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ABSTRACT

ESSAYS IN TWO-SIDED MARKETS WITH INTERMEDIARIES

Jing Xu

Rakesh V. Vohra

In this thesis, I study the two-sided marketplaces with intermediaries that can facilitate

matching, search and trades.

The first chapter considers the welfare and distributional consequences of introducing the
student-proposing deferred acceptance mechanism in a model where schools have exogenous
qualities and the benefit from attending a school is supermodular in school quality and
student type. Unlike neighborhood assignment, deferred acceptance induces non-positive
assortative matching where higher-type students do not necessarily choose neighborhoods
with better schools. Student types are more heterogeneous within neighborhoods under
deferred acceptance. Assuming an elastic housing supply, deferred acceptance benefits resi-
dents in lower-quality neighborhoods with more access to higher quality schools. Moreover,
more parents will ‘vote with their feet’ for deferred acceptance, other things equal, than for

neighborhood assignment.

The second chapter studies a search platform in a setting where buyers search for sellers
directly or through a platform with lower search costs, and the platform charges both
sides for the transactions it facilitates. While many intermediaries attract as many users
as possible by lowering search cost, potential buyers also care about how attractive the
sellers available via the intermediary are, not just the number. A search platform’s strategy
is determined by the coexisting positive and negative cross-group externalities: (i) while
buyers appreciate more choices of sellers available on the platform, (ii) increasing the number
of available sellers makes the search for low-priced and high-value sellers harder due to an

unfavorable price dispersion. A platform optimally adopts a threshold strategy of targeting
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sellers with lower costs to balance the competing externalities.

The third chapter studies intermediation in a buyer-seller network with sequential bargain-
ing. An intermediary matches traders connected in a network to bargain over the price
of heterogeneous goods and has the freedom to charge each side commission. A profit-
maximizing middleman can help eliminate trading delays but limits trade executed that are
not surplus maximizing. When the middleman competes with the buyers and sellers being
matched through an exogenous search process, she matches buyer and seller pairs that are

selected less often by the exogenous search process.
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PREFACE

The thesis is centered on pricing and matching in the two-sided marketplaces with inter-
mediaries. Chapter 1 focuses on school choice, an active research area that studies the
problem of how to assign students to public schools, which has led to application in major
cities in the US like New York, Chicago, San Francisco, etc. The effectiveness of school
choice mechanisms is a different issue in practice. As parents can ‘vote with their feet’,
housing markets and student assignment to public schools are all profoundly influenced by
introducing school choice mechanisms. The question on whether school choice is effective
in improving the student assignment in practice can be fundamental to the design of school

choice.

Chapter 2 &3 focuse on the decentralized two-sided markets with intermediaries, such as
e-commerce platforms, labor markets, search platforms, dating websites, advertisement ex-
change platforms where intermediaries can create values primarily by facilitating search
and matching between two or more distinct types of customers. These marketplaces focus
on a different design problem. To internalize the network externalities and the surpluses
from bilateral transactions, the intermediaries must choose the right prices and the right

matching in a two-sided network.
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CHAPTER 1 : Housing Choices, Sorting and the Distribution of Educational

Benefits under Deferred Acceptance

1.1. Introduction

In many U.S. school districts, students are assigned to schools within the neighborhood they
reside in. This is called neighborhood assignment. As the qualities of schools vary, this is
reflected in home prices. Black (1999), for example, finds that on average, households are
willing to pay an extra $3948 for a 5% increase in the average elementary school test score.
Since affluent families can afford houses in more expensive locations with higher quality
schools and poorer families can not, critics of neighborhood assignment are concerned about

the inequitable distribution of access to high quality schools.

In response, there has been a move to delink student assignment from residential location
so that students have the opportunity to attend schools outside their neighborhoods. This
is called school choice and it is widely advocated as providing more equitable access to high
quality schools, especially for disadvantaged families. In this paper I examine the effect of
school choice on residential choices and the redistribution of educational benefits. I study
the impact not just within the community that adopts school choice but on neighboring

communities that don’t.

I model school choice as being implemented by one of the most widely adopted school
choice mechanisms: the student-proposing deferred acceptance. It assigns students to pub-
lic schools based on submitted preferences subject to neighborhood priorities. Student-
proposing deferred acceptance was introduced by Abdulkadiroglu and Sénmez (2003) and
has been adopted in Boston, Chicago, Denver, New York City (NYC), and Washington
DC. In practice, neighborhood priorities appear in various versions: home-address-based

choice lists,! 50-50 seat split (BPS), attendance zone priority (NYC) etc. I abstract away

'For instance, Boston Public Schools (BPS) gives priority to students who live within one mile of an
elementary school, within 1.5 miles of a middle school, and within two miles of a high school in attending
those schools.



from these specific forms and assume that neighborhood priority refers to resident students

enjoying higher priorities at their neighborhood schools than non-residents.

The model is inspired by Avery and Pathak (2015) which examines residential choices
when one of two towns switches from neighborhood assignment to school choice. Assuming
students care only about other students with whom they attend school (pure peer effect), all
schools and neighborhoods are identical under school choice. What underlies these results

in Avery and Pathak (2015) is the equalization of peer group qualities under school choice.

Unlike them I assume: school qualities are exogenously given, and students have preferences
for school quality. While peer effects in schooling are important, the recent literature has
found little evidence on the direct causal effects of average peer group qualities on students’
academic achievements (Greenwald et al., 1996; Burke and Sass, 2013; Lavy et al., 2009;
Imberman et al., 2009; Abdulkadiroglu et al., 2014).2 Moreover, there is mounting empirical
evidence that schools and teachers have significant impact on student achievement (Rivkin
et al., 2005; Barrow and Rouse, 2005; Rockoff, 2004; Jackson, 2010). Rivkin et al. (2005), for
example, demonstrate the causal effects of pure teacher qualities on student achievement in
primary schools in Texas and find significant and systematic differences between schools and
teachers in their abilities to raise student achievement. Schools have exogenous qualities
that influence parental decisions on which schools to select (Hoxby, 2003; MacLeod and
Urquiola, 2009; Hatfield et al., 2015; Barseghyan et al., 2014; McMillan, 2005) and this is

what motivates this paper.

Consider a town where each family has one child of school age that differs in student type.
The benefit of attending a school is supermodular in student type and school quality. One
can interpret the student type as the ability of the child or the wealth of the family or

a combination of the two. Households interested in enrolling in one of the town’s public

2 Abdulkadiroglu et al. (2014) for example, find evidence against the importance of peer effects and racial
composition in the education production function of the students from 6 public exam high schools in New
York and Boston. In particular, they develop an empirical analysis that embeds deferred acceptance, the
school choice mechanism of interest in this paper.



schools have to own a house in the town. In the student-proposing deferred acceptance,
students submit their preferences over schools to the central planner and are assigned to
one of the public schools subject to neighborhood priority. Students are not required to
attend a school in the town and they have a payoff from an outside option that is monotone
in student type. Those unassigned or unwilling to accept the assigned schools can also opt

for their outside option, which can include private or home schooling.

As a benchmark, consider a multi-district town that adopts deferred acceptance. Under
neighborhood assignment, with supermodular utility that provides incentives for Positive
Assortative Matching (PAM), households self-select themselves into quality-ranked neigh-
borhoods, while residents within each neighborhood share similar types. If the town adopts
deferred acceptance with neighborhood priority, its residential distribution differs dramati-

cally.

1. Deferred acceptance can generate a non-PAM residential pattern: students of higher

types do not necessarily live in better school districts.

2. There is greater heterogeneity in student type distribution within neighborhood: stu-

dent types within the same neighborhood are more diverse and spread out.

3. Deferred acceptance increases access to higher quality schools for students living in

lower-quality school districts.

Even if deferred acceptance admits neighborhood priority, the residential pattern can still
be non-PAM because of uncertainty about what schools children are assigned to under
deferred acceptance. A top-quality school district may have more residents than its school
capacity, thus students are rationed via neighborhood priorities and random lotteries. In
this case, some students may choose a lower quality district with less rationing. This paper
is, to the best of my knowledge, the first to characterize non-PAM in residential choices

under deferred acceptance with priority when students value school quality and the benefit



of attending a school is supermodular in student type and school quality.?

Next, unlike neighborhood assignment under which students living in the same neighbor-
hood share similar types (Hoxby, 2003; Calsamiglia et al., 2015), under deferred acceptance,
student types within the same neighborhood are more spread out and heterogeneous. In Ex-
ample 1.2.2, neighborhood 75 under deferred acceptance accommodates students of types
from both the lowest 20 percent quantile and the highest 20 percent quantile, whereas
students with ‘in-between’ types opt for a different neighborhood. It turns out that par-
ents’ risk attitudes lead to this residential pattern. If families share the same risk attitude
towards uncertainty about student assignment, those of similar types self-select into the
same neighborhood under deferred acceptance. Otherwise if their risk attitudes vary, the

heterogeneity in student type within neighborhoods arises.

What drive the non-PAM across neighborhoods and increasing heterogeneity within each
neighborhood under deferred acceptance are the conflicts between limited school capacity
and over-demanded high-quality schools, a key issue school choice mechanisms try to resolve.
In my model this conflict arises because the supply of housing is elastic but not school
capacity. While school capacity is elastic, it changes much more slowly than housing supply.
For example, in the Greater Center City area of Philadelphia, the population has increased
19% and over 20,000 housing units have been added since 2000. About half of the schools
exceed their rated capacity, and the remainder have seen double digit growth.? Yet, the
most recent master plan of the Philadelphia School district (2011) has focused on reducing
school capacity!® At least two reasons account for why school capacity fails to adjust

quickly enough to changes in enrollment: some districts are chronically underfunded; and

3Calsamiglia et al. (2015) show student assignment is non-PAM under school choice with no priorities, i.e.,
higher-type students are not necessarily assigned to better schools, yet student assignment and residential
choices are always PAM under school choice with priority in their paper.

“http://www.centercityphila.org/uploads/attachments/ciz8shha90i339eqdeyw4c63n-ccri7-
housing.pdf;
http://www.openinfophilly.com/blog-1/2016/2/1/center-city-schools-may-soon-collapse-due-
to-their-own-success

*http://thenotebook.org/sites/default/files/FMP_summary_of _recommendations.pdf


http://www.centercityphila.org/uploads/attachments/ciz8shha90i339eqdeyw4c63n-ccr17-housing.pdf
http://www.centercityphila.org/uploads/attachments/ciz8shha90i339eqdeyw4c63n-ccr17-housing.pdf
http://www.openinfophilly.com/blog-1/2016/2/1/center-city-schools-may-soon-collapse-due-to-their-own-success
http://www.openinfophilly.com/blog-1/2016/2/1/center-city-schools-may-soon-collapse-due-to-their-own-success
http://thenotebook.org/sites/default/files/FMP_summary_of_recommendations.pdf

many conduct capacity plans on a very long time scale.b

Even with limited school capacity, deferred acceptance still generates more equitable access
to better schools. I find that among districts that adopt deferred acceptance, living in a
lower quality school district provides a higher chance of attending a school better than its
neighborhood school. When the residential pattern is PAM, this implies that the lowest-
type students in the town can benefit the most from the highest opportunities of attending

a public school better than their neighborhood school.

The discussion above considers a situation where there is a switch to deferred acceptance
in a single town. In reality, a student can choose to live in a town that operates deferred
acceptance or neighborhood assignment. Consider two multi-district towns with public
schooling. One town adopts deferred acceptance with neighborhood priority while the other
still implements neighborhood assignment. As households’ preferences and risk attitudes
towards uncertainty may vary, they can ‘vote with their feet’ for one town over the other.
Results 1-3 under the one town model still hold for the town that adopts deferred acceptance.
In addition, deferred acceptance impacts the town implementing neighborhood assignment

in the following ways:

4. There is more heterogeneity in student type within neighborhoods that implements

neighborhood assignment.

5. For two towns implementing different assignment rules, everything equal (distribu-
tion of school qualities and school capacities), the town adopting deferred acceptance

attracts more residents than the one implementing neighborhood assignment.

5Consider Clarksville and surrounding Montgomery County which is one of the fastest growing regions
in the state of Tennessee. Under its twenty-year enrollment and capacity analysis, capacities of public
middle schools and high schools in most of the 5 zoning regions will see a one-time capacity adjustment for
the following 20 years. See https://www.cmcss.net/documents/operations/10yearplan.pdf for further
details


https://www.cmcss.net/documents/operations/10yearplan.pdf

1.1.1. Previous Literature

My work builds on the inter-district student assignment models of Epple et al. (2001) and
Epple and Romano (2003) and is close to Avery and Pathak (2015). However it differs from

prior work in the following ways.

1. Exogenous school quality.
Avery and Pathak (2015), Calsamiglia et al. (2015) assume that the quality of a
school is purely a function of the students who attend it. Assuming students only
care about other students with whom they attend school (pure peer effect), all schools
are identical under school choice without residential priority. This paper studies the
polar opposite case with empirical evidence on the importance of exogenous school

qualities (Rivkin et al., 2005; Barrow and Rouse, 2005; Rockoff, 2004; Jackson, 2010).

2. Priorities.
Unlike Epple and Romano (2003), Barseghyan et al. (2014), Avery and Pathak (2015),
I incorporate school priorities in the school choice mechanism. Without priority, all
districts are equalized and all households are indifferent to living in those districts (Ep-
ple and Romano, 2003; Avery and Pathak, 2015). As emphasized by Abdulkadiroglu
and Sonmez (2003), student assignment mechanisms should be flexible enough to give
students different priorities at different schools and neighborhood priority is among 7
factors that student assignment decisions should be based on, especially when a town

considers shifting from neighborhood assignment to deferred acceptance.

3. More general outside option.
Calsamiglia et al. (2015) model how the availability of a private school can alter the
outcome of school choice. They assume a private school with quality v, and price
of admission p is available after students get their assignment decisions under school
choice. In other papers, the outside option is modeled as being 0 (Abdulkadiroglu
et al., 2015), He et al. (2012), negative infinity (Pathak and Shi, 2013; Miralles, 2009;



Epple and Romano, 2003) or a set of schools of all possible qualities (Avery and
Pathak, 2015). I require only that the payoff from the outside option be monotone in

student type.

4. Elastic housing supply.
Calsamiglia et al. (2015) also have a model examining the effects of deferred acceptance
with capacity constraints and priorities in a three-district single town model, but the
supply of housing is inelastic, and equal to the inelastic school capacity in each district.

In my model, the supply of housing is elastic.

5. Costless choice.
Barseghyan et al. (2014) assume a cost of exercising choice if attending an inter-district
school and the benefit of attending a school is linear in student type and school quality
in a two-district model. This paper assumes that all students are perfectly mobile with
the cost of exercising choice being zero as in Avery and Pathak (2015), and increasing
marginal utility as in most of the school choice literature (Epple and Romano, 2003;

Avery and Pathak, 2015; Hoxby, 2003).

The second strand of literature related to this paper is empirical. Black (1999), Reback
(2005), Brunner et al. (2012) explore appreciation of home values by households and the
significant effects of switching to school choice on housing values and population density.
My work also demonstrates how access to good schools are rationed by home prices under

deferred acceptance with neighborhood priority.

The sorting effect across neighborhoods and schools have been tested in a number of papers
such as Epple and Sieg (1999), Epple et al. (2001), Rothstein (2006), Bayer et al. (2007).
They find strong sorting effects in student type across neighborhoods. Calsamiglia et al.
(2015) define the concept of partial sorting where the distribution of student types in one
school first-order stochastically dominates that in another. In their model the partial sorting

appears in the school composition instead of residential choices. My paper focuses on the



households’ differentiation in their residential choices, and the ensuing diversity in school

composition as a consequence of residential priorities.

The paper is organized as follows. Section 2 introduces the definition of equilibrium under
deferred acceptance with neighborhood priority and proves its existence. To characterize
equilibrium outcomes, I introduce the 2 examples that help distinguish deferred accep-
tance from neighborhood assignment. Section 3 describes the model where students choose
between one town adopting deferred acceptance and the other running neighborhood as-
signment. I formalize the analysis of PAM and heterogeneity within neighborhoods under
deferred acceptance in this section and also discuss on home prices and distribution of

educational benefits. Section 4 discusses the implications and extensions of this paper.

1.2. One Town Model

1.2.1. Setting

A town is divided into D districts. Each district has one school that offers tuition-free
education. A unit mass of households each with one school-aged child are interested in
public schools in the town. Households are distinguished by a one-dimensional type =z,
which could be interpreted either as wealth of the family or ability of their child or some
combination of the two. p is the non-atomic measure of types with support X = [z, Z].
u(X) = 1. Assume a unitary actor for each household, so I can refer interchangeably to

households and students as decision makers.

Each student applying to the public schools must own a house in the town. Suppose the
housing price in district d is pg. A student of type x living in district d and enrolled in a

school of quality y, receives a utility of,

u(‘rayvpd) - U(l’,y) — Dd-

For a child of type & who does not get a seat under school choice, an outside option is



available with payoff denoted by 7 : X — R. One can interpret m(z) as the outside option
for type z if she attends a private school or home education. Assume that 7 (z) is continuous

and non-decreasing in type z.
The following are some major assumptions that hold throughout the paper.

Assumption 1 (A1) The school in district d is of quality y4. Then school qualities are

strictly ordered: y1 <y2 < ... <yp.

Assumption 2 (A2) v(z,y) is twice differentiable, strictly increasing in both arguments

and 8812534 > 0 for all (z,y) € X X [y1,yp].

(A1) assumes that schools have exogenously given qualities. (A2) requires that the utility is
supermodular in student type x and school quality y so that households with higher types

are willing to pay more for an increase in school quality.
Assume that the school capacity in district d is kg.

Housing supply is derived from profit maximization by price-taking builders, who choose
the optimal density of labor, construction cost, and quantity of houses built, subject to
certain constraints. In particular, this paper assumes the following specific form for the
elastic housing supply,

HA(ldap) = ldea

as in Epple et al. (2001), Calabrese et al. (2011), Epple and Zelenitz (1981).7 Here 4 is the
land capacity of district d, p is the home price in district d, » > 0 is the price elasticity of
supply. Here I make the assumption that building densities or the persons per square mile
for school constructions are proportional to that of residential housing, therefore the land
81

capacity for public schools is proportional to the land use for residential constructions,® i.e.,

lg = akg for some a > 0.

"For example, Epple et al. (2001) assume for price-taking firms, the optimum of maximizing a constant

return-to-scale production function without local constraints is H(l;,p;,t;) = [;( 111 -)" with ¢; the tax rate.
J

8See http://www.devon.gov.uk/education-section-106-policy-jan-2013.pdf for how land acquisi-

tion is determined for school construction.



http://www.devon.gov.uk/education-section-106-policy-jan-2013.pdf

Denote by the tuple (y, k, 1) the economy for the one town model.
1.2.2. Deferred Acceptance Equilibrium

The timing of the model is described below.

Stage 1 Households as price takers, first choose which district to live in.

Stage 2 Students submit preferences over schools. FEach school ranks its all applicants
by priority: residents from the district where the school is located are ranked higher
than applicants outside the district. Within each priority class, break ties at random.”

Apply deferred acceptance to assigning students to schools.

We implement school choice as deferred acceptance first introduced by Gale and Shapley
(1962). Abdulkadiroglu and Sénmez (2003) describe the mechanism with students proposing

to schools as follows,

Step 1 Each student proposes to her first choice. Each school tentatively assigns its seats
to its proposers one at a time following their priority order. Any remaining proposers

are rejected.

Step k Each student rejected in the previous step proposes to her next favorite choice. Each
school considers the students it has been holding together with its new proposers and
tentatively assigns its seats to these students following their priority order. Remaining

proposers are rejected.

School priority in this paper follows Abdulkadiroglu and Sénmez (2003): resident students
share the same higher priority of admission to their neighborhood school, while non-resident

students share the same lower priority of admission. A student’s expected utility is therefore

9In previous papers, the coarse priority with tie breaking is implemented as follows. For each x, denote
by I” = (If,13,...,1%) the scores for type x at all D schools. I* € [0,1]” is i.i.d. drawn from a distribution
& for each x. Each school d ranks students by ej = [§ 4 1, (z)=1: the higher ej is, the higher the priority is.
Here hq(xz) = 1 if and only if type z lives in district d. Obviously, resident students from the district enjoy
higher priorities than non-residents. The two most common tie-breaking rules are single tie-breaking (STB)
and multiple tie-breaking (MTB). My results do not depend on which one of STB and MTB is implemented.

10



determined by: (1) housing prices, (2) her residential choice and submitted preference over
schools and (3) others’ residential choices and submitted preference profile. We use subgame
perfect equilibrium as the solution concept. Then deferred acceptance ensures the following.
Lemma 1.2.1. In the subgame of Stage 2, truth-telling is a dominant strategy for any

student.

From now on, we assume every applicant reports truthfully in the second stage and restrict

attention to their residential strategies only.

Let h be the mapping from student type x to her choice of districts. Each entry hgy(x) is
equal to the probability that a student of type x assigns to living in district d. Given h the

residential strategies of all households, the demand for houses in district d is,

m(hg) = / ha(a)dp.

Let U(x,egq;p,h) be the expected payoff of a student of type x living in district d given
prices p and the residential choices of others h. Here e, is the vector with a 1 in the dth

coordinator and 0’s elsewhere. Then,

U(x7ed; b, h) = Z Pr(s|d, h)?](ﬂ?, ys) + (1 - Z PI‘(S|d, h))ﬂ'(%’) — Pa,
$2Ja $2jx
where Pr(s|d,h) is the probability of being assigned to school s conditional on living in

district d and the strategy profile h. If v(z,yp) > m(x), denote by
jo = min{l < j < D :o(z,y;) > n(2)},

the least favorite school that is acceptable to type z compared to her outside option. Oth-

erwise, let j, = D 4+ 1. Then 1 — > .. Pr(s|d,h) is the probability of opting out (being

$2Jx
unassigned by the mechanism or unwilling to attend due to more attractive outside op-

tions). Under truthful reporting, Pr(s|d,h) can be determined explicitly by h (See A.2.2

11



for detailed expression).

When a student of type x plays mixed strategy ¢, her expected payoft is,
U(LL“7 ¢7 P, h) = Z ¢d : U(I‘, €4; P, h)
d

Then the deferred acceptance equilibrium is defined as follows,
Definition 1. Given (y,k, ), a deferred acceptance equilibrium in a town of D dis-
tricts is (p,h), where p is the vector of home prices in all districts and h is the mapping

from student types to residential strategies such that,

1. for each student of type x € X,

U(z,h(z);p,h) = [ax U(x,eq; p,h),

2. housing supply should match demand in each district,

HA(13, pq) = m(hyg).

Condition (1) is the incentive compatibility constraint: each household is maximizing ex-
pected utility when deciding where to live. Condition (2) is the housing market clearing
condition for each district. Based on Schmeidler (1973), I show the existence of a pure
residential strategy equilibrium.

Theorem 1.2.2. For each (y,k, ), there always exists a pure strategy deferred acceptance

equilibrium that admits truth-telling in the second stage.

To capture the idea of what a deferred acceptance equilibrium looks like, one must under-
stand first how home prices are affected by deferred acceptance.
Proposition 1.2.3. In any deferred acceptance equilibrium (p,h), housing prices ascend

with school quality, i.e., p1 <pa < ...<pp_1 <pp.
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It is interesting to note that, under elastic housing supply, Proposition 1.2.3 does not imply
that better school districts have larger housing supply, since the housing supply is also
restricted by its limited land capacity, specially in those richest ones (partly due to restricted

building density).

The ensuing question is whether h, the households’ residential choices, are monotone in x,
i.e., the higher the student type is, the better school district she lives in. In neighborhood
assignment, supermodularity in student’s payoff often implies monotone residential choices
and perfect stratification across neighborhoods. Under deferred acceptance with rationing,
supermodularity can be offset by uncertainty about the student assignment outcomes, there-
fore non-monotonicity may arise. Below is an example illustrating this difference between
deferred acceptance and neighborhood assignment.

Example 1.2.1. There are 3 school districts with qualities y1 = 0.4, yo = 2.5y1,y3 =
13.192101yy. School capacities are k1 = 0.6399921, ko = 0.2842510, k3 = 0.07575686. Hous-
ing prices are p1 = 0.1,p2 = 1,p3 = 3.06. The elastic housing supply is H(kq,pq) = kdp?l.
Student types are uniformly distributed on [0,0.5] with unit mass. The benefit of attending
schools is v(x,y) = (z + y)? + 4. Assume all public schools are acceptable. Below is a

deferred acceptance equilibrium.

T1 T3 T2
h(x): % ; ‘ e
0 *1 Z2 0.5

Figure 1: Example of Non-monotone Residential Pattern

In the equilibrium, students of type [0,z1] live in district 1, while [z1,x2] live in district
3, and students of the highest types live in district 2 as shown in Figure 1, where x1 =

0.0032, x5 = 0.3579. The numbers of residents in each district are m(hy) = 0.01k1, m(h2) =

13



ko, m(hs) = 9.3636ks with equilibrium payoffs,

1
(x4y3)?+ (1 — ——)(z +y1)*> + 4 — 3.06,

U(‘T’e?};pv h) - 9.3636

1
~9.3636
U(z,ex;p,h) = (x+y2)> +4 -1,

U(z,e1;p,h) = (z +y1)° +4 - 0.1.

Ulxe, ph)-Uxe,ph)
Utm2 p‘h)-U[x.a‘:p‘h)

Figure 2: U(z,es;p,h) — U(z,eq;p,h) for Figure 3: U(xz,eqz;p,h) — U(z,e;1;p,h) for
the non-PAM matching example the non-PAM matching example

1z

U(m\‘ p‘h)-uu‘a' phy
Ulxe p.h)

Figure 4: U(z,es;p,h) — U(z,e1;p,h) for Figure 5: U(z,e;;p,h) for z € [0,0.06],i =
the non-PAM matching example 1,2, 3 for the non-PAM matching example

Figures 2, 3, 4 show how residential preferences change as student types vary and Figure 5
zooms in the equilibrium payoffs near x1. For example in Figure 2, AU (z) = U(z,e3;p,h)—
U(x,eq;p,h) is decreasing in student type x. When x < 0.3579, AU (z) > 0 implies students

of type x receive higher payoff living in district 3. As x grows, living in district 2 generates

higher utility for higher types.

Obviously, living in district 3 is risky: with probability 1 — m residents may end up in

14



the worst school in the town. Yet the marginal benefit of taking the risky option is not
large enough, therefore students of highest type would rather opt for neighborhood 2 with
less rationing. On the other side, Students of type = € [z1,x2] benefit from the high school

quality y3 the most thus they are willing to pay more.

In Example 1.2.1, high-risk school district 3 can drive away high-type households unwilling
to bear the risk of being unassigned to its neighborhood school. Suppose however that
v(z,y) = 2% + 3% +4+ 1002y, one could verify that the non-monotonicity result in Example
1.2.1 no longer holds. The underlying difference between the two payoff functions is the
stronger supermodularity condition in the last term xy which offsets parents’ risk aversion to
living in an over-subscribed school district with good neighborhood school. The following
Proposition 1.2.4 extends this idea of stronger supermodualiry condition under deferred

acceptance. First let d4 be the operator of right derivative with respect to x.

Condition 1. 04 (max{v(x,yq) — 7(x),0}) > 0 for all d.

Condition 1 implies that, if a student of type x prefers the school in district d to her outside
option, then so does any student with higher type ' > z. In other words, the set of
acceptable schools grows larger as type increases. In previous literature, (i) m(x) = 0, (ii)
m(x) = —M for M sufficiently large, (iii) m(x) = v(z,z) in Avery and Pathak (2015), and
(iv) m(x) = u(x — pq) + h(x,yp) for private schools with p the price of admission and y,, the
school quality in Calsamiglia et al. (2015) under their Assumption 1, are all examples of

Condition 1.

Denote by T; = {z : hg(z) = 1} the set of student types that live in district d given a pure
strategy deferred acceptance equilibrium.

Proposition 1.2.4. Assuming Condition 1, if for all z,d,

ov ov

kd 8x($7yd) = 8x(x’yd_1)’ (1 1)
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then for each deferred acceptance equilibrium, there exists d* > 1 and g« < xgeqq < ... <

Tp, S.t.,
1. foralld>d*+ 1, Ty = [v4-1, 4],
2. for alld < d*, Ty C [z,24+], and pg = min{p; : 1 < j < D}.

Proposition 1.2.4 is a relaxed Positive Assortative Matching (PAM) result under deferred
acceptance with the presence of outside options. There are three ways of interpreting the
inequality (1.1): (a) when capacities k4 in high-quality schools are large enough, top quality
schools have enough capacities to accommodate all their resident students. (b) For all z,d,
%(1‘, yq) > M for some M large enough, that is if student type and school quality are
strong welfare complements, households increasingly prefer higher quality district regardless
of how small the chances of admission are. (c) School qualities are more spread out: yg >

yYa—1. All these imply under deferred acceptance, higher-type students will choose better

quality school districts.

The following captures another residential pattern appeared in previous papers (Hoxby,
2003; Epple and Romano, 2003; Avery and Pathak, 2015; Calsamiglia et al., 2015). In these
papers, neighborhoods are a stratified partition of the student type space where different
intervals represent distinct neighborhoods.

Definition 2. (Connectedness) Neighborhood Ty is connected in type if it is a single

interval. A town is connected if all its neighborhoods are connected.

In a connected town, neighborhoods are partitions of student type space where each interval
corresponds to a distinct neighborhood and only households of similar types live in the
same neighborhood. On the other hand, if a neighborhood is disconnected, student types
are more heterogeneous and spread out within the neighborhood. Example 1.2.2 illustrates
a disconnected neighborhood in a deferred acceptance equilibrium.

Example 1.2.2. (Disconnected Equilibrium) There are 3 school districts. y; = 0.4,

Y2 = 2y1,y3 = 3y1. School capacities are k1 = 0.452, ko = 0.3255, k3 = 0.2225. Housing
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prices are p1 = 0.2926,p2 = 1,p3 = 1.6903. The elastic housing supply is H(kq,pq) = kdpfl.
Student types are uniformly distributed on [0, 1], with benefit of attending schools v(z,y) =
(8zy +y?)%2 + 5. Assume that all schools are acceptable to any student. Below is a deferred

acceptance equilibrium.

T

) z3 1

Figure 6: Example of a Disconnected Neighborhood 75

Here x1 = 0.0387,22 = 0.2071, 23 = 0.8431. In equilibrium, households of types [0, x1]

live in district 1, while [x1,x2] U [z3,1] live in district 2, and [xq,x3] live in district 3.

The numbers of residents in each district are respectively, m(hi) = 0.0856k1, m(h2)

ko, m(hs) = 2.8571ks. In this example, district 2 is disconnected.

ozt /\
ail

U(x.cl p‘h)-ulx.a‘ ph)
Upke, ph-Upee, ph)

Figure 7: U(z,es;p,h) — U(z,eq;p,h) for Figure 8: U(z,es;p,h) — U(z,e;1;p,h) for
the disconnected neighborhood example the disconnected neighborhood example
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Figure 9: U(z,e2;p,h) — U(x,e1;p,h) for Figure 10: U(x,e;;p,h) for « € [0,0.1] for
the disconnected neighborhood example the disconnected neighborhood example

Figures 7, 8, 9 indicate how residential preferences change as types vary and Figure 10 zooms
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in details on equilibrium payoffs near x1. The reason for neighborhood 2 being disconnected
18 shown in Figure 7. The lowest-type students prefer district 2 to 3 because of lower price.
As student types increase, risk-seeking households increasingly favor district 3 because of
supermodularity in student type and high school quality. However, as district 3 is indeed a
risky option for the highest-type students compared to the safer choice of district 2, those of
the highest types eventually choose to reside in district 2 with a guarantee to enroll in its

neighborhood school.

Notice that neighborhood 15 has widely dispersed student type distribution: half of its
student types lie below the lower 20% quantile, while the other half fall in the top 20%
quantile. Figure 7 in Example 1.2.2 captures how households make tradeoff between less
risky and lower-cost option (7%) and the risky option with higher marginal benefit from
better schools (73), and how their residential choices vary because of that. In the next
section I will point out how heterogeneity in parents’ risk attitudes in this example leads to

disconnectedness.
1.3. Two Town Model

The one-town model paves the way for a two-town model where one town adopts deferred
acceptance and the other still runs neighborhood assignment. In the two-town model,
the outside options of one town consist of exogenous options with payoff m(z)!* and the
other town that adopts a distinct student assignment rule. Parents can choose which town
and which assignment rule they prefer. How will they decide between school choice and
neighborhood assignment in equilibrium? Who benefits from school choice? To answer
these questions, one must understand how housing prices in both towns will be affected by

introducing school choice.

10This allows for opting out from schools in both towns when outside options are more attractive than
existing public schooling. It could be that private schools spring up when capacity is constrained.

18



1.3.1. Setup

The model is similar to Avery and Pathak (2015) with major differences. Two towns A and
B each has D districts, with one public school in each district. Town A adopts deferred
acceptance while town B adopts neighborhood assignment to assign students. District d in
town t is denoted as dy;, d = 1,2,...,D,t = A, B. And the school in district d has exogenous

given quality y4 and capacity kq,. Assume that kg, > 0 and y; < y2 < ... <yp.'!

Student of type x with partisanship for town ¢ is denoted by x;. Partisanship denotes
households’ special (geographic) preferences to living in the town. Households with such
special preferences are ‘partisans’ of the town. The distribution of all partisans of town
t is given by a non-atomic measure u; (t = A, B) with compact support on X; = [z, Z].

Normalize the total mass of all partisans from both towns to be one.

As in the one town case, if a student of type = and a partisan to town t, pays the home
price pq,, of district dp and enrolls in a school in down t' of quality y, she receives a utility
of,

u(zt, Y, pd, ) = v(T,y) + 0 L=y — pa,,-

If the student chooses to live in the town she prefers as a partisan, she receives a bonus
benefit of #. The larger 6 is, the more favorable it is, other things equal, to live in the town

one is a partisan of.

If a student is unassigned by the school choice mechanism, she can certainly opt for outside
options. Let 7 : [z, 7] — R be the utility of her outside options.!? Assume 7(z) is continuous

and non-decreasing in type x.

"nstead of assigning yq, to each district d;, I assume that Yd, = Ydp = Yd. Otherwise, if there is a unique
quality ya,, one could add a dummy school in the other town ¢’ with the same quality yq4, and 0 capacity.

12 One could also assume 7 (z) the payoff of outside option that depends on town ¢, which does not alter
the main results of this paper.
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Similar to the one town case, the housing supply under deferred acceptance is

HYl4,,pay) = laapy,-

For town B that implements neighborhood assignment, I assume that housing supply is
in addition, subject to a local (zoning) constraint to ensure that all resident students are

guaranteed seats in their neighborhood schools,

HB(ldB s de) = min{kd}a ) ldpr }

See previous literature for similar zoning constraints.'® Moreover, the main results in this
section on sorting do not depend on the housing supply functional assumption in town B as
long as it guarantees that in each neighborhood, enough slots in its neighborhood school are
reserved for the resident students. Similarly, assume that the school capacity is proportional

to the land capacity lg, = akg, for some a > 0.

Denote the economy by (y,k, pa, ). The timing of the two-town model is similar to the

one-town model.

Stage 1 Given housing prices, households simultaneously choose which town and which

district to live in.

Stage 2 (Town A running deferred acceptance) Students submit preferences over schools in
town A. Each school ranks all applicants by priority: residents from the district where
the school is located are ranked higher than applicants outside the district. Within
each priority class, break ties at random.'® Apply deferred acceptance to assigning

students to all schools.

13 Avery and Pathak (2015), Calsamiglia et al. (2015) model housing supply the same as school capacity
kq. Fischel (1999) explains the relationship between housing supply and local municipal constraints. In
Bunten (2015), firms maximize profits at each location subject to a local zoning constraint that restricts the
number of houses produced complying to local amenities, i.e., min{kq, H(l,p,t)} with kq the local zoning
constraints and H (I, p, t) the production function for a profit maximizer.

14 Same tie-breaking rule as in the one-town model.
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(Town B running neighborhood assignment) Assign applicants to their neighbor-

hood schools.

Applying Lemma 1.2.1 to the two-town case, one could assume that truth-telling is a Nash

equilibrium in the subgame of Stage 2.

Let h map a partisan of town ¢ with type = to her mixed strategy h(z;) € R?”. Entry
hdt,(xt) is the probability that she assigns to living in district d in town ¢’. Given h the

residential choices of all households, the housing demand in district d; is,

miha) = [ halea)dus+ [ ha(os)ds.

Denote by U(x,eq,; P, h) the expected payoff for a student of type z with partisanship of
town ¢ to live in district dy, where eg,, is the 2D-dimensional vector with a 1 in the dyth

coordinator and 0’s elsewhere. Then,

U(.’Et,edA; P, h) = Z Pr(8|dA7 h)v(w7y8) + (1 - Z PI'(S|dA, h))ﬂ'(ﬂ?) + 6 . ]]-tZA - pdA7
52Jx 52Jx
where Pr(s|d4,h) is the probability of being assigned to school s in town A conditional

on living in district dg. 1 — > Pr(s|da,h) is the probability of opting out (unassigned

$>Jjx

under school choice or unwilling to attend the assigned school). j, is the same as in the

one-town model.

Student x; applies to her neighborhood school in town B if and only if attending her

neighborhood school yields higher benefit than her outside option, i.e.,

U(:EtaedB; P, h) = max{v(:n, yd)77r($)} + 0 - ]]-t:B — Pdg-

If student z; plays mixed residential strategy ¢ and submits truthful preference in the school
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choice process, her expected payoft is,
U(l’t, ¢7 p, h) = Z ¢dt/ (l‘t) : U(:Uta edt/ Py h)
dy

Definition 3. A two-town school choice equilibrium consists of (p,h), where p is the
vector of housing prices of all district d;, h is the mapping from student type and partisanship

to her residential strategy, such that,

(1) for each student of type xy,

U(l’t, h(xt)7 b, h) = H(liaX U('xt? edt/ Py h)a

t/
(2) housing supply should match demand in each district,

m(hg,) = Ht(ldﬁpdt), for all d;.

Condition (1) is the incentive compatibility constraint. In the two town model, the outside
options of each town include: the exogenous option m(z) and the endogenous option of
living in the other town implementing a different student assignment rule. Condition (2) is
the housing market clearing condition.

Theorem 1.3.1. For any (y,k, ua, up), there exists a pure strategy two-town school choice

equilibrium that admits truth-telling.
1.3.2. Residential Pattern under School Choice

Now we only focus on pure strategy two-town school choice equilibria that admit truth-
telling. Let Ty = {x¢ € X4 U Xp|hg, (z¢) = 1} the set of households that live in district dr

in the two-town school choice equilibrium with strategy profile h.

To understand how households redistribute themselves in equilibrium, one must understand
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equilibrium home prices in both towns.
Proposition 1.3.2. (Home Prices) In any two-town school choice equilibrium, housing

prices in each town increase in school quality, i.e. fort=A,B, p1, <p2, <...<Dpp,.

The following definition of positive assortative matching (PAM) extends the sorting results
in Proposition 1.2.4 to a two-town case.
Definition 4. (PAM) Given town T, let d = max{d : pg, = p1,.}. Then town T is PAM

in residential pattern if the following two conditions hold,
1. Ford1>d2>d, xQ,Ele, x € Ty, = 2/ > .
2. Fordy, >d > ds, zy €Ty, v €Ty, =o' > x.

Definition 4 implies that students of higher types live in more expensive neighborhoods.
In particular, student type space can be partitioned into 2 groups: one subset corresponds
to those of lowest types that live in the cheapest school districts Ty where d < ci, and a
subset of higher-type households in T; where d > d that match assortatively with districts
of increasing school qualities. This is a generalization of PAM between student types and
school districts in the presence of outside options. Moreover, the monotonicity of residential
choices does not depend on partisanship (¢ is not necessarily equal to ¢’ in the statement of
the definition).

Proposition 1.3.3. Assuming Condition 1, town B is PAM in any two-town school choice

equilibrium. Moreover, if for any x,d,

ov ov
de ' %(x7yd) > %(x>yd—l)v

then town A is also PAM in any two-town school choice equilibrium.

Notice that PAM may not hold in general (see Example 1.2.1, 1.2.2 from the previous
section) except for some strong complementarity condition such as those in Proposition

1.3.3. In non-PAM equilibria, neighborhoods are less stratified by student type. Medium-
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type students opt for a top quality school district while the highest types choose a medium-
quality school district. As a consequence of neighborhood priority, the composition of

student body at each school is less stratified as well.

The following is the second characterization of the residential patterns after adopting school
choice, analogous to Definition 2 in the one-town case.

Definition 5. (Connected Neighborhood) Given (p,h) a pure strategy two-town school
choice equilibrium, neighborhood Ty is connected if each of Ty(\ Xa, Ta(\XB is a single

interval. A town t is connected if all its neighborhoods are connected.

The definition of connected neighborhoods attempts to capture the homogeneity of a neigh-
borhood: students of similar types live in the same neighborhood. Notice that in any
equilibrium, the set of non-partisan student types x who live in T} is a subset of its parti-
san student types in T,;. Therefore, the partisans and non-partisans who live in the same

neighborhood must share similar types in a connected neighborhood based on Definition 5.

The connectedness property is a major difference distinguishing deferred acceptance from
neighborhood assignment. Unlike neighborhood assignment where seats are guaranteed
to resident students, students are subject to randomized assignments under school choice.
Therefore, attitude towards risk and uncertainty about student assignment matters. The
following proposition shows that if students share the same risk attitudes, neighborhoods
are always connected under school choice.

Proposition 1.3.4. If households’ preferences satisfy,
(i) there exists some g(x),c(x),q(y) > 0,s.t. v(z,y) = g(z)q(y) + c(x).
(ii) m(x) = Ev(z,Y), for some random variable Y,

then in any two-town school choice equilibrium (p,h), U(zy, ed,;P; h)—U\(xy, eq’,; P, h), the
difference in equlibrium payoffs between any pair of residential choices dy, and dj,, crosses

each type space X at most once.

24



Condition (i) in Proposition 1.3.4 is equivalent to the fact that the Arrow-Pratt measure of
a2y

. . - (xvy)

absolute risk aversion r(z,y) = o2
oy (TY)

= r(y) is constant in z, i.e., all households share
the same absolute risk aversion. Cobb-Douglas utility function in Epple and Romano (2003)
is an example of condition (i). Condition (ii) implies that students also share the same j, = j
for all x;, that is, their least acceptable local school is the same, which also implies that
their risk aversion to being unassigned by the school choice mechanism is the same. Under
those assumptions, Proposition 1.3.4 states that U(z¢,eq,; P, h) satisfies a single crossing
condition, which ensures that all neighborhoods to be connected except for some indifferent

cases where two districts generate identical expected payoffs for all households.

Suppose however that households are increasingly absolute risk averse towards uncertainty
about student assignment, the following result guarantees that town A is connected in any

two-town school choice equilibrium.

Denote by CE(z, P) : X x Asp_1 — R the certainty equivalent of any random variable Y
with CDF P, i.e., v(z, CE(z, P)) = Ep[v(z,Y)].

Proposition 1.3.5. Assuming Condition 1, if 6 > 0, and

(i) kay 55 (2, ya) > G2(x,ya-1) for all d,

2 3 : ‘ ‘ :
(ii) g—yg <0, a%gy < 0, and certainty equivalent CE(x, P) is a decreasing and concave

function of x for all P,

then in any two-town school choice equilibrium, all neighborhoods in town A are connected
except for those with the lowest home price in town A. When 6 = 0, Condition 1 and (i)-(ii)
guarantee that all neighborhoods in town A are connected except for those with the lowest

price, and neighborhood d for which pq, = pa, -

Proposition 1.3.5 investigates the case where households are increasingly absolute risk
averse. Condition 1 states that the set of acceptable schools is expanding as student type

increases, which suggests that students of higher types are increasingly risk averse to being
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unassigned. Condition (i) can be interpreted as strong complements of student type and
school quality or widely dispersed school qualities in town A, thus students of higher types

are more risk averse to be assigned to schools of low qualities.

Condition (ii) eliminates the scenario where two extreme types prefer risky options in town
A, but the ‘in-between’ types favor safer choices in town B, thus implying connectedness
in town A. Consider some risky option in town A implementing deferred acceptance with
an attractive school quality equivalent C E(z, P). Non-increasing C'E(x, P) implies that for
students with higher types, the school quality equivalent becomes less attractive. Moreover,

8%[ 8§2yv(m,y)] < 0 suggests that the supermodularity between student type and school

quality is diminishing. Under these assumptions, switching to a riskier choice with higher
CE(x, P) which is monotone decreasing in = generates decreasing surplus for higher types.
Therefore, if some student type gains higher payoffs from the safer choice under neighbor-
hood assignment in town B than from some risky option under deferred acceptance in town,
so does anyone with higher student type. The concavity of certainty equivalent CE implies
convexity of absolute risk aversion (Gollier and Pratt, 1996), an indicator of how their risk

aversion varies as student type increases.

One class of utility functions satisfying conditions in Proposition 1.3.5 is v(z,y) = w(y+zy)

where,
(i) w'(z) >0, w"(2) <0,
(i) w'(z) 4+ zw"(2) > K,

(ifl) w"(z) < (zw (z)—w'(2)w"(z)

2w’ (z)

For example, w(z) = le__nn_l for some n < 1 satisfies conditions (i)-(iii). This utility

functional is derived from McElroy (2007).1°

Ylet My(x) = U HEU(Z + x22)] for all discrete-valued random variables 21 and Z, where 1 is non-
negative. When U’ > 0 and U” < 0, My (z) is concave for all Z; and 22 if and only if U'/U" is convex. Here
we take 21 = 22 =Y.

26



Suppose households are increasingly risk seeking.
Condition 2 J4 (max{n(z) — v(x,yq),0}) > 0 for all d.

Condition 2 implies the following preference structure: if a student of type x prefers her
outside option to the school in district d, so does any student with higher type 2’ > z. In
other words, the set of acceptable schools is narrowing down as type increases. Notice that
Condition 2 is the opposite of Condition 1. Then Proposition 1.3.6 states that under risk
seeking environment, town B can be connected.

Proposition 1.3.6. Assuming Condition 2, if 0 > 0, and

(i) giyg > 0, 8%3@ < 0 and certainty equivalent CE(x, P) is an increasing and convex

function of x for all P,
(ii) for each d, j—;[ﬁ(x) —v(z,yq)] >0 at z € {z|r(x) > v(z,yq)},

then in any two-town school choice equilibrium, all neighborhoods in town B are connected
except for those with the lowest home price. When 6 =0, Condition 2 and (i)-(ii) ensure all

neighborhoods in town B are connected except for those with the lowest price, and district

dp for which pq, = pa,-

For risk seeking households, one can interpret Condition 2 as students being increasingly
open to outside options. Condition (ii) in Proposition 1.3.6 on the convexity of the difference
m(x) —v(z,yq) also implies that ‘risk seeking’ households are increasingly willing to opt for
outside options. A non-decreasing certainty equivalent C'E(x, P) implies that when switch-
ing to a potentially safer choices, the increment in school quality equivalent is decreasing
as student type increases, and so is the increment in expected payoff if %[%v(w, y)] <0
holds. Hence for risk seeking households, conditions (i) and (ii) combined imply that risk
seeking households with higher types prefer riskier options from school choice assignment

in town A to deterministic yet less attractive options in town B.

Notice that in both cases %gy(x,y) < 0, which suggests that although students increas-
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ingly favor higher quality schools (82:25y > 0), the supermodularity in student type and

school quality has negative impact on the local homogeneity within each neighborhood,
and restricting the growth of supermodularity (i.e., %gy(x,y) < 0) can generate a more
locally ‘connected’ neighborhood. Notice that in Example 1.2.2 where T5 is disconnected,

this third-order condition fails.

To sum up, all neighborhoods are sorted not just by type but risk attitude. This paper
introduces the notion of disconnected neighborhood to characterize heterogeneity within
neighborhood, a major distinction from many previous papers that focus solely on cross-
neighborhood sorting and heterogeneity. When school choice and outside options are in-
troduced, districts in the town implementing neighborhood assignment may no longer be
connected. Recall that in Example 1.2.2, student types are more diversified and spread out
in a disconnected neighborhood. Moreover, the heterogeneity within each neighborhood
contributes to the heterogeneous student composition in each public school under deferred
acceptance as well as under neighborhood assignment implemented by the neighboring town,
a sorting effect not only across and within neighborhoods but across and within schools in

both towns.
1.83.3. Home Price and Distribution of Educational Benefits

The redistribution of residential patterns influences the redistribution of educational bene-
fits, in a good way.

Proposition 1.3.7. In the town that is implementing deferred acceptance, students living
in the lower-quality school district have higher opportunities of emrolling in schools better

than their neighborhood schools, i.e., > - ;Pr(s|d, h) are decreasing in d in any equilibrium.

> s>q Pr(s|d, h) is the probability of being admitted to a school better than their neighbor-
hood school by deferred acceptance. A similar assertion can be found in a field report by

the Chicago Tribune,'©

The report is available from http://www.chicagotribune.com/news/ct-chicago-schools-choice-
neighborhood-enrollment-met-20160108-story.html
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that belies a common assumption that poor kids in low-performing schools
are trapped in those schools. In fact, students who live within the boundaries of

the city’s worst schools have the highest rate of going elsewhere.

One could also prove that ) -, Pr(s|d, h) the probability of being admitted to a school
at least as good as her neighborhood schools is also decreasing in d. Indeed as advocated,
deferred acceptance provides more equitable opportunities for students living in the low-
quality school districts. When equilibrium is PAM, this implies more equitable opportunities
for low-type students since the probability of going to a school better than neighborhood

schools under neighborhood assignment is alway 0.

The following results aim to compare parental choices over the two towns and the two
assignment rules.

Proposition 1.3.8. (Home Prices) For any (y,k, pa, ug), housing prices in each town
ascend. Moreover, if 0 = 0, there exists d*, s.t. for all d > d*, piy > pa,; pas, = pay,; and

foralld < d*, pa, < pd,-

Proposition 1.3.8 echoes Avery and Pathak (2015), who argue that introducing school choice
inflates the home prices of low-quality school districts, while deflates housing prices of high-
quality ones, thus producing incentives for types at both extremes to opt for neighborhood
assignment in town B. Nevertheless, unlike Avery and Pathak (2015) where the town im-
plementing school choice drives away low and high types and attracts only those with types
in between, in this paper, town A implementing deferred acceptance also attracts those of

low and high types, if not the very extreme ones, because of differentiated school qualities.

Next, suppose the two towns share the same school capacities and distribution of school
qualities, but adopt distinct student assignment rules, which town will the parents choose?
Proposition 1.3.9. Suppose kq, = kq,, 0 = 0, that is everything equal except for distinct

assignment rules, then in any equilibrium (p,h), the numbers of residents satisfy,

m(ha,) = m(ha,), Vd.
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To rephrase, under the same educational resources and economic environment, more house-
holds will ‘vote with their feet’ for deferred acceptance over neighborhood assignment not

just in total but in every single school district. 17

1.4. Discussion

1. Probabilistic serial and random priority mechanisms.
This paper studies deferred acceptance with neighborhood priorities. We can also
apply Probabilistic Serial (PS) to student assignment with neighborhood priorities
(Che and Kojima, 2010). Since PS is strategy-proof in the large market (Azevedo
and Budish, 2013) and by the asymptotic equivalence between PS and RP (Che and
Kojima, 2010), we can apply similar argument to both RP and PS to analyze an
approximately truth-telling school choice equilibrium. For school priority, associate
PS (or RP) with {g.(t)}, where each g, : [0,1] — R is the eating speed of priority class
c. When g.(t) is uniform distributed, it is equivalent to PS with no residential priority;
for some specific g.(t), it is equivalent to deferred acceptance with neighborhood

priority.

2. Boston mechanism and deferred acceptance
Boston Mechanism is undeniably one of the most popular school choice mechanisms.
Calsamiglia et al. (2015) study a model of 3 school districts each has a neighborhood
school in a single town, with inelastic housing supplies equal to the school capacities.
They find that both Boston Mechanism and deferred acceptance yield the same unique
PAM equilibrium where student types are stratified into 3 groups and all students get
assigned to their neighborhood schools. The results are driven by the fact that there
are sufficient seats for resident students in every single neighborhood and no risk
of uncertainty about student assignment to bear. Results can differ when there is

potential gain from gaming the Boston Mechanism. However, Boston Mechanism is

1Proposition 1.3.9 does not imply that every school in town A is over-subscribed since not all schools in
town B are fully enrolled, which is often the case in many school districts that run neighborhood assignment.
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known not strategyproof in the large (Azevedo and Budish, 2017) which complicates

the analysis of parental reports of their preferences.

3. Combination of exogenous school quality and peer effects.
This paper considers the polar opposite case of exogenous school qualities. If students
value qualities as well as peer effects, school choice equilibrium can be imperfectly-
assortative matching as in my paper, or PAM depending on how much a student values
school quality relative to peer effects and how strong the supermodularity between
student type and school quality is. Some techniques in this paper such as proving
the existence of pure strategy Nash equilibria can be adapted to the combination of

exogenous quality and peer effects, which is of future interest.

1.5. Conclusion

School choice is designed to offer more equitable access to high quality schools. As house-
holds value quality schools, I assume schools do have qualities that drive most of the results
in this paper. Compared to neighborhood assignment, deferred acceptance can provide

more equitable access to higher quality schools for low-type students.

This paper also finds how deferred acceptance reshapes neighborhoods in a PAM or a non-
PAM manner and a connected or a disconnected manner, due to households’ risk attitudes.
When equilibrium is non-PAM, there is less stratification across neighborhoods. When
neighborhoods are disconnected, student distribution within each neighborhood is more
diverse. Moreover, the heterogeneity in households’ preferences and risk aversion attitudes
redistribute the neighborhoods not just in the town that adopts deferred acceptance but

also the neighboring town that still implement neighborhood assignment.
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CHAPTER 2 : Price Dispersion in a Buyer-Seller Search Platform

2.1. Introduction

Many marketplaces, such as online platforms (eBay, Amazon), dating websites (eHar-
mony.com) and video game platforms (Nitendo) feature facilitating search and matching
for agents that would otherwise have difficulty finding each other. A common practice for
such platforms is to lower the cost of search and offer convenience in transactions to attract
as many subscribers as possible. This is driven by (positive) cross-group externalities in
multi-sided platforms, see Rochet and Tirole (2003, 2006); Armstrong (2006): as the num-
ber of users on one side increases, users on the other side are more willing to join, thus

increasing the value of the platform.

However, many platforms limit participation due to two types of negative externalities: (1)
congestion effects that arise when sellers have limited capacity and users on the other side
must compete for a match partner, and (2) cross-side negative consumption externalities
such as browsers’ aversion to advertisements. Arnosti et al. (2015), for example, identify the
negative congestion externality in dating websites: while a male applicant feels he is more
likely to find an attractive match when more female candidates participating in the dating
website, he may be less likely to be accepted by his chosen match because females also have
a larger pool to choose from and profit from a higher premium. This congestion externality
incentivizes dating websites such as eHarmony.com to limit the set of candidate choices
while its customers are willing to pay a premium of 25%.! To resolve negative consumption
externalities in advertising markets where the audience dislikes advertisements, Gomes and
Pavan (2016) show that intermediaries such as newspapers or TV stations limit participation

by matching subsets of advertisers with eyeballs.

Interestingly, limiting participation can be found in other marketplaces where both con-

gestion and cross-group negative consumption externalities are absent. One such case is a

!See Piskorski et al. (2008) for details on eHarmony.com .
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buyer-seller platform where each seller sets the prices according to its demand curve on the
platform. Dinerstein et al. (2014) investigated eBay’s redesign of limiting consideration sets
in 2011. Prior to the redesign, consumers entering a search query were shown a substantial
number of potential matches. The redesign of the search algorithm after 2011 directs buyers
to a specific match (for example, ”Space Grey iPhone 6 32GB (AT&T) ” instead of anything
relevant to ”iPhone”) and a smaller fraction of offers from low-priced and top-rated sellers.
While Dinerstein et al. (2014) estimate the effects of limiting choices on firms’ decreasing
retail prices, markup, and consumers’ browsing behavior, the reason for such a redesign is

unclear from the platform’s perspective.

The main question of the paper is the following: is it optimal for a buyer-seller search
platform to include as many buyers and sellers as possible? If not, is it better to strategically
limit choices and target participation to a smaller subset? To answer this question, one must
understand the nature of cross-group externalities in buyer-seller platforms, and that the
value of a platform not only results from the number of users but the mix of users available

on the platform.

Consider a two-sided market where buyers search for sellers directly or through a middleman
(i.e. platform). Firms with unlimited capacity decide on whether to join the platform and
set prices for both on-platform and off-platform transactions. Buyers decide whether to
subscribe to the platform and search for the optimal products through platform or directly.
Each search reveals the price and value of a firm’s product but at some cost to the buyer.
After each search, a buyer must decide whether to proceed with another search, or to stop
and purchase the best alternative observed so far, or switch to an off-platform transaction.
As a middleman who facilitates search, the platform lowers search costs for the buyers but

can charge both sides for the transactions it facilitates.

In the two-sided marketplace, absent congestion and negative consumption externalities,
this paper proposes a novel explanation for platforms to limit choices: to balance two com-

peting positive and negative cross-group externalities. Intuitively, attracting more sellers on
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the platform generates positive externalities (choice effect): buyers have more choices and
therefore, higher transaction values when the search cost is low on the platform. On the
other hand, increasing the number of subscribed sellers may impose negative externalities
on the buyers: search for low-priced and high-value sellers can be more difficult because of
the increased price dispersion, offsetting the positive externalities from having a variety of

sellers.

To formalize the idea of the negative externalities under price dispersion, I model firms as
selling horizontally differentiated goods and differing in their marginal costs, which produces
price dispersion similar to Reinganum (1979). The existence of search frictions explains
how retailers selling identical goods can enjoy positive mark-ups and why price dispersion
is ubiquitous even on online platforms.? In the presence of price dispersion, firms with
heterogeneous marginal costs differ in the profits gained from subscribing to the platform.
I find that the optimal membership fees set by the platform satisfy a threshold structure:
only firms with marginal costs lower than a threshold are willing to join the platform.
Lowering the membership fee on the sellers’ side attracts sellers with higher posted prices,
subsequently making search for low-priced sellers less efficient. In this sense, a platform
acts as a price gatekeeper and decides on not only how many sellers but which sellers to

target, to maximize its profits.

The horizontal differentiation in buyers’ valuation for sellers, contributes to the positive
network externalities due to more sellers. In this setting where the search cost on the
platform is relatively low compared to searching directly, buyers search until they settle
on optimal alternatives using a reservation strategy introduced by Weitzman (1979); Kohn
and Shavell (1974). With horizontal differentiation for each seller’s product, there is an
incentive for buyers to search more frequently on the platform for high-value low-priced

sellers and for the platform to attract a larger variety of sellers.

2 Brynjolfsson and Smith (2000) found that the variation across retailers selling books and CDs online
are significant, up to 30% of the average price. Baye et al. (2004) also found similarly large posted price
variation for consumer electronics in data obtained from a price search engine.
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The major contribution of the paper is to identify the coexistence of positive and negative
cross-group externalities due to the number of sellers subscribed, distinct from the linear
approximation of cross-group network externalities in the previous literature (Rochet and
Tirole, 2003, 2006; Armstrong, 2006; Weyl, 2010). Moreover, I show that whether positive or
negative externalities dominate depends on the distribution of buyers’ valuation for sellers.
One could interpret the distribution of buyer’s valuation as related to the price elasticity of
demand. Under some conditions when the negative externalities from attracting additional
sellers always outweigh the choice benefit, the platform gains more profits targeting sellers

with lower marginal costs.

Another economic insight the paper offers, is the impact of lowering search costs on social
welfare. The search platform can promote efficiency in two ways. The first, which is
standard, is the lower costs of search for buyers to find satisfying deals. The second is that
when the search platform acts as a gatekeeper who restricts the set of sellers available on the
platform to those with low marginal costs, the surpluses from trades increase as demands

accrue to the firms with low production costs.
2.2. Literature Review

This paper studies the network externalities and pricing theory for a buyer-seller search
platform. As such it relates to three strands of literature: price theory of multi-sided

platforms, the theory of search and the ensuing price dispersion.
1. Pricing theory of multi-sided platform.

The model of search platforms belongs to a recent strand of two-sided markets with inter-
mediaries, pioneered by Rochet and Tirole (2003, 2006); Armstrong (2006); Caillaud and
Jullien (2003); Weyl (2010). Assuming a linear approximation of network externalities and
exogenous valuation over the other side, Rochet and Tirole (2003, 2006); Armstrong (2006)
derived a cross-subsidy pricing structure for platforms to attract as many users as possi-

ble and internalize the cross-group network effects. Weyl (2010) relaxed the assumptions
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of Rochet and Tirole (2006) and introduced a model of linear externalities but heteroge-
neous users. He derived platform’s imperfect internalization over heterogeneous agents in
two-sided markets. I study the coexistence of both positive and negative network effects:
buyers care about the variety of sellers; however, the price dispersion endogenized by the
size of the buyer-seller network on the platform can cause inefficient results of searching
and congestions. Gomes and Pavan (2016) studied a platform that match eyeballs with
advertisements, and intrinsic to the negative network effect in their paper is the negative
consumption externalities from eyeballs averse to too many ads. The paper closest to mine
is Wang and Wright (2016) which study a search platform with identical marginal cost
across all sellers. In this paper, the law of one price breaks down because of heterogenous

production costs.
2. Costly search and price dispersion.

This paper focuses on a particular type of platform that facilitates buyers’ search for best
products. While abundant papers have advanced the theory of price dispersion (Stigler,
1961; Reinganum, 1979), recent literature focuses on this topic in the context of e-commerce
and platforms where search cost is reduced (Bar-Isaac et al., 2012; Baye and Morgan, 2001;
Ellison and Ellison, 2009; Levin, 2011; Ellison and Wolitzky, 2012; Ellison and Ellison,
2018). Without the role of a platform, Bar-Isaac et al. (2012) studied the effect of reducing
search costs on product design and the ensuing price dispersion of firms. In Baye and
Morgan (2001), the platform can offer transparent information on low prices therefore the
cost of search is zero on the platform. Other papers focuses on platform’s techniques not
considered in this paper, such as search obfuscation (Ellison and Ellison, 2009), ordered
search engine. Rather I look into the pricing strategies of a platform and how the results
in pricing, price dispersion and efficiency differ from that of the benchmark case with no
intermediary. Finally, recent literature has drawn attention to a platform’s strategic play
of limiting choice to eliminate search friction, due to congestion and negative consumption

externalities in matching markets (Casadesus-Masanell and Halaburda, 2014; Halaburda
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et al., 2017; Kanoria and Saban, 2017). Unlike them, this paper studies a buyer-seller search
platform where buyers have unit demand and sellers post prices, and negative consumption

externalities are negligible.
3. Search strategy for optimal alternative.

Starting with Stigler (1961); Weitzman (1979); Kohn and Shavell (1974); Rothschild (1978),
the theory of search has extended to a wide collection of problems such as sampling, switch
point, adaptive belief update etc. I model buyer-seller search as a Pandora model in Weitz-
man (1979), rather than to take at most n samples and then stop. Sequential search for
price quotes has been studied in Burdett and Judd (1983); Athey and Ellison (2011), es-
pecially when buyers can search more frequently and adaptively update their prior belief
about price distribution with low search cost. As an simplified extension, I consider the case

of non-adaptive beliefs endogenized by the price-setting firms subscribed to the platform.
2.3. Model

There is a continuum of buyers and sellers (firms) on each side with mass B and S. Each
firm j produces a horizontally differentiated product at a marginal cost of m;. For now I
assume the supply is unlimited. Suppose the marginal costs of all firms are i.i.d distributed
according to the cdf F' with compact support [m,m] and pdf f. Each firm posts a sale price
for its product and can price discriminate by posting different prices for different transaction

channels.

A buyer visits each firm and decides whether or not to buy from the firm or keep looking.
Each buyer 7 has different values for products sold by different firms and the valuation v;;
are i.i.d. distributed according to cdf G with compact support [v, v]3.

Consumer search. In the benchmark model without any intermediary, firms are ex ante

identical before buyers’ search and buyers share common belief over the value and price

3Bounded valuation is not necessary
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distribution of products sold in the marketplace. All participating buyers search sequentially
for firms and receive a price quote p; and value assessment v;; each time she visits a firm
j, at a search cost of ¢cp > 0. After each search she decides whether to proceed with search
or stop to trade with some firm she has visited so far. Assume there is no discounting on
values and consumers can perfectly recall prices they have observed as in opening Pandora’s
Box model in Weitzman (1979). If consumer 7 decides to purchase from firm j at a posted

price of pf) after k direct searches, she receives a utility of
Vij — pf) — kep,

i.e., the consumer surplus v;; — pf less the total search costs kcp.

A platform can facilitate search by lowering search cost to ¢p > ¢, > 0.* A buyer i not
subscribed to the platform can reach any seller directly with search cost cp, regardless of
whether the seller is available on the platform or not (that is, sellers can multi-home). For
buyer i subscribed to the platform, each time after sampling firm j on the platform and
observing v;; and the posted price pJL for transaction through the platform, and p? for an
off-platform transaction, the consumer has to decide whether to switch to an offline purchase
and incurs a switching cost of w;. One can interpret w; as transportation costs that depends
on each individual seller. The flexibility of transactions with or without the platform reflects
the non-exclusiveness policy of the platform. If a subscribed buyer i searches k£ times on

the platform until she purchases from firm j, she enjoys a payoff,

Vo + vij — min{ij,ij +w;} — ke, — P,

where Vj, is the fixed subscription benefit as in Weyl (2010), and P, the membership fee set

by the platform. min{p]L,ij +w;} is the transaction cost spent on firm j, and kcr, is the

aggregate search costs on the platform.

41 do not assume ¢, = 0 since it is still reasonable to assume that consumers need to spend time and
some effort in investigating the quality and price of each products. For the case of c;, = 0, refer to Baye and
Morgan (2001).
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Firms post prices. Any firm j not on the platform can still trade with any buyer who reach
them directly at the posted price ij for off-line transactions. The firm’s profit from all off-
line transactions is (pf —mj) X jD with X JD being the total demand for off-line transactions.
On the other hand, any seller j available on the platform can accept transactions both on
and off the platform at different posted prices: ij for off-line transactions and ij for on-line
transaction. A seller j with numbers of transactions X jD off the platform and X JL on the

platform, enjoys a profit of
Vi + () —my)XJ + (0] —my)X) = P,

where V} is the fixed subscription benefit as in Weyl (2010) and Py is the membership fee

charged by the platform if the firm decides to register.

Platform. A platform facilitates search but incurs costs for the convenience and service
it provides. Assume that C(b, s) is the fixed cost of lowering the search costs between a
measure of b buyers and s sellers subscribed on the platform. C(b, s) is non-decreasing in
b, s. Moreover assume that V,Br, > C(0,Br),VsSr, > C(SL,0), i.e., the platform cannot

profit by attracting only one side of the market.

The profit of the platform with By subscribed buyers and S, subscribed sellers is
w9 = PsSt, + P, By, — C(BL, SL)

For now we only consider charging subscription fees on both sides.

The following assumption holds throughout.

1-G(v)
g(v)

Assumption 1. G is twice differentiable with pdf g, and is non-increasing.

Assumption 1 is a standard monotone hazard rate condition, which ensures that the equi-

librium prices posted by the firms are uniquely determined by a first-order condition.
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Below is the timing of the search game.
Timing
Step 1 The platform announces membership fees (P, Ps).

Step 2 Sellers and buyers simultaneously decide whether to join the platform. Firms sub-
scribed to the platform pay the subscription fee P; in advance while for buyers the

membership fee is P.

Each firm j joining the platform posts price p]L for purchases on the platform and ij
for transactions off the platform. Firms subscribed to the platform pay the subscrip-

tion fee P, in advance.
Any firm j not on the platform posts one price ij for transactions off the platform.

Step 3 Each buyer subscribed to the platform searches sequentially for the optimal deal.

During each search, after the posted prices p]L,pf and switch cost w; of the firm j
visited are observed, the buyer has to decide whether to proceed with another search
or stop and purchase from some seller visited so far. The transaction with a seller can
happen either on or off the platform. If the trade occurs on the platform, the buyer

pays pJL to the firm, and p]D otherwise, in addition to the switch cost w;.

Consumers who search directly also conduct sequential search until they stop and
make purchases with some seller j at price ij . While the switch from on-the-platform
to off-the-platform transactions are available to any subscribers of the platform, I
assume that the reverse isn’t true. In other words, non-subscribers can not switch to

transactions on the platform.

If a platform makes zero or negative profit whatever membership fees it adopts, then, we
assume that it does not operate in the first place. The solution concept is Bayesian Nash

Equilibrium and all sellers and buyers are risk neutral.
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Denote by t]I the virtual price spent on firm j through channel I, then,

t; = min{p} +wj, py},

for each seller j on the platform and tjD = pJD for those off the platform. Since posted
prices and switching costs of each individual firm are unobservable to buyers unless they
search, sellers are assumed ex ante homogenous before the search and buyers are assumed to
hold common beliefs Fy, over the virtual prices tJL on the platform, as in Wang and Wright
(2016). We consider the case where beliefs are unadaptive as buyers search on the platform.
Similarly, buyers who search directly also hold some common belief Fp over posted p? off

the platform before prices are observed.

The following lemma by Weitzman (1979) characterizes the optimal sequential searching
strategies of buyers: setting a reservation price as stopping rule.

Lemma 2.3.1 (Weitzman (1979)). Each buyer choose a value zr, if z1 > 0 consumers starts
searching via I (I = L if search on the platform, and I = D if search directly), and stop if
the surplus vi; —t; from trading with firm j exceeds zr, and continue searching otherwise.

Moreover, z; satisfies,

or = // (v —t — 2)dG(W)dE(t), T=L,D.
v>t+zr

z1 1s the reservation price for sequential search via [ = L, D .

I consider the symmetric Bayesian Nash Equilibrium where agents of the same type adopt
the same strategies on pricing, search and entry. In this model, buyers share the same
searching strategies because of their common ex ante valuations of the product sold in each
firm and common belief over the price distribution on and off the platform. The focus is on
the seller side. After each search and inspection, the subscribed buyer i learns the value,
prices and switching cost of firm j, and decide to continue searching if v;; —t; < 2y or stop

and purchase from firm j.
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If the firm set prices (pf, pf’ ) respectively for transactions on and off the platform, its total

demand via the platform is,

By,
Xo(pk.pf) = Sii—p1) Pr(v > th + z1), (2.1)

where By, is the measure of buyers searching on the platform, Sy, is the number of registered
sellers, i.e., her competing peers, on the platform. Here p; = Pr(v —t < z1) denotes
the probability that the search on the platform terminates at each time period, i.e., with
probability 1 — p;, a consumer stop searching after the current search. Notice that if p]L <

p]D + wj, all demands from the subscribed buyers are completed on the platform.
Similarly, the demand from unsubscribed buyers who search directly is

Bp
Xn(pP)= ——2 Pr(v—p? >
D(p]) SD(l—PD) I‘(U pj _ZD)a

where Bp are those who only search directly off the platform and pp the probability of an
unsuccessful transaction from a direct search. Hence if firm j does not enter the platform,

its expected profit is

ma(pyymj) = (pF — my) Xp(pf).

If firm j decides to participate on the platform, his expected profit is

(p} —my) X (pf,p}) + (0] —mj)Xp(p]) if pf < pf +w;

(2.2)

ﬁL(pf?p?;mj) N D D L D D L D
(py —my)Xe(py,py) + (py —my)Xp(py) if py > py +w;
Then firm j is willing to join the platform if the benefit from subscribing exceeds that from
not, i.e.,

max 7, (p”, pP;m;) + Vi — Py > maxwp(p?; m;). (2.3)
pP.p* pP
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For buyers, the expected benefit of searching on the platform is:

E[gain from the platform] = Z E[ gain from k' search] — P,

L

_ I\k—1 c
_ZE [(v—=t)1(v—1t>z)](p") —l_pL+Vb_
. deFL—cL 2.4
ff t>L LV, — P, ( )
I—pL
oo 2LdGAEY
:ff tzlL 7 +‘/[)*Pb
—p
= =

Similarly, the expected benefit of searching off the platform is zp. Hence a buyer is willing

to pay the membership fee and search on the platform if,

24V, — P> 2p.

2.4. Equilibrium Targeting Strategy

The equilibrium of the search model is defined as follows.

Definition 6 (Search Equilibrium). For a buyer-seller search model with platform facili-
tating search, given (Ps, Py) the membership fee announced by the platform, a search equi-
librium is (p*, pP, 2%, zp), where p* : [m,m] — RU{oc} is a mapping from firms’ marginal

costs to its posted prices on the platform, and pP : [m,m] — R U {oo} a mapping from

firm’s marginal costs to its posted prices off the platform,® such that

(i) Each firm with marginal production cost m who is subscribed to the platform, posts
the optimal prices to maximize its aggregate profit from transaction on and off the

platform,

(pr(m),pp(m)) = arg gllzg;wL(pl,pz; m;).

SpF = oo if firm j is not subscribed to the platform
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For those not subscribed to the platform, the optimal prices are selected to mazximize

profit from direct search, i.e.,

pD(’mj) = argmgwa(p; mj),

(ii) Firm j joins the platform if

maxwL(pl,pg; m;) + Vs — Ps > max mp(p; m;).
P1,p2 p

(iii) Buyers join the platform if

Vv, - By > 2P
and adopt the optimal stopping rule stated in Lemma 2.5.1

One incentive for buyers to search online is lower prices. The following result confirms that
on the buyer-seller search platform, prices charged are lower than prices through direct
search, thus eliminating the showroom issues in Wang and Wright (2016) where buyers
search for sellers on the platform but complete their transaction off the platform.

Lemma 2.4.1. In any search equilibrium when the platform operates, pL(m) < pD(m),Vm.

Based on the proof of Lemma 2.4.1, in any equilibrium when the platform operates, the

equilibrium prices pf , pf posted by firm j satisfy:

D
Py =mj+ D
9(p; +zp)
L
L ‘ 1 — G(p] + ZL)
pj =mj+ L
g(pj + 21)

with demand from on the off the platform being;:

Xpf) = g2 (1= Gl + )
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By,

= m(l — G(p} + 21)).

L D
Xp(pj,pj)
Therefore, the profits for firm j from transaction on or off the platform are respectively,

(1-Gf+21)* B N (1-G@? +2p))* Bp
glp+z)  Sc(l—prL) gp+zp)  S(1-pp)
(1-G@®? +2p))* Bp
glp+zp)  S(Q—-pp)

mL(pk. pfimy) =

mo(pfym;) =

The incentive condition for firms’ entry thus depends on:

B, (1—Gpj+z1))
S(l=pr)  glpk+21)

+V,> P, (2.5)

(1-G(p+2))?

902 is non-increasing in p, the lemma above yields an upper bound for posted

Since
prices on the platform for given V;, Ps;. The equilibrium strategy profile exhibits the follow-
ing threshold structures in any search equilibrium.

Theorem 2.4.2 (Threshold Strategy). In any buyer-seller search equilibrium,

(i) the equilibrium prices for firms with marginal costs m is pr(m) = p(m, zr), pp(m) =

p(m, zp), where p(m, z) satisfies,

1—G(p(m,z)+ 2)
g(p(m, z) + 2)

p(m,z) =m+

(ii) there exists mp, s.t., any firms with production cost m < my, join the platform while

those with higher production cost m > m™ choose to stay off the platform. Moreover,

B, (1-G(p(mg,z0) + 21))*

+ Vs = Ps.
St(1—pr)  gp(mr,zL) + 21)

(’i’l"i) SL =5 F(mL)
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(iv) zr, satisfies,

ol |
cr = v—p— z1)dG(v)dF(m).
r F(mL) m va(m,zL)-l-zL( L> ( ) ( )

The success of the platform is determined by the amount of membership fees Ps, P, charged
on both side, which in term are determined by the optimal threshold my. By including more
sellers with high threshold mj, buyers enjoy positive externalities of the variety of choices
and higher values of trades v;; in equilibrium. On the other hand, the price dispersion on
the platform can be detrimental for the success of the platform, as buyers have to search
extensively to find sellers with low prices ij . Therefore, it is not obvious that the middleman

should attract all sellers to the platform in equilibrium.

The following theorem characterizes the platform’s optimal choice of thresholds my by
limiting the set of sellers available on the platform.

Theorem 2.4.3. Suppose
(i) f(m) is non-increasing in m,

(ii) 9<(By,S) > Vi,

omg
P T

then the profit of the platform is a non-decreasing function of the threshold my, i.e.

0.

Condition (i) states that the density of sellers is a monotone function of its production
costs. In particular, more sellers are equipped with production technologies with lower
marginal costs. Condition (ii) implies that the cost of serving one more seller is at least
that of the subscription benefit the seller received after joining the platform. For example,
it can be satisfied if %—S(b, s) = V5. What is non-standard is that under the two conditions,
the middleman can profit more by targeting fewer sellers. In other words, the middleman

profits by acting as a gatekeeper that only attract the set of sellers with low marginal costs.
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2.5. Welfare Analysis

In this section, we study how limiting choice can affect the welfare of search under the

intermediary. Denote by W¥(cr) the welfare from search and trade on the platform.

v — mdGdF.
Wt(cp) = E[welfare from the platform] :f fv_tZZL - L

1- PL ~ 1- PL (26)
[ Jyoimy ¢~ miGAF,
1—pr

WL(CL) consists of the transaction surpluses, less the total search costs, a function of ¢j, in
any search equilibrium. Denote by m} the optimal threshold selected by the platform such
that

mj = arg max mo(mr).

Then mj is a function of c¢;. The following theorem analyzes the social welfare results
under the intermediation of a search platform.

Theorem 2.5.1. Suppose that

ow’r

Inequality (2.7) states that the optimal threshold strategy mj is non-increasing in cr,, that
is the lower the search cost a platform offers, the fewer firms it attracts to the platform
in its optimal strategy. Theorem 2.5.1 then implies the social welfare generated by the
middleman increases with lower search costs it provides to the buyer. The middleman can
promotes efficiency in two ways. The first, which is standard, is to lower the costs of search
on the platform. The second, which is less trivial, is to accrue demands from all buyers to
the subscribed sellers with low production costs. Therefore, the surpluses from transactions
increase as the middleman acts as a gatekeeper that restricts the set of available sellers to

those more efficient ones.

47



2.6. Conclusion

This paper studies the search platform that facilitates search between buyers and sellers by
lowering search costs. The price dispersion is intrinsic to the platform’s threshold strategy
that by setting membership fees, limits the set of available firms subscribed to the platform.
Buyers can then search more efficiently with fewer searches and the price competition be-
tween those low-cost sellers is more fierce, which adds the benefit of lower prices to buyers
subscribed to the platform. Moreover, the search platform can also promote social welfare

by lowering buyers’ search costs and accrues demands to sellers with lower production costs.
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CHAPTER 3 : Intermediated Bargaining In Networks with a Matchmaker

3.1. Introduction

Many goods and services (real estate, automobiles, jobs, etc) are traded in decentralized
markets where traders search or wait for their counterparties and prices are determined via,
bargaining. Trading opportunities are largely restricted by social relationships, geographic
dispersion, information opportunities, technical compatibilities, etc, which can generate
considerable search costs. Traders often rely on intermediaries (brokers) to reduce the
search costs. In the U.S. labor market for example, more than 90% of companies and 40%
of employees looking for their first job (or those reentering the job market) use staffing
agencies, generating annual revenues of $129.6 billion in 2014 according to the American

Staffing Association.

Matchmaking middlemen also offer their professional expertise in proposing high-quality
matches. Wine brokerage, a poorly known yet quite regulated activity, accounts for about
60% of bulk table and local wine transactions and for about 80% of the AOC exchanges in
France. Wine is not a standardized product. A wine broker will regularly visit growers he is
in contact with to taste and collect samples and once the sample fits the needs! of the wine
buyer who hires him, the broker will bring together the grower and the buyer for negotiation.
A broker’s expertise is based on his specialization in a specific wine production area and on
knowledge of their customers. On average, a broker maintains more or less strong ties with
158 buyers and 49 growers, according to a survey conducted on Languedoc-Roussillon wine

brokers (Baritaux et al., 2006).

In other businesses, matchmaking middlemen such as talent agents intermediate most trans-
actions. In the U.S. in 2010, 664 out of 1728 NFL professional players were represented by
top 7 sports agents in the field. Moreover, the concentration of the matchmaking business

in those fields endows the matchmaking intermediaries with significant market power. For

'Such as quality, flavor and geographic regions. In France, depending on the region where they are
situated, wine buyers don’t have the same trade practices.
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example, the distribution of footballer representations are highly skewed between interme-
diaries. In five major European championships, half of over 2400 football players from the
main European leagues are managed by 83 agents or agencies and a quarter are represented

by just 24 of them (Poli and Rossi, 2012).

Common to the examples above is an intermediary whose business is to match buyers and

sellers who subsequently negotiate the price. Unlike intermediaries in other settings, these

e do not hold inventories or set transaction prices. They profit from facilitating a match
between buyers and sellers. The sale price is determined by negotiation between the

buyer and the seller.

e They do not act as marketmakers who set bid and ask prices at which traders can

buy and sell for their own account.

In contrast to the extensive literature on intermediated bargaining or trading models where
middlemen act as traders or marketmakers, there has been little discussion on the role
of a matchmaking middleman in a decentralized bargaining setting. This paper is, to my
knowledge, the first to introduce a finite model of matchmaking middleman in a buyer-seller
bargaining network after Yavag (1994, 1992a,b), which discuss a one-buyer-one-seller search

model with a middleman facilitating search.

Given the prevalence of networks in modeling bilateral bargaining, I consider a bipartie
graph that determines which pairs of buyer and seller can bargain over the prices of het-
erogeneous goods. Each seller has a single unit of an indivisible good to trade and each
buyer has unit demand. Feasible trading opportunities are represented by links. Associ-
ated with each link is a probability that corresponds to the chances of that buyer-seller
pair finding each other without an intermediary. In each time period a feasible buyer-seller
pair is selected at random (referred to as being matched by nature) or they are matched
by a middleman to negotiate a deal. Among them, one trader is designated to make a

take-it-or-leave-it offer. If the offer is accepted, the pair exit the market with the share
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agreed, less commission fees paid to the middleman if matched by the middleman. If the
offer is rejected, the pair remain in the market for the next period without any payments
to anyone including the middleman. Moreover, a feasible buyer-seller pair can always walk
away from the middlemen’s match, and wait for trading opportunities to arrive at random.
Before the start of the next time period, the exiting pair are replaced by their clones at
the exact same positions of the network or they are never replaced in the following periods.
The two extremes are referred to as the with-replacement assumption (Manea, 2011) and
no-replacement assumption (Abreu and Manea, 2012a,b) in prior literature. This paper
generalizes both cases by allowing exiting players to be replaced by clones with positive

probability.

As is well known from prior work, bargaining outcomes largely depend on network structure
and the matching process associated with it: how many suppliers with higher quality ma-
terials are accessible to the buyer, how often an impatient landlord receive a purchase offer,
etc. In my setting with a strategic matchmaking middleman, the following questions arise:
which pairs will the middleman select and what is the impact on the surplus of buyers and
sellers; how would intermediation in network affect the efficiency of bargaining outcomes?
To answer these, one must understand what commission fees the middleman posts to both

sides and what matching processes the middleman selects under the chosen commission.

Similar to the two-sided platform literature (Rochet and Tirole, 2003, 2006; Armstrong,
2006), which side should pay and how much should be paid to the middleman determine
the middlemen’s success. The mainbody of the paper assumes that the middleman has
the freedom to charge a percentage of the transaction price on both sides. That is, both
buyer and seller pay a percentage of the sale price. In labor markets, headhunters are paid a
percentage of employee’s salary by the employer (buyers) and job seekers (sellers) get access
to the recruiters’ services free of charge. In real estate, depending on whom the brokers
represent, a percentage of the sale price is paid mostly by the sellers but sometimes by

buyers if they sign a buyer broker agreement containing clauses that will compensate the
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brokerage for the fee it is due less the amount paid by the seller. In the professional sports,
payment rules to the intermediaries vary a lot (Brocard et al., 2016). For example, the
players associations in the North-American closed sport leagues have introduced Collective
Bargarining Agreements that prohibit payments from clubs to sport agents (Shropshire
et al., 2016). Thus, sport agents are paid by their principals - the players in the North
American professional leagues, such as NBA and NFL. On the other hand, a study by
the European Commission in 2009 shows that the existing mechanisms for sports agents
are fairly heterogeneous (agents paid by the player, agents paid by the club, or a mixed
commission payment)Q. To sum up, a commission appears to be the most popular scheme

employed by an intermediary and it can take one of two forms.

1. “a+ B” commission fees: Charge « of the sales price to the seller and 5 to the buyer
for each successful transaction, denoted by “a+ 8”. This includes « =0, or § =0 as

a special case.

2. “a or 8”7 commission fees: Whoever makes an offer that is accepted, pays the mid-
dleman’s commission. If the seller, the commission is « of the price, if the buyer it is

B of the price.

The “a+ 7 pricing where middleman charges on one or both sides of the market regardless
of who makes the accepted offers are more commonly seen in pratice compared to “a or 5”.
This paper focuses on the discussion of “a 4+ 57, and compares the two pricing models at

the end.

The other critical design problem for the intermediary is which buyer-seller pairs to match.
I assume that buyer-seller links are given and not created by the intermediary. Rather, by
selecting which pair of buyers and sellers to match, a middleman can determine how quickly
or often a buyer (seller) can meet specific counter-parties. Prior work assumes exogenously

specified matching probabilities(Abreu and Manea, 2012a), or endogenously determined by

2 »Study on sports agents in the European Union”. A study commissioned by the European Commission
(Directorate-General for Education and Culture), November 2009.
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the mass of traders of the same type (Diamond and Maskin, 1979; Gale, 1987; Néldeke and
Troger, 2009). In this paper, agents can choose between an exogenously specified matching

process (nature) or matches determined by an intermediary.

The analysis of bargaining games under intermediation relies on Markov Perfect Equilibria
(MPEs) introduced by Fudenberg and Tirole (1991); Maskin and Tirole (2001), where the
strategy profile is a function of the Markov states of the game. The state in this model is
the network structure, along with the selection of a link and a proposer, and in my context,
the commission. Despite a multiplicity of MPEs under commission rates «, 3, this paper
characterizes the unique MPE revenue of a monopoly matchmaking middleman with the

optimal choice of commission.

The first economic insight the paper offers is how a middlemen affects the efficiency through
redistributing the trading opportunities across agents. The efficiency of trade is the total
discounted sum of surpluses. If vy is buyer b’s value for seller s’s good and ¢4 the oppor-
tunity cost of s, the surplus from trade will be vp; — ¢s. In the benchmark case without
middlemen, efficiency is compromised by adverse selection and trading delays (Abreu and
Manea, 2012a,b). In my model the presence of a middleman reduces trading delays relative
to nature. Moreover, when exiting players are replaced with clones, the middleman always
selects the links with the highest surplus in any equilibrium without the competition from

nature. This fails to be true when the middleman competes with nature.

Relative to a middleman focused on maximizing efficiency, the profit-maximizing middle-
man distorts trades in two ways under the no-replacement setting. The first is to restrict

trading opportunities by never selecting feasible buyer-seller pairs whose “value-to-cost”

Vbs
cs ?

ratio Uc—”: is too small. The second, is among the feasible pairs with sufficiently large
favoring those buyer-seller pairs whose vy, is large. Thus, the profit-maximizing middleman
does not necessarily favor pairs for which the gains from trade, vys — ¢s, are large. The
intermediation inefficiency stems from imperfect price discrimination of the matchmaking

middleman. Under the with-replacement assumption, the monopoly middleman can per-
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fectly price discriminate by calculating the efficient links and the commission rates «, 8
accordingly in order to extract all the surpluses from trade, and she is able to do so be-
cause the equilibria are stationary and the network structure remains unchanged forever.
Under the no-replacement assumption however, the middleman matches sequentially until
the market clears and charges the same percentages of sales prices to all matched pairs.
Because of her lack of ability to perfectly price discriminate, the middleman cannot extract
all surpluses from trade and can deviate from inefficient matchings to the profit-maximizing

ones.

The interplay between efficiency, matching and competition with nature is novel to the
literature on intermediation in networks. Blume et al. (2009) show the efficiency of in-
termediaries that announce bid prices for sellers and ask prices for buyers simultaneously.
Choi et al. (2017) prove the existence of efficient equilibria in a network where all nodes
along the path of intermediaries post prices simultaneously, in addition to showing exam-
ples of inefficient equilibria where trade does not occur. Polanski (2007) studies a model
in which a maximum number of pairs of connected players are selected to bargain every
period. As a consequence, efficiency is not an issue in Polanski’s model and in equilibria,
all matched pairs reach agreement immediately. In another recent paper on intermediation
in networks, Manea (2015) characterizes the intermediation inefficiency that stems from
hold-ups created by competition between layers and paths of the network where middlemen
form chains of traders. Unlike them, intrinsic to the inefficiency results of my model is the
matching technology endogenized by the profit-maximizing middleman and the imperfect
price discrimination toward the commission the middleman must commit to for all trades

before bargaining starts.

This paper also characterizes the impact of intermediation on players’ surpluses from trade.
Under the “a + (7 pricing, assuming that traders have no outside options but to search
and trade through the middleman, the expected surplus of all buyers is zero in all networks.

Thus, all of the gains of trade accrue to either the middleman and the sellers. This is
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true even if supply exceeds demand or if buyers are more patient than sellers. Under the
“av or B” pricing, depending on the underlying network structures, buyers can enjoy positive

gains from intermediated bargaining.
3.1.1. Literature Reviews

My work builds on the intersection between bargaining models (Rubinstein and Wolinsky,
1985; Gale, 1987; Binmore and Herrero, 1988; Abreu and Manea, 2012b; Manea, 2015) and
two-sided marketplaces with intermediaries (Rochet and Tirole, 2003, 2006). It differs from

prior work in the following ways.

1. Matchmaking middlemen

The literature on decentralized trade in networks has focused on the exchange of goods
without intermediation (Abreu and Manea, 2012a,b; Manea, 2011; Corominas-Bosch, 2004;
Kranton and Minehart, 2001; Polanski, 2007). In particular, the two-sided versions of
Abreu and Manea (2012a,b); Manea (2011) are special cases of my paper under the with-

replacement and no-placement assumption.

Moreover, most of the literature on intermediation in networks investigates intermediaries
as traders or resellers in the network consisting of paths where sellers are linked to buyers
directly, or indirectly via a chain of intermediaries (Manea, 2015; Kotowski and Leister,

2018; Manea, 2017a, 2015; Choi et al., 2017; Nguyen et al., 2016).

Brocard et al. (2016) study a sports agent facilitating the negotiation between a buyer (club)
and a seller (professional athelete) with fixed bargaining payoffs, whereas in my setting, the
middleman can facilitate searches across a network of buyers and sellers and the outcomes

of bargaining are endogenized by matching and competition with nature.
2. Matching technologies

Abreu and Manea (2012a,b) assume exogenously specified matching probabilities p;;(G’) for
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any subnetwork G’ C G with full support. In particular, the two-sided versions of Abreu
and Manea (2012a,b) are special cases of this paper when the middleman is entitled with
zero influence over the matching. Shimer and Smith (2000); Manea (2017b); Noldeke and
Troger (2009); Diamond and Maskin (1979); Gale (1987) assume the probability of player ¢
meeting a type j is given by the proportion of traders j in the market. In non-cooperative
group bargaining models, Nguyen (2015) assumes that the probability of a coalition S being

selected at random with ¢ being the proposer is Pr(S5,1) = «a; - P(5).

Abreu and Manea (2012a) also introduces an alternative matching technology where each
individual is endowed with a bargaining opportunity and then proceed to contact a partner
to negotiate over a deal. In reality, the set of neighbors visible to each trader subject to
manipulation by the middleman (such as eBay, headhunters, wine brokers), which is closer

to the setting discussed in this paper.
3. Steady state and new entry

As shown in the paper, the efficiency results are profoundly different under the with-
replacement and the no-replacement assumptions. The replacement assumption is ubig-
uitous in matching and bargaining models to main the steady states of the network struc-
ture (Rubinstein and Wolinsky, 1985; Diamond and Maskin, 1979; Shimer and Smith,
2000; Duffie et al., 2005; Atakan, 2006; Satterthwaite and Shneyerov, 2007; Manea, 2011;
Lauermann, 2013; Lauermann and Noldeke, 2015). Among those, some assume players are
repalced by clones at the exact same position of networks (Manea, 2011), while some assume
an inflow of new players with costly entry (Manea, 2017b), or costless entry and the prob-
ability of being matched with counterparties is proportional to the size of her peers with
the same type (Shimer and Smith, 2000). Abreu and Manea (2012a) study the bargaining

networked game under the no-replacement assumption.
4. Heterogenous goods.

Prior worksAbreu and Manea (2012a,b); Manea (2011); Corominas-Bosch (2004) study the
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exchange of goods with unit surplus and focus on the impact of network structure on the
efficiency of bargaining (the maximum cardinality of matchings in the network) as agents
become patient. The distinguishing feature of this paper is the endogenous matching tech-
nology and distorted equilibrium matchings selected by the profit-maximizing middleman

who favors trades with higher values.

3.2. Model

3.2.1. Setup

Let B denote the set of buyers and S the set of sellers. Each seller s has a single unit of
indivisible good for sale, with opportunity cost ¢; > 0. Each buyer b has unit demand and
her value for the good sold by seller s is vys. If buyer b pays a price p to seller s, the payoffs

are vps — p for the buyer and p — ¢ for the seller.

Buyers and sellers are linked by a network Gy = (V, E') with the set of vertices V. C BU S
and the set of edges (or links) E C {(b,s)|b € B,s € S} such that (b,s) € E whenever
(s,b) € E. Alink (b, s) is interpreted as the feasible pair for trade. A network G' = (V', E’)
is induced by V' if E' = EN (V' x V'). We write G & V" for the subnetwork of G induced

by the vertices V' \ V".

Exogenous matching technologies in the benchmark. In the benchmark case, every

network has an associated probability distribution over links (p;;(G)), V(i,7) € E. Given G,

pi;j(G) is the probability that player ¢ in the network G meets with one of her neighboring

traders j and propose a division over the surplus v;; — ¢; (if 7 is a buyer, or vj; — ¢; if i is a

seller) to j. The random matching technologies can be arbitrary, for example, the uniform
1

distribution over all links p;;(G) = 3E]

Matching process with middleman. A long-lived middleman can match buyers
and sellers that would otherwise have difficulty finding each other. Consider the following

dynamic matching process. Each period ¢t = 1,2,..., with probability A, the middleman
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selects a buyer-seller pair from the current network G; at time ¢ and assigns one of them to
make a take-it-or-leave-it offer to the other trader; with probability 1— A, a buyer-seller pair
is selected at random according {p;;(G¢)}ijer,. A can be interpreted the market power of a
middleman: X of matching and bargaining opportunities are brought by the matchmaking
middleman while 1 — X\ of them are by chance. A = 0 corresponds to the the benchmark

case without the middleman in prior literature.

Commission fees. Both the buyer and the seller matched by the middleman pay a per-
centage of the sale price to the middleman upon reaching an agreement. « is the commission
rate on the seller side and /3 on the buyer side, announced before any bargaining game starts.

Moreover, no one gains from no trade, including the middleman.

Replacement assumption. In prior work, two polar cases are studied: either exiting
players are replaced by clones at the exact same positions of the network, or they exit
the market without any replacement. This paper makes the following extension: with
probability 0 < v < 1 the exiting pair who have reached an agreement are replaced at the
end of this period, by a new pair at the same positions in the network. Otherwise, they
are never replaced by any clones in the following periods. Abreu and Manea (2012b) is a

special case of v = 0 and Manea (2011) a special case of v = 1.

Assume all sellers share a common discount factor 0 < d§; < 1, while all buyers share a

common 0 < §, < 1. The middleman’s discount factor is 0 < d; < 1.
3.2.2. Timing

We consider the following infinite horizon bargaining game generated by the network and
the middleman’s choice of commission and matchings. Denote this pricing model by “a+ 3

commission.

Stage 1 At time ¢ = 0, the middleman announces a non-discriminating percentage commis-

sion rates «, 8 > 0.
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Stage 2 At time t = 1,2,.. ., if no feasible pairs exist, the game ends. Otherwise,

(i) Matching a buyer-seller pair: With probability A, the middleman selects a feasi-
ble pair b, s and assigns one of them to make a take-it-or-leave-it offer. Otherwise,

a single link is selected at random according to {p;;(G¢)}ijeE, -

(ii) Bargaining: The matched pair (b, s) meet, with one of them proposing to the
other player (the responder) specifying a transfer (or price) p. If the offer is
accepted, they trade and exit the game with buyer’s payoff being vps — (1 + 8)p
and the seller’s being (1 — «)p — ¢, if matched by the middleman. If matched by

nature, buyer b gets v,s — p and the seller p — c.

(iii) When the pair exit the market with an agreement, with probability v they are
replaced by clones at the same positions in the network and there are no clones
otherwise. If the offer is rejected, the matched pair dissolves and the two traders

return in the next period.

Under the “a+ 7 commission pricing, the middleman commits to non-discriminating com-
mission rates «, 8 on both sides. This includes special cases where the commission rate on
one side is set to 0: eBay charges a 3% of sale prices on seller side and 0% on buyer side; the
real estate broker mostly charges a 6.5% of the sale prices on seller side and 0% on buyer
side. For headhunters, regardless of who makes the take-it-or-leave-it offer, the commission

fee is always charged on the buyer side (the employers).
3.2.3. Markov Perfect Equilibrium

There are three types of histories for any ¢ > 2. Denote by h; a complete history of the
game up to (not including) time ¢, which includes: the choice of commission o and f3, a

sequence of ¢t — 1 pairs of proposers and responders in G with corresponding proposals and
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responses, payment to the middleman if applicable and whether the pair exiting the market
are replaced with clones. The history h; uniquely determines the set of buyers and sellers
V' (hy) still present at time ¢. Denote by G(h;) the subnetwork of G¢ induced by V(h;).
Let 2 be the set of any possible complete histories and ¢ the set of subnetworks of Gg
induced by any complete histories, i.e., ¢ = Upc»G(h). The history (h¢; 1as) denotes the
history h; followed by the identity of the matching maker ( 1;; = 1 if it is the middleman’s
turn to select the pair at time ¢ and 0 otherwise). The history (hs; Lar;é — j) consists of
hy followed by nature or the middleman selecting i to propose to j, and (hy; Ly;i — ;)

includes additionally the proposed transfer x € R made by ¢ to j.

The equilibrium analysis is restricted to Markov Perfect Equilibria (MPEs) in Stage 2. A
strategy o; for player i specifies, for all histories (hy; 1as;i¢ — j) the offer oy (he; Lar;i — j) i
makes to j conditional on the history (h; Las;4 — ), and the response o;(hy; Las;j — ;)
that i gives to j conditional on (hs; 1as;7 — j) and the offer z proposed by j. A matching
strategy ojs for the middleman specifies the pair to select for bargaining given the histories
(hg; 1py = 1). A Markov strategy is defined on the payoff relevant Markov states: the
subnetwork of players who did not reach agreement by that time, and announced commission
a, B, the matchmaker’s identity (nature or the middleman), the selection of a link and
the proposer as well as the offer made by the proposer. In particular, for all complete
histories hy, and (i,75) € E(ht), oi(he; La;i — j) only depends on the network G(hy), the
identity of the proposer ¢ and responder j, and the identity of the matchmaker 1,;, and #’s
response o;(hy; 1ps; 7 — i;x) depends additionally on the offer x made by the proposer j. A
Markov perfect equilibrium (MPE) is a subgame perfect equilibrium in stationary Markov

strategies®. We first establish the existence of MPEs.

Denote by I'**?(G) the Stage 2 bargaining and matching games under the choice of “a+ 3"
commission.

Theorem 3.2.1. For any «, B > 0, there exists a Markov perfect equilibrium for both the

3FOI“ t,t/ = 1,2,...,N, Ui‘ht = Ui‘h;/ if G(ht) = G( ;/)
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bargaining and matching game TT8(Q).

Since the two-sided version of Abreu and Manea (2012b) can be seen as a special case of
mine when A = 0, MPE payoffs might not be unique and can be sensitive to the network
structure, the discount factors etc. The following proposition however, characterizes the
uniqueness of buyers’ payoffs under certain conditions.

Proposition 3.2.2. For any o+ 3 >0, if

(1 - )\)pbs(G) = O>VG c G07

then the expected payoff of any buyer b is zero in any MPEs of T*T8(Q). In particular, if

one of the following two conditions is satisfied,
1. AX=1, that is middleman M is the monopoly matchmaker;
2. pps(G) = 0 for any buyers in any subnetwork of Gy.
buyers gain zero surplus in any MPEs.

Proposition 3.2.2 describes a scenario when all surpluses from trades accrue to either the
middleman and the sellers: if buyers have no bargaining power under nature, neither would
they under the perfect intermediation by the middleman. This is true even if the buyers are
sufficiently patient with d; approximating 1 or buyers are on the short side of the market.
What underlies the result is the difference between prices proposed by buyers and sellers:
the ask-prices proposed by the sellers are often higher than the purchase-prices offered by
the buyers. Therefore, the middleman treats buyer and seller asymmetrically when deciding
on assigning which side to make a take-it-or-leave-it offer. Before jumping to the proof of
Proposition 3.2.2, we first present a description of the MPE strategy profile under A\ = 1,
in particular the equilibrium transfers proposed by both sides.

Lemma 3.2.3. Given the network G, in any subgames with the initial network G, there

exist up, us > 0,Vb, s € G, s.t. the MPFE strategy profile is in the form of the following:

61



+0sus  Vps—0pUp
l-a 1+8

e Buyer b offers a bid-price p = min{< } whenever chosen by the middle-

man to propose to seller s.

e Seller s proposes an ask-price p = max{cSi"_‘saus, vbslfg”b} whenever chosen by the

middleman to propose to buyer b.

e When buyer b responds to the offer p from seller s: she accepts any ask-price p <

%%%%7 rejects any p > w%z%w); and is indifferent between accepting and rejecting a

price of p = 7“1781;5/3”“1’.

o Similarly, when seller s responds to the purchase offer p from buyer b: he accepts any

offer s.t., p > %, rejects any p < %, and is indifferent between accepting
; ; __ CsHdsus
and rejecting an offer p = “osts

Following Lemma 3.2.3, it is straight forward to notice that within any buyer-seller pair
(b, s), the ask-price proposed by seller s is at least the amount offered by buyer b, even
if there is less demand than supply or sellers are much more anxious to close the trade.
Moreover, no matter who is assigned as the proposer, the necessary condition for trade
between buyer b and seller s to occur is the same:

+ 8

1
Vps — OpUp > 1 (cs + 0sus), (3.1)

i.e., the value vy is sufficiently large. Here uy, us are the expected payoffs for buyer and
seller given the network. Therefore, within any pair that can potentially reach an agreement,
assigning the seller to be the proposer generates at least the same profit to the middleman
as choosing the buyer side. Proposition 3.2.2 implies buyers gain no additional bargaining
power from the intermediary except that some of them might be selected to bargain more
often with the middleman than without. Still, their payoffs are 0 as any positive gains from

bilateral bargaining result from the ability to make a take-it-or-leave-it offer.*

4 If a trader can only respond to a offer but is unable to make one, any equilibrium offer indifferent
between accepting and rejecting it, will eventually amount to 0 when the discount factor is strictly positive.
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3.3. Inefficiency of MPEs

This section focuses on the optimal choice of «, 5 at time 0 and the resulting equilibrium
matching and bargaining outcomes. Moreover, what is the impact of intermediation by a
profit-maximizing middleman on the social welfare especially when the middleman acts as

a matchmaker ?

Eficiency is defined as the optimal matching created by a welfare-maximizing central planner
who in each time period, selects the pair that maximizes the expected total discounted sum
of surpluses from trades with some discount factor § > 0. If v = 0 where exiting players
are never replaced by clones, the set of efficient matchings in the bargaining game is any
maximum weight matching on the entire network Gg, with the weight of each link being the
transaction surplus vps — ¢s (Abreu and Manea, 2012a,b; Polanski, 2007). Assuming v = 1,
the MPEs are stationary and the efficiency of the intermediated bargaining game is defined
as the selection of efficient links with highest surplus vps — ¢; (Manea, 2011).

Theorem 3.3.1. Suppose A = 1.
1. If vy =0 (no-replacement assumption),

e The highest possible revenue the middleman can achieve is,

maxa+5
af 143

H(Ga,,ﬁ)7

where Go g = (V,Eqp) is the subnetwork of Gy with Eq g = {(b,s) : vps >
1+

=cs}. I(Gap) is the mazimum total discounted sum of buyers’ values vps of

any feasible matchings in network G g.

o For any € > 0, the middleman can choose o*, 3* at time 0, s.t., her revenue is
at least e-close to the maximum possible revenue the middleman could possibly

attain, t.e.,

77 (Gy) > max atp

(G, 5) — €.
a,B 1—|—B( 8 e
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The middleman’s matching outcomes are the maximum weight bipartite matching

of Ga,p with weight of each link being vy, rather than vy — cs.
2. Ify = 1 (with-replacement assumption), then for any € > 0, the middleman can choose
o, B* at time 0, s.t., her revenue in any MPFEs of Stage 2 satisfies

g+ (Gp) > H;ax(vbs —Cs) — €,
,8

with the optimal matched pairs always being the most efficient links (the highest vps —
¢s). The optimal choice of o, 5* satisfies vps — cs = ‘i%“gvbs where (b, s) is the most

efficient link.
Moreover, there are no trading delays along the equilibrium paths in both scenarios.

Under the with-replacement assumption, Theorem 3.3.1 shows that for the optimal choice
of o*, #*, middleman promotes efficiency by selecting links with the highest surplus. This
efficiency result holds for any d,s, dp, ds € (0, 1), a sharp constrast to the prior work (Abreu
and Manea, 2012a,b) where efficiency of MPEs is either unattainable, or can be attained by
a modification of punishment regimes adopted by the traders. What drives the efficiency
result under the with-replacement assumption is perfect price discrimination. In the sta-
tionary world where only efficient links matters rather than the entire network structures,
the middleman can always select links with the highest surplus under the “customized”
commission rates «, 8 such that trade always occurs and the surplus from trade can be fully

extracted by the middleman.

When v = 0, the middleman distorts trade in two ways. First, the middleman only targets

matchings on a subnetwork with higher “value-over-cost” ratio ”C”S. UVpg > %cs is implied
S

by Inequality (3.1): for trades to occur under intermediation, the ratio must be high enough
for both sides to afford the two-sided “tariffs” posed by the middleman. Unlike the station-
ary network structures under the with-replacement assumption v = 0, the network evolves

and the value of matchings feasible under the commission rates determines the success of
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the middleman. If matching pairs with large surplus vps — ¢s yet small ratio % (this is
possible when the production cost ¢, is also large), for the efficient trade to be feasible
under intermediation, the commission rates must be restrained from setting too high. As
a, 8 are uniform for all trades, the middleman can potentially generate less revenue from
matching pairs with lower surplus vps — ¢s but high ratio ”f than she could have earned
by setting higher commission rates «, 8. Sometimes targeting fewer feasible pairs under
higher commission rates can be more profitable than enabling more trades (including the
more efficient ones) to occur under a low commission (see Example 3.3.2). What underlies
targeting a subnetwork is the inability to perfectly extract all surplus from trades. Example
3.3.2 illustrates the targeting strategy in a two-buyer-two-seller network where in equilib-
rium, only one link is selected with all of its surplus extracted by the profit-maximizing
middleman. Secondly, the middleman selects the matchings on the subnetwork with high
buyers’ values vy, rather than the transaction surplus vys — ¢s. This is implicitly derived
from the fact that in MPEs with a monopoly matchmaker, the transfer of each trade is
proportional to the value vp,. Therefore among all feasible trades under intermediation,
the middleman favors those with higher transfers, i.e., higher values vps. The € error in the
statement of Theorem 3.3.1 is due to the fact that, by sacrificing a small € in revenue, the
middleman can avoid any possible trading delays where the responder is indifferent between

accepting and rejecting an offer.

The following two examples illustrate how distorted matchings can deviate from the efficient
ones when matching pairs with higher values vps in Example 3.3.1 and when restricting
trades in Example 3.3.2.

Example 3.3.1 (Ineffiency induced by middleman). Consider the bargaining game with
A= 1,7 = 0 in the following two-buyer-three-seller network. The values associated with
each link are vy, = 5,Uhs, = 6,Vpys, = T,Upysy = 15. Sellers’ productions costs are

respectively cs, = 3,csy, = 5, sy = 12.5.
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,2 for setting % For any subnetwork with {(b,s) : vps >

There are 3 candidates

)

Se} = B, $HETI(G) = §(6+15) = 3.5. With {(b,s) : vps > Lo} = {(br, 51), (b, 52)}, the

e}

surplus from its maximum weight matching is TJFEH(G) =2(5+17) ~ 3.4. Among {(b,s) :

Ups > 2cs} = {(br,s1)}, the surplus from its mazimum weight matching is ?TJFEH(G) =
2(5) ~ 2. In any profit-mazimizing equilibrium outcome, (b1, s2), (ba,s3) are matched by

the middleman. However, the most efficient matching is (b1, s1), (be, s3).

Example 3.3.2 (Ineffiency induced by middleman). Consider the bargaining game with
A =1,v7=0 in the following two-buyer-two-seller network. The values associated with each
link is Vp, s, = 3, Uy s, = T, Ubys, = 0. Sellers’ productions costs are respectively cs, = 0, cs, =

3.

There are three threshold 2,% 00( or o = 1). For any subnetwork with {(b,s) : vps >

gcs} =F, ?TJFgH(G) = %(3 +5) = 3.2. If however {(b,s) : vps > %cs} = {(b1,51), (b2, s2)},

07

and the mazimum surplus extract by the middleman is %H(G) = %(7) = 4. If setting
a =1, the maximum surplus extract from (by, s1) is 3. In any profit-mazimizing equilibrium
outcome, (b1, s2) is matched by the middleman. However, the most efficient matching is
(b1,51), (b2, s2). In this case, there is a tradeoff between low commission rates o, B and high

total sum of values vys. While the aggregate buyers’ valuation of the matching (b1, s1), (b2, s2)
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is larger than that of (b1, s2), for trades in the former to occur, the middleman must commit
to lower commission rates that those necessary for trade to occur in the latter. Moreover,

setting lower commission rates does not necessarily yields higher revenue for the middleman.

Examples 3.3.1 and 3.3.2 illustrate two sources of mismatch a monopoly matchmaking mid-
dleman can introduce by intermediation under the no-replacement assumption. In contrast,
under the with-replacement assumption, a link with the highest surplus vps — ¢s in the net-
work is always selected by the monopoly middleman in each time period. However, this no
longer holds when the middleman competes with nature when 0 < A < 1. The following
example illustrates an alternative distortion the middleman introduces to matchings on a
star network when competing with nature.

Example 3.3.3 (Star-n Network). Consider a one-buyer-n-selller network. Each seller
s’s production cost is ¢y and buyer b values the product sold by seller s at vps > cs > 0,
with at least one pair generating positive surplus. Suppose pps = 0,Vs, i.e., under nature
the seller proposes to the middleman and the probability of seller s meeting with buyer b is
psp. Assuming v = 1, that is any exiting players are replaced with clones. The middleman

announces the commission rates «, 8 to be charged on both sides.

In the following, we will show that, the optimal choice of a, B and the stationary matching

strategy adopted by the middleman in the MPE is to select the pair (b,s*) such that,

1— 6,
1- 55 + (1 - A)éspsb

s* = arg max (Vps — Cs).

The middleman’s profit-mazimization problem is to solve:

o+ +
v (G) = )\max{rr;ix qbs%(ésus + ¢cs), rr;ix qsz)l—i—g(vbs — Opup)}
«
=A max qsbm(’vbs — dpup),

where qps 1S the probability of buyer b and seller s reaching an agreement under the inter-

mediaton. Let wys be the probability of matching s and b and assigning b to be the proposer
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by the middleman. For each pair of (b,s), if vps — ﬂ(ésus + ¢s) > Opup, the difference A

11—«

between selecting b proposing to s (b — s) and selecting s — b is,

A =gl T2 B+ )+ (L= )oarmar (€& (b)) + (7 + 1 — ape)brsmar ()

1
- qu[?_—:__g(vbs — pup) + (1 —)onuma (G S {b,s})] — (a7 + 1 — qsp) Snrmas (G)
:g(ésus + Cs) - ?_—:__g(vbs - 5bub)

<0

Hence wyps = 0. If vps — %(55%—1—03) < Spuyp, no trades are feasible thus qps = 0. Therefore,

i all cases we have

1+5

Whs Qs (Vps — Opp — ﬁ(f;sus +¢s)) = 0.

It can be calculated that buyers’ and sellers’ equilibrium payoffs uy, us and the middleman’s

revenue satisfy:

1+
(1= 6b)up = > \wpsns (vbs — oty — %(55% +¢s))
S

+ ) (1= N)pps max(vps — Gpup — (J5ts + ¢5), 0)

S

:(1 — )\) Zpbs max(vbs — 5bub — ((5Su5 + CS), 0)

S

=0,

11—«
(1 - 63)“5 =\ Z wstsb(m(vbs - 5bub) — Cs — 5sus)
b

+ Z(l - A)psb maX(vbs — Opup — 5 — 05, O),
b

T (G) =A nzix ?iﬁ (vps — Opup) = )\Hzix ?igvbs.
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Moreover, for any s such that wg, = 0,

(1 = N)psp(vps — €5 — Opup)+

U T s, (1= Npsds

For s s.t. wg >0,

B Aw b (175 (Vs — Gptup) — ¢5) + (1 = A)psp(vs — €5 — Spup)
= 1= 05 + (1 — \)papds + Mgy ds '

And one can verify that for both cases,

11—« 1— 6 a+p
-9 - 8_58 52 s — Cs Z S 9
1+ﬁ(vbs bUp) — Cs — Ostis 2 0 <> 1_5S+(1_)\)58psb(vb cs) i g™

which implies the middleman’s revenues in any MPEs are bounded mwps(G) < W%(vbs—

¢s). We show that the upper bound can be arbitrarily approximated by the choice of a, 5.

Let
. 1— 65 ( )
s$* = arg max Ups — C
. =6+ (1= Noap
For any € > 0, let o, B satisfy
1— 0, ( ) a+
Vhkex — Cex ) — € = ——————VUh* o*
L= 65+ (1= A)Jgparye 05" 7 1+8"°

Then from middleman’s perspective, given the choice of a, B, the optimal seller to select is:

s’ = arg maxqvps
S

1-—- 53 o+ ﬂ
s.t. Ups — Cs) = Vp
1—5S+(1—)\)58p8b( s = ¢) 1+8 7%
And
1—6¢
194, 194, e e g By s (Vb s — Cs*) — €
wgr—Cgr) > o —Car) > s o
T8 1 (L= Noopars 0 70 ) 2 TG (T Wopay ) Ve v
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hence

Ups! €
= 1-3, — —
T—05+(1—A\)0sporpr (vprse —csv) —€

9

thus for sufficiently small € > 0, we have s’ = s*.

As shown in Theorem 3.3.1 and Example 3.3.1, the middleman can effectively eliminate
trading delays but not necessarily select the most efficient matchings. As nature comes
into play with A < 1 and competes with the middleman, the middleman has to take into
account the random matching technology ps, implemented by nature when selecting which
pair to match more often. As shown in Example 3.3.3 of the star-n network, the matched
pair (b, s*) is the one with the highest distorted welfare contaminated by nature’s random

matching pgp,
1— 9,
1- 55 + (1 - A)éspsb

s* = arg max (Vps — Cs).

When vy = v for all s, the middleman selects the link with the smallest probability pg, of
being matched under nature. In other words, the middleman profits most from matching the
disadvantageous seller in the homogenous case. When vy, is heterogenous, middleman does
not necessarily select the pair with highest vy; — cs. The distortion vanishes as middleman’s
market power A — 1. In particular, one can prove that in the Example 3.3.3, there exists

A*, such that, for any A > \*, i.e.,

1— 0
arg max

X . (1= \)dpa (Ups — C5) = arg max vps — Cs.

For small A however, the middleman can deviate from the inefficient matching.

The following corollary shows that under the “a. + 3” pricing, the revenues from charging
on both sides can be realized by charging on only one side of the market.

Corollary 3.3.2. Suppose A =1,v=10. Given € in Theorem 3.5.1. Let

0 = argmax 0I1(Gyp) — €
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where Gg = (V, Eg), Eg = {(b, s) : vps > To5¢s}. Then for any a, 3 combination such that

0=t

5 the revenue in MPFEs under o, 8 is e-close to the mazximum revenue a middleman

could attain.

Corollary 3.3.2 can be derived directly from Theorem 3.3.1 by letting 6 = Cl%g Moreover,

it implies that, given the maximizer § = argmax0II(Gy) — €, setting a = 6,8 = 0 or
o =0,6 = % generate the same revenue for the middleman. In particular, o < 8, which
means, if deciding to charge on one side of market, the commission rate for buyer is alway
larger than the seller side. Suppose however that the middleman would announce the same
commission rate charged on either side of the market. Each buyer, in addition to paying
the price to the seller, is subject to a commission fee paid to the middleman. Therefore the
buyers are less willing to pay a higher price than he would have offered under 0 commission

rate, which in term implies that the middleman can extract lower surplus from trade.
3.4. “a or 7 Pricing Model

The “a+ " pricing is implemented by many intermediaries where the commission is charged
on one or both sides of the market, regardless of who proposes the offer. In real estate,
sellers are responsible for paying the commission even though buyers submit purchase offers.
In Airbnb the accommodation sharing platform, both customers and hosts are charged com-
mission fees, at 6 — 12% and 3 — 5% respectively despite the fact that only sellers proposes
the accommodation prices. During salary negotiations, whenever the compensation pack-
ages are proposed by either the employers or the candidates, headhunters are paid solely
by the employers. In this model where the middleman can assign one side of the matched
pair to make a take-it-or-leave-it offer, in the following I propose an alternative commission
pricing “« or 5”7 where the middleman only charges the proposers she assigns. It is less
commonly seen in practice and to the best of my knowledge, some sports agents in Europe

are paid by whoever they are representing and proposing the offer.

Below is the timing of the “« or 5” pricing model.
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Choice 2. a or § Commission Pricing

Stage 1 At time t = 0, the middleman announces non-discriminating percentage commis-

sion rates «a, 8 > 0.

Stage 2 At time ¢t = 1,2,..., if no feasible matches exist in the currently network G, the

game ends. Otherwise,

(i)

(i)

(iii)

Matching a buyer-seller pair: With probability A, the middleman selects a feasi-
ble pair b, s and assigns one of them to make a take-it-or-leave-it offer. Otherwise,

a single link is selected at random according to {p;;(G¢)}ijeE;-

Bargaining: The matched pair (b, s) meet, with one of them proposing to the

other player (the responder) specifying a transfer (or price).

If buyer b offers a bid-price p and s accepts, they trade and exit the game with
payoffs vps — (1 + B)p,p — ¢s respectively if matched by the middleman and
vps — P, P — Cs if matched by nature. Here Sp is the commission fee paid to the

middleman by buyer b.

If seller s proposes an ask-price p and b accepts, they trade and exit the game
with payoffs vps — p, (1 — «)p — ¢, respectively if matched by the middleman and
Ups — P, P — Cs if matched by nature. Here ap is the commission fee paid to the

middleman by seller s.

When the pair exit the market with an agreement, with probability v they are
replaced by clones at the same positions in the network and there are no clones
otherwise. If the offer is rejected, the matched pair dissolves and the two traders

return in the next period.

Denote by T/#(G) the game under the choice of “a or 47 commission fees.

Theorem 3.4.1. For any o, 3 > 0, there exists a Markov perfect equilibrium for both the
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bargaining and matching games T*/8(G).

Unlike the “a 4+ 8 choice where buyers gain 0 in any MPEs under the monopoly match-
making middleman, the “a or 87 payment scheme allows for more positive gains for the
buyers even if the middleman is the monopoly matchmaker. The following example illus-
trates a MPE where buyers earns positive gains from trade.

Example 3.4.1 (I'*/8(G) ). Consider the following lefthand-side, a one-buyer-two-seller
network with values vy, s, , Vb s, and production costs c1 > ca > 0. vp5;, — €1 > Upysp — C2.
Consider the case where v = 0, \ = 1. The middleman sets a = 0, that is, he is always

representing the buyer and charges him B of the sale price.

For any B < vbl%_cl, the only MPE is to match (b1, s1) with revenue my = Be1, and buyer
1’s equilibrium payoff is,

Up, = Ubys; — (1 + ,3)61 >0

Suppose now there is a new coming buyer by (in the righthand-side network), with vy,s, > c1,
Upys, = 0. Then under the same 3, the middleman’s revenue is still Bc1. However, the MPE

payoffs for buyer 1 and 2 change:

Wy, 51 (Ub151 — (1 + ﬁ)cl)
1-— (Sb =+ 5(,’(017151

Up, =
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wn — Why sy (Ub251 — (1 + 5)01)
ba 1—46p+ 5bwb251

here wy, s, + Whys, = 1, and 0 < wy 5, < 1. In particular, buyer 1’s payoff has decreased

with the presence of buyer 2.

As shown in Example 3.4.1, the buyers’ payoffs are more sensitive to the network structures
under I'*/#(G) compared to I'**#(G). In the lefthand-side network in Example 3.4.1, buyer
b1 is the monopoly buyer with positive gains from trade, whereas in the righthand-side,
buyer b; has a competing peer bo, therefore less profit earned from bargaining under the
same commission rate. This is in sharp contrast to Proposition 3.2.2 for which regardless of
the network structure, buyers earn 0 from intermediated bargaining when the middleman

takes full control of the matchmaking (A = 1).

Although the choice of “a+ 3”7 is most commonly adopted by the middleman, the following
Proposition 3.4.2 shows the choices of “a or 5” is dominated by the choice “a+ 8” in terms
of revenue.

Proposition 3.4.2. For any choices of 1 >a > 0,8 >0, let o/ = %g,ﬁ’ = %, then the
middleman’s revenue from T/ (GQ) is at least that from T*tP(Q).

In particular, Proposition 3.4.2 implies that the maximum revenue attained by “a or §”

pricing is at least that from “a + 87 pricing model.
3.5. Discussion

1. Matching technology: sequential matching.

This paper studies a decentralized sequential bargaining game where each time only one link
is chosen for bargaining. The one-match-per-period assumption is standard in decentralized
markets(Rubinstein and Wolinsky, 1985; Gale, 1987; Abreu and Manea, 2012a,b; Manea,
2011). A rationale is that, important economic transactions such as buying houses, trading
over-the-counter assets, and hiring employees are decentralized, in the sense that they typi-

cally involve extensive bilateral negotiations. Moreover, it also costs the middleman efforts
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and time to intermediate the negotiation, thus multiple agreements are not reached at the

same instant.

Kranton and Minehart (2001) adopt an ascending-bid auction, analogous to the fictional
Walrasian auctioneer in the buyer-seller network setting that determines unique equilibrium
payoffs. Polanski (2007) implements the simultaneous matching technology in which a
maximum number of pairs of connected players are selected to bargain every period. The
analysis in the paper can be extended to the settings where more than one link is chosen

for bargaining at each time.
2. Membership fees:

In this paper, the middleman adopts the variable fees charged upon agreement and any
traders can walk away from the intermediation without any payment to the middleman
and wait for nature to match. Some intermediaries also charge fixed membership fees upon
registration beforehand. The techniques applied in this paper can be viewed as the first
step of computing the expected payoffs from intermediated bargaining given the entry of
all the members. In particular, given the zero payoff on the buyer side when middleman is
the monopoly matchmaker, it can be inferred that the membership charges on the buyer

side should also be 0 unless other modification of the setting is made.
3.6. Conclusion

This paper investigates how intermediation through matchmaking in a bargaining network
can affect the efficiency of the matching and bargaining outcomes. We show 3 novel ways of
distortion a profit-maximizing middleman introduces to the matching: to restrain matchings
on a subnetwork; to select the maximum weight matching weighted by the buyers’ values;
and to match pairs selected less often by nature. As one of the first few attempts to
characterize the matchmaking intermediaries on a networked model, I introduce a general
framework based on a number of flexible settings such as (1) the exchange of heterogenous

goods, (2) arbitrary network structures, (3) impatient traders with arbitrary discount factor
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smaller than 1, (4) exogenous matching technology by nature with arbitrary probabilistic
distribution. Intermediated bargaining still contributes to an active area of research and
in the future, one can restrict the attention to more specific settings and derive further

interplay between the network structure and the intermediation
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APPENDIX TO CHAPTER 1

A.1. Neighborhood Assignment

A paramount difference between neighborhood assignment and school choice is the strict
zoning constraint on student enrollment: whether outsiders of neighborhoods are allowed
to attend the neighborhood schools. Zoning and land use regulations are ubiquitous in
the United States. Many local governments will seek to limit housing development for
otherwise they must raise taxes to fund schools and other needed public services (Schill,
2005)." Therefore in this paper, I assume that housing supply is also subject to a local
(zoning) constraint when the town runs neighborhood assignment to ensure that there are

enough slots in each neighborhood school for its resident students,

HB(lda p) = min{kda ldpr}‘

A.1.1. Neighborhood Assignment Equilibrium

Under the neighborhood assignment rule, students are assigned to schools in the districts
they live in. Given the vector p of equilibrium prices for all school districts, student of type
x applies to her neighborhood school in district d if and only if it yields higher surplus than
her outside option. In other words, the payoff for student of type x to live in district d is,
Uz, d; p) = max{v(z, ya), 7(x)} — pa.

Definition 7 (Neighborhood Assignment Equilibrium). Given (y,k, i), a neighborhood
assignment equilibrium is (p,{T;}), where p is the vector of equilibrium home prices,

Ty C X is the set of student types that live in district d, such that,

!For example, according to the school impact fee study by Lee County in January 2012 (see https: //www.
leegov.com/dcd/Documents/Studies_Reports/ImpactFees/SchoolImpactFee2012.pdf), the average total
capital cost per student of opening a new school is $25, 184, among which, $302 is covered by state funding
credit and $11,442 by discounted future tax revenues within the next 20 years. Therefore, the net capital
cost per student would be $13,440 on average, which will possibly be passed on to the residents.
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1. for each x € Ty, residential choice is optimal,

Ulz,d;p) = max Uz, d';p),

2. housing supply should match demand in each district,

H5(14,pa) = i(T).

Condition (1) is an incentive compatibility condition, that each student is maximizing her
payoff given equilibrium prices. Condition (2) is a market clearing condition for the housing

market. u(T}y) is the measure of resident students in district d.

The supermodularity assumption on v(z,y) implies the marginal benefit for taking a higher
school quality y increases with higher student type x. When students are price takers,
households of higher types are willing to pay more on the margin for increases in school
quality. Therefore, equilibrium residential choices are assortative as a consequence of Topkis’
Monotonicity Theorem.

Lemma A.1.1. (Topkis’ Monotonicity Theorem) For any pair of lattices (Y, =) and (T, <),
let f:Y xT — R be a supermodular function (with coordinate-wise order). For eacht € T,

let y(t) = argmax,epq f(7,t), where T(t) C Y. Ift' >t and T'(t") 2 T'(t), theny(t') > ~(t).

Let Y = {(yq,pa) }a, T = [z,Z]. Tt is easy to verify U(y,x) is supermodular on (Y, T). Let
the choice set I'(t) = Y for all ¢t € T. Then Topkis’ Monotonicity Theorem implies the
following result appeared in a number of previous papers on neighborhood assignment.

Corollary A.1.2. Suppose m(x) = —oo for all x, then each Ty is in the form of (x4, T4, s.t.,
2 <71 <29 T2 < ... < 2p < Tp, that s, in any neighborhood assignment equilibrium,

higher-type students live in higher-quality school districts.

This strict stratification result may not hold, however, for arbitrary m(z) when the surplus
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between attending a local school and opting for the outside option does not satisfy some
single-crossing condition.
Proposition A.1.3. If Condition 1 holds, then for any (one-town) neighborhood assign-

ment equilibrium, there exists d* and x4« < Tgey1 < ... < xp, 8.t
1. foralld > d*+1, Ty = [x4-1,24] ,
2. for alld < d*, Ty C [z,24+], and pg = min{p; : 1 < j < D}.

Proposition A.1.3 shows a relaxed stratification result under neighborhood assignment with
outside options. Condition 1 implies that the set of acceptable schools is expanding with
higher type, which is exactly the assumption I'(¢') 2 T'(¢t),Vt' > ¢ in Topkis’ Monotonicity
Theorem ( I'(t) is the choice set type t is optimizing over). Therefore, the optimal residential
choice is monotone in student type. The second statement in Proposition A.1.3 takes care of
the extreme cases when some local schools are unfavorable compared to the outside option.

Students are thus indifferent to any of these districts as they can always opt out.

As indicated above, neighborhood assignment is criticized for quality-ordered stratification
across neighborhoods and schools. Only students of high types live in top quality school
districts, and subsequently attend top quality schools. To offer more equitable access to

good schools, school choice is introduced.
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A.2. Mathematical Appendix
A.2.1. Proof of Proposition 1.2.1

The argument applies to deferred acceptance with any tie breaking rule independent of
students’ reports and types. A continuum of students are matched to a finite set of schools
S ={1,2,...,D}. In school choice, a student ¢ differs in her profile (ut, et), where u® is the
vector of utilities of attending public schools and et € [0, 2]” describe the school priorities
of student ¢, with sth entry e’ indicating student t’s score at school s. €} > e/ if ¢ has
higher priority than ¢ at school s. Let R! be a corresponding strict preference of student t.
Denote by Z the set of strict preferences. The deferred acceptance mechanism is a stable
matching mechanism , and can be described using cutoffs P = (P, P»,..., Pp) € [0,2]”

such that, student ¢ is admitted to school s if

DE(P) = 1{e! > Py, sR'0} [] 1{el < Pv} =1,
s'Rts
and let 7 is measure over Z x [0,2]”. Then the aggregate demand for school s is Ds(P|n) =
n({t : DgRt’et)(P) = 1}), satisfies Ds(P|n) < ks for all s. Next we need to specify .
Denote by H the set of {0,1}”, each with only one non-zero entry. For ht € H, hf, = 1
if student ¢ lives in district d. Denote by o : X x H — A(Z) households’ strategy of
preference submission. Each entry og(t, h) is the probability of student of type ¢ with her
choice of residence h reporting R. For each (R,h) € #Z x H, m?(R,h) = [ og(t,h)dpu.
Since # x H is finite, and m? is a discrete measure over student preference and priority
profiles. Each school s assigns a lottery number /£ € [0,1] to student ¢. L is the measure on
{I'}+s. More specifically, consider L to be the product measure on s independent Markov
processes {ls(t) : t € T'} with initial continuous and bounded distribution 7 and transition

probabilities the same as . Under deferred acceptance with neighborhood priority, the
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assigned priority scores for student t is e®* = ht 4+ 1*. Then,

Dy(Pln) = n({t : D) (P) =1})

= (m? x LY({(R",h*,1%) : hY + 1% > Py, and b, + 1% < Py for s'R's}).

Suppose student of type ¢ misreports. Denote by ¢’ the new strategy profile. Then, u({t :
o' (t,ht) # o(t,h*)}) = 0, and m? = m? . Hence the market clearing thresholds P under
o and the market clearing threshold P under ¢’ must satisfy: P = P. Then for any fixed
el and for any R € %, DgRt’et)(P) cut > DgR’et)(P) -u!, by definition of DgRt’et)(P). Since

~

P = P, we have,

DFE)(PY -t > DU (P) .

Therefore the expected utility of reporting R satisfies, for any R € %,
E.[D)(P) - uf] > E[D{F)(P) - u'].

Thus we prove that truthful reporting is a Nash Equilibrium.
A.2.2. Expression and its Proof of Pr(s|d,h)

When everyone reports her preference truthfully in the second stage and admission is ra-
tioned by neighborhood priority, Pr(s|d, h) can be determined by the aggregate information

of applicants in each district, i.e.,

min{1 — > Pr(j|d, h), 7%}, if s =d,
Pr(s|d,h) = g>d

ks—Pr Jh)mg . .
%(1 — > Pr(jld,h)), ifs#d,

7>8

where my is the number of residents in district d that find their neighborhood school d
acceptable. ag is the aggregate number of applicants applying to school s who have been
rejected in the previous rounds. The expression incorporates two facts about deferred

acceptance: schools first assign seats to previously rejected resident students up to the school
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capacity; if there are slots left over, non-resident students are admitted up to the school
capacity. Applicants from the same priority class are equally treated by the assignment rule

regardless of their types.

Denote by X* = {z € X : v(x,ys) > w(z) > v(z,ys—1)}, then the measure of residents in
district d with school s being the least favored acceptable is m$ = [y, hq(x)dp. Denote

by Pr(s|d,h) the probability of enrolling in school s conditional on living in district d.
kp— Y. m3, Pr(D|D,h)

Pr(D|D,h) = min{zki';n%, 1}, Pr(D|d, h) = fDm;;f s~ Vd < D. For d < D,
s<D d,s<D s<D

Pr(s|s, h) = Pr(admitted to s| rejected by all j > s, s, h) - Pr(rejected by all j > s| s,h)

ks
= min{1, Pr(j|s, h))
(1= Pr(j|s,h))m ;
j>s
k
—mln{l—ZPr jls, h), }
J>s

Here ms = >, ., mj the measure of residents living in district s who also finds their neigh-
borhood school acceptable. The third equality is due to the fact that, the conditional prob-
ability of z being rejected to r > s depends on the event that x has lower priority scores
than those previously admitted, while the conditional probability of  being admitted to d
depends on her relative rank among those previously rejected. Here (1 — > Pr(j|s, h))ms

j>s
is the number of applicants rejected from previous rounds. Similarly for d # s,

Pr(s|d, h) =Pr(admitted to s| rejected by all j > s, d, h) - Pr(rejected by all j > s| d, h)

_ ks — Pr(s|s, h)ms
(1- Pr(rld,h))
as — Pr(s \shmS TZ>S x(rl

Here as = ), mi(l — > Pr(k|b, h)) the number of applicants to school s.
b<D,j<s k>s
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A.2.8. Proof of Theorem 1.2.2

Suppose households are truth-telling in the second stage. To apply Theorem 2 from Schmei-

dler (1973), we need to modify some of the definitions.
1. X = [z, 7] is set of student types with non-atomic measure .

2.h: X = {(63)sa + D_s407 = 1}. Each entry hj(x) is the probability of type x
choosing district d to live in and reporting preferences as if x € X;. 2 is set of all

Lebesgue integrable h with L; weak topology.

aky

3. p=(p1,p2,-..,0D) : H — RE vector of housing prices. pg(h) = (
4. 0: X x A —RP? @3(z,h) = 2 Pr(j|d, h)v(z,y;) + (1 — g Pr(j|d, h))7(z) — pa-
W Jj=s

Then h is an equilibrium strategy if and only if, for all x and o,h(x)-a(x,h) > o - a(z, h).
First by truth-telling of deferred acceptance, we restrict the attention to such equilibrium
strategy h that, for any =z € Xj, hﬁl(a:) = 0, for j # s, and for any d. Theorem 1.2.2 then
is a direct corollary of Theorem 2 in Schmeidler (1973). To be more specific, it’s easy to
verify that (i) for all z € X, u(z,-) is continuous on 7, (ii) for h € J and i, j, k, m, the
set {z € X]ﬂé-(x,h) > ﬂi(m,h)} is measurable, (iii) a(x,h) depends on p and Pr(s|d, h)
through m$ = [y hi(x)du. Therefore by Theorem 2 in Schmeidler (1973), a pure strategy

NE exists.
A.2.4. Proof of Proposition 1.2.3

Let mg = [y hq(x)dp be the number of residents in district d, m} = sz hq(z)dp be the
number of residents in district d with least favored acceptable school j.
Claim 1. If my < kg, then Vd' < d, mg < kg, moreover % < ’g—;.

Proof of Claim 1: Proof by contradiction. Suppose 3d’ < d, mg > kgy. Then py > pa,
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and for any x s.t. j, < d,

U(z,eq;p,h) — Uz, eg;p,h) =(1 =Y Pr(rld,h))v(z,ys) — > Pr(rld, h)v(z,y,)
r>d d>r>jy

- (1- Z Pr(r|d', h))m(x) + par — pa

r>ja

>0.

For j, > d, U(z,eq;p,h) — U(z,eq;p,h) = pyr — pg > 0. Hence my = 0, contradicting

mg < mgq

kg — kq-°

with mg > kg. Moreover, the argument above proves that pg > pg, i.e.,
Letpmin = mini<j<p{p;} the lowest home price. mg = ngd mgl.

Claim 2. If pg # pmin, then m3 = 0 for all s > d.

This is obvious since for type x, the benefit of living in any district d’ < j, is the same and
she would prefer the one with the lowest home price.

Claim 3. Let d = max{1 < j < D :pj = pmin}, then py = pmin, Vd' <d.

Proof of Claim 3: By the definition of d, for any d’ > d, py > pmin, thus mgy = niy by
Claim 2. If kg > my, then Vd' < d and z s.t. j, <d, U(z,eq;p,h) > U(z,eq;p,h). Hence
le/ = 0, for all j < d. By Claim 2, pgy = pmin.- If kg < Mg, suppose pg_1 > Pmin. LThen
by Claim 2, mg_1 = mg_1 > kg_1. For x s.t. j, > d, U(z,eq;p,h) — U(z,eq-1;p,h) >

Pi—1 —pg > 0. For x s.t. j, < d—1, since kg < mg = my,

k ki
U(z,e4;p,h) — U(z, 4159, h) == (0(z, yg) — w(@)) — pa — ——"(v(2, ya_1) — w(x))

mq mq—
+ Pd—1
k ki

>—Lo(z,ya) — w(z)] — —L[v(z, ya—1) — w(z)]

d maq—1
>0.
Herew(z) = > 7];::35:};2%: v(z,y)+(1- % 7];:::8};2%2: )7 (z). Hence my_q =
d—2>r>j; d—2>r>j,

0, contradicting with pg_1 > pmin- Apply the same argument above to show pg_o = pg_3 =

...P1 = Pmin, thus conclude the induction. We are ready to prove the theorem.
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Case 1. There exists d* = max{1 <d < D :my < kq}.
By Claim 1, for all d < d*, mq < kq. For d' < d < d*, U(z,eq;p,h) — U(z,eq;p,h) >

Py — pa- Hence pg > pg otherwise leading to a contradiction. For any d > d*, mq = my,

U(l’, €d+1;P; h) - U(.T, €4; P, h)

ka1 kq (A1)
= [v(@,yd+1) — w(@)] = par1 — —[v(z,ya) — w(z)] + pa,
Md+1 mdq
kr—Pr(r|r,h)ri. ke —Pr(r|r,h) i
where w(z) = Y %v(m,yﬁ +(1- X %)W(%) Suppose
&35, 3755,

%i > %, then U(z,eqr11;p,h) — U(z,eq;p, h) > 0 for all j, < d, which implies mg = 0,
a contradiction. Hence pgy1 > pg for all d > d*. And pg«11 > pg~-

Case 2. my > kg for all d.

By Claim 3, there exists d* = max{1 < d < D : pg = Pmin}, S-t- Pd = Pmin, Vd < d*. For
all d > d > d*, by similar argument as in Eqn. (A.1), p# > pg. Therefore housing prices

ascend in quality under Case 1 and Case 2.
A.2.5. Proof of Theorem 1.5.1

Let PV = {z € [2,7] : v(z,y;) > m(z) > v(z,y;—1)}. J = |{j: P;j #0}. M is the simplex
in RP*/. m = (my,mg,...,mp) € M, s.t. mgq = (mg)jem, where mzl is the number of

residents with « € P that live in district dy .

Let e; be the 2D-dimensional unit vector with ¢th non-zero entry. Let V' (z¢, e;, m) be the
expected benefit of living in district ¢ given m. A price vector p € R” specifies housing
prices for each district in town B. The expected utility of living in district d in town A given
m is, ‘
M)I/r,

U(xtaedA; m, p) = V(xtvedmm) - ( aky

and the expected utility of living in district d in town B given p,

U(:L‘ta edB;rn,p) = V(:Eta edBam) — Pa-
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Define student x;’s demand correspondence D(x¢, p, m) as the set of all mixed strategies that
are best responses to p,m, i.e., D(x;, m, p) = arg maxgco U (x4, ¢; m, p). Define the aggre-
gate demand correspondence D : M xRP —— M xRP. D is a correspondence that maps a
price vector p and m the pre-assumed numbers of residents in each district of town A to num-
ber of residents who choose each district as best response. D(m,p) = {({DgA}, {Dag}) :
h € 7, h(xy) ED(:ct,m,p),D] (m,p) = [ cp; ha(xa)dpat[, . p; ha(xs)dup, Day(m, p) =
S X4 ha(za)dpa + | X ha(xp)dup.}. It is a correspondence since people may be indifferent

between different districts. For simplicity, for each h € 7, denote by the vector

/hdﬂ = (</xepj ha,(x)dpa + /xepj hay (@)dpp)y, (/ hag (z)dpa + /hdA (2)dpp)a).

Define the tatonnement correspondence T : M x RP —— M x RP.
T(m,p) = (Da(m,p),g" (m,p)), where D4(m, p) is the vector of house demand in town
B specifically among = € Pj, r is the price elasticity of supply, g" = (¢7,95,--.,9p) :

M xRP - RP, st.,if 0 <r <1,

Pd + DdB (m7 p) - min{ldgp:p kd5}7 lf Pd Z 07

gg(m7p) - '
—B + Dy, (m, (|pal, p-a)), if pg < 0.
Ifr>1,
T Dd m, (Pd, P—d — min ld pr’ k;d
gy(m, p) = pg + p (s ( )1\7 {lapi B}.

N is a constant to be specified later. Dp(m, p) is the vector of house demand in town B,
kp the vector of capacity in town B. When p > 0, p + Dg(m,p) — min{lg - p", kp} is
precisely the tatonnement process. It’s easy to verify that g is continuous function of p for

any fixed m.
Claim 1. each T(m, p) is non-empty and convex.

The set of D(m, p) is nonempty since each z; has at least one optimal district. Therefore,

there exists at least one satisfying h. To show 7'(m, p) is convex, it suffices to show D(m, p)
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is convex. For z,z’ € D(m, p), there exists h,h’ s.t. z = [hdp and h(z) € D(z,m, p) for
all z. Similarly z = [h'du and h'(z) € D(z,m,p). For any a € (0,1), since D(z, m, p)
is convex, we have oh(z) + (1 — a)h/(z) € D(z,m,p) for all . Hence az + (1 — )z’ =

[ ah(z) + (1 — @)b/(z)dp € D(m, p).
Claim 2.1 For 0 < r < 1, there exists K > 0 such that 7' maps M x [-K, K]P to itself.

Pick K > 1 so that for all 1 < d < D, v(z,yq) — K + 0 < kgzv(x,yq) — (L)l/T’ and

ade
aK" > 1. If 0 < pg < K, pg — kip < gg(m,p) <pg+1< K+ 1. If K <pg <K+ 1,
pd—kay < gh(m,p) <pg—kay. If —K <pg <0, —p/2 < gj(m,p) < —p/2+1 Pick K +1

is the bound for the domain of 7.
Claim 2.2 For 7 > 1,there exists K > 0 such that 7" maps M x [0, K]P to itself.

Pick the same K as Claim 2.1, then N s.t. a(K +1)""' < N. If 0 < pg < K, g5(m,p) <
pa+1<K+1/N. If K <pg <K+1, g)(m,p) <pg— kqy/N. And for all p, g/;(m,p) >

kg0 kg po ! . .
Pd — % =pa(l — %) > 0. Therefore K is the upper bound for the domain.

Claim 3: T'(-,-) has a closed graph.

Consider a sequence (m",p”,z") with 2" € D(m",p") and (m",p",2") — (m,p,z) as
n — oco. (m,p) € M x RP. Need to show z € D(m,p). Suppose not, we want to prove
a contradiction. Since z" € D(m", p™), there exists h" € J such that z" = [ h"du and
h"™(z) € D(x,m",p™). Since the set of all allocation function .7 is compact w.r.t. L; norm
(Azevedo et al., 2013), {h"} has a convergent subsequence in L; norm. Without loss of
generality, suppose that h” — h in L; norm. h € J# is the limit. By dominant convergence

theorem,
/hd,u = /lim h"dy = lim/h”d,u =limz" = z.

Now that z ¢ D(m,p), u({z € X : h(z) € D(x,m,p)}) > 0. In particular, there exists
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h' € 7 and ¢, > 0, such that

[ Vit om) = m).p) - W= [ V(e hm) - (6m).p) bl b (A2

J
Z]‘ my
akg

where p: M — RP s.t. pg(m) = ( )17, Define for each n, w"(z) = m", w(z) = m.

w" — w a.e. therefore w" — w in Lq since X is compact. Then the vectors of function
(id, h",w") — (id,h,w) in L, where id is identity map from X to X. Denote by f" =
(id,h™,w"), f = (id,h, w).

Since V' is continuous and compactly supported, it’s uniformly continuous. the composition
V of is a continuous mapping from Ll(IR)2D+1 to Ll(IR)ZDJrl by boundedness of f and
Markov inequality, i.e. for any e > 0, there exists 6 > 0, s.t., for all ||[f — f'||; < J,

|[Vof—Vof||; <e Hence, there exists Ny s.t. Vn > Ny,

/\V(:c,h, m) — V(z,h",m")|du < e,

/\V(m, b/, m) — V(z,h',m")|du < ¢,
and since p is continuous in m, there exists Ny s.t. Vn > Ng,

/ (5(m), p) - b — (Fm™), p") - h"|dps < e

[ 13m).p) B = (o) p7) - Wl < e
From (A.2), the following must holds Vn > max{Ny, N2},
/V(% h',m") — (p(m"),p") - h'dy > /V(:z:, h”, m") — (p(m"),p") - h"du + ey — 4e.
In particular, 3x € X s.t.

V(z,h',m") — (p(m™),p") - h'(z) > V(x,h", m") — ((m"),p") - h"(z),
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contradicting with h™(z) € D(x, p", m™). By Kakutani’s fixed point theorem, there exists a
fixed point (m*, p*) € T'(m*, p*), in particular it must satisfy, (i) p* > 0, (ii) D4 (m*, p*) =
m*, (iii) Dg,(m*,p*) = min{kq,, akq, (p})"} for all d. The first is due to the fact that
when 0 < 7 < 1, negative pg can’t be in the fixed point entry since pg = —pq/2+ Dg,(p,m)
will yield 0 > pg = %DdB (p,m) > 0 a contradiction. For r > 1 any fixed point must consist
of non-negative price vector by the domain of g". Fix the equilibrium price p*, and the
same argument of purification in Schmeidler (1973) Theorem 2 proves the existence of pure

strategy equilibrium.
A.2.6. Proof of Proposition 1.3.3

For town B, proof by contradiction. Suppose there exists 2’ < x, 2’ € By, * € By, s.t.
d > d. Since pg, > pig, j = jr < d and by Condition 1, j, =j < j' <d'. If j <j <d,
by supermodularity of v(x,y), d < d' a contradiction. If j < d < j' < d, v(2/,yq) —
w(x") > pyr — pa > v(x,ya) — v(z,yq), implies v(z', yqg) — v(2',yq) > v(x,yg) — v(x,yq), a

contradiction. If d < j < j/ < d’, by monotonicity of v(z,ys) — m(x), it’s a contradiction.

For town A, we discuss by case. Let AV = V(a:’,ed/A;p,h) — V(2 eq,;p,h), AVy =
V(z,eq,;p,h) = V(z,eq,;p,h). ¢ =Pr(r[la,h).

Case 1. There exists d* =max{l <d <D :mgq, <kg,}

Proof by contradiction. Suppose there exists x € Ay, 2’ € Ay, st. d > d and 2/ < .
Denote by j = jz, 5 = ju, then j° > j by Condition 1.

(i) d > d*. By Claim 2 of Proposition 1.2.3, j < d,j’ < d'.

k: kq kq kar
AV ) — s 1->
2= my (1‘ Yd ) mdU(.%', yd) + md md/ arv x yr qT

r>j r>]
0 kq
AV = ) — 2 /
Vi - v(@', yar) e max{v(z’, ya), 7(z")}
kd kd' /
+ — = Z qrv 1' yr (1 - Z %’)77(33
r>j’ r>g’
k;d/ / kd / d kd/ Vi
<—Sulaya) = —Co(alya) + (S5 = S gu(alyy) + (1= ) )],
md T r>j r>j
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k. kg
since md %( 7y2l) > %(xvyd)7 mdd/’()(.f,yd/) - %U(x7yd) my (l‘ yd’) - %U(x,7yd)'

Claim 5. ) qv(z,y,) + (1 — > ¢)m(z) > > go(@,y,) + (1 — Y g )m(a’).

r2j r2j r>j’ r>j’

Proof of Claim 5: LHS—RHS >3 - . qr[v(z, yr) —v(2', yr)|+(1=3_, 5 1 @) [ (2) —7(2")] >
0, therefore AV, > AVj, which implies « prefers d; to d4, a contradiction.

(i) d < d* < d'. By Claim 2 of Proposition 1.2.3, j < j/ < d'.
(a)j<j <d

AV (z2) = Zi/v(z,yd/ kd/ V(D av(zy)+1=) " ¢)m(2) =D av(z,y,)—(1=)  gr)v(z,ya),

>3, r>j. r>d r>d

since ddz[:; v(z,ya) — qurv(z,yr) —(1- Edq,«)v(z,yd)] >0,Vz>a. AV(z) > AV (2).
r> r>
(b) j<d<j <d.
k o
AV, :7U($7yd’) + (1 - md )(ZqT‘U(x7y7‘) + (1 - qu)ﬂ'(:r)) - ZQTU(xyyr)
' r>j r>j r>d
— (1= gl ya),
r>d
k 4 k‘ /
AV = i ’U(:E/,yd/) i Z qrv x yr 1 - Z %")77($/))
ma’ ’I?’Ld/ r>j’ r>j’
- Z qrv(xlayr) - (1 - Z QT)ﬂ—@:/)
r>j’ r>j’
ka k‘d/

<

Z qrv l‘ yr (1 - Z QT)T"(SU/)) - Z QT‘U(x/a yr)

/
v(z’, yar) +
mgqr :
r>j’ r>j’ r>d

— (1= o' ya),

r>d

By part (a) of (ii), AVy > AVj.

(c)d<j<j <d.
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V(Z’ed’;p7h) - V(zued§p7h) = TI;UZ, [U(Zvyd’) - Z QTU(zvyT) - (1 - Z qr)T('(Z)],

r>jz U= P

k
AV — AV === [v(z, ya) = > _ qv(@,ye) — (1= Y gr)7(2)

r2>j r2>j
v(@ ya) + Y g y) + (1= g)m(a’
r>g' r>j’
kg
>m l’ s Ya') ZQT’ CU s Yr) 1_2(]7" —’ULU s Yd)
' r>j r>j

+ 3 g y) + (1= 3 g)r(a)

r>g’ r>j’
since £[o(zya) — ¥ ar0(zru) — (1— 5 g)m(2)] 2 0, ¥z > 2/
r>j r>j
(iii) d < d' < d*.
(2) par = pd > Pmin- By Claim 2 of Proposition 1.2.3, j < d,j <j <d'.
Ifj<j <d<d,

AVo = AVi =3 go(@,ye) + (1= a)o(wya) = ) av(@,90) = (1= 3 ar)v(@, ya)

r>d’ r>d’ r>d r>d
=Y ol y) = (1= g v, ya)
r>d’ r>d’
+ ao@y) + (1= g v, ya)
r>d r>d
1—2%« v(z, yar) — Z wyr—l—qu v(z, Ya)
r>d’ d'>r>d r>d
— (1= g ya)+ D @@y + (1= el ya).
r>d’ d'>r>d r>d

Since £(1— Y g )v(z,ya)— > @v(z,y)— (1= g )v(z,ya) > 0, AVo— AV; > 0. If
r>d’ d'>r>d r>d
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j<d<j <d

AVy = AVI =(1 = g )v(z,ya) — Y go(@,y) — (1= a)v(x,ya)

r>d’ d'>r>d r>d
— (1= g ya)+ Y avl@y) (1= g
r>d’ d'>r>j’ r>j’
>(1= Y g)m(@) = Y gl y) — (1= a)o(@’,ya)
sz/ jl>7'>d r>d

(b) P > Pd = Pmin- By Claim 2 of Proposition 1.2.3, j < j' < d'.
If j<j ' <dorj<d<j <d, similar argument of part (a) in (iii) applies.

fd<j<j <d,

A‘/Q_Avlz(l_ Z qr)v(:c,yd/)— Z ‘ryT 1_2(]7‘

r>d+1 &>r>j rzj
—(1= > e ya)+ D ev@ y)+ (1= g)r(@)
r>d'+1 d'>r>j' r>j’
> Y gln(@) — oy,
j'>r>g

since %[v(z,ydr) —m(z)] > 0, Vz > 2’ .We have proved Vd' > d, pg > pmin in Case 1.
Case 2 Vd, kg < mq. Let d* = max{d : pg = pmin}, d= max{d : mqg < kq}.
(i) d* < d < d': similar argument as (i) in Case 1.

(ii) d < d < d* < d': by Claim 2, j’ < d'.If j <d, apply similar argument in (i) of Case 1.

Ifd<j<j <d. AVh—AVi = i (v(z,ya) — 7(z)) — wit (v(a’, yar) — 7(a')) > 0.

(iii) d <d < d* < d: by Claim 2, j' < d. We can prove each scenario j < j' < d,

j<d<j <d,d<j<j <d by similar argument as (a) - (c) of (ii).

Therefore we have proved for Vd' > d, s.t. pg > pmin in Case 2.
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A.2.7. Proof of Proposition 1.3.4

82
g2 ()

9
2 (z.9)

First need to show that

= r(y) if and only if v(z,y) = g(z)w(y) + c(z), for some

continuous function g, w, c.

gyuog §Z<x, y)] =r(y),

g;(x7y) —exp[/r(z)dz + C(z)],

o(z,y) = / exp / r(2)dz) exp[C(a)] + ().

For any district d 4, the benefit of living is

V(z,eq,;p,h) = g(x) (D Pr(rld, hyw(ya) + (1= D Pr(rld, h))E[w(Y)]) + c(x),
r>j d>j

where j is identical for all x by the assumption on 7(x). % [V (zt,€q,;p,h)—V (24, eq,; P, h)]
has the identical sign for all z, therefore V(z,eq,;p,h) — V(z¢, eq ,; p, h) satisfies single

crossing condition.
A.2.8. Proof of Proposition 1.3.6

Neighborhood By can be possibly disconnected by A, as in Figure (11), where students of

By Ad By

Preference >,: # i ¢ ; >
To z1 T2 3

Figure 11: Disconnected neighborhood By

types [zo, x1] U [z2, z3] prefers By to Ag, students of types [z1, z2] prefers Ay to By. Since
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Pd' > Pmin, Jz < d' for all z € [z, z3].

D($) :U(x’edA;pah) - U(x7ed’ ;p7h)

= Z Pr(r|d, h)v(z,y,) + (1 — Z Pr(r|d, h))v(z,y;,—1) — v(z, yar)

+ (1= Pr(rld, b)) (n(z) — v(z,y5,-1)) + Ap
r>jz
=v(z,CE(x)) —v(x,yq) + (1 — Z Pr(r|d, h))(w(x) —v(x,yj,-1)) + Ap,
r>jax

where Ap = £0 + pgr. — pa,, and CE(z) is the certainty equivalent s.t.,

v(x, CE(z Z Pr(r|d, h)v(z,y,) + (1 — Z Pr(r|d, h))v(z,y;,—1).

r>Jz r>j

Need to show (i) CE(x) is non-decreasing function of z, (ii) CE(z) < yg, for all z <
x2, (iii) 04D(z) is non-decreasing. Take D(x) as a piecewise twice differentiable func-
tion. Let X = X3 UXoU...UXpU Xpyq, where X, = {z € X : v(z,y,) > 7(x) >
v(x,yy—1)}. In the interior of X,, CFE’(x) > 0; at the boundeferred acceptancery 9X, =
{z :v(x,y,) = m(x)}, CE(x) is non-decreasing by Condition 2. For (ii), prove by contradic-
tion. If CE(z2) > yg, 0+ D(22) = ax U (19, CE(x2)) — %(xg,y&) + %(l‘,CE(QS‘Q))CE’(l‘Q) +
(1= > Pr(r|d,h))(x"(z2) — y;(xg,yjm_l)), thus 04 D(x2) > 0 a contradiction. Hence

r>jx
CE(x3) < yg. For (iii), in the interior of each X, where D(z) is differentiable, and for all
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.’ES.’EQ,

D'(z) :%(% CE) + gZ(a:, CE)CFE'(z) — %(% Yar)
(L= X Prlrld) () — 97 (i 1),
0%v - 92%v 0%v
D) =55 (0. CE()) + 25 (5, CE@)CE (5) + 4 (0, CE@)CE @)
£ 2 0B OB @)~ o ya) + (1— 3 Pr(rld)) () — 28 ()
oy T B2 V) P B2 ¥ Vi1
2'[) 27./
> O (2, CB(@) — 0 2 ()
> 0.

On the boundeferred acceptancery, 8 D(z) — 0_D(z) = Pr(j|d, h) (7' (z) — gg (z,y;)) = 0.

Hence 04 D(x) is non-decreasing and 04 D(x2) > 04+ D(x1) > 0, a contradiction.

Second, By can be possibly disconnected by By, d < d* = max{d : pg, = p1,}-

By By By

Preference >,: ¢ ¢ ¢ e >
o I Z2 T3

Figure 12: Disconnected neighborhood By

By Condition 2, j3 < d’. Denote by D(z) = v(z,yqs) — max{v(z,yq), 7(x)}. In the interior
of each X, s.t. r <d, D"(z) = gﬁ(x,yd/) - %(w, ya) < 0. In the interior of each X, s.t.

r>d, D"(x) = [2%(2, ya) — gx v(x,yq)] — [ (z) — 2% (2, y4)] < 0. At the discontinuous

Oz? e

point, 9y D(z) — 0_D(x) = C%c( yq) — 7 (x) < 0. Therefore 01 D(x2) < d:D(x1) <0, a

contradiction.
A.2.9. Proof of Proposition 1.3.5

Prove by contradiction. Suppose indifference curve crosses the type space at least twice, as

illustrated in Figure 13.
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Ad By Ad

Preference >, . . .
o 1 T2 3

Figure 13: Disconnected Neighborhood Ay

Students of types [zo,z1] U [x2,z3] prefers Ag to By, while students of types in [z, x3]

prefers By to Ag. d* = max{d: kq, > mg,}.
(i) d>d*.
Since mq, = mq,, assume without loss of generality [zo,z1] U[®2, z3] C U, <4 Xr-

da

D(x) = o

(D aro(@,y)+(1=) ) gr)m(x)) —max{v(z, ya), 7(x) }+Ap.

r>Jz r>jx

,U(:E7yd
A

If d’ < d, then for all < x9, either 04 D(z) > kd“ %(x Ydq) — ;({L‘, yar) > 0, or 0 D(x) =

k .
(gg (x,yq) — 7'(x)) + (1 — mi*:)(ZTij qr%(x,yr) — 77’(3:)). By assumption of the
proposition, 4 D(x) > 0 for all x < x9 and at least one non-zero right derivative. Since

D(z1) =0, D(z) > 0 for all z > z1, a contradiction. If d’ > d, then j < d < d’, and

—a+D<x>><1—de)[qu(%x’yd') g (z.4r)) 1—2% (@) =7 (@)] > 0,

m
g, r2je

contradicting with d; D(z2) > 0.
(i) d < d*.

Consider d, s.t. ps, > p1,, then mgq, = mq,. Without loss of generality, assume j,, < d,

hence j, < d for all x > xy by Condition 1.

D(:L') :U<HT, €d,s i P h) - U(xaed’B; b, h)

= Z go(x,yr) + (1 — Z gr)v(z,yq) — max{v(z,yz ), (z)} + Ap

r>d+1 r>d+1

=v(z, CE(x)) — max{v(x, ya), 7(x)} + Ap,
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Ifd>d, 0:D(x) > 0. Suppose d < d’, by similar argument we can show that (i) CE(z) >

yar, for all z < xq, (ii) D" (x) <O0.

D'(x) :%(iﬁ, CE(x)) + gZ(aﬁ, CE(z))CE'(z) — %(x,yd/),
0%v 0%v 0%v
D" (x) :@(x, CE(x)) + 28m8y (z, CE(x))CE'(z) + 8—y2(az, CE(x))[CE'(z))?
ov " 0%
+ @(x’ CE())CE () = 55(,ya)
2y 2v v
< %(:ﬁ, CE(x)) — %(x,yd/) + gy(:r, CE(x))CE"(x).

Therefore D" (z) < 0,04 D(x1) > 0+ D(x2) > 0 and 04 D(x1) = 0 if and only if CE(x) = ya

for all z < 5.

A.2.10. Proof of Proposition 1.3.7

Case 1. There exists d* = max{1 < d < D :my < kq}.

For d > d*, if j, > d, U(z,eq;p,h) = w(x) — pg. If j, < d,

k k
Uz,eq;p,h) +ps = —v(z,ya) +(1—=2)] Y Pr(r|Lh)o(@,y)+(1— > Pr(r[1,h)r()].
MM Md 5755, & >rj.
For d < d*,
Z PI‘(T|1, h)U(ZL‘, yr) + (1 - Z PI‘(?’“L h))ﬂ'(l‘) — Pd, if ]z > d7
U(z,eq;p,h) = § “="=" re
Z PI‘(T’|1, h)’()(l',yr) =+ (1 - Z PI"(T‘|1, h))’U(l‘,yd) — Pa, if ]z < d.
d*>r>d d*>r>d

Case 2. my > ky for all d.

Let pmin = minpg, d* = max{1l < d < D, pg = Pmin}-

Claim 4. If k; > my for some d < d*, then kg > mgy, for all d' < d.

Proof of Claim 4: Suppose not and there exists some d’ < d, kg > mg. For any j, < d,

U(z,eq; p,h) > U(z,eq; p, h). Therefore may = > .. m’, = 0, which is a contradiction.

Let d = max{l <r < D :mg < kq}. d< d*, and by Claim 4, Vd' < cZ, mg = 0. Consider
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d>d,if j, > d, U(z,eq,;p,h) =m(x) —pa,. If 5o <d,

Ul eaipih) = 2 o(aa) + (L= 20 Y grole) + (0= 3 an(a)] -

A>r>je d>r>j,

For d < d,
> Pr(r|l,h)v(z,y,) + (1 — > Pr(r|l,h))m(z) —pg, if jo >d,
U(LB, eq; P, h) _ J>r2jz J>r2jz
> Pr(r|l,h)v(z,y.) + (1= > Pr(r|l,h)v(x,yq) — pa, if jo < d.
d>r>d d>r>d

And pg = pmin for each d < d*.
A.2.11. Proof of Proposition 1.5.9

Only consider Case 1, since in Case 2, mq, > kg, > mg,. For d > d*, mgq, > kg >

Mmg,. Suppose d < d¥, for j, < d, U(z,eq,;p,h) — U(z,eq,;p,h) > pa, — pa,; for

. . m,
Jz > da U(a:,edA;p, h) - U(xvedB;pah) > Pdg — Pd4- Hence Pdg < Pdy, 1-€., a;l?: > pZB >

. 1 mq
mln{pr, 2} = o> Hence ma, = mqy.
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APPENDIX TO CHAPTER 2

B.1. Proof of Eqn (2.1)

To easily understand, consider the discrete case with infinitely many shops. Suppose there
are Sy, registered sellers in the platform and By, subscribed buyers. Consider the probability

of purchasing from firm j for a fixed buyer 1,

Pr( a buyer purchases from firm j in k" search )
(k=112
R

1, -
:§PE Gty +zr)
L

(Pr(v—t < 21))* ' Pr(v —t; > 21)

where p;, = Pr(v —t < z) is the probability of an unsuccessful shopping experience and

G(r) =1 — G(x). Hence the expected demand from By, consumers, by posting p] , pj S,

XL(ij,p] = By Z S 1G tj+ z1)]

(B.1)

BL -
= ———G(t; +
SL(l _ pL) ( J zL)

B.2. Proof of Lemma 2.4.1

Notice that if 2% < 2P, then subscribed buyers never search online thus S; P, = 0. In this

case, the platform does not operate in the first place.

Consider the case z¥ > 2P and will later confirm that it is an equilibrium. For firm j with

marginal cost m;,
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Case 1 p;; < pf) + w;. Then

By,

(pj,p;) =arg_ max [(p —my)(1 - G(p1 + ZL))m

p1<p2tw;

Bp ]
S(1—pp)

By, ]
Sp(1—pr)

By ]
S(1—pp)

+ (p2 — m;)(1 = G(p2 + 2p))
=argmax [(p1 —my)(1 - G(p1 +2r))

+ arg max [(p2 —m;)(1 = G(p2 + zp))
=(p(mj; z1), p(my; zp))

The second equation is due to first-order condition,

;;Kp— m)(1— G(p+2)] = 1— Clp+2) — g(p+ 2)(p — m),

the right-hand side monotone in p, hence the unique global maximizer p = p(m, z) satisfies,

1-G(p+2)

p=m+
glp+2)

and p(m;z) is non-increasing function of 2 due to Assumption 1'. Hence p(mj,z5) <

p(mj, zp) and this holds for Vm;.

9 . —
! ﬁp(m» Z) = }—G(z))

)
-5 (5w

x

o
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Case 2 p;; >p§3 + wj.

ok ') =ma (9 = (1L~ G+ 21+ 0) g
+(p—m;)(1—Glp+ ZD))S(E)[,D)]
<max(p—m;)(1 - G(p+2+ wj))Sz(lB—lm
+max(p —my)(1 - G(p + ZD))S(lB—DpD)
< mﬁx(p —m;)(1—G(p+ zL))Sl(lB_lm)
+max(p —my)(1 - Glp + Zd))b’(llidpp)

=mr(p(my; zr), p(mj; zp); myj),
which is not incentive compatible. Hence (ij,ij) = (p(my; z), p(mj; z2p)).
B.3. Proof of Theorem 2.4.3

Now let pr, = p(mr,zL),p = p(m, z1,). Some facts :

Ql*G 8ZL
6pL 1+ ot g Omp

omy, — 91=G

opr, N 0zr, L+ g

01— Oz,
8]7 ot g omp,
- 20 1-G
8mL 1-— ET
8zL
Op  0zp  Jmy
mpy, omy, 1-— %%
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The platform’s revenue is given by,

w9 =PsSt, + P,Br, — C(BL,SL)

Bp (1—G(pr + 21))?
- +V)Se + (20 — 2p + V) B, — C(SL, B
(SL(l—PL) g(pr + 21) )SL + (21 = 2p + Vo) Br, — C(S1, Br)

(1—G(pL +21))?
4z, —2p+ Vo] + VoS, — C(BL, S
(- po)glpr +2) =7 7P b L= O(BL, 51)

=Brmo1 + V;SF(TI’LL) — O(BL, S’F(mL))

=By

Denote by

(1-G(prL + 21))?
(1—pr)9(prL + 21)
B (1—G(pL+zL))2
_Pr(v —t>z1)g(pr + 21)
F(mp) (1-G(pL + 21))

L= Glp(m, zp) + zp)f(mydm glpr+2)  © T

+zr, —zp+ 'V,

o1 =

+zr, —2p+Vp
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Then the partial derivative is,

o001

ompy,
_ f(myr) (1—G(pr + 21))?
I EL=G(p(m, 2) + z)dF g(pr + 21)

_ F(mpg) (1-Glpr+2)?,,, e
[ 1= Gp(m, z) + 20)dF12 g(pr + 21) [(1 = Gp + 21)) f(mu)

— [ gtotm ) + 20 G pm, ) + 5 f(m)d

Pl (LG
fgL 1—G(p(m,zr)+21)f(m)dm 0z~ g
1—G(x) dpr | 0z 0z,
(1= 6) — T ) ooy (2 + 22y 4 2L
flmp)(1 = Glpr +21))> (1-G(pr +21))*F(mg)f(mr)

_l’_

_g(pL +21) f "1-Gp+zp)dF  g(pr + ZL)(me 1 — G(p(m, zr) + 21)dF)?
(1= G(pr + 21))*F(myz)
9(pr +20) ([ " 1= Gp+ z)dF)?
e 1 0z,
g(p+21) dF
m 1 - 7(ﬁ)|z =p+zL, omp,
_ F(my)(1 —G(pL +21)) 14 82L)+ 9z,
St 1=G(p+2p)dF omr’  Omy,
aZL
8mL

=+ 1I>-

where

I — f(mp)(1 = G(pr + 21))? fgL G(pr + z1) — G(p+ zL)dF
gt an) 1= G+ z)dF [T 1= Gp + 2)dF
_ F(mp)(1 = G(pL + 21))
JoE1 = G(p+ zp)dF
(1—G(pr + 21))*F(myp) me g(p+ 21) — f(m) dm

I _1+ (1 G)‘CE p+zp,
’ g(pr +20) ([ "1 - G(p—l—zL)dF)

_ F(my)(1 = G(prL + z1))
S E 1= Gp+zp)dF
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From

= [ / C (- p— m)dGw)F(m),

(m,zL)+2L

we can calculate its derivative with respect to myp,

v

e f(m) =f(my) / (v - pr, — 22)dG(v)

L+zL

/ / 31)(7” ZL) OzL )dG (v)dF (m)

p(m,zp)+zL, omy, 8"nL
v

— f(mz) / WP )G
PLTZL

/ ! AG(0)dF(m) - 27

0 (1-G
p(m, ZL)JFZL - @( )‘t—p mzL)+zL omy,
v

mL -G+ = 0z
—f(mL)/ (v —pr — 2)dG — / 8 EZZ; ) dF - - L.
prtzr ~ o (¢ g MNe=p+a, mrL

The second equality is due to, %’Lzm = %(17)\)5 —p(m ZLHZL(%’;L) + %). Hence,
op(m, zr) n Oz, 1 0zr,
Omy omyr 1- %(i”t =p(m,zp)+zL omy,

To calculate the partial derivative of the second term:

21 f(mL><cL—f§L+ZL< —pr — 21)dG)

8mL _rmL 1 G p(m zp)+zL) dF
f (=D empim,zp )21
£(mL) fgL fp(m,ZL)-‘rZL (1} —p— zL)deF me f L+ZL —pr, — zL)deF]

7me 1-G(p(m,zr)+2L) dF

5] 1—G
_7( )lt—p(m zr)+zp,

e —p(m, zL)deF+ S o 2y (@ = )AG (2)dF]

p(m,zr)

pL+zL PL
_ me 1-G(p(m,zr)+21) dF

o (1-G
m 12 (%

)‘t:P(m,zL)‘FzL

Fno) L pr = plm, 20)dF - (L= Glpy +21)) + [2° [ (x — p)dGdF]

_ p(m,zr)
- - mr, 1-G(p+zr)
F(mL) f 1_%(126')“:?(%%”% dr
Fmo) o s ———dm (1 = Glpz + z1))]

F(mL)me 1 G(p(m,zr)+zL) dF

€]
m 3t (5 e=p(mozp)+21,

Flma) [ 2 (@ = plm, 21))dG()dF]
F(mL) me 7; 1G( p(m,zr)+zr) dF

)|f p(m,zp)+zp,

7 (
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the last equality is due to

mr mr

(m)

p(m, zp)dF =

m m

p(mp, 21) —

/mL
m

dtdm
;p g )’I—p(t zL)+zL

m) dmdt

/mL
m

t
/18

f(
1-G

1
g Me=p(t,z)+21

8x
B —
m 1= %(%” =p(m,zr)+zL
And
my, mr m, zr,) + zr)F(m
/ G(p(mr,zr) + 21) —G(P+ZL)dF:/ g(pg(; 1,G) Fm) g,
m m 11— 83;( g )‘:chp(m,zL)+zL
Therefore
oo ozr, oC
= By (I + I V.S — —(Byr,S1)S
Bmy o+ - L)+ VS f(my) oy (B, SL)Sf(my),
and
(9ZL
I I
1+ QamL
o 2 rmrL _ g(p(m,zp)+zr)F(m)
Fma) (= Gl 20l J " RS TN I png) (1 - Glo(ma, z) + 7))
g(p(mr,z) + ZL)[me 1= G(p(m, zL) + z) f(m)dm]? f;L 1—G(p(m,zL) + z)dF
[f(mL)(l _ G(pL + ZL)) fgL - 8 (17 I;‘(:nl(m ZL)+2L dm
- myr, 1-G(p (m Z0)+2L)
F(mL)f 1_gt(1;G)|t=p('r7L,zL)+zL dF
f(myg f (m .oy (@ —p)dG(z)dF
mr 1-G(p(m,zr)+z1)
F(me) Jp " =g a=ay) oo, (M)
. 2 mr g(p(m zL)JrZL)f(m)
. [(1 Glor +20))*F(me) [, Togitey = dm Ly Fmu)(1 Gl + 21)
g(p(mr,zr) + ZL)(f 1-G(p (m, ZL) + z0)dF)? f;% 1—G(p(m, zL) + z1)dF
_ mr _ g(p(m,zr)+zr)F(m)
Ama)( = Glon+ 20 " g TS Sl ™ Py - Gl +21)
9z + 2 1= Glp(m, z0) +20) f(m)dmP 7" 1= Glp(m, 21) + 21)dF
mr, F(m)
B f(mL)(l - G(pL + ZL)) f 1_%(1;G)|z:p(m,2L)+zL dm
mr, 1-G(p(m,zr)+21)
F(mL) fm 1— 8,(17G)‘t p(m,zp)+zp, dF

(1= Gpr, + 2))2F(my) [ d@lras)fze)lm) gy,

fgL 1—-2 (1‘

g(p(m,zp)+z1)F(m)

dm

dzx )lm p(m,zp)+zp,

1— 0( ~ |7: pt+zp,
g(pr + ,zzL)(fm 1—G(p(m,zr) + z1)dF)?
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where p;, = p(mp, z1). The second inequality is due to

B F(mp)(1 —G(pr +21)) fgL G(pr + z1) — G(p(m, z) + z1)dF -
fgL 1 —G(p(m,zr) + 2zp)dF fg"‘ 1—-G(p(m,zr) + z)dF -

Need to show that I; + I 9L which suffices to show that

omyp,’

(1-Glp +21)) [n* 99’(?(ﬁL>;)zL>F(m) im

1-5% le=p+2p,
9L+ z) [F 1= G(p + 1) f(m)dm
o 2 [mrL F(m) mr _ g(pt+zr)f(m)
<F(mL) N (1-G(pL+=21)) fm 17%(17;;)‘1 ey dm fm 17%(1;G)‘x:p+% dm
= f(mp) g(pr +21) [ - Hpter) dF [""1—G(p+ z)dF
1= 5 (5D le=pt=y,
mr, F(m) mr, g(p(m ZL)+ZL) (m)d
fm 1—%(ﬂ)|z*pmzL)+zL mf 1- 86:1:( )‘z ptzr "
r mr, 1-G(p(m,zL)+2L) r
(mL)f 1- %(%)'t:p(m,zll)+zlld
which is equivalent to
1-G + z mL + zp)F mL 1-G(p+=z
(pi L)/ 8 (Ii _ L)F(m) dm/ : 1_G(P L) IF
g(pL ZL) m - 61( )‘x—p (m,zr)+=zL m 1- Q(T)‘tzp(vaL)JrzL
F mr, 1— G mr
<) [ 1WA _ap [T G4z
fme) Jm 1= 5 (5 i=ptar m
1 —G(pr +21))* [™ F(m ML m,zr) + 2
( (pr + 21)) / ; 1(G) dm/ P(g 1_2) L) IF
g(pr + 21) m  1— *( )‘a: =ptzr, %(T”I:IH-ZL
1 ML
LTS ) N
F(mr) Jm *( g le=p+as
mp,

my,
g(p(m, ZL)_Z zL)F (m)dm/ 1—G(p+ 21)dF
m 1= (5D empra m
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Notice under the condition f’(m) < 0, we have

g(p+21)F(m)

1—-G(pr + 21) /mL

"L 1—-G(p+zL)
m/ 5 1—C dF

9(pL + 21) m 11— j(ﬁ)‘w—zwq m 1- E(;”t:p%@
my, _ mry, 1 _
SF(mL)/ 1 (1;(%+ L) dm/ 6G1(—£; ) +2)
m 1- 7( )‘i =p+zL m 1- E(T)‘t:p(m,zL)JrzL
mryp, _ my, _
<Fns) ™ 060 plon) o))y [ -Gt
fmz) 1= 2 (5D lampra m 1= 5 () e=pter
mr,
SF L / (1 —G(p(m,zr) + 21) dF/ mZL)+ZL)dF
f(mr) m m -5 )‘t =p+zr
Hence 11 + I gs@LL < 0 Therefore
omg 0zy, oC
= Br(I; + I B <0.
8mL L( 1+ 28 )—l-Sf(mL)(V 8y( LaSL)) <

B.4. Proof of Theorem 2.5.1

f f'u t>zL

—mdGdF, ¢

wkE(e
(ez) = 1—pL 1—pL
t — mdGdF
Sz g, (B.2)
1—pL

f 1-G(p+21))? dFL

g(p+21)

1—pL

+ zr,

Suppose that m7 is the optimal threshold strategy selected by the platform such that

m} = arg max mo(mz).
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Then m7 is a function of ¢z, and

0 (1= 0
(3]9 _E( g )|t =p(m,zp)+zr ° aii
- o)
aCL 1- 87( )’t =p(m,zr)+zL
o)
dp | Oz 5er
1
8CL aCL 1 - %(i”t =p(m,zL)+z2L
om7 oz
8pL aZL dCLL + dci

8CL 8CL 1 - E(l G)‘t =pr+zL

From

* _

curmy) = [ / D (o p 2)dG)dF(m),

m (szL)J’_ZL

we can calculate its derivative with respect to ¢y,

* om} mj,
ewf i) S+ Pt = | / e
m SRL 2L
aZL v amL
+ ——)dGdF + (v—pr — 21)dG - f(m})
8 cL pL+zr 66L
mz T 021
- plmzn )tz B E(T)‘t:P(m,zL)-O—zL
’ om?
+ / (v —pr — 21)dG - f(mz)TL
pL+zL CL
B m T%G()L’E:p(msz)‘i’zLdF . @
' 8mL
+ (v—pr — 21)dG - f(m}) =L &
pL+zL cr

Hence

d2p (4o, 0= pp — 20)dG — c1) f(m) Gek — F(m)

p
aCL f;:z %h =p(m, ZL)+zLdF
m -2 (=9
omy my m} *
Sk S (1= Gp, + 20)) [ (p = p)dF + [ [P (v = p)AGAF] + F(m})
- m 1-G(z
Sk Tgc)’w =p(m,zp)+2p
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For seller registered on the platform

G d G(x .
OWL 0z, USRI f(my) gy [ Z[OSEN |, (22 + B)dF
aCL aCL ﬁ:z 1- G(p + ZL)dF aCL f::L 1— G(p + ZL)dF
(1-G(pt=zLr) .
J g(p+ZL§ om’

- [(1 = GlpL +21))f(mL)

(fnTL 1—G(p+ z1)dF)? Ocr,
ML 8p 6ZL
/m g(p+ZL)(£+a)dF]
o L ) [ esar *
= [ - (1 —G(prL + 21))f(m7)]
Ocr, [ E1=G(p+ zp)dF (me 1—G(p+ 21)dF)?
o 1(1=G(=))? 1
% f %[ g(x) ]|33=p+ZL 1_%(120)‘$:P+2L dF
der, f;jji 1—G(p+ 2)dF
f (1-— G(PJ;ZL p+ .
_ g(p+=zL) / 8 L) dF +1]
(fml‘l— p+ZL dF m *a* 7)|m p+zr
om0 Glpw M) LGl +20) [y iy
der ([ 1 — G(p+ z1)dF)? (pL +21)  Jm

_ / (1-G(p+z1))?

g(p+zr)

(1-G(p+2z1))? e
Oz ey / L g(p+ 21)
) 1-

dF]

ocr, (f;’z 1—G(p+ z)dF)?

dF)

gt(%”ﬂﬁ:erzL

Here,

(1-G(p+2r))? m*
2 el [ g
)

I - dF > 0.
(fgL 1—G(p+z)dF)? 1- %(%”w:zwu
Moreover by monotonicity of 1;53()1),
1-— mj 1_ 9
G(pL+ZL)/ Ll—G(p+zL)dF—/( G(p+z1)) IF <0,
gL +21)  Jm 9+ 21)

If %TLL > 0, we have % < 0, therefore

owr
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APPENDIX TO CHAPTER 3

C.1. Proof of Theorem 3.2.1 under the choice “a + (3”7

Under o + 8 commission fees:
b propose to s : (vps — (1 + B)p, (1 — a)p — ¢5)

s proposes to b: (vps — (1 4+ B)p, (1 — a)p — cs).

I provide a characterization of MPE payoffs and strategies. Suppose agent of type i has
discounting factor ¢; € (0,1). The Markov state in this model is the network induced by
players who did not reach agreement, and the commission fees, the matchmaker’s identity

and the selection of a link and a proposer.

Denote by h; a complete history of the game up to (not including) time ¢, which is the
choice of payment schemes, a sequence of ¢t — 1 pairs of proposers and responders in G with
corresponding proposals and responses, payment to the middleman if possible and whether
the matched pair exiting the market with an agreement are replaced by an exactly new pair
of traders at the same position. The history h; uniquely determines the set of players V' (h;)
still active at time ¢. Denote by G(h;) the subnetwork of G induced by V' (h;). Denote by .7
the set of any possible complete histories at ¢ > 1 and ¢ the set of subnetworks of G induced
by any complete histories, i.e., 4 = Upc »G(h). The history (h¢; 137) denotes the history hy
followed by the matching maker being middleman M or nature ( 1;; = 1 if it’s middleman
who selects the pair at time ¢ and 0 otherwise). The history (hy; 1as;é — j) consists of hy
followed by nature/middleman selecting i to propose to j, and (hs; 1as;9 — j;x) consists of

additionally the proposed transfer x € R made by ¢ to j.

A strategy profile {o} is a Markov (stationary) strategy profile if for any 1 <i < N,
any hy, hy, € A st. G(h) = G(h},),

0‘?+5(ht; ]lM,Z —>]) = O'iOH_B( ;’; ]lM7Z _>])a
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o P (hy; 1§ — i32) = o2 P (hlys Lars 5 — 45 )

o5 (hes 1ay) = o577 (s L)

A Markov strategy o is Markov Perfect Equilibrium if it is Markov (stationary) strategy

and subgame perfect.

Given a set of network ¢, a collection of Markov strategy profile o for the respective game
I**t5(@) is subgame consistent if for any pair of networks G, G’ € ¢, the Markov strategy
profiles 0%*#(G) and ¢**#(G"), conditional the initial state G’ and o + 3, induce the same
behavior in any pair of identical subgames of T®+#(G’) and I'**#(@). Formally, subgame
consistency of (I'*#(G))gey if for any pair of networks G, G’ € ¢, and any hy, hl, € H#,
s.t., G(hy) = G'(hy,),

0i(G)(hg; Larsi — §) = 0i(G") (W Lz i — 5),
0i(G)(he; Las j — 432) = 03(G) (hys Las § — 65 2)

om (G)(he; Lar) = oar(G') (hiys L)

I use a fixed point argument to give an non-constructive proof of the existence of MPEs.
Denote u the vector of equilibrium payoff induced by an Markov strategy profile o of the
game I'*"#(@). By definition, any MPE ¢* must belong to a subgame consistent collection
of MPEs o of the respective subgames G’ € 4. In particular, when T*T5(G) is played
according to MPE ¢*((G), every player i € B U S has ex ante payoffs u;(G,o*) before any
pairs are selected, and ui(G© {i,j},0*) at the beginning of any subgame before which only

i and j reached an agreement (k # i, 7).

Fix a history h; along which no agreement has been reached, that is G(h;) = Gy. Suppose
now that it is middleman’s turn to select a bargaining pair e € E. After the matched pair is

realized, suppose is (b, s), with b being the proposer, in the subgame following (h¢; b — s, ),
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it must be that the strategy os(hy;b — s,z) specifies that player s accepts any offer s.t.

(1 — a)p — ¢s > 0sus, and reject any offer s.t. (1 — a)p — ¢5 < dsus, and may accept with

csFH0sus
11—«

positive probability the offer p = . Then by subgame perfection, player b does not
offer to pay a price more than %. On the other hand, the offer p proposed by b must

satisfy vps — (1 + B)p > Spus, ie., p < vbs%%%‘

Let gps be the probability ( conditional on (hs; 1y = 1;0 — s)) of the joint event that b

Vbs —OpUp
1+

offers min{ch_‘sj‘;‘S, } to s and the offer is accepted. The payoff of player k # b, s at
the beginning of the next period conditional on (ht; 1y = 1;0 — s)) is gps(1 — 7)0pur(Go ©

{68} + [avsy + (1 — qvs)] 0k ur(Go).
Case 1. vps — %(ésus + ¢s) > Opup.

Conditional on (h¢;b — s), it must be that g = 1 . To see this, if ¢ < 1, then b’s

expected payoff conditional on offering p = Csf_w is qps(vps — %(&us +e))+ (1 —

[e7

Qbs)Opls < Ups — %(55% + ¢5), while it is more profitable to offer p = % + € with

payoff vps — %((Xgus + ¢s) — €(1 4+ B), for sufficiently small € > 0. And it’s obvious that
offers p smaller than % are not optimal for ¢ since they are rejected with certainty
and yields % < Upg — %(65% + ¢5). Hence s has no best response to b’s equilibrium
strategy when ¢;; < 1, a contradiction. Hence g,s = 1. Moreover Pr(‘Yes'|(hy; 1y = 150 —

51p)) = qbs = 1, for p = Sflsts,

Case 2. vpg — %(58% + ¢s) < Opup.

By a similar fashion, one could show that g,s = 0 = Pr(‘Yes'|(hy;b — s;p)) since b’s offer

3 ’Ubsf(sbub cs+osus
is no more than 55 < Tlea

Case 3. vps — M(ésus + ¢s) = Opup.

l—«a

When b is chosen to propose a bid-price to s, whether they reach an agreement or not, the
payoff for both agents are respectively dpup and d5vs, i.e., any value g5 € [0, 1] support the

(he; 1ayr = 156 — s;p). Since b and s are indifferent between any p < %‘E%,WOLG assume
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that qps = Pr(‘Yes'|(hy; Ly = 1,0 — s3p)).

Similarly, suppose now that it is middleman’s turn to pick a bargaining pair e € E. After
the matched pair is realized, suppose is (s,b), with s being the proposer, in the subgame
following (hy; 1as = 1;8 — b;p), it must be that the strategy o4(Go)(he; 1ar = 150 — s5p)
specifies that player b accepts any price p s.t. vps— (14 8)p > dpup, and reject any price p s.t.
5bub
B

— (14 B)p < dpup, and may accept with some probability the offer p = bs=°p4 o Similar

argument can be applied to the induction of gg, with Pr(‘Yes'|(hy; 1y = 1;0 — s5p)) = qsp

Where p= maX{ Cs+5sus , vbs 5bub }

Hence for any mixed matching strategy w by the middleman M over matched pair F, the

continuation payoff {u;(Go)} satisfy,

Lt g((ssus + Cs)) + (1 - )\)pbsdbs(vbs - (5sus + Cs))

Uy =D MWps(ys (Vbs — T—a
+ Z )\wbs Qbs) (1 - )‘)pbs(l - (jbs»(sbub
+ Z()\wsb + (1 - A)psb)dbub (Cl)

S

+ 3 [Owrgar; + (1= Nprjiig) (1 = 7)6un(Go © {4, k)
7,k#b

+ ((Mwrjar; + (1 — N)prjdeg)y + Mok (1 — qij) + (1 — N)pi; (1 — Gry)) dpws)

=3 N5 (0 = Gt) = ) (1= Nt — Gy = )
+ 3 (w1 = gsp) + (1= N)psp(1 — Gap)) I
+ Z N+ (1= N)pis) B (C2)
+ > [(wigars + (1= Nprjdeg) (1 = 7)65us(Go © {5, k})

Jk#s

+ ((Awrjar; + (1 = Nprjdei)y + Mweg (1 — qrj) + (1 — N)prj (1 — Gry)) sus]
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where

( 1
1 if vy — LB(5Sus + Cs) > dpuyp
11—«
1
Qvs = [07 1] if Vs — %ﬁ((ssus + Cs) = 5bub7 (CS)
1
0 if vps — ﬂ(dsus +cs) < Spup.
11—«
And .
1oif %(Ubs - 5bub) — Cs > OsUs
—L00,1] i 2% (g — Gpu) — s = 6 (C.4)
qsb = s 1 1+ 3 Vbs bUD Cs = O5Ug, .
1—
0 if a(vbs — Opup) — s < dsUs.

1+ 06
Notice that

14

— l_a(68u5+cs) > Opup <

Ubs (Ubs — 5bub) — Cg > (5su5}.

oo
1+8

Denote by Gi; = Pr(‘Yes'|(hy; 1y = 0;¢ — j;p)) where p = min{cs + dsus, vps — dpup} if

i € B and p = max{cs + dsus, vps — Opup} if ¢ € S, then by similar arguments,

1 if vy —cs > dpup + dsug
dsb = § [0,1] if vp — cs = Spup + Ssus, (C.5)

0 if vp — cs < Spup + dsus.

1 if vy — cs > dpup + dsus,

Qbs = [0, 1] if vy — ¢s = dpup + Osts, (CG)

0 if vp — cs < dpup + dsus.

Since the middleman is maximizing her discounted aggregate profit when deciding which
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link to pick from G,

WM(G)
=(1—6a)A max max{qbs[%(ésus +cs)+ (1 —7)oumm (G {b,s})] + (s + 1 — qvs) s (G),
S0 = Bn) + (1= oarma (G & 5]+ (g + 1= aa)orrman (@)}
+ (1 =0m)(1 =) Z PijlGi (L = 7)opman (G S {i j}) + (@7 + 1 = Gij)ommar (G)],
i,jEBUS
where

wps + wsp > 0 = mr(G)

=(1-45m)A rnax{qzm[clxir

P (aue e+ (1= 9)0umas (G 0 b, D)] + (a0 + 1= @) mar (G,

a+p

[—F
q5b1+ﬁ

+ (=) =N D pildis (1= 7)dmmar (G {3, 53) + (Gi7 + 1 = Giy)onrmar(G))-

i,jE BUS

(vbs — dpup) + (1 — ) (G S {b, s})] + (qsb’y +1- qsb)5MW1v1(G)}

This yields:

T (G)/ (1 = dar)
Agss [ 758 (Bsts + ¢5) + (1= )ourmar (G & {b,s})] + (1= A) _EZBUSPijdz‘j(l —7)émmn (G © {i, j})

1= Xom(gosy +1—qvs) = (1 =N)omr D0 pij(Gogy +1— Gig)

i,jEBUS

= max{max
b,s

Agsp[ 55 (vbs — Gpun) + (1 = )nrmar(G O {b, s + (1= X) 2 pigdii (1 = 7)dmmar (G © {3, 5})
i,jEBUS
..., max

b,s 1—=Mom(gesy+1—gsp) — (L= X)onr >, pij(Gijy +1— Gij)
i,jEBUS

}

Let gl-j(u) = %—f(&ju]' + Cj) ifteB,je S, and gij(u) = %(Uﬁ — 5juj) ifie S, jeB.

115



f(u,q,q)
:{(ulvq/a q/)l‘jll)s = ‘Zeb = 1(0) if vps — 5 > (<)dpup + dsus,

and Gy, Gps € [0, 1] if vps — cs = Spup + Jsus,
1+5
—«

dw € A, s.t. Z w;; <1, and
i,jEBUS

q.p = qps = 1(0) if vps — (dsus + cs) > (<)dpup, and gLy, qp, € [0,1] otherwise ;

{ijlw;; > 0}

Agijlgiz(0) + (1 =) ommm (GO {i, i)+ (1 =A) > pidii(1 = v)ommm(G S {3, j})

i,jEBUS
c J

L= Xoam(giy+1—¢qi;) — (1 =Ny > pr(@uy + 1 — i)
k,EBUS

14+
up = Z Awpsqps max{vy — g
S

+ Z ((Awps (1 = gps) + (1 = N)pps(1 = Gos)) Spup

+) " (Away + (1= N)pas)Spus

)

(Jsus + 05)7 5bub} + (1 - )\)pbsqbs Inax{vb - (5sus + cs)a 5bub}

+ ) Mgy + (1= Nprjdes)uun(Go © {7, k) + (Mg (1 = grg) + (1 = Npij (1 — Gij)) Sy

Jik#b
l—«

f = AWgpqsp Max{ ——(vp — dpup) — Cs, Osts } + (1 — A)pspGsp max{vy — dpup — Cs, dsls
u, Zb:wbqb {1+6(b bUD) P+ ( )Psbsh max{vy — Opup }

+ Z (()\wsb(l - qu) + (1 - )\)psb(l - ng))ésus
b
+ Z()\wbS + (1 = X)pps)Osus
b
+ > [wrggrg + (1= Nprydeg) (1 = 7)dsus(Go © {4, k})
J,k#s

+ (g + (1= N)prjdig )y + AMwrg (1= qrj) + (1= Npij (1 = Grj) ) d5us]}

First need to show that f has fixed point. Let © = max s(vps — Cs).

Lemma C.1.1. f : [0,7]BY x [0,1]F x [0,1]F — [0,9]PY° x [0,1]F x [0,1]F has a fived

point.

Proof.

Claim 1. Vq,q, u, f(u,q,q) is non-empty and convex.
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Proof of Claim 1: It’s easy to see that f(u,q,q) is non-empty.

Vu,q,q, and (v',q’,q), (v",q",q") € f(u,q,q), n € [0,1],

Nhs + (1= 1)y, = 1dy, + (1 = 1)y, = 1(0) if vps > (<)opup + dsus.

ndly + (1= n)dly = ndp, + (1= m)ag, = 1(0) if vps — 122 (J5us + ) > (<)dpup, and ng, +
(1 = n)dgy ndys + (1 — n)ay, € [0,1] otherwise.

Suppose w/, w” are corresponding ws in the mapping that maps to u’,u”,

then supp(w’), supp(w”) all belong to

Agijlgij(0) + (1 =)dumm (GO {6, jH)] + (L =A) > piidij(1 —v)ommm(G ©{i,5})

i,jeBUS
arg max ~ ~ 9
&1 1= Mo (qijy+1—=qi5) —(1=XNdnr > pra(@ruy +1 —Gr)
kIEBUS

hence {ij|nw;; + (1 —n)w;; > 0} belong to the set

Agijlgij(0) + (1 = )oumm (GO i, jH)] + (L —=A) > pidij(1 —v)ommm(G ©{i,j})

arg max LIEBUS
ij L= Mom(giy+1—qij) — (1= XNomr - > Spkl(fikn’ +1—Guw)
k,IEBU

Therefore (nu’ 4 (1 —n)u”,nq’ + (1 —n)qd",nqd" + (1 —7)q") € T'(u,q,q)

Claim 2. f has closed graph.

Proof of Claim 2: For any (x",y",z") € f(u",q", q"), where

(u",q9",q") = (u,q,q), ", y",2")—= (x,y,2).

If vps — cs > dpup + dsus, there exists some ny > 0, s.t.

Ups — Cs > Osuy + Spup, Yn > ng

thus 20} = 27, = 1,Vn > ny,and 25 = 24, = 1.

If vps — ¢s < Spup + dsusj, there exists some ny > 0, s.t.

Ups — Cs < Opup + dsul, Yn > ng,
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and z;, = 20 = 0,Vn > ng, thus 2, = 24 = 0.
If vps — cs = dpup + dsus, 2ps, 2sp € [0,1] is trivial. Similarly, we can prove that

Ysb = Yps = 1(0) if vps — %(55% + ¢s) > (<)dpup, and ysp, Yps € [0, 1] otherwise .

Next let
Agij[gi5 () + (1 =)o (G © {i, 5})] + (1 = A) ZB sz'jfiz‘j(l —7)onumnm (G S {i,5})
- 1,j€EBU
ij (4, q, = ~ =
(29, Q) L= Nonr(qijy +1—qij) —(L=Ndnr > pra(@ray +1— Gu)
k,leBUS

It’s obvious that for each (u”,q", q"), the corresponding w" satisfies the following

,w:;(z,]nel%}és Cij(una qn7€ln) - C-ij(una qn761n)) = O7vn7 Za] € B U S

Suppose that a subsequence w"* converges to w. Since max (;;(-), ;;(-) are all continuous,

let kK — oo, we have

Thus {ij|wy; > 0} C

Agijlgiz(0) + (1 = y)ommm (GO {i, i)+ (L =A) > pidii(1 —v)ommm (G {i, j})

arg max Li€BUS
ij L= Xonm(giy+1—¢qi;) — (1 =XNomr > pr(@uy + 1 — i)
k,IEBUS

Notice that x™ is a continuous function of (u”,q",q", w"), hence (x,y,z) € f(u,q,q).

Claim 3. T maps the compact set [0,]5%% x [0,1]F x [0,1]F to itself ( given that Vi, j,

ui(G &1, j) €0,9))

Therefore by Kakutatni’s fixed point theorem, f has a fixed point

(w,q,9) € f(u,q,q).
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At the begining of the subgame h; when no one has reached an agreement, given u the
players’ expected payoff starting at ¢, f computes agents’ best response q,q to u and
middleman’s best response w to agents’ strategies q, and the corresponding new expected
payoff u’ since they depend on the strategy of the middleman. Formally,

Lemma C.1.2. u* is a Markov Perfect equilibrium payoff vector if there exists a collection
of subgame consistent MPE of the game {T°*%(G)}acqg, with payoffs {u*(G)}aca, and

q,q", such that (u*,q",q") € f(u*,q", q").

Proof. Suppose that the collection of subgame consistent MPE of the game {T'*"%(G)}gcq,

has payoffs {u*(G)}cca, - If (u*,q*,q") € f(u*,q*,q@"), then there exists w*, s.t.
(i) q,q satisfies Eq(C.3), (C.4), (C.5), (C.6).

(ii) w is middleman’s best response to q, q, proposals and responses. given o*(G),VG C

Go.

(iii) u satisfies Eq(C.1), (C.2) , that is, u are the corresponding continuation payoffs (ex

ante payoffs for network Gy).

Then we construct the following strategy profile and prove it is an MPE with corresponding
MPE payoff u*. First define the strategies for histories h; along which no agreement has
occurred. Recall that G(h;) denotes the network induced by the players remaining after
the ex post history h;. Construct time-t strategy of each player according to the time-
0 behavior specified by 0*(Gg).! For histories along which no agreement has occurred,

0*(G(ht)) specifies that
e Middleman choose matching pair (4, j) with probability wy;.

e For buyer b, when chosen by the middleman to propose to seller s, he offers a bid-

price p = min{ Csf_éf)[“S, ”bsljfﬁ""b }. If chosen by nature to propose to seller s, he offers

"Formally, (0(G))i(he;i = §) = (0(G))ilhosi — 5), (0(G))j(he;i = §,x) = (0(G))i(hosi — j,), where
ho = (Z), G= G(ht).
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p = min{cs + dsus, Vps — Iplp}-

e Similarly, for seller s, when chosen by the middleman to propose to buyer b, he offers

{ Cs “1’68“5 Ubs _6bub

S B }. If chosen by nature to propose to seller s, he

an ask-price p = max

offers p = max{cs + dsus, Vps — Opup}.

e When buyer b responds to the offer p from seller s: if intermediated by the middleman,
he accepts any offer s.t., p < ”"5%55’7””, and rejects any p > U’”%%“”, and accept an offer

Ofp — Vbs—

%“b with probability ¢;; if intermediated by nature, he accepts any offer
s.t., p < vps — Spup, and rejects any p > vps — dpup, and accept an offer of p = vps — Jpuy

with probability ¢%,.

e Similarly, when seller s responds to the purchase offer p from buyer b: if intermediated

CS+(§SUS Cs+0sUs

, and rejects any p < “osts

by the middleman, he accepts any offer s.t., p >
and accept an offer of p = % with probability ¢;; if intermediated by nature, he
accepts any offer s.t., p > ¢s + dsus, and rejects any p < ¢s + dsug, and accept an offer

of p = ¢s + dsus with probability g;,.

Given the collection of subgame consistency guarantees that under (0*(G))acq, the ex-

pected payoffs of any subgames are u(G).

Lemma C.1.3 (Mailath & Samuelson (2006) Proposition 5.7.1). A strategy profile is sub-

game perfect in a dynamic game if and only if there are no profitable one-shot deviations.

Based on the definition of f, everyone is best responding at period t: there is no profitable
deviation for all players in this stage game. It’s then easy to verify that u* are indeed the

equilibrium payoff by the strategy profile conditional on h;.

We now need to show that Lemma C.1.2 implies the existence of MPEs. We prove a sub-
game consistent collection of MPEs for the game {7 (G)}acw(n), where ¥(n) denotes the
subset of subnetworks in ¢ with at most n vertices. The proof proceed by induction on n.

For n = 0,1 it’s trivial. Suppose we proved the statement for all values smaller than n, and
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proceed to proving the case n. By induction hypothesis, there exists a subgame consistent
collection of MPEs (6*(G"))areg(n—1) of the corresponding games {T'*™(G)}gcg(n-1). Fix
a network G € 9(n) \49(n — 1), S(G) = {G' : G’ € G} C ¥(n — 1). Therefore there exist
MPEs (0*(G"))ares(q) for the games {Fa+B(G)}G/€S(G) that are subgame consistent, hence
we can use their MPE payoffs to define f. Suppose now that f has a fixed point (u*,q*, @*),
with induced o*(G) of the game T*+#(G) so that (0*(G")ereg(n—1)0{c} is subgame con-
sistent. If we append all MPE o*(G) of G € 9(n) \ 9(n — 1) to (0*(G"))creg(n-1), the
resulting collection of MPEs (0*(G"))qrew(n) is also subgame consistent. The the collection

of subgame consistent Markovian strategy profile are a MPE of the game T*+7(G). O

C.2. Proof of Theorem 3.4.1 under the choice “a or 3”

This time:

b propose to s: (vps — (1 4+ B)p,p — ¢s)

s proposes to b: (vps — p, (1 — @)p — ¢s).

Uy = Z Awbsqbs(vb - (1 + /B)(Cs + 58“5)) + (1 - )‘)prCjbs(vb - (5sus + Cs))
+ ) (Awes(1 = gos) + (1= N)pos(1 = Gos) ) St

+ ) (Awgp + (1= X)psp)doup (C.7)

s

+ ) [Awrigrs + (1= N)prjdi) (1 — 7)05us(Go © {4, k})
Jtb

+ (Mwrjqr; + (1 = N)prjdig)y + Mg (1 — i) + (1 — N)pi; (1 — Gry)) Opus)
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us = Awgpsp((1 — ) (vp — ptp) — c5) + (1 — \)pspiis (06 — Spttp — )
b
+ Z (()\wsb(l - QSb) + (1 - A)psb(l - q~sb))55us
b
+ ) (Awps + (1= N)pps) Ot (C.8)
b
+ > [Owrgarg + (1= Nprjaig) (1 = 7)65us(Go © {4, k})
j kb
+ (M@ + (1 = N)prjdng )y + Mg (1 = qig) + (1 — N)prs (1 — Gij) ) Osus]
and
1 if vy — (1+B)(08+5su5) > dpuyp
dbs = § [0,1]  if vps — (1 4 B)(cs + dsus) = dpuy, (C.9)
0 if vps — (14 B)(cs + dsus) < Opup.

Vbs —0pUp

And g5 = Pr(‘Yes'|(hy; 1 = 1;0 — s;p)) where p = min{cs + dsus, T h

}. Similarly we

have,

1 if (1 — a)(vp — dpup) — cs > dsus
QSb = [0, ].] lf (1 — O{)(Ub —_ 6bub) — Cg = 65“37 (010)
0 if (1 —a)(vp — dpup) — s < dsus.

where gsp = Pr(‘Yes'|(hy; 1y = 158 — b;p)) where p = max{%,vbs — dpup}. When

nature selects bargaining pair,

1 if vy — cs > Gpup + dsug
dsb = [0, 1] if vy — cs = dpup + dsus, (Cll)

0 if vp — cs < Spup + dsus.

1 if vy — cs > Opup + dsus,

Qs = § [0,1] if vp — cs = Spup + Ssus, (C.12)

0 if vp — cs < Spup + dsus.
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From the middle man’s perspective: the middleman must maximize its total discounted

payoff: that is

WM(G)
:(1 - 5M)>\ H;%X max{qbs [B(asus + Cs) + (1 - 7)§M7TM(G S/ {bﬂ S})} + (Qbs’y +1- Qbs)§M7rM(G)a
gsplov(vps — pup) + (1 = 7)pmar (G © {b,s)] + (gspy + 1 — qsp) S (G)}

+ (1 —=dm)(1—A) Z ij|aii (L = V)onmn (G & {i,j}) + (Giy + 1 — Gi5)onmaa (G)],
i,j€BUS

And

wps > 0 = Tar(G) =Agps[B(0sus + ¢s) + (1 — 7)o (G © {b, s})] + Mavsy + 1 — abs)onmar (G)

+ (=N D pislai (1= 7)0mmar (G & {0, 5}) + Gy + 1= Gig)ormar (G)]
i,jEBUS

wsp > 0= ma(G) =Agspla(ves — Spup) + (1 — 7)o (G {b, s})] + Masoy + 1 — gop) o (G)
+ (=) > pisld (1= 6umu (G S {0, 53) + @iy + 1 — Gi)ommar (G)]

i,jEBUS

This yields:

mm(G) /(1 = dm)
Agos [B(sus +¢5) + (1 = 7)oumm (GO {b, s} + (1 —=A) > piGi; (1 —7)dmmm (G © {3, 5})

= max{max 5.JeBUS
b,s 1= Nom(qosy +1=qos) = (1 =N >0 pisi(Gigy +1 = Gij)
i,jEBUS
Agsvla(ves — dpup) + (1 = 7)ommm (GO {b,sPH+ (1 =) > pijGiz(1 —7)dmmm (G ©{i,5})
i,jEBUS
...,ma — p
boe 1= Xom(gosy +1—qsp) = (1 =Nom D pij(Gigy +1— Giz) ’

i,jEBUS
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Let gij(u) = B(6ju; +¢;) if i € B,j € S, and g;j(u) = a(vi; — 0ju;) if i € S, j € B.

f(u,q,9)
={(0', ', @)@ = @l = 1(0) if vbs — ¢ > (<)Fpup + dsus,
and Gy, Gs € [0, 1] if vps — cs = Spup + dsus,
@bs = 1(0) if vps — (14 B)(dsus + cs) > (<)dpup, and gys € [0, 1] otherwise ;
qp = 1(0) if (1 — @) (ves — dpup) > (<)dsus + cs, and gps € [0,1] otherwise ;

dw € A, s.t. Z w;i; <1, and

i,jEBUS
{ijlwi; >0} C

Agijlgis(w) + (L= v)ommm (GO {4, 5D+ (1 =N > piidi;(1 —7)ommm (G ©{i,5})

i,jEBUS

1= Xom(gisy+1—qiz) — (L —=Xonr Y pra(@uy+1—dr) ’
k,IEBUS

and up = Y Mwpeqys max{vy — (1+ B)(Ssts + ¢5), 6t} + (1 — A)ppsdos max{vy — (Ssus + c5), Spuin}
+ Z ((Awbs(l —qbs) + (1 = N)pps(1 — dbs))5bub + Z()\wsb + (1 = X)psp)dpup

+ > wiiag + (1= N)prjdes )0us(Go © {4, k}) + iy (1 = gig) + (1= Nprj (1 = i) dows
J.k#£b

ul = Z Awspgsy max{ (1l — a)(vy — dpuus) — Cs,0sts } + (1 — A)pspGsp max{vy — dpup — Cs, 0sUs }
b

O (Owap(1 = gsp) + (1 = Npsp (1 = Gn)) Sstis + Y (Awps + (1 — A)pps)Sstts
b b

+ ) [Owrsges + (1= Nprgdns) (1 = 7)3sus(Go © {4, k})
7, k#s

+ ((Awrjqr; + (1 = N)prjdrs )y + Awr (1 — grs) + (1= N)prj (1 — Grj)) sus] }

By similar argument, one can show that
Lemma C.2.1. f : [0,9]%Y% x [0,1]F x [0,1]F — [0,7]PY% x [0,1]F x [0,1)F has a fived

point (u,q,q) € f(u,q,q).
By the definition of I', there exists w, s.t.
1. q, q satisfies Eq (C.9), (C.10), (C.11), (C.12).
2. w is middleman’s best response to q,q and proposals.

3. usatisfies Eq(C.15), (C.16) , that is, u is the corresponding continuation payoff vector.
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C.3. Proof of Proposition 3.2.2

Since the middleman is maximizing her discounted aggregate profit when deciding which

link to pick from G,

WM(G)

=(1 = dpr) A max{gps[ jﬂ(f; us +¢s) + (1= 7)0mma (G S {b, s})] + (qvsy + 1 — qvs) o (G),

+
e S (0 = 8) + (1= 2)6a0mar(G © (b)) + (g7 + 1 = ) 3rmar (6)
+ (1 =0um)(1 =) Z pijldi; (1 = v)ommnm (G & {i, j}) + (Giv + 1 — Gij)dmmam (G)].
i,jEBUS
For each pair of (b,s), if vps — ﬂ(5 us + ¢5) > Opuyp, the difference A between selecting

b — s and selecting s — b is,

_l’_
A =gl S G+ )+ (L= )armar (€& (b)) + @y + 1 — ape)rsmar ()
+
qsb[ T g (vbs — Gpup) + (1 — 7)onmar (G © {b, s})] — (g6 + 1 — qsp) Sremae (G)

_a+f a—+p

=T (Osus + cs) — 155 (Vbs — Gpup)

<0
If vps — ((5 us + Cs) = Opup, A = (qps — qsb)[ (5 us+cs)+ (1 =)o (Go{b,s}) —
(1- 7)5MTFM(G)]~
If vy — ((5 Ug + CS) < Opup, A =0, gps =0

In any of the situations, we have

Li(asus +¢5) =0,

Whs Qs (Vbs — Opup — 7
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Therefore

14

Up = Z )\wbSQbs(Ubs - ﬁ(dsus + Cs)) + (1 - A)prQbs(Ubs - (5sus + Cs))

+ Z ((Awps (1 = gps) 4+ (1 = N)pos(1 = Gps) ) Spup + Z()\wsb + (1 = N)psp)Spusp

s

+ 3 [(Mwrgarg + (1= Nprjdeg) (1 = 7)d5us(Go © {4, k})
J kb

+ (Mwrjgrj + (1 — N)prjdig)y + Mok (1 — qij) + (1 = N)pr; (1 — Gry) ) pws)

+ -
= Z AWps Qs (Vbs — Oty — 7@(53% +¢5)) + (1 = A)ppsdos (Vbs — Spup — (Osus + ¢5))

1—

+ Z AMUps + 1 — )pbs)ébub + Z AMUgp + (1 — )\)psb)(sbub

S

+ > [(wrggrg + (1= Nprjdes) (1 — 7)d5us(Go © {4, k})
Jkzb

+ (Mwrjqrj + (1 = Nprjdrg)y + Mg (1 — arg) + (1= Nprj (1 — Giy)) Spu)]
= Z 1 - pbsq~bs(vbs — Opup — (5sus + Cs))

+ Z AMUps + 1 — )pbs)(sbub + Z Agp + (1 — A)psb)(sbub

S

+ ) [Awiiaig + (1= Nprjdig) (1 = 7)05us(Go © {4, k})
Jb

+ ((AMwjgrj + (1 = N)prjdng )y + Mg (1 = qrj) + (1 = N)prj (1 — Gry) ) Spus]

(C.13)

Now suppose (1 — XN)pps(G) = 0,Vs,G C Go. We prove by induction on n the number of

vertices of the subnetwork that
ub(G) =0,VG C Gy, s.t. beq.

For any subnetworks G C Gy of n < 3, up(G © {j,k}) = 0,Vj,k # b. Suppose up(G) =
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0,VG C Gy with at most n — 1 vertices. For n, by Eq(C.13), we have

(1= Jup = > [(Mwkjges + (1= Nprjdes) (1 — 7)0pus(Go © {4, k}) = 0,
Jetb

where 1 — ... > 1 — . Therefore, uy(G) = 0.
C.4. Proof of Theorem 3.3.1

Suppose that A = 1 and by Proposition 3.2.2, u, = 0, let

1

Ny ={(b,s) : vps — %(55% +¢s) > 0},
1

N2 = {(b, 8) D Ups — Lﬁ((;sus + Cs) = 0}’
l—«o
1

N3 = {(b, s) : vps — %(&us +¢s) < 0}

From the previous argument in Proof of Proposition 3.2.2,
V(b,s) € N1,  qps = gsp = 1, wps = 0.

V(b,S) €N17 Qbsy dsb S [07 1]
v(bv S) € N37 dbs = 4sb = 0.
Hence, each time middleman is selecting the pair (b, s) such that,

W]VI(G)

=(1—0m) maX{Qbs[%@sus +¢o) + (1 =7)0mmar (GO b, s})] + (s + 1 = qos) o (G),

1
a+p
1+p

qsv[ (vbs — Spup) + (1 —7)0pmar (G © {b,sH] + (gs67 + 1 — gsp) S (G)}

max(p s en, [$55 Vs + (1 = )0amar (G © {b, s})]
1 —~om
max(qbsv qsb)(%vbs + (1 - 7)§M7TJVI (G © {ba S}))
max
(b,5)EN2 1 —0n 4 (1 — 7)0n max(gps, gsp)

=(1 — dpr) max{

)
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B s+ (1—7)5 Go{b,
The last inequality is due to %[q( 55 e 0w (G5 {0,5})

P sy g pen by | > 0 aslong as vps > 0, Iy < 1.

11—«
Us = ZwstSb(mvbs — Cs — 58“8 Z wk]Qk] (5 us(GO o {]7 k})
b J,k#s

+ 1) (wes +wes) + Y (Wi y + wig (1 — qij))]0sus
b jokts

Assume v = 1:

l—«a
-9 )us = Zwsb‘ivbs — Cs — 5sus|
b 1+B

v (G) = ?ig max((bgl)égvl Ubs, (bI?)%}J(VQ max(qps, Gsb)Vbs )
where
1
Ni(s) = 1b € N(s) e — 12 (1, + ) > 0}
Nofs) = {b € N(s) t ths — 10 (b, + ) = 0},
1
Ny(s) = 1b € N(s) g — 12 (b0, + ¢2) < 0}
Notice that, if vps S 2 ¢s,Vb € N(s), we have Ny(s) = (). Moreover,

1
Ni(s) =0 = us=0= vy, < #cs,Vbe N(s).
—

If Ni(s) # 0, maxye n(s) Ubs = MaXpe N, (s) Vbs, and

== Y wallus= 3 w2 —c)=( 3 wa)—2% m ma v, — ¢

bEN (s) bEN, (s) 1+ bEN (s) 1+ f beN(s

Let

1
Ny ={s:3be N(s), s.t. vps > +Bcs},
«
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1
Ny = {s:ups < #cs,Vb € N(s), and 3b € N(s) s.t. “=” holds}
-«
Hence,
a+p
G) = , X(Qps, Qsb)V
v (G) 115 mSaX(bg]lV&Fé) Ups, 10X 2 (abs> Qsb)Vbs)
ot max(max( max (qbs,qsb)vbs),max max Upg)
1+ SEN2 " beN(s) SEN1 beN(s)

Notice that, in any MPEs where g5, g € {0, 1}, in particular, gps = qsp = 1,Vs € Nao,b €
Ns(s) we have

a+p
™ (G) =175 ooz itB e,
a+

Assume that

max Ups — Cs = Up* g+ — Cg.
,S

Then, for sufficiently small € > 0, we can find «, 3, s.t., Uprgr — Csx — € = ?T—’—gvb*s*’ and one

can easily verify that

1+5

Vps —
fl-a

1+
(Osus +¢5) >0 <= vps — T oC >0,

hence gp+s+ = qp+s+ = 1 and give such choice of «, 3,

Vprgr — Cor > T (G) > Vprgr — Cox — €
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Assume v = 0:

T]V[(G) (1 — (51\/[) max{ max [ 51)},5 + (5M7TM(G (&) {b 8})}

b,s)EN: 1+ ﬁ
maX(QbS7 45) (555 0bs + 6armu (G © {b, s}))
max
(b,5)EN> 1 — 6pr + s max(qys, gsb)
1-— a .
Us = ZwstSb - 55”8) + Z wkakjésus(GO © {]7 k})
1 + B :
J,k#s
Zwsb+ Z Wi 1_Qk] 6 sUs
Jik#s
Hence,
1—«
Zwsb 1 qu + Z wk:] 1 qk] Zwsbqsb 1 T o Ubs— cs + Z wk]qkj6 Us(Go@{J,k})
+
3. k#s J,k#s
11—«
1+ B'Ubs —Cs — 05U
1 — a s Zb wstsb(ﬁvbs - Cs) +ds Zj,k;és wkj‘]k:j(ssus(GO S) {]a k})
. —

1 + 5 ° 1- (Zb wsb(l - QSb) + Zj,k;és wkj(l - qkj))68

_ (1= 85 4 85 22 ) pots Whidhi) (175 0bs — Cs) = Os D5 pops WhikiOstis(Go © {7, k})
=y wsp(l —gep) + Zj@és wi (1 — qij))ds

(1 - 63)(%”% - Cs) + (65 Zj}k;és wkakj)(%vbs —Cs — 5SUS(G0 © {.]7 k}))
1=y wsp(l —gsp) + Zqu;és Wi (1 — qrj))ds

Denote by .#p s be the collection of possible matching outcomes, i.e.,
A s = { a sequence of buyer-seller pairs: (bysi,b2s2,...,brsr) s.t., vp,s, — s, > 0,V },

IT:% — R is the mapping from a bipartie subnetwork G to its maximum discounted

surplus,
I(G) = (1 —d6m) Z 5§\/Ivbt8t

For each (b, s) pair, one can show by induction that if any subnetwork G’ C G, dsus(G’) <
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%jTg“bs — ¢, then d,u,(G) < }+gvbs — ¢s. And for the initial state G’, either us(G') = 0,
or {(j.k) : j.k # s} = 0, which yields us(G') = 32, wagu(17§vs — €5 — 0sus(G)) +
>y wshOsus(G'). Hence dsus(G) < %Ubs —cs = 0< Lﬁvbs ¢s, and in any MPEs

where gps, g5 € {0, 1}, in particular, gps = qsp = 1,Vs € Na, b € Na(s).

v (G) =(1 — ) max [Tigvbs + o (G O {b,s})]
_a+p
*1+ﬁH(Ga,ﬁ)

where G, g is a subnetwork of Gy where the set of links E, 3 = {(b,s) : vps > 1Jrﬁcs}

Assume that

a+f
B = II(G,.3).
a*, B arg max 115 (Gag)

By a similar € argument, one can show that even if ¢5s = qs < 1,Vs € No,b € Ny(s), one

could find o, f', s.t., {(b,s) : vps > }J“ (b,s) : vps > %fg:cs + €}. Therefore for

some bounded C > 0

a—i—ﬁ’
=y

(GU) = 1+B*

(Goz ,3)

H(G *’5*) - CG,

which concludes the proof.

C.5. Proof of Proposition 3.4.2

up =3 My (05 — (14 B) (e + 85us)) + (1= Nppsdns(v6 — (Sstus + )
+ 3 (s (1= gos) + (1= Npos (1 = dos)) St
+ > (Awgy + (1= \pop)Sous (C.15)
+ 3 [(wiygis + (1= Npijdis) (1 = 7)0pu(Go © {5, k)

J,k#b

+ ((Awrjqrj + (1= N)Prjdng )y + Awig (1 = qiz) + (1 = N)pis (1 = Gij)) Spus)
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us = Awagsn((1 = a)(vp — Spup) — c5) + (1 = N)papdsn (6 — Spup, — ¢5)
b

+ Z (()\wsb(l - qu) + (1 - )\)psb(l - q~sb))65us
b

+ Z()\wbs + (]- - )\)pbs)dsus (016)
b

+ 3 [Owrgagry + (1= Nprdng) (1 = 7)d5us(Go © {4, k})

J,k#b

+ ((Awisqrj + (1= NPy )y + Awig (1 = qrj) + (1= N)prj (1 — Grj)) Ssus]

T (G)/(1 = dm)
Agos [B(dsus +¢s) + (1 = 7)omumm (GO {b, s} + (1 —=A) > piGi; (1 —v)dmmm (G © {3, 5})

= max{max nj€BUS
b,s 1 =X (qosy+1—qvs) — (L= XN)dnr >, pij(Giy+ 1 — Gj)
i,JEBUS
Agsp[a(ves — pup) + (1 = ¥)ommm (GO {b, s+ (1 =) > pijGii(1 —7)ommm (G © {4,5})
i,jEBUS
..., max ~ =
b,s 1= Aom(gsey +1—gqse) = (L= Ndnr > pij(Giy + 1 — Giz) }
i,JEBUS
For A = 1:

up =Y WheGhs (Vs — (1+ B) (s + Sstis)) + D wps(1 = qos) ot + Y wepdptty

+ Z [wrjqr; (1 — 7)0pus(Go © {4, k}) + (wrjgnyy + wii(1 — qry)) Opun]

jktb
Us = ZwstSb((l - Oé) (’Ub - 5bub) - Cs) + Zwsb(l - QSb)ésus + Z WpsOsUs
b b b
+ Z [wrjari (1 — 7)8sus(Go © {4, k}) + (wijarjy + wis (1 — qry)) dsts]
jktb

7 (G) =(1 — dpr) max{max Qs [B(dstis + ¢5) + (1 = 7)6mmp (G © {b, s})]

bs 1— 6 (qesy + 1 — gbs) ’
max gspla(vps — dpup) + (1 — 7)o (G © {b, 3})]}
bs 1 —0p(gey + 1 —qep)

For v =1,
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(1= 6p)up =X Whavs (Vs — (1+ B)(Cs + Sstus) = ptin) + (1= \)Phadins (vbs — Spup — S5ty — )

(1 - Js)us =\ Z wsbq.sb((l - O‘)(”bs - 5bub) — Cs — (Ssus) + (1 - /\)psb(jsb(vbs — fplup — Cs — 53“3)
b

v (G) =\ max{ngax qvsB(dsus + cs),ngax qsb(Vps — Opup)}
If % < «, which is g <1+ < -, then for any pair (b, s),

. 1
B(dsus+cs) > avps —pup) <= vps — pup < g(ésus—i—cs) < min((1+73), ﬁ)(ésus—kcs),
thus gps = qsp = 0. Thus % > «, which is equivalent to g >1+p5> ﬁ Let:
By ={be B:3s€ N(b), s.t. wps >0}

By ={be B:Vse N(b), s.t. wps =0}
S1={se€ S:3e N(s), s.t. wg >0}

So={se€S:Vbe N(s), s.t. wg, =0}

For any b € Ba, s € So, up = 0,us =0, and

e B = St = (Lt B)e + dug))e _ Lo hslvn — )
b b 1_5b+5bzswbs 1—5b+5bzswbs
Vs €51, wus= S wap (1 — @) (ves — Spup) — )4 Doy wap(F52mar — )4

1_65+652bw8b o 1_5s+582bw8b

s Zb wsbleaT(M + (1 - (Ss)cs
1 - (53 + 55 wasb

Vs € 51, Osus+cs =
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Op ZS wbs%m\/] -+ (1 — 51,)111,

Vb€ By, Ups— pup = 1—51;4—51;2 ™

Claim: For any optimal choices of «, 8 under T**5(Q), let o/ = %g B = %, choose

« or f3 instead, then the middleman can achieve as much as the revenue from T'**5(G).
Under T'H3(@G),

1+ N
Up = Z )\wbSQbs(Ubs - %(dsus + CS) - 6bub) + (1 - )\)prQbs(Ubs - (5sus + Cs) - 5bub)

+ Z ((Awps + (1 = XN)pes) Spup + Z(Awsb + (1 — X)psp)Spup

s

+ 3 [(Awiggrg + (1= Npijdeg) (1 — 7)us(Go © {4, k})
kb

+ (Mwrjqrj + (1 = Nprjrg)y + Mg (1 — arg) + (1= Nprj (1 — Giy)) Spuy)]

11—« -
Us = Z )\wstSb(r(vbs - 5bub) — Cs — 55”8) + (1 - )\)pstSb(Ubs - 5bub —Cs — 55”8)
b

+ Z (()\wsb + (1 - )\)psb) dss + Z()\wbs + (1 - )\)pbs)ésus
b b

+ > [Owggrg + (1= Nprjdes) (1 — 7)8sus(Go © {4, k})
J,k#s

+ (Awisqrs + (1 = N)Prjdrg)y + Mo (1 — qij) + (1 = N)prj (1 — Gry) ) Osus]

mm (G)/(1 = dm)
Agos [$52 (65us + o) + (1 = V)ommm (GO {b,sH]+ (1= A) > pisde; (1 —7)ommm (G © {i, j})

= max{max hjeBuS
- bs 1= Mam(gosy+1—qos) — (L =N > pij(Gisy + 1 — Giy)
i,j€EBUS
Agob[$55 (vhs — Gpun) + (1 = Nonmar (G o {b,sH] + (1 =A) > piydis (1 —7)omma (G & {i, j})
1,JEBUS
.o, mA ~ _
hoe L= Xom(gusy +1—qsp) = (L= Nonm >0 pii(Gigy + 1 — Giy) ;
i,jEBUS
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Let
1+ 8

=1 /
1—a +5,
1—

azl—o/.
1+ 6

Then under the choice of o, 8’ and in the T*/#(@) game,
up =Y Mwpsqos(vy — %(CS + 0sus) — dpup) + (1 — N)posdos(vp — (dsus + ¢5) — dpup)
+ ) ((wps + (1= Npos) Foun + Y (Awsp + (1= N)psp) Syt
+ ) [Owkjars + (1= Nprjdng) (1 = 7)0usn(Go © {4, k})

J,k#b

+ ((Awrjarg + (1 = Nprjdng )y + Mwrg (1 — qrj) + (1 — Nprg (1 — Gry)) Spue]

l1-«a ~
us =Y )\wsqub(m(Ub — Opup) — €5 — Ostis) + (1 = A)pspGsn(ve — Opup — 5 — Osis)
b

+ Z (()\wsb + (1 - )\)psb)(ssus + Z()\wbs + (1 - )\)pbs)(ssus

b b
+ > [Owkjgrs + (1= Nprsdng) (1 = 7)65us(Go © {4, k})
§.k#b

+ (Awisgrj + (1= N)prjdng )y + Awig (1 — qij) + (1 = N)prj (1 — Grj)) Ssus]

m(G)/(1 = bur)

Aghs[SE2 (Ssus + ¢5) + (L= 7)6mmm (GO {b, s} + (L= X) > pisGis (1 —7)6mmm (G 6 {4, 5})

= max{max ni€BUS
bys 1= Am(gesy +1—aos) — (1= N)dmr > pij(dijy+ 1 —dij)
i,jEBUS
Asy[§55 (vns = Syun) + (1 = )armar (G S (b, s+ (1= X) 2 pidi(1 = 7)6armar (G © {3, 5})
i,jEBUS
...,max = —
b,s 1—=Xm(gay+1—gsp) — (X=X D> pij(Giy+ 1 — Gis) }

i,jEBUS

Therefore ), (G) > mp(G).
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C.6. Proof of the existence of MPEs under fixed commission fee

I provide a characterization of MPE payoffs and strategies. Suppose agent of type i has

discounting factor 9; € (0, 1).
We use a fixed point argument to (implicitly) prove the existence of MPEs o* of II(d, v, G).

Denote v(G, o) the vector of equilibrium payoff induced by an Markov strategy profile o of
the game II(d, v, G). By definition, any MPE o¢* of II(J, v, G) must belong to a subgame
consistent collection of MPEs o|¢s of the respective games (I1(d, v, G'))grew. In particular,
when II(d, v, G) is played according to MPE ¢*(G), every player 1 < i < N has ex ante
payoffs v;(G,0*(G)) before any pairs are selected, and vy (G © {i,7},0*(G & {i,j}) at the

beginning of any subgame before which only i and j reached an agreement (k # i, j).

Fix a history h; along which no agreement has been reached, that is G(h;) = Gy. In the
subgame with active middleman, middleman M first picks a bargaining pair e € E. After
the matched pair is realized, suppose is (i,j), with ¢ being the proposer, in the subgame
following (h¢;i — j,), it must be that the strategy (o(Go));(he;i — j, ) specifies that
player j accepts any offer x > §,;v;(Go, 0*(Go)), and reject any offer z < §;v;(Go, o*(Go)),
and may accept with positive probability offers of §;v;(Go,0*(Gp)). Then by subgame
perfection, player i does not offer more than §;v;(Go, 0*(Go)), i.e., (6*(Go))i(he,i = j) <
5;05(Go, 0% (Go)).-

Let ¢;; be the probability ( conditional on (h¢,i — j)) of the joint event that ¢ offers
9;vi(Go, 0*(Go)) to j and the offer is accepted. The payoff of player k # 4, j at the beginning
of the next period conditional on (h¢;i — j) is ¢ij0kvk(Go © {4, 5}, 0" (Go © {i,7})) + (1 —
i )0k v (Go, 0*(Go)).

Case 1. (5Z"l)i(G0, O'*(Go)) + (5j1)j<G0,0'*(G0)) < V5 — 5.
Conditional on (h;;i — j), it must be that in any equilibrium, ¢;; = 1 . To see this, if

¢ij < 1, then i’s expected payoff conditional on offering x = §;v;(Go, o*(Go)) is gij(vij —
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B —x) + (1 — qij)0ivi(Go,0*(Go)) < (vij — B — x), while it is more profitable to offer
x = 8;vj(Go,0*(Q)) + n(n > 0) with payoff v;; — 8 — 0,;v;(Go, 0*(Go))) — n, for sufficiently
small 7 > 0. And it’s obvious that offers smaller than d;v;(Go,0*(Gy)) are not optimal for ¢
since they are rejected with certainty and yields §;v;(Go, 0*(Go) < vij—B—6;v;(Go, 0" (Go)).
Hence ¢ has no best response to j’s equilibrium strategy when ¢;; < 1, a contradiction. Hence

¢ij = 1. Moreover Pr(‘Yes?|(ht;i — j) = ¢ij = 1.

Case 2. (5{0@(G0, O'*(Go)) + (5jUj<G0,0'*(G0))) > Vij — s.
By the similar fashion, one could show that ¢;; = 0 = Pr(‘Yes'|(ht;¢ — 7)) since i’s offer is

no more than Vij — B — 5ivi(G0, O'*(G())) < 5jUj(G0,0’*(G0)).

Case 3. 0,v;(Go,0*(Go)) + 0;v;(Go,0*(Gy))) = vij — B.

When ¢ is chosen to propose to j, whether the bargain reach an agreement or not, the
payoff for both agents are 6;v;(Go,0*(Go)) and §;v;(Go, 0*(Gp)). The subgame perfection
conditional on (hy,i — j) allows any value ¢;; € [0, 1]. Since ¢ and j are indifferent between

any x < §;v7(Go,0"),WOLG assume that ¢;; = Pr(‘Yes’|(hs; 7 — j)).

Hence given any probability distribution w over matched pair A,,, the continuation payoff

{vi(Go,07(Go))} satisty,

vi =Y (Awijgi (vi — B — 8505) + (1= Npiggiy (vi; — 55v5) + wyy + (1= Npig) (1 — gij)dsi]
J
+ Z()‘wji + (1 = N)pji)divi
J
+ Z (Awjr + (1 = N)pjr) [gjk6ivi(Go © {4, k}, 0™ (Go © {4, k})) + (1 — gjr)divi]

jik#i

(C.17)

Since the continuation payoff does not depends on the current matchmaking state (whether

matched by the middleman or nature), so one can assume that the agent behaves the same
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under both cases. However, it’s worth notice that, when varying A, the threshold would

change, so agents have different expectations for their continuation payoff. and

1 if §v; + (SjUj < i — 15}
dij = [0, 1] if 6;v; + 5jUj = Vjj — B, (0.18)
0 if d;v; + (5]'Uj > Vi — ﬁ

And ¢;; = Pr(‘Yes'|(h; 1 — 7).

From the middle man’s perspective: its ex ante payoff at subnetwork G is,

m0(G) =AY wijlaii (B + omo(G & {i, 5})) + (1 = ¢ij)S0mo(G)]

ij

+ (1= 2D pislaigdomo(G & {i,5}) + (1 — i) d0m0(G)]

ij

Since the middleman is maximizing it’s discounted profit when deciding which link to pick,

mo(G) =A Hg?X[ch'j(ﬁ + domo(G © {1, 3})) + (1 — i) 000 (G)]

+ (1= X)) pijlaidomo(G © {i, 5}) + (1 — gij)domo(G)),

]
where

wij>0:>

25 (B + om0 (G © {3, j})) + (1 — qi5)d0m0(G) = I%iXka(ﬂ + 007m0(G ©{i,5})) + (1 = qrs)domo(G)

This yields:

70(G) = max A3+ 00 (Aqijm(G © {4, 5}) + (1 = N) Xop s Prsrsm (G © {k, 5}))
O~ = S 1—b0(AM1—qi) + (1= X) D ks Prs(1 — Gks))
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Define the following mapping I'(v,q). T : [0,]V! x [0, 1] — [0,2]IV] x [0, 1]2 "1,

L(v,q) ={(v',d)lgi; = 1(0) if vi; — B > (<)d;v; + d;v;,
and qgj S [0, 1] if Vij — 5 = 51-1)1- + 5j’Uj,
dw € A S.t.{ij|wi]‘ > 0}

C at Agij B+ 00 (Agijm (G © {i, 5}) + (1 = X) Yo, Prsis™(G © {k, 5}))
= argma 1—8o(AM1—qiy) + (1= N) > ks Phs(1 — ) ;

and ’()7/; = Z[)\wijqij max{vij - ﬁ - 5jvj7 517)1} + (]_ - )\)Pij%'j max{vij - 5]"[)]', 51’01}
J

+ (Awi + (1 = N)piz) (1 — giz)05vi

+ Z()‘wji + (1 = A)pji)div;
J

+ > Qw4+ (1= Npi)lgiedivi(Go © {4, k}, 0™ (Go © {5, k})) + (1 — gj1)iv4]
ik

First need to show that I' has fixed point.

Lemma C.6.1. T': [0,9]" x [0,1]% — [0,9)" x [0,1] has a fized point.

Proof. Claim 1. Vq,v,I'(v,q) is non-empty and convex.

Proof: It’s easy to see that I'(v,q) is non-empty. Vv,q, and (v/,q’),(v",q") € I'(v,q),
n € [0,1], ngi; + (1 = n)gqf; = 1(0) if vij — B > (<)divi + d5v5, and ngj; + (1 —n)gj; € [0,1]
for any pair of (i, 7). Suppose p’, p” are corresponding ws in the mapping, then p’, p” have

the same support, hence

Agij B+ 60 (Agim (G © {i,j}) + (1 = X) 2oy PrsisT(G © {k, 5}))
1—380(A1 = gi) + (1= A) Xop s (1 — ars))

np’ +(1—n)p” € argmax

Thus (pv' + (1 —n)v",nd' + (1 —n)q") € T'(v,q)

Claim 2. T" has closed graph.

139



Proof: For any (x",y") € I'(v",q"), where

v"da") = (v,q), x"¥") = (xy)

If vij — B > d;v; + 6jv;, there exists some ny > 0, s.t.

vij — B> dvi' + (5j1)?, Vn > ny,

and y;; = 1, thus y;; = 1.

If v;; — B < d;v; + d;v;, there exists some ng > 0, s.t.

vi; — B < div;' + 5]"()?, Vn > na,

and y?j =0, thus y;; = 0.

If Vij — B = 6;v; + (5]'2)]', Yij € [0, 1] is trivial.

Next let

Agij B+ 80 (Aaigm(G © {i, j}) + (1 = A) X2y o Prstis (G © {k, 5}))

vii(a) = 1= G0 (A(1 = gij) + (1= A) g o Prs(1 = i)

It’s obvious that for each (v, q"), the corresponding w™ satisfies the following
p%(ml.?x Yi5(a") —7i;(d")) =0

Suppose that a subsequence w"* converges to w. Since max;;(-),vi;(:) are all continuous,

let ng — oo, we have

@Uz'j(mgx Yij(a) —vii(q)) = 0.

Thus

Agij B+ 60 (Aaigm(G © {i,7}) + (1 = A) Xy Prs@hs (G © {k, 5}))

{ijlw;; > 0} C argmax
’ 1= 80 (AM(1 = qij) + (1= X) 225 prs (1 — ars))
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Notice that x" = g(v",q", w") where g is a continuous function of (w,q). Hence

x = limx"* = lim g(v"*, "%, w"*) = g(v,q, w)

Hence
(x,y) € (v, q).
Claim 3. T’ maps the compact set [0,7])/V| x [0, 1]2F! to itself.

Therefore by Kakutatni’s fixed point theorem, I' has a fixed point

(v,q) € I'(v,q).

By the definition of I', there exists w, s.t.
1. q satisfies Eq(C.18).
2. w is middleman’s best response to q.

3. v satisfies Eq(C.17), that is, v is the corresponding continuation payoff.

At the begining of the subgame h; when no one has reached an agreement, given v the
players’ expected payoff starting at ¢, I' compute agent’s best response q to v, along with
the payoff v/ induced by q, and middleman’s best response w to agents’ strategies q, and the
corresponding new expected payoff v’ since they depend on the strategy of the middleman.
Formally,

Lemma C.6.2. v* is a Markov Perfect equilibrium payoff, if there exists a collection of
subgame consistent MPE of the game {I'(6,v,G)}aca, with payoffs {v*(G)}cca, and p*,
such that (v*,q*) € T'(v*, q*).
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Proof. Suppose that the collection of subgame consistent MPE of the game {(6, v, G)}aca,

has payoffs {v*(G,0*(G))}aca, - If (w*,v*) € I'(w*,v*), then there exists q*, s.t.
(i) q* satisfies (C.18).
(ii) w is best response to q given ¢*(G), for any G C Gy.

(iii) v* is the corresponding ex ante payoff for network Gy.

Then we construct the following strategy profile and prove it is an MPE with corresponding
MPE payoff v*. First define the strategies for histories h; along which no agreement has
occurred. Recall that G(h;) denotes the network induced by the players remaining after
the ex post history h;. Construct time-t strategy of each player according to the time-
0 behavior specified by o*(Gg).2 For histories along which no agreement has occurred,

0*(G(ht)) specifies that
e Middleman choose matching pair (i, j) with probability p;;.
e when i is chosen to propose to j, he offers min(v;; — 8 — §;v;, 4;07).

e when 7 responds to the offer x, he accepts any offer x > §;v}, and rejects any x < §;v;,

and accept an offer of §,v] with probability ¢;;.

Given the collection of subgame consistency guarantees that under (0*(G))gcq, the ex-

pected payoffs of any subgames are v(G, o(G)).

Lemma C.6.3 (Mailath & Samuelson (2006) Proposition 5.7.1). A strategy profile is sub-

game perfect in a dynamic game if and only if there are no profitable one-shot deviations.

Based on the definition of I, everyone is best responding at period t no profitable deviation
for all players in this stage game. It’s then easy to verify that v* are indeed the equilibrium

payoff by the strategy profile conditional on h;.

*Formally, (0(G))i(he;i = j) = (0(G))i(hosi — ), (0(G));(he;i = j, ) = (0(G))i(hosi — j, ), where
ho =0, G = G(hy).
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We now need to show that Lemma C.1.2 implies the existence of MPEs. We prove a subgame
consistent collection of MPEs for the game (6, v, G)gcy(n), Where ¢ (n) denotes the subset
of subnetworks in ¢ with at most n vertices. The proof proceed by induction on n. For
n = 0,1 it’s trivial. Suppose we proved the statement for all values smaller than n,and
proceed to proving the case n. By induction hypothesis, there exists a subgame consistent
collection of MPEs (0*(G"))¢rew(n—1) of the corresponding games (T1(5, v, G")) ey (n—1)- Fix
a network G € 9(n)\9(n—1), S(G) ={G" : G’ € G} C ¥ (n — 1). Therefore there exist
MPEs (0*(G"))res(q) for the games (I'(4, v, G))eres(q) that are subgame consistent, hence
we can use their MPE payoffs to define I'. Suppose now that I' has a fixed point p*, v*, with
induced ¢*(G) of the game I1(d,v, G) so that (0*(G'))arew(n—1)u{cy} is subgame consistent.
If we append all MPE o*(G) of G € 9(n) \ 9(n — 1) to (0"(G"))greg(n-1), the resulting

collection of MPEs (0*(G"))grey(n) is also subgame consistent.
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