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Abstract

Robotic navigation algorithms increasingly make use of the panoramic field of view provided by omnidirectional
images to assist with localization tasks. Since the images taken by a particular class of omnidirectional sensors can
be mapped to the sphere, the problem of attitude estimation arising from 3D motions of the camera can be treated
as a problem of estimating the camera motion between spherical images. This problem has traditionally been solved
by tracking points or features between images. However, there are many natural scenes where the features cannot be
tracked with confidence. We present an algorithm that uses image features to estimate ego-motion without explicitly
searching for correspondences. We formulate the problem as a correlation of functions defined on the product of
spheresS? x S? which are acted upon by elements of the direct product gi8@43) x SO(3). We efficiently
compute this correlation and obtain our solution using the spectral information of functig#ts:inS2.

1 Introduction

Estimating the motion of a camera (ego-motion estimation) is a problem that has numerous applications, ranging
from mobile robot localization to stereo algorithms. When the motion between frames is large, differential algorithms
using optical flow are bypassed in favor of techniques which track features or points between images. Sophisticated
feature extractors [9, 5] are often application or scene-dependent in that many parameters must be tuned in order to
obtain satisfactory results for a particular data set. Although the tracking of features is considered a familiar and
well-understood problem, there are many scenes and objects with repeated textures for which features cannot be
successfully matched. However, due to the geometry of spherical perspective, a global image transformation which
models the general rigid motion of a camera does not exist, and so we cannot altogether abandon the calculation of
localized image characteristics. Roy and Cox [8] have treated this approach by computing a cost function based on
the variance of point intensities relative to their Euclidean distance. Geyer [2] proposed a 6D Radon transform on the
space of Essential matrices parameterized by ordered pairs in the rotationSgpg8)p In contrast, we propose an
algorithm which circumvents the pitfalls of feature tracking by processing the features directly without searching for
the best matches. Our approach culminates with a five-dimensional search for the parameters of motion via an integral
transform similar to the Radon in concept.

2 Motion estimation via a Radon transform
We will first introduce the traditional Radon transform as it applies to identifying lines in planar images before we
illustrate how we can use similar intuition to identify the correct ego-motion parameters of a spherical camera in

motion. The Radon transform will convert a function from data space into parameter space, and for identifying lines
on a planarimage it is given as

G(p,0) = /_00 /_00 g(x,y)o(p — < (x,y), (cosh,sinb) >)dzdy

Here g(z,y) is the weighting function, in this case an intensity imageis a soft characteristic function, which
measures how close the point (x,y) lies to the line definefsby). Conceptually, for any linép, 8), G(p, 8) counts



the number of image points which belong to the line givemby x cos 8 — ysin§ = 0, weighted by the intensity of

the image points. The rigid motion of a camera is given by the [@ajt), whereR € SO(3) is the rotation of the

camera and is the translation. We parameterig®(3) with ZYZ Euler angles R(«, 5,7) = R.(v)Ry(6)R. (),

and since the translation can only be recovered up to scale, we reéstoidie a unit vector, concerned only by

the direction of translation. As the Radon transform identifies lines in planar images, we would like to formulate a
conceptually similar transform that will identify the five parameters describing the motion of a camera between two
image locationd, I». For every possible rigid motion given lfy?, t), we want to count the number of point pairs

(p1, p2), Wherep, € I, po € I, such that g, p2) satisfies the motion constraint given bigp; x p2)7t = 0,
weighted by the similarity of the points, p2. This formulation will be robust only if we can find a similarity measure
which will identify point pairs only if the points under comparison are projections of the same scene point. With
this objective a simple image-based measure will not suffice Our proposal is to use image features which compute
more distinguishing characteristics such as local gradient orientation distributions. A similarity between such features
shows greater contrast between image locations that do not represent the same projected scene point [6]. Using this
idea of a similarity between features, we can formulate an integral transform to compute the validity of each possible
rigid motion:

G(R,1) = / / 9(pr,p2)5((Rpr x p2)8)dprdps
p1E€S? JpoeS?

Here our soft characteristic functianmeasures how close the pair of feature locatipnandp, come to satisfying
the motion constraint given byRp; x p2)Tt = 0. Our weighting functiory(p1, p2) measures the similarity between
features located at poings andp., and is given as

g(p1,p2) = {e~IIP1=P2Il if features have been extractedpatandps, 0 otherwisg,

where||p1 — pz2]| is an measure of the difference between two features. Notice that the domain both our weighting
function and characteristic function is the manifsiél x S2, since(p;, p2) is an ordered pair of points on the sphere

S2. Since we have restrictédo be a unit vector, we can write= R, R,es, where(R, R,) € SO(3). Consequently,
points in our parameter space can be identified with elements of the direct producS@ipx SO(3). Thus, the
functionsg, ¢ are defined on the homogeneous spé¢e< S? of the groupSO(3) x SO(3), of which elements of

our parameter space belong. In the following section we will show how to utilize this group theoretic framework to
computeG (R, t) using the harmonic analysis of functions defined on the sgace S2.

3 Motion estimation as correlation

If we substitutet = R, Ryes = Raes into the characteristic functiohy our integral transform becomes

Grske) = [ [ o pa)d((Bipy % p2)" Recaiprdpe (1)
p1€S? JpreS?

= / / g(p1,p2)8((R3 Ripr x R3p2)Tes)dpidps (2
p1E€S2 JpeS?

G(Rs,R2) = / / g(p1,p2)S((R3 p1 x R pa)Tes)dpidps, Rz = R Ry (3)
p1ES? JpeS?

G(R3, Ry) is now a correlation of functions defined on the product of sph&fes S2. The correlatiorshift in this
case is performed by elements of the grai(@(3) x SO(3). As explained in detalil in [7, 4], a correlation between
functions defined on the sphef&, where the shift is given by an element $(3), can be computed efficiently
using a Spherical Fourier Transform (SFT). We now proceed to extend this development to consider the direct product
groupSO(3) x SO(3), beginning with a short exposition of spherical harmonic analysis. Readers are referred to [1]
for extensive information regarding the computation of a discrete SFT.

As the angular portion of the solution to Laplace’s equation in spherical coordinates, the spherical harmonic func-
tionsY! form a complete orthonormal basis over the unit sphere:

m

(2l + 1)(l — m)'Pl (COS e)eimd)

l _(_1\m
Kr),(97¢) - ( 1) 47T(Z+m)' m



whereP! (cos (¢)) are associated Legendre polynomials. Thus, for any fungtion € L2(S?), we have a Spherical
Fourier Transform (SFT) given as

f(w) = ZleN Z\m|<l f;lny;fl (LU) (4)
A7ln, = waSQ f( ) m( )dw (5)
An important property of the spherical harmonic functidfisis
Yiu(R™n) = ) ViU, (R (6)
k| <1

where the(2] + 1) x (21 + 1) matricesU! are the irreducible unitary matrix representations of the transformation group
SO(3), whose elements are given by

Upe(R) = e~ Py, (cos B)e "7, (7)

The P!, are the generalized Legendre polynomials. From (6) we obtain a Shift Theorem relating coefficients of
rotated functions makadiaO3cvpr:

h(w) = f(R'w) & b, = > flUk ©)

|k|<1

This Shift Theorem (8) shows us that thé matrix representations of the rotation groSp(3) are the spectral
analogue to 3D rotations. As vectorsit are rotated by orthogonal matrices under rotation, (ffie+ 1)-length
complex vectors’!, comprised of all coefficients of degréeare transformed by the unitary matridés

As expected, this theory extends to the direct product g0g3) x SO(3) acting on the homogenous space
52 x S2. The expansion for functions if> x S? is given as

flrws) = D3> > oY@ (w2) (9)

leEN |m|<IneN|p|<n

e / / (@i, wo) VL (w1) Y (wa)dwr dws (10)
w1€52 JwyeS52

A Shift theorem also exists for functions & x S2:

h(wi,ws) = f(R{wi, Rjwy) « bl = Z Z m(R)UL(Ro) fln (11)

[r|<ll]q|<n

We will now use these results to show how to compute the correlation efficiently.

3.1 Algorithm
Expanding our correlation (3) with (11,10), we get:

Ghak) = [ f {Z S S G )Y () (12)
p1€52 Jpa€S5? s |t|I<s u |v|<u
{Z NSNS S UL (R U, (Ra)bia Vi (p2) Vs | dprdps (13)
U m|<l n |p|<n|r|<l|q|<n

From the orthogonality of the spherical harmonics this reduces to

R37R2 Z Z Z Z Z Z m R3 Un RQ) Vl:llpgT"zL (14)

L m|<t n |p|<n|r|<l|q|<n




From the homomorphism property of the representationse know that

k| <t

Using this to expand (14), and by definiiy = R.(y — )Ry (8 — m)R.(a + §) andRy = R.(n — §)Ry(§ — 7),
we get

G(R?,, RQ Z Z Pkm PW; (O)P;;L) (0)ei(kﬁ+r(y+7r1,’y+jf+;(m+q%)gi:;gz (15)

Imrk npqj

As it happens, the exponentials@(R3, R2) are orthogonal to the Fourier basis for the circle, so in fact we can take
a 5-D Fourier transform off and obtain

Grimijp = ZZ > PL(0)P,,(0) Py (0) P (0)e™3 gl oin (16)

n |gl<n

Thus, the Fourier coefficients of our correlation (15) can be computed directly fr@randS. Note also that the
resolution of our correlation grid directly depends upon the band-limit we assume for our fungtionsf our
band-limitis chosen to b&, we will obtain a result that is accurate up¢180/(2L + 1))° for each parameter.

3.2 Refining the estimate

For a reasonable selection of the variable- 20, we will obtain an estimate with-4.4° accuracy. The computational

load required to obtain an estimate of sub-degree accuracy is infeasible. However, we can practically compute (3)
directly in a window o0f8.8° in each parameter to localize our solution. It is important to note that since we are only
refining our solution (we assume it is correct, and only wish to localize it), we can use the initial estimate to prune the
feature pairs which are deemed outliers, thus greatly reducing the computational load.

4 Experiments

In this section we will present some practical considerations regarding the computation of our correlation function
(15) and its coefficients, followed by some experimental results on real data. For comparison, we use a popular feature
extractor/tracker to generate correspondences from which we estimate the motion. For a ground truth result, we track
by hand 30 image points from which we again estimate the motion.

4.1 Spherical Images

Catadioptric systems with a unique effective viewpoint have been proven to be convex reflective surfaces of revolution
with a parabolic or hyperbolic profile. Geyer and Daniilidis [3] showed that such projections are equivalent to a
projection on the sphere followed by a projection from a point on the sphere axis to the plane. In the parabolic case,
the second projection is a stereographic projection from the sphere to the catadioptric plane (also the image plane):

0
u = cot§cos¢>

0
v cot 3 sin ¢.
Given a calibrated camera and catadioptric im&ge v) we define its inverse stereographic mapping onto the sphere
as

Is(0,9) def I(cot g cos ¢, cot g sin ¢).

This mapping allows us to interpolate an image on the sphere given a catadioptric image. The range of this mapping
is only limited by the field of view of the original catadioptric system, and so to fully image the spheré &38®f
view catadioptric system would be required.



4.2 Image acquisition

To obtain spherical images, we used a catadioptric system consisting of a Nikon Coolpix 995 digital camera along
with a parabolic mirror attachment produced by Remote Reality. The mirror’s field of view is Zh2 size of the
original catadioptric images was 2048536 pixels without compression, and the parabolic mirror filled up a region

of approximately 1408 1400 pixels. The images are mapped to the sphere by interpolating oft@tpkane, where
angular sampling is uniform. Figure 1 shows a sample catadioptric image obtained from a parabolic mirror and its
corresponding projection onto the sphere.

-
ryy
L

Figure 1:0n the left is a parabolic catadioptric image. In the middle is the spherical image represented-gntla@e, and on
the right is the image displayed on the sphere.

4.3 Feature extraction

To extract features from our catadioptric images we use the Scale Invariant Feature Transform (SIFT). The SIFT feature
extraction algorithm identifies distinguishable feature vectors using a scale-space difference-of-gaussians approach.
Feature vectors are computed using neighborhood gradient orientation information. A feature generated from SIFT
typically has 128 parameters. To compute difference between two feature ved®df8,ive simply use the Euclidean
distance. Figure 2 shows the feature correspondences you would obtain if you matched SIFT features between two
images.

Figure 3:Two catadioptric images taken from a camera moving in only the positive X direction.



We tested our algorithm on the pair of images shown in Figure (3). For comparison, we searched for corre-
spondences between our feature sets, and then applied Levenberg-Marquardt minimization to find the five parameters
of motion. To determine the validity of each solution, we hand-tracked 30 feagturesand computed the error

ngl ‘(Restpq; X i) test |2. The error of our algorithm after performing a refinement in the solution window using a
direct computation was 0.0159, and the error of LM minimization was a comparable 0.0179. To understand the mag-
nitude of these errors, we also performed LM on our hand tracked correspondences, and the error of these matches
using its own estimate was 0.0074;

5 Conclusion

In many instances, Fourier based algorithms offer a significant advantage compared to direct, brute-force spatial
computations. Global Fourier techniques are generally frowned upon when dealing with motion estimation problems
because as global operators they cannot account for signal alterations introduced by occlusion, depth-variations, and
a limited field of view. We avoid these pitfalls by analyzing the spectral information of feature-based signals rather
than the original spherical images. Our preliminary results indicate that with a reasonable computational load we can
obtain a motion estimate up to a small window. If necessary, a fast direct computation will deliver a refined solution.
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