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Abstract—This paper addresses the control of a team of nonholonomic w 3 ":I 3
mobile robots navigating in a terrain with obstacles while maintaining a 8 &
desired formation and changing formations when required, using graph L o
theory. We model the team as a triple(g, r, ), consisting of a group ele-
ment g that describes the gross position of the lead robot, a set of shape vari- _. . .
ablesr that describe the relative positions of robots, and a control graptg¢ 19 1. Formation of robots changing shapes.
that describes the behaviors of the robots in the formation. Our framework
enables the representation and enumeration of possible control graphs and Rokat 2
the coordination of transitions between any two formations. d. \ i
Robat 2 - f Castor
Index Terms—Formation control of mobile robots, graph theory, non- d. £ I S
linear control. a i %

|. INTRODUCTION - Casior [

Ik

In this paper, we discuss the fundamental issues underlying the con- '."la i .

trol and coordination of multiple autonomous robots. We formulate the ‘ i ; 0
. . . . = Robat 1 — .

problem of modeling a formation of nonholonomic mobile robots and d -

develop a framework for transitioning from one formation to another.

We focus on tasks in which the robots are required to follow a trajec-

tory while maintaining a desired formation and avoiding obstacles. h;b 2. Notation forl — « andl — I control.

a situation such as the one shown in Fig. 1, for example, it may be nec-

r hange the formation in order to negotiate th le, an . .
essary to cha geF elo ato_ order to negotiate the obstacle, %gnumberof robots and obstacles and quickly becomes intractable. In
then reform the original formation. oo

. . contrast, we address the problem of coordinating a number of robots,
While there are many approaches to solving such a problem [1], we . : -

. . . ea&h with their own sensors and feedback controllers. One possible ap-

are interested in a method that scales with the number of robots an L : .
. . : . roach to designing independent controllers is to use simple control
obstacles in the environment. For this reason, we pursue in the cur- A . )
. . ws based on the potential field theory [6]. In Arkin’s behavior-based
rent work easily computable, decentralized feedback laws that can Pe . . . . ;

. . . . . - -control paradigm [7], this approach is used to coordinate formations
used in conjunction with a higher level (but lower complexity) motion . . ; ; .
planner. of robots. It is possible to synthesize an impressive array of group be-

We model a team of robots in formation as a trigje r, ), where haviors [7] and coordinate robots for such tasks. However, the interac-

€ SE(N) represents thgrossposition and orientation of the lead tion between the controllers and planners for independently controlled
g AN pre , 9 P . . robots is complex and the performance analysis of such systems is very
robotin NV dimensions V equals two or three}, is a set oshapevari- difficult
ables that describe the relative positions of the robots in the team, and\nother related concept for a formation of multiple mobile robots is
T is acontrol graphwhich describes the control strategy (or behaviort)ne concept of string stability, which has been addressed by several re-
used by each robot and the dependence of its trajectory on that of gne . ’ .

. . - S searchers in the context of automated highway systems (AHS) [8], [9].
or more of _|ts neighbors. When V|ew_ed in this framework, the problg e realize the importance of dynamic analysis, such as is done in un-
?;rloc?amnﬁﬂ]org (:)gr;)br%tt))(rj?lch;t?gl\{v gr:gtg)tgsﬁ ast:i)?]pézalﬁg S'Hl)) traje&érstanding string stability. However, our focus is on kinematic issues

yp g9, ' o for nonholonomic mobile robots. Though string stability is important,

Most previous work in motion planning has focused on obtaining thlﬁe primary goal of this paper is to develop a new framework for mod-

path and, in some cases, designing feedback architecture and model-Li- . . . .
L ling a formation of mobile robots using graph theory and relating the
dependent coordination strategy. For example, see [2]-[4]. When the . . .
. changes in formation to changes in the graph structure.
actuator inputs for each robot are concurrently planned [5], the compu-

tational complexity of the planning task increases exponentially with

Il. CONTROL LAWS FOR SHAPE VARIABLES
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H

a desired Iengtll\i’2 and a desired relative angzl’ﬁ’2 between the two
robots. The kinematic equations for the follower robot having v
control is given by

li2 =v9 cos 1 — v1 cos Y12 + dws sin v

: 1 . .
Yo = . (v1 sin Y12 — yv2 sin 1 + dws cos v — lizwy)
12

=
B2 =wo - - X

whereyi = 61 + 12 — 82 andv;, w; (i = 1, 2) are the linear and

angular velocities at the center of the axle of each robot. Fig. 3. Examples of formations.
InI — I control, this requires regulating the desired lengtfisand

14,, of the third robot from its two leaders. The kinematic equations f%{ndN} €L, -

) -, n} denotes the index of the robot in the formation
the follower robot is expressed as

with I — ¢ control, i.e.,R:. The 2 appears in eachi becauseR:
always has — ¢ control. ’

]'_‘3 =v3 €08 71 — V1 €08 Y3 +dws sin The set{«} uniquely determines a corresponding get}, defined
los = w3 cos 72 — vy €08 Yy + dws sin 7y as the collections of the sets with the remaining robot indices. We
fy =y denote these by*, 3%, ..., 37 where

, | , , 3 ={Li. L .... L}

for the third robot, where;, = 6; + ¢35 — 3 (i = 1, 2). Using v
input/output linearization, we can guarantee exponential converger@lL; denotes the index of the robot in the formation with control,
for the controlled variables and derive the control law for the inputsi.€., Rr,;’_-
andv for the follower robot il — «» and! — I control [10]. Theorem 1: Givenn robots in the formation wit,, > 1 robots
having! — + control and the remaining; = (n — ny, — 1) robots
having? — [ control, withn; > 0, there are exactly'(n.,) control
graphs wherd'(n.;,) is given by

In our formulation, a team of robots has one designatiesd robot 1\™ Yy o
labeledR; thatdirectly or indirectly controls all other (follower) robots [(nyg) = <§) (n—1)! Z H(L} —2). 1)
in the formation. Within the formation, the follower robots depend on
other robots for their motion. Thus there are méesadersthat “lead”
other follower robots, but there is a unique lead rotht, For example,
in Fig. 3, R, is the lead robot an®:, Rs, R4, and?; are all leaders

each with one or more followers. ) __andn, robots having — ! controllers. Let us consider one such possible
In our work, we definecontrol graphsto be labeled digraphs with combinationa’ for robots with! — ¢ control and3’ the corresponding

each vertex having a uniquely assigned integer number and subjeq{dpyor rohots witti — I control. Based on constraint B, each numbgr

the following three constraints. i , , .
g rt|1_as(Lj2 ') possible choices for the index of the leader robots. Thus, the

Constraint A: Every vertex (robot) except one has at least one i | berof — 1 f i ible for th bots is ai b
coming edge. There is one vertex (robot) with no incoming edges, a‘i%"i number of — fiormations possible for these robols IS given by

at least one outgoing edge, which is labeled This is the lead robot o _ ﬁ -1 _ (L 1)(Li— 2)-
j=1 2

Ill. ENUMERATION AND TRANSITIONS IN FORMATIONS

i=1 j=1

Proof: a) GiventhatR; isthe lead robot in any formation, aht}
by constraint B always has— ¢» control, the set§«} and{3} give
all possible combinations of formations with, robots having —

in the formation. H B
Constraint B: Every directed edge in the digraph goes from a lower 7=t

vertex label to a higher vertex label. Similarly for each indexV}, in the setv’ denoting/ —+ control for the
~ Constraint C: The number of incoming edges for any vertdx rohot, there aréN' — 1) choices of a leader. Thus, the total number of
(1 > 1) is less than or equal to an integer< dim (SE(N)), that 7 _ 4 formations possible for these, robots is
describes the number of output variables for a given rabet. 2 for
Hilare type robots and we will work with thjsfor the rest of this paper. i i
A convenient method for representing control graphs is through an = H(AV - D
n X n adjacency matrix [11]. It can be shown that if theresareertices =t
in a control graph, there are exaclif(n) = n!(n—1)!/2" ! distinct ~Finally, combining the above two results, we obtain the total number
control graphs (based on the constraints stated above) [11], [12]. ©" of formations possible for a given set and the corresponding set
It is possible to classify control graphs based on the numbleraf 5
and! — [ controllers. We first introduce some notation. Since we will
need to count the number of possible graphs, we will need to investi-
gate permutations of the robot’s indices. Givep robots with! —
controllers, let{ «} represent the set of all possible orderings gfof
the integers (robotindices$), ..., n}. Thus, there are possible sets,

a', o?, ..., ", wherea' andy are given by

Ty

' =T ..

Since this computation is true for all the sets o, ..., o € {a}
(and the corresponding sets, 32, ..., 37 € {3}), the total number
of control graphs for. robots withn, robots havind —+ control and
all other robots having — I control is given by

/i = ’T,i /Ti ,/'i — {9 ;/Ti i ¥ ) ) n v ng )
[a% {:\Ia :\2, ey :\nw} {-7 \2: ceny .7\77~¢-} F(‘?lw):Z\Iﬂ.Ql: <%) (’n—l)'ZH(Lj—2)
(=2 _ (n—2)! i=1 ! =1 j=1

T ng =1 (ny — Dln —nyg —1)! -
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Fig. 4. Enumeration of transitions in control laws for rotg®t.

Given the total number of robots in the formation angd, we can
easily compute all possible set$ and the corresponding sét. For @ -y -y -y
n = 3, there are only two control graph with twe- ¢ controllers and ”@ >
one control graph for onke— ¢ (i.e., R.) and Rs havingl — [ control.
So there are totally three control graphs.
While Theorem 1 allowsthe classification of controlgraphs, itdoes not @
give us any information about the equivalence classes of control graphs
On the other hand, since control graphs are derived from digraphs, it is I F
productive to enumerate the possible digraphs for avbot formation

and establish equivalence classes of digraphs. An upper bound Onr—%.es Initial and final control graph for Example 1.
digraphs fom robots is given by the polynomial [11], [12]

(2n—3) 1
Q. (x) = Z apa®. (2)

k=(n—1)

~~~

g of
Based on (2), there ate — 1) equivalence classes of digraphs, where 5
the kth equivalence class hag members, withi;, given by Polya’s
theorem [13]. A more detailed description of the mathematical tools —1
for enumeration of control graphs can be found in [11] and [12]. -1

In summary, the procedure for enumerating control graphs involves

the following two steps.

1) Use Polya’s Theorem to enumerate all digraphs of ondee.,

3 4 5

2
X (m)
Fig. 6. Formation change for three robots in the presence of sensory noise.

n(n—1)

2
dn() =14 a1z + aza” 4+ + ay(u_1)@ Fig. 4 is an exhaustive list of all possible transitions in the control graph

Equation (2) provides a tighter bound on allowable digraphs, i.é‘?,r the jth robot, &t; (j # 1).
Qn():

(n—1) IV. SIMULATION RESULTS
(Qn(=z) = A(n-1)T K + aTleTn +-- A(2n—3)L

(2n—3)
' In this section, we will demonstrate the use of the proposed control
2) Choose any control grapii, enumerated by, (x), and label laws in the presence of obstacles and show how we can transition from
the vertices arbitrarily. Based on this labeling, construct its adne formation to another based on the transitions enumerated in Fig. 4.
jacency matrix. By trial and error, obtain the control graphs for Example 1: In this example, we examine the effect of making
which the adjacency matrix is upper triangular. changes in the control graph. We take the example of three robots
As the exponent of in the expression fo),, («) varies from(n — 1)  moving originally in a triangular formation and transitioning to a
to (2n — 3), there is a spectrum of control graphs ranging from purgraight line formation (see Fig. 5). Fig. 6 shows the path of the robots,
[ — ¢ control to purd — I control with a medley of combindd-1 and R. and Rs, in the presence of sensory noise, where the noise is
I — 1 control falling in between the two exponents (exceptifor= 3 modeled as a uniformly distributed random noise. It is seen that, even
which only has puré — «» and purd — [ control). in the presence of noise, the formation converges to the desired shape
The transition from one control graph to another is modeled byvehile maintaining the constraints.
transition matrix We define the transition matri¥,, as the difference ~ Example 2: In this example, the task is to transition from a trian-
between the final (F) and the initial (1) adjacency matrices. The appegular formation to a rectangular formation. Fig. 7 illustrates the initial
ance of (1) in the transition matrix denotes that the edge connectiragnd final control graphs. The change in controller for each robot is il-
the vertices representing the robots in the formation needs to be brokestrated through the various transition laws in Fig. 4. Fig. 8 illustrates
to achieve the transition. Similarly, the appearance of &)(denotes the path of the various robots during the transition from the triangular
the addition of an edge (i.e., communication setup between the robotsjmation to a rectangular formation while avoiding the obstacles.
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Multisensor Fusion for Simultaneous Localization and
Map Buildin
V. CONCLUSION P 9
In this paper, we have studied strategies for controlling formations of J. A. Castellanos, J. Neira, and J. D. Tardos
mobile robots using methods from nonlinear control theory and graph

theory. We have focused on decomposing the problem of controlling a . . . o

f tion of nonholonomic mobile robots into: 1) controlling a sing| _Ab_s_tract—Thls paper descrlbe_s how multisensor fl_JS|0n increases bqth
orma . s 9 g ?ehabmty and precision of the environmental observations used for the si-
lead robot and 2) controlling other follower robots in the team. We us@gliitaneous localization and map-building problem for mobile robots. Mul-
the termd — ¢ and! — [ control to reflect whether the control lawstisensor fusion is performed at the level of landmarks, which represent sets
are based on tracking the position and orientation of the robot relatRigrelated and possibly correlated sensor observations. The work empha-

to a leader, or the position relative to two leaders, respectively. We apizes the idea of partial redundancy due to the different nature of the infor-
’ ’ ) mation provided by different sensors. Experimentation with a mobile robot

defined the concept of_a transition matrix, which governs the addi_ti%uipped with a multisensor system composed of a 2-D laser rangefinder
and deletion of edges in the control graph and hence the change indhé&a charge coupled device camera is reported.

gommunlcatlorl prOtoco_l'_ Based on this, we pr_es_ented an exhaus“vﬁ\dex Terms—Correlation, landmark, mobile robot, multisensor fusion,
list of all possible transitions that can occur within the robots in th@myltaneous localization and map building.
formation and the corresponding transition matrix column.

There are several importantissues that need to be addressed in future
research in this area, including: 1) how to choose a control graph and I. INTRODUCTION
the desired shape based on the constraints in the environment; 2) Noyg|iaple and accurate sensing of the environment of a mobile robot
to plan changes ify, r, ) depending on sensor constraints; 3) hows 4 important task both in localizing the robot and in building a de-
to allow formations to be split into sub-formations, leading to multiplg;ijeq map of such an environment. One of the fundamental ideas to
lead robots; and 4d) though the transition matrix gives us the informgespjeve this reliability is the use of redundancy, that is, to combine en-
tion neeqled tochange formations, itis not clear ifthere isan optlr_nal Wé¥onmental information obtained by several sensors [1]-[3]. Dealing
for carrying out these changes, rather than the sequential algorithm Rigr redundancy requires both the availability of a systematic descrip-
sented here. Some of these topics are the focus of our present resegfgh-of uncertain geometric information and a consistent multisensor

fusion mechanism [4].
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