory motion is seen to increase over time.
As shown in ﬁgure 9, a spheroid with inertia settling in Stokes ﬂow, experiences an
increase in its orientation, whereby over periods of oscillations, it tends to migrate
towards a conﬁguration in which its long axis is perpendicular to gravity. The change
in the spheroid’s orientation over periods of oscillatory motion is shown in ﬁgure 10.
This rate of change of the orientation angle is found to be a function of the Stokes
number. It is observed that the spheroid eventually approaches a critical orientation
angle at which the spheroid collides with the sidewall of the tube. Particles with higher
Stokes numbers tend to reach this orientation faster (within fewer periods). The eﬀect
of the Stokes number on the rate of change of the orientation is shown in ﬁgure 11.
The change is measured for a spheroid, initially oriented at an angle of β = 45◦ , over
the ﬁrst few cycles of its motion, which is equal to the initial slope of the curve in
ﬁgure 10. However, it can be seen from the slopes of the curves in ﬁgure 10 that this
rate of change is nearly independent of the initial angle of orientation, and levels oﬀ
after a certain number of cycles have elapsed.
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Figure 9. Motion of a spheroid with inertia settling inside a tube under Stokes ﬂow conditions.
The spheroid moves in the (x, y)-plane and rotates about the z-axis. The initial orientation
of the spheroid is −30◦ and the mean Stokes number is around 22.5. The tube diameter is
D = 8a and the aspect ratio of the spheroid is a/b = 2. The normalization has been done with
the tube radius. The orientation angle is measured in degrees.
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Figure 10. Change in the orientation of a spheroid with inertia, as it falls in a long tube. The
orientation angle (in degrees) is measured when the centre of the spheroid coincides with the
axis of the tube. The dotted line indicates the critical orientation angle at which the spheroid
collides with the sidewall of the tube. The mean Stokes number is around 22.5.
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The increase of the orientation angle over each cycle, as the spheroid rotates near
the wall, is certainly due to the particle inertia. For a spheroid without inertia,
the net torque and force acting on it are always zero and so are the angular and
translational accelerations. Thus, the particle’s translational and angular velocities
respond instantaneously to a change in the ﬂow around the particle. However, for
a spheroid with inertia, a torque opposing its rotation causes a deceleration which
takes a ﬁnite time to change its angular velocity. This causes the angular velocity of
the particle to lag behind the changes in the local ﬂow ﬁeld. An eﬀect of this lag is
that the spheroid rotates more (over-rotates), causing further increase in its maximum
orientation. The eﬀect of increasing inertia, as seen by the increase in the Stokes
number in ﬁgure 11, is to further increase this eﬀect and hence the faster change in
the particle orientation. A consequence of this increase in the orientation over time
is the increase of the amplitude of the spheroid’s trajectory as it moves from side to
side. This increase is illustrated in ﬁgure 9 and can be explained by combining the
inertia eﬀect with the eﬀect due to the change of orientation seen in ﬁgure 6.
Figure 10 shows that the orientation angle approaches a limiting value of around
70◦ , irrespective of its starting value, after a few oscillations. In ﬁgure 6, it was seen
that at this angle, the spheroid collides with the sidewall of the tube. In simulations,
when the spheroid becomes close to the tube wall, ﬁner meshes are introduced in the
gap between the spheroid and wall to resolve the ﬂow ﬁeld there. These simulations
capture the exact hydrodynamic forces acting on the spheroid. The minimum gap in a
case for an inertialess particle with an initial orientation angle of β = 75◦ is shown in
ﬁgure 12. It is seen that this number drops monotonically to a very small value (0.1 %
of the particle diameter). Since the local mesh size is comparable to this gap size, the
number of elements in the region goes up as this gap reduces, thereby increasing the
size of the numerical simulation. Furthermore, a reduction in the time step is required
to resolve this collision process. These two factors make the full spatial and temporal
resolution of the collision process prohibitively expensive. This monotonic drop of

374

T. N. Swaminathan, K. Mukundakrishnan and H. H. Hu
100

Gap size

10–1

10–2

10–3

10–4

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Time

Figure 12. Minimum gap between a spheroid and the cylinder wall as a function of time.
The ellipsoid was released from an initial angle of β = 75◦ . The tube diameter is D = 8a and
the aspect ratio of the spheroid is a/b = 2. The mean Stokes number is around 22.5. The
normalization of the gap has been done with the tube radius. The normalization of time has
been done with 4ρf a 2 /µ.

the minimum gap size, also indicates that actual collision occurs between the particle
and the wall. In such cases, capturing collision without modelling ﬁlm rupture is
not possible. Similar collision, between a rod and a planar wall, was predicted using
lubrication theory by Russel et al. (1977).
To circumvent this diﬃculty, a simple collision model was developed where shortrange contact forces normal to the surface of the spheroid are used to prevent the
spheroid from touching the wall. This model is activated when the minimum gap
between the spheroid and the boundary wall is less than 5 % of the long axis of
the spheroid a. This collision model acts to provide an inelastic collision between
the two objects. It acts at the point of impact of the two surfaces and the collision
force is normal to the colliding surface at this point. The value of the collision force
is controlled so that the body is pushed away from the collision point and the new
minimum distance between these two surfaces is 5 % of the long axis of the spheroid.
In simulations where frequent collisions were not seen, no collision model was used
and the hydrodynamics in the gap, manifesting itself as a lubrication force, naturally
prevents overlap of the two surfaces.
A spheroid at a ﬁnite Stokes number, when released from an initial orientation
angle less than the critical angle, tends to approach an orientation close to the critical
angle and thus collides with the tube wall. For the initial orientations less than 70◦ , it
was seen, as in ﬁgure 4, that the rotation of the spheroid near the wall always reverses
its orientation (reverse-contact rolling along the closest wall). However, for the initial
orientations larger than 70◦ , the direction of rotation is in the sense that the spheroid
rotates through the horizontal orientation, β = 90◦ , at the contact in collision (with
regular rolling around the contact point). This is shown in ﬁgure 13. These two types
of motion, reverse-contact and regular rolling, can be compared to the ‘glancing’ and
‘reversing’ motion analysed by Russel et al. (1977).
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Figure 13. Motion of a sedimenting spheroid near the sidewall, at orientations exceeding the
critical value. The initial orientation of the spheroid is 105◦ and the mean Stokes number is
around 22.5. The tube diameter is D = 8a and the aspect ratio of the spheroid is a/b = 2.

Using the simple collision model, it was seen that a spheroid with inertia, after
colliding with the sidewall, eventually settles into a perfectly periodic orbit, as shown
in ﬁgure 14. Consider the motion of the spheroid in one period of oscillation as
presented in ﬁgure 14(b). The particle moves left across the centreline of the tube with
an orientation of around 105◦ (equivalent to −75◦ ). While the particle is approaching
the wall, it experiences a reverse-contact torque (see ﬁgure 7) which rotates the
spheroid towards a more vertical orientation. When the particle becomes very close
to the wall, it collides with the tube wall at an orientation of around 125◦ (or −55◦ );
its settling velocity decreases sharply and it rotates in a direction opposite to the
reverse-contact sense, which gives rise to the sharp transition in the orientation angle.
Once the particle rotates across the horizontal orientation, β = 90◦ , it starts to move
away from the wall. The direction of torque once again becomes reverse-contact after
the spheroid has moved a certain distance from the wall. This torque is responsible
for the local peak as the particle crosses the centreline towards the right-hand side
because it acts in opposite directions on the two sides of this centreline. This oscillatory
motion is a stable limit cycle, and unlike the case shown in ﬁgure 5, contains both
reverse-contact and regular rolling.
It can be seen that the only torque on the spheroid is due to the sidewall since in
an inﬁnite medium there is no torque. The only position with net zero wall torque is
when the centre of the spheroid is exactly on the axis of the tube and the spheroid
is oriented at an angle of either 0◦ or 90◦ . Hence, these are the only two possible
equilibrium orientations. However, because of the reasons stated previously, neither
of these is stable. Over many cycles, the orientation of a spheroid with a ﬁnite
Stokes number, is seen to approach a value close to the critical value. Thus, an
initial orientation of β = 0◦ and β = 90◦ can be classiﬁed as ‘unstable’ orientations
and there is a limit cycle near the critical orientation angle. In the case of zero Stokes
number, these two orientations are ‘centres’ with the existence of periodic orbits near
them. Thus, the non-reversibility introduced by the particle inertia manifests itself by
altering the characteristics of the equilibrium conﬁgurations.
5.3. Motion of an unconstrained spheroid in Stokes ﬂow
As discussed above, if a spheroid is released at the centre of a long tube, owing
to symmetry considerations, its motion will be conﬁned to a plane containing the
long axis of the spheroid and the axis of the tube. However, in numerical simulations,
because of the asymmetry in the ﬁnite-element mesh, small errors in the hydrodynamic
forces and torques will perturb the motion of the spheroid and push it away from
the symmetry plane. Since there is no hydrodynamic force to restore the particle
to its original symmetry plane, the particle will generally wander in the tube as it
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Figure 14. Long-term periodic motion of a spheroid with inertia settling inside a tube under
Stokes ﬂow conditions, after it collides with the tube wall. The initial orientation of the
spheroid is 105◦ and the mean Stokes number is around 22.5. The normalization has been
done with the tube radius. Snapshots of the particle position are presented in ﬁgure 13.
(a) Motion over many periods. (b) Zoom in view of the motion over one period.

settles. To prevent the buildup of these errors over time, in the simulations presented
so far, these erroneous forces have been set to zero, and thus the motion of the
body is somewhat constrained. In any practical system, these errors can be associated
with imperfections of experiments such as surface roughness, disturbances caused by
external factors, etc. Figure 15 shows an example of a three-dimensional motion of
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Figure 15. Path of the centre of an unconstrained inertialess spheroid falling in a tube under
Stokes ﬂow conditions. Initial orientation of the spheroid is β = −15◦ . The aspect ratio of the
spheroid is a/b = 2.0 and the tube diameter is D = 8a. (a) (x, y)-view. (b) (y, z)-view. (c) (x, z)view.

a completely unconstrained spheroid wherein these erroneous forces act and displace
the motion of the spheroid from its symmetry plane.
In ﬁgure 15, an inertialess spheroid was released from the centre, with its initial
orientation β = −15◦ and was allowed to settle freely. Initially, its motion is similar
to that of a constrained spheroid. However, after the particle has settled a certain
distance along the tube, the numerical error accumulates and causes the spheroid to
break away from its symmetry plane. While the particle is in the symmetry plane, the
forces and torques in the directions, apart from those in which it is supposed to move,
are very small. However, once the symmetry is broken, the particle deviates from its
expected trajectory. Furthermore, its interaction with the sidewall of the tube results
in a complex and unpredictable path, as shown in ﬁgure 15. While in the symmetry
plane, the particle only rotates about the z-axis. However, the breakage of symmetry
results in the rotation of the particle about the other axes too.
This chaotic motion is not the result of numerical errors, but is inherent to the
geometry and physics of the system. Further simulations of unconstrained ellipsoids in
Stokes ﬂow reveal that when the ellipsoids are released oﬀ-centre in non-symmetrical
conﬁgurations, the motion is similar to that shown in ﬁgure 15, in that the motion
is generally non-periodic, unpredictable and highly sensitive to changes in the initial
conﬁguration. One such case is illustrated in ﬁgure 16.
5.4. Motion of a spheroid at low and moderate Reynolds numbers
This section discusses the motion of a spheroid falling in an inﬁnitely long tube at ﬁnite
Reynolds numbers. The ﬂuid inertia leads to a change in the long-term behaviour of
the spheroid. In our simulations, we ﬁxed the density ratio ρp /ρf = 1.5. As a ﬁrst step
towards understanding the forces and torques experienced by a spheroid in non-zero
Reynolds-number ﬂows, simulations of a falling spheroid in an inﬁnite medium have
been performed. A spheroid, constrained to fall vertically without rotation, is released
from rest and allowed to fall until it reaches its terminal velocity. At this velocity, the
torque and the horizontal forces acting on the spheroid are recorded and shown in
ﬁgure 17. To achieve the eﬀect in an inﬁnite medium, the ellipsoid is placed inside a
cylinder of large radius (=32a). It is seen numerically that any further increase in the
cylinder diameter causes no perceptible change in the ﬂow ﬁeld. The notion of the
inﬁnite tube is achieved in a similar way to the case of Stokes ﬂow with the inlet and
exit of the tube at a distance of 80b away from the spheroid.
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Figure 16. Motion of an inertialess unconstrained spheroid falling in a tube under Stokes
ﬂow conditions. Initial orientation of the spheroid is β = −15◦ . The centre of the spheroid is
oﬀ-centre from the axis of the tube by a distance of 1.0 in the both the y- and z-directions.
The aspect ratio of the spheroid is a/b = 2.0.
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Figure 17. Variation of the lateral force and torque experienced by a spheroid, constrained
to settle vertically without rotation, as a function of its orientation and the Reynolds number.
The force has been normalized with V g(ρp − ρf ), and the torque with Vag(ρp − ρf ), where V
is the volume of the spheroid.

At the symmetric orientations (β = 90◦ and β = 0◦ ), the values of the lateral force
and torque are identically zero. In between these two orientations, both the lateral
force and the torque are seen to obtain a highest value near the β = 45◦ conﬁguration.
The lateral force and the torque increase with the Reynolds number. The variation
seen in ﬁgure 17 indicates that near the limit of zero Reynolds number, the torque
approaches zero, while the lateral force reaches a plateau, which is as expected. A
discussion on the forces acting on a settling ellipsoid in an inﬁnite medium is given in
Happel & Brenner (1980, pp. 220–227). The two equilibrium orientations previously
mentioned (β = 0◦ and β = 90◦ ) are classiﬁed as unstable and stable, respectively, at
non-zero Reynolds numbers. At higher values of Re, vortex shedding occurs and the
motion of a spheroid is inherently unsteady, and such a motion is out of the scope
of the present study.
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(a)
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(b)

Figure 18. Steady-state radial position and orientation for a spheroid settling in a tube at
ﬁnite Reynolds numbers. The density ratio ρp /ρf = 1.5. The aspect ratio of the spheroid is
a/b = 2.0 and the tube diameter D = 8a. The Reynolds number is changed by adjusting the
viscosity of the ﬂuid. (a) Re = 0.3. (b) Re = 0.9.

For the case of a spheroid settling in a long tube with a Reynolds number of order
O(1), the spheroid reaches a steady-state conﬁguration, wherein it falls vertically
with no net force or torque acting on it. This equilibrium conﬁguration is seen to
be dependent on the Reynolds number. The locations of this equilibrium for two
diﬀerent values of Reynolds numbers are illustrated in ﬁgure 18. Figure 19 plots the
path of the centre as well as the orientation of a spheroid as it settles in an inﬁnitely
long tube.
The variation of the equilibrium position and orientation as functions of the
Reynolds number is shown in ﬁgure 20. As previously stated, there are no steadystate positions for Re = 0. Unsteadiness sets in at higher Reynolds numbers owing to
vortex shedding.
The location of the radial equilibrium position can be explained by examining
the two contributions to the torque acting on the spheroid. These two contributing
factors are the ‘restoring torque’ due to ﬂuid inertia which tends to turn the particle
perpendicular to the gravity, as seen in ﬁgure 17, and the ‘reverse-contact torque’ due
to the bounding wall, as in ﬁgure 7. Clearly these two torques, when the spheroid is
in equilibrium, will be equal and opposite. If the orientation of the spheroid is ﬁxed,
as the Reynolds number increases, the restoring torque is seen (from ﬁgure 17) to
increase. To balance this increase, the spheroid must move radially inward such that
the value of the reverse-contact torque increases accordingly as shown in ﬁgure 7.
Therefore, with an increase in Re, the equilibrium radial position of the spheroid is
expected to decrease. Naturally, at this equilibrium location, the lateral forces acting
on the spheroid are also in balance. The force directing the particle towards the wall
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Figure 19. Transient motion of a sedimenting spheroid in a tube. The spheroid translates in
the (x, y)-plane and rotates about the z-axis. The Reynolds number is 0.6. The normalization
is with the tube radius.

90
Radial position

Orientation angle

0.6

88

0.4

86

0.2

84

0

0.5

1.0

1.5
2.0
2.5
Reynolds number

3.0

3.5

Orientation angle in steady state

Normalized radial position in steady state

0.8

82
4.0

Figure 20. Radial position and orientation of a spheroid in its equilibrium steady-state
conﬁguration as a function of the Reynolds number of the ﬂow. The radial position is
normalized with the tube radius. The aspect ratio of the spheroid is a/b = 2.0.

is similar to that seen in ﬁgure 17. An inward force due to the sidewall counters
this force for equilibrium. These two forces can be termed as ‘long-body force’ and
‘wall force’, respectively. For a ﬁxed orientation and Reynolds number, it can be
expected that the wall force will decrease as the distance between the spheroid and
the wall increases. Figure 17 shows that at around Re = 2, there is a rapid increase
in the long-body force. Since, as shown above, a balance of torques requires that the
spheroid be not close to the wall at such a value of Reynolds number, the wall-force is
unable to balance the long-body force at any orientation other than at β s 90◦ , where
the long-body force itself is very small. At the horizontal orientation, β s 90◦ , the
restoring torque is also very small. Hence, the reverse-contact torque must also be very
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Figure 21. Forces and torques acting on a spheroid, constrained to sediment vertically without
rotation in an inﬁnitely long tube, as a function of its radial position inside the tube at two
diﬀerent orientations. The equilibrium radial position for this Reynolds number is 0.21, and
the equilibrium orientation is β = 84.5◦ . The radial position has been normalized with the tube
radius. (a) β = 84.5◦ . (b) β = 87◦ .

small which is achieved when the spheroid is at the centre of the tube. This change
in the behaviour corresponds to the sharp decrease in the equilibrium radial position
seen in ﬁgure 20. The observation that the particle achieves a steady equilibrium
at the centreline of the tube, with a horizontal orientation, agrees with the results
from Feng et al. (1994) for the case of a sedimenting two-dimensional elliptic cylinder
between parallel walls at similar values of the Reynolds number. They observed that
this equilibrium becomes unstable at Reynolds number around 25. The oscillatory
motion described in that study, upon further increase in the Reynolds number,
should also occur here for the three-dimensional situations. However, they missed the
stable equilibrium conﬁgurations, oﬀ the centreline of the tube, for particle Reynolds
numbers less than 2.0. Aidun Lu & Ding (1998) used the lattice-Boltzmann method
to study ellipsoids settling in an inﬁnite channel and also reported the presence of
torque-free equilibrium positions.
To verify the location of the equilibrium conﬁguration, the force and torque
acting on the spheroid at Re = 1.85, have been recomputed when the spheroid is
perturbed from its equilibrium position and orientation. Results of those calculations
are shown in ﬁgure 21. The spheroid is constrained to fall vertically without rotation,
at its equilibrium orientation of β = 84.5◦ . The force and torque are noted as a
function of the radial position of the particle inside the tube. It can be seen, from
ﬁgure 21(a), that the both the force and torque become identically equal to zero only
at the equilibrium radial position of 0.21. Also from ﬁgure 21(b), it is evident that for
an orientation, which is diﬀerent from the equilibrium one of β = 84.5◦ , there exists
no position where both the force and torque are zero, implying that for this particular
Reynolds number, only one combination of position and orientation is possible for
the equilibrium.
The dependence of the equilibrium position and orientation of the spheroid as
functions of its aspect ratio has also been examined. The results are shown in
ﬁgure 22. In many ways, the eﬀect of an increase in the aspect ratio is similar to an
increase in the Reynolds number. Both lead to a rise in the long-body force and the
restoring torque. The argument, showing why an increase in Reynolds number caused
a decrease in the equilibrium radial position (seen in ﬁgure 20), is thus similarly
applicable to an increase in the aspect ratio. The balance of torques (restoring and
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Figure 22. Variation of equilibrium position and orientation for diﬀerent values of aspect
ratio of the spheroid. The radial position has been normalized with the tube radius. The density
ratio ρp /ρf = 1.5 and the tube diameter D = 16b. The aspect ratio is changed by adjusting the
value of a.
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Figure 23. Transient motion of a spheroid settling in a tube at a Reynolds number around
1.0. Initial orientation of the spheroid is β = −45◦ . The aspect ratio of the spheroid is a/b = 2.0
and the tube diameter D = 8a. The density ratio ρp /ρf = 1.5.

reverse-contact) will require that as the aspect ratio of the spheroid is increased, the
reverse-contact torque also be increased, and hence, the radial equilibrium position
moves inward. Variations to this general rule may occur depending on the equilibrium
orientation angle (β at equilibrium will not be the same for diﬀerent aspect ratios).
Since the spheroid has been constrained to move in its symmetry plane, it reaches
its equilibrium conﬁguration without any rotation with respect to the x- or y-axis.
However, by symmetry considerations, it is easy to see that there exist an inﬁnite
number of radially symmetric positions of equilibrium wherein the orientation of
the body will be diﬀerent with respect to the given ﬁxed coordinate system, but will
essentially be the same when considering the y-axis as being along the radial direction
from the axis of the tube to the centre of the body with the x-axis being along the
direction of gravity. The motion that the particle undergoes to reach this orientation
is shown in ﬁgure 23 for a particular Reynolds number.
Figure 24 shows the transient path of the centre of a spheroid which settles in an
inﬁnite tube at various Reynolds numbers. All the paths eventually reach equilibrium
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Figure 24. The motion of the centre of an ellipsoid settling in a long tube seen at various
Reynolds numbers. The particle centre initially lies along the axis of the tube and the initial
orientation angle β = −45◦ . The normalization is with the tube radius.

states. It should be noted that while the ﬁnal position may correspond to a positive
(right-hand side of tube) or negative (left-hand side of tube) value on the y-axis,
only the absolute value of y (the radial position) is of signiﬁcance. As the Reynolds
number is reduced, it has been shown that the torque tilting the spheroid towards
the horizontal conﬁguration drops accordingly (ﬁgure 17), and the spheroid oscillates
from side to side when it is not in the horizontal conﬁguration (seen in ﬁgure 5).
Hence, the combined eﬀect of these two is to produce a motion wherein the spheroid
oscillates from one side to another until it reaches its equilibrium conﬁguration. The
distance travelled by the spheroid before it settles into equilibrium, increases with
reducing Reynolds numbers. Moreover, it can be seen that the two conﬁgurations of
an ellipsoid with its centre on the axis of the tube and oriented at β = 90◦ and β = 0◦
are not always the stable equilibriums in this Reynolds number regime.
5.5. Asymmetric motion of a spheroid at ﬁnite Reynolds numbers
The existence of stable equilibrium conﬁgurations of a spheroid in ﬂows at low
and intermediate Reynolds numbers, as opposed to the lack thereof in Stokes ﬂow,
markedly diﬀerentiates the behaviour of an unconstrained spheroid in the two cases.
While its motion in the case of Stokes ﬂow is seen to be almost random (ﬁgure 15),
its long-term conﬁguration in the case of ﬁnite Reynolds numbers is the achievement
of one of the symmetrically equivalent equilibrium states. Figure 25 presents the
orientation of a unconstrained spheroid settling in a tube under three diﬀerent initial
conditions. This ﬁgure demonstrates that irrespective of the initial conﬁguration, even
from an asymmetric starting conﬁguration, the spheroid eventually settles into one
of the equivalent equilibrium states. It can thus be concluded that these equilibrium
positions are globally stable.
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Figure 25. Variation of the orientation angle with position along the length of a tube for a
freely falling spheroid. The three cases correspond to three diﬀerent initial starting positions.
Case 1: constrained motion with initial y = z = 0 and β = 45◦ . Case 2: unconstrained motion
with initial y = 0, z = 1 and β = 90◦ . Case 3: unconstrained motion with initial y = z = 0 and
β = 45◦ . The Reynolds number is 1.7, and the aspect ratio of the spheroid is 2.0.

6. Conclusions
The following conclusions can be drawn about the motion of a spheroid settling in
an inﬁnitely long tube.
(i) For the case of an inertialess spheroid under Stokes ﬂow conditions, its motion
is found to be perfectly periodic, as expected, in which the spheroid rotates and
moves from side to side in the tube as it settles. The amplitude and the period of
this oscillatory motion depend on the initial orientation and the aspect ratio of the
spheroid.
(ii) For the case of a spheroid with inertia under Stokes ﬂow conditions, its motion
is found initially to follow a similar oscillatory orbit with an increasing amplitude.
Its orientation tends towards a more ﬂat (horizontal) conﬁguration, and the rate of
change of its orientation increases with the particle Stokes number. The spheroid
eventually collides with the tube wall, and settles into a stable periodic orbit.
(iii) For the case of a spheroid in ﬁnite-Reynolds-number ﬂows, it eventually reaches
a steady-state conﬁguration wherein it falls vertically. The location and conﬁguration
of this steady equilibrium varies with the Reynolds number.
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